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Abstract

In this paper the problem of existence of equilibrium in hierarchically structured
economies is solved for a broad class of hierarchical structures and institutional char-
acteristics.

A hierarchically structured economy is a pure exchange economy in which the
agents arc organized as a hierarchical structure which consists of a set of agents, a
set of bilateral relationships and a partition of the set of agents in hierarchical levels,
such that each level contains exactly one agent.

Each hierarchical relationship is interpreted as a trade relationship in which the
dominating agent sets a signal which restricts the set of net-trades the dominated
agent can choose from with respect to this trade relationship. The set of signals
the dominating agent can choose from and the way these signals restrict the set of
net-trades of the dominated agent is described by the institutional characteristic of
the trade relationship under consideration.

As equilibrium concept, a suitable adaption the concept of cquilibrium in nice
plays as introduced in Hellwig and Leininger (1987) is used. It amounts to describing
the result of applying of the technique of backward induction to the closures of the
sets of feasable actions of the agents. Thus, subgame perfect “almost equilibrium”

plays in the corresponding multi-stage game are considered.



1 Introduction

The problem of allocating scarce resources whilst facing unlimited needs is the basic
problem of ‘economics. ,

In 1776, Adam Smith suggested that for certain goods competitive markets al-
locate scarce resources to the well-being of all, an “invisible hand” coordinating the
ruthless persuit of self interest by the participants in the market.

This notion of Smith’s has been translated into formal models of competitive
markets in, e.g., Walras (1874) and Debreu (1959). They model competitive markets
as markets in which all trade takes place at a single vector of prices which holds for
all market participants, and which is assumed by each of them not to be influenced
by his trades on the market. As stated in the First Theorem of Welfare Economics,
in economies with a complete system of interconnected competitive markets, every
equilibrium allocation is Pareto efficient. Thus, in the context of these models, Pareto
efficiency can be interpreted as describing the notion of “the well-being of all”.

Having established this result and recognizing its limitations, a natural next ques-
tion is whether one can think of more general organizational forms, not necessarily
being markets, that lead to desired allocations, not necessarily according to the crite-
rion of Pareto efficiency, for a wide class of different types of agents that may possibly
be active in the economy. '

In the first half of this century this question was the theme of the socialism debate
between, a.o., Lange, v. Mises and v. Hayek. The debate arose over the guestion
whether or not socialist economies are capable of realizing market allocations.

The formal counterpart of this discussion took place over the last two decades,
focussing on the question if and how organizational forms, called mechanisms, can
be found that realize arbitrary goals for a large class of different environments they
may have to cope with. In answering this question, a complicating factor is that
agents typically have private information concerning their own characteristics, e.g.,
concerning their initial endowments and preferences. Such agents may be tempted not
to disclose this private information truthfully, hoping to benefit from misrepresenting
their characteristics. Therefore, a mechanism must both persuade agents to, directly
or indirectly, reveal the relevant information truthfully, and coordinate the actions of
the agents as to realize given goals. Unfortunately, the results obtained in trying to

answer this question are typically impossibility results, stating that it is impossible



to find satisfactory organizational forms that perform those tasks. For a survey
we refer to Groves and Ledyard (1987). Lately, emphasis has increasingly shifted to
interpreting mechanisms as describing (hypothetical) institutional and organizational
structures. Institutions and organizations that have been observed in past and present
societies have been formally described as mechanisms, possibly with the hope to find
a new angle at the problems described above.

One may want to interpret mechanisms as describing (the results of} the insti-
tutional structure of a society as a whole, this being in line with the spirit of the
models of Walras and Debreu, and with the socialism debate. In this interpretation,
a mechanism describes, implicitly or explicitly, laws, habits, norms of behaviour and
the like, as present in a (hypothetical} society. Thus, a change in some of the laws of
a society typically results in a different mechanism describing its institutional struc-
ture. Having this in mind and being aware of the inertia of habits and norms, it
seems impossible to, in the short run, make substantial changes in the institutional
structure of a society as to change its functioning from realizing one mechanism to
realizing a specific different mechanism. Rather, except for some revolutions, changes
in the institutional structure of a society are gradual changes, trying to repair some
unwanted effects occuring in some part of the society. Unfortunately, in the present
type of formal models of mechanisms it is next to impossible to describe such phe-
nomena, the concepts only allow for “changes” from one mechanism to another as if
a revolution would occur.

The aim of this research is the development of formal models that describe the
institutional structure of a society consisting of a number of “partial” mechanisms.
Partial mechanisms are Lo describe scparate parts of the organizational form that
function. in their formal rules, independent from each other. Agents, however, will
typically participate in a number of partial mechanisms. Each such agent will co-
ordinate his actions with respect to the different partial mechanisms to his best of
interests, given his anticipations regarding the results of his actions on the outcomes
of these partial mechanisms. Thus, the anticipations of the agents determine the way
the partial mechanisms interact through the behaviour of the agents. Consequently,
the anticipations of the agents, which in our models are determined endogenously,
play a crucial role in “aggregating” the partial mechanisms to a mechanism describing
the functioning of the society as a whole.

In our research, we focus on models in which any partial mechanism contains
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exactly two participating agents. Furthermore, for technical reasons, our models are
constructed as to ensure that in any such partial mechanism, one agent dominates the
other agent. Thus, a structure of bilateral asymmetric trade relationships describes
the set of Institutions in the economy. However, to give economic content to the
model, we have to describe for each of the bilateral trade relationships, the rules of
trade that apply to this particular trade relationship. This is achieved by endowing
every asymmetric trade relationship with an institutional characteristic. An insti-
tutional characteristic is a correspondence 7 : X =Y from a space of signals in a
space of net trades, such that for each signal s € X chosen by the dominating agent
in the trade relationship, the set of net trades from which the dominated agent can
choase, with respect to this trade relationship, i1s restricted to the set 7(s).

In previous work, we have analyzed models with particular structures of trade
relationships and particular institutional characteristics, and, amongst others, con-
sidered the question of existence of equilibrium. In Spanjers (1992, Chap. 6) the
setting of a pure exchange economy with a finite number of agents and Comlﬁodities
1s considered. In this context, an example is given of a model of successive monopolies
in which no equilibriim exists.

