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Abstract

In this paper a model of a pure exchange economy with two commodities is analyzed
in which the agents are organized as a hierarchical structure which consists of a set’
of agents and a set of asymmetric bilateral trade relationships between agents. We
assume that the hierarchical structure can be represented by a tree and that there
exists exactly one agent who is not dominated in any hierarchical relationship he is
part of.

Each hierarchical relationship between two agents is interpreted as a trade rela-
tionship in which the dominating agent sets bid and ask prices for the two commodi-
ties in the economy and the dominated agent acts as a price taker with respect to
this relationship. )

The existence of an equilibrium in this economy is proven by use of backward
induction. Two illustrative examples are provided,

Finally, we state a simple process according to which price formation and trade in
the economy may take place. This exchange process relies on the possibility to write
enforcable I-Owe-Yous in the economy.

1 Introduction

The general equilibrium model, as introduced by Walras (1874) and formulated by
Arrow and Debreu (1954) and Debreu (1959), is one of the fundamental models in
economics, It is a model in which decentralized selfish decision making at equilibrium
prices leads to outcomes which are efficient for the economy as a whole, as is stated in
the first theorem of welfare economics, Here, we are concerned with two weaknesses of
the model. Firstly, all agents in the economy, with exception of an artificial auctioneer
who strictly speaking is not an agent, are assumed to act as price takers, without
any agent setting the prices. Secondly, it is assumed that cach agent can trade with
every other agent in the economy through “the market”, an abstract institution where
supply and demand of commodities meet and trade takes place. Thus, the problem
of specifying and analyzing trade relationships and communication structures that
may give rise to such a market is not addressed. .

In dropping the assumption of price taking agents, one encounters the wider prob-
lem of integrating imperfect competition in general equilibrium models, In describing
the behaviour of economic agents in general equilibrium models with imperfect com-
petition, it seems appropriate to make explicit what an agent anticipates Lo be the
consequences of (a change in) his actions. In Negishi (1961) it is assumed that some
firms anticipate the prices for some of their inputs and outputs to be a linear function
of the current state of the economy and the change in their demand for inputs and
supply of outputs. In Hahn (1978) and Gale (1978), the notion of rational conjec.
tures is introduced which is shown to be too strong to be of any use. In Vind (1983)
the concept of conjectures is generalized through the model ol equilibrium with co-
ordination. Here agents may have veto power over changes in actions planned by
others that would make them worse off. Once again, the existence of equilibrium is a
problem. Interestingly, Vind introduces a formal concept of exchange institutions and
provides a simple example in which the anticipations of the agents, called expectation
functions, are derived from the set of exchange institutions in the economy.

Recently, a lot of attention is paid to models that specify the trade and commu-

nication structure of markets. An important line of research investigates dynamic

models in which agents meet pairwise and then trade according to specified trade
rules. The agents typically meet often, either in a prespecified order or at random.
Eventually, some equilibrium allocation is approached. This line of research is initi-




ated by Feldman (1973) and developed further mw. amongst others, Rubinstein and
Wollinski (1985). In the context of oworwsmm economies with a continuum of agents
- we refer to Gale (1986) and; more recently, McLennan and Sonnenschein (1991).
In a more restrictive setting, McAffee (1993) allows individual sellers to choose the
transaction mechanism they want to use. Thus, what are called the transaction
institutions in the market arise endogenously. A different approach to modelling
communication in markets is sketched by Kirman (1983), who uses stochastic graph
theory in analyzing communication structures,

Economic models with fixed restrictive communpication structures have focussed
on theories of %mg_ economics and theories on intermediaries. In the first part of
Karmann (1981) a spatial general equilibrium model is given in which transporta-
tion technologies play an important role, These transportation technologies can be
interpreted as describing the user’s costs of exchange institutions that take the form
of competitive markets. Models on intermediaries are mostly partial equilibrivm
models. We refer to Krelle (1976) for models of successive monopolies and vertical
intergration. More recently, models of successive monopolies in the context of pure
exchange economies have been analyzed in Spanjers (1992). Finally, in Grodal and
Vind (1989) competitive markets are modelled as exchange institutions with prices.

The aim of our research is to introduce models in which exchange no longer takes
v_mnm in markets are abstract aggregated institutions that veil an underlying organiza-
tional structures. We analyze models, with exogenously given structures of bilateral
trade relationships, their specific trade rules, and compatible knowledge structures,
The trade rules moéﬁ;:m. the bilateral trade relationships may change from rela-
tionship to relationship and are formalized by the institutional characteristic of the
trade relationship under consideration. The institutional characteristics specify the
messages agents send through the given trade relationship. Thus, our approach of
specifying the messages sent over (bilateral) trade relationships is along the lines of
modelling institutions as mechanisms as, e.g., discussed in Hurwicz (1989). A signif-
icant difference, however, is that we use “partial” mechanisms in specilying institu-
tional characteristics of trade relationships. Thus, we “decentralize” the mechanism
for the economy as a whole in several partial mechanisms which are independent
with respect to their messages to be sent, as specified by the trade rules. Agents,
however, may participate in a number of partial mechanisms. Therefore, the antici-
pations of such an agent concerning the reactions of the other agents participating in

these pattial mechanisms on a change in his actions establish the interaction of the
partial mechanisms. Thus, the ssznmwpzosm play a crueial role in establishing the
interaction of the partial mechanisms in an economy and their effect on the actions
of the agents.

