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ABSTRACT:

The classical question how to justify progressive
taxation on purely normative grounds is raised within
a social choice theoretic framework. Although a fully
convincing axiomatic justification is still missing
this approach allows 1) to formalize abifify-Zo-

pay 2) to axiomatize concepts of equal sacrifice

and 3) to derive extensive statements on progressivity.

Finally, a new sacrifice concept is proposed implying
"moderate" progressivity for all neo-classical utility
functions.
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[MTRODUCTLOM

The normative justification of vprogressive tax schedules

is one of the old - though still unsettled - topics that
makes the core of the theory of public finance. The rele-
vant key-words are taxation according fLo ability e pay and
the infliction of equal sachifices. The theme is so old

and widely discussed that I may safely refrain from re-
producing the vain efforts to justify progressive tax
schedules along these lines. The interested reader 1is

asked instead to consult Musgrave's (1359) standard work

on public finance which includes a highly recommendable

presentation of the problen.

This paper resumes the question whether progressive taxa-
tion can be justified on purely normative grounds. Ve
start from the presumption that progressivity should be

a derivative and intrinsic property of all distributions
of tax payments that are socially considered to be eguitable
and just. This view allows to conceive the problem as one
of social choice theory. More specifically we shall have
to deal with the problem of agqreqating tax
payers' preferences to a socially acceptable outcome. In
the first instance we shall thus discuss axiomatic charac-
terizations of social preference relations, social welfare

functionals, choice correspondences, and the like.



Having determined such socially acceptable aqqreqgation
procedures we shall then investigate their performance
when specifically applied to the allotment of tax shares.
The normative justification of progressive taxation will
thus present itself as a nice exemplary case for the

application of social choice theory.

Benefiting from relatively late findings we shall be able

to derive the following results:-

1) The concept of equal marginal sacrifice can be axioma-

tically characterized.

However, this axiomatic characterization will be rejected
for several reasons amonq which the argument is that this
approach fails to exlpain the role of the ability-to-pay

principle.

2) 'We shall propose and axiomatize a class of genenalized
sacnifice concepts that includes the equal marainal 1Ms)
and the equaf absolfute (AS) ones as extreme special

cases.

This uniform treatment is noteworthy in itself as the pre-
vailing literature is apt to view (MS) and (AS) as two in-
comparable concepts being justified on two different grounds:

welfare economics versus distributive justice.



3) Among the considered axioms is one that truely de-

serves the name of an abifity-fo-pay axion.

This approach thus unambiquously relates the ability~-to-
pay principle to the axiomatic foundation which as a

whole demands the infliction of equal sacrifices.

4) We shall derive extensive statements about progressivity
depending on the utility functions and sacrifice con-
cepts under consideration. It will be surprising to
observe that the question of progressivity is relatively

insensitive to variations of the sacrifice concept.

An important shortcoming of the presented theory should be
mentioned. Although the class of considered sacrifice
concepts is widened we shall not be able to designate a
specific member that qenerically, i.e. for reasonably nice
individual utility functions implies "moderate” progressivity.
Moderate progressivity is meant to refer to progressive tax
schedules that show marginal tax rates smaller than one.
The equal marginal sacrifice (MS) e.q. implies immoderate
progressivity as it generically leads to an equalization of

incomes after taxes.

Up to now we have not been speaking about equaf proportional
sacnifice (PS). The reason is that this concept implicitely

assumes an infoamational basis which is different from that



which is satisfied by (MS) and (AS). The term informational
basis (Sen, 1974) relates to the set of assumptions that
are met with respect to measureability and interpersonal
comparability of individual utilities. We shall neither
axjomatically characterize (PS) itself nor the class of

all sacrifice concepts that share the informational basis

of (PS).

On the other hand we shall propose a new sacrifice concept -
different from (AS), (MS), and (PS) - that shows moderate
progressivity for aff utility functions under rather mild
conditions. This non-classical sacrifice concept amounts to
applying the utilitarian aggregation procedure to suitably
normalized utility functions. The normalization is such

that the resulting tax distribution is invariant under affine
transformations of utilities. The old question is thus
settled positively whether some sacrifice concept exLsts

at aff yielding moderate progressivity for any utility
function. This aggregation procedure - let it be called
propoational utifitandianism is intuitively appealing. What

is lacking, however, is an axiomatic characterization.



