Universitat Bielefeld/IMW

o .

Working Papers
Institute of Mathematical Economics

Arbeiten aus dem
Institut fur Mathematische Wirtschaftsforschung

N

Nr. 126

Kernel and Core of replicated Market Games

Ulrich Klein

June 1983

..‘-H = T
H. G. Bergenthal

Ihstitut fiir Mathematische Wirtschaftsforschung
an der
Universitat Bielefeld
Adresse/Address:
UniversititsstraBe
4800 Bielefeid 1
Bundesrepublik Deutschland
Federal Republic of Germany



1. Preface

Considering some solution concepts for market games one can study the
properties of these concepts under replication. So, for example, the core
is known to be "convergent" to the equilibrium payoff; or in other words,
a payoff which lies in the core of a market game for every replication,
represents an equilibrium payoff (cf. Debreu-Scarf [1963]).

Now the solution concepts nucleolus and lexicographic kernel are included
in the core (cf. Justman [1977], Schmeidler [1969}1, and Yorom [1981]) and
thus for market games they'“converge" in the above sense to the equilibrium
payoffs. On the other hand both concepts are contained in the kernel (cp.
Davis, Maschler [1965]). So the following question arises: Does the kernel
behave similarly under replication of markets?

Guided by two examples of L.P.-Games (Linear Production Games) we shall see
that in general the kernel does not converge to the equilibrium payoff. On
the contrary we can observe a kind of pulsation: Starting at a given set of
players the kernel runs cyclically through a finite system of sets of pay-
offs. In a periodical change it coincides with the core and contains points
outside the core respectively (chapter 6).

Furthermore, we find that for every market game belonging to a replicated
market the kernel includes the core (chapter 4).



2. Some definitions

In this chapter we want to give a short presentation of the main objects
we shall use in this paper. Most of the definitions and notations are taken
from ROSENMOLLER [1871] or [1981].

Let ¢ = {1,...,n} be the set of players, R (2) the set of all coalitions
and v : P(a) -~ RT a real-valued set-function defined on % (g) with

v (@) = 0. Then the tripel T = (o, (), v) is called a (side-payment) game
with the characteristic function v.

Every vector x € R"  can also be conceived as an additive set-function

x: R{Q) + R, if we define x(S) := = x; for all S e Pla).
ies

Now the following solution concepts are fundamental in game theory:
For every game T = (p, ®(a), v) we have
7% (r) = xeR" | x(a) = v(2)}

the set of pre-imputations of T,

Ty =tx e I | x> v(ti)  (iea)
the set of imputations of T,

C(r) = xe J(r) } x(s) > v(s)  (s€ R(a))l.

the core of T.

As we want to study a special class of games, namely the market games, we
also have to introduce some objects from the theory of markets.

A quadrupel = (g, ™ x R i (ﬁi)ien’ ((31’0))169) is called a TU-market
(market with transferable utility) where R~ x R is the commodity-space

with one monetary component, are the real valued utility functions

(U5) eq



on R™ xR , and (a1’0)i€9 are the initial allocations of all players

with a' € Rm+ for all 1 € Q.

From each market we can construct a corresponding market game
T = (g, R(2), v*) : In the usual way we define v**{S) to be the
maximal total utility achievable for coalition 5.

v*(S) 1= max { I ﬁi(xi,gi) Pixt,ey e R™ x R (ies),
ies
: (dhely = 5 @00y (se Ba)).
ies i€s

In order to enlarge the market by taking multiplicities of each player we
define (c¢f. Debreu-Scarf [1963], Rosenmiiller [1971], [1982]:

For every integer k € N the quadrupel

PARECIE SaFs SR RN (LN I
, . 1€Q i€n

is called the k-fold replication of me,

with
k
ok = (1,..nky = U o,
1=1
k . k. _
9 := {iea 421 (mod n)} (Tegq),
u. := u (lea 1€QH
i 70 > 168
al = a1 (1652,1'652%() .

Every vector x € R" can also be replicated in the analogous way defining

xk G‘Rkn by
k

X5 1= Xy (ie{ly...onk} , i =21 {(mod n)).




