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Preface

Contribution

This text considers the prediction of consumer price indexes which allow to compare the
consumer price level across time and space. For specificity, the discussion is in terms of
German counties and the years 1993-2014, but all methods apply more generally.

Section 1 explains that prediction of these spatiotemporal price indexes—after a suit-
able reformulation—amounts to the prediction of a “long” vector x based on a “short”
vector of observations y. These observations equal weighted sums of the entries of x and
may only be observed with error. More specifically, the setup takes the form

vector

A

“short

—_—
L=
8
target vector
®
observation errors

of observations

given
nonrandom matrix

“long” targe

Therein, A symbolizes a given nonrandom matrix, and e denotes a vector of observation
errors which may be (partially) equal to zero. Section 3 and 4 develop some statistical
methodology to tackle this prediction task. Hence, this text naturally splits into two
parts: the first part (section 1) outlines an application, and the second part (sections 2, 3,
and section 4) presents some corresponding theory. The remainder of this section briefly
summarizes each of the four main sections and highlights the individual contributions.
In general, most sections may be read independently after acquainting oneself with the
basic notation presented in section 2.1 as well as the first parts of section 2.3 and 2.4.1.
Section 1 presents the available—from official statistics—price indexes for spatial and
temporal price level comparisons between German counties and states. The second part
of this section develops a formal framework which integrates the different index types and
defines an additional price index which allows spatiotemporal price comparison. Finally,
the section sketches a data-based procedure for the prediction of the latter index.
Section 2 gathers the prerequisites for the subsequent investigation of the suggested
prediction procedure. The presentation has it peculiarities, but the material is standard.
Section 3 initially focuses on an abstract regularized least-squares criterion defined
on the space of symmetric matrices. The restriction to symmetric matrices requires an
adapted duality analysis alongside an associated investigation of the set of minimizers.
The presented (proximal) gradient algorithm is standard except for the stopping rule,
which derives from the previous study of duality. The subsequent discussion introduces
a stripped-down factor model and uses the minimizer of a special case of the abstract
least-squares criterion for estimation. The latter allows the integration of spatial infor-
mation. Herein, the individual building blocks stem from literature; their integration
and application does not. This section finishes with a novel investigation of statistical
properties of the proposed estimator. The specific form of the results in this final part, in
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particular, those in section 3.5.2 and the final part of section 3.5.3, should be considered
preliminary. A fully satisfactory analysis remains a topic for future work.

The final section 4 develops the prediction framework alluded to in section 1 in-
depth. The investigation contains a population-level quality assurance and closes with
a discussion of suitable computational techniques. Once more, the integration of the
individual components into a coherent whole is novel; the ingredients are not.

Organization

Several major and minor sections structure the content of this text. Within major
sections, propositions, lemmas, and corollaries share their counter. The same applies
to figures and tables. Frequently, definitions are recalled upon use to aid skimming the
text. Moreover, an index at the end of the document lists most keywords. Markers in
the right margin point to the location of the indexed definitions.

References gather in a literature discussion at the close of the corresponding major
section. The listed sources often supply a more detailed presentation including additional
definitions and results omitted from this text. However, the bibliography by no means
constitutes a comprehensive list nor a compilation of the original sources.

This text adopts a tutorial style. In particular, it includes many of the required defi-
nitions and proves most of its assertions—the sole notable exception being the Hanson-
Wright inequality in appendix 3.a. However, this text is far from being a self contained
introduction to the individual topics, which are only developed to the extend needed in
the subsequent derivations. Many important results are accompanied by a discussion
indicating how and why the result works instead of a short formal proof. Mere technical-
ities come with a proof in traditional form (with the above mention exception). Included
proofs are relegated to an appendix of the corresponding major section.

In general, the presentation is meant to be sloppy enough such that the key ideas are
not hidden by formalities, formal enough to make sense, general enough to reveal what
really matters, and specific enough to not feel like abstract nonsense. The following
sketch visualizes this trade-off perceived by the author during the creation of this text.

understandability
sloppy .
~ specific
//\\ :
~ %
general formal

As an example, intuitive notions are left undefined, which is indicated by enclosing
quotation marks “...”, whenever an exact meaning is not needed.
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Most notation is standard or otherwise explained. A notable exception are sets: these
are symbolized by labels surrounded by braces—as commonplace in probability theory—
if the meaning is uncontroversial. For example, {||« || = 1} contains all elements of length
one; {f = a} gathers all preimages of a under the function f; and so forth. In addition,
the symbol N denotes the set of positive integers {1,2,3,...}. Likewise integer-valued
indexes start at one unless indicated otherwise. Accordingly, the summation short-
hand ), , abbreviates the more verbose Zle. Sometimes integer-valued quantities
are not explicitly labeled as such; then their nature follows from the context.
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1. Price level prediction

1.1. Price indexes
1.1.1. Overview

German price statisticians use Laspeyeres-type price indexes to implement price com-
parison in time at state and national level as well as price comparison in space at the
city level. Price index calculations are complex, but are roughly summarized by

> iccr Price,;
3 . T ] — . — ) 11
Cplt/btac}; - Z Z ?]?e gtbtj 5 Cplt/bt,cl - Z Swgtbt,kcplt/bu(]]’c 5 <l.la>
j icct P b i, keS
—_—
) pricetij _
and scpi,; =100 x Z — gt ; . <1.1b>
~ price,

Indexes calculated according to <1.la> serve as inflation measures and are referred
to as consumer price indexes (cpi). The third index type <1.1b> implements price
comparison in space and is called a spatial consumer price index (scpi).

The real number @tﬂ.,j in <I.la> and <1.1b> refers to the price observed in
location i during year t of a good /service—a price representative—representing the j-th
goods/service category in a basket of goods considered for index calculation. The basket
of goods is meant to reflect average consumption choices. Here, rent is not part of this
selection. Prior to index calculation, prices are adjusted to take care of temporary
unavailability and special offers—these are features of the price representative and not
the category it is meant to represent. In some cases, more than one price representative
is observed, and then @m ; equals an average of the observed prices.

The 402 German counties subdividing the 16 German states—as of the December 31st,
2013—form the spatial entities of interest. Subsequently, these counties are represented
by the elements of C' = {1,...,402}; these numbers also serve to index other objects as-
sociated with these counties. Similarly, states are represented by the labels in S = {BB,
BE, ..., TH}. The caption of table 1.1 lists all 16 state labels and the corresponding
full names. The subsets Cgp, ..., Cry partition C' such that ¢ € Cy, i € C, k € S,
indicates that county i lies in state k; thus, C, NCl = 0 if k # k' and UpegCy, = C. The
relevant time points are given by the years 1993-2014, which also serve as time indexes.

The lefthand side of <1.1a> describes cpi calculation at the state level. Therein,
the average price m%@ Ziec,; @t,i,j across a subset C}, C O}, of counties of state k € S

observed for good /service category j in year ¢ is compared to the respective average price
in a basis year b, wherein mj, symbolizes the number of elements of C;. The cpi results
as a weighted average of the category specific ratios across all categories in the basket
of goods. The weight @bm‘ € (0,1) attached to the j-th category is an estimate of
the average—at the national level—expenditure share of category j in the basis year b,.
Section 1.1.2 contains further details and also explains the association ¢ — b;.

A weighted average of the state cpis shown on the righthand side of <1.1a> addresses



price comparison in time at the national level. The share of the German population
living in state k& during the basis year b; serves as the weight s/w&bt,k, for the state
index cpi,, s in the national consumer price indexes cpiy, o with €7 = UresCy
calculated up to (but not including) the year 2000. Later cpis use the respective state’s
share of the German private consumption expenditures in the respective basis year b;.
Cross-sectional price comparison implemented via the scpi formula compares the
price of the j-th representative to the respective price observed in a reference location c.
Estimated average expenditure shares relate to the same year as the price ratios. The
basket of goods is identical to the one used for cpi calculations in the respective year; in
particular, rent is excluded here. Section 1.1.3 provides further information on the scpis.

1.1.2. Consumer price indexes

Surveys for cpi calculation are implemented on a monthly basis to inform about con-
sumer price inflation rates at the state and the national level. The corresponding index
calculation at state level proceeds as shown on the lefthand side of <1.1a> but with ¢
and b; replaced by the respective month and a fixed month of the basis year b;. The
subsequent discussion considers averages of these monthly indexes across the respective
year t. Hence, the numerator of the lefthand side of <1.1a> amounts to an unweighted
average of the prices observed for the j-th good/service category during the twelve
months of the year t; the denominator refers to the given basis month.

The state cpi compares prices collected in one state to prices collected in the same
state during a basis period. Therefore, the cpi becomes meaningful if the price repre-
sentatives are fixed in the basis year and remain unaltered subsequently. In practice,
the representatives are chosen by local staff and remain unaltered up to the next basis
year. This decentralized selection procedure ensures that price representatives reflect
local taste. Local price collection is organized by each state’s own statistical bureau and
is limited to a selection of counties C) C Cy, k € S. The price collection within i € Cj,
takes place in one or more of its cities. Subsequently, the inflation measured in the
selected cities is taken as representative for the respective county. Goods and services
having a common nation-wide price are observed by the national statistical bureau. The
latter supplies these data to the state bureaus and obtains the state indexes in return.

The data collection and processing methodology, in particular, the weighting scheme
and the selection of price representatives, is revised roughly every five years—about three
year after the new basis year—alongside a basis year change. The revision process may
involve changes in the selection of cities used for price observation, that is, the sets Cj,
k € S, may change with ¢, but this possibility is ignored here due to data availability.
Upon revision, the whole series of published indexes is adjusted to hide the resulting
structural break. The cpis for all years following and including the new basis year are re-
calculated using the new methodology and weights. Indexes published prior to the new
basis year are adjusted by a heuristic manipulation. After the revision only the adjusted
indexes are available. Thus, cpis for year ¢ are calculated using the methodology, price
representatives, and weights corresponding to the basis year b, = max{l < ¢ |l is a basis
year}, but may later be adjusted to a different basis year. Here, all cpis refer to the basis
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temberg, BY—Bavaria, BE—Berlin, BB-Brandenburg, HB-Bremen, HH-Hamburg, HE-Hesse, MV—-Mecklenburg-Western Pomera-

nia, NI-Lower Saxony, NW—-North Rhine-Westphalia, RP—-Rhineland-Palatinate, SL-Saarland, SN—Saxony, ST—Saxony-Anhalt, SH—

goods including rent (cpiR); the numerator is without rent (cpi). Labels in S correspond to states as follows: BW-Baden-Wiirt-
Schleswig-Holstein, TH-Thuringia.

The table shows the availability of state and national cpis for the years 1993-2014 in form of ratios

Therein, “o” indicates availability; “o” symbolizes non-availability.

Table 1.1
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Figure 1.2

The figure shows the observed growth rates of the cpis and cpiRs at state and national
level, wherein cpiR represents indexes of the type <1.1a> but based on a basket of goods
including rent. The cpi inflation rates result as cpiy, o / cpir_iy o — 1 at state level and
cpit/b’c,/cpit_l/b,cl — 1, b = 2010, at national level; the calculation for cpiR is in analogy.
Solid squares B symbolize cpi growth rates at state level; growth rates of cpiRs at state
level correspond to [. If either of the index values needed for calculation is missing, then the
respective symbol is absent. Inflation rates at the national level are visualized as a solid (cpi)
and dashed (cpiR) line, respectively. Vertical solid lines illustrate the spread of the growth
rates at state level in the respective year.

year 2010. In addition, the present analysis acts—for most purposes—as if b, = 2010 for
all £ <2014, that is, the adjusted indexes receive no special treatment.

Table 1.1 summarizes the availability of cpis. Indexes based on a basket of goods
without rent are not available for the years 1993 and 1994. For those years, the available
indexes based on a basket of goods including rent—denoted by cpiR—may be used as
a surrogate. Data availability improves in 1995 with full availability for years follow-
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Figure 1.3
The figure shows the scpis corresponding to 50 counties and ¢t = 1993 (Panel (A)) as well as
the spatial variation of the gross domestic product (GDP) per capita and the population den-
sity separately for sampling and non-sampling locations (Panel (B)). The scpis in panel (A)
are visualized by e; the size of these points reflects the respective of the four size categories.
Horizontal solid lines indicate the average scpi across the surveyed Western German counties
and the surveyed East German counties—both excluding Berlin. Panel (B) shows boxplots.

ing 2000 except for Schleswig-Holstein, Hamburg, and Bremen. Similarly, national cpis
including rent are available for all years and all years except 1993 and 1994 if rent is ex-
cluded. These indexes amount to a weighted sum of the state cpis corresponding to the
same year but convey additional information as the state cpis are never fully available.

Figure 1.2 shows the growth rates of cpis and cpiRs at state and national level.
It shows a considerable spatial variation of the growth rates in the individual years—
indicated by vertical solid lines—of one to two percentage points. However, the figure
also creates the impression of a joint movement in time of the state level growth rates.

1.1.3. Spatial consumer price indexes

Products of the same category observed for cpi calculation usually differ considerably
across sampling locations in product quality, package size, and so forth due to the
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Figure 1.4
The figure shows the scpis calculated from the surveys in 1993 and 2007. Equally sized e
indicate index values for locations included in the former survey. Vertical solid lines high-
light the spread of the indexes calculated from the latter survey across the respective state.
Horizontal solid lines visualize the average index value separately for East German states and
West German states—both excluding Berlin—as well as the two surveys.

decentralized choice of the price representatives. As mentioned in section 1.1.2, this is not
only acceptable but also desirable for cpi calculation. However, scpi calculation based
on <1.1b> and such data potentially leads to a comparison—across space—of prices of
rather different products. Meaningful scpi calculation therefore requires a survey of its
own, which ensures comparable choices of price representatives across sampling locations.

Such surveys resembles those implemented for cpi calculation to the extend that local
price collectors visit suppliers and observe prices of selected representatives. However,
they do so equipped with a more detailed descriptions of providers and goods/services
used for price representation. Such surveys are implemented infrequently and only for
a small number of locations—mostly for cost reasons. More specifically, the present
investigation uses only the latest data set of this type. This data set relates to t = 1993
and 50 Germany cities, which are subsequently identified with their surrounding counties.

The respective indexes are based on a subset of the basket of goods and slightly
adjusted good/service category weights ng\tm of the cpis in 1993. The former German
capital Bonn—a county of its own—serves as the reference location c. Surveyed cities are



split into four groups based on their population size: 20 000 to 100 000, 100 000 to 400 000,
400000 to 1000000, and above one million. If the price for a good/service category
cannot be observed in a county—due to the lack of shopping facilities, then the average
price for that good/service category across locations of the same size group fills this gap.

Panel (A) of figure 1.3 shows the corresponding scpis. The indexes exhibit a notable
east /west divide, which comes as no real surprise as the two parts re-unified only a few
years earlier. Panel (B) of that figure presents the spatial variation of the gross domestic
product per capita and the population density separately for surveyed and non-surveyed
counties. The shown boxplots indicate that the survey locations are not representative
for all counties with respect to economic potency and settlement structure.

Finally, spatial price indexes from a non-official survey are available in addition to
the scpis provided by official statistics. The index calculation is according to <1.1b>
and based on a subset of the cpi basket of goods in 2007 as well as the cpi category
weights. Bonn serves as the reference location ¢. However, the survey was implemented
by a single person and during the years 2005-2009 with most of the data being from
2006-2008. Herein, these scpis are taken to refer to t = 2007.

Figure 1.4 compares the scpis obtained from the two surveys. Hence, the focus is on
the locations included in the survey of 1993, whose indexes are symbolized by e. The
presentation does not allow to distinguish between locations, however, shows a larger
spread of the index values for ¢ = 2007—even within the limited set of counties surveyed
in 1993. Vertical solid lines represent the overall spread of these indexes. Herein, the
substantially larger spread for ¢t = 2007 reflects the inclusion of rural areas not surveyed
in 1993. Index averages are included in the form of horizontal solid lines. These lines
show that Bonn’s scpi enjoyed an increase relative to the other West German as well
as East German counties. Moreover, these averages indicate a moderate price level
convergence of the East German states to the West German states.

1.2. Price index prediction
1.2.1. A framework for price index prediction

This section develops a framework which integrates price indexes of the form <1.1a>
alongside indexes of the form <1.1b>. In section 1.2.2; this setup guides the development
of a prediction strategy for price indexes implementing spatiotemporal price level com-
parison. The framework involves several numerical characteristics of the m = 402 Ger-
man counties mentioned in section 1.1.1 during the years ¢ € {1993,...,2014}. Random
variables—defined on a common measurable space (€2, F)—represent the values of these
characteristics for all counties ¢ < 402 and years ¢t. The elements w of €2 embody a priori
imaginable “states of the world”. The numbers shown in section 1.1 correspond to one
of these “states”, that is, equal the images of an element w € 2 under the corresponding
random variables. Herein, characteristics expressing “spatial properties”, the member-
ship in C’, as well as the state weights @bt’k in <1.la> and the data availability are
taken to be constant across w € 2. Economic preknowledge is represented by a set P
of probability measures on (2, F)—a statistical model, which contains the probability



measure P on (Q, F) describing the “data generation”, that is, the choice of w € Q un-
derlying the observations. Elements of P satisfy the requirements outlined below and,
in addition, ensure square-integrability of all mentioned random variables.

The price level of county ¢ during year ¢ provides the corner stone of the subsequent
developments. This price level—a positive quantity—incorporates the vague idea of the
“cost of living” in county i during year t. The associated random variables form the
bridge that connects the various types of price indexes and also provide the ingredients
for a spatiotemporal price index. This purely formal role requires no further conceptual
considerations—such as a discussion of the meaning of “cost of living”.

The rationale behind the spatial consumer price index in <1.1b> is to compare the
price level—in form of the price of a basket of goods—in county ¢ during year t with
that of a reference location ¢ during the same year. The two equivalent equalities

scpi,;.  price level at (t,1)
100 price level at (¢, c)

scpi, i,
100

and log [ } = Tt; — Tie <1.2>
formalize this thinking, wherein x;; symbolizes the (natural) logarithm of the price level
in county ¢ during year ¢. The variables z;;, (¢,7) € {1993,...,2014} x{1,...,402} = I,
also give rise to the spatiotemporal index scpif, , o) = 100 x e*i~%de  Indexes of this
type compare (the price level of ) county ¢ during year ¢ with a fixed reference time/space
point (d, ¢). Therein, the symbol e represents Euler’s number. Choosing ¢ equal to Bonn
and d = 1993 allows a direct comparison with the available scpis for that year.

The lefthand side of <1.2> expresses a transformation of the scpis available in ¢ =
1993 and t = 2007 as linear combinations of x;,, (¢,7) € I,. A similar representation as
in <1.2> of the growth rates of the state cpis in <1.1a> is possible if these growth rates
are taken as measures of the average growth rate of price levels e** across the respective
state. These quantities usually differ from the growth rates of the average price level
Zz’ec,; et /m). The interpretation as an average growth rate implies

cpiy, o 1 rice level at (t,
{—. /0Ch _1}:_/ { D 1 \1/ - t<’1)' —1} <1.3a>
Pl mj, oo Lprice leve av( —1,4)
R Tt i—Tt—1,i

1 1
R — Tei — — Z Ti—1, <1.3b>

m m

k ieCy, k icCy,

for states k € S = {BB, ..., TH} and with C}, m}, and b being the set of surveyed
counties, the number of its elements, and the common base year b = 2010, respectively.
Herein, k! = 1 x 2 x --- x k and the second step relies on a/b — 1 = ¢'°8(@/®) — 1 =

Zk>1(logk(a/b)/k!) ~ loga — logb with a,b > 0 such that |a/b — 1| is “small”. The
previous display relates to the underlying random variables. Figure 1.2 shows that the
available inflation rates—at state level as on the lefthand side of <1.3a>—are sufficiently
small. However, the possibility of cancellation when summing positive and negative
inflation rates for counties contained in the same state prevents a direct conclusion
for the county level inflation rates. Moreover, these numbers correspond to a single
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image under the random variables. Thus, the available evidence supports the claim of

(Panel (A)) and the deviation of ratios cpit/bp;c/cpit/b’(y of the state cpis and the national
approximate equality only to the extend that it does not contradict that equality.

ents needed for the calculation is not available, then the respective symbol is absent.

cpi from one (Panel (B)). Both quantities are represented by “e”.

Figure 1.5
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wherein b; = max{l < t|[is a basis year} provides the original basis year of the national
indexes cpi,, «» and determines the state weights s/wﬁbhk, k € S, used on the righthand
side of <1.1a>. The first approximative equality—indicated by ~—in <1.4b> relies
on swgt bk R swgt bi_y k> Which holds with equality unless ¢ amounts to one of the original
basis years 1995, 2000, 2005, and 2010. Panel (A) of figure 1.5 shows the absolute values
of the differences of these two weights for all states £k € S and years t > 1994. The
shown numbers justify the latter approximative equality as these quantities are taken
as constant across w € 2. The conclusion in <1.4c> reuses the latter and CPiy,cr &
cpiy, o, k € S. Therein, equality holds—by definition—if ¢ equals the common basis
year 2010. Panel (B) of figure 1.5 shows the translated ratios cpi,, o /cpit/b’c/ — 1 for
all & € S—subject to the data availability shown in table 1.1—and years t > 1995.
These quantities increase in absolute value at |t — b| increases, but are still small even
for the case t = 1995; thus, these observations do not contradict <1.4c>.

Subsequently, the available scpis—in the form shown on the righthand side of <1.2>—
and cpi inflation rates—at state level as well as national level and calculated as shown
on the lefthand side of <1.3a> and <1.4a>, respectively—are denoted by v;, ¢ < k;.
Therein, y;1, ..., Yerr, ki € NU{0}, represent the observed inflation rates; v xy41, - - -,
Yerr+k,, ki € NU{0}, symbolize the observed and transformed scpis. Thus, k; = ki + k{’
equals the number of observations in ¢. The cases k; = 0 and k; = 0 are possible and
indicate the absence of observed inflation rates—as in t = 1993—and the absence of
observed scpis—as in t = 1994, respectively. However, the case k; = 0 does not occur
if cpiR inflation rates replace the non-available cpi inflation rates for ¢ < 1994.

In total, the observed scpis and cpi inflation rates exhibit the representation

Yt,1 Ut
’ - Tt
t,ky —1 B Byxy Vg kY . .
Yy = Yuki = J +S; | ™ with z; = : . <Ll.5>
Ykl +1 t T Ut k' +1
. -~ — . Tt,m
At Zt
Ykl +k, (Y

Herein, I denotes the k) x k] identity matrix, and the j-th row bgt) = (bgti, . ,bgtgn)
of By € R¥*™ corresponds either to the observed inflation rate of a state k € S or
the observed national inflation rate. In the former case, its i-th entry bgtz) equals 1/mj,
if i € C}, and zero otherwise. In the latter case, the entries are in accordance with <1.4¢>.
In particular, C}, N C}, = O whenever k # k' implies that the rows of B; corresponding
to state inflation rates are pairwise orthogonal. Table 1.1 shows that the complete set of
state inflation rates is never observed. The latter together with s/wﬁbtj€ > 0 ensures that
the rows of B, are linearly independent for all . Furthermore, the matrix J, € R¥:*™
is of the form Jt(l) — t(2), wherein the rows of Jt(l) amount to distinct standard basis
elements e; of R™—defined in example (a) in section 2.1.1—with i # c—the reference
location (Bonn), and all entries of Jt@) are zero except for those in the c-th column
which equal —1. In particular, the rows of .J; are linearly independent. In case k; = 0,
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the second block row of the aggregation matrix A, disappears; if &/ = 0, then A; =
Jy. In particular, the quantities 1992; do not occur in <1.5>. Finally, the second
summand S;vy, U = (Ut1,...,0tk,), on the righthand side of <1.5> embodies errors
associated with the observation process. Therein, the random variables @y ;, (£,7) € Iops =
U Ges ({3 x {1,..., k:}), exhibit zero mean, unit variance, (pairwise) zero covariances,
and zero covariances with x, ;, (t,j) € I,. The matrices S; € R**k 1993 < ¢ < 2014,
determine the contemporaneous (co)variances of the observation errors in year t given
by the entries of S;v;. Hence, nonzero rows of S; should be present for ¢t € {1994, 1995}
to capture the deviations between the unobserved cpis and their surrogates cpiR as well
as in ¢t = 2007 to represent doubts concerning the survey implementation.

In summary, the equation <1.5> expresses transformations of the two types of price in-
dexes <1.la> and <1.1b> in form of linear combinations of the underlying quantities x; ;,
(t,7) € I,. These quantities also provide the basic building blocks of the spatiotemporal
price indexes scpif, ., . (t,i) € I, with reference time/space point (d, c) € I,. More-
over, the equation <1.5> parallels the specification <4.21b>; example (d) in section 2.1.1
and example (e) in section 2.4.1 bridge the differences in the notation.

1.2.2. A strategy for price index prediction

This section sketches a strategy for the prediction of the underlying quantities x; ;,
(t,j) € I, and thus of the spatiotemporal indexes SCP1C, i)/ (t,7) € I, as defined in
section 1.2.1 for a given reference time/space point (d, c) € I,. To this end, the present
section implicitly develops a representation of z, ;, (¢, ) € I, of the form <4.21a>. This
representation can be transformed into a corresponding representation of the entries z; ;
of z;—defined in <1.5>—as shown in <4.22>. Then, computations of the form <4.24>,
<4.26>, and <4.27> lead to predictions Z,; of z ;, that is, best guesses for the un-
observed z; j(w). Herein, w € € denotes the argument corresponding to the available
observations y;;(w). Finally, predictions of z;; follow from z; = 2y iy, j < m.
Section 4.3.1 explains that the equality y;;(w) = @Iiét holds whenever a;; € R M de-
notes a row of A; such that the corresponding row of S; equals the zero vector. Therein,
the form of 2, € R* ™ parallels that of z—as defined in <1.5>—but with the ran-
dom variables z ;, j < kj + m, replaced by the predictions z;; € R. In particular, the
observed scpis satisfy log(scpi, ;. /100) = &;; — & .. Consequently, the plug-in predic-
tions @;i)/(d’c) = 100 x e®vi~%ac interpolate the scpis observed in t = 1993 if ¢ equals
Bonn, d = 1993, and these scpis are (treated as) observed without error. An analogous
results applies to cpi inflation rates, but only if state and national inflation rates implied
by the predictions @(Om') /(de)? (t,1) € I, of the spatiotemporal indexes are calculated
according to the respective of the approximate equalities <1.3b> and <1.4c¢>.
Additional numerical characteristics u;;;, ¢ < s, of county ¢ in year ¢ enter the con-
struction of the representation of z; ;, (¢, j) € I, of the form <4.21a>. Examples of such
variables included the gross domestic product per capita and the population density
mentioned in panel (B) of figure 1.3. Section 4.3.1 contains a comprehensive account of
the construction process. Therein, the characteristics are denoted by z;; ; instead of u; 4 ;.
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Here, the different symbol is justified to prevent confusion with z; ;. The remainder of
this section indicates how section 4.3.1 applies to the present prediction task and also
comments on the estimation steps needed to obtain a complete prediction algorithm.
The additional variables are split into two groups: variables with first index i < s’ and
variables with first index ¢ > s’, wherein 1 < s’ < s, and the case s’ = 1 indicates the
absence of the first group. These variables are taken to satisfy the linear independence
requirements specified in section 4.3.1. If s = 2 with u;;; and us, ; denoting the popula-
tion density and gross domestic product per capita, then economic intuition suggests that
the linear independence requirement—no linear combination of oy ; +us; B2, (¢,7) € I,
is constant across w € ()—is satisfied whenever f # 0. However, the presence of tem-
porally or spatially lagged characteristics requires additional attention. This is further
explained below <1.6>. If such lags are included, then lemma 4.4 may prove useful.
The price level variables x; ; and the additional characteristics u;, ; are connected via

Tyj = Oy + Zui,t,jﬁi -+ Ve j (t,]) c ]x , <1.6>

i<s

wherein each of the final summands v, j, (¢,7) € I, exhibits zero mean and zero co-
variance with every w;,;, i < s, (t,j) € I,. Hence, this representation implies that
the inequality E(z:; — apj — Zigs wigj0i)* < E(zy; —a— Zi,t,j ;s jbisj)* holds for
all real numbers a, b;;;, i < s, (t,j) € I, and with E denoting the P-expectation.
Sections 2.1.3, 2.2, and 2.3 in connection with example (e) of section 2.1 justify these
inequalities and reveal that the restriction hiding in <1.6> amounts to the invariance of
the projection coefficients f,. .., s across (t,7) € I,. In fact, characteristics of other
counties j' # j and years t’ # t—such as the above mentioned spatial or temporal lags,
can be added in the form w;; ; = w; j and w; 4 ; = uy p j, respectively, with ¢’ # ¢. In this
case, the mapping (i,t,j) — u;;; is not injective, and restrictions on 3, = (By,..., ;)
beyond S, # 0 may be needed to ensure the required linear independence. The invari-
ance of f1,..., [0 across time and space allows for the estimation of these coeflicients,
that is, the partial identification of the “data generating” P € P. More specifically,
combining the specification <1.6> with the observation equation <1.5> yields a system
of equations which may be used for (generalized) least-squares estimation of (i, ...,
Bs. If the elements of P grant sufficient stochastic homogeneity and/or independence to
the random vectors (x;;, U1 j, - - ., Usyj)—such that some law of large numbers becomes
relevant, then least-squares estimation identifies the projection coefficients 5y, ..., [Ss.
That is, these coefficients—elements of R—are the limits in probability—or equivalently
in distribution—of their estimators in a suitable asymptotic setting. The same applies
to the (estimation of the) coefficients oy ; if some specific structure of the correspondence
(t,7) — o ; with “sufficiently low complexity” is added to the specification <1.6>.

If estimation uncertainty, that is, the use of estimates &, ; and Bl, e ,BS in place of
the unknown coefficients oy ;, (t,j) € I, and fy,..., 35 is ignored—at least as far as
algorithmic design is concerned, then the machinery of section 4.3.1 becomes applica-
ble. This approach requires the estimation of the expectations of the auxiliary quanti-
ties Ty = quj + 5o UiriBis (t,7) € I, as well as the estimation of their covariance

12



matrix. If the deviations of Z; ;, (¢, j) € I, from their expectations fit the framework in
section 3.4, then the covariance estimation may proceed via the approach of section 3.5.1
with an implementation as in <3.7>. Section 3.5.3—in particular, proposition 3.13—
reveals that the latter estimation strategy is in principle robust against departures from
the autoregressive dynamics. The estimate © and an estimate p of the variance pa-
rameter p lead to—as explained in section 4.3.1 in connection with <3.12>—an ap-
proximate representation of the form <4.21a> of the deviations z;; — EZ, ;, (¢,7) € I,
wherein 7, ; = z,; — ), <y izt,jBi- The final prediction of x, ; is then obtained by adding
the estimate of the expectation term Ez;; as well as >, <sl ui,m(w)@ to the predictions
of the deviations 7 ; — EZ; ;. Section 4.3.2 assesses the accuracy of this approach. How-
ever, departures from the autoregressive dynamics, the—possibly inappropriate—use of
a simple innovation covariance matrix p?/ with I symbolizing the m x m identity matrix,
and the overall sampling uncertainty are not reflected by its key inequality <4.14>.

Comments and references

Section 1.1 The Statistisches Bundesamt (national statistical bureau) provides the
national cpi figures for all years as well as state cpis starting with 1995 on their home-
page alongside a product description (Statistisches Bundesamt, 2012). State cpis for
the years 1993 and 1994 are available in the statistical yearbooks of the Statistische Lan-
desdmter (statistical bureaus of the states) but with respect to the basis year 1991. The
available indexes amount to the quantities in <1.1a> multiplied by 100, but this scaling
is irrelevant here. Elbel (1995), Elbel (1999), Egner (2003), Elbel and Egner (2008),
and Egner (2013) discuss the changes in methodology and weights of the index revisions
corresponding to relevant basis years 1991, 1995, 2000, 2005, and 2010, respectively.

Strohl (1994) describes the price survey and the associated scpi calculation for ¢ =
1993. This studies provides separate scpis for East Berlin and West Berlin. Herein, a
weighted average of both indexes provides Berlin’s scpi. The weights wwest Bertin and
WEast Berlin derive from solving an overdetermined system of linear equations

CP1\West Berlin,t WWest Berlin T CP1p,qt Berlin,t WEast Berlin = CP1perlin ¢ te {19917 ) 1997} )

by least-squares. Therein, cpiyyes Bertinss CPigast Berlings a1 CPipey, , denote the cpi for
West Berlin, East Berlin, and the entire city for year ¢ and basis year 1991. These num-
bers are provided in Statistisches Landesamt Berlin (1997, sec. XVIII, p. 524-526) and
Statistisches Landesamt Berlin (1998, sec. XVIII, p. 520-522); the resulting residuals are
below the accuracy of the published cpis. Kawka (2010) documents the non-official price
survey during 2005-2009. This study concerns different spatial entities (Kreisregionen).
These entities either coincide with a county or equal the merger of two counties; in the
latter case, the published scpi is used for both counties.

Section 1.2 Roos (2006) considers the prediction of price indexes in the German set-
ting and based on a subset of the data presented in section 1.1. However, his predictions
mainly derive from a linear model (as in <1.6>) for the scpis available in ¢ = 1993
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and with least-squares estimates replacing the (unknown) coefficients. Kosfeld et al.
(2008) and Blien et al. (2009) extend and refine this approach. Hill (2016, sec. 2) mod-
els available price indexes via an underlying quantity in a similar way as in <1.2>. Rao
et al. (2010) present a comparable—to the approach outlined in section 1.2—prediction
strategy but based on more “parametric assumptions” than are need in section 1.2.

Blien, U., H. Gartner, H. Stiiber, and K. Wolf (2009). Regional price levels and the agglomeration wage
differential in western Germany. The Annals of Regional Science 43(1), 71-88.

Egner, U. (2003). Umstellung des Verbraucherpreisindex auf Basis 2000. Wirtschaft und Statis-
tik 5(2003), 423-432.

Egner, U. (2013). Verbraucherpreisstatistik auf neuer Basis 2010. Wirtschaft und Statistik 5, 329-344.

Elbel, G. (1995). Zur Neuberechnung des Preisindex fiir die Lebenshaltung auf Basis 1991. Wirtschaft
und Statistik 11(1995), 801-809.

Elbel, G. (1999). Die Berechnung der Wagungsschemata fiir die Preisindizes fiir die Lebenshaltung.
Wirtschaft und Statistik 3, 171-178.

Elbel, G. and U. Egner (2008). Verbraucherpreisstatistik auf neuer Basis 2005. Wirtschaft und Statis-
tik 4(2008), 339-50.

Hill, R. J. (2016). A least squares approach to imposing within-region fixity in the international com-
parisons program. Journal of Econometrics 191, 407-413.

Kawka, R. (2010). Regionale Preisunterschiede in den alten und neuen Léndern. ifo Dresden
berichtet 17(02), 5-16.

Kosfeld, R., H.-F. Eckey, and J. Lauridsen (2008). Disparities in prices and income across German
NUTS 3 regions. Applied Economics Quarterly 54(2), 123-141.
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2. Euclidean space basics

2.1. Fundamentals
2.1.1. Finite dimension and linearity

Let y1, ..., yr be k real-valued functions defined on a common set 2. Further functions
arise by pointwise addition and multiplication with real numbers as in (ZZ <k ciyi) (w) =

> i<k Civi(w) for w € Q. Such a weighted sum is called a linear combination of yy, ...,

yr. The set of all linear combinations of yy, ..., yx forms a real linear/vector space V,
which is referred to as the span span{yi,...,yx} of the functions y1, ..., Y.

The sequence y1, ..., yx is called a spanning sequence of V. It provides a basis of this
space if its elements yy, ..., y are linearly independent, that is, Y., c;y; = 0 implies
¢ =cy=---=c, =0. The coefficients ¢y, ..., ¢, of a linear combination > i<k Cili are
called its coordinates with respect to vy, ..., yx. Elements of V' exhibit multiple such
coordinate sequences unless the sequence 1, ..., y, forms a basis of V.

If V' is nontrivial, that is, V' # {0}, then all spanning sequences contain a basis as a
subsequence. Usually several choices lead to a basis, but all of these subsequences share
the number of their elements, which is called the dimension dim V(> 1) of V. If V' = {0},
then one strategically sets dim{0} = 0. In either case, the dimension dim V" of V' does
not exceed the integer k, and V is therefore termed finite dimensional. Conversely, a
sequence of linearly independent elements x4, ..., x4, of some finite dimensional linear
space W may be extended to a basis of W, which then implies the inequality dim W > gq.

Below the concept of a finite dimensional linear space W is met in the guise of

(a) elements of ¢ € R*, which are real-valued functions on {1,...,k}. The set R*
equals span{ey, ..., er}, wherein e;(j) = 0 unless ¢ = j and then e;(i) = 1. The
standard basis e, ..., e, of R¥ is a basis of this space.

(b) Elements of the set of real m x k matrices R™** are real-valued functions on
Q={1,...,m} x{1,...,k}. The matrices B;; € R™* (i,5) € Q, B;;(p,q) =0 if
(p,q) # (4,7), Bij(i,7) = 1, form the standard basis of this mk dimensional space.

The term vector is reserved for ¢ € R¥; singular vectors—see section 2.5—provide an
exception to this rule. The image ¢(i) of i under ¢ is usually denoted by ¢; and called
the i-th entry of ¢. The latter suggests suggest writing ¢ = (¢q,...,¢;). The entry ¢;
also equals the i-th coordinate of ¢ with respect to the standard basis defined in (a).
Likewise if A € R™* then its 7, j-th entry is given by A(i,j) = a;;, that is, the
coordinate of A with respect to the i, j-the standard basis element B;; shown in (b).
The entries a; ; are displayed in the common array /block form when considered jointly. In
that case, zero entries—if identified as such by the context—are replaced by white space.
If needed, in particular for the purpose of matrix-vector multiplication, ¢ € R* is
identified with its corresponding element in R**!. Accordingly, the matrix representation
of a linear map f : R¥ — R™ is with respect to the standard bases of R* and R™. That
is, the entries ay ;, ..., am; of the matrix representation A € R™** of f are given by
the coordinates of the image f(e;) of e; € RF with respect to the standard basis of R™.
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A nonempty subset U of W is termed a subspace (of W) if it includes all linear
combinations of its elements. Then U—considered in isolation—forms a linear space and
the above terminology applies in analogy. In addition, W is referred to as a superspace
of U. An important subspace of the quadratic matrices R™*™ consists of

(c) the symmetric matrices S™, that is, matrices A € R™*™ which satisfy a; ; = a;;.
The matrices B;; = B;;, i < m, together with the matrices B; ; = (B; +Bm-)/\/§,
i < j < m, provide the standard basis of this m(m + 1)/2 dimensional space.

Every element A € R™* induces a linear map R* > ¢ — Ac = >, _, c;a; € R™,
which—at least with respect to the complexity of the notation—facilitates the study of
the linear relations between its k columns a; = Ae;, i < k. Replacing these functions a; :
{1,...,m} = R (see (a)) by real-valued functions yi, ..., yx on a set Q2 lifts this amenity
to a higher level of generality. This construction generates a linear map Y from R* to a
superspace W of span{yi, ...,y }. In fact, all linear maps X : R* — W are of the form
cr> Yo Gy with columns x; = Xe; € W and admit the structure of a linear space:

(d) the real vector space W>** with pointwise defined linear operations, that is, (aY +
bY')e=a(Yc)+b(Y'c) for a,b € R, c € R¥ and Y, Y' € W
This linear space conforms to the above general framework if Y € W*¥ is identified
with (w,7) — (Ye;)(w) asin (b). The second perspective rightly suggests that W; ;,
wherein W, ;e;, equals the i-th element of a basis of the m’ dimensional space W
for j = k and zero otherwise, form a basis of this m’k dimensional space.

In general, elements of W** are symbolized by uppercase letters; corresponding lowercase

letters represent the corresponding columns; and the block notation Y = [y; --- yx] hon-
ors the equality R™*F = (Rm)Xk. Moreover, writing Y = [Y; Y5] with Y7 = [y -+ ],
Y> = [yj+1 -+ Yk, and j < k mimics the usual notation for partitioned matrices. Finally,

the identification W>*! = W resembles the above mentioned case R¥*! = RF,

Two subspaces directly derive from Y € W>** namely, its image imgY C W, which
is also referred to as its column space, and its kernel kerY C RF. The kernel or null
space gathers all ¢ € R¥ with Ye = 0. The column space/image consists of all linear
combinations of its columns yq, ..., yx. The dimension of its image is known as the
rank kY of Y. The latter satisfies kY + dimkerY = k. If ker Y # {0}, then this
equality results from the ability to extend a basis of ker Y to a basis of R*. Otherwise,
it holds by definition as ker Y = {0} is tantamount to linear independence of yi, ..., Y.

Another relevant example of a finite dimensional linear space comes in the form of

(e) the span of a finite sequence of P-square integrable random variables on a proba-
bility space (2, F,P), that is, real-valued and F/R!-measurable functions y on Q
with [ y?(w)P(dw) < co. Herein, R' denotes the Borel o-field corresponding to
the |« |-topology—the smallest o-field containing all open intervals.

The dimension of this space is bounded from above by the sequence length. More-
over, all elements of this linear space, that is, all linear combinations of the span-
ning sequence elements, are P-square integrable.
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The examples (b)—(e) as well as all other finite dimensional real linear spaces V' mimic
example (a) to the extend that elements of V share their linear relations with their
coordinate vectors with respect to a basis. More formally, a basis y1, ..., yx leads to a
bijective linear map Y = [y; --- yi] from R to V whose inverse map Y~ is linear.

2.1.2. Norm topology

A norm ||+| endows every element x of a finite dimensional linear space W with a
length ||z||. A pair consisting of a finite dimensional linear space and a norm forms a finite
dimensional normed space. Relevant examples—numbered as in section 2.1.1—include

(a) the real k-tuples R* together with the Euclidean norm |c|| = (3., )2,

)

(b) the real m x k-matrices with the Frobenius norm ||All = (3, ;< a7;)"?, and

(e) the span of a finite set of P-square integrable random variables on a probability
space (€2, F,P) joined by the L?-norm |z| = ([ x(w)QIP(dw))l/Q.

In this example, the existence of F' € F with PF' = 0 potentially reduces || « || to a
seminorm. Appendix 2.a deals with this nuisance.

Further important instances of finite dimensional normed spaces are best discussed in
connection with singular values; their treatment is deferred to section 2.5.2.

A norm induces a metric d(z,y) = ||z — y||, which endows every finite dimensional
normed space W with a metric space structure. The resulting metric space (W, d) ex-
hibits a few notable features. More specifically, the finite dimension guarantees that
linear maps are continuous and subspaces are closed. Furthermore, the Heine-Borel the-
orem asserts that closed and bounded subsets of such spaces are (sequentially) compact.
The unit sphere {|| « || = 1} provides the most relevant example.

These properties are inherited from R*. In fact, if y1, ..., yp are a basis of W, then
Y = [y1 -+ yx] forms a bijective and continuous (linear) map with continuous (and
linear) inverse Y ~!. The two maps Y and Y ! transfer topological properties from W
to the coordinates with respect to 41, ..., vy, in R¥ and vice versa.

Compactness of { = 1} ensures that {{(y)|||y]| = 1} is (sequentially) compact
whenever ¢ : { = 1} — R is continuous with respect to the metric d. As a con-
sequence, {{(y) | |ly]| = 1} contains its supremum and infimum. Any other norm ||« ||’
on W provides an example of a continuous (with respect to d) function. Hence, there
exists a lower compatibility constant ¢ = c¢(W, ||« ||, ] «]|) > 0 and an upper compatibility
constant C' = C(W,|| ||, +]|") > 0 such that ¢|«| < "< CJl«]|. These numbers
usually depend on the dimension of the linear space W. Nonetheless, and "and
thereby their induced metrics are (strongly) equivalent. Thus, any two norms on W
induce the same topology, which is called the norm topology. Most notably, all metric
notions such as convergence and continuity coincide across norms on W.