Tue Mopet

We explicitely distinguish n tax payers, N = {1,..,ng,

with fixed income vector y = (yl,..,yn). Thus individual
ieN disposes of lncome yie'R+ bedore taxes. ieN derives
utility from Lncome after taxes Yi-t; according to “i(')
which exhibits decreasing positive marginal increments:

u%? 0, u%' < 0. The n utility functions are summarized by

: "
u (Ul""un) : R=2R.

t denotes a distribution of tax shares. The

[}

(tl,..,tn)

sel of all feasible tax distributions is assumed to be

X := {teR" | Zt, =g, t.20}%

where the tax yield g is fixed by an exogenously determined
expenditure side of the budget. The restriction t.2 0
renders impossible subsidies to incomes. The scope for
redistributional targets is hence rather limited. It is
not so much a correction of the personal income distribution

that we aim at but an equitable distribution of tax shares

according to individual abilities-to-pay.

The objective of the following discussion is first to

axiomatically justify specific choice functions
x .
| A {(u,y)’, — X

and secondly to investigate their implications on the



marginal tax rates. What we would like to obtain but fail
to reach is the following result: There exists some specific
choice function t* which can be axiomatically justified

such that for all u, v and i€ N we generically obtain

¥
1 5 it (1
> 5‘;: > y-.‘- . )
The latter inequality defines proghessivity

in a local sense.

As noted before the results will crucially depend on the
informational basis we are willing to assume. In accordance
with the classical sacrifice concepts (MS) and (AS) we
shall require cardinal unit companability (cf. Sen, 1977)

if nothing else is stated. This means that
t*(u,y) = t¥u + v,y) (2)

should hold for any vector veR" and any positive scalar
>0, As F is allowed to differ from vj the rescaling
factor 4 yet has to be independent of ie N (2) implies
that interpersonal comparisons of welfare gains but not

of welfare feovefs are permitted.



Ay Ax1oMATIZATION OF Fouat "arcimat SACRIFICE

There is a well-known result in social choice theory
which axiomatically characterizes the utilitarian
aqgregation procedure when cardinal unit comparability is
given. This theorem is outlined be]ow.lf It is suqgested
to interpret X as an arbitrary set of social alternatives
evaluated by individuals according to ui:X—?R- P(u)
denotes some hypothetical planner's social preference
relation obtained from u=(u1,..,un) by aqqregation.
Deviatina from our more special assumptions on utility
functions we let W be the set of atf u:X—R" that are

bounded on the fixed arbitrary set X.

Theorem 1: Let R : W-— XxX denote a social welfare
functional which means that for all uelk
R{u) defines some reflexive, transitive and
complete relation on X. In accordance with
(2) let
R(du + v) = R{u) for all 4>, v ep"
1f furthermore stronqg Pareto efficiency,
anonymity, and Arrow's independence of irrelevant
alternatives are met then R must be utilitarian:
xoR(u)x1 iff ;%2 ui(xo) > ;%a ui(xl)'
i= i=

(xo,xle Xy.

1/
For a full statement of the assumptions confer d'Aspre-

mont and Gevers (1977).



Applying this theorem to the tax issue suggests to
maximize the sum total of utilities derived from incomes
after taxes:
max EZ ui(yi - ti) for teX. (3)

Let t* - t*(u,y) be an optimal solution. To rule out
boundary problems we assume t* 5 0 (i.e. t:; 0 for
all i¢N). Hence no individual qoes without payinn.
Then (3) is ecauivalent to

“%(yi - t?) = const. for ie N, (MS)
(MS) states the condition which we like to invoke when
speaking of equal manginal sacrnifice. (MS) allows the
utility functions to differ amonq individuals. The more
conventional analysis would define (MS) by means of

Ur{y - T(Y}) = const., (4)
where Y denotes income, T{Y) taxes,and U some utility
function applying to all individuals alike. The version
(4) might be preferred by some theorists because equality
before the law in practice demands some unique tax schedule
T(-) applying to all individuals and to all incomes. This
objective is not compatible with the utilitarian approach
to progressive taxation. If tax payers are unequal by their
utiltity functions they should be taxed unequally. The best
we c¢an hope in this frame-work is a persopanlized and with

respect to income local assertion on progressivity - such

as the following:



If we keep u = (ul,..,un) and Yosen¥, fixed and
write U(-) for u,(-) then the tax schedule
¥
T{Y) = TU(Y) i= tl((U,Uz,.-gun)a(Ysst--!yn))
{which is .impficitely defined by (MS) in a neiqghbourhood

®(y;) of yy) s progressive at Y = y, - or not.