If r™=(a, B(a), v™) is a market game, we call

k k
M- (Qk’ "P(Qk), v™ ") the k-fold replication of T .




3. The kernel

We now want to consider the solution concept kernel which is due to Davis
and Maschler [1965]. °

k k
Let M= (Qk, 'P(Qk), v™ ) be the k-fold replication of a market game
T (i.e. ke N). Then we define excess, maximum surplus and kernel as
follows:

k
e (x,5,vM™) := v”“’k(s) - x{8) (x € RK s ET(Qk))

' k
the excess of S in x {(w.r.t. v™ ) :
k ' k
°) sifj(x) := sI;j(x,v“’ ) r=max  e(x,S,v™ ) (xe R, i,5eek, 1+ 3)
se1*
=1J

k
the maximum surplus of x {w.r.t., v*™ 3}

where 1% is defined as (SeeX|ies, 545} ;

Auk I AM-k k k . .. S
) T = e T ) | (sg5(0) - s55(x0)) (g=v(E51) <0 (3,5€ f, iH)

the kernel (of the grand coalition) of 1™

It is already known for the class of O-monotonic games, that the kernel and
pre-kernel coincide {cf. Maschler, Peleg, Shapley [1979], or Rosenmiiller [1981]
IT11. 9). The type of market games we study here is superadditive and therefore
O-monotonic. So for computing the kernel of these market games it is sufficient
to work with the pre-kernel 3(*(r ”“‘k) {(of the grand coalition) of p Ak

k k
*® . * - 'E
3% (r™) :={xedJ (r™) | s[;j(x) = sl‘;i(x) (i, € ok, i+i)}
k
where [J *(r‘“') is the set of pre-imputations.

In order to get a further simplification in computing the kernel we now use
a result stated by Maschler and Peleg [1966]. In their paper it is shown that



every payoff which 1ies in the kernel gives the same amount to players of
the same type. So in particular for all k-fold replications of market games
this means an "equal-treatment"-property of the kernel:

k
For all x e K(r™ ) we have

_ N

X5 = X (1e€q, i, j€ 91).
Shorter we write for this

k k . '
(™) c g~ (3.1)
k k '
where jEt(r"‘" Y = {x eJ(r ™) | Xi = Xy if there exists
' .k .
1 e such that 1 € 9] and j € 91}

is called the set of equal-treatment-imputations of T **

For the maximum surplus we have also an invariancy under permutation of players
of the same type. Clearly, if we have an imputation with constant payoff for
every class of players of the same type, the excess of an excess-maximizing
coalition remains unchanged by replacing one player by another of the same type.

S0 it is easily seen that for all x € Rkn with Xg = X for all 1 € Q,

1,J € 9¥ the following equations hold true:
“k k . k
sih (X) = syg (0) (1.g€a fea heay) .

This means the maximum surplus of two players in Qk is equal to the maximum
surplus of their "typical” representatives in q.

Now using these properties of the kernel and maximum surplus and looking at the
definition of the pre-kernel, it turns out that we get the following form of
the kernel:

k k
&(FM ) = {xe J(TM ) I S'ij('x) = Sji(x) (i,jeaq, 1+j)s

- k . . k
:41.-:<j (16&2,1,36521).



The advantage of this representation is that for every k-fold replication

of the game we only have to compute a constant number of

SEJ instead of kn - (kn-1).

n - {n-1) functions



4. The inclusion € c X for replications of market games

In this paper we want to investigate the set inclusion between kernel and
core for market games.

Let aw= (g, Ry R, (u ((ai,O))ieﬂ) be a market with transferable

1)169’
utitity and r*= (a, ®(2), v™) the induced market game as defined before.

The theorem of Debreu-Scarf states that the core of the market "converges" to
the Walras-equilibrium (cf. Debreu-Scarf [1963], Hildenbrand [1974]). With the
help of market games this result can be formulated in the theory of games. It
means that the set of all payoffs in the core converges under replication to
the set of equilibrium payoffs.’

