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Abstract

We consider the class of all abstract economies with convex and compact strategy sets, .

continuous and -quasi~concave payoff functions, and continuous and convex-valued
feasibility correspondences. We prove that the Nash correspondence is the unique solu-
tion on the foregoing class of abstract economies that satisfies non-emptiness, rationa-
lity in one-person economies, and consistency. A
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§1 Introduction

¥
Abstract economies were introduced by Debreu (1952) in order to help in the. proof of
existence of Walras equilibrium for competitive ancuoimmu (Arrow and Debreu (1954)).
They have since been used extensively in general equilibrium theory (see, e.g., Shafer
and Sonnenschein (1975), Ichiishi (1983), and Border (1985)). Abstract economies are,
essentially, strategic games in which the feasible set of strategies of a player may
depend on the strategies chosen by the other players. Thus, an abstract economy is a
strategic game combined with a finite sequence of feasibility correspondences, one for
each player. The main solution concept for abstract economies is the social mn__:,mcaca
(see Debreu (1952)), which is a generalization of the Nash equilibrium. We provide an
axiomatization of the Nash correspondence of abstract economies.

We now briefly describe our result. Consider the class of all abstract economies with the
following properties: (i) The strategy sets are convex and compact. (ii) The payoff func-
tions are continuous and quasi—concave. (iii) The a»ai:@ correspondences are con-
tinuous and have non-empty convex values. Then, the Nash correspondence is the
unique solution on the foregoing class of abstract economies that satisfies non-empti-

ness, rationality in one—person games, and consistency.

The Nash correspondence has been axiomatized recently for various classes of games
(see Peleg and Tijs (1993), Peleg et al, 33&. and Norde et al. (1993)). In particular,
Norde et al. (1993) contains a complete characterization for the class of mixed exten-
sions of finite games and for the class of mwamm with continuous concave payoff func--
tions. This paper is devoted to the characterization- of the Nash oonammo_amnnm of
am:mnp:u&,mwsa and quasi-concave payoff finctions. Although we use some results of
Peleg et al. (1994) and Norde et al. (1993), our result does not directly follow from the
foregoing papers. The main difficulty is that the class of quasi—concave functions, unlike
the class of concave functions, is not closed under addition (i.e., the sum of two quasi-

concave functions may not be quasi-concave).



§2 The Model

Let {1 be. an infinite set (the set of ..eoa,._:w_ players"). An abstract economy is a list
E= <N, (Ai)gy (i) (Fi);qy > where N = N(E) CQ2is a finite non-empty set (the

set of players); Ay is the (non-empty) set of strategies of player i € N; us : A(E) — Eyis

the payoff function for i € N (here A(E) = mw: v?.psn E, is the real line); and Fy,
o ieN(E
i€N, is a correspondence from A 4 = m Aj to Aj. Fy is the feasibility correspondence of
. i
i € N. Thus, if x € A(E) then Fy(x.;) C A; is the set of feasible strategies of i (when the
rest of the players choose x.j = ?b.mmz/ t%. % € A(E) is a Nash equilibrium (NE), or a

social equilibrium (SE), if: (i) &; € m..?.& forallieN, E:: i) uy(%) > ui(xj,k.;) for all

xi € Fi(k.;) andi € N,

Abstract economies were first studied in Debreu (1952) in connection with the Arrow-

Debreu existence theorem of Walras aaa.:ez._:.. They also later continued to play an

important réle in general equilibrium theory (see, e.g. Shafer and Sonnenschein (1975)

and Border (1985, Chapters 19 and 20)).

We shall consider the class ¢4 of abstract economies that have :5 following properties.
E=<N, anmz_ ()i (Fidigy > m.rm.

(2.1) Ajisa E.:.AEES compact, and convex subset of some (finite-
' dimensional) Euclidean space E; for every i € N.

