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1. Introduction

Given any group GG and an integer n > 2, the braid group B, on n strands acts on G" as

O (G- ey Gn) = (G1s -+ Gim1, GiGi+10; s Gis Git2s - - -+ Gn)s

where o; € B, is the standard generator which exchanges the i*" and (i + 1) strands. This
action is called Hurwitz action since it was first studied by Hurwitz in 1891 [Hur91| in the case
G = Sym(n). Two elements of G" are called Hurwitz equivalent if they are in the same orbit
under this action. In general, the question whether two elements in G™ are Hurwitz equivalent
is undecidable. This has been shown by Liberman and Teicher [LT], see also [Ito13]. However,
there are results for particular groups (see for instance [Hou08|, [Sia09]). Certainly the Hurwitz
action also plays a role in algebraic geometry, more precisely in the braid monodromy of a
projective curve (e.g. see [KT00, Bri88|).

Another way of studying the Hurwitz action is given by considering the action for a subset
T C G which is closed under conjugation. More precisely, if G is a group and T a set
of generators of G closed under conjugation, the Hurwitz action on G™ restricts to the set
Redr(g) of reduced T-decompositions for an element g € G. Notice that the Hurwitz action
leaves the product of the entries unchanged.

In this thesis we are mainly interested in the case where G is a Coxeter group or an elliptic
Weyl group and T is the set of reflections for the corresponding group. Applications arise in
the study of Artin groups or representation theory of algebras (see Sections @ and @)

1.1. The main results

First we consider dual Coxeter systems (W, T'). That is, W is a Coxeter group and 7" the set of
reflections in W. Dual Coxeter systems were independently introduced by Bessis [Bes03| and
by Brady and Watt [BW02|. They are crucial in the theory of dual braid monoids. These are
alternative braid monoids embedding in a spherical Artin group and providing an alternative
Garside structure of it (see [Bes03|). E.g. having a Garside structure implies that the group
has decidable word problem and is torsion-free. The definition of a dual braid monoid depends
on a choice of a Coxeter element and the poset of simple elements for this monoid turns out
to be precisely the poset of noncrossing partitions with respect to that Coxeter element.

Having replaced the set of simple reflections of a Coxeter group by the whole set of reflections
in the Coxeter groups (and in the Artin group), one needs to find new sets of relations between
these new generators that define the respective groups. The idea is to take the so-called dual
braid relations [Bes03]. Unlike the classical braid relations, a dual braid relation can involve
three generators and has the form ab = ca (or ba = ac), where a,b and c are reflections.

In the classical case Matsumoto’s Lemma [Mat64| allows one to pass from any reduced
decomposition of an element to any other one by successive applications of braid relations.
The same question can be asked for reduced decompositions with respect to the new set of
generators, and can be studied using the Hurwitz action on reduced decompositions.



1. Introduction

For finite Coxeter groups, the Hurwitz action was first shown to act transitively on Redrp(c)
for a classical Coxeter element ¢ in a letter from Deligne to Looijenga [Del74]. The first
published proof is due to Bessis and can be found in [Bes03|. Igusa and Schiffler generalized
this result to classical Coxeter elements in arbitrary Coxeter systems of finite rank (see [IS10,
Theorem 1.4]).

We will provide a simple proof of Igusa and Schiffler’s theorem, based on results of Dyer
(see Sections ]ﬁ and TSD We moreover do this for a parabolic Coxeter element instead of a
classical Coxeter element.

Theorem 1.1.1. Let (W, T) be a dual Cozeter system of finite rank n and let w = s1--- Sy,
be a parabolic Coxeter element in W. The Hurwitz action on Redrp(w) is transitive, that is,
for each (ti,...,tn) € Redr(w) there is a braid o € By, such that

oty ytm) = (81, Sm)-

Apart from its importance in the theory of dual braid monoids, this aspect of the Hurwitz
action also has applications in the representation theory of algebras [HK13, IS10, Kral2| and
in connection with singularities of isolated hypersurfaces [Bri88, Loo74].

With Theorem [1.1.1 in mind, it seems natural to ask if there are classes of elements besides
the class of parabolic Coxeter elements which share this transitivity property. We therefore
provide a necessary and sufficient condition on an element of a finite Coxeter group to ensure
the transitivity of the Hurwitz action on its set of reduced decompositions. We call an element
of a Coxeter group a parabolic quasi-Coxeter element if it admits a reduced decomposition which
generates a parabolic subgroup. A quasi-Coxeter element is an element admitting a reduced
decomposition which generates the whole Coxeter group.

Theorem 1.1.2. Let (W, T) be a finite dual Coxeter system of finite rank n and let w € W.
The Hurwitz action on Redp(w) is transitive if and only if w is a parabolic quasi-Cozxeter

element for (W, T).