In accordance with this remark let the equal absolute
and the equal proporntionaf sachid{ice be defined by:

*
ui(yi) - ui(yi ti)

const. for i€&N {AS)

x
”i(yi) - ui(yi - ti)

const. for 1€N. (PS)
ui(yi)

It is obvious that t* defined by (AS) and (MS) but not
by {(PS) satisfies {2), cardinal unit comparability.

We postpone the discussion of (PS) to a later stage

and close this section by appraising the above axiomatic

characterization of (MS).

Several points have to be mide. On one hand the axiomatic
basis seems to be rather restrictive because (AS) fails

to pass it. Yet (AS) is the classical definition of sacrifice
which probably conveys the intuitively most plausible

notion of distributive justice. On the other hand the
theorem makes no use of informations economists are

readily prepared to exploite. The condition put on W is

surprisingly weak. The theorem makes no use of the fact



that utility functions display positive or decreasinag

marginal increments.

Another point must be raised against the above axiomatization.
1t fails to explain the role of ability-to-pay. There is
no axiom which reminds of this principle classically so

important to the whole discussion,

If all utility functions are identical and if marqginal
utility strictly decreases (u%' » 1) then (MS) s

equivalent to Yi - t?

being constant for all 1eéN.

This radical tendency to egalitarianism will hardly meet
broad social agreement. However, it might be debatable
whether the reasons ought to be seen on normative gqrounds

or preferably somewhere else. In case that equal net in-
comes would never be socially acceptable on purely normative

grounds theorem 1 were falsified and we consequently had

to reject one of its underlying axioms.

As a matter of fact the next characterization of sacrifice
concepts will disreqard Arrow's axiom of independence of
irrelevant alternatives. It is the only axiom amonqg the

ones stated by theorem 1 which is not passed by {AS).
According to (AS) the utility vector of incomes before taxes defines

a natural reference point becoming nelavant to the pair-



wise social ranking of alternative tax distributions.

AN AxiomMATIcALLY DETERMINED CLASS OF GENERALIZED

SacriFIce CONCEPTS

The set of feasible tax distributions X will be mapped
into the utility space R":

X > V 1= V(u,y) := {veIRnl 3teX vieN : v, = ui(yi'ti)}‘
Instead of determining an equitable choice t* among the
"objective" social alternatives X we shall now focus on the
"subjective" valuation by the concerned individuals. The
foilowing theorem, shortly named noam-thecnrem, aims at tne
axiomatic characterization of just and equitable choices
in situations for which V is generic. One might think of a
some hypothetical ethical planner who chooses Vil (ui(yi'tﬁ»ieN
among the feasible distributions of utility levels. The
equitable distribution of tax shares t* ic then derived from

v* as inverse image.

Note that theorems 1 and 2 differ with respect to the kind
of information which is assumed to be known of the planner.
The difference might be better known from consumer's theory.
We can explain consumer's - or as in our case: planner's -

behaviour on the basis of a given utility function or -



in accordance with the revealed preference approach - on

the basis of some demand function.

As the ui(-) are assumed teo be concave V is convex 4{rom

abcve which means that

v v°

As tax shares are non-negative the utility derived from

1

N eV IveV s v o> avt o+ (1-a)v® (o€ [0,11).

income before taxes

u(v)

o 1

is distinguished.

with U (V) = sup v. = u.(y;)

o
vEY

will be called bliss- or ideaf-point.

A1l informations which for the tax issue are assumed to be

relevant are summarized by

(Vs

where C

u(Vy, ¢f

=<

(V) 1= v

informational struc

))
denotes

ture of (5) will be generalized to

arbitrary feasibility sets V <R".

