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Abstract

Usually, markets are modelled as abstract institutions where demand and supply of
commodities meet. This way of modelling markets often veils an underlying organi-
zational structure. .

In this paper we present a model of a pure exchange economy in which markets
result from suitable exogenously given structures of asymmetric bilateral trade rela-
tionships. These trade relationships are interpreted as price setting relationships, so
for any price taking agent in a trade relationship we have another agent setting a
vector of prices. Consequently, we can do without the artifact of an auctioneer.

We explicitly model arbitrage, which enables us to establish uniform prices in
(parts of) the economy. We find that, depending on the structure of trade relation-
ships and the initial endowments of particular agents, monopolistic markets with and

without price differentiation and-the Walrasian market are obtained as special cases.

1 Introduction

The general equilibrium model, as introduced by Walras (1874) and formulated by
Arrow and Debreu (1954) and Debreu (1959), is one of the fundamental models in
economics. It is a model in which decentralized selfish decision making at equilibrium
prices leads to outcomes which are efficient for the economy as a whole, as is stated in
the first theorem of welfare economics. Here, we are concerned with two weaknesses of
the model. Firstly, all agents in the economy, with exception of an artificial auctioncer
who strictly speaking is not an agent, are assumed to act as price takers, without
any agent setting the prices. Secondly, it is assumed that each agent can trade with
every other agent in the economy through “the market”, an abstract institution where
supply and demand of commodities meet and trade takes place. Thus, the problem
of specifying and analyzing trade relationships and communication structures that
give rise to such a market is not addressed. .

In dropping the assumption of price taking agents, one encounters the wider prob-
lem of integrating imperfect competition in general equilibrium models. In describing
the behaviour of economic agents in general equilibrium models with imperfect com-
petition, it seems appropriate to make explicit what each agent anticipates to be the
nosmma:mznam.&, (a change in) his actions. In Negishi (1961) it is assumed that some
firms anticipate the prices for some of their inputs and outputs to be a linear function
of the current state of the economy and the change in their demand for inputs and
supply of outputs. In Hahn (1978) and Gale (1978), the notion of rational conjce-
tures is introduced which is shown to be too strong to be of any use. In Vind (1983)
the concept of conjectures is generalized through the model of equilibrium with co-
ordination. Here agents may have veto power over changes in actions plauned by
others that would make them worse off. Once again, the existence of equilibrium is a
problem. Interestingly, Vind introduces a formal concept of exchange institutions and
provides a simple example in which the anticipations of the agents, called expeclation
functions, are derived from the set of mxnrmswaw institutions in the economy.

Recently, a lot of attention is paid to models that specify the trade and com-
munication structure of (Walrasian) markets. An important line of research inves-
tigates dynamic models in which agents meet pairwise and then trade according to
specified trade rules. The agents typically meet often, cither in a prespecified or-

der or at random. Eventually, some equilibrium allocation is approached. This line



of research is initiated by Feldman (1973) and developed further by, amongst oth-
ers, Rubinstein and Wollinski (1985). In the context of exchange economies with
a continuum of agents we refer Lo Gale (1986) and, more recently, McLennan and
Sonnenschein (1991). In a more restrictive sctting, McAffee (1993) allows individ-
ual sellers to choose the transaction mechanism they want Lo use. Thus, what are
called the transaction institutions in the market arise endogenously. A different ap-
proach to modelling communication in markets is sketched by Kirman (1983), who
uses stochastic graph theory in analyzing communication structures.

Economic models with fixed restrictive communication structures have focussed
on theories of spatial economics and theories on intermediaries. In the first part of
Karmann (1981) a spatial general equilibrium model is given in which transporta-
tion technologies play an important role. These nqwsmvo;awo: technologies can be
interpreted as describing the user’s costs of exchange institutions that take the form
of competitive markets. Models on intermediaries are mostly partial equilibrium
models. We refer to Krelle (1976) for models of successive monopolies and vertical
intergration. More recently, models of successive monopolies in the context of pure
exchange economies have been analyzed in Spanjers (1992). Finally, in Grodal and
Vind (1989) competitive markets are modelled as exchange institutions with prices.

The aim of our research is to introduce models in which markets are no longer
abstract aggregated institutions that veil underlying organizational structures. In our
type of models, markets result from exogenously given structures of bilateral trade
relationships, their specific trade rules, and compatible knowledge structures. Thus,
we are not primairily interested in the outcomes generated by some market form as
an aggregated organizational entity. Our main interest is to analyze which structures
of bilateral trade relationships, their specific trade rules, and compatible knowledge
structures lead to well known market forms. We aim at endogenizing market forms
in making them a function of, amongst others, the underlying structure of trade
relationships, To put it differently, we are interested in how specific market forms
can be realized in our type of models.

The trade rules governing the bilateral trade relationships may change from rela-
tionship to relationship and are formalized by the institutional characteristic of the
trade relationship under consideration. The institutional characteristic specifies the
messages agents send through a given trade relationship. Thus, our approach of spec-
ifying the messages sent over (bilateral) trade relationships is along the lines of mod-

elling institutions as mechanisms as, e.g., discussed in Hurwicz (1989). A significant
difference, however, is that we use “partial” mechanisms in specifying institutional
characteristics of trade relationships. i_:m, we “decentralize” the mechanism for the
economy as a whole in several partial mechanisms which are independent with respect
to their messages to be sent, as specified by the trade rules. Agents, however, may
participate in a number of partial mechanisms. Therefore, the anticipations of any
such agent concerning the reactions of the other agents participating in these partial
mechanisms on a change in his actions establish the interaction of the partial mech-
anisms. Thus, the anticipations play a crucial role in the interaction of the partial
mechanisms in an economy and their effects on the actions of the agents.

In the present paper we discuss a model of a pure exchange economy with an
exogenously given structure of bilateral trade relationships. We assume the set of
agents to be partitioned in hierarchical levels in such a way that the two agents in a
trade relationship are of different hierarchical levels. Thus, the ?ﬁ:ﬁo:, in hierarchi-
cal levels directs the trade relationships. For each of the resulting asymmetric trade
relationships the trade rules determine what signals the agent in the relationship of
2,.,@ highest hierarchical level, the leader, can sent to the dominated mwns? the fol-
lower, and how these signals restrict the set of net trades the dominated agent can
choose from with respect to this trade relationship. More specific, we assume that
every.trade relationship has as its trade rule that the leader acts as a price setier with
respect to this relationship, whereas the follower acts as a price taker. Finally, we
specify the information of the individual agents in such a way that they have (aggre-
gated) information about all agents of a lower hierarchical level that are relevant for
them, but have no information about the remaining agents except themselves. Given
the structure of the economy and the information the agents have, the anticipations
(or conjectures) of each of the agents concerning the consequences of changing his
actions are derived. The anticipations are constructed recursively, starting with the
agents from the lowest hierarchical level, followed by the agents of the lowest hierar-
chical level but one, and so on. For a background on modelling economies this way,
we refer to Gilles (1990) and Spanjers (1992).

In our economic models, the situation in which an agent has, say, two leaders
setting different (normalized) vectors of prices for him plays a crucial role. If such a
situation occurs, the agent may perform arbitrage by buying an arbitrary amount of a

commodity that is relatively cheap from one leader and selling it to the other leader



at a relatively high price. Thus, the agent can achieve an arbitrary high income.
Furthermore, an agent may induce certain groups of agents to perform arbitrage if he
sees a possibility for all agents concerned, including himself, to obtain arbitrary high
incomes in doing so. Therefore, in an economy with sufficient potential possibilities for
arbitrage, any equilibrium has the same vector of prices for every trade relationship.
The assumption that “sufficient” potential possibilities for arbitrage are present in
the economy is crucial for the results of this paper.

