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§1 Introduction, Notations, and the Basic Lemma

Let a = {l,...,n} denote the "set of players". A pair of
vectors

5 s : 2(r+l)
(g;k) = {90!---!gr 3 ko""’kr} € "0

induces an additive set function M (a measure) on the subsets
of o (the."coalitions") in a natural way provided

Indeed, put Kﬁ = {w €0 | kp-l < 0= kp} {kwl := -1) such that

0= Ko+ Kl +,..+ Kr

is a decomposition of & ("+" is used instead of "u" iff the
union is disjoint) and define, for Sca,

r
(1) Ms) = = | Sak | g

Thus M : R () » Na is a mapping defined on the power set of @
("the coalitions"). Clearly, any N_-valued measure M may be

0
represented by a suitable (g ; k) € ng (r+l)

reordering &.

, possibly after



A (simple) game is a mapping

v 42 (a) > {0,1)

such that wv(@) = 0 (and, in general, v(2) = 1) The term game
throughout this paper refers to simple games. A game is a weighted
majority if there exists a measure M and a number x» € N such
that for Sca

1 M(S) >
(2) v(s) =
0 M(S) < 2

In this case, (M,r) is called a representation of v and the

relation (2) is indicated by writing v = v, . Uf € K;, then

A
9 is the weight of w.

0Of course, a game may have various representations and we are interested
in defining and computing a minimal representation for a certain class
of games. Let us start by discussing the symmetry-properties of a game
and its representations.

The properties of a representation are obvious: if w, n € 0 are
players with equal weight, then (M,2) (and v) is not affected by
exchanging w and n; more precisely the permutation =™“:q = g,
m{n) = ws, w(w) =ns w(1) = 1 (v # n.w) yields pls¥

(m v(S) = v{v'I{SJ}, for any permutation =, defines the game =v).

Y=y

In particular, exchanging players inside the same Ki does not affect

vi we shall call the elements of K. fellows (w.r.t. (M.1)) and i

a fel1ﬂwsh19.

For any game v, the symmetry group

=

" ={n:Q~+0| n apermutation, =v = v}

describes the symmetry properties of wv. n’ decomposes 2 into



transitivity domains, say

If w,neT forsome p then there is = ¢ 1’ such that

m(w) = n or, equivalently, n is an element of w's orbit

under 1¥. o= {0,...,t} 1is called the set of types (of v) and
wy N € Te (6 € 8) "belong to the same type".

If v is a weighted majority then w and n belong to the same

type if and only if " v = v, as is easily verified.

It is also easy to verify (see OSTMANN [ 5]) that the representations
induce an ordering of the types, i.e., if for some representation
(M,2) of v we have

U.IE.K.i: T'IEKj! g-i {g'l
i.e. M(w) < M{n) , then M'(w) < M'(n) if w and n belong to a
different type and M', 2' 1is another representation of w.

It is, therefore, no loss of generality to assume that players are
ordered in advance and that this ordering is provided by any
representation to start out with.

We shall assume that "smaller players are recognized by smaller numbers"
and that players withweights zero (if any) are first in our ordering.
Thus we restrict the term "representation” as follows.

Let ¥ denote the set of all vectors

i : 2(r+l)
(9:k) = (952975--+59, 5 Kyskqaennsky ) € Ny

such that



(4) 0
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is satisfied. Let W= L) WX, Any M = (g,k) € W" s always
r=1

interpreted as an measure on &. Therefore, given M ¢ ﬁ?{r » the
projections

A L SRR R R T
1 1 0 iy 1 0 1 1
e
(6) M - R R RS S S T
i 0 T 1 s 0 A 1 i
tror LSl e ang 1l < ¢ < ks ) may be interpreted as restrictions

8]
of M, that is, measures which are regarded to live on an appropriate

subset of . This subset is of the form

- C -
C = E(MT ) = KG T Ki

+ 0
0 ) !

where D c K, , 0= k; -¢..As g =0, the term carrier is not quite
0 0

appropriate, we shall reserve this term for the vector {kﬂ,.1+, ki -c).

0

As a notational convention, the total mass of M is always denoted by
m (indices are carried through appropriately) i.e.

i
m = iil ks Gy .= M(Q)
5 . 10-1 o e
) mig = 151 ks 95+ (k10 - c]g10 = Miuiﬁ} = MiD{CJ
10-1

BT,



Next, it will be necessary to compare measures (vectors (g,k)) of
different length; the prerequisits for this procedure are provided
by

r'+l r+l

Definition 1.1. Lo ke Hﬂ extends k ¢ Hﬂ if the

following holds true:

There is 1 = {10,,..,1 ) € Ng+1 such that

r
(9) =1 = ]"1(]0{11 £ ]r
and
(10) I ki = k
1 <i<l 1
el e

2. Let (g.k) e " and (g'.k') e W" . We shall
say that (g',k') extends (g,k) if

(11) k' ext k
and

(12) 9 = g e R

where 1 is specified by 1. If (g.k) € T®" and, for

some k' e H; +1 s k' ext k, then there is a unique g’

sucht that (g',k') ext (g,k); let us write

g' = ext]k. q

(extension of g w.r.t. k').



3. A half ordering &£ on W is defined by

(9:k) & (3,k)

if and only if

Kextk and exty g<3.

Remark 1.2. 1. For any (g',k') € T8 there is a unique minimal
(w.r.t. =< ) element (g,k) € T8 such that
(g',k') ext (g,k) ("grouping fellowships of
equal weight together"); g satisfies

(13) 0= By = Bf Fiea% Q-
We call (g,k) the reduction of (g',k') and any

(g.k) satisfying (13) is said to be reduced.