AD) Let (W.u,C) be such that

1)
2)

3)

VgﬂRn is convex from above whenever VeV,

u:v —>IRn
u(vy) > v
C:V¥W = IR"

p £ C(V)

is a bliss-point mapping, 1
for all veVeVW;
is a choice correspondence,

<V for all VeV.

the planner's choice.

.e.

.i

The

e

{5)



Al) (W,U,C) satisfies caxdinal unit comparabifity, i.e.
for all a€R, >0 and veR"
0) oV + v € V whenever Vew;

1) ufaV+v) = au(V)+ v

2y ClaV+v) al(V) + v.

Theorem 2: {(Norm-theorem, Richter, 1979) Let (W,u,C)
satisfy A0,1) and some further axioms which will
be discussed at a later stage. Then there is
some norm f{| -l in R" such that

c(vy = cliyy  for 211 vew
where ve cBivy SFF NUY) - Vo= min ga(v) - v
veV

The message of the norm-theorem is such that if the planner

does not only want to settle one special tax conflict

in a just and equitable fashion but is confronted with
similar problems again and again then he should proceed

as follows: Fix some arbitrary norm - once and for all -

and apply it to all occuring conflicts in the same way.

Minimize the distance from the bliss-point to the Pareto

surface. This procedure is the only one which guarantees

distributive justice and logic consistency.

Before analysing the implications of the above theorem
for the tax issue let us consider some prominent norms inR".

For ueIRQ define



max u. if p = t=

jeN !

min us if p = -

ieN

IM!k 1= {

Mmoo, if p =0

ieN

Py = u';’ if pelR, # 0.
i€EN

llqb defines a norm 1nIRn iff p>1. These norms are called
p-norms. The reason why we defined H-Hp:IRE —>IR+ also
for p<1 is that we like to point out a difference which
lies between the determination of equitable tax distributions
and the measurement of income inequality. According to
Atkinson (1970)

L(uy o= 1 -l /itutly (all p<1)
defines an important class of indeces for measuring the
inequality of income distributions. Note that the domaine
of parameters IRU {+w} falls into two parts. One is
relevant for measuring the distribution of "goods" 1ike

income and one for measuring the distribution of "bads"

lTike taxes. The border line, p=1, is marked by utilitarianism.

It might be temptative to determine just tax shares hy
considering the impact on the personal distribution of
incomes, It is highly suggestive to define a tax distribution
as fair if the income distribution shows a certain socially

desirable change. The decomposition of the domaine of



parameters obtained above is a strong indication that
such procedure might be inadequate - at least from a
normative point of view. The formal calculus draws a
sharp line between the purely fiscal and the purely

re-distributional function of taxation.

Let us now apply the norm-theorem to determine equitable

tax shares. Fix some norm |-l and solve the minimization
Mus(ys) - uglyy - 85) ) et » min, } )
It =9 t.>0

Let t* = -1l < HI'”(u,y) denote an optimal solution.

For simplicity of presentation let us assume throughout

the following discussion él'“(u,y) >> 0.

Trivial calculations show that (6) is equivalent to (MO)/
(AO) in case that Ji-Il equals I1 1,/ 1- . (MO) and (AD)
actually are the first-order conditions of the corres-
ponding minimizations. Under the stated assumptions these
first-order conditions are necessary as well as sufficient.
(See below.) The classical sacrifice concepts thus turn

up as special cases in a uniform axiomatically justified
theory. Note that the nature of the norm-theorem does not
allow to discriminate against any p-norm. There is no
indication that the classical sacrifice concepts (A0) and
(MO) define preferable standards of equity and distributive

Justice. It is merely accidental that the l-norm {as mini-



mization) and the e-norm (as first-order condition)

allow more suggestive interpretations.

Let us now consider some arbitrary norm which is twice
continuousty differentiable in the interior ofIRE and

which there has non-negative partial derivatives: Bl -11>0.
The Tatter assumption is easily shown to hold whenever

C(:) selects Pareto efficient utility payoffs.