In Section 2, we present a formal model of our exchange economy, which we call
a hierarchically structured economy. In Section 3, we prove a first theorem on the
existence of equilibrium, a corollary stating additional conditions for equivalence with
Walrasian equilibrium, and a corollary that states that agents of the highest hierar-
chical level may find themselves in a situation of two sided rationing. In Section 4,
assuming that the highest hierarchical level contains only one agent, we give a the-
orem on the equivalence of equilibrium with the outcomes of a monopolistic market
with or without price differentiation, depending on the structure of trade relation-
ships in the economy. Furthermore, we give yet another corollary on equivalence
with Walrasian equilibrium. Like the corresponding result in Section 3, it rests on
the observation that the Walrasian auctioneer can be replaced by a non producing
monopolist with zero initial endowments who cannot perform price differentiation.
Thus, we can replace the artifical Walrasian auctioneer by a suitably choosen ordinary
price setting agent. Finally, a second existence theorem is proven. A short summary
of the results, some concluding remarks and some suggestions for further research are
given in Section 5.

2 The Model

In this section we define a hierarchically structured economy. We describe such an
economy by its hierarchical structure, by its agents and their individual characteris-
tics, and by the institutional characteristics of the trade relationships in the economy.
The hierarchical structure of the economy is described by a relationship structure that
describes between which of the agents in the economy trade relationships exist, and
by a complete echelon partition of the relationship structure that vp_é:o:m the set of
agents in hierarchical levels and describes which agents dominate which other agents.

The agents in the economy are described by their individual characteristics. Since
i .

we analyze a pure exchange economy, we describe each agent in the nno=o._:,< by his
utility function and his initial endowments. Finally, we assume that every trade re-
lationship in the economy has the institutional characteristic of what we call mono
price setting between the dominating agent and the dominated mmm:,r i.e., the domi-
nating agent acts as a price setter and the dominated Pm.c:.. acls as a price taker with
respect to their trade relationship. Then we define the information structure for a
hierarchically structured economy. We use it to derive the v:nmn:vp:c:m of the agents
about the consequences of their actions as a function of the individual characteristics
of the other agents and of the institutional characteristics of the ,_.a_w:o:m_:vm.

We start by introducing the concepts we use to describe the hierarchical structure
of our exchange economy. First, however, we introduce some terminology concerning
graph theory. In this paper we restrict ourselves to graphs in which vertices have at
most one direct connection, .

A (Simple) Undirected Graph is a pair (4, R) consisting of a finite sel of
vertices A and a set of edges R C {{i,j} C A |i # j}. A Path v(a,b) from
a to b in a undirected graph (A, R) is a non empty ordered set of distinct edges
({eo, 1}, {erye2}y .o {ena1,€n}) With co = a and ¢, = b, such that Vi, j € {0, ly5euym)
i#j: ¢ # cj, with the possible exception that co = ¢,. We use Vg to denote the set
of paths in G :='(4, R). A undirected graph (A, R) is Connected if Va,b € A, with
a # b there exists a path v(a,b) from a to b in (A, R). With slight abuse of notation
we write for a path v := (v),...,v,) that v € 7 to denote v € {vy,...,v,}.

Definition 2.1 A Relationship Structure is a connected (simple) undirected graph
(A, R).

Definition 2.2 Let (A, R) be a relationship structure. The ordered parlition £ e
(S15...,5k) of the set A is a (Complete) Echelon Partition of (A, R) if for each
a € {l,...,k} it holds that there do not existi,j € S, such that {i,j} € R.

As is made precize in the below, the echolon partition.determines the information
structure of the economy.

Let ((A, R),€) be a pair consisting of a relationship structure and one of its
complete mnrm_o: partitions. For each 4,5 € A we use i »; j to denote that i € S,
and j € Sy with a < b, which is interpreted as stating that i is of a higher hierarchical
level then j. For each i € A we denote L; := {h € A|{h,i} € R and h >¢ 1} which
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interpreted as the set of (Direct) Leaders of i. Similarly, F; := {j € A | i € L;}
denotes the set of his (Direct) Followers.

Definition 2.3 Let (A, R) be a relationship structure and £ a complete echelon par-
tition of (A, R). Let r:= {i,§} € R with i ¢ j. The Institutional Characteristic
&.x is the correspondence T, : X, 3v,.

The institutional characteristic 7, for a relationship r := {i,j} € R with i Yn Jis
interpreted as specifying for each signal s € X,, chosen by agent ¢, the set HA& of
actions agent j can choose from with wm,mnmae to the relationship 7.

The institutional characteristic we are concerned with here is that of Mono Price
wo:m:m. Verbally, this institutional characteristic describes that the dominating
agent acts as price setter and the dominated agent acts as a price taker with respect
to their trade relationship. The price setting agent sets a (normalized) price for each
of the ! commodities in the economy. Let §'':= {p € R} | ', pi = 1} denote
the (I - 1)-dimensional unit simplex. The institutional characteristic of mono price
setting restricts the net trades of a follower j € F; of an agent 7 over their trade
relationship according to the correspondence 7m" : §'-! = R such that for each
vector of prices p € S'! we have

T"(p):i={deR'|p-d <0}, _ -

i.e., the set 7™°"(p) is the polar set of {p}. As in the Arrow-Debreu model, the price
for buying and selling a commodity on a given trade relationship is the same. The
follower determines the amounts that are traded, the leader has the obligation to buy
or sell whatever amount the follower decides to trade at the given prices.

Definition 2.4 A4 Hierarchically Structured Economy with [ commodities is a
tuple E= (((4, R),£), £), {Ui,wi}iea, {T:}ren) where:

g,wv is a relationship structure.
2. € is a complete echelon partition of (A, R).
3. U -ww ~ R is the utilily function of agent i € A.

{ w; € ~Ve~+ is the vector of initial endowments of agent i € A.

5 T IR withr: = {i,7} € R is the institutional characteristic
of alato:m:% T .

An economy consists of a hierarchical structure that describes the position of the
agents in the economy, a set of agents who have utility functions and initial endow-
ments as their individual nrwawonm:m:nm and a set of trade relationships with their
institutional characteristics.

We make the following assumption with respect to the individual characteristics

of the agents and the institutional characteristics of the trade telationships in the
economy. |

Assumption 2.5 Let E be a hierarchically structured economy. For every agent i €
A the utility function U; represents a neoclassical preference relation. ! Furthermore,
WA = Tiens,wi > 0, Vi€ At Ui(0) = 0 and Ui(RY) = Ry.. Finally, V1 € R :
H - qso:‘

We use L := {1...,1} to denote the set of commodities in the economy and with
Xi i= RM*L x (81 we denote the set of actions agent i € A can choose from,
We denote X := [T X

Definition 2.6 A Trade-Price-Allocation Tuple in the hierarchically structured
economy E is a tuple (d,p,z) € RA¥L x (§1-1)R « R{*E where:

dji; € R! is the vector of net trades over the relationship (1,7} € R with i ¢ I
We denote d; = (din e,

2. pij € S is the vector of prices on the trade relationship {i,j} € R with i »¢ j.
We denote p; := (pi;)jer.

8 z; € E.. is the consumption bundle of agent i € A.

!See also \r_::waa.,w< Brown and Burkinshaw (1989, Def. 1.3. 4). They say a continuous preference
relation > on some R, is neoclassical whenever either:

L w.. is strictly monotone and strictly convex.

wY_mm:._n:v.Bo:ooo__mw:&ms_apq8=<oxo=5p uw w:gséc.z::mm::5m.;o_‘molavg?lﬁ_
to anything on the boundary, ;

They call a preference > strictly monotone on a set X ifYz,yeX:z>y=>z>1y)



The set of indirect subordinates of some agent £, S(i), is the set of agents with whom
agent ¢ is connected through a path in which all agents are of a lower hierarchical
level then agent i. It plays an important role in describing the information structure

of the economy.

Definition 2.7 Let (A, R) be a relationship structure, and let £ be a complete echelon
partition to this relationship structure. The set of (Indirect) Subordinates of
agent i, denoted by S(i), is a subset of A such that j € S(i) if and only if there

exists a path v(1,7) 1= ({i,e1}, {1, €2}y ov oy {Cnm1, Cn }) with ¢, = 3, such that for each-

ke {1,---,n} we have that i >¢ cx.

