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Consistency and its Converse.

An Approach for Economies

Abstract

The question how to define consisteny for economies is not easy to
answer. There have been different approaches to solve this problem. In
this paper we will extend the class of economies in consideration to a
class of so-called generalized economies like in Thomson [12], Dagan [1]
or van den Nouweland, Peleg, Tijs {9]). Here, the idea of consistency,
i.e. agreeing on some outcome of an economic situation, paying agents
who want to leave the economy according to this outcome and then
reconsidering the reduced economic situation, requires the introduction
of some net trade vector. _

We will consider solution concepts — especially genéralized Walrasian
equilibrium concepts — for generalized economies. Extending the Walras
concept, two points should not be neglected. First, one should concen-
trate on everywhere non-empty solutions. Second, the extension should
be consistent. It turns out that there may possibly be a huge variety of
non-empty consistent extensions of the conce;it of Walras equilibrium.
However, we will be able to show, that the most prominent extensions,
the porportional solution and the equal sharing solution, are minimal in
the family of non-empty consistent extensions on some classes of gener-
alized economies. _

Finally, we will consider converse consistency, which will provide the
class of solution concepts with additional structure from a bottom-up

point of view.
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1 Introduction

Recently, there have been efforts to apply the game-theoretical consistency
property to economies. Papers which have to be mentioned in this context are
Thomson ([10], (12]), Dagan [1] and van den Nouweland, Peleg, Tijs [9]. A
survey on general aspects of consistency was given by Thomson {11]. In analogy
to reduced games in game theory, reduced economies have to be developed to
define consistency properties for economies.

Following this line — and not the rather exotic alternative of Korthues [4]
who extends the notion of Walras equilibrium by exactly specifying who trades
what with whom - one necessarily has to extend the class of economies in
consideration to a class of so-called generalized economies (see Thomson [12],
Dagan [1] and van den Nouweland, Peleg, Tijs {9]). The latter is inevitable
since the idea of consistency, i.e. agreeing on some outcome of an economic
situation, paying agents who want to leave the economy according to this
outcome and then reconsidering the reduced economic situation, requires the
introduction of some net trade vector - a not necessarily positive bundle of

. goods.

After enlarging the class of economies one has to extend the considered
solution concepts — in our case the Walras equilibrium concept - as well if
one does not want to deal with concepts which are empty almost everywhere,
Extending the Walras concept, two points should not be neglected. First, one
should concentrate on everywhere non-empty solutions. Second, the extension
should be consistent. It turns out that there may possibly be a huge vari-
ety of non-empty consistent extensions of the concept of Walras equilibrium.
However, we will be able to show, that one of most prominent extensions, the
porportional solution, is minimal in the class of non-empty consistent exten-
sions on a standard class of economies. A direct analogon for another very
prominent solution, the equal sharing solution, holds only on a smaller class
of economies. This is due to a less general existence result for the equal shar-
ing equilibrium. The property of minimal consistency helps to understand the
structure of thé family of all consistent solution concepts, especially of those
‘which are extensions ot the Walras equilibrium concept.

In the last part of the paper we will consider the idea of converse con-

sistency, which will give us further insight in the structure of the family of
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solution concepts on the domain of generalized economies. This notion can
be roughly described by “choosing an outcome for a generalized economies
if it was chosen in all proper reduced economies”. It will turn out that the
main solution concepts all satisfy converse consistency on certain classes of
economies. For Walrasian concepts and the Pareto concept it will be necessary
to restrict considerations to classses of economies in which supporting prices
are unique (smoothness assumption). To provide more structure minimal con-
versely consistent extensions and maximal conversely consistent subsolutioris

are introduced.

2 Generalized Economies and

Solution Concepts

A generalized economy E is a tuple ((w; )ien, {=:)ien, T). Here, N = {1,...,n}
is the set of the agents of the economy, who are represented by their initial en-
dowments w; € Rﬂ_ + and their preferences »; C Rﬂ_ X Rﬂ_. In addition, T € R
with 7w, + T € R’+ represents the net trade vector of this economy. Its
components can be positive (indicating imports of the good in question) as
well as negative (indicating exports of the good in question). Imports can
be distributed among the economy’s agents; exports have to be brought up
by them. In this wider context a usual economy can be seen as a general-
ized economy E’ with net trade vector 7' = 0. An allocation of a gen-
eralized economy (for short: economy) £ = ((w:’)ieN,(Z'_i)ieN,T) is a vector
2= (210 y2) € A(E) = {C € (ROM T, G = Shyw; + T} A(E) is
called the set of allocations. A price system is a vector P in the (1 -1)-
dimensional unity simplex A’. Very. often boundary prices will be excluded
from consideration. Then we will use the notation P EAD‘, where X’ is the
interior of the price simplex A/,

As is known from coopefa,tive game theory, varying the notion of reduced
games has a great impact on what solutions turn out to be consistent. The
specific way of definition of reduced economies seems to be important, too.