One way to circumvent this problem is followed in Spanjers (1994a,c) and relies
on what we call arbitrage. The main idea is to consider the kind of situation in
which some agent acts as a price taker on trade relationships with two different
agents. Now, if these price setting agents set different vectors of relative prices
(normed to the corresponding unit simplex), then the price taking agent can achieve
an arbitrary high income in buying sufficiently large amounts of relatively cheap
comnmodities from one of those price setiing agents and selling them to the other.
If there are sufhicient potential possibilities for arbitrage in the economy, then in
equilibrium uniform prices will prevail in (parts of ) the economy. Using this property,
the existence of equilibrium in the economy is proven with the help of a theorem on
the existence of Walrasian equilibrium in pure exchange economies. As a side effect,
it is shown that the Walrasian auctioneer can be replaced by a tnumber of) price
setting consumer(s) with zero initial endowments.

Another way to circumvent the problem of the existence of equilibrium has been
followed in Spanjers (1992, Chap. 8) and Spanjers (1994b). Attention is restricted to
hierarchical trees, this bringing us back to a model with a structure as in the case

of successive monopolies. Now, the iustitutional characteristic of bid and ask prices



is considered. This allows the dominating agent to set different vectors of prices for
buying and selling, thus enabling him to enforce zero trade for the trade relationship
under consideration. Using this property, theorems on the existence of equilibrium are
proven. The nature of the proofs mikes it clear that, along these lines, there is no hope
to obtain results on the existence of equilibrium for a large class of structures of trade
relationships and institutional characteristics. This, however, would be necessary
to live up to the goal of formulating a useful model with a multitude of different
interacting bilateral asymmetric partial mechanisms.

In the present paper we introduce a model of a hierarchically structured econ-
omy that does allow for the existence of equilibrium for a large class of hierarchical
structures and a large class of institutional characteristics of bilateral asymmetric
trade relationships. The sacrifice we have to make in order to obtain this result is to
no longer consider (subgame perfect} equilbrium in very nice plays but to counsider
a suitable modification of the concept of equilibrium in nice plays, as introduced in
Hellwig and Leininger (1987). It should be noted that equilibrium in nice plays is
not a refinement of subgame perfect equilibrium.

In Section 2 we introduce the model of a hierarchically structured economy. The
main theorem on the existence of equilibrium is stated and proven in Section 3. In
Section 4 a number of particular institutional characteristics is discussed. In Section 5,
the main theorem on existence is applied to hierarchical trees. Finally, in Section 6,

some concluding remarks are made and topics of further reseach are suggested.

2 The Model

In this section we define a hierarchically structured economy. We describe such an
economy by its hierarchical structure, by its agents and their individual characteris-
tics, and by the institutional characteristics of the trade relationships in the economy.
The hierarchical structure is described by a relationship structure that describes be-
tween which of the agents in the economy trade relationships exist, and by a hierarchy
that partitions the set of agents in hierarchical levels, such that each hierarchical level
contains exactly one agent. The hierarchy describes which agents dominate which
other agents and thus directs the trade relationships. Furthermore, the hierarchy
determines what information the individual agents have about the economy. The

agents in the cconomy are described by their individual characteristics. Since we an-



alyze a pure exchange economy, we describe each agent by his utility function and his
initial endowments. Finally, every trade relationship in the economy is described by
its institutional characteristic. The institutional characteristic of a trade relationship
describes how the signals the dominating agent chooses with respect to this trade
relationship restrict the set of net-trades the dominated agent can choose from with
respect to the trade relationship under consideration. Thus, the institutional charac-
teristic of a trade relationship describes the rules of trade that apply for it. Finally,
we derive the anticipations of the agents concerning the consequences of their actions
and define equilibrium.

We start by introducing the concepts we need to describe the hierachical structure
of the economy. First, however, we introduce some terminology concerning graph
theory. In this paper we restrict ourselves to graphs in which any two vertices have
at most one direct connection. _

A (Simple) Undirected Graph is a pair (A, R) consisting of a finite set of ver-
tices A and a set of distinct edges R & {{i,j} C A| i # j}. A Path y(a,b) from a to
b in a undirected graph (A, R) is a non empty sequence of edges ({cp, a1 }, {c1,c2}, - - -
{en_1,¢n}) with ¢o = @ and ¢, = b, such that Vi,5 € {0,1,...,n}, i £J7: « # ¢,
with the possible exception that ¢y = ¢,. A undirected graph {4, R) is Connected
fVa,be A, a 7& b there exists a path (a,b) from a to b1in (A, R).

Definition 2.1 A Relationship Structure is a connected, (simple) undirected graph
G := (A, R), where A is the set of vertices and R the set of edges.

Thus, a relationship structure describes between which agents a bilateral trade rela-
tionship exists. A hierarchy of a set of agents gives an ordered partition of the set
of agents into hierarchical levels, such that each hierarchical level contains exactly
one agent. If one wants to interpr_et the economy as a multi-stage game, then the
hierarchy describes the order in which the agents move. It is assumed that each agent
has sufficient infc_nrmationl about the agents of lower hierarchical levels for us to be
able to apply the technique of backward induction. If one applies a model with a
similar structure as the one in this paper to interconnected moral hazard problems,

then the interpretation of the term “hierarchy” comes closer to that in every day life.

Definition 2.2 Let A be a set of agents. An ordered partition & := (S1,....S5k) of
the set A is « Hierarchy of A if for each a € {1,...,k} it holds that #5, = 1.



Let (A,£) be a pair consisting of a set of agents and one of its hierarchies. For each
1,] € A we use { >¢ j to denote that 7 € S, and j € S5 with a < b, which is
interpreted as stating that ¢ is of a higher hierarchical level then j. For each i € A
we denote L, := {h € A | {h,i} € R and h >¢ ¢} which interpreted as the set
of (Direct) Leaders of i. Similarly, F; := {j € A | ¢ € L;} denotes the set of his
{Direct) Followers. A

Definition 2.3 Let (A, R} be a relationship structure and £ a hierarchy of A. The
tuple ((A, R),€) is a Hierarchical Tree if #A=#R + 1 and Vi€ A: #L; < 1.

Thus, a hierarchical tree is a tuple consisting of a relationship structure and a hierar-
chy of the set of agents, such that the following holds. First, the relationship structure
is a connected undirected simple graph with a tree structure, Second, every agent
Lias at most one direct leader within the hicrarchical structure induced by (A, R}
and £. The relationship structure of a hierarchical tree has the minimal number of
relationships with respect to its connectedness. |

If we consider a relationship structure (A, B} and a hierarchy & of A, then we
can direct the relationships in R through the hierarchy. Now, {for each such directed
trade relationship we describe the rules of trade that apply. It is only after these
rules of trade for the trade relationships are specified, that these trade relationships

gel economic meaning. !