We denote S*(i).:= S(i) U {i}, and refer to it as the Extended Set of (Indirect)
Subordinates of agent 1. ,

The economy is assumed to have an information structure which enables each
agent to construct his anticipations of the consequences of his actions for the agents
in his set of (indirect) subordinates according to the recursive procedure described
below.

We assume that each agent ¢ knows the following about the economy for a given
trade-price-allocation system. Firstly, agent i knows the individual characteristics of
the agents in the set S*(7), and the institutional characteristics of the trade rela-
tionships these agents are a part of. Second, agent ¢ knows that the agents in 5(z)
83..22 their anticipated reactions correspondences and feasible actions correspon-
dences in the way introduced below. Third, agent i knows the prices set on any trade
relation between an agent in S*(i) and an agent in A\ $*(¢), and take these prices
as given and not to be influences by the actions of any subset of agents of S*(3).
Finally, agent ¢ assumes that the agents in §(2), if they are indifferent between some
“optimal” actions, choose the actions that suit agent ¢ best. Thus, each agent in
the economy has the information he needs to derive his anticipated reactions corre-
spondence and his feasible actions correspondence through the recursive procedure
described below.

One of the problems in Qaz&:m the anticipations of the agents is that for some
tuples of price vectors some agents may want to engage in arbitrage. We say an agent
engages in Arbitrage if he has at least two leaders who set different price vectors for
him, and therefore he can obtain an arbitrary high income by buying a sufficiently
qumn amount of a commodity that is relatively cheap in the trade with the one leader

8

.and selling it to a leader where it has a relatively high price. For a nonsatiated :z:v_.v\
maximizing agent, this results in “infinitely large” net trades, which are not in R/
We circumvent this type of problem by assuming these net trades are anticipated to
be “sufficiently large” instead of “infinitely large” in a sense made precize later,
The correspondences that describe the net trades the agents anticipate to result
with their followers as a consequence of a change in their actions are called antici-
pated net trade correspondences. These correspondences are defined by a recursive
procedure. This recursive procedure starts with the agents of the lowest hierachical
level. The anticipated net trade correspondence for some E&:?Q agent 1 € A is
constructed with the help of some auxiliary concepts used in the procedure, viz., fea-
sible actions correspondences (B;)jes(iy, which are constructed with the help of the
anticipated trade correspondences (tj)jesty of the (indirect) subordinates of agent
i, and the restricted reactions correspondence B, the feasible consumption bundles
correspondence C; and the anticipated reactions correspondence 7; of agent ¢.

First we introduce some notation,
Q: AXNZ AwithVie A aeN:
Qli,a):={heLi| hes, b < a}.

Hrw correspondence @ gives for each agent i and each hierarchical level a the set of
agents that have a trade relationship with agent i in which they
that are of a hierarchical level not lower than a. ? The set Q(i, a) is the sl of agents
who are price setters with respect to agent 7 and who are at least of hicrarchical level
a. i

For éach ¢ € A we denote:

dominate him, and

21 R 4 R with Vd e RA¥L .
Ei(d) 1= w; + MU dip ~ MU d;;.

\>mh.. JER
Y0 = Mies (X x R).
The function #; assigns to each tuple of net trades d € RR*L the resulting commodity
~ { g
bundle Z;(d) € R' for agent i. ® We say the commodity bundle #;(d) results from by

2 : . .
Notice that an agent h € S} is of a hierarchical level higher then a if b < a.

3We refer to #; i ; .
R\ -ﬁ.. r to i(d) as a commodity bundle instead of a consumption bundle since it may be

in



the system of net trades d. Finally, Y50 denotes the space of tuples prices, net trades
and 855.0&5 bundles of the agents in the subgraph of agent i. Note that in this
space commodity bundles with negative components are allowed for, contrary to the
space of trade-price-allocation tuples. .

In the recursive procedure, we start with an agent that has an empty set of
(indirect) subordinates, i.e., an agent j € A such that S(j) = 0. The set of agents {j €
A | 8(j) = 0} contains the set Sy, the set of agents of the lowest hierarchical level, and
therefore is not empty. Since agent j does not have any (indirect) subordinates, we
need not define his anticipated reactions correspondence. Therefore we can directly
define his feasible actions correspondence B; by using Definition 2.12. ,

Suppose we have applied the procedure to construct the feasible actions corre-
spondences of all (indirect) subordinates of agent i, i.e., the tuple of feasible actions
correspondences (B;);jesi) is given. We now construct the feasible actions correspon-
dence B; in applying the {ollowing definitions. .

First we define the restricted reactions correspondence B;. In this definition we
use, for the given agent i, the set F; and for agent ¢ and his (indirect) subordinate
j € S(i) the correspondence Bj;.

We define: . .

Fii={(&, @5 93)ses) € YO | V5 € 8(1) 1 §5 < wi+ Thew; éin — Tmer, émi)-
Thus, F; is the set of tuples of net trades, prices and commodity bundles of the
(indirect) subordinates of agent i that are such that for each (indirect) subordinate
it holds that his commodity bundles does not exceed the bundle that results from his
initial endowment and his trades with his leaders and followers as described by the
tuple.

The correspondence Bij : X x (§=1)F x Y50 x Ry 3 X; x R, is introduced
for notational convencience and is such that V ((d, p), ¢, (ém; Gm» ¥ )mes(), 6;) € X %
(S"HF x ¥SU) x R, we have

WQQ&, ) Gis (€ms Gmy Ym)mesii), 6) =

B;((dg Py)geaviatimynst @ (€hs t)neqiimns(iy (diy @) N

{(2,9,,7;) € X; % RY | U(y;) < 63}
The correspondence B;; describes the set of trade-price-consumption tuples of agent j
that are feasible for him and such that their consumption bundle yields him a utility
level that does not exceed §;. The number 6; can be interpreted as the aspiration
level of agent j as assumed by agent ¢.

10

Finally, the correspondence By: X x (SR x Y@ x R, T X; x R is such

that ¥ ((d, p), gis (em» Gy Ym)mes(in 6) € X x ($"1)F x Y50 X R, :
Bij((d,2), 41, (emy Gy Ym)mesiy, 65) =
ATEMAX. (&),5,5:)€ B ((dip) i em gmovmdmessgiy ds) U3 (F5)-

The correspondence B;; has as its values the sets of trade-price-consumption tuples
for agent j that maximize his utility under the constraint that they are feasible for
him and that their consumption bundle yields a utility level not exceeding §;. We
denote & := (6;);es0:)- . '

Definition 2.8 The Restricted Reactions Correspondence B : X x (S5 x
S(i) —+ s i . : A
R{W 3 ys6) of agent 1 € A is such that ¥ ((d,p), 4;,8) € X x (§"")F x R we
have: .
Bil(4,p) 9:,8) 1= {{es,95:¥5)sesty € Fi Vi € S(3), bEN, j €S, :
1. (e5,95,9;) = Q&,ﬁ.rmu.ﬁ&v ifVme S*(j), h € SHINSH(§): prm = Thm
2. AQ.T i qu € .mwQAA&, %Y iy Aﬁ.-f Qm, w::v:_m.mﬁ..? Muv wwmwv.

The restricted reactions correspondence B; restricts the reactions agent ¢ anticipates
from his (indirect) subordinates, amongst others as a function of a vector § of assumed
aspiration levels of these agents. In order to describe these restrictions we distinguish
vanimo: the (indirect) subordinates of agent i who notice a change in actions and
those who do not notice this change.

An (indirect) subordinate j € S(3) of agent i is said to notice a change il some
agent m € S*(5) in the extended set of (indirect) subordinates of agent i gets a price
Gwm F# Pam set by some agent h € S*(i)\ S*(j), i.e., agent h is in the extended
set of (indirect) subordinates of agent ¢ but not in the extended set of (indirect)
subordinates of agent j. An ci_:.oos subordinate of agent ¢ for whom the above
does not hold is said not to notice the change.

