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Abstract

The present paper contains a complete classification of price —invariant
preference relations and thus solves a problem posed by Grandmont (1985).
The classification theorem is then applied to characterize Cobb —Douglas
representable preferences without taking recourse to any utility representation

as the only price —invariant weakly monotone continuous preferences.



1. Introduction

In a recent article Grandmont (1985) used homothetic transformations of

preferences to provide necessary structure for stating assumptions on the
distribution of preferences allowing the derivation of the "law of demand”.
His homothetic transformations represent a special case of affine trans-
formations which, as Grandmont asserts, can be considered equivalently as
“a dynamical system acting on the space of preferences”. This was used for
the first time by Mas—Colell and Neuefeind (1977) as a technical tool to
generate a family of preferences from a given one. The same tool, i.e.
looking at the same preference when the different axes of the commodity
space are stretched in different ways, had been used before by Barten (1964)
(see also Deaton and Muellbauer (1980) and Jorgensen and Slesnick (1984))
to establish the notion of household equivalent scales. On the basis of the
mathematical concept of a G—space a general version of this method was
introduced by E. Dierker, H. Dierker and Trockel (1984) as the basic con-
cept for the formulation of suitable dispersion of consumers’ tastes and for
deriving C' market demand functions even for non—convex consumers’
preferences. A corresponding C’ result was given on the same basis in

Trockel {(1984a). For a general treatment see Trockel (1984b).

Looking at all orbits generated by the acting group of prices from the
different single preferences rather than only at one orbit as in the case of
household equivalent scales endowes the space of preferences with the struc-
ture of a G—space and by this means provides a method to partition it in
equivalence classes on each of which the group action is ergodic. This
method might very well yield further progress in deriving specific structure
of the market demand in different setups via distribution assumptions on

preferences or individual demand correspondences.
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Quite recently this concept has been used by H. Dierker (1986) to generate
dispersion via the group of prices acting on demand functions and to prove
on this basis an existence result for a pure strategy Nash equilibrium in an

oligopoly with price setting firms.

While there are different classes of preferences which are invariant under the
action of the group of prices, there are even invariant single preferences,
namely the Cobb—Douglas representable ones. Whether these are the only
ones is a question which was posed by Grandmont (1985). I shall answer
this question in the following on the basis of a general classification of

price —invariant preferences.

A partial answer has already been provided by H. Dierker (1986). She states
that among all homogeneous demand functions which satisfy Walras law, the
only ones which are invariant under the action of the group of prices are
those generated by Cobb—Douglas utility functions. The specific context of
demand functions has the advantage to allow for a quick elegant proof.
Moreover, this result even covers demand functions which are not derivable
from utility maximization. On the other hand it does not provide an answer
for non—convex preferences. Also preferences which do not satisfy Walras
law or those for which there does not even exist a demand correspondence

are not covered by Dierker’s result.



2. The Model

As in Grandmont (1985) I shall consider preferences which are compiete,
transitive binary relations on the consumption set X = R, ,, e = 2.
Assuming the sets of better commodity bundles and of worse commodity
bundles to be open amounts to make such a preference representable by a

continuous utility function (cf. Debreu (1959)).

I shall denote commodity bundles in R°,, by x,y etc, a preference by =,
and a utility function by u. Then x*y means (X;yy,---»Xe¥e)-

it will turn out useful to work in R° rather than R°, ,. Therefore I shall
employ the group isomorphism

LR, ., = (R°,+) : x = (X;,...,x) — X, where

£ = (Xy,...,Xp) 1= (Inx,,....Inx,).
The inverse isomorphism is

E: (RS, +) = (R°,.,®) : & — x = (expXy,...,expk,).

Let R°,, be the space of (not normalized) prices. For q,q' € R, the
group operation * is defined as

a*q: = (Qa',---94 )

The space of prices acts on the commodity space R°,, in the same way,
i.e. by

Ryr X Ry 2> Ryy (g — X' = g*%x.

If P is a space of preferences on R°, , we get an action of R°, , on P by
Ryr X PP (@) — X

where &, is defined by

xq,;%qu & XY,

Clearly, via L we get a preference R on R° associated with the original
preference on R°, .

