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The kernel for the grand conlition of the four-person game

B

Introduction

The purpose of this paper is to give a method for computing
the kernel for the grand coalition, whenever the kernel and
the nucleolus do not coincide,

It is well-known that the kernel of a cooperative game with
side-payments includes the nucleolus W .

Further the kernel of a coalitinn structure 8 in a four-
person game consists of a line segment which may shrink into
a single point.

We know by Peleg (see (7) ) that the kernel for the grand
coalition and the nucleolus are not identical if and only.
if for a suitable naming of the players the following sen-

tence is true:

(1.1) Jx,! 3x23x33x4

(X,'f7D, X ‘J’D, X3>D, Xd‘:.»D,

5
X+ Xy Xo %, = V(N],

e(x,12) = e(x,34) » F(x),

it

e(x,14) = e(x,23) » F(x),

where F(x) = max {e(x,ﬂ), e(x,2), e(x,3), e(x,a),
e(x,13), e(x,24), e(x,123),

e(x, 124), e(x,134), e(x,234)j

Using the method of (3) Peleg has found that (4.1)
is equivalent to '

This work formed part of the author's M.S. thesis, which has
been supervised by Professor Dr. R. Selten.
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(1.2) min av(N) * Tup a v(N) - Fog s v(12) - g T4 »
.

v(3a), EL_F23 + v(14) + v(34) - v(23) - v(qaiJ,
v(12) - v(123) + fog = Fyo + Fra s v(14),
g # v(14) + v(34) - v(124) - v(23),
v(23) + Foo = F1o s v(14) + Foq = v(123),
V(1) = (13) + - Fqé] ,

v(14) - v(134) + Fag = Fim* Ty f .

max io, Fra = Tro v v(N) = v(12) = 7,
fro - v(12), v(124) - v(12), v(zaa) - v(23),
v(23d) + }.,[v(‘ld) - v(23) - v(‘lz) - V(Sd)J

v(?a) - f

I_;

5| o, v(N) - V(12)J

1g = Tao = Foq + v(N) = v(14),

v(124) - v(14) - Fog # Fop'a

égw;(za) = fog + Fup = Fop+ v(N) - v(1aij g

-

Nt

v(L3) + v(N) = v(N - {1,3)) ]

Thus (1.2) characterizes all four-person games for which the
kernel for the grand coalition (the kernel of N) consists of
a non-degenerate interval.

Therefore we can restrict our attention to those games for
which the property (1.2) is true.

If (1.2) does not hold one has to compute the nucleolus in
order to find the kernel.

In section 3 we shall see that for many four-person games
(including all proper four-person games) the kernel of N

is included in the core, whenever the kernel consists of a
non-degenerate interval.

Furthermore the kernel of N occupies there a kind of a
central position.

In section 4 we describe algebreaic properties of the kernel,

whenever the kernel and the nucleolus are rnot identical,.
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These properties of the kernel enable us to give a method
for computing the kernel, if it differs from the nucleolus,
This will be done in section 5,

In section 6 we offer a second method for classifying games
according to their kernels for all four-person gemes and in

the last section we give some examples.

Definitions

Let N = {1,2,3,4! be a set with four elements.

A characteristic function is a non-negative real function v

defined on the subsets of N satisfying v () = 0 and
v (i) = 0 for all 1 in N. The pair (N,v) is a four—person

geme,
The members of N are called players, subsets of N are

called coalitions,

The game will be called proper, if its characteristic

function v satisfies

v(8) + v(T)< v(SvT) for all S, Tc N with 5~ T = g.

We call a four-person game (N,v) pseudoproper, if its

characteristic function v satisfies
v(1d) + v(N - i,35f )2 v(N) for all 4,3 in N, 1 £ 3.

We remark that a proper four-person game is pseudoproper,

A simple game is one whose characteristic function satis~
fies v(S) = 0 or v(s) = 1 for all scN,

then 8§ is called winning if v(8) = 1, and losing if v(S) = 0.

Let (N,v) be a four-person game.

A coalition structure is a partition of N.

An individually rational payoff configuration is a pair

(x,{?), where ({ is a coalition structure and the payoff
vector x = ( Xg 1 Xo 4 Xg 4 X, ) is a guadruple of real

numbers, satisfying

20, i = 1,2,3,4 and x(B) = > |

70, 1 =12,3,4 and x(B) = > X =

v(B) for all Be B .
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We c=211 & payoff vector an imputation, if it sstisfies

X, 0, i=12,3,24 and x(N) = v(N).
X(N) denotes the set of imputatiins,
Let 1 end j be two distinct players.

By Tij we denote the set of all coalitions containing player i

hut not player j, thus

i

Ty f'B/BcN.,ieB, j¢gB; .

Let (x, £ ) be an individually rational payoff configuration

#nd let D be an arbitrary coalition.

The excess of D with respect to (x, @3 ) is
e(x,0) = v(D) - x(D) .

The maximum surplus of i over j with respect to (x, &) is

Sij(x) = max ie(x,D) / De Tij j .
If i and j belong to the same coalition B e ¢, then i is

said to outweigh j with respect to x, if

sij(x) = Sji(x) Aand Xj - 0 .

x is balanced if there exists no pair of players h and k,

such that h outweighs k.

The kernel of the coalition structure 43 is the set of all
balanced payoff vectors.

By £ we denote the kernel of N.

The nucleolus % of a game (N,v) (for the grand coalition)
is that unigue imputation x such that 8(y) is not smaller

than G(x) lexicographically for all imputations y, where
n
8(x) is that vector in R2 (n is the cardinality of N)

with components e(x,S) for all 5 ¢ N, arranged in descending

numerical order.
The core C(N,v) of a game (N,v) is the set of all payoff

vectors that give rise only to non-positive excesses:

c(N.v) =sz/ x e X(N) and e(x,8) = 0 for all 5, S< N { .,



3.