Definition 2.4 Let (A, R) be a relationship structure and & a hierarchy of A. Let
r = {i,7} € R and 1 »=¢ j. The Institutional Characteristic of r € R is the

—_— - - .
correspondence T, : X, — Y. We also write T;; :=T,.

The institutional characteristic 7; of a relationship r == {i,7} € R with ¢ >, j is
interpreted as specifiving for each signal s, € X, chosen by agent i, the set 7.(s,) C
Y, of actions agent j can choose from with respect to the relationship r. In Section 4

some examples of different institutional characteristics are discussed.

Definition 2.5 A Hierarchically Structured Economy with | commoditics is a
tuple E= (A, R). &, {Uivwi biea, {Tr jrer) where:

1 - - . . P . - - - .

Note that in, e.g., North (1530) the opposite position is taken and institutions are interpreted
as restricting the possibilities to trade and cooperate. Thus, an institution free environment is
considered to be the ideal case, since in such an environment every form of trade or cooperation 1s
feasible.



1. (A, R) is a relationship structure.
2. ¢ is a hierarchy of A.
3. U R:_ — R is the utility function of agent 1 € A,
4. wi € ]RI+ is the vector of initial endowments of agent 1 € A,
5. T.: X. 3 Y, is the institutional characteristic of the relationship r € R, with
Y, C R\

We make the following assumption with respect to the individual characteristics of

the agent in A throughout the paper.

Assurhption 2.6 Let i € A. The function U; : R, — R is continuous, strictly
+

increasing and strictly quasi-concave.

We use L := {1...,1} to denote the set of commodities in the economy and with
X :=Ilner, Yin % [1;er, Xi; we denote the set of actions agent i € A can potentially
choose from. We denote X := [];c 4 Xi. The tuple of actions chosen by the agents and
the corresponding consumption bundles are described by the trade—éignal—allocation

tuple.

Definition 2.7 A Trade-Signal-Allocation Tuple in the hierarchically structured

economy E is a tuple (d,s,z) € X x Rixl where:

1. d;; € Y} is the vector of net-trades over the trade relationship {i,j} € R with
? e 7. We denote d; := (dih)h.EL.-

o

si; € Xy is the vector of signals send on the trade relationship {i,j} € R with
l bl 7. We denote s, := (Sij)jEF{'

3. a; € ]RI+ 15 the consumption bundle of agent 1 € A.

For each 7 € 4 we denote:;

ﬁ(z) ={he A|h =i}
S) = (€ A i e j).
STa)={je Alize i}



Y = [Tiest)( X5 x H{&-)'
yStE .= [Les+(X; % ]R:,).
YO = The ) X

For agent 2 € A, the set £(z) is the set of agents of a higher hierarchical level than
agent 2. Similarly, the set S(7) is the set of agent of a lower hierarchical level than
agent 2. It holds that §*(z) := S(¢) U {¢}.

The set Y54} is the set of trade-signal-allocation tuples of the agents that are of
a lower hierarchical level than agent 7. The set Y57 is its analogon, when agent the
trade-signal-allocation tuple of agent ¢ is included. Finally, the set Y1 is the set of -
trade-signal tuples, i.e., no consumption bundles of the agents are included, for the
agents of a higher hierarchical level than agent i.

For each agent 7 € A, the anticipated reactions correspondence ¢, (if $(z) # 0,) the
choice correspondence B;, the optimal actions correspondence A; and the compatible
actions correspondence 3; arc defined by the following recursive procedure.

We start by the agent of the lowest hierarchical level. For this agent, m € 5,
who does not have any direct followers, we define his choice correspondence B, his
optimal actions correspondence A,, and his compatible actions correspondence §,,.
These correspondences are defined through the definitions Def. 2.9, Def. 2.10 and
Def. 2.11, respectively.

Assume the recursive procedure has been applied to the agents in the set S(z) for
agent ¢ but not for agent ¢ himself. Let ¢ € S,. We use 7 + 1 to denote the agent
J € Sapr. For each j € S(7), the correspondences t;, Aj, and 3; are obtained in
previous stages of the recursive procedure. Now, the correspondences t;, B;, A; and
B; are constructed using the definitions Def. 2.8 through Def. 2.11.

If we apply the procedure to agent & € A with £(k) = @, then By, Ay and 3, are
taken to be sets instead of correspondences in the definitions Def. 2.9 to Def. 2.11.

The procedure ends after it has been applied to agent k € A with £(k) = 0.

Definition 2.8 The Anticipated Reactions Correspondence {;: Xt x X; 5
YU such that V((disi)neriy- (dinsi)) € X0V % X, we have

l-z'((dh-.sh)hEC{i}-(dn-f"i)) = {(%»%ﬂj)jw(a & y st |
[leir1: gicr s ¥ir1) € A ({di, st e (diy 8:))]
and [(e;, 45, Yi)jes0) € Bipr((die 50)nec(y (divsi))]}



The anticipated reactions correspondence #; of some agent ¢ denotes the set of reac-
tions of the agents in S(¢) he anticipates given the trade-signal tuples of the agents
in £(7) and a tuple of net-trades and signals he may choose himself.

Next we consider the choice correspondence B; of agent i. This correspondence
describes the actions agent ¢ anticipates to be “almost” feasible, given the anticipated
reactions correspondence as defined in the above, and given the trade-signal tuple of
the agents in £(7). Here “almost” feasible means that the actions under consideration
can be approached arbitrarily close within the set of feasible actions. Thus, we
consider the closure of the set of feasible actions to be the choice set of agent i. The
continuity of the utility functions ensures that the optimal “almost feasible” action

can be approached arbitrarily close in utility space.

Definition 2.9 The Choice Correspondence B; : X< 3 Y of agent i € A is
such that v(dhash)heqi) e X<},
Bi((du, si)necin) = < {(enqiv) €Yil e € [] Toilsei),

g€l

yi Swit Y e — Y €

geL, JEF;
such that 3f 8(2) '_)/'- 0:3 (éjﬁjai’j)jesm €

ti((dr, sn)nery, (€, ¢:)) with Vj € Fi:t ej = &5}

The optimal actions correspondence A; of agent 7 assigns to each tuple of net-trades
and signals of the agents in £(z) the set of optimal tuples of net-trades, signals and

consumption bundle of agent ¢ from his corresponding choice set.

