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Introduction

Strict polynomial functors were first defined by Friedlander and Suslin in
[14], using polynomial maps of finite dimensional vector spaces over a field k.
They showed that the category of strict polynomial functors of a fixed degree
d is equivalent to the category of modules over the Schur algebra Si(n,d)
whenever n > d, as we recall in Proposition [2.9] These algebras, named after
Issai Schur and originally used to describe the polynomial representations of
the general linear group, have been extensively investigated.

We give an equivalent description of the category of strict polynomial
functors, namely defining them as k-linear representations of the category
[P}, of divided powers

Rep Fg = FU_Ilk<Pde, Mk)

This provides an important structure on the category of strict polynomial
functors and hence on modules over the Schur algebra: The tensor product
on the category of divided powers induces in a natural way an internal tensor
product in the category of strict polynomial functors (defined in [21]), which
is defined for representable functors by

Fd,V ®FZ Fd’W — Fd’V®W

and can be extended to a general object, by recalling that every functor in
RepT'¢ can be obtained as a colimit of representable functors.

An important application of this tensor product is the Ringel duality for
strict polynomial functors, that has been recently introduced by Touzé [32]
and Chatupnik [3] and can be stated as the equivalence

A? ®{ig —: D(RepTY) =+ D(RepT¥)
where, in particular, A¢ ®11:d A=~ G4,
k

Ringel duality yields relations between representation theory of Schur

algebras and algebraic topology (cf. [32] for more details) and makes possible

to translate results which are well known in one area in unknown results in
the other one.

The aim of the first part of this thesis is to understand better the monoidal
structure on the category Rep I'{ given above. We follow the description and
the notations given in [21].



In order to describe the internal tensor product more explicitly we make
use of the monoidal structure on the category of representations of the sym-
metric group. In fact, observing that Endrz (Tv) = k6, for w = (1,...,1),
yields a functor

F = Hompy(I', =): Repl} — k&4 Mod

which allows us to compare both monoidal structures. It turns out that the
structure is preserved under the functor F. This yields explicit formulae for
the tensor product of some particular polynomial functors. The following is
the main result of the first part, and comes from a joint work with Rebecca
Reischuk [2]. The functor

F = Hompa (I, —): Rep I — k&4 Mod
preserves the monoidal structure defined on strict polynomial functors, i.e.

Hompg (I, X ®pa Y) = Homypa (I, X)) @), Hompa (I, Y') (0.1)

If we identify Rep I'¢ with the category Mod Si(n, d), the functor F is the
equivalent of the Schur functor discussed by Green (18], 6.1). In order to
avoid confusion, we do not use this name for F. We will namely call Schur
functors the functors Sy defined by Akin, Buchsbaum and Weyman in [1],
which, together with their duals W, play an important role in the second
part.

In the second part, we discuss the Cauchy filtration in the context of
strict polynomial functors. We define functors F), and show that there is a
filtration

0=F, C F(d) C F(dfl,l) c---C F(21

sdyeeny

1) C F(l,...,l) - Fd(V ® W) (02)

The aim of the second part is to prove the following (Theorem [5.11]).
For any partition A, denote by AT the partition successive to A\ with
respect to the lexicographic order. We have an isomorphism

W,V @, W,V = F)\/F)\+ (03)

so that the associated graded object of (0.2)) is

P WV @ waw
A

where A runs over all partitions of weight d.



If k is a field of characteristic 0, all inclusions of the above filtration split
and it yields a direct sum decomposition

IV eW) =W,V eW,Ww, (0.4)

which we call Cauchy Decomposition. In the above situation we will say,
following [1], that the decomposition (0.4)) holds up to filtration in positive
characteristic. From (0.4)), we reobtain the Cauchy Formula for symmetric

functions
TTO =2y ™ =D sa@)saw), (0.5)
irj A
by computation of characters (cf. Section}4.3.1)). Hence, the Cauchy filtration
can be seen as the categorification of the Cauchy Formula.

In the literature there are some statement of a dual result, a Cauchy
filtration for the symmetric algebra functor, from which can be obtained
by duality, but this seems to be quite complicated. Moreover, the derived
powers functors are very important in the study of the category RepI'¢, since
they give all projective objects. For this reason it is worth to give a more
direct and easier proof.

The Cauchy filtration has a long history and has been stated in many
contexts.

The formula for symmetric functions can be already deduced from
the work of Cauchy [4].

Akin, Buchsbaum and Weyman [I] prove a decomposition of the symmet-
ric algebra in terms of Schur functors

S(VeW)= @S,\ ) @ Sa(W),

which holds up to filtration in positive characteristic, from which follows
by duality, since (I'?)° = S9.

De Concini, Eisenbud and Procesi [7] give the same result, with a very
different language: they prove a characteristic free decomposition of R =

k[X;], which holds up to filtration, into G = GL(n, k) x GL(m, k) modules

R%ZLU(@kJLa

where the action is given by A™'X;;B, for (A, B) € G and the modules
L, are a characteristic-free version of the distinct polynomial irreducible



representations of general linear groups, indexed by partitions and given by
Schur in his thesis for £ a field of characteristic zero.

Moreover, the Cauchy filtration is an important ingredient in the proof
that rep['¢ is an highest weight category, where the functors Wy and S, give
the costandard and standard objects (cf. [22], Theorem 7.1). Since we have
an equivalence repI'd =  mod Si(n,d) between strict polynomial functors
and modules over Schur algebras, it can equivalently be proved that Sy(n, d)
is a quasi-hereditary algebra [5]. This has been first done by S. Donkin
[9], where an equivalent of the Cauchy filtration is given in terms of good
filtrations of the injective modules over generalized Schur algebras.

We work over an arbitrary commutative ring k. We start by recalling some
basic definitions concerning partitions and tableaux, which will be needed in
the following chapters. In the second section, we collect some material about
strict polynomial functors and the description of the internal tensor product
given in [21].

In the third chapter we focus our attention on representations of the sym-
metric group &,4. In particular, we consider the £&;-module structure on
the d-th tensor power of a free k-module E and its decomposition into per-
mutation modules. We calculate the tensor product of permutation modules
and its decomposition. We show that the functor F maps certain important
projective objects in the category of strict polynomial functors to the per-
mutation modules. For this an essential ingredient is the parametrization of
morphisms of these objects given by Totaro [30]. Finally we prove that F is
a monoidal functor (cf. [26] XI.2] for the definition).

In the fourth section we assume that £ is a field of characteristic 0. In
this case, the functor F induces an equivalence between strict polynomial
functors and representations of the symmetric group. Moreover we explain
and use the connection to symmetric functions.

The last section is dedicated to the Cauchy filtration, that we state as a
decomposition of the divided power functor, following [22] and [19]. This is
the dual of the filtration given for symmetric powers by Akin, Buchsbaum
and Weyman [I, Theorem III.1.4]. Hashimoto and Kurano extend the result
of [1] to chain complexes and obtain a more general version of as a
corollary. Here we want to give a direct proof, following some of the methods
used by [I] and exploiting the wuniversality of the involved functors. We
conclude by showing how the Cauchy Formula for symmetric functions can
be obtained from by computation of characters and discuss how the
formula can be deduced from Cauchy’s work.



Declaration: Parts of this thesis are based on joint work with Rebecca
Reischuk and this has been published in [2]. This concerns Theorem [3.9) and
I declare that I contributed substantially to the formulation and the proof of
this result.

Sections and and Lemma [3.6] which are also are published
in [2], are due to Rebecca Reischuk and have been included for the sake of
completeness.
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1 Preliminaries

A lot of the objets that we consider in this work are defined with the help of
partitions and Young diagrams or indexed by them. In this first section we
want to collect some material that will be useful in the following chapters.

1.1 Compositions and Partitions

Given two positive integers n, d, we will call an n-tuple of non negative in-
tegers A = (Aq,..., \,) such that >" | \; = d a composition of d in n parts.
The set of all compositions of d in n parts will be denoted by A(n,d). A
composition A € A(n, d) with the property Ay > Ay > ... > A, will be called,
as usual, a partition of d. Let A*(n,d) denote the set of all partitions of d
in n parts. Also write A(d) and AT(d) for the sets of all compositions and
of all partitions of d, respectively. Finally, one can consider also the sets of
all compositions A and of all partitions AT. If X is a composition we denote
by [A| = >, A its weight. For A € A", we denote by [()) its length, i.e. the
number of its nonzero terms. The conjugate partition A of a partition A, is
the partition whose jth part :\j equals the number of terms of A which are

greater than or equal to j.

We can consider the union of two partitions as follows. If A € AT (r,d)
and p € AT (s, e), then AUp € AT (r+s,d+e) is the unique partition obtained
by reordering the elements of the composition (A1, Ag, ..., A, i1, fio, -« -, fls)-

For positive integers n, d, we consider on the set A™(n,d) two orderings:
e The domincance order is defined as follows. We have pu < X if

S s < SL A forall 1 <1< n. This is a partial ordering.

e The lexicographic order is given in the following way. We have p < X if
for some integer s, 1 < s <n, u; = \; for all i < s and ps < Ag. This
is a total ordering.

The dominance order implies the lexicographic order, i.e. if p < A, then
<A

We will need to consider the following set of matrices defined by two
compositions. For A € A(m,d) and p € A(n,d) define

A = {A = (a;j) € My No)| X =D i, i = Y ay;}. (1.1)
j i
Notice that every matrix in Aﬁ can be seen as a composition of d in mn
parts.
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Ezample 1.1. Let A = (3,1) € A(2,4) and p = (2,1,1) € A(3,4). Then A,
consists of the following matrices:

210 2 01 1 11
0 0 1)’\0 1 0/)’\1 0 0/

1.1.1 Orbits of multi-indeces

Multi-indeces are useful to decribe bases of some modules, such as tensor
powers of a k-module. A permutation of the factors of a tensor product can
be seen as an action of the symmetric group on the indeces of the elements
of a basis. Compositions will help to describe the orbits of this action.

For positive integers n, d let

be the set of d-tuples of positive integers smaller equal than n. The symmetric
group &, acts naturally on the right on I(n,d) by im = (izq), - . -, ix(a)). For
any d-tuple i € I(n,d) let the content of i be the vector o = (o, ..., ap)
such that, for each 1 <1 < n, a; equals the number of the entries of 7 that are
equal to [. This can be seen as a composition of d in n parts. If A € A(n,d)
is the content of i, we say that ¢ belongs to A (and write i € \). Clearly, the
content of a d-tuple is invariant under permutation of the entries. Hence,
A(n,d) can be seen as the set of all G4-orbits of I(n,d). We write ¢ ~ j to
indicate that the elements 7 and j are in the same orbit. We will also consider

the action of &4 on I(n,d) x I(n,d) and write (i, j) ~ (¢, j') iff i ~ i" and
i~7

1.2 Young diagrams and Tableaux

It is useful to associate to a partition A € A*(n,d) a diagram. This is the set
of ordered pairs (4,j) € N?> with ¢ > 1 and 7 < j < );. Graphically, we can
represent a diagram by drawing a square for each pair.

For example, the diagram of A\ = (5,3,2,2,1) will look like

Using diagrams, one can see that if A is a partition, then A is the partition
whose jth term is the number of squares in the jth column of the diagram
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of A, where columns are counted from left to right. It is therefore clear that
|A| = |A|. In the example above, the diagram of A is

The representation of a partition A by using boxes is usually called the Young
diagram of A and denoted by A,.

If S is a totally ordered set and A € A*(n,d) a partition, a tableau of
shape A with values in the set S is a function from A, to S, i.e. a filling of
the Young diagram of A. Denote by Tab,(.S) the set of all tableaux of shape
A and values in S. If S ={1,...,n} = [n], we will write Tab,(n) instead of
Taby([n]).

A tableau T' € Tab,(S) is called row-standard if its entries are strictly
increasing along each row and column-standard if the columns are weakly
increasing. We denote by Tab’*(S) and by Tab$*(S) the sets of row-standard
and column-standard tableaux with entries in S, respectively. A standard
tableau is both row- and column-standard. Write Tabj(S) for the set of
standard tableaux.

Dually, T is called row-costandard if its entries are weakly increasing along
each row and column-costandard if the columns are strictly increasing. A
costandard tableau is both row- and column-costandard. As before, denote
by Taby®(S), Tab$’(S) the sets of row-costandard and column-costandard
tableaux and by Tab$(S) the set of costandard tableaux. We may want to
consider all tableaux of a given weight d, that is tableaux of shape X for all
partitions A of d. In this case, we will write Taby(S) and use superscripts
as above if we want to restrict to (row-/column-) standard or costandard
tableaux.

Ezxample 1.2. The tableau

1/2]3]

is standard but not costandard.

For a tableau T € Taby(n) with A € AT (r,d), we call the composition
i € A(n,d), where u; equals the number of times the element i occurs in T,
the content of T' and write ¢(T") = p.

FExample 1.3. The content of the tableau in the example above is given by
p=(2,1,2).
We have the following easy result.
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Lemma 1.1. Let A and p be partitions of weight d. There exist a costandard
tableau of shape A and content p if and only if u < . There exist a standard
tableau of shape \ and content u if and only if p < \. Here we consider the
dominance order.

Proof. Let p < A and consider the tableau S of shape A defined as follows.
If we count the boxes from the right to the left, from the top to the bottom,
the entries of the first p; boxes of S are equal to 1, the following py boxes
have entries equal to 2 and so on. This is a costandard tableau because of the
condition ¢ < A. Conversely, assume that there exists a costandard tableau
T of shape A and content p. Since the entries of T' are strictly increasing
along columns, we can only have entries equal to 1 in the first row of T.
Hence, Ay > p;. For the same reason, entries equal to 2 can only occur in
the first two rows, thus A\; + Ao > py + po and so on. It follows < A. The
proof for standard tableaux is analogue. m
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2 Strict polynomial functors

In this section, following [21], we define strict polynomial functors as the
category of k-linear representations of the category of divided powers, for
an arbitrary commutative ring k. In particular, we recall the definition the
internal tensor product for strict polynomial functors given in [21], (2.5)]. We
recall some properties and results.