A disturbing problem in this kind of models is that of the existence of equilib-
rium, In Spanjers (1992, Chapter 6), a model is 2:;52% in which cach agent
has at most one leader and the structure of asymmetric trade relationships can be
represented by a (weakly) connected directed graph, i.e., every agent can potentially
exchange commodities with any other agent, either directly or through a chain of
intermediaries, This kind of hierarchical structure is called a hierarchical tree. The
institutional characteristic of the trade relationships is that of mono price setting,
Le., the dominating agent setting a vector of price abt which the dominated agent can
buy or sell any amount he wants. Thus, generalized Bo%? of successive monopo-
lies are analyzed in the context of pure exchange economies with a finite number of
commodities. Unfortupately, it in this kind of model equilibria may not exist, the
problem being that the sole agent who gets no prices set by another agent may nol
be able to set a vector of prices that leaves him with a consumption bundle whitout
negative components. The essence of the problem is that this agent does not have
a “no-trade option”. The problem is illustrated by a three agents, two commodity
example, ,

One way to get results on the existence of equilibrium is by making different
restrictive assumptions on the structure of trade relationshipg in the economy. In
Spanjers (1994), this is achieved by assuming that the structyre of trade relationships
contains sufficiently many potential possibilities for Ezspwv We say arbitrage may
take place when an agent has at least two leaders setting different vectors of prices
for him. In buying commodities where they a relatively cheap, and selling them
where they are relatively expensive, the agent in question can ov?: any consumption
bundle. If there are sufficiently many potential possibilities for akbitrage, this ensures,
in equilibrium, that parts of the economy have uniform priceb. Indeed, monopoly
outcomes with and without price differentiation, as well as Waltasian equilibrium are
obtained as special cases. o

In the present paper we take a different approach to solving the problem of exis-
tence of equilibrium. We no longer focus on the institutional characteristic of mono
pricing, Instead, we assume that the dominating agent in a thade relationship sets



two prices for each commodity, one price for buying and one for selling. This insti-
tutional characteristic, which is called the institutional characteristic of bid and ask
prices, enables the leader on a trade relationship to enforce zero trades by sebting
zero as the price at which he buys and setting positive prices at which he sells. As
in Spanjers (1992, Chapter 6), we consider models in which the hierarchical sbruc-
ture is a hierarchical tree. Finally, we restrict ourselves to economies with only two
commodities. ; )

In Section 2 we present the model of a hierarchically structured economy with
bid and ask prices and two commodities. In Section § the existence of equilibrium
in such a model is proven. Some examples of hierarchically structured economies
with bid and ask prices are given in Secion 4, One of the examples illustrates that
the equilibrium allocation in a hierarchically structured economy with bid and ask
prices is different from the equilibrium allocation in the corresponding hierarchically
structured economy with mono price setting in which the leader of a trade relationship
has the additional possibility to enforce zero trades. In Section § we specify a simple
trade process for the model. This process shows how the aggregated information the
agents are assumed Lo have about the part the economy that is downstream of them
is disaggragated to lead to optimal individual decisions. Finally, some concluding
remarks and suggestions for further research are made in Section 6.

2 The Model

In this section we define a hierarchically strustured economy with bid and ask prices
and two commodities. We describe such an economy by its hierarchical structure, by
its agents and their individual characteristics, and by the institutional characteristics
of the trade relationships. The hierarchical structure of the economy is described
by a hierarchical tree, which describes between which agents bilateral asymmetric
trade relationships exist and which agent dominates the other agent in such a trade
relationship. Since we analyze a pure exchange economy, we describe each agent
by his utility function and his initial endowments, We assume that every trade
relationship has the institutional characteristic of bid and ask prices. This means that
for every asymmetric trade relationship the dominating agent sets two prices for each
commodity. One price, the bid price, is the price at which he buys the commodity.
The other price, the ask price, is the price at which he sells the commodity. The

dominating agent has the obligation to buy and sell w:% amount the dominated
agents want to trade at the noza%osm_:_m prices, Finally, we assume :5 economy
only has two commodities.

We start by introducing the concepts we use to describe the hierarchically struc-
tured economy. First, however, we ESom:S some terminology concerning graph
theory, '

A (Simple) Directed Graph is a pair (4, D) consisting of a ?:..o non-emply
set of vertices A and a set of arcs D C {(i,f) € A x A | i # i} The Indegree of a
point a € A in a (simple) a_snaa graph (A, D) is the number of i ingoing arrows of
the point a, and is denoted as 7 (@) = #{(i,j) € D | j = a}. A ( (simple) directed
graph (A, D) is (Weakly) Connected if it cannot be expressed as the union of two
(simple) directed graphs, i.e., there do not exist two (simple) directed graphs (A;, D)
and (Ay, D) such that A = A, U A and D = D; U D,. A (simple) %3&.?, m.nwc:
(A, D) has a Tree Structure if it is Asmmrg connected and #A ~ D =

Definition 2.1 A Hierarchical Tree, (A, W), is a ?.25& connected, ,.:::;n %;
rected graph that has a tree structure and has ezactly one i € A such that n (¢) =

Definition 2.2 Let (A, W) be a hierarchical tree. Let w 1= {3,7) € W. The Institu-
tional Characteristic of w is the correspondence T, + X, = V,,

The institutional characteristic 7, for a relationship w € W is interpreted as spoci-

fying for each signal s € X,,, chosen by agent i, the set 7,,(s) C ¥, of actions agent
J can choose ?oa with respect to the relationship w.

Definition 2.8 A Hierarchically Structured Economy with 2 commodities is a
2%? B AA\A, S\Y AS“E..T.mk. *Q;Evsm—tv* where!

—~

(A, W) is a hierarchical tree.
2. Uit Ry = R is the utility function of agent i € A,
8. w; € R is the initial endowment of agent i € A,

=2 LN i :
4 Tw: Xy = R is the institutional characteristic of trade relationship w ¢ W,



In this paper, we only consider economies with the institutional characteristics of
mono pricing and of bid and ask prices.

