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Introduction

In this thesis we construct and study Stickelberger elements associated to au-
tomorphic representations of the multiplicative group of quaternion algebras
over arbitrary algebraic number fields. We prove lower bounds on the or-
der of vanishing of these Stickelberger elements and, moreover, interpolation
and leading term formulae. As a special case the vanishing part of Mazur
and Tate’s refined “Birch and Swinnerton-Dyer type”-conjecture for elliptic
curves of rank zero follows. Moreover, we use the Stickelberger elements to
construct p-adic L-functions. The results for the Stickelberger elements can
be transferred to p-adic L-functions to prove exceptional zero conjectures.

Historical Background

Let p be a prime number and A an elliptic curve over QQ of conductor N.
In the seminal article [MTT86] Mazur, Tate and Teitelbaum formulate a p-
adic Birch and Swinnerton-Dyer conjecture for the p-adic L-function L,(A, s)
associated to A. If A has split multiplicative reduction at p, the interpolation
formula relating the p-adic and the complex L-functions ensures that the p-
adic L-functions vanishes at s = 0 even if the complex L-function L(A,s)
does not vanish at s = 1. They conjectured that

ords—g L,(A,s) = ords—1 L(A,s)+1

holds in general and further, if the analytic rank of A(Q) is zero they stated
the formula

L(A,1)

Ly(A,0) = £(4) =2

(0.1)

Here L£(A) is the (arithmetic) L-invariant of A at p and QF is the real
period attached to A. We give a definition of these invariants:

Since A has split multiplicative reduction there exists a rigid analytic
uniformization N

Gm/ Q’% — AQp?

where gr € Q is called the Tate period of Ag,. The L-invariant is given by
the quotient
. logp(qT)
B ord,(qr)’
The Néron lattice £4 of A is obtained by integrating a Néron differen-

tial ws against all elements in H;(A(C),Z). There exists a pair of positive
real numbers 07, Q, € R, the real and imaginary periods attached to A,

L(A)
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uniquely determined by the following property: If A(R) has two connected
components

L4=07+iQ,Z (the “rectangular case”)
holds and if A(R) has only one connected component, we have

L4 CUZ+iQ,Z (the “nonrectangular case”)

with index two. To be exact, in the nonrectangular case elements in £, are
of the form aQ¥ + i0Q; with a = b mod 2.

There are several generalizations of this conjectures, e.g. from Hida to
totally real number fields (see [Hid09]) and Deppe (see [Depl6]) and Disegni
(see [Disl6]) to arbitrary number fields. More important, the formula (0.1)
was proven by Greenberg and Stevens (cf. [GS93]). Mok (see [Mok09]) and
Spie3 (see [Spil4]) prove Hida’s conjecture for modular elliptic curves over
totally real number fields in the case of analytic rank 0 (under some techni-
cal assumptions). Deppe generalizes Spie3’ methods to prove the vanishing
part of the exceptional zero conjecture for arbitrary number fields. Further,
in [BD99] Bertolini and Darmon prove an analogue of (0.1) for the anticyclo-
tomic p-adic L-function of the base change of A to an imaginary quadratic
field in which p splits.

In [MT87] Mazur and Tate give an integral refinement of the p-adic Birch
and Swinnerton-Dyer conjecture. For this, they define Stickelberger elements,
which can be seen as an analogue of the p-adic L-function of A at a “finite
level”. They are defined in the following way:

Fixing an integer M > 1 we write uy, for the group of M-th roots of
unity, L = Q(up)™ for the maximal totally real subextension of Q(uys) and
put Gy = Gal(L/Q). We have an isomorphism

(Z/MZ)* [{£1} = G,

where the image of a € (Z/MZ)* is denoted by oy,.

By the modularity theorem one can associate a normalized newform f €
S2(Co(N)) to A such that the corresponding L-functions coincide (cf. [Wil95],
[TW95] and [BCDTO1]). Let Asa: Q/Z — C be the modular symbol for A
given by

Mala) = 2 | " (o)



as defined in [MTT86]. By a beautiful theorem of Manin and Drinfeld
(cf. [Man72] and [Dri73]) there exists a proper subring R C Q such that
M(q) = [q] 1] + i[q] 1 with functions [-]%: Q/Z — R. For example, if A
is a strong Weil curve, we can take R = Z[%], where 7 is the order of the
finite group A(Q)iors and cy4 is the Manin constant of A. The Manin constant
c4 is an integer, which is conjectured to be 1. This is known in many cases
(cf. [Edi91]). Note that, in special cases, one has even better bounds for the
denominators occurring in the ring R (cf. [Wut14]). The functions [-]% are
the so called “+” resp. “—” modular symbols. In the following we just treat
the “+” modular symbol, so we write [-]4 for [-]}.

The Stickelberger element of modulus M associated to A is defined as

1 a 1

MT __ -~ E R

@A,M_Q |:7‘_r:|AUaE2 [gML
ac(Z/MZ)*

where for an arbitrary (commutative and unital) ring R and an arbitrary
group H the group algebra of H over R is denoted by R[H]. Since [g|a =
[—qla for all ¢ € Q/Z (cf. [MTT86]) we have

O € RIGu]

as long as M > 3, which we will assume from now on.

Next, we state the vanishing part of Mazur and Tate’s conjecture of
the “Birch and Swinnerton-Dyer type”. For general R and H as above,
let Ir(H) C R[H] be the kernel of the augmentation map R[H] — R, h — 1.

Definition. The order of vanishing ordz () of an element £ € R[H] is defined
as

ro it e Ip(H)\ Ip(H)™,

q _ .
ordg(§) {oo if ¢ e IIJ%(H)for all j > 1.

Let Sy be the set of prime factors p of M such that A has split multiplicative
reduction at p. We define

rar = rank A(Q) + #Su.

Conjecture (Mazur-Tate). Let R C Q be a subring, which contains [q]a for
all g € Q. Then the inequality

ordR(@lj\fL) > ry

holds, i.e. O}, € Ir (Gu)™.



Outline of the thesis

One of our main objectives is to prove the following

Theorem. For a subring R C Q which contains [q]a for all ¢ € Q, we have
ordg (0% },) > #Su.

Thus the conjecture of Mazur and Tate is true if rank A(Q) = 0. In fact,
we prove a more general statement for Stickelberger elements associated to
automorphic representations of the multiplicative group of quaternion alge-
bras over algebraic number fields. Let us take a closer look on the structure
of this thesis:

Let us fix an algebraic number field F'. Further, let E over F' be quadratic
étale algebra, i.e. E' is a field or isomorphic to F'x F'. In Section 1 we general-
ize methods developed by Dasgupta and Spief} in [DS] from the multiplicative
group F™* to an arbitrary one-dimensional torus (which F-rational points are
given by E*/F*) to get vanishing results for certain homology classes c,,
where x is a character of the adelic points of the torus.

For the second section, let B be a quaternion algebra over F' in which
E can be embedded. We assume that at the Archimedean places of F' the
algebra B is split if an only if E is split. Moreover, we assume that E is
isomorphic to F' x F if and only if B is split (i.e. B is no division algebra). We
define modular symbols « in terms of the group cohomology of the algebraic
group G = B*/G,, over F with values in certain adelic function spaces (B*
denotes the F-algebraic group given by B*(M) = (B @z M)*). For every
allowable modulus m (see Definition 2.12) we can pull back the cohomology
class k via an embedding T" — G of conductor m to get a distribution valued
cohomology class Ay (k).

The third section combines the results of Sections 1 and 2 to define Stick-
elberger elements. For this, let L over F' be a finite Galois extension. We
assume that L over I’ is F-anticyclotomic (see Definition 3.1) if B is non-split
and abelian if B is split. Let G be the Galois group of L over F resp. F.
Following Dasgupta and Spiefl the cap product of the Artin reciprocity map
for L over E resp. I’ with a fundamental class for the group of relative units
of ¥ over I gives a homology class c¢;. By the assumption on the splitting
behaviour at infinite places we can define the Stickelberger element as the
cap product of ¢y with Ay (k). An analysis of the action of local points of
the torus 7" on Bruhat-Tits trees (which are already carried out in Sections
2.1 and 2.2) gives functional equations for Stickelberger elements (Proposi-
tion 3.6). Moreover, using the results of Section 1 we bound their order of
vanishing (Lemma 3.5).



In Section 4 we specialize to Stickelberger elements coming from automor-
phic representations. Let mg be an automorphic representation of GG that is
cohomological with respect to the trivial coefficient system. Let R, be the
ring of integers of the field of definition of 7. In Section 4.1 we choose a
concrete modular symbol such that the corresponding Stickelberger element
On(L/F,mg) lies in R.[G]. We apply the results of Section 3 to ©n(L/F, 7).
To be more precise, we get

ordg, (Om(L/F,7B)) > #Su,

where Sy, is the set of all primes p of F' dividing m such that either 7p is
Steinberg or p is inert in £ and g, is the non-trivial unramified twist of the
Steinberg representation. More generally, in Theorem 4.6 we show that the
Stickelberger elements lie in a product of partial augmentation ideals.

In Section 4.2 we prove interpolation formulae. If B is non-split, we use
results of File, Martin and Pitale (cf. [FMP]) on toric period integrals to show
that our Stickelberger elements interpolate (square roots of) special values of
the L-function of the base change of mp with respect to E over F' (Theorem
4.9), i.e. for every character x: G — C* of conductor m we have

X(On(L/F,7p))* = L(1/2, 755 @ X),
where “=” means equality up to explicit fudge factors.
If B is split, we evaluate the Stickelberger elements at primitive characters
to relate them to special values of L-functions (Theorem 4.10), i.e.

X(On(L/F,7p)) = L(1/2,75 ® X)

This time around we get the result by concrete calculations.

Making use of the interpolation formulae, we prove in Section 4.3, The-
orem 4.17, the following leading term formula: Suppose that all primes p
in Sy are split in £ and 7p, is Steinberg for all p € Sy. In this situation
we define “automorphic periods” q, € Ff ® R;. Crucial in the definition of
the automorphic periods are extension classes of the Steinberg representa-
tion, which were first studied by Breuil in [Bre04]. For non-split quaternion
algebras we prove that

H ordy(qp) - On(L/F,mp) =

PESm

I (reco(@p) = 1) - /L(1/2.7p,5) mod I, (G)#Sn*!
PESm



holds. Here rec, denotes the local reciprocity map at a prime of E lying
above p. However, for a split-quaternion algebra we get

[T ords(a) - On(L/F,7p) =
PESm

H (recy(gqp) — 1) - L(1/2,mp) mod Ip, (g)#Sm-H
PESm

with rec, being the local reciprocity map over Fj.

Finally, in Section 4.4, we construct p-adic L-functions via Stickelberger
elements. In particular, if B is split, they coincide with the multi-variable
p-adic L-function constructed by Deppe (see [Depl6]). If B is non-split, our
construction yields to anticyclotomic p-adic L-functions. Note that, if F is
totally real, one expects that there exists no anticyclotomic Z,-extension but
E-anticyclotomic Stickelberger elements at finite level can still be defined.
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Abgrenzung des eigenen Beitrags gemaf3 §10(2) der Pro-
motionsordnung

Der Inhalt dieser Dissertation baut auf zwei Arbeiten auf, die der Autor
zusammen mit Lennart Gehrmann in den Arbeiten [BG17] und [BG]| verdf-
fentlicht. Die Arbeit [BG17] wurde in der Zeitschrift Proceedings of the Lon-
don Mathematical Society verdtfentlicht und die Arbeit [BG] wurde von der
Zeitschrift Transactions of the American Mathematical Society zur Veroffent-
lichung angenommen. In den Arbeiten zeigen L. Gehrmann und der Autor
dhnliche Resultate einerseits fiir die algebraische Gruppe PGL; (in [BG17])
und andererseits fiir einen Quotienten der multiplikativen Gruppe einer nicht-
spaltenden Quaternionenalgebra (in [BG]), jeweils iiber einem total reellen
Zahlkorper als Grundkorper. In dieser Dissertation hat der Autor beide
Ansatze vereinheitlicht und von einem total reellen Grundkorper auf beliebige
Zahlkorper als Grundkorper verallgemeinert. Die Idee der Verbesserung der
Resultate von Spiefl zu Erweiterungen von Steinberg-Darstellungen, siehe
Lemma 4.13, stammt von L. Gehrmann. Dieses Resultat ist wichtig fiir den
Beweis des ’Leading Term’ Satzes, Theorem 4.17. Die Abschnitte 4.3 und
4.4 in [BG] enthalten einen Vergleich von automorphen und algebraischen L-
Invarianten. Diese sind im wesentlichen von L. Gehrmann erarbeitet worden
und daher nicht Teil der vorgelegten Dissertation.



