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Computation of the Nucleolus for Superadditive

4-Person—-Games

1. Introduction

This paper is a supplement to the author's former paper

(S. Brune 1976). It serves the purpose to provide a method

to compute the nucleolus for 4-person-games by hand, without
using a computer. This may be useful for experimentors who
want to compare experimental results with theoretical solution
'concepts. Furthermore, the paper specifies certain regions

in the game space, on each of which the nucleolus is a linear
function. The basic ideas and theorems are given in the above

mention

Essentially these ideas are the following: let N = {1,...,n} be
a set of n players. Then any maximal coalition array

B: = [Bo’B1""'Bq] - these arrays are called B-finest by

J.H. Grotte [J.H. Grotte 1972] - vyields a system (PB) of n li-
nearly independent‘equations, using the equality of excesses
of coa;itions in the same array parts Bi' Further, we get

a system of inequalities determining a game region Dy, on
which the nucleolus is a linear function. For any game v ¢ DB
the solution NB(V) of the above system (PB) is equal to the
nucleolus N(v) of the game v, The system (PB) and the col-
lection of inequalities corresponding to a given maximal

array B essentially depend on those array parts which possess

more than one coalition, and on the array part Bo‘ These



array parts we called "critical array parts". By forming
classes of those maximal arrays which possess the same cri-
tical array parts we introduce an equivalence relation on
the set of all maximal coalition arrays. The notion of
"normalized" arrays enables us to find suitable represen-
tatives for each of the equivalence classes. Roughly speak-
ing, a normalized array is an array whose first array parts
contain more than one coalition. 1In section 4 we only
write down the critical array parts of the normalized re-
presentatives of the equivalence classes, In order to get
the whole arrays of any equivalence class we have only

to add one-coalition array parts in any ordering.

By the above mentioned introduction of an equivalence rela-

tion we are able to extend the game regions D The new

B*
regions D[B] are convex and specified in section 3. On each

of them the nucleolus is a linear function. Note that in
general these game regions D[B] are not the greatest pos-
sible ones but they are larger than E.Kohlberg's regions
[E.Kohlberg 1971]. For further informations, especially about

the greatest regions on which the nucleolus is a linear function,

see[S.Brune 1976].

2, A sesrch program for finding the "fitting" game region for
a given 4-person-game

2.1 Description of the search proqram

The game regions D[ are only evaluated up to permutations

B]
of the four players. Therefore, any given game has to be
taken into a certain "form" by a suitable permutation of the

players. Within this form some "form-invariant" permutations



are allowed; in each case these special permutations will

be described.

When we have taken the game v into the prescribed form v'
we have to examine some "permutation-invariant® inequali-
ties. If all inequalities are satsified, we look at

the corresponding "block" (see section 3) in order to de-
termine whether the game v' fits into one of the described
game regions. Note that we have to examine all prescribed
form-invariant permutations of the new game v'. If we

do not find a suitable game region or if one of the above
mentioned inequalities is not satisfied, then we have

to proceed in the search program until we have found a

fitting game region.

The described sequence of checking the inequalities of
the different blocks is a subjective one. We think that
this sequence is the most economical one. A simplifi-
cation of the program seems only to be possible if we
essentially enlarge the number of game regions to be con-
sidered. At the end of section 2.2 we give an example

for the application of the search program.

We think that we have evaluated all neéessary normalized
maximal arrays which have to be considered for computing
the nucleolus of any superadditive 4-person-game. 1In order
to obtain a check on this we have described the critical
array parts of all normalized arrays up to permutations of
the four players. Thus, any maximal array to be consider-

ed must possess such more-coalition array parts which belong



to one of the truncated arrays in section 4.

To compute the nucleolus for superadditive 4-person-games
all normalized arrays B = [BO,B1,...,Bq] with Bo = @ have
to be considered. Furthermore, we only need very few
arrays B with B, # ¢ (see the regions B6, B7, C8 and the
corresponding arrays in section 4). The remaining nor-
malized arrays of this kind are not necessary for super-
additive games and will not be described in section 4.

To illuminate these cases we give the following examples.

i) B

it

o {4}1 B1 = {12413}0 Bz = {134,23}; Ba = {123};

B4 {2},.-.

If 2 game v is an element of thelregion D then the

B'
first array part of the array C belonging to (v,N{v))
must contain the set By v B, Vv B2 v By. Since we
only consider superadditive games the third and the

fourth player will get zero (note the excesses). Thus

the array C can be derived from the following normalized

array B':

BC‘) =@, B-; = {124,3}, Bé = {134,23}, Bé = (123,41},

Ba {2},...

and we have v ¢ DB,)too. Thus we do not need the array B.

ii) B

o {4}, B1 = {12,34}, B, = {134,234}, By = {123},

B4 {2}pnno

For any game v e Dy we generally have e({12},N(v)) =

e{{34},N(v)) O because the fourth player will get

Iv

zero. If e{{12},N(v)) = O, then the first array part



2.2

of the array C belonging to (v,8¥(v)) must contain

the set Bo W B1 V] B2 U BB' and thus C can be de-

rived from the following array B':

Bé = @, Bi = {12341, Bé = {134,234}, Bg = {123,4},

By = {2}, ... . Therefore without loss of generality
we can assume e({12},N(v)) = e({34},N(v)) > 0 and thus
e ({12},N(v)) + e({34},N(v)) > O . This implies

v(12}+ v(34) > v(N) and thus the game v is not super-

additive. So we can omit the above array B.

The search program

We shall use the following notations:

1.

A:= v(N);

a:= v(123), b: = v(124), c: v(134),
d:= v{234);

pi= v(12), q:= v{13), r:= v(i4d),

s:= v(23), t:= v(24), u:= v(34).

M2:= max {v(12), v(13), v{(14), v(23), v({24), vi{34)}

M3:= max {v{123), v(124), v(134), v(234)}

M22:= max {v{(12)+v(34),v(13}+v(24),v(14)+v(23)}

1f the term M3 takes the value of the coalition v{ijk)
with i,j,ke{1,2,3,4} then

W3:=max {{v(123),v(124),v(134),v(234) }N{v(ijk}}]

If the term M22 takes the value of the sum
v(ij)+v (k%) with i,j,k,%€{1,2,3,4} then
M27: =max{ (v (12)+v (34) ,v{13)+v(24) ,v(14) +v(23) }~

~{v(ij)+v(ke)}}

Md:= max {v{ijk}+v(ije)+vi(kt) : i,5.x.2e{1,2,3,4}}



6.

The demand "form: M3: »+ v(123)" means that, if necessa-

ry, the given game v has to be changed by a suitable
permutation of the players such that for the new
game v' the term M3 takes the value v'(123). The
other notations of section 2.2.2 are to be treated
analogously. If there is no suitable permutation we

have to go further to the next form.