2. Clearly, whenever k' ext k , then
(g.k) & (ext] g, k').
|k

: If,ﬂ-a) CWx N is a family of representations of
a game v, then the term minimal refers to an
element (M,%) E-{g such that for (M,x} E-%j ;
we have MM and X < 1.

4, If Me ", then a vector s € N;+1 is a
profile {w.r.t. M) if s < k.

Profiles correspond to coalitions S C g such that

Se = | S n Ky |; we have

r
(14) MS) = = | Snki|ag;

n
Il =t -3
LA
-
[T
=t
n
=
—
LA
—
..

and thus we shall frequently regard M as a
(additive) function on profiles.



If (g',k') ext (g,k) , then a profile s' w.r.t. (g',k') corresponds

naturally to a profile s {(w.r.t. (g.,k)) (s = z s:) and we
e ey
have p=1""="p

If (g,k)= (g',k') then s' + s is also well defined and we have
M'(s') > M(s)

in this case.

The term homogeneous for a (simple) game has been introduced by VON
NEUMANN and MORGENSTERN ([ 41).

Let (M,x) € Mx N. M is said to be homogeneous w.r.t. x if

1. Ma) =2

2. For SCa, M[S) > x there is T S such that
M{T) = a.

We write M hom » as an abbreviation; also, M hﬂmﬂ A means that

either M hom 2 or M(a) < A.

A game v 1is homogenepus if there exists a homogeneous representation,
i.e.y if there 13 (M, Xx) € T x N <.t

v o= vT . M hom XA.

Essentially, a game is described by its minimal winning coalitions
(the min-win coalitions) and in a homogeneous game the min-win coalitions

have exactly weight &.

Homogeneous games are of special interest, because they allow for "nice"
solution concepts. (see [6])



It is the aim of this paper to exactly describe the structure of all
homogeneous representations of such a game. The construction of
homogeneous games with arbitrarily prescribed weights is indicated in

[ 9]. From this paper we take the following Lemma (Theorem 1.4., [ 9 ]),
we shall refer to it as to the

BASIC LEMMA Let M= (g,k) be reduced, 1 € N,and assume
r
A<m=Ma)-= 151 ki 9,
Then M hom 3
if and only if there is 'iG €Ef)ls-sr} and
CEI“tliCiki .
o
such that
r
(15) A= Cgs o+ £ ko g
Yo amiagon
o]
c 5 :
(16) Mio homD gj [1ﬂl 123 % r]
(17) M. . hom_ g.
i 1 g

Intuitively, the Basic Lemma states that, given a homogeneous representation
of a game, the measure of the largest min-win coalition (when collecting
players according to rank) must exactly hit the majority level. Moreover,
the remaining players - collecting their weights according to the

measure M? - are going to play a series of "satellite games"

o M?
Ay WLt T R
J i e L EE
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in order to replace the "large players" (] 3-10 4+ 1) and the medium
players {iD} - or rather, the members of the large and medium
fellowships.

The fact, that [ 9 ] deals only with reduced representations may be
neglected. This is verified at once by reducing and extending
representations at will.

The term "largest coalition", suggested by the Basic Lemma leads to an
ordering of profiles. As the largest fellows have weight 9 » it is
reasonable to introduce the lexicographic order backwards on vectors

(profiles) s ¢ N ; thus the last coordinate 5, is the first to
be considered for the lexicographic ordering.

According to (15) (16) (17), the profile of the "lexicographically
largest coalition" (the lex-max coalition) is uniquely determined by

M and » and given by

A A

5 =Gy = (8.l Bu K ik

)
i+l r

Whenever M hom » , the lex-max coalition is specified by the basic
lemma (which presents iD and c) simultaneously with the "satellite

measures® M, _, and M? . Any other minimal winning coalition is
o 0

obtained from s’ by successively replacing larger players by smaller
ones - that is, via successively playing satellite games V{J]-

1f no vi9)is defined at all then all members of fellowships < 1 -1
are necessarily dummies - (cf §2), thus smaller fellows may enter a
minimal winning coalition only by "replacing" larger ones via 2
satellite game.

By induction it will be seen that this situation is repeated throughout
the game (§3). The satellite games provide a way to define (and prove



s

the existence of) the minimal representation (cf [ 5 1) and to get
hold of an algorithm for obtaining this representation. Let us
shortly elaborate on this topic.

The Basic Lemma permits to define (recursively) a test for homogeneity
of a pair (M,2). In addition, it provides a method of computing "all
homogeneous games" via the "matrix of homogeneity" - the details may
be found in [ 9].

Qur present aim is slightly different. OSTMANN [5 ] proves the following

Theorem ("The smallest committee") For any homogeneous game there is
a unique representation (M,2) € ¥ x N such that M(n) is
minimal (and M is reduced).

Now, in this note, we shall first of all clear up the relation between
the basic lemma (the satellite games) and the minimal representation &
la OSTMANN, secondly provide an alternative proof for the above Theorem
which, bypassing, shows that the representation is & - minimal, and,
thirdly, lay the grounds for an algorithm which yields the minimal
representation given any homogeneous representation.

This seems to be desirable since the procedure offered in [ 5 ]

necessarily employs the incidence matrix of the minimal winning coalition -
which means that, given a homogeneous representation first coalitions

have to be tested for the minimal winning property - a procedure which

is quite tedious and fastly exceeds the capacity of an ordinary

computer even for medium sized games.
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§2 Games with few non-dummies

In view of the Basic Lemma, the measures M1 3 and H? play a
0

decisive ridle concerning the relations between smaller fellowships
(i % i,)s the medium one (i = i ) and larger fellowships G

E-q. . itf m. 129 » then according the the Basic Lemma, M. i hom 9; s
0

3
0 0
thus ’

is a homogeneous game. The min-win coalitions of this game may enter

(3.7
those of v by replacing iﬂ. Call Hi - ¢ M °

0

the satellite

(i,)
measure of iﬂ. Fellowship iD will be called a sum and v ot

satellite game.