Notations

We will use the following notations throughout this thesis. All rings are
commutative and unital. The group of invertible elements of a ring R will
be denoted by R*. For a group H we will denote the group algebra of H
over R by R[H|. We let Ir(H) C R[H] be the kernel of the augmentation
map R[H|] — R, h — 1. Let © be an element of R[H|. We write ©" for
the image of © under the map induced by inversion on H. Given a group
homomorphism x: H — R* we let R(x) be the representation of H whose
underlying R-module is R itself and on which H acts via the character y. If
N is another R[H]-module, we put N(x) = N ®g R(x).

For a set X and a subset A C X the characteristic function 14: X —
{0,1} is defined by

1 ifzeA,
1a() {0 else.

Throughout the article we fix an algebraic number field F' with ring of
integers O and r{(F) real and ro(F) complex places. For a non-zero ideal
a C Op we set N(a) = #Op/a. If v is a place of F', we denote by F, the
completion of F' at v.

If p is a finite place, we let Op, denote the valuation ring of F, and write
ord, for the normalized additive valuation, i.e. ordy(w,) = 1 for any local
uniformizer @, € Op,. For an arbitrary place v let | - |, be the normalized
multiplicative norm. This means that |z|, = N(p)~ %@ if p is a finite
place, |z|, = |o,(z)|r if 0, is the embedding F' — R corresponding to the
real Archimedean place v (where | - |g is the usual absolute value on R) and
||, = |ou(z)|c if 0, is the embedding F' < C corresponding to the complex
Archimedean place v (where | - |¢ is the square of the usual absolute value
on C, i.e. |z|c = 22).

For a finite (possibly empty) set S of places of F' we define the "S-
truncated adeles” A as the restricted product of the completions F, over all
places v which are not in S. We often write A>> instead of A°“%~. Here Sy
denotes the set of Archimedean places of F'. We always drop the superscript
0if S=0.

If & is an algebraic group over I’ and v is a place of F, we write &, =
&(F,) and put &g =[], s B, for a set of places S of I as above. Further-
more, if K C &(A) is a subgroup, we define K° as the image of K under the
quotient map B(A) — &(A”). If m C Op is a non-zero ideal, we put

Sm={peSst. p|m}.
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Generalities on functions and distributions

Given topological spaces X, Y we will write C'(X,Y") for the space of contin-
uous functions from X to Y. If R is a topological ring, we define C.(X, R) C
C(X, R) as the subspace of continuous functions with compact support. If we
consider Y (resp. R) with the discrete topology, we will often write C°(X,Y")
(resp. C%(X, R)) instead.

For a ring R and an R-module N, we define the R-module of N-valued
distributions on X as Dist(X, N) = Homgz(C%(X,Z), N). If X is discrete, we
have the following pairing

CAX,Z) x COX,N) — N, (,6) — > (¢ 6)(x),

reX
which induces an isomorphism of R-modules
C°(X, N) — Dist(X, N). (0.2)

We will always identify these two R-modules via the above isomorphism if
X is discrete. In the case that X is a compact space, we denote the space of
N-valued distributions of total volume 0 by Disto (X, N).

We say that an R-module N is prodiscrete if N is a topological group
such that there exist open R-submodules

..CN,CN,CN

with (), N; = {0} and N = Jim, N/N;. Let X be a totally disconnected
compact space and N a prodiscrete R-module. We restrict the canonical
pairing

lim C°(X, N/N;) @ Dist(X, R) — lim N/N; = N
to C'(X, N) via the embedding

C(X,N) — @CO(X, N/N;).

This yields an integration pairing

C(X, N) ® Dist(X, R) — N. (0.3)
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1 Characters and homology classes

In Section 3 of [DS] Dasgupta and Spiefl develop a machinery to bound the
order of vanishing of Stickelberger elements coming from distributions on the
split one-dimensional torus. In this section we indicate how to generalize their
methods to non-split tori. At primes at which the torus splits essentially the
same arguments as in [DS] apply. At a non-split prime p the situation turns
out to be even simpler: the local torus is compact and thus, the rank does not
change if one passes from arithmetic subgroups to p-arithmetic subgroups of
the torus.

Let us fix a quadratic étale algebra E of F', i.e. E is either isomorphic to
F x F or a quadratic field extension of F. If F is a field, we write O for the
ring of integers of E. If E is isomorphic to F' x I, we fix once and for all an
isomorphism of E with F' x F' and let O be O x Op. In both cases, write
7 for the generator of Autp(E).

We consider the algebraic torus 7' = Resg/p Gm/G,, over F. Let us
write d for the rank of O*/O5. If E is a field, d is equal to the number of
Archimedean places of F' that are split in E. In the other case the choice
of the first F-coordinate of E yields an isomorphism G,, = T and so we get
d =r1(F) +ry(F) — 1 by Dirichlet’s unit theorem. For the rest of the paper
we will identify G,, and T via the above isomorphism.

For a finite place p of F" all Op,-orders in £, are of the form Op, +p™O,
for some m > 0. Here O, denotes the maximal Op,-order in E,. Let us write

U:(F;n) for the image of (Op, +p™O,)* in T,,. If v is an Archimedean place of
F, we define Up, as the connected component of 1 in 7;,. Further, we put

UToo = H UTU CT.

’UGSOO

Given a non-zero ideal m C Of we define

Ur(m) = [ U™ x Uz, € T(A).
pPESco

To ease the notation we write Ur instead of Ur(OF).

In case F is a field we fix once and for all for every prime p of F' a
prime ‘B of F lying above p and a local uniformizer wy at B. If p is split
in £, the choice of P determines an isomorphism 7, & F*. We will always
identify these two groups via the above isomorphism. Likewise, for every
split Archimedean place v of F' we fix a place w of E above v and identify
T, with F.

To unify the notation, we call every place of F split in E if F is isomorphic
to F' x F. We have O, = Op, x Op, for every finite place p of F' in this

12



situation. The fixed isomorphism of T with G,, provides an isomorphism
of U};n) with the m-th unit group Up(m) ={r € Oy | x = 1 mod p™} of F,.
Further, we write B for the prime ideal in O over p which is p in the first
F-coordinate of £ and O in the second. We fix a local uniformizer w, of F
and call wy = (wy, 1) local uniformizer at B.

1.1 Fundamental classes

Suppose that there exists a real Archimedean place v of F' which splits in
E. The group Ur, = RY, is torsion-free. Therefore, for every subgroup
A CT(F) the group

At =ker (A — T /Ur.)

is torsion-free. If there is no real Archimedean place that splits in F, we
choose an auxiliary finite place q of F' and a maximal open torsion-free sub-
group U}: C Ur,. If AC T(F) is a subgroup such that the image of A under
the embedding T'(F) < Tj is contained in Ur,, we define

A* =ker (A — U, /UL ).

Similarly, if U C Ur is any subgroup, we define U+ C U to be the subgroup
of elements which g-component lies in U%: . To avoid distinguishing the two

cases we simply put U+ = U if there is a real Archimedean place that splits
in F.

Remark 1.1. Assume that there is no real Archimedean place that splits
in E. For the rest of the article we use the following convention for this
situation: Whenever we choose a set of finite primes S (resp. a non-zero
ideal m) of F' we will assume that the fixed prime g is not contained in S
(resp. co-prime to m).

Given a finite (possibly empty) set S of places of F', an open subgroup
U C UZ and a ring R we define

C:(U, R)* = CY(T(A%)/U", R)
for 7 € {0, c}. For a non-zero ideal m C O we set

Cr(m, R)® = C+(Ur(m)®, R). (1.1)
If S is the empty set, we drop it from the notation.

13



Further, if S is a finite set of finite places of F', we define
Us = ker (T(F) — T(A®)/U7) .

By Dirichlet’s unit theorem U is a free group of rank d + r, where r is
the number of places in S which are split in E. Thus, the homology group
Hyy (US,Z) is free of rank one. We fix a generator n° of this group. Further,
we fix a fundamental domain F° for the action of T(F)/Ug on T(AS) /U,

By Shapiro’s lemma the identification
. F
C(0,7)° = c—mdLT{é 'C(F5,7)
induces an isomorphism
Horr (Us, C(F®, 2) — Hasr(T(F),C(0, 2)%).

Here c—indZéF) C(F®,Z) is the compact induction of C(F*,Z) from U to
T(F), i.e. it is the space of locally constant functions f: T(F) — C(F*,7Z)
with compact support modulo Ud such that f(hg) = hf(g) for all h € UZ.

The fundamental class 97 is defined as the image of the cap product of 1°
with the characteristic function 1 s under the above isomorphism. Similarly
as before, we drop the superscript S if it is the empty set.

Remark 1.2. Let ST C S, be the set of all split Archimedean places of F.
A generator n of Hy(U*,Z) can be identified with the fundamental class of
the compact torus Ur_, /U™.

If £ is a field and p € S is either inert or ramified in F, the group
H(T,,C(T,/Ur,,Z)) is free of rank one. Let ¢, be the normalized generator,
i.e. the function that is constantly one.

If p € S is split in F, we have a sequence of T,-modules

g—g(0)

0 — Cu(T},,Z) — Co(Fy, Z) 7 — 0, (1.2)

where the first map is given by extension by zero making use of the identifi-
cation T, = F7. Note that this isomorphism also provides the Tj-action on
C.(Fy,Z). Taking Ur,-invariants yields the exact sequence

g—g(0)

0 — Cu(Ty/Us,, Z) — C.(F,, Z)"™ ——5 7 — 0. (1.3)

We define ¢, as the image of 1 € Z under the connecting homomorphism

Z — HY(T,, Co(T,/Ur, , Z)).

14



Remark 1.3. If p is split, the group T, /Uy, is a free abelian group of rank
1. The exact sequence (1.3) is a projective resolution of the trivial 7T, /Uy, -
module. Therefore, if 1, is a generator of the free abelian group H, (7}, /Ur,, Z)
of rank 1, we get

Cp N Ny = +1 € HO(Tp/UTp7 Cc(Tp/UTpa Z)) =7.
The canonical pairing
C(0,2)% x Co(Ty /U, Z) — C(0,2)% )

induces a cap product pairing on (co)homology groups. The following lemma
essentially follows from Remark 1.3.

Lemma 1.4. For every p € S the equality 93~} = +c, N Y5 holds. The
sign only depends on the choice of the generators n° and n°— .

1.2 Derivatives of local characters

In this section we fix a finite place p of F'. Let A be a group and [,: T, — A a
locally constant homomorphism. We can view [, as an element of C°(T,, A).
Since [, is a group homomorphism the map y +— y.l, — [, is constant. Thus,
the image of I, in C°(T}, A)/A is fixed by the T,-action.

If F/ is a field and p is inert or ramified in F, we define

a, € HO(Tpa C° (TP7 A)/A)

to be the image of /.
On the other hand, if p is split in E, we define

a, € Hl(Tpa Cg(Fpu A))
to be the class given by the cocycle
2, () (y) = Leop, (y) - b(2) + (Lo, = Leop,) - 1) (¥) (1.4)
forx € T, and y € F},.

Remark 1.5. For a prime p, which is split in E, we consider the unique
Ty-equivariant homomorphism

that sends 1y, to ]l@Fp. The class cqq, associated to the homomorphism
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is equal to the image of the class ¢, under the homomorphism

HY(Ty, Cu(Ty/Us,, Z)) 222 HY(T,, C.(Fy, Z)).

More generally, the class ¢;, can be constructed as the image of [, under a
boundary map

0: H(T;, C°(Ty, A)JA) — HY(T, C2(F;, A)).
See Section 3.2 of [DS] for more details.

We are mostly interested in the following situation: We fix a ring R and
an ideal a C R. We set R = R/a and similarly, write N = N ®p R for every
R-module N. Let x,: T, — R* be a character. Suppose we have given an
ideal a, C a such that x, =1 mod a,. Then

dxp: T, — @, ©— xp(z) — 1 mod aa,.

defines a group homomorphism, which yields a cohomology class cqy, -

1.3 Derivatives of global characters

As above we fix a ring R and an ideal a C R. Let x: T(A)/T(F) — R* be
a locally constant character and write : T'(A)/T(F) — R for its reduction
modulo a. For a place v of F' we denote by Y, the local component of x at
v, i.e. the composition

Yo: Ty — T(A) =5 R*.

