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Comparison of Two Theories for Characteristic

Function Experiments

by Reinhard Selten and Wilhelm Krischker

There are many theories of characteristic function

games. Most of them are normative rather than descriptive
and do not seem to have much relevance for the explanation
of laboratory experiments. In this paper we shall concen-
trate on two of the more successful theories: the bargaining
set {(Aumann and Maschler 1964) and equal share analysis
(Selten 1972).

The comparison will be based on 175 plays of 3~ and 4-person
games reported in the literature (Maschler 1978, Kalish, Mil-
nor, Nash and Nering 1954, Frassine, Fiirst and Winter 1967) .
These are all 3- and 4-person ganmes in the list compiled by
Selten in his paper on equal share analysis (Selten 1972) .
The sample contains 98 plays of 3-person games and 77 plays

of 4-perscn games.

1. Definitions and notations

A characteristic function v assigns a number v(C) to all

elements of a set P of non-empty subsets of N={1,...,n} where
P contains at least all one element subsets of N and v satis-

fies the condition.
(1) v(C) > I v(i) for all ¢ € P
i€C
for the sake of shortness we write v (i) instead of v{{i}).

The set N is interpreted as the set of all players, the sub-

sets of N are called c¢oalitions and those in P are permissible

coalitions.

In a play of a characteristic function game a permissible
coalition C can be formed by an agreement reached by its mem-
bers on the division of v(C) among themselves; if several
coalitions are formed they must be non-intersecting. Thc

result of a play is a configuration




(2) a = (C-I;oo-pcm; x.];--.,Xn)

which consists of a coalition structure (C1"“’Cm)' a partition

of N into permissible coalitions and a payoff vector (x1,...,xn)

subject to the conditions

(3) . T v{C.) for j = 1....,m
1€C, J
]
and
(4) X, 2 v(i) for 1 = 1,...,n

A characteristic function v is called integer valued if v(C)

is an integer for all possible coalitions. An integer configura-

tion is a configuration where all payoffs x; are integers.

The rules of the experimentally played games considered here
specify a smallest payoff unit which cannot be further subdi-
vided. We call such games scaled if v{C) is expressed as the
number of smalleét payoff units available for distribution
among the members of C. Obviously, only integer configurations
can be realized as results of scaled integer valued characte-
ristic function games. Since no other games will be considered
in this paper, a game will always be a scaled integer valued

characteristic function game. A configuration will always be

an integer configuration.

2. A measure of predictive success

Both theories to be compared here are based on notions of
stability. Both of them predict that the result will be in a
specified region of stable configurations. Obviously, it 1is
not sufficient to check which theory yields more correct pre-
dictions since one theory may have a much larger stability re-
gion than the other. The size of the stability region must be

taken into account by a reasonable measure of predictive success.

It is instructive to look at the extreme case of that theory
which simply predicts the set of all configurations. We shall
refer to this theory as the null theory. The null theory always




yields a correct prediction, but it is useless since it does not

restrict the result in any way.

One needs a measure of the size of a stability region which can be
compared with the rate of correct predictions. At first glance, it
may seem to be reasonable to construct such a measure by dividing
the number of configurations in the stability region by the number
of all configurations. {Since configurations are understood to be
integer their number is finite). Unfortunately, this simplistic
measure of size is inadequate. In order to see this we may look

at the following 3-person game

v(1) = v(2) = v(3)
v{12) = 100, v(13)
v(123) = 100

0
80, v(23) = 60

For the sake of shortness we write ij instead of {i,j} and 123
instead of {1,2,3}. There are 101 configurations of the form
(12,3; x1,x2,x3) and 5151 configurations of the form (123; x1,x2,x3).
Obviously, the simplistic measure puts too much emphasis on the
grand coalition 123, It seems to be preferable to employ a measure

which gives equal weight to all possible coalition structures.

For a given characteristic function let K be the number of pos-
sible coalition structures. For each ccalition structure (C1,...,Cm)
let N(CI"

structure. For every configuration o = (C1,...,Cm; X

..,Cm) be the number of configurations with that coalition

1,...,xn) de-

fine the weight A{a) of o.

1

A(Q = :
(5) (%) = ¥NC,,....C)

Let Z be a set of configurations. The area A(Z) is defined as

follows:

(6) A(z) = I A(a)

a€Z
The area a(Z) will be our measure of size. Obviously, the set
of all configurations belonging to a specific coalition structurc
has tho area 1/K. In this sense equal weight is put on all coali-
tion structures. Within cach coalition structure cqual weight is

put on all configurations.