The geometric structure of K

In this section we shall see that for ¥ £ 4 the kernel
(for the grand coalition) of a pseudoproper four-person

game can be described completely by the core.

Lemma 3,1

Let (N,v) be a four-person game satisfying X £ 4 .
Then the core of (N,v) is not empty if and only if (N,v)

is pseudoproper.

Proof:

It is obvious that the game must be pseudoproper if it has
a non-empty core,

We have to show that the core is not empty if (N,v) is
pseudoproper,

L # / implies by (1.1) that for a suitable naming of the
nlavers the Following is true:

there exists x_ e X(N) such that

e(x_,12)

i

o e(xo ,34) > F(xo)

e(x0 ,13) = e(xO ,24) = F(xo),
where F(xo) is defined as in (1.1) by the maximum of the
remaining ten excesses (without the excesses of N and ¢).
For all x e X(N) we have

e(x,12) + e(x,34) = 0 and

e(x,13) + e(x,24) < 0 , because (N,v) is pseudoproper.

Thus e(x0 , 12)

il

e(xD ,34) = 0 and

e(x 13) = e(xD ,24) = 0 y SO

O ?

e(xo ,8) = 0 for all Sc N

Thus x_ is an element of the core of (N,v).

Theorem 3,2

Let (N,v) be & pseudoproper four-person game satisfying
Yog o

Let y be a vector in the core C of (N,v).
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Denote hy dij(y) the maximum amount which can be transferred
from i to j while remaining in C, thus

diJ(Y) = max 4d/ (YII goe0y yi - dy ---;yj + d’ --’ya) >] CE
Then

x € = if and only if
x & C and dij(x) = dji(x) Fcr.all i,Jin N, 1 £ 3.

Proof:

(1) By lemma 3.1 the core of (N,v) is not empty.

(i) ©C # ¢ implies / . C (see (7), cor. 3.3).
(i44) - C = - implies the theorem (see (5), lemma 3.1 and
lemma 3.5 for
:=0 )o
Remarks:

(1) It is obvious that theorem 3.2 holds too, if (N,v)
is a four-person game, satisfying.k':»é/and having

a non-empty core.

(ii) The theorem shows that © depends only on the.gaometric
shape of the core. Therefore we get: '
two different four-person games, having the same non-
empty core, have the same kernel for the grand coa-

lition.

(iii) Lemma 3.1 implies that a pseudoproper four-person
game ( and therefore also a proper four-person game)

with an empty core must satisfy # = 27,

Algebraic properties of &

The following theorem describes the kernel 4 of a four-
person game completely? whenevar + consists of a none
degenerate interval. We remark that the game need not be
pseudoproper.

In section 5 theorem 4 will be the basis for a method to

compute the kernel.



Theorem 4

Let (N,v) be a four-person game satisfying A £ / and let

x e X(N).
Then
x e X if and only if for a suitable naming of the players (I)
holds:
(1): e(x,13) = e(x,24) = F(x) and
e(x, 14) = e(x,23) = F(x), where
F(x) is defined as hefore.
Proofs
Let x, ye ¥, x vy
Define t = y - x
Then for a suitable naming of the players
aq
t1 = t2 “ ts«’ t4 with Poin ti =0 is true.
i=1
Inview of x £ y we get
tq < 0 and t4 = 0, thus Xq > 0 and Yo > o,
s0 Sqa(x):?'saq(x) and saq(y)‘a 514(Y) . (a)

t1‘~ 0 and t1 e t2-¢ 0 and

t,+ty=0 and t, +t,+ t; <0 implies t(D)< O

Fm‘ﬁlDﬂ%a,m

e(x,D) « e(y,D) for al1l D e T thus

14

010() £ 5140%) (6)
analogeously, e(x,5) = e(y,5) for all 5 e Taq s
s0 s,,(x) = s,,(y) (c)

By (a) and (b) and (c) we get
541(Y) = qu(X) = Sqa(x) = 514(Y)
From the fact that we have e(x,5) ~e(y,S) for all S e T

it is clear that v
| saq(x) = Saﬂ(Y) implies that there exists an S'e T41 :
such that
B(X,Sq = sdﬂ(x) = SAQ(Y) = E(YVSQ1

so x(8) = y(s), thus t(8) =0,
on account of t(5) = 0 and by S'e T,, we get 5'= {2,d} ;



Analogeously,

Sqa(x) = 814(Y) implies that there exists a D'e'qu §

such that
B(X,DO = 51a(x) = Sqa(Y) = e(y,D',

so x(D) = y(D), thus t(D) =0 .
S50 we get D'= {1,3\}.

Together

e(x,13) = e(x,24) = e(y,24) = o(y, 13)
Furthermore '

tq = - t3 and t2 = - t4 s thus t1 - t4 =2 t2 - t3

and because of tq £ t2 < t3 = ta we get_t1 = t2 and t3 = t
So

8(X,13) = E(X,Ed) = Sﬂd(x) = Saq(x) = Sza(x) = SSZ(X)’
analogeously (on account of t ty,and t, = t, )

il

o(y,13) = e(y,28) = 5,,(y) = 5,,(%) = s5(y) = 50(v),
e(x,23) = e(x,14) = SZA(X) = saz(x) = qu(x) = 531(x) and
o(,23) = e(y,14) = s,,(y) = s,,(y) = s43(v) = 55,(y)

and therefore

e(x,13) = e(x,24) = F(x) ,

e(x,14) = e(x,23) = F(x) and
e(y,13) = e(y,24) = F(y),

e(y, 14) = e(y,23) = F(y).