Definition 2.10 The Optimal Actions Correspondence A; : X<4() SV oof
agent 1 € A is such that Y (dy, Su}neciy € YA,

Ai((dh si)necry) = AaTBMAX(,, 40 veB:(dns)ner) CilYi):

The optimal actions from the choice set of agent ¢ may not be {almost) feasble for him
when some of his followers take the “wrong” action if they are indifferent hetween
-a number of actions. In that case, agent ¢ would face unsolved coordination prob-
lems concerning the actions his followers take. We assume this kind of coordination
problems not to occur, thus ‘ollowing the lead of Hellwig and TLeininger (1987) where
equilibrium in very nice plays is considered. In Spanjers {1994b} a simple trade pro-

cess that relies on the existence of enforcable [-owe-you’s is outlined that makes this



kind of forward induction plausible. Next, as a matter of notation, we introduce 7, :
XCU) :: Y‘S(i) X Xz‘ such that V(dh,sh)hez(i) - Afﬁ(i) : ((em.qm.ym)mes(,-), (Cg,qi)) S
Ti((dhs sn)rec(n) if and only if ((€ms Gms Ym)mesi) € L:((dis Sh)nec(is (€6, 40))-

Definition 2.11 The Compatible Actions Correspondence 3, : X£0) 3 y$*()
of agenl i € A is such that V{du, sp)reci) € X0

ﬁi((dhash)heﬁ(i)) = {(eﬂtufi’msym)mES‘*(i) € y st |
(€ms Gons Um Imes()) € cli((dr, Sk)hec())
and y; < wj + Z €ig _ Z €ji )
gEL; JEF;

After having defined the choice correspondences of the agents in the economy by the
above recursive procedure we define our notion of equilibrium. In the next section
we argue that the equilibrium concept we introduce captures, in the context of our
models, the essentials of “equilibrium in nice plays”, as introduced in Hellwig and
Leininger (1987), in the multi-stage game corresponding to our economy. It should be
noted, that if the choice correspondences are continuous, as is assumed in Hellwig and
Leininger (1987), then our formulation is equivalent to theirs. Here, where the choice
correspondences are not continuous, our approach of considering the closures of the

feasible actions sets seems to be the natural thing to do, as is argued in Section 3.

Definition 2.12 Let E be a hierarchically structured economy. A trade-price-allocation
tuple (d*,s",2") € X x ]R.i’d is an Equilibrium in E if therc exists u sequence

(e q' y")2, — (d*,s".x7) such that Vi e A .
I.VicIN: (ei.qf,yf) - Ai((d}u‘gi)heqz))
2oal = wit Uher, 4y — Lier 45

For given optimal actious of agent 7. one may find that (some of} the agents in
S{i) may have several almost optimal almost feasible (rejactions at their disposal.
Typically, only if they nake the “right” choices if they are (aliost) indifferent, agent
1 will obtain the result he anticipated. Furthermore, the choice of agent ¢ need not
be a best element from the choice set of agent 7. It suffices if it is obtained in the
limit of a sequerice of best elements for a sequence of net-trades aud signal of the

agents in L(z) which converges to the equilibrium net-trades and signals, Thus. the
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agents in £(2) can choose net-trades and signals sufliciently close to the equilibrium
net-trades and signals; such that some corresponding sequence of optimal actions
of agent i approaches his equilibrium tuple of net-trades, signals and consumption-
bundle (d;, s, z¥) arbitrarily close. In this sense, each agent choose almost feasible
and almost optimal actioﬁs. From the construction of the correspondences B; and §;

for each ¢ € A, the following property follows immediately.

Propérty 2.13 A tuple (d*,s*,z") € X x R%*? is an equilibirum in the economy E
if and only if the following hold:

1. ( :,Sz) e Ak

2. (d",s*,2") € B

3 The Existence of Equilibrium

In this section we state and prove a theorem on the existence of equilibrium in
- hierarchically structured economies.

We use backward induction to prove the existence of equilibrium. Proving the
existence of an equilibrium through backward induction amounts, in the context
of our models, to repeatedly applying the Maximum Theorem. The problem in
doing so is that in applying the Maximum Theorem, one starts with a continous
constraint correspondence and obtains a upper hemi continuous correspondence of
maximizing elements. This correspondence of maximizing elements enters the choice
correspondence of the next optimization problem. Now, one may find that this choice
correspondence on longer is a continuous correspondence. It may turn out to be a
correspondence that fails to be lower hemi continuous. It will still be the case that
the correspondence of optimal actions for this second problem has non-empty values,
but it may fail to be upper hemi continuous since the Maximum Theorem no longer
applies. Next, this corresponcence of optimal actions may enter into the choice set
of a third player. As a consequence of the correspondence of optimal reactions not
having a closed graph, this choice set may fail to be compact. Thus this third player
may fail to have a maximal element in his choice set, and equilibrium may fail to
exist. '

In the previous section, this kind of problem is overcome by have each agent

optimizing over the closure of his set of feasible actions. In our model, under the as-
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sumption that the every institutional characteristic is closed valued, it is equivalent
to consider the closure of the choice set of the agent or to consider the anticipated re-
actions correspondences 7 which are those correspondences the graph of which is the
relative closure of the graph of the correspondence ¢; with respect to the space of ac-
tions of agent 2. The latter solution has the advantage that the adaption of the model
takes place through the anticipations of the agents. which on their turn influence the
choice sets in question. This seems to be more clegant than directly changing the
sets of feasible actions. which we modelled as the choice sets of the agents. Indeed,
this is the choice made by Hellwig aud Leininger (1987) as they introduce nice plays.

They argue that:

Instead of constraining player t’s choice by the optimal choice set of player
(t-+1) we constrain it by the topological closure of this set. This guarantees
that the feasibility sets are always closed. However, any play that is added
to the original feasibility set by this closure operation in not itself a
solution to (¢ +1)’s original decision problem and must be rationalized in

some other way. This will be done in detail in later sections.’

In other words, nice plays in subgame e,_; are stable plays in the sense
that they can be approximated (in S; x ... x Sy and payoff space) by very
nice plays (which result {from the “pure” backward induction) in slightly

perturbed versions of subgame €;_;.