Since the kernel of x is open there exists a non-zero ideal m C O such that y
restricted to Ur(m) is trivial. The smallest such ideal is called the conductor
of x. Similarly, for a finite place p of ' we define the conductor of x, to
be the p-component of the conductor of x. In the following we will fix a
non-zero ideal m such that y restricted to Ur(m) is trivial (not necessarily
the conductor) and view y as an element of H’(T'(F),C(m, R)).

Suppose we have given a finite set S of finite places of F' and ideals
a, C a such that x, = 1 mod a, holds for all p € S. In this situation, we can
regard the restriction ¥ of ¥ to T'(A%) as an element of H°(T'(F),C(m, R)®).
Further, we want to take the Archimedean places into account. Let > be
the restriction of ¥ to T(A%>). For every real Archimedean place v of F
which is split in E we fix a character €,: T,/Ur, — {£1} and an ideal a, C a
with

Xo(—1) = —€,(—1) mod a,.
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Thus, ¥, := 1 4+ (xu€,)(—1) is an element of a,. If v is a complex or non-
split real Archimedean place, we set ¢, = ¢, = 1, and a, = R. Let us
write € = ], cs_ € Too — {£1}. An easy calculation shows that Y° :=

Hvesw Y, - X7 defines an element of HO(T(F),C(m, Hvesw av)S,oo(E)>‘
The e-isotypical projection

C(Toe/Ure, R) — R(e), fr— ) e(@)f(x) (1.6)
2€To0 /Uty
yields a T'(A)-equivariant map
Ce(m, R) — C.(m, R)*(e). (1.7)

As before, let r be the number of primes in S which are split in £. We
define 99> to be the image of ¥ under the map

Hirr(T(F),C(0,2)°) — Hasr(T(F), Ce(O, Z)*)
induced by (1.7) with € = 1. Furthermore, we define

& = &(m, S,¢) € Huwy (T(F), Co(m, [] 0,)%(e))

UGSoo

as the cap product of Y° with %>,

Next, we are going to attach a homology class ¢, to the character x
and compare it with the class ¢, associated to its reduction. For this, we
need to consider a slight generalization of (1.1). Let S” be another (possibly
empty) finite set of finite places of F' disjoint from S. For an open subgroup
U C Uq,S:US',oo we define

C(U, S, R)¥> =C.(U,R)** = (X) C?(F,,R) ® K C(T;, R)/R.

pes pesS
p split p non-split

As in (1.1), we put C.(m, S, R)%">® = C.(Up(m)5Y5" > S R)¥> and drop S’
from the notation if it is the empty set. Extension by zero at the split places
in S together with the canonical projection at non-split places in .S induces
a map

Ce(m, R)>® — C.(m, S, R)™. (1.8)
Let ¢, = ¢y (m, S, €) denote the image of x under the composition

HY(T(F),C(m, R)) "% Hy(T(F),C.(m, R))

D Y (T(F), Cu(m, R)®(e)) (1.9)

U HA(T(F),Cu(m, S, R)™(e)).
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Now let us assume that a -] . sus.. @ = 0. Hence, multiplication in R
induces a multilinear map

fr Gy X oL X Ty, X H a, — H a, — R,
VESno vESUSec

where we write S = {p1,...,ps}. The next proposition can be proved along
the same lines as Proposition 3.8 of [DS].

Proposition 1.6. The following equality of homology classes holds:

e =% (€, U Ucing,) 1)

In particular, ¢, = 0 if [],cqus. & = 0.
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2 Modular Symbols

We are going to introduce modular symbols for a quotient of the multiplica-
tive group of a quaternion algebra over F'in terms of group cohomology. The
calculations needed for the constructions arise locally and are carried out in
Sections 2.1 and 2.2.

Let us fix a quaternion algebra B over F' such that

- F can be embedded into B, i.e. all places of F' at which B is non-split
are non-split in £ as well,

- B is the split quaternion algebra (i.e. B is isomorphic to Matyys) if and
only if E is isomorphic to F' x F' and

- B is non-split at all Archimedean places of F' which are non-split in F.

The set of finite places of F' at which B is ramified will be denoted by ram(B).
So in particular, ram(B) = ) if B is split.

We choose once and for all an embedding ¢: £ — B. By the Skolem-
Noether-Theorem there exists a J € B*, unique up to multiplication by an
element of £*, such that

W(r(e)) = Ju(e)J

holds for all e € E. Let us fix such an element J € B*.

By abuse of notation we write B* for the F-algebraic group given by
B*(M) = (B ®p M)* for any F-module M. We consider the reductive F-
algebraic group G = B*/G,, and view T as an algebraic subgroup of G via
the embedding ¢.

In addition, we fix a maximal order R C B such that +(O) C R. For all
primes p of I’ we write R, C B, for the induced maximal order and K, for
the image of R; in Gy.

Now let us assume that B is non-split and that p € ram(B) is a prime
which is inert in £. From the explicit description of the non-split quaternion
algebra over a p-adic local field one gets that the element J is a E,-multiple
of a uniformizer of a ramified quadratic extension of F,. Therefore, we have
J ¢ K, in this case.

2.1 Local norm relations

This section contains all local computations that we need to prove norm
relations between Stickelberger elements of different moduli and functional
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equations for Stickelberger elements. Most local norm relations were already
proven by Cornut and Vatsal in Section 6 of [CVO07].
We fix a finite place p of F' at which B is split. In particular, the group

=

Gy is isomorphic to PGLy(F,). Let T, = (V,, &) be the Bruhat-Tits tree of
Gy, ie.

-V, is the set of maximal orders in B, and

- there exists an oriented edge e = (v,0') € gp between two vertices
v,v" € V, if and only if the intersection of the corresponding orders is
an FEichler order of level p.

Note that (v,v') € gp if and only if (v',v) € c‘,:;,. In this situation we say
that v and v" are neighbours and write v ~ v’. Each vertex has N(p) + 1
neighbours.

For an integer n > 0 we define 5,3,” as the set of non-backtracking paths
in 7, of length n, i.e.

—

Eom = {(Uo, co,Up) € Vg“ | (vi,vip1) € gp and v; # v; 49 for all z} )

In particular, we have (5:;,70 =V, and é?p’l = 67,3. The group G, acts on 67;,771 via
conjugation in each component.
Let R be aring and N an R-module. In the following we consider &, ,, as a

discrete topological space. The Atkin-Lehner involution Wy» on CO(E,_',;W, N)
is given by interchanging the orientation, i.e.

Wn (0)(vo, - ., V) = &(Un, - .., o).
The Hecke operator
Ty: C%(Eppy N) — C°(Ey, N) (2.1)

is defined by

o | (vo,...,0n) — Z O(v1y ..., Uy, V)

Un—1 79”'\/”71

—

Note that, if n = 0, the condition v,_1 # v is empty. For (vq,...,v,) € &n
we define

Bvor.on): C%(Epmy N) — Dist(Ty/ Stabr, (vo, ..., va), N)  (2.2)
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to be the T,-equivariant map given by

¢ (t— d(t(vo,...,v))) .

Here we used the identification (0.2) of distribution and function spaces on
the discrete space T},/ Stabr, (vo, . .., v,). For v € V, let [,(v) be the uniquely
determined integer given by

U™ = Staby, (v).

Remark 2.1. Let R,(p"™) C B, be an Eichler order of level p™ contained in
the fixed maximal order R,. We write K,(p") for the image of R,(p™)* in G,.
There exists a unique vertex in V, fixed by K, and thus, we get a canonical
isomorphism

C%G,/K,, N) = C°(V,, N).

In the case n > 1 there is an up to orientation unique element in 6_';,@ fixed
by K,(p™). Therefore, there are two natural isomorphisms

CO(Gy/Ky(p"), N) — C*(Eg s N,
which are interchanged by the Atkin-Lehner involution.
The following lemma is essentially Lemma 6.5 of [CV07].
Lemma 2.2. Let v € V, be a vertex of T,.
(i) Let l,(v) = 0.

- Ifp is split in E, there are exactly two neighbours v’ of v such that
lp(v') = 0. They are given by wypv and wyv.

- If p is ramified in E, there is exactly one neighbour v' of v such
that l,(v") = 0. It is given by wypv.

- If p is inert in E, there is no such neighbour.

(11) Let l,(v) > 1. Then there ezists a unique neighbour v' of v with
L(v') =1,(v) — 1.
(iii) In both cases, (i) and (i), the remaining neighbours v' of v satisfy
(V) = h(v) + 1.
They are permuted faithfully and transitively by Ug"(v))/U}lj(”)H).
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We will construct a sequence of vertices of 7, which are compatible in
the sense of the above Lemma as follows: Let c‘?pm = lim c‘i,n be the set
of infinite, non-backtracking sequences of adjacent vertices. Let wy be the
vertex corresponding to R, or, equivalently, the unique vertex fixed by the
action of K,. By our assumptions we have [,(wy) = 0. Using Lemma 2.2 (iii)
we consecutively choose vertices w; such that w; ~ w;_; and [,(w;) = i for all
i > 1. We set weo = (wo, wy,ws,...) € (‘jppo. Further, we define w_; = wypwy
if p is ramified in E. If p splits in E, we set w_; = wq}] wy for every integer
Jj>0.

It will be convenient to introduce the following notation:

0 if p is inert in F,
n, =4 —1 if p is ramified in E,
—oo if pis split in F.
By definition we have
Stabr, (Wi—n, - - -, W) = U}:") (2.3)

for all integers m,n > 0 such that m —n > n,.
Definition (2.2) yields

O = Ot rsomyt C*(Ern N) = Dist(Tp/US™, N)

for all integers m,n as above.
For m > 0, the projection m,,: Tp/U%nH) — T,,/U};n) yields maps

(Mm)*: Dist(T,/Ug”, N) — Dist(T, /Uy, N))
fr— fomy,
and
()t Dist(Ty /U N) — Dist(Z, /U, N)
fr— Z t.f.
teU}?/U;’;*”

Lemma 2.3. Let n > 0 be an integer. The following formulas hold for all
¢ € C%&n, N):

(1) For m > max{l,n+n, + 1} the equality
(Om © Typ)(@) = ((Tm)« © O 1) (@) + Lp(p") ((Tm-1)" © Om-1)(¢)

holds with
" 1 ifn=0,
L(p") = {

0 else.



(11) If n+mn, <0, the following equality holds:
(o 0 Ty)(¢) = ((70)« © 01)(9) + (%),

0 if p is inert in E,
(%) = ¢ Ly(p™)eopdo(0) if p is ramified in E,
L,(p™)wop0o(@) + (o) 10o(p) if p is split in E.

(iii) If p is inert in E and n = 1, then

(010 Ty o Wy)(¢) 4 01 () = ((m0)« 0 O1)(9)
holds.

Proof. We will give a proof of part (iii). The other parts are proven similarly.
See e.g. [CVO07], Section 6, where most of the cases are already dealt with.
Let ¢ € C°(&,,,, N) and t € T, /Ur,. Then we have

((m0)+ 0 91)(@)(1) = (m0)+(d(t(wo, wr)))
= Y to(t(wo,w))

teur, /US)

= 3 6(t(wo, v))

v~wo

where the last equality follows from Lemma 2.2, (iii). On the other hand, we
have

(01 0Ty 0 W) (9)(t) = (Tp © Wy)(¢)(t(wo, w1))
= Tp(p(t (w1, wo)))

= > (t(wo,v)).

vr~wo
vF#w

Together with

01(9)(t) = o(t(wo, wr))
the equality follows. n
Remark 2.4. Let m > 1 and n > 0 be integers such that m —n > n,. The
only cases where we do not have a formula involving (m,,_1). o 9, are the

following: n > 2 and either p is inert in £ and m = n or p is ramified and
m=mn— 1.
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Let us denote by
inv: Dist(T,/U ), N) — Dist(1, /U m), N)
P P

the map induced by inversion. The following lemma is the main ingredient
for proving a functional equation for Stickelberger elements.

Lemma 2.5. Let n > 0 be an integer.
(1) Assume n < —ny. Then for all ¢ € C’O((in, N) the equality
(0o © Wy )(9) = (inv 00y )(J )
holds up to multiplication by an element of T,.
(ii) Assume m >n. Then for all ¢ € C°(&,,, N) the equality
Im(¢) = (inv o0 )(J¢)
holds up to multiplication by an element of T,.

Proof. To prove (i), note that for ¢ € T, /U, we have
inv(9o(J9))(t) = (Jo)(t H(w_p, ..., wi,wp))
= o(J " N w_p, ..., w1, wp))

= o(tJ Hw_p, ..., w1, wp))
= qﬁ(t(w%{]*lwo, ce ,wqy]ile, Jﬁle)).

