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The present paper supplements Homann (1989) on which it relies heavily. It is not
self-contained because the description of the motivating contract model and some re-
sults in Homann (1989) are presupposed.

A revelation principle for Nash-implementation with renegotiation is formulated. Fur-
thermore necessary conditions for implementability of a social choice correspondence
according to this concept of implementation are specified. At last sufficient conditions
for this kind of implementability are derived and they are compared with the sufficient
conditions in Homann (1989) which are stronger than the conditions analysed in the
present paper.

The following notation is used in this paper.
Let N ={1,2} be the set of agents and let X denote the set of possible outcomes. Corres-
ponding to each agent i € N there is defined a subset ‘%i of the set £ of complete, re-

flexive, transitive binary relations on X. It is assumed that there exists an outcome
Xy €X with x R, X for all x € X, all R. e &, and all i € N. For each element R, of R

relations Pi and Ii on X are defined by x Pye-yR x,xLyaxRya yRix for all

x,y €X and all i € N. A finite set © of states of the world with [®] > 1 is given. Each
state €O and each i € N determine a preference relation R,(#) € 2. of agent i in

state ¥. A mechanism g with sets S, S, is a function g : §; x 8, — X whereby §; is the

set of actions of agent i € N. A mechanism g determines an outcome for both agents
which depends on the choice of an action by each agent. A mechanism g and a state
4 € © induce a normal-form-game (g,J) with complete information whereby the agent
i € N evaluates the outcome determined by g and the chosen actions according to his
preference relation R, (). A renegotiation function is a function h : X x @ — X with the

following properties:

1) h(x,d) R;(¥)x forall xeN,all feOand allieN (Individually rational),

2) h(x,J) e SP(9) for all #€Oand all x € X with
SP(#) ={ze€X| for all y X : z L(#)y for all i € N or it exists an i € N with z P.(¥)y}

for all 4 € © (Pareto—efficient),

3) h(x,8) =x for all x € SP(#) and all 9€©.



A mechanism g, a renegotiation function h and a state ¢ € © induce a normal-form-
game (h(g(- ),¥),¥) with complete information.

In the following the term (§i, S—i) withi€N, 5 €8, 5¢€ S1 x 8, denotes the element § €

S, x S, with § =5, and E’j =s; for €N, j#i.

The set of Nash—equilibria (in pure strategies) of a game (g,¥) with g : S, x Sy — X and
¥ € ©is defined by

NE(g,9) ={(5;,55) €S x S, | for all i € N : g(5,,55) R;(¥) g(s;,5_;) for all s, €S.}.

The set of Nash—outcomes of a game (g,¥) is denoted by
NO(g,9) ={x € X | it exists (s,,5,) € NE(g,0) with x =g(s,,55)}.

The set of Nash—equilibria of a game (h{(g(- ),#),¥) and the set of Nash—outcomes of such
a game are defined analogously.

A social choice function (SCF) is a function f : @ — X. An SCF { induces a social choice
correspondence (SCC) F : © — X such that F(#) ={x € X[x L(d) f(J) for all i € N} for

all 7 € ©. In the following it is assumed that f(¥) € SP(#) for all 4 € © and that the con-
sidered SCC F is induced by the considered SCF {.

A mechanism g implements an SCC F in Nash—equilibria with an a priori given renego-
tiation function h if it holds:

4) for all #€©: NO(h(g(- ),9),9) # ¢ and NO(h(g(- ),5),5) C F(9).

A mechanism g implements an SCC F in Nash-equilibria with renegotiation if 4) is
satisfied for all renegotiation functions h (i.d. with properties 1), 2), 3)).

In the following necessary conditions and a revelation principle for Nash-implementa-
tion with renegotiation are derived.

For this purpose it is necessary to modificate the following condition 5) which is identi-
cal with 7) in Homann (1989) (ib. p.10). This condition requires that a mechanism g
and a renegotiation function h satisfy:

5) for all J € ©it exists an s € NE(h(g(- ),¥),9) with h(g(s),9) =g(s).



This means that for all 4 € © at least one Nash—equilibrium of the game with renegotia-
tion (h(g(-),d),¥) already yields the same outcome in the game without renegotiation
(g.9). It is obvious that this Nash—equilibrium is also a Nash—equilibrium of (g,9).
Therefore a kind of revelation principle can be formulated in the case of Nash-imple-
mentation with an a priori given renegotiation function h by a mechanism g whereby g
and h satisfy 5) (cf. Homann (1989), p.11).