Introducing Lagrangeian multipliers we obtain

il (us(yy) - ui(yi—ﬁé'”))1€NH u%(yi—ﬁé'”) = const. f?)
as the first-order conditions. As the utility functions
u;(-) are concave and because of 3.l1-11>0
”(ui(yi)' Ug(¥3-7))5¢qtl 1s convex in t>>0. From con-
sumer's theory it is known that the first-order condition
is sufficient if some convex {concave) function 1is
minimized {maximized) with respect to the "budget constraint"
)3 t1= g, t>>0. The preceding discussion suggests to call
(7) U+l - sacnifice. This concept generalizes the classical
equal absolute and equal marginal sacrifices in a most
natural way. The || -|l-sacrifice uniformly refers to the
first-order condition of some minimization parametrized by



ON PROGRESSIVITY

Having determined equitable tax distributions which are
suggested from a social choice theoretic point of view
we now turn to the guestion of progressivity. For this
purpose the implicite function theorem is applied to
condition (7). The employed notation

Uy e=ug(e)y s T = Ny gy ))
is meant to express that individuals 2,..,n have exogenously
fixed incomes and utility functions. We focus on the
amount of taxes individual 1 has to pay because of his
income ¥q and his utility function U(-.)}. Due to the very
nature of the implicite function theorem the derived

statements only obtain local validity.

Let it be recalled that the tax schedule T{-.) is called

proghessive {(respectively regressive or proporticonatl) at

Yq if for Y = Y1 é%-r ! > 0 (respectively <0 or =0).

As Samuelson noted before (1947, p.227) the key to

progressivity is the elasticity of marginal utifity®!

L YUII Y\
oY) = Ty

Note the following elementary properties:

EU(Y) < 0 whenever Y > 0.

2/ Atkinson (1970) interprets EU as a measure of prepoational
inequality avensdion.



EU = Ean—B for all a,B€lR;
1
E = =iy = = - 39 )3
log 1 Epv_ o 1 for pe€ (0,x)
E (Y) < E ,(Y) iff some U exists with U' >0,

U u _ { ]
U" < 0 such that U (Y) = U{U(Y)).

(Cf. Pratt, 1964, p.128.)

Theorem 3: (Samuelson, 1947, p.227)
- oAl
Case 1l = -l Put Ty := T ",
v := (yl' TU(yl)’ yl)'
a) Ey(Y) < -1 for all Ye ® implies progressivity
of TU at yis
b) E(Y) = -1 for all Ye® implies proportionality;

c) EyY) > -1 for a1l Ye® dimplies regressivity.

For a proof see appendix AI. Theorem 3 can easily be ex-

tended to an arbitrary p-norm.

Theorem 4: Case [| -] =l|-Hp, peE(l,=). The above assertion

a) holds without further restriction;

¢) holds if 'E Y)>%-1 for all Yed,

y !

For a proof see AII.

It might be surprising to note the uniformity of results
we obtain for alternative p-norms. Appropriate
additional assumptions allow some extensions to more

general norms. However, the tendency is clear enough such



that we can safely refrain from going into more technical

details.

By appropriate interpretation theorem 4 may be stated

for p including 1 and «. As EU(Y)f_O generally holds

the condition of ¢) can never be met for p=1. This
observation is in line with the fact that the equal
marginal sacrifice always leads to (maximal) progressivity.
The classical sacrifice concepts are both obtained as
extreme special cases (p=1 and p=ow) of the class of
p-norm sacrifices. However, with regard to the contents
(MS) is an isolated boundary case. It is the only p-norm
sacrifice which never leads to regressivity. On the other
hand (AS) admits the strongest assertions which are uni-

formly approached by p-norm sacrifices for po .

There is one severe shortcoming of the results obtained

so far. Even in the class of generalized || |l-sacrifices

no example can be made out that definitely leads to moderate
progressivity independently of the specific utility functions
under consideration. This is why we have to extend the
analysis below and introduce a further class of generalized

sacrifice concepts.



THE RoLE OF ABILITY To Pay

It would certainly lead to far to formulate and discuss

all assumptions in detail which allow to prove the norm-
theorem. The interested reader is asked instead to confer
the original text (Richter, 1979). Let us only point out
some structural relationship to the theory of revealed
preference. From that theory the question is weil-known
which conditions allow to construct some utility function
"rationalizing" some pre-given demand function. This
question mathematically involves the problem of integrating
vector fields. This makes it necessary to introduce an
integrability condition such as the strong axdiom o4 reveafed

pregerence.

