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From Ability to Pay to Concepts of Equal

Sacrifice

Wolfram F. Richter

Abstract:

The ability-to-pay approach to taxation in Mill's
tradition is given a rigorous treatment in a social
choice theoretic framework. Two model variants are
discussed. The first allows 1) to formalize ability-
to-pay, 2) to axiomatize concepts of equal sacrifice,

and 3) to derive extensive statements on progressi-

vity. However, there is no such axiomatized concept

that implies moderate progressivity irrespective of
taxpayers' utility function. For the second model

variant the situation is then reversed. Here a sacrifice
concept can be defined that generally leads to moderately
progressive tax schedules. But no convincing axiomatization

along the line of ability-to-pay is known.



O. INTRODUCTION

This paper resumes the classical gquestion how

and whether progressive taxation can be norma-
tively justified along the line of ability to
pay by making all taxpayers incur equal sacri-
fice. The "ability-to-pay approach" in its sub-
jective interpretation as originated by J.St.Mill

(1921, p. 804) is given a rigorous treatment.

The subiect has a most venerable tradition in
public finance which is not to be reviewed here.
Instead, the interested reader is asked to con-
sult Musgrave's (1959) standard work on public
finance which includes a highly recommendable pre-

gsentation of the problem.

Wwhen attempting to formalize such an old branch of
economic theory two maijor difficulties have to be
faced. The first comes f£rom the use of language.
It is certainly desirable to make associative de-
finitions that refer to well established terms.
However, as the expressions have to be chosen in
accordance with the formal model - and not uvice-

versa — the habit can become misleading.

The term of equal sacrifice prescription gives a
vivid example. Below, the classical equal sacrifice
concepts will uniformly be justified and recovered

as first-order conditions to minimizations <f ap-



propriately aggregated personal sacrifice pro-
files. As such they lend themselves to straight-
forward generalizations - to "non-classical sa-
crifice concepts". This latter term -~ though being
very much catchy and associative - is actually
misleading. What we are going to generalize is

not the inveolved notion of subjective sacrifice
but the social aggregation rule, the equaf.ity prescription.
Nevertheless, we shall continue to talk of "sa-
crifice concepts" when optimality conditions for
the minimization of aggregate sacrifice - i.e.

for "least sacrifice" - are meant.

The second difficulty comes from the need to in-
terpret verbal texts before formalizing express-

ed ideas. Here, a clear warning is in order.

Nce attempt is being made to formalize just the

ideas of any particular economist. Instead, a mathe-
matical model is presented which is said to allow

a consistent interpretation in the sacrifice theo-
retic spirit. An example may again help to make

the peint clear.

The model will draw a sharp line between the abili-
ty-to-pay principle and equal sacrifice prescriptions.

The principle is formulated and legically treated



as an axiom that in connection with others allows

to characterize concepts of equal sacrifice. The 1li-
terature, on the other hand, tends to make no such
distinction. "Since John Stuart Mill, the ability-
to-pay rule has been viewed in terms of an equal sa-
crifice prescription." (R.A. Musgrave and P.B. Musgrave,
1873, p. 198). That leads to the guestion what the
"correct" formulation of an ability-to-pay axicom might
be? Below, we shall propound one formalization that
allows to draw the conclusions we like to draw. By
way of contrast we shall not discuss which different
formalization would equally - or even better - be

justifiable in regard to the literature.

Mill's approach raises two basic guestions. The first
is whether any sacrifice concept exists at all which
upon application demands a moderately progressive

tax schedule irrespective of the specific taxpayers’
utility function. (We require moderate progressivity
to rule out the trivial but controversal case when
marginal tax rates equal one as under the equal-mar-
ginal-sacrifice prescription.) And secondly, which
sacrifice concepi(s) allow{s) some convincing axzZoma-
+izqtion in the light of the ability-to-pay prin-
ciple? These are the guestions of existence (Ex)

and axiomatization (Ax).



The classics solved neither (Ex) nor (Ax). Below,
partial answers are given only. For this purpose,
two model variants are considered. The first is

to demonstrate how, principally, problems like (Ax)
can satisfactorily be attacked by the methods

of social choice theory. However, existence (Ex)
will be violated which supports Mill's (often re-
cited) remark that progressivity is "too disputable
altogether". The second variant provides a solu-
tion to (Ex) leaving (Ax) an open problem. More pre-
cisely, a non-classical sacrifice concept is for-
mulated that implies moderate progressivity for
all utility functions under rather mild conditions.
It is noteworthy that this sacrifice concept al-
lows to justify tax schedules with constant resi-
dual progression. Unfortunately, an axiomatic cha-
racterization is still missing that is convine-

ing on the grounds of public finance and that
distinctly exploits the idea of taxation accord-
ing to ability to pay. (S5ome game-theoretic "meta-
axiomatization” does in fact exist. Cf., Richter

(1981b) ) .

1. ON THE DETERMINATION OF EQUITABLE TAX SHARES

1.1 Environments

There are n taxpayers, N = {1,...,i,...,n} with

incomes vy, 2 0 before tax. (It is convenient to



talk of "income" though "index of ability to pay"

would be more correct.) Individual i€N derives uti-
lity from income after tax yi_ti according to ui(-)
which exhibits decreasing positive marginal increments:
ui > O, u; < 0. We make use of vector notation:

y = (y1,...,yn), t = (t1""'tn) and u = (u1,...,un)
IR ~» Iin. We write vy € Iii if y >0, i.e.

y; 2 © for all i€N. If y;>0 for all i€N then

n
y »> 0 or y & I{++ .

