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Existence of Generalized Walras Equilibria

for Generalized Economies

Abstract

A generalized economy is a “usual” economy - i.e. a tuple consisting
of initial endowments and preferences for each agent of a given (finite)
set of agents - equipped with an additional net trade vector, which
can be regarded as the foreign trade vector of the economy. Positive
components of this vector correspond to the imports of a good, which
can be distributed among the agents of the economy. Similarly, negative
components can be interpreted as exports, which have to be brought up
by the agents. The concept of Walras equilibrium is extended to this
new setting in the way Thomson (1992) proposed. The main aim of the

paper is to provide a quite general existence result.
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1 Introduction

Recently, efforts have been undertaken to apply the game-theoretical consi-
stency property to economies. Papers which have to be mentioned in this
context are Thomson ([18], [20]), Dagan [7] and van den Nouweland, Peleg,
Tijs [17). A survey on general aspects of consistency was given by Thomson
[19].) In analogy to reduced games in game theory, reduced economies have
to be developed to define consistency properties for economies. Unless the
agents are provided with equal initial endowments, a case Thomson treated in
his paper in 1988, this causes severe problems, since the individual demands
of agents in a reduced economy will in general not add to the sum of initial
endowments in the reduced economy. Thus, a not necessarily positive bundle
of goods - a net trade vector - remains. Therefore, the notion of economies
has to be extended to the notion of generalized economies, which admit a
net trade vector. For this bigger class of economies suitable extensions of the
Walras correspondence have to be given. This can be done by varying bud-
get constraints. One of the concepts resulting from this process is Thomson’s
proportional solution which we will focus on in the present paper.

Thomson’s approach seems to be more meaningful than that used by both
Dagan and van den NOuwe]a,ncl, Peleg, Tijs since'it applies to a bigger class
of generalized economies. Thomson’s approach enables us to consider pure
exports or pure imports vector, what cannot be done in the setting of Dagan
or van den Nouweland et é,}., who are only able to deal with net trade vectors
that are worth zero when evaluated with equilibrium prices. In effect, every
equilibrium in the sense of van den Nouweland et al. is as well an equilibrium
in Thomson's sense.

In the papers mentioned ahove existence proofs do not appear or do not
play a dominant role. In the van den Nouweland et al. paper the existence of
equilibrium can only be shown in a very technical setting and for very few cases.
The present paper will provide an existence result for Thomson’s proportional

solution based only on standard assumptions on preferences.

'For characterizations of the Walras correspondence without consistency properties the

reader is refered, for example. to Nagahisa ([14]. [15], [16]).
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2 Generalized Ecohomies and the

Proportional Solution

A generalized economy E is a tuple ((wi)ien, (=i)ien, T). Here, N = {1,...,n}
1s the set of the agents of the economy, who are i'epresented by their initial
endowments w; € Ri + and their preferences »; C Rﬂr X RL. In addition,
T € R' with Yiwi+T € RI+ represents the net trade vector of this economy.
Its components can be positive (indicating imports of the good in question)
as well as negative (indicating exports of the é;ood in question). Imports can
be distributed among the economy’s agents; exports have to be brought up
by them. In this wider context a usual economy can be seen as a generalized
economy £’ with net trade vector 77 = 0. An allocation of an economy £ =
((widien, (mi)ien, T) is a vector z = (z1,...,2,) € A:= {{ € (R})"| ThaG=
2i=1w; + T} A = A(E) is called the set of allocations. A price system is
a vector P in the (I — 1)-dimensional unity simplex A’. Very often boundary
solutéons will bg excluded from consideration. Then we will use the notation
P €A, where Al is the interior of the price simplex Al

Throughout the paper, preferences are assumed to be reflexive, transitive,
complete, continuous, monotonic and strictly convex. Sometimes consumers’
tastes will be described by means of utility functions instead of preferences.
Furthermore, géneralized economies will be denoted by E or Er. Economies
with same initial endowments and preferences but with net trade vector 0 will
be called corresponding usual economies and will be denoted by Ey.

The most important aspects of the Walras equilibrium are the market
clearing condition and the preference maximization of the agents as regards
their budget constraints. The following definition is made to emphasize these
aspects, based on which several generalizations of the Walras correspondence

can be obtained by varying only the amount of the budget constraints.