>, ~r1esp. R,P,I denote the "better or indifferent” -~ the “strictly

better” — and the “indifferent” —relations on R°, . resp. R°. Indifference
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classes in R°,, or R are denoted I, and I;, respectively,

xeR,,,ieR,

€ . . . . .
A preference 2on R, is price —invariant iff

qu"ee++ : f>"q = 2.

The corresponding invariance for R on R® is derived easily.

Let L( &) = R defined by

L) RLY) : & x2y

L(&) = R is called invariant iff > is price —invariant.

Hence, we get

Lx) RL@y) & L&) R LY

¢ (Inqx,....Inqx;) R (Inqyy,...,Inq.y,)

& (inq,,...,Inq) + (Inx;,...lnx) R (ing,,... ,Inq,) + (ny, ,...,lny,)
¢« L+ Lx)RLEO + Ly

& X+PRGF +

Invariance of R is therefore invariance with respect to translations in R



3. Results

Theorem 1: Let R be an invariant preference on R°. Then exactly one of the
three following statements holds true:
1) R is not representable by a continuous utility function.
2} R is the trivial preference on R,

3) All indifference classes of R are hyperplanes in R".

Proof; An example for the occurrence of case 1) is the lexicographic prefe-

rence on R°, which is obviously invariant. Also case 2), i.e. the invariance
of the trivial preference which is representable by a constant utility function
is a trivial fact.

It remains to be shown that all non—trivial continuous preferences on R®

have indifference sets which are hyperplanes.

In the first step I shall assume that some indifference class of R, say Iy,
where X € R®, is a linear manifold. Under this assumption I shall show that
all indifference classes I; for R,y € R°, are linear manifolds of

dimension e 1.

In the second step I shall establish then that this assumption is indeed
fulfilled.

So let X € R® and assume the indifference set I; to be a linear manifold in
R® with dimension smaller than e. Let v a utility representation of R and let
y € I;. Since R is invariant v(X) = v(¥) implies for any Z & I;

V@) = VE + E— X)) = Vv +E - X)) =v(Z + F — X)) Hence,
I = I, + (Z — X). Therefore all indifference classes can be generated
from any specific one by translation and hence are of the same dimension.
Now, assume to the contrary that dim I; = dim I, < e—1. Now, consider

the quotient space R°/I, which is a linear space of dimension
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k: = e—diml, > 1. The utility function v on R° generates in a canonical
way a utility function

v: R°/l, = R. Let K the closed unit ball around the origin in R°/1,. Then
VIK: K — v(K) is continuous and surjective. Would v|K be bijective, then it
would be a homoemorphism, which is impossible by the different dimensions
of K and v(K). Hence, v cannot be injective. Therefore there exist different
points in R°/I, given the same value by v. Equivalently, there are disjoint
manifolds, say Iy, Iy on which v takes the same value. But this contradicts

the assumption that Iy = v“l(v(i)). Hence, dim I; = e—1.

It remains to be shown in the second step that for any X € R°, the in-
difference set I is a linear manifold. Would I; be a singleton then the same
would hold true for all I;, ¥ € R®. Then every point in R® would be mapped
by v to a different real number, which is impossible for a real — valued
utility function. (Again, the continuous utility function v would define local

homoemorphisms from R to subsets of R,which is impossible.).
P PO:

Let ¥ € Iy, § # . Then for the segment {Z € IR°| dx e [0,1]:

7z =M + (1 —N§} =:[%7] we get [X,] = k. To see this consider
the set D:=[%5jl Nk In the case that D is dense in
(X,¥), ie. cd D = [X,y], we get by the closedness of I; that
dD=[Xy] =Dcl.

Now assume to the contrary that D is not dense in [X,¥]. Then there exist a
point

=+ (1 -Nye[Xyl MNel0l[

and a relative neighborhood U@) of Z in {X,y] such that U(Z) NI =40
Consider all ¥"' = yXx + (1 — @y, 1 = g > N and

§9 =X + (1 — »)7, 0 < » <) X7 €. Among all pairs of these

%",y chose that one whose Euclidean distance is minimal. Denote these
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points by X' and §'. Now we have either

v(Z') > v(X) for all ' € ]X",§'[ or v(Z') < v(x) for all 2’ € X",¥’[,

since otherwise by the continuity of v there would exist a point in JX',¥’[
with the same utility as X’ in contradiction to the assumptions about X' and
y'. Without loss of generality assume

v(Z') > v(X’) for all Z’ € Ix’,¥’[. Since v is continuous it takes a maximum
on [X’,¥'] say at Z''. Hence there exist points X, € ]x",Z"’[ and ¥, € 12"°,¥'[
with v(Xp) = v(¥,) by the intermediate value theorem. Then we get

X' + (§F, — %) € IX°,§’[ and by the invariance of R

VE + (Fo — R)) = VT + & — ) = V& + & — %) = v&).
This again contradicts the assumption that there is no point between X' and
¥’ in [X,y] having the same utility as X’ and ', So the assumption that D is

not dense in [X,§] cannot be true.