Compactness is key to many qualitative results; quantitative statements require a
quantitative analog. If ¢ > 0, then an e-net of a compact subset S of W is a finite
subset {z1,...,x,} of S such that S C U< {||z; — «|| < e}. Compactness of S implies
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total boundedness, which ensures the existence of e-nets. The well-ordering principle
guarantees the existence of a minimal number of elements of S needed to form an e-
net for a given € > 0. This number is referred to as the e-covering number N =

N(S,||+|],€) of S. In case of the unit sphere of R*, the translation invariance and scaling
property of the Lebesgue measure lead to the upper bound on N({||«|| = 1}, +],¢) in
the following lemma, which is proved on page 39 of appendix 2.b.

Lemma 2.1. For any € € (0,1), the e-covering number N({||«|| = 1},]|«|,&) of the

unit sphere {||«|| = 1} of R* with ||+|| as in (a) satisfies

qunzumw£w50+§).

Covering numbers and e-nets serve to bound the supremum and infimum of an infinite
set by the maximum and minimum over a finite e-net. In particular, if £ : S — R exhibits
a finite (| « |-)Lipschitz constant L = sup, »,|f(z) — ((y)]/|lx — yl| and {z1,...,ax)
denotes a (C-)minimal e-net of S, then it follows that

1 > mi i) — < ; . .
glcrelgﬁ(m) > 1221]{[16(1’2) Le and ilégf(x) < I%%M(mz) + Le <2.1>

2.1.3. Geometry

The similarity in appearance of the Euclidean, the Frobenius, and the L2-norm is no
coincidence. In fact, in all these cases the respective domain €2 of the functions exhibits
a natural measure space interpretation with finite measure p such that elements yy, ...,
yr of the resulting function space are p-square-integrable:

(a) the set {1,...,m} coupled with its power set and the counting measure leads to
the integral [ 2(i)u(di) = 3_,,, #; underlying the Euclidean norm.

(b) The identical construction extended to fit R™* produces [ A(i,7)u(d(i,j)) =
> i<m.j<k Qi and thus the Frobenius norm. Such integration is also feasible if

(c) the symmetric m x m matrices S™—a subset of R™*"—are considered in isolation.

The measure space structure moreover suggests an inner product (e, ) defined by
(z,y) = [z(w)y(w)p(dw) for any two elements z,y. This inner product induces the
corresponding of the just mentioned norms via ||z|| = \/(x,x). In this text, the sym-
bol ||« || is used exclusively for norms following this recipe. Herein, the finiteness of the
measure 4 is dispensable but convenient. Appendix 2.a states its relevant implications.

More generally, if W equals the span of a finite sequence of real-valued p-square-
integrable functions on a (finite) measure space (€2, F, u), then interpreting

(d) elements Y of W** as functions (w,i) — (Ye;)(w) = y;(w) allows their integration
using the product v of p with the counting measure on {1, ..., k}. By Fubini’s the-
orem, the resulting integral is [ y;(w)v(d(w,7)) = > i<k J vi(w)p(dw) and induces

the inner product (Y, Y") =37, [wi(w)yi(w)p(dw) = 37, (vi- ¥i)-

18

e-covering
number

Lipschitz
constant



Figure 2.1
The figure visualizes the relation between the geometric notions of angles and length to inner
products and norms. Panel (A) links the Euclidean norm ||z|| to the length a of z. Panel (B)
connects the cosine cos # of the (small) angle 6 between = and y to their inner product.

If W = R™, then the inner product in (d) recovers the inner product underlying the
Frobenius norm in (b). In particular, (d) points to the alternative expression (A, B) =
tr(ATB) for A, B € R™*. Therein, a superscript T marks the transpose AT of A—given
by AT(i,j) = a;; In addition, tr denotes the trace—the sum of the diagonal entries
(ATB),;, whose cyclic property tr(ATB) = tr(BAT) is often used without further notice.

In general, finite dimensional real linear spaces furnished with an inner product are
called Fuclidean spaces. Such spaces are finite dimensional normed spaces furnished with
a notion of (small) angle between any two of their elements. The two concepts—length
and (small) angle—give rise to a simple geometry, which parallels that of the plane R2.

Figure 2.1 considers two nonzero elements x and y of the plane R? with inner prod-
uct as in (a). This space provides the archetypal Euclidean space, wherein length
and angles occur in the usual sense. In Panel (A), Pythagoras’s theorem shows that
|z|| = v/2% + 23 = a coincides with the traditional understanding of length. Panel (B)
illustrates the relations ||y — z||*> = a* + ¢, |ly||* = a®* + V?, ||z|| = b+ ¢, and thereby
b= (x,y)/||z]]. Figure 2.2 ties b to the cosine of the (small) angle 6 between x and y.
Its panel (A) illustrates the cosine of the (small) angle " between a point z of length r
and the first standard basis element e;. Therein, dropping a perpendicular from z to
the first coordinate axis yields a right triangle such that the length of its leg adjacent
to 0" equals rcos@’. A comparison with panel (B) of figure 2.1 shows that the cosine
of 6 equals cos@ = b/v/a? + b> = b/||y||, and therefore one has cos8||z||||y|| = (x,y).

Figure 2.2 also contains a geometric characterization of the sine and tangent of 6’. In
particular, the relation cos?# + sin® 6 = a?/||y||*> + */||y]|*> = 1 is notable.

If x, y are nonzero, then the relation cosé||z||||y|| = (x,y) determines the value of the
angle . Panel (A) of figure 2.2 shows that a (small) angle ¢’ is an element of [0, 7]. As z
moves along the upper half of the r-sphere in counterclockwise direction, cos @’ decreases
steadily from 1 to —1. More specifically, cos is continuous and monotone decreasing—thus
bijective—on [0, 7]. The neighboring panel (B) shows the relevant part of its graph. The
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Figure 2.2
The figure shows the geometric significance of the functions cos, sin, tan and their graphs
on the intervals [0, 7], [0, 7], and [0,7/2), respectively. Panel (A) expresses the cosine of the
angle 6’ between a point z of length r and the first standard basis element e; in terms of the
first coordinate of z with respect to the standard basis. The sine sin § and tangent tan 6 exhibit
similar representations. Panel (B) contains parts of the graphs of the resulting continuous
functions cos, sin, and tan on the above mentioned intervals.

latter indicates that the equalities (z,y) = ||z||||ly]| and (z,y) = —||=||||y|| occur if and
only if z and y reside on the same line through the origin. Moreover, an angle of 7/2 is
tantamount to (x,y) = 0. Then z and y are said to be orthogonal, and this term is also
applied if 4 = 0. Thereby 0 becomes the sole element being orthogonal to all z € R2.

The relation of («, «) with the geometric concepts of length and angles in R? allows
to transport these notions to more general spaces W. Bijective linear maps () with
(Qc, Q) = (¢, ) for any two points ¢, —so-called unitary maps—provide the bridge.

Section 2.2.2 constructs a unitary map @ from R”" to an abstract h dimensional
Euclidean space V. Consequently, two elements z,y of an at least two dimensional
Euclidean space W may be identified with their preimages under a unitary map @
from R? to a two dimensional superspace V of their span span{z, y}. Then, the equality
(r,y) = (Q'z,Q'y) suggest thinking of ||z| = v/(z,z) = [|Q@ 'z|| and the num-
ber 6, which is defined for nonzero elements x,y by cosé||z|/||y|| = (z,y), as the length
of z and the (small) angle between x and y, respectively. This identification forces two
dimensional subspaces of W to resemble the geometry of R

2.2. Unitary maps
2.2.1. Orthonormal bases

The interpretation of (e, «) and || «|| in section 2.1 characterizes unitary maps as linear
bijections preserving length and angles. The polarization identity (x,y) = (||z + y||* —
|z — y||?) /4 shows that the preservation of length implies preservation of angles.
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The sequence of preimages Q 'y1, ..., Q 'y, of Euclidean space elements vy, ...,
yr under a unitary map @ forms a representation of yy, ..., yp. Economy of notation
excuses using this term for the composition Q'Y in connection with the linear map Y =
[y1 -+ yk|. The identity map on any Euclidean space is unitary; the same applies to the
inverse of any unitary map and the composition of any two suitable unitary maps.

Let V be a h(> 1) dimensional Euclidean space and @Q be unitary from R" to V. Then
Q lies in V*" and its columns—the images ¢; = Qe; of the standard basis elements e,

.., e, of R" under Q—exhibit unit length and are pairwise orthogonal. Conversely, if
qi, - .., q), are pairwise orthogonal and of unit length, then (3, , ¢;q},> .., ciql) = (¢, )
ensures linear independence of ¢}, ..., ¢), and identifies Q' = [¢] --- ¢] as a unitary map
from R to V' = span{q}, ..., q,}. In particular, this sequence forms a basis of V', and
¢, = Q'e; may be thought of as (perpendicular) coordinate axes in V.

Such bases—consisting of unit length and pairwise orthogonal elements—are called
orthonormal basis. The standard bases in (a), (b), and (c) are of this kind. Therein, the
standard basis of S™ C R™*™ may be grown into another orthonormal basis of R™*™
by adding the m(m — 1)/2 elements B; ; = (B;; — B;i)/V/2, j < i. The latter span the
space of skew-symmetric matrices, that is, quadratic matrices A with AT = —A.

Section 2.2.2 presents a recipe—called Gram-Schmidt orthogonalization—for the ex-
traction of an orthonormal basis of a h dimensional space from a spanning sequence y,

.., Yp. Lemma 2.2 summarizes this finding. Its statement relies on the concept of a row
echelon matriz R € R"™*. Such matrices satisfy I, = {j < k|r;; # 0} #0, i < h, and
inf I; < inf I,,1, i < h. Thus, h < k, and the rows of R—interpreted as elements of R¥—
are linearly independent. If vy, ..., y; form a basis, that is, h = k, then R is an upper
triangular matriz—its entries satisfy r; ; = 0if i > j—with nonnegative diagonal entries.

Lemma 2.2. Let yy, ..., yr be a nontrivial sequence of Fuclidean space elements, that
is, with y; # 0 for at least one j < k, spanning a h(> 1) dimensional space V. There
exists an orthonormal basis q1, ..., qn of V and a row echelon matrix R such that

Yr Y2 Yh Yk
dﬁ]ﬂ(}tes d(;l]sﬂ;o'tes O§ d;bn@teﬁ O§ dﬁ/n()zt’es OS
00T 0" 00" 00"
— — — with resp.
T11 2. 7“1&‘...‘7“1*;‘ } to qu
o9 | ... |Top T2k with resp.
— to qo
Ly = 1 qn
[y ye] = la an) 99
Y Q
with resp.
T R &
Pk ‘ ‘ hk ‘ } to qp,
R

2.2.2. Gram-Schmidt orthogonalization

The discussion initially stresses geometric intuition and considers linearly independent
x,y € R? and z,y, 2 € R3 for clarity. The general case is tackled afterwards.
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Figure 2.3
The figure illustrates the sequential construction of an orthonormal basis. Panel (A) considers
a basis  and y of R2. The transformation has two steps: first x is scaled to form an
orthonormal basis of span{x}; then 7 is determined as the part of y orthogonal to span{xz};
a final scaling to obtain §/a completes the orthogonalization. Panel (B) to (D) repeat this
construction in a recursive manner to transform a basis x, y and z of R? into an orthonormal
basis a1 = o/ |2ll, g2 = 7/13ll, and g = 3/|1Z| of that space.

Panel (B) of figure 2.1 suggests how to construct ¢; and ¢, from an arbitrary basis z, y
of R2. 1In fact, the second basis element y equals the sum of a multiple of z with
length b > 0 and an element y of length a > 0, which is orthogonal to x. Thus, x
and ¢ provide suitable elements ¢; and ¢y up to scaling. Panel (A) of figure 2.3 extends
panel (B) in figure 2.1 to illustrate this approach. Therein, z is scaled to ¢; = x/||z||; the
alternative choice —z/||z|| is not displayed. Subsequently, panel (A) decomposes y into
two mutually orthogonal parts § € span{x} = span{q; } and an element 7 of (span{z})*.
The first part equals 71 2¢1, wherein 7 5 € R is given by ||r12q1]| = m12 =b = (q1,y) as
in section 2.1. Consequently, the second part results as § = y — ¢1(q1, y) with length a,
which reveals the two possible choices ¢ = +7/a and ¢go = —7/a for extending ¢; to an
orthonormal basis of span{z,y}. Panel (A) presents the case ¢go = ¢/a = 7/||y]|-

Every element of R? has a unique representation as the sum of an element of span{q; }

22



and one from span{¢y}. In this sense, span{q,} complements span{q,} = span{z} in
R% An analogous consideration identifies span{y} as another complement of span{z}.
However, each element of span{gy} is orthogonal to every element of span{q;}, and it
is the only complement with this property. Speaking of span{g,} as the orthogonal
complement (span{x})* of span{z} in R? is therefore legitimate. This subspace relation
exhibits symmetry to the extend that ((span{x})l)L = span{g}* = span{z}.

Pythagoras’s theorem guarantees the inequality ||y — 3|l < ||y — z|| in panel (B) of fig-
ure 2.1. The latter remains valid if z is replaced by any element of span{x}; it is strict un-
less one chooses 3 as a replacement, which uniquely characterizes ¢. In addition, the use
of Pythagoras’s theorem implies that § € span{z} together with § = y—7 € (span{z})*
offers an equivalent characterization. The latter endows y with its name orthogonal pro-
jection of y onto span{z}. The symmetry of the second characterization ensures that
the residual § equals the orthogonal projection of y onto (span{z})* = span{¢,}.

Panel (B) to (D) of figure 2.3 extend the procedure of panel (A), including the concept
of orthogonal complement and projection, to R®. This extension comprises three major
steps each turning a further element of a basis z,y, z into one of ¢y, g2, g3. The first two
major steps—shown in panel (B)—replicate the R? version of the construction process:
the first major step provides ¢; by scaling x; the second major step consists of an
orthogonalization step to obtain § =y — ¢1(q1,y) and thereby ¢ = 3/||7]].

Panel (C) brings in z only after an orthonormal basis ¢1, s of span{z,y} has been
found. Two orthogonalization steps follow. The first relieves z from its dependence
with z yielding Z = 2z — ¢1(q1, z). The two points 7 and Z form a basis of (span{z})* =
{(z, +) = 0}. The intermediate residual  equals the sum of Z = ¢,(g, z) € (span{z})*n
span{j} and Z = % — Z € (span{z})" N (span{§})*. The second summand Z =
Z — qo(qo, 2) # 0 spans (span{z,y})*. Scaling the latter to unit length completes the
construction of ¢3. The individual steps of this orthogonalization are confined to two
dimensional subspaces. Figure 2.3 highlights these subspaces by dashed lines.

The generalization <2.3> to k linearly independent elements v, ..., y; of a Euclidean
space W yields an orthonormal basis ¢, . .., ¢, of their span. In addition, one obtains for
each j < k a coordinate vector r; = (ry;,...,7;;,0,...0)—shown in <2.2>—of y; with

respect to that basis. The construction requires £ major steps, which are indexed by j
and consist of j —1 orthogonalization steps—indexed by i—alongside a final scaling step.

i =y, i<k

2 forj=1,...k

3 fori=1,...,j—1

4 rij = (¢ §§'i71)> <2.3>
5 ~]@ = ﬂ;i_l) — T4

; rig = g7

7 G =" "/

The sign in line 6 of <2.3> may be chosen at will. The choice affects the outcome as
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(1)
J

is therefore nonzero. Consequently, ng(] b || # 0 and the final division is uncontroversial.
The unit length elements ¢y, ..., qx generated by line 7 are linear combinations of y,
.., Yg. Furthermore, the construction ensures that for 1 < j < j' < k one has

equals a linear combination of i, ..., y; with at least one nonzero coordinate and

(5:97) = (09" = a5la 377 = a0 ) = g g ) =0, <245
In terms of the above vocabulary, the equalities <2.4> identify gjj(.i)l, . ,gj,ij ), ] <k, as
elements of the orthogonal complement of span{qi,...,q;} = span{yi,...,y;}. In fact,
these residuals equal the orthogonal projections of y;11, ..., yx onto (span{yy,...,y;})*
and form a basis of this orthogonal complement in span{yi, ..., yx}. Subsequently con-
structed basis elements ¢;41,. .., ¢ are linear combinations of yj](-fr)l, e ,gj,(j ), thus, also
lie in the orthogonal complement (span{qi,...,q;})* of span{q,...,q;}.
Lemma 2.2 allows linear dependence between ¥y, ..., yx. In that case, a zero resid-

ual g](.j Y oceurs in at least one major step. The latter indicates that the j-th element y;
does not add to span{yi, ..., yx} in the given order and should be omitted in the basis
construction. Setting ¢; = 0 and thereby r;, = 0, k > j, effectively skips y; and avoids
the use of a further indexing variable. Replacing the seventh line of <2.3> by

7 if Tj,j =0

8 q]' = O

9 else

~(7—1

10 G =37 /ri
implements this approach. In this form, the procedure generates a preliminary sequence
1, - - -, @ of mutually orthogonal elements of W and a corresponding k X k upper trian-
gular matrix R. The h nonzero g; are of unit length and form a basis of span{yi, ..., Yk}

The zero g; correspond to zero rows in the coordinate matrix R. Dropping these zero
elements ¢; and the corresponding rows in R yields a representation as in <2.2>.

2.3. Projectors

An orthonormal basis ¢, ..., g, of a h dimensional subspace V' of a Euclidean space W
yields the closed form expression ) ,_, ¢;(¢;, z) for the orthogonal projection & of x € W
onto V. As an example, the standard basis Bm-, i < j, of S"—see (c) of section 2.1.1—
identifies the orthogonal projection A of A € R™™ onto S™ as > i<i<m B; j(B;j, A) =
(A + AT)/2. Alternatively, the orthogonal projection is uniquely defined as the best
approximation of x in V' in the sense that £ € V and ||z — 2| < ||z — /|| for all 2’ € V.
In particular, the projection  equals z if and only if z is itself an element of V.

The approximation error & = x — Z is called the residual of that projection. It lies
in the orthogonal complement V+ = Nyey{(y, +) =0} of V in W. The skew-symmetric
residual (A — AT)/2 from orthogonally projecting A € R™ ™ onto S™ exemplifies this
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Figure 2.4
The figure illustrates the projection onto a subspace V of R? along its orthogonal comple-
ment V+ as well as another complement U of V in R3. Panel (A) shows the two resulting
projections £y and &y, for some x ¢ V. Panel (B) introduces another element y such that
x4y € V. The latter is projected onto V along V= as well as onto V along U.

inclusion. Symmetry and bilinearity of (s, «) ensure that V' is a subspace with V =
(V1)L Moreover, the second equality in ||z —2'||?> = ||[2+7 —2'||* = ||z —Z|*+]||7 — 2’|,
which holds whenever 2/ € V+, shows that Z provides the orthogonal projection of x
onto V. The equality Y, . Bi;(B;;, A) = (A — AT)/2 verifies this equivalence. The
above definitions and observations generalize the geometric discussion of section 2.2.2.
The linear map « = )., ¢;(q;, ») is called the orthogonal projector onto V. The
alternative notation sy highlights the target space V if its clarification is needed; the
operator-type expression Py provides yet another alternative. The meaning of vy is in
analogy, which generates the identity sy = « 1. The equality ||z||*> = ||Z||*+||Z||* proves
that orthogonal projectors are contractions, that is, ||Zy| < ||z]| for all x € W. The
tdempotence of orthogonal projectors, that is, P, Py = Py, follows from img P, = V.
The subspace V+ is complementary to V in the sense that every x € W exhibits a
unique decomposition & = &y + 2. with 2y € V and 2,0 = Zy € V1. In analogy,
another subspace U of W is complementary to V (in W) if every z € W features a
unique representation r = Iy, + Ty vy with Zy,y € V and 2y)y € U. This relation
between two subspaces holds if and only if their sum U+V ={u+v|u € Uv € V}—a
subspace of W-—coincides with W and their intersection UNV—another subspace of W—
equals {0}. Then, the subspace U is called a complement of V' (in W). Furthermore,
this relation between V and U implies that the orthogonal complement U+ complements
V1, and that dim W = dim V +dim U. In particular, all complements of V possess the
same dimension, which is also referred to as the codimension codimV of V' (in W).
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Every pair U, V' of complementary subspaces comes with two associated projections:
the oblique projection Tv,;y € V of v € W onto V along U and the oblique projec-
tion 27/ € U onto U along V. The latter are defined through the unique decomposition
r = Tyy + Tyyv of x associated with the two complementary subspaces; panel (A) of
figure 2.4 justifies the geometric naming. The associated residuals reflect the symmetry
of this definition via Zy,;y = * — Ty,y = Tyv and Ty)y = v — Ty)v = Tyyu, respectively.

The corresponding oblique projectors s v,y = Py and « )y = Py y—either of which
is denoted by «, if V and U as well as their role is clear from the context—are linear
and idempotent. Moreover, one has the equalities V' = img Py = ker Py and U =
img Py v = ker Pyy, respectively, wherein the image img F' and kernel ker I of a linear
map F' on W are given by the subspaces {Fz |z € W} and {F = 0}, respectively.
Finally, every linear and idempotent map W — W equals an oblique projector. In
particular, an orthogonal projector P is an oblique projector with img P = (ker P)=.

Figure 2.4 exemplifies the actions of the orthogonal projector ¢ onto a two dimen-
sional subspace V of R? as well as the projector «y,y onto the same space but along a
complement U # V= in R?. Tts panel (A) shows the respective projections &y and Zy,y
of some x ¢ V. In particular, while 2y and 2y, are both elements of V', the orthogo-
nal projection provides the closer substitute to x in terms of ||+ ||. This property rests
on Pythagoras’s theorem, that is, the relation ||z|| = y/(z,x) is essential. Panel (B)
concerns the linearity and (a consequence of) the idempotency of projectors. More
specifically, two points = and y such that z 4+ y € V are projected onto V along V+ as
well as onto V along U. The sum of either pair of projections along the same complement
equals the respective projection of the sum, which equals r +y asz+y € V.

For notational convenience, the composition Py X = [#; --- Z,] will subsequently be
symbolized by Xy = X, wherein the latter is used only if the linear space V' is clear from
the context. Similarly, the two terms XV/U and X / replace the composition Py X.

2.4. Gramians
2.4.1. Inner product matrices

The k x ¢ matrix (Y, X) with 4, j-th entry (y;, x;) summarizes the geometric relations
between two column sequences vy, ..., y, and z1, ..., z, in a Euclidean space W. If
k = g, then the inner product (s, «) on W** equals the trace tr {., «); in particular,
(e,¢) = (e, s) for k =g =1 If W = R™, then the equality (A4, «) = AT mimics
{a, «) = a'. More generally, the similar appearance of (s, «) and (e, «) acknowledges
the overlap of the respective feature sets of («, ) and (., «): firstly, every instance
of («,«)—defined on W** x W>*%—is bilinear; secondly, it exhibits symmetry to the
extend that (X,Y) = (Y, X)"; thirdly, the Gramian (Y,Y) of Y = [y --- y] —or ‘of
Y1, ..., Yr —Iis positive semidefinite, that is (a, (Y, Y)a) > 0 for all a € R*.

The final property follows from (a, (Y, Y )a) = ||Y al|?, which also implies ker (YY) =
ker Y. Thus, positive definiteness of (Y,Y)—(a,(Y,Y)a) > 0 for all a # 0—is tanta-
mount to ker Y = {0}. Furthermore, ker (Y, «) = (img Y)*, and (Y,Y) € S¥ guarantees
{Y,Y)a,b) = (a,(Y,Y)b), a,b € R¥, which leads to img (Y, +) = img (Y, Y) = (ker V).
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Example (e) in section 2.1 has its own customary nomenclature and notation regarding
inner product matrices and more specifically Gramians. In this example,

(e) the functions yy, ..., yx and x1, .. ., x, are P-square integrable random variables de-
fined on a probability space (2, F,P). The random vectorsy = (y1,...,yx) and x =
(21,...,1,), that is, F/R/-measurable functions Q 3> w — (z1(w),...,z/(w)) € R’
with R? symbolizing the Borel o-field of the norm topology on R’, allow the al-
ternative representation ¢ — y'c and ¢ — x"c of the linear maps Y = [y -+ yp]
and X = [z; --- x,], respectively. Moreover, the inner product (., ) defined
on W = img[1Y X]—after adjusting the representation as in appendix 2.a if
needed—has the form of the P-ezpectation (x,y) = Exy = [ z(w)y(w)P(w) of the
pointwise product xy of x,y € W. Herein, 1 denotes the constant function w — 1.

Consequently, the inner product matrix (Y, X') and the Gramian (Y, Y’) equal EyxT
and Eyy', respectively. Therein, the expectations of the random matrices yx'
and yyT, that is, F/R4>*%_measurable maps Q — R4*% with d;,d, € N as well
as R4*42 symbolizing the Borel o-field of the respective norm topology, are defined
entry-wise, that is, Ey;x; = (y;, z;) provides the 4, j-th entry of EyzT.

The projection of z € W onto the subspace span{1} of W equals the expectation
or mean (1,z)1 = Ez of z. The latter equality implicitly identifies a function of
the type w — ¢ with ¢ € R; this convention is applied throughout the text. The
corresponding residual z — Ez embodies the part of z that varies across different
arguments w; its squared length E(z—Ez)? = var(z) is therefore called the variance
of z. The Gramian of the residuals y; — Eyy, ..., yr — Ey, provides the variance
matriz var(y) of the sequence v, ..., yx or (equivalently) the random vector y.

Gramians succinctly summarize the superiority of the composition Xy of the linear
map X = [z; --- x,] with the orthogonal projector onto a subspace V' of W over the
composition XV/U of X with the oblique pl“Q]GCtOI‘ onto V' along a complement U # V+.
More specifically, the residual maps Xy = X = X — X and XV/U =X ) =X— X / satisfy

(a,{X;, X )a) = | Xa+ Xa— Xa|* = (a,{X, X)a) + | (Py — Pyjy)Xal* <25>

for all @ € R?. This equality directly follows from the linearity of projectors and the
connection ||z|| = /(x,z). A general comment on the role of the latter is in order.
Complementary subspaces and oblique projectors are purely linear concepts in the
sense that these notions are meaningful in the absence of a norm or an inner product.
The inner product (e, «) or—by polarization—its induced norm determines the mean-
ing of orthogonality. It thereby singles out a specific complement V+ of a subspace V
of W and a single projector Py = Pyy1 onto V' as the orthogonal complement of V'
and orthogonal projector onto V', respectively. This projector enjoys the || « ||-optimality
in <2.5>. A different inner product (., «) on W gives rise to another Euclidean space
usually with a different complement V++ and projector Py 1. being the orthogonal ones.
However, within the space (W, («, «)) the projector Py, .. is (in general) merely oblique.
This consideration of alternative inner products (s, «), provides an important source
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of oblique projectors in this text and facilitates the associated computations as itera-
tive schemes as in section 2.2.2 become applicable. Section 4.2.2 continues this line of
argument. Sections 4.1.1 and 4.2.1 further investigate the final summand in <2.5>.

An inner product (., «) on W endows every sequence yi, ..., y, with a Gramian
(Y,Y), that is, a positive semidefinite element of S*¥ with kernel kerY. Lemma 2.3
provides a converse statement and an important source of further inner products (e, «)_
on span{yi, ..., yx}. A proof of this assertion starts on page 40 in appendix 2.b.

Lemma 2.3. If G € SF is positive semidefinite and ker G = ker Y, then there exists an
inner product (e, «), on span{yi,...,yp} with (Y;, Y;)« = gi ;-

The required kernel equality in lemma 2.3 is tantamount to img (Y, «) = (ker Y)+ =
(ker G)* = imgG. In particular, every row Y(w) = (y1(w),...,y(w)) € R¥ of ¥
exhibits a representation of the form (Y, Q)c, wherein @ € imgY™*" is (., « )-unitary
with columns ¢y, ..., ¢, and ¢ = (q1 (W), ... ,qh(w)). Therefore, the kernel condition in
lemma 2.3 requires the column space img G of GG to contain all rows of Y.

Lemma 2.2 yields a Cholesky decomposition of the Gramian (YY), that is,

‘ T1,1 ‘
<ylay1> <y1>yk> : 11 - ‘Tl,h s | Tk
= ‘Tl,h Th,h‘ ‘
(Yrov1) - Yk, Ur) oot ‘Th,h <o+ [ Thik
‘ "k --- Thik
Gramian (Y,Y) Cholesky factor R

Here, matrices R as in lemma 2.2 are referred to as Cholesky factors. Section 2.4.2 recov-
ers such factors directly from (Y,Y’) via an implicit Gram-Schmidt orthogonalization.

As a corollary to lemma 2.3, there exists a Euclidean space V with inner prod-
uct (e, «), and a spanning sequence yi, ...,y € V such that (y;, y;) = ¢;; corresponding
to any positive semidefinite matrix G € S¥. In fact, the columns g, ..., gi of G span
a subspace of R¥, and the kernel equality required by lemma 2.3 holds trivially. Con-
sequently, the factorization process in section 2.4.2 finishes successfully whenever it is
applied to a (nonzero) symmetric and positive semidefinite matrix.

2.4.2. Cholesky factorization

This sections considers a nontrivial sequence i, ..., yr with ¥ = [y; --- yx] and
Gramian (Y,Y). In this case, the Cholesky factorization comprises k£ major steps and a
final reduction. The j-th of these steps parallels the j-th major step of a Gram-Schmidt
orthogonalization. It transforms the j-th row of the Gramian (Y,Y’) to the j-th row of
a preliminary upper triangular matrix R using the first 5 — 1 rows of the latter matrix.
To this end, it employs a sequence of triangularization steps—paralleling the orthogo-
nalization steps in the Gram-Schmidt orthogonalization—and a scaling step. If needed,
the reduction extracts a row echelon matrix R from R; otherwise R = R.
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The first major step of a Gram-Schmidt orthogonalization considers y; alone, thus,
includes no initial orthogonalization steps. In case y; # 0, it scales y; to obtain ¢; =
y1/T11, wherein 717 = %y ]|; if y1 = 0, it concludes with ¢, = 0, 7,1 = 0. Based
on G, the calculation of the coordinates 7, = (G1,ve), 2 < ¢ < k, is straightforward
and is deferred to the second to k-th major step, respectively. In comparison, the first
major step of the factorization considers merely the first row of the Gramian (Y,Y’).
No triangularization is required as upper triangularity places no constraints on the first
row of R. The case (y1,y1) = 0 implies (y1,y;) = 0 for 2 < j < k and—as the first row
of (Y,Y) already equals that of R—requires no action. Conversely, if (y1, %) > 0, then
the equality 77, = (y1,%1) implies 711 = =£||z1]|. Thus, the first major step concludes
with scaling the second to k-th entry of the first row of (Y,Y) by 1/7; to obtain the
elements 71 o = (y1,ye) /711 = (@1, Ye), ¢ > 2, of the first row of the preliminary matrix R.

The j(> 1)-th major step of a Gram-Schmidt orthogonalization completes the or-
thogonalization of vy, ..., y; starting from ¢, ..., gj—1, y;. On the way it obtains the
jQ i necessary. In compar-
ison, the j-th major step of the factorization calculates the j-th row of R based on its
top j — 1 rows and the j-th row (y;,Y) of (Y,Y). It starts with j — 1 triangulariza-
tion steps—paralleling the above orthogonalization steps—to eliminate the initial j — 1
entries of (y;,Y) and finally scales the reduced row; a visual outline is given in <2.6>.

coordinates 7 j,...,7;_1,; and finally finishes by scaling g

7171 7_’172 e 7_’17]‘,1 Fl,j e fl,k a4
=] B
o — — — — ]
'% 7"272 e 7"27]',1 7”2"7' e 7’27k g
N o
< -
— 0 . o
B2 E 2
< Rofiey . — = = — <26>
E: 53 Ege ,Tim1g-1 Ti-ig o --o Ti-ik b
- T |8 2 (
173} =] o o»m
— [N} N
. A ay g ) Jth row
Wiy1) Wisv2) - Winyie) WY - (YY) } of (YY)

More specifically, the first triangularization step subtracts 7, ; times the first row of R
from the final row in <2.6>. Thus, the /-th transformed entry equals

(Yj> Ye) — T13T1e = (Yj, Ye) — T1,5(q1, Ye)
_ (1 ~(1) ~(1) |, - - ~(1) ~(1

= (y; — @rrgoye) = G v = @V, 50 + @) = @, 5, <27>
wherein the notation is borrowed from <2.3>: ngl) symbolizes the residual from orthog-
onally projecting ys, s < k, onto span{y; }. In particular, the equality g?’ = 0 ensures
that the first element of the final row in <2.6> disappears. The following triangular-
ization steps are in analogy and implement the orthogonalization against s, ..., y;—1.
Hence, these steps turn the final row of <2.6> into

(i—1) ~(j—1 _(G=1) ~(j—1 (1) ~(j—1
<O 0 ... 0 (y§j ),y](j )> (yj(] ),yﬁl)) (yj(] ),y,(j ))) <2.8>
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If y; € span{yi,...,y;—1}, thus gj](-j_l) = 0, then the row in <2.8> equals zero, that

is, the j-th row of a preliminary upper triangular matrix R produced during a Gram-
Schmidt orthogonalization. Consequently, the procedure may advance to the next major
step. An alternative given in <2.9> multiplies this zero row by zero to endow every major
step with a scaling operation. The case g]](»] b = 0 allows one of the two possible choices
Tj; = iHﬂ](-j*l)H. Subsequently, scaling <2.8> by 1/7;; to obtain 7;, = <q_j,g]éj71)> =
(gj](-j _1), géj _1)> /7;; is meaningful and concludes the construction of the j-th row of R.

An complete description is given in display <2.9>. Therein, major steps are indexed
by 7, triangularization steps by ¢, and elements of the current row—the final row in <2.6>
at the start of the j-th major step—by ¢. This indexing parallels the above discussion.
If the equality ¥ = h = 1kY holds, that is, kerY = ker (Y,Y) = {0}, then R is
upper triangular with nonzero diagonal elements, thus, of row echelon form. Otherwise,
dropping the zero rows of R yields a Cholesky factor R as in lemma 2.2.

) =y i<k

2 forj=1,... )k

3 fori=1,...,5—1

4 for/=1,... k

; P = — T
‘ if 770 £ 0 <2.9>
: sy = ()

8 else

9 S = 0

10 for/=1,... )k

i e =70,

The factorization <2.9> applies the same operations to the rows of (Y, Y’) to obtain R
as a Gram-Schmidt orthogonalization with corresponding sign choices executes on the
columns of Y = [y; -+ yx| to obtain Q. The first part of <2.7> and the scaling applied
to <2.8> exemplify this observation. Viewing the factorization as a sequence of pre-
multiplications with suitable matrix factors yields a concise statement. For example,

1 1 1 1
Ly — 1 - 1 1 1
—T1353 —T23S83 83 53 —ra3 1 —T13 1
implements the third major step of <2.9> for & = 3. The first and second major
step exhibit analogous factors L; and Lo, respectively, leading to L3LoLi{Y)Y) = R.

The general case (Y, Y)_E RF** uses k lower triangular factors Li, ..., L; such that
LyLp_1---Li{Y,Y) = R. The reduction step amounts to a factor L,,; € R*** with
TOWS €;,, ..., €;,, Wherein e, denotes the /-th standard basis element of R¥ and i1 < iy <
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--- < 15 represent the indexes corresponding to nonzero rows in R. Using this notation

o - LiLy L] = [0 @2 -G Yjer - k), J <k, and
@ - @l L = o @]

is a restatement of the above Gram-Schmidt orthogonalization.

2.5. Singular values

2.5.1. Singular value decomposition

If Y € W** has rank h > 0, then compactness of (kerY): N {|l«|| = 1} # @ and
continuity of ||Y «|| guarantee the existence of a unit length h-th right singular vec-
tor v, € (kerY')* such that o), = inf,ceryytne =13 /|[Y 0[] = [[Yon| > 0. Scaling the
image Yv, to unit length generates the corresponding left singular vector uj, = a;leh
of Y. Then, the kernel of Y’ =Y — ogjup(vy, «) equals the sum kerY + span{v,} =
{v+v'|v €kerY,v € span{v,}} of kerY and span{v,}—a k —rkY + 1 dimensional
subspace of R*. As a consequence, the rank rk Y’ of Y’ equals rkY — 1.

If tkY = h > 1, then the reduced map Y’ features (ker Y’)* = {0}. The latter
allows to construct a further left singular vector u;,_; of the form cr,;llY’ VUp—1, Wherein
on1 = infyceryninge =ty IY' 0| = [[Y'04_1|| > o > 0. If several choices for v,—
except the trivial —v,—exist, then v,_; and thereby u,_1 = Y'v,_1 = Yv,_1 depend
on the choice of v,. In any case, orthogonality of v, and v,_; is guaranteed by the
construction. Moreover, minimality of o}, requires u;, € (imgY”’)*. In fact, the residual
from orthogonally projecting o,u;, = Yvy, onto span{Y v} for any v € (ker Y’)* equals

Ye=Y v v] (—<Y’U,Y?ih>/\|Y’vH2)

and—by Pythagoras’s theorem—has length not exceeding o,. In addition, the length
of the coordinate vector ¢ in the preceding display exceeds one unless (Y'v,Yv,) =
on(Y'v,up) = 0. Hence, the converse contradicts minimality of o,.

This argument exemplifies the geometric principle underlying the present construction:
the linear combinations c;x + coy of two linearly independent elements x and y with
|(¢1,¢2)|| = 1 form an ellipse. Furthermore, if (= Yv) and y(= Yvy,) are not orthogonal,
then neither of the two equals the shortest principal semi-axis of that ellipse. Thus, there
exists a unit length ¢ € R? with |[e;z 4+ coy|| < min{||z||, ly||}. Figure 2.5 illustrates
this observation and the above construction. That is, if ||z| exceeds ||y||, then scaling
the residual g from orthogonally projecting y onto span{x} yields a point on the ellipse,
whose length provides a close substitute to the length oy of the shorter semi-axis.

If A > 2, then the process continues in analogy. The h-th step yields a zero reduced
map of the form Y —> ., o,u;(v;, «) and thereby a representation Y = ., o;u;(v;, «),
wherein wuq, ..., uy and vy, ..., v form orthonormal bases of imgy and (ker Y)*,
respectively. The associated scaling constants oy > g > -+ > 05, > 0 are called
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(span{z})+

span{z}

S cn (i, ®)?/o3=1}

g1Uy

Figure 2.5
The figure illustrates that the set of images {[x y] c| ||c|| = 1} of unit length ¢ € R? under [z y]
forms an ellipse {3, 5 (u;, »)?/0? = 1} with principal semi-axes oyu; and oaus. Moreover,
the residual § from orthogonally projecting y onto span{z} lies outside of that ellipse.

singular values . Accordingly, the representation Y = )., o;u;(v;, «) is referred to as

a singular value decomposition of Y. The latter generalizes figure 2.5: the set of images
{Yellle|l = 1} of unit length vectors ¢ € R* forms an ellipse {}, ;. (u;, +)*/07 = 1},

2.5.2. Unitarily invariant norms

Singular vectors of an element Y € W** may not be unique. In contrast, the singular
values of Y are uniquely determined via o = inf x cypxr 1k x <j SUPj =1 | (Y — X)u||, j <
h =rkY. Firstly, the latter expression cannot exceed o as X = 37, . oyu;(v;, ) € W**
has rank j — 1 and sup,[|(Y — X)ul| = ;. Secondly, if X € W>** has rank less
than j, then Xwvy, ..., Xvj, wherein vy, ..., v; provide (an initial stretch of a sequence
of) right singular vectors of Y—as constructed in section 2.5.1, are j elements of the
7—1 dimensional space img X and therefore exhibit linear dependence. Thus, there exists
a unit length element v € span{vy,...,v;} Nker X and consequently [|(Y — X)v| > o;.

The notation o1(Y),...,0,(Y") highlights the uniqueness implied by the approxima-
tion error characterization. In addition, the latter suggest setting op41(Y) = -+ =
0,(Y) = 0 and implies the invariance of singular values to composition—from left or
right—with suitable unitary maps. The most important elements of the singular value
sequence oy, ..., o are the maximal and least nonzero singular value and thereby
deserve their own special symbols 01 = omax and oj, = opmin 20, respectively.

Several norms on W** (and thus R™**) measure the length of an element Y € W>**
in terms of its singular values. Such norms are invariant to composition with unitary
maps and are therefore called unitarily invariant. The relevant examples include

(dy) the Frobenius norm of Y € W** defined by [|Y]| = (Y,Y)"/?—see (d) in section
2.1.3—equals the square-root of 3=, o7 (Y);

(d2) the operator norm [|Y||op = supy.—;[|Yc|| coincides with opay(Y); and,

(d3) lastly, the sum »,, 0i(Y") supplies the nuclear norm [|Y |lme of Y.
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The triangle inequality for the nuclear norm mue follows from its characterization
as the dual norm of || « ||op. In general, the dual norm of an arbitrary norm || « ||’ on a Eu-
clidean space is given by sup,.—,(z, +). Section 2.1.3 shows that ||z| = (x,z)'/? equals
its own dual, which implies the Cauchy-Schwarz inequality |(x,y)| < [|z||||y||. More
generally, one has [(x,y)| < (supj.j—(z,y))[lz[/". This inequality suggests a symmetric
relation. In fact, the norm ||« [|" equals the dual norm of sup,._(z, «).

The nuclear norm || « ||auc in (ds) satisfies (Y, X) = > .., 03 (u;, Xv;) <., 0; when-
ever || X|lop = 1 and Y = Y., osu;{v;, «) represents a singular value decomposition
of Y. Equality holds for X = >"._, u;{(v;, +). Thus, aue and op are duals. The
resulting inequality |(Y, X)| < ||Y [lopl| X ||auc can be refined using the representation

WXk oY = Z aiui@i, 0> = Z (O’i - 0i+1>zuj<vja °> = Z CZ'Y;‘

i<rkY i<rkY j<i i<rkY

wherein oy 1 = 0, ¢; = 0; — 0,11 > 0, and all singular values of Y; = ngi u;j(vj, )
are unity. If Y., + &X; is in analogy with respect to X € W**, then

(X,Y)< Y0 D agl(Vi, X< Y. ) aeymindi, )

i<rkY j<rk X i<rkY j<rk X
i<rkY j<rk X i<k

wherein B; = 3., B;; with Bj; being the j, j-th element of the standard basis of R***,

and the second step follows from op/ I * [|auc-duality. The comparison between the

leftmost and rightmost term in <2.10> is known as the von Neumann trace inequality.
Finally, the representations in (d;), (dy), and (d3) imply the inequalities

o1 1
Y <IVIP< S o= ¥ = <( ; ) , (;)>2 < kY |YIP < (kY)Y

i,j<rkY Th 1

for Y € W>**. The rank-related factors in the preceding display are for a given Y € W**,
The respective upper subspace compatibility constants—as defined in section 2.1.2—are
given by (min{dim W, k})'/? and its square—the maximum possible rank of Y € W*¥.