If my ;< 95 » then there is no way for small fellowships to sum
0 0

up their weights in order to replace iﬂ (vaguely speaking at this
point of the development ) and iD is called a step.

Similarly, for j E:iﬂ + 1 , the satellite measure is Mf = E{j}
0
and the satellite game is

(3)
V{J) 1= ng
J
provided m? __gj . If so, Jj is a sum, otherwise it is a step.

0

In §3, dummies, sums, and steps will be defined inductively as to
the one of three possible characters of any fellowship. The present
sectionis dealing with some degenerate cases (small fellowships are
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dummies and large ones constitute one type) which also form a part
of the first inductive step.

In this context let us write M =0 for a measure which is understood
to live on KD (thus corresponding to {D,QD}}, even if KD =P (RD = 0),
in which case M =0 may be regarded as the trivial measure on the
empty set.

Remark 2.1. let v = v? s M=(gk) e "x N and r=1.

Essentially, there is only one weight 9 available
and
A=c g lzc=zk;

thus, the class of homogeneous games for r =1 1is specified by

indicating values for 9y ko’ kl, and c. A typical member of this
class is represented by

(1) (g5k32) = (0,955k ky5e9q) kg + ky =ny gy 21, 1< ¢ <k
Fellowship i =0 1is a dummy.

We shall call the only nondummy fellowship in this case, type 1, a step.
Its satellite measure is M{l} = 0 the total mass of which is m'[1 =0

(Recall that m“:| = MEI}(E} is a convention).

Note that there is a unique minimal representation of any game UT

given by (1), thus is
(2) (3:ks3) = (0,13k kg 3c)
Remark 2.2. Let r > 2 and consider the case where

C
M. < 0. s M: < g.
- +
i 1 = 1 L 1



= 3

It is seen at once that 51 = [ﬂ,..,,D,c,ki +1,‘..,kr} is the only
0

profile of a minimal winning coalition; fellowships 10+1,...,r are

inevitable while exactly ¢ players of fellowship iﬂ and all members
of larger fellowships (if any) are necessary and sufficient to form a
minimal winning coalition. There are two subcases to be distinguished.

Hoop= 10 : H? is not defined and we have X = g, »
0
r-1
miD-l == 151 kigi < g. . Then, fellowships 0,1,...,r-1 are

dummies. Fellowship r 1is called a step. It'ssatellite measure is

MHj = Mr-l; also mtl) =m

r-1"°

There is a unique minimal representation of VT given by
By r-1
(3) (B.R:E) = (0.1 T k&5 e)
R

hence these games are members of the class described in Remark 2.1..
Obviously, there are two types involved in the game v.

If 10 < r , then we have in general (i.e. ¢ < ks ) 3 types involved
0

in the game. Fellowships D,...,inrl are dummies, fellowship el

a step, fellowships 1D+1,...,r are steps as well (and belong to one

(i :
type!). The satellite measures are M and r~1“:| = ME

)

0
= M.
10-1 i

a

(i = iD + 1). Again, uM has a minimal homogeneous representation

A

given by
| e ig-1 r r
(4) (kA ) = (0,1,ks-c+1; I kioks kis €+ L k;(ks-ctl))
1= 0 i=iD+1 i=TD+1

provided c¢ < ki - Fort = ki , the game is again seen to be an element
0 0
of the class discussed in Remark 2.1.
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&3 Characters

During this section we assume that M€ Yo" and A e N satisfy

M hom i. Hence there is i € {l,...,r} and ¢, 1 <c <k, as
0
specified by the Basic Lemma.

Definition 3.1. l, Let y=¥%

M) (524 + 1,...,r) ds called the satellite

measure of fellowship J.

2. Let J=Jd(MAk= (2 | mld) > g0 iF 9=p

then r 1is treated by Remarks 2.1. and 2.2.

3. For 3 & J5.

- (J
NOJF
J

is the satellite game for fellowship Jj.

The definitions given above refer to (M,%). We are now going to define the
term "dummy" also w.r.t. (M,2)} - however, it turns out at once that this
property depends on v only.

Definition 3.2. (Inductive definition of dummies)
1. For r=1, fellowship 0 is the only dummy.

2. Let r>2. If I =0, then dummies are defined
by_REmark 22 ket - 1% 0. Far ] €1, et _
EI'::'II| = D{H{J],gj] denote the dummies of {M{J},gj}

(inductively defined) and put D = D(M,2) = /) ptJ)

to be the dummies of (M,1). Jel
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Lemma 3.3. D is independent of the representation. More precisely:

1. je€D=D(MA) iff each uw € Kj is a v-Dummy in the ordinary

sense (see 2.9, [ 8 ], CH 111, 'SEC, 2),

Q
Qo R RO S T e L kj where 0 is the

T +...+4T
& epd % 3eB <

L

0 o 1
decomposition of 2 into types and k = [kl,...,ﬁt} = {|TD[,...,?Tt;j
the distribution of players over the types (cf. §1).

3. If (M', »') 1is a further homogeneous representation of v we may
(after suitable extension (cf §1) assume that M, M' € T¥" . Then

D(M,x) = D(M', A').

Proof: It suffices to check that the dummies given by Definition 3.2.
are exactly the ones of v in the ordinary sense (ignoring the
difference between player and fellowships. This is performed by induction.

