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Abstract

In this thesis, we study Leptogenesis in a regime where the heavy
right-handed Majorana neutrinos are nonrelativistic when they
decay and thereby produce a lepton - antilepton asymmetry. We
motivate rate equations that are valid at leading order in the
Yukawa couplings of the heavy neutrinos and to all orders in all the
Standard Model interactions. We calculate all coefficients in these
equations explicitly at leading order in all interactions and par-
tially include next-to-leading order radiative corrections. Thereby,
we additionally derive a relation between the production rate, the
equilibration rate, and the self-energy of a general particle species.
We also introduce systematic relativistic corrections. Finally, we
solve the rate equations numerically and combine our solutions
with experimental data on neutrino oscillations to obtain upper
bounds on the light neutrino masses.
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1 Introduction

One of the unsolved problems in modern cosmology is the asymmetry between
baryonic and antibaryonic matter in the visible universe. The baryon to photon
density ratio np has been measured by the WMAP satellite [I]

nSMB = (6.19+£0.14) - 107 (1.1)

Since all our observations, here on earth as well as up to the scales of galaxy
clusters, indicate that there is almost no antimatter present in the universe to-
day [2, §6.2], this value can be understood as the asymmetry between baryons
and antibaryons normalised to the photon density. The Standard Model of par-
ticle physics is not able to explain why this Baryon Asymmetry of the Universe
exists [3]. It is also very unlikely that it is an initial condition of the universe
because, if the Big Bang produced a baryon asymmetry, it would have been di-
luted away during inflation [4]. However, then there must be a mechanism that
dynamically produced the asymmetry. In 1967, Andrei Sakharov pointed out that
such a Baryogenesis mechanism needs to fulfill three necessary criteria [5]. They
are known today as the Sakharov criteria:

e B-violation
Obviously, if Baryon number B is always conserved, no asymmetry can be
produced.

e (- and CP-violation

The charge conjugation C' flips the sign of all internal charges of a particle.
CP is the composite transformation of charge conjugation and parity P,
where parity flips the sign of all space coordinates. To see that both C
and C'P must be violated, let X — Y 4 B be a process which violates baryon
number by +1. It may occur at the rate I'. Then its charge conjugated
process X — Y + B which violates baryon number by —1 occurs at the
rate I'. If now C' was a symmetry, we would have I' = I and no B-asymmetry
would be produced. The same argument requires C'P-violation. Consider
the B-violating process X — qrqr. If CP was a symmetry, ['(X — qrqr) +
I'(X = qrqr) =T (7 — QLGL) +T (7 — @RGR). The indices L and R mark
left- and right-handed particles, respectively [6].

e Departure from thermal equilibrium
The processes which produce the baryon asymmetry must occur out of ther-
mal equilibrium because otherwise the expectation value of the baryon num-
ber (B) vanishes. To see this, recall the definition

(B) = %TT (e B),



where H is the Hamiltonian and Z is the partition function. We assume
that C'PT is a symmetry and therefore [C'PT, H| = 0. Then [7]

(By = —Tr ((CPT)(CPT) ‘e ""B)

Tr ((CPT) 'e " B(CPT))

N[ = N[ =N =~

Tr (e ""(CPT)"'B(CPT))

1 —BH
= —ETT (e A B)
= —(B).

One could also state that in thermal equilibrium the decay rate is equal to
the inverse decay rate. Consider again the process X — Y + B which changes
baryon number bei +1. In thermal equilibrium, its rate is equal to that of
the process Y + B — X which violates baryon number by —1 and again no
net asymmetry can be produced [6].

Several Baryogenesis scenarios are under consideration. In this thesis, we will
study Baryogenesis via Leptogenesis, a theory which was first proposed in 1986
by Fukugita and Yanagida [§]. The idea is that the decays of heavy right-handed
Majorana neutrinos that are added to the Standard Model produce an asymmetry
between leptons and antileptons. This asymmetry is partially converted into a
baryon asymmetry via sphaleron processes.

This theses is organized as follows: We first discuss briefly the mechanisms that
are required for Leptogenesis to work, i.e. we introduce neutrino masses via the
type-I seesaw mechanism in Sec. Pl and derive a relation between lepton, or more
precise B — L, number density and the baryon number density in Sec. Bl In Sec. @
we present a description for Leptogenesis in the limit where the heavy Majorana
neutrinos are nonrelativistic and establish the rate equations. We calculate all
coefficients in these rate equations at leading order in all couplings and most of
them up to next-to-leading order in the Standard Model couplings. In Sec. [5] we
introduce systematic relativisitic corrections. In Sec.[@, we consider a more general
setup to obtain a relation between production rates and equilibration rates. The
numerical results are presented in Sec. [l Finally, we summerize our results in

Sec. Bl

Throughout this thesis, we use natural units, i.e. c = h = kg = 1.



2 Massive neutrinos

In the Standard Model, there are only left-handed, massless neutrinos [9, §1.2.2].
However, it could be that these neutrinos do have very small masses < 2eV [10].
In fact, when neutrino oscillations were observed, this was considered a proof that
at least two neutrinos cannot be massless because the mass-squared differences
enter the oscillation rate [I1]. From atmospheric and solar neutrino oscillations

we know two different mass-squared differences, Am? . and Am?, respectively.
If not stated otherwise, we assume normal hierarchy, i.e. [12]
Am?, =m2 —m?~26-107% (V)% (2.1)
Am2, =m2—m?~79-107°(eV)’ (2.2)

Today’s experiments are consistent with neutrinos being Dirac or Majorana
particles [9, §7.10.1]. Either way, to generate neutrino masses, we have to add
right-handed neutrinos to the Standard Model. For illustration, let us consider the
case of only one generation. For a right-handed Dirac neutrino vy, we introduce
the gauge invariant Yukawa interaction term

Line = hUgp'l + hec., (2.3)

where / is a left-handed lepton doublet, ¢ = io?p* is the conjugate Higgs doublet
and h is the Yukawa coupling. After symmetry breaking this contains the Dirac
mass term

Emass,D = —mpURVL, + h'C'a (24)

where mp = hv and v = 174 GeV is the Higgs vacuum expectation value. The
smallness of the neutrino masses could now only be explaned by very small Yukawa
couplings h. On the other hand, if neutrinos were Majorana particles, it could be
explaned via the seesaw mechanism [I3]. Let us introduce an additional, Majorana
massterm [14]

mL [ mR

Lot = = (72 (v2) o+ () ) = 72 (7R () + (v) ) . (25)

where ¢ denotes a charge conjugated neutrino field. To ensure gauge invariance
when we add this term and Eq. (2.3)) to the Standard Model Lagrangian, m%, = 0
is required. Now, we can write Liass = Lmassd + Lmassn as [14]

o —% (u—L W) M ( (VVL];C ) +he. (2.6)



with the neutrino mass matrix

M = ( 0 m}g). (2.7)

This matrix is diagonalizable: substract from the first line mp/m%, times the
second line (T), then add the new first line multiplied by mf;/mp to the second

line (I1),
0 mp —m%)/mﬁ, 0 —m%)/mf& 0
(mD mﬁ)@( i S )an (T ) (2.8)

Finally, multiply the first line by —1. We obtain the eigenvalues

M =m¥, (2.9)
m? h2v?
m = ﬁ i (2.10)

The respective eigenfields are [14]

N~ (VR + (VR>C> + % (VL + (uL)C) (2.11)
e (VL - (VL)C) v % (VR - (VR>C> . (2.12)

For M > mp, the field N contains almost only right-handed fields, while v con-
tains almost only left-handed fields []. If now the right-handed neutrino is very
heavy, M > 10® GeV, while at the same time the left-handed neutrino is very light
as observed, m < 2 eV, the Yukawa coupling h could be of the same order as the
Yukawa couplings of other Standard Model particles. In general, Eq. (210) states:
the heavier the right-handed neutrino is, the lighter the left-handed one becomes.
This is why it is called the seesaw formula.

In the case of three families, where m, M and h are matrices, Eq. (2.I0) is
generalized to [15]

m = v:h" M~'h, (2.13)

and the effective light neutrino mass is defined as [16]

m; =

(b1, 7

i (2.14)

'Note, that N = N¢ and v = v°.



To show that m; has an upper as well as a lower bound, we define a complex
matrix R by [15]17]

1
h= ;DmRDmVT, (2.15)

where Dx = diag (X;) and V is the unitary PMNS-matrix that diagonalizes m
in the sense that D,, = VImV . Then, working in a basis where M = D), is
diagonal, which is always possible [15], we have

Dy, =VIm, Vv
=0’ VIR D} RV
2 1 Ty * T t
=D mR"RD /. (2.16)

Thus, R has to be orthogonal. It can be parametrized by three complex mixing
angles ¢12, 13, Pa3 and be written as a product of the rotations R)(¢;;) in the
three planes (i) [17],

R = Diy R® (043) R (p13) R1? (15)
Ecizci3 +C13512 £513

= | ca3S12 £ €12513823  EC12C23 F S12513523  FC13523 | - (2-17)
FC12C23513 = S12523  £C23512513 L C12823  EC13C23

Here, c¢;; and s;; denote cos ¢;; and sin ;;, respectively.
Using the matrix R, the effective light neutrino mass can be written as

3 v? 1
=g 112 (Dy3RD mVIVD mR'D 1)

o Z DWR (Dm)ij (RTD\/M)jl
- ZM (D\/MR)UmJ' (RTD\/M)jl
j

1

2To see that such a matrix exists, consider the hermitian matrix mm with the real positive
eigenvalues m?. According to the spectral theorem, there is a unitary matrix V such that

Dye = Vimtmy = Vinf v vT mv = (Vimv)' (vTmv) .

Hence, D,, = VImV.



= Z ijljRL'

J
J

Inserting the parametrization (ZI7) gives,
ml =m ’COS @13‘2 |COS §012|2 -+ Mo ’COS 3013|2 |SiIl g012|2 + ms |Sin g013|2 . (219)

Therefore, my is independent of @a3. Since Am2, < Am2,, , we can assume m; ~
my < mg 1. Then, defining m{ = m; cosh (2Imep;s) and @13 = = + iy, and using

that for complex arguments z = z + iy,

| cos z|? 4 | sin 2|* = | cos & coshy — isina sinhy|* + |sinz coshy + icosx sinh y|?

= cos? = cosh? y + sin? z sinh? y + sin® = cosh? y + cos®  sinh? y
= cosh?y + sinh?y
= cosh(2y), (2.20)

we obtain

my = my (|COS 8012|2 + |Sin9012|2) |cos 9013’2 + mg [sin 9013’2
= m/, |cos z coshy — isinz sinh y|* + mg |sin 2 cosh y + i cos 2 sinh y|?

=m] ((3082 x cosh?y + sin®  sinh? y) + mg (sin2 x cosh?y + cos® x sinh? y)
!/

= % (cos(2x) + cosh(2y)) — % (cos(2x) — cosh(2y)) . (2.21)

This yields

2my — (m) — mg) cos(2x)

cosh(2y) = (2.22)

my + ms
Using relations (2.20) and (2.22]), we are able to derive an upper bound on my,

iy < mg (|cos 13]* + [sin pr3]”)
= mg cosh(2y)

21, mj —ms
= mg3 - - — cos(2x)
mi; +ms  m;+ms

/
— 1
=mg T — Ma cos(2z)

my + ms 2m3

mi+m3

3Recall, that we assume normal hierarchy.



