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JOEN-REN CHEN

The Partially Pegging Exchange Rate Problem : a Three-Country
Model

1. Introduction:

The policy of keeping fixed exchange rate to a special foreign
currency which is denoted as partially pegging exchange rate
policy or shortly pegging policy [Chen, 1280] is used by

many countries under the current floating exchange-rate
regime, especially by the developing countries to maintain
their foreign economic relations. Since in the most developing
countries an effective forward foreign exchange wmarket does not
exist, a hedging against exchange rate fluctuation on the for-

1)

ward market is imposable in those countries.

The problem of the pegging policy in s small open economy is
studied in & recent paper I[Chen, 1980] . In this case,the feed-
back-effects through the world market on the country considered
can be neglected.

The countries of the so-calied European snake keep exchange
rates fixed between their currencies under the current floating
exchange rate regime. These countries can hardly be considered
to be "emall countries” in the sense mentioned above. Therefore,
the meaning as well as the effects of the pegging policy should
be studied with explicit consideration of the feed-back ef-
fects. To describe the partially pegging exchange rate problem

1) It is also not possible to hedge the exchange rate fluctuations
by storage of foreign exchange because of foreign exchange con-
trol,



sufficiently we need a threecountry-model which regards not only

the global foreign economic relations of the countries considered
but also the bilateral economic relations which charscterize the

partially pegging policy.

In this psper we shall call the country which pegs the exchange
rate of its currency to & special foreign currency as the pegging
country, the country of the apecial foreign currency as the pegged
country and the other country as the floating country. The cur-
rencies of the three countries will be denoted as the pegging,

the pegged and the floating currency, respectively. While the ex-
change rate between the pegging and the pegged currency is kept
fixed, those of the pegging and the floating currency as well as
of the pegged currency and the floating currency are.flexible.

The partially pegging exchange rate policy will not only effect
the economy of the pegging country but also those of the pegged
end the floating country. In this paper we shall study the effects
of the partially pegging exchange rate policy. In section 2 a
macroeconomic three-country model will be set up. To simplify our
analysis we shall asbstract from the international capital move-
ments and the international income transfer and concentrate the
main research on the trade balance. To describe the partislly
pegeging exchange rate problem the bilateral trade relastions of
the three-country-model will be considered completely.



2. The Model

Symbols:
Yi . national income of country i in constant price
¢t : consumption of country i in constant price
Ii : net investment of country i in constant price
Gi : government expenditure country i in constant price

interest rate in country i

H

x*d : i % j, export of country i to country j defined in
constant price of country i

MJl:Xij : import of country j from country i

elid= 1i-( i%j ), price of country i’s currency in terms of

e
country js currency

( e}d =1 initially )

pl : output price in country i (Pi=1 initially)
£l : nominal supply of money in country i

Li : nominal cash balance in country i

Hi : balance of payments of country i

wi : money wage rate in country 1

Ni : employment in country i

Qi : real output of country i

ﬂi : price level in country i ( ﬂi = 1 initially )

pltd=x*Jd_M*? : trade balance between country i and j
(i%j) in constant prices and exchange rate

Dr= %:D13 , i%j : trade balance of country i in constant
price and exchange rates



pli=pixii_pletdyid ror ixj, i%b
=pixtdopi 1wl ror ixj, i=b
ol
trade balance between country i and j

Ui= %ZUij : trade balance of country i

The upper index is used to denote the country. where

a. the pegging country
b: the pegged country
c. the floating country

Notation: Sudindex is used for partial derivative, e, g.

. s i} . i
x4 = ;igv- ete, and Ki = gK~~
P* 3Pt t

Indices will be neglected where mistakes are not to be expected,

The three-country-model is characterized by the following
structural functions:

(1) yr=ctartagt

(2) c¢t=cl (xty, 1561

The tax is neglected for shortness. A tax

function, T=T(Y) with 1 3 Ty > O can be introduced

easily.
(3) 1t =1t (o) Ii <0
(s) xid = pii i ]

(6) mi+ri= ti(yi, i, ey, i, >0, 1t <0, 1



(1 w=—2 1

(8) S = Paxa_eabeMab_eacPcMac

(9) ot = Fai,kly, ot >0, & >0
N k1

(11) ¥ = vt No 50

(12) Nt = ¥t NL >0

(13) v =ql

(1) PCxC_ "f;& Mca_echchb= 0

(15) wt = %:d}eJiPJ, j=s,b,c where d% the constant weights

Following difinitions will be used

(16) ot = JZD”

(7 vt =y ot

15 _ {pixti_pletiyti for i¥j,
(18) vl =
plyli_plgiipyli i%3,
i3 _ 1 : -
{(19) e = eTJ i+ ]
1) q=eab , u=e®® and e=e®P

elj=Price of j-th currency (in i-th currency)

2) XNote: eJi=1 for 1i=j

i¥b

i=

(exchange arbitrage without arbitrage costs)

where

2)



The functions (1) to (6) which are used in a macroeconomic
model of Keynesian type describe the aggregste demand of goods-

markets in our model.