The easiest and most adhoc way of doing it is described in

Definition 2.1 For every economy E, every subset of its agents S € N and
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every allocation z € A(E) the reduced economy E®* is given by

E%* = ((wi)ies, (Zi)ies, T")
with T := T + ¥ jems(w; — ;).
The definition follows the idea that every agents who leaves the economy is
paid in goods according to the outcome z and leaves his initial endowments
in the economy. This automa,tically leads to the definition of the net trade
vector T of the reduced economy. Initial endowments of the remaining agents
are kept fixed to give them the same starting position for the discussion of
redistribution in the reduced economy.

Throughout the paper, preferences are assumed to be reflexive, transitive,
complete, continuous, monotonic and strictly convex. Sometimes consumers’
tastes will be described by means of utility functions instead of preferences.
Furthermore, generalized economies will be denoted by E or Er. Economies
with same initial endowments and preferences but with net trade vector 0 will
be called corresponding usual economies and will be denoted by Ej.

The most important aspects of the Walras equilibrium are the market clear-
ing condition and the preference maximization of the agents as regards their
budget constraints. The following definition is made to emphasize these as-
pects, based on which several generalizations of the Walras correspondence can

be obtained by varying only the amount of the budget constraints.

Definition 2.2 (z,P) € A(E) x Al is called an equilibrium of E relative
- to the budget constraints v;(P), if and only if

L Y 2= 0w+ T (market clearing condition)
2. z; € By(P):= {z € R, |(P,z) < v(P)} Yi
3. Vz,; € Bi(P): =z »=; x; V.
That is, agent i chooses his consumption bundle z; within his budget B;(P) :=

{z € RL|(P,z) < v(P)} such that his preferences are maximized. Given
monotonicity of preferences (P, z;) = v;(P) is satisfied for all ; € N.! Thus

SuP) = (P w4T) = (P, w) + (P,T)

i=t =1 1=t

'Independent of monotonicity of preferences this equality has to be fulfilled in equilibrium,
because if anyone does not choose z; in the boundary of his budget set, someone else has to

exceed his budget set, which is not allowed in equilibrium.
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n

= S (Puws)+ (P.T) = 3 ws(P) + (BT) 1)

1=1 N |

where w;(P) := (P,w;} are the budget constraints of the corresponding usual
economy. Since the value {P,T) of the net trade vector does not have to be
zero — think for example of 7 € RY,, -, one cannot expect that v; and w; are

always equal. To give a starting point for our discussion we state
Definition 2.3 (z, P} is called simple equilibrium, if it is an equilibrium
relative to the budget constraints v;(P) == w;(P).

In the case of T = 0 this coincides with the original Walras equilibrium.

Obviously, for almost every net trade vector there will be no simple equilibrium.

2.1 The Proportional Equilibrium

We are now looking for new concepts which generalize the concept of Walras
equilibrium. As it will, in general, not be possible to choose budget constraints
v; = w; for all i € N, one has to think about how to deviate from equality
without causing too much damage (and without violating equation (1), of
course). One way to solve the problem is to do it proportionally, i.e. to choose
budget constraints v; such that v; Jw; is independent of :. This ensures equality
v;(P) = w;( P) in the case that (P, T) = 0, which leads to the concept of simple
equilibrium. ' '

Definition 2.4 (z, P) is called proportional equilibrium, if it is an equi-
librium relative to the budget constraints vi(P) := (P, Yiywi + T) with
A= (Pywi) [(P 2, wi) |
Since monotonicity of preferences is assumed, j's share of the value of total
endowments is the same in Et := ((w;)ien, (Zikien,T) and Ep :=

((wi)ien, (Zidien, 0), i.e.

w(P) vi(P) o wilP) o wil(P)
»u(P) (Pawi+T) O (P Tiaw) I wi(P)
The foregoing concept is the same as the one defined by the budget constraints
(Pv wi)

T(P) = (Pwi) + M(P, T) with X; := -——
(P) := (P.wi) + M(P,T) (P, = wi)

Here, agents get their budget constraints w; plus a share A; of the value of

the net trade vector, where A; is proportional to w;.? Both ways lead to the

2This concept is due to Thomson, see {12] and [13].
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same concept because the budget constraints are equal as can be seen from

the following chain of equations.