= mg cos(2x + )
< ms. (2.23)

On the other hand, it is [I§]

mi > my Z ’R1i|2 > my = my, (224)

>R

where in the last step we used the orthogonality of R. Thus, m; < m; < ms.




3 Baryon and lepton number violation in the
Standard Model

Baryon and lepton number are violated in the Standard Model due to the triangle
anomaly [19], which reads in the case of three generations [3]
3 Pyaimz Uy
DI =T = s (WL 6B, B (3.1)
with the respective field strength tensors W/, and By, of the SU(2) and U(1)
gauge fields W! and By, the SU(2) and U(1) gauge couplings g and ¢', and the B
and L currents

1 - - _
Jf =3 generzations (@Vuar + TR YuR + dryudr) (3.2)
Ji = Z (E’VLLKL + @WGR) . (3.3)

generations

Because the electroweak theory is a nonabelian gauge theory, there are “infinitly
many degenerate ground states” [3]. Imagine a pendulum. Classically, after a
full 360° turn it is back in the same state as in the beginning. Here, however, the
gauge configuration depends on the number of turns, the Chern-Simons number [3]

3

9672

Neg = / e KWW IIWEE, (3.4)
If one plots the potential against the Chern-Simons number, one sees a periodic
structure with minima at integer Ngg (see Fig.[[). A jump from one minimum to
another changes the Chern-Simons number by AN¢g = 1 and, since [3]

ty
AB :/ dt/d?’xawf =3 ANgg, (3.5)
t;

it changes the baryon number by AB = 3. Because of (3I) AL = 3, too, and
therefore, B — L is conserved.

There are two possibilities to get from one groundstate to another, namely
tunneling through the potential barrier or “jumping” over it. The tunneling, or
instanton process, is highly suppressed, its rate is known to be of O(e~16%) [3].
The “jump” over the barrier is called (electroweak) sphaleron process. Today, it is
also suppressed, which is why in our observation of nature B and L are conserved,
but in the early universe, when the temperature was larger than the sphaleron
energy Fgp, such processes occurred at a notable rate.

10
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Figure 1: Sketch of the electroweak potential as a function of the Chern-Simons
number for illustration. It has minima at integer Ngg. There are two ways to
get from one minimum to another, tunneling through the potential barrier or
“jumping” over it.

If there is a lepton asymmetry present in the universe, the sphalerons will
contribute to the washout. Because they conserve B — L, the reduction of the L
asymmetry will inevitably lead to a B asymmetry. In other words, the sphalerons
provide a relation between the number densities of the baryons and B — L,

np = cpNp_j, (36)

with a coefficient ¢ which we will now determine. Following Refs. [3] and [20], we
assign chemical potentials i to all particles, i.e. the left-handed quark doublets g;,
the right-handed quark singlets u; and d;, the left-handed lepton doublets ¢;, the
right-handed lepton singlets e; and the higgs ¢. The electroweak sphalerons de-
termine the relation

and the requirement of a vanishing total isospin demands

2

> gy + 2ty — ;= fre, = fhe, + FHe =0. (3.8)

11



Furthermore, if all Yukawa interactions are in equilibrium, which is true for tem-
peratures T' < 10% GeV H, we have the relations

Hq; — Mo — Hd; = 0 (39)
fq; + fo = fu; = 0 (3.10)
Lo, — fo — fhe; = 0. (3.11)

Now we have a set of eleven linearly independent [ relations between the chemical
potentials. Since we have sixteen chemical potentials entering these eleven equa-
tions, five of them will remain undetermined. We choose to express all chemical
potentials in terms of py,, ey, fles, ftg, and fig, and obtain

1
Has = =5 (s + Lty + H1es) = Hay = gy (3.12)
4
Hdy = _ﬁ (:u& + Moy + “43) + Mgy (313)
4
,LLd2 - _ﬁ (,ufl + /'LZQ + /’L53> + /’LQQ (314)
11
Py = =57 (Hey + pey + Hes) = Py = Has (3.15)
4
P = oy (e + ey + ) + p1gy (3.16)
4
Huz = 57 (hey + ey + f1g;) + P (3.17)
1
Huy = _? (:ufl + pe, + /W:s) — Hg — Hqo (318)
1
per = o7 (TThe — dpe, — de,) (3.19)
1
Hey = ﬁ (—4#41 + 17“'42 - 4/“3) (320)
1
Ues = 21 (—4pg, — Apip, + 1Tpg,) (3.21)
Ho = ﬁ (/’L‘el + ey + /M3) : (3'22)
The baryon- and lepton-number densities are
T2
np = 97 (3.23)

4For higher temperatures, 108GeV < T < 10'2GeV, where the electroweak sphalerons are
still in equilibrium, some Yukawa interactions are slow compared to the Hubble rate. Strictly
speaking, in that regime this calculation does not hold. We ignore this complication nevertheless,
since it is assumed to have only little effect [3].

5There is a twelfth relation from the QCD-sphalerons, > i 24tq, — fu;, — pa, = 0, but it is equal

to the sum of Eqgs. (B3) and BI0).

12



and on the other hand

gT? | BX + O ((&5)?)  (fermions)
nx —ny = — 7;7 ( 7;7 1 (3.25)
6 |25+ 0O ((55)%) (bosons).
With the chemical potentials that we determined previously we now find
4
B =" (241, + tu; + a,) = =5 (e + pes + ) (3.26)
17
L= Z<2M& + Mei) = 7 (:U’h + 272 + M@g) ; (327)
and therefore,
B 28
cp= 2 (3.28)

TZB_L:B—L:’Y_Q‘

Note that the ratio np/n. is constant only after photon decoupling. To relate
its value N at the time where the asymmetry was produced to its value ng today,
one has to take into account the dilution factor 7., (Tieptogenesis)/ n,y(TRecombinatiOE)
due to “photon production from the onset of Leptogenesis till recombination” [21] .
One can estimate this factor as follows: Assume constant entropy density s o
Ges(T) T? = const. [2, §3.4.]. Then

n'y(TLeptogenesis) o g*S(TRecombination)

= . 3.29
n'y (TRecombination) 9xS (TLeptogenesis) ( )

Here, g.s is the effective number of relativistic degrees of freedom, [2], §3.4.]

gs(T) =Y g (%):g > g (%)3 (3.30)

bosons v fermions v

where g; is the number of degrees of freedom of the particle species ¢« and T; is
its temperature, while 7', denotes the temperature of the photon bath. At the
onset of Leptogenesis all Standard Model particles and the lightest Majorana neu-
trino were relativistic and in thermal equilibrium with the photons, which leads
t0 Gu5(TLeptogenesis) = 434/4 [22]. After photon decoupling, only the photons and

6 Actually, recombination does not play a role here. We could choose any point between
photon decoupling and today instead, but the following considerations are easier at a time where
all light neutrinos were relativistic.

13



the three light neutrinos were relativistic, and they had different temperatures. To
calculate their temperature relation, we have to look at what happened between
neutrino decoupling and photon decoupling [23] §2.4.4]. Neutrino decoupling oc-
curred when the typical neutrino interaction rate became smaller than the Hubble
rate. This happened at a temperature of about 1 MeV. At that time, the three
neutrinos, electrons, positrons and photons contributed to the total entropy den-
sity EI, which was therefore s; = 4372T7/90. When the universe cooled down
further, electrons and positrons annihilated via et + e~ — + + v and transfered
their energy to the photon bath (and not to the neutrinos), which is why after-
wards 1), > T,. Now that electrons and positrons no longer contribute to the
entropy density, it changes to sy = 22 /45 (272 4+ 7/8 3, 6173 ). The entropy den-
sity scales as a2, where a is the scaling factor of the universe. Thus, sja; = saas.
Since the neutrinos are decoupled at both times, we have Tia; = T,a,. This leads
to T, /T, = (4/11)Y/3 [23] §2.4.4]. Therefore, g.s(TRecombination) = 43/11, and all in
all [22]

— n’Y(TLeptOgenesis) . 86
NB

B = Sag7 VB 3.31
n’}'(TRecombination) 2387 B ( )

2773 f
- . or massless bosons
"The contributions to the total entropy density are 7425 78 )
§ gz for massless fermions,

while the contributions of massive particles are negligible [23] §2.4.4].

14



4 Leptogenesis in the nonrelativistic limit @

Let us extend the Standard Model by three heavy right-handed Majorana neutrinos
with hierarchical masses, M; < Ms3. Their only coupling to Standard Model
particles may be via a Yukawa interaction

'Cint = Nzhlj@ng + h.C., (41)

where N is the Majorana neutrino field, ¢ is a left-handed lepton doublet, ¢ =
io2p* is the conjugate Higgs doublet and h is the Yukawa coupling matrix. We will
assume that the Yukawa interaction of the heavy neutrinos is the only interaction
that is of the same order as the expansion rate of the Universe. The Standard
Model interactions are either much slower and we can neglect them, or they are
much faster. Then, we call them spectator processes and we will revisit them later.
This separation of time scales enables us to write the Hamiltonian as

H = HO + Hinta (42)

where Hj contains all Standard Model particles and their interactions as well as
free heavy neutrinos and Hj, is the corresponding Hamiltonian to £;,; and contains
only the interaction of the heavy neutrinos.

The heavy neutrinos can decay into a lepton and a Higgs boson. This decay
violates lepton number [. If the couplings h carry C'P-violating phases, the decay
channel N <> ¢y can occur at a different rate than the channel N < ¢@. Finally, if
the neutrinos are out of thermal equilibrium, decays and inverse decays can occur
at different rates, so that all three Sakharov conditions are fulfilled and a lepton
asymmetry can be produced.

We assume that the inverse decays of the lightest neutrino N, are effective
enough so that any asymmetry that is produced by the heavier neutrinos N, 3 is
completely washed out. Then the final asymmetry is only produced by the Nj.
Henceforth, we will call the lightest neutrino N and its mass M; = My.

If the temperature of the universe is so large that all lepton Yukawa interactions
are slow compared to Hubble expansion, one cannot distinguish between e-, u-,
and 7-flavor. Therefore, one can introduce linear combinations 1, /5 and /3 of the
three flavors in such a way, that NV couples, for example, only to l; [I2]. The result
then is the same as if N would couple only to one specific flavor, like 7. For lower
temperatures, where one or more lepton Yukawa couplings are fast, the asymmetry
in the left-handed doublets is partially converted into an asymmetry in the right-
handed singlets. Thus, the flavor whose Yukawa interaction is in equilibrium

8This section is mainly based on Ref. [24].
9Recall that the N’s are Majorana particles and therefore do not carry lepton number.