The bilateral trade relations are assumed to depend on the price
of the home output and the foreign output as well as on the ex-
change rate. As we point out in a previous paper (Chen, 19781
both a change in the output price in home and foreign country
and a change in exchange rate will influence the comparative
price of the trading goods and therefore the trade balance but
they have different meaning. Therefore.we consider hoth of them
as determinant factors of the bilateral trade relations. The in-

fluence of income on import seems to be obvious.

The equation (7) expresses the relation betwesn the three ex-
change rates in the three-country-world under the case of costless
arbitrage. If the arbitrage is costless then any deviation from
equation (7) will induce arbitrage transactions which maintains
the relation (7).

Equation (8) is the trade balance of the pegging country. Others
than the floating country the trade balance of the pegging

country will not be always equalized, The surplus or the dificit

of the trade balance will be assumed not to be sterilized and there-~
fore will be fully effective as influence on the nominal money
supply.

The aggregate supply of the classical economy is characterized by
(9), (10) and (11) where the supply of labor is determined by the
real wage rate in comparison to the Keynesian economy which is
described by (9), (10) and (12). In the Keynesian economy the



labor supply depends on the nominal wage rate which is assumed

to be given exogenecusly.

Equation (1) describes the balance of trade of the floating
country. It is always equalized if the international capital
movements and international income transfer are neglected.

Due to Walras 1law the trade balances of our three-country-
world are completely described by (6) and (1L). Hence the trade
balance of the pegged country can be neglected.

(18) defines the general price level which is a weighted average
of the price of the home output and the output of the foreign

countries.



Definition:

Def. 1 : A model described by the structural functions (1) to
(11) and (13) to (18) is called 8 classical model.

Def. 2 : A model described by the structural functions (1} to
(10) and (12) to (18) is called as a Keynesian model.

Def. 3 : To avoid confusion we use the following conventions:

pab __90%° . ba _ ¥D°®
= ; =
q 24 q gc%%
ac ca
ac 3D ca oD
DY =- 0 ; D~ = —4—>0
ch - '?DCb 50 3 Dbc anc 50
©o e
gab _ _u?P . gba _ _9ub?
q 34 ’ q ;%3
U8C = 2UBc . gl = Jpcd
= ; = Y4

u U u BG%%
ueb = YucP ube - 3 yPe

e 2€ ’ e 36%9

a _ ab ac b _ ba be
De = Dq + Du ; De = Dq + De

¢ _ ~Ca cb
Dg =Dy * Dg

a _ ..ab ac b _ ba be | ¢ _ 8 cb
Ue = Uq + Uu H Ue = Uq + Ue H Ue = Uﬁ + Ue



Assumptions:

Assumption 1

The Marshall-Lerner condition, i.e.
i i i i .
Ue = Xe - Me - M >0 i=a,b,c

holds for the globsl trade balance. ’

Assumption 2

The exchange rate between the pegging and the
pegged currency 1s given exogenous.

Assumption 3 : There exists an equilibrium with

xt =l 2} for i=4, b,

q:u:e:P = P :Pcz‘] 3)

1) The Marshall-Lerner condition need not to hold for the
bilateral trade balances, even if it is fulfilled for the
global trade balance.

2) The bilateral trade balance need not be equalized.

3) There is no contradiction in this assumption. From (1l.) we have
o=(P°x®)/ (PRM®8/q+PPM®P)=1, ir x®=M® , and

P2 = PP = p® = g = 1  and if

= P2Xx2-gPPM®P_uP°M2°=0 and P®=pPP=pPC=q=u=1 then x%=M%

If H® = 0 then -gH” = H® thus HP = 0 (See Lemma 2)

Theoretically,we can prove.the existence of equilibrium with,
equalized trade balance U for 811 i and set therefore P
(for all i ) and the exchange rates e, u, anéd g the value 1,

H&



Assumption h :

Xab

Xac

Xba

Xbc

XCB.