Fublic expenditure 1s exogenously fixed at g > O.

Let C <« N denote the subset of taxp&yers that are

to share the tax burden g €1R+ .

A feasible environment is then specified by

e = (u,vy,9,C) € E :=1Ux I{i+1 X 2N

with
g := {u: R ~» r" u; > Oy u; < O} and
N = fcewn

The set of all feasible tar distributions is assumed to

be
n
T(e) := {t € TR i T t. = g}

(The notational dependence of T on e is actually redundant.

T = T(g,C) would be more precise but less convenient;.



The parametization of feasible environments by u, y, and g is

in line with the literature. This does certainly not hold for C,
the set of taxpayers that are exogenously determined to pay for
public services g. Why should we consider the case C#N at all?
There seems to be no cogent reason from the point of inter-
pretation. On the other hand the theory becomes more powerful if
we do, if we force ocurselves to fix ideas about distributive
Justice for such an exfended domain of feasible environments. So
the primary question is not which reasons could make one discrim-
inate between taxpayers? The question is how to allocate tax shares

among N if C+N is exogenously given by reasons whatsoever,

The exogenous determination of y and g is obviously debatable fcr
its partial equilibrium character. As a matter of fact, there have
been made great efforts tc go beyond the classics by explaining v
and g within the model. (The endogenous determination of public
expenditure was persued by Schdffle, Pigon and Dalton. Cf. Musgrave
(1959, p. 113). The effects of taxation on work effort and hence

on incomes was extensively studied by Mirrlees (1971).) However,
the obtained results did hardly meet prior expectations. The

case for progression turned out to be even more disputable.

By fixing y and g, exogenously, one could say we ignored the
efficiency aspect of taxation, neglected welfare considerations
and that we restricted attention to distributive justice. Our

view 1s even further narrowed by the definition of T(e). The non-



negativity condition of tax shares renders impos-
sible subsidies to income. The scope for redistri-
buticnal targets is hence rather limited. It is not
so much a correction of the personal income distri-
bution that we aim at but an equitable allocation

of tax shares according to individual abilities to

pay.

An equitable allocation is denoted by t¥ (e) = t® € T(e).

As there seems to be no prior reason why t*(e) should be

unique we consider choice correspondences:
T* : E > 122 , P T*(e) ¢ T(e) .

(t*({e) = t€ is always meant to imply £% ¢ T+ (e)) .

The crucial question is which properties of T#* can be
justified on purely normative grounds? This is a matter
of social choice theory. We have to aggregate taxpayers'
preferences to a socially acceptable outcome. There

is some hope (which will actually be deceived) that
progressivity is a derivative and instrinsic proper-

ty of choice correspondences T¥ that meet fundamental
principles of social choice and distributive equity.
(Pfdhler's (1978) remarkable approach to the determina-
tion of an eguitable tax system is not too far in spi-

rit.)



1.2 Taxation according to ability to pay

The classical concepts of equal sacrifice give rise to

at least two points at assue. a) How should one measure

the subjective sacrifice incurred by the individual tax-
payer? And b) how should one compare the sacrifice of
different people, a question that amounts to asking for an ad-
missible aggregation rule? We thus like to break up the
classical sacrifice prescription into a) its underlying

notion of subjective sacrifice and b) an aggregation rule,

The subjective sacrifice of taxpayer i€N will be a

function of Usy Yo and ti: s, = c(ui,yi,ti).

i
For symmetry reasons o(-) 1is carrying no index i. The
denomination of the classical sacrifice concepts is

suggesting three different specifications:

absolute sacnifice s; = ugly;) - ui(yi_ti)
Ropontional oo . ug lyy) = oudyy-ty)
proportional sacnifice i T ()

) C _ . _
marginal sacnipdice s, = ui(yi ti).

Let (AS), (PS), (MS) denote the respective classical
prescriptions of equalizing sacrifice. Thus (AS} is to

stand for

e _ .
Ui(yi) - ui(yj ti) = const {ienN) .



Prima facie the classical sacrifice concepts seem to
apply the same aggregation rule, namely equalization,
to different sacrifice notions. However, a marginal
sacrifice is a little convincing notion. If the equal-
marginal-sacrifice prescription (MS) has strong appeal
than less in itself as an equity rule but primarily as

first-order condition to the utilitarian recommendation

L u,({y.-t,) - max , It = g. {1)
ien * 0t % ien T

Note that (1) is equivalent to
T [(u,(y.)-u,{y.-t.)] -+ min , T t, =g (rr)
ien  * Y P TEd ien *
which supports the view - stressed by theorem 1, below ~
that (AS) and (MS) are primarily not differing with respect
to the employed sacrifice notion (a) but with respect to
the chosen aggregation rule (b). (1') indicates that we do
not have to rely on the dubious notion of marginal sacrifice

to justify (MS).

Even if we reject the marginal sacrifice noticn we are still
left with (at least) two sacrifice specifications which both
make good sense. The conflict of choice seems to call for an

axiomatic procedure.

However, this routc can and will not be followed, here. Later

we shall see that the axiomatic basis of section 1 is in-



compatible with the proportional sacrifice notion. Its
further discussion is therefore deferred to section 2.
For the course of section 1 we just convene to define

sachipice 4n absofute fenms. With the shortened notation

e _ e _ _ e ,
S; = U(uifyifti) = u; (yy) us (y;—¢5) (i€N)

we now formalize the idea of taxation according to ability

to pay:

t® taxes acconding %o ability to pay (ATP) if

Yi <Yy (j,keEN) implies 57 < s

e
J - k

- (@

Note that this axiom is not demanding equaf sacrifice.

e e

{Regquiring Sj = sy for all Jj,k would us leave with

(AS), alone.)