Since #/J wy = J W wy = Jtwyg holds for all ¢ € Ur, it follows from
Lemma 2.2 that J lwy = w"%wo for some k € Z. This leads to

IHV(80<J¢))(t) = gb(t(w%J*lwo, ,WmJilwo, J71UJ0>>

= ¢(t(w§;r”w0, - :wflf{l’woa ws]fgwo))

and we get

" inv(D0(J6)) () = Gt (wo, ., " o, " wo))
= (Wy'o)(t(w_p, ..., w1, wp)).

Claim (ii) follows by a similar calculation as in the first part using that,
by Lemma 2.2, there exists an element x € 7, such that

(T MWy T W) = (Wi - - - 5 Wiy

holds. L]
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Remark 2.6. If B is the split quaternion algebra, we can give explicit ver-
sions of the above definitions and calculations in terms of matrices by using
the isomorphisms of Remark 2.1. This has been carried out in [BG17]. We
only give an overview:

Let us identify B with Matsyo and choose ¢ to be the canonical embedding

z 0
1: E— B, (a:,y)»—>(0 y).

In this way we can see T as the torus of diagonal matrices in G = PGLs.
Further, the fixed isomorphism of G,, with T' is given by

'_>:1:O
T 0 1)

We choose J as the element g (1) and R = Matayo(OF).

The elements w,, € V, for m > 0 defined after Lemma 2.2 are given as
follows: We take wy corresponding to R, = Matsys(Op,) and for m > 1

m

w .
Op 1) where w, € Op, is a local

uniformizer at p. Obviously, we have Stabg, (wo) = K, (which induces the
isomorphism G, /K, =Y V, of Remark 2.1) and thereby Stabg, (wg) = U,. For
m > 1 it follows that Stabg, (wm) = hnKyh,,'. An easy calculation shows
Stabr, (wm) = U™, as desired.

In particular, we get a refined version of Lemma 2.5 with equalities not
only up to multiplication by an element in 7}, (see Lemma 1.5 of [BG17]),
i.e. we have

we define w,, = h,,.wy with h,, =

(G0 0 Win)(9) = w0, (inv 0dp)(J ) (2.4)
and

Om (@) = (inv 00y, ) (J ). (2.5)

2.2 Ends and the Steinberg representation

We will give a quick review of the theory of ends of the Bruhat-Tits tree.
As before, let p be a finite place of F' which is split in B. By realizing
the Steinberg representation as a space of functions on the set of ends, we
construct a map 6, from the dual of the Steinberg representation to the space
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of distributions on the local torus, which is compatible with the maps 9,, for
m > 1.

We say that two elements (v;);>0 and (v);>o in 5_';,700 are equivalent if there
exist integers NV, N’ > 0 such that vy;; = viy,,; for all i > 0. An end in 7,
is defined as an equivalence class of elements in f,_';m. The set of ends is
denoted by Ends,. To an edge e € 5_',; we assign the set V(e) of ends that
have a representative containing e. The sets V' (e) form a basis of a topology
on Ends,, which turns Ends, into a compact space. The natural action of
G, on 5,3” extends to an action on Ends,.

Let § C Ends, be the set of fix points under the action of 7,. As a
consequence of Lemma 2.2 we see that T, acts simply transitively on the
complement of §. Hence, choosing a base point [vs] in the complement yields
a homeomorphism k,_j: 7, — Ends, —§ via t — t[vs]. In the following we
will choose the class of wy, as our base point and write kK = K,]-

Remark 2.7. The set § is non-zero only if p is split in £. In this case §
consists of two elements given as follows: Clearly, the equivalence classes of
the elements

ogp = (wp, wypw, wéwo, ...) and ogpr = (wo, wywo, (w%)%;o, o)

are fixed by T,,. Using Lemma 2.2 one can show that § = {[og], [op-]} holds.
In particular, the choice of the prime P lying above p if E' is a field resp. the
choice of one F-coordinate of E if B is split (and hence, in both cases, the
choice of the vertices w; for i < —1) is equivalent to the choice of the element
[og] of §. In particular, there exists a unique G,-equivariant homeomorphism
of Ends, with P*(F},) which maps oy to 0, og- to 0o and we to 1 (where we
write 0o, 0,1 for the points [1:0],[0: 1],[1: 1] of P}(F})).

We define the Steinberg representation St, to be the space of locally
constant Z-valued functions on Ends, modulo constant functions, i.e. St, =
C%(Endsy, Z)/Z. The Gy-action on Ends, extends to an action on St, via
(7-90)([vao)) = (v [se)) for v € Gy, @ € Stp, and [vs] € Ends,. The open
embedding x: T, — Ends, induces a T,-equivariant map

via extension by zero and thus, by dualizing we get a map
6, Hom(St,, N) — Dist(T},, N).

If p is split in E, we can extend k to a map from F}, to Ends, by mapping 0
to op. Thus, we can extend d, to a map

§p: COUF,, Z) — St,, (2.6)
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which in turn induces a T,-equivariant map
6, Hom(St,, N) — Dist(F},, V).

If p is non-split, the image of « is equal to Ends,. Therefore, ¢, descends to
a map

6p: CUF,,Z2)]7 — Sty (2.7)
and thus, we have
6, Hom(St,, N) — Disto (T}, N) C Dist(7,, N).

Dualizing the canonical map 57,, — Stp given by e = 1y, yields the
Gy-equivariant evaluation map

evy: Hom(St,, N) — C°(&,, N). (2.8)
Further, there is the natural map
Jm: Dist(Ty, N) — Dist(Z, /Uy, N)
induced by the projection T, — T,/ Uf(pzn) . By definition we have
V(wm—1, W) = R(U:(F;n)) (2.9)
for all m > 1 and, if p is split in E, we also have
V(w_1,wo) = k(Op,).
From this, one easily gets

Lemma 2.8. (i) Let m > 1 be an integer. The following diagram is commu-

tative:
evy .
Hom(St,, N) (&, N)
5 o,
Dist(Ty, N) — ™. Dist(T, /U, N)
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(ii) Suppose that p is split in E. Let
ay: Dist(Fy, N) — Dist(T,/Ur,, N)

be the dual of the map (1.5). Then the following diagram is commuta-

tive:
Hom(Stp, N) CO(SP, N)
(5; R
Qy
Dist(Fp, N) Dist(Tp/UTp, N)

Proof. Let us give a proof of part (i). For this, let £ € Hom(St,, V) and

t e 1,/ U}T). Note that the set of functions 1 where ¢ ranges over

)
representatives of 7}, modulo Ugn), is a Z-basis for CO((C/_,;, N). Using (2.9) we
get

O (v ()) (L) = evp(&) ({1, W)

= f(ﬂV(t.V(wm,l,wm»
= L wgm))

= J (05 (E) (L gyem ),
P
where the last equality holds by definition. O

There is also a twisted version of the above constructions if p is inert in
E. Let nr: B;‘ — Fp* denote the reduced norm. The character

X-1: By — {£1}, g+ (—1)crde(nrlg)

is trivial on the center and thus, descents to a character on G,. The twisted
Steinberg representation is defined by

Sty" = Sty (x-1)-

Since p is inert in £ we have ord,(nr(¢)) = 0 mod 2 for all ¢ € T,. Therefore,
the map

6" CU(T,,2) )2 — S, fr— 6,(f) ®1 (2.10)
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is Ty-equivariant.
There is also a (G,-equivariant) twisted evaluation map

evi": Hom(Stl™, N) — C°(&,, N). (2.11)

It is given by dualizing the map
gp — Stfywu er— X—l(ge> : ]]-V(e) ® 17

where g. € G, is any element such that g..(wo, w;) = e. Again, using (2.9)
and following the same lines as in the proof of Lemma 2.8 we get

Lemma 2.9. Let m > 1 be an integer and let p be a prime, which is inert
in E. The following diagram is commutative:

tw
evp

Hom(St}", N) C°(&,,N)

(d)° (~1)710,,

DiStO (Tp, N)

Dist(T;/Usr", N)

2.3 Global cohomology classes and pullback to the to-
rus

In this section we globalize the constructions of the previous sections. Unfor-
tunately, we have to take different approaches depending on B being split or
non-split since the dualizing module of arithmetic subgroups of G is trivial
(resp. non-trivial) if B is non-split (resp. split).

Let Div(P!(F)) be the free abelian group over P!(F) and let Divy(P!(F))
be the kernel of the map

Div(PY(F)) = Z, > mpP Y mp.

Note that we have a G(F)-action on Divo(P!(F')) induced by the G(F)-action
on PY(F). We write

D — Y/ if B is non-split and
“ 7\ Divo(P(F)) if B is split.

We fix pairwise disjoint finite sets Sg;, Sy, and S’ of finite places of F
disjoint from ram(B) and put S = Ss; U Si,. From now on we assume
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that every p in Sy is inert in E. For an R-module N and a compact open
subgroup K C G(A%*) we consider

A(K, Ssi, Seus N)S = C’(G(ASUS"OO) /K, (2.12)
Hom<® Sty ® ® St,", Hom(Dg, )))
PESSst PEStw

with its natural G(F')-action, i.e. for every p € Ss; (resp. p € Siy) we view
Sty (resp. St;") as a G(F)-module via the embedding G(F) < G, and put

(9.2)(2)(fst @ fow) = P9~ 2) (9" fsr) @ (97" fiw))

fOI' g - G(F), @ (- A(K, Sst,Stw;N)Sl, xr & G(ASUS,’OO)/K, fSt & ®P€SSt St
and fiy € @,cs,. St;w. Further, we fix a locally constant character

e: Too — {£1}.

We will often view € as a character on T'(F') via the embedding T'(F') < Tw.
There exists a unique extension e: Go, — {£1} such that the diagram

Too —— {£1}

| &

Goo

is commutative. Again, we view € also as a character on G(F') via the embed-
ding G(F') < G. We are interested in the cohomology of the G(F')-modules
A(K, SSt7 Stw; N)(E)

Proposition 2.10. Let Ss;, Sy be disjoint finite sets of finite places of F
disjoint from ram(B) and K C G(AS*) a compact open subgroup.

(i) Let N be a flat R-module equipped with the trivial G(F')-action. Then
the canonical map

HY(G(F), A(K, Ssi, Stw; R)(€)) @ N — HY(G(F), A(K, Ssi, Stw; N) (€))
is an isomorphism for all ¢ > 0.

(it) If R is Noetherian, then the groups H1(G(F), A(K, Ss;, Stw; R)(€)) are
finitely generated R-modules for all ¢ > 0.

Proof. This is almost verbatim Proposition 4.6. of [Spil4]. O
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Definition 2.11. The space of N-valued, (Ss;, Stw)-special modular symbols
on GG of level K and sign € is defined to be

M(K, Sst, Sew; N)¢ = HYG(F), A(K, Sst, Stw; N)(e)).

Let n € Op be a non-zero ideal coprime to ram(B). We fix an Eichler
order R(n) C R of level n contained in the fixed maximal order R. As in
the local case, we write K, (resp. K,(n)) for the image of R (resp. R(n);)
in G, and set

K= H K, resp. K(n) = H K,(n)

Following Remark 2.6 we can identify R(n) with

{ (Z Z) € Matoy2(OF) s.t. ¢ =0 mod n}

in case B is split.
We put
M(na SSt) Stw; N) - M(K(n>s7 Ssta Stw; N)
and
M(n; N) = M(n,0,0; N).

Without loss of generality we will always assume that every p € S divides n
exactly once.

For an open subgroup U C U‘Tgusl’oo

we define
D(U, S; N)*"* = Hompg(C.(U, S, R)5">, N).