If we were able to show that the core includes the kernel of a market game under
replication, this theorem of Debreu-Scarf would élgo-be true for the kernel. But
in this paragraph it turns out that the core lies in the kernel for each k-fold
replication of market games, if k > 2.

Now the following lemma states the equal-treatment property of the core of
replicated market games, that is players of equal types get equal payoffs.

4.1. Lemma

Let T»=(q, P{(2), v™) be the market game of a TU-market with
continuous and concave utility functions. Further let k € N and k > 2.

If X € e(r”k) ,

- : k
then X5 = X (1eq,ic ) .

Proof: The given properties of the utility functions imply (cf. Rosenmiiller
[1971], 11, §1, Satz 1.2):

v ak (2X) = k » v & () . (4.1)

R ey e i A4 T T e TR e



Now let (S(r'))r.=1 k S 'P(Qk) be a partition of ok with

IS(r) n Q$ | =1 for all r =1,..,k. This means all coalitions of this
partition of Qk have the same typical composition of players as 2.

k
Then for every x € €{r " ) we have

k : k
x(s{r)y 5 v (s(r)y oy i) (rel,...,k)
and
K K K
x(2X) = 2 x(s{r)) > k- v (@) = v (F) = x(a").
-
Theréfore it is
w(s(M)y =y (o) (re1,.. k).

So for every coalition S ETP(Qk) that has the same composition of types as @,

the equality K

Cox(8) = v™ () (4.2)
holds true, because it is always possible to find a partition (S(r))r=1 "
of Qk with S = S(l) .

Then, on account of (4.2), we have in particular

k
x(q) = v*™ (Q)

= x{a-1+1)
= x(a) - X1 X (leaq, i¢ sz;‘)
which implies
- . K
X] = Xj (169,1691).0

Now we want to extend our considerations of replicated market games to the
solution concept kernel. '
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4.2 Theorem

Let am be a t.u.-market with continuous and concave utility functions.
Then the following inclusion holds true for all k € N with k > 2 :

K Kk
eir*™ )yc XMy,

k
Proof: Let x € @(r* ) , then we have

k k .
v (S) - x(S) = e (X,5™ )} <0 (s € P (")),
0f course we also have
s; (v ) = max e(x,S.v™ ) <0 (f.dea, 1+, (4.3)
! setk
='ij

k

Now, for every pair (i,j) € ﬂk x & with i+ j we are able to construct

ij k
a set So £ Iij

composed with the same types of players as Q:

which contains player i but not player Jj and which is

Without T1.0.g. assume 1 € 9? and Jj € 9% for a certain 1 ca. We define
0

(2~ (L1 YV {i,1 )} if jea and 1 +1
gl
Sy’ :=
(@~ {1}) v{i} else .

k

Then we have S;J € 79(9k), for the player 10+n exists in o because of

k > 2.

As i€ S;j and j ¢ S;J by construction, we have S;J € I?j,' Also on

account of the above definition ,S;J has the same composition of types, as @,

that is ]
| n$ nsgd | =1=| a$ nal (1€aq).
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Hence, using the given properties of the utility function, we get the
following equaiities:

i ijy _ k
i) x(S0 Y= £ X )

iJ 2 -
nsYl =1 x=x(a)
len ° 1

1eq

1l e

because of lemma 4.1 ("egual treatment");

K .. k k
i) v’“"'(s(‘)J)=v"“(Q)=11;-v”“'(ﬂk)

because of equation (4.1).

Both equalities together with the pareto optimality of the core imply finally:

o TR
Sij(x,v ) > e(x,S0 . V )
- v"‘"k(sﬁ) = x(s}dy
0 0
k
=Ly @f - xa)
1 L K
=g (v (2%) - x(a7))
=0 (i,5 € 2, i F3).
Using (5.3) we have
k
Sij(x,v“’ Y =10 (i, ea, T4173).