15



can be distinguished from those whose is not, and one has to deal with different
asymmetries for each flavor. Nevertheless, we will always assume that N couples
to only one flavor. In this “single-flavor approximation®, the interaction of NV is

Lini = Nh@' + h.c. (4.3)

In the nonrelativistic limit, we neglect the motion of the heavy right-handed
neutrinos. Then the out-of-equilibrium state is fully specified by the number den-
sities ny and ng_r. Their time evolution is a function of their respective deviation
from thermal equilibrium and the temperature. Thus, we can write

d
<£+3H) nN:FN((nN—n?\?),nB_L,T) (44)
d e
<£+3H> nB,L:FB,L((nN—n]\?),nB,L,T), (45)

where the term proportional to the Hubble rate H accounts for the fact that the
density decreases due to the expansion of the universe. We assume both ny — ny
and np_r, to be small, which is true in the so-called strong washout regime [20],
where the tree-level neutrino decay rate is much larger than the Hubble rate at T" =
My . Then we can linearize the functions F' so that

d
(E+3H) ny = —I'y (nN—n‘;\‘,l)—i-FN,B,LnB,L (46)
d o
(E+3H) np_r :FB—L,N (TLN—HJ\?)—FB_L’/LB_L, (47)

where the coefficients I' depend only on the temperature. As we will see, the
coefficient I'p_1,  is small because it is suppressed by the C'P-asymmetry, which
is small itself. We expect that for I'y g1, as well and, since np_; < ny — ny, we
will neglect the term I'y 1, np_r in the following, so that Eq. (£.6) simplifies to

d
(£+3H) ny = —FN (nN—n‘;\?). (48)
These equations are valid at leading order in the Yukawa coupling of N and to
all orders in the Standard Model couplings. The next step is now to calculate the
coefficients 'y, I'p_r, v and I'p_7.

YNote that we assume the equilibrium value of the asymmetry to be n%' ; = 0.
1We will see later that this regime is favored by our current knowledge of neutrino masses.

16
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Figure 2: Tree-level Feynman graphs of the heavy neutrino decay.

4.1 Neutrino equilibration

From Eq. (4.8), the coefficient I'y can be interpreted as the equilibration rate of
the heavy neutrinos. At leading order, it can be calculated from a Boltzmann
equation, [2 §5.1]

dfy
dt

2

with the Hubble rate H and the collision term

Clfn] = — / dITydIT, (27)* 6 (py — pe — pp) D IM* (fn = £9£29) . (4.10)

where 3 |M|? is the matrix element averaged over the spins of the in-states and
summed over the spins of the out-states. It can be obtained from the leading
order Feynman diagram of the neutrino decay, see Fig. 2l Using Feynman rules
the amplitude is

iM = 1h11u )(pg) (N )(pN) (4.11)

and therefore

Z‘M| _ |h11| Z Z) (é )

= ‘h11| Tr ((pN + MN) pf)
= [hut|* (Ppt Tr(vm) + My, Te(7,))
= |hy|? (prg 20, + Mypy - 0)

12\We neglect Bose enhancement and Pauli blocking terms.

17



The momenta of the leptons and Higgs bosons are saturated at My /2, so that
we can treat them as ultrarelativistic and neglect their masses and also apply
Boltzmann statistics for them. Then,

eqreq _ E¢/T _E,/T __ _En/T __ peq
flfet = et =e = fy (4.13)
because of momentum conservation. Since the integration measure

d3pi 1

all = (2r)32E; (27

)3d4pz' 04 (p} —m3) (4.14)

is Lorentz invariant, we can boost into the rest frame of the neutrino where 3 |M|* =
2 |h11|> My |pe|. Then the collision term becomes

2(2m)* |ha|* M
Clp) = 2 [ty 800 = 0052
X 5(4)(19N —pe — py) [Pe| (fn — f§)
hia|? M e
= L [t 60 (0?6 (023 — 200 b ] (v = 1)
hi|> M
= N g [l 5(6)? ~ lol)
1 M
@ (=N 3 _ fed
<ot (%5 = bl ) ol v = 1)
[P [* My M 4 M3 o
== [ = (6 = =) (v = 1)
|h11|2 M]2V eq
= - — : 4.15
L) (4.15)
On the left-hand side of Eq. (4.9) we use that
dE d 2|p|
apl ~ ap] VP NS (416)
©EdE = |p|d|p], (4.17)
and the Boltzmann equation becomes
dfn df My Ty
IN  Hipy| o = N0 g pea 418

where ['y = \h11]2 My /87 is the tree level decay rate of the neutrinos. To get to
an equation for the number density
3

ny = (2sx + 1) / (;ZTP;B)fN, (4.19)
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where sy = 1/2 is the spin of the neutrinos, we have to integrate Eq. (£I8)
over the momentum. Using the fact that the neutrinos are nonrelativistic and
approximating 1/Ey &~ 1/My, we get after integrating

d
(a + 3H> ny = —F(] (nN — n?\(}) . (420)

Comparing this result to Eq. (£8), we find I'y = T.

4.1.1 Radiative corrections

The production rate of the neutrinos has been calculated at O(g?) in the nonrel-
ativistic limit, [25]26]

diy
dt

L | t|2
2(4mr)?

— TO e 29 2 2
= [P = f2I1, {1 - 8y (g1 + 392)} - (42

fn=0
Here, g; and gy are the U(1) and SU(2) gauge couplings, respectively, and h; is
the top-Yukawa coupling. We assume that we can use the radiative corrections of
this rate for the equilibration rate so that

21 :

Ty=Todl————|h
N 0{ 2(47?)2|t

+ % (97 + 3g§)} . (4.22)

This implies that there is a simple relation between production and equilibration
rates, I’ = feI"°4. We will show in Sec. [0l that such a relation exists and the
assumption is justified.

4.2 B — L production

The production of the B — L asymmetry is, at leading order, due to the decays of
the heavy neutrinos N. Thus, it will be proportional to the decay rate I'y. It also
has to be proportional to the size of the C' P-violation in these decays to ensure the
implementation of the second Sakharov condition. We respect that by multiplying
a factor €1, so that the B — L production rate reads

FBfL,N = €11, (4-23)
where ¢; is defined as

_T(N = l)—T (N — @l
TTT(N S ) 4T (N = @)

(4.24)
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Figure 3: One-loop Feynman graphs of the heavy neutrino decay.

The tree-level decay rate I'g is C'P invariant, since it is proportional to |hy;|. Thus,
one needs to take into account the interference term between the tree-level (cf.
Fig. @) and the one-loop diagrams (cf. Fig. B) to find a nonvanishing e;. It has
been calculated that [27]

M M; M, M2
= " ettt B W'}
“ 87r hhT Zlm[ (hh u] (M; EEVEREN Y In {H M2:|)' (4.25)

Using again the definition (2I5) and taking the limit M, 3/M; — oo leads to [27]

M 2 [m [R2
(=3 ;Z m; Im | “]. (4.26)
167 > S my |Rul”

Using the parametrization (2.I7), the relation ([2.22) and M; = My one finds [27]

2 2
o] = o ML I (2|

16T v2 My

3 MI(WL3—’ITL1){ _% my K< ms
B 2

< 4.2
— 167 v ( 7)

4.3 B — L washout

The rate of the B — L-washout can be derived using the approach of Ref. [2§]. In
the nonrelativistic regime, at leading order in all couplings, it becomes

hail” My —_
= 3 e () =
2

T
= % F022K1(2)7 (4-28)
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where we introduced z = My /T and K;(z) is a modified Bessel function of the
second kind. The susceptibility = can be calculated from the pressure P according
to Ref. [28] via

- 0?
Zab = i (P(T, “)|6P/auao)’ (4.29)

where a labels the charges that are conserved by both Hy and H;,;, while a denotes
the charges that are only conserved by Hy but broken by H;,. At leading order
in the single-flavor case, this simplifies to

T2 82

= GTW@+3ﬂw9+3ﬂm@+2ﬂw@+ﬂm3+4ﬂw@> :
8P/8/J,a=0

(4.30)

As one can see, T?/= is a dimensionless number.

Which charges are broken and which are conserved by H;, depends on the
spectator processes that are present. In order to use Eq. (£.29) we have to reexpress
the chemical potentials of the particle species in terms of those of the ), and Q5.
If we assume that N only couples to ¢;, the only charge that is broken by H;y
obviously is the lepton number carried by ¢1, Q, = {L¢, }. If we ignore spectator
processes completely, no other charges are correlated with Ly, per definition, so
that Qz = {}. Then the chemical potential of ¢; is equal to that of Qq, e, = pa,
which we can plug into Eq. (£29). This yields

T2 o2 T2
E=——(242) == 4.31
and therefore,
3 2
FBfL = pfoz Kl(Z’). (432)

In the following, we will study the more realistic case including spectator pro-
cesses and analyze in detail the different temperature regimes. We summerize the
respective values for 7?2Z! in table [II

T > 1013 GeV
In this regime, only the gauge couplings and the top Yukawa coupling h; are
much faster than the Yukawa coupling of N. Since we still cannot distinguish

13In general, = is a matrix. Its dimension is equal to the number of charges that are broken
by Hins, which is, however, in the single-flavor case always one.
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between e-, p-, and 7-flavor, we can again choose ), = {Ls, }. The conserved
charges are the isoins and baryon numbers of the respective particles [28], Qz =
(Yo, oanus> Basus } ). The nonvanishing chemical potentials then are

May Mas
=— 4+ — 4.33
2 fla;, | Ma
= o 4.34
Hay
R (4.35)
Hay
Ho =5t (4.36)

The two conditions O0P/0u; = 0 demand pa, = /2 and pa, = —pa/2. Now, we
can easily obtain = from Eq. (£29]),

T2 52 1 1\? 2 1\’ 1\? 112 T2
=2 6 (=+= 3242 2(1-2= I i) Qe—
a0 (505) o0 (3ea) w2 () %)=

(4.37)

(1]

This agrees with the example presented in Ref. [28].

T > 103 GeV

If we switch on QCD-sphalerons in addition to h; and the gauge couplings, Y7, o 45.us
and B, ,, are not conserved by H, any more. The QCD-sphalerons only conserve
charges that contain an equal amount of left-handed and right-handed quarks.
Therefore, they break the charges By, 4., Bu,u, and By, 4, 45, too. In the previous
temperature regime, these charges were conserved, but we did not have to consider
them there because they were not correlated with L,. Now, we can use them to
build linear combinations that are conserved. One possible choice is

Qar = Yoy 0,01,q2.05,u1 u2,us,d1,d2,d3 (4.38)
Qar = By go,q3,u1uz,u3,d1,do.ds (4.39)
Qa; = Byi.go + 2By, s (4.40)
Qa, = 3By, s — 2Bay dy ds- (4.41)

Nothing has changed regarding Hiy. It is still possible to choose @), = L;,. Then
we proceed as before and reexpress the chemical potentials of the affected particles

Ha, | MHa, | Ma
Har =l = g~ + 57 + = (4.42)

HUWe write Qo + Qp + -+ = Qup....-
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Mgy = —— T+

6 3
Ha Ha 2 a
Huy = Huy = 31‘{'?2 33+Ma4
_ 2,&@1 Has
/J”UB - 3 + 3
Pay | May 2Ma
/’LdlzﬂdQZMdS:_?l—i_ 32_ 34
Lo, = o Ha,
21 Ha 9
[y = Ha,
¥ 2 :

From Eq. [#29) we get Z/7? = 23/90.