In case U = Up(m) with m C Op a non-zero ideal we write D(m, S; N )"
for the corresponding distribution space.
Since we assume that every prime p in Sy, is inert in E the local maps

(2.6) and (2.7) (resp. (2.10)) induce the semi-local maps

55& = ®P€SSt5p: ® CC(FWZ) ® ®CC(TP7 Z)/Z — ® Stp
pESS_t, peSStz . pESSt
p split p non-split
respectively

5?ti = ®P€Stw 5;;“]: ® Cc<Tp, Z)/Z — ® St;w

pEStw PGStw
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For every compact open subgroup K C G(ASUS""O) and every element

g € G(ASY5">°) we get a T'(F)-equivariant homomorphism

AY A(K, Ssi, Sew; N)¥ — DY (gKg™), S; N)Y

9,Sst,Stw

given by

AS’,’SSt,StW (CI)) (I) (fSSt & fStw)

_ J@(u(2)9)(dss, (fss.) ® 08, (fs1.,)) if B is non-split and (2.13)
P(1(2)g) (055, (fs5,) @ I, (f1,,))(0 — 00) if B is split

for ® € A(K, Ss;, Stw; N)S', # € T(ASYS°) /171 (gKg™!) and fsy,, as well as
fs.., in the appropriate semi-local function spaces.
Composing Ay g, s, With the restriction map

M(K, Sst, St N)© — HYT(F), A(K, Sst, Stw; N)(€))
on cohomology yields a map
M(K, SSta Stw; N)€ — Hd(T<F>7 D(L_l(gKg_1)7 Sv N)Oo(e))a

which we will also denote by A, s, s..,-
Keep in mind that by Remark 2.1 there is an up to orientation unique
G (A (B)US.29)_equivariant isomorphism

! —

G(ATmBIS ) /¢ ()ram(B0S = TT Epordy)- (2:14)

pegram(B)USUS«
Definition 2.12. A non-zero ideal m C Op is called n-allowable if m is
coprime to ram(B) and ord,(m) — ord,(n) > n, for all p ¢ ram(B).

Let us fix an n-allowable ideal m. For a finite place p of F' that is not
in SUram(B) we define e, = (Word, (m)—ordy(n)» - - - » Word, (m)), Where the w; are
the vertices chosen in Section 2.1. Let gn = (gp), € G(A®*)/K(n)* be the
element that is equal to one at places in ram(B) and corresponds to (e),
under the above isomorphism for all places p ¢ SUram(B). In this case, the
equality

Ur(m) = 1™ (guK (n)gy")

holds and hence, we have a map

A Ss.500 = Dy 551,50 - M0, Sst, S N)© — HYT(F), D(m, S; N)*(e)).
(2.15)
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As always, we drop Ss; and Sy, from the notation if they are empty.

For every p ¢ ram(B) the Hecke operator T, as defined in (2.1) acts on
M(n; N)© via the isomorphism (2.14). Similarly, for n’ | n the global Atkin-
Lehner involution W, is given by applying the local Atkin-Lehner involutions
Wpordp<n/) at the places p | n’. Also, for every p € ram(B) the local Atkin-
Lehner involution W, is given by interchanging the two elements in the set

Gy /K.

Remark 2.13. Once again, as in Remark 2.6 we can give an explicit descrip-
tion of the elements gy, if B is a split quaternion algebra in terms of matrices
by identifying B with Mats.o. We choose g, as the projection of the matrix
(hy)p € PGLy(A™) given by

1
0 (1) if ord,(m) =0,
hp = wordp(m) 1 (216)
P else,
0

where @, € Op, is a local uniformizer at p.
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3 Stickelberger elements for modular sym-
bols

In this section we study Stickelberger elements coming from the modular
symbols defined in Section 2. They are constructed by taking the cap product
of the pullback of the modular symbols via the map (2.15) with the homology
class defined in Section 1.3 associated to the Artin reciprocity map. As an
immediate consequence of the results of Section 1 we can bound their order
of vanishing from below and, furthermore, prove a functional equation.

Throughout this section we fix a ring R, an R-module N, a non-zero ideal
n C O, which is coprime to ram(B), and a character € as before. In addition,
we fix a modular symbol K € M(n; N)-.

Definition 3.1. Assume that F is a field. Let L be a finite Galois extension
of F'. We say L is F-anticyclotomic if it contains F, is abelian over E and if
7o' =o' holds for all o € Gal(L/E).

Let us fix a finite Galois extension L of F' which is FE-anticyclotomic
(resp. abelian) if B is non-split (resp. split). Write G for the Galois group of
L over E (resp. F'). The Artin reciprocity map of L over E (resp. F') induces
a group homomorphism

r,: T(A)/T(F) — G.

In addition, we fix an n-allowable ideal m of O that bounds the ramification
of L over E (resp. L over F), i.e. Ur(m) is contained in the kernel of ry. Let

cp = ¢, € Ho(T(F), C(m, Z[G])>(€))
be the image of r, under (1.9) with S = (). We adopt similar notations if S
is not the empty set, e.g. we set cp(m, S, €) = ¢, (m, S, €).
The natural pairing
Ce(m, Z[G])™ x D(m; N)> — Z[G] @ N
induces a cap-product pairing

Ha(T(F), Ce(m, Z[G])* () x HY(T(F), D(m; N)*(e)) — Z[G] @ N.

Definition 3.2. The Stickelberger element of modulus m associated with x
and L/F is defined as the cap-product

On(L/F,k) = An(k)Nep € Z[G] ® N.
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As a direct consequence of functoriality of the Artin reciprocity map we
get the following compatibility property:

Proposition 3.3. Let L’ be an intermediate extension of L over F containing
E if E is a field. We will denote by G’ the Galois group of L over E (resp. F)
in case B is non-split (resp. split). Then we have

7L/ (On(L/F,K)) = On(L'/F, k),
where
T LGl @ N — Z[G' @ N
15 the canonical projection.

Let k be an R-algebra and x: G — k* a character. The character also
induces an R-linear map x: Z[G]® N — k®pr N. Via the Artin reciprocity
map we can view x as a character of T'(A). We write Xoo: T(Fa) — p2(k)
for the component at infinity of y.

Proposition 3.4. Let k be an R-algebra which is a field and let x: G — k*
be a character. If xXoo # €, we have

X(On(L/F,k)) =0.
Proof. We have

X(@m(L/Fv ’{)) = X(CL) N Am(/{)
= ¢, (m, 0, €) N Ap(k).

Making the construction of ¢, (m, (), €) (in particular (1.6)) present, one sees
that orthogonality of characters yields the vanishing of ¢, (m, 0, €) for yoo #
€. 0

Let Ss; and Si,, be finite disjoint sets of finite places of F' with
- p divides n exactly once for all p € S = Sg; U Sy,
- S is disjoint from ram(B) and

- every prime in Sy is inert in F.
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The local evaluation maps (2.8) and (2.11) induce a map
Evsg, $u 0 M1, Sst, Stws N)© — M(n; N)“.

For a place v of F' we let G, C G be the decomposition group at v. Note
that even if F is a field and v is split in £ this is well defined since L is E-
anticyclotomic. If p € S, we define I, C Z[G] as the kernel of the projection
Z[G] = Z|G/Gy). If v € Sy is real and split in E, we let 0, be a generator of
G, and define I C Z[G] as the ideal generated by o, F 1. For complex and
non-split real Archimedean places we define I* = Z[G].

Lemma 3.5. Assume that N is Z-flat and that there exists an (Ssg, Stw)-
special modular symbol k' € M(n, Ss, Stw ; N )¢ lifting K, i.e. Evg, s, (ks) =
Kk holds. Then we have

On(L/F, k) € ( I =" 1] I,,) ® N.

VES PESm

In particular, if N = R is a Z-flat ring and € s trivial, we have
2-%0,(L/F,r) € R[G]
and
ordp (270w (L/F,K)) > #5u,
where d is the number of real Archimedean places of F' which are split in E.

Proof. By Lemma 2.8 (i) and Lemma 2.9 we have

On(L/F, k) = An(k) Nep(m, 0 e)
=+ Ais“StW(HI) N cL(m, S, 6).

We set I = [],eq. ey [l;cs, I» and consider the ring A = Z[G]/I

together with the projection maps 7: Z[G] — A and 7y : Z[G]Q N — A®Q N.
We have

TN (On(L/F,K)) = £ Ansq .50 () N (e (m, S e)) =0

since the homology class m.(cL(m, S, €)) = Cror, (M, S, €) vanishes by applying
Proposition 1.6 with a = A. O]
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Lemma 3.6. Suppose that every p € ram(B) is inert in E and that we
can decompose n = nyny such that ny is coprime to m and ny | m. Write
ng = [[_,pi", withn; > 1 for 1 <i <r. Let k be an eigenvector Oan@
with eigenvalue €; € {£1} for1 < i <1 and of W, with eigenvalue ¢, € {:I:l}
for every p € ram(B). Further, write e,, = [[;_, &; for the eigenvalue of W,
Then

On(L/F. k)Y = (=1)"" - e(=1) e, [[ - Ounl(L/F.r)

peram(B)

holds up to multiplication with an element in G with

0 if B is non-split and
1 if B is split.

Proof. Let @ be an element in A(K (n); N)(¢). By Lemma 2.5 we have

T W @) = (—1Pe(-1) (v 0Ag) (D))

peram(B)

up to multiplication with an element in T'(F). For the places p € ram(B) we
use that we have J ¢ K|, (see the beginning of Section 2). The factor e(—1)
is the contribution of the Archimedean places and the factor (—1)° is coming
from (2.13), i.e. it follows from

J(0 —o00) = —(0 — o)

if B is split.
Hence, by passing to cohomology we get

em s || & OwL/Fik)=On(L/FEW,, - [[ Wp-s

peram(B) peram(B)
(=1)%e(=1)cr Ninv(An(k))

(=1)%e(=1)inv(cr) N An(k)
= (=1)™e(=1)(c)" N An(r),

up to multiplication with an element in G. The last equality holds for the fol-
lowing reason: The T'(F)-action on C(m, Z[G])>(¢) is inverted by applying inv
and inverting the Ud-action induces multiplication by (—1)% on Hy(UZ,Z).
Thus we get

inv(er) = (—1)%(cz)"

and the claim follows. O
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Remark 3.7. As a consequence of the choices made in Remark 2.6 or rather
by the equations (2.4) and (2.5), we have a more precise statement of Lemma
3.6 in case B is split:

@m(L/F7 l{>v = (_1)d+1 ) 6(_1) “Eny oo @m(L/Fv ’i)

ni

Here o, = [y, asrdp(nl) and o, € G is the (arithmetic) Frobenius at p

(note that in particular the p | ny are unramified by the definition of ny).
See [BG17], Proposition 1.15, for more details.

As a consequence, we can compute the parity of the order of vanish-
ing of Stickelberger elements. With the same hypothesis as in the previous
proposition we get:

Corollary 3.8. Suppose that N = R, r = ordg(On(L/F,Kk)) < oo and that
2 acts invertibly on Ir(G)"/Ir(G)" ™. Then we have

(=1)" = (=1 - e(=1) - en,.

Proof. The involution ()" induces multiplication by (—1) on Iz(G)/Ir(G)?
and thus, it induces multiplication by (—1)" on Iz(G)"/Ir(G)"™!. Since the
equality in Lemma 3.6 holds up to multiplication with an element in G, we
have

(=1)"On(L/F, &) = Ou(L/F, k)" = (~1)%(—1) - e, - On(L/F, k)

in Ip(G)"/Ir(G)"*!. Assume that (—1)" # (—1)%(—1) - €,,. Then the above
equation would imply

20, (L/F, k) = 0 mod Iz(G) ™!

and thus we get
Ow(L/F, k) =0 mod I5(G)"**

since by assumption 2 acts invertibly on Ir(G)"/Ir(G)"™'. But this contra-
dicts our assumption that the order of vanishing of ©,(L/F, k) is exactly
T. [
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4 Automorphic Stickelberger elements

We will apply the results of the previous sections to cohomology classes
coming from automorphic forms. After constructing Stickelberger elements
associated to automorphic representations and proving norm relations for
them (Section 4.1) we get lower bounds for the order of vanishing. Moreover,
we prove interpolation formulae (Section 4.2) and a leading term formula
(Section 4.3). We close our discussion by giving a positive answer to the
conjecture of Mazur and Tate in the analytic rank zero situation formulated
in the introduction and by giving a construction of p-adic L-functions in
Section 4.4.

4.1 Stickelberger elements associated to automorphic
representations

Let m = ®,m, be a cuspidal automorphic representation of PGLy(A) with
the following properties:

- m, is a discrete series representation of weight 2 for all real Archimedean
places v of F',

- T, is isomorphic to the principal series representation m(uq, o) with
11 1_1 .
pi(z) = 22272 and pg(z) = 2z~ 222 for all complex Archimedean places
v of F' and

- T, is special, i.e. a twist of the Steinberg representation, for all p €
ram(B).

