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Abstract. Within the framework of the general equilibrium model of the firm
developed by the author, which features (i) the neoclassical market mechanism for
allocation of non-human resources and a cooperative game for allocation of human
resources, (ii) a separation of ownership (stockholding) and control (management) of
the firm in the capitalistic economy, and (iii) endogenous formation of firms, the
following theorem is established: If the socialistic economy can be decomposed into
several subeconomies, each satisfying increasing returns with respect to the firm size,
then for each equilibrium of the capitalistic economy there exists an equilibrium of
the socialistic economy such that the former is Pareto superior to the latter.



1. INTRODUCTION

Parallel to the analytical deepening of the neoclassical paradigm, specialists
in the theory of the firm have accumulated a wealth of thoughts and observations on
the firm activities during the past half century. Three of the strands in the theory of
the firm will be briefly recalled. The first strand, which is the most basic, addresses the
raison d’éire of the firm: If the information on the labor market is complete, there is no
need for a firm to be organized. A resource-holder as producer can find the right type
and amount of labor in the market, and hire laborers on a free-lance basis given the
prevailing wage rate. In reality, however, the information on the labor market is in-
complete, so a producer cannot identify the right labor and wage rate. Instead of relying
on the labor market, therefore, a producer and laborers form an organization called a
firm, and decide on labor allocation and wage distribution  within the organization. In
short, a firm is formed as a human-resource allocation mechanism, which serves as an
alternative to the neoclassical labor market. This is the basic idea of the seminal work
of Coase (1937). Subsequent works illuminated specific features of the firm as a resource
allocation mechanism. Alchian and Demsetz {1972) presented the view that production
activities are considered coalitional activities, where various human— or non-human-re-
source holders constitute a coalition. Arrow (1974) presented merits of the firm as an
information processor.

The second strand is based on the empirical observation of the present—day
capitalistic economy. By carefully studying the stockholding structures of the top U.S.
corporations, Berle and Means (1932) argued that these corporations on the one hand
had been able to grow by collecting their capital from innumerable small investors, and
that these small capitalists on the other hand had been attracted to invest in growing
corporations for high rates of return. The majority of the small stockholders (owners of
the firm) no longer actively participate in the management, and it is the laborers who
manage the firm they work for. Here the term "laborer" should be interpreted broadly;
it simply means "human-resource holder", so it includes specifically "manager" as well
as "manual laborer". In short, there is a separation of ownership (stockholding) and
control (management) of the firm. Laborers hire capital in the present—day capitalistic
economy, whereas capitalists hire labor in the neoclassical paradigm.

The third strand analyzes the behaviour of the firm in a certain socialistic
economy. Since the stock market does not exist in this economy, the neoclassical hypo-
thesis of profit-maximization does not make sense. Ward (1958) and Domar {1966)



postulated the per—capita value-added maximization hypothesis, and studied its impli-
cations regarding the output—supply curve. See Vanek (1970) for further work.

In both the second and the third strands, it has been argued that a firm is
managed by the laborers who work for it. A new behavioral principle can now be intro-
duced: Each laborer, given his own incentive, coordinates his strategy-choice with the
other laborers in a firm, because by doing so he and his colleagues can better serve their
diverse incentives; that is, the laborers play a cooperative game. This cooperative game
could be one explicit interpretation of the Coasian human-resource allocation mecha-
nism that replaces the neoclassical labor market (the first strand).

Some time ago, the present author constructed a general economic equili-
brium model with production, proposed a new equilibrium concept, and established its
existence theorem (Ichiishi, 1982, 1985). Among the theoretical characteristics of the
model are: First, the model embodies both the neoclassical market mechanism for allo-
cation of non-human resources and a cooperative game played by the laborers for allo-
cation of human resources, and the equilibrium concept is a hybrid of the competitive
equilibrium (a version of the typical non-cooperative solution concept) and the core
(the typical descriptive cooperative solution concept). Indeed, the equilibrium existence
theorem was established by applying the result of Ichiishi (1981) which synthesizes
Nash’s equilibrium existence theorem (Nash, 1950) and Scarf’s theorem for nonempti-
ness of the core (Scarf, 1967). Second, a firm is managed by the laborers who work for
it. By specifying whether or not firms have access to the capital market, the model is
defined as capitalistic or socialistic. Third, the formation of firms is endogenously de-
termined in equilibrium.