Definition 2.1 (z, P) € A(E) x Al is called an equilibrium of E relative
to the budget constraints v;(P), if and only if

Loy o z=00w+T (market clearing condition)

1o

5 € Bi(P):= {z e R{[(P,z) <wi(P)} Vi

o

Ve Bi(P) s zomiox Vi.
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good 2
Ir
efliciency curve e+T
=0 : good 1

Figure 1: Edgeworth-Box: The point e represents the initial endowments of the
agents I and II in the economy Ly without net trade vector 7. The agents in
economy £7 with net trade vector 7" are named I’ and II". The drawn efliciency
curve is that of economy Er. In that economy there is no point representing
. initial endewments. Special points are e resp. e+1 where agent I1" resp. agent

I’ has to bring up all T'.

11
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That is, agent ¢ chooses his consumption bundle z; within his budget B;(P) :=
{z € Rl+|(P.,:r) < v;(P)} such that his preferences are maximized. Given

monotonicity of preferences (P, z;) = v,-(P) is satisfied for all € N. Thus

ivj(P) = PZwJ+T PEuJJ

=1 =1
= TPy +(AT) = Lui(P)+(PT) (1)
=1 Jj=i
where w;(P) := (P,w;} are the budget constraints of the corresponding usual
economy. Since the value (P, T) of the net trade vector does not have to be

zero - think for example of T € R! one cannot always expect that v; and

++ 7
w; are equal.

2.1 The Proportional Equilibrium

We are now looking for a new concept which generalizes the concept of Walras
equilibrtum. As it will, in general, not be possible to choose budget constraints
v; = w; for all { € N, one has to think about how to deviate from equality
without causing too much damage {and without violating equation (1), of
course). One way to solve the pfoblem is to do 1t proportionally, 1.e. to choose
budget constraints v; such that v;/w; is independent of :. This ensures equality
v:(P) = w,(P) in the case that {P,T) = 0, and especially for 7" = 0 we get
vi(P) = wi(P) for all P 65.!, and thus, the new concept coincides with the

concept of Walras correspondence for usual economies.

Definition 2.2 (z, P) is called proportional equilibrium, if it is an equi-
librium relative to the budget constraints v{P} := M\{(P, 5% w; + T) with
A= (P-wz')/(P LG wi)-

Since monotonicity of preferences is assumed, j's share of the value of total

endowments is the same in Er := ((wi)ien, (Zi)ien, T ) and Eq :=

((wi)iens (=i)ien, 0). Le.

vi( P) vi( P) wi P) wi( P)
n = 1, = /\i = n = n '
Jj=1 Ll‘i(P) (P'! Z',l:] ""JJ +T) (P1Zj:} wJ) Zj:l wJ(P)
The foregoing concept is the same as the one defined by the budget constraints
(vai}

T(P) = {Fw) + A PT with A 1= —07——
CT(P) = (P + A(PT) Fr, o)
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Here, agents get their budget constraints w; plus a share A; of the value of
‘the net trade vector, where A; is proportional to w;.?2 Both ways lead to the
same concept because the budget constraints are equal as can be seen from
the following chain of equations.
Ti( P) _ (Pwi) + AP T)
(PYaw+T)  (Pliaw+T)
(Pwi) (A¥imw)+(PT)
(P, E?:1 ‘-‘-’j) (P, E?‘:l w; +T)
vi( P)

(P w +T)

A=

In the remainder of the paper we will use the prbportional representation of

this solution concept.

3 Remarks on the Price Correspondence

Let Er := ((wi)ien,(=i)ien,T) be a generalized economy and A := A(Er).
Then each a € A defines a usual economy E® := (a, (>;}ien). For each a € 4
let P4(a) be the set of all equilibrium prices of E*. This defines the Walras

price correspondence
o
Pi: A =>AI

of the economy Er. Given monotonicity of preferences (resp. of utility functi-
ons), boundary prices in dA' need not be considered. Moreover, let £ be the
set of all usual economies E* := (z,(>;)};en) where preferences from Er are
kept fixed and z € (RL)" is varied (thus, £ = (R, )"). Let Py be the Walras

price correspondence on £

(s}
PW : £ z}A! .
Then P4y = Pw|A. We will need both results on P4 and on Pw to show

existence of the proportional equilibrium.
In this section results will be presented for cases in which consumers have

continuous demand functions. A demand function is a function

o
f:10,00)x Al RL

#This concept is due to Thomson, see [20].
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with (P, fi(w, P)) = w. If one requires the following desirability assumption

on demand functions, non-emptiness of Py and P4 can be guaranteed.