T =10'2 — 10" GeV

(4.43)
(4.44)
(4.45)

(4.46)
(4.47)

(4.48)

In this regime, the bottom-quark and 7-lepton Yukawa interactions enter equilib-
rium. For the single-flavor ansatz, the latter means in particular that the lepton
number of the left-handed 7 leptons Ly, is not conserved by Hj, because of the 7-
Yukawa coupling, but the sum of the left- and right-handed leptons with 7 fla-
vor Ly, ., is. Thus, we have to distinguish between two cases: (i) No asymmetry in
the 7 flavor is produced, or, (ii) the asymmetry is solely produced in the 7 flavor.
In the case (i) we can again define a linear combination ¢; of e and u so that Ly,
is the only charge that is broken by Hj,;. The conseved charges can be chosen as

le = Y€1,€37€37%%7u3,d3
de - BQ3,u3,d3
QELS = L£3,33-

The chemical potentials then are

_ |
/qus - 6 + 3
_ 2pta | May
IU“U3 - 3 + 3
Ha Ha
pas ==y Vg
Lo, = _ Hay
01 Ha 9
. Hay
MZB MGB 2
Mes = Haz — Hay
[y = Hay
¥ 2 )
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and from Eq. (29) we get Z/T? = 16/57.

In the other case (ii), Ly, ., is broken by Hi,, while Ly, is now conserved.
Therefore, we have to interchange the charges ), and ();,. The chemical potentials
of the quarks and the Higgs do not change and

Hay

Ptz = Ha = =~ (4.59)

Hes = Ha — Hay - (460)
Here, we find =/7% = 1/3.

T = 10! — 102 GeV

The next processes to enter equilibrium are the electroweak sphalerons. Since they
violate baryon and lepton number, L is not any more conserved by Hy, but B—L is.
Therefore, in the single-flavor scenario we can choose B/3 — L, as the conserved
charge. As before, i can be (i) a linear combination ¢; of e and p flavor if no
asymmetry is produced in the 7 flavor, or (ii) it is the 7 flavor and only the sum of
the lepton number left- and-right-handed particles Ly, is conserved. So in case
(i) we choose the broken charge to be B/3 — L,, and the conserved charges

Q61 = Y€17f2,€3763,%Q1,q27q37U17U27U3,d17d2,d3 (4'61)
Qa, = BQ1,Q2,Q37U1§27u3,d1,d27d3 — Ly, (4.62)
B 1,92,93,u1 ,u2,u3,d1 ,d2,d
ng — 41,492,493 3 3 3 LZ37e3 (463)
Qﬁ4 = Bul,uz - Bdl,dg (464)
Qflzs = BQ2,U2,d2 - qu,us,ds (465)
bes = BQ1,U1,d1 - BQ2,u2,d2' (466)
Then,
Ha, Hay Hay Has Hag
) 4.67
Ha | Hay | May | Mas | Mas  Has
_ a Has | Mas _ fag 4.68
He =gt T Ty T3 T3 (4.68)
Ha, Hay Hag Hag Hag
_ Ma  FPa | FPaz | Fas _ /7as 4.69
Ha 2 Hay Hay Hag May Hag
_ta May | May | Mas | Mag 4.70
P =g T3 Ty Ty Ty T (4.70)
fa | 2Ma, | Hay | Mas | Mas | Mas  Hae
Y =Hay 2Ha | fa | Mag |\ Has | fas  Hag 471
L T S (471)
a 2 a a as as
fog = B 2l | Haa | Mas  [lag (4.72)

9 3 9 9 3
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Ha B Ha, Hay Hag _ Hay Hag

Sy Hay Ha, 4.
Hhdy 9 5 + 5 + 5 3 + 3 (4.73)
Ha Hay Hagy Has May Has Mag
—bte Ha | fo Fa Ha e Fa 4.74
Hi, =g = 5 T gt g Ty Ty T (4.74)
Ma  Hay Hay Has Has
— b _Pu  Po o [fa 4.75
iy =9 = 3 Tt g T (4.75)
fhe, = —Ha — Msl (4.76)
ey = =2 Sh — (4.77)
. May
Hes = _7 — Hag (478)
Hes = —Ha, — Hag (4.79)
Hay

With Eq. (£29) this leads to =/7% = 230/711.

To obtain the result for case (ii), we simply interchange @, and Q5,, while the
other (); are left as they were. The expressions for the chemical potentials of the
quarks and the Higgs boson are then not affected and

pey = —“;1 — Jta, (4.81)
p, = —“51 — Jta, (4.82)
ey = —pa = 52 (4.83)
fes = —fba — Hay - (4.84)

The result is now Z/7? = 115/318.

T =108 — 10! GeV

In this regime, charm and strange quark Yukawa interactions are in equilibrium,
too, as is the myon Yukawa interaction. The latter causes that we can now dis-
tinguish between all three lepton flavors. In the single-flavor approximation we,
therefore, have to assume that the asymmetry is either produced in (i) e or in
(ii) 7 flavor 9, The charges do slightly change compared to the previous para-
graph. In case (i) we can again use (), = B/3 — L;, as the broken charge and the
conserved charges are

Qﬁl = Yﬁl,4213,62763,%!117qz7Q3,U1,U2,U3,d1,d2,d3 (4‘85)
B
_ Paq1,92,93,u1,u2,u3,d1,d2,d3
Qa, = 3 — Ly, e, (4.86)

150f course, one could assume that the asymmetry is produced in p flavor, too. However, the
result would be the same as for 7.
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B

Qag _ (117(127(13,711::;12,“3:6!175[2,033 . L£3763 (487)
Qa4 - Bu1 - Bd1 (488)
Qﬁ5 - BQ2,U2,d2 - BQ3,u3,d3 (489)
QEG = BQ1,U1,d1 - BII2,U2,d2' (490)
Then,
Ha | Ma | Mas | Has | Mas
_ Ha Hay a6 4.91
Ha | Ma | Mas | Has |, Mas  Hae
= 242 4.92
P =gt T g Tg T3 73 (4.92)
Pa | 2Ha | Mas | Has | Has | Hae
R ffay , rras  7a4 7706 4.94
P =gt -ty Pty (4.94)
Ha | 2Ha, | Hay  HMas | Mas  Hag
w=—+—+—=+—+—=-— 4.95
oo =79t 3= Ty Ty Ty Ty (4.95)
Ha 2#@1 Hao Has Has
i a2 | rras  fras 4.96
oy =gt 3= T g Ty T (4.96)
Ha Ha, Hao :udg Hay #’@6
=24 =24 = 2172 4.97
P ="~ 5 Tt~ 3 T3 (4.97)
= % _ Mgl n % n Mgg _ M§5 (4.99)
ity = —fa — % (4.100)
o = =54 i, (4.101)
Ha
pey = =12 — e, (4.102)
Hey = —Ha; — Hay (4103)
Hez = —Ha, — Has (4.104)
[y = “2@1. (4.105)

From Eq. (£.29) we get =/T% = 358/1017. In case (ii) we interchange the charges Q,
and Qz,. This does not change the expressions for the Higgs and the quark chemi-
cal potentials. The chemical potentials of ¢; and /3 interchange, but that does not

affect P. However, the chemical potential of es changes to e, = —ptq — fta, Which
leads to Z/T? = 179/422.
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T <« 10® GeV
The last regime that we want to consider here is that in which all the Stan-
dard Model Yukawa and gauge couplings as well as the strong and electroweak
sphalerons are in equilibrium. The single-flavor approximation now always leads
to the same result, independent of whether the asymmetry is produced in e, u
or 7 flavor. We will now assume it is produced in the 7 flavor. Then the broken
charge to consider is @), = B/3 — Ly, ., and the conserved charges are

QFM = }/61,22,63,61,ez,eg,go,ql,qg,q3,u1,uz,u3,d1,d2,d3 (4106)
2B ul,u2,u
Q(m = 41,492,935 13, 2,u3,d1,d2,ds L€1,€2,el,52 (4107)
(4.108)
Then
Ha | Ha 2 g
Hay = Hap = Hgs = "5~ + 61 + TQ (4.109)
Ha | 2fla, | 2fa
Py = Huy = flug = = F 31+ 92 (4.110)
Ha  Ha 2 g
Py = fdy = Hay = 7 = ?1 + T2 (4.111)
Ha
/Jjél g ,U/EQ = — 21 —_ ,U/aQ (4112)
pey = —pta — - (4.113)
Hey = Hey = —Ha; — Has (4114)
fes = —Ha = Hay (4.115)
fy = “;“. (4.116)

From Eq (£29) we obtain the result =/T?% = 237/514.
Alternatively, one can derive the washout rate from the Boltzmann equation

Ip_rnp-r = / H dllod(pe + pyo — o) (fefo — fif5) Z ‘M|2 (4.117)

a:N,e#P

where 37 |M|* is the spin-summed matrix element for the inverse decay of the
heavy neutrino. It is, however, at leading order the same as the matrix element
for the decays and therefore given by Eq. ([£I2]). Now, we expand the distribution
functions f, in the chemical potentials,

—BEN

X et ), (4.118)

fofo = fife = =
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T (GeV) spectators Q. T="1

> 1018 hy, gauge Ly, 4(1+175)
2> 10 + QCD sphalerons Ly, 21+ 2572)
57 27
10'2 - 10% + hp, o b S +§i”_;)
Ly, e 3(14+ 2%
101 - 102 4+ EW sphalerons /s “ ?j’g ( - }%gomﬂ)
Bfs — Ly e, i (1+ &0 75)
101 1369 m
8 1nll Bfs — Ly, 358 (1 + 4045477_53)
10° - 10 + ey b, hy, B I 422 (1 4 3042 my
/3 — Lpy e 179 ( + 37769 ﬁ)
< 108 + hy, ha, he B/3 - Lfs,es %; (1 23233 %)

Table 1: We present the values up to next-to-leading order for the number T2=
that enters the lepton number washout rate (£28). In the second column we list
the spectator processes that are present in the respective temperature regime. The
third column indicates which charge is broken by heavy neutrino Yukawa interac-
tion. In the single-flavor case that we consider here it is always only one charge
broken, however, in some regimes we have to distinguish between the asymmetry
produced in a flavor whose Yukawa interaction is active and one whose is not.
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with 8 = 1/T. Then, we introduce coefficients ¢, and ¢, via [12]

Ng—ng=—CNp_r, (4.119)

Ny — Ny = —CyNB_L. (4.120)

With them, we can relate the chemical potentials of ¢ and ¢ to the asymme-
try np_r. Here, it is important to note that one has to use quantum instead of
Boltzmann statistics on the left-hand side of Eqs. (£.119) and (£.I120), because the
momenta of the leptons and Higgs bosons are saturated at |p| ~ 7. In Eq. (.117)
they are saturated at |p| ~ My /2, which is why we could use Boltzmann statis-
tics for all particles there. We expand the distribution functions in the chemical
potentials and approximate m, = m, = 0. Then,

. _ 1 /6/’1’ eﬁEz
— (B Ee—pa) 4 1) e 4.121
fx (6 ) eBEz + 1 - (eﬁEz + 1)2’ ( )

and therefore

d’p, '
—n-=4

d’p, 1
~ APy /
1

(27‘(‘)3 e_B‘Pac‘ -+ eﬁ‘pxl + 2

=26, — [ d|pal sl
$71'2 * 6_5‘pz| —+ empz| + 2

MxTQ — g
_ {2&5 ! | (4.122)
R

Plugging this into Eqs. (£119) and (£120) gives

e = ﬁ np_r, (4123)
3¢
[y = Q—T“; np_r. (4.124)
Now, we can write Eq. (£11]) as
Ge PEN c
fofo = fifs = = (e + ) (4.125)
so that we obtain from Eq. (£.117)
3 c
S S S P
B-LMB-L (27)°T Ce + 5 ) B-L
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e
/ Py [T dmm.2m)*s(pe + p, — piv)e 7. (4.126)

a=L,p

The integrals over p, and p, have already been calculated in Eq. (£I5). We use

that result and substitute z = /|py|? + M%/T,

3 > e
Pt = = (ot %) Mt [ dioal o

— 3T <ce + > MNFO/ dr Va2 — 227"
= 3 <C€ —+ CSO) Z2K1(2)F0. (4127)

2 2

Comparing this result to Eq. (£28) one sees that the relation

3
= = 2 (cZ + ci) (4.128)
s 2
must hold. Indeed, using for the coefficients ¢, and ¢, the values of Ref. [12] this
is true for all temperature regimes.
If we use classical Maxwell-Boltzmann statistics for leptons and Higgs bosons

in the calculation (122), Eq. (£127) changes to [21]

I =~ (co+cp) 2K (2)To. (4.129)

7!
The ratio of Eqs. (I27) and (EI29) is 12/72. This may look small at first

glance, but we will show in Sec. that it has a notable effect on the final lepton
asymmetry.

