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Abstract In this note, we studied some classes of n-person games possessing
properties of two person zero-sum games. We extend the definition of a two-person
atmost strictly competitive game (Aumann 1961) to the n-person case. We show
that the Nash equilibria of a n-person almost strictly competitive game induce the
same payoff; and we exhibit the connections between almost strictly competitive
games and some classes of n-person games introduced by Kats and Thisse in 1992.

Introduction

In a two-person zero-sum game, the gain of one player is equal to the loss of his
opponent. This class of games has some important features: when equilibria exist,
they induce a unique payoff, the set of Nash equilibria is convex, the equilibria are
interchangeable! ...

Some classes of two-person non zero-sum games having some of these nice prop-
erties have been introduced by different authors. The definitions of these classes
are based on different notions of antagonism. Indeed, zero-sum games correspond
to the extreme case of competition between two players: what Player 1 wins is
equal to what Player 2 loses. By weakening this notion of antagonism, we get
some classes of non zero-sum games which satisfy some properties of zero-sum
games.

The definitions of some of these classes are also available for games with finitely

1 Equilibria are interchangeable if for every equilibria (s1,52) and (s},55), (s1,55) and
(s}, 52) arc also equilibria (Nash 1951). Note that for the mixed extension of a finite game,
if the equilibria are interchangeable, then the set of Nash equilibria is convex. In fact, these
two properties are equivalent for the mixed extension of every finite two-person game but it
is no longer true in the n-person case when n ) (Chin, Parthasarathy and Raghavan 1974).
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many players. The aim is the same as in the two-person case: to define classes of
n-person games which possess some properties of two-person zero-sum games, as
for example uniqueness of equilibrium payoff. But the problematic is different: we
have to define the notion of antagonism between n players.

In section 1, we recall the definition of #-person game of type A, B and C intro-
duced by Kats and Thisse (1992). In section 2, we define the notions of saddle-
point and value of a n-person game. With the help of these definitions, we extend
the definitions of games of type I {introduced by Aumann (1961) under the name
- of almost strictly competitive games(ASC)), II and IV to the n-person case?. In
section 3, we give some results concerning the comection between these different
classes. In section 4, we generalize Aumann’s theorem concerning game of type T -
in extensive form (Aumann 1961} to the n-person case. At last some examples of
games are given in section 5.

Notations

We denote by G = (I, (S;)ier, (4:)ic1) a n-person game where

o I'={1,...,n} is the set of players, n > 2.

o §; is the set of strategies of Player i.

¢ y; is the payoff function of Playeri; #;: §) x --- x §, — R where R stands for
the set of real numbers.

Let § = [];cr 5:- For each Player i € I, —i denotes the set I'\ {i} (ie. —i is the set
of opponents of Player i). 54 termns the set [Tz, 5; (4 C I).
From now, we assume the following property:

Hypothesis 1 The sets S; and the payoff functions ; are such that the game G = '
(I, (Sj)ie[, (u,—),-g) has a Nash equilibn'um.

For example, Hypothesis 1 is satisfied if eaclt set of strategies is a convex compact
subset of an Euclidian space and if the payoff function of each player is continuous
and quasi-concave in his own action {Glicksberg 1952).

We denote by NE(G) the set of Nash equilibria of G and by NEP(G) the set of its
Nash equilibrium payoffs.

1 n-person game of type 2, B and C

The antagonism for these three clﬁsses of (non zero-sum) games is defined by
comparing different n-tuple of strategies according to several evaluation rules (see
Figure 1): :

2 Games.of type IT and IV are generalizations of ASC games (Beaud 1999).
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| Type | Couples of strategies Evaluation rule

A | Compare s = (5;,5—;) with | w(s) 2 ui(5) & uj(s) < u;(3), ¥j e I\ {i}
§= (51'75-!')
B Compare s = (s;,5-;) with | wi(s) 2 w(F) < u;(s) < u;(5), vie I\ {i}
§= (EJ':S*-i)
C Compare s = (s;,5—;) With | w(s) > u;(5) = u;(5) < u;(3) and

5= (5,5-:) uils) = wi(8) = uy(s) = u;(8), Vie I\ {i}
Fig. 1 Definitions of the classes. ‘

This leads to the following definitions:
Definition 1 (Kats-Thisse, 1992) Let G = (L, (Si)ier: (w:)iez) be a n-person game.