= =] o
o0 00 OoP DO

oy

_ Mba > 0

- 10 -

X = M 0
q q ’
ca ac _ .ca
M 70 Xu = Mu > 0
ab ba ab
> X = M 0
M 0 q q '
ch be _ .,cb
M >0 Xg =M.7 ¢ O
ac ca _ .Aac
M >0 Xu = Mu e 0
be ¢bh _ ,.be
M *0 Xe Me » 0
wPe = x2° (o0 x2P = ¥P2 - X2 5 o
P P P !
ca _ ac _ Ca _ yac
MPa = -X, 0 XPG MPC X, 20
M = X0t <0 XP2 =0 = -x0® 5o
P q P P
P = x2° co X0 = w0 = x2% >0
P P P
sc ca ca ac ca
M = £ 0 X =M = - 0]
REEN R N
M°¢ = x%P ¢ o X2 = w2 x50
P P P
gb + XSG _ Xga - X&a - ng + Dic >0
~(x2% + xg® - x2¥ - x8%) De? + DS » 0
R SRR R A
ab ba ba ac ca ca _ .ab ac
Xq + Xq X + Xu - Xu X = Uq + Uu >
ba be ab ca ab ch ba be
-(Xq + Xe - X=X - Xq Xe ) = Uq + Ug
ng _ Xza X:c + Xic - x&C_xbe - Uia + Ugb 0
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3. Some Lemmas

Lemma 1 : The bilateral trade balance of the floating country
to the pegging country is equal to the negative
bilateral trade balance of the floating country to
the pegged country-

Proof : This lemma can directly be derivated by function (14).
Since the global trade balance of the floating country
is always equal to zero (equalized). Therefore

a
1250 G g - MC® = - (PCX®P-ePPNCP) (Q.E.D.)
Remark : If the floating country has a bilsteral trade surplus
to the pegged country then a balanced trade balance
of the pegging country can be realized only by a
bilateral trade deficit to the pegged country.
Initially, we have

x&b _ y2b - _x8c , yac
yxba _ yba _ _ ybe , ybe
8P _ m8b - _ y8c , pBC
Thus initially we find
xta _ yoa o yba _ xbe
= xab _ yab
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Lemme 2 : The balance of trade of the pegged country is
equalized, if and only if the pegging country
has eoualized balance of trade. The deficit
(or surplus) in the balance of trade of the pegged
country is always equal to the surplus {(or deficit) of
the pegging country.

Proof : Since the balance of trade in the floating country is
always equalized, according (14)

(1) pCxca- e _plyCa_,pbyCh_pCyChb
q
The balance of trade in the pegging country given by (8)

can be written as:
(1) P%_ PcMac,PaxaczPaXab_quMab_Ha

and that in the pegged country

(111) PPx°C-. L pOMPC=RP-pOxPRs L pPyP2

Since the export of the pegging country to the pegged
country-etc. is equal to the import of the pegged
country from the pegging country,etc. i.e.

x&P - pba xac - yca
Mab _ Xba B¢ = xea
Xbc - Mcb Mbc - ch
From {(ii)
pCMaC_ gm Paxaczpcxca_,,g payca

3 (PaXab_quMab#Ha)
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From (iii)
(Pbxbc_ l Pchc) = e PPMCEP - pCxCP

- e (Hb . Pb ba 1”PaMba)

X - d
a an
Paxab_quMab_Haqub_quXba+PaMba:qu+PaXab_quMab
a . b
Hence -H* = g H where g » O (Q.E.D.)

Remark : Since the bilateral trade balance is rarely equalized,
therefore in the three-country-medel the bilateral trade
balance between the pegging country to the pegged country
will be in general not equalized. Therefore,the global
trade balances of both the pegging and the pegged country
seem not to be equalized generally even if the global
trade balance of the floating country is always equalized,
if the international capital movements and the inter-

national income transfers are neglected.
Lemma : Laursen - Metzler effect [l 1)

A depreciation of the floating currency in order to
equalize the trade balance of the floating country has
an expansive (stimulating) effect on the economy of the
floating country,other things being equal.

Proof : The effect of a depreciation of the floating currency on
the balance of trade in the floating country is given as:

UZ s 0 while the effects of a depreciation on the domestic

economic activities in the floating country are given as:
c . C_4C C C_oC C .C
Dg z 0 S8ince D_=X_-Mg U =X -M -M" > 0 and

9Y

- e N s s .
Se * De > Ug . Thus a deprecistion of the floating

currency in order to restore eqgualization in its trade
balance has an expansive effect on the economy of the

floating country.

1) Laursen & Metzler - the "price effects" of changes in the ex-
change rate: with given money incomes and given domestic prices,
an increase in import prices will probably increase total ex-
penditure out of a given income (P.29L) ‘

{(Sohmen E. , 1973, P.137-138 ]
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Lemmsa : The following relations hold :

(a) U*d = - edt ydt = _,_Eijw i, j=a,b,c s 1¥F)]
e

(b) DlJ = - DJi i,j:a,b’c s i:J

{e) DzJ = - Dgl for 1i,j=a,b,c,» 1F]

(d) Uij = = Ugi + Dji i, j=a,b,c , 1=J

(e) UM = . Ugl , if 8nd only if the initial bilateral
trade balance between the country i and j is
equalized i.e. p*d = 0 for i, j=e,b,c, ix]