If the sequence (w?,p?) € (0,00)"x A’ converges to
(u®,5°) € (0,00)" x DA, then 3" [IfiCwlip))| (Do)

converges to infinity.
In our case (Dp) 1s fulfilled because of strict monotonicity of preferences.

Proposition 3.1 If the agents have continuous demand functions f; satisfying
(Do), then an equilibrium exists for all a € (RY,)". Equivalently, one can say

that the equilibrium price correspondence Py is non-empty on (RIH_)”.

Of course, there are much more direct ways to ensure existence of equilibria.®
But since we will anyway work with demand functions later on, we will formu-

late the results of this section in terms of demand functions.?

Proposition 3.2 If the agents have continuous demand functions [i, then
the equilibium price correspondence Py is upper hemi-continuous (w.h.c.) on

(R, )". Pw is a continuous function where it is single valued.

o
The graph T' of the equilibrium price correspondence Py in (RL)"X Al s
called equilibrium price manifold.® If the demand of the agents is given by
continuous functions o
fii[0,00)x Al R,
satisfying Walras® Law, then one can embed the space of common budget

(8]
situations B := {0, 00)"x Al into the equilibrium price manifold ['® To see
this, let f: B — T be defined by

flwy, .. ywe; Py = (fi(we, P), ..o, folwa, P); P)

f(B) is the set of no-trade equilibria. In addition, let ¢ : f(B) — B be defined
by '
gler, ... eq; P) = ((Psel)s"-a(Paen);P)

3See for example Debreu [8] and [10]. He provides existence results based on assumptions

on the preferences of agents only.

4See for example Dierker [12].
®Indeed, if one requires suitable differentiability assumptions, I' can be shown to be a

manifold.

®See also Balasko [2].
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Since both functions are obviously continuous, it remains to show that go f

and [ o g are the identities on B resp. on f(B). We have

g(f(va)) = g(fl(wlap)a'"1fn(wﬂ?P);P)
= ((Pﬂfl(whp))’v"'v(Psfn(me));P) - (2)

= (wy,...,wn; P)
and

f(g(e,P)) = f((P,E]),...,(P,En);P)

= flwyy...,wy; P) with w; := (P e;) (3)
= (fl(wlsp)s'--1fn(wnyp);P)
= (e1,...,€n; P)

The last equation of (3) holds for the following reason: For all (e, P) € f(B)
we get ¢; = fi(w, P) for some W € Ry. Now, w; = (P,e;) = (P, fi(wW,P)) =

by monotonicity. Hence e; = fi(w;, P). Therefore, we have proved

Proposition 3.3 The set of no-trade equilibria f(B) is homeomorphic to the

set B of common budget situations.

We will be especially interested in those no-trade equilibria which belong to a
fixed generalized economy E7, i.e. those equilibria whose endowments sum up

to the total endowments of Er. The set will be called

PO := PO(ET) = f(B) N (A(ET) % 5!)

because it is the set of all Pareto optimal allocations of E7 together with their
supporting price vectors obtained by the second welfare Theorem. For the

next result we will have to exclude boundary solutions by
a
fil(0,00)x A) C Ry, (D1)

Lemma 3.4 [f the agents have conlinuous demand functions satisfying (D))
and their preferences are monotonic, continuous, smooth and strictly conver,

then PO is stimply connected.

Proof: Consider 7 : A — R’ defined by the vector of utility functions

Ula) := {uy(ay)..... Un(tn))
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Let V be the set of Pareto optimal allocations. Then V is the projection of
PO onto the set of allocations A. Moreover, let i := U(V) be the set of
utility tuples belonging to Pareto optimal allocations. Then UV : V — U
is a homeomorphism. Obviously, it is continuous and surjective. It is an
open mapping because the u; are open. To see injectivity, let x,y € V with
U(z) = U(y). Then (z + y)/2 is an allocation as well. Assume that there
is an 7 € N such that z; # y;. Because of 7’s strictly convex preferences
wi((z; + ¥:)/2) > ui(zi) = wi(y;). Hence, neither = nor y can be efficient
allocations - a contradiction. Since U is homeomorphic to the unit simplex A™
and thus simply connected,” V is simply connected as well.

