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Abstract

The paper presents and discusses an alternative approach-to Bargaining Games. N-per-
son Bargaining Games with complete information are shown to induce in a canonical
way an Arrow-Debreu economy with production and private ownership. The unique
Walras stable competitive equilibrium of this economy js shown to coincide. with an
asymmetric Nash—Bargaining solution of the an&:um game with ‘weights corréspond-
ing to the shares in production. In the case of an economy with 22: shares in_produc-
tion the unique competitive equilibrium coincides with the symmetric zgr;w%mﬂanw
golution. As this in turn represents the unique Shapley NTU-value our paper solves a
vnoc_aE posed by Shubik, namely to find a model in s_:nr ‘the Shapley NTU-value is a
Walrasian BE__...:__B

S&d remain several questions of SRQR«&S? particularly the meaning of equi-
Szm .
L. Shapley (1969)

’

"There has been some controversy about the interpretation of the A-transfer—value...no
consensus has yet emerged on the 2@:.%8:2 of these concerns, which had been ad-
dressed...in :e:-&sﬁ QQSE:SE of the \T«E.ﬁxnale&:n as a tool for analysing games
ond markets...

Al Roth (1988)
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0. Introduction

"There is a sirong ESF@ ?3.% no forinal 8,5.3?:8 that we know of between the
8332,8: wesghts 5& we must introduce in order to obiain a .ﬁnagza transfer value
and the prices in a 8::.&.:& 5&.»&.. :

" M. Shubik (1985)

. ¥

The present paper solves for the particular class of Azec..v. Bargaining Games this
problem posed by Shubik of characterizing Shapley’s A-transfer-value as an equilibrium

. price system in a specific competitive Arrow-Debreu economy with .Eo._ﬁaou and
private ownership. As for this class of games the solution of the bargaining problem '

Eaanne&, by the \Ing&&aﬁ_ﬁ‘nan&%m with the Nash-solution where the equili-
SEB price system determines onaoma._o:a«. rates at which utilities of different players
can be transferred at the solution point. Our result provides an alternative ueenowa__ to
the Nash-Bargaining solution. 5

.

Our starting point in section 1 is an abstract bargaining situation as modelled in Roth
(1979). .2.3. recalling Shapley’s notion of NTU-value in section 2 we shall associate in
section 3 a family of bargaining economies to each abstract bargaining situation.

.In section 4 the unique competitive equilibrium of each such economy is shown to

%2,8815 an asymmétric Nash—solution. Shapley’s equity axiom is represented in
that context by an ..8:w_..arw_.g.._ule_.ou=2.o=._|$a=_=u=o= for the bargaining eco-
uoEw. whose unique stable equilibrium then turns out to coincide with the av.EBmEn
Nash-Bargaining solution.

The 8:&:&& gsection 5 &Sﬁumu relations to the literature and ways “of vo»musw_
‘extensions. o

1. .?m. Zwm?m&cag

As a m__a:.m principle for a value theory for games Shapley 283 postulated the exi-

‘stence of a scaling vector A = (Ay..., An) for the cardinal utility’ functions of the n'

players of a game, under which the .o:ﬁosm would be both equitable and efficient.

We uEE illustrate these motions as conceived by-Shapley in the special context of

. Bargaining Games.

In mmnaz._ cooperative games: with non-transferable utility there is a set of feasable
utility -allocations for its members for each coalition of players. In bargaining games all
these sets except the ome for the grand coalition degenerate. Those sets for single.
coalitions together ._o,mzéua the di mqunmsoa outcome. Being in a world of cardinal
utilities, being ?usmmz in the literature as von Neumann-Morgenstern utility functions,
which allow to execute outcomes of the game via suitable underlying lotteries, we may
assume without loss of generality (if necessary after a suitable positive affine transfor-
mation of utility scales) that the disagreement point is the origin in R".

Accordingly we define an n-person Bargaining Game as a 85_53 convex 252 S om
R" with at least one Qmaaﬁ 83 0.

Denoting by B the set of all such bargaining memu a B_E.b! is any function m m — Ro
with (S) €8 for all 5 € B.