Proof : (a) and {(b) follow directly from the definitions

i = pt o xid _ pd 13 Ml ang
il = pd xd1 _ pl Q3% 31 o pd x31 _ pl ydE , o1

Ulj = - Uji / eij since etd =1 / eji
Dij - Xij _ Mij _ Mji _ in _ Dji
(¢) Dij. = Xij. - Mij. = - ( Xj%. - Mj%. ) = - Dji. or
o1 oild ol o Ji edd SRS

ptd = . Dgl (according to definition 3)

e
d Uij. = Xij. - Mij. - Mij = Dij - Mij
(d) old gl elg e
Ji _ ji o Jio_ ij _ i
Ueij De M De X
ij _ ji _ ij ji = ij ij _ _ ji ij
Ueij Ueij Ue + Ue D or Ue = Ue + D

( according to definition 3)

(e) follows from (c¢c) if Dij =0



Remark :

Lemma

¢

where

: The aggregate demand of
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If the Marshall-Lerner condition holds for global trade
balance of all three countries, then the Marshall-Lerner
condition must hold at least for one of the bilateral
trade balance in any country.

since UL = ytd + pi¥  gna vl = uld . U;k
for 1i,j,k=a,b,c 1i=j=k
If U2 » 0 or U;k or both ULJ and U;k

must be positive,

the model in differentials about
the initial equilibrium is given by the following

equation system:

- - - ~ ay ’
Ay Aip O Ay -Ag AT faP Aq0]
apP
c
“hor Bpp O -hp) Mg mAgg [ APT L jAn
ay?
b
31 A3z A3z Ry cAyg o Ay %30
J Lay® T
_ ~ab, ac..ch,.c 8, a a, ..ac ,.8ab_ecbh, ¢
Ayy = Dq +D, U, /Ue+(Ir/Lr)(LP+Uu +Uq U, /Ue)
_ ~&8b _ac._ch, ¢ 8, 8 ab ..ac..cb,.¢
A12 = Dq +Du U, /Ue+(Ir/Lr)(Uq +Uu Ue /Ue)
_ a a a a a ac c C ac, ac )
A1u - 1-CY+MY+(Ir/Lr) LY'(1+Uu /Ue)MY -Du MY /Ue
_ .Dba ba , ..ac, be ,..C &,.8 a¢,, be ,.C
ATS - MY +(MY +Ue MY /Ue)(IP/Lr)+Du MY /Ue
Y CACa ,1-C a,.8a ca.c ... c
Arg = MY + MYDu /Ue+(Ir/Lr)(MY Ue'MY)/Ue
_ a8b ..8c¢ ..ab..cbh , . ¢ a a, &,.Ta
A10 = (Dq +Ue +Ue Ue /Ue)dq+dG +(Ir/Lr)dL
_ ~ba,.bc.ca,.C ac ..ab.cb, ¢ b, b
A21 = Dq +De Uu /Ue+(Uu +Uq U, /Ue)(Ir/Lr)
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_ ba bc ca ab uae cb
Ao = Dy /U +(I /L )(L Uy /U )

Ay = My P (uB-u2% ¢ /ul) (12/LY )+DP MY°/U§

fpg = 1-C +MY Dbc bc/U +(1 /LE)(L§+ +Ua°M§°/Ug)
Bog = MEP+(IR/ID) (M -15208) /US-DRHg /U
Ay = (12/12)alP+do- D B (12/12) (uB°ul?/uC-u2)+DR°uS P /ug dq
Ay = D% - Dg U* /U
Ayp = D3P - D 0T / U
A3 = ig Lp 7 0
r
Ay, = M, ° M° /U > 0
Ay = A SR

c

¢ ..C c,.c
Ayg =1 - Cy - My M7/ U: + (I./15) Ly
c

c ca c ,Ca c
30 T »/ Ip dL.” + dG~ - (Du - De )8 / Ue) dq
Proof : The system of aggregate demand 1s derived from the

funetions (1) to (8) and (14) to (18). Lemma 1 to L are
used.