A result of Clozel (cf. [Clo90]) tells us that there exists a smallest subfield
Q. € C, which is a finite extension of Q such that 7 = Hpgsoo Ty can
be defined over Q,. Q, is called the field of definition of 7. We write
Io(n) € PGLy(A) for the usual adelic congruence subgroup of level n. By
the automorphic formulation of Atkin-Lehner theory due to Casselman (see
[Cas73]) there exists a unique non-zero ideal f(7) C O such that (7°°)"0((™)
is one-dimensional. Thus, the standard Hecke operator T, (resp. the Atkin-
Lehner involutions W,) acts on (7°°)[o0(™) via multiplication by a scalar
which we denote by A, (resp. wy). More precisely, the Hecke eigenvalues A,
are elements of the ring of integers R, of Q.

If B is a non-split quaternion algebra, our assumptions on 7 provide a
transfer of 7 to B, proven by Jacquet and Langlands in [JL70], i.e. there
exists an automorphic representation 7z of G(A) such that

- Ty = m, for all places v at which B is split,
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- Tpy is the trivial one-dimensional representation for all v € S, at
which B is non-split and

- Tpy is the trivial (resp. non-trivial) smooth one-dimensional represen-
tation of G, for every p € ram(B) for which 7, is the (twisted) Steinberg
representation. In particular, the eigenvalue of W, acting on 7p, is the
negative of the root number of .

As before, we identify G and PGLs if the fixed quaternion algebra B is
split. In this situation we will write 7 = 7 etc. to unify the notation.
In either case, let f(75) be the maximal divisor of f(7) which is coprime

to ram(B). We define
M(f(mp); Qr)" € M(f(m5); Qr)*

to be the common eigenspace of the operators T, for p ¢ ram(B) with eigen-
values \,. The formalism of (g, K)-cohomology together with the strong
multiplicity one theorem implies that M(f(7p); Q)™ is one-dimensional for
every sign character e. It follows by Proposition 2.10 (i) that

M({(7p); Br) @r, Qr —> M(f(75); Qx)

is an isomorphism. Therefore, the intersection of M(f(rg); Q)™ with the
image of M(f(7g); R:) in M(f(7g); Q) is a locally free R,-module of rank
one. We choose a maximal element ™2 of this module.

Remark 4.1. (i) If R, is a PID, the generator ™5 is unique up to multi-
plication by an element in R}. In particular, if the automorphic repre-
sentation 7 corresponds to a modular elliptic curve over F', then Q, is
equal to Q and thus, k™5 is unique up to sign.

(ii) We could weaken the assumptions on m, for p € ram(B). It is enough
to assume that 7, is either special or supercuspidal. But in the super-
cuspidal case there is no canonical local new vector for mp,. To ease
the exposition, we stick to the special case.

(ili) In [BG17] we have chosen a different approach for the construction of
a modular symbol. Starting with an automorphic form ® of parallel
weight 2 we construct an Eichler-Shimura homomorphism to get an
element kG € M(f(mp);C) (see Section 2.1 of [BG17]). Using this
approach, one has to choose ® properly such that k§ € M(f(7g); Rx)".

As in Section 3, we fix a finite Galois extension L of F' which is F-
anticyclotomic (resp. abelian) if B is non-split (resp. split) and write G for
the Galois group of L over E (resp. F'). Further, let m be an f(7g)-allowable
ideal of OF that bounds the ramification of L over E (resp. F).
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Definition 4.2. The Stickelberger element of modulus m and sign € associ-
ated to mp and L/F is defined by

Ow(L/F,75)" = On(L/F, k™) € R,[G].

Remark 4.3. The element ©,(L/F,75)¢ depends on the choice of an Ur,-
stable vertex and an end of the Bruhat-Tits tree for every prime p ¢ ram(B).
If we take different choices, O (L/F, )¢ is multiplied by an element of G.
Therefore, the element

Lu(L/F,75)" = On(L/F,75)" - (Oun(L/F,75))" € RG]
is independent of these choices.

Next, we study the behaviour of Stickelberger elements under change of
modulus.

Theorem 4.4 (Norm relations). (1) Let p be a finite place of F' that does not
divide m. Write og for the the image of the uniformizer wy under the
Artin reciprocity map rr, of L over E (resp. F'). Then the equality

Omp(L/F,m5) = (Ap = (%))On(L/F, 7p)*

holds with
0 if p is inert in E,
(x) = ¢ L,(f(7B))op if p is ramified in E,
Uq}l + 1,(f(mp))og if p is split in E,
where

1 ifordy(f(mp)) =0 and

0 else.

Ly(f(7s)) = {

(ii) Letp be a finite place of F' that does divide m and write m = ord,(m).
Then we have a decomposition

Oump(L/F,m5)" = AgOun(L/F,mp)" + 1y (7)) vm(Omp-1 (L/ F, 7)),

where the elements vyn(Owp-1(L/F, 7)) can be characterized by the
following properties:

- T (Vm(Omp-1 (L) F,7B)) = Vm(Omp-1(L'/F, 7)) for all inter-
mediate extensions L' of L over F (which contain E if E is a

field)
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- Un(Omp1 (L/F,mp)) = (U ULV) (O (L) F. 7)) im case
the Artin reciprocity map for L over E (resp. F') is trivial on
Ur(mp~)

- Let k be a field which is an R.-algebra and x: G — k* a character
such that x, has conductor p™. Then we have

X (v (Omp—1(L/F,75)%)) = 0.

(i11) Suppose that p is inert and divides m as well as f(mg) exactly once. Let
k be an R.-algebra and x: G — k* a character which is unramified at
p. Then we have
X(On(L/F,mp)) = 0.

Proof. This is a direct consequences of the local norm relations of Lemma
2.3. For part (iii), note that the local representation at m, is a (twisted)
Steinberg representation and thus, the eigenvalue of T, o W, on a local new
vector is —1. O

In the following we use the same notation as in the discussion before
Lemma 3.5. Let Ss; (resp. Siy) be the set of finite places p of F' which are
disjoint from ram(B) (and inert in E) such that the local component 7, is
the (twisted) Steinberg representation. As always, we set S = Sg; U Spy. Fix
subsets Gg; C Sg¢ and Gy, C Sty and put 6 = Gg; U Gyy,.

Let tg € Z be the product of the exponent of the 2-torsion subgroup of
M(f(7g); R;)¢ and the exponent of the torsion subgroup of

P M(f () R

ped

If d > 0, we define
Cs :gcd{H(N(p)—i-l) | & C & with #6 :#6’+1}.
ped’

In the case d = 0 the above cohomology groups are torsion-free and hence,
ts = 1. Further, we put cg = 1.
Finally, we define ng = cs - ts.

Lemma 4.5. Let © = &gy U Sy, as above. Then the cokernel of the map
EVGSt,Gtw : M(f(ﬂ-B)7 681&7 6tW7 Rﬂ_)ﬁ — M(f(TrB), Rﬂ—)e

s annihilated by ne.
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Proof. Let k be a preimage of k™ in M(f(7p); Rx). Since 7 is new at p
for all p € S we know that the image of £ under the trace maps

Try: M(f(75); Re) — M(f(mp)p ™" Re)*

is torsion for all p € S. Thus, ne - & lies in the kernel of all trace maps Tr,
for p € & and is also an eigenvector under the Atkin-Lehner operator W,
with eigenvalue —1 (resp. 1) if p € Gg; (resp. Gy ).
We are going to prove the claim by induction on #&. The well-known
short exact sequences
Wp=—1

0— c—indf(ifg)) 7 — (c—ind%ﬂ’ ) Z) ’ — St, — 0

for p € Sg; and

Wy=1
. 1G(Fp) . 1G(Fy) b w
0 — c-indy oy Z — (C—lndKp ’ Z) — St — 0
for p € Siw (see for example Section 2.4 of [Spil4]) induce an exact sequence

M(f(rp), (P} Re)” =25 (M(f(mp); Be))"" = 25 M(f(rp)p" Ry)*

in cohomology for all p € S. Hence, we can lift the class ng - k if & = {p}.
Now, let #& > 2. We pick an element p € & and consider the following
commutative diagram with exact columns (where, by abuse of notation, we

write M(f(np),S; Ry) for M(f(np), Sst, Sew: R )):

M(f (7). &: R, mald M(f (7). {p}: Ro)"
Evip Evip)
(MFm).6 — (o) R O () Ry
Tr, Tr,
MU )P 6 — (}: By S (gt R

By the induction hypothesis we can lift ng_g) - £ to a class
R € (M(f(m5), & — {p}; Rr))™"
If d =0, the map
Eve (o M(f(mp)p™", 6 — {p}; Rr)" — M(f(mp)p™"; Rx)
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is injective. Therefore, the claim follows from Try(ne_gy} - £) = 0.
If d > 0, we consider the canonical map

v M(f(mp)p™ 1,6 — {p}; Rr)* — M(f(n5), S — {p}; Rx)".

Since Try ov is equal to multiplication by N(p) + 1 we see that the element
(N(p) +1) -k —(Try(K)) can be lifted to a class in M(f(ng),S; R). The
commutativity of the diagram above together with the fact that Tr,(ne_ g} %)
vanishes implies that (N (p)+1)-k—¢(Try(K)) is also a lift of (N (p)+1)ne_(p}-
K. [

Let I, C Z[G] for v € SUS be the ideals defined in the discussion before
Lemma 3.5. Then we have

Theorem 4.6 (Order of vanishing). For every f(mg)-allowable modulus m
that bounds the ramification of L over E (resp. F') we have

N5, Om(L/F, mp)" € < H Iy H ]p> ® Rr.

VESs PESm

Proof. 1t is easy to see that the map

Evisg, s., 0 MF(T8), Sses Stwi Qr)™ —> M(f(mp); Qr)°"

is an isomorphism of one-dimensional Q,-vector spaces (cf. [Dep16], Propo-
sition 4.10 for a proof in the GLg-case). Therefore, the map

M(f(ﬂ-B)v SSt’ Stw; Rw)e’ﬂ — M(f@ﬁ?); Rw)e’ﬂ

has finite cokernel. Lemma 4.5 tells us that ng, annihilates this cokernel.
Therefore, the claim is a direct consequence of Lemma 3.5. O]

As a consequence of Lemma 3.6 and Corollary 3.8 we get the following
results:

Proposition 4.7 (Functional equation). Suppose that every p € ram(B) is
inert in E and that we can decompose f(mg) = niny with ny coprime to m
and ny dividing m. Let € be the root number of ™ and e,, the product of the
local root numbers of primes dividing ny. Then the equality

(On(L/F, 7)) =¢(—1) -y, - On(L/F,mp)°

holds up to multiplication with an element in G.
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Proof. We have to convince ourself that this is a consequence of Lemma 3.6.

Let us decompose ¢ into the local e-factors. The part corresponding to
the finite places is given by &y, €y, - Hpemm(B) gp. In case that B is non-split,
the passage from 7 to 7p yields &, = —¢f, where €] is the Atkin-Lehner
eigenvalue corresponding to mg (see the definition of 7g).

For a infinite place v of F, the e-factor ¢, is equal to —1. If v is real, this is
well known (e.g. see [Gel75], Theorem 6.16). For a complex place we state a
proof: The local representation is given by m, = 7(u1, p2) with p1(z) = 2272
and p5(z) = 27272, By Definition, e, is given as a product e(uy) - £(u2)
(see [JL70], p. 118). Using a shifting formula (see [Kud03]), (3.28)) we see
that we can replace p1 by i1 = 2°Z71 and s by fis = 272" without changing
the e-factors. In this situation Proposition 3.8 (iv) of [Kud03] states that
e(n) = e(p2) = i, so we get g, = —1.

Altogether, for B a non-split quaternion algebra we get

€ Eny = Eny - H SB ’ (_1)#ram(B) ’ (_1)#500

=&y, - H ng . (_1)#{1)6500 s.t. By is split}

peram(DB)

using the fact that the total number of ramified places in B is even and the
conditions on the splitting behaviour of B. On the other hand, if B is split,
we have #5, = d + 1. The claim follows. O

Corollary 4.8 (Parity). Suppose that every p € ram(B) is unramified in E
and that there is a decomposition f(wg) = ning with ny coprime to m and ny
dividing m. Moreover, we assume that r = ordg (On(L/F,mp)¢) < co holds
and that 2 acts invertibly on Ip_(G)"/Ir. (G) ™. Then we have

(1) = e(—1) ¢ - n,.

4.2 Interpolation formulae

We relate Stickelberger elements to special values of L-functions. For this, we
will use different approaches for non-split and split quaternion algebras. To
be more precise, in case that B is non-split we get a formula for £,(L/F, )
(see Theorem 4.9) using a computation of toric period integrals by File,
Martin and Pitale (cf. [FMP]) as a crucial input whereas we get a formula
for ©,(L/F,mp)° in the split case using concrete calculations which we will
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carry out (see Theorem 4.10). We keep the notations from the previous
section.