(2.2) : uj is continuous on the graph of Fy, gr Fy, for every i € N. Accm
recall that gr Fi = {xeA(E)|xieFi(x.1)}:)

(2.3) For every i € N and x.; € A, ui(-,a-) is a quasi—concave function
on F?.a

-(2.4) . For every i € N, 5 is continuous (i.e., co:. upper hemi-continuous’
and lower hemi~continuous) on A ..

(2.5) For every i ie N and X4 € A, Fi(x.) is non-empty, - closed, and
convex.

A solution on ¢ is a function ¥ that assigns to each E € {4 a subset AE) of A(E). For

example, the function SE which assigns to each E € {q its set of social naaccmw SE(E),

is a solution. A solution ¥ on { satisfies non-emptiness (NEM), if AE) ¢ 0 for every

E€{q (We remark that, by Theorem 4.3.1 in Ichiishi (1983), SE(-) satisfies NEM. yo
satisfies ome-person nusouv_:u (OPR), if for every one-person abstract _economy.
E = < {i}, Ay, uy, Fi>in {q,

WE) C{xi €Fy | ui(xi) > ui(ys) for all yy€Fy}.
(Fy is constant for one-person abstract economies.) Obviously SE(:) satisfies OPR.,

Let E €¢q, x € A(E), and S CN(E), S # 8. The reduced -abstract economy of E with
. respect to S and x, E5* is given by

B = <8, (Ai)g (uig: (FDies >

.sranm.&?mv u. E?m.xz/mv and mﬁw.m/gv M.F?mﬁa.nz/wv for m<mn.w. wm € Ag

=x Ajandices§. Amaa the notation x,, = F.v.mme is used whenever x ¢ A(E) and
j€s

T ¢ N.) Under the foregoing BEEESE_ wm * € {q, ::: is, £q is closed in the sense of

Peleg and .H._._n (1993). A solution ¥ on {q is consistent (CONS) if for every E € ¢,
SCN(E), S¢#0andx ¢ ﬁmv.,nw € ﬁmm.J. The interpretation of the consistency property

for abstract economies is actually the same a8 the interpretation for strategic games
(see Peleg and Tijs (1993)). Indeed, ¥ isconsistent if for every E € ¢, the following
condition is satisfied: If x is an "equilibrium", that is, x € AE), S ¢ N(E), § #6, and all
the members of N\S announce their strategies x4, i € N\S, and leave the economy E,
then the members of S do not have to revise their strategies x;, j € S. As the reader may
easily verify SE(-) satisfies CONS on {q. © _

§3 A Characterization of the Nash Correspondence.on m._

Theorem 3.1: If a solution ¥ on ¢, satisfies NEM, OPR, and CONS, then
AE) = SE(E) for every E € {4.

The following simple result is needed for the proof of Theorem 3.1,

Lemma 3.2: LetEe §qand x € zmv It Xi € mmﬁm* w.J for every i e zﬁmv. then
XE€ mmAmV



Proof: . .
Let i € N(E). Because x; € mmﬁwz.& it follows that , _ £
31y - xi € F§ and &?a 2 ui(yi) for all y; € F%. :
By the definition of reduced mpsmu. (3. : is equivalent to
xj € Fy(x.1) and E?v ui(yi,x-1). .E:a. x € SE(E). . q.ed.

Now we shall prove that SE(-) is the maximium solution on ¢q which satisfies OPR and
CONS.

Lemma 3.3: * If a solution ¥ on ? satisfies OPR and CONS, then E) ¢ SE(E)
. forevery E € ¢q.

Proof:

Let E € {q and x € AE). If _ZE: 1 then ﬁmv ¢ SE(E) by OPR. (ifSisa finite set,
then |S] is the cardinality of S.) Assume now |N(E)| > 2. By CONS, x; ¢ ..AQE.J for
all i € N(E). Hence, by the first part of the proof, x; € mEm* W.J for all i € N(E).
Therefore, by Lemma 3.2, x € SE(E). q.e.d.
In order to prove the converse inclusion we shall show that SE(-) has the ancestors
property (AP) on ¢, (see Peleg et al. (1994) and Proposition 3 of Norde et al. (1993)).