Remark : The paramters Aij for i, Jj=1,2 and ABi for i=1,2,3
as well as A15 and A2h are all positive, if the
Marshall-Lerner condition holds for all bilateral trade
balances,

1&’ A15 and A36 are the inverses of the usual multipliars
for the pegging, the pegged and the floating country,
respectively. They are in general expected to be positive:
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ABM and A35 are positive A31 + A32 =0
A, 2o £ L; (U°MCB+ cha)z(Mc_UcMca) 1)
16 < s 10T 2 eMY MY u ‘<Y “ey
r
¢ ¢h b
U M I
> e Y r > E
A262_—0,f01‘ —=D—Dc. = (1+F).‘—C‘ 1 )
e Ny r
c
where “ﬁ%-= gec is the partial effect of the national income
Ue ¥ in the floating country on the exchange rate
e.
a ab..¢cb _ac.ch
uorort-utty
- r 8,.,8C ..8b q e u e
fMihi2 = 73 (Lp+U, "-Ugy + o )
r e
a ac ..ab ca,.ch ab .ac,..¢ch
_ Ir (:La+ (Uﬁ —Uq )(Uu +U )+(Uq -Uu )Ue
La P Uc
r e
a a¢c .ab.,.ca
_ Ir 8, Uu -Uq )Uu
La P Uc
T e
b ac..cb __ab._cb
A -R Ir (LP+yeP_poe, Uy Ve Uy Vs )
22 21 b P g u c
L u
r e
b ab ..ac ca ..ch ac ..8ab,..ch
_ Ir Lb+ (Uq,'Uu )(Uu +Ue )+(Uu -Uq )Ue
Lb P e
T e
b ab ,.ac,..ca
_ Ir b (Uq 'Uu )Uu
- b LP + C
L U
T e
_ c c,..ca, . .cb
A=A =A In L¢ - pte . ptb De(Uu *Ug )
33 731 732 c P u e c
L U
T e
¢
= =2 1% 5 o0
Lc P
T

———
——————

1) Ig seems realistic to expect that both A16 and A
M
Y

are positive.

is marginal propensity to import of the floating country,
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Lemma 6

Proof:

Lemma 7

1) Nota

Let A = {(a..) be an nxn matrix with dominant diasgonal

1]
such that aij = 0 for i%j, where aij are element of
the i-th row, j-th column of the A matrix. Then there
exists a unique X 2 0 such that A X = ¢ or equivalently:

211 the sucessive principel minors of A
that is,

are positive,

a11 - e e a1n

fas1} 7 05

This is the so-called Hawkins-Simon Theorem,
See Takayama, A. [197&, P.383]
: Metzlers Theorem (Morishima, P.18)

If A

whose row (or ceclumn ) sums is greater than one, and at

is a non-negetive, indecomposable matrix none of

lesst one of whose row {or column ) sum is less than one,
then the diagonasl elements of [I - A] -
than the off-diagonal elements of the corresponding

columens

are not less

{or rows)

ticne: A > O if aij >0 for all i and j
X 20 if X, 20 for all i and X; > 0
for some i
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i, The Classical Economy

The classical economy in the short-run is characterized by the
structural functions (1) to (11) and (13) to (18). In this case
the aggregate output or the aggregate supply is independent on
the price level, iR end the economy is perpetually at full em-
ployment. Hence the national income in prices at the initial
equilibrium (real income) is determined outside the aggregate
demand (dichotomy). 2) fherefore,in the classical case our

model can be solved from the following system of equations: 3)

v a ) ~

f byg Ay 0 Tiar i,A1o

: !

! | b

“har Ay O dPT . | A20

E A A A | ap® m

U PR S T | 430

Thus the parsmeter-matrix can be decomposed as:

{ a, S TR R
| i A, 0 1
A =R hoo | O 1= |
_A o ;ﬂ - r- i, g A i
T 12| Rz |2 3)
Since A31 + A32 = 0, the price level in the floating country

is not influenced from outside, if and only 1if ap® = ap®

See e.x. Bowers and Baird {1971, P.196]
Patinkin 11965, P.1711
compare to Lemma 5

o P -
N
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Theorem 1 : If the Marshall-Lerner condition holds for all bi-

lateral trade balances, then the equation system in
the classical case has a unique solution.

Proof: If the Marshall-Lerner condition holds for all bilstersal

1) A

11

trade balances, then we have

Ay 5 20 for all i and j

Thus the off-diagonal elements of the matrix A are all
non-positive (See Lemma 5)

From Lemma & the equation system (of the classical model)
has a unigne solution, if A hes dominant diagonal.
From Lemma 5 this is the case, if (Ugb - U2%) is

1) u
sufficiently small.

Thus the unique solution will be different from zero.

The solution for the subsystem for the pegging and the
pegged country can be shown in Fig. 1

> c.a ac_p.aby.car
2 . ¢ b ab . ac...ca>
z Ayy 1IF UeLP+(Uq -U, )Uu 20



Theorem 2
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: Assuming the Marshgll-Lerner condition holds for all

bilateral trade balances:

(a) Given an expansive poliey in either the pegging
or the pegged country, 1) while the other
countries do not change their policy,the price
level in all three countries must increase, and
the price level in the country with the expansive
policy will do so by no lower degree i.e.

(b) The stabilization policy of the floating country
does not transmit to the pegging and the pegged
country. But the stabilization policy of the
pegging and the pegged country will transmit to
the floating as long as there are different in-
flation rates in the pegging and the pegged
country.