It remains to show that PO is simply connected. But PO is the graph of
the equilibrium price correspondence P4 restricted on the set of Pareto allo-
cations V. As preferences are smooth there is exactly one equilibrium price
vector belonging to every Pareto allocation. Hence, by Proposition 3.2, P4
is a continuous function on V. This yields the desired result since graphs
of continuous functions on simp]y connected domains are themselves simply

connected. ‘ O

4 Existence of the Proportidnal Equilibrium

Apart from the usual assumptions on preferences we will need the following

desirability assumption on preferences.
{ .
vre R ,,ye Ry =iz =yeR.] (D)

It ensures that consumers demand bundles of goods in the interior of their

consumption sets and therefore implies assumption (D).

Theorem 4.1 Let Er := ((Wi)iEN»(ti)ieNsT) be a generalized economy with

reflezive, complete, transitive, continuous, monotonic and strictly conver pre-

ferences such that (D) is satisfied. Then a proportional equilibrium exists.

-

Proof: We will first show that the results of the last section can be applied.

Owing to the continuity of preferences there exist continuous utility functi-

0
. t
ons. The resulting demand correspondences f; : (0,0c)x Al— R are also

"See for example the book of Arrow and Hahn [1].
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continuous.® As preferences are strictly convex, they are even functions. In
o
addition, they can be continuously extended to {0}x A! by 0. Because of

monotonicity of preferences they fulfill Walras’ Law, i.e.
(P, filwi, P)) = w;

Furthermore, (D5) yields (D;), and (D) follows from strict monotonicity.
For the concrete proof we will consider the space A™x Aof, where ng is,

as before, the open price simplex. A" is called the space of shares of total

endowments, i.e. if A € A", then v;(P) = \({P, X}, w; + T) for every price

vector P. Remember that 377_, w; + T is the vector of the total endowments

0
of the economy Er. We shall call X € A" a share vector. In A"x A’ we will
focus on two sets. On the one hand, we will consider the set of tuples (1}, P)
where P € P4 is a equilibrium price systems belonging to an allocation a € A

and
1

A= —————((P,a1),..., (P a,)) € A"

Pryay b o)

This set could be called the set of Pareto efficient common budget situations®
and will later on be denoted by €. On the other hand, we will discuss the set

of tuples (A, P) where P is an arbitrary price vector and

1 n
A= oy (P (P €

This set is the graph of a continuous function P — A(P) and will later on be
denoted by D. \

If the intersection of these sets is non-empty, the Theorem is proved. To
prevent sets from penetrating each other without intersecting we will set great
store by simple connectedness of the sets.

We will make the shape of the last set more pleasant by showing that

without loss of generality it can be assumed as an affine linear subspace of

(8]
A" x AL

8f; has the representation f;(w, P) = {& € Bi(w, P)jui(z) = maXye B, (w,P) Ui(y)} where
the budget correspondence B; is continuous and the utility function u; is continuous (re-

member that preferences are continuous). See for example Debreu [9].
®The set can be compared to the equilibrium price manifold (replace economies E € £

by share vectors A € A").
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Let £ = ((w;)ien, (w)icn,T) be a generalized economy. Let u * z with
p € R, and z € R' be defined by (4 * z); := = and p~! € R, by
(u1); := p7'. Furthermore, let E' := E'{(p) := ({w])ien, (1i)ien, T’) be given
by w!i= p*w, T := p*T and ! by ul(z) := wi{g™' *z). Then E' is a

generalized economy.

Proposition 4.2 Let £ be a generalized economy and E' := E'(p) with p €
]
Ry

a) (P,z) is a pfoportional equilibriuvm of E, if and only if (P',2') is a pro-

-1

portional equilibrium of E', with P/ =p '+ P and 2’ = p+ z.

b) If the agents of economy F have continuous demand functions f;, the
agents of economy E' have continuous demand functions f!, with f! =
¢ * f;. Properties such as (Dg), (D) and (D, } are retained.

Now we can assume }7_, w; +7 = (1,...,1) without loss of generality (choose
= (Xj=1w; + T)7"). The homeomorphism g : f(B) — B can be used to
embed PO into B. The image C := g(PO) = f~1(PO) is not only a subset of
o
B, but also a subset of A%x Al as proved in the following chain of equations:
2w = Y (Pe)=(P.Y e)
i=1 =1 =1

= (P,Zn:wj-irT):(P,(l,...,I)):l .V - (4)

=1
Yet, PO is simply connected and so is C' = g(PO).
The projection of C onto A™ is surjective. Thus, (" can be seen as the graph
0

of a correspondence A" =A'. To see surjectivity let A € A™ be arbitrarily
chosen and z 1= A+ (7w +T) = (M{Z)o w;+T) . A (i w,+T)) €
A. For z exists an equilibrium (y, P) € PO. Then there exists g(y, P) € C'

with

gy-P) = ((Pon)s. i (Piyn)i P)
= (P, Il) AP ma) P) ()
Zu + T, n(Z%‘“*‘T)?P

— (,\1,...,/\,1.1?)