7(P) (Powi) + M(P,T)
(P, EJ"I w; + T) (P, 2?:1 w; +T)
(Piwi) (PYi,w)+(PT)
(P, EF:] w;) (P, E,=1 w; +T)
_ vi( P)
T PTLwi+T)

2.2 The Equal Sharing Equilibrium

Another idea of sharing (P, T) is, of course, to distribute it equally among the
agents. This may sometimes lead to problems since not every agent is able
to bear the nth part of the net trade vector and has to declare bankruptcy,
i.e. is assigned the goods bundle 0. But in this context, we will also speak
of an equilibrium, if for one agent i the bundle w; + T'/n is not in the strictly
positive ortha}lt but equilibrium trades lead him to a strictly positive goods
bundle. Since for agent i the necessity to declare bankruptcy heavily depends

on prices, definition of equal sharing equilibrium is necessarily a bit blown up.
Definition 2.5 (z, P) is called equal sharing equilibrium, if ¢ permutation
Di=llp: N> N

~exists with 0 < (Pwnqgy) <... < (Pwnm} and

i—1

(P,T 43 wnp)}

=1

m := m(P) := max{ 1 |(P,wng) = Tn—i+1

such that (z, P) is an equilibrium relative to the budget constraints

w(P) :={ 0 if TI(i) < m(P)
(Pwi) + ;e (P T + T wngip)} i T1(E) 2 m(P)
m(P) is well defined since for ¢ = n the inequality only states the condition
mw; +T € R evaluated at prices P. If the inequality holds for i = 1

nobody declares bankruptcy because of

(Paws) 2 (Pumqy) 2 —(P.T)
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More precisely, exactly those agents ¢ with II{z) < m(P) declare bankruptcy
at prices P. ,

The existence of an equal sharing equilibrium is difficult to show because
varying prices may change the set of bankruptcy declaring agents and may
therefore create discontinuities.

A similar equilibrium notion which follows the idea of splitting up (P, T)
equally among agents was given by Thomson [12] and [13]: He also divides
agents into two groups. The bankruptcy declaring agents receive a 0-budget
and the non-bankruptcy declaring agents split up {P,T') equally among them-
selves, i.e. their budget constraints are (P,w;) + 1(P,T) where v is the cardi-
nality of non-bankruptcy declaring agents. This notion, of course, leads to the
same outcome as our notion of equal sharing equilibrium as long as there are no
bankruptcy declaring agents. But as soon as one agent declares bankruptcy,
the budget constraints (0 or (P,w; + 1T} of the agents do not sum up to
(P, %-yw; + T). But this is a necessary condition for existence of an equi-
librium relative to some budget constraints. Thus, Thomson’s equal sharing -
equilibrium notion will lead to inexistence results for economies with “poor”
agents and implicit deficit sharing problems (i.e. (P,T) < 0 for equilibrium
price vector candidates).

Moreover, there is a non-technical reason for choosing our notion instead
of Thomson's: In every day life a person is called bankrupt, if claims of other
persons on the property of the agent (in our case (P, T)) exceed what the
agent owns (here (P,w;)). Then the possessions of the agent are used to com-
pensate a part of the claims. The. creditors only have to take care of the rest

of the claims T T
(Pwi + ;) € ((P, ;),0)

This is an exact description of what happens when our equilibrium notion
is applied. Thomson’s notion does not use w; to compensate the creditors.
This is like letting the bankrupt live on some sunny caribbean island without
making him pay for his debts. Of course, this is almost more realistic, but can

be described by an equilibrium notion only if one allows for free disposal.
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2.3 Solution Concepts

We will get more insight into the nature of the equilibrium notions we defined
up to now, if we compare them in different economies. This will be done by
considering solution concepts. A solution concept (or just solution) @ on
F is a correspondence that assigns to each economy £ € F a (possibly empty)
set of allocations ®(£) C A(E). For the largest possible class of generalized

economies, £, we are now able to introduce the following solution concepts.