Suppose that a body of experimental data consists of kX plays

1,00,k ?f games Vi,...,Vp, respectively (the same game may occur
repeatedly). Let s be the number of correct predictions achieved
by a theory T and let Ai be the area of the stability set Zi pre-

dicted by T for v, Define the gross rate of success:

= 3
(7) R = ¢

and the average area:

k
(8) AzE.EAi
i=1

The net rate of success is the difference between the gross rate

of success and the average area:

(9) S=R-2a

Since both A and R are numbers between O and 1, the measure S has
a range between -1 and +1. The null thecory which predicts the set
of all configurations always has net rate of success 0, since both

R and A are equal to 1.

The net rate of success is the measure which we use in order to
compare the predictive success of different theories. The measure
has the following interpretation. Consider a bockmaker who offers

a prize of 1 for a correct prediction in a one shot experiment;

the customer can select any theoxry T he wants to, but he has to pay
A, the area of the predicted region as the fee for the lottery. He
is permitted to place just one bet. Obviously, the customer should

try to maximize the expected value of S.

It is,of course, true that alternative measures of success could
be constructed. The ratio R/A suggests itself as an alternative.
However, R/A has very bad properties. Consider two theories T, and
T, with gross rates of success R1 = .9 and R2 = .01 and areas of
Aq
RZ/A2 = 10. The ratico R/A gives preference to T2 even if this

.3 and A2 = .001, respectively. We obtain R1/A1 = 3 and

theory is wrong in 99% of the cases. It seems to be clear that

one should prefer Tq-

Another argument in favor of S can be seen in the fact that it

permits us to combine bodies of data in the obvious way. The



measure of success for the combined set is a weighted average
of the measures for the sets combined with weights proportional
to the number of trials.

3. Theories

On the basis of the sample described in the beginning of the
paper gross rates of success average areas and net rates of
success have been computed for nine types of configuration sets

suggested by bargaining set theory and equal share analysis.

Bargaining set: The version of the bargaining set examined here

M(%). The definition of M? can be found in the literature

is
(Davis and Maschler 1967 , Peleg 1979}.

Bargaining set with deviations up to 5: The set of all configu~

rations o = (C1""’Cm; XyrenesX ) such that another configuration
_ . (i . _ ‘
B = (C1""’Cm' y1,...,yn) €M 1 can be found with Ix, yilg 5
for i = 1,...,n. Maschler has expressed the opinion that deviations

up to 5 should be tolerated in view of the subjects' tendency to
neglect small differences and tc prefer round numbers. (Maschler
1978) .

Bargaining set without null structure: The bargaining set does not

exclude the coalition structure 1, 2,...,n where each player i forms
the coalition containing him as the only member. This coalition

structure is called the null structure. The bargaining set with-

)

out null structure contains all configurations in M(# whose co-

alition structure is different from the null structure.

Bargaining set without null structure and with deviations up to 5:

This set is defined analogously to the bargaining set with devia-
tions up to 5. In the definition given above M(?) must be re-

placed by the bargaining set without null structure.

Order of strength: This is one of the three hypotheses of equal

share analysis. It asserts that within a coalition a stronger
player does not receive a lower payoff than a weaker player. An
exact definition can be found in the original literature (Selten

1972} .



_6_..

Exhaustivity: This is another hypothesis of equal share analysis.

I+ excludes coalition structures which permit profitable unions
of several coalitions in the structure; a union is profitable if
its value is greater than the sum of the values of the cocali-
tions in the union (Selten 1972).

Equal division core: The equal division core is the set of all

configurations o with the property that no permissible coalition
C can be found such that the equal division of v(C) gives more
to each member than his payoff in o. The exact definition can be

found in the original literature (Selten 1972).

Order of strength and equal division core: The set of all confi-

gurations in the equal division core satisfying the order of

strength hypothesis.

Equal share analysis: The set of all configurations in the cqual

division core which satisfy both the order of strength hypothesis

and the exhaustivity hypothesis.

4. Results

The results of the comparison are shown in the table at the

end of the paper. It can be seen that the predictive success of
the bargaining set is relatively low. The net rate of success is
considerably increased by the exclusion of the null structure;
the gross rate of success is slightly reduced since the null
structure does occur sometimes, but the area is reduced by

much more. The inclusion of deviaticng up to 5 also improves

the net rate of success, but not very much.

The bargaining set without nuil structure and with deviations
up to 5 has a net rate of success of .26. Equal share analysis
performs much better. There is a considerable difference bet-
ween .64 and.26. Note that the gross rate of success is greater

and the area is smaller for equal share analysis.