Now let :
a) e(x,13) = e(x,24) > F(x) and
b)  e(x,14) = e(x,23) = F(x) be true

=) imlies s,,(x) = e(x,13) = (x,24) = s, (x)
and spa(x) = e(x,20) = &(x,13) = s ,(x)
b) implies sqa(x) = e(x,14) = e(x,23) = 854(x)
and spo(x) = e(x, 14) = e(x,23) = S54(%)

Furthermore we have

512(x)

max {'e(x,13), e(x,ﬂd)f

szq(x) max { e(x,za),»e(x,za)j ,
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and saa(x) = max {:e(x,ZS), e(x,ﬁa)}
SQS(X) = max | e(x,14), e(x,za)é
Thus .
Sij(x) = sji(x) , S0 xe X
Remarks:

(1) If a four-person game satisfies K # /¥, then by reason
of (1.1) it is necessary that there be a suitable naming
of the players which varifies the inequalities

v(13) + v(24) > v(12) + v(34)
and v(14) + v(23) > v(12) + v(34)

(i1) It is obvious that theorem 4 is equivalent to:
Let (N,v) be a four-person game satisfying /£ 4
and let x e X(N) . Then
x € X if and only if (I) or (II) or (III), where
(1): e(x,13) = e(x,24) » F(x) ,
e(x, 14) = e(x,23) » F(x)

]

it

(I1): e(x,14)
e(x,12)

i

e(x,23) = F(x) ,
e(x,34) = F(x)

e(x,24) p(;() ,
e(x,34) = F(x)

1

1]

(III); e(x, 13)
e(x, 12)

W

L]

(F(x) is defined as the maximum of the remaining

ten excesses without the excesses of N and @ ).

(iii) The kernel is not empty, therefore one of the conditions
in (ii) must hold.

On account of (i) exactly one of them must hold.

(iv) It is obvious, too that the condition (II) originates
from (I) by exchangeing player one and player four,
the condition (III) originates from (I) by exchangeing

player two and player four.

5. A method for computing #

The conditions (I), resp. (II) and (III) are equivalent to

a system of two equations and 20 weak inequalities.
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For the present we transform (I), the conditions (II) and
(III) merely stand for another naming of the players.
The system which is equivalent to (I) :

v(13) - v(12) »x, - x

3 2
v(13) - v(34) 7 X, - X,
v(23) - v(12) Z Xy = X,
v(23) - v(34) 7 Xy = Xy
v(13) ZR
v(13) = X4
v(23) = Xy
V(EB) = x2
v(13) PRy + Xy = X
v(13) Ry F Ry~ Xy
v(23) "X+ Xg = X,
v(23) » Xy + Rgim Xy
v(13) - v(123) 2~ o
v(13) - v(124) = Xg = X5 = X,
v(13) - v(134) z - X,
v(13) ~ v(234) P Xy = Xy = Xy
v(23) - v(123)= - X,
v(23) = v(234)> - X,
v(23) - v(124)2;x3 - X, = X,
v(23) - v(qaa)axz = Ky = Ry
v(N) + v(13) - v(24) = 2><‘1 + 2%g
v(N) + v(14) - v(23) = 2%, + 2%,
Now we are able to substitute Xq 0 X5 and Xa by Xoy o

(The third equation is x(N) = v(N), for x is an imputation).



So we get

]

v(N) + v(13) - v(24) - 2x

< v(13) - v(12) -

- v(23) - v(12) -

- 11 -

3

= v(N) + v(23) - v(14) - 2%

v(14) N v(23)

5 5 +

v(N)
s)

v(z) , ¥(13) ,

v(N)
2

2x4 < 2v(13)

2y = 2v(23)

2xy < v(13) + v(23) + v(24) - v(12)

2x, < v(23) + v(13) + v(14) - v(24)

2xq = v(N) = 2v(123) + 2v(13) + v(23) - v(14)
2%y = v(N) - 2v(123) + 2v(23) + v(13) - v(24)
2x- = v(N) - 2v(124) + v(13) + v(24)
2xq = v(N) - 2v(124) + v(23) + v(14)

—2x3:;—'»~¥£~N--)~ v(34) + v(:?{l) - v(ga) +

—-2X,, - Xiﬁl v(34) + v(14) - V(SB) %

3 2
-2x5 < =v(N) + v(13) + v(24)

—2Xq = -V(N) v(23) + v(14)

+

-v(N)

o

-2x, = =v(N) + 2v(14) + v(24) - v(ﬁB)

~2x, < 2v(24) - 2v(234)

v(14)

2
v(24)

2v(24) + v(14) - v(23)

2

-2x5 < v(14) + v(23) + v(24) - v(13) - 2v(234)

2v(14) - 2v(134)

i
N
X

A

< v(24) + v(13) + v(14) - v(23) - 2v( 134)

1]

It is obvious that this system of 20 inegualities and 2

equations is equivalent to:
_v(N) N v(13)  v(=24)

Xy.= -3 5 3

[ o

Ag

V(N v 23 14
M) I L1 N

3

9



- 12 -

p)

l" -~ 1
5 max {b1 ' b2 3 sy bqof:g Xq< 3 minéjaq 185 ...,a10\§ i

x, = V(N) - x

a - X = X

1 2 3

and we have
b, « b i=1,23,5 7,9 if and only if
v(14) + v(23) < v(13) + v(24)

w
A
]

Cae
i

2, 4, 6, 8, 10 if and only if
v(14) + v(23) = v(13) + v{24a)

Summing up we get

Theorem 5, 1

Let (N,v) be a four-person game satisfying H LN,
Let x e X(N).