2.5.3. Singular space pairs

Left and right singular vectors are—at most—unique up to a sign choice. In particular,
o;u;(vj, «) remains unchanged if both u; and v; are multiplied by —1. At the other
extreme, a unitary map from R¥ to a Euclidean space W has all its singular values equal
to unity, and every orthonormal basis of R¥ may serve as its right singular vectors.
This section considers Y € W** with rkY = h > 0 to address the general case. If the
least nonzero singular value oj, of Y is attained at two unit length elements v, and v}, &
span{vy}, then the residual ¢}, from orthogonally projecting v} onto span{v,}—a linear
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combination of vy, v, —is a nonzero element of (ker Y’)%, wherein Y’ =Y — opup,(vs, «)
and wuj, symbolizes the left singular vector corresponding to wv,. Hence, this residual
provides a valid choice for v,_; in form of o} /||7}||. Consequently, (Yo;,Yv,) = 0
implies o7 = ||[Yv,||? = [|[Y0,|* + [|Y0,]]* = |[Y 0> + 02 (vp, v,)?, wherein 0} = v, —
Op, = vp(vp,v}). Hence, one has [|[Y0,||*> = o2(1 — (v}, vs)?) = o7||v,||* and thereby
op = op—1. Elements cjv, + covp—q of span{wvy, vy}, wherein v,y = 0 /||0} ]|, satisfy
1Y (crop, + covp_1)||* = 02 (c? + c3), thus, are elements of {||Y «|| = on| « ||}

Either span{uvs,vs_1} equals the latter set or that set contains an element v,_; ¢
span{vp, vn—1}. In the latter case, the residual oj,_; from orthogonally projecting v} _,
onto the span of v, and v, is nonzero and leads to a candidate ©;,_,/||0},_;|| for vs_s.
Then it follows that (Y] _;,Yv) =0 for all v € span{v, v;_1} and thereby op,_o = oy.
Hence, span{uvy, vp_1,vp—2} C {||Y ¢|| = onl| «||}. If the latter sets differ, then a further
iteration is possible. The recursion stops after m;, < h steps. It identifies {||Y «| =
onl|l+ ]|} as a subspace and generates a corresponding orthonormal basis vj—m, +1, - - - ; Up.

This recursive argument is applicable to the reduced map Y — oy, ZT:’LO_l Up—j (Up—j, o),
wherein u; again represents the left singular vector corresponding to v;, and so forth.
Eventually, these arguments construct subspaces V; = {||Y «|| = || +||}, j < s, corre-
sponding to the distinct (nonzero) singular values 4 > --- > d4(=0,) >0 of Y.

The characterization V; = {||Y «|| = 7;| ||} guarantees that these subspaces are
uniquely determined by Y. Elements v € V;, v' € Vj, i # j, are orthogonal, and the
sum Yo, Vi = {2, vilv; € Vj,j < s} of these subspaces equals (kerY)*. The
dimension dim V; supplies the multiplicity m; of &;, and therefore one has h = rkY =
ngs m;. Moreover, the images U; of Y restricted to V; satisfy U; C UjL, i # 7, and
their sum equals img Y. The pairs (V}, U;) are called the singular subspace pairs for Y.

The valid selections of right and left singular values of Y consist of arbitrarily chosen
orthonormal bases for Vj, j < s, and the corresponding scaled images, respectively.

2.5.4. Singular vectors of symmetric matrices

The symmetry of A € S™ is reflected by its singular vectors.

Lemma 2.4. If A € S™ is of rank h > 0, then there exists a choice of right singular
vectors vy, ..., vp with corresponding left singular vectors uy, ..., u, such that u; = +wv;.

A proof of lemma 2.4 starts on page 40 in appendix 2.b. This result guarantees
that the approximation error characterization, the duality relations, and inequalities in
section 2.5.2 are equally valid—and follow by the same arguments—if the symmetric
matrices are considered in isolation. In particular, any two symmetric matrices A, B €
S™ satisty (A, B) <> .., 0i(A)oi(B) < ||Allopl|Bllauc, wherein equality is possible.

A representation A =Y,_, +o,0;(v;, +) as in lemma 2.4 is called a spectral decompo-
sition of A. This expression reveals that the singular subspaces V; are sums of the two
subspaces V" = ker(g;id —A) and V;~ = ker(g;id +A) with V;" C (V;7)*.

Thus, A is of the form }_,_, 5i(PVj+ — ijf), wherein 71, ..., g5, Py, and id rep-
resent the distinct nonzero singular values of A, the orthogonal projector onto a sub-
space V' C R™ and the identity map on R™, respectively. Such (projector-based)

34

distinct
(nonzero)
singular value

sum

multiplicity

singular
subspace

spectral
decomposition



representations are unique and show that the linear space of symmetric matrices S™
provides the (C-)smallest subspace of R”*™ containing all orthogonal projectors onto
subspaces of R™. By definition, at most one of the two subspaces VjJr and V7, j < s,
may equal {0}. In particular, if A is positive semidefinite, then V;~ = {0} for all j < s
and tr A = 3",y 4 oitr(winf) = [|Allwe as tr(wu)) =30, w3, = w* = 1.

The above terminology allows a complete characterization of Y € W** such that
(Y, X) = || X|lopl|Y ||nuc for a given X € W>**. A proof starts on page 40 in appendix 2.b.

Lemma 2.5. Let X be a nonzero linear map from R¥ to a Euclidean space W and
X =Y caxoiui{vi, «) be any singular value decomposition of X, then the equality
(Y, X) = || X|lop holds for a unit ||« ||mc-length Y € Wk if and only if there exists a
positive semidefinite S € S™ with tr S =1 and

Y= (ur ot ] S(0n o v, e)

wherein my denotes the multiplicity of the largest (distinct) singular value &1 of X.

If A€ S™ and the columns u, ... ,u;,l of U and uy,... s Uy of U; form orthonor-
mal bases of V;* = ker(A F 71(A) id), respectively, then m/ 4+ m/” = m;, the multiplicity
of 31(A), and (u;, ;) as well as (u; , —u; ) provide suitable singular vector pairs. Corol-

lary 2.6—proved on page 41 in appendix 2.b—states the resulting representation.

Corollary 2.6. For every symmetric B € {||«|laec = 1} with (A, B) = ||A||op, there
exist positive semidefinite St € S™, S~ € S™ such that

B=U"S™U", ) = U S(Uy, +)
and tr ST +tr S = 1. Moreover, there exists a selection of bases such that ST and S~

are diagonal matrices, that is, all non-diagonal entries of these matrices are zero.

Comments and references

Section 2.1 Halmos (1974) covers most of the topics of section 2.1 in-depth. Note that
the usage of the term coordinates in this text is nonstandard. A more detailed treatment
of matrix norms may be found in Golub and Van Loan (2013, sec. 2.3). Vershynin (2012,
sec. 5.2.2) defines e-nets and covering numbers. Lemma 2.1 equals his lemma 5.2. At first
sight, the covering of the $-balls by { < 14 ¢/2} in the proof given in appendix 2.b
may seem overly generous. However, more refined replacements for this set do not lead
to more informative upper bounds on the covering number N({||+ || = 1}, ,E).

The presentation of Euclidean geometry in Strang (2005, chapter 3) exhibits a similar
style as section 2.1.3. Specifically, his figures 3.1a, 3.6, and 3.7 closely resemble figure 2.1
[Panel (A)], 2.3 [Panel (A)], and figure 2.1 [Panel (B)], respectively. Kailath et al. (2000,
appendix 4.A) supply the examples of section 2.1.1 except for the symmetric matrices.
Borwein and Lewis (2010, sec. 1.2) fill this gap. The matrix-like notation for linear maps
R* — V is borrowed from Morf and Kailath (1975, section IV).
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Section 2.2 The motivation of the concept of a unitary map is taken from Halmos
(1974, §73). The term representation is borrowed from Parzen (1961, def. 4A).

If y1,...,yx € R™, then Y = QR in lemma 2.2 is known as QR decomposition (Golub
and Van Loan, 2013, sec. 5.2). Bjorck (1996, sec. 2.4.2) treats several variants of Gram-
Schmidt orthogonalization. The formulation in <2.3> replicates his algorithm 2.4.4 and
is therein termed column oriented modified Gram-Schmidt process. The present treat-
ment of the case with linear dependence is nonstandard; the usual treatment (Bjorck,
1996, rem. 2.4.5) involves a rearrangement of the input sequence—called pivoting.

Section 2.3 Halmos (1974, §73, §41) provides a similar treatment of orthogonal and
oblique projectors. Furthermore, his sections §18, §19 and §20 prove the assertions
about complements. Figure 2 of Wedin (1983, p. 266) illustrates the corresponding
decomposition into two projections in similar fashion as in panel (A) of figure 2.4. The
notation for orthogonal and oblique projectors is close to Galantai (2008, sec. 2).

Section 2.4 The linear map (Y, «) (on W) amounts to the adjoint of Y (Halmos, 1974,
§44). Gramians are defined in Kailath et al. (2000, appendix 4.A, (4.A.2)). Doz et al.
(2011, sec. 3) employ Gramian substitutes to derive (associated) oblique projections.

The corollary of lemma 2.3 on the existence of a Euclidean space supporting (e, «),
is often proved by showing—by induction—that a Cholesky factorization with posi-
tive semidefinite input A finishes successfully (Trefethen and Bau, 1997, par. before
thm. 23.1). The geometric approach taken here is an elementary version of property (4)
of Aronszajn (1950, part I, sec. 2). The proof of the chosen inner product being well
defined parallels Scholkopf and Smola (2002, sec 2.2, pp. 32-33).

Golub and Van Loan (2013, sec. 4.2) treat Cholesky factorization for linearly in-
dependent vy, ..., yg, however, use the term Cholesky factor for the lower triangu-
lar RT. Their equivalent to <2.9> in Golub and Van Loan (2013, algorithm 4.2.1)—called
gaxpy Cholesky—differs accordingly. Therein, linear independence leads to a (unique)
Cholesky factor with positive diagonal entries; this is the common usage of this term.

Kailath et al. (2000, prob. 12.3) mention the version of R—the triangular matrix gen-
erated by <2.9>—with nonnegative diagonal entries but under a different name. They
also discuss the Gram-Schmidt/Cholesky correspondence in their section 4.4. Eubank
(2006, sec. 1.2.3) stresses the identical output of two very similar algorithms.

The representation of a Cholesky factorization as pre-multiplications with lower trian-
gular matrices is from Trefethen and Bau (1997, lecture 23, pp.173-174, algorithm 23.1).

Section 2.5 Anderson (1958, sec. 11.2; thm. 11.2.1) constructs (left) singular vectors
under the alternative label principal components but in opposite order. His construc-
tion treats singular values and vectors via eigen-theory; this approach is a widespread
alternative to the topics of this sections (Stewart and Sun, 1990, 1.3, 1.4).

Trefethen and Bau (1997, lecture 4) motivate the notion of a (reduced) singular value
decomposition by geometric arguments; in particular, figure 2.5 resembles their fig-
ure 4.1. Golub and Van Loan (2013, proof of thm. 2.4.1, thm. 2.4.8) justify the orthog-
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onality of uj,_; and uy in essentially the same way but in reverse direction. They refer
to the approximation error characterization of singular values as the Eckhart-Young
theorem and provide the corresponding argument.

Recht et al. (2010, sec. 2, prop. 2.1) represent the norms (d;), (ds), and (d3) using
singular values. Their section 2 also defines the concept of a dual norm and derives the
nuclear norm /operator norm duality. The nuclear norm nuc 18 also known as the trace
norm or Schatten-1-norm. The Ky-Fan-h-norm equals the sum of the h largest singular
values; thus, both ||« |[op and || «||suc are of this type. Alternative names for ||« | in (d;)
include Schatten-2-norm and Hilbert-Schmidt norm. Unitarily invariant norms are the
topic of Stewart and Sun (1990, I1.3). The proof of von Neumann trace inequality is due
to Grigorieff (1991). Stewart (1973, def. 6.1) contains a comparable, but less restrictive
notion of singular space pairs. Halmos (1974, §79, thm. 1) presents the projector-based
spectral decomposition. Lemma 2.5 amounts to theorem 4.3 of Zigtak (1988).

Appendixes Pollard (2002, ch. 2) contains the relevant results on L?-spaces. Therein,
part (iii) of Pollard (2002, ch. 2, sec. 6, lem. 26) caters the techniques used to quantify
the influence of the choice of basis element representatives.

The present approach yields a reproducing kernel Hilbert space (Scholkopf and Smola,
2002, def. 2.9). Aronszajn (1950, sec. 3) shows that for a given choice of representatives
¢, -- -, q the associated reproducing kernel is of the form K (w,w’) = .., ¢i(w)g:(w').
Its reproducing property yields the evaluation functional f,(y) = (.o, ¢:(w)gi,y),
which is implicitly used in section 2.4.1. N
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Appendix
2.a. Square integrable functions

The basic entities of the present section are p-square integrable functions defined on a common
measure space (2, F, u) with finite measure u. The geometry of the linear space spanned by
such functions derives from an inner product, whose definition relies on p-square integrability of
the respective functions not finiteness of p. In fact, if functions z and y are ,u—sgluare integrable,
then [|z(w)y(w)P(dw) < [1(2?(w) + y?(w))P(dw) as 0 < (2(w) £ y(w))” = 2[(22(w) +
y?(w))/2 £ z(w)y(w)] for every w € Q, which ensures that (s, «) is well defined as a real-
valued map. However, finiteness of p guarantees that the set £2 = £2(Q,F, u) of p-square
integrable functions on (£2, F) includes the F/R!-measurable functions—R! being the Borel o-
field of the | « |-topology—with finite range. In fact, if u is finite, then the indicators of elements
of F and thus linear combinations of the latter are u-square integrable. In particular, if y is
F/R'-measurable, then its composition with the sign function—given by sign(z) = —1,0, 1 for,
respectively, negative, zero, or positive x € R—is p-square integrable. Thus, if u is finite, then
[ly(w)|p(dw) = (y,sign(y)) shows that p-square integrability of y implies its p-integrability.
If F contains sets of u-measure zero, then their indicators witness the existence of nonzero
elements f of £? with ||ly|| = ([ yQ(ou)u(dw))l/2 = 0. Here, these are called representatives of
zero, and their existence degrades || « || to a seminorm. The conventional way out is to take y = =
if y —z is a representative of zero by partitioning £2 into equivalence classes [[y]] = {||* —y| =
0}. As the set [[0]] of representatives of zero forms a subspace under pointwise linear operations,
the set of equivalence classes {[[y]]|y € £%} forms a linear space L?*—a so-called quotient
space—with the linear operations a[[y]] = [[ay]] and [[y]] + [[z]] = [[y + x]]. Adapting (s, «) to
operate on L? via ([[y]], [[z]]) = (v, z) yields a well defined inner product on that space. Thus,
any finite dimensional subspace of L? provides a Euclidean space. The accustomed notation
double uses y instead of the pair y and [[y]], but supplements relations such = and < with
“almost everywhere” qualifiers to warn against an unwarranted pointwise interpretation.
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An alternative strategy—used herein—amounts to choosing a subspace of £? containing a
single point from each element—an equivalence class—of the L?-subspace under consideration.
In the present setting this approach dispenses with the tiresome “almost everywhere” qual-
ification and more importantly comes with the advantage that pointwise evaluation remains
well defined. This construction builds on an initial choice of an F/R!'-measurable element g;
from each equivalence class [[¢;]] of an orthonormal basis [[q1]], ..., [[gm]] of the relevant
L?-subspace. Then, a suitable element of [[y]] follows from combining ¢qi, ..., ¢, with the
coordinates ([[y]], [[¢1]]), -- -, ([[¥]]: [[gm]]) of [[y]] with respect to [[¢1]], - .-, [[gm]]- In fact, the
resulting £2-subspace W = span{qi,...,qn} has pointwise zero as its sole representative of
zero. More generally, y, x € [[y]]NW implies y—z € [[0]]NWV, thus, the pointwise equality y = .
Hence, (¢, «) and therefore || « || are an inner product and a norm on W, respectively.

The choice of the basis representatives does not affect the geometry—induced by (e, ¢ )—
of the resulting £2-(sub)space W. Moreover, an alternative choice of a F/R!-measurable
¢, € [[¢]] differs from ¢; solely on the p-measure zero set N; = {¢; # ¢/} € F. Therefore,
all elements of the two linear spaces span{qi,...,q} and span{q},...,q,} differ from their
respective counterparts at most on the p-measure zero set U;<j, IV;. In particular, the image
measure oy~ !, that is, R1 > B+ (noy 1)B = u{y € B}, of a given linear combination y =
> i<k €i¢; does not depend on the choice of basis element representatives. In fact,

M{ Zi<k Cidi € B} - 'u<{ Zz’<k Cidi € B} NNi<k{a = q{}) = M{ Zi<k Ciqu € B} :

An analogous argument also applies to the image measure of w — (y1(w), ..., y¢(w))—defined
on the Borel o-field of the norm topology on R¥, wherein y; = Zj<k ¢jqiqj with ¢j; € R, £ € N.

2.b. Proofs

Proof of lemma 2.1. A finite subset {x1,...,24} of {|[«|| = 1} is e-separated if d(z;,z;) =
|z; — x;]| > € for all 4,5 < g with ¢ # j. The construction of a C-maximal element of the
set § of e-separated subsets of {|| «|| = 1} succeeds by starting at an arbitrary unit length x;
and recursively adding unit length x,, with d(z,,z;) > ¢, j < n. Compactness of {||+| = 1}
guarantees that the construction terminates after g(€ N) steps. If z & U;<{d(z;, ») < €}
for some unit length z, then {z,z1,...,2,} is e-separated, which contradicts C-maximality
of {x1,...,24}. Hence, {z1,..., x4} provides an e-net. The ¢/2-balls {d(z;, ») < e/2}, i < g,
are pairwise disjoint, and their union amounts to a subset of {|| « || < 1+¢/2}. Hence, additivity,
translation invariance, and the scaling property of the Lebesgue measure v on R* imply

a(5) vllen<y< (142) vl <1y

Furthermore, v{||«| < 1} > 0 together with the definition of a covering number implies
(L+2/e)* 2 q = N{[l+ll =1}l ].e) .

Proof of lemma 2.3. For any two element Ya and Yb of span{yi,...,yi} define (Ya,Yb), =
(a, Gb). This expression inherits symmetry from G. Hence, the map (e, ), :V XV — R is
well defined as Ya = Y implies a — a’ € ker Y = ker G. Bilinearity of (s, ), follows from its
definition. Finally, positive semi-definiteness of G ensures (Ya,Ya), > 0. Therein, equality
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holds if and only if a € ker G = ker Y, that is, Ya = 0. "

Proof of lemma 2.4. 1f (V;,U;) symbolizes the j-th singular subspace pair for A, then u € U;
and symmetry of A imply the (in)equalities ||Aul| = sup, =1 (Au, v) = sup|,|=1(u, Py, Av) =
Sup|jy|=1(u, APy;v) < ,||ul|. Herein, Pr, denotes the orthogonal projector onto a subspace L.
Such maps are contractions; hence, || APy, v|| = 7| Py,v|| < &;. The first equality expresses the
self-duality of || «||. The third equality is due to img AP,. C U jL. The subsequent inequality
is an application of the Cauchy-Schwarz inequality. Consideration of j = s—the number of
distinct nonzero singular values of A—implies Vs = Us as U; C 3. U; = img A = (ker A)* =
> i<, Vi. In particular, if s > 1, then Us_; is a subspace of V;-. Consequently, |Au| >
os—1lul| for u € Us_y and so forth. The equalities U; = V; and polarization imply that
restricting A/a; to V; provides a unitary map V; — Vj. If id denotes the identity map on Vj,
j < s, then (u, (id —A2/6']2-)v> = 0 for all u,v € V; implies img(id —A2/5'J2-) = {0}. Thus,
one factor in (id—A/;)(id+A/a;) = (id —A2/6]2~) must have a nontrivial kernel, that is,
Av' € {50/, —5;v'} for some unit length v' € V;. If V; N (span{v’})* is nontrivial, then the
same argument applies. The recursion continues until all directions in Vj; are exhausted. =

Proof of lemma 2.5. Let X = Y. 4 v oiui(v;, o) and Y = Y.y olul(v], «) be singular
value decompositions of X and Y, respectively. If needed, then oy X4p =0 = 0]y 4p for
all p > 1. The meaning of X 1p, Vrk X+ps Uy 1pr a0d Uy, p > 1, is immaterial. The
distinct singular values of X are represented by &1, ..., ds, wherein s provides the number
of distinct singular values of X and o4y, = 0 if p > 1. In addition, m; symbolizes the
multiplicity of 1. The equality || X|lop = 71> i<y 0f = (Y, X) <810, 01+ 02 s, Ti
reveals rk Y < m;j. Furthermore, the Cauchy-Schwarz inequality yields

n Y A= k)= Yoot ¥t + Tl X o]

i<my i<my j<mi i<my m1<j<rk X
<oy or Y Nupupli(p, o) +a2 Y of > Hugug)llvg, o))
i<mi  j<ma i<mi  m1<j<rkX
<61 Y ofllailllbill + 72 > oi/T—[al>VI=]b?P<or Y of+0, <211>
i<maq i<my i<mq
wherein a; = (aii,...,am,:) = (W, u1), ..., (W, um,)) as well as b; = (b1iy...,bmyi) =
((vi,v1),..., (v}, vm,)). The second inequality is due to the invariance of | «|| to changes of

the signs of the entries of its argument,

2
L=l 2 | Pmgxwil? = | D0 wylujud||"= D adi v D0 (ufuy)®,

j<rk X j<my m1<j<rk X

and 1 — [|b;|? = D iy <j<rk x (Vs v;)2. Moreover, the Cauchy-Schwarz inequality yields

[las|? VI1Bil? >>
ai2b,-2 1-— a¢2 1-— bi2 = s Sl
V0ailP1il]? + /(1 — llail2) (1 — [Jb:]])) << 1_H%HQ> ( T

and thereby &1 ||a;||[|bi|| + 724/1 — |Ja;]|2y/1 — [|b;||*> < &1, which in turn generates the final

inequality in <2.11>. The resulting equalities in <2.11> require ||a;|| = 1 = ||b;|| and a; = b;.
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In fact, the first, second, and third inequality in <2.11> necessarily hold for each of the two
main summands individually. Consequently, u; = Zjéml ajiuj = Ua;, v = ngm a;iv; =

Via;, and Y = Zz<m1 J’u’(u’ o) =U1B(Vi, «), wherein Uy = [u1 «++ Um,], Vi = [v1 -+ Umy],
and B = ZKm olaja; . The matrix B is positive semi-definite and satisfies || B|lpuc = tr B =
Zigml oltraal = ||YHnuc =1as tra;a] = (a;,a;) = |la;||*> = 1.

Conversely, 1f Y = U1 B(V1, «), then

(iB(W1, ), iU (Vi o) + ) (v, o)) = a1 tr[(U1, U1) B(Vi,VA)] = 61 tr B

m1<j<rk X 93U

guarantees (Y, X) = || X ||op||Y [lauec = 71. .
Proof of corollary 2.6. Let U; consists of columns (in the given order) uf, ey u:rn,, U,y ey
1
u,» and likewise with V; and u1 ) ey u+,, —U e, —U_ mlr Then, lemma 2.5 ensures the
my my

existence of a positive semidefinite S € ™! such that B = U15 (V1, ¢) and tr S = 1. Symmetry
of B implies the equality of

<UfaBUj_> = (e, —56m3+j> = —S;mi+; and

<Bu:r’ ]) <Selv +j>_‘9 YRR
wherein e; symbolizes the i-th standard basis element of R™. Symmetry of S therefore guar-
antees that s; ri = Smitji = 0 for all i < mf, j < m]. The existence of a spectral
decomposition Vahdates the final claim. "
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3. Regularized least-squares estimation

3.1. Basic convex analysis
3.1.1. Geometry of convex sets

A subset C of a Euclidean space W is convez if it contains the line segment joining
any two of its elements, that is, z,y € C, ¢ € [0,1] implies cz + (1 — ¢)y € C. The
latter ensures » .., ¢;x; € C whenever xy,..., 2, € C and ¢; € [0,1] with >, ¢; = 1.
Such linear combinations are called convexr combinations. The convex combinations of
elements of an arbitrary subset C’ C W form a convex set—called the convex hull conv C’
of C". Convex combinations are linear combinations and therefore compatible with linear
maps L on W in the sense that conv{Lx |z € D} = {Ly|y € conv D} for any D C W.

Examples of convex sets include hyperplanes {{(a, «) = b}, wherein a # 0 and b € R,
as well as the associated halfspace {(a, «) < b}. Embedding a/||a|| into an orthonormal
basis of W identifies elements of the latter set as those extending into direction a by ex-
actly b/||a|| and no more than b/||al||, respectively. Panel (A) of figure 3.1 illustrates this
interpretation: it shows a point a € R? and a corresponding halfspace with threshold b.
Herein, b is negative, and elements of the illustrated halfspace—those with coordinate
with respect to a/||a|| no larger than b/||a|[—point in direction —a. Intersections of half-
spaces are convex; more generally, convexity is preserved under arbitrary intersections.

Continuity of (a, «) ensures that hyperplanes and halfspaces are closed. The same
applies to the convex hull of a finite set C' = {zy,...,2;}. In fact, if a sequence
(sz cmxz) in convC’ converges as n — oo, then sequential compactness of [0, 1]*
guarantees the existence of a subsequence (ZKk ci,wari) with converging coefficients.
The (common) limit of both sequences lies in conv C’ by virtue of continuity of ¢ —
> i<p Ci- Herein, the coefficients ¢;,, need not be uniquely determined by the sequence
elements; then, different choices lead to different subsequences but the same conclusion.
The open ball {|jz — «|| < 1} shows that convex sets need not be closed.

If a convex set C'is closed, then x ¢ C' exhibits a unique closest substitute =’ in C'. Its
existence is a topological feature. More specifically, the compact set C;,, = {||z — «|| <
n} N C is nonempty for some n, € N, and the continuous function ||z — || attains its
minimum ||z —2'|| < n, on C,,, at some 2’ # x. Hence, if 2" € C, then either ||z —2"| >
n. > ||z — 2’| or 2" € C,,. Convexity of C' characterizes this closest substitute =’ by
the inequalities (x — 2/, 2" — 2’) < 0, 2” € C. In fact, if the converse equality holds for
some z” € C, then (1 —¢)z’ + cx” =2’ + ¢(2” — 2’) € C for all ¢ € [0,1], and the latter
element is a closer substitute to x for small ¢ > 0. If 2/, 2" € C both satisfy this criterion,
then the inequality 0 > (z — 2/, 2" — ') = —(x — 2", 2/ — 2") + ||2" — 2'||* > ||2" — /|2
implies 2/ = 2z”. Thus, the intersection Nyrec{(x — «,2” — ) < 0} contains single
element—the closest substitute, and therefore the criterion is sufficient.

This criterion, namely C' C {(z — 2’, « —2’) < 0}, shows that the angle between the
approximation error x — 2" and the difference 2" — 2’ is no less that 7/2 whenever z” € C.
Panel (B) of figure 2.2 illustrates this relation for an element z € R?. This angular
inequality generalizes the orthogonality condition required of closest substitutes in case
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(translated) /

normal cone
of C at a2’

(B)

Figure 3.1
The figure illustrates the notions of (supporting) hyperplanes and normal cones. Panel (A)
shows the hyperplane {(a,+) = b} and the halfspace {(a, ) < b} corresponding to a
nonzero point a € R? and b < 0. Panel (B) considers x € R? outside the closed and convex
set C. The point z exhibits a closest substitute 2’ in C. The difference d = x — 2’ lies in
the normal cone of C' at 2/, that is, (d,z” — 2’} < 0 for all 2" € C. Equivalently, the angle 6
between d and x” — 2’ exceeds /2, and the hyperplane {(d, «) = (d,2’)} supports C at z’.

of subspaces. In fact, subspaces are convex, and orthogonal projections provide the
respective closest substitutes. The normal cone ncone(C, z') = Nyprec{(+, 2" — 2’') <0}
of C' at x’ comprises all elements of W, which satisfy the same angular inequalities as
the approximation error. In particular, 0 € ncone(C,z’) for all 2/ € C. Moreover, if
d € ncone(C, ') and t > 0, then td € ncone(C,z’). A subset K C W with this property,
that is, ¢ > 0, z € K imply tx € K, is called a cone, and ncone(C, z’) is of this type.

If d is any nonzero element of ncone(C,z’), then 2’ lies in the hyperplane {(d, ) =
(d,z’)}, whose associated halfspace {(d, «) < (d,2’)} contains C. Such hyperplanes
{{(a, «) = b}, a # 0, that is, with {(a, «) = b} NC # 0 and {(a, «) < b} D C, provide
supporting hyperplanes of C at x € {{a, «) = b}NC and generally satisfy a € ncone(C, z).

If C' is a convex superset of some nonempty open set, then ncone(C, z) # {0} when-
ever © € C' is a boundary point of C, that is, lies in all closed supersets of C' but
outside its interior int C—the union of all its open subsets. Convexity guarantees
that boundary points z are limit points of intC: if y € intC and ¢ € (0,1] with
{lly— |l < ¢} Cint C for some 6 > 0, then (1—c)z+cy+e=(1—c)x+c(y+e/c) € C,
whenever |le|| < ¢d, thus, (1 —¢)z + cy € int C. The same argument shows that int C' is
itself convex and therefore contains the convex hull of any finite sequence 1, ..., x; of
its elements—a closed set. A boundary point z € C' exhibits a closest substitute 2’ # z
in conv{xy,...,zx}. In particular, N;<p{(e,z; —x) <0} N{ = 1} is nonempty: the
scaled error d = (x —a') /||x — 2| satisfies (d, x; —x) = (d,z; —2') — ||’ — || < 0. Hence,
the closed subsets {(«,2” —x) <0} N{||«| = 1}, indexed by elements x” of the interior
of C', of the compact set {||+| = 1} exhibit the finite intersection property. Thus, there
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(scaled and translated)
identity matrix

{Cuu™ | Jull = 1}

{—tuu [[Jul] = 1}

S~

Figure 3.2
The figure shows the closed nuclear ball {|| « ||nsc < ¢}, £ > 0, in S%. Points are represented by
their coordinates with respect to the orthonormal basis BLI, BLQ,BQ’Q (example (c) in sec-
tion 2.1.1). The boundaries of the two ellipses consist of matrices of the form fuu’ and —fuu"
with ||u]| = 1, respectively. A set containing only one of these matrices forms an (exposed)
face of {|| ¢ |lnuc < ¢}. The normal cones of the ball at its boundary points x and z’ are given by

all multiples of d (the scaled identity matrix) and d’ with nonnegative coefficient, respectively.

exists a unit length d with int C' C {(d, « — x) < 0}. The latter superset is a halfspace,
hence closed, and consequently contains all elements of C'. As a consequence, d lies in
ncone(C, x), and the associated hyperplane {(d, «) < (d,z)} supports C at z.

Conversely, if z € intC, then {||« — x| < 0} C C for some 6 > 0. Thus, z + td'
is an element of C' whenever d € W is of unit length and |¢t| < §. Consequently,
if d € ncone(C,x), then suitable scaling ensures ||d|| < 1. Furthermore, 0 > (d,x +
(6/2)d — x) = §||d||*/2 > 0, and therefore d = 0. It follows that ncone(C,z) = {0}.

If C' is an arbitrary convex subset of W, then the subset {d € ncone(C, «)} of C' is
convex: two of its elements x,y satisfy (d,z — y) = 0; thus, (d, 2 —cx — (1 — ¢)y) =
(d,2" —y) <0 for any c € [0, 1], 2’ € C. Moreover, if ¢ € (0,1), z,y € C, and cx + (1 —
c)y € {d € ncone(C, «)}, then (d,z —cx — (1 —¢)y) <0 and (d,y —cx — (1 —¢)y) <0
imply (d, y—x) = 0. In addition, if 2’ € C, then (d,2'—z) = (d, 2’ —z+(1—c)(x—y)) <0
and likewise for y, which reveals z,y € F. More generally, a convex subset F' of C
provides a face of C'if z,y € C, ¢ € (0,1), and cx + (1 —c)y € F imply z,y € F. Both ()
and C' are faces of C. The other faces of C' are termed proper. If int C' # () and {d €
ncone(C, «)} is nonempty with nonzero d, then the latter set amounts to a proper face
of C containing only boundary points. Such a face, that is, the intersection of C' with
one of its supporting hyperplanes, is called an ezxposed face of C with exposing element d.

Figure 3.2 illustrates these concepts with C' equal to the nuclear norm ball { <
¢}, £ > 0, in S®. The spectral decomposition of symmetric matrices implies that this
ball equals the convex hull of {£fu(u, «) | ||u| = 1}. All elements x on the inside of and

® ||lnuc
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transl.

normal
cone of
epi f at

(=", f(ac”)) epi f

partial graph of
o f@")+d(e —a")

{((d,=1), « = (", f(="))) < 0}

7 B
boundary intC' o
point 2’ z € 1t i (d, 1) translated by (", f(z"))
(A) (B)
Figure 3.3

The figure illustrates the interior and the boundary points of a convex set as well as the
epigraph and subgradients of a convex function. Panel (A) shows (parts of) the epigraph
of a convex function f defined on a convex subset C C R. A point xz € int C' leads to an
interior point (:U, flx) + 5), 6 > 0, of epi f. This conclusion does not hold for boundary
points 2’. Panel (B) considers the same function f and illustrates that elements d of the
subdifferential 0f(z") of f at 2’ are in one-to-one correspondence with elements (d,—1) of
the normal cone of epi f at (z”, f(2”)). The latter induce halfspaces which contain epi f.

on the upper ellipse contain the 2 x 2 identity matriz I = [e; ex] = (1) in their normal
cones, thus, form an exposed face. Figure 3.2 suggests that all proper and closed faces
of {|| +|laue < €} are exposed. This is correct even for m > 2, however, is not needed here.

3.1.2. Convex functions

A real-valued function f defined on a convex subset C' of a Euclidean space W is called
convex if its epigraph epi f = {(x,t) |z € C, f(x) < t} is a convex subset of W x R.
Herein, the latter (product) space is endowed with coordinate-wise linear operations and
the inner product ((x,t), (z/,t')) = (z,2") +tt'. Convexity of C' ensures that f is convex
if and only if ¢f(z)+ (1 —¢)f(y) > f(cx+(1—c)y) for all z,y € C, ¢ € [0,1]. Panel (A)
of figure 3.3 illustrates this case. Panel (B) of figure 3.4 shows a nonconvex function g.

Suitable combinations of convex functions inherit convexity from their ingredients. If
the pointwise supremum f(z) = sup rer f(x) over aset I of convex functions defined on a
common set C'is finite on a (necessarily) convex subset C’ C C, then the epigraph of C’ 5
T T(:c) equals the intersection Nycp epi f, thus, is convex. The second characterization
of convexity ensures that linear combinations ), ¢; f; of convex functions fi,..., f, €
F are convex provided that the coefficients ¢, ..., ¢, are nonnegative.

Lemma 3.1. If f is a real-valued and convex function on a convex subset C' of a Fu-
clidean space W and x lies in the interiorint C', then (x, f(x)+(5) € intepi f foralld > 0.
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Panel (A) of figure 3.3 visualizes this assertion, that is, the subset {f < f(x)+d—¢'}
of C' contains an open superset of {z}, and the open ball {||(z, f(z) +8) — «|| < &'} is
therefore contained in the interior of epi f if its radius € > 0 is sufficiently small. The
argument on page 79 in appendix 3.b considers the general case.

In summary, (:13, f(x)) is a boundary point of intepi f # () if x € int C. Hence, there
exists a hyperplane {(a, ») < b}, a # 0, supporting epi f at (z, f(z)). Writing a =
(a1,a2) € W x R leads to the inequalities ast < b — (a1, 2’), (2/,t) € epif. lf 2/ € C
is fixed, then the righthand side is real number while ¢ > f(z’) can be arbitrary large,
thus, as < 0. Moreover, ay = 0 implies (a1, 2’y < b for all 2’ € C, wherein equality holds
if 2/ = x. This scenario cannot occur since as = 0 necessitates a; # 0 and x + da; € C
for small § > 0. Consequently, f(z') > b/ay — (a1/aq, 2’y = f(x) + (—a1/as, ' — x)
for all ' € C. The implied inequality between the leftmost and rightmost term-—
uniformly across =’ € C—identifies —a;/ay € W as a subgradient of f at x. That
is, d € W is a subgradient of f at x if and only if (d,—1) lies in the normal cone
of epi f at (z, f(z)). Panel (B) of figure 3.3 illustrates this one-to-one correspondence.
Therein, d € R provides a subgradient of the convex function f at x”, that is, f >
f(z")+d(+ —2"); (d, —1) lies in the normal cone of epi f at (x”, f(ac”)); and therefore the
halfspace {((d, —1), «) < ((d, —1), (2", f(2")))} contains epi f. Panel (A) and panel (B)
of figure 3.1 consider the concept of a halfspace and a normal cone, respectively.

In particular, the set df(z) of subgradients of f at x—called the subdifferential of f
at —is nonempty for all z € int C'. The existence of a subgradient d € 0f(z) guarantees
the inequality infj,_,j<c f(y) > f(x) — ce||d||. The latter and lemma 3.1 imply that
a convex function f on the convex set C is continuous at all x € intC. Panel (A)
of figure 3.3 illustrates that this conclusion does not (necessarily) hold for boundary
points 2’ of C. In fact, f may jump upwards at 2/, which rules out df(z’) # 0.

The notion of a subgradient generalizes the concept of a gradient. More specifically,
the function f is called differentiable at x € int C' if there exists a (necessarily unique)
element Vf(x) € W-——called the gradient of f at x—such that A(h) = (f(z + h) —
f(x) = (Vf(x),h))/||h]|, wherein h € {' € W |R' # 0,2+ h' € C}, converges to zero
as ||h]| = 0. If, in addition, f is convex and d € df(z), then h, = (d — Vf(z))/n # 0
implies the inequalities 0 < ||d — Vf(x)|| = (d — V f(2), hpn)/||hn|| < A(hy), n € N. The
latter contradict the definition of V f(z); thus, the equality 0f(x) = {V f(x)} holds.

A scaled norm Al «|’, A > 0, defined on W is convex due to homogeneity and the
triangle inequality. Thus, OA||z||" # 0 for all z € W. Lemma 3.2 contains a geometric
characterization of these subdifferentials; it relies on the dual norm supy,/—; (y, ) of |« ||’
introduced in section 2.5.2 and is proved on page 79 in appendix 3.b.

Lemma 3.2. The subdifferential of a scaled norm A||«||’, A >0, on W is given by

OMOI" ={ll+1la < A} and
O]l = ncone({[| " < [z}, =) N {]l - [l = A}
={(e; o) =l-lall=lF il lla =AY, =#0,

wherein || « ||;; = supy, =1 (y, «) symbolizes the dual norm of

/
° .
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{ll ¢ llop = 1} N'span{B1,1, B2,2}

partial graph of
||+ ||lnuc on diag. mat.

partial graph :
of (D,¢) " gp?

on diag. mat. 8

(A) (B)

Figure 3.4

The figure visualizes the first equality in lemma 3.2 for A = 1 and |[+|" = ||  ||auc as well
as the subgradients and conjugate function of a nonconvex function. Panel (A) shows the
(partial) graph of || « ||auc restricted to the linear space span{Bj 1, Ba 2} of diagonal matrices—
a subspace of S*—alongside the set {||+ ||op = 1} Nspan{Bi 1, B22}. Herein, diagonal matrices
are represented by their coordinate vectors with respect to Bl,l, 3272. By lemma 3.2, D €
{Il+]lop < 1} provide the subgradients of (the restricted) ||« ||auc at 0. Panel (B) considers the
epigraph of a nonconvex function g: convex combinations of (x’ ,g(a )) and (x, g(:z:)) with
coefficients ¢,1 — ¢ ¢ {0, 1} lie outside epig. Moreover, the conjugate g, satisfies —g,(d) <
g(x) — (d, x), wherein equality holds at =’ with d € dg(a’).

Panel (A) of figure 3.4 illustrates the first equality in lemma 3.2 for A = 1 and the
restriction of ! e to the linear space span{Bj 1, Bys} C S? of diagonal 2 x 2
matrices. Herein, the relevant dual norm equals || « ||, = || « [[op (restricted to the diagonal
2 x 2 matrices). Every diagonal matrix D with || D|,, < 1 provides a subgradient (of
the restriction) of ||+ ||z at 0. Then, the pair (D, —1) € span{Bj 1, Bas} x R lies in
the normal cone of the epigraph (of the restriction) of ||« ||me at 0, and the resulting
inequalities (D, D) < || D'|lpue, D' € span{ By 1, By}, reflect the op/ || * || muc-duality.

Lemma 3.2 shows that G € S™ lies in the subdifferential of Al s ||, at some nonzero
O € {||+llme = ¢} € S™, ¢ >0, if and only if |G|lop = A and O lies in the exposed
face {G € ncone(Byyc, +)} of the nuclear norm ball Buye = {|| * [|me < ¢}. Either of
these cases is equivalent to ||©|/me = ¢ > 0 and G being an element of the exposed face
{© € ncone(Byp, «)} of Bop = {]| +|lop < A}. Finally, if |O]|puc = ¢ > 0, then lemma 3.2
leads to an expression for © /¢ in terms of a spectral decomposition of G via corollary 2.6.

If f is bounded below, then {0 € Of(+)} gathers the minimizers o' € argmin, . f(z)
of f, that is, elements of C' with f(z') = inf,ec f(x). More generally, if d € 0f(y)
with y € C, then the nonempty set {d € df(+)} consist of the orthogonal projections

47

minimizer



onto W-—a subspace of W x R—of the elements of {(z, f(z)) |d € 0f(z)} = {(d,—1) €
ncone(epi f, «)}. Thus, linearity of projectors ensures convexity of {d € df(+)}, and f
equals the affine function f(y)+ (d, « —y) on this set. Panel (B) of figure 3.4 reveals
that this argument does no apply to nonconvex functions. Furthermore, if 9f(z) # 0
and Of (z) N Af(y) =0 for all z,y € C with x # y, then f is strictly conver, that is, the
strict inequality f(cz+(1—c)y) < cf(z)+(1—c)f(y) holds whenever z # y and ¢ € (0, 1).

Strict convexity guarantees that f exhibits at most one minimizer. However, the set of
e-almost minimizers { f < inf,cc f(x)+e}, € > 0, may be arbitrary large. A quantitative
analog of strict convexity bounds this set. A differentiable function f defined on an
open and convex set C' C W exhibits strong convexity with curvature constant k > 0
it f(y) > f(x) +(Vf(x),y — ) + §lly — «||* holds for all z,y € C. Then {f <
infoec f(z)+¢e} C {||l2’ — «|| < \/2¢/k}, wherein 2’ denotes the unique minimizer of f.

3.1.3. Conjugates and convex envelopes

The inequality g > g(x)+(d, « —z) identifies d € W as a subgradient at x of a real-valued
function g on a subset D of a Euclidean space W. The subdifferential dg(x) of g at = € D
gathers the subgradients of g at x. If d € Jdg(z), then the halfspace {((d,—1), ) <
b}, b = ((d,—1), (x,g(x))) = (d,z) — g(x), contains the epigraph epig = {(z,t) |z €
D, g(z) < t} of g—see panel (B) of figure 3.4, that is, (d, z) — g(z) = sup,.cp((d, 2’) —
g(z')) = g.(d). The quantity g,(d) is finite on a convex superset D, of U,epdg(z). If D,
is nonempty, then D, 3 d — g,(d) is referred to as the conjugate (function) of g.

By definition of the conjugate, the Fenchel-Young inequality g(x)+g.(d) > (z,d) holds
for all z € D and d € D,. The inequality becomes an equality if and only if d € dg(x)
since g,(d) = (d,x) — g(x) implies (d, 2') —g(z') < (d,x) —g(zx) for all ' € D. This result
implies that —g,(d) + (d, «) < g if d € D,. Conversely, if b+ (d, ) < g for some b € R,
then (d, «) — g < —b, thus g¢,(d) is finite, and b < —g,(d). Thus, D, = {d € W |there
exists b € R such that b+ (d, «) < g}, and if d € D,, then —g,(d) provides the largest
intercept b € R such that b+ (d, «) is an affine minorant of g. Panel (B) of figure 3.4
exemplifies this interpretation for d € dg(x’): the difference g — (d, «) > 0 becomes
minimal at z’; hence, the inequality b+ (d, «) < g holds if and only if b < —g,(d).