This implies ijmmediately

k
xe K™ ).
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5. LP-games

In the preceeding chapters we studied the behaviour of market games under
replication. We now want to turn to the LP-games, that is a special class

of market games (cf. Owen [1974], Billera, Raanan [1981], Rosenmiiller [1982]).
For these games replications are easily practicable and it is possible to use
theorems from 1inear programming and duality for instance to compute the set
of equilibrium payoffs (cf. Owen [1975), Schmidt [1980]).

Now let every player of o = {l,...,n} be equipped with m resources that

can be used for the production of p goods (i.e. m, p € N). The distribution
of these "raw materials" to playes and coalitions respectively is given by the
following additive set-function.

Let b: R(a) > R"

be an additive mapping with

i

b() := b (ieag),
b(S) := £ b (se (a),
ies

and b(a) > 0 .

Agame T¥ = (g, (), v¥) with
ve(S) := max {<c;x> | x € RPY, Ax < b(S)} (S € ®(2))

is called LP-game, where & = (A,b(+),c) characterizes the above 1inear
program.

In a paper of Owen [1975] it is shown that LP-games are totally balanced and
therefore they can be represented as market games. In order to study replications
of LP-games, we replicate Tinear‘programs L = (A,b{+),c) canonically by repli-
cating the vector of resources b(+), as it is done in Rosenmiiller [1982].
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Let &£ := (A,b%(+),c) be the
k-fold replication of & with
bk : ’P(Qk) - R™

and k(i) := b(1) (1eg, ical).
k k
Then ¥ = (Qk, 'P(ﬂk), v ) with
_-ek _ p+ k k
v® (S} :=max { <c,x> | x € RF , Ax < b (S)} (s e R(a™))

is called k-fold replication of r<

This definition of replications of LP-games coincides with the replication of
LP-games as market games: Every type of player of an LP-game is characterized
by his vector of resouces. The construction of the corresponding market me
does not change this characterization, because just the vectors of resources
in the game become the initial allocations in the market. So under k-fold
replication we have the following equation:

(w®) a2y | 2

A1l statements of market games with continuous and concave utility functions
are also true for LP-gémes, because these can be represented by market games
with concave and piecewise linear utility functions (cf. Schmidt [1980]).
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6. Two examples of the pulsation of the kernel

A theorem of Peleg states that for all n-person games with at most four playes
the core includes the kernel. This statement is not true for n > 5 . A counter-
example for that case is published in the same paper (cf. Peleg [1966]).

We now want to show that even under replication the kernel of LP-games is not
necessarily a subset of the core, and that the "convergence"-theorem of Debreu
and Scarf does not hold in general for the kernel.

At first we introduce some suitable and shorter notations which are in a certain
sense generalizations of the case of usual replications. Let the following sets
and vectors be given:

g = {1,2} the set of types of players;

K = {kl,ké} € Ng the vector which gives the number of
players of type 1 and type 2; in the
following we shall use k1=3, k2=2
(i.e. K=(3,2));

Q? = {1,3,...,2k1-1} = {1,3,5} the set of players of type 1;

QE = {2,8,...,2k,} = (2,4} the set of players of type 2;

ok = Qf U Qg the set of all players;

MK =-{0,1,..,,k1} X {0,1,...,k2} the set of all possible vectors which

represent the typewise composition of
coalitions in ??(QK).

Ltet (r,s) E'MK

, then we call S € 'P(QK) to be of type (r,s}, if

[snaf|=r and [snay]=s.

In the following we want to consider games PK = (QK, 7?(QK),VK) with characteri-
stic functions vK that depend only on the number of players of each type. This
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means, more exactly:

For all coalitions S,T € 'P(QK) with

] $n n% | =] T{19§ | and | Sn ng =] Thn ng | it is
wisy = V. (6.1)

So the next expression is well defined:

K

vK(r,s) = VK(S) ({r,s) e M™, § e'P(QK) of type (r,s)).