In our context we have to find some "social utility function"
I1+-11 which allows to "rationalize" the planner's choice
behaviour revealed by C(:). The strong axiom of revealed
preference guarantees logic consistency of finite sequences

of social choices.

Among the assumptions underlying the norm-theorem there
is one which is highly worthy of special notice. It allows
to be intepreted in the spirit of ability-to-pay. This

axiom is called weighting equity as it shows strong



similarity to one which has so been called by Sen (1974, p.

399).

Weighting equity axiom (WE)

Let veC(Vv) and xr-.v = min 2.V for some

o= AVEIRE, #0 . Then . > Ak whenever

Y5
(

> u (V) -v, (J,keN).

veC(V) states that v is the planner's choice for the
environment ¥. This choice can be justified by minimizing
the social welfare function w(v)=2x.v with respect to V.
A; measures the social weight attached to the welfare of
i€N. The weight vector » is endogenously determined and
thus depends on the specific environment under consideration.
According to our informational assumptions the interpersonal
comparison of welfare gains - or losses - are permitted.
More specifically the comparison of the hypothetical welfare

losses Di(V)- v. 1is feasible and even more suggestive.

;
Individuals make comparisons relative to their bliss-points.
Suppose, now, that j is worse off in comparison to k:

ujs(v) - Gj > u (V) -V, . Then j cannot complain that his
personal interests were not sufficiently safeguarded by

the planner’s choice. xj_z Ay tells him that the social
valuation of his welfare with respect to the environment V

has been at least as high as the one of keN.



The weighting equity axiom is formulated for arbitrary
feasibility sets VeV¥. If specialized to tax cases a
further reaching interpretation is possible. The weighting

equity can then be related to the ability-to-pay principle.

Definition:

a) The tax distribution t¥e X meets abillity-to-pay

ULy -t

(ATP) 3w (yp) - uplyy = t5) < uglyg) - usys - )

whenever Y £ Y5
b) t* presenves Lhe orden of incomes (QP) if

* *
Yi - tk < yj— tj whenever yk<‘yj.

These definitions are straight forward and need no further
comment. The ability-to-pay axiom formalizes the idea
traditionally attached by public finance to the equally
named principle. On the other hand the order of incomes

will be preserved whenever there is a tax schedule with
marginal tax rates less or equal than one uniformly applying
to all individuals. (OP) is a minimal requirement of ver-

tical distributive equity. Note that horizontal equity

_ . . X X .
(yj-yk implying Y; tj = Y, - tp) would only follow if
. . X X

(OP) were enforced to Yi2Yy implying ¥y~ tj < Y- tk‘

The next remark directly relates the ability-to-pay principle
to the axiomatic foundation of the generalized sacrifice

concepts.



Remark: Let u; s ug < 0.
ay If t* preserves the order of incomes (0OP) and
satisfies the ability-to-pay axiom (ATP) then
weighting equity is met.
b) The reversal - (WE) implying (ATP) and (0P) -

holds for identical utility functions uj and Uy

For a proof see AIII.

THE PRoPorTIONAL UTILITARIAN SACRIFICE

As has been announced in the introduction a sacrifice
concept will be proposed that implies moderate proghessivity
pon all utility functions under considenation. The defect

is that I do not know of any truely convincing normative
justification. Actually, to be precise, this new sacrifice
concept admits an axiomatization on some mefa-£Level as

a "compromise” on Nash's and Kalai-Smorodinsky's solutions
for n-person bargaining problems {Richter, 1980 ). This
axiomatization will convince the game theorist though
probably not the theorist in public finance. The latter
might be expecting axjoms that have normative
strength in themselves and do not recur to different solution

concepts of general bargaining theory.



The further discussion will therefore be confined to
some heuristic motivation. We start from the equal
proportional sacrifice (PS) and note that the implicitely
defined t*(u,y) is invariant under linear transformations
of utilities:

t*(u,y) = t*((o,us) ) for all a, #0

2 Y Yy iEN’y i .
One might wonder that t* is not invariant under affine
transformations. The more transformation invariance is

given the less informational requirements have to be met.