The demand "check" means that we have to examine

whether the given game v resp. the new game v' satis-
fies all of the described inequalities. 1If only one
inequality is not satisfied we have to go further to

the next form.

The quadrupel (ijkg) with i,j,%k,2¢{1,2,3,4} denotes
the following permutation of the four players:

1+ 4; 25 9; 3>k; 4+ %,

The gquestion "v ¢ B ?" means that we have to prove
whether the given game v resp. the game v'(see 2.2.3)

fits into one of the game regions of the block B.

Notice that this has to be checked for all permutations

prescribed under the question "v ¢ B ?%;these permuta-
tions must be applied to the given game v resp. to

the new game v' according to 2.2.3.

The term "B2" for example denotes the second game re-

gion of the block B.

The capital letters beside the arrows of the flow-dia-

gram describe those blocks which are to be examined



in the corresponding part of the diagram.

9. Connection points indicating where the search
has to be continued are denoted by numbered

circles.

If for a given game v resp. for the changed game v',
generated by some permutations of the fours players
(see 2.2.3), we have found a fitting game region, then
by the equations described there for x,, 1e{1,2,3,4},

we get the nucleolus of the game v resp. of the game v'.

Note that games fitting into the game regions of block E
are exactly those on which the Kernel and the nucleolus do
not coincide. D. Bitter gave a practial necessary and
sufficient criterion for these games [D.Bitter 1976].
Therefore, sometimes it may be convenient first to

check this criterion and then immediately look at the

game regions of block E. Another way is to compute

the kernel of such a game (see [D. Bitter 1976]) and

then evaluate the middle point of the kernel (note

that in these cases the kernel is a line seqment).

We think that this will yield the nucleoclus, too.



10. The search program
Let Ve be a superadditive 4-person game
-
L [a]
B L
Check: M3 g Alz yes — - -
< A — Ve Bl J
= /4 i.._ - - )
no l
r - ot i}
'L Form M2: — v(12)
i
(Check: L S
’C ck P 2 A/4
ctd € A o e
1 2 < A yes, | ved? |
| U< AP ; - (1234),(2134)
| 3a < A+2p j | (1263), (2143)
< A | ' o
L hemm ro |
no [+- —- S
| M22 > M3 ]
,-/
C,E,F,G,H,p—Y€S ho ¢,I,K,L,N,Q
k/
M22 s M3 L M22 > W3
C,F,G,H,P \CEGHP CKLN(/\CIKLQ

ves noitg\




f b
e ©

Form: M2 — v (12)+v(34)
_______ _oom s = v(a2)
Check: Ea £ R:;;—u ] - _?'— '1
2h § Atp-u s v QE_J.-
3u?® Ap — 1(1234),(2134)
ctd & A (1243),(2143)
- ~3p > -At2at2b-u o _J__)
no | < Ro
Form:  M22 1 — v(12)+v(34)]
M3 ¢ — v(123)
Check: 2a > A+p-u ’:
2b < A+p-u .
2u > A-a 7es ve FJ.M:]
3p 2 —A+2a+2b-u (1234) (2134)
2¢c+2d € A+2a+u-p
] 2r+2t € A+p-u
e TEL R TR no
no | «- —
Form: M22 @ —+——v(12) +vﬁ(734775_ S
M4 2 - v (123)4v(124) +v (34)

'Check: a+h 2 A B .
\ 2a 2 A+p-u ’ v e H? -l
2b > A+p-u ___} (]2

_ 34), (2!34)
2b € A+u-pila |(]243) (2]43) l
2a € A+u-p+2b
L. 3p > —At2at2b-u | no J
nol e
i Form M4 : — v(123)+v(l24)+v(34:[
Check:  2a » A+b-2u |
2b > Ata-2u - v e_-C_:?_'
2a € A+tb+tu ves : - —
2b < A+atu | = (1234) (2134)
ath z A (1243) (2143)
3p € —-At+Z2a+Zb-u
3e+3d £ A+buta+tb 1
. ’ i ‘ no |
no + B
' Form: M22 @ =+ v{12)+v(34) g
. B} e
R
veP ?

C(1234), (2134), (2143), (1243)
(3412) . (34219, (4312) , (4321)

no |

®

_—
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@

R

Form. H22
2: _— v(2)

H

— v(JZ)*v(34)

Atp-u

At+p—~u

A-p

A
—At2a+2b-u

Rp—

v e G ?

(1234) , (2134)
(12%3) (?143)

yes
—

-— -

— v (12)+v(34)

atbh 2
2a ?
2b 2

A

A+p-u
A+p—u

2b € Atu-ptla
2a € A+u-pt2b
3p 2-A+2at+2b-u

—bheck:

_ o |

‘*.EEJE3>fY(4?4)fYﬂ3§l}

ve H?

osl —

'(1234) (2134)
|(1243) (2143) |

no

no‘[ e

M4

A+b-2u
Ata-2u
Atbtu
A+atu
A
~-A+2a+2b-u
A+4u+a+b

2a

[
o

[
oo T
‘M ANV S R Y +——|

(¥%)
=

T o v(123)+v (124) +v(34) |

ves| vecl |
- | (1234), <2134),
(1243), (2143) |

o |

nol “

T v v 38 ]
_ T v(13)+v(24) |

ve&BE?

(1234) (2143) (53?5)_fh32ij
nOL
M22 ¢
4
_vePBP?
(1234), (2134), (J243), (2143)
(3612 . (36219 . (4312) . (4321)

Form:

no |

®

T v(12) +v(34) ]

—_—



11

©
I

Fofm : o y(123)

M3
Mz —

H

| 7

{
C2u > Aa
2b £ Ata—-2u
2p = -Atat2b
2ct+2d € Atp+3u
2q+28 € —-A+3utptla
2r+2t € A+3ptu-2a
_3p.2 A~u

Check:

> vU2tv(34)

————

—+ v(12)

— v(123)

-

i

Ata—-2u
-A+a+2b
A-a
-A-at+t2ut6b
At+ta+2b+éu
~3A+5a+2b+6u
5A-3a-2u

=

mnurol
cw o

!
38

:—+ﬂﬁﬁfﬁﬁbﬂﬁi

vek ‘1’_1

(1234), (213@1

yes

—

T Tvervr? |
(1234), (2134)

o |

g

l— W A A AWV A A —

M4

A+b-2u
A+a-2u
A+b+u
A+atu

A
-A+2a+2b-u
At+tdu+ath

ath

3c+3d

_— AW A AW W e

P

+ v(123)

no
M3 2

Form:

2a
bt+ct+d
2r+2u+lt
2pt2q+ls

[Check:

AR Y —

!
yves

. A

no | ©
5

|

5

— v(l23)+v(124)+v(3_.]