The present paper continues the analysis of the new model of Ichiishi (1982,
1985). The purpose here is to compare the performance of the capitalistic version with
the performance of the socialistic version. In order to formulate this comparative econo-
mic systems problem as clearly as possible, the model is greatly simplified here, while
retaining all the essential ingredients. It is an improved version of the abridged model
of Ichiishi (1981, Appendix 3). Also, in order to see clearly the implications of the
nature of the firm as a cooperative resource allocation mechanism, the effects of a
change in relative market prices of commodities are abstracted away; in this sense, the
model is macroeconomic. The comparative study of two systems is not new (see, e.g.,
Sertel (1982) for a modern treatment). What is new here is the comparison of two
systems in terms of a new descriptive equilibrium concept which is based on cooperative
behavior of the agents.

The main result of this paper is that if the socialistic economy can be de



composed into several subeconomies, each satisfying increasing returns with respect to
the firm size, then for each equilibrium of the capitalistic economy there exists an equi-
librium of the socialistic economy such that the former is Pareto superior to the latter.
It is precisely in this sense that the capitalistic economy works more efficiently than the
socialistic economy. There are other criteria for relative efficiency, but many of them
are not applicable to the present economic context. It is not necessarily true, for
example, that for each equilibrium of the socialistic economy there exists an equilibrium
of the capitalistic economy such that the latier is Pareto superior to the former.

The next section will present the model, in both the capitalistic and the
socialistic versions. Section 3 will state the main theorem and show an economically
meaningful example which satisfies all the assumptions of the theorem. Proofs will be
given in Secton 4. The main theorem will be proved by applying a game-theoretical
foundation developed by Ichiishi (1988).



2. MODELS

2.1. Three Roles of Economic Agents. There are n economic agents; denote
by N the set of economic agents. A subset S of N, called a coalition, is identified with a

potential firm; denote by # the family of all nonempty coalitions, 2N\{¢}. When firm
S is actually formed, agent j works for S as a full-time laborer if and only if j € S. Here,
the term "laborer” should be interpreted broadly; it simply means "human-resource
holder", 50 it includes not only "manual laborer" but also "highly skilled laborer" such
as "engineer" and "manager". A coalition structure is a partition of N; it describes
realization and coexistence of firms. Certain coalition structures may be forbidden by
law as inadmissible. Let J be the nonempty family of admissible coalition structures
on N. The models here will explain which coalition structure in J is realized in equili-
brium. Each agent j plays three roles in the economy: that of consumer, that of member
of a production unit as a laborer, and that of an owner of production units. The econo-
my is called socialistic, if an agent can be an owner only of the firm he works for. The
economy is called capitalistic, if each firm is allowed to issue an asset, called a stock,
and ownership of the firm is defined as stockholding.

2.2. Capitalistic Economy. The model of the capitalistic economy con-
structed in this paper is macroeconomic, in the sense that the microeconomic effects of
changes in the relative prices of marketed commodities and services are abstracted
away from the analysis. To be specific, there is only one marketed "commodity" in the
model. Besides the market for this "commodity", there are stock markets. Since there
are 28 —1 (= # 4 ) potential firms, each having the potential to issue its own stock,
there are 2" —1 types of stocks. The economy has, therefore £:=1 + (211 —1) markets,
indexed by h € {c} U.#. Commodity c is the marketed "commodity", and commodity
he # is the stock of firm h. The price domain is given by the simplex,
A={pe R_f_ | Ehe{ c)U#Ph =1}. There is no market for labor. Indeed, the nature of

the firm is that the firm is formed as a cooperative human-resource allocation mecha-
nism, which replaces the neoclassical labor market. The labor allocation is determined
not through the market mechanism (a typical example of a non—cooperative game), but
through the society—wide cooperative game played by the laborers. Wages are not prices
but (a part of the) strategies in the game.