The conjugate g, of g is defined as the (pointwise) supremum of the affine functions
D, > dw~ a,(d) = (d,x) — g(x), « € D. Hence, epig, equals Nyep epia,, wherein
epia, = {(d,t)|d € Dy, t > a,(d) = (d,x)—g(x)} = {(+, (z,—1)) < g(x)}ND,xR. The
intersection equals Nyep{ (e, (z, —1)) < g(x)} as the right hand side of t > (d, z) — g(z)
is unbounded unless d € D,. Consequently, the epigraph epi g, is closed and convex.

The Fenchel-Young inequality implies g(z) > supgep, ((z,d) — g.(d)) = gus(z). Thus,
the rightmost term is finite for elements x of a convex superset D,, of D. The biconjugate
(function) g, of g given by D,, 3 x +— g, (x) amounts to the conjugate of g,, hence,
is a convex function with closed epigraph epi g, D epig. Moreover, its definition g,, =
SUpgep, (—9+(d) + (d, +)) characterizes g,. as the (pointwise) supremum over all affine
minorants of g. Panel (B) of figure 3.4 indicates this construction. If f < g is a convex
function on (a convex superset of) D, then = € int D,, implies g, (x) > f(x), which
identifies g,, as the largest convex minorant—called convex envelope—of g on int D,,.
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Finally, if d € dg(x) C D, for x € D, then g,(d') > (d',x)—g(z) = (d', x)—(d, x)+g.(d)
for all d' € D,, that is, € dg,(d). Moreover, g(z) + g.(d) = (x,d) < g.(d) + gux()
proves g (x) = g(x). Conversely, the equality g(z) = g (z) together with = € Jg,(d)
ensures ¢(x) + g.(2) = g.(z) + ge(x) = (x,d), thus, d € 9g(z).

3.2. Regularized least-squares
3.2.1. Primal formulation

The least-squares problem considered here amounts to the minimization of the criterion
1 2
INCIES ﬁHY_X@H + A9 nuc <3.1>

wherein Y, X € W>™ are given linear maps from R™ into a Euclidean space W; ©
ranges over the m X m symmetric matrices in S™; i > 0 adjusts the scaling of the first
summand; and A > 0 controls the relative importance of the two summands of [y.

Usually W is spanned by finitely many real-valued and p-square integrable functions
defined on a finite measure space (2, F, ). Then g = uf) is a natural choice, but
not required by the results of this section, which hold irrespective of the particular
value 1 > 0. As an example, if W equals R", that is, Y, X € R™*™, then the total mass
equals 1 = n. Section 2.1.3 presents further instances of this construct.

Both summands of [, namely, g = Al| ¢ ||auec ¢ S™ — R and the composition f o X,
wherein f = ||Y — +||?/(2f) is convex and X : S™ — W*™ is linear, are convex. There-
fore, the criterion function S™ > © +— [,(0) is, too. In particular, I, : S — R is
continuous, and therefore its sublevel sets {ly < t}, t > 0, are closed. The second sum-
mand g = A|| ¢ ||auc Of [, implies that these sublevel sets are also bounded and therefore
compact. Continuity and compactness guarantee the existence of a minimizer O esm.

The summands of [ mirror the twofold goal behind the minimization of <3.1>. The
first term ensures that a minimizer © of [, yields a close substitute—in terms of

to Y in form of XO. In addition, lemma 3.3 suggests that the second term promotes
a low rank of minimizers © € S™. Hence, minimizers © of the criterion [, trade off
“fidelity to the data” X,Y against their own complexity—expressed as the dimension
of their image. A proof of lemma 3.3 follows on page 80 in appendix 3.b.

Lemma 3.3. The restriction g’ of g = A||  ||lnuc t0 the ||« ||op-ball H = {]| ¢ ||op < 1} C S™,
wherein ||« ||op : S™ = R, equals the convex envelope of H > B — h'(B) = A1k B.

The restriction on the op-length in lemma 3.3 is essential: if Atk B > a+ (S, B) for
all B € S™, then Am > Ark(tS) > a + t||S]|* for all ¢ > 0. Consequently, the conjugate
of Ark (on S™) is merely defined at zero, and its biconjugate equals zero everywhere.

Lemma 3.3 is related to the equality conv{duu’ ||ju]| = 1} = {|| ¢ ||aue < 1}. In fact,

if convex functions f, f* satisfy f(B) < f/(B) < rtk(B) for all B € {||+||op < 1}, then
{fuu" |lul| =1} € {rk < 13N {][+llop < 1} C {f' < 1} C {f < 1}. The latter two
subsets are convex and thus contain H' = conv{£uu' |||u|| = 1}. Hence, lemma 3.3

implies H' C {|| ¢ ||mec < 1} C {f < 1} for every convex f with f <1k on {[|«|o < 1}
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3.2.2. Dual formulation

The minimization of the criterion function [, in <3.1> over S™ can be cast in alternative
form. This so-called dual problem amounts to the maximization of the dual criterion
shown in <3.3>. Its form derives from analyzing the sensitivity of the optimal value
infgesm [,(©) to perturbations. Lemma 3.4 contains the essential ingredients of this
approach. A proof of this result starts on page 80 in appendix 3.b.

Lemma 3.4. The function W>*™ > Z — v(Z) € R, wherein

1
v(Z) = inf [EHY — (X0 + 2)|* + /\H®Hnuc]

o, 1(x0 +2) + g(6)

= inf
eesm
is convex. Its conjugate is defined for all D € W>*™ with ||(X, D) + (D, X)|lop < 2X by

(X, D) +(D,X)
2

0(D) = £.(D) + g ( )  wherein

m ﬂ T Ll
Fo W SR, Do BID VIR - /R g

oo <A} R, M 0.

Lemma 3.4 considers the scaled nuclear norm g = A e as a real-valued function
on S™—instead of H = {||«+|lop < A™'} C S™, which explains the difference of g, and
the intermediate result, in particular, <A3.1> on page 80, used to prove lemma 3.3.

The Fenchel-Young inequality together with lemma 3.4 implies

IA(©) >v(0) > sup —f(M) > —f.(D) <3.2>
[[(XM)+(M, X} [|lop <22

for every symmetric © and D € {|[{X, «) + (+, X)||op < 2A}. Equality holds if and only
if D is a subgradient of v at 0—the neutral element of the additive group (W*™, +).
Convexity of v on the open set W* guarantees the existence of such a subgradient D.
Consequently, the minimal value infgegm [,(©) = v(0) equals the supremum of

<\
op

) <3.3>

.0 = 5[ wsae - o+ vy, 2R

2

which is attained at every element D of 0v(0) # (. This maximization exercise provides
the dual problem to the minimization of the (primal) criterion /) in <3.1>.

Figure 3.5 (re-)interprets [, as —(—foX)+g. The upper part of its panel (A) visualizes
this difference for the case W = R, m = 1 with X = 1 and in terms of the (partial) graphs
of f and g. Its lower part contains the corresponding part of the graph of [,. The primal
objective function [, is not smaller than the sum of the intercepts — f, (D) and —g,(—D)
for every choice of (©, D), wherein D and —D correspond to affine minorants of f and g,
respectively. The upper part also sheds light on the form of g,: in fact, there exists an
affine minorant of g = A|«| with slope —D if and only if |D| < XA; in that case, the
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Figure 3.5

The figure illustrates (the relation between) the primal and dual formulation of the least-
squares problem <3.1> for the case W = R, m = 1, and X = 1. The upper part of panel (A)
rephrases [) as the difference —(—f) + g; the lower part shows parts of its graph. The primal
objective value I)(0O) exceeds the sum of the intercepts —f,(D) and —g.(—D) for any © and
D such that D and —D correspond to affine minorants of f and g, respectively. Panel (B)
reproduces the setting of panel (A) and shows that primal and dual objectives coincide for a
minimizing/maximizing pair (©, D), which satisfies D € 8f(©) and —D € 9¢(O).

maximal intercept equals zero. Panel (B) of figure 3.5 concerns the identical setting. It
illustrates that the equality v(0) = [,(©) = —v,(D) is possible.
If (©,D) e S™ x {||{X, )+ (+, X)|op <2} is a minimizing/maximizing pair, then

~

0= [f(X8) +9(O)] + [£(D) + 4.(G)]

wherein G = —((X,D) + (D, X))/2. The Fenchel-Young inequality together with
(XO,—-D) = (0,G) implies that the latter two summands are generally nonnegative.
Consequently, both summands equal zero, and the two pairs of optimality conditions

Dedf(Xe) = {Xe-ry, X0 € df.(D)={aD+Y},
. and . R R <3.4>
G = _w c ag(@) O € 99.(G) = ncone({| + ||lop < A}, G)

hold. The second twin in <3.4> follows from f and g being convex functions on the open
sets W*™ and S™, respectively. More specifically, these properties guarantee f = f,,.

o1



and g = g,,, wherein f,, and g,, equal the biconjugate functions of f and g, respectively.
Panel (B) of figure 3.5 reflects the first pair of necessary conditions: if W = R and X
equals the identity, then an optimal D provides a subgradient of f at the corresponding
minimizer © and at the same time —D lies in the subdifferential J0g(0©).

The conditions in <3.4> are also sufficient in the sense that if (@, 15) € S x W™ sat-
isfies either set of conditions, then this pair is minimizing/maximizing. More specifically,
cither of its lower parts implies ||G||op < A, wherein G = —({X, D)+ (D, X})/2. In fact,
if the lower part on the lefthand side of <3.4> holds, then A|[O||uue = A||O||zuc+ (G, ©—6)
for all © € S™. Corollary 2.6 guarantees the existence of ©’ = 1} with
(©,G) = ||Gllop and thus A||B||mue + A = IO + O'|nue = A|O|laue + (G, ©'). In case of
the righthand conditions, this inequality holds since subgradients exists only at points
where g, is defined. Furthermore, either pair in <3.4> implies the first equality in the
display above <3.4>. Hence, the (in)equalities 0 = l,\(®) + v,(D) > v(0) 4+ v, (D) > 0
ensure via <3.2> that © and D are optimal in <3.1> and <3.3>, respectively.

3.2.3. The least-squares solution set

Section 3.2.1 proofs the existence of a minimizer of the objective function [y in <3.1>,
that is, an element © € S™ with [,(0) < [,(©) for all © € S™. This section characterizes
the set of minimizers of [, which is denoted by argming.gm [,(©) as in section 3.1.2.

The conjugate f, : W*™ — R in lemma 3.4 is convex by construction. Its form
implies differentiability with 0f,(D) = {aD + Y} and thereby strict convexity. The
restriction of f, to the set {||[{X, ) + (+,X)|lop < 2A} inherits this property, and
therefore exhibits at most one minimizer. Consequently, the second component of any
minimizing/ maxmnzmg pair (@ D) is uniquely determined. The upper parts of <3.4>
ensure that X© = MD + Y is, too. In particular, any two minimizers @ Q' of <3.1>
< 0} with radius

~ ~ ~y 1 . ]_ ~
= 18l = 1l = |, 150) — 51 - X8

1

1 Aa7112
=3 L)lgsfm I\©) — EHY — XO| ] :

If 0 = 0, then the unique minimizer © amounts to the m x m zero matrix. Otherwise,
the lefthand side of <3.4> together with lemma 3.2 implies that G = ((X D) +
(D, X))/2 exhibits op-length A and that <G @) = A for every minimizer © of [,.
The latter together with the requirement X 0 = ,uD + Y leads to the assertion of
lemma 3.5. Its proof starts on page 81 in appendix 3.b.

Lemma 3.5. The least-squares criterion ly exhibits a unique minimizer ) if ker(@ F
Aid) Nker X = {0}, wherein id symbolizes the identity map on R™.

The condition of lemma 3.5 is generally satisfied. In fact, if u € ker(é — Aid) Nker X,
then \u = Gu = —(X, D)u/2 € img (X, «) = (ker X)*, thus, v = 0. The case u €
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(A) (B)

Figure 3.6
The figure shows a selection of rank one boundary points of {||  ||pue < £} C S?, £ > 0, and the
differences of elements of the same exposed face of {|| ¢ |lpuc < £}. The two ellipses in panel (A)
consist of the rank one boundary points. The panel also contains the spans of a selection
of these matrices (represented by dots). Panel (B) shows two pairs (6,0’) and (6”,0")—
each lying in an exposed face—alongside their component differences. In addition, the panel
indicates the solution set of a linear equation. Both panels show coordinates with respect
to By 1, B2, Baa; see (c) (section 2.1.1). Panel (A) omits the coordinate axes for visual clarity.

ker(é + Aid) Nker X is in analogy. Proposition 3.6 summarizes the preceding discussion.
A proof of this assertion starts on page 81 of appendix 3.b.

Proposition 3.6. The least-squares criterion ly in <3.1> exhibits a unique minimizer o.
The latter equals zero if and only if [[{X,Y) + (Y, X)|lop < 20A.

From a geometric perspective, the lefthand side of <3.4> shows that argminggm (,(©)
equals the intersection of the exposed face {G' € ncone(Byye, «)} of the nuclear norm
ball Bpue = {|| * |laue < gf} and the set of solutions {X « = [LD +Y}.

If m = 2, then panel (A) of figure 3.6 indicates that the difference between two
distinct elements © and ©' of the same exposed face has rank two. In fact, all rank
one matrices of ||« |-length ¢ > 0, that is, matrices of the form +luu’, ||ul| = 1, lie in
the upper and lower ellipse shown in that panel. This panel also shows the spans of a
selection—represented by dots—of these matrices. The neighboring panel (B) verifies
this observation for two pairs &) #+ O and ©” %+ ©". Each of these pairs lies in an
exposed face of the ball {|| «||me < £}: the gray line connecting the two ellipses and the
area circumscribed by the upper ellipse. This observations is, however, incompatible
with A =0 — O € ker X unless X equals zero. After all, the equality rk A = 2 ensures
that its columns form a basis of R?. Panel (B) illustrates this point by showing part
of {X+ =D+ Y} with X = (0,1) and zD +Y = (0,1).
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3.3. A gradient descent algorithm

An e-almost minimizer, € > 0, of [, in <3.1> can be calculated via an iterative search
procedure. Each iteration of the latter consists of two steps focusing on the first sum-
mand foX = ||Y — X «||?/(2f1) of [, and its second summand g = || « ||quc, respectively.
In the k(> 1)-th step, the former turns the search point Q-1 generated by the previous
step into an intermediate ©® € S™ with (f o X)(O®)) < (f o X)(©*=D). The latter
step adjusts (E(k) to the presence of the second summand g and thereby generates a new
search point ©%) such that 1,(O®)) < 1,(©* V). Proposition 3.7 asserts that the result-
ing recipe <3.7> generates e-almost minimizers of [, for any given ¢ > 0. If || X ||, = 0,

then the minimizer © is given by the m x m zero matrix. Consequently, no iterative
search is needed. The subsequent discussion assumes || X||o, > 0.
The update O®%) = %=1 + A by A € S™ in the first step derives from

(foX)(O* D + A) =Y — X(O% Y + A)|1?/(2m)
= (foX)(OF D) 4 (~GW A) + || XA|?/(21), <3.5>

wherein G® = —((X, D®Y+(D®), X})/2 and D®) = (XO*=1 _Y) /[i resemble <3.4>.
The equality || XA[? < [|X[|Z[|A[* identifies —G™® as the gradient V(f o X)(©%*-1)
of foX at OV Convexity of f o X ensures d(f o X)(O* D) = {~G®}. The
resulting inequality (f o X)(OFD £ A) > (f o X)(OFD) — (G® A) reveals that an
update of the form aG®, a > 0, allows for the possibility of a decrease of f o X. In
fact, a suitable choice of o > 0 ensures that an update of the form oWk = k-1 4
A = 0% 1 oG® accords with the above objective. More specifically, <3.5> implies
(f o X)(O*D 4 aG®)) < (fo X)(O®D) 4 afolX|12,/(2a) — 1][|G® |12, and therefore
(f 0 X)(OW) < (f 0 X)(B¥V) whenever 0 < o < 271/|[ X3,

The second step considers the special case l/(\k) of the criterion [, in <3.1> with W =
R™, X being the canonical embedding of S into R™*™ Y = 0w e sm R™>m,
and fi = o That is, [{?(0) = |6® — 0]12/(2a) + A||O|lmse. The unique 6 € §™
minimizing lg\k) exhibits a traceable form. In fact, the corresponding dual solution D®) =
(0% —0®) /a is symmetric and therefore G® = —D®_ By proposition 3.6 and <3.4>,
one of the following two cases applies. If [|[O®)]|,, < ), then ©® = 0. Otherwise, the
unique minimizer is characterized by Hé(k) — (:)(”“)HOp = o)\, that is, G® is a boundary
op < A}, and (OW 0k — B®)) = aX||OW]|4, that is, OF) lies in the
op < A} at G® . If Zz‘grké(k‘) siovi(v;, o), s; € {£1}, denotes a

spectral decomposition of ©®), then © = Y icn st Simax{o; — a, 0}v;(v;, «) satisfies

6% — 6|, = Hzigrké(k> si[oi — max{o; — aX,0}]v;(v;, «)|| =X and

op

(0,0 — @) = Zij<rké(k) sis;max{o; — a),0}[o; — max{o; — aX, 0}] (v;, v;)*

= ak Zi<rké(k) max{o; — a0} = 0‘>‘”@||nuc

point of {

normal cone of {
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and therefore ©®) = ©. The latter equality is also true if 16W)]|op < @A
The (optimality) properties of both steps ensure that any © € S™ satisfies
(©) > [(f o X)(O* ) + (~GM, 0 — 8% )] + [9(0") + (GM, 0 — 6W)]
IX(6® —6¢-1)
24
°PH@(k @ (k—1) ”2

~ 2 ~ ~ A ~
=1(0W) - IE 1 a0 - 8wy + (@®, 0 — 8%

> 1,(OW) — —(@*D _ " o — W) <3.6>

wherein the first equality amounts to an application of <3.5> with A :A@(’“‘) — k-1,
The second inequality utilizes ©*) = @*-1 4 aG® and G® = (O6%*) — ©®)/a, which
is due to the choice of the scaling parameter in second part. Using <3.6> together with
the choice © = ©*=1 implies 1,(O®)) < [, (©* V) whenever 0 < a < 2/ (1X 112,

The recipe <3.7> considers the choice o = /|| X||2, and starts at the zero matrix. The

k-th iteration calculates the primal criterion py_1 = l)\(@ (k=1)) at its starting point k-1
as well as a corresponding dual value d_;. If D® lies in {|[(X, +) + (+, X))|lop < 21},
then dj_; equals the dual objective —f, in <3.3> at D®). Otherwise, — f, is evaluated at
the surrogate AD®) /||G™)]|,,. This choice implies 0 < ZA(C:)(’“*U) - l,\(@) < pr—1 — di_1,
wherein © denotes the unique minimizer of . If pp_1 — dp_1 < ¢ holds, then no
improvement beyond ¢ is possible, and the search terminates. Otherwise, the next
search point O® derives from a spectral decomposition ), k&) Si0iVi (Vi .) of o

| 8O =0, a=p/|X|%, n=0

2 for k> 1

; D® = (X@ D —Y)/i

. G = —((X,DWY + (D® X))/2

5 Pk—1 = MHD ®12/2 + )‘77’6*1

6 if |GP]|gp > A

7 dy—1 = —f*()\b(k)/"é(k)”w) <3.7>
8 else

9 d—1 = — f(D®))

10 ifpp1 —dp—1 <e

1 break

N Ok = @1 4 (G = S icm o Sioivi{v, o)
" ok — > i<k d Si max{o; —_Oz)\, 0}v; (v, »)

14 N = Zigrké<k) max{o; — aX,0}

In case |[[(X,Y) + (Y, X)|lop < 271, that is, © = 0, then <3.7> terminates during the
first iteration. In general, proposition 3.7 guarantees that the criterion in line 10 of <3.7>
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is met after finitely many iterations. Its proof starts on page 81 in appendix 3.b.

Proposition 3.7. Let (@(k))keN denote a sequence generated by <3.7>. Then

~ ~ X216/
INCRAESNEG <”L.
A(OW) = 15(0) < 25tk

Hence, 0" 8 as k — oo and pr — di < € is eventually met for any € > 0.

Quantitative statements on the speed of convergence of ok to O require some infor-
mation on the curvature of [, such as strong convexity of its first summand.

3.4. A poor man’s factor model
3.4.1. Temporal dependence

This section considers the span W of a finite sequence of P-square integrable random
variables v, ; defined on a probability space (€2, F,P) and with the index (¢, ) ranging
over a subset [, of N x N. The inner product (e, «) is given by the P-expectation Exy =
[ z(w)y(w)P(dw) = (x, y) of the product zy—as in example (e) of sections 2.1 and 2.4.1—
and equips this linear space with a Euclidean geometry such that v, ;, (¢,7) € I,, form
an orthonormal basis of W. Additional random variables x,; with (¢, j) ranging over a
subset I, of Nx N result as linear combinations of the basis elements v ;, (¢, j) € I,. This
setup allows a formal representation as at the end of appendix 2.a. For now, the vector
a € R* k € N, gathers all coordinates of z, j, (t, ) € I, with respect to v, ;, (¢,7) € I,.
Section 3.5 focuses on the task of estimating a transformation ©, € S™ of a using a
single realization—the data—ux, ;(w), (¢,7) € I,, and knowledge of the overall structure
including that « lies in a subset M C R¥. In this framework, a successful (relative to M)
estimation strategy approximately recovers the respective transformation ©,(a’) from
data generated using o/ € M irrespective of the particular value of o/ € M.

The space W is spanned by random variables v; ;. Herein, the first index ¢ ranges
from 1 —1[ to n for 7 < h and from one to n for h+1 < j < m for some m,n € N, [ > 0,
and 0 < A < m. These random variables are independent and with zero mean Ev, ; = 0
as well as Evz ; = 1, thus, form an orthonormal basis of W. The data used in the
following sections equal one realization of the columns of X; = [x1 -+ x| given by

X, = RU + pVioUy

L 1<t<n. <3.8>

Fe=1[fix - finl = Vindo + Zig VieinA;
Herein, Viy = g1~ vep], 1 =1 <t < m, and Vig = [vepgr - vpml), 1 <8 <
In addition, Ao, ..., A; € R™" are diagonal matrices, p > 0, and the columns of U =
U1 U] = [ug ... up Upyq .. Uy form an orthonormal basis of R™. If A > 0, then all

diagonal entries of Ay as well as at least one diagonal entry of A; are nonzero. The former
requirement guarantees that z; ; are linearly independent; the latter gives meaning to [.
Finally, if h = 0, then all quantities related to the first summand of X; and, in particular,
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Factor basis elements

V1i-1,h
V2—1h
Non-factor
basis elements Observables Factors
v = Tx 77777777777 17. | T Ul»h
- Ul,h+1 1”171”””””}@7:Ntﬁl} 77777 Jf{’lg
v el s i T T TS T T T T TR U2,h
- U2,h41 P21 e 0 d 2m <\L,,2,1 77777 JfZ,h, q
i R = ——— L S Un,h
- Un,h+1 i Ln,1 FTnam o, fn,l fn,h :
Figure 3.7
The figure illustrates the construction of 1, ..., %t in <3.8> as linear combinations of the
basis elements v¢ p41, ..., v,m and the factors f;1,..., fi,. Herein, the case h = 0 (no factors)

is allowed, but the figure concerns the case 1 < h < m. The factors equal linear combinations
of a “rolling window” of the basis elements v; ;, 7 < h, with identical second index j. Dashed
lines surround the columns of X; and F}, respectively.

the second equation of the specification <3.8> disappear. Then, z;1, ..., z;,, are even
mutually orthogonal. Below, this extreme case usually receives—but also requires—no
explicit mention in order to simplify the exposition. The same applies to the case h = m
which eliminates all quantities related to second summand of X; such as U, and p.

The random variables x, ;, (t,) € I, represent a (numerical) characteristic—referred
to as x—of m spatial entities at n points in time. In particular, the first index ¢ in-
dicates the respective time point; the second index j points to the location in space.
This interpretation suggests calling the subspaces img X; ; and img[X; ; --- Xj| the
recent past and the past of x at t > 1, respectively. Elements of the innovation
space span{uvt 1, . .., Uy, } at t lie in the orthogonal complement of the past of x at ¢. Their
part in span{vt pi1, . .., Vrm } exerts only momentary influence. In contrast, vy, ..., vep
enter in the construction of the factors fi1, ..., fin at t and thereby impact the columns
of X¢t1, ..., Xy, These factors fi1 = Xyuq, ..., fin = Xy, lie in img X by virtue of
the (pairwise) orthogonality of the columns of U = [Uy Us] = [uy ... up Upg1 .. Up).

Each factor sequence fi;, ..., fnj, J < h, embodies one of a small number—~# is
thought to be “much smaller” than m—of underlying determinants of x. The ele-
ments fi;, ..., fn,; of the j-th factor sequence equal linear combinations of overlapping
subsets of the basis elements v;_; ;, ..., v, ;. Thus, the factor variables f; ; are generally
independent across j < h but dependent across the time index ¢ < n unless | = 0. Fig-
ure 3.7 contains a visual summary of the construction in <3.8> for the case 1 < h < m,
and, in particular, highlights the overlap of the subsets of basis elements vi_;p, ..., Upp
needed to construct the members of the h-th factor sequence fi, ..., fun-

The coefficient matrices U; and U, govern the dependence among the columns of X}
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and are discussed in more detail in section 3.4.2. The equality Ay = pl generates a

notable special case. Herein, I = [e; --- e, denotes the h x h identity matrix, and (thus)
e1, ..., e, symbolizes the standard basis of R". Then, the specification <3.8> becomes
UT
X = [Z V;t—i,lAi:| Ul + p[Via Vial ( 1T) , 1<t<n, <3.9>
i<l Uy

wherein the first term disappears if [ = 0. Moreover, the columns of the final term,
which equals a scaled composition of unitary maps, amount to m pairwise orthogonal
elements of the innovation space (at t) of length p. These columns represent idiosyncratic
innovations to the individual z; ;. In particular, U; controls the entire spatial—across j—
Euclidean space dependence between the observables z; 1, ..., T¢nm.

Many properties of the setting in <3.8> are reflected by the implied (unordered)
spectral decompositions of the symmetric inner product matrices (X;, X;_,) given by

U(Zi:OA5p2I>UT s 8:07
(X0, X)) = UL A AL OUT ) 0<s <minfl,t -1}, <3.10>
m X m zero matrix , s> min{l,t—1}.

Firstly, time invariance of the coefficients in <3.8> ensures the absence of ¢ on the right-
hand side of <3.10>. Secondly, the inner product matrices (X;, X;_s) are symmetric
due to the specific separation of time and space dependence. Thirdly, if s > 0, then
rk (X}, X;_ ) does not exceed the number of factors h, which provide the sole link across ¢.

These properties become evident when projecting the elements z;, ..., Ty, 1 <t <
n, onto the recent past img X; ; of x. In fact, the coordinate matrix ©, with respect
to X;_; of the composition P, x, , X = X;_10, coincides for all ¢ > 2. It is uniquely
determined by the condition (X, 1, X;_1)0. = (X;_1, X;), thus, equals

! ! -1
0, = UiILU] = U, KZM Af) > A,AM] Uy, <3.11>

wherein the superscript ~* marks the inverse of (the bijective linear map) Zé:o A?. The

(bracketed) diagonal matrix ', € R"*" provides the coordinates in Pyygr, , Fy = Fi_1T..

If either h = 0 or h > 0 together with [ = 0, then the ©, equals the m x m zero matrix.
If h>1and [ > 1, then these considerations lead to the alternative representation

Xt - Xt—l@* + [Ht + Rt:| == Xt—l®* —l— Et 3 <312>

Ht - (ZZSZ ‘/;_i71(Ai - A’i_lr*) - ‘/;—l—l,lAlF*) Uir 5 2<t<n ,

A Ul
r=wavial () (0F)
2

The inner product matrix {X; s, R;) has all its entries equal to zero if s > 1. If [ > 0,
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then the same applies to (X;_g, H;) for s = 1 but generally fails for ¢ > 3 and 2 <
s < min{l + 1, — 1} as elements of img H; are not contained in the innovation space
at t. However, if Ay = pI, A; = pD?, 1 < i < [, for some diagonal matrix D € R"*"
with diagonal entries |d;;| < 1, then elements of img E; approach the subspace img R;
of the innovation space as [ — oo. More specifically, one may consider a sequence of
Euclidean spaces of the above type—indexed by k € N—such that [ = [, increases in
parallel with the sequence index k. No further definition is required as m is shared across
these spaces, and A; = pD? is valid for all i € N. Then all of these spaces come with a
measure of distance sup,eimg #,ny||« =1} || Pimg 7,)- 2|/, and the sequence of these distances
approaches zero. Moreover, this case features the equality Ay = pl, thus, is a special
case of <3.9> and therefore exhibits (R, R;) = p*I. In the above “asymptotic” sense,
the symmetric matrix ©, controls the transition from the recent past to the present and
is therefore called the transition matriz. 1f | = 0, then X; = R;. Thus, the transition
matrix O, is zero, and these considerations are meaningless.

3.4.2. Spatial dependence

Figure 3.7 proposes two views on the observables: firstly, as m time series xy j, ..., Ty ;
(dotted lines), that is, sequences of random variables indexed by time, and, secondly,
as n random fields 41, ..., Tt (dashed lines)—sequences of random variables indexed

by space. From a constructional point of view, the presentation in <3.8> stresses the
first of these interpretations: the observable time series result as linear combinations
of the factor time series fi;, ..., fnj, 7 < h, and the non-factor time series vy ;, ...,
Unj, h+1 < j < m. The random vectors x; = (T11,...,%m), t < n, facilitate
a presentation stressing the second interpretation. More specifically, expressing the
relations <3.8> in terms of these random vectors and the similarly defined random
vectors fr = (fea, .-y fen), v = (Ve1,...,vep), and v, 2) = (Ut pt1y-- -, Uem) leads to

= Uy f; + pUsv”
= A" + Z A; Uil)i

wherein the second summand of the second equation is present only if [ > 0. In par-
ticular, the formulation in <3.13> emphasizes that realizations x;(w) € R™, given by
(z61(w), ..., Ty m(w)), of the random vectors z; consist of two mutually orthogonal parts.
The first part Uy fy(w) = >~ fij(w)u; reflects the influence of the factors. The second

part pUQU?)(w) = > i py1 PUj(w)u; captures deviations associated with the specific
time point ¢t. In particular, the columns w, ..., u, of U; may be understood as h
“spatial patterns” whose strengths at time ¢ is determined by f;1, ..., fi, respectively.

These patterns uy, ..., u, amount to functions—as explained in example (a) of sec-
tion 2.1.1—on the space index set {1,...,m}. Herein, some form of smoothness of
the “spatial patterns” wu; is expected. Squared difference quotients of the form (uj(z" )—

, t<mn, <3.13>

U (i))z/dist(i’, i) =wy ;(uy j—u;;)?, 7 # i, measure their roughness, wherein dist(i’, 1) =
dist(,") and w;; > 0 denote a symmetric notion of distance between locations i’ and ¢
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and the square of its reciprocal, respectively. The subsequent discussion refers to dist
only through w; ;; = wy ;, © # 7'. In fact, the role of dist is to facilitate the interpretation,
and using w; 4 = 0 to represent “infinite distance” introduces no technical complications.

If one sets w;; = 0 for all ¢ < m, then the integral of the difference quotients corre-
sponding to a fixed j < h with respect to the product (counting) measure on {1, ..., m}x
{1,...,m} may be expressed in the form Zi,Km wir i (wi ; — u; ;)* = 2(uj, Auy), wherein
the matrix A is defined in the following display. This equality implies that

z Wy 0 Wi2 ... Wim
;!
rsm T W12 0 cee Wom
A= — ) ) ) i <3.14>
' W . . . .
Z’L/Sm v,m wLm ’LU27m e O

is positive semidefinite and is subsequently assumed to be nonzero, that is, at least
one pair 7,7 < m exhibits finite distance. The form of A implies (1,...,1) € ker A,
which fits the role of u +— (u, Au) as a measure of roughness and reveals rk A < m. More
precisely, one hastk A = inf{m—k: ‘ there exists a partition Cy, ..., Cy of {1,...,m} with
1e€Cs 1 = wp = 0}. In fact, the infimum m — k, is attain due to the well-ordering
principle. If Cy, ..., Cj, form a corresponding partition, a; = Ziecj e, ] < kg, and R
provides a Cholesky factor of A, then || Ra;||* = (a;, Aas) = § 3, i, Wi (aij—air ;)* =0
as i € Cy,7 € C; with either s = ¢ and therefore a;; = ay; or s # ¢ and therefore
w; i = 0. Conversely, if a € R™ exhibits entries a; # ay with w; ; # 0, then (a, Aa) > 0.

Due to its symmetry, A exhibits a spectral decomposition A = > ., , 0i(A)o; (0, *),
wherein o1, ..., oma Tepresents an orthonormal sequence of singular vectors of the
form given in lemma 2.4. In this notation, the suggested measure of roughness of u;
equals [|AY?u; |2, wherein A2 =37 0/%(A)o;(0;, ») does not depend on the par-
ticular choice of singular vectors. The same applies to the alternative roughness matrix
A2 =% a0 (N)oi(0;, +), wherein ¢ > 0 allows adjustment of the weights o2 (A)
for a given distance. More specifically, ¢ < 1 downplays differences in the singu-
lar values; ¢ > 1 amplifies these differences. In addition, symmetry and imgA =
span{oy, ..., ou} = img A2 ensure that ker A = ker A%2 and rk A%? < m, forall ¢ > 1.
The sum ||[AY2U,||? = Zj§h|’Aq/2uj”2 measures the total roughness of the (spatial) pat-
terns u;. The alternative quantity | A%26,||? amounts to a weighted sum—with weights
equal to the squared diagonal entries of I',—of the individual roughness terms ||A%/2u;]|2.

Any valid choice for the above sequence o, ..., 0.5 of singular vectors for A can be
extended to an orthonormal basis oy, ..., 0, of R™. If rk A < m — 1 or if dim ker (A +
;(A)id) > 1 for some j, wherein 7;(A) and id denote the j-th distinct singular value of A
and the identity map on R™, respectively, then—according to section 2.5.4—the choice
of singular vectors and oy a1, ..., 0, involves some ambiguity beyond sign choices.
However, these arbitrary choices are practically immaterial to the subsequent discussion
as they do not affect the key quantities derived from the chosen basis. Two observations
are essential in this regard. Firstly, one has span{oy,...,onqa} = (ker A)t = imgA.
Secondly, positive semidefiniteness of A implies ker (A + O'j< )id) = {0} for all distinct
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singular vectors. Hence, L{ = span{o,...,0r_1}, 1 < k < rkA + 1, is unequivocal
whenever either £ =rk A+ 1 or 1 < k <tk A together with oy_1(A) > oi(A).

Every orthonormal basis oy, ..., 0, of R™ induces—comparable to e; and Bi,j in
examples (a) and (c) of section 2.1.1—an orthonormal basis O;;, i < j < m, of S™,
which is given by O;; = 0;0] and O;; = (Oio;r + ojoiT)/\/i for i < 7. In terms of the
latter, a “small”—relative to the other parameters such as Ay,...,A4;, and p—value
of |AY/20,]|? corresponds to the transition matrix ©, being close to k-model space

Vi =span{O0,;|j>i>k} ={A€S™"|imgAC Ly}, Ly =span{og,...,0n},

for some “large” k € N. The latter is herein restricted to k¥ < rkA + 1 < m with
ok—1(A) > o, (A) if 1 < k < rkA to ensure an unambiguous definition. In general, the
proximity of ©. to V; may be expressed in terms of the residual length [|Py. 0.]? =

[[SHED PP R(C R 0, ;YO; I, which should be “small” relative to ||©,]|.

3.5. Transition matrix estimation
3.5.1. Estimation strategy

This section considers a single realization z;j(w), t < n, j < m, henceforth called
the data, of corresponding random variables ;. These random variables are linear
combinations as in <3.8> of an orthonormal basis v j, (¢, j) € I,, consisting of P-square
integrable random variables defined on a probability space (€2, F,P). Hence, the strategy
of appendix 2.a may be used to build at a formal model. Furthermore, the assertions of
this and the next section concern only the linear relations of elements of span{w; ; | (¢, ) €
I, } and are therefore valid for all choices of the basis element representatives. The inner
product has the form (z,y) = Ezy = [ 2(w)y(w)P(dw); however, this Euclidean space
structure has no explicit role in the upcoming investigation. Therein, the coordinates
Ao, ..., Ay, p, and Uy, Uy as well as h,l > 0 are considered unknown, but satisfy the
restriction that all diagonal entries of Ay as well as at least one diagonal entry of A; are
nonzero. The case h = 0 is possible, and then the factor related quantities disappear.

The ultimate goal Ais to estimate the transition matrix ©, in <3.11> using the above
data. The estimate © used here takes the form of the unique minimizer of

. 1 B 2 /292
573 0 = S 1Y = XOIF + A®llue + 1470

“zo () - (e a0

wherein A\, £ > 0 control the relative importance of the second and third summand,

2 <3.15>
+ A0 nuc

Tog(w) ... Tom(w) ria(w) .. Tim(w)
Y = : : , X = : : )

Tpi(w) .. Tpm(w) Tpo11(w) oo Tpopm(w)
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*11 .- *1k—1
space | dimension

| Vi | L(t+1)/2
Vi | (m4l+1)(m—10)/2

Vi (m+k)t/2
Vit (k—1)k/2

Vi
Figure 3.8

The figure shows an abstract set of coordinates «; ; with respect to the orthonormal basis O, j
of S™—defined in section 3.4.2—arranged in an upper triangular scheme and for 1 < k < m.
Solid gray lines and a gray background highlight coordinates associated with the k-model
space Vj, as well as those associated with the orthogonal complement ij- of the extended model
space V;,. Coordinates associated with Vj, and Vkl are encircled by dashed and dotted lines,
respectively. The table on the righthand side lists the dimensions of the four subspaces of S™.

and A%? is as explained below <3.14>, thus 1 < rk A < m, for some given symmetric
notion dist of distance on {1,...,m} and ¢ > 0. The final term in <3.15> identifies the
present criterion as a special case of <3.1> in section 3.2.1. Thus, section 3.2.3 deals
with the above uniqueness assertion. Section 3.3 shows that this strategy is practicable.

The connection of the objective function <3.15> with the modeling of the previous
section is threefold. Firstly, the considerations surrounding <3.12> suggests that X0,
should—at least in special cases and then for all w in a P-large set—be a close substitute
to Y. In fact, the t-th row of X carries a realization of the columns of X, while the ¢t-th
row of Y consists of the corresponding realization of the columns of X; ;. Secondly, the
number of factors h being “small” relative to m implies that the transition matrix O,
exhibits “low” rank. The second component |« ||, encourages this property for the

estimate ©. Lastly, section 3.4.2 shows that [|A%2 .+ |2 provides a measure of smoothness
of singular vectors of a (symmetric) matrix—viewed as functions on ({1,...,m},dist),
which herein have the interpretation of basic “spatial patterns”. At a higher level, the ob-
jective function <3.15> amounts to the sum of a data-based term—the first summand—
and a structure-based term consisting of the second and third summand.

Section 3.5.2 derives conditions on X,Y € R 2™ as well as )\, & > 0, which ensure
that ||©, — 0| is “small”. The discussion is in terms of a specific data set, that is, point-
wise with respect to w. Section 3.5.3 shows that these conditions hold for all w € §' € T,
wherein the probability P.S is controlled by the number of time points n amongst others.

Section 3.4.2 observes that the structural assumptions—“low” rank and “smooth”
singular vectors—on O, roughly correspond to ©, being close to the k-model space

Vi={AeS"|imgAC Ly} =span{O;; |j >i >k}, L =span{oy,...,0n},
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Figure 3.9
The figure visualizes the decomposability ||O. + Allnuc = ||Ox|lnuc + || A|lnuc for elements O, €
Vi and A € Vkl with m = 2 as well as the possibility of non-decomposability in case A € Vkl.
Dashed and dotted lines indicate the | s |lguc-unit- and || «||auc-3-ball, respectively. Here,
01 = ey, 09 = ez, and k = 2, thus, Vj, = span{Bs s} and VkL = span{Bj 1}, wherein ¢; and Bl-,j
denote standard basis elements of R? and S?, respectively, as defined in section 2.1.1. The
righthand part shows a part of the relevant two dimensional cross-sections of the lefthand side.

for “large” k, wherein the orthonormal basis oy, ..., 0, amounts to an extension of a
singular vector sequence oy, ..., o for A, and Oi,j equals oio;r if1 =7 or (oiojT +
0;0;)/ V2 if not, respectively. To avoid ambiguity, the k-model space is defined only for
k <tk A+ 1 < m, wherein the second inequality follows from the definition of A which
implies tk A < m, and with o;_1(A) > ox(A) if 1 < k& <1k A. The same applies to the
extended k-model space Vi, = span{ O, ; | j > max{i, k} }. Figure 3.8 arranges an abstract
coordinate sequence «;;,% < j, with respect to the orthonormal basis Om, 1 < 7j,in a
triangular scheme and highlights the coordinates associated with the two types of model
spaces Vj, and V;, as well as their orthogonal complements for the case 1 < k < m; the
neighboring table lists the dimensions of the four subspaces V4, Vb, Vi, and V.

The extended k-model space further clarifies how <3.15> encourages O to assume
the structure expected in the (unknown) transition matrix ©,. More specifically, the
minimization of this criterion function may be rephrased as the minimization of

1

2 IE ~ XAP + N6, + Allme + €A (O, + A)[ - <316>

he(D) =

over A € S™, which represents the deviation A = ©—0, of © from ©,, and consequently
E =Y — X0O,. This approach is practically infeasible as ©, and thereby E are not
available. However, it is helpful in the present—purely theoretical—discussion.
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The orthogonal complement Vit = span{O0;;|i < j < k} of the extended k-model
space gathers the directions which suffer the strongest opposition from the structure-
based part in <3.16> if ©, € V), . Then, for every A € V;- the inequality

MO+ Allme +ENAY(O, 4+ A) |2 < [M O lmue +ENAYZO, ] + [ Allaue +E[[ A2 A|7]

becomes an equality. Figure 3.9 visualizes this property for the first summand A[|©, +
Allpge and the case m = 2, O, € span{Bas}, Bas = ( ;). It also highlights the con-
nection with the facial structure of {|| +||ae < 1} discussed in section 3.1.1. In addition,
this figure exemplifies the possibility of strict inequality for A € V;-. Consequently, the
consideration of V;, D Vj, and thereby V,j C V}j is essential in this regard.

The relation between the orthonormal basis elements o; and O;; translates into a
relation between the orthogonal projector P, with Ly = span{og,...,0,} and Py, as
well as Py , respectively. More specifically, if A € S™, then

Py A
A= (PLk—i_PLi)A(PLk—i_PLé) = PLkAPLk +PLkAPLkL + PLiAPLk +PL§APLé . <3.17>
e

Therein, terms of the type P, AP;, embody compositions of linear maps R™ — R™.
In contrast, terms of the type Py, A denote a projection in S™. Herein, the projec-
tion Py, A—considered as an element of R™*™ —equals the sum P, A+ P APy, of two
matrices of with rank no exceeding dim Ly = m + 1 — k =/, thus, rk Py, A < 2/.