The institutional characteristic of Mono Pricing is the correspondence 7" ¢
' 3 R such that Vp € 5

u..:.c: u ﬁ&mn&u:u & cw.

where, as usual, §' 1= {p € R? | py + p2 = 1} is the 1-dimensional unit simplex.
In order to introduce the institutional characteristic of bid and ask prices, let 53
be the 3-dimensional unit simplex defined by

) 4
5= {qeRL | D=1}
a=l
Define
Ve {q 1= (q,7) = (4 0 T T) € 5° [0S g S}

The institutional characteristic of Bid and Ask Prices is the correspondence 747 :
P 5 R such thal for each p = (p, ) € P we have

2
T (p) i= {d € R? | ) p,  min{0,dc} + Muwwﬁ -max{0,d;} 0},

(3} e=]

Now we are in a position to introduce the following definition.

Definition 2.4 A Hierarchically Structured Economy with Bid and Ask
Prices (with two commodities) is a hierarchically structured economy with two com-
modities, such thatVw € W we have Ty =T bar, Similarly, a Hierarchically Struc-
tured Economy with Mono Pricing (with two_commodities) is a hierarchically
structured economy with two commodities such that Vw € W we have Ty = T™",

For each agent i € A we use L; := {h € A (h,3) € W} to denote the set of (direct)
leaders of agent i, and we use F; := {j € A|i € L;} as the set of (direct) followers of
agent i. Since (A, W) is a hierarchical tree we have for one agent k € A that Ly = 0.
We refer to this agent as the Top Agent in the economy. We denote the set that
has the top agent k as its only element by Sy = {k}. For all other agents i € A\ S
we have that #L; = 1. Finally, we use L t= {1,2} to denote the set of commodities
in E.

We make the following assumption with respect to the utility functions and the
initial endowments of the agents throughout the paper, with the exception of Sec-

tion 4.

Assumption 2.5 Let B be a hierarchically structured economy with bid and ask
prices. For every agent i € A it holds that w; 3» 0 and U; represents a neoclassi-
cal preference relation. !

The next step in completing the model is to describe the choice spaces of the agents
in the economy. We can, without loss of generality, we restrict ourselves to a compact
price space () contained in P such that the vector of prices for selling mm strictly larger
than zero, Let P 1= :m,uv € P|p:» 0}. Define the correspondence B: P x R? 3
R? such that ¥ (p,2) € P x R2, where p is a vector of bid and ask prices and z is a
given commodity bundle, we have the set of attainable allocations:
B(pz) = {yeR}|(y~2)eT"()
= {yeRy|Y p, min{0,pc~ 2z} +3 B, max{0,yp - z) <0}

cel eel

For cach agent i € A the demand function =] : PxRY, = R is defined such that
for every p = (p,p) € Pandu e RL,

ai(pywi) € ArgMaXy ¢ pipu) Ui(2i): 2
Define fore > 0¢
Qe):= (g7 € PlT2e 1),
We choose some &* > 0 mcnr that for each p € P\ Q(e*) we have
JgeQ(e): =j(g,wi) = ai(p,wi)
i .
Vie A\S : Jce L: al(pw) > we,

18ee also Z%&:s? Brown and Burkinshaw (1989, Def. 1.3.4). They say a preference relation
 on some IR, is neoclassical whenever it is continuous and either:

1. ¥ is stricly monotone and strictly convex,

2. ¥ s striely monotone and strictly convex on int 5 , and everything in the interior is preferred
to anything on the boundary,

They call a preference relation = strictly monotone on a set X if Va,y € X T Sy Y s
2Note that by the properties 2. Assumption 2.5 we have that for each p € P and w; €

+ 4 the
sel argmax, ¢ j.o ) Ui(zi) containg only one element.



where w 1= $je4wi. Such an € exists because the initial endowments of the agents -

are strictly positive and the utility functions are strictly monotonic on R}.,.. Clearly,
the set Q(e”) is compact,
Denote: ,

Q= Q(e").

- -

@ i= (De)eer, where @ i= Y max z},(g,w).
€A 9€

YVi={deR?| -2 £ d<a).

M\... VJ%‘DM&M.
Xi = Yo QR

X e HH X
€A '
We give the following definition of a trade-price-allocation tuple in a given hierarchi-
cally structured economy with bid and ask prices.

Definition 2.6 A Trade-Price-Allocation Tuple in the economy E is a tuple
(dypyz) € YW x QW x Y where:

[ dj; € Y is the vector of net trade on the trade relationship (i,5) € W. We
denote d; 1= (din)ner;

2, pij = Am_%.mav € Q is the price veclor denoting the bid prices y; and ask prices

P charged on the trade relationship (i,7) € W. We denote p; := (pij)jer;

9 oz € <+. is the consumption bundle for agent i € A,

Agents assume that their actions do not influence the prices their leader sets for
them. On the other hand, we assume that each agent “correctly” anticipates the net
trade with each of his followers as a function of the prices he sets. We assume he
takes into account the consequences of possible changes in the prices his followers
set for their followers etc, These anticipations may result from each agent having
aggregated information about the part of the economy that is downstream from him
and knowing nothing but the prices his leader sets for him about the rest of the
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economy, We may assume that the downstream part of the economy for each agent
is perfectly transparent for this agent, or at least that he has the information that
summarizes what net trades to anticipate as a function of the prices he may set
for his followers. Thus, we assume the Downstream Information Structure to
hold. The anticipations of the agents are described by their anticipated net trade
correspondences.