Formally the model under construction is static, but it is best interpreted as
a model of temporary equilibrium. There are two periods, today and future. All the



endogenous variables are determined today, based upon the agents’ subjective expecta-
tions about future events. It takes a firm one period to produce outpuis (random
variables). In order to run the firm, funds are raised first through the stock market, and
these funds are used to pay wages and buy marketed inputs today. Negative wages are
possible. In the future, the revenue {i.e., the value of the outputs and portfolio) will be
distributed to the laborers as future wages and to the owners as dividends.

For each agent j, his strategy space XJ is a subset of Rl Rt EJ where EJ
is a Hausdorff locally convex topological vector space. A genenc element x of XJ is

/4 {
denoted by (xI, x] , xm), with xJ = (xI {th}hE ¥ JER, II € R, inI ¢ EJ. The

"commodity"—stock bundle x-} signifies the excess "commodity"—demand and portfolio
of j as an individualistic consumer, x'IiI gsignifies the "commodity" input and portfolio of
the firm which j works for, and X%II signifies the amount of labor that j is assigned to

supply, the wage he receives today, and his subjective probability measure on his future
consumption. No agent holds stocks as an initial endowment, so net demand for (net
supply of, resp.) a stock is equal to its demand (supply, resp.). The usual sign con-
vention for demand and supply is adopted; i.e., consumer j’s excess demand for (excess
supply of, resp.) a commodity is measured by a positive number (negative number,
resp.), and firm S’s supply of (demand for, resp.) a commodity is measured by a posi-
tive number (negative number, resp.).

Define XS :=HjES Xj for each S € ., and set for simplicity X :=XN. Suppose

(%, P) €X = Ais given at the outset. Firm 5 € 4" is formed, once the members of S agree
o cooperate; they agree to choosing the input—portfolio vector xgl) (—xH, for all j€S)

for their firm, wage w-] and labor assignment for each member j (the first two compo-
nents of r'm), and their future wages and dividend policy (the last two items influence

member j's subjective probability measure on his future consumption, viz., the third
component of x-I'II).

Not all strategies {xS ex® | xil =x{1 (=: xﬁ)) for all i,j € S} are feasible to
firm S. The firm first supplies its stock to receive capital Pg xﬁ'g, then use the capital

to purchase input/portfolio and pay wages. Consequently, firm S has the budget con-
straint,

g x{14 2 B(—x{3) + Y‘hEJ’\{S}ﬁh(_"gg) + B W,



or
where for two vectors x and y, x - y denotes the inner product Ei X ¥;-

Once agent j agrees to his wage w! in his firm S, his income level {oday is deter-
mined. He carries out his net trade x-I' in the £ markets subject o his budget constraint,

p' x:'[]SWJ,

by himself (i.e., non—cooperatively) as a consumer. Firm $’s future-wage policy and
dividend policy (which takes into account its future output), the prevailing stock-
holding structure outside firm S ({th, xHh}lEN\S he J,) and agent j’s own portfolio

({th}hE ./V) determine the subjective probability measure on j’s future consumption.

The constraints specified in the preceeding two paragraphs are summarized
by the feasible strategy set Fs(i, p) (C XS). To re-state some of these constraints, each
e Fs(i, p) has to satisfy

Ih-o forall jeSand all h € 4,

. . S o
in =x%1 =: xgl)’ foralli, j€S,

S <0, for all he {c} U #\{S},
| 50 i h =s,

and by summing up all {he budget constraints,
)
(JES i—x1) <0 (1)

Denote by gr P the graph of the correspondence P . X x A— XS
gr P ={(%, b, O)eX x Ax X5 | ©€F (x p)}. For each member j of S, his utility
function ug gr F¥ — Ris given.