. Vec

o
s, (2,3‘21
| __(_124'_3_)_ , (2143)

es
—_—

RS TTL
(]234) (2134), (2314%
(3214), (3124) , (1324),

no |
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O

g

!

|

— y(23)
i vz

—————y

3b =
<
€

Form:

2r+2t
et
- -no

2u § A-a

2p § =At+atlb
2A—a

3b-a
2Atb-a

2d

!

yes

Ve 17?7
(123{)15%}34)

no |
|

—

an | f——

5 v(123)

—+ v(12)

8B

Check:

A+2p
A-a
—A+at2b
Ata
SA+2p—3a
Ata+lp
3A-5a+tép

WA AW W AW e— s

T

v e K 7 ]
(1234),(2134)

L

no

Form:

&

» | f—

v{123)

—
—

v{123)+v (124) +v(34)

—Checké

A+a-2u

-A+a+2b
A-a '
-A-a+2u+6b
Ata+2btbu’

WA A AW A A e

5A-3a-2u

-3at+5a+2b+6u

7

yes
B o

no l - :
ML = v(123) v (124) +v (34) |

[Form:

vel?

(1234), (2134)]

s |

 Check:

bict+d € Ata
2r+2utlt & A+ta
2p+2q+2s € -At5a i

2a

2b

2a

2b
at+b
3p
3ct+3d
no

A+b-2u
A+a—-2u
Atb+u
Atatu

A
-A+2a+2b—u
A+at+b+bu

-

mig— A AWV A A Y WV [

|

—

2 A

no } <1

_ o vasy

|

jyes
—

yes

—

veC?

(1234),(2134)
pﬁlgaa),(ggggl

o

veQ?

(1234), (2134) , (2314)
(3214), (3124), (1324)
“_'_'_f’rio— R

] :
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®
l

Form: v(123)ZV(lgﬁzgv(]3ﬁlgzﬁz3§)_____m__

1
‘f,‘f_}i?;_?]
I

Form: 2v(123)+v(14)+V(24)+V(3;4) =
Max{2v (i) EO VD ED: §,k,8,1 e {1,2,3,4}]

e P

—_— _i

v e B3 ? l
nol
Form:  v(123)+v(26)+v(34) = T
Max{v(ijk}+v(GLy+v(kl): j,k,L,i e {_1,2,3.,_4%}_ L

4

.v e B4 BE ?——J

no

[ Form:  v(23)+v(24)+v(34) =
Max{v(k)+v(j&)+v(kl): j,k,£ e {1,2,3,4}}

l

v e B5u B?

Because we have covered all necessary game regions

D[B] » the search program must end now.
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Example of the application of the search program

The following game v, € V4 may be given:
VO(N) = 20; vo(123) = 11, v0(124) = 12, vo(134) = 12,
vo(234) = 14; v0(12) = 5, vo(13) = 2, vo(14) = 3,

Vo(23) = 10, vo(24) = 2, v0(34) = 12.

The first question M3 < A/2 must be answered in the negative,
since M3 = v0(234) > A72 = 10, Therefore the game ha§ to bhe
taken into the form M2: + v(12); this can be made by the
permutation (3421). This yields:

v1(N) = 20; v1(123) = 14, v,(124) = 12, v1(134) = 11,

v1(234) = 12; v1(12) = 12, v1(13) = 10, v1(14) = 2,

v,(23) = 2, v1(24) = 3, v1(34) = 5.

One of the described permutation-invariant inequalities

is not satisfied, since we have c+d = v,(134) + v, (234)>A=20.
Thus we have to proceed in the diagram. The next permutation-
invariant inequalities M22 > M3, M22Z < M3 and M22 > M3 can

be proved with the values of the original game Ve Because

of the inegualities M22 = vo(12) + vo(34) > M3 vo(234)

and M22 = v_(14) + v_(23) < M3 = v_(234) we reach branch {1 .
The above game vy already possesses the first prescribed

form M22 : » v{12) + v(34) and M2 : > v{12), But one of

the permutation-invariant inequalities is not satisfied,

since c+d = v1(134) + v1(234) > A = 20. Therefore we have

to proceed in the program. Also the next form

M22 : + v({12) + v{(34) and M3 : + v(123) is satisfied by

the game v,. Since 2c¢ + 2d = 2v,(134) + 2v,(234) >

>A +2a+u-~p= v1(Nj + 2v1(123) + v1(34) -lv1(12) = 41,

one of the described inegqualities 1is not true and thus we
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have to proceed.

An inspection of the games v_ and V4 shows that the origi-

o)
nal game v, satisfies the now demanded form M22: - v{125+ v{34)
and M4 : + v{123) + v(124) + v(34). Because for the game v,
all described permutation-invariant inequalities are true,

we now apply the four permutations, described under the

question "v e H?", on the game v_ which satisfies the pres-

e}
eribed form. For all these four games we have to examine
whether one of them fits into one of the game regions of

block H. For this purpose it is convenient first to check

the largest values of the four games. Then we shall recognize

that none of the four games fits into a game region of block H.

The now following form M4 : -+ v(123) + v(124) + v(34) 1is also
satisfied by the original game v,. But the inequality

3p<-A+2a+2b-u is not true and thus we have to go further.

Obviously, the above game v, satisfies the next form

M22 : + v{12)+ v(34). On this game we now have to apply

the eight permutations described under the question "v e p2".
We see that none of the eight games fits into one of the

game regions of block P and thus we proceed to the connection

point (:) .

The first prescribed form v(123) > v(124) > v{(134) > v(234)

can be reached by applying the permutation (4321) on the game v.

The new game V4 does not fit into the game region B2.

The permutation (1243), applied on the original game v, yields

the next prescribed form because, obviocusly, we have
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2v (124) + v (13) + v_(23) + v (34) =
max {Zvo(ijk) + v, (i2) + vo(jz) + vo(kz) : 1,3,k,2e{1,2,3,4}}.

Again, this new game v, does not fit into the game region B3.
The game vy is the following:

Va(N) = 20; v, (123) = 12, vg(124) = 11, v,(134) = 12,

vge(234) = 14; v,(12) = 5, vy, (13) = 3, vy (14) = 2,

g

va(23) = 2, v, (24) = 10, v, (34) = 12.