The Nash Bargaining solution, which can be characterized by the four axioms of co-

- variance under positive affine transformations, symmetry, Pareto optimality and Inde-

pendence of Irrelevant Alternatives (cf. Roth'(1979) p. 110) is alternatively described as
that solution, which associates with E_w&ﬁnaaum game that point, on which the so

called Nash product (x4, ..., Xn) +— = xi. cmSBm__ BEnB&

i=n

Our main concern in this u%ﬁ ig it to m:a ani w_az_w.:& arﬁvamnumscu o_. this Nash

wﬁmeaum solution.

2. Shapley’s NTU-Value

Consider a awnm&aum gime S. We EE:».:.“ in nm_._.wo 1'the standard case where § in
addition to being compact and convex is comprehensive (with respect to Rg). -

Figure 1 (see appendix) - : . A ;



While any vo:.« on Em EEE_E of S is mEmnlm ; is not so obvious, i_.ﬁ equity
- means. In a strategically simple 8582 like the present one of bargaining games it very
Same means “equal ghares". : :

We shall discuss briefly wge_mz.m basic idea 5:55 being dependent on a =mo8_=
definition in the sequel eaawﬁo we shall approach the problem from quite a &mﬂmﬂ
. point of view.

For an arbitrary efficient vc.E x on the boundary of S the transformation rate for utili-
ties of different players is typically different from the rates of their total utilities at that
. point. The difference of these rates reflects the difference between efficiency and equity.
Requiring both properties means coincidence of the (absolute values) of slopes of the
boundaty of S at x and the vector x itself. For x in Figure 1 to maximize the sum of
players’ utilities the utility payoff of player 2 has to be tripled. For the players to share
equally at x the w»wom of player 1 hag to be doubled. Accordingly the efficiency and
 equity weights are 1/3 and 2/1 respectively.

. Shapley’s NTU-value requires both sets of weights to coincide in a golution.

The problem of finding a solution for the M-translated bargaining set amounts to
finding the A—transfer-value or Shapley NTU-value.

So suppose we have problem’ "

I: Find x*€S such that 1) xpr == Xpt equitability
.2) m X{* = max n xi efficiency
=t x€eS =t

"I I'has no solution one is lead to the following problem:

:  Find A€RY /{0} such that [has a solution if § is replaced by
XS = *?3. »:x._v | ammw.
Shapley (1969) has Eogu the Amoumnw__w non unique) enzmnoo of a A-transfer-value

for NTU-games by a fixed point argument. In the case of bargaining games the unique
solution 85&&8 with the Nash bargaining solutior.

An alternative way of _8_55 at thig is to support the bargaining game by a hyperplane
at the Nash solution. This generates a TU-game, whose Shapley-value is just the

" Nagh-solution of both the underlying NTU as well as the derived TU bargaining game.

The situation, which is wmuﬁp.ma by extending the set of aliernatives in an NTU game
via a supporting hyperplane to those in a TU-game is comparable to that where a
single agent, who is an isolated consumer and producer, gets the additional opportunity
to sell and buy on a market at given market prices. .

If in addition we interpret the set § of utility allocations as a produetion possibility set
for the n players it is natural to think of the cﬁmﬁaum game ag of a particular ?.81!
Debreu economy.

3. The Bargaining Economy

Given an n-person eﬁmw::um game SCRy as nmmnma ugqa. We %muo an PEP&E.B
E&Pbﬁm as follows:

* We have n—commodities, which are the n-players former cardinal utility levels. So our

commodity space is R, All n consimers have the same consumption set R]. The endow-
ments are ej = 0 €RY for all i € ﬁ..... n}. The preference of consumer i is represented by

the utility function us with g (x4, ..., Xn) = x1. There is one firm with production possi-
bility set Y:= S. Ownership of this firm is &»Ecﬁ& among the n consumers, who have
ghares #1> 0,i = 1., n with m_ b= .

.

In this specific economy, which is illustrated in Figure 2, every consumér is oE«.FST
ested in "his" commodity i.e. his cardinal utility in the underlying bargaining game.
Any potential altruistic considerations would have been aptly represented mr.g&. in
those cardinal _EE.% :Eacomu of the wﬁmﬂEum game.