3.5.2. Recovery conditions

This section derives an upper bound on the norm of the estimation error ||© — ©,]|
in terms of a given realization z;;(w), t < n, j < m, of corresponding random vari-
ables x; j—the observables. Herein, the estimate &) equals the unique minimum of the
criterion function <3.15> for given £, A > 0, which are specified in the course of the
analysis. Section 3.5.3 generalizes these bounds to hold for all w in some S € J.
Section 3.5.1 justifies the presence of the second term || ¢ ||,uc as well as the third term
£JAY2+]]? in <3.15> by the vague idea of rk©,(< h) and &[|A%?0,||? being “small”.
These conditions roughly translate to a low number A of factors and the singular vec-
tors wuq, ..., uy of ©, being “smooth” functions on ({1,...,m},dist), respectively. In
this regard, the present section assumes the following two conditions. Firstly, the di-
agonal entries of the (diagonal) matrix Zé;lo A;A; 4 are nonzero (if h # 0). Thus,

one has [ > 1, and the rank of ©, = UIF*UlT equals the number h of underlying
factors. Moreover, this condition ensures that wuy, ..., uj, are singular vectors of O,
of the form considered in lemma 2.4, that is, u; € ker(@* + 5j(@*)id), i < h, with
7;(0,) > 0 being a distinct singular value of ©,. The possible ambiguity due to two or
more diagonal entries of I', being identical has no practical consequences for the present
investigation as only ©, and © — ©, are of concern. Secondly, the columns wuy, ...,
up of Up and ©, are perfectly aligned with A, that is, either h = rk©, = 0 or there
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exists k <tk A+ 1(< m as tkA < 0) with o4_1(A) > o (A) if 1 < k < rkA such that
img O, = span{uy,...,u,} = span{og,...,0n} = Lg. In the latter case, this require-
ment implies the inclusion O, € V, = Span{@i,j |k < i < j}. Thus, the availability
of the roughness matrix A amounts to a considerable understanding on u;, ..., u,. In
addition, if ©, # 0, then the equalities h = tk©, = m — k+ 1 = ¢ > 1 hold, wherein
the second equality provides the link to the notation used in section 3.5.1.

In terms of the alternative objective function Iy ¢ in <3.16>, the definition of © ensures
that l}g(ﬁ) < 1y¢(0), wherein A =0 — O, equals the estimation error and 0 symbolizes
the m xm zero matrix. Rephrasing this inequality leads to the main result of this section
(proposition 3.9). Lemma 3.8 summarizes the first part of its proof. The details of this
derivation may be found on page 82 in appendix 3.b.

Lemma 3.8. If O, is perfectly aligned with A, tk©, = h, and A > ||G||op with G =
(XTE+ETX)/(2(n—1)), E =Y —X0O,, then the minimizer A of [, ¢ in <3.16> satisfies

XA ¢ (A - -
| \/—1||2 +£U’“%()IIPV,€LAH2 < 5VRA|A|| +4¢| A0, <3.18>
n_

wherein h = m + 1 — k and either k < m with V} :span{0i7j\k <i1<jlork=m+1
with Vi, = {0}. In the latter case, one has op—1(A) = 0pn(A) =0 as Tk A <m — 1.

The lower bound for A in lemma 3.8 is a valid choice in the sense that it does not depend
on the outcome © of the optimization process; however, it cannot provide guidance in
practical situations when ©, and thereby E =Y — X0, is unknown.

The requirement rk ©, = h implies that a zero transition matrix O, occurs if and only
if h = 0. In this extreme case, the righthand side of <3.18> equals zero. Proposition 3.6
explains this observation. In particular, comparing the final term in <3.15> with <3.1>
reveals that the (unique) minimizer © of the former equals the m x m zero matrix if
and only if [|[(XTY +YTX)/(2(n — 1))[lep < A. Moreover, the equality h = 0 implies
E =Y — X0, =Y. Therefore, the requirement A > ||G/||op ensures that in this special
case the minimizer © and thereby A equals the m x m zero matrix, which verifies <3.18>.
Finally, the inequality <3.18> is valid if £ = 1, that is, h = m+1—k = m due to perfect
alignment. Then, V; = S™, V,* = {0}, and the second summand on the lefthand side
of <3.18> is absent. In particular, there is no need to ponder the meaning of a zeroth
singular value. However, the below analysis is geared towards “large” k.

The second part of the analysis leading to proposition 3.9 takes the model structure
presented in section 3.4.1 into account. This requires the definition of the matrices F' €
RM=DxP and V, € R®=Dx0m=h) in analogy to X and Y, that is,

fl,l (w) e fl’h(w) 'Ul,thl(w) Ce vLm(w)
: : : and Vh = - :

fara(@) ooo Fan(w) i1 (@) e Vntm(®@)

F =
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These definitions imply—by virtue of <3.8>—the two equalities
X = FU + pVoU]  and || XA|? = |FUTA + pVaUJ A% . <3.19>

If £k =1, then h = m and the quantities p, V5, and U, are absent. The same applies
to the factor related quantities F' and Uy if h = 0. In this case, the remark following
lemma 3.8 reveals that the equality ||A]| = ||© — ©,|| = 0 holds whenever A\ > ||G||qp;
thus, no further investigation is needed. In case h > 0, proposition 3.9 requires that
the least singular value o), (FTF/(n — 1)) of the symmetric and positive semidefinite
h x h matrix FTF/(n — 1) exceeds a positive number x > 0, which plays the role of a
curvature constant as defined in section 3.1.2. This requirement amounts to rk FTF = h
or equivalently linear independence of the columns of F', which in turn necessitates n —
1 > h. A proof of proposition 3.9 follows on page 83 in appendix 3.b.

Proposition 3.9. If O, s perfectly aligned with A in the above sense, tk©, = h, and
if h>0, then o (FTF/(n —1)) > k> 0 for some £ > 0, as well as

" XTE+ETX _

A A= (Gl, G=2 T2 E_vy_xe.,
2(n—1)
1 FTF Vo F/(n—1)]2

(o ( ) AL

exé={o | \n-1 on(FTF/(n— 1))
0 , otherwise ,
then the minimizer A = © — O, of l}g m <3.16> satisfies
~ A 1 ra2 . .
IA| < max{ 202Vh, 44/ 2||AY?0, ||V withk =1 ifh=0. <3.20>
K K

The lower bounds for A and £ are valid as both can—in principle—be calculated prior
to the minimization process. In particular, if h > 0 and k > 1, then the requirements k£ <
rk A +1 and rk A > 1 guarantee the inequality o;_1(A) > Omin,20(A) > 0.

The (literal) numbers appearing in lemma 3.8 and proposition 3.9 are arbitrary to
the degree that they reflect one of a range of possible choices used in the proofs. These
proofs justify the form of A and é : however, a supplementary comment is in order.
Section 3.4.1 defines the transition matrix ©, as the unique minimizer of the ¢-invariant
objective S™ 3 O — || X1 — XiO|?/2 = E||zy1 — Ox4?/2. The latter expectation
amounts to an integral over R*” with respect to the ¢-invariant distribution fu(z, 4,
of the random vector (x¢,z¢y1) = (Tea,- - Tem, Teg11, - - -, Ter1m), that is, the image
measure P o (2, z441)" " on (R*™ R?™) with R*™ symbolizing the Borel o-field of the
norm topology on R?*". The data-based term in <3.15> has the form of a similar
integral but with respect to the empirical distribution fi(y,,,,) given by fiz, +,.1)B =
3 eni 1 (24(w), 2441 (w)), wherein 1 symbolizes the indicator function of B €
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R?™. These two integrals differ to the extend that

EH.I,:_H — Oz||* = E||2s1 — Ouzy||* + E||(© — ©,)7|*, whereas

3 [z (w) — Oz ()| _ [V — X0, | [X(O©-0.,)  2(XTE,0-06,)
= + +
n—1 n—1 n—1 n—1
t<n—1
contains an additional term. Therein, XTE/(n — 1) can be replaced by its projection G
onto S™ due to symmetry of © and ©,. Hence, this (final) term is upper bounded by
2||Gllopl|© — Oullauc, Which shows that the given A allows the me-part of <3.15> to
counter the additional term. A similar remark applies to the second summand of £. Its
first summand serves a different purpose. Proposition 3.9 is geared towards the case h <
n — 1 < m—although this is not explicitly stated, wherein the differences n — 1 — h
and m —n + 1 are thought to be “substantial”. In case n —1 > m — h, a modified
argument dispenses with the first summand of £ and leads to a comparable upper bound.

3.5.3. Probabilistic guarantees

This section derives an expression for the probability that the upper bound <3.20> on
the estimation error length ||© — ©,|| holds when estimating the transition matrix ©,
in <3.11> via the unique minimizer © of the objective function in <3.15>. More
specifically, the main result (proposition 3.13) provides positive numbers A, £, and F—
depending on the matrices Ayg,...,A;, and p as well as m and the number of observa-
tions n—such that there exists a subset S of €2 contained in the o-field F with
F(w)TF(w - .
Sc{weQ'ah(%)zﬁ}m{weQ\)\ w)}N{weQ|¢>Ew)},
whose probability depends on the just mentioned model quantities. Hence, the minimiz-
ers © (of <3.15> with A > X, £ > &) and A (of Lye, A > A, € > €) satisfy the inequality

||@ — 0, =7 < max{?O\/ﬁ%A\/%HAQ/Q@*H} <3.21>

for all w € S, which is abbreviated as <3.21> being true with probability at least PS.
The question whether the set of w satisfying <3.21> or the above superset of S are
measurable, that is, elements of &, is not addressed and has merely aesthetic value. The
formal framework conforms with the construct in appendix 2.a. In particular, the above
sets depend on the choice of basis element representatives; however, their probabilities
are invariant to this choice due to the invariance of the underlying distributions. Fi-
nally, the present analysis focuses on 1 < h < m and considers a fixed choice of model
quantities satisfying the restrictions of section 3.4. The conclusions apply generally but
depend on these quantities. The case h € {0, m} receives only minimal attention.

In light of proposition 3.9, the present investigation amounts to a study of singu-
lar values—defined pointwise with respect to w—of random matrices. Generally, if A
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symbolizes a d; X dy random matrix, then A(w) denotes the image of w € Q under A,

that is, the element of R%*% with i, j-th entry a; j(w). Sections 3.5.1 and 3.5.2 omit

the argument to simplify the notation, which is justified as these sections never refer

to w — A(w). This section considers both A and A(w), which requires a more careful

notation. In particular, the symbol A refers to a random matrix unless A = A(w) is

explicitly indicated. This comment also applies to random vectors and random variables.
The (transposed) rows of the random matrices considered here are given by

U1 Ut,h+1 ft,1 T
1) . (2) . o . o . _
Vg W = : y U - = : o : , Ty = : , 6 =T — O,14
Ut h Ut,m ft,h Ttm

Therein, the random variables v, ; with (¢, j) ranging over a subset I, C N x N are inde-
pendent with zero mean and Evz ; = 1. Section 3.4 presents the complete specification.
Proposition 3.13 necessitates—on top of the specification in section 3.4—that the distri-
bution of each random variable v, ;, that is, the image measure IP o v, jl, is subgaussian.
The latter requirement amounts to the existence of some s;; > 0 such that the inequal-
ity P{|v,;| > t} < exp(l —#*/s7;) holds for all ¢ > 0. Appendix 3.a contains a brief
treatment of such distributions. Two facts are essential: firstly, a “large” subgaussian
norm |[vy ;|| = inf{s > 0|Eexp((v;/s)?) < 2} corresponds to a “slow” decay of the
probabilities P{[v ;| > w} for 0 < w — oo; and, secondly, |lvy;|ly, > 1 as Ev7; = 1.

An analysis of the singular values of the symmetric and positive semidefinite ma-
trix FTEF/(n — 1) leads to an appropriate value & > 0 and showcases all steps involved
in following investigations. The first step of the argument is pointwise with respect
to w, that is, ' = F(w) as in section 3.5.2. Sections 2.5.2 and 2.5.4 express the ex-

FTI;) and 6, = op(w) = O'h(F F) in the form

treme singular values 1 = 01(w) = 01(

o1 = supHcH:1<i ELc ¢) and 6y = infj= 1(5 —L¢,c). Therein, the map ¢ — (%c c) is
Lipschitz continuous on the unit sphere {||«| = 1} of R". More specifically,
FTF FTF FTF FTF
< cc> < d,d) ( 10',c—c'> +‘< 1c,c—c’> < 261||le = ||
n— n—

provides the upper bound 267 on its (|| « [|-)Lipschitz constant. Thus, <2.1> implies

., FTF FTF

min <—ci, ci> 200e <6, <01 < max< cl, cl> + 201€ , <3.22>

i<g ‘n—1 i<q
wherein ¢, ..., ¢, provides an e-net (section 2.1.2) of {||«|| = 1} with € € (0, 1).

Subsequently, the symbol F' refers to the random matrix w — F(w), whose (trans-

posed) rows are given by the random vectors fi, ..., f,_1. Consequently, the sum-
mands of (FTFc,c) = 3, (fi,¢)* with ¢ € {||+|| = 1} equal (f;,c)* = (Bw,c)*> =
v' Bl cec" Byv, wherein B, € RV>™(+) ¢ < — 1, has the form

[ 0 ... 0 Ay ... 4 0 ... 0 1. 4;=[4; 0] eRM™,
—_———— —_————
n — t zero matrices in RhPX™ t — 1 zero matrices in Rh*™
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and the random vector v consists of vn),v,(f),vfl)l, e gl)l,vf_)l—in that order from

top to bottom—with vf equal to the zero vector in R™ " for 1 — [ < j < 0. Hence,
the entries of v are independent and exhibit subgaussian distributions. In total, this
representation implies the equality (FTFec,c) = vT A.v with A, = Ztgn—1 BlccT B;.
The expectation of the summands (f;, ¢)* = D ich 2j<n CiCifrifr is given by (Vie, c)
for all ¢ < n — 1, wherein V; = Zé:o A? equals the t-invariant Gramian (F}, F}) of
the linear map F; = [fi1 -+ fin]. Moreover, the examples (d;) and (dy) in sec-
tion 2.5.2 together with rk A. < n—1imply the (in)equalities [|A[[* = 7., 4. 07 (A) <
(n = DA,
span{B[c|t < n —1}. As a consequence, every unit length ¢ € R" satisfies

(n— V2(Vie,? _ (n—12(Vje,)? Vie.d) )’
> —(n—1) (5
CTAE = 40 - DA 207 [ Aoy

wherein the inequality for the rank follows from the inclusion img A, C

Thus, the Hanson-Wright inequality (lemma 3.14 in appendix 3.a) yields

P{|(£ —c ¢y — (Vie, o) > 2 (Vie, o)} = P{|vT Aew — Ev" Av| > 21 (Vie, c) }

i . ' Vie, c)
5 - B 5 _ Vo0
_zexp< C(n 1>mm{<c’<c})’ wheren 6 = Se Al

and C' > 1,C > 0 equal an upper bound on the subgaussian norms ||v; ;|y,, (¢, ) € I,
and the (unspecified) constant in the Hanson-Wright inequality, respectively.

This inequality holds for every unit length ¢ € R*. In particular, it applies to all
elements ¢y, ..., ¢, of a C-minimal ' , wherein &’ = 03,(V}) /(2001 (V7).
The choice of & is tailored to the below derivations and ensures ¢ < 1/2; that is,
1 —2¢" > 0. Next, an application of the union bound PU;<, A; < 3, PA;, which holds
for arbitrary F-measurable sets Ay, ..., A,, leads to the inequality

TF
— 1cz,cl> <3 S(Vrci ci) } >1- QZexp (n— 1)771) , <3.23>

1<q

F
PNi<, { % (Vici,ci) < <n

wherein 7; = min{(,,, sz} with (., > 0 whenever h > 0 due to the above requirements.
Lemma 2.1 and C-minimality of the chosen &-net imply that ¢ equals the covering
number N({[|« || =1}, [[+],¢') < (1 +2/¢")" < exp(hlog[4101(V})/on(Vy)]).-
If w lies in the intersection on the lefthand side of <3.23>, then the inequality &’ < 1/2
together with the final inequality in <3.22> imply that
1 (F(w)"F(w)ci, ¢;)

. )
1) < 1200 iy n—1 = §Jl(vf) ’

Next, the first inequality of <3.22> ensures that all w in the above intersection satisfy

51(w) > 50u(Vy) — 5 (V) = zon(V))
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Similar arguments verify that elements w of this intersection also satisfy

F()TF . C
op(w) < min (Flw) Flw)es ci) < §1rnin<Vfci,c,-> < 3 on(Vy) + 201 (Vy)e' | < 204(Vy) .
i<q n—1 2 i<q 2

These inequalities hold simultaneously with probability at least 1 — ¢, § € (0,1), if

1 0'1(Vf) 2
—1> = 1 41— | h+log— ) . 3.24
T E C'min;<, min{¢2, ¢, } ( Og{ on(Vy) o83 =

Lemma 3.10 provides a lower bound on the denominator of the second factor on the right-
hand side. Therein, the diagonal matrices Ay, ..., A; exhibit a uniform decay rate o > 0
if S0 Al < (|| Aic]]) exp (1 —ak) for all ¢ € R#! and 0 < k < I. Every sequence
Ay, ..., A; exhibits a uniform decay rate of 1/I. However, larger uniform decay rates are
possible. In particular, if Ag = pI, A; = pD?, p > 0, wherein I and D symbolize the hx h
identity matrix and a diagonal matrix with nonzero diagonal entries d;; € (—1,1), re-
spectively, then one has 3'_, || Asc| < d¥ le‘:oHAiCH < (ZionAiCH) exp(1—klog(1/d)),
wherein d represents the maximal absolute diagonal entry max;<p|d;;| < 1 of D.

Lemma 3.10. If the sequence Ao, ..., A; exhibits a uniform decay rate o, then using
the above notation one has min;<, min{(.,, (>} > ¢* with { = a/(3C?*(3 + )).

Lemma 3.10 reveals that the number of observations n has to exceed a constant
times the number of factors h for the above inequalities to hold with “high” probability.
Therein, the constant grows with the subgaussian norms ||v; ||, and decreases as the
uniform decay rate « increases. A proof starts on page 84 in appendix 3.b.

A comparable analysis—starting on page 85 in appendix 3.b—leads to lemma 3.11.
The final paragraph of section 3.5.2 mentions that the present analysis targets the case
m > n — 1 > h. The above discussion reveals the importance of the second inequality
n —1 > h. Lemma 3.11 requires the first inequality m > n — 1. The case m < n — 1
necessitates a modified argument and leads to a different result.

Lemma 3.11. If 0 < h < m, the sequence Aq,...,A; exhibits a uniform decay rate a,
the distribution of v, ; is subgaussian with ||vy;||y, < C for some C' > 0 and all (t,5) € I,
and m > n — 1, then using the above notation one has

VI F = o (1+a\"?
2 <cc? (ﬂ) o2 v

n—1

a n—1

op

with probability at least 1 — 1/2™~1 wherein C > 1 denotes a constant which does not
depend on the model quantities and V; = Zé:o A2

Lemma 3.12 focuses on the operator norm ||G||o, of G. The analysis leading to its
assertion possesses the same structure as the two previous investigations but is compli-
cated by the structure of the rows (€:1,...,&,,) of E shown in <3.12>. To simplify
its statement, the sequence of diagonal matrices A, ..., A; is said to exhibit a uniform
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autoregressive approximation factor > 0if ||(A; —TwAi—1)c|| < Bmax{||Aic||, [|Ai—1c||} utoregressive
for all 1 < i <[ and unit length ¢ € R", wherein I', = (Zizo A?)fl Zi;é A;Ai1. The Juctor "
Cauchy-Schwarz inequality implies that all diagonal entries of I, lie in [—1, 1]. Conse-
quently, every sequence Ay, ..., A; has a uniform autoregressive approximation factor
of 2. At the other extreme, the above special case, namely, Aq = pI, A; = pD*, i <,
p > 0, I being the h x h identity matrix, and D symbolizing a diagonal matrix with
nonzero diagonal entries d;; € (—1, 1), has an approximation factor of d2*1/ (22:0 d*),

wherein d = max;<p|d; ;| < 1. A proof of lemma 3.12 starts on 86 in appendix 3.b.

Lemma 3.12. If h > 0, the sequence Ay, ..., A; exhibits a uniform decay rate o > 0
and a uniform autoregressive approzimation factor B > 0, the distributions of vy ; is
subgaussian with ||ve ||y, < C for some C' > 0 and all (t,j) € I,, then form >n —1
and using the above notation one has

1+« m

o1 (Vy) + P2) —

XTE+ETX
- |2 £
n

_1)

< 502(1+6)(

op

with probability at least 1 — 1/2™72 wherein CE’ > 1 represents a constant which is
unrelated to the model quantities, Vy = Zi‘:o A% and p=0 if h =m.
If h =0, then the same result applies with (1 + a)oy(Vy)/a = = 0.

Finally, combining lemma 3.10, 3.11, and 3.12 with proposition 3.9 yields proposi-
tion 3.13, whose details are proved on page 88 in appendix 3.b.

Proposition 3.13. Let ©, be perfectly aligned with A in the above sense, Tk ©, = h, and
the distribution of v, ; be subgaussian with ||vy ;|4 < C for some C' > 1 and all (t,7) € I,.
If h > 1, then let the sequence Aq,...,A; exhibit a uniform decay rate o > 0 and a
uniform autoregressive approximation factor B > 0. Under these conditions, there exist
C1,Cy > 1, C3,C4, C5 > 0 not depending on the model quantities such that

_ g (1ta ’ o1(Vy) 2
m>n 126’10( - log CZO'h(Vf) h+log5 , 0€(0,1),

together with the lower bounds

g l+ao(Vy) [ m ]
5zﬁ—m<ah<vf>+p204 o on(Vy) {n—l])’ "

1+«

A>A=CiC* (14 B) ( o1(Vy) +p2) ——

n—1

guarantees that the unique minimizer ) of <3.15> satisfies the inequality

16— 0.] < Cs max{g\/ﬁ, \/%HA‘I/Q@*H} <3.25>
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with probability at least 1 —§ — 1/2™73. Herein, k = %Vf) if h > 0 and one otherwise.
In the latter case, all factor related quantities above vanish and = 0.

The requirement on h,n,m in proposition 3.13 implies the inequalities m > C'h +
C"log(2/0) > h with C",C"” > 1, which precludes the equality h = m. If one disregards
the other extreme case h = 0, then the lowest possible upper bound in proposition 3.13
follows when using A = A and & = €. This upper bound can be simplified to

Cs max{%\/ﬁ, \/%HA(I/Q@*H} < Cs (%ﬁ—i— \/EHAq/Q@*H)

A) 1Y (1+a o1(Vy) | mh
<oy o 1(Vy) 5
< G0 ( +6+ [ak_l(A) o + o1 Vf (Vi) Vn—1 <3.26>

with Cf > 0 representing a constant which does not depend on the model quantities.

Therein, the term (o) (A)/ ak_l(A))Q/ ? is a consequence of perfect alignment of the tran-
sition matrix O, with A, that is, img ©, = Ly, and the definition of A%? in section 3.4.2.
The requirement o3 (A) > o—1(A) implies that this term vanishes as ¢ — oo.

Several interpretable quantities occur in <3.26>. The upper bound C' on the subgaus-
sian norms || v j||y,, (¢,7) € I, controls how P{|v; ;| > w} shrinks to zero as 0 < w — oo.
The decay rate o quantifies the temporal dependence of the factors. In addition, the
ratio p?/o1(V}) compares the “size” of the non-factor part and factor part of z;; simi-
larly, o1(Vy)/on (V) measures the “size differences” between factors. The approximation
factor 3 expresses how well the transition in <3.12> fits the true dynamics of the factors,
while (o4(A)/ ak,l(A))Q/ ? represents the “misspecification” of A. The ratio mh/(n—1)
roughly equals the “number of parameters” in ©, per observation. In fact, section 2.5.4
expresses O, as the sum ©, — ©_, of two symmetric and positive semidefinite matri-
ces ©,,0_, which are uniquely determined by ©, and satisfy img®, C (img©_)+
and tk©, +1k©_ = h. Careful reading of section 2.4.2 reveals that each of the two
summands uniquely corresponds to a rk ©4 x m row echelon matrix R* with 7"z wer, > 0
for all ¢ <1k O, wherein I; = {j < m|r;; # 0} as in section 2.2.1. Furthermore, if the
number of factors A is “small” relative to m, then the representation as a pair of row
echelon matrices with mutually orthogonal rows contains approximately mh entries.

Finally, two closing comments are in order. As previously mentioned, the use of the
uniform decay rate o and the uniform autoregressive factor [ entails no additional re-
strictions. These notions summarize two aspects of the sequence Ay, ..., A; and thereby
simplify but also weaken the resulting statements. In fact, their definition is tailored to
the special case Ay = pI, A; = pD", i <, p > 0, wherein I represents the h x h identity
matrix, and D denotes a diagonal matrix with nonzero diagonal entries in (—1,1). The
resulting upper bounds are overly generous for “very different” cases.

The lower bounds £ and A in proposition 3.13 provide no guidance in practical
situations as their definition involves several unobserved quantities including oy_1(A)
since kK = m+ 1 — h is unknown. Hence, proposition 3.13 merely states that minimizing
an objective function of the form <3.15> is a “meaningful” approach in the sense that
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there exist A\,& > 0 which imply that an inequality of the form H(:) — 0, < c*Vh
with C* > 1 holds with “high” probability once the number of observations exceeds a
multiple of the number of factors. However, this guarantee is practically useless as the
alternative estimator © = 0 satisfies |© — O, || = ||©.]| < v/h with probability one.

Comments and references

Section 3.1 Rockafellar (1970, part I-IV) presents all topics of this section in full de-
tail. He shows that a nonempty interior is merely a sufficient condition for the existence
of supporting hyperplanes at boundary points; a refined existence criterion relies on the
concept of a relative interior (Rockafellar, 1970, sec. 6, thm. 11.6). Boyd and Vanden-
berghe (2004, sec. 2.1-2.3, 2.5) discuss basic properties of convex sets. Their presentation
contains numerous examples and illustrations. In particular, their figure 2.8 partially
resembles panel (B) of figure 3.1. Figure B.5 of Bertsekas (1999, app. B) covers other
aspects of that figure. Figure 3.2 can be found in Chandrasekaran et al. (2012, fig. 1,
panel (b)). The basis choice B 1, By 2, By o is commonplace in literature; the alternative
(X)) /V2, (1) /V2, (Y _1) /V/2 leads to a more symmetric appearance of {|| « [Jaue < £},
¢ > 0. Chandrasekaran et al. (2012, sec. 2.2) identify {|| ¢ |lse < ¢} as the convex hull
of the rank one matrices. The assertion of all proper and closed faces of the latter
set being exposed can be obtained by adapting the proof of So (1990, thm. 3), which
applies to R™*™ to S™. Zietak (1993, sec. 4, p. 140) indicates this possibility but is
concerned with R”™*"™. His equation (2.2) (section 2) contains the nucleus of lemma 3.2.
Drusvyatskiy et al. (2015, sec. 2.3, def. 2.8) treat sets of the form {d € df(+)} under
the name exposed face of f and relate theses faces to the exposed faces of epi f in their
theorem 2.9. Nesterov (2004, def. 2.1.2) caters the definition of strong convexity for
differentiable functions. His theorem 2.1.9 contains an alternative definition of this con-
cept, which does not presuppose differentiability. Hiriart-Urruty and Lemaréchal (1996,
ch. X) discuss conjugates (Legendre(-Fenchel) transforms) in-depth.

Section 3.2 Negahban and Wainwright (2011a, sec. 2.2) consider the criterion [y in
slightly different form. Fazel (2002, sec. 5.1.4) links || « ||pe and the rank via conjugation;
her analysis may also be found in Fazel et al. (2001). Yuan et al. (2007, sec. 2) motivate
the use of e Via a general framework for dimension reduction. Using g = A|| « ||pue (as
in [)) in place of Ark leads to a convex criterion function and thus facilitates the compu-

tation of the minimizer ©. Herein, the superscript ~ does not indicate a projection—as
in section 2.3; the same comment applies to the use of ~ in this section. If © ranges
over all of R"*? with Y € W*P then there exists a simple solution to the minimization
of [[Y — X «]|?/(2n) + Atk (Bunea et al., 2011, sec. 2). Thus, computational gains alone
do not justify the use of || « ||, as a replacement for rk in this case.

The derivation of the dual problem <3.3> and the associated optimality conditions
is an application of Borwein and Lewis (2010, sec. 3.3, thm. 3.3.5, exercise 9, sec. 4.2,
exercise 17). Bach et al. (2011, prop. 2.2 and below, eq. 2.9-2.11)" present a compa-

1 learned about this work only after the review process.
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rable duality analysis based on the same tools but tailored to a minimization problem
over RP. In particular, their equations (2.7) and (2.8) are akin to <3.2>. Mishra et al.
(2013, prop. 2.3)" adapt these considerations to a minimization problem over R™*?.
An analogous perturbation of the second summand g together with Hiriart-Urruty and
Lemaréchal (1996, thm. 2.1.1) provides an alternative route to the same dual problem.
Pong et al. (2010) consider the minimization of (a multiple of) [, but over © € R™*?
(and with Y € R™P). This problem generally allows the reduction to the case of X
with linearly independent columns. Then, the uniqueness assertion corresponding to
proposition 3.6 is immediate. The equivalent of the final condition in that proposition is
their equation (19). These authors also derive a dual problem based on the mentioned
reduction, which is akin to the above mentioned alternative perturbation approach. As a
consequence, the equivalent of <3.3> matches their expression (8) after some rephrasing.
Figure 3.5 resembles Bertsekas (1999, fig. 5.4.3). It focuses on a positive slope D; nega-
tive slopes lead to a negative value of the dual objective <3.3>. Boyd and Vandenberghe
(2004, sec. 3.3, ex. 3.26, 3.27) provide the arguments used to derive g, and f,.

Section 3.3 Bertsckas (2014, sec. 6.10.1) discusses the improvement ( f o X)(©*-1) >
(f o X)(©®) in the first summand of the criterion <3.1> via a gradient step. Ji and
Ye (2009, sec. 3) provide most of the algorithm <3.7> and the arguments in section 3.3.
Pong et al. (2010, sec. 4, eq. (22)) suggest termination based on the duality gap py — dy,
however, in the form (py — di)/(1 + di) < € to allow for a problem independent choice
of £ > 0. Bach et al. (2011, sec. 2.1.2.3)" present an analogous stopping rule to that used
in the recipe <3.7> (line 6-11) for a minimization problem over R?. Toh and Yun (2010,
sec. 3.5) suggest an alternative (subgradient-based) stopping rule. The algorithm <3.7>
is not an optimal gradient-based scheme. It ensures [,(©®*))—1,(0) < C/k, wherein C' >
0 is a problem-specific constant (proposition 3.7). The accelerated algorithm of Ji and Ye
(2009, sec. 4) replaces the latter bound with C'/k?. Herein, the role of <3.7> is to show
that iterative schemes with low complexity of each iteration suffice to approximately
recover ©. The first summand of the criterion function [ exhibits strong convexity if
and only if ker X = {0} and then exhibits a curvature constant equal to a multiple of
the square of the m-th singular value o,,(X) > 0 of X.

Section 3.4 Bickel and Doksum (2015, sec 1.1) describe the usual model for mathe-
matical statistics. The setup sketched in first paragraph of section 3.4 resembles these
ideas. The present setting is semiparametric in the sense that only a few properties of the
joint distribution of v, ;, that is, the image measure of (v, ;) under P, enter the analysis.

Factor models have received much attention in literature; Stock and Watson (2011)
provide an introductory overview. The poor man’s factor model <3.8>, a stripped-
down variant of (the simplest variation of) the original concept, combines a factor in-
terpretation with the availability of an approximating vector autoregressive model X; =
X;_10,+ Gy as discussed below <3.12> with symmetric transition matrix ©,. Liitkepohl
(2007, sec. 2.1) covers the latter model class with transition matrix ©, € R™*™. Basu
(2014, sec. V) considers vector autoregressive approximations to (more) general factor
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models. The asymptotic setup alluded to in the approximation is akin to the usual trian-
gular array setting of stochastic limit theory (Pollard, 2002, sec. 7.2). Koltchinskii and
Rangel (2013, sec. 1) provide the notion of smoothness of uy, ..., uy, the overall mea-
sure ||AY/20,]|?, and the approximation Py, O, in terms of O; ; discussed in section 3.4.2.
The pair ({1,...,m}, (i,5) — w; ;) forms a weighted graph with Laplacian (matrix) A.
Bapat (2014, lem. 4.2 (ii)) provides the rank of A but for unweighted graphs.

Section 3.5 Koltchinskii and Rangel (2013, eq. (4.1)) consider the objective func-
tion <3.15> but in a somewhat different setting. The proofs of their theorems 4 and 6
provide most of the techniques used in the proof of lemma 3.8. However, their analysis of
the consequences of including a smoothness term is more refined than assuming perfect
alignment. Incorporating these refinements should be the first step towards a practically
useful upper bound. Negahban et al. (2012, sec. 2,3) advocate the two step approach
of first deriving a data-based bound (section 3.5.2) followed by a probabilistic analysis
(section 3.5.3). Their section 2.2 provides an in-depth discussion of the decomposability
visualized in figure 3.9 as well as associated subspace pairs. However, their strategy for
deriving data-based bounds requires the structure-based term of the objective function
to satisfy the triangle inequality, hence, cannot be applied to <3.15>. The particular
subspace pairs (Vi, Vib), k < m, are from Koltchinskii and Rangel (2013, sec. 1).

Negahban and Wainwright (2011a) analyze ||« ||mc-penalized estimation for a first-
order vector autoregressive model using the just mentioned two step approach. The
strategy of the proof of proposition 3.13 is borrowed from the proofs of their lemma 4
and 5 (Negahban and Wainwright, 2011b, appendix G). As a consequence of including
merely a || «|[mue-based part—mno smoothness term, their result requires the number of
observations n to be larger than m. Moreover, they assume Gaussian distributions.
These two limitations also apply to the more general results of Basu (2014, prop. V.1,
V.2) for the vector autoregressive setting. In this text, the generalization to subgaussian
distributions becomes possible by restricting considerations to I-dependence (Shumway
and Stoffer, 2006, appendix A.2). Basu and Michailidis (2015, sec. 2.3) suggest the use
of the Hanson-Wright inequality, but focus on spectral techniques in high dimensional
problems, that is, with m “large” compared to n. Vershynin (2012, lem. 5.4) states the
upper bound on the Lipschitz constant of ¢ — <—c ¢) in section 3.5.3.

The present analysis considers the transition matrix ©, to be a low rank element
of span{O; ;|j > i > k} with k smaller but close to tk A + 1. A different formulation
considers O, =3, B, ;0i; with only few nonzero f3, that is, 8 € R™™*1D/2 being
sparse. Again, Tk A < m — 1 results in some ambiguity, which needs to be resolved. In
this framework, the induced basis O, ; is often called a dictionary (Koltchinskii, 2011,
sec. 1.6, 8.1). In comparison, mere || « ||nuc-penalization assumes sparsity but with respect
to an unknown dictionary (Negahban and Wainwright, 2011a, sec. 2.1).

Finally, turning the insights of this section into a practically useful procedure requires
finding data-based terms A and € such that A > X and £ > € hold simultaneously with
“high probability”, wherein A and & are defined in proposition 3.13. Then minimiz-
ing <3.15> with A = X and & = £ is feasible and satisfies <3.25> with A = X and & = ¢
and—Dby virtue of a union bound argument—with “high probability”. However, the

75



resulting data-based bound still contains unknown quantities.

Appendixes Vershynin (2012, sec. 5.2.3) motivates the subgaussian property via the
well-known Gaussian distribution(s). His lemma 5.5 shows the equivalence of several
alternative characterizations of this property; however, his definitions 1), = exp(+? — 1)
and ||z|)y, = sup,,~; (E|z[")¥/"/\/n are slightly different. Pollard (2002, sec. 4.4, ex. 26)
explains the argument based on Tonelli’s theorem in detail.

The subgaussian random variables together with || «|,, form a so-called Orlicz space.
Such spaces result when replacing ¢, by the composition 1o |«| of the absolute value |« |
and a monotone increasing, convex function ¢ : [0,00) — [0,00) such that ¢(0) = 0
and ¥(x) — oo when z — oo (Pollard, 2002, exercise 22). Vaart and Wellner (2000,
sec. 2.2) list several examples of such spaces including the £P-spaces and the subgaussian
random variables. Their definition of ¢, coincides with the one used here.

Literature abounds with probability inequalities for subgaussian random variables;
Vershynin (2012, sec. 5.2.3) contains an introductory treatment. Rudelson and Ver-
shynin (2013, sec. 1) supply the Hanson-Wright inequality alongside an accessible proof.
These authors use the above mentioned alternative definition of || « ||y,, which is subse-
quently denoted by ||« [|7,. The distinction between b, and 7, 18 immaterial to
lemma 3.14. More specifically, there exist (compatibility) constants 0 < d < D such
that the inequalities d| ||y, < s < D[ +|ly, hold for all subgaussian random vari-
ables. Therefore, the Hanson-Wright inequality is valid with either definition of the
subgaussian norm, but the two cases require different constants C' > 0.
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Appendix
3.a. Subgaussian random variables

This section considers properties of the distribution i, = Pox~! given by R! 3 A s P{z € A},
of a zero mean random variable x defined on a probability space (2, F,P). The measure p, is
called Gaussian if either u, A = 1 if and only if 0 € A or it is absolutely continuous with respect
to the Lebesgue measure v on (R, R') and with density, that is, Radon-Nikodym derivative,

ditg 1 1 2
dMy (y>:W€Xp(—2 (g)) for some o > 0.

In the latter case, the implied symmetry p,(—o00, —t) = p(t, 00) for all t > 0 leads to

Gaussian

density

2
Pl 0= G f e (1

2 (y—t)2  t? t?
< = — - — dy) < 1—-— .
= Vono2? /(t,oo) xp ( 202 202 v(dy) < exp 202

The comparison between the leftmost and rightmost term is also valid in the former case with
arbitrary o > 0. More generally, u, is called subgaussian if there exists a positive number s
such that the inequality i, ((—00,t)U (t,00)) = P{|z| > t} < exp(1 —t?/s?) holds for all ¢ > 0.
Alternatively, these inequalities hold if and only if there exists § > 0 with E¢y(z/5) < 1
wherein ¢s(2) = exp(2?) — 1. In fact, if y, is subgaussian, then Tonelli’s theorem implies

Edb (g) = /u[o,wz(i’)) pa(dy) = /[0700)/1{@,71,/,)

o0 §2
:/ P{in(x/35) > thv(dt) :/ P{le| > 5log"/2(1 + ) }u(dt) < e/ o~ Sz los(140) gy
00) [0,00) 0

)

subgaussian

P2 (%) >t’} (Y, 1) pa(dy) v(dt)

wherein e = exp(1) < 3 represents Euler’s number and f: ...dt indicates Riemann integration.

The final term is bounded above by e floo =6/ gt < e/3 < 1 whenever § > 2s. Conversely,
if Eao(2/s) < 1 for some positive s, then one has the (in)equalities

P{lz| > t} = P{ys(2) > va(L)} < t/ NI OF {wg(;)>w2(§)}(x)<w2é/§)'

Therein, the comparison between the leftmost and rightmost term is uninformative unless
t> Elogl/ 29. If the latter inequality holds, then

1 ] [ 1
exp(%) —1 exp( ) +1

wherein the final term exceeds one unless ¢ > 5v/2 > 5log!/? 2 and therefore holds in general.

If the numbers s,5 > 0 satisfy the respective of the above requirements, then the same
applies to all elements of (s,00) and (8,00), respectively. An unambiguous surrogate for s
comes in form of ||z|y, = inf{s > 0 ’ Ets(z/s) < 1}. The latter—defined for the random

RO (Y

P{lz| >t} = [ V2 -1 V/25)2

1/2
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variables on (§2,F,[P) with subgaussian distribution—satisfies ||az|ly, = |a|||z|y, as well as
|42 ||py < ||l + [|2|ls- The latter follows from convexity of o—implied by the convexity

of x — 22 together with convexity of the monotone increasing function exp—and

x+a s s a
B, <s+5’> = Ev, (s+s/s+ s/+ss’> )

In particular, the random variables with subgaussian distribution form a vector space (with ad-
dition and multiplication with numbers as defined in section 2.1.1). Furthermore, the inequality
Eyo(x/5) > E(x/5)? implies that ||x|ly, = 0 or equivalently Ets(z/5') < 1 for all & > 0 is
possible only if Ez? = 0. Hence, the subgaussian norm |||y, provides a norm on finite
dimensional subspaces after adjusting the representation as in appendix 2.a if needed.

Moreover, the above arguments show that there exists a number D > 0 such that P{|x| >
t} < exp(1 — (¢/[D||z]l4,])?) for every random variable z with subgaussian distribution and
|z|ly, > 0. Consequently, the subgaussian norm controls the decay of P{|z| > t} as t — oo.
The inequality E¢q(z) > Ex? + Ex?/2 > E2? implies that ||z|y, > 1 whenever Ez? = 1.

Lemma 3.14 contains the Hanson- Wright inequality, which plays an important role in veri-
fying the assertions of section 3.5.3.

Lemma 3.14. If x1, ..., xi, k € N, are independent random wvariables such that each x;
has zero mean as well as a subgaussian distribution with ||z;|, < C for some common upper
bound C > 0, then there exists C' > 0 such that the random vector x = (x1,...,xx) satisfies

2
P |33TA:n — IE:BTA$| >wl < 2exp <—Cmin{ w , e })
{ J CTIATE 2l Al

for every A € R¥*F gndw > 0. Here, C > 0 does not depend on the distribution of (x1,...,xy).

3.b. Proofs

Proof of lemma 3.1. Firstly, convexity of int C' guarantees the second inclusion in {|jz — « || <
e} C conv{z + evky;|i < k} C intC, wherein ¢ € (0,1) is small enough to ensure {||s —
x| < evk} C intC; yi,...,y, symbolizes an orthonormal basis of W; and k = dim W. The
first inclusion exploits the form of the second set: if the difference z —z = > ., ¢;y; has
squared length Y., c7 < &2 then z = ., (|ei|/s)(x + sign(c;)sy;). Herein, s = ii<k|ci| =
((le1l, - -+ lex)), (1,...,1)) < evk by the Cauchy-Schwarz inequality, and x + sy; € conv{z +
evky;}. Secondly, convexity of f implies boundedness of f on conv{z & eVky; |i < k} as well
as SUP|y_z<ce f(¥) < (1 —¢)f(x) + csupy,_y <. f(y) for all ¢ € [0, 1]. Hence, if £ € (0,1) is as
above and & = e min{1,0}/4K with K > 1 exceeding supj, < f(y), then {[|(z, f(z) + ) —
o|| <&} Cepif, and (:U, flx)+ 5) is therefore contained in an open subset of epi f. "

Proof of lemma 3.2. If d € OM||0]|’, then A||z’[|" > A||0]|" + (d, 2" — 0) = (d,2'); thus, ||d||;, < .
Conversely, if ||d||; < A, then A[|0]" + (d,2" — 0) = (d,z') < A||2’|". Subsequently, |z|| > 0
is assumed. If d € 9M||z||" and 2’ € {||«||' < ||z||'}, then z is a boundary point of the closed
and convex set {||«|" < ||z||'} with nonempty interior {|| ||’ < [|z|'} and 0 > X||2'||" — A||=|" >
(d, 2" — ). Furthermore, one has A = A||y||" > M|z +y|" = A||z]|" > (d,y) for all y € {||«||' = 1}
and 0 = M[0]" > Mz|’ — (d,z). Thus, ||d|, = X\. If d € ncone({|+||' < ||z||'},z), then
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(d,xz) > (d,2’) for all 2’ € {||«]|' = |||/} and therefore (d,z) = ||d||’,||=||’. If, in addition to
this equality, one has [|d||/, = A, then the inequality A||z|" + (d,2’ — z) = (d,2") < A||2’||" holds
for all 2’ € W, that is, d € O\||z||". .