Exhaustivity and the order of strength hypothesis do not add
much to the predictive power of the equal division core. In
fact, the rate of success for "order of strength and equal di-
vision core" is slightly grcater than that for "equal share

analysis".



The sample examined here covers a wide range of 3-person and
4-person characteristic function games. It is unlikely that
the composition of the sample is biased in favor of equal

share analysis.

In the interpretation of his experimental results Maschler
makes use of his theory of the "power of a coalition" (Maschler
1963 and 1978). It is not guite clear how Maschler's power
theory should be used in order to construct a modified bargain-
ing set. It is quite possible that a suitable way of doing this
will result in a much higher net rate of predictive success.

The guestion must be left open for future investigation.

For the sample examined here, egual share analysis performs
remarkably well. It is guite surprising that the equal division
core alone achieves a net rate nf success of .63; The.concept of
the equal division core is a very simple one. The bargaining

set is much more complicated and its chance to achieve a com-
parable predictive success rests on the possibility of adding

further complications.

!

* i gross . net ;
? Theory ! rate of ared . rate of
; . success | success |
‘ 5 R 5 A ; s

-F T : |
{ largaining set j .28 1 .24 % .04
- -t i i

Bargaining set with deviations i .43 5 36 L .07
-up to 5

Bargaining set without null :

ctructure | .26 é .03 é .23

Bargaining set without null structure | 41 ! 15 | .26

and with deviations uwp to 5 ) i ’ i ’

Order of strength .93 € .64 .29
txhaustivity .95 . .60 | .35 l
| lqual division core .79 16 .63
i Order of strength and equal division 76 12 i 64
, core !

! Equal share analysis .74 .10 .64

Table: Regults
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A series of books published by the Institute of Mathematical Econamics, University
of Bielefeld.

Wolfgang Rohde
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The model takes the form of a rmultistage game with imperfect information and stra-
tegic price formation by a specialist. The analysis throws light on theoretically
difficult empirical phenamena.

vol. 1 176 pages price: IM 24,80
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Oligopolistische Preisbildung und Markteintritte {Oligopolistic Pricing and Market
Entry).
The book investigates special subgame perfect equilibrium points of a three-stage
game model of oligopoly with decisions on entry, on expenditures for market po—
tential and on prices.

Vol. 2 132 pages price: oM 22,80

Karin Wagner
Ein Modell der Preisbildung in der Zementindustrie (A Model of Pricing in the
Cement Industry).
A location theory model is applied in order to explain cbserved prices and quanti-
ties in the cement industry of the Federal Republic of Germany .

Vol. 3 170 pages price: DM 24,80

Rolf Stoecker
Experimentelle Untersuchung des Entscheidungsverhaltens im Bertrand-Oligopol (Ex-—
perimental Investigation of Decision-Behavior in Bertrand-Cligopoly Games) .
The book contains laboratory experiments on repeated supergames with two, three
and five bargainers. Special emphasis is put on the end-effect behavior or experi-
mental subjects and the influence of altruism on cooperation.

Vel. 4 197 pages price: DM 28,80

Angela Klopstech
Eingeschrénkt rationale Marktprozesse (Market processes with Bounded Rationality).
The book investigates two stochastic market models with bounded rationality, one
model describes an evolutionary competitive market and the other an adaptive oli-
gopoly market with Markovian interaction.

Vol. 5 104 pages price: T™M 29,80

Hansjérg Haas
Optimale Steuerung unter Berlicksichticqung mehrerer Entscheidungstrdger (Optimal
Control with Several Policy Makers).
The analysis of macrroeconomic systems with several policy makers as nohoooperative
and cooperative dynamic games is extensively discussed and illustrated empirically
by econametric models of Pyndick for the US and Tintner for Austria.

Vol. 6 213 pages price: t™M 42,--

Ulrike Leopold-Wildburger
Gleichgewichtsauswahl in einem Verhandlungsspiel mit Opportunitdtskosten (Equilibrium
Selection in a Bargaining Game with Opportunity Costs).
After a detailed introduction to the relevant parts of the Harsanyi-Selten equili-
brium selection theory, this theory is applied to a noncooperative game model of a
bargaining problem with opportunity costs of participating in negotiations.

vel. 7 155 pages price: DM 38,80

Orders should be sent +o:
Pfeffersche Buchhandlung, Alter Markt 7, 4800 Bielefeld 1, West Germany .