For any agents 1 € A and j € F, the psnamvﬁﬁ_ net trade correspondence ty; ¢
Q 3 Y is defined, This correspondence describes for each vector ¢ € Q of bid
and ask prices agent i may set on the trade relationship (4, 4) € W the set of net
trades t;;(q) C Y agent i anticipates to have with agent j. The anticipated net trade
correspondences are defined recursively, using the following process. We start with
the agents j € Ag 1= {j € A | F; = 0}, who do not have any followers, Cleatly, since
those agents have no followers we do not need to define any anticipated net trade
correspondence for them. Then, given the anticipated net trade correspondences for
some non-empty set of agents A, with n € IN, with their followers, il they have
any followers, we derive the anticipated net trade correspondences for the of agents
Chpr 1= {1 € A\AL | I} n.ki. Then we define Apyy = Ay UC 4 ete. We stop this
procedure when we reach an n® such that Ay = A. Since (A, W) is an hicrarchical
tree, such an n* exists, The anticipated net trade correspondences arve devived using
the following definition. ,

Definition 2.7 Let 1 € A with F; # 0. Let for each agent j € I the tuple of
anticipated net trade correspondences (Ljm)mer; be given The Anticipated Net
Trade Correspondence tij: Q = Y of agent i with respect to agent j € F} is given
by:

bijlai) 1= argmaxy ermor {, max  Us(us)),
where W Y 3 R such that Vey €Y

Uy(es) = {ye uwu... | ySwj+ei- M Emj
meFy

3As noticed above, the tuple may be the empty tuple if Fj = 0, In this case the definition of the
=+ 03
correspondence W; : Y~ RY below reduces to:

Ve €Y1 Wiless) = {y € R |y Swy +ep)



where Ym e Fyt 3gm€Q emj € tim(gim))

In the above definition agent § € F} is assumed by agent 1 to be “optimistic” with
respect to the reactions of his followers m € Fy, i.e., it is assumed by agent ¢ that
a follower m € F; of agent j, when he is indifferent between two actions at prices
as set by agent j, chooses those actions that are the best for agent j. This implies
that certain coordination problems between agent j and his followers are solved to
the benefit of agent 7. : ,

Given the anticipated net trade correspondences we define the correspondernces
that describe the actions an individual agent anticipates to be feasible for him, We
refer to these cortespondences as the feasible actions correspondences of the agents
in the economy.

Definition 2.8 The Feasible Actions Correspondence B; : @ 3 X x Yy of
agent i € A\ Sy with L; = {h} is such that Vpy; € Q

Bi(pn) = {(em q0s) € X x Vi | e € T (pii)

v S witem — Y e
JeR
where Vi€ Fytej € tij(qi;) )}

The feasible actions set By, for the top agent k € Sy is given by

Bi={lgm) €EXexYs | vk S vk~ 3 eqn
. Jeky

where  ejr € tii(gr;) )

The optimization problem of agent 1 € A\ S who has agent h € L; as his direct
leader is to maximize his utility over his feasible actions set. Here his feasible actions.

1Below, we see that each agent is “optimistic” with respect to the reactions of his followers in
the sense that any agent { € A correctly assumes that if (some of) his followers, F} ¢ Fy, are
indifferent between two actions al the prices set for them by agent i, then the agents in £ chooses
those (combinations of) such actions that are the best for agent i, Thus, we find that (implicitly)
assuming agent j to be “optimistic” with respect to the reactions of the agents in Iy in Definition 2.7
is consislent with the kind of individual optimizing behaviour of the agents we assume below, In
fact, in our model, we are looking for perfect equilibriumn in “very nice” plays, with “very nice”
plays defined as in Hellwig and Leininger (1987) in the corresponding multi-stage game.
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seb depends on the prices pu his leader sets for him. Therefore agent i solves the
following optimization problem ‘

?s.sﬂ.ﬁv@%i Q..Q_.v.

The optimization problem of the top agent k € Sy in the economy is given by

max_ U 3
(an k) €8x »A«;v

Now we have described the individual optimization problem for cach agent i € A we
define an equilibrium in the hierarchically structured economy.

Definition 2.9 Let E be o hierarchically structured economy with bid and ask prices.
A tuple (d*, p*,2*) € X x Y} is an Equilibrium in B ifVi € A\ S, such that 3h e A
with L; = {h}:

1 (dfyp}y ) € AXBMAX(e; g:,41)€Bilp}) Ui(y)
2. af S widdf = Tier di; |

and for the top agent k € Sy we have that:
L (piyoi) € argmaxq, en, Uk(ye)

2 ﬁm m Wy —~ MUm.mﬁ,a &w».

3 Existence of Equilibrium

In this section we prove the existence of an equilibrium in the model of an hier-
archically structured economy with bid and ask prices and with two commoditics.
Unfortunately, we cannot use the line of proof of Spanjers (1992, Chapter 6). There
the optimization problem of a middleman is separated in two problems, The first
problem is setting the prices for the followers as to maximize the profits from his
position as an intermediary, given the prices set by his leader, The second problem
is choosing the optimal consumption bundle, given the income of the agent, The
income (or wealth) of the agent consists of the value of the initial endowments of the
middleman and the (maximal) profits from his position as a middleman, given the
prices set by his leader,

11



In our present model with bid and ask pricés we cannot separate the optimization
problems of the agents in this way, The reason for this is that, depending of the
prices some agent i quotes for his followers, he 3% have positive or negative net
trade in some commodity with his leader. However, since this leader sets bid and
ask prices, he may consequently face different relative prices for. the commodity in
question, depending on whether the net trade in the commodity with his leader is
positive or negative. Such a difference in relative prices does not occur on a trade
relationship with the institutional characteristic of mono pricing, which allows us
to separate the optimization problems of the agents in the way described above in
hierarchically structured economies with mono pricing.

For each agent ¢ € A we define a correspondence of abtainable allocations A
which, in Lemma 3.3, we show to be continuous if for each j € F; the correspondence
t;; has a compact graph, Using this result, we prove in Lemma 3.4, that for any i € A
and j € Fy the anticipated net trade correspondence t;; has a compact graph. This
property is then used in the proof of Theorem 3.5 to construct an equilibrium in the
hierarchically structured economy with bid and ask prices E.

Before we define the correspondences of attainable allocations, we define for each
agent ¢ € A theset I'; of after downstream trade bundles, The set of after downstream
trade bundles of agent i € A contains the bundles agent ¢ anticipates to be attainable
as a result of the trade with his followers, without trading with his leader. ,

Definition 3.1 LetE be a hierarchically structured economy with bid and ask prices.
Let i € A. The set I'; is the set of After Downstream Trade Bundles of agent 4

where:

= (e R si=wid Y e
Jeky
with Vj € Fr: 3pi; € Q: eji € Li(pyy)}.