The advantage of the choice we made in this paper is is twofold. Firstly, it allows in
Definition 2.12 for a direct formulation of the concept of equilibrium in a form that has
similarities with that saying that each agent chooses the best actions from his choice
set 1n such a way that these choices of the agents are, in some sense, compatible.
Otherwise. it seems, one can not do better then defining equilibrium to be the tuple
(d", 5", 27} € 3y such that (s}, %) € Ay, Asis seen in Property 2.13, in the formulation
chosen in the present paper, this property still characterizes equilibrium.? Secondly,

the present formulation aliows us, in our next theorem on the existence of equilibrium,

1t should be noted that in the approach of Hellwig and Leininger (1987) the anticipated reactions
correspondence would be different from ours in the previous section. Indeed, in their approach onc
would consider anticipated reactions correspondences 7; which are such that their graph is the closure
of the grapl of the counterparts of the correspandences {; we found.
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not to restrict ourselves to those institutional characteristics for which the ima,ges of
the signals are closed sets. This seems to be the natural thing to do in this context.
It 15 unclear why an agent ¢ would be happy to consider tuples of his own actions and
reactions of his followers that only in the closure of the graph of optimal reactions,
given the actions of the agents in L{z), but would not be happy to consider net-trade
in the trade relationships with his direct leaders that are themselves not feasible but
can be approached arbitrarily close, given the signals set by the agents in L;. By
the continuity of the utility functions, we have in either case that the utility level
the agent is happy to consider as to belong to an optimal choice can be approached
arbitrary close in utility space.

The proof of the theorem is along the lines at which Hellwig and Leininger (1987)

construct nice plays.

Theorem 3.1 [Existence Theorem]
Let E be a hierarchically structured economy for which Assumption 2.6 holds and
such that Vr:={i,j} € R:

I.IneN: X, CR"
2. XT and Y, are bounded.
3. ¥Vse X,: 0€T(s).
4. ds e X, : T.(s) = {0}.

Then there exists an equilibrium in E.

In this theorem the first two conditions ensure that the closures of the sets of feasible
“actions, i.e., the choice sets, of the agents are compact subsets of some R™. Therefore,
they allows us to apply the Maximum Theorem and Weierstrass’ theorem. The
last two conditions ensure that the choice sets of the agents are non-empty. Thus,
the kind of problem with existence of equilbrium we encountered in Spanjers (1992,
Example 6.3.1), where the agent of the highest hierarchical level has an empty choice
set, 1s excluded.
As in Sectlon 2, for each agent i € A such that S(¢) # @ withi € S, we use i + 1
to denote the unique agent j € S,4q. Thus, agent 7 + 1 is the agent that is of one -

hierarchical level lower than agent i. For each agent i € A with £(z) # § agent 7 — 1

13



is defined to be the agent such that (1 — 1)+ 1 =1.

Proof of Theorem 3.1
We show there exists a tuple (d”,s",2%) € X x ]R:_ such that (d*,s™,z") € 3 and
(st,2i} € Ag. The proof is structured recursively, starting from the lowest hierarchi-

cal level.

Let 7 € A with 5(j) = 0. Since F; = 0, we have V{(dy, 58 )nect;) € uecy) Xn
B;((dy. si)heci;) 1s bounded. Furthermore, by construction, Bj({dn,ss)rec()) 18
closed, and therefore, B;((dh, si)nec(;)) Is a compact set. By Assumption 3 of the
theorem, we have B;((du, sk)nec(;)) # 0. Since U; is a continuous function we have
by Weierstrass™ theorem that Aj;({ds, si)uec;)) 1s a non-empty compact set, as is

tj—l((dh’ 'Sh)ﬁEC{j—.l)v (dj"‘l'l Sj_l))-

Let 2 € A be such that the procedure has been applied on the agents in §(¢) # @ in
previous steps, but not on agent 7. From a previous step in the recursive procedure, we
have that #;4, is a correspondence with {non-empty) compact values. By Assumption
2 of the theorem, we have that ¢;;y has a bounded graph. Thus, ¥ (dn, Sk )hec) € X
we have, by Assumption 2 of the theorem, that Bi({dn, si)hnerqiy) is a bounded set
that is closed by construction, and therefore is compact. By Assumptions 3 and 4 of
the theorem we have that Bi{(dx, si)her(y) # 0. Since U; is a continuous function,
we have by Weierstrass’ theorem that A;((ds, sp)recq) is a non-empty compact set.
By construction this also holds for Bi((dr, 3r)reciy)- Since Als a finite set, the proce-

dure stops on a finite number of steps after it has been applied to agent & with L = 0.

From the above procedure we find that Ay 18 a non-empty compact set, as is Fg.
since [} is a continuous function we find by Welerstrass’ theorem that, by construe-
tion of Ji. that 3(d*. 5™ 27) € F¢ such that (s7,77) € A;. Therefore, an equilibrium
in E exists.

Q.ED.

14



4 Some Examples of Institutional Characteristics

In this section we discuss some examples of institutional characteristics. In particular,
the institutional characteristics of mono pricing, bid and ask prices, take-it-or-leave-
it bids and monopolistic quantity rationing are considered. Finally, the institutional
characteristic of non-linear pricing with respect to some set of pricing functions 1s
discussed.

We start with the institutional characteristic of mono pricing.

Definition 4.1 Let E be a hierarchically structured economy and v := {i,7} € R
such that i =; j. The relationship r has the institutional characteristic of Mono
Pricing if its institutional characteristic is the correspondence T™°" 1 X™" D ymen
where X™o" ;= §1-1 gnd Y™ := R! such that Vp € S : |

T p):={deR'|p-d <0}

If a trade relationship between two agents has the institutional characteristic of mono
pricing, then the dominating agent sets a vector of prices for the trade relationship,
one for each commodity: Given the vector of prices, the dominated agent decides the
amounts of the commodities he wants to buy or sell at these prices. The prices for
buying and selling are the same, as, e.g., holds for the price vectors in the general
equilibrium model. The dominating agent has the obligation to supply the amounts
the dominated agent wants to buy and to accept the amounts the dominated agent
wants to sell.

If we want to use the institutional characteristic of mono pricing in our models, we
may have a hard time proving the existence of equilibrium. The set ¥™" equals R,
and therefore is not a bounded set. Furthermore, this institutional characteristic does
not give the dominating agent the possibility to enforce zero trades, and therefore
condition { of the existence theorem is violated. This problem, however, does not bite
if suitable assumptions of the individual characteristics of the agents are made and the
institutional characteristic of mono pricing is only used on trade relationships with
agents that have ouly one direct leader and do not have any direct followers. Then
the mean value theorem (or one of its generalizations) ensures that the dominating
agent has the possibility to set prices for which zero trade is (one of) the optimal

action(s) of the dominated ageut.