This game satisfies the now prescribed form

v(123) + v(24) + v(34) = max {v(ijk)+v(j2)+v(k2):i,j,k,zs{1,2,3,4}}

Furthermore, the game Vg4 is an element of the game region B4,
The equalities described there for X5 ie{1,2,3,4}, yield‘the

point NB4(V4): = (x1,x2,x3,x4) with x, = 1.5, x, = 5, =7,

1 2 X3

X, = 6.5,

The coalition array C belonaging to (v4,NB4(v4)) is the following:

C = ¢’ C1 = {123, 24’ 34, 1, 12}'

@]
I

> {124}, Cy = {134}, Cqy = {234}, Cg = {2}, Ce = {13},

C; = {14}, Cg = {4}, Cg = {3}, c, = (23},

Obviously, C is balanced and therefore NBd(V4’is the nucleolus
of the game V- Again applying the permutation (1243) we get

the original game Vs and its nucleolus N(VO) = (1.5; 5; 6.5; 7).

Note that we choose this examole such that the search would
be extremely long. For many games this procedure may be a

shorter one.
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3. The game regions D[B]‘

Here we describe all game regions necessary for the
computation of the nucleolus for superadditive
4-verson-games. The corresponding normalized coalition

arrays are given in section 4. 1)

Block B

Bl =x) = Alb
Xs = A/ll"
X3 = A/ll
Xy = A/4

A

B
S
Fo

a,b,c,d € A/2; p,q,r,s,t,u

B2 x; = (Atatc+b-3d)/4 B3 x1 = (A+a+3r-2t-2u)/5
Xo = (Atatb+d-3c¢)/4 xo = (Atat3t-2u-2r)/5
x3 = (Atatc+d~3b) /4 x3 = (Ata+3u-2r-2t)/5
xy = (A+btc+d-3a)/4 xy = (2A-3atr+t+u) /5

a 2 Atd~b-c 4r 3 2A-3atttu

a > Atc-b-d 4t > 2A-3atr+u

a 2 Atb-ec~d 4u > 2A-3atr+t

d > Ata~bh-c 2u 2 Ata-2r-2t
4p € —A+3a+3b-c-d 5b € Atat+3r+3t-2u
4q € ~A+3a+3c-b-d 5S¢ € A+a+3r+3u-2t
4br € —A+3b+3c-a-d 5d < Ata+3t+3u-2r
4s € -A+3a+3d-b-c 5p <-Atba+2r+2t-3u
4t € -A+3bt3d-a-c¢ 5q s-At4a+2r+2u-3t
4u € -At+t3c+3d-a-b 5s <-A+ba+2t+2u-3r
3d < Atate+b 2u £ A+a+3r-2t

3¢ < At+a+b+d 2r £ Atat+3t-2u

3b £ Atatctd 2t € At+a+3u-2r

3a £ Atb+c+d *  3a g 2A+rtt+u

n Note that all superadditive 4~person-games are assumed
to be O-normalized.



B6

NN N IR A A W W W A k- a i

nonuon

v

N N N/ N N 7

(2A~u—~t-2a) [4

(t—u+ta) [2
(a~t+u) /2
(2Atu+t=-3a) /4

2A-a-t
ZA+u-3a
2A+t-3a
a-t
2A+3t-a-u
2A+3y-a-t
atu+t
att-u
atu—-t
—-2A+5atutt
2A+u+t—3a

0

(A+a+t-2u) /3
(A+a+u~2t) /3
(A+ttu-2a) /3

2A-a-t
Atatt
A+a+u
Atttu

A

t

u
-A+2a+2t—-u
-A+2a+2u~-t
—-A+2t+2u-a
a
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B7

X3
X2

X3

Xy

3t
3t
3u
S5a
5b
Se
5d
5P

5r

X3
%2
X3
Xy

AN R A N N W W WA [T I

v

AN AN A A TN I A

(2A-s~u~-t) /5

(A+2t425-3u) /5
(A+25+2u—-3t) /5
(A+2t+2u-3s8) /5

2A-u—t
At25—3u
A+2u-3s
A+2t—-3s
2At4s-t~u
ZAth4t~-s5~u
2At4u-s—-t
A+2s8+2u+2t
A+2t+2s5-3u
A+2u+2s-3t
A+2ut2t-3s

0

(A+t+s-2u) /3
(A+tu+s—2t)/3
(Atutt-28) /3

2A-t-u

Att+ts
Atu+ts
A+u+tt

A

8

t

u
~A+2s+2u-t
-A+2t+2u-s
-A+2t+25-u



Block C

Cl

c3

X1

X3
Xy

2u
2u
2u
3c
3d

3s
3t
3r

2a
2b

&—

-

z

Z

NN N NN A N A A W

(A+4b+3q-2a—-3t-2u) /6
(Atba+3t—2b-2u-3q) /6
(A+a+u-2b) /3
(A+u+b—-2a) /3

A+2a+2b+2u-3t
A

+3qtutb~2a
+3t+uta-2b

b+q-a
att-b
At4b+3q-2a-2u
Atba+3t-2b-2u
A
A

Xp = (A+a+b-—2u) /6

(A+a+tu-2b) /3
(Atb+u~-2a) /3

A-Db

Atb-2a
Ata-2b
A+atb
2A+2u-a-b
2A+2u-a-b
Atatu~2b
A+a+u-2b
A+btu-2a
Atb+u—2a
-A+2a+2b-u
At+b+u
Atatu

c2

C4

X1

X)
X2
X3
Xy

3r
2u
2u

i3r
3t

3c
3d

3p

3t
3r
2b
2a

4 n

1

wWow /A

W

AOINCIA N I N I A N

o nn

A

NI W W AN A NI W W W W

(~A+2b+2a+3c~4u) /6
{A~c) /2
(A+a+tu-2b) /3
(A+b+u~-2a) /3

;A+2a+2b+2u

c

Atb-2a
At+a-2b
-2A+a+b+3c
2A+2u—-a-b
—A+2at+2b-u
-A+3c+2a-b-u
~A+3ct+2b-a—u
A+a+u—2b
A+tb+u-2a
A+atu

A+b+u

(A+3rtatb-3t-2u) /6
(Atatb+3t-2u-3xr) /6
(A+tatu-2b) /3
(A+bt+u-2a) /3

-A+5b+2u-a-3t

Atb-2a
Ata-2b
Atutb-2a
Atutb-2a
At+3r+atu-2b
A+3t+atu-2b
-A+2a+2b~u
r+a-b

t+a-b
-A+3r+2u-a-b
-A+3t+2u—-a-b
At+atu

A+b+u



C5

c?