1
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The other set mentioned in the introductory comments to this proof is |
D := {(,\.P)EAXA’ |/\i=—<’—w')——} (6)

<P52?=1 UJJ)
= Grk .

with % :51—’ A" defined by
P = -(P’ E}l;l LUJ'_)((JD,W,),...,(P,wﬂ))
0
Since k is continuous and A simply connected, D is simply connected.
The problem is solved once C N D # @ is shown. We will construct a
homeomorphism '
¢ A™x [gl—-ﬁ /_\”ng
such that D' := (D) = {(,....2)}x AO.I and such that the projection of
' := ®(C) onto A™ is surjective. Then C'N D’ contains at least one point
(1/n,...,1/n, P} and thus CN D = &~ (C)N® YD) = ' (C N D) is non-
empty.
The construction of @ is as follows: Let ¢ be a homeomorphism from A"

to [0,1]*"! and

- Q 0
¢ = (¢, projo ) : A"x Al [0, 1" T x Al |
A‘

0
where projo is the projection onto Al. Then it is sufficient to find an ap-
al .

: o )
propriate homeomorphism ¥ of [0,1]""'x Al. Let a(P) := ¢(k(P)} and
A= é(:.....1). Then a(P) and 3 are in the interior of [0,1]*7. Now,
let ¥ be defined by

o

~ [¢]
W i= (¥, projo ) : 0,17 x Al 10,1 x A
Al

with
Q. : g
Vi(z. P):= { ?11{—};))5;+ﬁ —a,(P) lf e QZ(P)
prvwr e L 1 a;( P)

for all i € N. Now: ¥ is continuous and bijective. The inverse function of ¥

has the same shape and is therefore continuous as well. Thus, ¥ is a homeo-
‘ )
morphism and the identity on 9{0,1]*~'x Al. Since the homeomorphisms ¢

Q
and ¢~! map boundaries onto boundaries, ¢ is the identity on AATx Al
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Now, let C':= ®(C) and ' := ®(D). For (k(P), P) € D one obtains

®(k(P),P) = ¢ 'oWod(k(FP),P)
= ¢~ o¥(a(P),P)
= ¢ (B(P), P)
(%,...,%,P) ,

I

"o
that is, D' = (1,...,2)x Al
It remains to show that the projection II{C’) of C’ onto A™ 1s surjective.
This is obvious since C’ is simply connected and has the same boundary as €'
Las. ' 0

5 Outlook

With the existence proof presented here, the theoretic basis for the considera-
tion of consistency properties in equilibrium theory is provided. The setting of
generalized economies will enable and enforce us to discuss sharing problems
such as how to divide the net trade vector among the agents and how to do
it in a simple and decentralized way. Thomson’s proportional concept seems
to be an appropriate answer to both questions since the consumption bundle
of each agent depends only on his own initial endowments, total endowments
and the price system. One can therefore try to characterize the proportional
solution by means of its consistency and its shé.riug properties.

Up to now, generalized economies have been used only to provide a frame-
work for the discussion of consistency properties. But probably they will also

liave a value of their own.

o One can, for example, think of a fixed foreign trade vector, i.e. T is not
due to free foreign trade (where every agent is free to exchange his goods
with the goods of an arbitrary foreigner) but due to political reasons.

This may arise in the case of foreign claims or subsidies such as

— reparations (reparation payments) of a country after a lost war (for
example Germany after World War I). Then T will be a pure exports

vector with negative components only.
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— humanitarian aid for countries with famine (then T will be a pure
imports vector with strictly positive components only for goods like

wheat, medicine, etc.)

— technical help for under- or less developped countries.

e States have to pla.n their expenses and revenues in advance. Hence, they
have to fix a vector T to be brought up by the agents of the state.
Positive componerits of T are for example public transport and social
contributions; negative components are for example bureau equipment

for state administration.

May be, the discussion of solution concepts for generalized economies can help
understand how surpluses or deficiencies an economy is confronted with should

be distributed among the agents.
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