~Gisagameoftype A ifforalli €1, 5,5 €8, ui(s) = wils’) & ui(s) < ‘.“'(5'),
VieI\{i}.

— G isagame of type B if for each i € 1, for all s;,5! € S; and forall s_; € 5_,
we have

wi(si,5-;) 2 wi(],5.5) € wj(si,53) Suslsh,s_;) Vj € I\ {i} (1.1)

— G is a game of type C if for each i € I, for all spsi€Siandall s_; € S_;, we
have :

u;(s;,5-7) > ui(sh, 55} = luj(s.',s_,-) < uj(si,s—;) Vie I\ {i} (1.2)
and

ui(si,5-5) = wi(sh, i) = wj(si,5-;) = uj(s},s_;) vj € I\ {i} | (1.3
Remarks:

1. By definition, every game of type 2 is of type B and every game of type B is of
type C. '

2. Two-person games of type A have been introduced under the name of strictly
competitive games (Friedman 1983, Moulin 1976). Games of type B and C are
also called unilaterally competitive games and weakly unilaterally competitive
games (Kats and Thisse 1992).

Kats and Thisse (1992) have shown that every game of type C has a unique equi-
librium payoff, and that equilibria of a game of type B are interchangeable under
some conditions on the sets of strategies and on the payoff functions.
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2 n-person game of type I, IT and IV

The classes of games of type A, B and C are defined directly be the preferences of
each player without resorting to other concepts. This is no more the case for the
classes we introduce now: we compare the strategic behavior of the players with
the help of the notion of twisted equilibrium.

2in=12

Let G = (Sl,Sg,ul,}zg) be a two-person game. We associate to G the game G =
(81,82, —uz,—u1)- G is called the twisted game.

s € § is a twisted equilibriurn of G if 5 is a Nash equilibrium of G (Aumann 1961).
e € R? is a twisted equilibrium payoff of G if there exists a twisted equilibrium s
such that u;(s) = ¢; foreachi = 1,2.

Aumann gives the following deﬁmtlon of an almost strictly compeutlve game
when n = 2 (Aumann 1961).

Definition 2 G is an almost strictly competitive (ASC) game if

(i) there exists s € § which is a Nash and a twisted equilibrium;
(i} the set of Nash equilibriton payoffs is equal o the set of twisted equilibrium
payoffs.

Condition (i) of Definition 2 may be defined using the notion of a saddle-point of
a two-person game (Beaud 1999):

Definition 3 § € § is a saddle-point of the game G if forall s€ S, i € 1,

w5, 5_3) < wi(8) < wi(5i,5-3)

It is shown that the set of saddle-points of G, denoted by S(G), is equal to the
intersection of the sets of Nash and twisted equilibria of G. Hence, condition (i)
of Definition 2 is equivalent to: S(G) # 0.

Aumann has shown that every almost strictly competmve game has a unique Nash
equilibrium payoff.

2.2 n > 3: saddle-point and value of a n-person game

The definition of a twisted game does not extend when the number of players is
greater than 2. In this latter case, how can we generalize the notion of a twisted
equilibrium? Kats and Thisse suggest the following definition of a twisted equilib-
rium (Kats and Thisse 1992):
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Definition 4 5 € § is a rwisted equilibrium of a game G if u; (5} < u;(s;,§_;) for all
i€l 5 €8 and forall j€I\{i}. :

By using this definition of a twisted equilibrium, the definition of an almost strictly
competitive game can be extended to n-person games.

Unfortunately, Kats and Thisse’s definition is not satisfactory: we give now an
example of a three-person almost strictly competitive game having two different
Nash equilibrium payoffs.

* Examplel.n=3,5;= {A;,B;} foreachic 1.

) If.5‘3 =A3:
Az B
Al 1,3,5 1,3,5
B 1,45 1,4,5
Ifs3=B;
Ay By

Aq 1,4,5 1,4,5
B 1,4,5 1,4,5
There are two Nash equilibria: (A,,B2,A3) and (By,B;,B3). Hence NEP = {(1,3,5),

(1,4,5)}.
(A1,B2,A3) and (By,Bs,B3) are also the only twmted equilibria. Hence, TEP =

{(1,3,5),(1,4,5)}.