We fix a commutative ring k. Let P, denote the category of finitely
generated projective k-modules For each V, W € P, denote by V' ® W their
tensor product over k£ and by Hom(V, W) the group of k-linear maps V' — W.
This provides two bifunctors

—®—ZPkXPk—)Pk
HOI’H(—, —) : (Pk)Op X Pk — Pk
with a natural isomorphism
Homp, (U ® V,W) = Homp, (U, Hom(V, W)).
Moreover we have the a duality
(=) (Pr)” — Py

defined by the functor sending V' to V* = Hom(V/ k).
For U, V,W, V', W' in P, one has natural isomorphisms

V* @ W = Hom(V, W)
Hom(U,V) @ W = Hom(U,V @ W) (2.1)
Hom(V, W) ® Hom(V',W') 2 Hom(V @ V', W @ W').

2.1 The category of divided powers

For a non negative integer d, denote by &, the symmetric group permuting
d elements. For any V € Pj, &, acts on the right on the tensor power V4
by permuting the factors of the tensor product, i.e.

for v; €V, €6, (1®...0V)0 =V,0) R ... R VUg(a)-

The elements of V®¢ which are invariant under this action form a submodule
(Ved)Sa V¥ that we denote (V') and call the module of divided powers
of degree d. Set IOV = k.

To check that 'V is in Py, it suffices to observe that 'V is a finitely
generated free k-module, provided that V is free finitely generated. Thus,
we have the following (cf. [12] Proposition 4.2])
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Proposition 2.1. For V.W € Py and for any non negative integer d there
1$ a natural map

YTV @IW - TYV @ W)

given by the restriction of the isomorphism
VOl g Wed = (V@ W)®4.

Also, we have a natural isomorphism I'*k = k. This morphisms endow T'
with a structure of a symmetric monoidal functor T'¢ : P, — Py. [

Definition 2.2. The category of degree d divided powers I''Py, is given as
follows. The objects of I'?P;, are same objects as of P,. Moreover, the
morphisms between two objects V and W are given by

Hompap, (V, W) := I Hom(V, W) = (Hom(V, W)®%)%,

The composition is induced by the symmetric monoidal structure on I'? from
Proposition 2.1}

Note that Homrap, (V, W) can be identified with Hom (V4 W®4)S¢ where
for 0 € &4, f € Hom(V® W®4) and v; € V the action is given by

fU(Ul Q- Ud) = f((’l)l Q- ’Ud)O'_l)O' = f(va—l(l) Q- Ua—l(d))a'

In other words, the set of morphisms Homrap, (V, W) is isomorphic to the set
of G4-equivariant morphisms from V%7 to W®4,

2.2 The category of strict polynomial functors

Definition 2.3. The category of strict polynomial functors of degree d over
k is the category of k-linear representations of [Py

Rep FZ = Funk(Fde, Mk),

where My denotes the category of k-modules. The morphisms between two
strict polynomial functors X,Y are denoted by Homri (X,Y).

A strict polynomial functor X is called finite if X (V) € Py for any V' €
Pir. The full subcategory of finite strict polynomial functors is denoted by
rep 'Y = Funy, (TP, Py).

The category RepI'{ is abelian with infinite exact direct sums, further
rep[d C RepI'¢ is an exact subcategory.

Classical examples of strict polynomial functors of degree d, for d any non
negative integer, are
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e The divided power functor I'%, as already observed;

e The symmetric power functor S¢, defined by
SW =V /(v @w—weuv, v,w e V);

Namely, for each d > 0, the k-module S?V is free provided that V is
free. Thus S?V belongs to P, for all V' € P;, and this gives a functor
I'’P;,, — Py, since the ideal generated by elements of the form v ® w —
w ® v is invariant under the action of &, on V&4,

e The exterior power functor A?, defined by
AV =V y@v, veV).

For each d > 0, the k-module AV is free provided that V is free. Thus
A4V belongs to Py, for all V € P;, and this gives a functor I'*P;, — Py,
since the ideal generated by elements of the form v ® v is invariant
under the action of &, on V®4.

All functors listed above are finite: T'%, 5% A9 € repI'Y.

2.2.1 Representable functors
For any module V € I'Py,, denote by I'“" the functor represented by V, i.e.
eV .= Hompap, (V, —).

In other words,
V(W) = '* Hom(V, W).
By the Yoneda lemma, for any F' € RepI'¢, we have
Hompy (T, F) = F(V),

hence T4V is a projective object of Rep'¢ and rep I'¢.
Via the Yoneda embedding
(T?P;,)°P — Rep T
Vs T4V

the category (I'“P.)°P can be identified with the full subcategory of RepI'{
consisting of all representable functors.

Example 2.1. For any non negative integer d, the divided power functor of
degree d is the representable functor represented by k. In fact, for every
W € I'“P;, we have

W 2 ' Hom(k, W) = T**(W).
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2.2.2 Colimits of representable functors

Representable functors are particularly important in this discussion, because
every object in RepI'? can be obtained as a colimit of them. This is an
analogue of a free presentation of a module over a ring, see [26, II1.7] and
will make possible to give some definitions or to show some results with the
help of representable functors and to extend them to arbitrary objects, by
using colimits.

In our situation this can be done as follows. Let X be an object in Rep I'¢
and V € I'Py. By the Yoneda lemma, every element v € X (V') corresponds
to a natural transformation F, : I'*Y — X. Let

Cx ={F,:T% = X |V €TPy, ve X(V)}

be the category whose objects are natural transformations F, from repre-
sentable functors 'Y to X, where V runs through all elements in I'“P;,, and
where a morphism between F, and F,,, with v € X (V), w € X (W), is given
by a natural transformation @, ,, : [*Y — T'W such that F, = F, o ¢, .
Define Fx : Cx — Rep Fﬁ to be the functor sending a natural transformation
F, to its domain, the representable functor I'*Y. Then X = colim Fy.

2.2.3 Duality
Given a representation X € RepT'¢, its dual X° is defined by
X°(V) =X (V).
For all X,Y € RepI'¢ we have a natural isomrphism
Homrz (X7 YO> = HOIIIFZ (Y, XO>.

The evaluation morphism X — X°° is an isomorphism when X takes values
in Pk.

Ezample 2.2. e The divided power functor I'* and the symmetric power
functor S? are dual to each other. It follows easily from the definitions

that S = (T'9)°;
e There is a natural isomorphism A4(V*) = (A?V)*, induced by

(fl FANRA fd)(vl VAN Ud) = det(fi(vj)),

and therefore (A?)° =2 A4,
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2.2.4 External tensor product

Definition 2.4. For non-negative integers d, e and functors X € RepI'¢ and
Y € RepI'; we define the external tensor product

— ® — : RepTY{ ® RepI, — Rep F?e
as follows. On objects it is given by
(XY)(V)=X(V),Y(V),

where ®;, denotes the usual tensor product of k-modules, and on morphisms
via the natural inclusion

I Hom(V, W) = (Hom(V, W)(@*<))Sate — (Hom(V, W)(@+))SaxSe
= I Hom(V, W) @ I'® Hom(V, W)

Of course, we can consider the tensor product of several functors. In
particular, for positive integers n,d and a composition A = (A, Ag, ..., \y)
of d in n parts, we can take

M=TY"®...@I* c Repl'{
where T* € RepT')', ..., T** € RepT';". Analogously, we can define
SP=8M®.. @5 and A*=AM®.. @AM

Ezample 2.3. If we denote by (d) the partition of d having only one entry,
we clearly have I 2 T4,

2.2.5 The tensor product of strict polynomial functors

For V. W in Py, the usual tensor product V ®; W of k-modules induces a
tensor product on I'Py, the category of divided powers. It coincides on
objects with the one for P, and on morphisms it is given via the following
composite:

I Hom(V, V') x T Hom(W, W') — I'(Hom(V, V') @ Hom(W, W"))

S I Hom(V o W,V @ W').

This last tensor product induces a tensor product for strict polynomial func-
tors via the Yoneda embedding, which as been defined in [21].
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Definition 2.5. The internal tensor product on RepT'¢, is given for repre-
sentable functors T'4Y and T'4" in RepI'¢ as follows

DY @pg T = THVEW,

For arbitrary objects X and Y in RepT'¢ define

v ®rpa X := colim(I'"*V ®ry Fx),
X ®ra Y := colim(Fx ®pa Y),
where 'V ®ra Fx resp. Fx Qra Y is the functor sending the natural trans-

formation F, to TV @pa Fx(F, )resp Fx(Fy) ®pa Y.

In other words, —®ps — is the unique bifunctor Rep 'Y x RepT'{ — RepT'{
wich commutes with colimits in both arguments and extends the blfunctor
— ® — : P, x I'P;, — I'?P;, via the Yoneda embedding.

The tensor unit is given by

Ipg = TP =@,

2.2.6 Graded representations and exponential functors
It is sometimes convenient to consider the category

H RepI'{

d>0

consisting of graded representations X* = (X° X1 X2 . ). We say that X*
is finite if X* € rep T, for all i > 0. The tensor product X ® Y of two graded
representations X, Y is defined in degree d by

(X®Y)! ZX’@YJ

i+j=d

The classical polynomial functors we considered so far also yield examples of

graded functors
= (T4, ..,

S* = (S1,5%,5% ..,
A= (A A2 A3 ).
Moreover, they satisfy another interesting property (cf. [13] or [31])
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Definition 2.6. An exponential functor is a finite graded functor
X = (X" X1 X2 X" )

together with natural isomorphisms
X(V)=k X"(VeW)=PX™(V)er X" (W), n>0.

The functors I'*, A* and S* are often called classical exponential functors.
From the exponential property for the graded divided power functor, it
follows that, for each positive integer n, one obtains in degree d a decompo-
sition
d
k" — Z(Fdﬂ',knfl ® Fi)
i—0

and using induction a canonical decomposition 21}, (2.8)]

= @ 1, (2.2)

AeA(n,d)

where A(n, d) denotes the set of compositions of d in n parts.
The decomposition of divided powers has the following consequence

Proposition 2.7. The category of finitely generated projective objects in
RepT'¢ is equivalent to the category add ' of direct summands of finite direct
sums of functors T, where X € A(n,d) is any composition and n a non
negative integer.

Proof. As we already observed it follows from Yoneda lemma that repre-
sentable functors are projective. For any V € I'?P, the functor I'*V is a
direct summand of a direct sum of copies of I'*¥" for some n. Hence every
representable functor admits a decomposition of the form and it follows
easily that every element in addI" is finitely generated projective. O]

2.2.7 Representations of Schur algebras

Schur algebras are finite dimensional algebras named after Issai Schur by
J.A. Green (and extensively treated in [I§]), that are very important in the
representation theory of general linear groups. As showed by Friedlander and
Suslin in [14], they are closely related to strict polynomial functors.

Definition 2.8. For n, d positive integers, define the Schur algebra as
Sk(n, d) = Endge, (k")) = Endpg (T")P.
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We want to describe a basis for Sk(n,d) explicitly. To do this, observe
that, if £ = k", the set I = I(n,d) = {i = (i1,...,iq) | 1 < iy < n}
naturally indexes a basis of the dth tensor power £®?. Namely, for a fixed
basis {e1,...,e,} of E, write

e =6, ® e, fori=(iy,...,iq) € I.

An element # € End,(E®?) has a matrix, say (T};), relative to the basis
{ei | i € I} given above. Here, Tj; € k and i and j run independently over
the set I. The action of &, on I induces an action on E®¢ by

em = e, forall 1€l me G,
It follows that @ lies in Endg, ((k™)®?) if and only if
(Tinjx) = (Ty) forall 4,5 €1, 7€ &y (2.3)

Consequently, Ende,(E®?) has a k-basis in one-to-one correspondence
with the set Q2 of all G4-orbits on I x I, with respect to the action given by
(4,j)m = (im, jm), for any (4,7) € I x I and m € &,4. Namely, if w is such an
orbit, define the corresponding basis element 6,, to be that 6 € End,(E®?)
whose matrix (7;;) has T;; = 0 or 1 according as (i,j) € w or not. For
w € Qand (4,7) '€ w any representative, denote by Cz_j the corresponding
basis element of Endyg,(E®?). As a k-space the Schur algebra Si(n,d) has
basis

{Gij | 4,5 € I}, where ;= (4 if and only if (i, ) ~ (p, q). (2.4)

It is a well known result (cf. [18], p.67) that, for every integer N > n > d
the k-algebras Si(n,d) and Si(N,d) are Morita equivalent, i.e. we have an
equivalence of categories Si(n,d) Mod = Si (N, d) Mod. Moreover, we have
the following

Proposition 2.9. ([1j, Theorem 3.2]) If n > d there is an equivalence of
categories Rep 'l = Mod EndFZ(Fd’kn) = Sk(n,d) Mod.

Proof. If P € RepI'¢ is a small projective generator, that is P is projec-
tive and the functor Hompa (P, —) is faithful and preserves set-indexed direct
sums, then

Hompg (P, —) : Rep '} — Mod Endpg (P)

is an equivalence of categories. The representable functors I'*Y with V € Py,
form a family of small projective generators by Yoneda lemma. If n > d,
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the functors I'* with A € A(n,d) also form a family of small projective gen-
erators because of the decomposition (2.2). Thus P = I'**" is a small pro-
jective generator. Now the assertion follows by observing that Endrz(P) =

Ende, ((k)4) = Si(n, d). O

2.2.8 Weight spaces

Let V be a free k-module with basis {v1,...,v,} and X € RepI'¢ any func-
tor. The canonical decomposition (2.2)) yields a decomposition of X (V') into
weight spaces.

Lemma 2.10. Let i € A(n,d) and set V = k™. For X € RepT'¢ there are
natural isomorphisms

Homy (I, X)—= Homs, .a)(T(V), X (V) -5 X(V),
which induce a decomposition

X(V)= @ X(V), where Hompg(I*, X)X (V).

neA(n,d)
Proof. Consider, for each u € A(n,d), the composition of

Hompg (I'*, X')— Homyg, (n,a) (T"(V'), X (V)

2.5
P +— (I)V ( )

and
Homyg, (n,a) (I (V), X (V) —X(V),,

Y= PP @ @ o), (26)

The first map is an isomorphisms because of the equivalence given in Propo-
sition . For the second isomorphism we identify Endpa(V') = Sk(n, d) and

note that v{"' ® ... ® v generates I'*(V) as an Sy (n, d)-module.
Now, the canonical decomposition induces, via the Yoneda isomor-
phism
Homypg (T, X)X (V),

the decomposition

X(V)= @ X(V), with Homps(I*, X)—=X(V),.
neA(n,d)
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We observe that the duality preserves the weight space decomposition.