It is widely held that tax fomulas should display marginal
rates that do not exceed one. This requirement is weakened by:

e e

t preserves the crden of Lincomes - or t° is orden pre-

senving {OpP) if

e e
yj tj <Yy = whenever yj < Vi
(OP) is a condition of vertical distributional equity. It

is stated in units of income and does not refer to utility

functions. Note that equal treatment in the form of yj = ¥



implying yj—t§ = yk—ti would only follow if (OP) were
. . e e
strengthened to Yj <Yy implying yj tj < Yy tk

Remark: Let u, = U for all ié&N, U"<o. Then (ATP} to-
gether with (OP) is equivalent to

e

3

u'j(yj-t?) > uﬁ(yk—ti) implying s < si . (2)

The proof is straightforward:
Under the stated assumptions (2) is equivalent to

y.—t? <y —ti implying s?

575 N < s (3)

. e e . .
Assume first yj tj <Yt (OP) implies yj <Yy

Hence (3) follows from (ATP). For the reversal assume (3).

Suppose that in contradiction to (ATP) Yj < Yy implied

e e ' _+2
sj > Sy By U'>o U(yj) < U(yk). Hence U(yj tj) <
U(yk-ti) or yj—t§ <y, -t} which contradicts (3).

Finally, for {(OP) assume yj <Yy oo If we had yj-t§ >

€ would follow, which

e ‘e . e
yk—tk then by U'>o Sj < sy

contradicts (3}.

When we come to the axiomatization of social aggregation
rules for sacrifice profiles we shall assume (2) and not
(ATP) together with {(OP). This would not really matter if

we could restrict attention to the case where all taxpayers



have identical utility functions. When progressivity is
discussed, later, identical utility functions have to be
considered, anyway. However, for the purpose of axiomatizing
aggregation rules the assumption of identical utility
functions would be too special. The set of feasible en-
vironmentsE has to be "sufficientiy rich" to allow strong

conclusions,

Clearly, {ATP) is more in line with the traditional under-
standing of taxation according to ability to pay. However,

{(2) is not too far off, either. Under (ATP) the notion of
sacrifice has been subjectivized whereas the index of ability
to pay, namely Yy o+ is still an objective concept. Under

{2} the subjective conceptuvalization - initiated by Mill -
is carried to its end. Marginal utility from income after

tax becomes the measuring rod for subjective ability to pay.
The smaller marginal utility is the larger the (subjective)

ability to pay.

Condition (2) is related to the notion of wedighting equity
which was defined by A.K. Sen (1974). See axiom Al), below,

and the corresponding discussion in Richter {1981a).



1.3 Axioms

We now state the axioms which we are going to demand for

T*, i.e. for equitable allocations of tax shares. They may

appear to be rather strong. However, the reader should bear in
mind that they are all met by an infinity of (generalized) sacri-
fice concepts - including (the adapted version of) (AS} and (MS).

(The classical conditions need to be restated for "boundary

e

soluticns", i.e. when C #+ N or t GZR2+.)

Axioms A1) to A3} are to hold for all e€E. Fix any such

e = (u,y,9,C) ¢ E with t% € T(e}) . Recall the notation
e _ e _ _ _.e
$; = oluyayy,ty) = uylyy)-uglyy -t
As t > o s€ = (se,...,se) > 0
— ‘] n —
A1) Weighting Equifty
e .
a) S = 0 if C =0 and
max s? < min s? if @ £+ C + N
iEN~C i€C
b)  ully.-tS) > u'(y.-t5) (j,keC)
373 73 k' 'k Tk !
. . e e
implies sj < Sy

A1) is the generalization of condition (2) we neced to

cope with the case when C # N . According to Ala) taxpayers
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who are not to share the public burden g should not

incur larger sacrifice than those who sghare.

If nothing else were stated the notational dependence

of T  on u would imply the strong informational re-
quirement that utilities are cardinally measurable and
interpersonally fully comparable. Clearly, the other

extreme is desirable, namely, ordinal measurability and
interpersonal incomparability. However, Arrow's impossibility
theorem indicates that we cannot demand that much without

risk of violating other principles of equity, collective

rationality, etc.

Hence we compromise on what is called cardinal unift
comparabllity in A.K. Sen's (1977) terminology. This in-
formational basis is justifiable by the cobservation that it
is met by (AS} and (MS) - though not by (PS). A weaker

informational requirement is considered in section 2.

A2) Cardinal undt comparability

3 *
T*(u,y,g,C) = T (au+v, v,q,C}

gl

for all a (:m+ v ( TR

+ r

(Let us demonstrate in passing that the proportional sacrifice

notion is incompatible with A1) and A2). Choose any e€E with



_'15_

C=0N, ui(Y) = oy Y + Bi (i=1,2), Gq > Aq s

t€ ¢ T*(e)ﬂlﬁh_. A2) implies te(ET*(u+v,y,g,C) for

all v € R". By Alb)

s5 / (uyly,) + vy) < 85/ (ugty) + v,)

n

had to follow for all v ¢ IR which is obviously

impossible.)

A3) T*(e) is compact.

This is a regularity condition which is trivially ful-
filled for point=-valued ™. If we only considered en-
vironments e€E with C = N then T(e) would be bounded

and it would suffice to require closedness of T*(e).