With any two points X,y also the points X + n(¥ — X), n € Z are elements
of Iz. As was just proved, all points between them are also elements of I;.
Hence, for X,y € I; the whole line through X and ¥ is a subset of I;. Hence,
I; is the affine hull of its elements, or equivalently, a linear manifold.

q.e.d.

Since according to Theorem 1 all non—trivial continuous invariant pre-
ferences have indifference surfaces which are hyperplanes, they have utility
representations which are linear functionals on R°. So each of those pre-
ferences is representable by an element of the dual space of R°, Moreover,
since multiplication with a positive real number changes only the representa-
tion rather than the represented preference, the set of non—trivial continuous
invariant preferences may be identified with the (e —1)—simplex A. Hence,
our preferences can be looked at as (not necessarily positive) normalized

price vectors on R’

Let us consider now the consequences of Theorem 1 for the price —invariant

preferences on R°, | .
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We just have to see what happens to hyperplanes in R® under the map

E:R° = R°,,: X —~ (exp X;,...,exp X,). Consider for p € A the hyperplane
Hy = {Xp - X = &} = {XlpX; + ... + pX. = ¢ }.

E(Hp = {x|p - (nx,,...,Inx) = ¢}

Pe

= {x|In(x,”"...-x”) = Inc}, where ¢ = exp T

{x|x,f"-... x> = c}.

This is the typical indifference class of a non—trivial continuous
price —invariant preference relation on R°,,. It is immediate that these
preferences are locally non-—satiated. A non-—trivial  continuous
price —invariant preference X on R°,, and the associated invariant pre-
ference R on R° are monotone (x > y= x >Y) if and only if the repre-
senting vector p € A is strictly positive (i.e. p>>0). They are weakly
monotone (x>>y = x»y) if and only if p is positive (i.e. p>0).In
general there are price —invariant preferences which do not generate demand
correspondences. Take e = 2, p; = 1/3, py = —2/3. Then a typical
indifference curve in R®, , has the form

xe R, |x = x; ), c € Ry,

If the representing utility function u increases with c then the preference is
strictly convex, but for any p€ Ay, = A [] R°,, and w € R, , fails to
have a maximal element in the budget set {x € R, .|p + x < w}. But very
weak monotony of the preference (i.e. x>>y = x xR Y) suffices to
guarantee Cobb—Douglas representability = of non —trivial continuous
price —invariant preferences. I state this answer to the problem posed by

Grandmont (1985) as

Theorem 2: A preference 2= on R, , is representable by a Cobb—Douglas
utility function
R, P Rox e P Xe

with0 < p,< 1forallie{l,....e}andX p =1

if and only if it is non—trivial, continuous, price — invariant,

and weakly monotone.
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4. Concluding Remarks

Obviously, it is in the first instance a purely mathematical problem to
classify objects which are invariant under a certain group action. There are
two aspects, however, which give the present analysis economic significance.
The first one is that preferences, the objects of classification, build a
fundamental micro —economic concept on which analysis of individual and of
aggregate demand is based. The second aspect is the role which
Cobb —Douglas utility functions play in the invariance problem. Under the
reasonable assumption of weak monotony it is indeed the class of
Cobb—Douglas representable preferences which coincides with the
non —trivial continuous price —invariant preferences. There are good reasons
for the omnipresence of Cobb—Douglas functions in economic textbooks as
well as in the literature. These functions and the derived demand functions
combine almost all nice properties one could think of. In particular the
derived demand functions enjoy essentially all those properties one would
like to derive for aggregate demand functions in different setups. While other
types of preferences allow via the group action the generation of orbits of
related similar preferences from a single original one and by these means to
disperse bad demand behavior over many different budgets at which it oc-
curs, a price —invariant preference resists the endeavor to create a multitude
of slightly different preferences via the action of the group of prices or
budgets. But this fact turns out to be completely harmless for projects of
aggregation of demand, since the only (reasonable) price—invariant pre-
ferences are the Cobb—Douglas representable ones which already guarantee
the nice behavior of the derived demand functions.