4.3.1 Radiative corrections

The NLO corrections for the pressure are of order g [28]. From these terms, we
directly obtain the leading corrections for the susceptibilities, which we denote
as =/, with

= _ T_2 0 (_ 3y, 2> _ _mT ( iy )
12 OpaOm, 27T |0 /3p1a=0 T \ OpaOpy ‘8P/8u@:07
(4.130)
where m,, is the thermal Higgs mass [29]
2
me =mg+ — T (97 + 395 + 4| he|> + 8)) . (4.131)
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Figure 4: Feynman graph of a scattering process with heavy neutrino exchange,
violating lepton number by AL = 2.

Note that these terms only depend on the Higgs chemical potential. Since we
already know from the previous calculations how ., depends on the p, in the
respective temperature regimes, we can easily get the correction terms. The results
are included in table [II

Ref. [28] also gives the O(g?) corrections for the pressure, so it would be just as
easy to derive the respective corrections for the susceptibilities. The reason why
we abstain from this here is that at this order the corrections coming from the
susceptibilities are not the only corrections that enter the washout rate at thus
order. There are those coming from the spectral function, too. If one expands
the spectral function in naive perturbation theory to order ¢2, one finds that the
diagrams are infrared divergent. These divergences can be cured by using massive
Higgs propagators. Thus the NLO contribution to the spectral function is also due
to Higgs mass resummation. However, one can estimate that the thermal Higgs
mass does not lead to an order g correction, but to an order ¢g?In(g) correction
which is even parametrically larger than the O(g?) corrections [30].

4.3.2 AL = 2 scatterings

There are also scattering processes like in Fig. M contributing to the washout rate.
They are mediated by the exchange of heavy neutrinos and violate lepton number
by AL = 2. They are of O(h*), but they are not exponentially suppressed in z.
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Therefore, they may become important. It has been mentioned in Ref. [12], and
we will confirm in Sec. [, that they are negligible for My < 10 GeV. Up to
next-to-leading order their rate can be written as [30]

— 2773
m MN2_3

AL=2 2
g2l =car=2T°= i

, (4.132)
where m? = m2+m3+m? and caz—» &~ 0.01116. To obtain this value, it is necessary
to use quantum statistics for the leptons Higgs bosons and to take into account the
Bose enhancement and Fermi blocking terms in the collision integral because the
heavy neutrino in the propagator may be off-shell. Therefore, the momenta are
not saturated at |p| = My/2. In Refs. [21122] the leading-order AL = 2-washout
rate (L.132) is derived with Boltzmann statistic for all particles and neglecting the
Bose-enhancement and Pauli-blocking terms. The result is

_ 3 mI®
AL=2,l. __
FB—L - 27T5’I'L2q 4 ) (4133)
which corresponds to a value of caz—o ~ 0.00894, if we use, like Refs. [21,22], n,* =
3¢(3)/27% 9. Thus, neglecting quantum effects underestimates the rate by 20%.

161t seems to be somehow inconsistent though to calculate ny® with Fermi-Dirac statistic, since
it only appears in Eq. (£I33]) due to the fact that the rate was obtained using Boltzmann statistic
for the leptons.
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5 Relativistic corrections

The main idea of the nonrelativistic approximation was to set 1/Ey = 1/My in
Eq. (@I8). Now, we will introduce relativistic corrections by taking higher orders
of the Taylor expansion of 1/Ey into account,

7 m MN(”; (N>)

with real positive ¢;. Plugging this into Eq. (AI8) and integrating over py gives
us an equation of the form

(Z+3H) ny = —T [nN—nN +Z )], (5.2)

(5.1)

where

e d PN PN . e
ul = (23N+1)/ @y (M_N) (), (5.3)

In the following, we will refer to the i-th term as O(v*)-correction, where v =
pn/My is the velocity of the neutrinos. In particular, the O(v?)-correction

2 d3pN p?\f
Uy N / (2 )3 5 rN N ( )

can be identified as the kinetic energy density of the neutrinos devided by their
mass.

The quantities u; are themselves governed by rate equations of the form (4.8]).
One gets them by multiplying Eq. (18] with p*. At leading order in all couplings,
we find up to O(v'%)

( d 5H) = —To [ (u1 —uih) + > (1) (u; — u§?) (5.5)

dt _ 2 _
(jt +9H ) = —To | (us — ug®) + Z(—ni (u; — uS%) (5.7)

17This section is mainly based on Ref. [24].
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(% N 11H) e = —To (g — ) + (us — uS9)] (5.8)

(% + 13H) U5 = —F() <U5 - U§q> . (59)

Relativistic corrections to the production rate of the neutrinos are given in
Ref. [26],

My P’ p4
pero — peap N Ly L 1
f . {a+M]2V +O<Mﬁ, : (5.10)
with
A o[ 21 T2 ) ) 29 72 7* g3
—1- 2 |n 3 - oL, 9%
¢ 2 I {2(4@2 +6Oz4} + (91 +392) 8(4m)2 8024 267 22

77T2 7T2 1 g2 g3

287 2

Here, X is the Higgs self-coupling and z = My /T. Since (in thermal equilib-
rium) p?/My ~ T, we have 2! ~ v2 Eq. (5.10), therefore, includes corrections
up to O(g*v'?). We define the O(g?v?)-coefficients a; and b;,

21 h* | 29 (g} +363)

_ 5.11
o 2(47)2 8(4r)? (5:11)
A
T2 bt 7 (9] +3g3) | 1
- - - 5.13
4 60 80 o (5.13)
772 |h P (g2 +362) | 1
by = — - 5.14
4 5 60 24 (5-14)

When putting everything together, we should not partially include terms of higher
order than ¢g?v'® to be consistent. We get the following set of rate equations:

d

(E + 13H) us = —aoly (us — uz?) (5.15)
d

(a + 11H) Uy = —aoro (U4 — uflq) — CloFO (U5 — qu) (516)
d

<£ + QH) Uz = —(CL() + CLQ)FO (U3 — qu) + a/(]FO <U4 — uzq)
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—aolo (us — uz?) (5.17)
(— + 7H) ug = —(ag + a2)To (ug — us?) + (ag + ag)To (uz — ug?)

—aolo (ug — ug) + aolo (us — us?) (5.18)
(— + 5H> uy = —(ag + ag + aq)To (u1 — ui?) + (ag + a2)To (uz — us?)

— (ap + a2)To (uz — us?) + aoly (ug — uy?)
— aolo (us — ug”) (5.19)
d
(E + 3H> ny = —(CL() + as + CL4>F0 (nN — n(j\?)
+ (CL() —|— a9 + Ay — 2b4)F0 (u1 — U§q>
— (ag + ag)To (ug — u5") + (ag + az)lo (uz — uz’)
— CL()FO (U4 — Uiq) + a()FO (U5 — U,gq) (520)

(= n5) + (L)' s = u?q)]

d
(% + 3H> np_r = €1F0

r n2 M3
— 72zt [W—OzQKl(z) +0.01116 mv4 Nﬂ] np-r. (5.21)
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6 Equilibration rate of a general particle species

To incorporate radiative corrections in the coefficient I'y, which we identified as
the equilibration rate of the heavy neutrinos, we claimed that there is a relation
between the production rate and the equilibration rate (see Sec. AI.T]). We will
now derive this relation. Let us therefore generalize the previous setup and consider
some particle ® that couples weakly to a hot plasma via the Lagrangian

Ling = —JO — ®J, (6.1)

where J can be elementary or composite, but does not contain ®. The equilibration
of ® shall be much slower than all other interactions within the plasma. Then
we can write the Hamiltonian like in Eq. (£2]) where now Hjy contains all the
interactions within plasma as well as free ® fields and H,,; is

Ho = / i*x (T + 3.J). (6.2)

We will be concerend with the phase space density, or occupancy, fy(t,x) of ®.
In thermal equilibrium, f would be given by the Fermi-Dirac or Bose-Einstein dis-
tribution. Here, we are interested in a state where f is out of thermal equilibrium.
This state is specified by f itself and the temperature T' 19, Thus, the time evolu-
tion of f depends on these quantities, too. If f is close to equilibrium, |f— f*1] < 1,
we can linearize the time derivative of f in 0f = f — feq%,

fp,/\ == Z fpp',AA'CSfp/,X- (6.3)

p,’>\/

In general, there could be other quantities X, that equilibrate slowly. One can
always choose them such that their equilibrium value X% = 0. Then, there would
also appear terms linear in the X, on the right-hand side of Eq. (63]) with dif-
ferent coefficients. For our purposes, it will be sufficient to determine the coeffi-
cient I'ppr ax, Which is not affected by such other terms.
Using the Landau theory of quasistationary fluctuations [32, §118], we can
compute Tppr v via [28],
For = o 3 lim P22 (@) =y

2V D=0 w — p//p/’)\//)\/ 9
p//7)\//

(6.4)

18This section is mainly based on Ref. [31].

19Tn general, it would also depend on chemical potentials, but we will assume for simplicity
that none are present.

20We work in a finite volume. Therefore, the momenta p are discrete. For the infinite volume
limit, take V=1 3" — (27)7% [ d®p.
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with the spectral function

po ) = [ dtc [fua(®) fwacl0)]) (65

and the susceptibility matrix

- 1
Spp' AW = Ty (0o 0 fpr ) - (6.6)

The thermal average (- - - ) = tr[- - - exp(—Ho/T')]/trexp(—Hy/T) is performed with
the Hamiltonian Hj, since we work at leading order in Hj,. In order to calculate
the right-hand sides of these equations we need to define an appropriate operator
expression for the occupancy. Its explicit form will depend on whether ® is a
charged or an uncharged particle. Therefore, we will treat both cases separately.