Definition 2.6
o Empty solution § with §(E) := 9,

¢ Solution of all allocations A with A(E) including all allocations of

economy E,

* Pareto optimal solution PO with PO(E)} including all Pareto optimal
allocations = € A(E),

¢ Simple Walras solution W, with Wy(E) inclmfing all simple equilib-

rium allocations of E,

e Usual Walras solution W with W(E) = Wo(E) if T(E) = 0 and
W(E) =0 else,

e Proportional solution Wp with Wp(E) including all proportional equi-

lbrium allocations of E,

Equal sharing solution Wg with Wg(FE) including all equal sharing

equilibrium allocations of E.

The definitions of these concepts were straightforward. The starting point
for our discussion will be the usual Walras concept W since this is the triv-
ial extension (by @s) of Walras’ concept for usual exchange economies. A less
trivial extension is Wy which was introduced by Dagan [1] and van den Nouwe-
land, Peleg, Tijs [9] to deal with consistency in the framework of generalized
economies. However, W, is empty almost everywhere (with respect to initial
endowments and net trade vector). In the remainder of the paper we will con-
centrate on the solutions Wp and Wg since théy both are extensions of W (and

even of Wp) and non-empty on non-trivial classes of generalized economies.
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3 Consistency |

Consistency, i.e. consistent treatment of economic situations by solution con-
cepts, is, of course, a question of the considered class of economic situations,
too. To start with, we shall first define some classes of generalized economies

we will discuss later on.

Definition 3.1 The class of all generalized economies is denoted by €. The
class of all economies with agents whose preferences are strictly convez and
monotone and are represented by n times continuously differentiable utility

functions is denoted by E™.

Note, that for n > 2 a proportional equilibrium exists for all economies E € £"
as was shown in Korthues [3]. To assure existence of equal sharing equilibrium.
one, unfortunately, has to restrict considerations to subclasses of £ in which
every agent can bear T/n on his own (i.e: wi+ T/n € RY). As is easy
to imagine, this subclass is not closed with respect to formation of reduced
economies. If an “extremist” — someone who wants to sell almost everything
for one specific good — leaves an economy, he will in general leave open a
possibly very great gap of this specific good. Not all remaining agents will then
in general be able to cover their part of this gap by their initial endowments

in this specific good.

Definition 3.2 By ¢ we denote the class of all generalized economies E
which satisfy
Vie N(E): w;+T(E)/n€eR,

% is defined dnalogously.-

Before we go on, let us first define the property of consistency in the setting

of generalized economies.

Definition 3.3 (Consistency) A solution concept ® is called consistent on

F if for all E € F and for all z € ®(E) we get
VS#B,SCN: z°¢c ®E®) whenever E5* € F

If one considered E5 € F as a consequence and not as a condition, the consis-
tency notion would be much stronger. It would then imply closedness of F with
respect to formation of reduced economies. Since we will consider consistency

only on closed classes of economies, this would not change anything.
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Proposition 3.4 The solution concepts §, A, PO, Wy, Wg and Wp are con-

sistent on the class € of generalized economies.

Proof: Consistency for the empty and the all allocation solution are obvious.
In case of the PO solution the proof can be seen as follows: Let z € PO(E)
for some generalized economy E and let E5* be a reduced economy for some
- proper subset S of agents. Assume that there exists an agent : € S who can’
improve upon z without making the other agents of S worse off. Let y5 be the
new choice of S. Then (ys,xN\g) is a feasible allocation of economy E and a
Pareto improvement of z. But this yields a contradiction to Pareto optimality
of 2. Thus =¥ is also Pareto optimal.

Consistency holds for the Walrasian concepts Wy, Wg and Wp because the
shape of budget sets does not change if one goes to reduced economies and
keeps prices fixed. Then, maximizing preferences within agents’ budget sets
yields the same outcome in the reduced economies. Following this line the
proof for the proportional concept can be seen very easily whereas it turns out
to be very technical for the case of the equal sharing solution. Therefore, we
shall give a sketch of a proof for the equal sharing solution.