Given any automorphic representation 7 of a reductive algebraic group
over F' and a finite set S of places of F' we write L°(s, 7) for the L-function
without the Euler factors at places in S and Lg(s,7) for the product of the
Euler factors of places in S. In particular, if S = S, for a non-zero ideal
m C Op, we write L™ (s,7) for L (s, 7).

Let us start with Stickelberger elements associated to mp with B a non-
split quaternion algebra. Let xp/p: Gal(E/F) — C* be the non-trivial
character. Given a character x: G — C* and a finite place p of F' we denote
by €(1/2, 7 ,®Xx,) the local epsilon factor of the base change of 7 to PGLy(E)
twisted by x. Here we view characters x as characters on T'(A) via the Artin
reciprocity map. We say that y fulfills the Saito-Tunnell condition with
respect to B if for all finite places p of F' the following equality holds:

e(1/2,mpp ® Xp) = XE/RP(‘U inv(B,)

Here inv(B,) € {£1} denotes the local invariant of B at p. By our assump-
tions on the splitting behaviour of B there is no condition at the Archimedean
places.

Let S(m) be the set of finite places at which 7 is ramified. For a character
X as above we set S(x) to be the set of finite places at which x is ramified.
Finally, let ¥(7, x) be the set of all finite places p such that either the local
conductor of 7 at p is greater than one or the local conductor of 7 at p is
exactly one, I over I’ is ramified at p and ¥, is unramified. The ramification
index of E over F at a prime p will be denoted by e, (E,/F}).

Theorem 4.9. There exists a constant C € C* such that for all f(7wp)-
allowable modult m and all characters x: G — C* of exact conductor m with
Xoo = € we have

(ea(r/Fan)) = L L1 Laosco 1)

L¥0(1)2, w5 @ X)
X Lsmrsoo(L1r) [ eo(E/F) - L2017, Ad)
pES(MNS(0°

if x fulfills the Saito-Tunnell condition and
X(Ln(L/F, 7)) =0

if x does not fulfill the Saito-Tunnell condition.
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Proof. By the strong approximation theorem there exist finitely many ele-
ments g1, ..., g, € G(A™) such that

G(A™) = U G(F)giK(f(mB))-

Note that A(f(7g); C)(e) = Coindf(((‘?c:é)) C(e) holds, where Coindimw) C(e)
is the coinduction of C(e) from K(f(wg)) to G(A*>), i.e. it is the space of
K(f(mp))-invariant functions from G(A>) to C(e).

Let us write I'; = G(F) N ¢;K(f(7p))g; . Then Shapiro’s Lemma yields
M(f(r5);C) = P H' (T, C(e)).
i=1

The group cohomology of a discrete group is naturally isomorphic to the
singular cohomology of its associated classifying space. We choose a torsion-
free normal subgroup I'; C I'; of finite index. Then the classifying space
K (T}, 1) is isomorphic to I;\ X. Here X is given by G(F)/ Ko, where K,
is a maximal compact subgroup of G(F,). We can choose K, = Hvesoo Kp,
with Kp, = SO(2) if v is real and split, Kp, = G, if v is real and non-split
and Kp, = SU(2) if v is complex. This gives us

Xe= [ Heg

VESeo
v split in G
with Hp, being the (usual) complex upper half-plane if v is real and Hp, =
C x R the upper half-space of dimension 3 if v is complex.
The space X¢ is a differentiable manifold and so the singular cohomology
of I')\ X¢ with complex coefficients is isomorphic to its de Rham cohomology,
i.e. we have

H'(I', C(e)) — Hig(T}\Xa, C(e)).

Since I'; /T"; is invertible on C(€) we also get this isomorphism with I", replaced
by I';. In total, we have an isomorphism

ES: M(f(75); C)* — €D Hin(T\ X6, C(e))

=5 BT\ X6, C0)

=1

— HiR(G(F)\(G(A®) /K (f(r5)) x Xc),C(e)).

47



By Matsushima’s formula the latter space is generated by cohomological
automorphic forms. In particular, the image of k™2 under ES is the differen-
tial form associated with a global (cohomological) new vector ® of mg. The
fact that the above identifications of cohomology groups behave well under
pullback and cup products together with Remark 1.2 implies that

X(On(L/F,mp)) = [Ur : Up(m)] Pg(gn-®, x) (4.1)

holds up to multiplication by a non-zero constant, which is independent of
x and m. Here g, € G(A™) is (a lift of) the element chosen at the end of

Section 2.3 and
zawWwa/ S (1) dt
TP\ (4)

denotes the global toric period integral of ¢ € 7. Therefore, we also get the
formula

X(En(L/F.7p) ) = [Ur : Up(m)* | Pp(gm.- @, x) I

up to multiplication with a non-zero constant.

The second assertion follows from the vanishing criterion of toric periods
integrals by Saito and Tunnell (see [Sai93] and [Tun83]). Since g,.P is a test
vector in the sense of [FMP], § 7.1, the first assertion follows from the main
theorem of loc. cit. O

Now let us assume that B is split. As before, we will identify G with
PGLs in this situation. In particular, we use the identifications introduced
in Remark 2.6 and 2.13. In the following the Haar measure dx =[], dz, on
T(A) = A* is normalized such that vol(U,, dz,) = 1 for all finite places p of
F. Let us fix a non-zero character ¢: F\A — C*.

Theorem 4.10. There exists a constant C € C* such that for all moduli m
and all characters x: A* — G — C* of conductor m with o, = € we have

X(On(L/F, 7)) =C 7(x )L™ (1/2,75 ® X).

Here 7(x™') = 7(x71, ¢, dz) is the Gauss sum of x with respect to our choice
of a Haar measure dx on A* and the additive character 1.

Proof. Following the same lines as in the proof of Theorem 4.9 we see that
(4.1) holds in this situation as well, i.e. there exists ¢ € C* such that we have

X(On(L/F,7p)) = ¢ [Ur : Ur(m)]Pp(gn-P, X)
e v [ o (5 ) m)

48



for a global (cohomological) new vector ® of m = 5. For s € C the integral

/F*\A* ® ((3 (1)) 9m> X(@)|z]*dz

defines a holomorphic function. Let W denote the ¥-Whittaker function of
R(gm) P, the vector obtained by right multiplication by gn. Since R(gm)® € 7
is a pure tensor we can factor W as a product of local Whittaker functions
W,. For R(s) large we can unfold the above integral to get

[ S R (e
S () e

Therefore, we are reduced to a computation of local integrals, which we will
carry out in the rest of this section. O

Let p be a finite place of F' and m, an infinite dimensional, irreducible,

smooth representations of G(F}) of conductor p”, i.e. we have
dim(c ﬂ_;(p(p") = 1.

The non-zero elements of W,f( »#") are called local newforms. Let A be a Yp-

Whittaker functional of m,. By definition A is a non-zero linear functional

on 7, such that
A ((}) ”f) 90) = Yy (2)A(9)

for all ¢ € m, and all z € F),.

Lemma 4.11. Let ¢ € 7, be a local newform. For every character x,: Fy —
C* of conductor p™ the following integral converges for R(s) large and we have

an equality
m x 0\ (o) 1 s
Uy A (5 ) (F 1)) wpas

=c-7(xy " ) N(p) T L™ (s +1/2,m, ® xp),

where wy 1s a local uniformizer at p, c € C and t € Z are constants indepen-
dent of x, and m and

L(s,my ®@xp) if m=0,

L(pm) s, ® —
(57 @ X) 1 if m > 0.
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Proof. Let p~* be the conductor of ¢),. A straightforward calculation shows

that
wo-s(( 99

defines a Whittaker functional with respect to an additive character ¢, of
conductor O,. It is well known that

(69

if ordy(x) < 0 and equal to a non-zero complex number ¢ € C* for ord,(z) = 0
(see for example [Miy14]). Without loss of generality we may assume that
¢ = 1. Hence, for R(s) large we have the following equality

/ A<<g (1)> (w(fm D %0) Xp ()| lydz
i A/((mp 0) (w;n 1) %0> Xp(@)|zlpdz
:/F A/((l m)( i ) )Xp(w)|x|;dx
. v((7 D) e) sl

=xp(@, Iy ZA’(< 0) 90) /w - U (@) xp (@) | 2[5 de.

By classical formulas for the Whittaker functional of a newform (see for
example [Miy14]) we have

k
’ w, O k1/2
(T 0)¢) - X e

r+s=
T, s>0

where o; € C, 1 < i < 2, are the complex numbers such that

2

L(s,m,) = H(1 - 04i|wp’;)71

i=1
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Therefore, if m = 0, we obtain

—t —t|s S / w;: 0 l s
e By A (g 90 zpp ) xp (@) |23
k=0

=7(x; L Up) N “pr e Z oo

r+s=
r, s>0

2
s+1/2
_T(Xp 777ZJP t H 1 _azXP Wy |wp Y )

=7(x, 5 )N (p >“L< +1/2,m @ ).

In the case m > 1 we can use Lemma 2.2 of [Spil4] to get

> k
et S A <<ff(f)p 2) w) / Y@@l
k=0 @y Uy

:Xp(w;t>’w;t’; . ¢;(:L’)Xp(x)|l”;dl’
P

@y
:[Up : Up(m)]flT(prl7 %)N(P)(Hm)s
and thus the claim follows. O

Remark 4.12. If 7, is an unramified principal series, an unramified twist of
the Steinberg representation or a supercuspidal representation and x,: Fy" —
C* is a character of conductor p™ with m > 1, then the local Euler factor
L(s, ™, ® Xp) is equal to 1.

4.3 Leading terms

In Section 3.7 of [Spil4], Spiefl constructs extensions of the Steinberg rep-
resentation associated to characters of the multiplicative group of a p-adic
field. Such extensions were already constructed by Breuil in [Bre04] in case
the character under consideration is a branch of the p-adic logarithm. After
introducing a slightly improved version of Spiefl’ construction we will use it
to give formulas for the leading term of Stickelberger elements in the analytic
rank zero situation.

Let us fix a finite place p of F' which is split in E. Further, let R be
a ring and N a prodiscrete R-module. We define the N-valued Steinberg
representation by

Stp(N) = C(Ends,, N)/N.
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A continuous homomorphism f: N — N’ between prodiscrete R-modules
induces a homomorphism

Jit Stp(N) — St (N).
The canonical map
Stp, ® N — Sty (N)
is an isomorphism if N is discrete. In this case, the map (2.6) induces a
T,-equivariant isomorphism

Sp.n: CUF,, N) — Sty(N).

Let U, be the unipotent radical of Stabp; (op- ), i.e. we have Stabp: (o) =
E; U,. As before, if F'is a field, the choice of the prime B lying above p gives
rise to an identification E; = F; x F;. Otherwise the isomorphism comes

naturally. For a continuous homomorphism [,: F' — N we define £ (l,) as
the set of pairs (p,y) € C(B;, N) x R with

¢ (gu(ti,t2)) = (9) +y - L(t)

fer all g € By, u € Uy and (t1,12) € F; x Fy = E;. The group B, acts on
E(l,) via
g.-(p(h),y) = (p(g™"h), y).

The subspace g(lp)o of tuples of the type (p,0) with constant ¢ is Bj-
invariant. Hence, we get an induced action of G, on the quotient £(l,) =

E(l)/E(Lp)o-

Lemma 4.13. (i) Let 7: G, — Ends, be the projection given by g — glogp-].
The following sequence of R|Gy|-modules is exact:

(7*,0)

0 — St,(N) T2 g1, Y90 p 0

We define by, to be the associated cohomology class in H'(Gy, Stp(N)).

(ii) For every continuous homomorphism f: N — N' between prodiscrete
R-modules the equality

bfolp = f*(blp)
holds.

(iii) Suppose that N is discrete. Then, for the cohomology class ¢, defined
in (1.4) we have

5;7N(blp) = Clp .
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Proof. Parts (i) and (iii) are essentially proven in Lemma 3.11 of [Spil4].
For the proof of (ii) let f.(£(l,)) be the pushout of the following diagram:

(7", 0)

Sty(V)

/.|

Stp(N')

E(ly)

The homomorphism

E(ly) — E(foly), (.y) — (fop,y)

induces a map from f.(E(l,)) to E(f ol,). Hence, they yield isomorphic
extensions. O

Remark 4.14. Note that we get rid of the factor 2 showing up in Lemma
3.11 of [Spild], i.e. the extension class constructed above is "one half” of the
extension class constructed in loc.cit.