(a) Let v(12) + v(38) «v(14) + v(23) < v(13) + v(24),then
x e 4 if and pnly if
B vgN) . v(13) _ v(24)

X = 5 57 7 X3

X, = vgN) N v(ga) i v(;d) - %y

Xq 85*% max{~b2>, by s bg s By s b10<} ’
% min{a2 v 89 By 8, a10j§}"

X, = v(N) - X, = Xy = Xq

(b) Let v(12) + v(34) < v(13) + v(24) < v(14) + v(23),then
x € X if and only if Xy » %5 8nd x, are defined as
' in (a) and

L1 [
Xy € | 5 max tb1 , b3 i b5 ’ b7 ’ b9 f_f

L.
1 7
3 min{a1 y B3 5 Bg , &, , a9~I :.

Remark:

(b) originates from (a) by ekchangeing player one and
player two.
Using remark (iv) in section 4 we get theorem 5.2
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(a)

pro- v(12)+v(34) =

jal=h e

if

and

only
if

E v(23) }

- 2v(134)-v(14),
- v(N)+v(13)-v(14)~v(24),

xe K
i

!v(23)+v(14)fa
ty(x)%v(24)+v(ﬂ3)

%gvgN) . v(;S) _ v(ga) ~(12),

i v(N)+v(14)-2v(124a), ,
' v(N)+v( 13)+v(23)-v(28)-2v( 123) , |

v(ﬂd)+y(13)-v(2d),

,rVéN) 5 v(;B) _ vigd) +v(34),

v(N)~v(23),

2v(234)+v(13)-v(24)-v(23)j

1
maxB v(23) minAJ
, +

2 2 2

(b)

v(12)+v(34) =
v(24)+v(13) =

v(23)+v(14)

{vgN) i v(gs) _ vL;d) ol 12},

v(N)+v(24)-2v(124),
v(N)+v(13)+v(23)-v(14)-2v(123),

i v(2a)+v(23)~-v(14),

v(13) |

v(23) _
2

v(N)-v(73),

2v(234)-v(2a),
v(N)+v(23)-v(14)-v(24),
2v(134)+v(23)-v(14)-v(13) ;

T véN) + V(gd) +V(34),

_ v(2a) , MaxB v(13) 4 minA
2 2 ' 2

x € X(N) satisfying x, € I and

3

4 v(13) _ v(24) _ x

x, = xéﬁl ‘

2

X

v(23) _

2 3’

_v(n)
= ==k +

2 2

v(14)
T T X3

v(23)

_ v(14) . v(2a) v(13)
2 2 @ r T

Figure 1

5=t X3

(see theorem S, 2)

3 §
!
o e i i, = ¥
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(c) (d)
| pro- E v(13)+v(24) <« v(13)+v(24) =
é per—§ v(18)+v(23) = } v(12)+v(34) <
% ty(xﬂ v(12)+v(34) i v(14)+v(23)
i § zvéw) v(ga)'_ v(;z) _v(24), {'vgw) . v(ga) _ v(;ﬂ) —v(24),
é @ v(N)+v(1a)-2v(124), L v(N)+v(12)-2v( 124),
A= v(N)+v(34)+v(23)-v(12)-2v(234), v(N)+v(23)+v(34)-v(14)-2v(234),
- v(14)+v(3a)-v(12), - v(23)+v(12)-v(14),
% § v(23) | | v(34)}
T_ ;: R S I S
! , véN.) N v(gal _ v(;?] +v(13), {vg\i) . v(ga) _ v(;d) +(13),
§ g v(N)-v(23), v(N)=v(34),
B =1 oy(138)-v(14), - 2v(123)-v(12),
| v(N)v(3a)-v(14)-v(12), v(N)+v(23)=v( 12)=v(14),
i ov( 123) +v(34)-v( 12)-v(23) ? ov( 134) +v(23)-v(34)-v( 14) }
%mhwwwwwiw - N S
g I = [fﬂ§l+%£,%§n+mg{1[fﬁ %ﬁ,ﬂ§l+%#q

x e X(N) satisfying x, eI and
xe K ~ v(m) v(12) v(23) _v(34) .
if 1 - 2 2 a.’
and . - -(_l v(23) YL
only
' v(N) v(34) v(12
if Xy = = 4 mmmes - --ﬁ-l - Xg

Figure 2

(see theorem

5.2)
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(e) ()

pro- %v(ﬂ4)+v(23)¢; tv(1a)+v(23) <

per— | v(12)+v(34) = | v(13)+v(24) =

ty(x) | v(13)+v(24)  v(12)+v(20)

| |
é %%véN) N V(;3) _ v(gd) ~v(14), %VVgN) N v(gd) _ Xﬁégl _v(14),
- vN)+v(12)-2v("24),  (N)+v(24)-2v( 124),
- A | v{N)+v( 13)+v(38)~v(28)~2v(134), v(N)+v(34)+v(13)=-v(12)-2v(134), |
| - v(12)+v(13)-v(24), v(38)+v(2a)-v(12), i
e ) )
ICORNET ) JTCS) IR N EIO QR 0 B C BWES)
| vn)-v(3a), u()-v(13),
BT av(rea)-v(12), ov(234)-v(24),
a | v(N)+v(13)-v(12)-v(24), v(N)+v(34)-v(24)-v(12),
5 | 2v(234)+v( 13)-v(34)-v(28) 2v(128)+v(38)-v( 13)-v(12) |
= | = -
x. L e Mo ] || o) mes W) mon |
x & X(N) satisfyihg xy € I and

R P

o SO PO O P

if x, = véN) . v(gd) _ v(%z) - xg

Figure 3

(see theorem 5.?2)
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Theorem 5,2 (see figure 1, 2, 3)

Let (N,v) be a four-person game satisfying A ¢ A/ .
Let x e X(N).
Then one of the properties (x) in the table must hold and

the kernel of N is given by the corresponding column in the
table.

The method described in the table enables us to compute the
kernel for the grand coalition of the general-sum four-person
game, whenever the kernel and the nucleolus do not coincide,
But before computing the kernel we have to prove that the

kernel really differs from the nucleolus,

A characterization of all four-person games

for which X consists of a non-degenerate interval

Inequality (1.2) characterizes all four-person games for
which the kernel of N consists of a non-degenerate interval.
But it is usually a lengthy process to find a suitable
naming of the players for which the inequality could be

true,

For that reason the following theorems may be useful to
characterize the four-person games for which the kernel
for the grand coalition consists of a non~degenerate in-

terval.