X1

NN A AWV AN nmn mnu

AN INA

| I I}

n

WAV I AW W W W

(2A+2b-a-u-3t) /6
{(att-u) /2
{Atatu=-2b) /3
(Atb+u-2a) /3

-2A+at4b+u

2A-a-u+2b
A+btu—-2a
Atb—2a
A+a—-2b
2A+2u-a~-b
At3tt+a+u-2b
-A+2b+2a-u
Atatu=2b
A+b+u-2a
tta-b
Ata+tu
Atb+ty

{(c+tb—u~-t} /2

- 20 =

cé

C8

(2A+2a~-b-u+3t-3c) /6

(A+a+u-2b) /3
(A+b+u-2a) /3

u+b-t

2A-a-bt2u
A+b+u-2a
A+b~2a
A+ta-2b
A+ta+tu~2bt3t
-A-u+2a+2b
-A-u-b+2at3c
-A-u—a+2b+3c
tta-b

utt-b
2A+2a-b-ut3t
A+atu

A+btu

X)
X2
X3
Xy

3e

ow oot

AN AN W W W WA

A

A ININIANA AW W AN AW

(A+atb+3c—~3d-2u) /6
(A+ta+b+3d-3c-2u) /6

(A+a+u~2b) /3
(A+utb-2a) /3

Atbu+at+b-3d

2A+2u—-a-b
2A+2u~a-b
At+b-2a
A+a-2b
-A+2a+2b-u
-A+2a+3c-b-u
—A+2b+3¢c~a~u
-A+2a+34-b—u
-A+2b+3d-a—u
Atat+tb-2utic
Atatb+3d-2u
Atatu

At+b+u

0

(A+atb-2u) /3
(A+a+u-2b) /3
(A+b+u-2a) /3

b

2A+2b-a-u
Ata+b

Atbtu

A+a+u
A+a-2b
A+b-2a

A

t+u-b
-A+2a+2b-u
-A+Za+2ut3t—4b
-A+2u+3t~a-b
a-btt



Block D

D1

D4

D7

X1
X3

3a
3b
3¢
3d
3s
3t
3r
3q
3u

X
Xy
X3

3r

3r
3t
3a
3b
3c
34

3u

X1

X3
X3

3c

3c
3a
3b
3d

3r
3s
3t
3u

LN N N N N N N N Y

/2

AN N A AW W WY

ihun

"

INININ I I I I A W W

(A+2p) /6
(A-p) /3

b
N
no

(A+3r+2p-3t) /6
(A+3t+2p-3r) /6
Xy = (A-p)/3

A+2p-3t

P

A-p
A-p
At+2p
A+2p
A+3r-p
A+3t-p
T

t

A-p

(-A+3ct4p) /6
(A-e) /2
xy = (A-p)/3

A+2p

p

2A-2p
A+2p
A+2p
2A-2p
—A+3c+p
=A+3ctp
A-p

A-p

A-p

D2

D5

X1
X2
X3

3c
3d
3a
k1

3r
3t
3s
3u

Xz
X3

ar
3a
3b
3c
ad

3s
3t
3u

A

AN NA NN AW W W

W

ININININ NN N A W Y

(A+2pt3c-3d) /6
(A+3d+2p~3c) /6
xy = (A-p)/3

A-d

p

2A-2p
2A-2p
A+2p
A+2p
~At3ctp
~A+3ctp
-A+3d+p
-A+3d+p
A~p

(ptr) /2
2A+p-3r) /6

xy = (A-p)/3
r

P

A-p
A+2p
A+Zp
At3r-p
2A-2p

A-p
A-p
A-p

D3

D6

X =

x2
X3

3r <

A
3r
3d
3a
3b
3c

q
3s
3t
3u

x1

X2
X3

3r

A
3r
3s
3a
3b
3c
3d

q

t
3u

NI I A A A W W W

AR BRIV YWY A

(2A+p+3r-3d)/6.
(d+p-r) /2
xy = (A-p)/3

2A+p-3d

P

A-p
2A-2p
A+2p
A+2p
A+3r-p
r
-A+3d+p
-A+3d+p
A-p

(A+3r+2p-3s) /6
(A+3s+2p-3r) /6
xy = (A-p)/3
A+2p-3s

P

A-p

A-p

A+2p

A+2p

A+3r-p

A+3s-p

T

S
A-p
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Block E
El x1 = (Atptqtr—s—t-u) /4 E2 x; = x3 = (Atq~t) /4
x; = (Atptstt—g-r—u)/4 xp = (A+2ptt—2u-q) /4
X3 = (A+qts+tu-p-r—t) f4 xy = (A+2utt~2p-q) /4
xy = (Atr+t+u-p-q-s)/4
ptu 2 qtt ptu > g+t
q+t > r+s 3q > A-t
3r > Att+u-p-q-s t £ Atq
3s » Atqtu—p-r-t ‘ q € utt-p
3s » Atptt—-g-r-u q € ptt-u
3r » Atptq-s—t-u 2a £ A+p-u
4a € At3stptqir-t-u 2b £ A+t~q
4b € A+3rtpts+t-q-u. 2¢ € Atu-p
4e € At3rtgtstu-p-t 2d € Att—q
4d € A+3strtttu-p-q 4r € At2utt-2p—q
A+p+g+r 2> s+ttu 4s < At2p+t-2u-~q
- Atsit+p > qtriu
Atgtstu 2z pirtt
Atr+t+u > ptqts
E3 x; = (At2qtp-2t-u)/4 E4 x; = (At2bt2q+p-2a-2t-u)/4
xp = (A+2t+p-2q-u) /4 xp = (A+2at2t+p-2b-2q-u)/4
x3 = xy = (Atu-p)/4 x3 = (At2atu-2b-p) /4 '
xy, = (A+2btu—2a-p) /4
ptu > g+t ptu = ttq :
2q > At+p~u-2t 2a € At2qt2ttp—2b-u
P € Atu ' 2b 2 Att-q
g 2z utt-p 2a 2z Atq-t
q € ptt-u 2a > Atp-u
2a £ Atp-u 2b » Atp-u
Zb € At+p-u ‘ 2¢ € 2btutq-p-t
2¢ € Atg-t 2d € 2atutt-p-q
2d < A+t—q Lr < —At6b+2qgtu—2a-2t—p
4r < At2qtp-2t-u 4s € -At6at2t+u—2b-2q-p
4s < A+2ttp-2q-u 2b > -At+2at+2ttu-2q-p
2a > —-A+2bt2qtu-2t-p
2a » —At2btp-u
2b » -At2atp—u



ES

E7

X =

Xy = (At2att-2c-q) /b
X3 = (A+2a+2utq-2c-2p-t) /4
x, = (At2ctt-2a-q)/4
ptu > gtt

2a < A+3gtt-2e

2¢ > Atu-p

2a 2 Atq-t

2a » Atp-u

2e 2 Atg-t

2b € 2ctptt—q-u

24 < 2atttu-p—q

4r ¢ —Atbet2ptt—2a-2u—q
4s € —-At6a+2utt—-2c-2p—gq
2¢ » —At2at2utt-2p—q
2a » -At2ctg-t