1. For r=1 or I =P our statement is obvious.

2. For r>0 and I # P our statement is obvious for j > 10.

Let 7 < i,-1. Suppose i ¢ L.l ptd) , say 1 ¢ D[j} :
Jel

Clearly, g7 >0, i.e., i>0. By induction w€ Kz s not a

dummy in v[J} (in the ordinary sense). Assume J ] (3 =1

0
runs analogously). There is a profile
8. ;.0 0
s = {Sl""‘ETD]

of a min-win coalition in V{Jj such that 5? = 0 and

£ TSRO U ST T
M (s7) = Hio [5°) = 93 A



Note that 5? Ch S e

The profile

o
en k.
s1 &y i +1? ] r

: L]
iy o

reflects a min-win coalition in & since

M(5) = &

and as E; = 5% >0, 0E kq is not a v-Dummy, which completes the first

part of the proof.

On the other hand, suppose that 7 < il and « € K; is nota

v=dummy; again gz > 0 is necessarily true. Let s be the profile
of a min-win coalition (in o) s.t. E? > 0 . Since

Ed el a0 ook k)

:I +1,-+- r
0

we haye

Assume Ei > ¢ (5, < ¢ 1is treated analogously replacing H? by
a o] )

—

M, _{). Then, putting 0 = {EI""’Ei -¢,0...0)
0 0

(1) M;(s%) =M (5} =cg; + E (ki-§;) g; > 0.
0O ] O 121

Verbally: as mass may be removed from the min-win coalition corresponding

to s" only in lumps of at least size 9; - there must be small and

o
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medium sized fellows in S in order to play a satellite game v(j}.

In view of the basic Temma, M? hom g, (§ > 1), thus (1) suggests that
0

g may be decomposed into profiles goi ook,

(J =r s...sr3)
c J1 i = : s
{2} M_i {5 } - gj ] - 1...("(:' %, SJ'},
(1) L 3
E] gy oot Far ] = 15}

As 5% >0 , at least one of the s%1> 0, thus (2) shows that w € Kﬁ

is a member of a min-win coalition in some vj. By induction, 1 ¢ D{j:I
and by Definition 3.2.2., i¢D, g.e.d.

Definition 3.4. (Inductive definition of satellite measures)

_ M S
Let v = vy and A = li

0

For i & D = D(M,), the satellite measure M1) w.r.t. (M,2) is
defined as follows.

1, M{1}== 0 (and mil} = 0), in accordance with Remark 2.1.

1. For: r=

2. let r>2 and j > i,
For 3 =i, MO)iam
tor J > 1., m(3) . M?D :

in accordance with Definition 3.1.

3. ket pxd and i« io .
Assuming that i ¢ D , we know that
J = J(M,x) # P (Definition 3.2. and Remark 2.2.). Let

\LIPES s [N 0%} #



e

For je¢ Ji, let H(1’j} be the satellite measure of i w.r.t.

[Htjj, gjj (which is defined by induction}. Pick jID € JT such that
3.3 - )
m B e max {mt1’3} B s L

and put

Remark 3.5. 1. Mti} is a projection of M and corresponds to a certain
.‘l
: “rre 1
(D!glgora,gi, kﬁjkl,...,k_il = d} 'E

where 11 < i. In addition, we have
(i)
(3) M hom g, .

To see this, observe that it is true for j 3_10 by the Basic Lemma and
follows for 1 < TD at once by induction.Let us write

(4) e e =)
‘ a” 1 i
(the "carrier" of M{1}} ?

2. In particular, H{i’j} corresponds to a certain
: i(3)
{QD:---:QHJ}, kﬂ,-.-’kitj}}em

(this is used within the above mentioned induction proof). Hence jo
in step 4. of Definition 3.4. is in fact choosen such that

(i.3,)
M % e the largest or lexicographically largest (backwards!) measure
or vector. We may, therefore, (regarding M{1*3) as a measure or vector)
also write

Wagiae - N .

(5) M{1} =M 0 = Hf1.J} (4 = 1)
or

(6) mii)

lex max {H'“"j:| | Je Ii}



L

Definidion 6. 1. Lef w= v  and § & D =005,
(

(7)

(8)

(10)

If m i) 2 9y then 1 is called a sum.

Iif m“:I T then i is5 a step.

2. :IF 1 1% & sume Then

() o M{1J
=V
9
is satellite game of 1 (and (M{1},g1j is a hom
representation of v(1}. The lexicographically

L)

largest profile of a min win coalition (in v[1}]
. 1
Jit ot
%
is said to represent the substitutes of i , 5(1}
has the shape

gl Lo ek k; «d)

:k'_:
11 1 11

12+l""

and satisfies, of course

w0) (s0)y < g

i

3. If 1 is a step, then the carrier of M(1}

P SR (kseresky = d)

i

is said to represent the pseudo substitutes of 1; clearly we have

in this case:

el
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Thus, a fellowship must have one of three characters. If it is a dummy,
he plays no essential rGle in the game; jt's satellite measure is not
defined at all. If it is a step, then it's satellite measure is well
defined; but as it is too small, there is no satellite game. If it

is a sum, then it's satellite measure is sufficiently large, the smaller
players can combine their weights in order to play the satellite game
and the substitutes are the largest (lex) coalition to replace it in a
min win coalition of .

Note that fellows of j = 19 are inevitable players: they all show up in
any min win coalition. On the other hand, the only way smaller fellows

1+ i,) may enter a min win coalition is via replacing successively
sums by playing satellite games. This will become obvious during the later
development.

Remark 3.7. 1. Fellowship i < i, is a sum {w.r.t. (M,x) if and only if

It 15 & sum w.r.t: {ij}, gj) for at least one j > i .

AR U e U 10 be a sum and let jo 3_10 be such that

M(i) = M(i,3,)
R

Then i ds a sumw.r.t. (M 5 gj
L8]

)

] {i’jﬂj i . I
3. In this case clearly s = s (with obvious
notation} i.e., the substitutes of 1 w.r.t. (M,x)
(gl
and w.r.t. (M e 9; ) are the same. (Remark 3.5.2.)
0

Our first aim is to show that (1ike dummies) the characters "sum" and
"step" are awarded by the game v and not by the representation (M.x).