Agent 7 anticipates actions of his (indirect) subordinates which are mutually com-
patible and such that the following holds. . .

Firstly, an agent j € S(:) who does not notice a change is m::n:z?ca by agent
it not to change the prices (Pim)mer; he sets for his followers and the net-trades
(djn)ner; with his leaders, even if such changes would be advantageous for agent j.
Agent j is anticipated by agent i to obtain as his ?o%mzz new) commodity bundle
the bundle Z;(d) resulting from the initial system d, even if Z;(d) is negative in some
components.
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An agent j € S(i) who notices a change is restricted.to choose a feasible reaction.
Furthermore, the restricted reactions correspondence restricts the set of feasible re-
actions of agent j to those actions that cannot be improved by a feasible pofo= that
yield a utility level not exceeding §;. - -

Definition 2.9 The Feasible Consumption Bundles Oc:.,mmvozmmsnm of agent
i € A is the correspondence C; : YSU) x (§--1)k 3 R, where (23;‘&3;2 s
(pridher,) € YU x (S5 we have

Cil(es g ¥5)sestiy (Pridners) = {wi € RL | Jei€ [] 77" (pwi) :
heL;

viSwit Y em— Y e}
heli JEF;

The ».mmm_Eo consumption bundles correspondence C; of agent i nmzo.bm the set of
consumption bundles attainable for agent i, given the net trades (e;i);er of his direct
followers and the prices (pai)ner; set by his direct leaders. The other arguments of
the correspondence are void and are included for later notational convenience only.

Next we introduce for given i € A with a such that ¢ € S, and for j € §(i) the
‘functions V; and §; and for agent i the function §; and the correspondences 7; and
i in order to define the anticipated reactions 8283:%:8 7i. The function V; is
used in defining the function §;;. The functions §;; are used in defining the function
w.,. which is used in defining the correspondence 7;.

‘We define the function Vj: $'' — R, such that V5 € §~! we have

Vi(p) :=max , ¢ {eRy | Py € P(X sy wm)} Uj(z).
For a given price vector 7 € '~ the number V;(F) is the utility level agent j could

achieve if he had the income 5 (Zues+ (j) wm ) at his disposal. Thus, V;(p) is the value
of the indirect utility function of agent j at prices 5 and income 7 - Lomes+(j) Wm-
The function §;; : (5'71)R x (§=1)5*) — Ry is such that V (p, (gm)mes+(y) €
(§1)R x (§1-1)5*() we have ‘
8:i(P, (qm)mes+ () 1= max 5 ¢ ridherjnsrcy Y lamdhhernsty Vi)
The value of wc. is used in the definition of 7; as a lowerbound on the aspiration level

agent ¢ assumes for agent 7.

The function & : (§'=")Rx(§1)5*() o R3W is such that ¥ (p, (gm)mes+(i)) €(S'1)R

($*15*) we have

w..@.?.:,vimmi;v = A .Q: A?_vsmmiavvum.m
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Thus &; has the vector of values of the functions b;; for the (indirect) subordinates
J € 8(3) of agent i as its value.

The correspondence 7: X x X; = YS) is such that V ((d, p), (e, @) € X x
we have

7i{(d, p), (ei, 4i)) := :atn:.Sv..m.wS € Ysti| wm € —w.wE
(&5, @5, §3)ses) €
Mw...mQ, »),4i,6)] and
V62 8: (&4, 0;)ies) € Bil(d,p), i, 6) =
Cil(&r 452 55)jestys (Pridness) = 0]}.
The values of 7; are the sets of trade-price-consumption tuples of the (indirect) subor-
dinates of agent i that are “sufficiently large” and leave him with an empty set C; of
feasible consumption bundles. The correspondence describes the sets of unfavorable
arbitrage flows agent i anticipates to be confronted with as a consequence of him
choosing actions (e;, ¢;) for a given trade-price tuple (d, p).
Finally, the correspondence ; : X x X; = Y56} is such that Y ((d,p), (ei, ) €
X x X; we have
%i((d, p), (i, 4i)) :mta:m&vgmmz e ys [ (&, dis95)iest) € B 2&.35:
8i(p, Ssvsm.w:;: and V6 2 8(p, (gm)mest ) ¢
Cil(&1 45 95)iesy (Phidnes.) # D).

The correspondence 7; is the set of trade-price-consumption tuples of the indirect

* subordinates of agent i such that for each (indirect) subordinate of agent i it holds

that his actions either are optimal in his feasible actions set, and therefore the re-
striction that the utility level of the consumption bundle does not exceed the as-
piration level agent i assumed for him is not binding, or these tuple are part of
a sufficiently large arbitrage flow. Each such tuple of restricted reactions induces
a feasible consumption bundle y; for agent 7, and for every vector of utilty levels
6> 8ilp, (gm)mes+ (i), there exists a tuple of restricted reactions (é5,¢ $. 5)jesi) such
that the set Ci(&;,d;,7;)jes(), (Phi)ners) of Teasible bundles for agent ¢ is not empty.
Thus, 7; describes those reactions agent i anticipates from his (indirect) subordinates
that either do not involve arbitrage flows, or describe sufficiently large arbitrage flows
that do not harm (and may benefit) agent i, 4

Definition 2.10 The Anticipated Reactions Correspondence of agent i € A is

*1f the arbitrage flows would harm agent i, the for some & sufficiently large, the induced set Ty(- )
would be empty.

13



the correspondence T X x X; = Y5O such that ¥ ((d, p), (ei, 4:)) € X % X; :

7i((d, ), (e, 40)) = Til (s ), (6, 4i)) U 7l (s ), (o3 3))-

The anticipated reactions correspondence 7; of agent ¢ denotes the set of actions agent
i anticipates the agents in S(i) to take as a reaction on a change in (some of ) the
prices agent ¢ sets for his followers.

The anticipated reactions ncnamnoumannam as defined above aomo:vo what agent’

1 wssn_vmnam to be the consequences of a change in his actions given a certain state
of the economy. In determining his anticipations, agent 7 assumes that any agent
who does not notice any changes as a direct or indirect consequence of the change
in actions of agent i, does not change his actions. As is noted in Section 3, this
assumption ensures that we do not assume away possible failures in coordination

- between agents, as we find in Theorem 3.5.

Definition 2.11 The Anticipated Net Trade Correspondence ¢; : X x X; 3
RF*L of agent i € A is such that ¥ ((d,p), (ei, ¢:)) € X X Xi:

ti((d, p), (ei, 01)) 1= {(esi)ier € RF*F | 3 (85,35, 95)sesti) € mil(ds )y (e 0))
such that Vj € Fy: ej = é;}.

In earlier models we have defined the anticipated net trade correspondences ¢;; of each
wmo:...s. for each of his followers j € F;, independent of his anticipations regarding his
other followers. 3 Here we can no longer do so because the reactions of one ?:o.sé_..
j1 € F; can be anticipated by agent i to be influenced by the prices he sets for another
of his followers j, € F;. It may also happen that, given a system of .p_:x.o:s.vznam‘
some (indirect) subordinate m € S(i) of agent i can choose to have his net trades al
the same prices either with agent j; € F; or with agent j» € F;. This decision of agent
m does not influence the total net trades agent ¢ anticipates from his set of (indirect)
subordinates, but it does influence the amount of trade taking place over the trade
relationships {i,7:} and {3, 72}, respectively.

57This is the case in Spanjers (1992, Chapter 5 to Chapter 9).
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Definition 2.12 The Feasible Actions Correspondence B;: X = —w_ of
agent 1 € A is such that V(d,p) € X :

- Bi(d,p) := {(eqqi,4i) € Xi x -~+ | e € H.._” T™™(pui)s
heL;

viSwi+ ) en — Y e

heLi jeF;
such that (eji)jer € ti((d,p), (ei,4:))}-

It should be noted that neither the anticipated reactions no_,«owvc:mn:no nor the
feasible actions correspondence need to be bounded. On the other hand, the feasi-
ble actions correspondences may be empty valued for some hierarchically structured
economies, as, e.g., in Spanjers (1992, Chapter 6, Example 6.3.1). What we effec-
tively need is that both the anticipated reactions correspondences and the [easible
actions correspondences do not give problems in the hierarchical structures under
consideration in this paper, with respect to deviations from equilibrium behavior, if
an equilibrium exists at all. As we shall see, no such problems arise for the hierarchical
structures in the theorems of this paper.