2a » -At2c+2ptt—2u—q
2c » -AtZatg-t
x; = (2Atptq-2s-t-u) /6
%y = (At2s+2ptt—q-2u) /6
x3 = (A+2st2qtu-p-2t)/6
xy = (Atutt-p-g-s)/3

ptu 2> qtt

2t 2 At2stu—ig-p

2s € 2Atptq—u-t

4s > At2qtu-2t-p
43 2z At2p+t—2u—q

u > ptq-t

6a < 2At4stptq—t-u

2b € Att—q

2¢ € Atu-p

3d £ At2stutt-p—q

(A+2c+2p+q~23~2u-t)/4

E6

E8
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X2
*3
Xy

ptu
2a

2a
2a
2a

2b
2e
2d
4x

X1
Xz
X3
Xy

ptu

4r
2a
2a
2r
6b
6c
2d
3s

2r
2r
2a

nW [

WNININ A N N W WA

nouw B

WowW

IR A I I A A W W VN

(2A+ptq-t-u-2a) /4
(2atptt—q-u) f4
(2atqtu-p~t) /4
(2A+utt~p-q-2a) /b

qtt
pt3gtt—u

2A-u—ttptq
Atq-t

Atp=u

utt-p

Att—q

Atu-p
2atutt-p—4
2A+ptg-2a-u-t
-2A+t6atutt—-p—q

(Atptqir—a-t-u) /3

(A+2atpt+2t—-2q-2r—u) /6
(A+2a+q+2u~-2p-2r-t) /6
(2A+2r+t+u~2a-p-q) /6

q+t
-At+ha+2r+u-2t-p

2At+t+u-2a-p—q
Atq-t

Atp-u
Atptq-a-t-u
A+2a+42t+Ar+p-2q-u
A+2at2utérig-2p-t
2atttu-p=q
-At+hatt+u-p—q-r
At+prqtr-a-t
At2a+pt2t~2q—u
A+2a+tq+2u-2p—t
2A+2rtt+u-p—q



E9

X1
X2
X3
Xy

ptu
a

A

u
2a
2a
2b
2¢
2d
2r
2s

N v

A AN A A AWV W AW

Block F

Fl

F4

X1
X3
Xy

2a

2a
2b
2c
2d

2s
2r
2t

]

no

WA

U A N R Y

X =

X2

Xy

P
A

o

It

‘A

AR W N VWY

AA

(A+p+tq-a—-t-u) /2
(att~q) /2
{atu-p)/2

(A-a) /2

qt+t

qtt

a

ptq-t

At+q-t

Atp—u

Atp—u
Atq-t
2a+t+u—p—q
A+ptg-a-t—u
~At3atttu-p—q

xp = (Atp~u)/4
(atu-p} /2
(A-a) /2

F2

ptu
Atu-p

a
Atp-u
Atp~u
Atu-p
Atu-p
atu-p
atu-p
A-a
A-a

(A+2c+p-2d-u}f4 F5
(A+2d+p~2c~u) /4
(atu-p) /2

(A=a) /2

p+u
At2a-2d-ptu

a
Atp—u
Atu-p
Atu-p
Atp-u
-Atat+2c
2ctp-a—-u
~Ata+2d
2d+p-a-u

X1

Xp =

X3
Xy

a
a

A
2a
2q
2t
2b
2¢
2d
2r
2s

WA

i

[]

AN

AAA W W W W

AN

A ARV WYV W

(A+tptq-a—t-u)/2 F3
(att—q) /2
(atu-p)/2

(A-a) /2

ptu
q+t

a
Atp—u

atu-p

A-a

Atp~u
At2q-a
atu-ptlt
At2qtp-2a-u
—At2a+2t+u-p

(A+2c+2p=a-2t-2u) /4
(Ata+2t-2¢c) /4
(atu-p) /2

(A-a) /2

ptu
Ata-2t

a
Atp-u

Atu-p

A-a

Atp—u
atu-ptit
-At2cta
2ctp—a—u
-A+2a+2t+u-p

X1
X2
X3
Xy

2c
2a
2b
2d

2r

28
2t

F6

]

il

WV A

ANKARAAY VWY

(ctp~u) /2
(A-c) /2
(atu-p) /2
(A-a) /2

ptu
c

a
Atu-p
A+p-u
Atp~u
Atu-p
—At2cta
2¢ctp-a-u
atu-p
A-a

= (A+2q+p-2s-u) /4
(A+2s+p-2q-u) /4
(atu-p) /2

(A-a) /2

X1
X2
X3
Xy =

i

p+u
-A+b4at+u-2s-p

4]
n A

2q
a

At+p-u

atu-p

atu-p

Atp—-u
A-at+2q
A-a+2s
A+2q+p-2a-u
A+2s+p-2a-u

2a

2s
2b
2c
2d
2r
2t

NN A A W W W W



F?

x]
X2
X3
Xy

a
2r

A
2a
2r
2b.

C2c
2d
2q
2s
2t

Block G

Gl

X1
X3
x3

3u

N W

2e
2d
2a
2b

4r
4s
4t

SN A A W W W

X1
X2
X3

B n i

3a
4t

AW

2c
4t
2a
2b
4d

4r

AN A IR AW W WY

W W A A

noA W

PN

non

{at2r+p-u) /4
(2A+p—-a-u~2r) /4
(atu-p)/2
(A-a) /2

ptu
atp—u

a

Atp-u

A-a

Atp-u
2rtatu-p
Afu-p
-A+2rt2atu-p
atu-p

A-a

(A+2ctp-2d-u) /4
(At2d+p-2c-u) /b
xy = (Atu-p) /4

A-p
A-d

P-u

Atu-p
Atu-p
Atp—u
Atp-u
—Atp-utée
-Atp~uthe
-At4dtp-u
—At4d+p—u

(A+b4e+3p—4t—3u) /8
(3At4t+p—be—u) /8
xy = (A+u-p) /4

A-p
3A+p~u-ic

p—u

Atu-p
Atu—-p
Atp-u
Atp-u
Atbttu-p
—-At4ctp—u
~Atbctp-u
t

F8

G2

A

2a
2b
2c
2d
bq
4r
4s
4t

w
g o na

nOA

A AR ANV W W WY

N W WO

Mo N A A

TAAA

G x

X2
X3

. 3u

2q

A
4q
4Lt
2a
2b
e
4d

r

S

(A+2r+p-2t-u) /4
(A+2t+p-2r—u)/4
(atu-p) /2
(A-a) /2

ptu
Atp-u-2t

a

Atp—u

A-a

A-a

Atp-u
2y+atu-p
2ttatu-p
~At+2at2riu-p
—-At2at2t+tu-p

xp = (Atp-u)/4
Xy = (Atu-p) /4

A-p
u

p-u

Atp—u
Atp-u
Atu-p
Atu~p
Atu-p
At+u-p
Atu-p
Atu-p

(A+2q+p-2t-u) /4
(A+2t+p-2q-u) /4
Xy = (A+U“p)/4

n

1]