Let £ be Pareto optimal. Then; there is a unique supporting price system
P. Let z° be an equal sharing outcome of the reduced economy E5* for all
two-agent groups .5 C N. Then, z can only be equal sharing equilibrium with
respect to the price system P. Let therefore be v, := (P, z;), wi := {P,w;) and
t:=(P,T). All we have to show is that v; = v;( P) where v;(P) is taken from
the definition of equal sharing equilibrium. Without loss of generality we will

assume
0< (Pun) < < (Pywn)

Moreover let §) be defined to be

_ st wit i

Q) - n_ 131

The proof is shown once the following two lemmas have been proved.
Lemma 3.5 There is an m € N such that

Vi<m : v,=0
Vizm : vi=wi+Q(m)>0
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Lemma 3.6 m = m(P), where m(P) is taken from the definition of equal

sharing equilibrium.

The proof for the first lemma can be seen 'by considering the right reduced

economy ES* for § = {i,j}. For the proof of the second lemma we proceed

indirectly:

e Suppose m < m(P): |

Then vy, = wn, + £2(m) < 0 by the definition of m(P), which is a contra-

diction to the construction in the first lemma.

e Suppose m > m(P):
Then, m — 1 > m(P) and therefore

wriog + QYm—1) >0

But take S := {m—1,m}. Then, we get vp,_1 = 0 and v, = wr+Q(m) >
0 and tp_ym i= (P, T9") = —wmo1 + Qm).

tm—l,m _ W —1 -+ Q(m)
. 2 2

> C W1t g(m — 1) (*)

> 0 whichisa contradiction.

= 0= VUm -1 .>_ W —1 +

(+) holds since for all k& > m(P) + 1 the function Q is increasing, i.e.
Q(k) > Q(k — 1), as can easily be demonstrated. O

Proposition 3.7 Intersections and unions of consistent solution concepts are

consistent as well.

* The proof is straightforward and can be omitted.
This proposition enables us to consider minimal consistent extensions (MCE)
and maximal consistent subsolutions (MCS) of solution concepts. Further-
more, we can define a minimal non-empty consistent extension (MNCE}) of
some solution concept ®, being a minimal extension among the non-empty
and consistent extensions of ®. A solution concept may possibly have several
MNCES, whereas it has a unique MCE

| T= ()

vOd, ¥COons.
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and a unique MCS

¢ .= U v

vCéd,¥Cons.

Corollary 3.8 Wg N Wp and Wg U Wp are consistent.

For the next result we will use an argument similar to the Debreu-Sonnenschein-
Mantel Theorem. Therefore, it will be necessary to restrict the considerations

to the class of twice continuously differentiable economies.

Theorem 3.9 Wp is a MNCE (minimal non-empty consistent exiension) of
W on £2.

Proof: Suppose ¢ is a non-empty consistent extension W with W ¢ & ¢ Wp
with ® # Wp. Then

®#£Wp <« 3EcE:0(E)+Wp(E)AD(E)C Wp(E)

Let E be an economy such that the foregoing assumption is fulfilled and = be
an allocation in Wp(E) \ ®(E). Now, z is as well Pareto optimal and has a
uﬁique supporting price system as an (usual) equilibrium. Together with this
price system the tuple (z, P) is a proportional equilibrium.

Now, the idea is to construct a larger economy E such that Wp(E) is a
singleton {y} and the reduced economy EN* coincides with E.

This will be done by constructing an excess demand function which has only
one zero and can be represented as the excess demand function of the desired
economy E. Note that in this case we have to consider proportional excess
demand functions since we want t;o state a result on proportional equilibrium,

Proportional excess demand functions are defined as follows: Given a price

system P e[g‘ proportional budget sets of the agents are well defined and
compact, so that under our assumptions on preferences agents have unique
demand. It can be shown that in our context this demand varies continuously
in prices. The sum of individual proportional demand functions minus ini-
tial endowments forms the desired excess demand function. A price system
is a proportional equilibrium price system if and only if it is a zero of the
proportional excess demand function. ‘

Let 2z be the proportional excess demand function of economy E. Then

we need to construct an economy E’ with proportional excess demand function
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2P’ such that 2P := z” 4+ 2" has only one zero at some P so that £ := EUE’
is the desired economy. This looks like a standard application of the Debreu-
Sonnenschein-Mantel Theorem.? '

However, I will choose a different approach by constructing a comparably
simple one-agent economy where the agent has Cobb- Douglas preferences.