Theorem 6, 1

Let (N,v) be a four-person game, satisfying

v(12) + v(34) < v(14) + v(23) € v(13) + v(24).Then
K £ N if and only if min A' > max B' ,

where

a={M L, vl2) v(2e) | eg) 4 u(e9),

v(N) + v(14) ~ 2v(124) + v(23),

v(N) + v(13) + 2v(23) - v(24) - 2v(123),
v(14) + v(13) + v(23) - v(24),

ov(23),




= TF =

v(N} + v(23) - v(14),
v(N) + v(13) - v(2a) § and

+

e

B =

véN) N v(;B) _ V(Sﬂ) + v(34) - v(14),

v(N) - v(23) - v(14),

v(N) + v(13) = 2v(14) - v(24),

2v(134) -~ 2v(14),

2v(234) + v(13) - v(14) - v(24) - v(23),
D!

v(13) + v(23) - v(14) - v(24) } .

Corollarz:
It is obvious thet the last two elements of A' and the last

two elements of B' mav be omitted, if (N,v) is pseudoproper.

. Proof:

v(12) + v(34) « v(14) + v(23) =v(13) + v(24) = is the

case (a) (see figure 1, 2, 3). '
K + N implies that minA + v(23) > maxB -~ v(14),

thus min_{VéN) N V(;3) - V(g4) - v(12) + v(23),

v(N) + v(14) - 2v(124) + v(23),

v(N) + v(13) + 2v(23) - v(24) - 2v(123),
v(14) + v(13) + v(23) - v(24),

2v(23)‘} >

maxéjvéNJ + vi;B) - vﬁgd) + v(34) - v(14),

v(N) = v(23) - v(142),

v(N) + v(13) = 2v(14) - v(24),

2v(134) - 2v(14),

2v(234) + v(13) - v(14) - v(24) - v(23)}
and

v(N) L v(13) _ v(ea) -
1 2 2 2 3

X
]

. - v(N) N v(23) _ v(14) .
) 2 2] 3

eI

x, = v(N) - Xy = Xg = Xq

H 1s a 1line segment, so we find x° ¢ X% ,
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o _ 1 v(14)
such that x3 > B maxB - e
o 1 . v(23)
x:3 <3 minA + e
xg > 0
So
o o .o v(N) | v(13)  v(24)
X, + Xo > 0 dimplies 5 + aaliali > 0
) ) . as V(N) . v(23)  wv(14)
and X5 + x3‘7 0 dimplies 5 + - madi 5 > 0,
thus v(N) + v(13) - v(2a) > 0
and v(N) + v(23) - v(14) > 0O 1)

Furthermore we have

v(N) . v(13) v(=2a) o o. o 1 v( 14)
H-= + pp—te = 5= = X, + Xg > X > 3 maxB - -
and
v(N)  v(23) v(14) o o o 1 ~v(14)
) + %5 - 5 N x2 + x3 > x3 >3 maxB - -
thus v(N) + v(13) ~ v(24) > maxB - v(14) 2)
and v(N) + v(23) - v(14) > maxB - v(14)

Now we have to prove:

v(13) + v(23) - v(18) - v(28) « v(N) + v(13) - v(24) .

This is eguivalent to
v(23) - v(14) < v(N) .

By (1.1) we get for
v(12) + v(34) < v(23) + v(14) = v(24) + v(13)

and & # A that there be an imputation x, satisfying
X > 0 for all i in N and
e(x,14) = e(x,23) (see (1.1) )

Thus  v(23) - v(14) = Xop + Xy = X, = Xy £ v(N)

Analogeously,
e(x, 13) = e(x,24)

Thus  v(13) - v(24) = Xg + Xg = Xy = Xy,

thus v(13) - v(24) < v(N),
which is equivalent to
v(N) + v(23) = v(14) > v(13) + v(23) - v(14) - v(24)
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So we get

v(N) + v(13) - v(24) = v(13) + v(23) - v(14) - v(24) and 3)
v(N) + v(23) = v(14) = v(13) + v(23) -~ v(14) - v(24) .

We have
(u] vi 13 vi{23 vi{ 14 vi{24 (s}
Xy *+ X5 = v(N) + (2 ) + (2 ) et _Lﬁrl L—-l 2x5 , SO

X
il

3 Xa‘ +

o o , v(13) N v(23) _ v(14) _ v(2a)
) E 2 )

v( 13) . v(23) wv(14)  v(24a)
2 2 2 "

> B thus
% minA + Xiggl > xg P v(;B) + v(gs) - v(;d) = v(gd) ) 8O0’
minA + v(23) > v(13) + v(23) - v(14) - v(24) a)
1 v(23) o ;
3 minA + = 7 X > 0 implies
minA + v(23) > 0O 5)
‘Alltogether we get by r), r=1, 2, 3, 4, 5 :
& # A implies minA' > maxB!
Now let minA' > maxB'
Set: minA* - maxB' =d , Then d = 0
. _v(N) L v(13)  wv(24) mina'  d
Set: | Xy = =z~ + - - m—— + o
v(N) | v(23) wv(14) wmina' d
-T2 it Sl
- minAf d
X3 =TT 3
x, = v(N) - Xy = Xg = Xg
_ v(24) Lﬁ_l v(13) v(23) minA'  d
- 2 &
Th »>5 >0
en Xy 2 g9 7
X5 ;,g = 0

maxB?* d d
X3=-—~§-+z »Z - 0

v(24) L v(14) _ v(13) VLZB) maxB' = d_d

g = =3 -l Tt TE v a7l



:r(‘z 13) = v(13) - VL(?N) _ v(g_a) . v(gd) o véN) . v(;S) . v(gd)
o(x,20) - v(za) - Y0) _ M(23) , v(1a) _ v(za) _u(1a) ,
R %3) N v(§3)
- - vg«) N v(SA) N v(;a)
e(x, 14) = v(14) - "g“) ; v(;_d) . v(gs) L vgw) . v(;a) . v(ga)
e(x,23) = v(23) - yég)_ _ v(gs) N v(;ﬂ) _ vg\:) R v(;4) .\ v(ga)
e 1 = = %@ ) v(;s) . V(Sa) , mnar_d