Lemma 2.11. Let i € A(n,d) and set V = k". For X € RepT'{ there is a
natural isomorphism
X)) = X(VO),e

defined in the previous section
Proof. We have
Hompg (%Y, X°) 22 X°(V)) = X(V*)* & Hompg (I, X)*.
Now use Lemma [2.10] and the canonical decomposition

Fd,k" — @ [t =~ Fd,V*.

neA(n,d)

2.3 The algebra of divided powers

Given V € Py, set I'V = > T9V. For any V € Pj and any pair of non
negative integers d,e the inclusion &; x &, C &4, induces two natural
maps.

The first one ['"** — TV @ T'°V is given by

(V®d+e)6d+g g (V®d+e)6dx€ve ~ <V®d)Gd ® (V®e)6e (27)

and the second map I''V @ I'*V — I'“*¢ sends 2 ® y € IV @ I'*V to the
multiplication

= Y. gy, (2.8)

9EGi1e/BqxGe

This multiplication gives I'V the structure of a commutative k-algebra.
Suppose that V' is a free k-module with basis {vy, ..., v,}. Then the elements

vy = H vf@)‘i (2.9)
i=1

with A € A(n,d) form a k-basis of [V

Remark 2.12. Observe that, if we multiply two tensor powers of the same
element v € V', we obtain an integer multiple of their tensor product

v®y®e = E glv®@v) = c v®e,
g€6d+e/6d><66

where ¢ = |G41./6y4 X &,
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2.4 Young tableaux and bases

Let V € Py be a free module and fix a basis {vy,...,v,}. With the help of
Young tableaur, defined in the first chapter, we want to describe k-bases of
the free modules T*V and AV for any A € A(r,d) and any non negative
integer r. Notice that, since (the isomorphism classes of) I'*V and AV
do not depend on the order of the parts of A\, and since every composition
v € A(r,d), after reordering of parts, gives rise to a unique partition A, it
is enough to consider the case A € AT (r,d). Consider the set Taby(n) of
tableaux of shape A and entries {1,...,n}.

Given T' € Taby(n), let T'(7,7) denote the entry of the box (i, ) of the
diagram of \ and define a composition o € A(n, )\;) by setting

af =card{1 <t < X\ | T(i,t) =5}, 1<i<r 1<j<n.

Set v =V ® ... Q Vyr,

where the factors v,: are defined as in . Observe that o only depends
on the entries of the ith row of T and not on their order, thus we only
consider row-costandard tableaux. Moreover, as 7' runs through all tableaux
in Tab}(n), the corresponding compositions o, for i = 1,...,r, run through
all compositions of \; in n parts, hence the elements v,: form a basis of IV
(as in (2.9)). It follows now easily

Lemma 2.13. Let V € Py, be a free module and fiz a basis {vq,...,v,}. The
set {vr | T € Taby(n)} defines a k-basis of TV O

For a strictly increasing subset I =iy < iy < ... < 0of {1,...,n}, denote
by v the element vy, A ... Av;, € A'V. Let T € Tab$’(n) and denote by

P =T1,7) <T(2,5) <...<T\,j5), 1<j<\.
Set oy =vp1 ® ... QU EAXV.
We have

Lemma 2.14. Let V' € Py be a free module and fix a basis {v1,..., v, }.
Then {or | T € Tab$’(n)} defines a k-basis of AMV . O

Example 2.4. Let A = (5,3,3,2) € A*(4,13) and V a 6-dimensional free
k-module with basis vy, ...,vs. Let T € Taby(6) be the following tableau

2[3[3]
5
6

Ut (N =
O[O
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Then we have
vr = (v1(ve @ v2) (V3 @ v3)) ® (VaV3v5) @ ((v4 ® V4)Vg) ® (V5Vg)

Op = (V1 Avg Avg Aus) @ (Vg Avg Avg Avg) @ (Vg Avs A vg) @ v3 ® 3.

2.5 Standard morphisms

In this section, we want to compute the weight spaces for I'* and S*. As
showed by Totaro in [30], it is possible to describe bases for them combina-
torially, with the help of the matrices in A’\ defined in 1}

Fix a non negative integer d and let A\, u € A(d) be two compositions. For
a matrix A = (a;;) € A}, define the standard morphisms 4 : T* — T* and
T — S as follows

VA:F“=®F”J'—>®(®F““):®®F“” —>(X)rA ™ (2.10)
J J i

where the first morphism is the tensor product of the natural inclusions
' — @), "4 given in (2.7) and the second morphism is the tensor product
of the natural product maps @; I — ['* given in 1’

Analogously,

aA:F“:®F“J'—>®(®T““):®®T“” —>(X)SA S*(2.11)
J J {

where T" denotes the functor (—)®" for any non negative integer r, the first
morphism is the tensor product of the natural inclusions I''V — ), 7%, and
the second morphism is the tensor product of the natural projection maps
(%) ;T = SHi.

The following lemma is given in [[30], p.8] (cf. also [22, Lemma 5.3]).

Lemma 2.15. Let A\, p € A(d), be compositions of d.
1. The morphisms ya with A € Af; form a k-basis of HomFZ(F”, ).
2. The morphisms o with A € Aﬁ form a k-basis of HomFZ(FM, SH).

Proof. Let A € A(r,d), p € A(s,d). Let n be a non negative integer such
that n > d and n > r,;s. By extending A and p by zeros, if necessary, we
can assume A,y € A(n,d). Moreover, assume A is a partition (as we already
observed, I'V = I'* for any composition v which, up to the order, coincides
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with A). Fix a free k-module V' with basis {v1,...,v,}. From Proposition
2.9 and Lemma [2.10] we have isomorphisms

Hompg (T, T*) = Homg, (n,0)(C*V, T*V) = (TV),,.
A standard morphism 74, evaluated at V', sends
VP R . @ U S Uy =V ® ... ® Ugn

where o/ € A(n, \;) is the composition defined by o} = a;;. Note that, if
T € Tab)‘(n) is the tableau having a;; entries equal to j in the ith row, for
any ¢ = 1,...,n, then vq = vp.

Moreover, for any tableau T € Tab\’(n), the element vy belongs to
(T*V),,, where p equals the content of 7. The standard morphism 7, :
" — T given by A = (a;;), where a;; = card{t|T(i,t) = j}, and evaluated
at V sends v7" ® ... ® v® to vp. If u = A, then T is the unique (row)
costandard tableau such that all boxes of the ith row have entry i

Now the first assertion follows from the fact that the elements v4 form a
basis of TV as y runs through A(n, d). The proof of the second assertion is

analogous. O

Ezample 2.5. Let A = (5,3,3,2) and = (1,3,3,2,2,2). For
1 2 2 000
01 10160
A= 000 201
0 00O0T11

the morphism 74 at V = k% takes v{"' ® ... ® v§° to
(Ul (U2 X UQ)(U;), X ’Ug)) X (’U2U3’U5) (029 ((’04 &® U4)U6> X (U5U6).

Ezample 2.6. The special case A = (1,...,1) = p yields the isomorphism

2.6 Schur and Weyl modules and functors

Fix a partition A € A(r,d), denote by ) e A(s,d) the conjugate partition.
Each integer ¢ € {1,...,d} can be written uniquely as a sum

t=M+...+ N1 +J, with 1<5 <N,

The pair (7, 7) describes the position (ith row, jth column) of the ¢tth box of
the Young diagram of . The partition A determines a permutation o) € G4
by ox(t) = A + ... = \j_; +1, where 1 < i < );. Note that o, = o53.
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Ezxample 2.7.

1
1]2]3] . 34
5

A=(2,3) BB A=(2,2,1)

(1 2 3 4 5
Ox = ( 1 3 5 2 4 >
Fix a k-module V' € Pj and consider the following composition, which we
denote by 6,V
AR...QA V®d SX V®d V®...0V S)\IV Q... SATV
(2.12)
Here, for an integer ¢, we denote by A : A'V — V®* the comultiplication
given by

MV ®. .. @AY

Avp Ao Ayy) = Z SgN(0)Vo(1) @ - . . Vg(t)-

geB,

We denote by V : V& — SV the multiplication and by s, : V& — V&
the map given by

A1 ® ... ®VUg) = Vg (1) @ ... ® Vg, (a)-
Definition 2.16. The Schur module S\V is the image of §,V .
Dually, consider the composition
A9-OA yyod 5 yed V-GV, MV @, oAy
(2.13)

where A denotes the natural inclusion A : Y — V@ and V is the natural
projection V : V& — AN Denote it by 6, V.

Mve...TMV

Definition 2.17. The Weyl module W,V is the image of 5,V .

It is well known (cf. [I6], Lecture 6) that, if k is a field of characteristic
0, then for any partition A and any k-module V

S\V =2 W,V

is a simple GL(V')-module and the Schur modules SV, as A runs over all par-
titions with no more that n = dim V' parts, give a complete set of irreducible
GL(V) representations.

The definitions above give rise to functors Sy and Wy in RepI'¢ for each
partition A and each weight d. Note that S§ = W, and W§ = §,.

Example 2.8. Symmetric and exterior powers are particular cases of Schur

,,,,,
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Observe that, if V is a free k-module, for £ any commutative ring, then
V=k®z W

for a suitable free Z-module V; of the same rank of V. We will need some
functors that commute with this base change.

2.7 Universal functors and universal transformations

The following Definition is given in [I9, Definition 1.3.10].

Definition 2.18. Let T}, : Py x ... x P, — M}, be a k-linear functor, which
is defined for all commutative rings k£ and for all n-tuples of free k-modules
Vi,...,V,. The functor Ty is called universal if, for any ¢ : k — £ ring
homomorphism, we have a natural equivalence

Ti(l@—,... @) =2LlRTL(V,...,V,).
Moreover, Ty is called universally free if it is universal and Ty(V3,...,V},) is
a free k-module for any n-tuple Vi,...,V,.

Let Uy : Ty — T} be a natural transformation of universal functors,
defined for all commutative rings k. We say that Uy is universal if for any
ring homomorphism ¢ : { — k and any n-tuple of free k-modules V;,...,V,,
the diagram

(R T(Vis..., Vi) (RT(Viy..., Vi) (2.14)

f J~

T(U@V, ... (®V,) —dEVtEr)

is commutative.
It follows immediately

Lemma 2.19. Let ¥y : T, — T} be a universal natural transformation.
Assume that, for some ring k, Y, is a natural isomorphism, that is, for any
n-tuple V1, ..., V, of free k-modules

Ue(Vi, .. Vo) Te(Vay o V) = T (Va0 V)

1s an isomorphism. Then, for any ring homomorphism ¢ : k — £, ¥, is a
natural isomorphism.
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Remark 2.20. If U}, is a universal natural transformation as above, then the
functor Im W, is universal. Indeed, it follows from the commutativity of the
diagram ([2.14) that, for any ring homomorphism ¢ : ¢ — k, we have

(RImUL(Vi, ..., V) 2Im U, (@ V... LR V,),

for any n-tuple Vi,...,V,.

Moreover, since ¢ ® — is a right exact functor, it preserves cokernels.
Hence, Coker ¥y, is a universal functor, for any universal natural transforma-
tion \I/k

The functors A?, S¢ and I'Y have been definded for an arbitrary commuta-
tive ring and it follows immediately from the definitions that are universally
free. Moreover, tensor products and direct sums of universally free functors
are universally free. It follows that, for any composition A\, A*, S* and I'*
are universally free, such as the graded versions A = @ ,., A% S = P o 5S¢
and I' = @, I - B

Although it is less obvious, Schur and Weyl functors are also universally
free and it is possible to give bases for them that are indexed by (co)standard
tableaur of shape A. This is stated in the following result, proved in [I]
Theorems I11.2.16 and 11.3.16].

Theorem 2.21 (Standard basis theorem for Schur and Weyl functors). Let
A be a partition and V' a free k-module with basis {vy,...,v,}. Then

1. {0V (vp)| T € Taby(n) is costandard } is a free basis for W,V .
2. {0\V (0r)| T € Taby(n) is standard } is a free basis for SyV .
Moreover, the functors Sy and Wy are universally free. O

Sketch of the proof. We briefly describe the idea of the proof for the first
statement, the proof of the second one is analogous and can be found in [1]
Theorem I1.2.16], in the more general context of skew-partitions.

Let A € AT(r,d). For any integers i,¢ such that 1 <i <rand 1 <t <
)\i-i-la let

A1) = (A, e o Aim, N FE A — 6 Ao, - A)

and consider the standard morphism
YAGt) | AU

given by the matrix A(Z, t) = diag()\l, ceey )\7») + tEH-l,i — tEi-‘rl,i-‘rl‘
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By direct computation, one sees that 0y o ya;+ = 0, for any 4,t as above.
It follows that, if « is the sum of all standard morphisms of this form

Ait1 i o
@121 Py e 2T (2.15)

one has Im a C ker(d}). Moreover, it follows easily from the Definition (2.10)
of standard morphisms that they are universal. Hence « is a universal natural
transformation.

We already observed that row-costandard tableaux of shape A and filling
in {1,...,n}, where n = dim V, index a k-basis of '*V. By defining a pseudo
order (i.e. arelation which is reflexive and transitive, but not antysymmetric)
on those tableaux, it is possible to show that, if T is a row-costandard tableau,
which is not costandard, then there exist costandard tableaux 7} such that

vp — ZivTi € Imo.

This is done by constructing a suitable tableau T of shape p > ), such that
a(vs) = > v, where one summand equals vr and for all other summands
we have T; < T. Since, with respect to this (pseudo) order, costandard
tableaux are smaller than other tableaux with the same entries, by repeating
this process, we obtain vr— Y +vr, € Im«, with all 7; costandard. It follows
that the images of costandard tableaux generate W,V .

By observing that the pseudo ordering given above is a total ordering on
the set of costandard tableaux, one shows that they are linearly independent,
thus {6,V (vr)| T € Taby(n) is costandard} is a free basis for W, V. But the
same elements also form a basis for Coker oy, thus, W,V = Coker aryy and we
have a presentation

Dz By T —5 T —— Wy ——0 (2.16)

Now, since it is the cokernel of a universal natural transformation, the Weyl
functor W, is a universally free functor. ]

The next proposition describes the weight spaces for Schur and Weyl
functors.

Proposition 2.22. Let A\ and p be partitions of weight d.