A modification of 5) yields the condition that a mechanism g and a renegotiation func-
tion h satisfy:

6) for all ¥ € @it exists an s € NE(h(g(- ),¥),d) with

g(s) € SP(d) (= h(g(s),?) =g(s)) or g(s) € A(d)
whereby A(#) = {x € X\SP(§) | it exists z € SP(#) such that for all i € N: z R,(d)x

and for all Z € SP(H)\{z e X| foralli e N: 2’ L(9) 2} it exists
a jeN withx Pj(ﬁ) z} forall #e@.

For x € SP(J) the element h(x,¥) is uniquely determined by the property 3). For
x € A(¥) any different renegotiation functions h, h with 1), 2), 3) yield h(x,ﬂ)Ii(ﬂ)H (x,9)

for all i € N. For x ¢ SP(#) U A(¥) there exist tenegotiation functions h, & with 1), 2), 3)
such that it exists a j € N with h(x,9) Pj(ﬂ) h(x,9).

In many considered models it holds A(J) =¢ for all # € @ such that 6) is identical with
5). For example this is implied by the assumption that for all # € © all i € N and all
z € X\SP(4) there exists an x € SP(#) with x L(#)z.

Condition 6) is reasonable because thus the agents can be sure that a certain
Nash—equilibrium of the game with renegotiation can be played without knowledge of
the applied renegotiation function. Now a kind of revelation principle can be shown
which is a generalization of the result in Homann (1989) (ib. p.11).

Proposition 1:

If an SCC F is implemented in Nash—equilibria with an a priori given renegotiation
function h by the mechanism g and if g and h satisfy 6) then there exists a revelation
mechanism g : © x ® — X with g(4,4) =1(¢) for all 4 € © and §(4,¢) =g(s;(9),55(¢)) for

all 4,4 € ©, ¥ # ¢ whereby s(J) = (s,(9), s2(19)) is a Nash—equilibrium of (h(g(-),9),¥)



considered in condition 6). This mechanism g implements f (and F) truthfully in
Nash—equilibria (i.d. ¥ 9 € ©: (4,9) € NE(g,9)).

Proof:

An element s € NE(h(g(:),),9) with g(s) € SP(#) U A(¥) is considered (namely:
s =s(#)). Because of the assumption it yields h(g(s),?) € F(#).

Two cases are distinguished:

a) g(s) € SP(4): Because of 1) it is obvious that s € NE(g,#) and therefore it results
(9,9) € NE(g,9).

b) g(s) € A(9): For alli € N and all §; €8, it holds h(g(s),9) R,(¥) h(g(8;,s_;),9)-
With fixed i € N, § €; either it holds f(#) L,(#) h(g(5;s_;),9) for all j€ N and there-
fore £(#) Ry(9) 8(5;,5_;) for all j € N or it holds h(g(s),9) P;(¥) h(g(5;;s_;),9) and
h(g(8,,5_;):9) Pj(ﬂ) h(g(s),8) for j € N, j #i. This implies h(g(8;,s_,),") Pj(ﬂ) g(s)
because of 1) and therefore g(s) P.(7) h(g(%'i,s_i),t?) because g(s) € A(¢). Thus it
results g(s) P;(4) g(8,,s_;) because of 1). This yields (4,9) € NE(g, ).

From the proof it becomes evident that only because of the case (it exist ¢ € 6
5€5,; x 5, with: g(s) € A(Y), h{g(s),d) € F(J) and it exist i € N, 's"i € 5, such that

h(g(s),?) Ij(ﬂ) h(g(s;s_;),9) for all j € N) the revelation mechanism g(4,¢) =
g(sl(ﬂ),sz(q&)) for all 9,¢ € © instead of g generally does not provide the result of

proposition 1.

Proposition 1 is a first step in formulating a revelation principle. The following classifi-
cation serves for the derivation of a revelation principle and of necessary conditions for
implementability. It modificates the classification 8)a) — 8)d) in Homann (1989)
(ib. p.12) in such a way that 8)d) is divided in three subcases.