Let this agent be given by initial endowments w' := az _yw; and utility.

function u(z) := [T, zo* with -

(Z ]wJ+T)k P
( ’EJ—I""JJ_*'T)

a will be a positive constant and dertermined later on. Define the net trade

& 1=

vector 7" of the economy E’ in construction to be T' := oT.
Now, proportional demand of this agent - and thus of the whole economy

E' - is given by
& |
(P) = (P T G = 0P s 4 TR )

and proportional excess demand by

(P) = (P w4 T ) = (L +T)
=1 =1
By definition of (a1,..., ;) the proportional excess demand function has the

unique zero P,

Then, P is also a zero of z¥ := zF + 2. But by addition other zeros

" may appear which have not been there before. To avoid this, we show that
outside a sufficiently small e-boundary (i.e. for P E/.'i’ with P, > ¢ for all
components k = 1,...,1), 2P’ stricty dominates z¥ (i.e. ||zFP'(P)|| > ||zF(P)||
for all P € AL\ {P)).

To see domination show that the Jacobian of 2P’ has full rank everywhere.

0 [(Pa Z?:l wj + T)%: — (E;';l wj + T)k]
OP;

(DzP'(P)) =

3The problem could in principle be solved by deriving z” ' from some function 2%’ which .

can be shown to be the usual excess demand function of some economy with differentiable
agents. The latter could be done by a differentiable version of the Sonnenschein-Debreu-
Mantel Theorem as, for example, stated in Mas-Colell’s book “The Theory of General Eco-
nomic Equilibrium, A Differentiable Approach”. But transforming 2% into zF’ turns out.

to be very difficult if one wants to preserve certain properties,
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B . %: : ot # k.
(E?:ij‘l'T)i%f—(P,E?:] Wj'*'T)%g‘ i=k

t and every column by (X7-1 w;j +T'); one sees that

(z_’;:l wj + T)l

By dividing every row by &
DzF'(P) has full rank if and only if det A # 0 for

1 @ 1#k
A=(Ag) with A= (P70 w+T) | .
1— -En—’—( TN 1=k

But this is obviously true.
In the next step we will show that ||2F||/]|z"’|| is bounded on A!

o ll2|I/z""|| is continuous on A\ N(z") = AL\ {P)

¢ Sufficiently close to P we have

Is"(P)Il < 2D"(PY(P - )
I7(P) 2 D' (P)(P ~ P)l| > mllP ~ P

| < m||P — P} and

with 72 < oo and m > 0 so that

PP
17 ()] <

Both points together yield the boundedness of #—,;1((7,% on A! by some M > 0.

Without loss of generality assume M to be 1 (choose a appropiatly), so
P .= 2P + 2P has only

that for all P # P we get ||z7(P)|| < [|zF'(P)]|. Then z

one zero (at P) because

¢ 3P does not have a zero on Al \ {P} because of the triangle inequality,
P does not have a zero outside A} because of the boundary conditions
both zP and zP' have to satisfy.

Last but not least we have to verify that z¥ is really the proportional excess
demand function of the economy E := E U E'. To see this check that

(Pu/+T) a
B O!(P, 2?:1 L"’J) T (Pa E?:] w.?)

(P,w')
and that every agent (especially the one of economy E’) maximizes preferences

within his proportional budget set
(P,y) < A(P)P,wi}}

t

Bf(P):={yeR, |
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Finally, we are done with the proof of the theorem: Due to the non-emptyness
of our solution concept ® we get ®(E) = Wp(E) = {y} where y = (z,w’+T").
Then EN¥ = E, so that '

z=y" e ®}EN)=®(E) ,

which contradicts the a.ssumpfion r ¢ ®(E). a

A similar result can be shown for the equal sharing solution Wg. Unfor-
tunately, a génerea.l existence result for Wx does not hold on £ or one of its
subclasses £, because - as already mentioned — the set of bankruptcy declar-
ing agents may change with varying prices so that discontinuities cannot be
excluded. Restricting our considerations to &g or one of its subclasses £&
solves the existence problefn'. Nethertheless, £ is not closed with respect to

formation of reduced economies under Wg as can be seen in the following

Example 3.10 Let E be an economy with three agents with initial endow-
ments wy = wy = (5,5) and w3 = (1,1), net trade vector T = (0,0) and
preferences >; such that af prices P = 1/2(1,1) agents want to consume
zy = (1,9), =z, =1(9,1) and z3 = (1,1) respectively. For subset S = {2,3} of

agents we now get
T5% =T 4w —zy = (0,0} + (4, —4) = (4, ~4)
Then wy + T57/2 = (1,1) + (2,-2) = (3,-1) ¢ R},

But consistency of a solution concept does not require the class of economies

to be closed with respect to formation of reduced economies. So, we can state

Theorem 3.11 Wg is ¢ MNCE (minimal non-empty consistent extension) of
W oon £f.