I

1. Homrz(F“,W,\) # 0 if and only if p I X. Moreover, Homrg(FA,W,\)
k.

2. HomFZ(F“,S)\) # 0 if and only if p<A\. Moreover, Homrz(F)‘,S)\) ~ k.
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Proof. Let V € Py, be a free module of dimension n. Apply Lemma 2.10, As
observed in the proof of Lemma[2.15] a basis element vy of TV is contained
in the weight space (I'*V),, where p is the content of 7. The assertion for
W,V follows now from Lemma by using the basis for the Weyl module
given in Theorem [2.21]

Since Sy = W§, the assertion for Schur functors follows from the first one,
by using Lemma [2.11 O]
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3 Representations of symmetric groups

In this chapter we want to investigate the monoidal structure on the category
of representations of the symmetric group &, and to explain its connection
with the monoidal structure on RepI'¢ given by the tensor product from
Definition 2.5

3.1 Permutation modules

Let E be a free k-module and fix a basis {e1,...,e,}. Consider the right
action of the symmetric group &, on E®¢ by place permutation

(Ul®"'®Ud)0':UJ(1)®"'®UU(d) fOl"O'GGd, v1®---®vd€E®d.

By linear extension of the action, £®¢ becomes a k& -module.

Consider the basis of the tensor power E®? given by {e; | i € I(n,d)},
as in Section [2.2.7] If two basis elements are in the same orbit with respect
to the action of the symmetric group, that is, if e; = ¢;o, for some o € &y,
then one has i, j € A, for some composition A, where A(n,d) is considered as
the set of all G4-orbits on I(n, d), as in Section [1.1.1] Thus, we can give the
following

Definition 3.1. Let A € A(n,d) be a composition. The transitive permuta-
tion module M* corresponding to X is the k-span of the set {e; | i belongs to A}.

We have the following decomposition of E®? as a k& z-module.

E* = H M (3.1)

AEA(n,d)

Note that, if we denote by i, = (1...12...2...n...n) the d-tuple having
A; entries equal to [, we have

{ei | i belongs to A} = {e;,0 | 0 € G4/6,} (3.2)

where G, denotes the Young subgroup G, x --- x &,, C &,. So we have
a one to one correspondence between the elements of a basis of M* and the
elements of the group 6,4/6,.

Ezample 3.1. If A = (d), the corresponding permutation module M is the
trivial kS, representation of dimension d. If w = (1,...,1) € A(d,d), then
MY = kG,.
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We give now an equivalent description of permutation modules and of the
action of the symmetric group on them, that will be useful in what follows.
To a d-tuple i € I(n,d) we can associate a dissection d; of the set

{1,...,d} as follows
dy o= {d}, ..., d}} with dj == {j | i; =1}

That is, d! is the list of the indices of all entries of i which are equal to .
Note that diNdl = for I # h. If i € ), then we have card(d!) = A, for
any [ =1,...,n.

Observe that, e;0 = e; , ®...® ¢, = ¢; if and only if i = o7, for
o € G4. Thus, the action of the symmetric group on d. is given by

o~ 1j for every j € dg,a € 6,

A permutation module M* can be identified with k-span d of all dissec-
tions d; with 7 € .

Remark 3.2. In the literature the permutation modules are often described
as the k-span of tabloids. Recall that a tabloid {T'} is an equivalence class
of tableaux of shape A with filling {1,...,d}, with no repeats allowed, two
being equivalent if corresponding rows contain the same entries. In other
words, only the content of each row matters and not the order of its entries.
The permutation module M* can be given as the k-free module with basis all
tabloids of shape A. It is easy to see that this is equivalent to the description
given above. Indeed, we can see a dissection d;, i € A, as the tabloid of shape
A having rows d},...,d". Conversely, the rows of a tabloid always give a
dissection of this form.

3.1.1 Left modules

If we denote by mod kS, the category of right £&;-modules that are finitely
generated projective over k, we have an equivalence of categories

Homyg,(—, kS4): mod kS” — kS, mod
M — HOIIlkGd(M, k‘Gd)

where the left action of the symmetric group on Homyg, (M, kS,) is given
by (7wf): m— m- f(m) for 7 € &,, f € Homye, (M, kS,) and m € M. Note
that we can identify Homye,(E®?, kS4) with the left module E¥? where the
action for 7 € G4 and v; ® - - @ vy € E® is given by

7T(U1 (SRR ’Ud) = U7r*1(1) K- ® Uﬂfl(d).
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Namely, if we denote by *M C E®? the left permutation module correspond-
ing to A, i.e. the module with basis {7e;, : 7 € 64/6,}, we get the following
isomorphism of left modules:

AM — Homyg, (M, kG,)
mei, = (fr ey )

We will identify *M and Homye,(M?*, k&) via this isomorphism.

3.2 The tensor product of representations of symmetric
groups

The kG4-module structure on the tensor product of two representations of

G4 is given via the Hopf algebra structure of the group algebra kG, i.e. for

M, N € Mod kG, let M ®; N be the usual tensor product over k£ together
with the following diagonal action of Gy

(M @5 N) % k&4 — (M &5 N) (3.3)
(m®n), ) — (mr & nm) (3.4)

The tensor unit is given by M@ = k. the trivial k&4module.

3.2.1 Tensoring permutation modules

For a field k of characteristic 0, James and Kerber showed in [20] how to
decompose the tensor product of two permutation modules in terms of their
characters. In the following, we want to generalize their description for £ an
arbitrary commutative ring.

The tensor product of two permutation modules M* @, M*, X\, u € A(d),
can be described with the help of the set of matrices A;\L defined in ‘)

Lemma 3.3. The tensor product of two permutation modules M> and M*,
for A € A(m,d) and p € A(n,d), can be decomposed into permutation modules
as follows
M @, M* = 5 M4,
AecA)

where A is regarded as the composition (a1, a1a,. .., 021,022, .., Gmy)-

Proof. The idea of the proof is taken from [20]. For any composition v of d,
consider the basis of the permutation module M"Y = d, given by the set of
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all dissections d; with ¢ € v. Then a basis of M @, M* = dy ® d, is given
by all products d; ® d; with ¢ € A and j € p.

Consider now the orbits of dy ® Ju under the action of &,;. This is
equivalent to considering the & -orbits on I,,, x I,, with respect to the action
(¢, 7)m = (im, jm), for any (i,7) € Iy X I, ™ € &4, where I,,, denotes the set
I(m,d) and I, = I(n,d). Denote by O(i, j) the orbit of the pair (4,7). Set

A= (|d; N dl])s € Myn(N) for all i € A, j € p.

Note that A% € A). The set A is in one to one correspondence to the orbits
of the pairs (i, J) with i € A, j € p. Namely, we have the following bijections

{O0G,j) |ieN jeut=—=A, (3.5)

which can be given as follows. Set ¢(O(z, j)) = Ai Observe that this is well
defined because Ai. = Ai.7r for all m € &,;. Assume n > m. For a matrix

A€ A*, set (A ) (ZA,jA), where i, =i, = (1,...1,2,...,2,...,m, ..., m)
and

It is not difficult to see that ¢(O(iy,j,)) = A.
It follows that we can decompose the kGg-module dy ® d,, into a direct
sum of submodules

d)\ & dy, = @ (d/\ ® du)Aa
AcA)
where (d) ®d,)4 C dy®d,, is spanned by all d; ® d; such that A = Ai Now,
we have an isomorphism (dy ® d,,)4 = da as kSg-modules, given by -

1 m 1 n 1 1 1 2 2 1 m n
{dzﬂ"'vdz}®{d17”'=d1}'_>{d Nd;,d; ﬂd '”7dzﬂd17”'7dz’ ﬂdi}’

7

that completes the proof.
O

Remark 3.4. In the same way, it is possible to tensor left permutation mod-
ules. Namely for *M = Homyg,(M?*, kS,) and *M = Homye, (MH, kS,), we
get
‘Mo, "M== M
AcA}

For left modules, the tensor unit is given by Iie, := @
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Ezample 3.2. Let A = (3,1) € A(2,4) and p = (2,1,1) € A(3,4). Then A,
consist of the following matrices:

210 2 01 1 11
(0 0 1)’(0 1 0)’(1 0 0)'
Let now ¢ = (1112) € X and j = (1312) € u. Then d; = {{123},{4}} and
d; = {{13},{4},{2}}. The orbit of d; ® d; consists of the elements
{(dim @ dym) | 7 € Ga} ={{123}, {4}} @ {{13}, {4}, {2}},

({213}, {41} © {{23}, {4}, {1}},

{132}, {4}} © {{12}, {4}, {3}},

({231}, {41} © {{12}, {4}, {3}},

{312}, {4} @ {{23}, {4}, {13}, ..

C_(02Fn {23} 11280 {4y 112k n {1 _ (2 0 1
a““f"(|{4}n{23}| G )= 1)

Recall that A;i = A;’T for all 7 € &, and that (d) ® d#)A§ = dA? So we get

(dy® d,) o = MAE — M20.10,10) o r(211)
J
There are two more orbits that can be obtained by taking, for example, the

elements

i' = (1112) and j" = (1213) resp. 4" = (1112) and j” = (1321),

which span the submodules M 210001 == N\fGLD pegp  Jf1LLL100) =~
MOLLD ATl in all we get

M(S’l) ® M(Z,l,l) ~ M(2’1’1) D M(2’1’1) D M(l,l,l,l) —9. M(Q’l’l) D M(l,l,l,l)‘

3.3 From strict polynomial functors to representations of
the symmetric group

Set E = k™. Using [2.2) and [3.1] one obtains the following decompositions
Endpg (M) = € Hompg (T, T*)
A p€A(n,d)

Sk(n,d) = Endge,(E®') = @ Homye,(M", M)

A p€EA(n,d)
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and using the description of a basis of the Schur algebra given in ([2.4)), one
gets even more

Lemma 3.5. Let A\, p € A(n,d) be compositions of d. Then
Hompg (%, T*) 2 Homye, (M*, M?).

Proof. Consider the basis {(;; | i,j € I(n,d)} of the Sg(n,d). It follows
immediately from the definition that, if i € A, j € p,

if [ =g for some m € Gy

€ir
QQ(Q) _{ 0 ~ else

That is, elements from M* are sent to elements of M* and every other
element is sent to zero. It follows that a basis for Homye, (M*, M?) is given
by {¢i; | i € A, j € p}, which is in one-to-one correspondence with A;} by
(3.5). We know from Lemma that A indexes a basis of Hompa (I, '),
which completes the proof. O]

The above discussion yields a functor F from the category of strict poly-
nomial functors to the category of representations of the symmetric group,
as follows.

Consider the composition w = (1,...,1) € A(d, d) consisting of d times 1.
For any X € RepI'¢, the set Hompz(f‘w, X) has a natural structure of a right
Endpa (I')-module. Namely, for ¢ € Hompe(I', X) and f € Endpa(I'), set
¢f = o f. Moreover, by Lemma [3.5, we have

Endrg (Fw) = Endkgd(M“’)OP = Endkgd (k’Gd)Op = k)@gp,

where we use the identification M“ = kGS,.

If we identify Mod kG = kS, Mod, we get a functor
F = Hompy (I, =) : RepT'§{ — k&, Mod.

The projective objects of RepT'¢, that is the functors of the form I'*, are
mapped under F to the permutation modules

F(I*) = Hompg (T, T*) = Homye, (M*, M*) 2= Homye,, (M, k&4) = *M.

Note that, in particular, the representable functor I'**" = D r
is mapped to Honqud(E(@d7 ked) = @)\eA(n d) AM.
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3.3.1 An equivalence of categories

Let I' = {T?}yeama) and M = {*M} enm,a). Denote by addT the full
subcategory of RepI'{ whose objects are direct summands of finite direct
sums of elements of I'. Define add M similarly as a subcategory of k&, Mod.

Lemma 3.6. The functor F = Hompa(I', —) induces an equivalence of
categories between addI' and add M.

Proof. Since I'*" = @/\E/\(njd) I'* we have addI" = add I'**". Similarly one
can see that add M = add Homye,(E®?, kS,4). Thus we get the following
commutative diagram:

Repld — kS, Mod

|

add I’ add M

The object %" is mapped under F to Homye,(E®, kS,).
For the morphisms F induces the following isomorphism:

Homyg (I"*, T#) — Homye,, (Hompg (0, T*), Homyg (T, T*))
= Homkgd (HomkGd (MA, k’@d), Homkgd (MM, k’Gd))
= Homked(AMauM> —~

Remark 3.7. Assume k is a field of characteristic 0. Since the categories
Repl'¢ and k&;Mod are semisimple, we have

addT' = RepT{ and add M = k&, Mod.

Thus the functor F is an equivalence of categories. This has already be proved
by Schur.

Remark 3.8. If we do not restrict to the subcategories addI' and add M the
functor F is not an equivalence in general. For example, if £ is a field of pos-

itive characteristic p, the categories RepI'} and k&, Mod are not equivalent
(cf. [18, 6.4]).

3.3.2 The monoidal structure

The following result comes from a joint work with Rebecca Reischuk, [2] and
shows that the monoidal structure given on the category RepI'¢ corresponds
through the functor F to the tensor product of £&,; modules given in (3.3)).

Independently of any assumption on the commutative ring k& we have the
following
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Theorem 3.9. The functor
F = Hompy (I, =) : RepT'§ — k&, Mod
preserves the monoidal structure defined on strict polynomial functors, i.e.
Hompe (I, X ®pa Y) = Homypa (I, X)) @), Hompa (I, Y') (3.6)
for all X and Y in RepT'¢ and
Hompg(lw, ]rg) = Iis,-

Proof. As observed in the first section, every functor X in RepI'¢ is a colimit
of representable functors. One can show that we obtain the same if we only
take the colimit with respect to those functors that are represented by finitely
generated free modules.