Hence there is good reason to alter (PS) slightly:

= const. =: k (8)
ui(yi) - u,(0)

This is no real alteration if the assumption is correct
that the classics tacitely used to visualize utility func-
tions as passing through the origin (u{0)=0). The advantage
of (8) is to imply invariance under affine transformations:
t*(u,y) = t¥((aju; + ;) cyoy)  for all o;sB;€ Ry o £ 0.
Furthermore (8) sheds more light on the very difference
between (AS) and (MS) on one hand and the equal proportional
sacrifice on the other. (PS) - and more explicitely (8) -

takes into regard the existence of an "anti-bliss-point™.

To make this more precise consider the altered set of feasible
tax distributions

X° := {(teR"] s ti=9, 0 <t <y



The additional restriction t<y introduces zero income
as "subsistence level". A zero income after taxes is the
worst which can happen to individuals. Hence in analogy
to the bliss-point call wu := u(0) anti-bliss-point.
I hesitate to call u “threat-point" - which would seem
to be suggested by game theory - as our institutional
assumptions specify no threats.

*

Hriting v? for u.(y;- t?) and assuming v~ >> u

(8) can be transformed into

U-vF = k(O-u) e OG-V = E(vEou
The latter formula is taken to define
*
Us{ys) - us(ys - t%) . 0
= const. (i €N) (PS™)

x
Ui(.\’-i - t'i) - UT(O)

as adapted equal proportional sacrnifice (PSO). Consider

now the following minimizations:

[ - min where te¢ XO.

”(ui(‘y'i) - ui(yi - ti)\

U (- ty) - u;(0)/ieN
Let /1. gl/”{u,y) be optimal. ¢/ satisfies (PSO)
which is the first-order condition of the corresponding
minimization if 0<«< HI/H”<<.y. The similarity to
{HI'”|||-H} suggests to analyse {g[/”pl pell,=]}

Unfortunatelly there is little evidence that similar results

to theorems 3 and 4 can be obtained,



/1
However, t 1 deserves closer inspection. Thus consider
Ui{yi) - usly;-ts)
x LR UL » min, teXx° (9)
T€EN u'i(y‘l_ti)

where u{(0)=0 by appropriate transformation. As before

we make use of the shortened notation: U(.) = up (), T(Y) =

It/

TU(Y) 1= t1 (u,(Y,yz,..,yn)). The first-order condition

of (9) turns out as

U(Y) U(Y = T(Y))
[U(Y - T(Y})12

Let (PU) be called propoational utilitarian sachifice.

=  const. (YeO(yy)) (PU)

It does not allow any straight forward interpretation
which may explain why the classics never considered it.
However, (PU) enjoys the properties the classics were

looking for in vain:

Theorem 5: For all Ye G(yl) and all U{-) such that U'> 0,
U" < 0:
Tu(Y)
d U

where the right-hand inequality 1is subject to

<

the condition 0 < TU(Y)/Y
For a proof see AIV.
The proportional utilitarian sacrifice thus leads to

moderate progressivity whenever the average tax rate is not

greater than one half. This assertion holds for all utility
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functions under consideration. Evaluating (PU) for
U(Y) = BT yields Ty(Y) = ¥ - const. Py v 1n par-
ticular linear utility {(U(Y)=Y) leads to an income after

taxes which is proportional to V.

The question which remains open after all is the axiomatic
characterization of (PU) or gl/]h(u,y), respectively.
There is a game-theoretic axiomatization of (8) going

back to Kalai and Smorodinsky (1975; see also Huttel and
Richter 1980) However, this axiomatization resorts to

some monotony axiom which is difficult to justify when

restricted to problems of taxation.

PPEND
A1,
YU'"{y <
E(Y) § -1 s -1
U > U|(Y) >
= 0 5 U'(Y) + YU™Y) = g% YU'(Y) (Yea®d).
Hence £ (Y) S o-1, oty = T(yy) imply 10)
i > 1
(yp-ty) Uy -t) 2 yy U(yy) or
U'(yy-tqy) - U'(yq) t
1 1 1 % 1 , respectively.