W

A-p
A+p—u-2t

A

P-U
Atu-p
Atu-p
Atp—u
Atp-u
Athqtu-p
Athttu—-p

q
t

NN AN A A A W WY

F9 x3
X2
X3
Xy

a
3a

A
2a
2q
2b
2c
24
2r
2s
2t

G3 x
X2
X3

[ |

3u
2r

A
4r
4t
2a
2b
be
44

q
s

noW

InIAIN TR A IR W W WY

o6

3u
Lt

4t
2a
2b
2e
4d
4q
hr

1
x2
x3

(A+2q+2p-2u-a) /4
(A+a-2q) /4
(atu-p) /2
(A~a) /2

ptu
A+2p

WA

W

a

At+p-u

a—ptu
Atp—u
A-at2q
Atu-p
A+2qtp—2a-u
atu-p

A-a

N N N SN

noON A

(A+2c+p-2t-u) /4
(A+2t+p-2r-u) /4
xy = (Atu-p)/4

A-p
Atp-2t-u

p-u
Atu-p
Atu-p
Atp-u
A+p-u
Athr+u-p
At+4t+u—-p
r

t

(3A+p-u-4t) /8
(A+4t+3p-3u)/8
Xy = (A+u-P)/4

k6o

A-p
A+3p—3u

wow

p—u
Atu—p
At+p—u
Atp—u
Atu-p
4Lt+Atu-p
Atu-p
A+tu-p

t

INCIA I AW Y



Block H
Hl x) = (At2¢c+p-2d-u) /4
Xy = (A+2d+p-2c~u) /4
x3 = (A+2a+u-2b-p) /4
xy = (A+2b+u—2a-p) /4
2a € A+3p+tu-2b
¢ £ atbtu—-d-p
2¢.2 Aty-p
2d 2 Atu-p
2a,2b » A+p-u
4g € -A+2a+pthe—2b-u
br € -A+2b+ptic-2a-u
43 £ —-A+2a+pt4d-2b~u
4t € -A+2btpt4id-2a-u
2d € At+2ctp—u
2c € A+2d+p—u
2a £ A+2btu-p
2b § A+t2atu-p
H3 =x; = (A+2r+p-2t—u) /4
Xy = (At2t+p—2r-u) /4
x3 = (A+2atu-2b-p)/4
xy = (A+2btu-2a-p) /4
2a € At3ptu-2b
2t € —Atdbtu-2r-p
4r > A+2btu-2a-p
4t 2 A+2bt+u-2a-p
2a 2z Atp-u
2b > Atp~u
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Block Q

Qi

X1
X2
Xy

oW

W

INININ A I I AN AW

(A+hec+3p-2a-3u-2t) /6
(Ata+t—2c) /3
(At4at+3u—2c-2t-3p) /6
(2A+2t+2c-4a) /6

-A+2a+2¢c+2t-3u

Atu-p

Atp-u

Atc—2a

Ata~2c
Atbctht+3p-2a-3u
Atbat4t+3u-2c-3p
~At+2a+2c-t :
-A+8c-4a~3ut3pt2t
-At8a-4c=3pt+3utlt
Athet+3p—2a-2t
Atdat3u-2c-2t

Ata+t

Atctt

(A+a) /6 Q2 x; = (a+2r-t)/3

X3 = X1 %y = (a+2t-r)/3

(A-a) /2 x3 = (3A-a-2r-2t) /6
X, = (A-a)/2

A a » tir

a A2z a

2A-a 2t > A-a

2A-a 2r 2 A-a

2A-a 3b £ atirt+2t

Ata bc € 3Athr-a-2t

Ata 6d < 3Ath4t-a-2r

Ata 6p <-3AtSatdr+it

A~-a 3q £ at2r-t

A-a 3s £ at2t-r

A-a 2u € A-a

Q3

X1
X2
X3
Xy

g nn

n

AN NI A AN W WY W

(atbtq-25)/3
(atb+s—2qg)/3
3A+2q+2s-a-4b) /6
(A-a) /2

2a~-b-s

a

atb-2s
3At2g—a-4b
3A+2s5—a-4b
A-a+2q

A-atls

-At+at2b
2bt2q-a-s
2b+2s-a—q
3A+4sthg-5a~2b



Qb

Q6

Q8

(Atatir-2t-2u) /6
(Atat4t-2r-2u) /6
(Atatbu-2r~2t) /6

= (A-a)/2

AN AV Y WYY A

LI T ]

A

MO AN A AW W W W

L

I

b4

AN AN W W W WY

Ata-2r-2t

a
A—-a

A-a

A-a
Atatir+4t-2u
Atathr+b4u-2t
Atatit+4u-2r
-At2a+2t+2r—u
-A+2a+2ut2r—-t
-At2a+2utlt-r

(A+at2p+2q-4s) /6
(A+at+2p+2s-4q) /6
(Ata+2q+2s-4p) /6
(A-a)/2

-At5a3~2q-2s

a
At+at2p-4s
Ata+2q-4p
Atat+t2s-4p
A-at2p
A-at2q
A-atls
A+2pt2q-2a-8
At2p+2s-2a—q
At2q+28-2a-p

(-A+2b+2c+3a~-4s) /6

(Atb+s—~2c)/3
(Atc+s=-2b) /3
(A-a) /2

~A+2c+2b+2s

a
5A-3a-4b+2s
A+b—2¢

A+e-2b

A-a+3s
-A+2¢ct2b-s
—-A+2c+a
-A+2b+ta
Atbetlhs~2b~3a
A+b4bthg-2¢-3a
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Q5

Q7

X1
X2

Xy

aAn TP o

AN I VYV AN AW

2b

6T
2s
6t
6u

A

W

AN A NI N N A W W

(Ata+2b+2c-44) /6
(A+a+2d+2b-4c) /6
(Ata+2d+2c—-4b) /6
(A-a) /2

Ata-c-d

a
—2Atat2ect2d
—2A+a+2b+2d
—-2A+a+2b+2¢
A-a+2p

A-a+2q
-A+4b+bc-a—-2d
~A+a+2d
-At+4b+4d-a-2c
-Athct+bd-a-2b

(-A+3at+41) /6

x3 = (A-r)/3
(A-a) /2
A+2r

a

A—-a

At2r
A+2r
5A-3a-2r
-A+3a+4r
-A+3at4r
A-a

A-a

A-rT



_36_
Normalized coalition arrays

Here we describe all minimal balanced sets for the case

N = {1,2,3,4} and all normalized arrays up to permutations

of the players. We have only considered those arrays which
are necessary for the computation of the nucleolus for super-

additive games (103 arrays). Note that for each array we only

have written down the corresponding critical array parts

.in the sequence Bo, Bar . Bosee ( see section 1).