We know that all imputations of the kernel give the same amount to players of
the same type (cp. chapter 3). So analogous to (3.1) we can write here

X r*y ¢ geth (6.2)

where ,'JEt(r‘K) := {x EJ(I'K) | X5 = X5 if there exists 1 € o such that

iea and jeo

K

are also called equal treatment imputations of T

If x = (x;.x,) € R® we define

XK

1K
{(Xq,%5)" 1= (%) where
1272 e QK

. R K
Xq if 1€ Qg
. - K
Xy if i€ 92
Let xfEJEt(QK) and {r,s) € Mk , then because of 1 ¢ Q§ and 2 € ng we
have for each coalition S E.'P(QK) of type (r,s)

x(S) = rX; + sX, = (xl,xz)K(S) .
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Therefore the following excess is well defined on the set of equal treatment
imputations &% I‘K) :

e(x,r,s,vK) c= e(x,5,v") (x EiJEt(PK), (r,s) € M,
S €‘?(9K) of type (r,s)).

If S ds a coalition of type (r,s), we get

vK(s) - x(s)

vK(r,s) - Xy - sX, (x E.JEt(TK)) .

e(x,r,s,vK)

Sometimes we write shorter e{(x,r,s)} for this excess, if there is no doubt
about the game PK .

The intersection of core and equal treatment imputations can now be written as

ey 0 JoR) = e TR | elxur,s,tRY <0 ((ras) € M6y

The maximum surplus can also be represented in dependence of types of

coalitions:

Let :

T {{r,s) € MK |l r>1,5s <k, -1}
12 - : s 4

be the set of type-vectors of coalitions which contain at least one player of

type 1 and in which at least one player from QK

of type 2 is missing.
Analogous let

K

To

:= {(r,s) € MK | r 5_k1 -1,s>1} .

Then it is easy to verify that for every pair (i,j) € QE X 95 with i+ j the

next equations hold true (we write sij(x) instead of sij(x,rK)) .

si5(0) = spp(x) = max elxrsy  (xe JEHN) (6.3)
(r,s)eT?2 |
and K et, K
s55(x) = s, (x) = max e(x,ros.v ) (x e JEHTNY)) . (6.4)

(r,s)€Th
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This simplifies the computation of the kernel and we are able to formulate
‘the following lemma:

6.1 Lemma:

Given the game rK = (QK, 79(9K),VK) which characteristic
function vK fulfills (6.1) and is O-monotonic. Then the
following equations hold true:

F(rK) = x e JEHIR) | sp,(00 = sy (00

{x Eget(FK) I max e(x,r',s,vK) = max e(x,r,s,vK)} X
(r.5)eTy, (r,s) e T8

21

Proof: The assertion follows immediately from the equations (6.3) and (6.4)
for the maximum surplus and from the representation of the kernel for O-monotonic
games (cp. chapter 3).

As si5(%) = s55(x) (x € T+ Ky

holds true for all 1,] E‘Qf or 1i,] € 95 » that is for all pairs of players

of the same type, we have

Jg(rK) = {x erJEt(FK) I Sij(x) sji(x) (i,5 € &

x e TN | sp,(0) = s, (0 L@

So for computing the maximum surplus and the kernel we don't have to maximize
the excess over sets of coalitions but only over sets of types of coalitions.

In our examples we shall consider LP-games with two resources where each
player of type 1 has a; units of resource 1 and nothing of resource 2 while
players of type 2 possess 2, units of resource 2 and nothing of the first




- 18 -

resource. So let & K (A,b(<),c) be a Tinear program with

iy A= er,
ii) a
(01) if i€ 9§
b(i} :=
0 . X
2, if ie€aq, (6.5)

+
where 3ps a2 € R ~{0},

-

ii{) c:= 1
As the additive function b depends only on the type of coalitions, we can
write for every S € 'P(QK) of type (r,s) € MK
ras.
b(S) =

sa2

;I< K K arK
So we get an LP-game T = (o, P(2"),v¥ )} which characteristic function
also depends only on the type of coalitions:

For every S € ?(QK) of type (r,s) € M we get

K
vZ(s)

max {x € R' | x < rags X < sapl

1

min‘{ral, saf}

K
vE (r,s) .