Let Elln 1+ = [ecE | ui(Y) = ay Y + Bi for all ienN}

be the set of environments where taxpayers have linear utilities.

Ad4) Sunrgectivity: There exists a mapping

i *
}Ri" EXIRil , 5 (es 5) lin s

(yi—tf) for all i€N.

Ad) ensures that every logically conceivable sacrifice

profile s is in fact eligible under T" - "is some s°" -

for appropriate choice of e® ¢ Elln. (One might conjecture

that Ad4) could be relaxed by replacing Elln by E



However, the theorem in Richter (1981a}) on which we are

going to rely would no longer be directly applicable.)

At the first glance A4) might appear an innocuous assumption.
This is certainly not true. Only note that the choice
correspondence T* which is induced by (AS) (as defined
above) does not satisfy A4). Under (AS) only equally
distributed sacrifice profiles arc eligible. As a matter

of fact A4) is difficult to reconcile with the very spirit

of imposing equal abscolute sacrifice.

On the other hand (AS) is an appealing equity rule only when

aff taxpayers are liable to pay for public services. When (%N

(AS) is highly debatable. Why should i€N~C and J€&C incur
equal sacrifice? As a matter of fact this theory will replace {(AS)
by some "li+ll,-sacrifice concept". The latter meets axiom A4} and

still demands an equal absolute sacrifice like (AS) when C=N.

Our last axiom admits a more convenient statement if some

further notation is introduced before.

e - - el . . - -
) = {s€IR+ | FLET (e} : Sy > ui(fi) ui(yi ti)
for all 1ieN},
e _ e e € ¥ . =S _ _.e
F = {s €S~ | 3t €T (e) : s; uy (v ) -ug (y -t)

(i€N}) }.



(Up to the inequality sign) s¥ is the set of feasible
sacrifice profiles with respect to e. r® is the set
of sacrifice profiles that are considered to be socially

equitable for this environment.

A5) Strong axdiom of rhevealed prefenence (SARP)

For all r<m , e1,...,er£:E P
p
sP e pe (p=1,...,1) ,
pt+1 p+1
sP €s® ~ F¢ (p=1,...,r-1)

1
the implication is s¥ ¢ s® .

This famous axiom is most easily understood when r = 2, i.e.

when it reduces to its "weak" version. If s1 is deemed to be

equitable for e‘I , feasible though not equitable for e2 then

52 ; the choice for e2 ; should not have been feasible in e1.

A5) thus guarantees logic consistency of what is socially
deemed to bhe equitable for different environments. If one
interprets F® as the choice set of some fictious planner
then A5) assumes rational choice behaviour in very much the
same sense as known from the revealed preference approach
to consumer's behaviouvr. Cf. Richter (1981a) if more in-

formation is required.

A5) entails that the mapping e ~ F® “"factorizes". I.e.

1 .2 1 2
s® = g® implies F = F% | llence we may sloppily write
PrE = F(Se) s that F defines a choice correspondence:

F(s%) < s® .



1.4 Minimizing aggregate sacrifice

Adhering to the standard welfare approach one might
proceed as follows: Fix some arbitrary welfare function
W: R R with (at least) non-negative first partial

derivatives and solve

W (uT(y1—t1),...,u (yn—tn)) - max for +tCT{e}. (4)

n

From today's point of view one might argue that the truely
important contribution of the ability-to-pay approach in
Mill's tradition was to develop an alternative maxim. Besides
maximization of aggregate welfare minimization of aggregate

sachifice was established as independent principle:
W (...,ui(yi)—ui(yi—ti),...) - min for +t&T{(e). (5)

Although the verbal literature addresses both principles
their exact relationship remains clouded. Musgrave (1959,
p.110}, e.g., refers to "writers who wished to allccate
taxes ... s0 as to minimize aggredate sacrifice and maximize
welfare". The conjunction "and" makes one infer that there
are no conflicting aims. This is true under the utilitarian
summation rule (which is the only one Musgrave had in mind).
However, with respect to the same non-linear W : R® - 1R
maximization of aggregate welfare (4) and minimization of

aggregate sacrifice (5) will lead to conflicting solutions.

Just consider the case when W(s) : = max S; . Then (4) would



define a most disputable maxim whereas (5} would be

equivalent (in the optimum for C = N) to (AS).

The formally orientated literature on optimum income
taxation seems to have a clear preference for maximizing
welfare as against minimizing sacrifice. Revealing examples
are Atkinson (1973}, Atkinson and Stiglitz (1980, lect. 13),

and Sadka (1976).

Theorem 1 now tells us to minimize aggregate sacrifice. More
precisely, under A1) - AS5) every ¥ equals some Tw where
TW(e) denotes the solutions of (5). Theorem 1 makes
additional statements about the functional form of admissible
welfare functions W. The proof is relegated toc the

appendix (AI).

Theorem 1: Every T holding A1) - A5) is mnoam-{nduced.
I.e., there is some norm e 1= 11 =1 T in 2Rn
s.t. 1 =l where tSer!" (g by
definition iff (6)
1 (ay (y3) =0ty =€) g 1 = ﬁé;(e)“ (uy (ygd-uy (yg=ed 0 0

imne= is monotonic, i.e.

0 < s < 52 implies st < 82H



A noam is a mapping W : R - R holding:
N1) s =0 if W(s) =0 ,
N2) W(as) = laji W(s) and

N3) W(sl+s?) < Wisl) + w(s?) for all a€R, s,ster”.