Proof of lemma 3.3. If S € {|||lop <1} C S™ and B € S™, then

(S,B)=AtkS < Y (0i(S)ai(B)=A) < Y 0i(S)(0:(B)=A) < > max{o;(B)— A0}

i<rk S i<rk S i<rk B

by the von Neumann trace inequality, wherein o;(+) symbolizes the i-th singular value of its
argument with the understanding that oy « () = 0 for all p € N. Equality is attained in
case S = §' = Zie{o. (B)>A} u;(v;, «), wherein u;, v; denote an i-th singular vector pair of B
with u; = +v;. An analogous argument shows that

(S,B) = MlS|lae < > 0i(S)(04(B) = A) < > max{oy(B) — A,0} <A3.1>
i<rk S i<rk B

with equality for S = S’. The convexity of ¢’ guarantees d¢'(S) # () and therefore ¢'(S) =
G (S) for all S € int H = {||+||op < 1}. If S is a boundary point of H, then

0r(8) = 2{ 3010(5) + 500 0)] 2 201 0/2+ 5/2) = NSl > 41,(5)

wherein 0 denotes the m x m zero matrix. In summary, one has b/, = g}, = ¢'. n

Proof of lemma 3.4. The quantity v(Z) is attained at some © € S™ for all Z € W*™ as the
bracketed term shares its form with the least-squares criterion [ in <3.1>. In particular, the
function v : W*™ — R is well-defined. If (Z,t),(Z',t') € epiv, and v(Z) < t, v(Z') < ' are
attained at ©,0" € S™, respectively, then for ¢ € [0, 1] one has

v(eZ+(1-0)Z") < f(X(O+(1-0)0)+cZ+(1-0)Z")+g(cO+ (1—c)®)
< c[f(X@ +2) —i—g(@)] +(1—c¢) [f(X@’ + 7" +g(@’)] <ct+(1—-co)t .

To derive the conjugate g4, let D € S™ be nonzero and with spectral decomposition D =
> i<k p Si0iVi{viy *), 8; € {£1}. Then the [« ||lnc/| * [[op-duality implies (D, 0) — A[[O||nuc <
1©llauc (| Dllop — A)-  Equality is achieved by setting © = sinv(vi, »), which leads to the
equality (D,0) — A||O]lauc = n(||Dl|op — A) for every n > 0. The optimal choice is given by
n = 0 if ||D|lop < A and leads to g,(D) = 0; otherwise, no finite value of 7 is optimal, and
therefore the quantity is unbounded. The conjugate f, follows from

1 i 1
M, Z)— —|Y — Z||> = —Z||Y /il Y/i+ M, Z)— —|Z]|?
(M, Z) ZﬁH | 2|| JEll? + [(Y/a+ M, Z) 2ﬂH 1]

G . 1 ) _
< —5\\1’/#!\2 +[IIY/a+ M| 2] - EHZW] < SIV/m+ M= 1Y/al?]

N =
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wherein the final inequality results from maximization with respect to || Z||. Equality is attained
by choosing Z =Y + pM. Finally, the conjugate of v derives from

(M, Z) —v(Z) = sup ([(M,Z +XO) — f(Z+ XO)] + [(—-M,XO) — g(©)])

[SISNig
< fo(M) + Sup (=M, X0) — g(©)] < fu(M) + g. (— (X, M) ; (M, X )> . <A3.2>

wherein the first inequality follows by maximization over Z € W*™. Moreover, (—M, X©) =
—tr (M, X0) = —tr({X, M)TO) = —((X, M),0) = (—({X, M) + (M, X))/2,0) due to © €
S™ and ((X, M) + (M, X))/2 being the orthogonal projection of (X, M) € R™*™ onto S™.
The implied inclusion —({X, M)+ (M, X))/2 € S™ leads to the second inequality. Finally, the
rightmost term in <A3.2> is the least upper bound of {(M,Z) —v(Z)|Z € W*™}. .

Proof of lemma 3.5. If the common || o ||pyc-length ? of all minimizers equals zero, then unique-
ness is uncontroversial. Otherwise, ||O||lzuc = ¢ > 0. In this case, the lower part of the left-
hand side of <3.4> together with lemma 3.2 implies that a minimizer © satisfies (8, G) =
|]@\\op\\(:)]\nuc and, in addition, [|G|lsp = A. Then, corollary 2.6 guarantees the existence
of two symmetric and positive semidefinite matrices ST, S~ with tr ST + trS— = ¢ and
O = U sH(Uuy, «) = Uy S7(Uy, +), wherein the columns of U;t and U; provide orthonor-
mal bases of ker(G F Aid), respectively, which are independent of the choice of the mini-
mizer ©. Moreover, every minimizer O satisfies the equality X 0= D +Y. The latter implies
XU St = (D + Y)U;" and XU; S~ = —(aD + Y)Uy as all entries of (U, U;") equal zero.
If ker(G F Aid) Nker X = {0}, then ker XU = {0} and S* are uniquely determined. .

Proof of proposition 3.6. Minimizers O of <3.1> and maximizers D of <3.3> generally exist.
If the common || «||auc-length ¢ of all minimizers equals zero, then the lefthand side of <3.4>
implies D = Y/ and [|({X,Y) + (Y, X)) /(2/1)|lop = [|G]lop < . Conversely, if ||({X,Y) +
(Y, X))/20]lop < A, then (©,D) = (0, —Y/[i) satisfies the lefthand side of <3.4>. Hence, the
latter choice is an optimal pair and therefore (=0. I > 0, then the uniqueness assertion
follows from lemma 3.5 and the subsequent discussion. n

Proof of proposition 3.7. Using <3.6> with © = © and a = i/ || X |2, yields

~

. o 1o~ A 1 oomn A o PN .
I\©) — 1,(81)) > a||@(J) = o [H@(J) —0UD|I2-2(0UY-9,0 - @(J)>]
1~ A~ o N
— _—[1eWw _g|? - |eu-1 _g|?
5 16V -8~ e of*] .
Furthermore, the inequality I,(©®) < I,(©0~1) for all i > 1 leads to

. . e . 1 -~ . . .
k
NCIEINEC) ;@h (89) ~1(8) < 5 (I8 — B2~ |6 — B|1*] .

Consequently, pj, = l>\( )y | l)\( ). If § > 0 and n € N is sufficiently large, then {l) < n} N
{H@— « || > &} is nonempty and compact. The continuous function I, attains its minimum 1§ { on
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this compact set. Thus, I,(O®%))—1,(0) < l‘;\—b\((:)) implies [,(O0®) < n, [|[©®) — 6| < 4, and
therefore ©*) — ©. Thus, D®) — D = (X@ Y)/i and Gk - G = -((X, D) + (D, X))/2.
If [|Glop > 0, then AD k>/|yG Nop — D. Tf ||G\|op = 0, then 0 € AA||O||auc, that is, © = 0.
Consequently, continuity of —f, implies d T —f.(D) = ZA(@) n

Proof of lemma 3.8. Rearranging terms in the inequality l}g(ﬁ) < I,£(0), that is,

IZ]?
2(n—1)

IE — XA|”

A q/2 A2 <

+ MOs lnuc + €[ AYZ0,]%

leads to an upper bound on ||X3H2/(2(n -1)) + ¢|[A72A|2 in the form of

EXA
BXY) o I0.1) (yf S1A2A1) + A(16. e ~ 10- + Alo)

The elementary inequality 2ab < a? tbQ for a,b € R, the (in)equalitiesA(E,Xﬁ)/(n -1) =
(XTE,A)/(n—1) = (G, A) < ||Gllop||Allauc implied by the symmetry of A and || «|[op/|| * ||nuc-
duality, and ||©x + Allpuc — [|O«|lnuc > (M, A) for any subgradient M, € 9(|O||nuc lead to

2= P+ SIAYR IR < 16 1Py Bllen + 1Py Blne) + (=M., B+ 26 A0

A more specific result follows by setting M, = sign O, + PVkL Sign(Pij_ 3), wherein sign S =
Y i<rk g Sivi{vi, o) is (uniquely) defined for every symmetric matrix S via a spectral decom-
position ZigrkS $i0i(S)vi(vs, «). In particular, (signS,S) = Zm-grks 8:80:(9)(vi,v;)? =
Y i<tk s 0i(S) = [|S|lnuc. Herein, the inclusion M, € 0||O|quc follows from lemma 3.2. In
fact, the perfect alignment of O, with respect to A implies (M,,0,) = [|O.||nuc as well as
| Myz||? < ||sign ©.z|? + HPLﬁﬂfHQ < 1 for all unit length € R™. If h > 0, then the latter
inequality holds with equality for x = wy; thus, |[|[M,|lop = 1 and <M*,@ ) = HM llopl| O |l nuc-
If h =0, then ||[M,|lop < 1. Using A > ||G|op and <PVL s1gn(PVLA) > = HPVLAHMC leads to

X ~ ~ ~
Hﬁ}f +EAY2A|? < 2X|| Py, Allnuc + 20 (—sign ©,, A) + 4€[AY?0, |7 . <A3.3>
o

Next, (—sign©,,A) = (—sign©O,, Py, A) < ||sign O, loplPr, Allawe < VA|A]|, which relies
on the final display of section 2.5.2, dim Ly = h by perfect alignment, and ”PLk”OP =

The inequality rk Py, A < 2h justified at the end of section 3.5.1 implies 2)\||PVI€A||nuC <
2)\\ﬁ||PVkAH < 3AA|A||l. Consequently, the righthand side in <A3.3> may be replaced

by 5)\\/E||£H + 4§|]Aq/2@*||2. Finally, an orthonormal basis o1, ..., 0, of R™ obtained as
an extension of a sequence of singular vectors o1, ..., opa of A induces an orthonormal
basis O; ; = 0;0 ], i,j < m, of R™*™—comparable to e; and B;; in examples (a) and (b) of
section 2.1.1. This orthonormal basis reveals the inequality

IA2AIR = || Y (015, AAT2045|1 = 3 (015, A)20%(A) > 0f_[(A) Y (0i5,A)2.

hLj<m hLj<m i<kji<j<m
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In addition, symmetry of A implies (O; ;, 3) = (Oj, 3) Consequently,

-~ 1
Zi<k,i§j§m<0i’j’ A>2 = 92 (ZKk i A o+ Z i<k, (Oij, A >+ Z i<k, (Oijs 2)

z<]<m z<]<m

1 o~
:§Hzi<k0 A 1Z+Zl<k OZJ’A>(OU+OJZH HZKk OwaA ng

i<j<m i<j<m

wherein the final term equals %HPVkLAHQ Replacing ¢[|A%72A|2 on the lefthand side of <A3.3>
accordingly verifies <3.18>. "

Proof of proposition 3.9. If h = 0, then the requirement A\ > ||G||op ensures that IA| = o;
thus, the inequality <3.20> holds. If h > 0 and k = 1, then X = FU{'— and lemma 3.8 implies

T ~ XA
a FU ,UlTA>_H

2
(—— <5VRA|A]l -

Vo1

Using a spectral decomposition ., 0; (FTF/(n —1))ai{ai, ») = FTF/(n — 1), wherein ay,
, ay, forms an orthonormal basis of R? with h = m, yields the inequalities

FTF

FTF
) lasaTUTA R 2 o (£

UTA,UTA) = o <n

i<h

FTF

G

) TR > |2,

wherein (a;a] U] A UITA> = HaTU Al2 = Hal Tul A|? as |la;|| = 1, and the inequalities rely
on the orthogonality of a;a] U A and aj JTUlTA fori # jaswell as ||UTA| = | UF Al = ||A.
Combining these two inequalities leads to the conclusion <3.20>.

If h > 0 and k > 1, then using the representation in <3.19> leads to

IXA| = |[FUTA + pVoUy A|* = |[FUTA|? + p*|VaU3 A|I* + 2p(Vy" FUT A, UJ A)

A X VI FlloplUTAN | 1/ IUTA||
Z FUTA 2 + p2 VQUTA 2 f ” op o / (FTF) 1
UL Al [VaUy A" — I/Q(FTF) h BV
FTF N
z—( \WTAP -2 QMHUJAHQ, <A3.4>

n(FTF)

wherein the second and third line rely on o4 (FTF) > x > 0. In addition, the second line uses

(V' FUTA, U A) <\ IV FUTA|2|US Al = ﬁimm P (VT F)|ldifTUT A2 UF A

wherein the final term is upper bounded by o1 (Vy' F)||UT AH |UF A||, and furthermore V,' F' =
> i<ik VJF 0i(VFF)d;{(f;, «) represents a singular value decomposition of V' F € R(m=h)xh,

The 1nequahty <A3.4> follows by dropping p?||VoUJ AH2 applying the elementary inequal-
ity a2 + b> > 2ab for a,b € R to the final term of the previous line, and |[FUTA|? >
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on(FTF) U] A2, whose derivation is similar to the preceding display. The inequality

INERS on(FTF) ~ 1o on(FTF) S IVa Fli2, ~ 12
A > 2 Ry ( AL

results from [|A[|? = |[U3UT A + UpUF A2 = [UTA|? + [[UF AlJ? and [UFA|? = |UoUF A|]? =
”PLLAHQ = |’PLLAPLL‘|2+“PLLAPLI€H2 < ”PVLA|’2 which uses the representation in <3.17>

and the perfect alignment of ©, with A, that is, L = imgU; = (imgUs)*. Plugging these
results into <3.18> yields the inequality

T T VTF n—1 9
(s - (22 i)

< 10VRA|A| + 8¢[AY%0, )2 .
Next, the lower bound on &, Uh(FTF/(n — 1)) > k, and a + b < 2max{a,b} for a,b € R
imply the inequality KJHAHQ < max{20\/ﬁ)\Hﬁ||, 16§HA‘J/2@*||2}. Consequently, at least one of
JA] < 20vA2 and |A] < 41/£]A7/26. | holds. .

|Py AP

Proof of lemma 3.10. Partitioning a unit length a € R™™*) in n 41 Ve2ctors a; € R™ leads to
(a, Aca) =37, 1 (a, Bl ccBia) = D t<no1 (e, ég_ﬁ A, (n_t+1)ai> for an arbitrary unit
length ¢ € R". This representation yields

(a, Aca) ZZ<AT < Z Ap—t41+i0p— tHﬂ)A c) < (ZHA cH) ,
=0 5=0 t<n—1

wherein the final inequality follows from the Cauchy-Schwarz inequality together with

T 2 T 9
Hztsn—1 an—t+1+ian—t+1+jHop < HZtSn—l an—t+1+ian—t+1+jH
- Zt<n—1 Zs<n_1<an—t+1+i7 an—s+1+i><an_t+1+]‘, an_s+1+j>
2 llan+ill lansl 2 9
2
= |:Zt<n—1”ant+1+i| Ha’”t“ﬂ'q - : ) : = <Zi<n+l”ai” ) )
- [lao+:ll llao+;]l =

wherein the final term does not exceed one, and ||A] c|| = ||Aic||—as A; is a diagonal matrix
and therefore symmetric—for 0 < ¢ </[. In | summary, the symmetrlc and positive semidefinite
matrix A, satisfies || Ac||op < (ZZ ollAs c||) Thus, (Vic,c) = Zz:OHA c||? implies

l K’
1 Zi:OHAiCHQ > 1 Ei:0||AiC||2 > 1

- / = s <A3.5>
20 (Lol dicl)® — 20 (S T i,lldic])® — 3C* (K +1)

Cc =

wherein k' equals the largest nonnegative integer not exceeding min{l, (1 + log 6)/a}, which is
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therefore less than &’ + 1. Thus, if &’ <[, then k' +1 > (1 + log 6) /o and

l
S Asell = Z||Acu+ Z ||AcH<ZHAc||+exp (1—a(k +1)) ZHA ‘|
1=0

i=k'+1
<ZHA c|l + exp(—log6) ZIIA c|l = ZHA cll + = ZHA ol -

Consequently, ZiZOHAicH < %Zf/:OHAZ-cH < SV + I(Zf;OHAicHQ)lﬂ, wherein the final in-
equality follows as in the final display of section 2.5.2. The latter inequalities also hold
for the case k' = [ and explain the first and second inequality in <A3.5>. The inequality
B+ a)/a > (1+4+1ogb+ a)/a > k' + 1 holds in general. Finally, C' > 1 implies that the
resulting ¢ = a/(3C?*(3 + a)) lies in [0, 1]. .

Proof of lemma 3.11. Let c1, ..., ¢q and dy, ..., d, be C-minimal %—nets of the unit sphere
{l|+]| = 1} of R® and R™~" respectively. Then H = {(c;,d;) € R™|i < q,j < p} contains no
more than 9"9™~" = 9™ elements. In addition, if (¢,d) € H = {(¢,d') € RM =R ||| =
||| = 1}, then there exist i < ¢,j < p such that ||(c,d) —(ci, d;)|| = (|c—ci||>+||d—d;||*)V/? <
1/v/8. Consequently, H provides an W-net of H. In addition, the map H > (c¢,d) —
Vi F
1

(e - o] < |2 ()~ ()

which utilizes ||V2TF/(n— Dllop = [FTVa/(n—1)||op as well as a+b = {(§), ( D) < v2vVa? + b2
for a,b € R. Consequently, the second inequality in <2.1> implies the inequality

<mc, d), wherein F' = F(w), Vo = Va(w) represent images of some w, satisfies

VQTF VzTF Vi F

I

lle—||+lld—d'|] <\fH

V' F V) F ‘>+WHV2TFH 1

C,d>< max <7 i d 1 opﬁ,

V)'F
H°P sup i<qj<p'n —1

n— (eder m—1

which in turn implies || V3 F/(n—1)|lop < 2 maxiJ(‘; fcl, d;). Subsequently, F represents w

F(w) and likewise for Va. For given (c,d) € H, it holds that (V! Fe,d) = > i<n_1(d, vt >< fe)s
wherein the factors of the summands are independent. In particular, E(VzTF ¢,d) = 0. Using

2 _
W =Bu=| 0 ... 0 0 I 0 ... 0 |v <A36>
n — t zero matrices izsr[ﬁén?l_a;fgﬁ liieﬁwfhlg?:?: t + 1 — 1 zero matrices

in Rm—hxm in Rm—hxm

and the notation of the main text leads to (V5! Fe,d) = Ztgn_1<BtUa d)(c, Bv) = (v, Acqv),
wherein Ztgn—l Bl'dc" B;. The squared Frobenius norm of the latter matrix equals
| Acall® = tr( > > Bled"BB! dcTBt) = > (e,BiBc) = (n—1){(Vye,0)
t<n—1s<n—1 t<n—1

wherein the second equality uses d' B;BJd = 0 if s # t and one otherwise. If a,d’ € Rm(n+)
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are of unit length and each consisting of n + [ vectors a;, a; € R™, respectively, then

l

CL/, Z B;rdCTBtCL> = Z <d [0 I a, t+1 Z 1 Qj4n— t+1

t<n—1 t<n—1 =0
l ! l
T T AT AT
= Zd [0 I] < Z a/ntJrlai+nt+1>Ai c< ZHAi cl = ZHAz‘CH )
i=0 t<n—1 i=0 i=0

wherein the inequality results from using the Cauchy-Schwarz inequality as exemplified in
the proof of lemma 3.10, and ||Ac| = || Aic|| holds by definition. In particular, one has
Zi:o”AiCH > ||Ac,dllop- Using the Hanson-Wright inequality with w,, = cc? EZZOHAIQQHm,
wherein the constant C is given by max{C~1log 18,1} > 1, together with similar arguments as
in the proof of lemma 3.10 and m > n — 1 reveals that for given i < g and j < p the probability

V' F
P{‘<dj, #C»

is less or equal to 2exp(—(log9 + log2)m). As a consequence, the inequality ZZZOHAkciH <

6 (350) 20, Vi)t /2 < 8B ()20 2 (v which uses YLl Agcill2 = (i, Vici) and s

derived in the proof of lemma 3.10, together with an application of the union bound shows that

_ /
PRV <y (W) 4y < G2 (Ha> oAy

i<q,j<p n—1 «

l l
> CCQ% ZHAkciH} = P{uv,Aci,djv)y > Oc%ZHAkCiH}
k=0

k=0

-1’

wherein CE’ = 125—\/562' , holds for all w in an element of the o-field F, whose probability is bounded
below by 1 — 2exp(mlog9 — (log9 +log2)m) =1 —1/2m"1. .

Proof of lemma 3.12. The proof considers 0 < h < m; the case h € {0, m} follows by similar

arguments. Let c1, ..., ¢g be a C-minimal -net of the unit sphere {||«|| = 1} in R™. Then H =
{(ci,£¢i) i < g} contains no more than 2 x 9™ elements. Moreover, if (¢,d) € H = {(c/,d’) €
R™t™ |/ = +d', ||| = ||d'|] = 1}, then there exists i < ¢ and a sign choice s € {—1,1} such

that ||(c,d)—(ci, 5¢;)|| < 1/+/8. Consequently, H provides an 2\[ -net of H. An upper bound on

the ||  ||-Lipschitz constant for the map (¢, d) — (Gc, d), wherein G = (XTE+ETX)/(2(n—1))
and X = X (w) € R"1X™ ag well as E = F(w) € R"~1X™ represent images of some w, follows
from [(Ge,d) — (G, d')| < ||Gllop(llc = ||+ [[d—d'|]) < V2[|Gllop|l(c,d) — (', d')||, which relies
on < (). (1) > < V2Va2 + b2 for a,b € R. Consequently, lemma 2.4 and the second inequality
in <2. 1> imply [|Gllop = sup(cgyen(Ge, d) < 2maxicy seq—1,13(Gei, 8¢i)-

Below, X and E symbolize the random matrices w + X (w) and w + E(w), respectively.
The (transposed) rows of the former equal xz; = Uy f; + pUgv(2) (U1 B + pUsBy)v, t <n —1,
wherein v, B; and B; are defined in the main text and <A3.6>, respectively. The (transposed)

rows of the latter are given by é;,1 = UlAgvt(}r)l + pUQUt(i)l + Eigl Ui(A; — T A - 1)vt(+)1 i

U1F*Alv£)l, wherein the representation follows from <3.12>, and I', is defined in <3.11>.
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The latter amounts to é;41 = (U1§t+1 + pUs By 11)v, wherein By, 1 is defined in <A3.6> and

RP™H) 3 By =1 0 ... 0 Ay ... Ay 0 ... 0 |, t<n-—1,
~——— N———
n—t—1 zero t — 1 zero
matrices in RhX™ matrices in R
with Ay = [Ag 0] € RXHm=M) 4, = [A4;, ~T,A;y 0], 4 <1, and Al+1 = [-I.4, 0].

For given (¢,d) € H, one has E( ,d)
Exté;l = (X4, Bi1) = 0, Xy = [2y R Ttm), Bre1 = [@411 ** €41,m] by the definition
above <3.11> and likewise for E(XTEd, c¢). The above representation leads to

0 as E(XTEe,d) = Yyep yd' (Enél,,)e with

T BT
)mxc, d) = 2(711—1) Ztgn—l [<6t+1, e)(d, z¢) + (€p41, d)(c,at,Q] =

Ac,d + Ad,c
2(n—1)

1 1 _ B B Ay
o! [2 Z (BLaU + pBL, U3 )ed (UrBy + pUa By) + ;’ ]U = [

t<n—1

~~

Ac,d

The equality ¢ = +d implies A, q = Ag. = £ A, and thereby | A, op = [[F2Accllop =
2||Ac.cllop- If a,a’ € R™™H) consist of n + 1 vectors a;, a; € R™, respectively, then

1 n
(', Acca) = (d, Zt<n—1 §;|-+1U£FCCTU1BtCL> +p{d, Zt<n—1 B;I-+1U;CCTU1B,5(L>

+p <a', Ztgn—l §J+1U;—CCTUQBta> +p? <a', Ztgn—l B;I—+1U;—CCTUQBtCL> .

T3 T4
In case |ja|]| = ||d’|| = 1, arguments similar to those used in the proof of lemma 3.10 yield
I+1 l I+1 _
(ZHATQH) (Z\Ale) , T < e (Z\\Aiq!) , Ty < <ZHA¢TQH> l[eall
i=0 i=0 =0

and Ty < ||c2||?, wherein ¢; = Uc for i € {1,2}. The approximation factor 3 leads to

+1 = 1
ZiZOHAiTaH = || Aoca || + Zile(A T, A 1)er|| + |ITAen |

l
<l doerll + . BllAiedl + Z Bl A + [ Aer]] < max{1 + 5725}2 [Aica]
1= N—— —

Mg

wherein the first inequality uses max{a, b} < a+b, a,b € R and the fact that A;, I', are diagonal
matrices with ||Iy||op < 1. Setting S, = Zé:g”AiClH/HClH if c; 20 and S, = 0 if ¢; = 0 yields

1Acellop < Ma[SZllerl*+2(Sellea|) (plleall)+p?(leal”] = Ma(Scllerll+plleall)? = Mp(S2+p°) -
Therein, the inequality uses Mg = max{1 + 3,28} > 1, in particular, (Mg + 1) < 2Mp, and

the final equality is by virtue of the Cauchy-Schwarz inequality together with ||c;||? + ||c2||? =
|U1U ¢||? + ||U2US ¢||? = ||c||* = 1. The Hanson-Wright inequality together with the inequali-
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ties [|(Ae, e, T At /21 = [Aciell? < (0 = Dl Aci e llsp = (0 — DII(Acie; + Asere) /215
and m > n—1 as well as the equalities w,, = CCQMB(S2 +p2)m, C = max{C'log18,1} > 1
and C being the unspecified constant in the Hanson-Wright inequality implies that

T Aci,ici + A:‘:Ci,Ci
2

P{\(Gci,iciH > C“C2M5(Sgi+p2)n7i‘l} _ P{ )

v‘ > (:)'CQMB(SCQZ. +p2)m}

is bounded above by 2 exp(—(log9+1log2)m). The final step uses the inequality Ei ollAic|l <
S[3te] 1/2<c, Vie)t/2 < % [1e] 1/201/2(1/) which relies on 3°_[|Aic]|? = (¢, Vi), applies to

«
all c € {||«|| = 1} as well as ¢ = 0, and is derived in the proof of lemma 3.10. Using the union

bound on the events indexed by (c;, c;) € H reveals that

T _wT w
1G(@)lop = HX Bw) + Bw)' X(w)

2(n—1)

<140 (Flamp + )

op

which relies on max{1+ 3,28} < 2(1+ /) and C = 2?—25’ < 18C, holds for all w in an element
of F with probability larger or equal to 1 — 1/2m~2, "

Proof of proposition 3.13. If h = 0, then lemma 3.12 together with Cy = C—the latter being
the constant in lemma 3.12—guarantees that A\ > ||G|lop and thereby |© — ©,] = 0 with
probability at least 1—1/2™~2 > 1—-§—1/2™=3, If h > 1, then the requirements of lemma 3.10
are met. Thus, choosing the constant C; = max{1,81/C} and Cy = 41, wherein C' denotes the
(unspecified) constant in the Hanson-Wright inequality, implies that <3.24> holds and hence
m > C'h+ C"log(2/8) > h +log(2/6) with C',C"” > 1, in particular, h < m. Therefore,

F(w) F(w)

1
H:3O'h(Vf)§O'h< n_1

) < 20,(V})
applies to all elements w of some S; € F with probability greater or equal to 1—9. Furthermore,
the above inequalities together with lemma 3.11 implies that

. Cs - 9, al+aoci(Vy) [ m 2 =
E= b = s (v + e 2 ) e

holds for all w € S1N.S5 for some Sy € ?WithA]P)SQ > 1-1/2m~1 wherein C3 = max{2, 125’2}, C
symbolizes the constant of lemma 3.11, and £ is defined in proposition 3.9. Finally, lemma 3.12
guarantees that the inequality

A= \w) < CC*1+p) <1 +O‘al(vf) —i—p2> U P

n—1

holds for all w € S3 with S3 € F and PS3 > 1 — 1/2m 2 wherein Cy = C denotes the
constant of lemma 3.12—as in case h = 0, and \ is defined in proposition 3.9. Consequently,
the latter proposition ensures that the inequality <3.25> holds for all w € 51 N .Sy N .S3 and
with C5 = 20 = max{20,4}. An application of the union bound shows that the previous
intersection has probability greater or equal to 1 — & — 3/2m~1 > 1 —§ —1/2m~3, n
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4. Prediction techniques

4.1. Oblique approximation
4.1.1. Distance between projectors

This section bounds the final summand in <2.5>, that is, the (squared) length of the
difference (Py — Py )z between the orthogonal projection Pya and the oblique projec-
tion Py yx. Herein,  symbolizes an element of a Euclidean space W, and V,U C W
denote complementary subspaces of W; the particular form z = ). , @i considered
in <2.5> bears no significance for the subsequent discussion. Bounding this distance
has practical relevance as the first summand ||z — Pyz||? of the rightmost term in <2.5>
equals the minimal—and therefore unavoidable—(squared) approximation error when
substituting x by an element of the set V' based solely on the Euclidean space structure.
Orthogonal projections amount to oblique projections along the orthogonal comple-
ment V+ = Ny {(z, +) =0} of V (in W). Hence, the equality U = V=, in particular
U = {0} = V*, renders the endeavor of bounding the images of Py — Py meaningless.
More precisely, the kernel of Py;; — Py takes the form V+(VENU). Thus, its orthogonal
complement V+ N (VL N U)?L is nontrivial if and only if V* # U. In that case, the lin-
earity of projectors allows restricting considerations to elements = of that complement.
Then, proposition 4.1 provides alternative expressions for the multipliers (of ||z||) in

inf {|(Pvjw = PV [[| ]l < [[(Prjw = Pr)all < |sup [[(Pvyo = Pr)o'l| | =], <41>

wherein the infimum and supremum extend over all unit length elements of the orthog-
onal complement V+ N (UNV+)E =V+EnN (U + V) of the kernel of Py — Py.

More specifically, these two multipliers equal the tangent of the least nonzero principal
angle Oumin 20 = Omin20(V*, U) and that of the largest principal angle 6ya = Omax (V5 U)
between the two equal dimensional subspaces V+ and U. As shown below, the specifi-
cation of the angles Onin 20 € [0,7/2] and yax € [0,7/2] in form of

COS Ominﬁéo(VL, U)= sup sup  (u,v’) and  <4.2a>
VEVEN(VEAU) ] o |=1} ueUN]] s =1}
08 Opmax (V,U) = inf sup  (u,v") <4.2b>

veVEn{| e=1} ueun{| o ||=1}

is unequivocal due to the strict monotonicity of the cosine function on [0, 7/2].

More generally, the definition <4.2b> extends to an arbitrary ¢ = codim V' dimen-
sional subspace U of W, which needs not be complementary to V. Using this more
general understanding, lemma 4.2 shows that 0., (V+,U) = 0 is equivalent to the
equality U = V+, that is, V- N (VXN U)t = {0}. In particular, an analogous gener-
alized understanding of definition <4.2a> is possible whenever U # V+. Moreover, the
inequality Opnax (U, V1) < 7/2 in connection with dim U = codim V is tantamount to the
subspace U being complementary to V. Consequently, the expressions in proposition 4.1
are meaningful—in light of the definition of tan—and are proved in section 4.1.2.
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V=span{wva}

unit sphere

Figure 4.1
The figure illustrates the two bounds in <4.4>. To this end, it considers the projections
of x € R? onto a one dimensional space V' = span{vy} along its orthogonal complement V=
span{v],vh} as well as onto V along another complement U = span{uy, up}. Herein Opin 20 =
Omax =02, €V + (VJ‘ N(V+n U)L), and thus the inequalities in <4.4> hold with equality.

Proposition 4.1. Let U # V* be a ¢ > 1 dimensional complement of a subspace V' of
a Euclidean space W, then the subspace V' = VN (VLN U)* is nontrivial and

inf Py — Py)V"|| = tanb,,, d <4.3a>
eyt ooy 170 = P)o7l = tan B0 an @
sup ||(PV/U - PV)U”H = tan emax . <4.3b>

v"eVIn{|le|=1}

Panel (B) of figure 2.2 shows how the multipliers in <4.3a> and <4.3b> depend on the
corresponding principal angles O 20 and Onax. Combining this result with <4.1> yields

tan@min,#OHP‘/uxH S ||(PV/U — Pv)ZL'H S taanaXHPvuxH S tan@maXHi'VH s <4.4>

for all x € W and subspaces V4 # U, wherein V" = V+ N (V- N U)L, and the prin-
ciple angles refer to the pair of complements (V+,U) of V. Figure 4.1 illustrates the
possibility of—even simultaneous—nontrivial attainment of the bounds in <4.4>. This
figure considers a one dimensional subspace V' = span{v,} of R? together with a comple-
ment U = span{uy, us}. The latter shares the direction u; = v} with the orthogonal com-
plement V+. Consequently, V+ N (VN U)* = span{v], vy} N (span{v}})* = span{v}},
and furthermore the least nonzero and the largest principal angle between V' and U both
equal 5. The upper righthand corner magnifies © € V + V" alongside its two projec-
tions & = Pyx and &, = Py yx to visualize <4.3a> and <4.3b>. Panel (B) of figure 4.2
reconsiders this setting, and its notation is adapted to the discussion in section 4.1.2.
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Finally, a comment on the role of W in <4.4> is in order. An individual projection of
a given z € W onto V' bears no reference to directions outside span{z}+ V. Hence, only
(at most) one dimensional complements are relevant. In this minimal setting, the first
upper bound in <4.4> coincides with the lower one. However, the inequalities <4.4>
also apply to W with higher dimension. In that case, these bounds hold uniformly over
all z € W, but at the price of less favorable multipliers. In any case, the influence of the
dimension of W exhibits an overall limit in that (Py,y — Py)x differs from zero if and
only if x extends into V- N (VXN U)L. More specifically, the dimension of VN U is
immaterial, and its codimension does not exceed 2 dim V. Therein, the latter dimension
bound follows from (VN U)* =V + U™ together with dim U+ = dim V.

4.1.2. Angles between subspaces

This section considers two complementary subspaces V' and U of a Euclidean space W
and investigates the concept of principal angles between the equal dimensional sub-
spaces V+ and U. If these two subspaces differ, then the least nonzero principal angle
Omin0(V+, U) is defined by <4.2a>. In any case, the largest of these angles ., (V+, U)
is determined by <4.2b>. At first sight, the order of subspaces in these definitions
matters. Lemma 4.2 negates this impression. Until then, Onin,£0 and O,y symbolize
Omin 20(VE,U) and O (V4 U) as defined in <4.2a> and <4.2b>, respectively.

The final term ¢y (v') = Sup,epng) o =13 (1, V') of either of these two definitions is key
to understanding their construction. Compactness of {|| « || = 1} and continuity of (., v’)
ensure that this supremum is attained. Consequently, ¢y (v') equals the cosine of the
smallest (small) angle between a unit length element v € U and the given unit length v'.
It is conventionally interpreted as the angle between v’ and the subspace U.

If ' ¢ Ut then the unit length element u, = 9}, /||0}| exists, and (u,v') = (u, 0};)
ensures that the supremum ¢y (v') = |0y | is solely attained at w,. If v’ € U+, then
¢u(v') = 0 = ||oy]|, which is clearly attained for all u € UN{ = 1}. The subspace U
of R* and v' € R? shown in panel (A) of figure 4.2 exemplify these arguments for the
case that v/ ¢ U and o' ¢ UL. Then, ¢y(v) lies in the interval (0,1). If (and only
if) v € Ut, then ¢y (v') = 0; if (and only if) v' € U, then ¢y(v') = 1. Thus, there
generally exists a unique angle 0,,., € [0, 7/2] satisfying <4.2b>. Moreover, if V4 # U,
then V- N (UN V)T #£ {0} and the angle 6,y 20 € (0,7/2] in <4.2a> is well defined.

Furthermore, continuity of || Py « || guarantees that inf,cy1qgje (=1} ¢v(v') is attained,
and therefore VX N UL # {0} is tantamount to Op.(V+,U) = 7/2. In particular,
if U and V are complementary, then so are U+ and V=, that is, Ut N V+ = {0} or
equivalently . (V+,U) < 7/2. Lemma 4.2 asserts the converse and justifies calling
Omax an angle between V+ and U, which after all suggest some sort of symmetry.

Lemma 4.2. IfU and V are two ¢ dimensional subspaces of a Fuclidean space W, then
(@) Omaz = OmaoU, V) = Omaa V. U),
(b) U and V' are complementary if and only if 0,4, < 7/2, and
(c) U and V* are equal if and only if Opmee = 0.
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Furthermore, if Omes > 0, then the notion of 0y 20 1s meaningful and satisfies
emin,#o = emm,;ﬁO(Ua VJ_) = emm,;éO(‘/a UJ_) .

To address the claim in lemma 4.2, let V' be a subspace of a Euclidean space W
with positive codimension ¢ = codim V' and U be another ¢ dimensional subspace of W.
Initially, the inequality U # V= is dispensable as only 0y, is of concern.

Compactness of UN{||«|| =1} x VEN{||+|| = 1} # 0 and continuity of («, « )—both
with respect to the product (of the norm) topology on W x W-—guarantee the equalities

sup  py(v) = sup Wou)y= sup  ¢yi(u), <4.5>
vevin|lel=1} (v ;u)eVEn{l e =1} <N« =1} weUn{ll =1}

and thereby supply a symmetric definition of a least principal angle #;. The same
argument ensures the existence of a unit length v{ € V+ and a unit length u; € U
such that cosf; = (v],u1). Any valid choice of v}, u; satisfies ¢y (v])) = (uy,v]) =
¢y1(uy). Hence, the above discussion reveals Pyiu; € span{v|} and Pyv] € span{u;}
and consequently Pyiu; = (uq, v])v] = cos b v} and Pyv] = cos by u;.

If dmU = ¢ > 2, then a further principal angle 65 may be defined based on a
specific choice of v} and u;. More specifically, using U N (span{u;})* in place of U
and V+ N (span{vi})* instead of V1 in <4.5> yields a second smallest principal angle
0y > 0. As before, any two points v}, us with cosfy = (v, us) satisfy

Pyt n(spanfu )t U2 = (cosO2)vh  and  Pynspanfu,) - Vs = (oS b2)usy .

Moreover, (vh — (cosz)us, uy) = (vh,ur) = cosbi(vh, v]) = 0 ensures that (cosbs)us =
Pyvly. As a consequence, one has span{uy, v} } C (span{us,v)})*t and (cos 0;)vh = Py ius.

If ¢ > 3, then the definition of #3 based on previously chosen vy, v5 and uy, us proceeds
by analogous steps and so forth. Orthonormality of uy,us,... as well as v],v), ...
ensures that the iteration terminates after ¢ steps. Its output comprises ¢ principal
angles 0; < 0, < -+ < 6, < 7/2 as well as (orthonormal) bases v}, ..., v; of V+ and uy,
..., up of U. These quantities satisfy span{u;, v} C (span{uj,v;})% Pyv} = (cos 0;)uj,
and Pyiu; = (cos6;)v; for i < j < £. Thus, the orthogonal projections of u € U
and v' € V* onto V* and U, respectively, may be represented as

Zig(ui, u)(cos 6;)v} = Zig(vg, u)v; =ty and Zige@;’ V'Y (cos 0;)u; = O . <4.6>

The second of these equalities shows that the set of orthogonal projections {v}, |v" €

VA |[[v']| = 1} is given by the ellipsoid {>°,_,(«,u;)?/ cos?6; = 1} N U with principal

semi-axes lengths cosf; > cosfy > --- > cosfy. Panel (B) of figure 4.2 illustrates the

elliptical shape of {0}, |v' € V4, ||¢/|| = 1} for a complement U of V C R3 and ¢ = 2.
The representation in <4.6> implies that every element v’ € V1 satisfies

du(v') = sup (Pyiu,v) = sup Z,q cos 0;(u;, u){v;, v') > cos Oy{vg, V') .
uweUn{]l =1} weUN{|| e [|=1} =
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up =]

unit sphere

Figure 4.2
The figure illustrates the concept of the angle between a unit length element v’ and a sub-
space U (panel (A)) and the notion of principal angles between two equal dimensional sub-
spaces U and V1 (panel (B)). Panel (B) also shows {9, |v' € V-, |[v/|| = 1} (solid black line).

Hence, the largest principal angle 00y = Opax(VE, U )—as defined in <4.2b>—coincides
with 6y, which verifies Opax = Omax(U, V). This equality together with the remark
above lemma 4.2 implies that 0., < m/2 is equivalent to U N (V) = U NV = {0},
which completes the verification of (b) of lemma 4.2. In fact, if Oy < /2, then
dim U = codim V' implies that combining a basis of U and one of V' yields a basis of V.
The equality Opax (VL U) = Opax (U, V1) also handles the assertion (c). More specifically,
the two interpretations of O, = 0 are equivalent to V+ C U and V+ D U, respectively.
If Opax = 0, then V+ = U and consequently Omax(V, U L) = 0. Otherwise 0, > 0,
and there exists a least j < £ such that §; # 0. Then, <4.6> reveals that 0; = Onin 20
and therefore Oin 20 = Omin 20(U, V1), In fact, if j > 1, then vy, ... ,v;-_l or equivalently
uy, ..., u;—1 form an orthonormal basis of U' N V+. The same applies to v}, ..., v,/ with
respect to VL N (VENU) and wy, ..., up with respect to U N (VENU)*L. Panel (B) of
figure 4.2 exemplifies these relations with j = 2, thus, U N V+ = span{v|} = span{u, }.
Panel (B) of figure 4.2 also indicates that the residuals Pyu; = u;— Py iu; and Pyiv) =
vl — Pyul for i € {j,..., ¢} exhibit length sin6; > 0. Thus,
PUL vl

= e, € span{u;,v)} C (Ut NV)T and o) = i 8; € span{u;, v.}

Pyu;

(%

are well-defined unit length elements of VN (UXNV)+ and ULN(U-NV)L, respectively.
These elements serve to verify Omax = Omax(V, U*) and Opin 20 = Omin,20(V, UL) in case
VL £ U or equivalently V # UL. The case U+ =V is covered by (c). More specifically,

1 1
——(Pyvl, Pyiu; —u;) =
SiH2 GZ < Ut SV > Sin2 91

(v} — cos b; u;, cos B; vi) = cosb;

<—U;»,UZ‘> - i
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imply v; + cos O;u, € (span{u.})*, that is, Pyiv; = cos0;(—u), and therefore ¢y 1 (v;) =
cosf; for all j < i < (. Choosing i = £,j implies cos Opmax(V,UL) < €080y and
08 Omin 20(V, UL) > €08 Opmin 20, Tespectively, as v; € VN (U NV)*T C V. Reversing the
roles of the respective orthogonal complements concludes the proof of lemma 4.2.
Proposition 4.1 presupposes Opax # 0, then Py — Py = Py — Pyy equals

ei P — 1 /
S uileh o) = 30 ol ) = 3 SR ) = 3 tanbi(—u) el )

i<t i<e <<l <<l

wherein Pyjy = 37, ,(cos ;) "'u;(v], «) may be verified from the definition of the projec-
tor. The equalities <4.3a> and <4.3b> follow from the final representation of Py,;— Py .

4.2. Subordinate directions
4.2.1. Down-weighting directions

An orthonormal basis of a Euclidean space W represents an exhaustive set of perpendic-
ular directions. The coordinates of x € W with respect to this basis quantify its extent
into the individual directions. Prioritizing some directions when projecting x onto the
span V' of a nontrivial sequence yi, ..., yx in W implements an oblique projection.
More spe(nﬁcally, let U be a subspace of W and denote by Y and Y the composition
of Y = [y, -+ yx] with the orthogonal projector onto U and U+, respectively. Propo-
sition 4.3 asserts that the notion of a projector onto V' = imgY" along Vi = (imgY,)*t
with Y, = ¥ + YPkery, thus Y, = P,.Y, = YPkery, is well defined. The latter assigns
a subordinate role to the directions in U+. In fact, Py 1 may be thought of as an
“intermediate” between P, and Py,. The decomposition Py, = P.ng + P, which

i 1ng ’
relies on img Y C (imgY,)t as well as ker Y O (ker )L, points to the prime focus of Py,

on 1ng C U; the modification of Y highlights the subordmate role of the part of Y
in UL, In contrast, Py = Py,gy does not generally decompose in an analogous way.