Changing the types of players we can assume without 1.0.g.

k1 a; < k2 2, (6.6)

K K
i.e. VIR = vE (kLK) = kg Ay
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If we write )‘El M (al,O)K = (aIQOQaIQOsal)
kya k,a kqa
and % 1= (0, =) = (0, =1 0, =+, 0),
2 2 2

we get the following equation for the equal-treatment imputations by using (6.6):

‘ K kqtk K
JEET) = xR € BT P kpxg kg, = vE (05 = g
k,+k k
K 172 1
= {(xl,xz) € R, ] Xp = EE (al—xl?}
k
= conv {(al.O)K, {0, Ei—al)K}
= conv {il,iz} . (6.7)

K -
S0 ]Et(rg } 1is a straight line between the endpoints xl and 22. The excess

is a 1{near function and therefore completely determined by its values at il

2

and Xx“ . This will be usefull for the computation of the kernel,

K k k K k
The k-fold replication (r¥ )k =((QK) . 'F((QK) Y. (v'g )} ) aof the LP-game

K K Kk + K
r¥ = (QK, 'P(QK), vZ") will be written as r<

. k
k-K K)

K
- (KK Ky, T

because up to reordering Q and (q have the same typical composition

k- K= (kkl,kkz) = (3k,2k)

(this means 3k players of type 1 and 2k players of type 2).
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6.2 Example

Let a; = 1 and a, = 2 , that is players of type 1 have one unit of resource 1
and players of type 2 have two units of resource 2. Then the k-fold replications
of the linear program .‘CK is given as in (6.5) by

1y _ ° . . k-K
(0) = bh(1) if 1i¢ 2

() - by 4r ieakX

k-K

< we get for the types of coalitions

So for the corresponding LP-games v
(r,s) € MeK

k-K
v

S

{r,s) = min {r,2s} .

As we know that LP-games are O-monotonic and in our examples their characteristic

functions depend only on types of coalitions, we can use Lemma 6.1 for computing
the kernel.

For shorter notation we write again

K-K X
SI:J(X) = -S_ij(X,V.a ) = max E(X,r,S,VJ( )
kK _
(r’S)ETij
k-K
for all ke N3 x eJ8Hr? ); 4,5 € (1,2} .

k

k-K
For every imputation x EQIEt(Tz ) the values of the functions SEZ and s,y

can be taken from the following 1ist {here [y] means the smallest integer
greater or equal to y € R) :




max

i
-t
(At
——
>
ot
il

s%z(x) = max

- 21 -

k=1 k=2 k=3
0 -x 5.1 (x) s2. (x)
_______ (N W 4 S O 2 S
3-3)(1-2)(2 6-6)(1-3)(2
1-x1—x2 4-4x1-2x2 7-7x1-4x2
K v S WO o ey S e iy 2
0-x1 6--6x1—3x2 9-9x1—5x2
s1,{x) s2,(x)
12 12

(6.8)

Here types of coalitions which are irrelevant for the maximizing of the excess

are not taken into consideration (for example (0,2) or (3.1)).

In general we have for k > 2 :

H
3
o
>

551(")

s%z(x) max

The set of equal treatment

by (6.7)

k-K
Jetet )

k-1

S21
(3k-3) (1-x)) - 1253 x,
(3k-2) (1-x) - [252] x,
(3k-1) (1-x)) - 23] x,

ot k-K
imputations J&"(r®

5k

k-K
{(xl,xz) € R

| 3x+2x, = 3}

conv'{(l,O)k'K, (0, %)k'K} .

(6.9)

) is given for every k € N
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We now shall compute the maximum surplus at these endpoints

o= ghk = L0kF
i = (K = (0, HRK
Obviously we have for El
s;y () = sf, (#) = 0 (ke n).