Minimal balanced sets

{12,34}; {123,4}; {12,3,4}; {123,124,34}; {1,2,3,4};
£12,13,23,4}; {123,14,24,3}; {123,124,134,234}; {123,14,24,34) ,

Normalized coalition arravs

Block B

Bl @ B2 ¢ B3 3
{1,2,3,4} {123,124,134,234} {123,14,24,34}

B4 ¢ BS @ B6 {1}

{123,24,34,1} {23,24,34,1} {123,24,341

B7 {1}

{23,24,34})

Block C

cl ¢ cz @ c3 ¢
{123,124,34} {123,124,34} {123,124,34}

{13,24} {134,2} {1,2}

C4 ¢ c5 ¢ ce ¢ :
{123,124,34} {123,124,34} {123,124,34} i
{14,243} (26,1} {134,234}

c7 ¢ c8 {1}

{123,124,34}. {123,124,34}

{134,24) {24)




Block D

Dl

D5

¢
{12,3,4}
{1,2}

¢
{12,3,4}
{14,2}

Block E

El

E6

¢

(12,34}
{13,24}
{14,23}

@

{12,341}
{13,241}
{123,1}

Block F

Fl

F6

@
{12,34)
{123,4)
{1,2}

¢

{12,341
{123,4}
{13,23}

Block G

Gl

G6

¢

[12,34}
{3,4}
{134,234}

@
112,34}
{3,4}
{1,241

D2

D6

E2

E7

F2

¥7

G2
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¢
{12,3,4}
{134,234}

¢
{12,3,4}
{14,23}

¢
{12,34}
{13,24}
{1,3}

)
{12,34}
{13,241}
{23,1}

a .
{12,34}
{123,4}
{13,24}

@
{12,34}
{123,4}
{14,2}

]
{12,34}
{3,4}
{1,2}

E3

E8

F3

F8

G3

¢
{12,3,4}
{234,141}

¢

{12,3,4}

{134,2}

¢
{12,34}
{13,24}
{3,4}

¢
{12,34}
{13,24}
{123,14}

@

{12,34}
{123,4}
{134,2}

1)

{12,34}
{123,4})
{14,24}

@
112,34}

{3,4}

(14,24}

D4

E4

E9

F4

F9

{12,3,4}
{14,24}

¢

{12,34}
{13,24}
{123,124}

¢

{12,34}
{13,24}
{123,4}

@

{12,34}
{123,4}
{134,234}

iy
{12,34}
{123,41
{13,2}

@
{12,34}
{3,4}
{134,241

F5

G5

" ES5 @

{12,341}
{13,241
{123,134}

@
{12,34}
{123,4}
{134,24}

@
{12,34}
{3,4}
{13,241}



Block H

HI @
{12,341}
{123,124}
{134,234}

6 @
{12,34}
{123,124}
{1,2}

Block I

Il ¢
{123,4}
{124,3}
{1,2}

6 ¢
{123,4}
{124,3}
{134,23}

Bloek K

Kl ¢
{123,4}
{i12,3}

K6 @
{123,4}
{12,3}
{134,23}

Block L

L1 @
{123,4}
{124,34}
(134,24}

16 @
{123,4}
{124,34}
{134,2}

Block N

N1 @
{123,4}
{12,34}
{13,2}

H2

I2

I7

K7

L2

L7

N2
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¢

(12,34}
{123,124}
{14,2}

@

{123,4}
{124,3}
{134,2}

¢
{123,4}
{124,3}
{14,2}

¢
{123,4}
{12,3}
{13,2}

@
{123,4}
{12,3}
{14,24}

¢
{123,4}
{124,34}
{134,23}

@
£123,4}
{124 ,34}
{13,2}

¢
{123,4}
{12,34}
{134,24}

H3

I3

18

L3

L8

N3

¢

{12,34}
{123,124}
{14,24)

1)

{123,4})
{124,3}
{14,24}

@
{123,4}
{124,3}
{13,2}

¢
{123,4}
{12,3}
{1,2}

@
{123,4}
{12,3}
{134,24}

@
{123,4}
{124,34}
{14,2}

@
{123,4}
{124,34})
{13,24}

¢

{123,4}
{12,34}
{134,2}

H&4

I4

19

K9

L4

L9

N4

¢

112,34}
{123,124}
{13,24}

¢

{123,4}
{124,3}
{134,234}

@

{123,4}
{124,3}
{13,241}

@

{123,4}
{12,3}
{134,234}

¢
{123,4}
{12,3}
{134,2}

¢
{123,4}
{124,341
{14,24}

¢
{123,4}
{124,341}
{13,231}

¢

{123,4}
{12,34}
{134,234}

H5

15

K10

L5

Lio

N5

)

{12,341
{123,124}
{134,2}

¢
{123,4}
{124,3}
{134,24)

@
{123,4}
{12,3}
{13,23}

¢
{123,4}
{12,3}
{13,24}

¢

{123,4}
{124,341
{134,234}

@
{123,4}
{124,34}
{1,2}

¢

{123,4}
{12,34}
{13,24}



N6 ¢
{123,4}
{12,34})
{13,23}

Bloek P

Pi @
{12,341}
{i3,23,4}

Block Q

Q1 ¢
{123,4}
{1,2,3}

Q6 ¢
{123,4}
{i2,13,23}

N7

P2

Q2

Q7

- 39 -~

¢ N8 ¢ N9
{123,4} {123,4})
{12,34} {12,34}
{14,2} {14,24}

@ P3 ¢ P4
{12,341} {12,34})
{134,23,4} {134,23,24}

@ Q3 ¢ Q4
{123,4} {123,4}
{14,24,3} {124,13,23}

@ Q8 ¢

{123,4} {123,4}

{14,2,3} {124,134,23}

¢
{123,4}
{12,34}
{1,2}

@ P5
{12,34}
{13,2,4}

¢ Q5
{123,4}
{14,24,34}

@
{12,34}
{123,134,24}

@
{123,4})
{124,134,234}
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