We assume each agent maximizes his utility over his budget set as it follows from
the information structure of the economy. This leads to the following definition of
an equilibrium in a hierarchically structured economy E. We define an equilibrium
to be a state that is feasible and that is such that no agent anticipates to possibly be
better off if he changes some of his actions.

Definition 2.13 Let E be a hierarchically structured economy. A trade-price-allocation
tuple (d°,p*,z*) € X x mﬁxu is an Equilibrium in E if for any: € A:

A&m.ﬁm,ﬂwv € mnmaw.x?..a_éamm..?..v.v Q‘.A..Sv:

It should be noted that because of the specification of the anticipations of the agents
in the economy, in equilibrium, for each agent i € A we have

z; Swi+ Y. dy—Yd

: heL; JjEF
This property that the consumption bundle z} that is anticipated by agent ¢
be feasible for him in equilibrium, is actually feasible for him in equilibrium does
not automatically hold in models in which the conjectures of the agents are made

endogenous. Typically, this property is one of the equilibrium conditions. ©

®Clearly, it implies §;¢ 4 %7 € Lieq Wi
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3 An Existence Result

In this section we, essentially, restrict ourselves to economies in which the highest
echelon in the hierarchy, Sy, contains at least two agents. In the next section we
turn to the case in which the highest echelon consists of one single agent. We ‘show
that in equilibrium agents of the highest hierarchical level, who have no leader, may
be rationed. We also prove a corollary that states under what conditions we have
equivalence with Walrasian equilibrium.

Let G := (A, R) be a undirected graph. The correspondence @,w D W 3 A with
Vy(a,b) € Vg :

@QAJAPSV = T € \—/ Tf @w _ w.m €A: T.bv m.\xﬁa_@:

assigns to each path y(a, b) from a to b the set of its vertices minus the starting point
a and the endpoint b. Let » := {i,j} € R with i € L;. The we usc p, to denote p;;
and d, to denote dj;.

" The first theorem we prove is a theorem on the existence of equilibrium, but first
we prove a lemma and two corollaries. .

The lemma and the first corollary are about particular paths in the relationship
‘structure G := (A, R) of E. They state conditions such that for each path « that
satisfies them, each edge w € 4 has, in equilibrium, the same price vector € §'1,
m.m..<€m4"wsﬂw.. . ,

‘The proof of the lemma formalizes the notion that if some edges v,w € v have
different prices, i.e., py # puw, then one of the following holds. Either some agent 7 in
an edge in the path has the opportunity to engage in arbitrage, thus being able to
improve any (finite) equilibrium consumption bundle. Or some agent ¢ in the path
can set a price vector which he anticipates to induce some agent(s) j € S() in his
set of (indirect) subordinates to engage in arbitrage which he anticipates to also be
profitable for himself.
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Lemma 3.1 Let E be a hierarchically structured economy with relationship structure
G := (A, R) for which Assumplion 2.5 holds. Let (d, p,x) be an equilibrium in B. Let
hyyhe € A and y(hy, he) € Yg such that § # @m:?:\svv andVj e emgﬁ\:,\_iv :
[ Se by and j = hy) Then Ip” € §': Yz € y(lu,ha) i p. = p°, e p has
uniform prices on (i, ka).

Proof

Suppose, for contradiction, that y(hy,hs) does not have uniform prices. Denote
Y(h1y ko) =t (Dy,...,0u). Choese fi, fo, f € A, such that y(fi, f2) = (Bg, Das1,. - ., Tf)
with fi ¢ f, f2 =¢ f, [ € Yg(v(f1, /2)) and Vg € Fg(v(fr, RN\ {F} + 9 = [-
Furthermore, let g1, g2 € A be such that 32 € {@,...,b —'1} such that 3z =: r| =
{91, f} and %zy1 =: 9 = {ga, f}. Now, for suitably choosen fi, fs, f, g1 and gy, there
exists a path v(f1, f2) as describe above such that

Pi=po = ... = Pz =Py # Pry = Pigyy =0 = Py i= P

For such a path one of the following cases holds.
(i) (muUr)nS(f) = 6. .
In this case f is price-taker on both ry and ry.

Since p,p € $'' we have 3a,b € L : [f, > p. and B, < ). Now e, €
T™"(B), es, € T™"(p) such that Iy, € RY, such that )

Yyi=wy+ (ery = dr )+ (er, —dp,) - MU di + M &t.. >z 20,
. JjeF; heL;
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with yg, > 27, and ygp > . 7

Since B, > pa > 0 we have that 3g; € Ry ¢ P iy =P vy with U (diy) > Usley).
Therefore agent f can improve his consumption bundle by choosing some (e, py, §iy) €
By(d, p), which contradicts (d,p,z) being an equilibrium. Therefore § = p. , _
(i) (U r) N S(f) # B and (1 Ura) N(A\SH(S)) #0. : .
Thus, [ is price-taker on, say, ry and price-setter on r3. .
Denote i.\.:\uv =1 (Vgye..,vn). Without loss of mm:mB:Q we may assume v = 1y -
and vy = r5. Denote I := {vy,...,va} and [1:= Vo(y(f1, f2))-

Because om the choice of f1, f2, f,g1 and gz as described above, the E% ¥/, bv =
(va,...,va) has uniform prices, i.e, Vz € '\ {ni}: p.=p

Without restricting the scope of the proof, we may assume that 3a,b € h <N €
Iyee L\ {a,b}: B, = Pz

Now 3p € (S")): Yz €T, ce L\ {a,b} we have frc = Pz and

Py = Puja > ...Vme:n ﬂma

»

Dy = Pup < ove < Pugb = Db

Consider the set

={ee(R)?|VzeT: e, €T™"(5,) and Vz € R\T: e, =d.}.

In a way similar as in case (i), we can choose & € ¥ sufficiently large such that

é

Viell: gi: E»+M>m$m§lMugm3.&VV§Nc
Since we have neo-classical preferences by Assumption 2.5, we have Yk € II :
Uk(§x) > Us(zx). So, agent f anticipates that changing the vector of prices P to .
#r, may result in a consumption bundle gy for him with Uy(jiy) > Uy(xy). This con-
tradicts (d, p,z) being an onc___v::—:. Therefore § = p. . i
(i) (ry Ur2) N (A\ S¥(f)) =
Thus, f is price-setier on vo? ry and ra.
Denote v(f1,f) =t (Va,...,v) with v =1y and ([, f2) =t (wi,...,m) with ,,
wy = 79. Denote I := (fi, f2YU(f1) f2) and T = @oﬁ\x:_.\vcixrbb. : i
Without restricting the scope of the proof we may assume that 3a,be L: Vzel: ﬁ
Vee L\ {a,b}: P = Prc- |

TNote that this does not suffice to have Up(yy) > Uy(x;) since preferences are neo-classical and
‘we may have yy, 2y € —d+ /-w~++
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Let PunaP, < ‘mn = Pumb and PuabPy > Po = VES?
O:oo@ PE(S™" such that Vzel, ce L\ {a,b} : p.c :=P, = p. and

i

Pa = Puna < Puacga < oo € Pua < Pura < Puga < -0 < Pupns = Pa

Py = Puyb > N‘cealo > > Wc_v > m::m > meua > > m.e:.w = u.»,v.

Consider the set
={ee(R)|Vzel: e, € T""(j,) and Yz e R\T: e, =d.}.

z . . : -~ .
nﬂws., as in case (i), we can choose & € I sufficiently large such that Vk € IT: 3y, €

Y= we et D B~ 3 &k > ok 20,
heLy JEF: )

with yr, > Tk, and yus > z4.