¥, v(3) , v(za) , el 18] o x%.f}l L u(22)

vi24 d
_vlza) g

o vgN) " v(;a) . v(gs) c- vgN) . v(gd) . Y(;S)

e(x,2) = - véN) _ V(SS) N v(;d) N migA' _ g

- v | v(2) L v (e - g

véu) & v(ga) ¥ v(;a) & . gggl s v(ga) . "_(;3)

o(x,3) --2238_ 9 o vgN) . v(ga) N y%f}_), =4

< - yégl N V(§3) M V(;4)~S._ gégl . V(§4) . V(éa)

_v(13) L v(23) v(14) wv(24) wmexB' d
T2 2 2. 2 T T T4

e(x,4) 7

<MD, vz} v(1a) _w(za) vl v(33) , ypag)
v(2a) d
Ll il

< - xéﬂl Y| gﬂ) L Y ;4) o xéﬂl 5 x.(.gfl " \.'.(.,391
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o(x,12) = v(12) - v(n) - ¥LJ2) xigél + 23 xigﬂl N
+ minA' - g
< v(r2) - win) - ¥R _ w(z) , v(1a) vza) , v,
+ v(ga) - v(ga) - v(12) + v(23) - g
<_xgl+ﬂ§l+ﬂ;lé-gm+vgﬂ+vgﬂ
e(x,34) = v(34) - v(gd) - v(;a) - v(;B) + V(gs) - maxB! - =

< v(34) - v(§4) - v(;a) : v(%s) i v(ga) _ gégl _ !L%El N

+ 228 y(a0) + v(1g) - 8
L1 g 1 P LV PR L RO B )
o(x,123) = v(r23) - YN _ v{13) , w{2a)  mina 4 wiN)
_ v(§3) " v(;a)
< vz - o) - M L ¥z | v, v, uin)
+ Y3 o () _>X£§§l - v(123)-3
B ) I 7 DY Y C Y )
e(x,124) = v(124) - v(n) + TE0AL _ d

2

v(23) d

< v(12a) - v(n) + YN 4 ¥U1A) _ y(qza) 4 ¥(23) L
- vgN) . v(ga) " v(ga) e vgN) N v(ga) . v(gal
o(x, 134) = v(134) — v(N) +'v£N) . v(gB) _Av(;a) _meEr_d
< v(raa) - ¥, (23] v(1) _ y(nza) 4 y(ng) - ¢
- vgw) . v(ga) 5 v(;a)_ﬁ__ yéﬂl N v(ga) N v(ga}
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ez00) = v(zme) - v + 20, W) | u(z0) _mer _ o
¢ v(eaa) - YN, v(12) _ v(29) _ (pnqy - ¥(23)
+v§@+vgﬂ+vgﬁ_g
A véN) . v(ga) N v(;d) .. véN) . v(ga) + y_%g_
Thus x; >0 and  x(N) = v(N) and
e(x,13) = e(x,24) > F(x) and

e(x,14) = e(x,23) > F(x)

where F(x) is defined as the maximum of the remaining
ten excesses (without e(x,N) and e(x,#) ), so we get
b.y (1.") K # A .

In an analogeous way we get the following theorem (by exchange-

ing player one and player two).

Theorem 6,2
Let (N,v) be a four-person game, satisfying
v(12) + v(34) = v(13) + v(Pa) < v(14) + v(23) . Then

F # A if and only if minA' > maxB!
where

A' = ivng) o V(;B) - V(;&) - v(12) + V('!S) ’

v(N) + v(24) - 2v(1248) + v(13) ,

v(N) + v(23) + 2v(13) - v(14) - 2v(123) ,
v(2a) + v(23) + v(13) - v(14) ,

av(13) ,

v(N) + v(13) - v(e4) ,

v(N) + v(23) = v(14) { and

o = [ 4 ¥(29) L M0 L y(a0) - v(a)

v(N) = v(13) = v(za) ,

v(N) + v(23) - av(24) - v(14) ,

2v(234) - 2v(e2a) ,

2v(134) + v(23) -~ v(14) - v(13) - v(24) ,
0 L

v(13) + v(23) - v(14) - v(24) } .
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Remark:

Let (N,v) be a four-person game satisfying the property (x)
for the cases (c), (d), (e), or (f) (see figure 1, 2, 3).

Then we get the corresponding theorems by:

(4) exchangeing player one and player four in theorem 6, 1,
if (c) holds

(2) exchangeing player one and player four in theorem 6.2,
if (d) holds

(3) exchangeing player two and player four in theorem 6,1,
if (e) holds

(4) exchangeing player two and player four in theorem 6,2,
if (f) holds.

The simple four-person game

Using theorem 6.1 we find a characterization for the class

of the simple four-person games.

Let (N,v) be a simple four-person game,

W. 1. o, g. we name the players in a way, such that
v(12) + v(34) < v(14) + v(23) = v(13) + v(24). Then
1 Let v(N) =0 . Then ¥ = & , because x = (0,0,0,0)
is the only imputation. '
2)  Let v(12) +v(34) = v(14) + v(23). Then X = /.
(see remark (i), section 4)

3)  Let v(12) + v(34) « v(14) + v(23) = v(13) + v(24),
v(N) = 1, Then X # # if and only if
v(14) = v(23) = v(13) = v(28) = 1.