So, there exists a profile of strategies which is a twisted and a Nash-equilibria, and
the sets of Nash equilibrium payoffs and twisted equilibrium payoffs coincide: the
game is almost strictly competitive and have two distinct Nash equilibrium payoffs
contrary to the two-person case.

Let us first generalize the notion of saddle-point to n-person games.

Definition55 € S is a saddlepoint of the game G = (I,(S,-),-g;,
(#:)ier) if for every i € 1, for every s € §,

wi(s:,5-;) < wi5) < wilSi,5-4) 2.4)

We denote by S(G) the set of saddle-points of G.

Equation {2.4) means that forevery i € [, § is a saddle-point of the function u; with
respect to maximizing in s; and minimizing in S=i (Rockafellar 1970).
This leads to the following definition:

Definition 6 5 € § is a strong twisted equilibrium of a n-person game G if:
Viel, Ys_; € S_p, wi(®) <wi(Si,5-) (2.5)

We denote by STE(G) (resp. STEP(G)) the set of strong twisted equilibria (resp.
the set of the payoffs induced by the strong twisted equilibria).
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Remarks:

1. In definition 4, any (unilateral) deviation of Player i induces a gain for all
the other players whereas in definition 6, any deviation of (part of) the other
players induces a gain for Player i.

2. Definition 6 is the same as the definition of a twisted equilibrium when n = 2.

3. In the above example, (1,4,5) is not a strong twisted equilibrium payoff.

Definition 7 G = (I, (S;)iet, (;)ier) is a game of:

-npe Lif
a) there exists a profile of strategies which is a Nash and a strong wisted
equilibrium, '
b) the set of Nash equilibrium payoffs is equal to the set of strong twisted
equilibrivm payoffs;
—type 11 if _
a) there exists a profile of strategies which is a Nash and a strong twisted
equilibrium, o
b’} the intersection between the set of Nash equilibrium payoffs and the set of -
strong twisted equilibrium payoffs is non empty;
-npe IVif _ '
b’) the intersection between the set éf Nash equilibrium payoffs and the set of
- strong twisted equilibrium payoffs is non empty.

Example 2.Letn =3, S; = {A;,B;} foreachie 1.

If 52 = As:

Az B

Aq 1,0,0 - 0,1,0

By 0,0,1 0,0,0
If 53 = Bs: :
. A2 B

Aq 0,0,0 0,0,1

B 0,1,0 1,0,0

This game has two Nash equilibria, (B,,B2,A3) and (A1,A42,Bs3), which induce a
payoff equal to (0,0,0). Indeed (B1,B2,A3) and (A),Az, B3) are saddle-points.
By definition of a Nash and of a strong twisted equilibrium, we get the following
property:

Property 1 For every n-person game G, $(G) = NE(G)NSTE(G).

When n = 2, saddle-points are interchangeable (Beaud 1999). This is no more the -
case when »n > 2. In the example above, (B;,8;,43) and {A;,A2,B3) are saddle-
points, but not (A1,A4z2,43).
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'2.2.1 Value of a n-person game
We can associaie to each Player  two quantities:

" 1. The max-min of Player i: v; = maxs, ming_, #;(-,-).
2. The min-max of Player i: ¥; = ming_, maxg, u;(-, ).

Note that v; > v; forallig 1.

Definition 8 The n-person game G = (1,(S:)ier, (u:)icr) has a vector valuev € R*
ifvi=v;=V;forallicl

For example, it is well known that every two—person zero-sum game has a vaiue
(recall Hypothesis 1).

De Wolf (1999) generalizes this result to n-person games of type C. In fact, we
have this stronger result (see Section 3):

Property 2 Every n-person game of type IV has a value, and this value is the
unigue Nash equilibrium payoff.

. Proof:
LeticIand e € NEP(G) ﬂSTEP(G)
Consider 5* € NE(G) and 5§ € STE(G) such that x;(5) = u;(s*) = ¢;. We have

e = ui(s*) > maxu(s;, 57;) > minmaxu,-(s},s_,-)
M 5. 5

g; = ;(§) < minwg {5, s-;) < maxminu;(s;,5_;)
S S S-;

Hence v; < ¢; < v;.
Soegi=v;=V;=wv;. 0O

3 Connection between the different classes

The definitions of the different classes of games imply that every game of type A
(respectively B, I,IT) is a game of type B (resp. C, IT, IV).