Let me conclude with drawing attention to the amusing fact that the subclass
of those preferences in the huge space of preferences which are
price —invariant, turns out to be isomorphic to the space of normalized

prices.



Barten, A.P.:

Deaton, A. and
J.8. Muellbauer:

Debreu, G.:

Dierker, E.
H. Dierker and
W. Trockel:

Dierker, H.:

Grandmont, J. —M.:

Jorgenson, D.W. and
D.T. Slesnick:

Mas - Colell, A. and
W. Neuefeind:

Trockel, W.:

Trockel, W.:

-11—
References

“Family Composition, Prices and Expenditure
Patterns”, in: P. Hart, G. Mills and J.K. Whitaker
(eds.), Econometric Analysis for National Economic
Planning: 16th Symposium of the Calston Society,
Butterworth, London (1964).

Economics and Consumer Behavior,
Cambridge University Press, Cambridge (1980).

Theory of Value, John Wiley and Sons, New York
(1959).

*Price —dispersed Preferences and C' Mean
Demand”, Journal of Mathematical Economics, 13,
11 — 42, (1984).

"Existence of Nash Equilibrium in Pure Strategies
in an Oligopoly with Price Setting Firms”,
Discussion Paper A —37 SFB 303, University of
Bonn (1986).

"Distribution of Preferences and the 'Law of
Demand’”, Econometrica, forthcoming (1983).

”Aggregate Consumer Behavior and Household
Equivalence Scales”, mimeo,
Harvard University (1984).

*Some Generic Properties of Aggregate Excess
Demand and an Application”,
Econometrica, 45, 591 - 599 (1977).

"Market Demand is a Continuous Function of
Prices”, Economics Letters, 12, 141 — 146 (1983).

Market Demand, Springer Verlag,
Heidelberg (1984).




“WIRTSCHAFTSTHEORETISCHE ENTSCHEIDUNGSFORSCHUNG"

A series of books published by the Institute of Mathematical Economics,
University of Bielefeld

Wolfgang Rohde: A Game Theoretical Model of a Futures Market
Vol. 1

Klaus Binder: 0ligopolistic Pricing and Market Entry
Vol. 2

Karin Wagner: A Model of Pricing in the Cement Industry
Yol. 3

Rolf Stoecker: Experimental Investigation of Decision-Behavior
in Bertrand-0ligopoly Games
Vol. 4

Angela Klopstech: Market processes with Bounded Rationality
Vol. 5

Gotz Huttel: On Public Goods and Location Conflicts
Vol. 6

Nr.

Nr.

Nr,

Nr.

Nr.

Nr.

Nr.

Nr.
Nr.

108

109

110

111

112

113

114

115
116

IMW WORKING PAPERS

Wolfram Richter: From Ability to Pay to Concepts of Equal
Sacrifice, May 1981

Peter Hammerstein & Geoffrey A. Parker: The Asymmetric War of
Attrition, May 1981

Angela Klopstech & Reinhard Selten: Formale Konzepte eingeschrinkt
rationalen Verhaltens, Oktober 1981

Wulf Albers, Helmut Crott, Roland W. Scholz: Equal Division Kernel
and Reference Coalitions in Three-Person-Games: Results of an
Experiment, January 1982

Reinhard Selten & Honathan Pool: Tu Mi Lernu Esperanton? Enkonduko
en la Teorion de Lingvaj Ludoj (Symmetric Equilibria in Lingustic
Games}, March 1982

Reinhard Selten & Werner Glith: Oroginal oder Filschung - Gleichge-
wichtsauswahl in einem Verhandlungsspiel mit unvollstindiger In-
formation, Marz 1982

John C. Harsanyi & Reinhard Selten: A general Theory of Equitibrium
Selection in Games, Chapter 3, Conseguence of desirable Properties,
March 1982

Joachim Rosenmiiller: On Homogeneous Weights for SimpleGames, April 1982
Axel Ostmann: Ein Zugang zu Differentialspielen, Mai 1982