Moreover the functor Hompg (I'¥, —) preserves colimits, since it has a right
adjoint. Thus it is enough to show the isomorphism for functors rep-
resented by free modules. Let V = k™ and W = k™ for some non-negative
integers n and m. Using the definition of the internal tensor product and the
canonical decomposition ([2.2)) we get

d,km dk™ _ pdEm@k™ A Pkt v
P @pg T4 =T ~T = p ™
veA(n-m,d)
Writing down the entries of v € A(n - m,d) in an n X m matrix, we obtain a
bijection between the set A(n - m,d) and the set of all n x m matrices with
entries in N such that the sum of all entries is d. By setting \; = Z]‘ ;j

and p; = Y, a;;, every such matrix A = (a;;) defines a couple (A, i), with
A€ A(n,d) and p € A(m, d), so that A € A),. We get bijections of sets

A(n-m,d) <= {A € Muym(N) | Y aq=d} +— ] 4
st AeA(n,d)
peA(m,d)
and thus the following decomposition
d,k" dE™ A~ v _ A
ety @ e @ @t
veA(n-m,d) AEA(n,d) AcA)
neA(m,d)

where the matrix A = (a;;) is seen as the composition

(@11, @12, - -+, 21, Q225+« 5 Q) € A(mn, d).
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Finally this yields

Homp (I, N Qrad PRy o Hompq (I, @ @ )

A€A(n,d) AcA)
neA(m,d)

P P Hompy(re, 14

AEA(n,d) AcA)
neEA(m,d)

O D'wm

AEA(n,d) AcA)
neA(m,d)

B e
AeA(n,d)
neEA(mM,d)

@AM@% @“M

AeA(n,d) nEA(m,d)

= (Homyyg (I, T**") ) @, (Hompy (I, %))

I

I

—
*
~

2

I

where (x) is due to Lemma [3.3]
For the respective tensor units we get:

Hompg (I, Irg) = Hompy (I, T'%) 2 Homye, (M, kS 4) = WM = Iy,

The naturality of the coherence maps is obtained using that F(I'*) =
Homye, (M?, kS,) and the naturality of Homyg,(—, kS,).
O

Now, some relations given for k& 4-modules easily translate for strict poly-
nomial functors. In particular,

Corollary 3.10. The tensor product of I'* and T'* can be decomposed by the
same rule as the tensor product of M* and M", namely

M e ™= @

A€A;
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Proof. We have that

@ v = Fd,k”‘m

veA(n-m,d)

n m
o~ Fd,k ®1"z Fd,k

| @ Moy | BT

AeA(n,d) nEA(m,d)

P ey

AEA(n,d)
neA(m,d)

12

and thus ™ ®rpd ['* belongs to add I'. The equivalence in Lemma yields
the stated decomposition. O
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4 Relation to symmetric functions in characteristic 0

In this section we will assume that k is a field of characteristic 0. In this
case, the categories Repl'd and k&,;Mod are semisimple and the functor
F = HomFZ(F“’, —) induces an equivalence. Since k&, Mod is semisimple we
can identify every module with its character. As Macdonald explains in [25]
there is an isometric isomorphism from the ring of irreducible characters of
kGy, for all d > 0, to the ring of symmetric functions. In this section we will
give the most important definitions and results about symmetric functions,
following [25], and explain the relations to strict polynomial functors and
representations of the symmetric group.

4.1 Ring of symmetric functions

Consider the ring Z[z1, . .., x,] of polynomials in n indipendent variables with
integer coefficients. The symmetric group &,, acts on this ring by permuting
the variables

o(f) (@1, xn) = [(@eq), - - Tom)),

for f € Z[xy,...,2,], 0 € &,. A polynomial is symmetric if it is invariant
under this action. The symmetric polynomials form a subring

A, =2z, ... ,xn]G",

which is a graded ring. We have

A, =EPAl

d>0

where A% consists of the homogeneous symmetric polynomials of degree d,
together with the zero polynomial.

For any sequence of natural numbers a = (aq,a9,...,a,) € N we
denote by x® the monomial

Qn

AR

The polynomial
ma(wlw . 7xn) = Zxﬁ = Zx{jl o 'mgna
Bra Bra

where the sum is taken over all different permutations § of «, is clearly
symmetric. It is easy to see that the monomial symmetric functions my
form a Z-basis of A,,, as A runs over all partitions of length < n. Hence the
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my such that [(\) < n and |A\| = d form a Z-basis of A%, In particular, as
soon as n > d, the my such that |\| = d form a Z-basis of A¢.

It is often more convenient to work with symmetric function in infinitely
many variables. To make this precise, let n > m and consider the homomor-
phism

Zlxy, ..., xn] = Zlx1, ..., Ty

which sends z,,41,...,2, to zero and the other variables to themselves. If
we restrict to A,,, this gives an homomorphism

Pnm t A — Ay

which has the following effect on the monomial symmetric function: it sends
mx(T1, ..., xy) to my(z1, ..., xy) if [(A) <m and to 0if () > m. It follows
that p, ., is surjective. On restriction to A4, we have homomorphisms

d . d d
pn,m . An — Am

for all d > 0 and n > m, which are always surjective, and bijective for
n > m > d. We now form the inverse limit

A% =1limA¢
i

of the Z-module A{ relative to the homomorphisms pf . An element of A
is a sequence f = (fn)n>0, where each f,, = f.(x1,...,x,) is a homogeneous
symmetric polynomial of degree d in x4, ..., z, and f,(z1,...,2,,0,...,0) =
fm (1, ..., 2) Whenever n > m. Since pl , is an isomorphism for n > m >
d, the projection
Pt AT — AT,

which sends f to f,, is an isomorphism for all n > d. Thus, it follows that
A‘ has a Z-basis consisting of all monomial symmetric functions m,, for all
partitions A of d, defined by

pgz(m)\> = mk(xh s 7x7l)

for all n > d. Hence A? is a free Z-module, whose rank equals the number
of partitions of d. Now let
A=PA’

d>0

so that A is the free Z-module generated by m,, for all partitions A\. We
have surjective homomorphisms

pn:@pZ:A%An

d>0
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for each n > 0, p, is an isomorphism in degrees d < n. It is clear that A
has a structure of graded ring, such that all p, are ring homomorphisms.
The graded ring A is called ring of symmetric functions in countably many
indipendent variables.

4.1.1 Bases and relations

In this section we collect some important symmetric functions, which also
give bases for the ring A, and describe some relations between them. A more
complete discussion and proofs can be found in [25].

Elementary symmetric functions For any natural number n define the
n-th elementary symmetric function

€p — m(ln)
For any set of variables z this is the sum of all products of n distinct
variables, i.e.
en@) = Z Liy oo - Ty,

11 <ig<-<ip

If A= (A1,...,\,) is any sequence of natural numbers, set

-
From direct computation, one has
e5 = E XMy
paA

where ay, are non negative integers.

Hence, the set {e) | A partition of d} is a basis for the symmetric func-
tions of degree d. If we consider all partitions of all non-negative inte-
gers d we obtain a Z-basis of the ring A.

Complete symmetric functions For any natural number n define the n-
th complete symmetric function

h,, = Z Mg

|al=n
For any set of variables this is the sum of all monomials of total degree

n, i.e.
halz) =Y Y aia,

laj]=n B~a
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where the second sum is taken over all distinct permutations of a.
With the help of generating functions, one can show that elementary
and complete symmetric functions are related by the formula

d

Z erhd—r =0,

r=0

for all d > 0. Since the e, are algebrically independent, we may define a
homomorphism of graded rings w : A — A, by w(e,.) = h,. for all r > 0.
Because of the symmetry of the above relation, w is an involution, i.e.
w? is the identity map. Hence, hi, ho, ... are algebraically independent
over Z and it follows that the set

{hy :=hy, -~ hy, | A a partition},
forms a Z-basis of the ring A.

Power sum For any natural number n define the n-th power sum

Again with the help of generating functions, one can see that

d
dhg =) prha-r.

r=1

It follows thar Q[py, . .., pn] = Q[hy, ..., hy], for any n and the p;, ps, . ..
are algebraically independent over Q. Then

{pxr :==px, -+ P, | A a partition}

is a Q-basis of Ag = A ®z Q.

If we want to express elementary and complete symmetric functions in
terms of power sums, we have

hg = Z z;lpA and eg = Z 6,\2;117,\, (4.1)
IN|=d IN|=d

where ey = (—1)N='™N and z, = [Lis1 ™ mi!, with m; = m;(A) the
number of parts of A that are equal to 7.
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Schur functions Suppose to begin with that the number of variables is
finite, say z1,...,2,. Let 2% = x7" ... 2% be a monomial, where o =
(a1, as,...,a,) € N" as above. Consider the polynomial a, obtained
by antisymmetrizing ¢, that is

Ao = Go(T1, ..., T,) = Z (o) - o(x?),

0'6671

where €(0) is the sign of the permutation o € &,,. This polynomial is
skew-symmetric, that is, we have

o(as) = €(0)aq

for any o € &,,; in particular, a, vanishes unless aq,ao,...,q, are
all distinct. Hence, we may assume a; > ag > -+ > «, > 0, and
therefore we can write &« = A + § where A is a partition of length < n,
and 0 = (n—1,n—2,...,1,0). Then

Ao = Arr5 = Z (o) - o(z™°).

oeG,

This can be written as a determinant

Aj+n—j
aris = det(a;”" ) 1<ijzn.
This determinant is divisible in Z[z1, ..., z,] by each of the differences

x; —x; with 1 <14 < j <mn, and hence by their product, which is the
Vandermonde determinant

H (2, — x;) = det(z] ) = as.

1<i<j<n
So ayys is divisible by as in Z[z4, ..., z,| and the quotient
SA :S)\([Bh...,xn) :a,\+5/a5 (42)

is symmetric, i.e. sy € A,. It is called the Schur function in the
variables x1, ..., z,, corresponding to the partition A\, where [(\) < n,
and it is homogeneous of degree |\|. The polynomials a5, where A
runs through all partitions of length < n, form a basis of the Z-module
A, of skew-symmetric polynomials in xq,...,x,. Multiplication by
as is an isomorphism of A, onto A,. Therefore the Schur functions
sx(x1,...,2,), where [(X) < n, form a Z-basis of A,,.
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Now we want to increase the number of variables. If [(X\) < n, it is

clear that a,(x1,...,7,,0) = an(z1,...,x,). Hence,
pn+1,n(5>\(x17 s axn-l—l)) = S)x(xly cee al‘n)-
It follows that for each partition A the polynomials sy(z1,...,x,), as

n — 0o, define a unique element sy € A, homogeneous of degree |A|.

Therefore, the set of Schur functions corresponding to all partitions is
a Z-basis of the ring A and for each d > 0, the s, such that [\ = d
form a Z-basis of A%. Clearly, each Schur function can be expressed as a
polynomial in the elementary symmetric functions, and as a polynomial
in the complete symmetric functions. With )€ A(n,d) the conjugate
partition of A € A(n,d), one has

sx = det(ha,—itj)i<ijen = detles i )i<ij<a (4.3)

On the other hand, to express complete symmetric functions in terms
of Schur functions, we need the so called Kostka numbers. For A, u any
partitions, K, is the number of costandard tableaux of shape A and content
. They are non negative integers and are computed combinatorially (cf. [25]
6. Table I]). By Lemma [I.1} one has K, = 0 unless A > p, and K, = 1.
We have

hy = Z K,xs, and e = Z K580 (4.4)

HEA(n,d) neA(n,d)

In particular, hg) = hq = s and eg) = g = 5(1a).

4.1.2 Scalar product

One can define a scalar product on A by requiring that the bases {h,} and
{m,} should be dual to each other, i.e.

(hx, mu> = Orp-
Where 0y, is the Kronecker delta. This implies that
(Pxs D) = Oxu2n (4.5)
so that the p) form an orthogonal basis of Ag. Moreover,
(52, 8u) = Oan (4.6)

so that the s, form an orthonormal basis of A.



4 Relation to symmetric functions in characteristic 0 46

4.2 The characters of the symmetric groups

In this section we want to explain how symmetric functions describe the char-
acters of symmetric groups representations and how this translates in terms
of strict polynomial functors. We start by briefly recalling some standard
facts about the representation theory of symmetric groups.

4.2.1 Representations of symmetric groups

Assume £k is a field of characteristic 0, in particular the category k&, Mod
is semisimple. We want to describe the simple £&;-modules; we know from
the classical representation theory of finite groups, that the number of simple
modules equals the number of the conjugacy classes of G .

The number of conjugacy classes of the symmetric groups on d elements
is the number of partitions of d. Indeed, the conjugacy classes of G, are
indexed by partitions as follows.

Each permutation o € &, factorizes uniquely as a product of disjoint
cycles. If the orders of these cycles are py, ps, ..., where p; > py > ..., then

p(O’) = (017 P2, - - )

is a partition of d, that we call the cycle type of o. It is well known that this
determines o up to conjugacy in Gy.

The simple kG -module corresponding to a partition of d is the submod-
ule Sp(\) of the permutation module M* defined as follows. Recall that M*
can be seen as the k-vector space with basis the tabloids {7'} of shape A (cf.
Remark [3.2)). For each tableau T' of shape A and filling {1,...,d}, that is,
every number from 1 to d occurs once, we can define an element of M?* by

vp = Z sgn(o){oT},

O’EG;\

where o runs over all permutation of the Young subgroup of &, corresponding
to the partition A dual to ), that is the subgroup given by permutations
preserving the columns of 7. The Specht module Sp(A) is the subspace of
M? spanned by the elements vy, as T runs over all tableaux of shape A and
filling {1,...,d}. It is easy to see that this is a submodule and that, in fact,
we have

Sp()\) = k’Gd ur,

for any such T'.

By [15], 7.2 Proposition 2], a k-basis of Sp(A) is given by those vy coming
from a standard tableau 7. Note that, since every entry of T' occurs once,
such a standard tableau is also costandard.
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Equivalently, by using the description of M* as the k-span of the set
{ei | i belongs to A}, given in Section [3.1} we can describe Sp(\) by

Sp(/\) = k)@d Uy,

where vy := 3"«  sgn(o)e; 0 and iy is the d-tuple where 1 occurs A; times,
2 occurs Ay times and so on, i.e. i, = (1...12...2...n...n) € \.

Since kS, is semisimple, each module can be decomposed into simple
ones, thus as a direct sum of Specht modules. The decomposition of the

permutation modules is given via Kostka numbers.

M= P KnSp). (4.7)
AeA(n,d)

The tensor product of two Specht modules is given by

Sp(\) @k Sp(u) = P ¢X,.Sp(v), (4.8)
veA(n,d)

where g5, are called Kronecker coefficients (cf. [20, 2.8.13]).

4.2.2 From characters of the symmetric group to symmetric functions

Recall that, if G is a finite group and f, g are functions on G with values in
a commutative Q-algebra, the scalar product of f and g is defined by

1 -1
96 = 157 > flaga™).

zeG

If H is a subgroup of G and f is a character of H, the induced character on
G will be denoted by ind%(f). If g is a character of G, the restriction to H
will be denoted by resZ (g).