The. correspondence of attainable allocations of agent ¢ € A with Ly = {A} is the
correspondence that for each price vector py; assigns the set of consumption bundles
that are attainable for agent 7.

Definition 8.2 Let E be a hierarchically structured economy with bid and ask prices.

Let i € A such that Ly = {h}. Then A;: Q = R2 is the Correspondence of
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Attainable Allocations of agent ¢ if for each py € Q¢
Aipw) = {ye Ry |3z el (y~a2)e T ()}
Next we prove the following crucial lemma.

Lemma 8.8 Let B be a hierarchically structured economy with bid and ask prices for
which Assumption 2.5 holds. If for each j € F; it holds that t;; has a compact graph,
then A; is a conlinuous correspondence. )

Proof

(i) &; is an upper hemi-continuous correspondence.

Since Vj € F the correspondence ¢; has a compact graph, we have that I is a
compact set. Therefore I'; is bounded and A; has a bounded graph, ‘
Next we prove that A; has a closed graph and therefore is a upper hemi-continuous
correspondence, - ,

Suppose, for contradiction, that A; does not have a closed graph, i.e.,

3= 1, 1 € A, 1
such that
y° & Ai(r°).
For each ¢ € N\ {0}, since y? € Ay(p?), theré exists some 27 € I'; such that

2 o2 min{0, (v = 2)} + 3 B1+ max{0, (47 — 22)} < 0.

celL (13

From the definition of A; it follows that y° ¢ A;(p°) implies Az® € I'; such that

2 00 min{0, (49 = 20)} + 350 max{0, (52 — 22)} < 0.
eel eEl

Since p? — p° 1=, (p° %), with 7° 3 0 and y? — y° we have that 27 — 20 & Iy, This
contradicts I'; being a closed set,

Thus it follows that A, is a w.h.c. correspondence.

(i1) &; is @ lower hemi-continuous correspondence,

If we prove that A; is lower hemi-continuous it follows by the definition of continuity

13



of correspondences that A; is a continuous correspondence,
The correspondence A; is lower hemi-continuous if and only if Vg & N, p? € Q :

P’ = p° and ¥® € A7)
implies that ; . .
3{y )2, with Vge N\ {0}: y* € Ai(p?) and y" — 2.
Since y° € Ay(p%) + Fa® € I such that
300 min{0, (v ~ 29)} + 380 max{0, (y — 22)} € (1)
ceL &l
We 8552 three cases.
fiia) ° |
Since <m € @ ¢ 0€ Ai(p), take Vg e IN\ {0} : y7:=0
(iib) y° € int R,
Define B! = {z € Dip) | (2 = 2°%) € T*(p%)}. Since y° € R} we have, for ¢
sufficiently large, that Bf # 0.
For each ¢ such sufficiently large, take y* € argmin ,epo || 2 — vl
The sequence {y?} is in a compact set, since it is in the closed ball around y° with
radius max,eny (o) || ¥ = ¥° ||, so the sequence converges.
By the continuity of multiplication, addition and the operators min and max, we
have that y? — y°.
(iic) yo € IR\ {0).
We consider three cases,
(1) Suppose y°
Now, Vp & Q : (y° = a®) € TH»(p). Taking y7 := y° for each ¢ € N\ {0} gives us
the required sequence,
(2) Suppose Jc€ Lt [y >l A y? > 0]
By the definition of @ we have 72 > 0. As w&oa, for ¢ sufficiently large, we have

BY = {2 € Di(p*) | (2= 2°) € T (")} #0,
and construct {y?} as in (iib).
(8) Suppose y° £ =° and Ve € L: [yl > 2 = y? = 0]. (2)
Clearly, 3¢ € L: y¢ > 22 and, since p° € @, we have F; > 0.
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This implies, by (1), that J2 € L : [y2 <2 A pl >0}, 3)
Consider the case that J2 € L1 {y2.< 2d A y@ > 0], Now the same procedure as in
(iib) can be applied,
So we are only left to check the case ::; Vée L:
[(v2 <2l A pg>0)=>y2 =0 (4)
can not occur., We show that because the number of commodities does not exceed 2
this implies y0 = 0, which contradicts y € AR\ {0}
Without loss of generality, take y? > 2 and y) = 0 to satisfy (2). By (3) we must
have y§ > 29 and pg > 0, which, by (4), implies y§ = 0.

Q.ED.

Lemma 3.4 LetE be a E.%aé?.ai@ structured economy with bid and ask prices for
which Assumption 2.5 holds. For each i & A \ m.: h € L;, the correspondence ty; has
a compact graph.

Proof

We prove this lemma by induction, following the recursive procedure we used to
construct the anticipated net trade correspondences in Section 2.

(i) Starting Condition,

For each j € A Iy =0, i € L; the correspondence i : Q 2 ¥ can be represented
by a continuous function on @, because, by ¢ mms;,oz. we have Vp € Q that 7 pzel.
Thus, t;; has a compact graph,

(i) Induction Hypothesis,

Let i€ A\ Sy, j € F}, h € Ly, Suppose for each j € Fy the correspondence t;; has a
compact graph. Then {4 has a compact graph.

Proof

Since Vj € F; we have that t;; has a compact graph it follows by Lemma 3.3 that A;
is a continuous correspondence.

Define X;+ Q 5 Y, such that:

Xi(pni) 1= argmaxy e a (o, Uils).

By the Maximum Theorem it follows that X; has a compact graph.