13



In Spanjers (1994a.c) it is illustrated that the set of net-trades not being bounded
opens the possibility of arbitfa.ge, which is then used to obtain, in equilibrium, uni-
form prices in the economy, which é,llows for a proof of a theorem on existence using
a standard result on the existence of Walrasian equilibrium in a corresponding pure
exchange economy. The counterpart of this theorem within the present model is for-
mulated in Theorem 5.1.

The next institutional characteristic we consider is that of bid and ask prices.

Definition 4.2 Let E be a hierarchically structured economy and v := {i,7} € R
such that 1 >, j. The relationship v has the institutional characteristic of Bid and
Ask Prices if its institutional characteristic is the correspondence TP : Xtov =

VP where XtP .= §2-1 gnd Y2 .= R such that Y(p.P) € SH-1.

T (p,p) = {d € R'| > p -min{0,d.} + > 5, - max{0,d.} <0}.
c€L cel

If a relationship has the institutional characteristic of bid and ask prices, then, as in
the case of mono pricing, the dominating agent acts as a price sctter, whereas the
dominated agent acts as a price taker with respect to this relationship. The difference
is that for the institutional characteristic of bid and ask prices the dominating agent
sets two prices for each commodity, one at which he buys and one at which he sells.
Thus, he has the possibility to enforce zero trades by setting the price at which he
buys for each commodity at zero and setting for each commodity a positive price
for selling. In the above definition of the institutional characteristic of bid and ask
prices, the set Y*? equals R', which is not bounded.

Next we define the institutional characteristic of take-it-or-leave-it bids.

Definition 4.3 Lei E be a hiemrchiéally structured economy and v = {i,7} € R
such that © > j. The relationship v has the institutional characteristic of Take-it-
or-leave-it Bids if its institutional characteristic is the correspondence T : Xto! 3
YV where X1 = Y .= R' such that Vi e R : '

Tty = {0,4}.

On a trade relationship that has the institutional characteristic of take-it-or-leave-it
bids, the dominating agent p.oposes the dominated agent a bundel of net-trades that
he can either accept or reject. If the dominated agent rejects the vector of net-trades,

then no trade takes place over this trade relationship.
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The following institutional characteristic, that of monopolistic quantity rationing,
is introduced in Bohm et al. {1983).

Definition 4.4 Let E be a hierarchically structured economy and r := {i,j} € R
such that ¢ ¢ 3. The relationship r has the institutional characteristic of Monop-
olistic Quantity Rationing :f its institutional characteristic is the correspondénce
Fmar . Xmm 3 YT gwhere X = S x R % R:_ and Y™ := R' such that
Y{p,r,7) € S-1 x R’ x Ri :

T (p,r,7) = {d€ R |p-d <0 and r<d <),

In case of the institutional characteristic of monopolistic quantity rationing, the dom-
inating agent sets vector of prices, as in the case of mono pricing, and vectors of
upperbounds on the amounts he buys and sells at these prices. As before, the dom-
inated agent takes these signals as given and decides, whithin these bounds, on the
net-trades that take place over this trade relationship.

Clearly, we may also consider “mixtures” of the above institutional characteristics.
For instance, we may find that over a particular trade relationship only some of the
commodities in the economy can be traded, say, according to mono pricing. Indeed,
if we have the institutional characteristic of mono pricing on each trade relationship
but only with respect to some strict subset L C L of commodities in the economy,
then we may, in a context similar to that of Theorem 5.1, end up with a model of a
pure exchange economy with incomplete markets.

Another possibility would be that over a given trade relationship some of the
commeodities in the economy are traded with respect to the trade rules of, say, mono
pricing, and others according to that of bid and ask pric'es. Similarly, one may want
to consider an institutional characteristic in which for each commodity one tuple of
bid and ask prices holds upto certain amounts of trade, and for higher amounts traded
different prices hold. '

Finally we introduce the institutional characteristic of non-linear pricing, which
contains the institutional characteristics mentioned above as special cases. We con-
sider non-linear prices to be elements of a space of functions from the set of net-trades

R’ to the of prices S*1,

Definition 4.5 Let E be a hierarchically structured economy and let r := {i,7} €
R be such that i »¢ j. Let § # X C {p: R' — S}, The relationship r has
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the institutional characteristic of (Non-Linear) Pricing from X f its institutional

characterisiic can be represented by the correspondence T : X S R where Ype X:
T(p):={d e R |p(d)-d<0}.

The institutional characteristic of non-linear pricing potentially allows the dominating
agent to choose, amongst others, each of the institutional characteristics we defined
in the above. Indeed, it allows the dominat.iné; agent to choose any subset of R
for the dominated agent to choose the net-irades from. Clearly, this institutional
charactenstic typically does not satisfy the conditions of our theorem on the existence

of equilibrium.

5 Hierarchical Trees

From the examples in the previous section, it is apparent that for the institutional
characteristics we defined here, the theorem on the existence of equilibrium does not
readily apply, mainly because for some institutional characteristic 7, : X, = Y, the
set X, or the set ¥; is not bounded. In order to apply the theorem on existence, we
would have to restrict the institutional characteristic to bounded subsets of X, and
Y.. Typically, different restrictions of these subsets may lead to different equilibrium
outcomes for the economy. This presents a new problem, which may severely restrict
the scope of applicability of the existence theorem. This time the problem does not
as much originate from mathematics, but rather from economics. .

The question is to what extend it is possible to find R-tuples of pairs (X, Y ),en
of bounded sets with for each » € R X C X, and Y* C Y;, such that for
each H-tuple of pairs of bounded sets (,’E’T,Y?)TER such that X, D f(r D X and
Y, DV O Y we find the same set of equilibria in the corresponding economies in
which the institutional characteristics are restricted to the sets (X’r, }h’,ﬂ)re,cg. Thus, we
would be able to restrict attention to “sufficiently large” subsets X* and Y,* of the
sets X, and Y.

As an example. consider the institutional characteristic of mono pricing, and
restrict the set of net-trades that are allowed for to a bounded set that strictly
contains the set of net-trades that, in absolute value, do not exeed the total of initial
endowments in the economy. Then, in line with Spanjers (1994c), the following

theorem holds.