A mechanism g : 5; x §9 — X is given and an arbitrary h: X x © — X with 1), 2), 3) is
considered. If there exist § € ©, s € §; = S,, i € N, 'é'i € S, with g(s) = () and

f(#) R.(¥) g(5,,5_;) then six cases can be distinguished for y =g(§.5_,):



7)a) It holds: £(¥) Pi(t?) yand for jEN, j#i:y Pj(ﬂ) f(d).
This implies: h(y,J) P j(ﬂ) f(4) and {(} P.(#) h(y,¥)
because of h(y,d) € SP(#} and |N| =2.

7)b) 1t holds: f(¥) P,(#) y and for JEN, j#i:y Ij(ﬂ) ().
This implies: {(#) R,(¥) h(y,d) because otherwise f(J) ¢ SP(4).

7)) It holds: () I(#) y and for J€N, j#1: £(4) I(9) y.
This implies: h(y,¥) =y and y € F(4).

7)d;) It holds: f(J) R,(¥) y and for j€ N, j#i : {(d) Pj(ﬁ) y.
Also for all z € SP(#) with z P;(#) f(#) it holds: y Pj(ﬂ) z.
This implies: f(#) R;(¥) h(y,¥) because of 1), 2).

7)dy) It holds: {(d) R,(9) y and for jEN, j #i : {(¥) Pj(ﬂ) y.
Also for all z € SP(#) it holds £(#) R.(7) .
This implies: £(#) R.(#) h(y,?) because of 1), 2).

It holds: (#) R,(9) y and for j€N, j#i : {(¥) Pj('ﬂ) ¥y
Also it exists a z € SP(#) with z P(¥) (#) and z Rj(ﬂ) ¥y

Then there exist renegotiation functions h,h with 1), 2), 3)
such that £(4) R(8) h(y,9), K(y,9) P.(9) {(4).

Only in the case 7)dg) the properties 1), 2}, 3) do not determine the relation of agent i

in state ¢ between h(y,J) and f(J) for any renegotiation function h.

In the case 7)d2) the form of the game (h(g(-),¥),d) with any renegotiation function h
can be specified more precisely. If s € S1 x 82 is a Nash—equilibrium of the game
(h{g(-),¥),9) with a fixed renegotiation function h and if h(g(s),) € F(#) then 7)d,)
implies h(g(ﬁj,s_j),ﬂ) € F(4) for all 5 € Sj and therefore f(d) R, (¥) g(ﬁj,s_j) for all
k€N and all 5 € sj. Because of f(d) Ry(9) h(g(8),9) for all § € S, » S, it results

(§j,s_j) € NE(h(g(- ),9),9) for all 5,€ Sj'



The classification 7) essentially relies on the assumption |N| =2. If |[N| > 2 is pre-
sumed then there are more cases in which renegotiation functions h,h with 1), 2), 3)
exist such that f{#) R,(#) h(y,d) and R(y,9) P,(#) £(9).

The case (f(#) R;(d)y and forall ke N, k #1i : f(4) Rk(ﬂ)y and it exists jEN, j#1i with
f¥) P j(t?)y) corresponds to the case 7)d;) v 7)dy) v 7)d,) and the subcase correspon-

ding to 7)d3) implies the existence of such renegotiation functions.

But in addition the case  (f(#) Ry(f)y and it exists {j,k} CN\{i} with ij(:ﬂ) f(¥4) and
f() P, (d)y) also has this property.

In the following it is said that an element y € X satisfies 7)a) w.r.t. (i,§) €N = G if the
subcase 7)a) of the case {(#) Ri( #) y holds (analogously this definition is applied to the

other cases of 7).
This classification is used in the proof of the following proposition.

Proposition 2:

An SCC F and a mechanism g : §; = S,, — X are given.

If it holds: NO(h(g: - ),¥),¥) # ¢ and NO(h(g(-),¥),¥) CF(¢#) for all h : X x © — X with
1), 2), 3) then g and each h with 1), 2), 3) satisfy 6).

Proof:

It is assumed that it exists an h : X x @ — X with 1), 2), 3) such that 6) is not fulfilled
i.d. it exists ¢ € © such that for all s € NE(h(g(- ),¥),9) : g(s) £ SP(4) u A(¥). This 9 is
considered in the following.