. For each k € 1T\ {f} define z* to be the edge v, or w, containing & such that ¢
_m; maximal. For f take, without loss of generality, z/ := v;. For each k € I we have
[Beka > Pa 20 or Pouy> P2 0),50 V€Tl : pou-yp > px-2x > 0. For each k € Il
consider the consumption bundle §; € —ww such that

—

e ke "
if 2° € {v1,...,vn}, then Jra = Yka — 3(Uka — Zka), Jis = Yas > Ta and Ve €
L\{a,b} : e = yre + exe where exe > 0 and fie - €xe < Pova + 5 (Vka — Tha)-

i b , .
2.9 28 € {wr,...,wn}, then i = Y — Ly — 2ks), Tha = Yha > ke and
Ve€ L\{a,b} @ fire = yrc+ere Where exe > 0 and ;- e < Pory - L (Yrs — T

Clearly, Vk € IT: Py - ik < for - vs, and therefore § is affordable given z; and
neb trades €. Since we also have g 3> z; and since we have neo-classical E.c?_,c.:”mm
by Assumption 2.5, we-have Ui(ir) > Ur(zy). Furthermore, for a suitable choice of
(vx)ren and &, we have for each & &€ I that 9k results from sufficiently large net
trades.

Finally, note that the price 5, of commodily a declines over the path i\:b
(..., 01) and the price p, of any commodity ¢ € L \'{a, b} is constant over this
vm,:. Thus, we find that transferring net trades (§x — yx) from some agent k € I with
28 € y(f1, f) to agent f, over this path increases the “income” of all agents involved.
The analogon holds for commodity b with respect to the path y(/f, f2) = (wy,...,wn).
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So agent [ anticipates that changing py, o fiy, and py, to pu, may result in the
consumption bundle §i; for him with Us(§,) > Uy(z;). ® This contradicts (d,p, )

being an equilibrium. Therefore p = p.
Q.ED.

The following statement is a direct consequence of Lemma 3.1. It describes rela-
tionship structures and echelon partitions for hierarchical structured economies E for
which in equilibrium the same price 5 € S™! is set on every trade relationship w in
a path between two (possibly identical) agents of the highest hierarchical level, if an

equilibrium in E exists.

Corollary 3.2 [Uniform Prices 1]

Let B be a hierarchically structured economy with relationship structure G := (A, R)
and echelon partition £ for which Assumption 2.5 holds. Let (d,p,z) be an equilibrium
in B. Suppose 31,5 € Sy 3v(1,7) € Yg. Then p has :E.?g prices on NQL.V.

The corollary follows from applying Lemma 3.1 to the path y(¢,7).

The next corollary gives conditions under which, if an equilibrium in the hierar-
chically structured economy exists, this equilibrium has uniform prices in the the

whole of the economy.

Corollary 3.3 [Uniform Prices 11]

Let E be a hierarchically structured economy with relationship structure G := (A, R)
for which Assumption 2.5 holds. Let (d,p,z) be an equilibrium in E. Suppose Vi €
A, jeFi: Jhe A hiei, h#4, such that (i, k) € Vg with Bg(v(i, b)) C S()
and {i,j} € y(i, k). Then p has uniform prices.

The corollary is a direct consequence of Lemma 3.1.

Now we give a theorem on the existence of equilibrium in hierarchically structured

economy that has the information structure we asswmne in this paper. Essentially, it

8Note that agent f changes the price vector for two of his followers, inducing both of them to
engage in arbitrage. By construction of the anticipated reaction correspondences, he anticipates the
net trades with both of these followers to be such that they “cancel out”, thus leaving agent f with
an improved consumption bundle. Surely, agent [ is heroic in anticipating the net trades with both
followers to be compatible in this sense.
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states that if there are sufficiently many potential possibilities for arbitrage in the
economy, then an equilibrium exists.

We prove the existence of an equilibrium for a certain class of hierarchically struc-
tured economies by identifying one of the (possibly many) equilibria. In particular,
in the economies under consideration a tuple (d*,p*,z*) € X x (R,)# consistent with
some agent k € S of the highest hierarchical level in the hierarchy behaving as a
non producing Bo:.ovo:wa (i.e., price setter) who cannot differentiate prices for the
market constisting of the agents in A\ {k} is an equilibrium tuple.

Theorem 3.4 [Existence Theorem I

Let B be a hierarchically structured economy with relationship structure G = (A, R)
for SN:.& Assumption 2.5 holds. -Suppose Vi€ A, j € F;: 3h € A, h ety h#
i, such that 34(i,k) € Vg with g(y(i,h)) C S5(i) and {1,7} € (i, k). Then an
equilibrium in E exists. Furthermore, every equilibrium in E is a uniform price
equilibrium. .

Proof

The second part of the statement is a direet consequence: of Corollary 3.3.
We proceed by proving the first part of the theorem. Let k € S;. We prove that p, a
monopoly price for agent & for the market A\ {k}, is a uniform equilibrium price in
E. We start by proving that such a monopoly price 5 € §'~! exists.
(i) A monopoly price p for agent k € Sy exists.
Since each agent i € A has neoclassical preferences and Yiears, wi 2 0 by Assump-
_w.moz 2.5, we can without loss of generality restrict ourselves to the set int S*=1 of
prices agent k can choose from. ¢

Let ¢\ : int §* 3 R! be such that Vp € int S™! we have

MG = Y ap) - X w
i€A\{k} €A\ (k)

where z; : §™' — RY is the (price taking) individual demand function of agent
i € A\ {k}. Indeed, ("\*} is the excess demand function of the (Walrasian) pure

S : : ;

\ See also .»:?.w:.._m. Brown and Burkinshaw (1989, Th. 1.6.5). Let p € 85'=! with ¢ € L such
W‘_w.. pe > 0. Since Mu_.m\:.m. wi > 0, we have that 31 € A\ S such that w. > 0. Therefore p-w; > 0.
ince .:5 ._:.__:Q function U; is continuous and represents a neoclassical preference we find that the
optimization H,:..o_q_a_s of agent i does not have a solution for the price vector p, and therefore p can
not be an equilibrium price, o
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exchange economy EW := {U;, wi}ieay(x)-
Since the individual demand functions are continuous under Assumption 2.5 (see,
e.g., Aliprantis, Brown and Brukinshaw (1989, Th. 1.3.8)), we have that ¢4\*} is a
continuous function and, furthermore, (A\*} is bounded from below by — Mu...mxis w;.
Therefore, the set P¥ := ((AMK})=1([— Tic o\ (i) wiy wi]), the (4K — inverse of the
box
[~ Ticavix) wir wi] is a closed set.
Since P* C int S'-!, we have that P¥ is a compact set. }
Since Ip € P¥: ¢(A\Mk)(p) = 0 (see, e.g., Aliprantis, Brown and Burkinshaw (1989,
Th. 1.4.8)) we have that P* s .

Thus, by the construction of P*, the set of optimal (monopoly) prices for agent
k when facing the market consisting of the agents A\ {k} is

argmax,epx Uk(wi — (VM9 (p)).

Since both (*M¥} and U, are continuous functions and since P* is a non empty com-
pact set, the set of optimal (monopoly) prices for agent k is non empty.

i1) The price § induces an equilibrium. . )
Let d* be a system of net trade vectors in E such that the allocation z* under a
monopoly of k and monopoly price j results, and that the value of trade over each
of the trade relationships equals zero given the prices p. That is, z* is such that
Vie A\ {k}: =i = z(p), and 2} := Ticawi — Tieayr) 2i(P), d° is such that
Vree R: di € T"(p) and Vi € A1 2} = wi + Tper, Gy — Tjer iy and
p" = ((P)ren). From step (i) it follows that (d*, p", ") is feasible.

It remains to show it is optimal from the point of view of each individual agent.
Assume, for contradiction, 3hy € A\ {k} : 3(en,,qn.yn) € B, (d",p*) with
Un,(yn,) > U, (z},). This implies that gx, # p;,. Let i € Fy, be such that gu,; # p.
Because of the structure of ¢ we have 3k, ,m A, by # by, by ¢ h, such that
3y(hy, ha) € Wg, with {hy,i} € y(h1, hs) and Wg(y(hy, he)) C S(hy).