6.1 Charged particles

The field operator ® for a charged particle can be written in the interaction picture
with respect to Hj, as

(6.7)

—ipx ipz i

1
P (ZL") = )
: ; V2E,V M po—p,

where cp, \ and dp, ) are the annihilation operators of the particles and antiparticles,
respectively. They are normalized such that

[cp)\a CLQ)J]*U = 5pp’5)\)\’; (68)
and similarly for d,, 5, while all other (anti-)commutators vanish,
o2 ot ] =0 = [epas dpr ] -6 = [Cp 2, d;,x]—o =0. (6.9)

Here, 0 = +1 for bosons and ¢ = —1 for fermions. We then define the occupancy
operator fi in the interaction picture 2] as

(for) = c;Acp,A. (6.10)

Now, we calculate Eq. ([6.6]). Using that (f) = f°4, and applying Wick’s theorem

and Eq. (G.8),
— 1 € (& € €
=pp/ AN = TV (<fp«\fp’,/\’> - <fp,/\fp?,x> - <fp?>\fp’,/\’> + <fp(,])\fp?,)\/>)

21The corresponding Heisenberg-picture operator is f = elffte~1Hot feifot o —iHt
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1 e
_V (<fp,/\fp/ )\/> <fp7 > f PN T fp(,])\ <fp/,)\’> —+ f />\/)
1
B W <<CL7ACP”\CTP/,A’CP’7>‘,> B f f />\/>
1
W <<CI)’/\CP/’)\/> <Cp,)\CL,7)\,> - <Cp,)\cp’,/\’> <CL,)\CL/7>\/>
+ <CI),>\CP’)\> <CI)/,)\/CP/7/\/> — f f ,/\/)
1 t )
= ﬁ <<cp7)\cp/7>\/> <Cp7)\Cp,7)\,>)
1 t ; .
= v ({chacwne) ([ o]+ ()

5/\>\5pp
= e pA( +ofo > (6.11)

Next, we will need the time derivative of the occupancy which is in the Heisenberg
picture determined by the commutator with the Hamiltonian,

for =1[H, fo]
— iethe_iHOt[HO + Hint; (fp)\)l]eiHOte_th

= jelfltemitlot [/ &*x (Ji(z)@1(z) + O1(z)Ji(2)) ,cL,Acp,A] etHot g —iflt

1Ht leot (Jl(x)efip/x Up',)\’ [Cp/’)\r, CL)\CP’)\]

[y
/ o m
+ EPI’A/GiP’LE JI($> [CL/,A” CI)7)\CP,)\]> eiHote—th

. Hp,Aeipr(x)cL/\) , (6.12)

i 7 —ipx
= \/TT /d3X (J(x)e P Up \Cp,\

for a bosonic ®. The result also holds for fermions, where the ¢, fulfill the
respective anticommutator relations because then

i _ T T
(o2 Cpr v ] = [ep s cp ylepr v+ ylep s cpr v
_ T T
= [pr)\, cp’,)\/]“rcp',)\' — 2Cp/7)\/Cp’)\Cp/,)\/
+ CL/,)« (o Cpr )4 — QCLQA'CP’,)\/CP,A

= [ byl — 26l ulepro ol
= 5pp/(5)\,)\10p/’)\/. (613)

With Eq. (612) and treating ® as free fields, it follows that
([ Foa®), o ©)])
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1 . i _
=y = = 1, d3Xd3X/ (6—1Ept€1(px—p x! < [ xTr)u C 5 CT/ S U’ v J 33/ :| >
2\ / EpEp/V / ( ) P,ACP Ay Cpr P/ A ( )

J
4 ot e ([l (@), T (@Y e o] ))

1 3w 13/  —iEpt i(px—p'x') (/7T oo !
:W/d xd’x (6 prel PP (<J(93)Up,/\cpv\cp’,xUP’)"J(x)>
— <CL,7)\,EP/7)\/J(l’l)j(.fll')up7/\6p7/\>)
Bt ) () T (@) T (@ g v )

— <7(96/)Up’,wCp',NCL,AEpAJ(x)>) )

:ﬁ / P (Bt (o0l ) (g i 3 T (2))
— (el o) (T T (@ T (@)up, )

Bt ) (el ) (Tipad (2)T (2 Y )
—(cpch ) (T Yy w2 T (2))))

PN o
:—;gp}\; /d3xd3x’ (e‘lEPte‘p(x_x) <(1 + T foh )aAfJJu( ' — 1)

— eq A> (' — ZE))

wJ,Ju
+ eiPpt o —iP(x—%’ <fe? Aijju( —ZL‘/)
—(L+ofgh)oAs 5 (v — x’)))
_ Opp Oy —iEpt eq eq A >
=5 (e ( (140 foh)AS, 5. (—1p) = [eAAZ 5. (= ,p)>

ibpt € e
te (f y AiJJu( ) —o(l+of )AiJJu( ,p)>> ’ (6.14)
where we introduced the Wightman functions

AZp(z) = (A(z)B(0)) (6.15)
A5 (x) = o(B(0)A(x)). (6.16)

Therefore, the spectral function (6.5) is

Opp O e e
Pop/ v (W) = %( (1+ofeh)As wsguBp —w,p) — f?AiJJu(E —w,p)
a7, (Ep +w,p) —o(1+ 0 f5)AS 5, (Ep—i—w,p)) . (6.17)
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The Wightman functions can be written as

Afpw) = (1+0f*(w)) pas(w) (6.18)
Ajp(w) = o f*(w)pap(w)

with the spectral function

Pan(p) = [ diae (A, BO)L,). (6.20)
Then,

) /(5)\)\/ ~ e e
p2pr (Pﬂjju(Ep —w,Pp) ((1 + Ufp?x) ,\q(Ep —w)

[\ L+ oY (Ep — w)))
+0a17u(Ep + w,p) (fi (1 + 0 f3(Ep + w))
—(L+ o fy3) N (Ep +w)))
N ) (1 3By = )
—for L+ 0 f{4(Ep —w))
+foh (L+ o M (Ep +w))
—~(1+ o fy ) [ (Ep +w)) + O(w?)

Ppp' v (W) =

Opp OAN ~ e e
= = Py (B P) (Jph (L4 0S5 (B + w))
P

— (L+ 0 /3 (Ep —w)))
—(L+afon) ([ (Ep +w)
—(Ep —w))) + O(w?)

Opp/Orx ~ e e
= P22 pﬂJ,ju(Epap) ( Aq(Ep +w) — Aq(Ep —w)) + O(WQ)-

2F
(6.21)

P

We expanded around small w, since we are interested in the limit w — 0. Taking
this limit, we get the derivative of the distribution function,

m fq(Ep +w) — §q<Ep — w)

};Ia() w
— lim M (Ep +w) — [N(Ep) 4 lim M (Ep —w) — [N(Ep)
w—0 w w—0 —W
_o. W
dE,
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2 e e
= —7 /\q (1+ Uf/\q) , (6.22)
and find
. Ppp (W) 1
(ldl_% = w = TE 6PP/6)\)\/f (1 + Uf ) pﬂJ,ju(EPJ p) (623)

Finally, with Eqgs. (m and (m the coefficient fpp,, av becomes

Lpprav = 2V Z/\:H TE pp”5>\>\”f [1 + Uf /\] ﬁﬂJju(EP? pP)

|:5)\”)\’5p p’ f t [1 + O'f Q MH ~1

TV
i+ ors]

O Opp’ o . _
= vrE, e 1+ 0F5Ey) s (B P)

1 _
= 6/\/\’5pp’ﬁpw,7u(Ep7 3))

= Oy Fppr TS, (6.24)

We call I' ]y the equilibration rate of ®.

A spectral function (6.20) can be obtained from the discontinuity of a Euclidean
correlator A s (iw,, p),

~ 1.
PAB(Z?O,P) = TDISCAAB(PO7 pP); (6.25)
with
B .
A (i, p) = / ir / Bz TP (A(—ir, x)B(0)) . (6.26)
0
Here, w,, = n#T are the discrete Matsubara frequencies with even and odd in-

teger n for bosons and fermions, respectively. In our case, where A = up\J
and B = A, we can write

DiscAy 7, (Ep, P) = Up zDiscX(Ep, p)up », (6.27)
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with

B
Y (iwn, p) E/O dT/dgl' elwnT—Px) (J(—ir,x)J(0)). (6.28)

We can identify Y (iw,, p) as the Euclidean ® self-energy at leading order in Hiy
and conclude, that the equilibration rate of particles is proportional to the discon-
tinuity of their self-energy,

. 1
ol =55 o Up ADiscX(Ep, p)up.»- (6.29)

Weldon [33] found the same relation for the equilibration of W-bosons. However,
he used Boltzmann equations and his result is only valid at leading order in all
interactions. We point out that the separation of time scales, which we considered
here, cannot be applied in the case of W-boson production.

6.2 Uncharged particles

Let us now turn our attention to uncharged particles like, for example, Majorana
fermions. These particles are their own antiparticles. Their field operator ® has

to be equal to its charge conjugate, ® = ¢ = S (@) and ® = ®7S, with an
approprlate P4 matrix S. This implies ¢ = d and v = u“ in Eq. (6.7). In this case,
we can write the interaction as

Lin = I =T, (6.30)

Now, we will determine fpp/7 v for an uncharged particle species. The suscep-
tibility is the same as for charged particles, Eq. (€I1). For the time derivative
of f we now obtain

fp,A,uncharged = 1[H7 fp,)\]

— jelfltgmitot {/ d*x (I1(z) 1 (z)) ,c;Acp,A] etHot g —iHlt
/dgxz

1Ht leot ([ T e*ip/xu IS CT I
P\ \/m I( ) plr)‘/[ P\ P:A p,)\]

F ip/ iHot —iHt
+ I1(z)e?* vpr y [CL/’)\/, CTp7)\Cp7)\]>61 ote™!

T

= —,—1 3% ] —ipz ipz
= AT /d xI(x) [e PPup rcpr — € vp,,\cpy/\} : (6.31)

2 is § 1 =8T =_g.
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To obtain the equilibration rate, we follow exactly the steps (6.14)-(G.24), but
replace Ju by ITu and u.J by Iv everywhere. Recalling that v = u® and I = I¢,
we have

Tv=—(Tv)"
=" (1)
=T8T
= (TSI
=uStSI
=ul, (6.32)

and find

1

Uo = g, Purtu(Fe P) (6.33)

The self-energy of the uncharged particle ® is simply obtained by replacing J by [
in Eq. (628). Therefore, relation (6.29) between equilibration rate and self-energy
holds for uncharged particles, too.

6.3 Relation to the production rate

Similar to the equilibration rate, one can define a production rate of ®. It is the
rate at which ® particles are produced if none of them are present, so for |f| < 1

for =TE%. (6.34)

We expanded around f = 0 and, therefore, neglected all terms at linear or higher
orders in f. In general, there would, like in Eq. (63)), appear terms linear in the X,
on the right-hand side of Eq. (€.34]), because the interactions of ® with the plasma
will drive the plasma slightly away from equilibrium. We assume that this effect
is sufficiently small so that we do not have to consider the evolutions of the X,
here. It has been shown [34],135] that in this setup the production rate is related
to the correlation funcions of J, too,

ro ]' e ~
FP,A = °F faq(Ep>pﬂJ,?u<Epvp)- (6.35)
p

If we compare this result to Eq. ([6.24]), we obtain the relation
[Pro — feaped, (6.36)

23In case of uncharged particles, J is replaced by I in Eq. (635)).
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This relation holds for charged as well as for uncharged particles at leading
order in their coupling to the plasma and to all orders in all other interactions
within the plasma. It can also be obtained from Refs. [36,37], yet it is not stated
there explicitly. Furthermore, Ref. [36] makes an ansatz for the nonequilibrium
density matrix.