Hence any norm is a convex function. Differentiability is
not ensured. Monotonicity is the appropriate substitute for
non-negative first partial derivatives.

Consider the most prominent examples of norms, called

n

p-noams | e Hp, p € [1,=]. For semi - the case s$R+

is of no interest here - they are defined by:

P p
b Si (P € [1100))
ienN
[Isli : =
P
max s, (p = =) .
iEN

To see how the classical sacrifice concepts (MS)/(AS) are
included in theorem 1 evaluate (6) for I+ = il-l!.l and
-1l respectively. (MS) and (AS) are in fact first-order
optimality conditions of the corresponding minimizations -
subject to C = N, teEEﬁ:_. Under the stated assumptions
these first-order conditions are necessary as well as

sufficient (see also below). (MS) and (AS) thus turn up as
special cases in a uniform axiomatically justified theory.

Note that the nature of theorem 1 does not allow to dis-

criminate against any p~norm. There is no indication that



the classical concepts (AS) and (MS) define preferable
standards of equity and distributive justice. It is merely
accidental that the 1-norm (as minimization) and the =-norm
(as first-order condition) allow more suggestive inter-

pretations.

What disturbs one most about theorem 1 is the fact that

a fairly large class of welfare functions should be eligible
under taxation according to ability to pay. As a matter of
fact, those could feel supported who always held the ability-
to-pay approach indeterminate altogether. (A most lively

and extensive debate about this determinacy question was
carried out around 1970 in the German speaking literature.
Cf. Haller (1972/73) for further references.) For the pro-
ponents of ability to pay any argument is however welcome
that allows to further restrict the class of admissible
norms. In particular, the search for a set of axioms seems
to be called for that allows to single out (at least) all
p-norms (so that (AS) and (MS) are both included.) Below,

we shall show a way how to obtain all p-norms with p < =,
(The argument is rather standard. It exploits the fact that
for p < « Il-IIp is a monotone transformation of an
additively separable welfare function.) It is clearly non-
satisfactory that just the norm should be excluded that would
sustain (AS). However, related theorems, say Nagumo (1930},

Debreu {1960), and Roberts (1980, theorem 8) - to name just



a few - indicate that a tough mathematical problem is
at stake. The convincing axiomatization of all p-norms

(including I+1l_) needs still to be found.

In more conventional phraseology (6) could be addressed

as li+ll-feast sacrifice prescription. Note, however, that
the interpretative contents of "least" have been generalized
vis-d-vis the traditional understanding. Here, "least" is
contingent on the welfare function 111l which may very

well differ from utilitarian summation (H-Ii1).

Let us now consider scome arbitrary norm which is twice

continuously differentiable in iR$+. (By that seemingly
innocuous assumption It-1_  was excluded, already).

Introducing Lagrangean multipliers we obtain (ai = —3—)

Bsi
3. N (u.fy.) - u,(y.-t%)) Il u!(y.-tS) = comst (iGN)  (7)
L0 T TR e T YT |
as first-order condition to (6) - subiect to C = N and
teEIﬂLM. As uy is concave and |l monotonic
. . Il
i (u. . - . L= . I is convex in 1R . From
(j(yj) Uy 570 yen i

consunmption theory it is known that the first-order condition
is sufficient if some convex (concave) function is minimized

{maximized) with respect to the "budget constraint" Zti = g,



The denomination of the classical egqual sacrifice concepts
might suggest to call (7) llsll-sackhifice concepit. Such
term would generalize the concepts of egual absolute and
equal marginal sacrifice in a most natural way. Tt would
uniformly address the first-order optimality condition

for 1l-ll-least aggregate sacrifice. However, as mentioned

in the introduction such a phraseology might be misleading.

Fix two arbitrary sacrifice profiles s1, 52 that differ

only with respect to their k-th component. Let ts1 t52

r

be the allocations of tax shares that are related to

51, s? by axiom A4). Is it normatively justified to re-

quire that the Lorenz curves of (tSJ)

i ien~ (xy 95102)

should ke identical? There may be some doubt. However, if

we accept the position, i.e. A6}, we are able to single out

all welfare functions II-IIp with p < «

A6) Independence: For all keN, sEKﬁL_ let the Lorenz
s
)

curve of (ti

PN~ (k) be independent of Sy -
Two non-zero, non-hegative vectors induce identical Lorencz

curves iff they are scalar multiples of each other. From

here it is easy to conclude that A6) is equivalent to:

A

as
k

n
++

(t; / ti) = 0 for all sf€R

and all i, j, k that are different from one ancther.



i

Coreollary: Assume A6) and T#% = ! for some in

n

ZR++ continuously differentiable il 1l
Then -+l = H-IIp with p &€ [1,).
Proof: Fix s€R,, . By ad) (e%,t% ¢ gtilgp !t 1l (.8,
: s .S s .
exists s.t. 8; = a) ti - Hence t% >> o. (7) yields
Y . = aY/aS = (s.t5 5
aJ SH/alIlsH al/aJ (sltj)/(sjtl)
By Ab) ak (asz!I/BiHsiI) = 0. The assertion now

follows by, say, Hicks (1965, p. 335}.

A final comment on the reversal of theorem 1 which is
"the trivial direction": One can construct monotonic norms

=11 s.t. 'I‘”'II does not pass Al). However, all such

norms meet A2)-A5). Furthermore T”'llp meets A1) for
p € {1,] and A6) for p € [1,~). All this is mentioned

without proof which is straightforward but tedious.