To prove that t; has a compact graph we must show that if pf; € Q and ef), € Y for
each ¢ € N, such that {pf;}52; = phy, {efh )2 — efl and Vg € N\{0} ¢ efy € tui(phe),
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then ef}, € tn(phi)- .
We have that ey € tyi(pni) if and only if for each j € F; there exist pi; and ej; such
that e;; € P...A?..mv and
eni = 3 eji +wi € Xi(pin):
JEFy

Since X; is a correspondence with a compact graph, it follows from {p};}52, = ph; that
{Xi(Ph) Yo = Xi(ph). Furthermore {efy}52y — efh, 5o it follows that ed € ta(pl)
if and only if ((Sjer €315 = (Sjen €%), where for each g € N\ {0} and j €
we have ef; € 4;;(p;) for some pf; € Q.
Since {Xi(ph)}52 = Xi(phi) it follows from the definitions of A and Ty and from
t;; having a compact graph for each j € F; that such a sequence {(edi, ) jer Joa
exists, .
This proves the induction hypothesis.

Q.£D.

The next theorem states that an equilibrium in a hierarchically structured economy
with bid and ask prices E exists, To prove this theorem we construct an equilibrium,
which proves its existence.

Theorem 3.5 [Existence Theorem)]
In each’ hierarchically structured economy with bid and ask prices B for which As-
sumption 2.5 holds, an equilibrium exists, ,

Proof

By rﬁ.siw 3.3 and Lemma 3.4 it follows that for each 1 € A\ Sy the correspondence
A; is continuous and has non-empty values.

From Lemma 3.4 it follows that for each i € A\ S, the cortespondences B; has a
compact graph. Similarly it follows that By, k € 5y, is a compact set.

Finally, we have that for each i € A, j € F; it holds that t;;(0,5;) = 0, so that each
agent i € A always has the no trade option. Therefore By # @ for k € 5 and for
each i € A\ $) the correspondence By has non empty-values only. ‘

We recursively construct an equilibrium tuple (d*,p",2").
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Define Dg = {k € A | Ly = 0}. Since By is a compact non-empty set there cxists a
tuple (p}, #}) € Xi x Yy such that

(ks i) € argmax(y, 4, )eb, Q.»QL.

By the definition of By there exists a tuple (d},)jer, € Y™ such that for each j € Fy
we have that d}, € t;(pl;) and 2} € wi = Tjer, djt

Let for t € IN the set [, be obtained through earlier steps of the procedure, such that
A\ Dy # B, where D, is the set of agents on which the procedure has already been
applied. A . -

Choose h € Dy Such that F,\ D, # 0 and choose i € F)\ Dy. The vector dfy, € tui(pii)
is already constructed in a previous step of the procedure. By the definition of 44
there exists a tuple (df,pf; ) € Xi % Yy with df = dj; such that

(df s p}y =) € argmax(g, e yen oy Uilt):

By the definition of B; there exists a tuple (dj;)jer; € Y such thal for each je R
we have dj; € ti;(pf;) and af Swi+djy = Tjer djiv
Now define Dyyq i= Dy U {i}. :

m%mmz:m this procedure until for some ¢* we have D = A yields an equilibrium
tuple. ;
Q.E7D.

4 Two Examples -

In this section we consider two examples of (parts of) hierarchically structured economies
with bid and ask prices. In the first example we consider three cases in which the
equilibrium allocations in hierarchically structured economies with bid and ask prices
coincide with those in the corresponding cconomies with mono pricing, In Table |
the equilibria in the economies with mono pricing are given. For more details and
some results on hierarchically structured economies with mono pricing we refer to
Spanjers (1992, Chapter 6), from which Table 1 originates. In the second example
we illustrate why this coinciding of equilibrium allocations need not be the case in
general if an equilibrium in the hierarchically structured economy with mono pricing
exists. It is illustrated that even if the top agent trades voluntarily in a hierarchically
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structured economy with mono pricing, it need not be the case that the equilibrium
allocations in this economy and the corresponding economy with bid and ask prices
coincide.

Example 4.1
‘Consider the economy with the set of agents A := {a,b,¢} and two commodities,

where L := {1,2} is the set of commodities. The individual characteristics of the
agents ave:

a: Uswa) i= fTar + B wy = (0,0)
br  Up(my) i= En + I wyi=(1,0)
¢t Udwe)i= Ea + VEa  wei=(0,1)

Consider the economy that follows if the hierarchical tree 7; t= (A, {(a,b), (a,¢)})
organizes the above defined set of agents. The optimization problem of agent b at

given prices pay 1= (P4 Bup) I8t

Aa,n.uﬁwm.x<+ VaEu + o

such that

Paiy  min{0, &:Q 4 Py Min{0, duar ) +
Papy * max{0, diar } + oy + max{0, disr} £ 0
zp S wp + dyg.

Since wy 1= (1,0) we have the peculiarity that

]

dyar = min{0, dyar }

max{0, a2}

i

moau

So this optimization problem boils down to:

max VAT RVETY!

(dboszp)EXpx Yy
such that
Papt ' &?: + w«nqw . &eau ..A... 0

18

TaBLe 1 Equilibrium Values

i

T

Ty

Gy % 0.7071
Qg % 0.2929

0y % 0.2929
0g & 0.7071

0.1716
0.1716
0.7071
0.1213
0.1213
0.7071

0.6864
1.4142
1.4142

Gata = 0.4768

G ~ 07233
U ™ 0.2767

- 0.0698
0.0840
0.8244
0.1927
0.1058
0.7233

0.3069
1.8141
1.3823

G % 05958

qhy R 0.6358
gn & 0.3642

0

0
0.7913
0.3642
0.2087 -
0.6358

0
2.2290
1.6730

19



zp S wp + doa-

After rescaling the prices Py, P, 10 prices gy := N......npwl and gqp = NH»»W! this
is the problem for the corresponding economy with mono pricing as in Table 1. The
anticipated net trade correspondence ¢4y therefore corresponds to the anticipated net
trade correspondence in the case of mono pricing. The same line of reasoning holds

with respect to agent ¢, and therefore the optimization problem of agent a also cor-

responds to that in the corresponding economy with mono pricing. As a consequence

we have that, although in our example we have a continuum of equilibrium price
vectors pa. and pap, the equilibrium allocation in the economy with bid and ask prices
is the equilibrium allocation in the corresponding hierarchically structured economy
with mono pricing.