The proof is very similar to the one of the foregoing theorem. It will turﬁ out
that it is even simpler since we do not have to deal with proportional {excess)
demand functions: For economies in &g equa.l sharing demand functions of the
_agents are just translated usual demand functions. One can think of a.gents
having initial endowments w; + T/n eR,,.

Let ® be a consistent solution concept with § # O(E')Y C Wg(E') for all
E' € £€%. Assume that there is an economy E € £% such that z € Wg(E)\
®(E) # 0. Let P be the price system of z as a equal sharing equilibrium. The
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equal sharing excess demand function d of E has a zero in P, but possibly
more then one ierb. Construct an agent n + 1 with initial endowments w, 4,
and preferences >, such that the economy E’ ;= (wp41,=nt+1,1/n) € EF
and such that the excess demand function d' of E’ has a zero in P and d'
dominates d (like in the proof of the last theorem).

Then EU E' = ((wi)i=1....,ﬁ+1,(>_'=')s'=1,...,n+1,'%IT) € £ Thus, {y} =
{(z,wnt1)} = Wg(E) = ®(E) and

z=y" € ®(ENY) = ®(E)

which is a contradiction to our assumption. m]

4 Converse Consistency

Following the line of van den Nouweland, Peleg, Tijs [9] one can also consider
consistency the other way round: Let z be an allocation of some generalized
economy E, such that all reduced economies E5* with S C N, S # N agree

s

upon z° as one (but not necessarily the only) reasonable outcome. Why then

not choosing z as an outcome of economy £7 More formally

Definition 4.1 A solution concept ® is called conversely consistent (CO-
CONS) on F, if for every economy E € F with at least 3 agents and z € A(E)

we gel
VS C N,|S| < 2: ES* € F and 2° € (ES") = z € ®(E)].

The restriction to |El > 3 is very important. Dropping this é,ssumption and
considering all proper subsets 5 of the set of agents N leads to the fact that
only extensions of PO could be conversely consistent and everywhere non-
empty.

Van den Nouweland, Peleg and Tijs [9] use a weaker version of converse
consistency, since their definition only requires considering allocations z €
PO(E) rather than general allocations. They characterize the simple Walras
solution by means of converse consistency and are thus interested in a version
of converse consistency which is as weak as possible. Their definition makes

PO conversely consistent by definition.
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Proposition 4.2 The solution concepts § and A are conversely consistent on
E. On the contrary PO, Wy, Wr and Wp are conversely consistent only on

the class 2.

Proof: The concepts @ and A are obviously conversely consistent on £. To see
. that Walrasian solutions and the Pareto solution are not COCONS on £, con-
struct an allocation z := (z3, Z;, z3) of an economy E € £ with at least 3 goods
such that the cones of individual marginal valuations (“potential equilibrium
price vectors” ) have pairwise non-empty intersection and that the intersection
of all 3 cones is empty. Then there is no common supporting price vector for
Zi, T2 and z3, so that z can Be neither a Pareto optimum nor some Walrasian
outcome. _ ' - ‘ 0O
For a proof of COCONS for PO on £? see Goldman and Starr [2].4 A proof
for converse consistency of W can be found in van den Nouweland, Peleg, Tijs
[9]. The cases of Wg and Wp can be treated similarly. In addition, one has
to verify, that equal resp. proportional splitting of (P, 757) in the budgets of
the reduced economies E5% for all § C N implies equal resp. proportional
splitting of (P,T) in E. _ o

Proposition 4.3 Intersections of conversely consistent solution concepts are

conversely consistent as well.

Proposition 4.4 Unions of conversely consistent solution concepts are not

necessarily conversely consistent.

For the proof we will use the following two solution concepts:

¢ Equal Division Solution ED
€ ED(E) = Vie N z;=(Tjenpw; + T)/|N(E)|

e No Envy Solution NEnv
S NEnv(E) SV, eEN w4+ (J:J' -—w_,') € RL Az =i w; + (Ij -—-wj) .