We define a mapping ¢ : G4 — A¢ by

p(o) = Pp(o)>

where p(0) is the cycle type of 0. If d, e are positive integers, we may embed
G, x 6, in G4, as usual, by making &, and &, act on complementary
subsets of {1,...,d + e}. There are many different ways of doing this, but
the resulting subgroups of &4, . are all conjugate. Hence o x 7, for 0 € G4
and 7 € G, is well defined up to conjugacy in &4, and its cycle type is
given by p(o x 7) = p(o) U p(7), so that

plo x 1) = p(o)p(T). (4.9)
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Let R? be the Z-module generated by the irreducible characters of & , and
let
R=R"
d>0

with &y = 1, so that R = Z. The Z-module R has a ring structure, defined
as follows. Let f € R? and g € R® and embed &, x &, in G44.. Then f x g
is a character of 6, x & 4, and we define

frg=dd%s (f x g), (4.10)

which is a character of G4, i.e. an element of R%*¢. Thus, we have defined
a bilinear multiplication R? x R — R and it is not difficult to verify that
with this multiplication R is a commutative, associative, graded ring with
identity.

Moreover, R carries a scalar product: if f,g € R, say f =>_ fa, 9 =D g4,
with f4, ga € R?, we define

(f,9) = (fa9a)s,-

d>0
Next we define a Z-linear mapping
ChIR—)A@:A®ZC

as follows : if f € R?, then

h(f) = (f, 0bs, = 3 3 F0)e(o), (1.11)

geBGy

since p(0) = p(o ).
If f, is the value of f at elements of cycle type p, we have

ch(f) = 2" fopp (4.12)

lol=d
We call ch(f) the characteristic of f and ch is the characteristic map.

Proposition 4.1. [25, I, (7.3)] The characteristic map is an isometric iso-
morphism of R onto A.

Proof. From (4.12)) and (4.5)), it follows that, for f,g € R?,
(ch(f),ch(9)) = > 2, fogo = (f.9)e,

lpl=d
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and hence ch is an isometry.
To verify that ch is a ring homomorphism, let f € R?, g € R*. We have

ch(f-g) = <indgj+§66(f X g), 90>6

= <f X g,resgjffe(<ﬂ)>

d+e

GdXGe

by Frobenius reciprocity,
= (f,¥)e, (9,0)s, = ch(f) - ch(g)
by (4.9).

Now, let ng be the identity character on &, that is the character of the
trivial permutation module (Y M. Then

ch(nq) = Z 2, Pp = ha

lpl=d

by (4.12) and (4.1)). If X € AT (r,d) is any partition, then 7y = Ny, Mx, - - - M,
is the character of &, induced by the identity character of G, and we have

ch(ny) = h.
For each partition A, define
X' = det(y—irh<ijea € RY, (4.13)
i.e. X is a (possibly virtual) character of &4 and by we have
ch(x?) = s,. (4.14)

Since ch is an isometry, it follows from that <X’\, X”> = 0,, for any two
partitions A, u. Hence, up to the sign, x* are irreducible characters of &,.
Since the number of coniugacy classes of G4, hence the number of irreducible
characters, equals the number of partition of d, these characters exhaust all
the irreducible characters of &;. Hence x?*, for A € AT(d), form a basis of
R?* and ch is an isomorphism of R? onto A%, thus of R onto A. m

Remark 4.2. If we denote by [V] the character of the k&4-module V', one has
x> = [Sp(\)] hence
ch([Sp(A)]) = sa,
in particular ch([Sp((n))]) = hn.
From , it follows that the permutation module *M is isomorphic to
the induced representation of the trivial representation from &, to &4 Hence,
for its character we get

ch([*M]) = ch(n,) = ha.
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4.2.3 Kronecker product

Using the characteristic map, one can define an internal product, sometimes
called Kronecker product, via the internal tensor product of modules over
the symmetric group. Let f,g € A¢ and let f = ch(¢) and g = ch(¢)) where
¢, Y are class functions on &,. The internal product of f and g is defined to
be

[xg=ch(g-v),
where ¢ -1 is the function o — ¢(0)y (o) on &,.
With respect to this product A? becomes a commutative and associative
ring with identity element hg.
From (4.11]) and we obtain an explicit formula for the internal
product of Schur functions. If A, i, v are partitions of d, we have

S\ * S, = Zgiusy, (4.15)

where 1
v v A v
g = (N, = g 2 XXX (o).
’ geBGy
This also allows, by (4.4)), to compute internal products of elementary and
complete symmetric functions.
Notice that the coefficients g5, coincide with the Kronecker coefficients

given in (4.8). We will see that this is a consequence of a more general
correspondence (cf. Corollary [4.4)).

Since we know how to decompose the tensor product of two permuta-
tion modules, we can compute the Kronecker product of two complete
symmetric functions:

ha* g = ch(PM] - [*M]) = ch(PM @, " M]) = ch([E *M]) = > ha
AeA) AeA)
4.3 Connection to strict polynomial functors
Recall that the functor

F = Hompq (I, —): Rep I'{ - k&4 Mod,

defined in is an equivance of categories if k is a field of characteristic
0. The simple objects of RepI'{ are given by the Schur functors S, defined
in Section 2.0, We want to show that F sends the Schur functor Sy to the
Specht module Sp(\) (cf. also [I8] 6]).
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Proposition 4.3. For any partition X € AT (d), we have an isomorphism
F(S)\) = Homrz (Fw, S,\) = Sp()\)

Proof. From Lemma , we know that Hompa(I'?, Sy) is isomorphic to the
weight space Sy(V),, with V 2 k", for any n > d. By Theorem [2.21], a basis
of S, is indexed by standard tableaux of shape A and filling {1, ...,n}. Thus,
as in Lemmal[2.17] a basis of S\(V),, is given by standard tableaux of shape A
and content w, that is, by standard tableaux of shape \ with entry 1,...,d,
where each entries occurs once. But this is also a k-basis of Sp(\). O]

We are now able to translate in terms of strict polynomial functors some
relation given for k& g-modules.
Recall that I'? = S(4). In particular this means that we have

F)\ — S()\l) R ® S()\n)

In terms of strict polynomial functors, the decomposition (4.7)) becomes

M= @ KuS.

neA(n,d)

Moreover, by [4.8 and Theorem [3.9] the tensor product of Schur functors
is again given by the Kronecker coefficients:

Sa Ora Su = @ IuSv
veA(n,d)

By identifying, once again, representations of the symmetric group with
their characters k&;Mod = R? and considering the composition choF we

obtain a map
RepTY — A%

But there is an alternative approach that endows strict polynomial func-
tors with a ring structure, making possible to define a map going directly
from strict polynomial functors to symmetric functions, which is a ring ho-
momorphism.

4.3.1 From strict polynomial functors directly to symmetric functions

Let X € RepI'¢ and Y € RepI'§ and consider their external tensor product

(XeoY)(V)=X(V)®:Y(V), forany V € Py
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as in definition 2.4l

For a non negative integer d, denote by Fy = HomFZ(Fﬁj, —) the functor
F from Definition in degree d, where wy = (1,...,1) is the partition
consisting of d parts equal to 1.

Consider the k|G, x &.]-module Fy(X) @ F.(Y), with diagonal action.
We want to look at it as a kG4, representation, that is, we consider

indg;f's, (Fa(X) @ Fu(Y))
— indSer, <Homrg (T, X) ® Homp (T, Y))
&~ HomFZﬁ(I‘wd*e, X®Y)=Fa(XRY).
The character of this module is given by
lindgs s, (FulX) © (V)] = [Fo(X)] - [F(V),

the product of characters given in (4.10]). Thus, the external tensor product
of two strict polynomial funtors of degree d and e, respectively, corresponds
through the equivalence Fy.., to the induction product

Fa(X) - Fo(Y) = indglfs, (Fa(X) @ FoY))

of the corresponding k&, resp. kG .-modules. The external tensor product
of polynomial functors defines a product on the Grothendieck group K (),

where
§ = EPRepTy

d>0

is the category of strict polynomial functors of bounded degree, which gives
it the structure of a commutative, associative, graded ring with identity (cf.
[25, Appendix A]).

We want to define a homomorphism of graded rings

x: K(§) — A.

For a = (ay,...,a,) € k™, denote by diag(a) the diagonal endomorphism
of k™ with eigenvalues (aq,...,a,). If X is a polynomial functor, the trace
of X(diag(a)) is a polynomial function of (ay,...,a,), which is symmetric
because

diag(o(ay, ..., a,)) = odiag(a)o™!, for any o € &,,

where in the second term we denote by o the permutation matriz correspond-
ing to 0. Hence, we have

trace X (diag(ca)) = trace(X (o)X (diag(a)) X (c™")) = trace X (diag(a)).
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Setting
X(X)(aq,...,a,) = trace X (diag(a))

yields the desired homomorphism.
If we observe that
K(RepTY) = K(Mod kG,) = R?

we may identify K (§F) with R. Under this identification, the map x coincides
with ch. To see this, it is enough to observe that y(I'*) = hy.
Indeed, we have

I'(diag(a)) = diag(a) ® - - - ® diag(a) = diag(a)®?, hence

x(T'(ay, . .., a,) = trace(diag(a)®?) = (trace(diag(a)))? = (a; + - - - + a, ).
Recall that

d
ey = (Y

where the sum is taken over all compositions (mq,...,m,) of d and the

coefficient of ai"' ... a;'"™ equals ﬁ If we observe that this coefficient
gives the number of permutations that fix the partition (my,...,m,), we can

rewrite the sum as

Z Za?l---agn = ka(al,...,an) = hg(ay, ..., an).

[Al=d B~A [A|=d

It follows that x(['?) = hg, thus x(I') = hy.

As a consequence, we get in particular, that the characters of the Schur
functor corresponding to a partition A is the Schur function corresponding
to the same partition

X(Sx) = sa.

From Proposition and Theorem it follows that x also preserves
internal products

Corollary 4.4. The characteristic map x sends the internal tensor product of
strict polynomial functors to the Kronecker product of symmetric functions,
1.€.

X(X ®pa V) = x(X) = x(Y).



5 Cauchy filtration 54

5 Cauchy filtration

5.1 History and development

The Cauchy Decomposition first appeared in characteristic zero (cf. [24]
(1.5.1)]), with the name Cauchy Formula, in the theory of symmetric func-
tions as the expansion

[T —ziy) ™ =) sa(@)sa(y) (5.1)
ij A
where A runs over all partitions and s, is the Schur function corresponding
to A. It is considered due to Cauchy, although he does not state the formula
explicitly. However, it follows easily from Cauchy’s work [4], as we describe
in more detail later.

We have seen that symmetric functions give the formal characters of
strict polynomial functors and that polynomial functors are strongly related
to Schur algebras and representations of general linear groups. Thus,
can be generalized in various ways, from which the expansion above can be
reobtained by computation of characters in characteristic 0 and by recalling
some standard connections between symmetric functions (cf. Section [5.3)).

A common generalization of is the decomposition of the symmet-
ric algebra of a tensor product of two k-modules, where k is an arbitrary
commutative ring. Namely, it is possible to give a natural filtration of
S(V @ W), whose associated graded object is @, Sx(V) @ Sx(W) (cf. [1L
Theorem II1.1.4]), which gives rise to a direct sum decomposition if k is a
field of characteristic 0, since the products S)(V') @ Sy(W) are irreducible
GL(V) x GL(W)-modules.

Moreover, if we recall that (I'%)° = S¢ for any k-module V, we can
rewrite the Cauchy filtration in terms of divided powers, where the terms of
the associated graded object are given by Weyl functors (cf. [22]).

The symmetric algebra S(V') of an n-dimensional k-module V' is isomor-
phic to the polynomial ring k[xy,...,z,]. Thus if V and W are k-modules
of dimension m and n respectively, S(V ® W) can be seen as the polyno-
mial ring R = k[X;;] in mn indeterminates, where we can regard at X;; as a
matrix. Hence, can be also be generalized as a decomposition of R.

As a decomposition of R in characteristic 0, the Cauchy decomposition
can already be followed from Schur’s thesis (cf. Introduction of [7]), where a
complete classification of the irreducible GL(n, k)-modules is given and their

characters are computed. However, the decomposition has not been stated
by Schur.
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5.1.1 Cauchy filtration for regular function on matrices

Doubilet, Rota and Stein [I1] prove in 1974 a first characteristic-free decom-
position of R = k[X};|, which they call straightening formula. They show
that the double standard tableaux form a k-free basis for the polynomial
ring R, where they define double tableaux as products of minors of matrices.

More precisely, let (S|T') be a double tableau, with S,T" € Taby(n). If
X = (Xj;) is an n x m matrix with n < m and if S and T have at most
n columns, then we associate to (S|77) the product of minors of X whose
i-th factor is the minor involving the rows S(i, 1), S(4,2),...,S5(7, ;) and the
columns 7'(4,1),...7T(i, A;). Thus, the i-th factor is a minor of order \;.

If S,S" are tableaux, of possibly different form, we write S < S’ if and
only if for all p, ¢ the first p rows of S contain fewer occurrences of integers
< ¢ than the corresponding rows of S’, i.e.

card{(¢,7)|i <p and S(i,j) < q} < card{(4, )| < p and S'(i, ) < q}.

The last tableau in this order C'y has entries 1,..., \; in the ith row, for any
7, and is called canonical tableau of shape .

We can partially order the double tableaux of a fixed shape A by setting
(S|T) < (S'7")if S < S"and T < T". The content of a double tableau ¢(S|T)
is the pair (¢(S), ¢(T')). If we now see a double tableau as a product of minors
of a matrix, as described above, the Straightening formula is, for each non-
standard double tableau M € R an expression of the form M = > n;M;
with n; € Z and ¢(M) = ¢(M;). Since there are only finitely many double
tableaux of a given content, it follows by induction that every double tableau
is a linear combination of standard double tableaux. Moreover,

Theorem 5.1 (Doubilet-Rota-Stein). The double standard tableauz form a
k-free basis for the polynomial ring R = k[X;;].

Some years later, in 1980, De Concini, Eisenbud and Procesi [7] exploit
the methods of [I1] to give a characteristic free decomposition of R, which
holds up to filtration, into G = GL(n, k) x GL(m, k) modules

RgZLJ®kaL7

where the action is given by A7'X;;B, for (A, B) € G and the modules
L, are a characteristic-free version of the distinct irreducible polynomial
representations of general linear groups, indexed by partitions and given by
Schur in his Thesis for & a field of characteristic zero.

Denote by A, the k-linear span of the double tableaux of shape > .
Since one clearly has A¢, 1) = R, this yields a filtration

.....