The capitalistic economy is defined as a list of specified data,
8, =({x% @ {F(. )}SE ” {us( Vieses» 7)- Au equilibrium of the capitalistic

economy é’c is a triple (x , p , .7 ) of members of X, A, F, respecitvely, such that:



* * ¥ *
i) xTEFT(x,p)foreveryTE.?;

S € FS(x P ) such that

ii) 1t is got true that there ex:st S € 4 and x
ug ( P, X ) > uT(_])( , p ,x (J)) for every j € S, where T(j) is the

unique member of F such that T(3) 3 j; and

i) By xp) —Bpe* i <0,

Given (X, p), the agents play a cooperative game; this changes the strategi-
cal part % of (X, p) in disequilibrium. At the same time, given (%, p), the market mecha-
nism works in the spot "commodity" /stock :na.rkets this changes the price vector p of
(%, p) in disequilibrium. An equilibrium (x , p ) is achieved (i.e., the feasibility con-
dition (i)), in which no coalition as a price-taker can bring about by its own effort a
higher utility level o each of its members (and specifically no coalition has incentives
to change the strategies) (the coalitional stability condition (ii)), and all the "commodi-
ty" /stock markets are cleared (the market clearance condition (iii)).

2.3. Socialistic ¥conomy. The socialistic economy is obtained from the
capitalistic economy 3;: by allowing no trade of a stock nor its issuance. Funds for

operating firm S are collected from its members in the form of negative wages. Given
(%, p), the set of all feasible strategies of firm S is then given as:

A [
X{p =X =0, ]

Sx,5)=| SeFS,p)
forall j €S andallhe 4

Assume p e >0 Since there is no stock market, a wage structure in S completely deter-
mines an allocation of the "commodity", ({xfc} ¥ xg():). Indeed, the contraint (1)

becomes

Zs o —x{1) € 0. @)

5)

Moreover, the input x{l ¢ and a future wage structure alone determine members’ proba-

bility measures on their future consumption. Thus one may postulate:



ASSUMPTION 1. For each coalition 5, the feasible strategy set Gs(i, D) is
independent of (X, p). For each member j of S, his utility function ug(i, D, xs) is inde-

pendent of (%, p).
This assumption justifies the notation, GS :=Gs(i, ), ug (xs) :=ug(i, P, xS),
The gocialistic economy is defined as a list of specified data, g :=({Xj} PNt

{GS}SE Ve {ug(- )} ¥Se A ). An equilibrium of the socialistic economy € is a pair

(xT, .9’1') of members of X, , respectively, such that:

(i) xiTe GT for every T € i and,

S

(i) it is not truethat there exist S € 4 and x° € G such that wi(x) >

u[jj(j)(fo(j)) for every j€S, where je U(j) € Eal

Notice that in this macro model, the "commodity" market clearance condition is satis-
fied by condition (2).
2.4. Example. The simplest example of a socialistic economy 8; might be

the case in which (i) utility of each agent j is determined only by his strategy x,
(ii) l1abor supply does not enter the utility function (so that each laborer always supplies
his maximal labor time to his firm), (iii) there is no uncertainty in the future (so that
the future gross consumption allocation {x-’III ) S is completely determined as today’s

strategy, and (iv) the technology of S is desribed by a production function,

g :R M R 4 One may suppress the labor—component from E’ in view of (ii). One

may also suppress the wage component from EJ in view of the identity, x% c =w (here,

the marketed "commodity" is the numeraire). The space Bl is, therefore, identified with
the one-dimensional future-consumption space. The feasible strategy set is given by

EjES xiic —xﬁg <0
3. -x(s)) ’

cS=) Sexs .
xi. < 5 (
€S X[IIc * 8 T1c

and there exists a function u-i RxR M R such that

“é("s) =ul(x{,, X{p.)-
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3. WELFARE COMPARISON OF THE TWO ECONOMIC SYSTEMS

3.1. Main Result. The crucial difference between the two economies gc and
3; is that in the former the capital markets serve as a channel for re-distribution of the

initial resources. This fact is summarized by the condition,

aSc Fs(i, p), for every S€ A and every (X, p)eX x A (3)