Proposition 4.3. Let U be a subspace of a Euclidean space W, Y € W*F with image
V # {0} and Y =Yy, Y =Yy, In addition, consider Y, =Y + ?Pkerf/ with image V;.
Then, one has kerY = kerY, and thereby dimV = dim V. as well as V NV,
img Y, + img Y, wherein Y, = Py.Y, = YPB_. v and Y, = YP{Yelng} C’onsequently,

the equality V =V, 1s tantamoynt to img Y, = 1mg~Y, and if neither of these equalities
holds, then K = (ker P, .y, )LY) = (ker P, )ﬂ/')L is mnontrivial,

(1ng
P Ye
o OV, V) = inf o VL
ceK leng LYCH
tané (VJ_ VJ_) ||P(1ng*)J-YCH HPIng* J‘YHOP
CEK HlegYX)lYCH O-minﬁéo(P(ingX)lY)

In particular, V- generally provides a complement of V.
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a1, *)=(q1,2)}

span{y1,y2 }

span{y1,y2 }

S=span{yi,yz2} N
{{a1,*)=(q1,2)}

S=span{y1,y2}N{(q1, *)=(q1,7)}

(A) (B)

Figure 4.3
The figure compares the orthogonal projection &y of x onto V' = span{y1, y2} with the oblique
projection &, of x onto V along V.. Panel (A) shows the entire setting: an orthonormal basis
q1, G2, q3 of R3, the spanning set 31, 2, as well as x and its two projections. Panel (B) amplifies
the surrounding of z to highlight the (limited) [ « |-optimality associated with &y and ;.

A proof of proposition 4.3 starts on page 121 in appendix 4.a. The remainder of this
section identifies Py 1 as an “intermediate” between the projectors Py, and Py,.

More specifically, the definition of Py /yx = Yb, implies that its coordinate vectors b
with respect to Y are characterized by Py vz =2 —Yb, € V+ = (imgY,)", that is,

(Yox—Yb)=(Y + Y, —Yb, — YD) =(Y,2 - YD) + (Y., 2 — YD,) .

Therein, (Y, x — }A/b*) € (ker Y)L and (ﬁ,x - Yb,) = Pkerg/(f/, x — f/b*) € kerY
imply that both of these terms equal zero. In particular, one has Vb, = P, g v More
specifically, every choice of b, may be thought of as the result of the following two step
procedure. Firstly, choose the part of b, in (ker V) to minimize ||Yb, — z||. Secondly,

A

use the part in ker Y to minimize ||Yb, —z| = ||Y,b, — (z — Y/P(kerf/)L b.)||. In summary,
inf|Ye—z|, H={deR||Yd —z||= inf |V —z|}. <4.7>
ceH " eRk

Hence, if Yb, equals the orthogonal projection Py, z, then the difference b, — b/ lies
in ker Y, but is usually nonzero as P,V minimizes the criterion ||Y,b, — x|.

Figure 4.3 illustrates the workings of Pyy.. in R? for k =2, U = span{ql}, and Ty €
img Y. The latter inclusion implies Yb, = PoeyT=%u=q (q1,x). Panel (A) shows the
entire setting including the orthonormal basis qi, g2, q3, the orthogonal projection Zy,
and the oblique projection #, = Py y.x. The latter shares its extent into the sole
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direction ¢, of U with P, y2 = Iy = qi1{(q1,2) as required by <4.7>. Panel (B) zooms
in on the two projections to illustrate the || « ||-inferiority of the oblique projection Pyy..
relative to Py as well as the || « ||-optimality of the former under the constraint in <4.7>.

Finally, the case imgY N UL = {0} is noteworthy. Then Y¢ = 0 implies Ye = Ye €
U+ NimgY = {0}, which effectively removes the second stage in <4.7>.

4.2.2. Inner products and linear space structure

This section considers an additional inner product (s, «) on a linear space W', thus,
handles the geometry of (W', («, ). ) alongside that of (W', (+, «)). As mentioned in
section 2.4.1, the orthogonal complement V1 of a subspace V in (W, (s, «).) usually
differs from the orthogonal complement V+ of V in (W, («, +)). Consequently, one has
Pyyyi. # Pyyo, and Pyjyo. is therefore -suboptimal. Proposition 4.1 bounds its
lack of || « ||-optimality in terms of (s, «)-angle ., (V- V).

Figure 4.4 illustrates this setting in W’ = R?. Therein, V = span{e; } equals the first
coordinate axis, and the alternative inner product of a,b € R? has the form

<a’b>*:aT<w1p fﬁ)b, O<p<l<a. <4.8>

In particular, elements a = (aj,as) of the («, ) -orthogonal complement V++ of V
satisfy a; = —tpas. Thus, V1= differs from the (-, « )-orthogonal complement V+. The
largest—in fact, the sole—principal («, s )-angle 0., between V1 and V1 = span{e,}
satisfies cos Opayx = (14 92p?) Y2, 8in Opay = Y/ (1 +1%p?)'/2, and tan Oy = ¥p. The
configuration of p, in figure 4.4 is such that ¥p < 1, thus, 0y < 7/4. This principal
angle bounds the || « ||-loss as shown in <4.4> when using Py y 1. in place of Py y ..

The inner product <4.8> is defined by specification of a (., «)_-Gramian of the span-
ning set ep, e; of R%. Lemma 2.3 grants full generality to this approach. That is, inner
products (e, «)_ on a linear space W’ spanned by the columns of Z = [z; --- z,,] are in
one-to-one correspondence with the possible (., «) -Gramians G of Z given by the sym-
metric and positive semidefinite m x m matrices with kernel ker Z. Hence, such a matrix
identifies an oblique projector Py y 1. onto a subspace V of W’ as the (., «)_ -orthogonal
one. This representation has practical implications regarding the computation of pro-
jections Py 1.2, v € W’. In particular, computational schemes designed for orthogonal
projections—such as the Gram-Schmidt orthogonalization—become applicable.

Below, the space W’ often forms a subspace of a larger Euclidean space (W, («, «)).
An alternative (to (e, «)) inner product (e, ) on W’ defines an orthogonal projec-
tor Py 1. projecting elements x € W' onto a subspace V' C W'. If this projector coin-
cides with the restriction to W’ of a projector P, defined on W and projecting onto V/,
then the above mentioned computational gains also extend to Pz for x € W’. The
oblique projector Py . of section 4.2.1 provides an example, wherein W’ = img [Y" z],

V =imgY withyy, ...,y € Wand Y = [y, --- ). In this case, Y and Y denote the
composition of Y with the orthogonal projectors Py and Py, respectively, wherein U
denotes a subspace of W. If b € (ker Y)* represents a coordinate vector with respect to Y
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Figure 4.4
The figure compares the orthogonal projections Zy and Zy/y 1. of an element = € R2onto V =
span{e;} derived under the standard inner product (e, s) and <4.8>, respectively. The
distance (in terms of (e, «)) between the two projections is governed by the largest principal
(o, ¢)-angle Oax between the two orthogonal complements V4 and V-++.

of B y® = Vb, 2, =2—Yb, and Y, =Y + ?Pkerf,, then the linear map [Y, x,] shares
its kernel with [Y z]|. Thus, taking the Gramian of the former linear map as the (s, «), -
Gramian of [Y z] introduces a further inner product («, «) on W’. In this setting, the
projection Py 1. & uniquely determines the (e, ) -orthogonal projector defined on W',

Coordinate vectors b, of this projection with respect to Y are characterized by
0={(Y,z—Yb), = (Ya,z. = Yib,) = (Y, 2 = Yb) + (Y, 2z = Y(b+ P b)) .

Therein, the first of the rightmost summands lies in (ker Y)*. The second summand is an
element of ker Y. Hence, both terms equal zero. The first of the implied equalities, that
is, (Y, z—Yb,) = 0, guarantees Yb, = B g v and thereby Py v)1b, = b. Consequently,
the second implied equality becomes (}7*, (x — Y/P(kerf,) 1by) — fﬁb*) = (0. The latter
coincides with the optimality condition for the second stage in <4.7>. In total, the two
implied equalities guarantee Py y 1.0 = Yb, = Pyyix. That is, the restriction of the
projector Pyy. to the subspace W' of W equals the («, ) -orthogonal projector Py y L.

An extension of the special case imgY N U+ = {0}-—mentioned at the end of sec-
tion 4.2.1—allows a simpler construct. If img[Y 2] N U+ = {0}, then the equality
ker [Y z] = ker [Y ﬁ}, wherein Y = Yy and & = @y, follows in analogy with the con-
sideration in section 4.2.1. Consequently, the Gramian of [Y i] induces an inner prod-
uct (e, ), on W' =img[Y z]. The orthogonality conditions characterizing coordinate
vectors b, € R* with respect to Y of the (», «)_-orthogonal projections Ty y 1. amount to

0= (Y, =Yb), = (YV,& = Vb) = (Yo, (z = Yb) = Yibo) = (Y,z — Ybo),

due to the equality Y, = Y, which follows from img¥ N U+ C img Y z] nU+ = {0}.
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Euclidean space (W, (+, +)), Derived elements Z’ such as

x7y17"'ayk€WaY:[y1"'yk]a — _ _
subspaces U W' =imgZ C W, Z =[Y z] Yo v = 2., [¥s 25) = 25

Oblique projector such as Py /y 1., Pyyis l
onto V = imgY def. on the subspace W’ Alternative Gramian (Z’, Z")

% such as (Z, Z.), {Zs, Zs) for Z
Additional inner product (e, o)’ M
such as (s, «),, (o, ¢)5 on W’
Figure 4.5

The figure visualizes the derivation of oblique projectors (defined on the subspace W' =
img [Y z] of W) considered in the (present) section 4.2.2.

Thus, Pyjyior = Yb, = Yb. = Pyy1.x coincides with the oblique projection Py vz

Another example of an alternative inner product comes in the form of the inner prod-
ucts (s, «), induced by the Gramians of [Ys zs] with Y; = Y /6 + Y, x5 = &/6 + 7,
and 6 € (0,1]. The (e, «)s-orthogonal projectors Py 15 increasingly focus on the
parts Yand 2 in U as § 1 0. In fact, Py y 1. results as a limit case of (PV/VH)(;E(OJ] as
0 — 0. More precisely, the argument on page 122 in appendix 4.a shows that

lim sup  |[(Pyjve. — Pyjyis)2|| =0 <4.9>
20 ew ]+ =1}

Two observations are key to the verification of <4.9>. Firstly, the two projectors Py y 1.
and Py, y,1,—defined on W’ = img [V x| and a given ¢ € (0, 1]—differ solely on the (at
most) one dimensional complements of V. Therefore, the statement essentially reduces
to the convergence of a sequence ((Pv/vl* =Py yts, )z) ey I W with 6, — 0asn — oo.
Secondly, norm equivalence—discussed in section 2.1.2—allows to verify the convergence
using the norm || + ||« induced by («, «)_, that is, perform the analysis inside (W', {(+, ¢} ).

Using the Gramian of [Y{ 24] with Y/ =Y + Y, 2§ = & + 6%, and § € (0, 1] leads to
the same projector Py 15 on W’. Hence, the use of Py 1. may be motivated by either
increasing amplification of the directions in U or gradual neglect of the directions in U~.

Figure 4.5 summarizes the construction of oblique projectors on a subspace W’ of a
Euclidean space W as discussed in this section. Therein, elements 1, ..., yi, v of W with
Z =lyp ... yr x| are modified in such a way that the kernel of the map Z' = [y] ... y} 2]
built from the modifications v}, ..., y;, 2" equals ker Z. By lemma 2.3, the latter pro-
vide an alternative Gramian (Z’, Z’) for Z, which in turn induces an alternative inner
product (s, «) on the subspace W’ = img Z. Other sources of Gramian substitutes are
conceivable. Finally, the induced inner product (e, «)' comes with a new understanding
of orthogonality and an orthogonal projector onto V' = span{yy, ..., yx} defined on W".
The latter enjoys "_optimality, but is usually suboptimal with respect to . Finally,

the linearity of projectors implies that the case of multiple z1,...,x, can be handled
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by consideration of the linear maps [Y z,], j < ¢, one after the other. Alternatively, a
minor extension of the arguments in this section leads to the appropriate generalization.

4.2.3. (Sub-)Optimality analysis on superspaces

This section reconsiders the case of an oblique projector Pyy,1 as defined in section 4.2.1.
More specifically, V and U symbolize subspaces of a Euclidean space W. The former is
spanned by a nontrivial sequence i, ..., yx With Y = [y; --- y]. The composition Y
and Y of Y with the orthogonal projectors Py and Py, respectlvely, allow the con-
struction of Y, = Y 4+ Y, with Y, = YPk ¢ Proposition 4.3 ensures that the oblique
projector Py onto V' and along the orthogonal complement V4 of V, = img, is well
defined and quantifies its -performance relative to the orthogonal projector Py .

Section 4.2.2 identifies the restriction of Pyy. to W' = [V 2], x € W, with the orthog-
onal projector onto V' defined on W’ with respect to an alternative inner product (-, «)_.
If only projections Py /12, 2 € W', are of concern, then this identification facilitates the
computations. Moreover, the inequalities <4.4> apply with the principal (., «)-angles
between the complements V+ and V++ in W’. The bounds resulting from <4.4> together
with the principal (s, « )-angles between the complements V.- and V+ in W remain valid,
but may offer only a rough characterization of the -performance of Py on W'

The following example justifies this claim. It considers a Euclidean space W spanned
by yi,- - Y, @'yl ...,y and 2", wherein img Y’ Y/ = [y; --- y;], and imgY”, V" =
ly{ --- yi], are nontrivial. The geometry of W is such that [Y’ 2'] and [V 2]
share their Gramian G and U = img [Y’ x’} = (img [Y” x"})l. Herein, the goal is to
project x = x’+2” onto the image V of Y = Y'+Y”. These elements satisfy 2y = & = 2/,
Yo =Y = Y’, and the Gramian of [Y 7] equals 2G. Hence, the equality kerY =
kerY = kerY holds and implies img¥, = {0} as well as img Yy = {0}. In addition,
V. =imgV, = imgY’ # V, and the key ratio in proposition 4.3 equals ||Y"¢||/||Y ¢c|| = 1
for all ¢ € (ker Y)*, that is, Omin 20(V,5 VL) = 71/4 = Opax (VI V).

Moreover, if z € img[Y 2] N UL, then 2 = [V z]c for some ¢ € R¥! and 0 =
([Y'2'],z) = Gec, which implies z = 0. Thus, the present setting amounts to an
instance of the special case img[Y z] N U+ = {0} considered in section 4.2.2. As a
consequence, the equality Py12 = Pyjyr.z holds for all = € W', wherein (e, ),
denotes the inner product induced by G. The two inner products (e, «) and (e, o),
on W' satisfy (e, «) =2 (s, «),; in particular, the equality Py 12z = Py 1.2 holds for
all z € W'. In summary, the space img [Y" z| containing all elements of interest amounts
to a subspace of ker(Py .. — Py ). However, the elements of V-N(VENV )L = img(Y'—
Y") are needed to apply proposition 4.3, which requires U to be a subspace of .

4.3. A prediction framework

4.3.1. The prediction task

This section considers the prediction of a numerical characteristic « of m locations
at n points in time. These quantities are represented by random variables x; j, wherein
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the index (t,j) ranges over I, = {1,...,n} x {1,...,m}, m,n € N. Herein, predic-
tion refers to the pointwise (with respect to w) evaluation of random variables of the
type rvj + Py (2 — 1), wherein 7y 5, (¢, j) € L, represent an additional characteris-
tic 7 of the m locations, and V, V. denote complementary subspaces. In this section, all
coordinates are considered known; their estimation—as in section 3.5—is not addressed.
These predictions inherit two properties from the underlying projector Py y.. Firstly,
linearity guarantees that a prediction of Z(t’j)elz Ty, C € R™™ in form of this
linear combination of the predictions of x;; exhibits the same structure as its ingredi-
ents but with ry; replaced by >, ;o ¢ ;. Secondly, idempotence ensures that such
predictions of linear combinations equal their known value if observed without error.
The overall setting amounts to the span W of P-square integrable random variables

Zi,t,j ) (27{;7]) € IZ = {17 .- .,8} X Ix ) Ut,j ) (ta]) € Ix ) Et,i ) (t,Z) € [obs )

and the constant function w + 1 defined on a probability space (2, F,P). Therein,
the index set I, C N x N is finite and nonempty, and s € N. The sequences vy,
(t,7) € I, and 0y, (t,9) € Iops, form bases of their spans U, = span{uv ;| (t,7) € I,}
and Uy = span{vy; | (t,7) € Lobs}, respectively. The intersection of the span U, of z;; ;,
(i,t,j) € I, with span{1} equals {0}; the symbol U; ., = span{1} + U, denotes the joint
span of these variables. The random variables z;; ;, (i,t,j) € I,, are such that the kernel
ker [1 Z; ;], wherein Z;; = [z14; -+ 2st4], amounts to {0} for all (¢,7) € I,. The same
applies to the intersections of pairs of subspaces U’ # U” with U',U" € {U, ., U,, Us}.
The definition (z,y) = [ @(w)y(w)P(dw) = Ezy for every pair z,y € W endows this
linear space with a Euclidean space structure. Herein, the inner product is such that
the sequence ¥y, (t,7) € Lobs, provides an orthonormal basis of its span U;. In addition,
the three subspaces U, ., U,, and U; satisfy Uf:z =U, + Us, Uj = U, + U, and UT)L =
Uy,. + U,. In particular, this specification implies the equalities (1,v;;) = Ev,; = 0 as
well as Ev,; = 0 and E@Zi = 1forall (¢,5) € I, and (t,7) € Iyps, respectively. Finally, the
formal model is chosen relative to (s, «) as explained towards the end of appendix 2.a.
The random variables z;;; represent s additional numerical characteristic of the m
locations at n points in time. A given 1 < s’ < s splits these variables into two disjoint
subsets z;,;, 1 < &', and z;,;, ¢ > §', wherein (¢, j) ranges over I,. The case s’ =1 is
possible. Then, the first set is empty and all summands consisting only of elements of
that set vanish. These two groups play two different roles in the following development.
The random variables x; ; representing the numerical characteristic « are given by

B

Za,t,j = [Zl,t,j Zs’fl,t,j] s Zb,t,j = [Zs/,t,j Zs,t,j} )

.TtJ' = at,j -+ [Za,t,j Zb,t,j] (Ba) + vt,j = OétJ -+ Z@jﬁ + Ut,j s (t,j) € [z s <4.10>

for some § € R® and a;; € R. The equalities ker [1 Z, ;] = {0}, (¢,j) € I, imply that

the coordinates oy ;, 8 are uniquely characterized by <4.10>. The subsequent discussion

mostly focuses on the modification Z; ; = @y ; — 115, (t,7) € L, with 71 j = Z41 4.
Linear independence of v j, (t,7) € I, and Uy, N U, = {0} imply ker [1 X]| = {0},
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wherein X = [)_(n )_(1} with X; = [%,1 ++* Ztm). The following argument requires
that this kernel equality continues to hold if the columns of X are replaced by their
orthogonal projections PyZ,; = Zy;, (t,j) € I, onto U = Uy, + U; = U}. These
projections equal Z; ; = ay j + Zy4 ;8. Thus, the equality ker[l X’} = {0}, wherein X =

[)_(n . )2' 1] with f{t = [it,l e ft,m] , requires some additional restrictions. Lemma 4.4
contains an appropriate condition. A proof starts on page 123 in appendix 4.a.

Lemma 4.4. The equality ker[1 )?] = {0} holds if and only if

. ) ) s—s'+1
By & By = Doz ker (Z(m% Ct; me) CR :

The kernels corresponding to indexes C' = B, ; equal ker Z,,, ; = {0} for all (¢, j) € I,
wherein B, ; represents the ¢, j-th standard basis element of R"*™ as in example (b) in
section 2.1.1. However, the analogous equality in case of a general unit length matrix C' €
R™ ™ necessitates some additional linear independence conditions. For example, if the
sequence z;;;, ' < i, (t,7) € I, exhibits linear independence, then B, = {0} and the
requirement reduces to 8, # 0. The latter scenario places a strong requirement on
the random variables z;,;, s < i, (¢,j) € I,, and therefore requires only the minimal
condition 3, # 0 on (. The remainder of this section assumes that £, ¢ B, holds.

The givens of the initially mentioned prediction task include the images z;; ;(w) under
the random variables z;, ;, @ < &, (t,j) € I, as well as the images y; ;(w) of w € {2 under

yt,i = Xa,t7i + pt,i@t,i s (t, Z) c Iobs . <4.11>

The adjustment of the formal representation to (e, «) as explained in appendix 2.a
ensures that the just mentioned images reflect the geometry of the space (W, (s, )).
Subsequently, these images and the corresponding random variables are referred to as
observations (or data) and observables, respectively. The random variables in <4.11>
amount to linear combinations of x;;, (t,j) € I, and vy, (t,7) € Iops, with coordi-
nates 0 # a;; € R™ and p;; > 0. The index set I,p,s has the form Utgn({t} x{1,..., kt})
with k; € NU{0} being the number of observations at t. If k; = 0, then {¢t} x{1,...,k}
equals the empty set; however, I s # () is assumed below. The final summand in <4.11>
embodies an observation error with variance pfl The individual observation errors p; ;U ;
are pairwise orthogonal. Consequently, superfluous observables of the type <4.11> in
form of linear combinations of other observables of the same type are possible only if all
corresponding error variances pii equal zero. The case a;; = a;; for some i < 7 < k;
together with max{p;;, p:;} > 0 represents the availability of different observations of
the same element Xa;;. Subsequently, the focus is on the modified observables ¢;; =
X i + priVei, (t,7) € Lobs, which amount to linear combinations of the observables v ;,
(t,7) € Lobs, and z;4 5, @ < &', (t,j) € I,; thus, their images of w are available, too.

The modified observables ¢, ;, (t,7) € Lons, together with the constant function 1 span
the image V of the projector underlying the predictions. Initially, this projector is
only defined on the superspace W’ = img [1 Y X] of V, wherein Y = [Y,, ... ¥j] with
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Y, = [Gea - Gkl 1 <t <n. If k, = 0 for some t < n, then the respective Y, is not
defined and missing from AY. The inequality I,,s # () ensures that at least one Y; is
present. The linear maps Y and V are defined in analogy with respect to 4 ; = Pyy:; =
f(at,mtpt,i@m with U = Uy ,+U; and 0y, (t,49) € Lobs. The equalities ker [1 X V] ={0} =

ker [1 X V] , which are due to the assumption of the condition 5, € B, in lemma 4.4 and
the equality U; . N Uy = {0}, imply that the kernels of the two linear maps

1 1
MY X]=[1XV]| AT 1| and DV X]=[0XV][ AT 1| <412
ST ST

coincide with the kernel of their identical second factor. Therein, I symbolizes the nm x
nm identity matrix, whose columns amount to the standard basis ey, ..., e, of R™.
The number of columns k = ), k; > 0 of Y equals the overall number of observations
of the type y;. Moreover, the rows of A € R¥*™" and the diagonal entries of the diagonal
matrix S € R¥* amount to a;; and p;, respectively, arranged in appropriate order.

Lemma 2.3 ensures that the Gramian G of [1 Y X ] induces an additional inner prod-
uct (e, +), on W' by identification of G with the (., «),-Gramian of [1Y X]. The
second equality in <4.12> shows that knowledgerf the aggregation matrix A, the obser-
vation error matrix .S, and the Gramian of [1 X } suffices to construct the Gramian G
and thereby (s, «)_. The latter leads to an additional orthogonal complement V++ of V/
in W', which in turn defines the projector Py 1. (on W’) underlying the predictions.

These predictions are of the form ry;(w) + (Pyjy1.Z ;) (w), (¢, 7) € I, wherein Z,; =
Xy — 1y and ryj = Z,4 58, This construct enjoys the initially mentioned properties. In
fact, a prediction of a linear combination Z(t’ Del ¢t ;o ;—obtained as the same linear
combination of the individual predictions—amounts to the image of w under

{Zt’j Ct,jZa,t,j:| Ba + Py (Zt,j Ct,jlt,j — {Zt’j Ct,jZa,t,j:| ﬁa)

and thus equals ¥, ; if ¢; ; coincide with the entries of a row a;; of A in <4.12> and p;; = 0.

Calculation of the predictions requires evaluation (at w) of the (e, ) -orthogonal
projection Py 1.7 ; of Ty ; onto V = img [1 37] for all (t,7) € I,. The techniques of
section 2.2 and 2.4 are crucial to this endeavor. More specifically, lemma 2.2 guarantees
the existence of a (., «),-representation of the columns of [1 Y X] in form of the
columns of a coordinate matrix R as in figure 4.6. Therein, the presence of 1 in the
unitary map (—in form of the function w — 1—and R—as a number, respectively,
follows from the equality ||1|l. = 1, wherein . denotes the norm induced by (s, o),
on W’. As a consequence, the vectors r,; € R* and rz1 € R™ in the first row of R
consists of entries (1, 7 )« = (1, ¥r:) = Egp; and (1,7, ;). = (1,7, ;) = EZ; ;, respectively.
The latter equals (1,Z,;) = (1, + ZpijBs) = oy + iy BiE2isj, wherein 3, =
(Bs's .-, Bs). In particular, the entries of 7, ; usually differ from o ; as defined in <4.10>.

Furthermore, the columns ¢f, ..., g of @, form an («, ) -orthonormal basis of the
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coords. of coords. of

? Ut,ir (t,1) € Iobs, Tt 5, (8, ) € I,
% with resp. to 1 with resp. to 1
3
' T T
L O R
* = * %
= = K coords. of
ol R, R, T (4,5) € L,
DN \ ’ with resp. to
|:1YX:|:|: ]. Qy QZ‘ :| qra"'aqu ’
; ds. of coords. of
(e, o), -unitary map oo K “ .
Q from R1+k/+h Yt.i» (t’ Z) € IObS’ RCE xt_’j’ (t,j) € Ia:;
to W' with resp. with resp. to
togl, ..., q | Torgrs - > Dorn

coordinate matrix R

Figure 4.6
The figure visualizes the structure of a representation of [1 Y X] as considered in

lemma 2.2 and with respect to (e, «),. Herein, the rank of P ang1})te/span{}Y =Y — 7";:1

and Py .. /VX =X - 7‘;—71 - QyR;, with V =img [1 17] is denoted by k' and h, respectively.

image of P(Span{l})L*/span{l}Y =Y — 7”;17 and QyR,, contains the (e, ), -orthogonal

projections of the columns of Ppan{1})+/span{1} X = X — 7“;,1 onto that space. The basis
elements ¢j, ..., g can be evaluated (at w) based on Y — 7’; . = QyR,, which implies—
due to the choice of the formal model—the pointwise (with respect to w) equality

7 (w) Un1(w)
RZ : = : — Tyl - <4.13>
G (w) Ui,k (W)

Herein, the number of observations k; and k,, of the first and n-th time point are assumed
to be nonzero to simplify the presentation. The row echelon matrix R, € R¥*k | =
rk(Y —r],) < k, provides a Cholesky factor of the («, «),-Gramian of Y —r ], ; its rows are
linearly independent—as elements of R*. Consequently, the equality <4.13> uniquely
determines the row ¢, = Qy(w) = (qi‘ () (w)) of @,. Finally, the columns of
Py X = 1]+ QyRyy equal the (+, «), -orthogonal projections Py y1. %y, (t,j) € L.
Thus, the entries of 7,1 + Rl’yqy supply the required images (Pv/vL*fftJ‘) (w).

By virtue of section 2.4.2, these computations require only the data and the (., o), -
Gramian of [1 Y X]|, which may be recovered via <4.12> from A, S, the (o, +)-

Gramian of Ppan(1y)r X, and ry; whose entries equal (1,,;) = Ei,;, (t,j) € L.
Section 4.4.3 shows how to exploit a particular structure of A and the (e, «) _-Gramian
of P(Span{l})L*/Span{l}ﬂ:ft7j, (t,y") € I, when evaluating the (., ->*—?rthoggnal projections
of P(span{l})L*/span{l}xt,j> (ta]) € I, onto Span{P(span{l})i*/span{l}yt,i ‘ (t> /L) € [obs}-
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4.3.2. (Sub-)optimality of predictions

An alternative characterization of Py 1. facilitates its comparison in terms of || « || with
the («, «)-orthogonal projector Py 1. More specifically, the current framework fits the
scenario considered in section 4.2.1. In particular, the composition of Y’ = [1 Y] with

the orthogonal projector Py onto the subspace U = U, , 4+ Uy of W equals V! = [1 Y}.
As observed below <4.12>, the linear map Y” shares its kernel with Y. Consequently,
Y] = V' + Py.Y! P v = Y’, and proposition 4.3 ensures that there exists an oblique
projector Py 1 (on W) onto V' = imgY” and along the orthogonal complement of V, =

img V! = imgY’. The restriction of the latter to W’ coincides with Py )y, as defined in

section 4.3.1. In fact, the linear map [}A/' X } amounts to the composition Py [Y’ X } and
shares its kernel with [Y” X]. Consequently, if 2’ € img [V’ X|NU*, then 2/ = [Y' X] ¢
for some ¢ € R "™ and its projection onto U equals 0 = Pyz’ = [Y’ X} c. Thus,
¢ € ker [Y’ X ] = ker [Y’ X }, and therefore z/ = 0. The resulting equality img [Y’ X ] N
U+ = {0} identifies the present setting as an instance of the corresponding special
case considered in section 4.2.2. Hence, the restriction of the oblique projector Py v«
to W’ = img [1 Y X] equals the (-, «),-orthogonal projector Pyjyi..
In particular, proposition 4.3 becomes applicable to Py 1. and is relevant as

205 — [reg + Prpvee (@eg — re)]|I° = 120y — Prjvaazegl?

<4.14>
= 1 Pyazejll* + 1(Pv — Pupys )Tl < (14 tan® s (V5 V)] Pyl

wherein the final inequality is due to <4.4>. Corollary 4.5 allows the quantification of
the multiplier 1+ tan? 6., (V1, V.5) in <4.14>. A proof of this results starts on page 124
in appendix 4.a. Its statement uses the notion of a variance matrix var(z) of a random
vector z = (21,...,%;), j € N, which is defined in example (e) in section 2.4.1.

Corollary 4.5. In the above setting, in particular, with Iys # O and 8y, € By, one

has img AT # {0}. Moreover, the kernel of the variance matriz var(z) of the random

vector &, which contains the columns of the linear map X (in the same order), equals {0}.
Finally, the two subspaces V' and V, differ and the inequalities

(a,var(Z)a)

(ATe,var(z)ATc) N T
su = <tan® OV, V) < su —~ ,
c€img 150760 <AT67 (var(f) + 52)ATC> N ( ) CLEirngAl-:'—)7 a#0 <(I, var(x)a)

(ATe,var(Z)ATc)

- (a, var
in -
c€img A,c#0 <14TC7 (V&I‘(i’) + 52)ATC>

< tan® O 2o(VE, V) < inf :
< 11 mm,,?éo( * ) - aGim;I}{T,(W’EO <CI,7 Var(

hold, wherein T is defined in analogy with T but with respect to X = P X.
Ifker AT C ker S, in particular, if ker AT = {0}, then the lower bounds for the squared
tangents tan? O,,,,(V, V) and tan? 0, 20(V>, V) hold with equality.

A few comments on corollary 4.5 are in order. Firstly, the interest lies in the predic-
tions, that is, the values of the translated—by r, ;,—projections of z;;, (¢,j) € I,, at a
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single w € Q. However, the bounds resulting from corollary 4.5 refer to the norm ,
which merely provides an average (across w) distance measure. Secondly, the findings of
section 4.2.3 apply as solely projections in W’ are of concern, that is, the bounds may
be rather “conservative”. Finally, if ker AT = {0}, then an increase of the error vari-
ances P?,m (t,7) € Los, that is, the diagonal elements of S, decreases the first factor in the
final term in <4.14>, but also increases the -length of the residuals resulting from
orthogonal projection onto V', that is, the second factor of the final term in <4.14>.

4.4. Prediction algorithms
4.4.1. Recursive computations via basis changes

This section considers nontrivial sequences of real-valued functions z,;, (t,j) € I, =
{1,...,n}x{1,...,m} with m,n € N, and v, (£,7) € Iops, defined on a common set (2,
wherein the second index set I,,s C NxN is nonempty and finite. An inner product (e, )
equips their joint span W with a Euclidean space structure. This structure is such that
the functions vy ;, (¢,7) € Iobs, form an orthonormal basis of their span U,. In addition,
the subspace U, equals the orthogonal complement of U, = span{x, ;| (t,j) € I,} in W.
Further relevant elements of the linear space W come in the form of

T
Wi - Yo = X |aga -+ app +[ve1 - veg) Sy, t<n, <4.15>
N s - >y N - 7

Ytekat AIER"W’LXI% Vtekat

wherein X = [X; -+ X,], Xi = [11 -+ Zem), S; € R and k, € NU{0}. If ky = 0,
then the quantities Y;, A;, V;, and S; disappear. The index set I,,s equals the union of
the sets {t} x {1,...,k:} with ¢t <n. If k, = 0, then the ¢-th of the latter sets amounts
to the empty set 0); however, the following discussion presupposes Iy 7 0.

Lemma 2.2 allows the representation of the linear map X in form Q) x Rx, wherein @) x
denotes an unitary map from R*X to U,, and Rx € R™**™" exhibits row echelon form.
This expression for X together with the specification in <4.15> implies

¥ NG
O’g “L\’ 0& ’{&‘ Q&’ *{N
oS S ES coord. vec.
Y a— with resp.
{ Y, ... Y, X ]: RxAT| ... |RxAl||Rx to Qx
______________________ _‘__"‘} coord. vec.

with resp.
to V1 )

<4.16>

LLo—_L_}-, coord. vec.
S;Lr } with resp.
to V,

coordinate matrix B

wherein ki, k, > 1 is assumed for the sake of presentation. The linear map [Qx V|
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from R™X % with k = >, k; > 0 to W is unitary. Hence, the columns of the matrix B
form a representation—in the sense of section 2.2.1—of the columns of [V X].

In this setting, the goal is to evaluate the orthogonal projections Py, ; of x5, (t,7) €
I,,onto V = span{y:; | (t,7) € Lo} at some w € Q. The available information comprises
the images y;;(w), (t,7) € Iops, as well as the Gramian (X, X) of X, the aggregation
matrices A;, and Sy, t < n. Thus, the images y;;(w) are referred to as observations;
the corresponding functions y,,; provide the observables. The recovery of B from these
inputs requires transforming (X, X) into Ry via the Cholesky factorization <2.9>.

The first step of the calculation of the required images (Pyzy ;) (w), (¢,5) € I, modifies
the representation in <4.16>. More specifically, lemma 2.2 also applies to the coordinate
matrix B. Composing the resulting unitary map Qp from R*5 to img B with [Q, V]
yields a unitary map Qy.x = [Qx V] Qp from R*™*Y X] to the image img [V X] such that

AN A $

& ogj & OQ;L 5 O&“P

— coord. vectors

Riy Risl ... Ry with resp. to @

My, -« X|= | _____ R N N
Ros| ... | Ry, } coord. vectors
’ ’ ith resp. t

Q1 Qg -+ Quia] | 1---- B N DR I _| ) withresp. to Q> . <4.17>
unitary map Qy,x

***** ””””””R’””””} coord. vectors

R with resp. to Qpni1

coordinate matrix Rp

This display presupposes ki, ks > 1 with img Y, ¢ imgV; and img X ¢ imgY to con-
cretize the appearance. The transition from <4.16> to <4.17> amounts to a change of
the basis on the right hand side of <4.16> alongside a corresponding adjustment of the
coordinates. Section 4.4.2 advances this point of view and discusses an alternative (to
the Gram-Schmidt orthogonalization) implementation of this transition.

If the coordinate matrix Rp is available alongside the observations y; ;(w), (t,7) € Lobs,
then a recursive evaluation of the first &’ = rkY columns of )y x at w is possible. In
fact, section 2.4.1 shows that the rows Y;(w') = (y1,1(w'),..., 416 (W), & € Q, lie
in img (Y1,Y1) = img (R, R11) = img R, In particular, the equality Y1 = Q1R
ensures that the row Q1 (w) = (q1(w), ... , @i (w)) of Q satisfies the relation

q1(w) y1,1(w)
Ri,| : |= 5 , <4.18>

dr; (w) Y1,k (W)
wherein k] = rkY; and ki, k] > 0 is assumed. Moreover, this equality uniquely de-

termines ()1(w) as the rows of the row echelon matrix Ry j, that is, the columns of its
transpose RlT’l, are linearly independent—as elements of R*'. Section 4.4.2 discusses a

recursive procedure for the calculation of the vector Q;(w) € R¥t in case k; = k.
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If ks > 1 and imgYs ¢ imgYy, then the columns g 11, .., Gy 4py, Of Q2 in <4.17>
provide an orthonormal basis of the Aj-dimensional subspace img Piygy,)r Y2 of W.
The evaluation of these columns uses the already available vector @Q;(w) alongside the
equality Yo = Q1R 2 + ()22, which is implied by the representation in <4.17>. More
specifically, the resulting pointwise (with respect to w) relation

Qk’1+1(w> Y21 (w) q1(w)
Ry, : = + |-RL| |,

Qi (W) Y2,k (W) (W)

wherein k] > 0 is assumed, uniquely determines (3(w) due to the row echelon form
of Ry 9. The evaluation of further basis elements proceeds in analogy. Finally, combining
the images ¢;(w), ¢ < k' =rkY, with the coordinates of z; ;, (¢,7) € I,, with respect to
columns ¢y, ..., qw of [Q1 -+ @] in <4.17> yields the required images (PV:(:M) (w) of w
under the orthogonal projections of x;;, (¢, j) € I,, onto the subspace V.

Section 4.4.3 shows how a more refined recursive strategy allows to exploit a special
and complementary structure of (X, X) and the aggregation matrix A.

4.4.2. Basis changes by reflection

The section considers a finite sequence z1, ..., 2y, £ € N, of linearly independent elements
of a Euclidean space W with inner product (e, ). The sequence vy, ..., v, forms
an orthonormal basis of W’ = span{z;|j < ¢}, and the i,j-th entry of B € R**
equals b; ; = (v;, z;). Consequently, one has the equality

coords. coords.
of z1 of zp
(v1,21) . SR .
with resp.
bial o bl | e
(1 -z = [v1 - v o . <4.19>
with resp.
unitary map V' b&l . bM } to vy P
(ve, 21)
Therein, the columns of B provide a representation of 21, ..., z, in the sense of sec-

tion 2.2.1. In this setting, the goal is to obtain a representation as in lemma 2.2, that is,

I
LT T1e |
|
~ I
21 2 = g -+ 4l o e
— S
unitary map from R’ ~ 6L !

to W' =span{zi,..., 2}
triangular coordinate
matrix R with
nonzero diagonal elements
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Reflections about hyperplanes in R? of the form {(u, «) = 0} with nonzero u, that is,
orthogonal complements of subspaces span{u}, are key to an alternative computational
strategy, which yields the same output as the Gram-Schmidt orthogonalization <2.3>
when applied to zq, ..., 2z, with suitable sign choices. Such reflections amount to unitary
maps from R’ to R’. Thus, their columns form orthonormal bases of R, which implies
that the Gramian (O, 0) = OTO of such a reflection O equals the £ x £ identity matrix I.

Lemma 4.6 asserts that the alternative strategy leads to the same output as <2.3>.
More specifically, a sequence of reflections Oy, ..., O, recovers the upper triangular co-
ordinate matrix R produced by a Gram-Schmidt orthogonalization via R = O, --- O B.

Lemma 4.6. If a sequence z1, ..., z; of linearly independent elements of a Fuclidean
space W exhibits a representation as in <4.19>, wherein vy, ..., v, amounts to an or-
thonormal basis of W' = span{z; |i < (}, then there exist reflections O, ..., O, such that

VB=VO[O;---O O---O:B=QR,

Q=[q1 - q/] R

wherein (), R denote a unitary map and an upper triangular matriz, respectively, which
equal the output of <2.3> when applied to z1, ..., z, with suitable sign choices.

If the coordinate matrix R with respect to qi, ..., g, of z1, ..., z; is available in
addition to the images z1(w), ..., z/(w), then ¢;(w), ..., g (w) may be obtained based on

T1,1 q1(w) z1(w)
1,2 722 72 (w) N (w)
Tie Tog ... Tog qe(w) ze(w)

wherein ¢ > 2 is assumed for the sake of presentation. More specifically, r; ; # 0, j < ¢,
implies the equalities ¢;(w) = z1(w)/r11, 2(w) = (zg(w) — 121 (UJ))/TQ,Q, and so forth.
The computational recipe <4.20> exploits these relations to calculate ¢} = ¢;(w).

(0)

| zj = zj(w), j<U

2 fOI‘iZl,...é

3 qz{ = Zi(iil)/ri,i <4.20>
. forj=i+1,...,¢0

(6 _ (1)
5 z;) =z — 14,4,

The remainder of this section justifies the assertion of lemma 4.6

Panel (A) of figure 4.7 illustrates the reflection of a nonzero element z € R about a
hyperplane H = {(u, «) = 0} into its mirror image 2’. This transformation amounts to
first projecting x onto H to obtain the orthogonal projection & = Pyz and thereby the
corresponding residual ¥ = x — Pygx = Pyix. Next, this residual is subtracted from & to
reach 2’ on the opposite side of —but with equal distance inf cy||z — y|| = ||Z|| to—the
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(span{by + ||b1|lex )+ = H

,é‘—‘ E
I / unit circle S
o Hb] + Hb]”é’,]H :
= by S
=

I

S

L Bl
T T
—[lb1]lex [1b1]lex

(B)

Figure 4.7
The figure illustrates the geometry of a reflection and shows that the image of a given b; € R?
under a suitable reflection lies on the first coordinate axis. Panel (A) illustrates the reflection
of a nonzero element x € R? about a hyperplane H = (span{u})*. Panel (B) shows the
transformation of a nonzero b; € R? into a multiple —||b1 ||e1 of the first standard basis element.
The transition from by to —||by||e; proceeds by reflection about H = (span{b; + ||b1]le1})*.

subspace H. Linearity of projectors and Pythagoras’s theorem ensure that the map
given by x — 2’ = & — Z, called Householder transform, is linear and length preserving.
Moreover, the equalities Py (z — &) = & and Py (T — &) = —% show that the reflection
of #’ = £—7 about H equals (2')’ = £—(—%) = x. Consequently, Householder transforms
are also bijective and therefore provide unitary maps from R’ to R.

The utility of reflections comes from their ability to transform a point z into any
target x’ of the same length by adequate choice of H. In fact, a reflection modifies x
merely with respect to its component # in H+. Thus, as shown in panel (A) of figure 4.7
the difference x — 2’ lies in the one dimensional subspace H*. Unit dimension ensures
that if x # 2/, then scaling the difference x — 2’ leads to an orthonormal basis of H+ in
form of u = (z — 2')/||x — 2’||. The residual x — u(u, z) from orthogonally projecting x
onto H* equals the orthogonal projection of x onto H. Thus, a reflection transforming x
into 2’ is given by id —2u(u, « ), wherein id symbolizes the identity map on R?. If z = 2/,
then id maps = to 2’ and setting u to zero generalizes the previous construct.