The next Theorem however, shows somewhat more.
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Theorem 3.8. Let v = uT and let i be a sum (w.r.t. (M,1)).

Suppose i' 1is of the same type as i (w.r.t. v).

Then 9; = G;1 (i.e., if the representation is reduced,

i=1"') and, of course, i' is a sum as well.

Proof: For r=1 and for r>2, I =@, there is nothing to be
proved as there are no sums (Remarks 2.1., 2.2.). Assume
therefore, r>2 and 1#80.

Next observe that 1 » i, implies i' > i, and vice versa for
otherwise it is easily verified that i and 1i' cannot be of the

same type.

G, e L
Suppose i < i'. As i is a sum, one player of fellowship i may be
replaced by his substitutes in order to change the profile of the lex
max coalition; thus there is a min win coalition with profile

s = {51,...,5.

e bl S
i i P

s < ¢ g; + s(1)

(say, the tacit assumption i > iﬂ made by writing down (11) is un-
important). Here, e’ is the i'th coordinate vector and s(') the lex
max profile in (M{1), g:)s i.e.

However, the profile

= -~ i i
r= + . - :
5 5 e 91 e ‘J.I-

has to total weight M(S) < A, thus i and i' are different types if

Bix <G4 » 4 contradiction.
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On the other hand, if i = i' , then

thus: i i

i and 1

oNd cask:

Remark 3.9.

o PR R

S a sum. We may then repeat the above argument, exchanging

. This settles the first case.

f, 1" < i, . As 1 is a sum (w.r.t. (M,%)) he is a sum w.r.t.

some {MIJJ, gj} (3 g_io}. By induction, 1i' is a sumw.r.t.

the same {Mtj}, 9

sum w.r.t. (M,2), g.e.d.

} and g% = g;- By definition, i' 1is a

1. Whatever the representation of a homogeneous game v,
sums of the same type have the same weight.

2. Dummies, steps, and sums are defined w.r.t. v. For a
precise version of this statement, modify the statements
of Lemma 3.3. accordingly. In particular, the types are
classified to belong to one of the three characters.

3. For any representations (M,%) of v, T =T (M,2) denotes
the set of steps and £ = £ (M,2) the set of sums; thus
[ arF =% T+ % 3

if (M', 1') is a further representation, that has the
same length (possibly after extension of both of them),
then TM.x) » TIM'.A")  ete.

Note that T # @ while D and I may be empty.



M
A

to the same type (w.r.t. v) if and only if they belong
to the same type w.r.t. each V{J} (j € J).

Lemma 3.10. Let:- v =%, and 1, 1' < iﬂ. Then i and i belong

Proof: For r=1 or J =P, nothing has to be proved: both, i and
i' are dummies (Remarks 2.1., 2.2.). We may therefore, assume
that r»2 and J # 0 for the remaining part of the proof.

1St STEP:  Assume that i and i' belong to the same type w.r. to
each V{J) (j €4d).

Let s € N; be the profile of a min win coalition such that 5; > 0
and 541 % R{.; we have to show that

' wi-8 5

I

is alsp a min win coalition {e1 denoting the i'th basis vector).

Now, as s5; 2 0 clearly s # sl, therefore either s; > ¢ and
0

1

ME koS =8l 50
5 1 T = 10+1

or otherwise

M-_ {5 5---55'_}>g' s
1U il 1 Ta s '|ﬂl

we treat the first alternative as the second is delt with analogously.

..‘I
Put s° := {51,...,51 sy Sy = c) € NOD and observe that
0 0]
(31} M%) = atq. - § Ggs T ey
' o 1341 ) 1> +1 Ll
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0

As M? hom 95 (J 3_10+1}, it is seen that s~ may be decomposed into

o]
i
. (8] - .
a sum of profiles (& HQ ) each of which has exactly the weight 9;

for some j > i +1. (Only indices j € J are involved!) The corresponding

coalitions are min win in v{j} and at least one of these -say £ hat
the property that

§.>U,E,

R 0
i i k1'

As i, i' belong to the same type w.r.t. v{jj, g does not change its
weight whenever we replace one member of weight 1 by one member of
weight ', i.e.,

Therefore, adding up all the min win profiles of the u{JJ again yields

a profile €' such that £' has the same weight as § and

4

=8 -8' 4 ei

But
ME (8')= = (ke-54) g
o S e

in view of (11) is fastly rewritten to mean

a i
{s') + M {D,.,.,D,c,510+1,...

which completes the first step.
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ghd STEP: Assume now, that i and i' belong to the same type as
v is concerned. Consider a min win profile for some vEJ}
(j € 1), say $, such that

§.>ﬂ,g.

< .
i it k1’

Then i

s=(8+ce? k C e A L

1G+1 3

is a min win profile for v ( assuming tacitly J 3_10+1, which is
unimportant).

Therefore

. £
gl =c— gl 50

has the same weight M(s') = & which implies that

Q o i i
2 =g-g' s+

has the same weight

E
M

R i q.e.d.
: (5) =g

Corollary 3.11. Steps i and i' belong to the same type if and only
if they have the same satellite measure (i.e., the same

pseudo substitutes).

Proof: For r=1 or J =0 the statement is obviously true. Let
r>2 and J# 0. Again, for i, i' > 1, or i1 >i', the
corollary is verified at once. It remains to consider the case
that i and 1i' both satisfy < i_; this is treated by an

inductive argument.

o’

As i and i' are steps, they are steps or dummies in any vj (j €4)
and this character they share simultaneously by Lemma 3.10.
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For any j € di, i and 1i' are steps in v)  and by induction
they have the same satellite measure, i.e.