1.5 On progressivity

For Ile«| = H-IIp, p e [1,=), (7) reduces to
_ e p1 . _.e _ .
(ui(yi) ui(yi ti)) u (yi ti) const (i€N}. (8p)
If we add (AS), i.c. p = =,
e — H -
usyy) - u, ly;-ty{) = const (LEN) (8 )

we obtain a one-dimensional family of (generalized) sacrifice

e

concepts stated for the case that C = N and t- € Eﬂ+ .



They are 4ll normatively justified by the preceeding
axiomatization. Let us now Lurn to the question whethoer

for any p € [1,»] t€ = t”'llp(e) implies moderately
progressive taxation - irrespective of the utility functions

under consideration. Two qualifications should be made

before stating the (negative) answer.

First, we have to bear in mind that we are arguing in a
utilitarian frame-work. We should not expect progressivity
to pertain to individuals with differcnt utility functions.
S0 let us only make comparisons among individuals with
identical utility functions. W.l.o.g. u, = U for all 1ieN.
Secondly, the progressivity requirement needs some comment.
We would like to know whether (8} ensures a (strictly)

rising average tax rate:

. . e -

Y; ¢ yj implying ti/yi : tj/yj . {9)
The answer given below relies on an application of the implicit
function theorem to (8) - where constancy with respect to i¢N

is replaced by constancy with respect to yj out of somc neigh-
bourhood of yi. This means that (9) is only checked for "“in-
finitesimally close” Yy and yj. (Note that a mathematical
problem, a "passage to the limit" IN| - = , 1s behind the stage.
Progressivity is analyzed in a setting with continuocusly many
taxpayers. The sacrifice concepts (8) are however axiomatized

for finite N, only.)



Fix 1eN , put u, U and define tax function

T, = 1, " 'P with T, (y,) =t , locally: I.e., solve

(U(¥) =~ U(¥-T, (¥)P™" Ut (v-T (¥)) = const (10,)
or u(yy - U(Y—TU(Y)) = const, (10_)
respectively, for Y & sﬁyi). (10) is the "continucus

version” of (8). (Note that the usage of capital T deviates

a_ T(y)
dy Y

from the proceeding sections.) Instead of (9) > 0

is now being checked at Y = Y-
As Samuelson (1947, p. 227) recognized the key to pro-

gressivity is the efasticity of manginal utfility

e

1l (Y)

(v) 1= - Y T 1Y)

=

Note the following elementary properties:

nU(Y) > 0 whenever Y > O

"y MU + g for all a,B,CIR ;
n = T, 1 =1 -1 for p & (O,~);
log B o P ‘ o
n {(Y) > n (Y) iff some U exists with U' » 0O,
U‘I U2
rn ‘I . TT 2
U" < 0 such that U (Y) = U(U(Y)}.

(Cf. Pratt, 1964, p. 128.)



The following thecorem generalizes Samuelson's (1947,
p. 227) result for p = = to arbitrary p € [1,«].

For a proof see appendix (AII).

Theorem 2: With the above notation, notably

_ el - . _

we obtain

a) nU(Y) > 1 for all ve¢ implies
progressivity of TU at Yii

b) ny(¥) < 1 -% for all Y € & implies
regressivity of TU at Y-

The important - though deceiving - message of theorem 2

is that for aff p € (1,«] iso-elastic utility functions

exist (e.g. U(Y) = Y1/(p_1) for p < =») such that re-
gressive taxation follows under the corresponding generalized
sacrifice concept (1op). (AS) is an extremal case ( p = «)
which admits the logically strongest assertions when compared
to other p € (1,«). All utility functions U that imply
regressivity under any p € (1,«) imply the same under (AS).

This uniformity of results might be striking.

As n, > O for all concave U the implication b) is void
for p = 1. This is well in line with the known characteristic

of equal marginal sacrifice that it never leads to regressivity



but to immoderate progressivity by equalizing incomes

after tax.

2. A sacrifice concept implying moderate progressivity

I shall propose a non-classical sacrifice concept that
does not fit into the axiomatic frame-work of section 1
which, however, upon application implies moderate pro-

gressdivity fon all utdllity functions U ;

1 > Tﬁ (Y) > TU(Y)/Y.
The defect is that I do not know of any truely convincing
normative justification. Actually, to be precise, this new
sacrifice concept admits an axiomatization on some meta-
fLevel as a "compromise" on Nash's and Kalai-Smorodinsky's
solutions for n-person bargaining problems (Richter, 1981bL).
This axiomatization will convince the game thcorist though
probably not the theorist in public finance. The latter
night be expecting axioms that have normative strength in
themselves and do not recur to different solution concepts

of general bargaining theory.

The further discussion will therefore be confined to some
heuristic motivation. We start from equal proportional
sacrifice (PS) and nete that the induced choice correspondence

T#* 1is invariant under linear transformations of utilities:



T# (urYrng) = T*«aiui)iEN'Y’g'N)

for all a; * O . One might wonder that T+ is not
invariant under affine transformations. The more trans-
formation invariance is given the less informational
requirements have to be met. Such reasoning suggests to

redefine (PS):

u (yy) = ugly; -t

ui(yi) - u, (o)

= (1€N) (11)

(where Yy is assumed to be positive. The solution concept
corresponding to (11) is known in game theory as Kalai-
Smorodinsky's monotone solution. The authors (1975) provided
an axiomatization - which was later extended from 2 to n
persons by Huttel and Richter (1980). This axiomatization

is however difficult to justify when restricted to the
present context of taxation.) The reformulation of (PS) would
mean no real change if the assumption where correct that

the classics tacitly used to visualize utility functions as
passing through the origin (ui(o) = 0). If T+ is defined

by (11) we obtain invariance under affine transformations:

- e . . .
for all ai,Bi&E{, a, * O. If ti < Yy condition (11) is

equivalent to

u, (y

e
i ) - Ul(yl"tl)

i

= G (1rN) . {12)

uy (y;-ty) - u; (o)



If we interpret (12) as first-order optimality condition

we are led to consider the following minimizations:

u; (y;) - uy{y;-t,)

ui(yi—ti) - ui(o) 1EN — min , Eti =g . (13)
((12) is first-order condition when Il«[l = H-Elm.)
Denote by T“/ll(e) the set of all t°© solving (13). The
cbvicus parallel structure of T”/|| » here, and of
T”'Ii , above in section 1, suggests to interpret

(13) as follows: The individual taxpayer's sacrifice is here

defined by ui(yi) - u.(yi—ti)/(ui(yi—ti) - u,(o0)}. It de-

i i
viates from the absolute sacrifice notion underlying section 1.
Here, the absolute sacrifice is relativized by the distance to
zero income, measured again on a subjective basis. Zero income
is a natural candidate for subsistence level. One could thus

argue that the differcnce betwecen (6} and (13) comes from the

underlying sacrifice notion whereas the same set of aggrega-

tion rules seems to be admissible.

Even if we accept this hypothesis crucial questions remain

open.

The sacrifice notion revealed by (13) is less "natural",
less trivial, than the notion of absolute sacrifice. That
easily cxplains why the classics never considercd it. However,

it has definite appeal, not least by the fact that it requires



less informational assumptions than absclute sacrifice.
Hence, an axiomatic justification seems to be called for -

even more than in section 1. This is an open problem.

The axiomatization of {T”/F'} - or of any subsets - is
open altogether. Theorem 1 cannot be adapted in an abvious
manner., Furthermore it is not clear, exactly which TH/II
guarantees all the distributional characteristics we like
them to have. Since Cohen-Stuart (1889) T”/iL’ is known
to generate regressive tax schedules for selected utility

0/ 1

functions. Only T is easily seen to meet all classical

eXpectations., For this purpose solve

u.(y.) - u.(y,-t.) N
L — ( — )l >+ min, ¥ t, =g (14)

iEN iVYiTh i=1
(where ui(-) has been transformed to satisfy ui(o) = 0),

Computing the first-order condition and passing to the

"continuous version" vyields

U(Y) U' (Y=T (¥))
5 =  const (YGG(yi)) {15)
[U(Y-TU(Y))]
where U = ui , Ulo) = o, TU(yi) = t?, and t% optimal for (14).

We might address (15) as uf.ifitanian proportional sachifice:
Utilitarnian summation, when applied to the proportional

sdacnifice notion (ui(yi) - ui(yi~ti))/(ui(yi-ti) - uy

(c)),



implies an optimality condition the continuous version

of which is (15).

Theorem 3: Let TU satisfy (15). Then

T > THY) > Ty(Y)/y (for all ved(y,))

where the right-hand side is subject to the

condition o < TU(Y)/Y < 1/2
Proof: A III.

Utilitarian proportional sacrifice thus leads to moderate
progressivity whenever the average tax rate is not greater
than one half. This assertion holds for all utility functions
under consideration. Inserting isoelastic utility functions

UE(Y) = YE/8 into (15) yields a tax function

£

T (Y) =Y - by ¥¢

e
T+e

with constant nesidua? progressdion

Such tax functions have much been discussed in public
finance starting with Edgeworth (1919) and Vickrey (1972,
p. 458). They are characterizable by various interesting
properties. Cf., say, Jakobsson (1976), Genser (1980), and

Richter and Hampe (1981). Note, however, that the residual



progression has to belong to the interval (0,1/2]

=
T+¢
if TE is to be justified by (15)! This follows as we
assumed U(o) = o (e > o) and U" < o (e < 1).

A residual progression of one half or less is rarely -

if ever - obtained by effective tax schedules. Cf. Richter

and Hampe (1981).

Still, there are good reasons to further study utilitarian
proportional sacrifice. The interested reader is referred

to Richter (1981b).

Appendix

A T.
The "real-world" conflict of determining equitable tax
shares Tx{e)cT(e) 1is analyzed in the utility space. T.e.

we determine T# via the characterization of equitable
utility profiles F(s®) < s®. 5% s interpreted as 'bliss-
point problem" in the sense of Richter (1981a). Zero sacrifice

is the natural candidate to figure as bliss-point. We then

focus on the correspondence F : {5%i ecE} - Eﬁ} and show -
by reference to theorem 2, Richter (19871a) - that some
monctonic I+l exists s.t.
s ¢ F(s®)  iff 8% = min  wsu . (16)
scg©

From here, T* = gl follows immediately.



We have to check all assumptions met for theorem 2 in
Richter (1981a). These assumptions are labelled by

A1), A2),... but are here addressed by A1), A2),..., to
avoid confusion from double naming. Note that, e.qg. A1) is
A5) of section 1, above. So the mapping A:) - A-) is no

"identity".

The trivial checkings are the following: s is convex

from below for all e€E since u; 1is concave. A1) is AS5)

as mentioned, already. A3), namely aF(s®) = r(as®) for

all a€R,, , ecE, follows from A2. A2) (Pareto efficiency)

follows by definition of F(s€) and by making use of Ala).