Unfortunately, the statement of the preceding theorem can not be transferred one to one to
infinite dual Coxeter systems (see Remark|6.1.1 (b)). Nevertheless, the necessary condition is
still true for a family of infinite Coxeter groups. Namely for affine Coxeter groups.

Theorem 1.1.3. Let (W,TV) be an irreducible affine dual Cozeter system. Then the Hurwitz
action is transitive on Redz(w) if w is a parabolic quasi-Cozeter element for (W,T).

The other part of this thesis is devoted to the study of the Hurwitz action in elliptic Weyl
groups. More precisely, we just deal with the elliptic Weyl groups of types Dgl’l) and E,(ll’l)
(n € {6,7,8}), which we call tubular elliptic Weyl groups. Elliptic Weyl groups are the Weyl
groups of elliptic root systems. These root systems are generalizations of finite and affine root
systems and were classified by Saito [Sai85] in terms of so called elliptic Dynkin diagrams. The
elliptic Dynkin diagrams for the tubular elliptic root systems are obtained by taking a copy
of the vertex of the corresponding affine diagram at the largest exponent (see Figures @ and
‘7.1). To the simply-laced elliptic root systems (including the tubular elliptic root systems),
Saito and Yoshii associated a Lie algebra. For the Lie algebra associated to a tubular elliptic
root system, Lin and Peng [LP05] showed that it is isomorphic to the Ringel-Hall Lie algebra
of the root category of the tubular algebra with the same type.

Greatly benefiting from work of Kluitmann [Klu87|, we obtain the following result in this
direction.
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1.2. Outline

Theorem 1.1.4. Let (®,U) be a tubular elliptic root system of rankn, I' = T'(®,U) an elliptic
root basis and ¢ € Wg a Cozeter transformation with respect to I'. Then the Hurwitz action
1s transitive on the set

LMT¢(C) = {(5,31? s 755n+2) ‘ Bl € (1)7 Spanz(ﬁlv e -,Bn+2) = L(q))ac =S8p " Sﬂn+2}'

The motivation for studying the Hurwitz action in this direction arises in the theory of
hereditary categories and will be formulated in Conjecture |7.5.3.

1.2. Outline

The thesis is organized as follows. In Chapter 2 we present the necessary background on
root systems and (dual) Coxeter systems. We moreover summarize results of Dyer on the
absolute length and reflection decompositions in Coxeter groups. We apply these results to
Coxeter elements in Chapter 3| and discuss Theorem [1.1.1 there. In Chapter [4| we present
several results about generating sets of finite Coxeter groups and finite root lattices as well as
their connections. These results are crucial for the proof of Theorem 1.1.2|at the end of this
chapter. In Chapter |5 we discuss the Hurwitz action on nonreduced reflection decompositions
in finite Coxeter groups. This is among other things a groundwork for Chapter |6 where we
return to the study of the Hurwitz action on reduced reflection decompositions, but now for
affine Coxeter groups. In particular we prove Theorem 1.1.3 here. In Chapter|7 we shall first
present and summarize all the necessary background on elliptic root systems and elliptic Weyl
groups. We then introduce the notion of a tubular elliptic root system and prove Theorem
1.1.4. Finally we state a conjecture about the connection of the Weyl group of a tubular elliptic
root system and the derived category of coherent sheaves on a tubular weighted projective
line.

Notice that Theorem 1.1.1 appeared in [BDSW14] and Theorem 1.1.2 appeared in [BGRW17].

Explicit calculations were made with [GAP2015|. All programs are listed and shortly described
in Appendix Al The programs themselves are stored on a CD, which can be found at the end
of the thesis.

1.3. Basic assumptions and conventions

All vector spaces are assumed to be finite dimensional over R. If G is a group and H a
subgroup of G we write H < G. For an element g € G we denote its order by o(g). If a group
is assumed to be finite, affine etc. we state this explicitely. The identity element of a group is
denoted by e. We put N = {1,2,3,...} and for a natural number n € N we denote by [n] the
set {1,2,...,n} resp. by [£n] the set {£1,£2,...,£n}. The n x n identity matrix is denoted
by I,,.

11






2. Coxeter groups and dual Coxeter
systems

2.1. Root systems and Coxeter systems

We collect some basic facts and definitions about root systems and Coxeter systems. For
details we refer to [Hum90|.
2.1.1. Coxeter systems

Consider an euclidean vector space V' with positive definite symmetric bilinear form (— | —).
For a € V'\ {0} the map s, defined by

2v | @)
(a]a)

Sa:V—=>Vov—uv—

is an orthogonal transformation of V of order 2. This map sends a to —« and fixes the
hyperplane H, orthogonal to o pointwise. Therefore we call s, an orthogonal reflection. A
finite group generated by reflections is called finite reflection group.