M['lss]}:Ml:-lls.]} EJEJ.I :J1 }

By Definition 3.4. it follows immediately that M(1) = mli') g e.d.

Remark 3.12. Let us shortly clear up the connection to OSTMANN's [ 5 ]

presentation. Mo proofs will be offered.

1. In[ 5], characters are awarded to players, not to types (not to
speak of fellowships).

2. In both versions, dummies are identical.

3. In[ 5], a sum and a step may belong to the same type. If a type
is called "step" whenever it has a member (a player) who is step,
then both versions are identical.

4, It is not hard to see that "steps rule their followers", i.e., if
i isastep,1<i and s, >0 for some min win profile s,
then S; = k_i

5. The typical "final step" is 10 (and its inductive counterparts).

this means exactly mii) - (Kys-eesks 1) mit) < 8

6. If the smallest nondummy is the only step, then'all weight of larger
fellowships are multiples of g;- Thus, there is a homogeneous re-
presentation (M,3) s.t. g; = 1, g, = 0. This representation is
minimal (after reduction). This follows in our present framework by

means of the homogeneity of any satellite measure M{1} w.r.t. gs.
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7. If v 1is (homogeneous), constant sum and superadditive, then there
is only one step, the smallest nondummy (see [ 5 1). Therefore,
given some normalization (say g; =1 or M(a) = 1) and the re=
quirement g, =4 (dummies get zero weight), the representation is
unique. This is a well known fact; however, Theorem 3.8. provides a
further proof. (another one being given in [ 5 ], the standard proofs
are to be found in[4 ],07 1,[9].

Lemma 3.13. Let v = v? and let i ¢ D be a nondummy fellowship.

If i<j then (j ¢D and) M) o wld)

Proof: For 3 > iD the statement is obvious. For j < iﬂ we have

also i< io and we may proceed by induction.

Indeed, whenever j* > 1& and M(i‘J*} denotes the satellite measure

0 0
spectively), then we may by induction assume that

of 1 wor.t., %) 95.) (i.e. M) e or U M re-

M(153%) ¢ yl33%)

holds true whenever both terms are defined, i.e. whenever 1 (and,

consequently j) is not a dummy "in v Clearly (see Definition 3.4.3.)

3y
and hence
M{i} = Tex max Mfi’j*j < lex max H(i‘j*j = M{j], q.e.d.
me g e
M

Lemma 3.14. Let v = vy and let ‘i < j be Fe11ow§hjps such that i
is not a dummy in V{J]. Also, let 3{1’3} denote the
satellite measure of i w.r.t. (M{J}, gjj . Then

Jisd) . i)
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Proof: For j > i, we have necessarily i < i  and, by Definition 3.4.:

o
j* e J

Now Tet j < i. Observing that M(') is defined w.r.t. (M,2) write

M) - M) (M,2) for the moment, such that

g.)

W3 < W) ), g,

and
o R O g

whenever all measures are defined. Choose j_ > i such that

0 0
Ml'r-‘” g I"-"I{j:l {M{Jo}, A M(‘]"]G]
Jo
Then T
W53) = (D) @), g ) - o isdg)
_ (J,) _ :
Consider (M . )3 by induction we have
0
(1,34d,) (1:3,)
M e SR
and hence S i
Y M{m,J,JD} 2 Mf1.JG}
< lex max M{i’j b I-'E“:J 5 q.e.d.

j*el1’

Theorem 3.15. Let v = UT , 1 <3 and assume that i 1is a sum in
V{J}. Then i 1ds a sum in v,

Proof: By applying (8) in Definition 3.6.1. to {H(J), gj} we have

and hence
n(1) 5 (D) (5(23)  y(ia3) (s0ad)y _ g

this shows 1 € .
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§4 The minimal representation

This section is devoted to the question of finding all (homogeneous)
representations of a homogeneous game v = vT
minimal one. The construction of the minimal (homogenecus representation
slightly differs from the procedure offered in [ 5], the proofs in the
present framework basically refer to inductive arguments and not to a

lexicographic procedure as in [ 5],

and in particular the



S

Remark 4.1. Let s # s be a min-win profile. If we put

0 -
B 2= B 8 v st e KB L)
0*”1 1 i
U.—.
BS tm e i e
[ 1O 1

Then £ is a profile of a coalition "suitable" for v (j > iﬂ}

i - . . To
and, similarly @ s suitable for v °.

Now, as A =c+ I k.9, and M(s) = X,
J>i

c s * + -
MiG(EJ = (c 5503 ;T iETo (kj=s3) 9;
(1)

M _1(8) = (c=s5 ) g5 + T (ky7s5) g

i =1 A 37
0 o ol gt

i

Consider the case ¢ > S5 We have M. _1{50-}_3 {c-si ) 9; > 9;
0 0 ] 0 0

and hence (by the Basic Lemma) 2~ contains (C'ST ) subcoalitions of
0

weight Mia-l{'} = giu. If it so happens that jfi [kj-sjj g; > i B
0
then £ contains in addition {kj-sj} coalitions of weight M? (-} = 95
0
By this procedure g is completely exhausted.

Again appealing to the Basic Lemma we argue that the exhaustion procedure
can be arranged in a way such that largest fellows are taken first.

1]
Thus s decomposes i

¢J s gJ'
Gl T N e ~,
(2) 2 = (51455 53,1055 7))

Here, sj is a min win profile "in vJ", i.e. HJ{SJ} = gj for some

J 24, eto.
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The case ¢ 2 & is handled accordingly. We shall refer to (2) as to
0

a "canonical decomposition" of € . Note that the ordering of the s
is arbitrary due to the various homogeneity properties of measures
M{J} involved,

J

Remark 4.2. Let s # 5;'t be a min win profile and let 1 be the
first index such that 54 # 0. Also Tet i be the
first index larger than 1 s.t. S; < ki' Generically,
s has the shape

(3) g = {G"*"D’C‘k1+l“"’ki-l’ 5> B ... 8 )

where ¢ > 0 and S < ki {of course the 0's and kq’s could not appear).
i is called the smallest dropout in s.