The purpose of this section is to establish that under certain economically meaningful
conditions, condition (3) results in a more efficient allocation of resources in &, than in

35. The precise content of the phrase, "more efficient" will be specified as the assertion

of the Theorem below.
In the socialistic economy & the set of attainable utility allocations of each

coalition S is given by :

There exists xS € GS such that]

W(S) :={ ueR"

for each j €85, U < ng (xS)

(Inclusion of the coordinates that correspond to N\S is made simply for notational
convenience.) Set W(¢) :=¢. The following Assumption 2 characterizes the increasing
returns with respect to the coalition size.

ASSUMPTION 2. For any S, T € 4, W(S) N W(T) ¢ W(S N T) U
W(SU T).

This is a strengthened form of the super—additivity assumpiton. Its precise meaning
would be readily understood if utilities are transferable, i.e., if there exists a function

w : A4 — R such that

W{(S) ={ueR" | EjES U, < w(S)}-
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In this transferable utility case, Assumption 2 is equivalent to:
w(SU {j}) —w(S) < w(T U {j}) —w(T),

for all j€ N and all § CT C N\{j}, where w(¢) :=0. The last inequality says that the
larger the coalition that j joins is, the higher the marginal worth of j is.
For each coalition S, define

W©S)=U n  W(P),
$ Pep

where the union in the right-hand side is taken with respect to all the partitions
2 of S. The following Assumption 2’ weakens Assumption 2.

ASSUMPTION 2’. For any S, T € 4, W(S) N W(T) ¢ W(S N T)
UW(SU T).

The next assumption postulates the efficiency of the admissible coalition structures.

ASSUMPTION3. W(N)= U n  W(T).
JeI Teg

The main result of this paper is the following Theorem; its proof will be
given in Section 4.

THEOREM. Let 3; and 8; be the capitalistic economy and the socjalistic

economy. Suppose that & satisfies Assumptions 1, 2/ and 3. Then, for each equilibrium
* % % *
(x,p, I)of &, for which p, > 0, there exists an equilibrium (x.r, 5’1') of & such

that the former is Pareto superior to the latter. i.e.,

u%(j)(x*, p*, x*T(j)) > quJ( j)(x"'U(j)) for all jEN,

*
where JET(j) € I and jeU()e 7.
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3.2. Remarks. (i) Discussions in Ichiishi (1988, Section 2) show why the
assertion of the above Theorem is the only result one can hope for on welfare compari-
son of the two systems, given condition (3).

(ii) A subfamily .2of . is called balanced, if there exist nonnegative real

numbers {AS}SE g such that SSE 2 :53j ’\S =1 for every j € N. Define XiII =
. . t - - . NS _ _

{(x}, xjpp) €R* = BJ | x¥e XI}, and F7(%, 5) ={x g € Iy xlI | x5 € Fo(, p),

K8 =0}. By applying the social coalitiona. equilibrium existence theorem of Ichiishi

(1981), one can easily prove that there exists an equilibrium of 5(‘:, if XJ is nonempty,

compact and convex, FS is_both upper semicontinuous and lower semicontinuous in
X x A each FS(:Tt, p) is_nonempty and closed, ep g FEH(i, p)cU e e

~

EH(:Tc D) for every balanced family .# with the associated coefficients {g}gc o> and

there exists a continuous function uJ X x Ax X “yp — R such that ué(i, P, xS) =

uJ(i, P, xiH) and such that each uJ(i, P, + ) is quasi—concave in XiII

3.3. Example. Consider the example of Section 2.4. Define

g%(a) =={

0 ifa =0,

o ifa>0.

The following Claim is an extensmn of a result of Moulin (1987, Appendix B); Moulin
treated the case in which gs =g forall§, Te 4.

CLAIM. Suppose the production functions gs :R 4+ R 4 S € 4, satisfy

-+
==
[+

et

g>(0) =0,

g5(2) + g1 (1) < g5 (c) + g T(a + b —c), J “



-13 -

for all 5, T € # and any ¢ < min {a, b}. Suppose also that each utility function
w:R~ R, — R is non—decreasing in R ~ R, and that {N} € 5. Then_both

Assumptions 2 and 3 are satisfied.