.....
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where we consider the lexicographic order on partitions and write A™ for
the successor of a given partition A\. The double standard tableaux of shape
> X form a basis for A, ([7, Corollary 2.3]). We say that a double tableau
is right (resp. left) semicanonical if it has the form (A|C)) (respectively
(C\|B)). Let Ly and ,L be the spaces spanned respectively by all right and
left semicanonical tableaux of shape A. One can show that Ly is a GL(n, k)
submodule of R, respectively yL is a GL(m, k) submodule of R. We have

Theorem 5.2 (De Concini-Eisenbud-Procesi). Ly (resp. »L) has a k-basis
consisting of all right (resp. left) semicanonical standard tableaux. Moreover,
there 1s a G-isomorphism

L)\ R /\L — A,\/A/\+.

Thus the associated graded object of the filtration of R by the ideals A is
YoanLa @k L. If k is a field of characteristic 0, for any partition A, the
G-module Ly ®y, »L is irreducible and the above filtration gives a direct sum
decomposition of the G-module R into irreducible submodules.

5.1.2 Cauchy filtration for the symmetric algebra

Almost simultaneously, Akin, Buchsbaum and Weyman [I] prove the same
result by using a different language. They prove a decomposition of the
symmetric algebra in terms of Schur functors which holds up to filtration in
positive characteristic. To do this, they define a natural pairing
(=, =) : AV @AW = SY(V W),
where \ is a partition of d, which gives a natural filtration
0C My € Mg-11)C...C Mu,1y=5Ss(VeW),

where My = 3 o\ (A"V, A*W). Again, we consider the lexicographic order
on partitions. The following result is proved in [I], TI1.1.4].

Theorem 5.3 (Akin-Buchsbaum-Weyman). For any partition X\, there is an
isomorphism
S,\V (%9 S)\W — M/\/M)\+,

hence the associated graded object of the filtration {M,} is

@ SA(V) @ Sy(W).

I\=d

It seems that the Cauchy filtration in terms of divided powers has been
first stated by Hashimoto and Kurano in 1992 in [19], where it is obtained
as a corollary of a version of the decomposition of symmetric algebras given
in [I] extendeded to chain complexes [19, Theorem I11.2.7, Corollary I11.2.9].



5 Cauchy filtration 57

5.1.3 Cauchy filtration as a good filtration for Schur algebras

The Cauchy filtration, in terms of strict polynomial functors, is one of the
properties that make Rep I'¢ an highest weight category. The module category
of an algebra A is an highest weight category if and only if A is a quasi-
hereditary algebra [5]. Thus by Proposition , to prove the highest weight
structure for strict polynomial functors one can show that the Schur algebra
Sk(n,d) is quasi hereditary. This has been first proved by S. Donkin [9],
[8] some years before the name was coined. He works over an arbitrary
commutative ring k£ and defines a k-algebra Si(m) for each finite saturated
set m of dominant weights of a semisimple, complex, finite dimensional Lie
algebra g, which is free of finite rank over k. For some particular choices
of m and g one obtains the Schur algebra. These algebras are all quasi-
hereditary. The filtration of S%(V @ W) is the equivalent in this context to
show that the injective Si(7)-modules have a good filtration. This was already
proved in [8, Theorem 2.6 and Remark (2), p.7] in the category of rational
modules for a a semisimple, simply connected affine algebraic group G over
an algebraically closed field of prime characteristic p, and is showed more
explicitly for generalized Schur algebras in [9, 2.2h], for k& an arbitrary ring.
There are several other proofs of the Schur algebra being quasi-hereditary.
R. Parshall [28, Section 41] proves that Si(n,d) is quasi-hereditary for k an
algebraically closed field (1989), and in [6], Theorem 3.7.21] the same is done
for an arbitrary noetherian commutative ring R (1990). The same result is
proved by Green [I7, Theorem 7.1] in 1992 with combinatorial methods.

In this section, we will discuss the Cauchy filtration for I'(V @ W), as
described in [22], and prove it by methods similar to [I]. By computing
characters, we will then find the Cauchy Formula (5.1)). In the last section
we discuss how the Cauchy Formula can be obtained from Cauchy’s work.

5.2 Cauchy filtration for divided powers

Let V,W € Py. For any non negative integer d there is a unique map
Vi TV QTW = THV @ W)

making the following square commutative (recall Proposition ,

’l/)d
IV @ TW 25 T4V @ W)

I

Vel @ Wed —Zu (V.o W)®?
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hence, we have a natural transformation of functors
Y T(-) @ T () = (= ® -).

Assume that V, W are free and fix bases {v1,...,v,} and {wy, ..., w,},
respectively. Consider two compositions pu € A(m,d), v € A(n,d), so that

(ct. @)

v, @ W, € Vv & W,

The tensor product v, ®@w, = [[;2, v** @[ ];_, w®" is the sum of all possible
different expressions of the form (v;, ®...®v;,)® (wj, ®...Qw;,), in which v;
occurs f; times and w; occurs v; times, forany i =1,...,mand j =1,...n.
This is rearranged by 1y to give (v;, ®w;, ) ®...® (v;, ®w;,). Let a;; be the
number of times v; ® w; appears in the last product. The matrix A = (a;;)
formed in this way is an element of A and all distinct permutations of
(vi;, @wj,) ® ... R (v;, ® w;,) that give rise to the same matrix occur as a
summand of ¢y, (v, ® w,). Thus it is not difficult to see that

Yw (vp ®w,) = Z H v ® w;)#. (5.2)
(a”)eAV 1<i<m
1<j<n

For a partition A € A*(r,d) we can extend ¢{l/,w to a map
Yyt TV RIDW - TV @ W)
given by the composite
MVl S MW eI W)@ - @ (IV o IT'W)

V@B A d
—— =TI (VeW)® - I'"VeW) =TYVeW)
where the last map is given by the multiplication.

We write ¥* for the corresponding natural transformation

P TN =) @TA (=) » T(— @ —).

Recall that, if V, W are free T*V and I'W are also free and have a k-
basis indexed by Tab}‘(m) and Tab‘(n) respectively. An element of a basis
of AV @ AW is given by vg ® wy, where vg € TV and wy € AW are basis
elements, S € Tab\‘(m), T € Tab}*(n).

We will also say that the double tableaux (S|T), with S € Tab}"(m) and
T € Tab}’(n), are a basis for [*V @ T*WW. We will say that a double tableau
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(S|T) has some property (e.g. is costandard), if both S and T satisfy it (e.g.
they are both costandard). We can give the following description of w‘A/?W
with respect to these bases. Let

Vg =Ugt @ ... QU and wr =ws Q... R wgr.
Then vg ® wy is sent by the first map of the above composition to
(Va1 @ wp) @ ... D (Vor @ wpr).

By expressing the image through 1* of every tensor factor (v, ® wgs:) as in

(5.2) and multiplying, one has

r

Yewws@wr) =[] >, [ wi®w)®|. (5.3)

=1 L gal 1<i<m
(@i)€A% 12 52n

Remark 5.4. For every partition A\, the map w{\/,w is a k-linear map and the
number of times a basis element v; (resp. w;) occurs in every summand of

Yy (vs @ wr) equals the number of entries of S (resp. T') which are equal to
1. We will say that 1/1{\,W preserves the content of the double tableau (S|T).

Consider the lexicographic order on the set of partitions of weight d. For
a partition \, denote by A1 its immediate successor and by A~ its immediate
precedessor. Set (1,...,1)” = —oc and (d)T = +oo. Let

E(V,W) =) Tmyf,,

HZA

so that we have a functor
F/\ : Fde & Fde — Mk
Lemma 5.5. For any partition X\, the functor F\ is universal.

Proof. The natural transformation 1* is universal. Indeed, I'*(—) ® I'*(—)
and I'Y(— ® —) are universal functors, hence they are defined over any ring
k and so is ¢*. Write ') @ T}, T'{(— ® —) and 9** for the functors and
the natural transformation defined over a ring k. Moreover, let ¢ : k — £ be

a ring homomorphism and, if V and W are k-modules, write V, for { @ V|
resp. Wy for £t @ W.
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By the definition of ¢*, the diagram

e®¢€\/;c}€vwk
€®(F2V®F2W) K@Fﬁ(V@W}
A l_ A A d l_
Ve @ I'YW, (Ve @ W)

is commutative.
It follows now from Remark [2.20, that F{y = 3= ., Tm¢** is a universal
functor. - O

Corollary 5.6. For any partition X\, the functor F\/Fy+ is universal.

Proof. Consider the following map

=D et PHIrH(-) @ TH(—) = Fi

B> n>A

By Lemma , U is universal. since we have F)/Fy+ = Coker U*, the
statement follows from Remark 2.20 O

Definition 5.7. The Cauchy filtration is the chain

0=F,C F(d) C F(dfl,l) c---C F(Q’l 77777 1) C F(1 1) = Fd<— X —)

.....

Our next goal is to show that the associated graded object of the Cauchy
filtration is given by

P Wi @ Wi, (5.4)
I\|=d

that is, for any A partition of d and any V, W &€ P, one has
F)\/F/\+(V, W) =2W,V @, W\W.
To do this, we will need some technical results.

Lemma 5.8. For any V,W € Py and any A € AT (r,d), W,V @ W\, W #£0
implies Fy/Fy+(V,W) # 0.

Proof. Let V,W be free and let {vq,...,v,} and {wy,...,w,} be ordered
bases of V' and W, respectively. By Theorem [2.21] from W,V @ W, W # 0
it follows r < min{m, n}, so that we can consider v** @ w®* € TV @ I'\W.
We have

@D?},W(U@»‘ ® w®/\) _ (Ul ® w1>®>\1 o (Ur ® wr)®Ar
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which is clearly a nonzero element of F)\(V,W). We want to show that this
element is not contained in Fy+(V, W).

Suppose (v; @ wy)®M ... (v, @ w,)¥* € F\+(V,W), then it is contained
in Im ¢y, for some p > A, € A*(s,d). In particular, by Remark one
can find tableaux S and T of content A, so that we have S,T € Tab,/(r),
such that

Wy (vs @ wr) = (v1 @ W) .. (v, @ w,)

If vg =Vt ® ... ® Vs and wp = ws @ ... ® wgs, this becomes by (5.3))

S

H Z H (v; @ w;)®% | = (v, @ wy)®M ... (v, @ w, ).

= e 122

By comparing the two expression, one has a;; = 0 if i # j, for every
(a;j) € Agf, and any [ = 1,...,s, that is, all matrices occurring in the sum
are diagonal. Since the sums of rows and columns are fixed, we must have for
every [, o = 8" and Agf = {diag(al,...,al)}, so that T = S. This is only
the case when o/ = ' has only one non-zero entry. Indeed, if a}, a} > 1, for
some ¢ < j, one has

diag(o/l,...,ozﬁ—1,...ozé~—1,...,af,)+Eij—|—EjZ-EAgf,

which is not diagonal.

It follows that ! = B! has one non-zero entry, equal to g;. This means
that, for any 1 <1 < s, all entries of the I-th row of S = T are equal, which
is not possible, because 1 > A and A equals the content of T'.

This shows that (v; @ wy)®M - ...+ (v, @ w,)® is contained in Fy(V, W)
but not in Fy+(V, W), therefore F\/Fy+(V, W) # 0. O

Lemma 5.9. Let VW € Py. Let A € AT (r,d) be a fized partition. For
1<i<randl <t <\, the composition

A
d}V,W

i)V i)W
GV oy g pAW Y pa(y g )

FA(i,t)V ® F)\(i,t)W
where A(i,t) is the partition
)\(l, t) = ()\1, ey )\Z‘,l, )\z + t, )\Z'Jr]_ - t, )\Z'Jr2, ey )\7‘)

W) 5 TN s the standard morphism given by the matriz

and g @ TN
A(i,t) = diag(Ag, .., Ap) H i1 — tEi1 41,

equals a multiple of LZ)‘A/(IZ,Vt)
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Proof. Recall the presentation ([2.16)

B iy ) =T —— Wy ——0,

of W}U
Let V,W be free and fix {v,...,v,} and {wy,...,w,} ordered bases of
V and W, respectively. Assume r < min{m,n}. Write v®* for the element

v = 0PN ® . @ udM.
Define w®* analogously. The basis element
PENED) @ OXE) ¢ TG, o PAED Y
is sent by vag,nV @ vaunW to

RN\ ®Ni—1 RN Rt QXiy1—t Ait2 R\
(V@ ®U T @Y @ Vit1 QVify ® - @, ) ®

A QNi— Ai t ®Xip1—t Ai Ar
(Wi @ @w AT @wi @ ww T QWi @ - @ wit),
The image of this under 7., is
i—1 r
@A ®N; ®t RNit1—t RA
[0 @ w)® (v; @ wi) > (v; @ w)® (Vi1 @ wir)2 7" T (00 @ wy)®™.
=1 l=i+1

We want to compare this expression with &0 (pA 00 & A1) =

i—1 .
H(vl @ w) 2N (v; @ w;) BN T (V4 @ wigq ) O H (v @ wy) @M.
1=1 I=it1

We notice that all but one factor of the both expressions agree. Namely,
the product (v; ® w;)® (v; ® w;)®* in the first expression, is replaced by
the factor (v; ® w;)®** in the second one. Now, from the Remark it
follows that the composition 3y © (YagnV @ vauyW) is an integer multiple

of Y. O

We give a last general results, that can be found in [33], for the case
k= C.

Lemma 5.10. Let k be a field and let G and H be groups, not necessarily
finite. Let X be a finite dimensional kG-module and Y a finite dimensional
kH-module. Then the tensor product X @Y is an irreducible G x H-module
if and only if X and 'Y are irreducible.



5 Cauchy filtration 63

Proof. 1t is clear that, if X or Y is reducible, then so is X ® Y, so we have
to prove only the “only if” part. As a G-module, the tensor product X ® Y
is isomorphic to X®", where n = dimY. Since X is irreducible, we have
Endg(X) = k, X9 is a completely reducible G-module and its submodules
are of the form X™ = X ® k™, with m < n, that is G-submodules of X ® Y
are of the form X ®Y”, where Y is a k-subspace of Y. If X ®Y” also has a H-
module structure, we must have X @ Y/ = X ® Y, since by the irreducibility
of Y we have H-Y' =Y. ]

Theorem 5.11. Fiz a commutative ring k and let VW € Py. Let A\ €
At (r,d) be a fixed partition. Then the morphism

PN TV @ AW — Fy(V, W)
induces an isomorphism
WLV @ WAW = Fy/Ey+ (V, W), (5.5)
which is functorial in V and W with respect to morphisms in I''Py,.