Lemma 4.3. ("The substitution lemma") Let ‘f be the smallest dropout
of a min win profile s. Then M) i B g;. In particular,

1 15 a sum and 5|:1:I sE.

Proof: Let ¢ be defined as in 4.1. Consider the case that 1 = i

As 5 # s* and 5; < ki’ it is seen at once that

0

M1[g} > g.. The shape of s (consider the coordinates i' < i)
implies the assertion of the Lemma. The case 1 = io is
handled analogously.

Therefore it remains to handle the case i < iD which is done by

: ~ (3)
induction. If M s £y k]+1,...,k1_1, si,D,..+,DJ = gj then
apply the Basic Lemma in order to construct

I ;
S e (Dscp-![]l---s c 5 kq'l'],‘..“,ki'l‘ S.I*.;D-uoﬂ}

.

J

which is a min win coalition for w9, i.e.

M) Gy s,



i

satisfying sj < 5. If, for all sj, we have M{j}{ ) < gj, then a
canonical decomposition of 9 (cf. Remark 4.2) ;
g’ ¢J
— N ——
E = (ﬂ!---![}!c! k]_f_l:«--:k.i_lnsis-”}

serves to the same purpose.
Thus it is possible to construct a min win profile 5j L T R |
the smallest dropout in 57 {and hence s # 5{3}}. By induction, i

is a sum "in vJ" and M{T’j) (sj} > 9. Hence

H“J (s) = max Hfi;j*} (s) > M{T;Cj} (s) > 9;

Jed
g.e.d.
Remark 4.4. If i 1is the smallest dropout of a min win profile s,
then
(4) st=s-5s+¢

is a min win profile as well. (4) shows that, on the other hand, s is
obtained from s* by inserting i's substitutes for one fellow of
fellowship 1i; let us call this procedure a substitution.

Since s" is the only profile that has no smallest dropout, we infer

that any min win profile is obtained from ™ by finitely many

substitutions.

Lemma 4.5. ("Pseudo substitution lemma")
Let s be a min win coalition and let 1 be the first
coordinate such that 51 > B, die

s & (D0, S1> 8 ...5;... 8 )



g™ 2o

(1)
e ks B )

L9
—
g
—
W

bt oo R MR e

Proof: Observe that we have necessarily 1 < io ; thus, for 1 > i

and 1 = iD the statement of the lemma is obvious. Assume,
therefore, 1 < 10, and proceed by induction. Again, i > i

is trivial, thus let 7§ < i

0]

8]
o °

Consider a canonical decomposition of 2 fef. 4.1.), say

such s3>0 (i, < J <r). The first

There is some sY, M(J} {sj) =g 5 =

J
nonvanishing coordinate of sJ, sey 1 sdbtisfies 1= P < i and
J

5]| = E' i

(3)

Now i 1is no dummy in v’ and by induction hypothesis we conclude that

'[:{1"]) = [k y...;k]!-s;]i":- a!"*’l:r']l

| W

{kD!---tk]'S1g D,-++,ﬁ}
(in case 1' < i, say; the other cases are treated analogously). Hence

C{ij = max Ecj’j] =k

JEJ == D:o.«;k'l's-li G,...,D:I

This settles the proof of the lemma. Note that C{1J = 5{1:I if
i is a step. Thus, if i is a step, it follows that

Sl:‘l:] 3 I:RO,“.,!{]"S]} .
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Remark 4.6. The term "maximal loosing profile" is supposed to be
self explaining. Let s be maximal loosing and let
i be the first coordinate such that 5; < k1+ Then
s has generically the shape

s = Eka’*"’k1~1’ 5;+ B ... B)

Clearly

(k ""k“i-i’ 51+1, Wl

0'!'
is winning, so by the basic lemma, we find
| oL TR s R | k]+1,...,ki_1, 5i+1’ 8 ok )

(typically), a min win coalition. Let

s i= (kg,...,k]_l,k]wc, ; S £ S

by the pseudo substitution lemma 5.6., applied to t we have

e
We have thus
(5) =t S e s(1)

That is, the maximal Toosing coalition s is obtained from a min-win
coalition t by replacing a step by a subcoalition which is at Teast
as weak as the coalition of pseudo substitutes.

Now, alternatively let i be a sum (it cannot be a dummy!). Then
obviously s > 5{1}. Throw out the substitutes and put in player i
The profile

st =5 - sli) 4 g

has the same weight as s, thus it is loosing and its first coordinate
1 such that s; < kg is smaller then 1.

We may repeat this procedure until we find the first coordinate which
is smaller than k, to be a step - and then repeat the procedure in-
dicated above.
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It follows that there is a subset I of sums such that

(6) 5= ¢ fehlL Ei] TP AR

iel
where t is minimal winning, k is a step and s < s(k) |

Thus, any maximal loosing coalition s is obtained from a minimal
winning coalition t 1in the following way: replace a finite number
of sums by their substitutes and replace a step by a coalition wnich
is at least as weak as its pseudo substitute.

Definition 4.7. Let (M,x), (M',x') e WBL" x N such that k = k'.

Assume that M hom » such that v = vM is a

A
homogeneous game. For i & D = D(M,x), let

C[‘} = {kl,...,kil+d} be the carrier of H{i}
(cf. 3.5.) and define a family

w (1) (i ¢ D)
by

U g
E Gl

The restriction on C'') | or, equivalently, the projection on the
first coordinates).