Emﬁm 2 ?8 appendix)’

Note that the associated bargaining economy works on a purely ordinal basis. Whatever
the game whose formulation is based on players’ cardinal utilities means to the players,



the economist is only confronted with joint production plans and (ordinal) preferences.
It is only the substitution rates in equilibrium he is interested in. So any monotonic
ﬂwa&onsﬁ.o: of the utility functions of the bargaining economy would be allowed
without, stw_um anything, '

The incomes by which consumption bundles of the consumers can be financed result

from the partial ownership in the firm and the according profit shares. Therefore all
consumers are interested in profit maximizing behaviour of the firm. On the other hand

each consumer wants E. “own" SEBS_G to be as cheap as possible to allow large

- consumption..
Consumer i’s budget restriction given the Eom:,oacn plan y and the price system p is
.e.r::..u . . .
In equilibrium production y* is profit maximizing wn the price %a:..B p*. The con-
sumption optima are corner aor:.onu xi* far every consumer i at "hig" commodity axis
-ﬁm&w:_m xp* = (0,...0, 0; 3 c....S €R? with the non—zero mia. in the i-th coor-

(3

pi*
dinate. Accordingly the aggregate demand vector is

AQ_ u:' ._. seey Qv s v

This can be seen as the aggregate demand of a representative consumer, whose v.n&mn;
ence i8 represented by the Cobb-Douglas utility function |

‘? [/

.A.u_. WXg) b Xy be e Xp
In equilibrium this demand vector coincides with the production vector y*.

Existence of an equilibrium is straightforward because it is the result of the representa-
tive consumers’ utility maximization problem on Y resp. on the budget set
{yeY|p*- «Q. - ¥*)

Moreover the resulting mnamgﬁu is Emea and stable with 8&52. to the standard
Walrasian tatonnement process. This follows from the fact, which may easily be verified
that the ‘excess demand function Z of our mnouosw gatisfies the Weak Axiom of
Revealed Preferences, i.e. V p # p* p* - Z(p) > 0.

I (x+, p*) i the equilibrium, which coincides with the Nash solution and the NTU—
value the A-transfer has to be such that Ax. u.__v is :wamﬂnma to ((t,-,t), (1,...,1)) by

equity and efficiency.
For the canonical basis vectors e; = 8..:. .....8. s 1,..,n with 1 in ‘the i~th
coordinate the inner E.onzn. C.:..S (tes - te;) for any i, j = 1,...,n is zero.

Therefore Ay,...,An) * Q. tej — wh tej) =0, :._..r:..u.

F the non transferred world we have p* - Tyu tes— Jl tey) = 0 because
lh tey, Iw.. tej are on the budget 588_25. >n8a§m~w p* equals A up to normali-

zation.

4. Results

We collect our observations in the following
Q:En an n-person bargaining game S. For any § € u with

m_ 01 =1 the bargaining economy Mw has a unique stable Walra-

“sian equilibrium, whose consumption vector coincides with the
" asymmetric Nash-Bargaining solution with weights 0y, i = 1,...,n.

An immediate avuamacovom ‘of this observation is of particular interest and will be
stated as

The (symmetric) Nash-golution of an n-person bargaining game S
coincides with the 3&:5:5 congumption vector of the associated
equal shares bargaining economy Mm_ 1y, P

J seey =

aéowo Eovossonu do not only solve the EoEmB coﬁm by Shubik for the @oﬁ& case of
cﬁmp::nm games. They also provide a new way of looking at Shapley’s equity require-
ment. In the associated bargaining economy BE.H i8 ..anmﬁ& by the gm__szon of

‘equal shares of consumers. : . . _ ‘



5. Oon.&a&:m.wmaﬂwm

The nrwn.gp&uwag of -the zﬁrfwﬁm&asm solution and, in this context, the
mgv_mw;zad value by an equilibrium ES &585 of an associated economy ean be

seen as a kind of a second welfare theorem. Although mathematically trivial in our case:

it shets some light on the meaning of Shapley’s equity requirement and of the
* d-transfer-value. me_:w corresponds to mn_i a.»aa_ the »LSE@:&QS ig the equi-
librium price vector.

As the given characterization is true for any, even small, n it might seem confusing that

a, 8ay, 2-person-bargaining outcome should vm aptly described by competitive prices. It.

'is, however, easy to comsidér the 2 players as intervals of types of 2 players with uni-
form distribution and to reformulate our bargaining economy s a nowrcon production
economy as :88._ in m_r_mncuﬁa CE& _

The competitive miﬁvnﬁ.wag is also angcm& by papers of Gale (1986) and of Rubin-
" stein and io__ua_.w (1984).