Proof:

Let K # NV

By theorem 6.1 we get v(23) > 0 and
v(N) + v(13) - v(24) > v(13) + v(23) - v(18) - v(24) ,



SO

v(N)

v(14)

Now 1
minA"
minA?*
minA®
thus

It is
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> v(23) - v(14), thus v(14) =
+v(23) = v(13) + v(24) = 2  implies
v(14) = v(23) = v(13) = v(24) = 1.

]

et v(14) = v(23) = v(13) = v(24) = 1. Then

> % and maxB' <. 0 » if v(12) = 1, v(34) =0
2 1 and maxB' g % , 1f v(12) =0 , V(34) = 1
> 1 and maxB'< 0, if v(12) = v(34) =0 ,

minA' > maxB' , so X # 4.

obvious that any proper simple four-person game must

satisfy & = /7,

In th
litio

do no

(1)

e following we compute the kernel for the grand coa-
n of the simple for-person game, whenever 4 and 4
t coincide.

Let v(N) = v(13) = v(14) = v(23) = v(24) = v(34) = 1,
v(12) = v(i) =0, i =1, 2, 3, 4, v(s) e {o, 1} otherwise
(for v(ijk) = 1 J? has been computed in (8) ).

The game satisfies

v(12) + v(34) < v(13) + v(24) = v(14) + v(23) = 2,
thus X £ N
minA = min{; , 2 - 2v(124), 2 - 2v(123), 1]

L[2 )3
maxB = max |3 , 0, 2v(234) - 1, 2v(134) - 1§ =3

0 1 e {v(124), v(122) { , =
then minA = 0, maxB = 5 y thus I —{— ’ %“J

u Y

2) 1 ¢ [v(12a) , v(123) {

then minA = % y maxB =

o -

, thus T =§__£ , g]
1 1 -
Xg == Xy, X =3 = X3 X = x5 for x ek ,

1S S

s0 we get Xq S[Z .

—

Thus X a{-x/x = (§ -z, % -2z, 2,2), 2 e[:é ,1; i}

does not depend on the coslitions § containing three

players,
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(11) tLet v(N) = v(13) = v(24) = v(23) = v(14) = 1
v(12) = v(34) = v(i) =0, i =1, 2, 3, 4,
v(s) e {0, 1} otherwise.
This game also satisfies
v(12) + v(34) < v(13) + v(24) = v(14) + v(23) = 2,
thus KX £ &

i

]

minA = min {% , 2~ 2v(124), 2 - 2v(123), 1]

max8 = max.[-—" , 0, 2v(228) - 1, 2v(134) - 1]

1) 1e{v(124), v(123)f and 16 {v(zaa), v(aaa)g .
) F‘“ -

. 1

then minA =0 , maxB = 1, thus I =~_U v §__§

2) 1 e {v(12a), v('::za)} and 1 ¢ {v(.raaa), V(134)§ ,

then minA = 0 , maxB =

-
, thus T = '211':'1:)

ot =

3) 1¢ {v(ﬂ24), v(ﬂzs)j» and 1 a{u(zaa), v(134)} ,

then minA = -; , maxB = 1 , thus I =[0 ’ -g]

a)y 1 ¢ {v(qza), \/('123)JZ and 1 ¢ {v(zaa), v("lad)} .

then minA = % , maxB = % sy thus I =|;-— -}1 ’ %71

1 1
xq:.é_xs,x2=§-:x3,x4,-_~x3f‘orxe3{,

o 21
sowegetxaego,é‘

S

I

“ = m
Thus]{='£x/><=(;"z";"z’ z, z), ZG{D ,%J}

does not depend on the coalitions S containing three

players.

(111) Let v(N) = v(13) = v(24) = v(18) = v(23) = v(12) = 1
v(34) = v(i) =0, i =1, 2, 3, 4, v(s) e{0, 1} otherwise.
v(12) + v(34) < v(13) + v(24) = v(14) + v(23) = 2 holds,

thus K £ .
minA = min{- £, 2 - 2v(124), 2 - 2v(123), 1} = - .%
maxB = max {5 , 0, 2v(234) = 1, 2v(134) - 1 ks
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1) 1 e {v(134), v(=38) ] ,
then minA = - ; g MmaxB = 1, thus I =[:U, 2“]

2) 1 #{v(134), v(z34) |

then minA = - % sy maxB = : , thus I =[:- % i JW

2 a
X, = 1 e = for x e KX
1R BT Ky Xy mm = Ny y Xy = Xy X ’
80 we get x arD j?
get X3 €| Y 7
1 1 17
Thus 4 =.{x/x = (§ -2, 5=2, 2 z), z € o, Z.! }

does not depend on the coalitions S containing three

players,

The examples (i), (ii) and (iii) describe the kernel for the
grand coalition, whenever the kernel and the nucleolus do

not coincide, for the values v(12) and v(34) characterize %

completely.
We find
for v(12) = v(34) =0 — —
| 1 1 1
k:{X/X=(§—Z, - Zy 2Z, Z)! z e 01"2", } v
for v(12) = 1, v(34) =0 _ _

115
ﬂ(:{ﬁx §-z,§-z,z,ﬂ, zewp,a“j,
and for v(12) =0, v(34) = 1
- 1 9
K = {x/x = (§ -2z, 3-2, 2z, z), ze

Remark:

For the cases
v(13) + v(24) < v(12) + v(34) = v(14) + v(23)
v(14) + v(23) < v(12) + v(34) = v(13) + v(24)

the characterization of X in an analougeous way.

and

i

it
N

we get

In the following we give some examples of general-sum

four-person games,
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8. Examples

(1) An example of a kernel consisting of a non-degenerate
interval is the well-known game (N,v) (see (7) ),
satisfying
v(12) = v(23) = v(34) = v(14) = 1, v(N) = 2,
and v(B) = 0 otherwise.

(N,v) is not proper, but pseudoproper. _
The kernel of N is K = {x/x = (z,%2z,2,1-2),z el_0,1:]} g

(ii) Now we give an example for computing a class of games

containing the game computed above,.