“They use the notion of t-wise optimality and show for the class of usual economies
with agents whose preferences can be represented by quasi-concave C%-utility functions that
pairwise optimality implies Pareto optimality. Since for the concept of Pareto optimality
initial endowments do not matter. and only total endowments are important, we can easily

adopt this approach to our setting.
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13 ]1 Ig

Figure 1: Counterexample for Proposition 4.4

Both solutions are obviously conversely consistent. Let us now show that the
union ED U NEnv is not conversely consistent. Construct an economy F with
three agents and an allocation r such that z;, = 23 # z; and w; # w;. And

such that for the net trades z; := z; — w; we get

iz A ez A

232223 N z3 X3z
This constellation, which is also illustrated in Figure 4, yields

€ NEnv(E"*7) and

€ NEnv(E{*3}*) and

(z1,23) € ED(EV*}) but

(z1,22,73) & NEnv(E) since zl‘ ¥1 23 and .
¢ ED(E) since x; # z,0

(-Tl s T2, -'BS)

It is not immediate to find a non-trivial counterexample since unions of typical
representatives of Walrasian solutions are conversely consistent as well. This is

due to the following fact: If equi.librium prices are unique (under smoothness,
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for example) and (2,,22) and (z2,23) form equilibria of a special type, z1,
xz and z3 are supported by the same price vector, so that in general (z1,23)
also forms an equilibrium of that special type. Apart from many Walrasian

solutions a lot of other solutions show this transitivity property.

Definition 4.5 A solution concept ® on F is called transitive if for every
E € F and for every z € A(E) the relation Re g, defined by

R(D,E.z = {(253) € N(E)le 7& .7 A (:1’:,',-‘1?3') € Q(E{i‘j}'z)}
on N{E) is transitive.
Note that Rs g - is by definition irreflexive and symmetric.

Lemma 4.6 Let @; and P, be two transitive solutions. For & := &, U &,
let there be E ¢ F and z € A(E) such that for all two-agent sets S we get
z5 € ®(E5=). Then -

VS with |S|=2 : z°€ &,(ES®) or
VS with |S]| =2 : 2% € ®,(ES#)

Proof: Let E € F,z € A(E) and R; := Ry, g for ¢ = 1,2. Then, starting
from By U R; = Ry := {(i,j) € N(E)?|i # j} all we have to show is R; = Ry
or Ry = Ry. This will be proved'by induction over n := |N(E)|. For n = 2
the proof is trivial since both. relations are symmetric. Let the statemént be
true for n = k — 1 > 2. Let R}, R, and R, be the restrictions of R;, R; and
Ry to N(E)\ {n}. Then Rj = R} or R) = R.,. Without loss of generality we

can assume K} = R). Then there are two cases.

1. There is an ¢ # n such that 1tRyn.
Then, by transitivity for all j € N(E) we get jRyn and thus R, = R,.

2. There is no 7 # n such that :Rn.
| That means, that for all ¢ # n we get :Ryn. But this implies ]ng for
all 3,k € N(E)\ {n} with j # k since jRyn and nRyk hold. Hence,
R, = R4. a

Theorem 4.7 Let &, and &, be COCONS and transitive. Then & := &, U,
ts COCONS.
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By using the foregoing lemma the result is obvious.
Proposition 4.8 Wp is transitive on £° and Wg is transitive on EE.

The proofs for the chosen domains are straightforward. To see that Wg is not
transitive on £2 consider the following example: Take a Pareto optimum « for a
three-agent economy such that the derived values are w; = 3, w2 =1, wz =10
and t = —6 resp. v; =2, v = 0 and vz = 8. Then, the reduced economies
for S12 = {1,2} and S;3 = {2,3} have z%2 fesp. %22 as equal sharing
equilibrium outcome. But x is not an equal sharing equilibrium outcome since
both non-bancruptcy declaring agents 1 and 3 do not pay the same amount
 (—3 resp. —2).

Corollary 4.9 Wg U Wp. is COCONS on 2.

Like in the case of consistency we can define minimal converse consistent ex-
- tensions (MCCE) and maximal conversely consistent subsolutions (MCCS).
Whereas MCCEs are unique, MCCSs need not be unique, since the union of -
conversely consistent and transitive solution concepts is conversely consistent,

but might not be transitive.
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