Let m be an automorphic representation as in Section 4.1 and let Ss;, Siw
be disjoint finite sets of finite places of F' disjoint from ram(B) such that
every p in Sy is inert in E. Then for every prodiscrete R-module N and
every p € Sg; the integration pairing

Hom(St,, R) ® Sty,(N) — N,
which was defined in (0.3), induces a cup product pairing
M(F(m8). S Suwi R)* & H(G(F), Sty(V) .
— HYN(G(F), A(f(75), Ssi — {p}, Stwi N) P (e)). '

As a direct consequence of Lemma 4.13 (iii) we get

Corollary 4.15. Let R be a ring, N an R-module and [: T, — N a locally
constant character. For p € S the following diagram is commutative:

Uby,
M(f(m5), Ss, Sews R)¢ — HTHG(F), A(f(75), Ss — {p}, Stw; N)PI(e))

{r}
A, Ss;, St Am7SSt_{p}7StW

UClp
HYT(F), D(m, S; R)>(e)) —— H™N(T(F),D(m, S — {p}; N)®#>(c))
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From now on, let S be the set of finite places p of F' which are disjoint
from ram(B), split in E and such that the local component m, is the Steinberg
representation. To ease the notation, we are going to write M(f(mwg), S; N)
instead of M(f(mp),S,0; N) etc. For simplicity we assume that R, is a
principal ideal domain.

Let L be a finite Galois extension of F' which is E-anticyclotomic (resp.
abelian) if B is a non-split (resp. split) quaternion algebra. Write G for the
Galois group of L over E (resp. F'). We denote by Ig the augmentation ideal
of R;[G], i.e. the kernel of the projection R.[G] - R,. For p € S we denote
the local reciprocity map by rec,, i.e.

rec,: T, — T(A) -5 G.
We also consider the homomorphism
univy: Ty, — Fy ® Ry (4.3)

given by composing the isomorphism 7, = F;" with the inclusion of Fy into
Fr® R.. Given an R;-module N and a subset & C S we let

M(f(mp), & N)*" € M(f(mg),E; N)*

be the the submodule on which T, acts via A, for all p ¢ SUram(B). Exactly
as in Lemma 6.2 of [Spil4], one can prove that for every p € & the map

Ubora, - M(§(m5), 6; Ra) ™ — HTHG(F), A((75), & — {p}; Be) ¥ (e)"

has finite cokernel and that both modules are free of rank one modulo torsion.

By a theorem of Borel and Serre (cf. [BS76]) Sp-arithmetic groups are of
type (VFL). It follows that H*(I', N) is finitely generated if NV is a finitely
generated R,-module and that the functor N — H*(I', N) commutes with
direct limits. It follows that the canonical map

wep: HH(G(F), A((75), & — {p}; Re) (€)™ @, (Fy © Ry)
— H™Y(G(F), A(§(mp), & — {p}; F; ® Ry)"} ()"

has finite kernel and cokernel. Let kg be a generator of the maximal torsion-
free quotient of M(f(7g), &; R;)“™. For p € & we define ng , to be the lowest
common multiple of the exponents of

- the cokernel of wg, and

- the torsion submodule of H*" (G(F), A(f(75),& — {p}; R,) P} (e))™.
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Let vs, be the order of the cokernel of the homomorphism

Ubor
nepM(f(75),6; Re)™ — ne HUH(GF), Ali(m5), & = {p}; R) 7€)
Definition 4.16. An element ¢, € I, ® R, fulfilling

nep((Fe Ubord,) ® gsp) = nep(Yep - e U buniv,) (4.4)
is called automorphic period of 7 at p (with respect to &). If & = {p}, we
simply write g, = qp}.p-

From the discussion above it follows that automorphic periods exist and
are at least unique up to torsion. It is easy to see that the QQ,-vector subspace
generated by gsp in Iy ® Q; is independent of &.

Theorem 4.17 (Leading term). For every extension L of F' as above and
every f(mp)-allowable modulus m that bounds the ramification of L over E
(resp. F') the following equality holds in Igs"’/fgs‘“ﬂ (up to sign):

nsm ( H nSm,P Ordp(qsmm)) ®m(L/F7 ﬂ-B)€

peslﬂ

=ng, (H N5 p (1€CH (G50 p) — 1)) Oms (O/F, mp)"

PESm
Here
o= E  if B is non-split and
F  if B is split,
m? denotes the maximal divisor of m, which is coprime to S and ng,, is the
non-zero integer defined in the discussion before Theorem 4.6.

Proof. As in the proof of Lemma 3.5 there exists & € M(f(7p), Sm; Rx)*
with
N5 Om(L/F, )¢ = An s, (k) Nep(m, Sy, €).
If we apply Proposition 1.6 with a, = a = I, we get
nSm@m<L/F7 ’/TB)G = Am,Sm</€/) N ((Cdrecpl U---u Cdrecps) N G(m> Sma 6))7
where Sy, = {p1,...,ps}. By Corollary 4.15 we obtain

Ng, Om(L/F,mp)° = Aiﬁg}m_{pi}(m’ U barecy, )

M ((Carecy, U+ U Cdrecy, U -+ + U Careey, ) NCL (M, Sy, €))

for every i € {1,...,s}.
By Lemma 4.13 (ii) the following diagram is commutative for every p €

S
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HYYG(F), A(i(75), Sm — {p}; Rx) ¥ (e))

Uboy
- (ordy).

M), St R )~ B (G(F), A(f(ra), S — {p}: Fr @ Ry)®) ()

Db, (drecy).

H"(G(F), A(}(7B), Sm — {p}; [p/IE){p}<€>>

Applying drec, to (4.4) and using the commutativity of the lower triangle of
the diagram we get

/ /
NS p (1€CH (@5 p) — 1)K U bord, = NS pYSmph U bdrec, -

By the commutativity of the upper triangle of the diagram we see that

Vsump = 0Ly (GS5,.p)-
Hence, it is enough to show the following lemma. ]
Lemma 4.18. The equality
(A5, (K) U Coray, U -+ - U Coray, ) N T (M, Sy €) = Eng,, Ons (O/F, m5)°
holds in R.

Proof. By Remark 1.5 we have coa,, = (p,)+(cp,) for all 1 <i <'s. Thus,
we get

(Cordy, U "+ U Cordy, ) N (M, Sy, €)
=(ap, @ ... ®ayp,)«((cp U+ Ugp,) NEg(m, S, €))
=+ (Oépl ®...0 aps)*(CO(mS’ @, E))
The second equality holds by Lemma 1.4. By Lemma 2.8 (ii) we have
Ans(K) N (ap, @ ... @ ap,)s N e (m® 0, €)
=(ap, @ ... @ ) (Ans(K)) Neo(m”, 0, €)
=Aps(ng, k) N co(m®, 0, €)
=ng, Ons(O/F, mp)"

and thus, the claim follows. O
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Remark 4.19. (i) Suppose d = 0 and that S, = {p}. Then the module
HY(G(F), A(f(5), 05 Re) ¥ (e)"
is torsion-free. Thus, ng, , is just the exponent of the cokernel of wg,, ,.

(ii) Using the norm relations and the interpolation formulae one can deter-
mine Ous(E/F,mp)¢ (resp. Ons(F/F,mp)) explicitly in terms of the
special value at 1/2 of the untwisted L-function L(s, 7g) (resp. L(s, m)).

(iii) From the proof of Theorem 4.17 we see that ord,(g,) is non-zero for
every automorphic period g.

(iv) Assume that B is non-split, F' is totally real and F is totally imaginary
(so in particular B is totally definite). In this situation, Gehrmann
and the author have given a comparison of the automorphic periods
with Tate periods of the abelian variety associated to mp (see [BG17],
Sections 4.3 and 4.4).

4.4 Final remarks

We start by constructing p-adic L-functions via Stickelberger elements. For
this, we have to take slightly different approaches for the non-split and split
quaternion algebras.

We start with the construction in case that B is split. Let p be a rational
prime and R the valuation ring of a p-adic field. Choose a non-zero ideal
n C Op such that every place p lying over p divides n exactly once. Further,
let kK € M(n, R)° be an eigenvector of T, for all places p of F' dividing p with
eigenvalue A, € R*. For every modulus m C Op of the form m = Hp‘p P
with m, > 1 for all p over p we define

w(/For)=|T[N™ | On(-/F.x)

plp

Then by an analogue of Theorem 4.4, (ii), this is a norm-compatible family
and hence defines an element (:)(F , k) in the completed group ring R[G,],
where G, is the Galois group of the maximal abelian extension of F' unramified
outside p and oo.

Let Z be a Z,-extension of F. The Galois group Gal(Z/F) = p*7Z,, with
Bp = 2 for p = 2 and B, = 1 else, is a quotient of G, (5, is chosen such
that p”Z, is the space of definition of the p-adic exponential map exp,).
Write I: G, — p°Z, for the induced surjective homomorphism. The Z,-rank
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of G, is equal to t, where ro(F)+1 < t < [F : Q] (with ¢ = r(F) + 1
if the Leopoldt conjecture holds). Let Ly, ..., L; be pairwise linear disjoint
Z,-extensions of F and [;: G, — p”Z, the corresponding homomorphisms.
For s € Z, and v € G, we put (v); = exp, (s l;(7)). The p-adic L-function of
k is the t-variabled function

Ls.w ~T[ 07 (6(£.m)

=1

with s = (s1,...,5) € Z,. This coincides with the p-adic L-function con-
structed by Deppe (see [Depl6], Definition 3.5).

Let m be an automorphic representation over F' as in the beginning of
Section 4.1. If 7 is p-ordinary, we can replace the modular symbol ™ as-
sociated to m (with trivial character) by its ordinary p-stabilization x7, The
construction above yields the p-adic L-function of 7:

Ly(s,m) = Ly(s, k)

Observing that the element ng, for S, = {p | p} is independent of the mod-
ulus, we can deduce that the order of vanishing of L,(s, ) at s = (0,...,0)
is at least the number of primes lying above p at which m, is Steinberg rep-
resentation. This was first proven by Spiefl in [Spil4] if F' is totally real and
by Deppe in [Depl6] for arbitrary number fields. Moreover, the leading term
theorem (Theorem 4.17) gives a positive answer to the exceptional zero con-
jecture 4.15 of [Depl6] with automorphic L-invariants replacing arithmetic
L-invariants. Note that the main result of [Gehl17] gives a comparison of
automorphic and arithmetic L-invariants in some cases.

For non-split quaternion algebras we get similar statements by taking a
slightly different approach: We have to consider the Galois group ggnti =
Gal(Z/F) of the maximal E-anticyclotomic extension Z of F' which is un-
ramified outside p and oo over E. Denoting by ¢ the number of pairwise
linearly disjoint Z,-extensions of £ in Z and assuming ¢ > 0 we follow the
same lines as in the above construction to get a p-adic L-function L™ (s, 7).
This time around, the order of vanishing of L3"(s,75) at s = (0,...,0) is
at least the number of primes p lying above p at which 7p, is Steinberg or
which are inert with 7z, the twisted Steinberg. Theorem 4.17 generalizes
Molina’s work on exceptional zeros of anticyclotomic p-adic L-functions in
the CM-case (see [Moll5]).
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Finally, we want to outline how the theorem of the introduction can
be obtained as a special case of Theorem 4.6. Note that Ota in [Ota] has
announced a proof for special cases (to be exact only for square-free level) of
this result using divisibility of certain derivatives of Kato’s Euler system.

Let M > 2 be a natural number and A an elliptic curve over Q with
corresponding normalized newform f € Sy(I'o(N)) (and corresponding au-
tomorphic representation 7). Let +: R* — {£1} be the trivial character.
Comparing Theorem 4.4 and Theorem 4.10 with the corresponding norm
relations and interpolation formula for the Stickelberger elements of Mazur
and Tate (see [MT87], Sections (1.3) and (1.4)) shows that there exists a
constant ¢ € C* such that

N
(ONy) =c-Oy <Q(,UM>+/Q, K%f) .

A direct calculation shows that ¢ = 2. See Remark 4.1, (iii), for the defini-
tion of /@‘5%- B The modular symbol /QJQLT ;s contained in M(N, R)" whenever
24 A
[q]a € R for all ¢ € Q/Z. For example we can choose R = Z[t] (see the
introduction for the definition of 7 and c4). Thus, our main theorem fol-
lows from Theorem 4.6 together with the fact that A has split multiplicative
reduction at p if and only if 7, is Steinberg.
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