1]
]

Let v(13) = v(24) = 0, v(N) = 2,

v(12) = v(34) = v(14) = v(23) = 1,

v(123) = v(124) = v(134) = v(234) = s ,
so v(13) + v(24) < v(12) + v(34) = v(14) + v(23) = v(N),
which enables us to apply the corollary to theorem 6.1 .

il
i

50
minA + v(34) > maxB - v(12) which is equivalent to

min{1, 3-2s, 3-25, 1, 1] + 1>
max{ 1, 1, 1, 25 = 1, 2s - 1] -1 .
This is equivalent to
min [2, 4 - 25, 4 - 25, 2, 2§ > )
max {0, 0, 0, 25 = 2, 25 = 2}
We have to distinguish three cases:
., let s =1, then 2 £ 4 - 25 and 0 » 2s - 2 ,
thus 2>0, so X ¢ and I =|0, 1
2. let s e (1, g ), then 2 >4 -~ 25 and 0 < 25 = 2

4 - 28 >2¢8 -~ 2 if and only if 6 > d4s ,
|
thus K £ A4 and I = s-1, 2- qj

3. let s Z-g , then x) does not hold, thus & = ./,

Now we are able to compute the kernel of N for the

first and the second case,
. 8 = 1, then
x e X if and only if
Xy = Xg 3 X5 = 1 - Xy Xg EI:U, {1 r Xg = 1 - Xo



(iii)

(iv)
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2, se (1, % ), ‘then
xe A if and only if
%} g X, = 1 = X

Xg = Xg e Xg = 1= X3, X els-1 2- a 3

l'

For this example we see that the kernel does not depend
on the value of a coalition S containing three players,
unless v(S) > 1,

On the other hand we see that the kernel becomes smaller,
if the value for the coalitions S (containing three

players) increases and for s » % we get A =N .

This is quite clear from ancther point of view, too.
For s =?§ the game has a core containing only one

point: (% , % , % ,% ), and the kernel is included in

the core, whenever the latter is not empty.

For s > g the core is empty, thus the game must satis-

fy X = ¥ , because it is pseudoproper (see remark (III),

sec. 3) .

Another example is the game (N,v), satisfying
v(N) = 20, v(123) = 14, v(124) = 13, v(134) = 13,
v(234) = 13, v(12) = 13, v(13) = 14, v(14) = 12,
v(24) = 12, v(23) = 15, v(34) = 16 and
v(ii) =0 fori=1, 2, 3, 4

It is obvious that
v(13) + v(24) < v(14) + v(23) =v(12) + v(38) and
minA' > maxB' , thus A £ ..

Using the method of theorem 5.2

27 297
we get T =]— e - thus
g e Z_J y iy _
7 . i 29
x & K if and only if X GLMZf ’ aii y @and

In the last example we use a method of Gillies (see (2) ).
By theorem 3.2 we have seen that the kernel of a pseudo-
proper game satisfying £ # «# can be described by the

core completely.
Let v(N) = 20, v(123) = 8, v(124) = 10, v(1348) = 6,

v(234) = 3, v(12) =9, v(13) = 6, v(14) = 8.5,
v(23) = 4.5, v(24) = 1, v(38) = 4, then
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minA' > maxB' holds for this game, so 4 £ A4 .

The game is pseudoproper , so we get by lemma 3,1 that

the core is not empty.

Let u(N) = 20, u(123) = 9, u(124) = 10, u(134)
u(234) = 4.5, u(12) =9, u(13) = 6, u(14)
u(23) = 4.5, u(24) = 1, u(34) = 4

8.5 ,
8.5 ,

il

The game (N,u) originates from (N,v) by setting

e
u(s) = max ZEJ V(Si) for all Sc N,
z

where 7 is the class of partitions of S into non--empty

subsets Si .

It is obvious that (N,v) is not proper, whereas (N,u)
is a proper game,
From the fact that we have v(N) = u(N) and the definition
of (N,u) we get
c(N,v) = C(N,u) , 1. e. the core of (N,v) and the

core of (N,u) are identical.

Therefore their kernels for the grand coalition are
identical, too and.we get
x €.X if and only if

Xq = 4.5 + Xg g X5 = 8 - Xq v Xq e[NB.S, 4] y Xp = 7.5 - Xq

Remarks:

(i) et (N,v) be a pseudoproper four-person game satis—
fying X # A and v(N) = max-{v(S) / sc N‘f .
Then we find a proper four-person game (N,u) and
the kernels for the grand coalition of (N,v) and
(N,u) do not differ.

(i1) If we compute the nucleolus for the games described
above, we find that the nucleolus is the middle of
the kernel, i.e., x = (xq ) X g Xg oy X, ) is the

5 is the middle

of that interval which presents the payoFF‘Far the

nucleolus of (N,v) if and only if x

player i .
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(1i1) rLet (N,u) be the game defined above, but instead of

(iv)

u(14) = 8.5 set u(14) =8 , then

minA*' = maxB' , thus X = .

Two players in a game are called symmetric, if the
game remains invariant when these players exchange
roles,

This concept was generalized (see (4) ) by defining
a player k to be more desirable than a player 1

( kK 1), if player k always contributes not less
than player 1 by Jjoining coalitions which contain

none of these players,

The game (N,u) is an example for the fact (see (4) )
that the payoffs in the kernel always preserve the
order determined by the desirability relation and
that the desirability relation is transitive, for
we have
1n 22 =4 and Xg > X5 > X, o

But the payoffs in the kernel do not strictly preserve
desirability, for we have seen in the example (1i4)
that in spite of

2 > 1 but not 122 the imputation

(7,1l om 1y
x=\lgosgr7 7T

is an element of the kernel, i,e., player two is
strictly more desirable than player one, but

X, = X

. o holds for an imputation in the kernel.
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