The heavy Majorana neutrino N can play the role of the particle ®. Its in-
teraction ([A3)) is of the form (EI) with J = h@'l. We can convert it into the
form (630). Since N = N¢, we have

Eint - —NJ - jN
= —NJ—JN¢
— _NJ-TS(N)
—-NJ - (Ns"(7)")

= -NJ+NsT(7)"

T

T

— _NJ-NS(J)"
= -NJ-NJ¢
= NI (6.37)

In the last step, we defined I = J + J¢. Therefore, the assumption in Sec. E1.1]
was justified.

24Note, that N and J are fermionic fields, so that changing their order gives an additional
factor —1.
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7 Numerical results

In order to numerically solve the rate equations (4.0]) and (1), we eliminate the
term proportional to the Hubble rate on the left-hand side by normalizing the
number densities to T2, i.e. we define new quantities X = n/T3. Then

d

d dx
XT3 +3Hn = —T%+ X—T°% +3H
dt( )+ 3Hn 1 X TP+ 3Hn
dx dT
= T34+ X37T?— +3H
It + o + n
dx
_d—T3—3HXT3+3Hn
dx
:ET?’ (7.1)

We also substitute the time ¢ by the parameter z = My /T,

dX dXdz My\ dX dT'  dX
s <_T_) oar @ (7:2)
so that the left-hand sides of Eq. (4.6]) and (A7) take the form
(jt + 3H> n = %HZT?’. (7.3)
The Hubble rate in a radiation dominated universe is [21]
H~1. 6691/2]7\2 = 1.66 1/2]\];422 (7.4)
Then,
Lo L
Hz  1669)" 2
FOM
T Lo6g A
= Kz. (7.5)

The parameter K = I'g/H(z = 1) is called the washout strength. It is related to
the effective light neutrino mass (2.14]) by

|P11|* My
K = 8
1/2 M3
1669* WIZ

25This section is mainly based on Ref. [24].
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. Mp |h11|21;2
8mv? - 1.66¢.% My

my

eV’

In the last step the single-flavor approximation enters, i.e. we used his = h13 = 0.
All in all, we can now rewrite the differential equations (£0) and (£7) in terms of
the quantities X (z)

dXy

~ 1.08 - 10° (7.6)

Fei —2K (Xy — X3 (7.7)
z
dXp 1 . T?
i 2K (Xy — X3 — ﬁ—Ez?’Kl(z)KXB_L. (7.8)
Similarly, we normalize the relativistic corrections, too. There we write
My
Xy, = T3 (7.9)

To determine the equilibrium densities, we have to calculate integrals of the
form

2 d3 ) /12 ]v[2
/ P o[ exp (——pN il N) : (7.10)

T2+3 | (27)3 T

where ¢ € Nyg. We work in polar coordinates where it takes the form

/ 2 2
/ dpn|lpx[" P exp | - . (7.11)
0

2243 T

Then we substitute z = /|py| + M% /T, so that |py| = TvVa? — 22 and d |py| =
T2z |pn|~" dz, which leads to

1 a(0) ' |
T2 32 / daT2xT*H (22 — 22)it2ee
T 7

z(0)
1 o0 .
== drx(x? — 22+ e
™ z
2 (i +12)!
:WZ +2KZ‘+2(2), (712)

where K;,2(z) is a modified Bessel function of the second kind. Using (T.12]), we
find

1
Xy = F,z2K2(z) (7.13)
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Xz(ll == 2—71_2253[(3(2) (714)
45
X = @24&@) (7.15)
525
XZ? = 167]-2 Z5K5(Z) (716)
o 33075
Xl = 1982 25Kg(2) (7.17)
o 654885
o= T 2 K7 (2). (7.18)

The B— L - asymmetry can be written as the product of two quantities, namely
the C'P-asymmetry €; in the heavy neutrino decays and the efficiency factor x(t),

that is defined as
3
NB—L = Z—Lﬁll{f (719)

where k; = r(00) and Np_p, = np_r/n, is the B — L-asymmetry density normal-
ized to the photon density. Then, with Eqs. (3.28),(331) and n., = 2¢(3)T? /72 we
find a short expression for the asymmetry,

ne ~ 0.01€e 5y, (7.20)

where, using Eq. (5.21)),  is the solution of the differential equation

5

dk 272 M3
— = K |(Xy— X3+ (1) =2 (X, - X
P 3<(3)z [( N N)+i1( ) 2 ( ; uz)]
1 m\? M
S TR SR () K 0.0868 () S e 7.21
[7?2Z () K+ ev) Gev® | (7.21)
We will always start our calculations with z = 1, since the nonrelativistic

approximation cannot be expected to work at earlier times, and we will always
assume a vanishing B — L-asymmetry. For the heavy neutrino number density and
the relativistic corrections, we will study different initial conditions.

Fig. Bl shows the time evolution of the efficiency factor x for different washout
strengthes K. Here we did not include relativistic or radiative corrections and no
spectator processes. The efficiency factor reaches its final value at latest at z = 20.
This result remains true also if we include the above mentioned corrections as long
as AL = 2 scatterings are neglected. Thus, it is sufficient to solve Eq. (Z21) nu-
merically on the intervall 1 < z < 20. However, if AL = 2 scatterings are included,
this is not sufficient any more. Therefore, let us use Eq. (T.2]) to calculate x(20).
Then, for z > 20, we use

dk m ) 2 MN _9

U 2=-1 (2
dz 0.0868°1 (eV GeV :

K, (7.22)
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Figure 5: Time evolution of the efficiency factor w« for different washout
strengthes K. Here, we did not include relativistic or radiative corrections and no
spectator processes. The efficiency factor reaches its final value at latest at z = 20.

which we can solve analytically. The solution is

S\ g
k(z) = k(o0) - exp <0.0868 T2="1! (%) Ge]{[/' 2—1) _ (7.23)

The requirement of x being continuous immediately gives

k(o) = K(20) - C(My,m), (7.24)

oy
with C(My, ) = exp (—0.0868T25‘1 (g) Ry z—l).

The results of a calculation of C(My,m) for different parameters are given in
table 2l There one can see nicely that the AL = 2 scatterings dominate the
washout for large My 2 10 GeV (k(oc0) &~ C) and are negligible for My < 103
GeV (k(o0) = K(20)).

7.1 Relativistic corrections

We calculate the efficiency factor x including the O(v?) relativistic corrections and
compare it to kyg which we obtain from the pure nonrelativistic approach. For
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MN/GGV C(MN,m>
1015 6_40 ~0
10 e
1013 670.4
1012 670.04 ~1

Table 2: Values of C for m = 0.2 ¢V and different masses My. C' = 1 corre-
sponds to the approximation where AL = 2 scatterings are ignored. Thus, this
approximation is sufficient for My < 10'3 GeV.

both x and kg we work at leading order in all couplings and use thermal initial
conditions for ny and wq, respectively. In Fig. [0 we show the results in terms
of the ratio (k — kxr)/k at z = 20 as a function of the washout strength K for
different temperature regimes. The plot shows that the relativistic corrections are
smaller than 3% for K > 5. In Fig. [l we show higher order relativistic corrections
in the regime 10® < T/GeV < 10, We see that the nonrelativistic approximation
breaks down for small K, because there the higher order relativistic corrections
grow large. For larger K it does work very well. At K = 10, for example, the
effect of the O(v?) corrections is 0.78%, while that of the O(v?) is 0.04% and that
of the O(v%) even only 0.02%.

In Fig. B, we compare the size of the relativistic corrections for different initial
conditions. For thermal initial conditions, which we used before, the relativistic
corrections remain very small even for small K. In the extreme case of zero initial
values for ny and wu;, however, the situation is different. For K > 5 the O(v?)
relativistic corrections remain small (< 1.6% for the parameters in Fig. {), but
for K < 4 the nonrelativistic approximation clearly breaks down . These results
are valid in the range 108 < T'/GeV < 10, For higher temperatures the effects
are weaker.

That already the first relativistic corrections are so small, shows that the non-
relativistic approximation works very well. Beyond that, it indicates that also
the approach of assuming kinetic equilibrium, which has been studied in detail
by many papers , should work similarly well. In fact, the deviation from ki-
netic equilibrium corresponds to the difference u; — uj®, which we found to be
small. Therefore it is interesting to compare our results to those obtained with
the assumption of kinetic equilibrium. The main difference is an additional fac-
tor K1(z)/Ks(z) in the coefficients I'y and I'_p, v if one starts with the assump-
tion of kinetic equilibrium. The washout rate of Ref. [21] also differs from ours,

26We point out that vanishing n and u; at z = 1 is somewhat unphysical because by that time
for K 2 1 a substantial number of right handed neutrinos will have been thermally produced.
27See for example Ref. [21].
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Figure 6: Relative size of the O(v?) relativistic corrections to the efficiency factor
at z = 20. Here we used thermal initial conditions for ny and u;. The temperature
regimes correspond to the different values of T?%/=Z according to table [l For T' <
102 GeV we opted for the values corresponding to the right-handed neutrinos
decaying into 7 leptons.
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Figure 7: Relative size of higher order relativistic corrections in the regime 108 <
T/GeV < 10! assuming the right-handed neutrinos to decay into 7 leptons. We
used thermal initial conditions for ny and all u;.
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Figure 8: Efficiency factors at z = 20 for thermal and zero initial conditions
for nx and u;. The curves have been obtained in the regime 108 < 7/GeV < 101
assuming the right-handed neutrinos to decay into 7 leptons.

however, this discrepancy is not due to the kinetic equilibrium approach, but due
to the fact that Ref. [2I] used Boltzmann statistics for leptons and Higgs bosons to
obtain a relation between the respective particle number densities and np_;, (c.f.
Eqgs. (£122))). We ignore this for a moment and only consider the changes due to
the kinetic equilibrium approach. Then we find indeed, the difference between the
nonrelativistic approach and that one assuming kinetic equilibrium is quite small,
e.g. for K = 8 and T = 10! GeV they deviate by 0.87%. That is similar in
size as the O(v?) corrections. If we add the O(v?) corrections in our calculation
and compare that result to the kinetic equilibrium approach, the difference is even
smaller, i.e. in the case mensioned above only 0.3%.

7.2 Statistics

Let us have a closer look at the discrepancy of the washout rate (LI27]) which
we obtained using Fermi-Dirac and Bose-Einstein statistics for leptons and Higgs
bosons, respectively, in the calculation (122) and that of Ref. [21], which matches
Eq. (£129) and was obtained using classical Maxwell-Boltzmann statistics for
leptons and Higgs bosons. A comparison shows a descrepancy of at least 20%,
as we show in Fig. O

In principle, it is not necessary to make a nonrelativistic approximation or as-
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Figure 9: Ratio of efficiency factors computed with Bose-Einstein and Fermi-
Dirac distributions in the washout term and with the classical Maxwell-Boltzmann
statistics. Here we used the nonrelativistic approximation, evaluated at z = 20,
without including any of the correction terms or spectator processes. Even at very
large K the error caused by using classical statistics is of order 20%.