Proof: (a) The first part follows from Theorem 1 with agt > 0

1)} i.e. if dA

orjand  dil> 0 and dg = 0 for i=a,b

Let the determinant of the matrix A be det A.
Thus the effects of changing in dG® , dL? or 4GP ’
diP on 4P , aP® and dP® with given policy of the
other countries are

it _ Ao . 2P _ Ay
3g? det A ’ I8 det A
apd A , 3p® Ay
3gP | det &’ 3gP | det &

n
o

10 > 0 or dA20> 0 with dg



-1~

RS | An P, R3e 3P | 1 Reahyr T Rardye
et Ky 368 i3 360 det & 5ss
£} SR B o B ok
P det A %33
8 a
apr . Ir A ) S S
yie (& det’ k7 I8 1.2 det A
I'I r
b b
ape  In Ay o2 I Agy
- - b4 - -
‘aLb L‘g det A ~a Lb L? det A
a b
3 In p° p¢ = r 3p°
- - ] - ]
e 12 68 3P t? 36°
Thus
L L 1% 3PP 30, 3%
> b ’
S T P P I TN T L E I Y
a C
To show 3P > JF , we have to show that
/aGa ‘aGB- i
Aoohqay + Apghqy A
A33 22
or

Ayqhon = Apphqy = Bpghgp > O
Aoy

AL, ——) » 0O
32 T Ay,

A22(A33—A31-

This condition holds to be true, since A33-A31-A32 > 0 and

A b c
—Kgl- <0 Anslogous IBPb )lBPb
22 9c G
A, (Aqqwhoa—-A :&El) > 0

11Y*337 831832 A11

’ since
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(b) This can be seen easily from Lemma 5. Since the matrix

A is decomposable, the solutions for dr%® and de do
not depend on A30 . But otherwise the solution for dp°
depends on A,, and Asye (Q.E.D.)

Theorem 3 :

Assuming the Marshall-Lerner condition holds for all bi-
lateral trade balances, then,given a solitary expansive
policy of any one of the three countries, the price
levels of all three countries will increase with
elasticities less than unity.

Proof : The eolasticities of d4P? and de to ATO or A20 are
1 _ ot Mo Aoo Mo < 1
PE/Ay, vh1g  gpt Aophygthyohsg
_ 3 Mo Ao Mg ¢ 1
‘Yle/A10 Ay gpb Apqhopthsy by
M . 3 Ao
c DA c
P°/Aq, 10 ap
) (AgyAsothqgshsg Yhy
Aygdet A+(AqyA55%Aq5850 T4 o+ (AR SFESZETTA,,
{1
" _ Aqphog o 1
P%/As, AophygtA ohsg
_ Ayqhag ;
Y ob Aphootion g &
PP/8,

_ (AqqAyotAqshyy )hs,
“1_ c (Aqqhpothyohog JAy ot (Mg Ay AR VRS

N\ -

b
p /ABO P /A3O

£

ABO det A
qlpc/Ajo A3Odet A+(A31A22+A32A21)A1O+(A31A12+A32A11)A20

{1
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Theorem b : the Lechatelier-Samuelson principle

Assuming the Marshall-Lerner condition holds for all bi-
lateral trade balances, an increase in price level in
either of the pegging or the pegged country is less if
the price level in the other country is kept constant
than if both price levels are permitted to wvary.

Proof :
Ipf b S
BA1O dP” = const A11
Ipt a2 - 1
9440 Ayqhap=Ryohoy o L Mafa
11 A22
3 p? 3 p8
Hence ‘3A10 de = const < 3A1O
Sz _ ; -
‘aAZO dP” = const 'BA20 det A
and
OB B -1
VA0 4P < const Ass
L) pb _ A1‘1 = 1
945, Ayqhoo-hynhsyg . LY
22 A
b b
Therefore 9P | 3P
_— a _ £
3 AEO dP” = const §A20
2P . s 3P A
:§A10 dP” = const 3A10 det A >0
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Theorem 5 : If the Marshall-Lerner condition holds for a1l bi-
lateral trade balsances, then

(a) a solidary expansive policy of either the pegging or
the pegged country has an appreciation effect on the
floating currency.

(b) a solidary expansive policy of the floating country
has a depreciation effect on the floating currency.