Lemma 3.4 (AP): If E € {q and & € SE(E), then there exists H ¢ £q such that the
following conditions hold:

(3.2) . N(H) 2 N(E); .
(3.3) " H has exactly one social equilibrium y;
Aw.mv mzav_v. =

We posipone the proof of Lemma 3.4 and shall now prove Theorem 3.1,

Proof of Theorem 3.1: ; .
Let E € £q and % € SE(E). By Lemma 3.4 there exists H € {q such that (3.2)-(3.5) are
satisfied. By NEM of ¥ and rmSBw 3.3, .AE {y}. By CONS of ¥, (3.4), and (3:5) we

obtain
2= Yy € qEVEY) = gE).
Thus, AE) 3 SE(E). Because of Lemma 3.3, YE) = SE(E). - . . . ged.

Proof of Lemma 3.4:

Let E = < N(E), ;;_mzawv, ?a_mzﬁmv_ Q.d_mz?uv > be a Eﬁ:aan of {q and
% € SE(E). We define H=< N(H), (A% v_mzamu. ?s.mzav. Aw:_mzﬁs > in the
following way.

(3.6) - N(H) = NUN*where NNN* = §, _z_ |N*|,and N = ZAE

The existence of N(H) ¢ {is guaranteed by the »,92 that Qs infinite.

Wedenote by t a bijection of N onto N* and we choose.
(3. .c >*...>:cl>,mona:mz

In order to define u} and F% , i € N(H), we need the following concepts and notations. A

continuous function g : Ey — Ay, i € N(H) (see (2.1)), is a retraction if ri(x4) = xy for
all x; € Ay. Because A is a convex and compact subset of Ey :63 exists a retraction 7y
of Ejon A;. Thus we may define:

Awmv HNA%Z/m&_xZoV = m.l*:a.._cn...*.w._l%&vvv.WZ/ﬁwv
for every i € N and x € A(H); and .
(.9) Flolw) = A

for every i € N and every x ,, € A* where A* x Aj x

A0 € 20 w0 T Nt it
may verify, FY satisfies (2.4) and (2.5) for all i € N(H).

As the reader

In order to define u}, i € z@y we first introduce auxiliary functions
(3.10) . vi(x) = Eaxidax._..*.whfx&bv.wz/ﬁwv for all x € A(H) PE_ ﬂ € N.
vi(+,x5) is quasi—concave on F¥(x.j) = 523?.13.1”33 v\ A&v for m<m&. X4 € A%,

and continuous on gr F{. S_:m (3.10) we ?HEQ define By : « Aj = ~...2 Ap — E; by
, j#H EN*

,F?zﬁa.xz‘v = fi(x-1) = max ?_maxr x-1)|x1 € F{(x.4)} for m.m N.

By the Maximum Theorem (see Section 2.3 of Ichiishi (1983)), Bi(+) is continuous.
Furthermore

(3.11) Eﬁ?b..mzi_v.?rvrmz.v max ?Af.xz:_% | xj€ F?zﬁ v:
(Here € 25 is defined by %y,) = %; for i € N.) Now:we introduce our second ?::G
of auxiliary functions. For every i € N let i. va - E{ be given by

(312) - wi(x) = wi(x, x4) = fi(x.) - | xu =X [ [l xi =% ||

Ems II-}| denotes the Euclidean norm on E;. )
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It is obvious that w1 satisfies (2.2) and (2.3). Hence

uf(x) = min {v(x)wi(x)}

is an admissible payoff function for i € N(E). Finally, we define

(3.13) () =~ xi =Xy || for all i € N(E).

This completes the definition of H. Cleatly, He £q. Now we claim; .