U'(yq - tq) 1
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d

The left hand side equals v TU at Y=y1 if T, is

implicitely defined by

U(Y) - U(Y - TU(Y)) = const,
Hence the assertion follows considering the equivalence of
: T
d > U Ty(Y)
T = d U >
aY U < I and av —V—-""' <=: 0

Art,

Computing (7) for p-norms (p€ [l,w)) yields
(u(yg) - uslys- )P udyy - ) = const, (1)

1 1
|l'|b
U s tl = Tu(.yl) s U(') = Ul(') and

implicitely differentiating (11) yields

d
H_VTU(’YI) =

Writing TU = 7

(P-1) Wy -t )TU(y -ty) = Wy )1 - [U(y;) - Uy -tg)] U (y,-ty

2

(p-1) (U(yy=ty))" = [U(yq) - Ulyy-ty)] U"(yq-ty)
- .
Hence é% T E Wﬁ =
(p-1) U(Y-T)L(Y=THUY-T) = YU(Y)]
T (Y-Ty) LU(Y) - U(Y-T) T UM (Y-Ty) -

(p-1)[YU(Y) - (Y-T,)U(Y-T;)]

Vi

= Ey(Y - T Tu(Y) - U(Y-T)!



The latter relation has to be evalueted at Y =Yq-

Under the assumptions of a) E (Y) < -1 for all VYe v.
(10) implies that the left hand side is negative whereas
right hand one is non-negative. Hence progressivity is

obtained.

Under the assumptions of c) EU(

To prove regressivity it is enough to show

Y) >1—;)F—)for all Yed.

Y1 Ul(yl) - (yl_tl) U'(yl-tl) > %{U(yl) - U(yl-tl)]

or
I ;o
J gy YU (Y) dY > 5 u(y) dy

The latter inequality holds if the same inequality is

true for the integrands:

UM (Y) + YU™MY) > % Ut (Y) for all Yed
- 1o+ E (V) > 1
U P

which is true by assumption.

Arrr,

Let t¥ satisfy weighting equity e= 3 aeR", £ O:

* _ .
X Aiui(yi—ti) = ma x Lli“i(yi"ti) (12)
1 Eti=g

and with the shortened notation d; = “i(yi)_ “i(yi't:)
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dj > dk implying A, > A e

(12) is equivalent to ,ui(y;-t¥) = const. (ie€N).
Hence if t* meets weighting equity we obtain

. . . Lk \ ¥
dj > dk implying uj(yj tj) < uk(yk tk) . (13)

The reversed assertion equally holds true. To see this

. = 1 *yy-1

Because of wu:' < 0 (13) is equivaient to

. . % *
dj > dk implying yj"tj > Y-t (14)

In order to prove a) assume that dj > dk implied

* * .
yj_tj < Yoty (OP) demands Y < Yy which leads to a
contradiction to (ATP).

For b} Tlet dj > dk. For (ATP) we have to verify y. > Y

J
j-tj) > u(yk-tk) where wu := uj = Uy
Hence u(yj) > u(y,) or Y5 > Vg Finally, for {(OP)

(14) implies u(y

assume y, <y [f we had yj-t; < yk-t: then by

i
definition dk < dj would follow which would imply a

contradiction to (14).

Artv,

Application of the implicite function theorem to (PU) yields
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a1 U (Y)Y U (V=T LU(Y-Ty)1°
v T 2 , ? vl
(V)U(Y=Ty) TUCY=Ty) 1% - 2U(Y) LU (V=T ) 1°U(Y-T )

The denominator is negative which implies a marginal tax
rate of less than one. For progressivity we have to show

dTU TU

vy > T =

YU'(Y)U'(Y-TU)[U(Y-TU)]2

< (Y_TU)[_U(Y)U”(Y“TU)[U(Y-TU)IZ + EU(Y)[U'(Y'TU)]ZU(Y-TU)]
1 (Y-T U''(y-7 2{Y-T gr{y-T
e~ Yg YY . TRAR ) . U) u)
) U (Y-Ty) U(Y=Ty)
As E, <0, U" >0, U" <O it suffices to verify
Y < Z(Y—TU)

This condition is to hold by assumption,
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