Next we consider the economy with the set of agents A as before and the hierar-
chical tree T3 := (A, {(b, a), (a,¢)}). By the same type of reasoning as before we have
that the optimization problem of wwmu.. ¢, and therefore the anticipated net trade
correspondence iq, corresponds to the optimization problem in the corresponding
economy with mono pricing. Furthermore we know that, because w, = (0,0) and

= (0, 1), for the trade between agent a and agent b it holds that

&@3 53&0, &E:“_,

il

i

&ann B,NZ*C. &wnww.

This once again implies that the optimization problem of agent b corresponds to his
optimization problem in the model with mono pricing. As a consequence we find
that, although we have a continuum of equilibrium tuples of price vectors pa and
Pac, the equilibrium allocation in the hierarchically structured economy with bid and
ask prices is the equilibrium allocation of the corresponding hierarchically structured

economy with mono nanm:m as in Table 1.
Finally, consider the economy with the set of agents as before and with the hier-

archical tree Ts := (A, {(a,1), (b,¢c)}). The optimization problem of agent ¢ and the
anticipated net trade correspondence fy. correspond to those in the situation with
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mono pricing.
The optimization problem of agent b now becomes, at given prices pas = (p, ;) Pas)

max Vo + Tz

(dbargbeizs)EXp XYy

such that

Popy - min{0,desn } +p,,, - min{0, de2 } +
Pap - max{0, dei1 } + Paga - max{0, desz }
Ty S wp + doa ~ €ch

where eq € toe(qse)-

Since w, = (0,0) we must have dy, = 0 in equilibrium. Once again this is attained
at prices that correspond to those in the corresponding model with mono pricing. So
we find a continuum of equilibrium tuples of price vectors pay and py, all of which
yield in the same equilibrium allocation in the hierarchically structured economy with
bid and aks prices under consideration, as that of the corresponding hierarchically
structured economy with mono pricing. Once again, the equilibrium allocations are
given in Table 1.

Example 4.2

Suppose we have an economy with bid and ask prices with two commodities, [ :=
{1,2} and a set of agents A D {a,b,c} in which consumer & is such that £ =
{c}, L& = {a}, and the anticipated net trade correspondence . with respect to
commodity 1 as depicted in Figure 1, in which the prices are standardized as to have

M.W 1. This leads to a set of after downstream trade allocations I'y as in Figure 2.
The set I'y in Figure 2 denotes (a part of) the set of commodity bundles agent b
can obtain ::o:m? downstream trade. Since these commodity bundles are obtained
through downstream trade only, the set T’y does not depend on the prices py sct by
the leader of agent b, agent a. In general the set Ty is not restricted to R2. The set
of allocations attainable for agent b, A, depends both on Iy and on the prices puy.
In Figure 2 the point on the outer frontier of Ay(pas) to the left of the point B
equal to (28,25 can be obtained by agent b by generating trades with agent ¢ as to
end up with the after downstream trade bundle (z¥, z£) and selling commodity 1 for
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FIGURE 2: The After Uoé.:miowa Trade Set I'y.
FIGURE 1: The Anticipated Net Trade Correspondence ty..
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commodity 2 at the prices set by agent a. The points on the outer frontier of Ay(pas)
to the right of the ,vomi B but to the left of the kink K, are obtained by starting
163 the point B and buying commodity 1 for commodity 2. The difference in the
*ovn to the right and to the left of B is caused by the difference in the bid and ask
" prices set by agent a. The point K of the kink in the outer frontier of Ay(pas) can
be obtained in two different ways. Firstly by starting from B and buying commodity
1 for commodity 2. Secondly by starting from point C and selling commodity 1 for
commodity 2. The vomzmm still further to the right of this kink are obtained by starting
from point C and choosing suitable trades with agent a.

The set {y € R | 32 € T, such that y < =} in Figure 2 is not convex. Contrary
to the situation with mono pricing, agent a has the possibility to set prices py, which
are such that, at least to some extend, this non convexity carries over to the set of
attainable allocations Ay(pas). Now suppose the utility function of agent b satisfies
the conditions of Assumption 2.5 and the utility of agent b of the allocations (z8,28)
and (zf,, z$) in Figure 2 is the same. In this case the non convexity in Ay(pas) may
lead to an optimal consumption bundle Xy(pes) which is strictly smaller than the
corresponding consumption bundle X,(p},) at the optimal price vector py, without
differences in bid and ask prices. Assuming that both pa and pj, lead to the same
optimal trades between the agents b and c, the strictly smaller consumption bundle
of agent b leads to a strictly larger after downstream trade bundle for agent a which,
all other things remaining equal, leads to a preferred consumption bundle for agent
a. This implies that, because of the non convexity of the set {y € Rl |3z e
I, such that y < z}, in this stylized example the equilibrium allocations in the
models with bid and ask prices and with mono pricing differ.

5 A Dynamic Hs&mnvumg&_os of the Mxnvms.mm Pro-
cess

The model of hierarchically structured economies with bid and ask prices, as intro-
duced in this paper, allows for a dynamic interpretation of the exchange process in
the economy. This exchange process depends on the downstream information struc-
ture and on the possibility of leaders to write enforceable I-Owe-Yous for their direct
followers. . ‘ B

The exchange process consists of three main parts, each consisting of a finite
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number of stages. In the first part of the exchange process, the aggregated information
about the equilibrium prices and net trades is disseminated through the cconomy. In
the second part of the process the bundles of commodities that are to be sold by the
individual agents to their direct leaders, given the equilibrium prices and net trades,
are transferred to those leaders in exchange for enforceable I-Owe-Yous. These I-Owe-
Yous promise to deliver the bundle of commodities the agent plans to buy at given
equilibrium prices and net trade bundles. In the third and last part of the exchange
process, the commodity bundles, as promised in the I-Owe-Yous are delivered.
Before we describe the separate parts of the exchange process, we h.mn_:.m?o_w
construct an ordered partition of the set of agent A, which we refer to as an echelon
partition of the set of agents starting from the hierarchical tree (A, W). We define

unﬁnm\»_hn”sy

Let n € N and (S;)%., be such that i, S; # A. Then we define

B = ?miﬁcmv:;:@,;.