Uca Ucb
Proof : BSince de = ch - —mff— dPa - g de
Ue Ue
ca cb
A U A U A
= (gt - =2 japfe( 528 - —2 yapbs 22
33 g 33w 33
for dYT = dg = 0
ca ch
(a) ’ae = ¢ A31 . Uy ) 9P + ( A32 _ Ue ) BPb
(RSN A4 vS [EST Aqy ve IR0
ca ch
A3 Uy . Ay o 3PP
< A - e T X - ) ) 0 A =0
32 Ug 33 US 10
a b
Since 3P > E (See Theorem 2)
94,44 LEST
ca cb
e tn T, P2 Do ,%jfi .
3h5 Aqyp e A33 0 oo Arg
3 p2 2p°
Since L —
Jhy, 9k,
(b) 3e , (Q.E.D.)
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5. The Keynesian Economy: the Unemployment Case

The Keynesian economy in the short-run can be characterized
by the structursl equations (1) to (10) and (12) to (18).

In this section the Keynesian economy with mass unemployment
will be studied. In this case the price levels are assumed
to be constant given in all three countries. Our model can
now be solved from the following system of equations: 1)

¢ b e ¢ ~

A Ay “A1g dY 410
A A A ay® A

ol 25 26 = |40

¢

L"ABLL _A35 A36 J \dY | LA30 E

This system of equations can be written in the following from:

y ~ ~
8. ! v a 4!' -y
dy ﬁ‘A1h A15 A16 0 day A10
b | _ b
ay® Ay Aye  1-Agg chJ A50
~ ” “ Py . ~ y

The matrix of the above equation system can be written shortly
as (I-A), where the elements Aij for i%j and 1-4,; for
2ll i and j of this matrix can be interpreted as the share

of expenditure of country j for products of country i.

The matrix (I-A) is in general indecompable and with dominant
diegonal. It looks like the (I-A)-matrix of the input-output

model,

1) See Lemma 6
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As in the previous section,we call a stabilization policy
as an expansaive poliey, if dAio.> 0 for i1 = a, b, c.

Using the Frobenius’ theorems or the theorems on the

dominant diagonal matrices we can prove the following

theorems. As in the previous section,we assume in the course of
this section that the Marshall-Lerner condition holds for

all bilateral trade balances,

Theorem 6 : The system of Keynesian economy in the mass unemploy-

ment case has a unique solution

Proof : Since the matrix (I-A) is indecomposable and with dominant

diggonal. According to Lemma 6 there exists a unique
solution.

Theorem 7 : Given an expensive policy in the country i with

given policy in the other countries, then (a) the
real national income in all three countries must
increase and (b) that of country i will do so by
the largest percentage.

Proof : {(a) follows directly from Theorem 6
(b) Since the matrix (I-A) is indecomposable and with
dominant diagonal, and since the sum of every row in
this matrix is less than one. Hence according to
Lemma 7

3y
BAio

for 1i%j , 1i,j=a,b,c

v
g )

(Q.E.D.)

Remark : The Laursen-Metzler paradox dces not appear for our
three-country model with pegging exchange rate policy.
This seems to be an interesting consequence of the
pegging exchange rate policy for the international
transmission of business cycles.
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Theorem 8 : Given a solidary expansive policy in the country i

(i=a,b,c), the real national income in all countries
will increase with elasticities not exceeding
unity.

Proof : Let an expansive policy in country i be 4; — Aio and
the new solutions from the system of equation (P.29) be
i iy’ _ . i_ ive .
dY"—{(dY¥") and Ay = V5 A5l and dY~ = Ki(dY ) with

1 Vi and Ay 2 0

" ., o (e eayt o AjotAye | (- A0 Yy
Yl/Ajo (ax™)” A30 (1-vy) Ni

and from the equation system (P.29) from the j-th equation

= (1- 1)
dy (I-A); &Y + Ag, or

. j » - _ »
(1) )\j(dY ) (I A)j Ny » A+ vj Ajo

Suppose V. » A: @ Since A, Z >\i for all i

J J J
Theorem and X' = (I-4). dY' + Ai
( ), 3 ( )J 50
btai N.(ayd)" « (1-a). ay  + V. &,
we obtain J( ) ( )J 4 3 AJO

which contradicts (i). Hence V hj and since

Hre.

>

1 = )\i = Kj » ioeo ’VlYi/Ajo (Q.E.D.)

1) (I-A)j = the j-th row of the matrix (I-A)
ay = (av®, ay®, ay®)
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Theorem 9 : The effect of an expansive policy on the exchange

rate of the floating currency:

de > C ch > 8¢ dYa be dYb
== 20 & = - —
dA10 < MY dA10 < MY dA10 MY dA10
¢ a b
de > ¢ 4y 2 ac dy be 4y
4 o0& My G- % +
<
dAy, My dAy, 2 My dhy, My dAy,
¢ a b
de 2 ¢ dy > ac 4y be 4Y
i 20 &= g +
dAgq < My dhy, < My ais, My dhs,
Proof : These follow directly from
de = MO ay® - M5 av® - M§° ayP

for dP =dq =0 for all i
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6. The Keynesian Economy