For iz we have to examine two cases by means of (6.8) and (6.9):

1, Llet k be odd. Then we have
“3k-1

k =2y _ 3_1
5oy (X)) = 3k-1 - ’§-1(3k-1)
k 22y _ k22 X .
and S1p (x°) = So1 (x) , because of simple computation for k = 1

and in case of k > 3 because of

sfél (iz) = S;l (22) and
3k 3k#1 3 _ 1 1 k ;=2
Sk - [5]- § =3k - 32 3= F (3ke1) - 3 < 55y (B)

2. Let k be even. In this case we get

K 52y o k=2 3.1
521 (X ) - 3k-2 - 2 by 'f - E (3k-2)
and
k /s 3 3_1 ~
sgp (B9) =3k - 3. 3= 203k s, (39)

Both cases together with Tinearity of the excess imply the following equation
for the kernel: -

Lok if k=0 (mod 2)
= -
conv {(1,0)k'K, (Oyg)k'K}' if k=1 (mod 2)

L1
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Now let us compute the intersection of core and the set of equal tEeatment
- imputations for every k-fold replication of the given LP-game re€s

kK
For all x E;UEt(r't ) we have because of pareto-optimality:

_ 3
Xo =% (1-x1)

k-K

The type (2,1) of coalitions 1ies in M~ for all k € N. This type gives

the excess

k-X k<K .
e(x,2,1,vz ) v: (2,1) - 2x1 - X,

)

2 - 2%y - %ﬁ(l-xl)
1 et tk'K
7 (1-x;) (x e J*H(r ).

k-K.
So, if Xq < 1, the excess e(x,’2,1‘,v't ) will be positive, that is

13

k-K

k-K
x ¢ e(r% ) (x eJ®r® )~ Loy . (6.11)

On the other hand the payoff (1,0)k'K is in the core, because its excess is
always zero. Hence we get

QAr?

k k-K

-K

Yo Je Y = qL,o N ke w. (6.12)
As in the kernel equal treatment holds true for equal types of players, the
statements {6.10), (6.11), and (6.12) imply

K

KK k-
LUt ) ik

0 (mod 2)

H(r
k-K

k-K )
Ko Y Y if k=1 (mod 2)

Finally for this example we consider the equilibrium payoff uK, which can be
computed by using the solution of the'dual program of uK (cf. Owen [1975],
Schmidt [1980]1): Then we have uK = (1,0)K .




- 24 -

Here we see that the kernel does not "converge" to the equilibrium payoff

in the sense of Debreu-Scarf's theorem, because for every odd k € N the

k-K tk-K)

kernel Jé(rz } is the whole straight line of JEt(r with the

replicated equilibrium payoff 2K a5 one endpoint,

ke K k-K_ o1

(1:0) Eag0) i Fe0p
W

(xby= e(r®y= ek

t, .k k
for all k = O(mod 2) je (r )=,?C(I‘ )

In this picture we can see the function -552 and S;l on the set of equal
treatment imputations for some k € N.

. k k
— — — — means different values of S17 and S99 >

means equal values of 552 and 551 .

R . b T e T G i ra
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6.3 Example

In this example the parameters of the 1inear program .ﬂK are given as in
6.2 except of the resources:

Let 2y = %- and a, = 2 .

The computation of the kernel is analogous to example 6.2, but here we get
four cases:

conv‘{(%30)k'K, (0,%Jk'K} k=1 (mod 4)

KoK conv {(%30)k'K,-(%aébk'K} k =2 (mod 4)
e - 4 7 koK Loy keK

conv {(330) . (E“l) } k =3 (mod &)

{(%aO)k'K}' | k=0 (mod 4)

Furthermore the following equation holds true for the intersection of core
and equal treatment imputations:

zk.[(. £ k K conv {(%so)k.K, (%sl)k.K} k=1
I 0 I ) -
{—(%,,O)k"(} k> 2

The equilibrium payoff is

]J-K = (%sO)K .

We see, that the kernel pulsates again and so he does not converge to the

equilibrium payoff with which he coincides only in the case k = 0 (mod 4) .

e e
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«1_,7 ayk'K
X '(6’0) h

{X1}= e(rk)=3¢(rk) L g J

for all k = O(mod 4); ‘E(I‘k)= Qz(rk)
- (k = 3(mod 4) _
gﬂ(rk) (k = 2(mod 4)
V’W
Jet(rk)=36(Fk) (k = 1(mod 4)

Here the analogous picture to example 6.2.
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