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Abstract

The paper demonstrates that Pigouvian taxes on externalities usually fail to decen-
tralize Pareto optimal allocations even under perfect competition, perfect information,
and uniqueness of Walrasian equilibrium prices if there are different firms with linear
technologies.
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1 Introduction

Pigouvian taxes are known to be powerful tools in order to internalize real (or technical)
externalities. If all markets are competitive, a Pareto optimum can be achieved by
charging a tax on externalities which is equal to marginal damage of the externality.
In a general equilibrium framework, the marginal damage can be expressed as a sum of
consumers’ marginal rates of substitution plus the sum of producers’ marginal rates of
transformation between the externality and a certain private consumption commodity.
This is all well understood.

However, there may be a problem with Pigouvian taxes even under perfect com-
petition and perfect information. If the competitive equilibrium 1s not unique, the
economy might end up in the wrong equilibrium even under a “correct” tax. -This
problem is widely been neglected in the literature on environmental economics (see
" e.g. BAUMOL and OATES and many others not cited here). LAFFONT [1989], however,

more carefully writes in his chapter on externalities, (pages 21/22):

“However, there is a difficulty with this policy prescription [Pigouvian
taxation (remark by the author of this article)]. For tazes given by t* ...,
other equilibria that are not Pareto optimal may exist. Decentralization

of the Pareto optimum requires the announcement of the correct prices as
well.”

Whereas the first two statements are undoubtedly correct, the last statement
suggests that announcing the correct prices is also sufficient to achieve a Pareto efficient
allocation. The aim of this note is to show that even announcing the correct prices is
not sufficient in order to decentralize a Pareto optimal allocation by means of Pigouvian
taxes. I will present a simple economy which has several (a continuum of) Walrasian
equilibria even though the Walrasian prices and the optimal Pigouvian tax are unique.
Yet, the equilibrium allocation of production among the firms is not unique. Among

all these equilibria, however, only one equilibrium is efficient.

2 The Model

Consider a simple economy with one consumer and two firms i=1,2. There are two
consumption commodities X and Y and one pollutant. Commeodity Y also serves
as the ohly input for the firms to produce commodity X. The firms have constant
return to scale technologies. Firm : needs ¢; units of commodity Y to produce one
unit of commodity X. Moreover, one unit of output generates d; units of pollution.
Denote firm i’s output by z;, total output by z = z; + z;, and total pollution by
E = dyz1 + dyzy."Without loss of generality we assume ¢; < ¢;, and d; > d3. So firm 1
has the lower private cost but at the same time is the worse polluter.
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The consumer draws utility from the two commodities and suffers from the pol-

“lution such that her utility is given by U(z,y, E). She also owns an initial endowment

w of commodity Y such that y = w — c13y — cyz5.1 The utility function U is assumed
to be strictly quasi-concave, moreover, Ux > 0, Uy > 0, and Ug < 0.

3 The Social Optimum

If the externality is not internalized, perfect competition would lead to p = ¢;. Only
firm 1 produces, firm 2 is out of business.? In contrast, the socially optimal allocation

is the unique solution of
mamﬁﬂsy,ﬂ?l,xz,EU(m:yrE) ] (31)

s.b. 2 =21+ T2, y = W — 1Ty — 229, B = dy21 + dyze, and z; > 0 for s = 1,2. Or by
substituting these equations into (3.1):

ma:r:rhzzU(;cl + T, W — X1 — C2T2, d]iL‘] + dg:l’,‘g) . . ) (32)
Denote by
UX(:an:E)
P(z,y,E) = 22 b>)
( b ) Uy(.’,ﬂ,y,E)

the consumer’s marginal willingness to pay for commedity X in terms of commodity Y
(the marginal rate of substitution between X and Y'), and by

UE(;Evy)E)

MD(wvva) = _Uy(.'B y E)

“the marginal disutility of pollution in terms of commodity Y.
Suppose first that the pollution very harmless, i.e., Ug and Ugg are small or even
zero. Then clearly the higher cost firm 2 should not produce and we have z; = 0. The
(unique) solution z} to (3.2) is then given by:

Pzl w —cixl,diz}) = oo + i M D(z], w — 127, dy 7). (3.3)

If in contrast the damage from pollution is sufficiently severe, then, since dy < dy, only
the cleaner firm 2 should produce, leading to x; = 0. The (unique) solution z3 to (3.2)
is then given by:

P23, ~ eozhy dyzl) = ca + dyM D (25, w — ¢35, da}) - (3.4)

1w is sufficiently large to always guarantee interior solutions.
20f course, perfect competition is not reasonable with only one low cost firm, and one could argue

that Bertrand competition leads to p = cp —e. However, this is not the point here. To restore perfect
competition we could assume n; > 1 firms of each type. For the sake of notational convenience,
however, we assume one firm of each type only. For an analysis of a Bertrand model see REQUATE
[1993].



Let us now consider the interesting case where it is optimal to employ both firms. The
social optimum is then given by the 5 equations

Plz,y,E) = c+diMD(z,y,E), i=1,2,
r = r+zz,
= Ww—CT — C2Xx2,

y
E = dll‘l.-}-dgl'g.

Since ¢; < ¢ and dy > dy, and since U is strictly quasi-concave, the system is non-
singular and there is a unique solution, in particular for z;, and z,.