=1
We stop this procedure when we find some m € IN such that UL, S; = A. The
Echelon Partition of the sct of agents A that is compatible with the hierarchical
tree (A, W) is the tuple £ := (S5y,...,8m) as construcuted above We find that each
of the three parts of the exchange process consists of m — 1 stages.

The first part of the exchange process is such that the aggregated information the
top agent has about the equilibria in the économy is disaggregated to the individual
agents in the economy. This disaggregation of information takes place as described in
the proof of Theorem 3.5, where an equilibrium for the economy is constructed. As
a consequence, this disaggregation results in equilibrium prices and net trade, from
which 2::?1;5 consumption bundles result. In the first stage agent k € Sy sels
prices (pij)jer, € Q% for his followers and proposes for each agent j € Fi the net
trades djx € t4;(pr;) which he likes to result as a consequence of these prices. For
any i € A define the correspondence t; : Q% 3 Y& with V¢ € Q5 : ti(q) =
(tij(gi;))ier,. We use T; to denote the graph of the correspondence t;, i.e.,

Ti = {(gis (esi)ier) € Q" x YT |Vj € Fi: eji € tij(gi5)}-
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The prices px set and net trades (dji)jer, proposed by agent k to his (direct) followers

are-such that

(Prs (dix)jer) € wwmapxh??;rmim.:fmerﬁww.ﬁmi Uk(z:)},

where & : Y™ 3 Y, such that for any (eje)jer, € Y7 :

Or((ese)ier) ={meYel m S — anm ejk}
, ieFy

Since, by the definition of ixj, the followers can not do better by deviating, they
oblige. In stage n € {2,...,m — 1} any agent i € S, with L; = {h} gets prices
pui € Q set for him by agent h, and net-trades din, € thi{pni) proposed by this leader.
Agent i chooses (pi, (d;i)jer:) € @™ x Y such that

(Pis (dji)jer) € w_‘mgwx?_..?:rma.vmﬁAn..me..?ﬁwww..rmﬂv Vi)

where ®; : Y x Y7 33 Y, such that for any (di, (eji)ser) €Y x YF :

Di(dnis (eji)jer) = {vi € Ya | vi Switdni— M.u, eji}.
JER

After m—1 stages this part of the exchange process, the disaggregation of information
is finished. The prices set and the net trades proposed in the first part of the exchange
process are equilibrium prices and corresponding equilibrium net trades. Therefore
the net trades are feasible for every agent. ,

In the second part of the exchange process, the commodities that are to be sold by
the followers to their leaders are transferred to those mmm&ma‘. In return for these com-
modities bundles, the leaders write enforceable I-Owe-Yous that promise to deliver,
in the third part of the exchange process, the commoditics the followers are to buy
from their leaders. In stage n € {1,...,m — 1} in this part of the exchange process,
any agent i € Spp1-n With L; = {h} transfers the bundle d, = (max{0, dinc})eer, to
agent h in exchange for an enforceable I-Owe-You of agent h that promises to deliver
the bundle dj, := (= min{0, dirc})cer to agent i in the third part of the exchange
process.

In the third and last part of the exchange process the commodity bundles promised

‘on the I-Owe-Yous of part two are actually delivered. In stagen € {1,...,m~1} agent
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i € S, delivers to each of his followers j € F; the commodity bundle dj, in exchange
‘for the corresponding 1-Owe-You from the second stage of the exchange process. Since
the I-Owe-Yous are enforceable, the corresponding commodity bundles are delivered,
and every agent ends up with his (corresponding) equilibrium consumption bundle.

6 Oosﬁzmmsm Remarks

In this paper a special kind of hierarchically structured economy is introduced and
analyzed. Although the model is quite restrictive, (it only allows for two commodi-
ties, it is restricited to hierarchical structures that are hierarchical trees, and the
institutional characteristics of the trade relationships are restricted to that of bid
and ask prices) it allows for a voﬂ:é answer to the crucial question of the existence
of equilibrium. Clearly, the existence of equilibrium is a necessity if one wants to
builds models in which the hierarchical structure or, in different models as the ones
analyzed in this paper, the institutional characteristics of the trade relationships are
to be endogenized.

In further research, the framework of the model allows us to endogenize the hierar-
chical structure of the economy in a way similar to the one outlined is Spanjers (1992,
Chapter 4). In this sketch, the hierarchical tree of an economy is endogenously ob-
tained starting from a structure of communication links and a particular kind of
partition of the set of agents in hierarchical levels, which describes the information
structure of the economy. The agents choose which of their communication links with
an agent of a higher hierarchical level is transformed into a trade relationship. Thus,
under certain assumptions, the choices of the agents lead to a hierarchical tree, and
may lead to a model of a hierarchcally structured economy with bid and ask prices.

A different avenue to follow would be in adapting the model in a way that allows
a quite general theorem on the existence of equilibrium in hierarchically structured
economies. The models of hierarchically structured economies can be adapted in order
to allow for the existence of equilibrium in a broad class of institutional characteristics
and a broad class of hierarchical structures. Sketching this kind adaptions would leave
the framework of these concluding remarks. This kind of models would not only allow
for endogenizing the hierarchical structure of the economy, but they might also allow
for endogenizing the institutional characteristics of the trade relationships. Last, but
not least, the adaptions may allow the models to become more realistic.
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