Proof. Assume V, W free of dimension m and n respectively. As a first step,
we want to show that there is a morphism 1/1{\/,W making the following square
commutative.

A
VoW

Vel Ww—" RV (5.6)
| |
Y
W)\V (02 WAW—>F)\/F>\+(V, W)
From the presentation (2.16)), we have
Im(va3i,0V @ vaanW) C ker(p).
By Lemma [5.9} it holds
(U © (ragnV © YauoW)) € Im eyl € Fu (V,W),

where the last inclusion follows from A(i, t) > A, for any ¢, t.
Hence ¢ (ker(p)) C ker(g). This yields 1,y

Now we want to prove that QZ‘)}W is an isomorphism. From the definition

of F\(V,W) it follows that

Fy/Fx+ (VW) = Im gy / (Fxe (V, W) 0 Im i ),
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thus the composition

,lz))\
TV @ MW ——2 s F\(V, W) — F\/F\« (V, W)
is surjective and, by the commutativity of the diagram |D SO is ?E{\/W
Of course we can define ** for any ring k, because ¢* is universal. Since
the above discussion is independent of the choice of the ring k, M is an
epimorphism for any ring k.

We want to show that 9" is a universal natural transformation. Indeed,
from Theorem and Corollary 5.6, we know that both W, @ W, and
F\/F\,+ are universal functors. Moreover, from the proof of Theorem
we know that the p and o ® o are universal natural tranformations, where «
is the map appearing in the presentation ([2.16)).

We need to check the commutativity of the diagram ([2.14}), that is

AN A Ak
Vo, We = t® wv,w
for any ring homomorphism ¢ : £ — ¢ and any k-modules V, W. Write p,

and ¢, for the projections given in the diagram (5.6), defined for a ring ¢.
Since, from Lemma [5.5, we have

(@kerqy =L@ Ff (VW) = Fii(Vy, W) = ker g,
we only have to show that
%) @Z){\/ﬁv(ker pr) = ker py.

We have (@1 (ker ) = (@, (Im o @ afy,) = (@ Im(Yyy, 0ok @ afy)

= Im(qﬂéjm o af, ® afy,) where the last equality follows from Remark [2.20

Since Im(@ZJ‘/\/fWZ oot ® afy,) = ker py, this proves the universality of 1*.

Suppose W,V @ W, W # 0, by Lemma we have F\/Fy+(V,W) # 0.
If we take £k = Q, then W,V ® W, W is an irreducible GL(V) x GL(W)-
module for any partition A\, by Lemma Hence ™€ is forced to be an
isomorphism, because we already know that it is an epimorphism. Because of
the universality, we have 0 = ker »? = Q®gzker 9)»% and, since a submodule
of a free Z-module is free (cf. [23], Appendix 2), this implies ker y*% =
0. It follows that 1% is a monomorphism and hence an isomorphism. In
particular, it follows that Fy/Fy+ is universally free. Then "7 is a natural
isomorphism between universally free functors, hence by Lemma [2.19 ¢
is a natural isomorphism for any £ and this concludes the proof.

[]
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5.3 Computing characters

Let k be a field of characteristic 0 and consider the Cauchy decomposition
discussed in the last section

T(VeWw)= @WA ) @ Wy (W) (5.7)

into irreducible GL(V') x GL(W)—modules, where A runs over all partitions
and W, denotes the Weyl functor corresponding to .

We want to compute the characters of both sides of this formula, that is,
we want to compute their image through the homomorphism y, defined in

@31).

Recall that, for a polynomial functor X € K(§),

x(X)(ay,...,a,) = trace X((a))

where for a = (ay,...,a,) € k™, (a) = diag(a) denotes the diagonal endo-
morphism of k™ with eigenvalues (ay,...,a,). It is a symmetric function of
(a1,...,a,).

Consider the functor X =I'(— ® —) and let V and W be free k-modules
with bases {vq,...v,} and {wy,...,w,}, respectively. A diagonal endo-
morphism (a) ® (b) of the free k-module V ® W is given by a couple of
diagonal endomorphisms (a) = ((ay,...,a,)) and (b) = ((by,...,b,)) of
V and W.

If we take, as a basis for V@ W,

{211, 212y« + vy Rlny R215 R225 + + - ,Zmn},

where z;; = v;@w;, we may rewrite (a)®(b) as the diagonal endomorphism
of VW = k™" given by the mn—tuple (a1b1, a1bs, ... asby, asbs, ..., anby,).
Thus we have

X(D)(aqby, ..., amb,) = trace'((a) @ (b)).

Recall that x(I'?) = hg, where hy denotes the d-th complete symmetric func-
tion. Now we have

x(T)(arb, ..., amby) = Z X(Fd)<a1bh s amby) = Z ha(aib, ..., apby).

d>0 d>0

Denote by hg(a - b) the polynomial hg(aiby, ..., amnby,).
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Recall that, in characteristic 0 one has Wy = S, thus x(W,) = s,. If we
now consider both diagonal morphisms (a) and (b) on V' and W separately
again, we obtain

GBSA ©SA(W))(a-b) =Y x(Sn)(a) - x(S:)(b) = D sa(a)sx(b)
A A
Thus, by passing to the characters, the formula (5.7)) translates as
D haa-b) = sa(a)sa(b), (5.8)
d>0 A
where A runs over all partitions of d.
Observe that
(1= aby) ™ = (a;b))". (5.9)

d>0

Ifa={ay,...an}and b= {by,...,b,} are finite sets of variables, then from
the last equality it follows

[T —aib)™ =TT (D(@b)?) = (X (@bn)) - (D (ambu)?).
i ij  d>0 d>0 >0
A degree d term of this function will be of the form

(albl)ll’1 . (mbz)ll’z e (ambn)lmvn7

where [; ; are integers such that ) l; ; = d. It is easy to see that a monomial
of the form (ab)* = (a;b))M - (amb,)*™ is a term of our function, for every
sequence of non-negative integers A = (A1,..., Amy) such that > = d.
It follows that the degree d part of [], ;(1 — a;b;)~" is given by the sum of
all monomials in the variables a1by, ..., a,b, of total degree d. This is, by
definition, the d-th complete symmetric function hy(a1by, ..., anb,). Thus,

Zhd a-b) = ][ —aby)™".
i,J

By inserting the last equality in (5.8)), we find
H 1 — a;b; ZS,\ a)sx(b (5.10)
2]

the classical Cauchy Formula for symmetric functions. Of course the for-
mula can be proved directly in the theory of symmetric functions, as showed
for example in 24, (1.5.1)].
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5.4 Some history: from Chauchy’s work to Cauchy
Formula

The expansion of []; ;(1 — a;b;)~" in terms of Schur functions is universally
attributed to Cauchy and is therefore called the Cauchy Formula, but in the
work of Cauchy there is not a clear statement of this identity.

However, follows easily from a work of Cauchy on alternating func-
tions [4] and the Cauchy-Binet Formula, a result of linear algebra that ex-
presses the determinant of a product of matrices in terms of the determinants
of their minors. We recall them in the next sections.

5.4.1 The Cauchy-Binet formula

Let A and B be matrices of size m X n and n x m respectively, with n > m.
Let [n] = {1,...,n} and denote by ([m”]) the set of m-combinations of elements
of [n], that is subsets of [n] with m elements. If S € ([gj), denote by Ay s
the m x m minor of A, given by the columns of A indexed by S. Similarly,

let Bg [, the minor of B given by rows indexed by S. Then we have

det(AB) = > = det(Apy,s) det(Bs ) (5.11)
se(n)

Cauchy and Binet came to the same formula by using different methods.
The Mémoirs of the both authors where presented for publication separately,
but on the same day. Although there are no documents conferming this, there
is the presumption that they, knowing beforehand to have reached similar
results, arrangenged in a friendly way for simultaneous publicity (See [27] for
interesting historical discussions).

5.4.2 Cauchy’s work - Mémoire sur le fonctions alternées et sur les
sommes alternées

This is a brief summary of Cauchy’s work in more modern language.

Consider a sequence of variables x = x1, x5, x3, ..., x, and form the prod-
uct P, = ngqgn(xi — ;). It is clear that P, is an alternating function of
the variables x1, xs, ... x,, i.e. it changes its sign every time we interchange
two of the variables. It follows directly from the definition that an alter-
nating function F' of x vanishes if we put x; = x; for any two variables in
the sequence z. Hence, if F' is an integer function, i.e. a function that only
involves integer powers of the variables, it must be algebraically divisible by
each of the differences (z; — z;), with j > 4. It follows that P, divides F.
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A rational function of z, whose denominator is a symmetric function and
whose numerator is an alternating function, is clearly again an alternating
function of x. Let now f(xy,xs,...,x,) be an arbitary function. Consider
the following sum

sf(xl, Ce ,:L‘n) = Z Sgn(a)f(xg(l), .. .xg(n)).

We call it the alternating sum of f. It is easy to see that sy is an alternating
function of z1,...,z,. If f is an integer function, s; will be integer too and,
as before, it will be divisible by the product P,. If f is rational, so will
be its alternating sum and one can write s; = U/V, where U and V are
interger functions of xq,x9,x3,...,2,. If V is a symmetric function and it
is divisible by the product of all denominators that appear in the sum sy,
U must necessarily be an alternating function of z. Therefore P, divides U
and we can write U = P,IV and s = PQ%, where W is an integer symmetric
function of x1, xo, x3, ..., x,. It follows that the alternating sum is a product
of P, and a rational symmetric function W/V.
As an application of this, consider
n
fla) =] —v)™"

i>1

Clearly, if we consider the alternating sum sy as above (note that we only

sum over the permutations of the variables xy,...,z,), we can set V =

17,51 (i — y;). Then U will be an integer function of z = xy,...,z, and

Y =UYi,---,Yn. Therefore, U will be divisible by P, and P,. Hence we have
CPQPQ

U=cPP, and sf(g,g) =~
where ¢ is a constant or a symmetric function of z,y. Every product of
the form [, (2 — y;), for a fixed i, will have degree n, as a function of z
and y. It follows n = deg(V) — deg(U). From deg(V') = n? it follows now

deg(U) = n® —n. On the other hand, deg(P,) = deg(P,) = nion _ n(n-l)

2 2
thus the degree of ¢ = % has to be zero and c is a constant.
Yy
To determine c one can put z; =y; for i =1,...,n,insf(z,y) = CPf/PE
reduced to the form cP, P, = 8,4, where g = m In this way one finds
: n(n—1)
CP; = m or, equivalently CP; = [y —y) = (1) = P;. It
n(n—1
follows ¢ = (—1) “ . We can now rewrite

vty PP,
sp = (—1)"" {/g. (5.12)
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5.4.3 How to deduce Cauchy Formula from this?

In nowadays terms, Cauchy computes a determinant, that can be seen as a
double version of a Vandermonde’s determinant. Namely, consider two sets
of n indipendent Variables T =1T1,%2,..., Ty and Yy = y1, Y2, ..., Yn. Writing

the function s;(z) from (5.12)) explicitly yields

> sen(0)f (o), - Tow) = D sen(o H @t

oEGR oc6n i=1 i)~ Yi)

This is nothing else than the Leibniz Formula for calculating the n x n de-
terminant of

Ve =) (e —w2) 1(x1—ys) ... 1/(z1—yn)
V(we =) /(w2 —12) 1/(w2—ys) ... 1/(x2—yn)
W (xs—y) 1/(ws—w2) 1/(zs—ys) ... 1/(x3—yn)
V(wn —y1) (e —y2) V(ww—ys) .. /(20 —yn)
Observe now that the product P, = [[,; <, (¥; — ;) is, up to a sign
(—1) ] , the determinant of the Vandermonde’s matrix V' (z1, ..., x,). Anal-

(n D)

ogously P, = (—1) det(V(y1,...yn)). Thus (5.12)) states the following
identity, that is known from linear algebra

n(n—1 d t .. d t e n
det(W) _ (_1)% . € (V(xh )) € (V(yb Y )) (513)
H1<1j<n( y])
If we now multiply both sides of (5.13) by o (x;nﬁz)dz&);(yl —y We
obtain
_ det(W’)
| 2y)t = . (4
R 7 o P e N G
<ij<n
where z; = (z;)~! and
/(A =zy1) 1/(1=zye) /(1 —2ys) ... 1/(1—z1ys)
1/(1—2uy1) 1/(1—2y2) 1/(1—29ys3) ... 1/(1— zoyn)

(= z91) 1/(1=z392) 1/(1=z3ys) ... 1/(1—z3yn)

/(1 —=zun) 1/(1—2zy2) 1/(1—2zy3) ... 1/(1— zpyn)
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Note that the sign disappears.

Now it remains to expand the left-hand side as a sum of products of
Schur functions. To do this, observe that, as in (5.9))), W’ can be seen as the
product of an (n X co)-matrix Z and an (co X n)-matrix Y as follows

1 oz 22 28 ... 11 1 ... 1
L oz 25 2 ... YyioY2 Ys - Un
1 23 z§ zg . y% y% y§ yfl

. 3 ,3 .3 3

Yi Y2 Yz - Yp

S w

Using Cauchy-Binet Formula (5.11)) it follows

det(W') = Y det(Zpy,s) det(Ve,m).
se( )

The order we consider on the composition S, hence the order we write
columns and rows of the two minors respectively, does not change the prod-
uct of their determinants. Namely, if we choose a different order, both de-
terminants may change sign, but their product is preserved. This means
that we can choose an order and write S = {s1,...,$,} such that we have
S§1 > 89 > - > 5,. Observe also that one has s; > n — 1. Thus we can see
S as a partition and write it as a sum of two partitions S = \ + §, where
d=(n—1,n—2,...,1,0) and A is a partition of length < n. In this way,
every different composition S corresponds to a different partition A of length
at most n. The determinant of a minor of Z can be now written as follows

det(Zp),s) = Z sgn(o Hz Q) = det(z ”+n_‘j)ij.
=1

ceG,

Using the same notation, one has det(2]");; = det(V (21, ..., 2,)).
The quotient det(z;\ 779) Jdet(27) is by definition the Schur function

sx(z1, ..., 2n) (cf. )

Analogously, det(Ys ) = sx(v1, ..., yn). It follows

det(W") B s
det(V(zr, - zn) det (V) Z; A(2)sx(y)

By inserting this in ((5.14]), we find the Cauchy Formula (5.10)), as desired.
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