Theorem 5.1 [See also Spanjers (1994c, Theorem 4.2)}3

Let E be a hierarchically structured economy that satisfies Assumption 2.6 with rela-
tionship structure G := (A, R). Suppose that for each r € R it holds that Vpe S :
Tip) =Tm™"(p) N{d € R' | = Ticawi < d < Tigawi}. Let {Go 1= (Au, Ra)}aer be
a family of restricitions of G, such that |

I.Va,beT, a#b: A, N A =51
2. UperAs = A.

8. UgeTR. = R.

4. VaeT: G, is 2-connected.

Suppose that for each a € T we have ¥ic a5 wi > 0. The tuple p* € (S is a
tuple of equilibrium price vectors if and only if it consists of prices that are uniform
within every G,, a € T, and these prices are a tuple of differentiated (i.c., thrid
degree price discriminated) monopoly prices of agent k € S for the set of markets

(Aa \ {k})aer-

Thus, the main result of Spanjers {1994c) also holds if the set of net trades allowed
for by institutional characteristic of mono pricing is restricted to a sufficiently large
bounded set. Some of the results however cannot be obtained in the context ol the
present paper. The reason for this is that in the model of the present paper we do
not allow for more than one agent of the same hierarchical level. The situation of
two agents of the same hierarchical level not being able to mutually coordinate their

net-trades with the other agents in the economy, which leads to (possibly two-sided)

3To see the theorem holds in the form it is presented here, it is important to note that if some
agent { € A\ 5 sets a price vector g different from the uniform price p, to abtain the consumption
bundle z, then he must anticipate his follower to engage in arbitrage in the maximal amount possible.
Therefore the following holds: 37, ¢7 ¢c - 2e(q) € 2 ocp @c " Wie = Dcer | Pe — e | (2 cawic) <
Yocer Ge @i — 9 ep(ge = pe) -wic < 3 .ep Pe - wic. Thus, it follows that any consumnption bundle
the agent can obtain by deviating from setting the uniform price vector p for his followers, is also
obtainable for him if he sets the price vector p for his followers. Furthermore, it should be noted
that arbitrage over a path in the relationship structure works differently form the way described in
Spanjers (1994c). due to the different auticipations used in the paper. Essentially, in the context
of the present paper, an agent who wants to benefit from arbitrage quotes the price set by the
agent “against” whom he wants .o perform arbitrage for the corresponding followers. Now, these
followers, although being indifferent, shift the corresponding bundle of net trades such that the
agent we started out with improves his consumption bundle. In‘Spanjers {1994¢), each of the agents
involved in transferring the “arbitrage” bundle of net-trades benifits form doing so.
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rationing, is excluded. As is shown in Spanjers (1994c, Corollary 4.4}, if | T |=1 and
wr = 0, then Walrasian equilibrium is obtained as a special case of the model under
consideration.

Still, the kind of situation where an agent may be dominated by at least two
other agents may. in general, make it problematic to restrict the sets of net-trades
in the kind of way indicated above. Typically, institutional characteristics may be
such that an agent optimally buys very much from one of his leaders and sells most
of these trades to the other agent at favorable terms, thus having large amounts of
commodities “cycling” through the economy. Institutional characteristics may be
formulated in such a way that, e.g., in the unrestricted case no equilibrinm exists,
wheras in the restricted case equilibrium does exist for every “sufficiently large”
bounded subset of the corresponding sets of net-trades. In the case of hicrarchical
trees, the “cycling” of commodities mentioned above cannot occur. Therefore, in the
case of hierarchical trees, we may have some hope that we can, without changing
the set of equilibria, restrict attention to sufficienty large bounded sets of signals and
net-trades. Precise conditions for which this holds are stated in Theorem 5.3.

Consider an economy that has a hierarchical tree as its hierarchical structure.
Consider agents ¢ € A\ S} and h € L; who have a trade relationship with institutional
characteristic 7, : X, = Y,. Clearly, for any commadity ¢ € L it holds that agent i, in
equilibrium, cannot buy or sell more of this commodity over this trade relationship
then the total amount available for the agents in the economy. Knowing this, we
may want to restrict the set of net-trades for the institutional characteristic under
consideration to the set

Yim{deR'| - w<d <3 w).
: 1EA ie4
Things, however, are not this easy. It may be that case that some signal chosen by
agent h would lead to an optimal reaction of agent i being such that the corresponding
net-trades cannot be delivered by agent 4. It may also be the case that the restriction
of the set of net-trades to ¥ would restrict the set of net-trades such that these
“prohibitive” net-trades are no longer in the restriction of this set, and knowing this,
it becomes advantageous for agent h to sel a signal that would otherwise not have
been optimal.

Therefore. we need a suitable restriction of the set of net-trades. Consider the



correspondence B, : X, x R 3 R such that V (s, z) E.XT x RL
B.(s,z):={z e R, | (x — ) € T,(s)}.

Furthermore, define the correspondence z; : X, x R} = R. such that V(s,w;) €
X, x Rﬂr :

rr(s,w;) ;= argmax_ . p Uilz;).
T g z;EBs(Ss‘-'-’:)

Assumption 5.2 Let E be a hierarchically structured economy. Let r:= {1,5} € R
and-let T. : X, 3 Y, be its institutional characteristic. Then there ezists a bounded
set of signals X, C X, and a bounded set of net-trades V; := Ueex, To(s) C {y € R'|
~ Yicawi Y < Fieqwi} such that for each & € {y € R, | Ui(y) = Us(w;) and y <
Y ieaw;} one of the following holds Vs € X, \ X, :

1.35e X, 233, 0) = 23 (s, &)

1

2 ri(s, o) dw

If no agent is dominated on more than one of his trade relationships in E and the
above assumption holds for each institutional characteristic 7, with r € R, then we
can without loss of generality restrict ourselves to the economy E* which equals E with
the exception that each relationship r € R has the institutional characteristic 7* :
X, 3V, withVs e X, : T7(s) := T,(s) N ¥,. This leads to the following theorem
of existence of equilibrium in hierarchically structured economies with hierarchical

trees.

Theorem 5.3 |[Existence Theorem for Hierarchical Trees]

Let E be a hierarchically structured economy such that Assumption 2.6 holds. Let
((A, R), &) be the hierarchical tree of E. Let for each » € R the institutional charac-
teristic T, + X, = Y. be such that

I.3dneN: X, C R".

. VsEe XN, 0e T (s).

o)

3 Jse X,: T.(s)= {0}

R

. Assumption 5.2 holds.
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Then there exists an equilbrium in E.