For each s € § with
S={s¢ S; x Sy| g(s) €SP(F) U A(9) a hg(s),?) € F(¥) for all renegotiation functions h}

the sets M;(s) ={g(8;,s_;)| 5, €5;, 5; # 5;} with i € N are considered. If there exists an
s €S such that for all i € N each element of M;(s) satisfies 7)a)} v 7)b) v 7)c) v T)d,) v
7)d,) w.r.t. (i,d) then for this s € S it holds:

s € NE(h(g(-),9),9) for all h : X = ®— X with 1), 2), 3).



This is in contradiction with the assumption for h because for this s € S:

s € NE(h(g(+ ),#),9) and g(s) € SP(9) U A(¥).

Therefore it must hold: for all 5 € 5 it exist ani € N and a y € M, (s) such that y does not
satisfy 7)a) v T)b) v 7)) v 7)d;) v 7)d,) w.r.t. (i,#) (because h(y,9) P,(9) {(9)).

Now a function b : X x ® = X with 1), 2), 3) can be constructed in such a way that
h(y,#) =h(y,d) for all y € M with
M= U {yeU_Mics) | k(y,¥) ¢ F(¥) and

i€N s €S

y does not satisfy 7)a) v 7)b) v 7)c) v 7)d;) v T)d,) w.rt. (i,8)}.

and h(g(s),d) ¢ F(d) for all s ¢ 5.
These both definitions do not contradict each other because h(y,d) £ F(#) for all y e M.
The identity of i with i on M x {#} guarantees s ¢ NE(h(g(- ),9),9) for s € S. Therefore
it results NO(h(g(- ),9),9) n F(¥) =4.

But this result is in contradiction with the assumption that g implements F in
Nash-equilibria with renegotiation. a

Thus in the case of implementation in Nash—equilibria with renegotiation condition 6)
does not cause a restriction of the set of all renegotiation functions.

Propositions 1 and 2 lead to a revelation principle for Nash—implementation with rene-
gotiation.

Proposition 3:

If an SCC F is implemented in Nash-equilibria with renegotiation by the mechanism g
then there exists a revelation mechanism g : © x @ — X which implements f (and F)
truthfully in Nash—equilibria.

Proof:

Proposition 2 yields that g and each renegotiation function h with 1), 2), 3) satisfy 6).
Therefore any h with 1), 2), 3) can be chosen and the revelation mechanism g induced
by this h according to the definition in proposition 1 can be considered. Then proposi-
tion 1 provides the result. 0



The next proposition serves to determine necessary conditions for implementability of
an SCC F in Nash—equilibria with renegotiation.

Proposition 4:

If a mechanism g implements an SCC F in Nash—equilibria with renegotiation then for
all #€© one of the following cases a}), b) holds:

a) it exists an s €S, x 5, with h(g(s),J) € F(#) for all h with 1), 2), 3) and for alli €N
and all E'i €8, the element g(%‘i,s_i) satisfies 7)a) v 7)b) v T)c) v 7)d;) v 7)d,) w.rt.
(i,9) (i.d. s € NE(h(g(: ),#),¥) for all renegotiation functions h),

b) it exist 5,5 €S, « S, with {h(g(s),¥),h(g(5),9)} C F(J) for all h with 1), 2), 3) and
it exist ye X, i €N, gi €5;, §j € Sj with j€ N, j #i such that: y satisfies 7)d3) w.r.t.

(,9), (59 (= 109) Py()y, 19) P(9)y)  and glE_;) =y,8(5,5_) =v.

Proof:

For fixed J € @ the sets
S= {s€S, xS,]| g(s) € SP(¥) U A(¥), h(g(s),9) € F(J) for all h with 1), 2), 3}, it exists

an i with 1), 2), 3) such that 5 € NE(f(g(- ),9),9)}
and S={seS]itexisti€N, §i €5, with: g(gi,s_i) satisfies 7)d3) w.r.t. (i,9)}

are considered.

Because of proposition 2 the mechanism g and each h with 1), 2), 3) satisfy 6). Condi-
tion 6) implies that S is not empty. In the proof of proposition 1 it is shown that for all
s€S, alli €N and all 's“i €S it holds:

f(9) R,(9) &(S;, s_;) (i-d. g(5;, s_;) satisfies 7)a) v 7)b) v 7)c) v 7)d;) v 7)dy) v 7)d)
w.r.t. (i,9)).