A4) translates into the requirement:

YheR], ~{o} VcER, 3 eFE:
s® = S(h,c} := (s > o | h's > ¢}
Proof: Fix h,c and define e = (u,y,g,C)GElln as follows:
g : = C, ui(Y) HIES ui(Y-yi) where ay > ¢ 1s chosen to hold
ay = h;1 in case of h, > o. y may be arbitrary. Put
C:=¢9 if c =0 and C : = {ieN lhi > o} , else. Show
Se = S(h,c). Assume C + % or ¢ > o , eguivalently. (The

case C = @ 1is straightforward.)

Fix se87., Hence Si > aiti for some t o with .t

v
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h-s = Tohysy = Ips /oy 2 Loty =9 =c. I.e. s£S(h,c).
=1

For the reversal, fix ses(h,c) and put ti : = ¢(h-5) hisi
if i€C and ti : = 0o, else. (Note that h-sg > ¢ > o.) Then

t >0 and xcti = ¢ =g, i.e. tET(e}. Show, finally, that

Sy 2 ui(yi) - ui(yi-ti) = aiti . This is trivial for i€C
1

and else follows from: o.t, = c(h-s) 's. < sg..
1 1 1 — 1

The last axiom we have to verify is

A5) F-S (-,-) : cm$\~{o})xng_+:m+ is

a) surjective,
b) closed-valued,

C} zero-continuous.

b) is entailed by A3) and by continuity of utility functions.

a) Fix senﬁf. We have to construct heR", t+0 and ccR

+ ! +
s.t. SsE¢F(S(h,c)). Choose e:=e° according to Ad). Put
c = g; hi : = a£1 for 41icC and hi : = 0, else. Check

ST = S(h,c). By A4,5) scF(se®) = p(s(h,c)).

c) As indicated in Richter (1981a) zero-continuity follows

from SEF(S(h,c)) , Ei > Ek implying hj > hy - (17)
To prove (17) fix S{(h,c) and define e = oh’CFElln with
Sth,c) = g€ as belore. Because of A5) we may substitute

s® for S(h,c) in (17). If Cc =@ then s = o by Ala)

and nothing is to prove. Else, assume C # {, Ej > §k.
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First case: k & ., By definition of C hk =0 < hj

Second case: k € C. Ala) implies JEC. The assertion now

h,e._.lin
e

follows by definition of e = EE and by Alb):
-1 _ ., o ]
o < hj = uj < uy hk
A IT.
We only prove for p¢€ (o,1). Put TU(Y1) = t? = t1.
Implicit differentiation of (10p) yields:
d -
ay Tulyq) =
(p—’l) U (y1—t1) Lu! (Yﬂ{-t'])“U' (y1) J“{U(Y1)‘U(Y-|‘t1} |u" (Y‘]_t‘])

(p=1) (0" (4=t ;)1 2= [U(y,) =Uly,~t;) 1U" (y =€)

T
U
e =

Hence v

Q'Qﬂ
<

3
o
Al

(p=1) U'(Y-T [(Y—TU)U'(Y-TU)—YU'(Y)]

U)

> L1} &l

s (Y=T ) [U(Y) =0 (Y-T,) JU" (Y-T)) =

(p=1) [YU' (¥)= (¥=T U (¥=T,) |

2 (YT LU(Y) ~U (=T ) | (18)

The latter relation has to be evaluated at Y = Yq-

YU" (y)
a) T]U(Y) > 1 = - W >
e O > U'(Y}+YU"(Y) = "g:“ Yu'(y)

dy
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As ny(Y) > 1 for all YE® the left-hand side of (18)
is negative whereas the right-hand one is non-negative.

Hence progressivity is obtained.

b) By assumption nU(y1-t1) <1 -

Tl=

To prove regressivity 1t is enough by (18) to show

1

Y'IU' (Y1)_(Y1-t-|)U| (y1"t1) > = [U(Y1)"U(Y1—t1)]

P
or
t1 t1
a 1
[ Y@ ay > = [ U'(Y) av .
175 1751

The latter inequality holds if the same ineguality is true

for the integrands:

U'(yy + yu"(y) > u'(y) for all Ye&

1
|

1
- 1T - nU(Y) > =

which is true by assumption.

A ITII.

Application of the implicit function theorem to (15) vyields

ar Ut (YU (Y-T_} [U(¥-T. ) |2
i _ 2 _ —— 2 _
Uu(y)u"(y TU)[U(Y TU)] 2u(Y) [u' (Y TU)J U(Y-T)

The denominator 1s negative which implies a marginal tax rate

of less than one. For progressivity we have to show



] 1 —_ —_— 2
YU' (Y)U' (Y TU)[U(Y TU)]

< (T [-U() Ut (=T [0 (Y -Ty) |2

. . _ 2 _
Y U +2U(Y)Y[U' (Y TU)I Uy TU)]

oy, (CTYUTETE) 20010 (Y-

G{Y) U'(Y"Tu) U(Y-T

L

As > 0, U > 0, U" <O it suffices to verify

"y
Y < 2(Y-Ty) .

This condition is to hold by assumptiocn.

This papern £s a tofally rewriften vensdion of an ecarnlien

draft which cirnculated at the Wornld Congress of the Econometadic
Society, Adlx-en-Provence, 1980, unden the £itlfe "Taxation
According to Ability to Pay”. 1 am gratefqul to D. Bés, W. Rohde,
J. Rosenmiiflen, and R. Selten fon stimufating and helpful
comments .,
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