Proof |

According to Theorem 3.1 an equilibrium in the restricted economy E* exists. Sup-
pose this equilibrium is not an equilibrium in the unrestricted economy E. Then
some agent can improve in E by {easible actions that violate Assumption 5.2. But
this implies these actions are not feasible in the unrestricted economy E, which yields

a contradiction.

Q.ED.

In the following corollary, as an example, we apply the above theorem on the ex-
istence of equilibruim in hierarchically structured economies that have a hierarchical
tree as their hierarchical structure, and that have institutional characteristics from
the set of mono pricing, bid and ask pricing, monopolistic quantity rationing and take-
it-or-leave-it bids. In a similar way, Theorem 5.3 can be applied to other, larger, sets
of mstitutional characteristics. In particular, this holds for the kind of “mixtures”,

as discussed in Section 4, of the institutional characteristics mentioned above.

Corollary 5.4

Let E be a hierarchically structured economy such that Assumption 2.6 holds and Vi €
A w0 Let ((A, R),€) be the hierarchical tree of E. Let [ := {Ther Ttol Tmary,
Let for cach {1,j} € R with F; # 0 £ F; hold that T;; € I and for cach {i,j} € R
such that Fi =0 or F; =0 we have T;; € T U {T™"}).

Then an equilibrium in E exists.

Proof

The proof of the corollary consists of three parts. First we show that we can, without
loss of generality, consider the economy E instead of the economy E. Then we show
that for each of the institutional characteristics in the economy E Assumption 5.2
holds. Finally, Theorem 5.3 is applied to prove the existence of an equilibrium in E
and therefore in E.

(i) The economy BE.

Note that the institutional characteristic of mono pricing only occurs on trade rela-
tionships where the dominated agent does not have any direct followers. Therefore,

there is, by the mean value theorem, some vector of prices for which an optimal

3
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reaction of the dominated agent is a net-trade vector of zero. Furthermore, since
Assumption 2.6 holds and for each 2 € A : w; > 0, we can restrict attention
to price vectors in the interior of the /-dimensional unit simplex 5'~!. Therefore
we can, without loss of gemerality, replace the institutional characteristic 7™°" by
the institutional characteristic 7™ : int §™-' U {0} = R’ such that for each
p € int §i=1 2 Tmonx(p) := T™(p) and 7™ (0) := {0}.

Furthermore, by use of Assumption 2.6 and the property that Vi € 4: w; > 0, we
can, without loss of generality replace the institutional characteristic 7°** by the its
restriction to the set of price P := {(p,p) € S*7' | p < B> 0}, which we denote by
T baps

The economy E is obtained from the economy E by replacing the institutional char-
acteristic 7™°" in E by the charactenistic 7™o* and the institutional characteristic
Tba;o by Tbapx‘

(i) Assumption 5.2.

In this part of the proof we show that Assumption 5.2 holds and use that for each
t € A we have that w; > 0.

(tia) Extended Mono Pricing T™™.

Consider some agent 1 € A who is the dominated agent in a trade relationship that
has the institutional characteristic 7™™ in the economy E. The demand function of
this agent corresponding to the correspondence z; on the interior of 5'=1is a contin-
uwous function of prices that satisfies the usual boundary conditions. Therefore, there
exists an £ > 0 such that the set X, := {p € S | p > £-1,} satisfies Assumption 5.2.
(iib) Take-it-or-leave-it Bids T

Here the set X, := {r € R || 2 |< T;eawi} satisfies Assumption 5.2.

(iic) Monopolistic Quantily Rationing T,

For anv trade relatiouship with the institutional characteristic of monopolistic quan-
tity rationing, the set X, = {(p,r,7) € " x R' xR, | —Tieawi Sz <7<
oicawi} satisfies Assumption 5.2.

(iid) Bid and Ask Prices Th?,

Let r € R be a trade relationship with the institutional characteristic of bidﬁa.nd
ask prices. First. without loss of generality, we restrict ourselves to the sejc P =
{(p,7) € Q-1 | p <P > 0}, of bid and ask prices where the vector of prices for
" N We consider the correspondence T as defined

selling is strictly larger than zero.

above resticted to the set P. Since Assumption 2.6 holds and ¥z € A: w; > 0, there
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exists some ¢ > 0 such that Assumption 5.2 holds with respect to the bounded set
X, ={lgmePlgze L}

(iii) Erxistence of Fquilibrium. _
Theorem 5.3 applies to E and it follows that an equilibrium in the economy E, and
therefore in the economy E, exists.

Q.ED.

6 Concluding Remarks

In this paper the problem of existence of equilibrium in hierarchically structured
economies 1s solved for a broad class of hierarchical structures and institutional char-
acteristics. The existence result is obtéined by restricting attention to an equilibrium
concepf that captures the essential features of equilibrium in nice plays as introduced
in Hellwig and Leininger (1987), and considers “almost equilibrium” plays.

The results in this paper open the door to a model in which, for a given hi-
erachy, both the relationship structure and the institutional characteristics of the
relationships can be endogenized. Such a model would be the result of a straightfor-
ward combination of the ideas of Spanjers (1994d, Section 4.2) and the results of the
present paper. '

In different contexts, considerations about the trade off between the results a
mechanism obtains and the costs of operating it can be found in, e.g., Hurwicz (1972).
In Karmann (1981), a model with local competitive markets and individualized trans-
portation costs is considered, which can be interpreted as describing the user costs
of operating the local competitive markets. More recently, Gilles, Diamantaras and
Ruys (1994} consider the costs of trade infrastructures in large cconomies. As is
noted in Spanjers (1994d), our kind of model can be extended to allow for different
nstitutional characteristics leading to different costs of operating these trade rela-
tronships. the costs being paid by the dominated agent in the trade relationship under
consideration. Thus, within the context of our model, we would obtain a model of
an cconomy in which the institutional structure is endogenized, taking into account
the costs of operating the institutions.

A different road for further research would he to apply the msights obtained in
this paper to principal-agent settings. For example, one may want to inferpret cvery

asynunetrie relationship in a hierarchical structure as Tepresenting a principal-agent
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problem with moral hazard. Once again, one may be interested in the existence of
equilibrium and, once this problem is solved, in endogenizing the structure of such
relationships for a given hierarchy. This would be a step leading us to a formal model

of hierarchical organizations as can be found in firms or bureaucraties.
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