Let q(h, k3) := (vi,...,vs) be such a path. By the definition of a path it fol-
lows that vy = {h,i}. Let y(h,1} := (n,...,v2). Denote I' := {vy,...,v,} and
11 2= bg(y(hs, ba)). |
Since qn,i # P, we assume without restricting the scope of the proof, as we did in
the proof of Lemma 3.1, that 3a,b € L such that Ip € (§'-1)"h2) with Vr ¢
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Y(hayi), c€ L \{a, 0} : pre = Pre = Pe, and

I

Pa = Puna >+« > Puza > Qhyia

Do = Punb < v v < Prgh < Ghyibe

Define p € (S*!)® such that Vr € R:

js if re R\T
pr 1= Pr if 7 € y(hy, 1)
qr il v = {hy,1}

Consider the set
Ci={eec (R |Vzel: e, T™"(5,) and Vze R\T: ¢, =d.).
As in the proof of Lemma 3.1 we can choose some é € L such that Vg e Il :

g 1= wy + MU €gh — M&VV.&NP
KkeL, JEF,

and yu, = wy, + MU.m?: Enh— Mwma.. m.?.. Since we have neoclassical preferences, we
have Vg € I that Uy(§,) > Uy(z;). Therelore, we have ¥pen B+ §fy > Lyen P 2. Since
Puy * €y, =0, and py, - &,, = 0, it holds for the resulting consumption bundle y,, for
agent h; that

Poynt B by =Pah, + P

g€n g€n

and thercfore that p-ys, < p-z},. Thus we have, by definition of z*, that Uy, (yn,) <

Un, (},), which yields a contradiction.
Q.E.D.

For the equilibria of which we proved the existence in the Theorem 3.4 we can derive
some properties as in the following two corollaries.

The first corollary shows that even in equilibrium some agents may be “disap-
pointed” by the outcome. Suppose that #3, > 2. It may well be the case that some
agent k € Sy finds that his equilibrium consumption bundle z} does not correspond
to a best element in the set {z € —ﬁ. | p* - @ < p" - wyi}, his. “price taking” budget
set, at uniform equilibrium prices p*. This may happen since the agents in S; have

no way to coordinate their trades with the rest of the economy. Still, no such agent
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anticipates to improve by changing the prices he sets for his followers since in that
case he anticipates an arbitrage flow sufficiently large to make sure he cannot deliver.
Furthermore, as follows from the definition of the anticipated reactions correspon-
dences, if he does not change some of the prices he sets he anticipates that the trades
he is confronted with do not change. This (possibly two sided) rationing occurs only

for agents i such that i € §y. 1°

Corollary 3.5 [Rationing in Equilibrium]

Let E be a hierarchically structured economy with relationship structure G := A\r‘ R),
for which Assumption 2.5 holds. Suppose ¥Vr € R: 34,5 € Sy, i # j, such that
34(i,7) € Yo : 7 € y(i,j). Let (d,p,z) € X x R}X with p == (P)ren for some
7 € 8", such that

1. VreR: d. € T™"(p).
2VieAd: z; =Wy + Lheli dip — mmmﬁ dj;

8. Vie A\ S, it holds that:

Ti € AaTgMAXy, ¢ (ye R, |Fy<pwi) Uilyi)-
Then (d,p,x) is an equilibrium in E.

The corollary follows from the line of proof of Theorem 3.4, part (ii).

In some case, an equilibrium tuple of prices and consumption bundles may be sup-
ported by a continuum of tuples of net trade vectors. Furthermore, the above corollary
indicates that, there may be a continuum of equilibrium prices is the economy E. In
some economies the set of equilibria in a hierarchically structured economy is more

restricted. This is stressed by the following property which is on equivalence with

Walrasian equilibrium.

Corollary 3.6 [Walrasian Equivalence I]
Let B be as in Theorem 8.4, such that Yk € 81 1 wy = 0. Then § is a (uniform)
equilibrium price in E if and only.if it is « Walrasian equilibrium price for the pure

exchange economy EW = {Us,wilans,

191 settings more general then those described in Theorem 3.4, this kind of rationing may occur
for any agent i € A with L; =
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Proof
The “if"-part of proof of this corollary follows directly by applying Corollary 3.5.
The “only if”~part of the proof is as follows. A )
Suppose 7 is an equilibrium price. Instead of having some agent k € $, optimizing
over the set P*, we consider the set of agents S facing the excess demand functior
¢4V it S*1 — R with Vp € int S™-13 (A (P) = Tiears, zi(p) — Tiens, w;.
Since p € int §' is an equilibrium price, we have that ¢4\S: () £ Thes, wi, and
by assumption we have Tpes, wi = 0. Therefore CAP) = Tiea vilP) — iAW =
¢"\%1 () <0, and by Walras’ law it follows that ¢A(p) = 0. Thus, F is a Walrasian
equilibrium price. V

: Q.ED.

4 Results on Monopolistic Outcomes

In this section we state two main theorems. The first theorem states that for certain
relationship structures in which one agent is the only agent of the highest hierarchical
level in the economy, i.e., #5; = 1, this agent sets prices as il he where a price differ-
entiating (i.e., third degree price discriminating) monopolist facing some separated
submarkets. The second theorem gives conditions on the relationship structure of
the economy such that, no matter which complete echelon partition is chosen, the
resulting hierarchical structure is such that an equilibrium in the corresponding hi-
erarchically structured economy exists. In this second theorem we allow for echelon
cw_,s:o:m.m: which #5), > 1, as in the previous section.

On..nm again, we start by introducing some additional terminology on graphs,

Let G = (A, R) be a simple undirected connected graph. Let A, C A. The
Restriction of the graph G to A, is the graph G | A, i= (A, R.), where £, = {re
R|lrCA}.Aset §5C Aisa Separating Set of G il the graph G | (A\ &) is
disconnected. The Connectivity x(G) of G is the size of the smallest separating set
in G, if such a set exists. Furthermore, if for the graph G no separating set exists, then
we define its connectivity x(G) := #4. " The graph G is k-connected if w(G) 2k 1M
the graph G is 2-connected, then Va,b€ 4, a #b, Iy(a,a) € ¥(G): b€ y(a,a),ic.,
for any two distinct points a and b there exist there exists a circuit in G containing

1 . " . :
Note that a complete graph has no separating set of vertices, since (@, {#}) is not a graph, and
therefore certainly not a disconnected graph.
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them. Thus, there exists two paths from @ to b in G that are disjoint except for their
begin and end points.
The next lemma states that in equilibrium each circuit that contains some agent

of the highest hierarchical level has uniform prices.

Lemma 4.1 Let E be a hierarchically structured economy with relationship structure
G := (A, R) for which Assumption 2.5 holds. Let (d",p*,z") be an equilibrium in E.
Let k € Sy and v(k, k) € Vg Then 3p € S : Vz e y(kk): p}=p.

This lemma follows directly from Corollary 3.2 and the definition of a circuit.

The following theorem describes hierarchical structures that have those and only
those equilibria that are equilibria for the sole top agent in the economy behaving as
a price differentiating, i.e., third degree price discriminating, non producing monopo-
list for the suitable set of submarkets. The submarkets consist of the maximal groups
of agents for which the hierarchical structure has sufficient potential possibilities for
arbitrage to ensure uniform prices. Formulated like this, the result is very intuitive

indeed.

Theorem 4.2 [Price Differentiation]

Let E be a hierarchically structured economy for which Assumption 2.5 holds and that
has G = (A, R) as its relationship structure. Let {Ga := (Aa, Ra)}aer be a family of
restrictions of G, i.e., Va € T: Gq:= G| A, such that :

L Va,beT, adb: A0 Ay={k}=5.
2. UgerAa. = A.
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8. UserR, = R.