When n = 2, it is known that every game of type C is of type IT (Beaud 1999).
When nr > 2, this is still the case. De Wolf has proved that for a game of type C,
for each player i € I, if any players —i deviate from their equilibrium strategy, then
Player i's payoff increases (De Wolf 1999). This implies that for every game of
type C, NE(G) is a subset of STE(G). Hence:

Property 3 Every n-person game of type C is a game of type IT.

Remark: Example 2 is an example of a game of type I but not of type C: when
= B; and 53 = A3, Player 1 is indifferent between A; and By, but not Player 2.
There exists also game of type C but not of type I (Beaud 1999, Example 2.3) 3

3 A figure showing the connections between the different classes is placed at the end of
this paper.
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4 Extensive form game

4.1 n-person game of type 1

The aim of this section is to generalize Theorem D of Aumann (1961) to the n-
person case. We refer to Owen (1995) for the definition of an extensive game and
its properties. :

Theorem 1 Let G be a n-person extensive game which decomposes at a move X
and GX be of type 1. Let GP be the difference game, where the payoff to GP at (the
terminal note) X is the value of GX. Assume that G® is of type I. Then G is of type
1, NEP{G) = v(GP), and the composition of saddle points in GX and G? yields a
saddle-point in G. '
PROOF OF THE THEOREM

Let 5 be a strategy profile. We denote by sX the couple of slralegles obtained by
restricting s to GX. We define similarly s. We denote by u the payoff of player i

in the game I
_ We need the following result

Theorem 2 Let G decomposés at X, and let s be a strategy such that (i) s* is a
strong twisted equilibrium of G, and (ii) s°% is a strong twisted equilibrium
of G\ X with payoff u(s*) assigned to the terminal payofj" X. Then s is a strong
twisted equilibrium of G. _ )

Proof: Let s be an n-tuple of strategies which verifies (i) and (i), i€ I and 5" ; € S_;.
From (i), we have .

wilsf,s2) 2 wi(s¥) @.6)
We denote by G2 the demand game where the payoff associated to the (terminal)
node X is u(s¥). From (ii), we have in the game G7:

ui(sP,s2) = ui(sP) | @7
But the payoff of player i induced by (s, s"_;) is greater in GD than in GP. Hence,
ui{si, 5" ;) 2 wi(s) (Owen 1995, Theorem £4.3). O
Lemma 1 Let v be the unique equilibrium payoff of GP. Then every equilibrium
payaffin G is equal to v.

Proof: The proof in the n-person case is smnlar as the proof in the 2-person case

(Aumann 1961). O
Let 5 be a strong twisted equilibrium in G. We denote by ¥ the strategy obtained

by restricting 5 to GX. We denote by P; the probability over nodes induced by s.

Lemma 2 Every strong twisted equilibrium payoff of G is equal to V.
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Proof First, we prove that: (A) if P;(X) > 0, then 5¥ is an strong twmted equilib-
rium of G¥; and (B) s” is an equilibrium of GP. .

(A): The proof of (A) is the same as for Nash equilibrium (Aumann 1961).

(B): If P5(X) > 0, s* is a strong twisted equilibrium of G*, then G? = G and if
s is not a twisted equilibrium of GD we can construct a strategy such that s is not
a strong twisted equilibrium of G.

If P,(X) = 0, the payoff in G2 is the same as the one in GP. Let 5°_; be such that
(2.5) is not satisfied. Let $*; be a saddle-point of GX. Then

u:";(si!(s!—u )) < U (Sn( —;:sxi))
=i (5, (¢! )
<uf(sP) =ul(s)

which is impossible. So (B) is true.

Now, we apply Theorem 1.4.3 in Owen (1995): for all i € I, u;{s) = uG (s?) =
v(iG?Y=v. O

Lemmata 1 and 2 imply that condition b) is satisfied.

Lemma 3 The composition of a Nash (resp. strong twisted) equilibrium of G~ and
of G® yields a Nash (resp. strong twisted) equilibrium of G.