.Ea puzzling fact of the eﬁwaium economy that production is possible without input
‘allows an easy remedy. One can _Eg_mamﬂ the maodel by a third good, an input (the
dollar, which has to be split), which does not enter the wmmns. utilities v.: represents a
a ma& Evi necessary for production.

There are certainly relations a. our work to that of Moulin, Roemer and others on fair
division on a joint ownership or fair allocation of goods (cf. Moulin (1989 a,b), Roemer
(1986)) but there seems to be no formal equivalence.

There are some problems, which arise in a natural way from our results.

One can easily associate with general cooperative NTU-games economies where coali-

tions utility possibility sets are looked at as production uowm:.,vEG sets owned by the
members of the coalitions. Again one should check the relation between the competitive
equilibrium price system and the A-transfer-value.

A-second possible extension is to bargaining with incomplete information as modelled in’

Harsanyi and Selten (1972). An analogous approach via economies appears possible.

The economies here, wosmén. have to deal 5:. noEEmaE commodities and 9&.@85 i

~agentg’, %mﬂmﬁ probabilistic beliefs on the states of 58 word Evammmncum Emwm;.

types. N F o, " g “

‘Finally- there seems to be a relation in spirit, which should _5 clarified between subjec-

tive utility evaluations of games as treated in the work of Roth (1977a,b), (1978) and

‘objective price evaluations as proposed in the present paper. One might think even of

introducing markets for specific assets wsﬁggsum E&.ma. 8_8 in %mn_mo .games and
_Sm_sm to market evaluations of games. -



>vve.~&x

« 1l

References

GALE, D. (1986}, ._wﬁ.meanm E& Competition" I, I, mgse.:&:aa. PP- qmm&om
pp. 807-818 o

HARSANYI, J. aid R. SELTEN (1972), "A Generalised Nash Solution for Two—

Person Bargaining Games with Incomplete ‘Information”, Management Science, ,
Vol. 18, pp. 80106

HILDENBRAND, W. (1974), "Core and He:rvnw of a _E.mm mSSB«... _5..88__
da:a::u Press, 1:-.8,8 . .

MASCHLER, M., G. OWEN and B. PELEG (1988), "Paths leading to the Nash Set"
in: A. Roth (ed.), The Shapley Value Essays in Honour of Lloyd S. .mannws ’
owSc:mmm University Press, Cambridge’

MOULIN, H. (1988a), "Welfare wo__n% and Fair Allocation on Private Qoo%_.
Barcelona -S:.ré Paper 120.89

MOULIN, H. (1989b), "Fair Division under Joint OﬁEﬁEu Recent Results and Oumn .
Problems", ,masa&es.a Working Paper 129.89

NEUEFEIND, W. ﬁa Ww. ewcommm. 283. _.ogz:%_;_ Linear Representability
of Binary Relations", Economic Theory, forthcoming - ,

ROEMER, J. (1986), "The Mismarriage of wEmEEum Theory and Distributive
uE:_S.. Ethics, Vol. 97, ee 88-110 -

ROTH, A.E. Cc.sv. "Axiomatic Models of w.v—.maaum:. Springer, Berlin

woem >mﬁm§v.=ermm5§$ <E=m E;<c= nggnlzﬂmmE»mg cnr.w:“
mnaaesaug. Vol.45, pp. 3.?8# .

ROTH, A.E. (1877b), "Bargaining Ability, The Utility of Playing a Game and Models
of Coalition Formation", Journal of Mathematical Psychology, Vol. 16, pp. 153-160



.

~12 -

.. ROTH, A.E. (1978), "The Nash Solution and the Utility of Bargaining" @aaaemrm“.n.ns

. Vol. 46, pp. 587-594

RUBINSTEIN, A and A. WOLINSKY (1984), "Perfect Equilibrium in a Bargaining
Model, Econometrica, 50, pp. 97-108 4 .

SHAPLEY, L.S. (1969), "Utility Comparison and the Theory of Games", La Decision:

_Aggregation et Dynamique des Ordre de Prefonce, Paris, pp. 251-263

SHUBIK, M. (1982), "Game .?8% and the Social Sciences no=83.¢ and Solutions",
MIT-Press, Cambridge, Mass. _ .