This claim will be proved in Section 4. Notice that condition (4) implies both increasing
returns to scale for each firm §,

g5(a + ) —g5(a) < g5(b + 1) —gS(b) foralla<a+h<b<b+h,

and increasing returns with respect to the coalition size (in terms of the production
functions),

Bs(a) < ST(a.) forallaand all SCT.

3.4. Example. A non-trivial coalition structure may be realized in equili-
brium of é’c or 35. Suppose F(€ J ) has the properties: For each T € .7,

W(S)NW(S’) CW(SNS)UW(SUS")forall §,S’ CT,

and for any two distinct T, T €

W(SUS)CW(S)NW(S‘)}forall SCT and all S CT".

Then Assumptions 2/ and 3 are satisfied, and 7 is realized in equilibrium of é;.
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4. PROOFS

roof of the Theorem of Section 3.1. Let (x p 5 } be an equilibrium of
& for which p > 0. Define non-side-payment games V, V: 4 — R" by:

s) { n 350 ¢ Fs(x*,p*):VjES:}
V(S) = neR

H * ¥
u; <ud(x,p x5)
V(8) = U n  v(p),
? Pe?

where the union in the right-hand side is taken with respect to all the partitions
% of S. Define also

H:= U Nn V(T).
FeT Ted

* * ; * k%
Let u be the equilibrium utility allocation : uy = u,i,( j)(x , P, X S), for every j € N.
* [ +]
The allocation u is in the core of game (V, H), H \ Lé V (S). To see that it is also in

*
the core of the game (V, H), suppose there exists S € .# and u € V(S) such that u i<y

for all j€8. Theie exists a partition 2 of § such tt;a.t 2 €V(P) for all P € #. Each P
improves upon u , which coniradicts the fact that u is in the core of game (V, H). By
(3), W(S) ¢ V(S) for every S. Assumptions 2’ and 3 say that by setting

K= U n W(T), (W, K) is an ordinal convex game. Theorem 3.1 of Ichiishi
Jeg Ted

(1988) is now applicable, and there exists a core utility allocation ut of game (W, K)
such thatu > ul. Q.E.D.

Proof of the Claim of Section 3.3. Step 1. Foranya,b,¢,d, A,B,C, D¢

R, and any S, T € 4 such that A + B < g°(a + b) and C + D ¢ g1(c + d), at least

one of the following four inequalities holds true: B € gsnT(b), C ggsnr(c), A+B+D¢(
SUT(a +b+d),and A+ C+ DK gSUT(a. + ¢ + d). Indeed, suppose B > gSI'TI‘(b)

and C > g9 (c). b < ¢, then b < min {a + b, ¢ + d}. By (4),
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A4+B+C+D
<ga+b)+g(c+d)

SnT(b) + gSUT(a +b+c+d-b)

SUT

<B+g" (a+c+d).

Consequently, A+ C+ D ¢ gSUT(a + ¢ + d). Similarly, if b > ¢, then A + B + D ¢

VT3 4+ b+ 4).
Step 2. One needs to show that the non—side-payment game W is ordinal
convex. In view of the monotonicity of the utility functions uJ, it suffices to show that if

xs € GS and yT € GT, then xSﬂT € GSﬂT, or ySﬂT € GSﬂT, or (xS T\S) € GSUT

S\, 3Ty € 6T, Now, 5° € G337 € GT, resp.) means that Les "fnc

x D) (Bt Mie < & (Sep(- ¥l resp). Set a =, e\ - ), b=

[ FaN

EjESﬂT (—xlc), ¢ =L fT.['( YIC)’ d =Z. €T\S (- yIc) A = . S\ T xIIIc’ B =

Zesn X1 C =ZiesnT e D =5, T\S ¥l1.» aud apply Step 1. Q.E.D.
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