In this section we shall consider the Keynesian economy

between the two extreme cases of full employment in the sense
that in = 0 for all i1 and mass unemployment in the sense
that apt

tary wage rate is given exogenous. In our model the production

n

0 for all i. In the Keynesian economy the mone-

is carried out without imported inputs. The system of aggregate
supply is given as follows (in deferentials) :

ayt = Ff apt + 7t awt for i=ga,b,c
P w
. i i
with FP > 0 and Fw < 0
or in other form:

i _ i i

ar” = bi1 dy” + bi2 dw
. _ i
with bi1 = 1/FP > O
_ i, i
b.12 = - FW/FP >0

Thus the sggregate supply of each country is determined in-~
dependently from the other countries. Set these equations in
the system of equations in Lemma 5:

. as ’ ~
[ By B2 'B131 a¥ { By
| -B B Bl | a®i= B, |
21 22 23 . = By,

¢ :
CBa Bz Bz (T (Pao




where

Byqg = bgq Aqq + A > Ay

Byp = byq Aqp + Ajg > Mg

Big = Ay

B. =b - A, dW® + b _ A, dW° + A
10 = Paz M4 b2 B2 10

Bog = Dgq Apg + Ay > Apy

Bop = by App + Aop > Apc

Bp3 = Ayg

B. =1Db . A.. AW® + b, A.. dW° + A
20 a2 B21 b2 Poo 20

Byt = Pa1 A31 T Ay > Ay

Byp = by Agp + A3p > Agg

Byg = Per A33 T A3 > A6

B, = b . Aoy AW® + b Aus dWP + b . A, AW + A
30 az A3 b2 432 c2 233 30

The above system of equations can also be formulated as follows:

ay f
bl _
ay°® -
LoLU7Ba

and this matrix is

1~

- a 4 N

“Byp  Byg | & ) Bio
B -B ay? |+ | B

22 23 20
-B 1-B ay® B

32 33, Lax® | 30

called as (I-B)
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Assuming that the Marshall-Lerner condition holds for all
bilateral trade balances, then the matrix (I-B) is in-
decomposable and with dominant diagonal. The elements of
the matrix (I-B), i.e. 1-Bii and Bij for 1ixj can be
interpreted as the share of the expenditure of country j
for products of country i.

In this section we shall assume that the Marshall-Lerner
condition holds for all bilateral trade balances.

Theorem 10: The system of Keynesian economy in the usual case

(i.e. the case between the full employment and mass
unemployment) has a unique solution.

Proof : Since the matrix (I-B) is indecomposable and with
dominant diagonal. According to Lemma 6 there exists a
unique solution.

Theorem 11: Given an expansive policy in the country i with
given policy in the other countries, then (a} the
real national income in all three countries must

increase and that of country i will do SOC by the
largest percentage and (b) the price levels in all
countries must increase.

Proof : The first part of (a) follows directly from Theorem 10,

since

dy* = (B)E1 A, > O for A, 2 0, i=a,b,c

The second part of (a) holds true since the matrix (I-B)
is indecomposable and with dominant diagonal (see Lemma 7).

The effects of expansive policy on the price levels can

be seen by
i i
dy
= b > 0 for i=a,b,c
dAio i1 dAio 4 *=
i
since bi1) 0 and g%. > 0
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Theorem 12: An increasing in the monetary wage rate in the country

i with given monetary wage rate in the other
countries, then (a) the real national income in all
three countries must decrease, and that of country i
will do so by the largest percentage; and (b) the price
levels in all three countries must incresase.

Proof : (a) Analogous to the part (a} of the Theorem 11 with the
exception that bi2 £ 0 for all i and theorefore
i

—gﬁ—co for a1l i eand j
j
i i
(b) Since Jigv—z biE —igv-> 0
aw? awd
ay”*

for biec_ 0 and

¢ 0 for all i and
awd

(Q.E.D.)
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Concluding Remarks:

In Theorem 1 to 5 the Marshall-Lerner condition is assumed to
hold for all bilateral trade balances of the trading countries.
In this case, Aij for all i and j are positive. But the
Marshall~Lerner condition for bilateral trade balances is
necessary for Aij 0. In any case, the Aij for all i and j
can be positive 1if the Marshall-Lerner condition is not
fulfilled for some bilateral trade balances. Therefore, the
above theorems can also be true even the Marshall-Lerner

condition does not hold for some bilateral trade balances.

In general, the Marshall-Lerner condition seems not to hold

for all bilateral trade balancesg, expecially when the deficit
in the bilateral trade balance is sufficiently large, for ex-
ample Taiwan and Austris have large deficit in their bilateral
trade baslance to Japan and W. Germany,respectively. It seems
to be expected that the Marshall-Lerner condition does not
hold for these two cases of bilateral trade balance.
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