52



sume kinetic equilibrium, but one can also solve the momentum dependent Boltz-
mann equations. One would have to solve one equation for each momentum, but
they are independent from one another, c.f. Eq. (€24). This has been done in
Refs. [38-40]. The results were compared to those using the kinetic equilibrium
ansatz. Ref. [3§] found a discrepancy of about 15% for K > 5, Ref. [39] found a
discrepancy of 20% for K > 1. However, both groups used classical statistics with
the kinetic equilibrium density and quantum statistics with the momentum depen-
dent Boltzmann equations. Therefore, the discrepancies they found are mostly due
to the statistics, but not due to taking into account the momentum distribution
of the heavy neutrinos.

7.3 Radiative corrections

Now we want to study the size of the radiative corrections. We use thermal initial
conditions for ny and all ;. As the renormalization scale for the Standard Model
couplings we choose My.

First, we turn our attention to the corrections of 7%= in the coefficient I'g_.
We expect them to have the largest effect because they are of O(g). In Fig. [0l we
show the results for the efficiency factors obtained from the purely nonrelativistic
approximation where k contains the O(g) corrections while ko does not. The
effect of these corrections is < 3% for high temperatures, T > 10 GeV, and
much smaller for smaller temperatures.

Next we include the O(g?) radiative corrections in the coefficients a; and b; (see
Egs. (BI1)-(5.14). Since they are suppressed by O(v?*), we have to consistently
add the respective relativistic correction terms u; in our calculation. For example,
if we include the term byuq, then we should also include the term agus since both are
of O(g*v'?). In Fig. 1l we show results normalized to the efficiency factor without
radiative corrections kpp. In the strong washout regime, K > 1, the effects
of these radiative corrections are smaller than the relativistic O(v?) corrections.
For K < 8, the effect of the O(g*v!?) contributions grows large. This supports the
impression of Ref. [41] that the expansion of radiative corrections in powers of v?
does not converge in the regime where v-dependent corrections are important.
Nevertheless, the effect of the O(g*) and the O(g?v?) corrections does remain
small for small K. The reason might be that the factor as contains only the Higgs
self-coupling which is small itself.

7.4 Neutrino mass bounds

The way to find an upper bound for the light neutrino mass scale is to deter-
mine the region in the parameter space where the maximal producable baryon

max max

asymmetry np* is at least as large as the observed value (LI). To find nE™,
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Figure 10: Relative size of the O(g)-radiative corrections evaluated at z = 20.
Here, we used the nonrelativistic approximation with thermal initial conditions
for ny. The temperature regimes correspond to the different values of T?/= ac-
cording to table[ll For T' < 10'2 GeV we used for the values corresponding to the
right-handed neutrinos decaying into 7 leptons.
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Figure 11: Relative size of the O(v?) corrections at z = 20. The different curves
correspond to different orders included in the coefficients a; and b;. Both k and ko
contain the respective relativistic corrections. The renormalization scale of the
Standard Model coupling is chosen as the mass of the heavy neutrinos and we
used thermal initial conditions for ny and all ;.
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we estimate €; in Eq. (Z20) by its upper bound ([@27). Then nE> is a function
of My, my and m? = Y, m? PY. While keeping 7 constant, we search for all
pairs (My,m;) where the maximal producable baryon asymmetry is at least as
large as the observed value. Repeating this procedure with larger and larger m
will let the allowed region shrink more and more until no allowed (My,m4)-pairs
can be found P4. The corresponding m can be considered an upper bound.

To find the correct bound the AL = 2-scattering term in the washout rate I'p_j, n
is of vital importance. Since it is, unlike the inverse decays, not exponentially sup-
pressed in z, it dominates the washout for large My > 10'* GeV and causes the
efficiency factor to decrease faster than the C'P-asymmetry increases with My.

Ref. [42] states the bound m™* = 0.2 eV. To obtain this bound they used the
kinetic equilibrium approximation, assumed Boltzmann statistics for all particles,
and did not include spectator processes. Furthermore, they used nMB = 3.6 -
107! and their bound on the C'P-asymmetry e differs from Eq. [@27). If
we adapt their settings to our setup, but use the nonrelativistic approximation
instead of assuming kinetic equilibrium, we find a similar bound, m™** = (.21 eV.
Changing only " back to Eq. (A27]) weakens the bound drastically to m™** =
0.26 eV. Using the value (1)) strengthens the bound to m™** = 0.23 eV, which
is in agreement with Ref. [27], who first noticed the mistake in the calculation
of e in Ref. [42]. Including spectator processes strengthens the bound further
to m™** = 0.21 eV. Switching to quantum statistics for leptons and Higgs bosons
where necessary in the washout rate again slightly strengthens the bound about
5% to m™>* = 0.2 eV. This is much less than the effect on xy, which we found
to be at least 20%. Effects of the radiative and relativistic corrections of Sects. [
and [ are even much smaller than 5%.

For m 2 0.2 eV only heavy neutrino masses around 10'* GeV are allowed. In
this region, flavor effects are negligible. Therefore, the single-flavor approximation
should give reliable results for an upper limit of the light masses. Spectator pro-
cesses, however, are important in this region. It also implies that, if m ~ m™** the
final B — L asymmetry is produced first, and afterwards it is partially converted
to a baryon asymmetry by the electroweak sphaleron processes. However, the con-
version then starts at temperatures T' < 10'? GeV, where the relation (3.28) does
not hold. It would be interesting to check if a modification of (B:28]) would have a
significant effect on the mass bound.

An overview of the current situation regarding neutrino masses is given in

28The measured mass squared differences Am?2; and Am2,,, together with the assumption of
normal (or inverse) hierarchy only leave one mass parameter in the light sector undetermined.
We choose this parameter to be m. Other common choices are m; or ms.

29Note, that increasing m inevitably leads to quasidegenerate light neutrinos. Due to the
fact that m; < m; < mg, the allowed m; interval shrinks even without claiming successful

Leptogenesis.

26



B Leptogenesis not successful
B K <1 possible

B Forbidden by Planck

: 2 2 M K> 1possible

[| Forbidden by Am_and Am,,

Figure 12: Overview of current information about allowed and excluded values
of m. The strongest upper bound comes from Planck’s observation of the cosmic
microwave background. It is also interesting to note that the weak washout regime
is almost completely ruled out by the neutrino oscillation data.

Fig. I20 It is interesting to mention that combining Eq. (2:24]), (Z8) and (Z.39)
gives a lower bound on the washout strength K,

K-eV 2> 1.1-10°m,

= 11-10°%\/m? — AmZ,, — 28m2,, (7.25)
Then on the other hand,
S A2+ 28m2, + 1.21 - 100 K2(eV)?, (7.26)

and 0 < K < 1 implies

VA2 + 28m2) < m < \JAm2,, + 28m2, +1.21-10-5(eV)2.  (7.27)

With the values (2.I]) and (2.2)) from neutrino oscillation data, this is an extremely
small interval, which means that the weak washout scenario K < 1 is almost ruled
out and the strong washout regime, where the considerations of this thesis hold,
is favored.

7.4.1 Neutrino mass bounds from experiments

One possibility to measure neutrinos is to look at beta decays. This is what, i.a.,
the KATRIN experiment does [43]. They analyze the Tritium decay channel

T — 3He + e~ + 7. (7.28)
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In the rest frame of the Tritium atom T, energy conservation gives approximately
(with mye > m,)

mr = Mye + E. + E,;E. (729)

The masses of the Tritium atom and the 3-Helium atom are known and the energy
of the electron is measured, so that

E;, = my — mye + Ee. (7.30)

The smallest Ej, then is an upper bound on the “antielectron neutrino mass”.
However, such a mass does not really exist, because the neutrino produced in this
decay is in a flavor eigenstate and not in a mass eigenstate. Therefore, m;, =
>; Veim; with the PNMS-matrix V. The coefficients V,; then give the probability
to measure the mass m;. The upper bound on m;, has therefore to be trans-
formed into a bound on the lightest neutrino mass, i.e. m; in the normal hierarchy
case. However, the PMNS-matrix is not exactly known. Thus, by performing this
transformation additional uncertainties arise [44].

There is also the possibility to obtain mass bounds from cosmology. The con-
tribution of neutrinos to the energy density of the universe is [23], §2.4.4]

Pv Pu;
Q,=—= —, (7.31)
pCr ; pCr

with the energy density of each neutrino mass eigenstate

&p B,
P =2 / ( P : (7.32)

2m)3 ebvi/T — 1

and the critical energy density p., = 3HZ/87G. Here, G = 1/M3, is the gravita-
tional constant and Hy = 2.133-10733 h eV is today’s Hubble rate [2, §1.2]. Let us
assume that all three neutrinos are nonrelativistic today. Then we can write the
energy density as the product of the mass times the number density, p,, = m;n,,.
We can relate the neutrino number density to that of the photons. Due to the fact
that neutrinos are fermions while the photons are bosons, the number density of
the neutrinos will be smaller by a factor 3/4 [23], §2.4.4]. Since the number densities
are proportional to the temperature cubed, we can write n,, = 3/4(T,,/T,)* n,.
The relation between the temperatures is T, /T, = (4/11)*/3 (c.f. Sec. B]). Putting
all together finally gives [23], §2.4.4]

(7.33)



Cosmology therefore constraints the sum of the neutrino mass eigenvalues. The
Planck Collaboration gives the bound ), m; < 0.23 eV [45]. To obtain this bound
they combined the Planck temperature power spectrum with a WMAP polar-
ization low-multipole likelihood, high-resolution CMB data and baryon acoustic
oscillation surveys. In the normal hierarchy case, it is

S i =y fmF Am2 4\ fmd o+ Am o Am2,,, (7.34)

which fixes a bound on m;. On the other hand,

1/2
= (Z m?) = (m2 4+ m3 + Am2y +m? + Aml, + Am?,)

— (3m2 +2Am2, + Am2,) "2, (7.35)

atm

so that all in all the Planck bound translates into m < 0.13 eV.
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8 Summary

We have obtained rate equations for single-flavor Leptogenesis in the nonrelativistic
limit which are valid at leading order in the heavy neutrino Yukawa coupling and
to all orders in the Standard Model couplings. Furthermore, we introduced a
systematic expansion around the nonrelativistic limit and found that already the
first relativistic corrections are quite small. This shows that the nonrelativistic
approximation works very well.

The coefficients in the rate equations can explicitly be determined by pertur-
bation theory. We calculated all coefficients at leading order in all couplings and
some at next-to-leading order in the Standard Model couplings. In the case of the
heavy sterile neutrino equilibration rate, we used the radiative corrections of the
production rate. To show that this is possible, we derived a relation between the
production and equilibration rate using the theory of quasistationary fluctuations.
Thereby, we showed that the equilibration rate of a particle species is proportional
to the discontinuity of its self energy. This relation holds if there is a separation
of the time scales between the particle species whose equilibration is considered
and all other present interactions. The same relation has been obtained by other
groups under different assumptions.

From the solutions of the rate equations we obtained bounds on the light neu-
trino masses. Our bounds are in agreement with previously obtained values. The
biggest improvements are achieved by using quantum statistics for leptons and
Higgs bosons in the lepton number washout rate. However, the bounds obtained
are not as strong as bounds obtained by experiments like the CMB analysis of the
Planck satellite.

It would be interesting to further investigate the nonrelativistic approximation
of Leptogenesis because it allows for including radiative corrections. The next
steps would obviously be the calculation of the NLO correction of the asymmetry
production rate as well as NLO contributions to spectral functions in the washout
rate to accomplish a full description up to O(g?) in the Standard Model couplings.
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