4 Optimal Pigouvian Tax

Let us now consider a private ownership economy, where the consumer holds all shares
of the firms. The price of commodity Y is normalized to 1 and p denotes the price of
commodity X. Moreover, a well informed regulator is entitled to charge a Pigouvian
tax 7 on emissions. The tax revenues are redistributed lump sum to the consumer who
maximizes

max U(z,y, E) s.t. pr +y =w+ r{dizy + daz2) .

Under the tax firm ¢’s marginal cost amounts to ¢; + d;7. If, in a social optimum, only
one type of firm is supposed to be active, everything is fine and the optimal tax is given
by r* = MD(z,w — ¢z}, diz?). Hence assume that it is socially optimal to employ
both firms. Then a necessary condition for the optimal tax is that the marginal costs
of the two firms be equal — that is, ¢y + 7°d1 = c2 + 7*dy, which is the case for

* ec ,__ C2— O

S oL—d

We call this the equal cost tax. Perfect competition requires
pP=a + Tecdl = C3 + Tecdz = (dlcz - dgC])/(dl — dg) =: ’ﬁ . (4.5)

Utility maximization leads to
Plz,y,E)=p .

By Walras’ law, market clearing on both markets — that is, x = z; + 2, and y =
w — ¢;xy — caT2 — implies that the consumer’s budget constraint 1s satisfied.
But now the Walrasian equilibrium with a tax on emissions is given by a

single equation:

P(;‘L‘-l + ,;172., W — C1T1 — C3xa, dl:r] + dg.’l’:z) = 5 5 : (46)



which yields several solutions in #; and z;. Thus, despite a unique equilibrium price,
the allocation of production among the firms is not unique. Rather, there i1s a con-
tinuum of Walrasian equilibrium allocations (z,,72) among the firms which satisfy
{(4.6). For example one solution is given by z; = 0 and z; = T, where T solves
P(z,w—ec1z,d x) = p. Another solution is given by z; = 0 and z, = z, where z solves
P(x,w— cpz,dyz) = p. For each aggregate output = € [z, T] we can find (z;, 22) which
satisfy (4.6) and z, + 22 = z. Different a.ggrega,te allocations (z1, z3), however, lead to
different pollution levels £ € [daz,dyT|! On the other hand, the social optimum has
a unique solution if the consumer’s utility function is strictly quasi—concave. Thus at
most one allocation among the continuum of Walrasian equilibrium allocations under
tax 7 = 7° is efficient.®> The non-uniqueness of equilibrium is not due to different
‘equilibrium prices. It is rather due to non—uniqueness of equilibrium allocations!

The crucial reason for the result is that the supply correspondences of the firms
are not single valued if the price for the output commodity equals marginal cost. The
firms can supply any amount between zero and infinity. In contrast to increasing mar-
ginal costs, equation (4.5) does not determine the firms’ output uniquely. (Typically,
constant marginal costs is a standard assumption made in almost every [O-paper.)

S0, decentralized decision making under perfect competition in general does not
lead to first best allocations even if a well informed regulator charges the correct tax,

and a benevolent Walrasian auctioneer announces the correct prices!

5 ‘Emission Permits

The problem of non—uniqueness of equilibrium does not arise if instead of charging
taxes, pollution permits were issued. Clearly, the optimal number of permits to be
issued, say L, has to be equal to optimal total pollution — that is, L = E*. One can
casily show that for all L € [dyz,d;Z] the market price for permits must be equal to
(€2 — &1)/{dy — dz) = 7%°.* Also in this case, the supply of the firms on the output
market, and thus the demand for permits on the permits market are not single valued.
However, since supply for permits is single valued there must be a unigue equilibrium
on the permits market leading to a unique Walrasian allocation.

30ne can indeed show that there exists one efficient Walrasian equilibrium.

41f the market price for permits were lower than {cz — e1}/(d1 — dz), only firm 1 would demand
permits. But then, due to perfect competition, the market price for commodity X would be lower
than 5 = (djcs — dac;)/(d1 — dz). This would lead to demand for the commodity higher than F, and
thus would create demand for permits higher than d;Z. But then the permits market would not be in
equilibrium since L < d,#. By a similar argument one shows that the market price for permits cannot

ezxceed {cg — ¢1)/(dy — d3).



6 Conclusions

We have demonstrated that optimal Pigouvian taxation may fail to decentralize Pareto
efficient allocations even if equilibrium prices are unique. Despite a unique equilibrium
price, the equilibrium allocation among the firms may fail to be unique. Different
equilibrium allocations, in turn, may lead to different levels of externalities among
which only a particular level is socially optimal. The problem arises when firms have
linear technologies and their supply correspondences are not single valued. The problem
does not arise if the firms’ technologies are strictly convex and the number of firms 1s
exogenous. But the problem again arises if the number of firms is endogenous even if
the firms’ supply correspondences are single valued (see REQUATE [1995]°).

Our example shows that decentralization of Pareto efﬁcient.a,llocations in the
presence of externalities by means of Pigouvian taxes may cause serious problems even
under seemingly perfect conditions such as perfect competition, perfect information,

and uniqueness of Walrasian equilibrium prices!
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