PROOF

The proof for the Nash equilibria is the same as in (Aumann 1961). For the strong
twisted equilibria, it is a consequence of theorem 2 because G2 = GP. O

Let 5* (resp. s) be a Nash and a strong twisted equilibrium of GX (resp. G°). By
Lemma 3, the composition of s* and s” is a Nash and a strong twisted equilibrium
of G. Hence, condition a) is satisfied and Gisof type I. O

5 Examples
5.1 Bertrand’s model

n firms produce the same item. The marginal cost is the same for each firm and
is equal to ¢. The firms choose simultaneously their prices py,...,p; > ¢. The
demand of the consumers is represented by a function D(p) where p= (p1,...,pa)
is the profile of prices chosen by the firms. (Kreps 1990). The profit of ﬁrm iis

IL(p1,---n) = (pi —€)Di(p1,- .., Pn)

Dip;
where D;(p) = argmin 1(91: b=l

of the finite set L. _ _
The aim is to show that Bertrand’s model is a game of type T, but not of type C. -

l{Pieafgmin{Pk}k=l,.__,n}’ |L| denoting the cardinality

Lemma 4 (c,...,c) is a Nash equilibrium of this game.

Lemma 5 (0,...,0) is the unique Nash equilibrium payoﬁr
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PROOF: _ : ‘
Let p* be an equilibrium and let us suppose that Player #’s payoff is-positive for
some i € I. This implies that p} > c. But then player 7 has always incentive to
deviate in playing min je; { p}} — ¢ for some € sufficiently smail, e > 0. O

Lemma 6 (c, ...,c) is a strong twisted equilibrium of this game, and each strong
twisted equilibrium induces a payoff of O to every player.

PROOF: _
Letiel. ThenIle,...,c) =II(c, p—;) = O for all p_;. Moreover at every strong
twisted equilibrium, at least one player playsc. O

The Bertrand’s model is a game of type I: by Lemmas 4 and 6, NENSTE # 0
and by Lemma 5 we have that NEP = STEP. But it is not a game of type C:
suppose n = 3, then IT;{¢,2¢,2c) = I} (3c,2¢,2¢) = 0 and Iz(c,2¢,2¢) =0 <
111 (3¢,2¢,2¢} = D(2¢) /2.

5.2 Auctions

A divisible item is sold by auction (see for example Wolfstetter (1996)). Player i’s
valuation of the item is v;. We assime that everybody kmows the valuation of the
other players. The bid of Player i belongs to the set §; = {1,...,v;— 1} %. Player
bids s; € ;. The player who has done the greatest bid wins the auction. If there is
more than one winner, the item is divided. The payoff function of Player 1 is equal
to u;(s) = ﬂ%(v,- —5;)1{si = maxjcys;} where ¢(s) = jargmax{s;,s2,53}|.

The game (7, (S;);er, (#:):er) fulfills hypothesis 1: (98,97,97) is an equilibrium.

Lemma 7 This game is a game of type C.
Proof: Leti€ I, s€ Sand 5_; € S;. We denote W (s) = {i € argmax;es 5;}-.

1. Suppose that u,-(s,-,s_,-) = u.-(s"i,s_.') =
(a) &> 0. Then i€ W(s), and s; = s] and u;(s5) = u;j(s},s_;) forall j # i.
(b} o = 0. This implies that i does not belong to W(s) and W(s},s_;). W(s)} =
W (s},5—:), hence u;(s) = u;(s},s_;) for all j#£i. '
2. Suppose that u;(s;, 5_;)} > w;(s},5_;). Theni € W (s) and uj{s;,5;) S uj(sh,5-) =
o forall j. '
D .
For other economical examples, see De Wolf (1999).

5.3 “Perturbation” of two-person zero-sum games

Let ' = {51,52,u4,—u) be a two-person zero-sum game and let &; : S_; — R for
i=1,2.

4 Note that we restrict here the bids available to Player i.
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We associate to I the non-zero sum game G = (51,53, Uy, W) where U (s1,82) =
u(s1,52) —d1(s2) and Th(s),s2) = —u(s1,52) — 62(s1). G may be considered as a
perturbation of the zero-sum game I

It is easy to check that G is a game of type B, and that G and I have the same set
of Nash equilibria.
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