(3.14) Ify € SE(H) then yi = y, . = &, for all i € N(E)

Indeed, if y €SE(H) then y; = Yy for all i €N(E) by (3.13). Hence vi(y) =
:AE_wz/ Ev and wi(y) = ui(ky) - || ¥i=%; |2 Thus, for i € N(E), y; is a best response

.o_w..:n.fuw..era_,mmoa.oﬁa_a_:: proved. So far we have proved (3.2)-(3.4). In
order to prove (3.5) we observe that for all j € N(E): .

min {vH(0) - (e WDy (g ) =
min () A (%Y iy (Rydyey o) = .
i {ui(oy), mia {us(aney 1) | 31€ Filogy 1))} =
ui(xy) (see (3.11)).

.»._8» Ezﬁ.wmzia.zwiﬁz; = Faxb.bmz:..t ».2. each i € N(E). g.ed.

§4 Concluding Remarks

We considered the set of abstract economies with convex and compact a.:wsmme sets,
continuous and quasi-concave payoff functions, and continuous and convex-valued
feasibility no:amuo..amgaa. The Nash correspondence is completely characterized on the
foregoing class of economies by the following three axioms: non-emptiness, rationality
for one-person games, and consistency. .

LetE= <N, A._fvmmz. ?cmmz. 255.& > be an mca:.aa.maouoaw. Eisa game if for

eachi € N and x4 € Ay, E?.c = Ay. Thus, E is a game if there are no feasibility
constraints. If E is a game, then we shall also write E = < N, va*mz. ?:v_.mz >,

= P

Denote by I the set of all games in £q- By modifying the proof of Theorem 3.1 we can
show the following result.

Theorem 4.1:  If a solution ¥ on T satisfies NEM, OPR, and CONS, then
AG) = NE(G) for every game G ¢ I (for G € I we denote
NE(G) = SE(G)).

The axiomatization of the Nash correspondence on I is not covered by the results of
Norde et al. (1993). Also, our results may be generalized to infinite-dimensional

strategy spaces. Indeed, one may replace (2.1) by a weaker .me_Eu:ou. First, we recall

that a normed linear space X (with norm ||-|)), is strictly convex if for every pair of

linearly independent vectors x,y € X it holds that [x+y| < lixll + flyll. The following

result is useful.

Lemma 4.2: If Aisa =ET¢SES convex, and compact subset of a convex
compact subset B of a normed space X, then there is a retraction o
Bon A. _ §

Proof: ,
It is well-known that a compact set is separable, hence the affine hull of B (the set

Laff B = { 5 7ibi| r € W, ) T=17€R bieBforalliwith1¢ic r}) is separable.
i=1 . .

=1

i=1

Indeed, if {b;|ie} is a countable dense subset of B, then { m 7ibi|re, £ 7i=1, 7:€Q} is
i=1 :

a countable dense subset of aff B.
If there is a retraction of B - {bg} on A - {by} for some by € B, then there is a ret:.
tion of B on A, because translations are continuous. Therefore we assume w.lo.g. that 0

is a member of B, hence aff B is a linear subspace of M Eo_nmgmr it mg be assumed

.that aff B'is a Banach space (otherwise take a "smallest" completion of aff B which

does not effect separability, compactness, or.convexity). Thus aff B hag a strictly con-
vex isomorphic norm (see p. 60 of Day (1973)). The proof of existence of a retraction of
a strictly convex normed space on a nonvoid convex compact subset is the same as the
proof when the normed space is Euclidean. , . qed
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Now, using the generalizations of existence of social equilibria and the Maximum
Theorem for infinite-dimensional spaces (see Section 2.3 and Theorem 4.7.2 of Ichiishi
.- (1983)), we obtain :

QoB:wQ 4.3: Theorem 3.1 remains true if (2.1) is replaced by:
(4.1) For every i € N, A; is a non-empty, compact, and convex subset of a normed

linear space.

Indeed; in view of (3.10) it is sufficient to verify the existence of a retraction of
Ai+As-Aq to Aj for i € N(E). This existence is guaranteed by Lemma 4.2 applied to B
= Aj+Ai-Ajand A = A

Finally, it should be remarked that obvious examples show the logical independence of
NEM, OPR, and CONS in the results (Theorems 3.1, 4.1, and Corollary 4.3).
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