{ Ya m T, Vi€ \r,/ {k} : Yje Fi3h e Ay h =¢ i, h # i, such that
A4, h) € Vg with Wg(y(i, b)) C S(i) and {1,7} € 7(i, h). 1?

Suppose that for each a € T we have Zieaa{kywi > 0. The tuple p* € (SR is a
tuple of equilibrium price vectors if and only if it consists of prices which are uniform
*within every Gy, a € T, and these prices are a tuple of differentiated (i.e., third degree
price discriminated) monopoly prices of agent k for the set of markels (Aq \ {k})ae

The line of proof for this theorem is similar to that of Theorem 3 4.

To define the choice set P* ¢ (int S=1T of a price differentiating non producing
monopolist k& € Sy with respect tot the tuple of markets ({U;,wi}ieq, \ {k})aer
we consider for each a € T the function (A4ME) : int S 5 R with for each

Pa € int 51,

,A.\?:ZAE:V““ M &Aﬁavl M Wy

i€Aa\{k)} i€Aa\{k}

‘Now define (AME} ¢ (int $1)T - R! such that for each (Pa)aer € (int ST we

have (M8} ((p,)oer) = Taer (*\#(p,). Since a Walrasian equilibrium exists for
the pure exchange economy EAk} ;= {Usywilieayiy we have that P* is non emply.
Furthermore, P* is compact and therefore the oplimization problem of agent k has
a solution. For each @ € T we have uniform prices in the graph G, by a argument
similar to that in step (i) of the proof of Theorem 3.4. 1%

So, as in the case of Theorem 3.4, we find that an equilibrium in E exists, and
furthermore, that for each a € T' this equilibrium has uniform prices on G,. v

As a direct consequence of this theorem we find the following corollaries on manopoly

equiv. ia) i
quivalence and on Walrasian equivalence. The corollary on monopoly equivalence

12 ¢ ; ™ : ;
mSo_onS :_.M.”...E this condition all information contained in § is used. However, the following
n. ger con __ fon os_z.__m»m.:.ap Sy = {k}, thus making the result of the theorem more robust to
hanges n and S_Mm_an_:nm:o: of the echelon partition €. This alternative condition is
4 ‘;<a €T : G, is 2-connecled Difhlping,
e ”m%w%%:“_m_mm.hﬁp o.._on.moﬁi_.moz_o.. the optimization problem of agent k is an equilibrium,
med aspiration levels as introduced by the functions 8;; pl i i
; , ev 1 i; play a crucial role in
M:ﬂﬂm_mm po.__.i. wm.”.,p k does not ws:n:z_on to possibly improve by deviating form the solution of the
:ﬂo: i p:.o: pro blem of the (price a_ns..mzsw::mv monopolist. In Theorein 3.4 this was established
gh the existence of another agent in the set S; who sets prices which agent k takes as given,
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states that if the hierarchical structure ensures uniform prices throughout the econ-
omy, then the top agent, k € '8y, cannot engage in price differentiation and will

optimally set a monopoly price for the market.

Corollary 4.3 [Monopoly Equivalence]
Let E be a hierarchically structured economy with relationship structure G := (A, R)
for which Assumption 2.5 holds. Let G be as in Theorem 4.2 with #T = 1 and
Sy = {k}. Then p is a (uniforin) equilibrium price in E if and only if it is a monopoly
price for agent k for the market A\ {k}.

This corollary is a direct consequence of Theorem 4.2 since Yieay(x)wi > 0 by As-
sumption 2.5.

The following corollary is the direct analogue of Corollary 3.6. It states that if the
only agent in the economy with real price setting power, i.e., agent k € Sy, can not
differentiate the prices he sets and has zero initial endowents, and therefore is not
able to exploit his price setting power, then we have Walrasian equivalence. Thus,
we do not need the “small agent assumption” to justify the price taking behavior of
the agents in a Walrasian market.

Corollary 4.4 [Walrasian Equivalence II]

Let B be a hierarchically structured economy with relationship structure G := (A, R)
for which Assumplion 2.5 holds. Let G be as in Theorem 4.2. Suppose that for
ke S : w=0.Then p* is a uniform equilibrium price in E if and only if it is
n,v«\a?n&a: equilibrium price for the economy BV := {Ui,wi}icars,. Furthermore,
the equilibrium allocation corresponding to p* is the Walrasian equilibrium allocation

corresponding lo p*.

This corollary follows by applying the line of proof of Corollary 3.6 and using Corol-
lary 4.3, . :

Corollary 4.4 illustrates that in exchange economies with utility functions represent-
ing neoclassical preferences, the Walrasian auctioneer can be interpreted as a non
producing monopolist who cannot differentiate prices, and who has zero initial en-
dowment. Since the set of prices P* agent k can choose from contains Walrasian

equilibriumn prices only, his preference relation is irrelevant for the result.
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Finally, we state the second main theorem of this section. It states that for any
complete echelon partition of a relationship structure that is a 2-connected graph, an
equilibrium in the induced hierarchically structured economy exists.

Theorem 4.5 [Existence Theorem ]

Let E be a hierarchically structured economy with relationship structure G 1= (A, R)
for which the utility functions are as in Assumption 2.5 and 3 {inia} € R Jwi, >
0 and wi > 0]. Let G be a 2-connected graph pe-fd-=-2% Then an equilibrium in
E ezists. Furthermore, every equilibrium in E is a uniform price equilibrium.

Proof

By the definition of a complete echelon partition, Definition 2.2, i, and #y can nol.

be both of the highest hierarchical level, so for any complete echelon partition the

oo.:&:o: Yieavs, wi > 0 of Assumption 2.5 holds. Since, by definition, S, # 0, the

theorem follows from applying Corollary 4.3 if #S5; = 1 and Theoremn 4.2 otherwise.
’ Q.£.D,

5 Concluding Remarks

In this paper a model of a pure exchange economy with price seliing agents and
arbitrage is introduced. To achieve this, a hierarchical structure on the set of agents
is used. The hierarchical structure describes between which pairs of agents trade
relationships exist, and gives a partition of the set of agents in hierarchical levels. A
trade relationship between two agents of different hierarchical levels is assumed to
have the institutional characteristic of mono price setting, i.e., the agent of the higher

hierarchical level behaves as a price setter, whereas the other agent behaves as a price
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taker with respect to this relationship. It is assumed that no trade relationships exist
between agents of the same hierarchical level.

In this setting we have looked for equilibria which follow from the agents having
anticipations found a recursive procedure, working from the bottom up, starting with

" the agents of the lowest hierarchical level,

For economies that have “sufficient” potential possibilities for arbitrage, we have
proven theorems on the existence of equilibrium and we have found that in equilib-
rium, the agents of the highest hierarchical level may find themselves in a situation
of two sided rationing. For specific hierarchical structures and assumptions on the
initial endowments of particular agents, we have proven that monopolistic markets
with and without price differentiation and the Walrasian market arise as special cases
of our model. We find that, if sufficient potential possibilities for arbitrage exist, it
suffices that the agents with real price setting power have zero initial endowments,
in order to observe price taking behavior of all agents in the economy.

The model of this paper opens a range of interesting topics for further research.

First, one may want to incorporate production in the model of this paper. Inter-
estingly, the possibility of having one price setting (and utility maximizing) firm and
a number of price taking firms, opens the opportunity to model oligopolistic markets
in a natural way in the context of our model. In the present version of the model
this type of oligopoly does not emerge since we restricted attention to pure exchange
economies.

Second, one may want to use different institutional characteristics of the trade
relationships. In particular, institutional characteristics with price signals that allow
only some of the commodities in the economy to be traded over certain relationships,
and characteristics that do not use price signals seem to be interesting. They might
turn out useful in modelling non-market institutions.

Finally, one may hope to, eventually, be able to model changes in the hierarchical
structure, i.e., in the structure of trade relations and the partition of the set of agents

-in hierarchical levels, endogenously. Agents might negotiate over optimal hierarchical

structures, taking into account the costs of maintaining S_mso:m_:vm and allowing

for side payments through the transfer of commodities.
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