The situation of lemma 4.6 is given by Z = V B, wherein the kernel of Z = [2; -+ 2]
equals {0}, V = [vy --- v/ is unitary, and b; ; = (v;, 2;). Linear independence of 2, ...,
zg, £ > 1, implies that z; and thus its length ||z1 || is nonzero. The two elements =+ ||b;||e;—
e1 being the first standard basis element of R’ as in example (a) of section 2.1—share
their length with by = (by1,...,be1) and hence z;. Therefore, a suitable Householder
transform Oy yields O1b; = £||by||e;. Panel (B) of figure 4.7 illustrates the construction
of Oy for the choice of —||by|le; and a nonzero element b; of R?. Therein, the element
needed for constructing O;—previously denoted by u—follows by scaling by + ||b1]|es.
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The composition VO of two unitary maps is itself of that kind, and consequently its
images of the standard basis elements ey, ..., e,, form another orthonormal basis of W’/ =
span{zy, ..., z,}. Moreover, the Householder transform O; represents the multiplication
with the symmetric matrix I — 2uu’, wherein u denotes an orthonormal basis of the
respective H-. The resulting equality O] = O; proves—once more—that 0,0, = I
with I being the identity matrix. This equality underlies the first basis change given by

% & .
Foss  Fa
&S SE
- —_—
i1 T2 - | T1e } with respect to g1
= =V0O, O,B (1) (1)
Z=VB=V01 0 ST ARy,
Ak (1) (1)] with respect
[q 2 ¢ : . . to vém,...,vfgl)
1) (1)
by | ... | B

This display assumes ¢ > 1. In any case, one has z; = 71 1q1, that is, ¢1 = £21/[|2||
and 1 = =£||z||. If £ > 2, then the orthogonal projection of z;, j > 2, onto span{z; }
equals 71 jq1. Hence, the quantities ¢ and ry ;, 7 < £, coincide with those generated by

the Gram-Schmidt orthogonalization <2.3>. Moreover, the sequence ’Uél), e ,vél) forms
an orthonormal basis of (span{z;})* (in W’). Consequently, b§1) = (bglj), . ;bé,lj) ) equals
the coordinate vector with respect to this basis of the residual 23(1) = z; — ri;q for

all 7 > 2. Linear independence guarantees that these residuals and bg-l) are nonzero.

If ¢ > 2, then a suitable Householder transform O} reflects the coordinate vector bél)
with respect to vél), c vél) into one of the two vectors iHbgl) |le1. The relevant properties

of O} carry over to Oy = (1 0/2), which drives the next basis change. If ¢ > 2, then

F O, ¥
F A A AP & W
QOO é’ QOO é’ C)OO é C)OO é’
—_—— N N
™12 "N ™ .
’ 3 £ with respect
o2 T23 | ... T2y to q1 and q2
Z = (VO,05)(050,B) =
b(2) b(z)
(2) (2) S ’
Q1 G2 V3~ ... Uy with respect
5 . to vgz),...,vém
(2) (2)
1)573 . bM

wherein the presentation presupposes ¢ > 3. Proceeding in this fashion verifies the
assertion of lemma 4.6 for an arbitrary sequence length ¢ € N.
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4.4.3. Recursive processing

This section designs a recursive procedure to evaluate orthogonal projections. The set-
ting amounts to an extended special case of the scenario in section 4.4.1. More specifi-
cally, two sequences of real-valued functions w j, I, = {1,...,n} x{1,...,m}, m,n € N,
and vy, (t,4) € Iops # 0, on a common set § form an orthonormal basis of a Euclidean
space (W, («, «)). In particular, the second index set I, is a finite and nonempty sub-
set of N x N. The discussion mostly focuses on the additional elements z, ;, (t,j) € I,
and yq;, (t,7) € Lopbs, of W. In fact, the task is to evaluate at w the orthogonal projec-
tions Py ; of x;; onto V' = span{y.;|(t,i) € Ions} based on coordinate information
and the observations y;;(w), (¢,7) € Ions. The functions z;; and y;; are given by

X, = [Il,l me] = WlLI )
<4.21a>
X = [xt,l fﬁnm] = Xt—1@T +pWy, 2<t<n, and
Al

‘ =1
Y =[ye1 - Yol = [Xt—lB;r Xt} [BT JT} —i—VtS;r, t<n. <4.21b>
¢ ¢

Z

The first part <4.21a> defines the quantities x; ;. Therein, the linear maps W, t < n,

amount to [wy; -+ Wy ), the kernel of the mxm matrix L{ equals {0}, and p > 0. These

restrictions guarantee linear independence of z, ;, (¢, ) € I,. Moreover, © € R™*™.
The second part <4.21b> specifies the observables y, ;. Here, the first summand equals

—I —BT
Z. AT = [X,_ B’ X { ]:X_X{ t ]
t41y |: t—1D¢ t] B;I' J;I' [ t—1 t] B;l' JtT

with JJ € R™*k BT € R™k k! + k7 = k; > 0 being the number of observations
at t, and kj, k} € NU {0}. If either of k; and k] equals zero, then the other coincides
with k;, and A] consists of only one of the shown block columns. More specifically, the
equality £/ = 0 implies Z; = X; and A] = J;T. This case holds for ¢ = 1, and hence there
is no need to ponder the meaning of Xg. If &, > 0, then the columns of J; form a sequence
of linearly independent elements of R™. Finally, the second summand of Y; equals the
composition V;S; of the linear map V; = [v;1 - -+ vy p,] with the matrix S € RFe>kr,
The subsequent discussion assumes linear independence of the observables y; ;, (¢,1) €
Iobs = U< ({t} x{1,..., kt}) The latter amounts to linear independence of the columns
of the matrix shown in figure 4.8 as x; ;, vi;, (¢, ) € Iy, (t,7) € Lobs, are linearly indepen-
dent. The equalities ker ST = {0}, t < n, or alternatively k! = 0, t < n, guarantee this
condition. Otherwise, if £} > 0 and ker S;' # {0} for some ¢ < n, then the requirement of
linearly independent observables restricts consecutive matrices J;, J;_1 and ker BtT ,t > 2.
Changing the focus from =, j, (¢, j) € I, to the functions 2 ;, t <n, j < k' +m, lowers
the complexity of the notation when designing a computational strategy to evaluate the
mentioned predictions. In fact, the equalities z,; = 2, j > k' + 1, imply that the
computation of the rows (PVZt) (w) of PyZ;, t <n, settles the original prediction task.
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coords. coords. coords. coords.
of Y7 of Ys of Y3 of Y,
A -BJ } with resp. to X3
B; J;_ —B:;r } with resp. to X»
Bg— J?:r } with resp. to X3
—B;Zr } with resp. to X,_1
BJL— J;Lr } with resp. to X,
Sir } with resp. to V;
S; } with resp. to V5
Sér } with resp. to V3
S;Lr } with resp. to V,

Figure 4.8
The figure shows the matrix of coordinates of the columns of [Y; --- Y] with respect to the
columnsof [X; ... X, Vj ... V] asspecified in <4.21a> and <4.21b> and for the case n > 3.
If the equality k} = 0 holds—as in case t = 1-—or k; = 0 for some ¢ < n, then k; = k; > 0
or k! = k; > 0 and the block column containing B and .J;T, respectively, disappears.

In addition, the specification in <4.21a> may be replaced by the equalities

oy
KT

~ =
Zl = WlL—lr 5 Zt = Zt—l (BT @T) +Wt[ p[] 5 2 S t S n, <4.22>
t

wherein I denotes the m x m identity matrix, and n > 2 is assumed. If the number
k' | of columns of B | equals zero—as in case t = 2, then the first block row of T}
disappears. The same applies to the first block column of 7,7 and KT if k7 = 0. If the
equalities £/ ; = 0 and k' = 0 hold simultaneously, then Z; = Xy, T; = O, and K = pl.

The following presentation considers the case n > 4. In this setting, the strategy of sec-
tion 4.4.1 is applicable. However, adapting the computations to the specification <4.22>
and <4.21b> allows to exploit this particular structure. The rearranged equivalent

YV 20 Ys Zo ... Yy Zo) = [WA Vi Wa Vo ... W, V.| B <4.23>

to <4.16>, wherein the matrix B is as shown in figure 4.9, facilitates this endeavor.
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The computational strategy which is developed here proceeds in two stages. The first
stage—referred to as filtering—exchanges the orthonormal basis consisting of columns
of W, and V;, t < n, by another orthonormal basis which contains an orthonormal basis
of V' = span{y:; | (t,i) € L} as a subsequence. Successive evaluation at w of the or-
thogonal projections of the columns of Z; onto V() = img Y7, the orthogonal projections
of the columns of Z, onto V® = img Y1 Y5], and so forth allows a considerable reduction
of the computations needed to evaluate the elements of this subsequence. The second
step—called smoothing—calculates the required images (vat,j) (w), (t,7) € I, based on
the output of the first step. Herein, successive calculation of the entries of (PVZn_l) (w),
the entries of (PVZH,Q) (w), and so forth further allows to avoid redundant calculations.

The first step of the filtering stage replaces the columns of W; and V;. More specif-
ically, a suitable sequence of k; Householder transforms—chosen with respect to the
columns of Y7, but applied to the relevant rows of all columns of B—yields

1mg Y1

modified by

(1) —

——

coords. of proj.

Householder
transforms \ R, Y, R, Z R 7 TQT A—gr Ry 71 TZT

onto V'

Vi 2y Ya Zy -] [L{*]
=[Q VW Wa Va -]

h
O
coords. of proj.
onto [V(D]+

v
=
Vi

{2 > [ 12
> > > >
oM l\\\\ l\\\\ O\\
vo 9l s g

W= VI Wa| | LTAY L] LIty AT LIty ...

Va ST
Ws KTA] KT
V3 ST

Therein, the use of solely k1 Householder transforms does not ensure a particular struc-
ture of L{*, which is therefore treated as a general m x m matrix. In contrast, linear
independence of v 1,...,y1 %, implies that Ryy, is a ky X k; upper triangular matrix
with nonzero diagonal elements. This structure facilitates the evaluation of the columns
of 1, which form an orthonormal basis of V1), via the equality Y; = Q1R y,. In par-
ticular, the recursive strategy in <4.20> is applicable to the calculation of the entries
qQ11(w), ..., quE (W) of Qi(w). Once the row Q;(w) € R™ is available, the images of w
under the columns of Py,a)Z1, Pya)Zs, and P(V<1))J/'2 may be obtained via

Py Zy = QiRiz, . Py Zo = (PyoyZ1)Ty , and Py Ys =Ys — (PyayZa) A;
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to V2
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to W,

o
}w. resp.

to Vi,

Figure 4.9
The figure illustrates the structure of the coordinate matrix B in <4.23> under the assump-
tion that n > 3. The shown structure derives from the specification in <4.22> and <4.21b>.

Moreover, the coordinates of the orthogonal projections of the columns of Z; and Y%,
t > 2, onto (V(I))L—shown in the lower part of the previous display—exhibit the same
overall structure as those of Z; and Y;, ¢ > 1. Consequently, the previous steps can
be repeated with (the coordinate matrices of) Z;, Y;, t > 1, replaced by (those of)
the projections Py, PyanlYs, t > 2, as well as Wy, Vi, t > 1, replaced by
Wi = [Vl’ Wg} c Wx2m VvV, W, Vi, t > 3. A suitable sequence of ko Householder
transforms applied to the parts of the coordinate vectors corresponding to W5, V5 yields

[ Yo Zo Yy Zy -] o
=[ QVa W3 V5 -] [ ]

=y
[NV
o
oy
[\~
e
X
[\&)
S
S
o
w
oy
[\
B
coords. of proj
onto V) = img[Y; Ys]

coords. of proj.
onto (V)L
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Herein, linear independence of v1.1,..., 91k, ¥Y21, .-, Y2k, ensures that Ryy, € RF2xk2
is upper triangular with nonzero diagonal elements. Hence, the equality P )Yy =
2Ry v, allows the computation of the row Q2 (w) € R*2 via <4.20>. The columns of the
corresponding linear map ()2 form an orthonormal basis of the subspace img Py Ya,
which equals the orthogonal complement of V(1) in V. The images under the relevant
projections onto V® and (V®)*, respectively, follow from

Py Zy = PyayZs + Q2R 7z,
Py Zs = (PyayZo) T3 + (Q2Ro2,) T3 = (PyZ2)Ty , and
P(V(z))J_Yg == Yé - (Pv(z) Zg)Aér .

Finally, the linear map Wj = [V Wj] exhibits 3m columns and thus L] € R3m* (kg +m)

The next steps of the filtering stage proceed in analogy. Display <4.24> contains
a complete description. The notation used therein is in accordance with the previous
discussion. In addition, the symbols i, Gii1(¢, 25, t € {t — 1,t}, and ¢; refer to the
vectors Yi(w), (P(V(t>)ﬂ/}+1)(w), (Pyo) Zt) (w), and Qy(w), respectively. Then,

1 ?31|0 =l
2| Z10=0
3 fort=1,....n
TAT T7 Householder
D, = Lt At Lt transforms D = Rt,Yt Rt,Zt
4 = qT — D, = T
t t+1,%
T o~
5 solve Rt,YtQt = Ut |t-1 —Lous
) .
5., — 5 T
° Zeje = 21 T By 7,G
7 ift<n
T T
LT _ Lt+1,*7:€+1
s t+1 = KT
9 2t+1|t = Tt+12t|t
10 U1t = Yer1 — Arr1Zen |t

wherein the number of rows of the remainder LtT+1,* equals tm. In fact, the representation
of Zy, 4 after processing line 8 of <4.24> with ¢t = ¢’ < n has the form

- Ry, T¥...TT
orthon. basis of the (3, k¢)-dim. b2 v
lin. space img[Y; --- Y] Wi o Ry, T4 - T,y

coords.
Qi Qo - Qv Vi Wirt] - ; of Zuss |
. / . Rt’,Zt/ 111;[4_1
orthon. basis of the (3, k¢ +t'm + m)-dim.
lin. space img [Wy Vi -+ Wy Vi Wy 4] L}y
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wherein Ly, = [Tt'+1Lt'+1,* K}, and the presentation considers the case t' > 2 .
However, the rank of Z,,; and therefore the rank of its coordinate block column in
the previous display equals at most &y, +m. If (' 4+ 1)m > rk Pyanys Zusr =1k L),
then an intermediate auxiliary basis change allows a reduction of the number of rows
of L} +1- This additional transformation is also needed to develop the smoothing stage.

The output generated during the filtering stage is comparable to that of the Gram-
Schmidt orthogonalization <2.3>. Each iteration—indexed by t—of <4.24> considers a
sequence ¥ 1, ..., Y., instead of a single y; as in <2.3>, but also involves a orthogonal-
ization part (line 4 and 10) and a scaling step (line 5). However, the complexity of the
orthogonalization part—measured as the number of orthogonalization steps k;,—does not
increase systematically with ¢ in <4.24>—or equivalently 7 in <2.3>. This reduction in
computational effort provides the gain from exploding the present structure.

The recursion <4.24> does not yield the coordinates with respect to Q;41, ..., @, of
the columns of Py X;, t < n. These coordinates are however needed in the smoothing
stage. A reconsideration of the first step of the filtering stage yields a suitable extension
of <4.24> in form of the above mentioned auxiliary basis change. More specifically, the
first step of filtering yields the modified representation

RLYI R17Z1 R17Z1T2—I—A—2r Rl,ZlTQ—r RLZlTQ—rT;—A;)r

:
YiZ Ve Zy ] = [LZ*] AT Il LI77Al
[Ql V1’ Wy Vy ] S2T

Therein, the 2m x (k4 +m) matrix L] exhibits an extended singular value decomposition

T T
LT _ |:L2,*z2 :| _
5 = =
K o1(L3)
nonzero
U, . singular
' values of LJ
y . . . o 1 (LT) o
Uy s Upep?  Unepl4r 00 U2m rk Ly \ 72 Vs )
left singular extension to ~ right singular
vectors of LI orthon. basis of R*™ D, vectors of LJ

wherein rk L] < 2m is assumed for the sake of presentation, but rk L = 2m is possible.
In the latter case, the lower block of zeros in the singular value matrix as well as the
extension Uy 741, - - -, Uom disappears. In any case, one has (in)equalities m < rk L] =
rk P(V(l))L Zy <1k Zy < kJ+m, wherein the first inequality is due to the presence of K T
This extended singular value decomposition leads to the equalities

R
L?F’Zl} . <4.25>

2 %k

= _ 7T
Wols = [Vi Wo Uy = (W) Wi,]  and U, {Ll*} = [
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Therein, the leftmost term of the first equality amounts to the composition of two
unitary maps, thus, is itself unitary. The righthand side of the previous display shows
the coordinates of P21 with respect to the columns of (wy 2”*} as U U =
Y icom Uilly, ) € R™ ™ represents the orthogonal projector Pgam, hence, equals the
identity matrix I. The partition of this coordinate matrix corresponds to that of the
matrix Uy, that is, Ry 7 is the tk L] x (k% + m) matrix containing the inner products
of the original coordinate vectors with uy, ..., @, £7- This notation leads to

Rl’Yl Rl,Zl Rl,ZlTQ—I—A—Zr RI,Z1T2—I— Rl,ZlTZ—rT;—Ag

7T TTAT 7T 7T
Vi 2 Yy 2o o] = {LQ} B {Lfgﬁﬂ {LQ} [Lz} TIAT
[Qu Wy Va oo W] i
L3 ..

wherein L] = D,Vy" = [ag - ﬂrkLg]TL;, BJ = VoD; 'Ry 5, and therefore LI B] =
Ry z,. Herein, the case of L], being an m x (kj 4+ m) zero matrix is possible and indi-
cates img Z; C imgY;. Then, all entries of the matrices Ry z,, L;**, and By equal zero.

The coordinate matrix in the previous display—ignoring its final block row—exhibits
the same structure as before the auxiliary basis change but with L] replaced by LJ.
Consequently, the second filtering step may proceed as above to obtain an orthonormal
basis of img P,y Y2 by transformation of the columns of the linear map [WQ” VQ]

Inserting an auxiliary basis change of the form <4.25> and some rearrangements of
the basis elements at the end of every filtering step yields the matrices By, B3, ..., BT,
which are needed in the smoothing stage. Exchanging line 8 of <4.24> with

L] 1 TT1 A T
8 = [ t+[?T t+ 1 — [711 ark(L;+1)Ti| DV

_ T ~ TILT . <4.26>
9 B;r+1 = V;erlDt—l—ll [Ul urk(L;+1)T:| { s }
10 LtTH = Dt+1‘/7t:rH

provides a suitably extended filtering procedure, wherein the notation is adapted to
that of <4.24>. A matrix L], obtained using the extension <4.26> contains at
most k} + m rows; thus, there is no systematic increase of the row count. Moreover,
the orthonormal basis ¢) 1,...,q) 4,55, of V evaluated when using the above ex-
tension coincides with the orthonormal basis q1 1, . .., ¢uk, considered by the unmodified
recursions <4.24> up to sign changes. In fact, both bases lead to a representation—in
the sense of section 2.2.1—of the columns of Y = [Y; ... ¥,] in form of an k x k upper
triangular matrix with nonzero diagonal elements. As a consequence, the same equality
assertion applies to the corresponding coordinates of the projections onto V®, ¢t < n.
The extended filtering stage concludes with a representations of the columns of the
linear map [Y; Z; Y2 Z5 - -+ Y, Z,] as shown in figure 4.10. Consequently, the smoothing
stage may proceed as shown in <4.27>. The latter uses the same notation as <4.24>
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and assumes that the output of the extended filtering stage, in particular, By, ..., B,
Qs> qn, and Zyj1, ..., Zn_1jn—1, is available. The vector Z,|, generated during the final
filtering step equals the row (PVZn) (w) of PyZ,, thus, requires no further treatment.

1 Tn—1|n = BnR;I;ann

2 fort=n-1,...,1

3 ét‘n = 2t|t + rt|t+1 <427>
4 ift >1

5 Tyt = Be(re|ee1 + RtT,ZtQt)

Comments and references

Section 4.1 Stewart and Sun (1990, sec. 1.5, exercise 3) provide the definition of €.y
in <4.2b>; the notation is borrowed from Bottcher and Spitkovsky (2010, ex. 3.5). The
cosines of the angles 6, ..., 6, are sometimes called canonical correlations (Anderson,
1958, sec. 12.2, def. 12.2.1). The content of lemma 4.2 can be found in Bottcher and
Spitkovsky (2010) and Galantai (2008). Wedin (1983, sec. 1) serves as a role model
for the discussion in section 4.1.1 and 4.1.2; his figure 4 closely resembles panel (A)
of figure 4.2. The latter investigation implies Py Pyv) = (cos?6;)v) and PyPyiu; =
(cos®0;)u; (Galdntai, 2008, cor. 3), that is, v} and u; provide eigenvectors of Py. Py
and Py P, ., respectively, associated with the eigenvalue cos? §;. In particular, U and V+
uniquely determine all of their principal angles—mnot just Opax and Oy 0. Wedin (1983,
app. 1, (A5)) generalizes the upper bound resulting from <4.1> and <4.3b>. Alterna-
tively, Zhu and Knyazev (2013, thm. 4.1, rem. 4.1, tbl. 2 (1,2-entry)) show that if V'
and U are equal dimensional, then the i-th singular value of Py Py = Py — Pyy equals
tan 6;, which implies <4.1>. Their figure 1 illustrates this phenomenon.

Section 4.2 Bjorck (1996, sec. 5.1.1) considers the sequential least-squares problem
in <4.7> as a generalization of the classical constrained least-squares problem. Com-
parable convergence assertions to those at the end of section 4.2.2 are given by Lawson
and Hanson (1974, ch. 22), Stewart (1997), Ansley and Kohn (1985), and Koopman
(1997) amongst others. The related considerations in De Jong (1991) and Eubank (2006,
sec. 6.2.2) (implicitly) utilize the («, ) -related construct.

The discussion of the case img[Y 2] NU* = {0} can be extended to img Y NU+ = {0}
by formal manipulation. If the latter holds, then ker [Y z] C ker [Y/ @} is possible.
Nonetheless, the bilinear map (., ) may be defined—in analogy—on W’ x W’ however,
does not generally provide an inner product. Then, the orthogonality considerations of
the main text still apply. In particular, the (., «) -orthogonal projector equals Py .1z,
but a zero (., «)_-residual length is possible even if  is not an element of V' = imgY'.

Section 4.3 Cressie (1991, sec. 3.4) refers to similar predictions—but based on an
orthogonal projector instead of an oblique projector—as universal kriging predictions;
this term is the usual one in spatial statistics (Sherman, 2011, sec. 2.4). Cressie (1991,

119



sec. 3.4.5) also mentions the geometric perspective taken here. Best linear unbiased
prediction (BLUP) is another catchword for predictions based on an orthogonal pro-
jector (Robinson, 1991). Doran (1992) verifies that—in the setting considered in sec-
tion 4.4.3—predictions based on orthogonal projections interpolate observed values.
The computation of the (matrix of) coordinates with respect to the columns of
P(Span{l})L*Y of the (s, «) -orthogonal projections of the columns of P(Span{l})L*X onto
img Pgpang1})1+ Y provides an alternative to the approach of this text, which ultimately
calculates weighted sums of ¢ (w), ..., ¢} (w) instead of (Pipanfiy)t-Tt.i) (), (£,7) € Lobs.

~ A

The ratio (a, var(z)a)/{a, var(z)a) in the upper bound in corollary 4.5 equals

{a,var(Z)a) o (a,var(z)a)/(a,var(Z)a) r(a)

(a,var(z)a) — (a,var(z)a) 1 — (a,var(z)a)/{a,var(z)a) 1—r(a)’

Hence, the first upper bound equals sup,eimg a7 (7(a)/[1 — 7(a)]) = sup,r(a)/(1 —
sup, 7(a)) as r + r/(1 — r) is monotone increasing on [0,1). The latter equals (1 —
RZ.)/R%.., wherein R, = inf,cing a7 (1 — 7(a)) has the interpretation of a minimal

(population) coefficient of determination across the random variables Z'a, a € img AT.

Section 4.4 The discussion of section 4.4.1 resembles Morf and Kailath (1975, sec. IV);
their equation (40) contains the equation <4.18>. Golub and Van Loan (2013, sec. 5.1.2,
5.2.2) derive the representation of Householder transforms given in section 4.4.2 as well
as the associated triangularization algorithm. The latter considers all of 21, ..., z, from
the start whereas the Gram-Schmidt process <2.3> introduces them one after the other.
Reorganizing <2.3> to obey the former strategy amounts to orthogonalization of 2}1_11),
e Zéj b against ¢; immediately following its calculation. Bjorck (1996, algorithm 2.4.3)
calls this modification row oriented modified Gram-Schmidt process. Panel (A) and (B)
of figure 4.7 are akin to Trefethen and Bau (1997, fig. 10.1, 10.2), respectively.

Section 4.4.2 requires linear independence of z1, ..., z,. A generalization as in sec-
tion 2.2.2 is immediate but not needed here. In fact, an implementation using finite
precision arithmetic requires more refined methods of handling linear dependence as
identification of zero elements is nontrivial if rounding errors are present. Golub and
Van Loan (2013, sec. 5.4.2) considers a popular (rearranging) technique—called pivoting.

Eubank (2006, ch. 2-5) develops the (Kalman) filtering and (Kalman) smoothing
recursions by geometric arguments. Paige (1985) provides a similar presentation. In the
usual terminology, lines 10 and 46 of <4.24> amount to the measurement update; lines 8
and 9 form the time update. The former constructs the matrix D, and then modifies it by
pre-multiplication with special matrices. Kailath et al. (2000, ch. 12) discuss such array
algorithms in-depth including their geometry. Zhang and Li (1996) suggest using singular
value decompositions for filtering and smoothing. Extending the algorithm consisting
of <4.24>, <4.26>, and <4.27> to yield Gramians of the corresponding residuals leads
to so-called square-root algorithms (Morf and Kailath, 1975).
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Appendix
4.a. Proofs

Proof of proposition 4.5. The inclusions imgy C (img V)t C (imgY,)! guarantee the final
equality in ker Y = ker Y NkerY =kerY NkerY, = ker Y and thereby dimV = dim V.
If x € VNV,, then x = Yc = Y, for some c, € R* with c—¢ EkerY c— P Yc ekerY

and thereby V¢ € img Y, wherein ¢/ = Pyeryyrc- Inparticular, z = Ye = Yc"+(Yc”+Y*c)
V' =img Y, +imgY,. Conversely, V' C V,, and if z = Ye+Y ¢ for some ¢ € {Y € imgV,} and
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¢ € kerY, then there exists ¢’ € kerY with Ye = Y,¢” and therefore z = Ye+ Y (¢ — ') =
Y(c+ ¢ —¢"). Hence, imgV, = imgY implies VNV, D V, V. Conversely, V' = V, ensures
that img Y C V, which leads to imgff C V = Vi, and consequently 1ng imgY,.

If ¢ is an element of ker P( LY, then Y € img Y, wherein ¢ denotes the orthogonal

mg Yx)
projection of ¢ onto (ker V)t Asa consequence there exists c” € {Y € 1ng }with ¢ — ¢’ €
ker Y. Furthermore, one may assume ¢ = ¢ as YP(k ) =Y — Y, € imgV,. Thus,

Ye = YPke yC+ YP(ke Y)Lc =Y,c+ Y € imgV,, that is, P

the latter holds, then ¢ € {Y € imgY,}, thus, Y¢ € img Yx.
In particular, if V' # V,, then K is nontrivial and Ommﬁéo(Vl— V) = Onin 20(V, Vi) as well as
Omax(VE, ViH) = Omax(V, Va). Then, elements v of V N (V NV,)*+ have the form P(lng )J_YC—I—

P(imgf,)LYc with ¢ € K. In fact, (imgYyx)’ > P(lmgy )LYc =Yc— P ey, Ye e (imgY,)*
and likewise for P( g Ve )LYc + (1ng)lYC =Yce— (P, Ye+
P oYe) € imgY + (VNV,) C imgY. Conversely, if Ye € (imgYy + imgY;)t, then

img Y, )LYC = 0. Conversely, if

1mgy)L1~/c. Moreover, P(

1ng
1ng ~ 8
Ye e (img Vi)t and Ye = (img Y, ). Hence, if v is a nonzero element of V N (V N V)L, then

¢ ( _ ||(})img?+Pimg§~’*)(P(ing )LYC—I_P(lng J-YVC)||2 . 1
ol -

17

(img >l)~/6”2

1P g 3,y Vel

The latter implies the representation of tan fmin«o and tanfm.c as ¢y, (v') € [0,1) for all
unit length v/, \/« is a monotone function on [0,1), cos?d = 1/(1 + tan?6), and tan6 > 0
for 6 € [0,7/2). In particular, Oy < 7/2 ensures that V and V- are complementary. .

Proof of the final equality in <4.9>. If x € V, then W' = img[Y z] = imgY = V, and
both projectors equal the identity map irrespective of the value of 6 € (0,1]. In the spe-
cial case imgY C U+, one has Y, = Y = Y, and both projectors coincide for all § € (0, 1].
Consequently, this special case requires no further consideration. If z ¢ V., imgY ¢ U™, and
d € (0,1], then norm equivalence (on W') ensures the existence of ¢, C > 0 with ¢||z||« < ||z]| <
C|z||« for all z € W’. Therefore, every unit || « |-length element 2’ € W' satisfies the inequality

I(Pyyyse = Pypyas)Zll < € Supze;v'H(P vyvee = Pyvss ) ls

< G SUp ewr ||(PV/VL* - V/VLa) 2|

l[2ll-=1

o|Q

(&
< 2 SUp cewr
lI2ll+=1

ZigdimW’<wi’z>(PV/VL* - V/vla)wz

*

< € sup e [l | Py = Pyl

lI2]l+=1

dual norm of || e ||« at w1

wherein wi, . . . , Wqim 1w denotes an (e, «)_-orthonormal basis of W’ such that V+* = span{w; }
and thereby ws, ..., Wqimw- form an orthonormal basis of V. By definition of W', the basis
element w; exhibits a representation wi = c1z + Yo with ¢; # 0 and ¢o € R, Therefore, it
suffices to consider ﬁH(Pv/VJ_* = Pyyis)wills = [[(Pyjyie — Pyjyis)afl. To this end, let
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Y, = ?P(ker ¥)L Py vz =Yb,, and PV/VJ_L;x = Ybs, wherein the specific choice of by, bs €
RF—in case kerY # {0}—is immaterial. Then, the inequality [(Pyyvie = Pypyis)zlls =

Vs (b — bs)|| < |V (b — bs)|| + ||Ys(bs — bs)]|| reveals that separate consideration of the latter
two summands suffices. The two vectors b, and bs are minimizers of

1 R - -
Vs Qu(b) = ol YV|? + || — Yub— Y| and <A4.1>
1 R - -
b Qs(b) = [lz — YV} = 52l - Y|P + & = Vit = Va2

respectively, wherein b € (ker Y)* minimizes b’ — ||& —Y¥'||2, that is, Prgy® =Pyt = Yb.
The criterion <A4.1> differs from b +— |z — Y¥||?; however, the alternative scaling of the
first summand does not affect the set of minimizers as (ker Y) C kerY,. In fact, one has
(Y,& —Yb,) = 0, that is, b, — b € kerY, and thereby |2 — Yb,| < ||& — ng|| as well as
Q.(by) = Qs(by) > Qs(bs). As a consequence, || — Yib, — Yiby|| > ||& — Yiubs — Yibs]|.
Moreover, the above characterization of b, leads to (Y*, (z — Y, be) — Y,.b, ) = 0. In addition,
the inequality §°Qs(bs) < 62Qs(b«) guarantees the inequalities

0 <Y (ba—bo)||* = 12— Ybs||* = & = V| < 6> (||Z = Y0u|* = || £ = Ys%) < 62|12~ Y| .
The latter inequality handles the first of the two above mentioned summands and leads to
&~ Vicbs — Vb || 2 [l — Frcbs — Vabsl| > 1 — Vicbe — Vubsl) = [V lapl| Py 2 (b — B3)]

> ||& — Yiby — Yibs|| — L““ﬂn?(b* —bs)|| > ||1Z — Ycbs — Yabs|| — 6C
O-min77£0(Y)

wherein C' = ||V ||op||# — Vb H/amm 750 Y) does not depend on § € (0,1]. The same applies
to the interval I = [0, |7 — Yxbs — Yibs|| + C], which—by virtue of the previous display—
contains || — Yy b, — Y,bs]|| for all § € (0,1]. The map «2 is monotone increasing and Lipschitz

continuous on the interval I with Lipschitz constant L < 2(||z — Yib, — Yiba| + C). Thus,
126 — bs)|12 + 17 — Vicbs — Fabull? = 17 — Vrcby — Vb
< (17 — Yicbe — Yibs|| + C8)® < ||T — Yicbs — Yabs|® + LCG

wherein the first equality is due to the orthogonality condition (Y., (& — Yub,) — Yib,) = 0. In
summary, one has ||Y (b, — bs)|| < VOVLC. .

Proof of lemma 4.4. The equality ker|[1 )2'] = {0} is tantamount to ker P(Span{l})L)? ={0}. If
the condition S, & Bp holds, and the matrix C' € R™*™ is such that the linear combination
Z(t,j)elz Ctyjp(span{l})Lfl%t’j equals zero, then

0=>" CtJP<span{1}>l(at,j+Z2,t,j5b)=P(span{1}>L[ > Ct,ij,t,j:|Bb-

(t.g)€ls (tg)€els

The requirement span{1} NU, = {0} implies that the equality between the leftmost and right-
most term in the previous display is equivalent to [Z(t,j)elx ct,ij,t’j] By = 0. If C # 0, then the
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latter equality continues to hold after division by ||C|| > 0. That is, 5, € ker [Z(t el € Zb m]
for some unit length ¢/ = 0 éH C € R™™ which contradicts the condition 5, & Bj,. Conversely,
By € By implies the existence of a unit length C € R™*™ such that _(Z(t,j)elx at,jct,j)l +
Z(t,j)elz ct,; &4 ; = 0, which reveals the linear dependence of 1,Zy ;, (¢, ) € I,. "

Proof of corollary 4.5. The inequality k > 0 and a; # 0 implies img AT # {0}. The equal-
ity {0} = kervar(z) = (Pspan{l})J_X P(Span{l})J_X) follows from ker |1 X] = ker[1 X] = {0},
wherein the first equality is due to 5, € Bp. The remainder of this proof uses the notation of
proposition 4.3. The projection is onto V = imgY” with [1Y] = Y’. The inclusion 1 € U =
Ui, + Uy implies that Y = Py [1 }7] = [1 }i/] The equality ker [Y’ )q = ker [Y’ )?] leads
to kerY’ = kerY’ = ker Y’ Nker Y’ with Y/ = [0 S:/] and Y = Py.Y. Thereby, {(c1,c2) €
R**|c; € R,co € ker }Z/} = kerY’ D kerY’. Consequently, the image of ¥/ = Y’ P v
equals {0}. Furthermore, {Y’" € imgV/} = kerY”, that is, Y = Y’P{{,,amg};*,} =Y'P_ .y
The equality U+ = (Uy, + U)* = U, leads to X = Po X =1[V) ... V]|, V/ =[vt1 - veml,
1 <t <mn and Y = PyY' = [0 X AT] In particular, linear independence of vy j,
(t,j) € I, ensures that ker P, gy,)LY = kerY’ = R x ker AT = ({0} x img A)*, that

{0} x img A, and imgY’ # {0} = imgY/, which implies V # V,. The equality
'Py = [1 (XAT + VST P at] = [1 VST P, 47| implies span{1} C img Y. C
] = span{1} + Uy. Hence,

is, K
O/

i

[ Pspantip X ATell = | Ppangiy 2 ros X ATell = [1Pepantiyyro Y (Dl
< “legy’)LY/( H < Hpspan{l} lY/( )H HP(span{l})LXATc—i_ VSTC”

e ||

holds for every ¢ € R* as P(bpan{l})LXA c=XATc— Span{l}XA c— Py, XATe = XATe -
span{1}+U XA Cc = P(span{l})lﬂUJ-XA c as well as P(span{l})lmUJ-Y ( ) = XATC + VSTe —
Pspan{1}+U5XA ¢ = Popan{}40,V S e = (Span{l})LnULXA c. The equality kervar(z) = {0}

implies that the kernel ker Py, 1131 X AT coincides with ker AT = (img A)*. Moreover, the
inclusion Z; ; € (span{1})* D U holds. Consequently, ¢ € img A satisfies the inequalities

~ 1/2 \
((ATc,var(f)ATc>> / ||P(span{1})lXA C|| [P img vy Y (2]
(ATe,var(z)ATc) 1 Piapangay)e XATel| HP(ing;)LY’ (Dl
@) 1/2
|Pepangip: XATel ( (ATevar(§)ATe) <A42>
| Papaniye XATe+ VSTel| -\ (ATe, [var(z) + 5%] ATe)

If ker AT C kerS = ker ST, then imgVSTP,, 4 = {0} and therefore img¥?, = span{1}.
Consequently, the final inequality in <A4.2> becomes an equality. "
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Index

e-covering number (N (S, ||+ ||,¢)), 18
e-net, 17

affine
function, 48
alignment
perfect, 64
angle

between a point and a subspace, 91

between two points, 19

largest principal, between two eq.-
dim. subspaces (0max), 89

least nonzero principal, between two
eq.-dim. subspaces (Opmin,£0), 89

principal, between two eq.-dim. sub-
spaces, 89

autoregressive approximation factor
uniform, 71

basis, 15
standard basis of R™** (B; ), 15
standard basis of R¥ (e;), 15
standard basis of S™ (B; ), 16
biconjugate (function) (g.), 48
boundary point, 43

Cauchy-Schwarz inequality, see inequal-
ity
Cholesky decomposition, 28
Cholesky factor
of a Gramian, 28
codimension (codim), 25
column space (img), 16
compatibility constant
lower (c(W, ||
upper (C(W,
complement, 23, 25
orthogonal (1), 23, 24
cone, 43
conjugate (function) (g,), 48
contraction, see linear map
convex

), 17
1), 17

?

c s
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combination, 42
envelope, 48
function, see convex function
hull (conv), 42
set, see convex set
convex function, 45
curvature constant, strongly convex
function, 48
epigraph, see epigraph
minimizer, see minimizer
strictly, 48
strongly, 48
subdifferential, see subdifferential
subgradient, see subgradient
convex set, 42
face, 44
exposed, 44
exposing element, 44
proper, 44
normal cone (ncone), 43
supporting hyperplane, 43
coordinates, 15
curvature constant
strongly convex function, see convex
function

decay rate
uniform, 70
density, 78
diagonal entries, see matrix
differentiable, 46
dimension (dim), 15
distinct singular value, see singular value
distribution
density, see density
empirical, see empirical distribution
Gaussian, see Gaussian distribution
of a random variable, 68, 78
of a random vector, 66
subgaussian, see subgaussian
dual norm, 33



dual problem, see least-squares

empirical distribution

of a random vector, 66
epigraph

of a convex function (epi), 45

of a function (epi), 48
Euclidean space, 19
expectation

of a random matrix (E), 27

of a random variable (E), 27
exposed face, see convex
exposing element, see convex
extended model space, see model space

face, see convex

factor, 57

Fenchel-Young inequality, see inequality
filtering, 113

finite dimensional, 15

Frobenius norm, see norm

Gaussian distribution, 78
gradient, 46
Gram-Schmidt orthogonalization, 21
Gramian ((Y,Y)), 26
Cholesky factor, see Cholesky factor

halfspace, 42
Hanson-Wright inequality, see inequality
Householder transform, 109
hyperplane, 42
supporting (of a convex set), see con-
vex

idempotence, see linear map
identity
matrix, see matrix
image (img)
of a linear map on a(n abstract) lin-
ear space W, 26
of a linear map on R*, 16
image measure, 39
inequality
Cauchy-Schwarz, 33
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Fenchel-Young, 48
Hanson-Wright, 79
von Neumann trace, 33
inner product
matrix of two linear maps ({Y, X)),
26
interior, 43

kernel (ker)
of a linear map on a(n abstract) lin-
ear space W, 26
of a linear map on R*, 16

least-squares
(primal) problem, 49
dual problem, 50
left singular vector, see singular vector
linear combination, 15
linear map
block /bracket notation ([y; - - -
16
column, 16
column space, see column space
contraction, 25
idempotent, 25
image, see image
kernel, see kernel
rank, see rank
reflection, see reflection
row, 28
singular subspace, see subspace
singular value, see singular value
singular value decomp., see singular
value
singular vector, see singular vector
unitary, see unitary map
linearly independent, 15
Lipschitz constant (L), 18

ykD;

matrix
column, 16
column space, see column space
diagonal, 35
diagonal entries, 19
entries of, 15



Gramian, see Gramian
identity, 45, 58
image, see image
kernel, see kernel
positive definite, 26
positive semidefinite, 26
quadratic, 16
rank, see rank
representation, 15
row echelon, see triangular matrix
singular subspace, see subspace
singular value, see singular value
singular value decomp., see singular
value
singular vector, see singular vector
skew-symmetric, see skew-symm.
standard basis, see basis
symmetric, 16
spectral decomposition, see spec-
tral decomposition
standard basis, see basis
trace, see trace
transition, see transition matrix
transpose, see transpose
upper triangular, see triangular ma-
trix
mean, see expectation
minimizer, 47
e-almost, 48
set of (argmin), 47
model space
k-model space (V}), 61
extended k-model space (V4), 63
multiplicity
singular value, see singular value

nontrivial
linear space, 15
sequence in a linear space, 21
norm, 17
L? (
dual, 33
Euclidean ([ «]]), 17
Frobenius (||« ||), 17

), 17
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Frobenius, on W>** (||« |), 32
lower subspace) comp. constant, see
compatibility constant
nuclear, on W>** (|| ¢ ||quc), 32
operator, on W>** (||« |op), 32
subgaussian (||« ||y,), 79
topology, 17
unitarily invariant, 32
upper comp. constant, see compati-
bility constant
normal cone, see convex
nuclear norm, see norm
null space, see kernel

oblique
projection, see projection
projector, see projector
operator norm, see norm
orthogonal, 20
complement, see complement
projection, see projection
projector, see projector
orthogonal complement, see complement
orthonormal
basis, 21

polarization identity, 20
prediction, 100
principal angle, see angle
probability
with, at least, 67
projection, 23, 24
oblique
composition with a linear map X
(Xvyu, X), 26
oblique (=), 26
orthogonal (), 23, 24
prediction, see prediction
projector
oblique (+,, P/), 26
orthogonal
composition with a linear map X
(Xv, X), 26
orthogonal («, P), 25



relation between oblique and orthog-
onal projectors, 26

random
field, 59
matrix, 27
expectation, see expectation
variable, 16
expectation, see expectation
variance, see variance
vector, 27
variance matrix, see variance
rank (rk), 16
reflection, 108
representation
of a finite sequence, 21
residual, 23, 24
of oblique projection (), 26
of orthogonal projection (=), 23, 24
right singular vector, see singular vector

sign function (sign), 38
singular subspace, 34
singular value (o;(+)), 32
decomposition, 32
distinct, nonzero (7;()), 34
least nonzero (omin,20(*)), 32
maximal (Opax), 32
multiplicity, 34
singular vector
left, 31
right, 31
skew-symmetric (AT =
smoothing, 113
span (span{...}), 15
spanning sequence, 15
spectral decomposition
of a symmetric matrix, 34
strictly convex, see convex function
strongly convex, see convex function
subdifferential
of a convex function (0f(+)), 46
of a function (dg(+)), 48
subgaussian, 68, 78

—A), 21
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norm, see norm
subgradient
of a convex function, 46
of a function, 48
sublevel sets, 49
subspace, 16
codimension, see codimension
complement, see complement
complementary, see complementary
sum of a sequence of subspaces, 34
sum of two subspaces, 25
superspace, 16
supporting hyperplane, see convex

time series, 59
trace
cyclic property, 19
transition matrix, 59
transpose (1), 19
triangular matrix
row echelon, 21
upper, 21

uniform autoregressive approximation
factor, see autoregressive
approximation factor

uniform decay rate, 70

union bound, 69

unit sphere, 17

unitarily invariant, see norm

unitary map, 20

variance

matrix (var(s)), 27

of a random variable (var(s)), 27
vector, 15

i-th entry of, 15

as matrix, 15

representation, 15

standard basis, see basis
von Neumann trace inequality, see in-

equality

with probability at least, 67
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