If a renegotiation function h with 1), 2), 3) can be constructed in such a way that

(*)  R(g(8;5_;).9) Py(¥) £(¥)
foralls€S,i€eN, gi €5, with: g(gi,s_i) satisfies 7)d,) w.r.t. (i,9)



then it holds:

,9),9) for all 5 € S because

s ¢ NE(h(g(-)
(- ),9),9) implies h(g(s),¥) € F(¥) which is in contradiction with (*).

s € NE(h(g

Thus for all s € NE(h(g(- ),9),9) n S it holds: s £ §
and therefore: for all i € N and all gi € Si:

8(5;,5_;) satisfies 7)a) v 7)b) v 7)c) v 7)d;) v 7)dy) w.r.t. (i,d).
Because of 6) it exists an s € NE(f(g(- ),9),9) n S.

If such a renegotiation function h cannot be constructed then it must exist s €S5,i €N,
§'i €S, with: g(%’i,s_i) satisfies 7)d,) w.r.t. (i,0) such that (*) cannot be chosen. Be-

cause y =g('§i,s_i) satisfies 7)ds)} w.r.t. (i,d) there exists a z € SP(J) with zP,(¥) {(4)
and sz(t?)y. The only conditions for fi are the properties 1), 2), 3) and (*). 1), 2), 3)

cannot prevent to choose R(y,d) =z. Only (*) can be in contradiction with the choice

h(y,9) =z. Thus it must exist 5 €5, éj € Sj for j€N, j#i such that y = g(§j,§_j) and
such that y satisfies
T)dg) w.rt. (j,9) (i.d. {(9) Py(9) K(y,9), B(y,?) Pj(r?) 1(#) because of (*) for 3).

]

Proposition 4 also shows that such a revelation mechanism g as considered in proposi-
tion 3 need not implement F in Nash—equilibria with renegotiation because case b) of
proposition 4 can occur.

Sufficient conditions for implementability of an SCC according to the considered con-
cept of implementation can be derived from the necessary conditions stated in proposi-
tion 4.

If a mechanism g exists such that case a) of proposition 4 is satisfied for all # € @then a
revelation mechanism g : ® x @ — X is induced by g in the following manner:

it is specified g(4,9) =f(¥f) for all $€ ®

and if s(d) = (s1(9), so(7)) denotes a fixed Nash—equilibrium of (h(g(-),9),9) for all

renegotiation functions h which is considered in case a) of proposition 4 then it is de-
fined: g(4,0) =g(sl(19),52(¢)) for all #,0 €0, ¥ # ¢.
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Whereas the revelation mechanism used in proposition 3 depends on the chosen renego-
tiation function the mechanism g is the same for all renegotiation functions. The reve-
lation mechanism g implements the SCC F in Nash-equilibria with renegotiation. This
results from the following.

It is sufficient for an SCC F to be implementable in Nash—equilibria with renegotiation
that for each pair (4,4) € © x © with ¢ # ¢ there exists an x(9,¢) € X which satisfies

8)) 7)a) v 7)b) v 7)) v 7)d;) v T)dy) w.rt. (2,9)

and

8)ii) 7)a) v T)b) v 7)) v T)d,) v T)dy) wrt. (1,9).

If 8) is satisfied then the revelation mechanism g : © x ©— X with g(#,8) =f(4) for /€O
and g(4,9) =x(d,¢) for all 4,4 € @ with ¥ # ¢ implements F in Nash—equilibria with rene-
gotiation because 3) and the classification 7) imply that g satisfies forall h: X x @ =X
with 1), 2), 3): (4,%) € NE(h(g(- ),¥),9) and h(g(¥,9),9) € F(J) for all J € ©.

The sufficient conditions for an SCC F to be implementable in Nash—equilibria with
renegotiation which are used in Homann (1989) (ib. 9)i) — 9)iv), pp. 12-13} are almost
identical with the conditions 8). They are different in so far as in Homann (1989) the
cases 7)d, ), 7)d,) are not considered in the conditions. Thus the sufficient conditions in

Homann (1989} are stronger than the conditions in this paper.

But often the considered model is constructed in such a manner that the cases 7)d,),
7)ds) do not occur. This holds for example if for all ¥ € ©all i € N and all z € X\SP(%)

there exists an x € SP(¥) with xL(¥)z.
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