(M',%') is said to be compatible with (M,x) if the following conditions
are satisfied:

(7) g > m 1) 41 i ¢ T TIM A
(8) gi = m(1) (57 i€z =21(M)

(9) AY = W (sh)



L

Theorem 4.8,

1. If (M',»') 1is compatible with (M,x), then (M',2') is a
homogeneous representation of v, i.e.

o S

vzvlﬁv};'

2. Any two homogeneous representations are compatible with each other.

3. There is a unique minimal (homogeneous) representation of any
homogeneous v; this is obtained by requiring an equation in any
inequality (7). (and awarding dummies the weight 0),

4. The minimal representation may be computed by starting with the
smallest nondummy and proceeding according to (7), (8), and (9).

Two proofs are being offered. The first one is relying on the results
of this section (and thus rests in the spirit of [5]). The second one
uses only Lemma 4.5. and is purely inductive through the subgames.

Note that we do not take care of non homogeneous representation. The

minimal homogeneous representation is minimal according to [ 5 7.

First Proof: 1st Step: If M(s) = 2 then M'(s) = A.
Clearly, M'(s*) = »' by (9).
If 5 4is min win then, by Lemma 4.3.,

s= ¢ sithoghy R
i€l
where I c . Using (8) we find

M(s) = £ (M (s{T))-gp) + mi(sP) = mi(s?) =
iel
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endoSEeps - If Mis) < & then Mis) =3’ .
As s is maximal loosing. Pick 1I,k,t, and S as in Remark 4.7,
formula (6), i € I is sum, k 1is step, t is min win and Eisim.

By the 2st Step M'(t) = A'. Using (7) and (8) we find:

M'{s)

e (sy - wegely + mge) + ) - gt

im =1

el

M W(E) - gy

A M'[s{kjj - g'k e

This proves that v = v?.

The second part follows from 3.8., 3.9., and 3.11.

The third and fourth part of our Theorem is now obvious. g.e.d.

r+l |

Now to the Second Proof: Put M =M, g r+l}

=t and v(

L)

r+l
= uT . Similarly for the quantities M', a'. r+l is formally called
a "sum". Suppose i s the first non-dummy fellowship; we are going
to show by induction

(10) b | € F, then v = vg:“}“.
i

Now, for 1 = i there is nothing to show because i is a step.
Therefore, fix some j. i <.j < r+l and assume that (10) is true for

all i < j. We shall show that (10) hold true for j. We proceed by
two steps assuming that j is a sum.
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1st Step; Let us check for 4§ <3 ;
8] If f e’ thew

yli:3) e (d:3)
— 1..' i

9 9

Y
.i'

by IfI 3¢ 79 then m'(1’J} =1 g% :

Here, M'{123) denotes the projection of M' on cli2d) etc.

Now, as for statement a), we know that i ¢ zj and thus i e ¢
and

Moreover, using our induction hypothesis

(12) i) = g, ire w sy = g

We want to show

(13) e g, itr Wity o g

which is equivalent to
(14) M (s xclddy < g aer w (s 4 cliad)y < g

in view of (11) and the projection properties of M and M'. Clearly,
(14) follows from (12) and a) is checked.

As for statement b), let i & T

IT 1 & T. then
m.{i,j} . m.{f)

<gf -1

in view of (7) of Definition 4.7.



T

- (1)
If i€z, then v' = vg. by induction hypothesis, thus
i

1

implies : ok )
9% > H'(1}{E{1’J]} > mI[T‘J} :

hence we are through with b).

2nd Step: In view of the first step we may not only assume that

{M'{i}, g;) represents vii) for i < j , but also that
Thrs ij _ mlis3) Iy
(M » 9;) represents v = Vg for i < j whenever
' i
e

Therefore we may, as a technicallity, omit the index j (this arguing
so to speak, our case for r + r+l) and instead of (10) show that
- (1)
il VM;

If v
93

hold strue for
(15)

i € £ then v =%

Again, two statements have to be chucked, namely

c) If M(s) = then M'(s) = '
and
dY If M{s) < x then M'(s5) <A ..

Let us start out with c):

If s s a min win coalition and s = s* then, nothing has to be

proved as M'(s) = ' follows from 4.7.



s

Assume s # 51 ; an inspection of g (cf. 4.1} teaches: Af sj < kj

for some Jj > i_ , then M {E}_i {kj - aj} gj T 5 E contains

0
(in view of the Basis Lemma) ki - sj profils of Mtj}-measure gj :
These are min win coalitions of v{j) (j must be a sum!) and by (15},
i 15 represented by {M'tj}, g&} . Thus any of the min coalitions of
v{j} mentioned above has M'-measure g&! This way it is seen that E

decomposes such that its total M'-measure is

W) = (e-s, Y gr = 2 (ko=s)d
o o o :TG e

Conseguently

M'{E} + min {si e g; + I 55 gt = M‘{sl] = gt
0 0 j>TD J

]

M'(s)
which finishes statement c).

Finally, as to statement d), assume (w.1.0.g.) that s is maximal
Toosing.
Let i be the first coordinate such that 5; < ki » thus

5 = [k ,.“l:ki’ S;I!. ﬂ TR ﬁ ]

0
By means of the Basis Lemma we construct a min-win coalition

= (000 6 k]+1,,..,k1, s;¥tl, 8 ... 8 ) .

Put s* := 8§ - t + E1 = (kos---nk'“_l: k]"l} {Sa_'_'r"g in case 1 =1 s

i =1 1is treated analogously). In view of Lemma 4.5., s* < E(T], thus

M) (s2) = M) < g,
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because t is winning and s s loosing.

Observing (15) and (7) we have

M'iis*j < g% e e
M'-IPI:S*:I im'i < g_:l iF i e Ty

As M'(t) = »' by statement c), we have

M'(s) = M'(t) + M'(s*) - M'(e])

n

Ao M%) = g%

iy
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