Coxeter (|Cox35]) and later Tits in his unpublished paper “Groupes et géométries de Cox-
eter” generalized the concept of finite reflection groups by the following groups.

Definition 2.1.1. A pair (W, S) consisting of a group W and a set S C W of generators of
W is called Coxeter system if W admits the presentation

(S (st)™ =1),

where mgs = 1 and mg = mys > 2 for s # t in S. If there is no relation for the pair s,t we
write mg = oo. In this case the group W is called a Coxeter group, the elements of S are
called simple reflections and |S| is the rank of (W, S). For s # ¢ in S the relation (st)™s* =1
can also be written as sts--- = tst---, where the words on both sides are of length my. A
relation of this kind is also called a braid relation.

Given a Coxeter system (W, .S), the presentation given above can be encoded in a diagram
(W, .S), called the Coxeter diagram of (W, .S). The vertices of I'(W, S) are the simple reflections
S. Two elements s,t € S are joined by an edge if mg > 3. If mg > 3, the corresponding
edge is labeled by mg with the exception that we draw a double edge instead of using the
label 4. The Coxeter system (W, S) is called irreducible if T'(W, S) is connected. If T'(1¥, S) has
connected components I'y,...,['y and Sy, ..., S denote the corresponding subsets of S, then
each pair ((5;), S;) is a Coxeter system and W is the direct product of the groups (S1), ..., (Sk)
(see [Hum90, Proposition 6.1]). Therefore the study of Coxeter systems can be largely reduced
to the case when the Coxeter system is irreducible. The set

T :={wsw™ |weW, scS}

13



2. Coxeter groups and dual Coxeter systems

is called the set of reflections for (W, .S). In the following we just consider Coxeter systems of
finite rank and call (W, S) a finite Coxeter system if the group W is finite.

Example 2.1.2. If we take W to be the symmetric group Sym(n + 1) on n+ 1 letters and S
to be the set of simple transpositions, that is S = {(¢,i + 1) | 1 < i < n}, then (W, 95) is an
irreducible Coxeter system of rank n with set of reflections given by all transpositions.

We say that (W, .S) is oddly-laced if mg is odd for all s,t € S with mg > 3.

Lemma 2.1.3. Let (W, S) be an irreducible oddly-laced Cozeter system with set of reflections
T. Then all elements in T are conjugated under W.

Proof. Since (W, S) is irreducible, the Coxeter diagram I'(WW, S) is connected. Therefore it is
enough to check that two simple reflections s, ¢ € S which are connected by an edge in I'(W, S)
are conjugated. But this is an immediate consequence of the relation (st)™s* = 1 since mg; is

odd. O

We continue with a characterization of Coxeter systems. Let (W, S) be a pair consisting of
a group W and a set of generators S of W. Since the set S generates W, it induces a length
functions £g. A decomposition w = s1---s, with s; € S is called S-reduced if {g(w) = 7. A
well known characterization of Coxeter systems is given by the exchange condition (see [AB0S,
Theorem 2.49)).

Theorem 2.1.4 (Exchange condition). Let W be a group and S a set of generators of W
consisting of involutions. Then (W, S) is a Cozeter system if and only if the following holds:

Ifw=s1--8 (s; € S) with {s(ws) < Lg(w) for some s € S, then there exists an index i
such that ws = s1--+5;+-5s,, where the entry §; is omitted.

If we replace in the statement of the theorem the simple reflection s € S by an arbitrary
reflection t € T, we obtain the same result (see [Hum90, Theorem 5.8]).

Theorem 2.1.5 (Strong exchange condition). Let (W,S) be a Coxeter system and w =
s1--- 8 (85 € S) with Lg(wt) < lg(w) for some t € T. Then there exists an index i such
that wt = 81 -+ 8; -+ 8. If bg(w) = r, then the index i is unique.

For later use we give another characterization of Coxeter systems (see again [AB08, Theorem
2.49]), which will appear to be quite natural after having introduced root systems in the next
subsection.

Proposition 2.1.6. Let W be a group and S a set of generators of W consisting of involutions.
Put T .= {wsw™' | w € W, s € S}. Then (W,S) is a Coxeter system if and only if there is
an action of W on T x {1} such that s € S acts as

S(te) = {(sts,e) 7,:ft # s
(s,—€) ift=s.

14



2.1. Root systems and Coxeter systems

2.1.2. Root systems, geometric representation and finite Coxeter systems

Definition 2.1.7. Let V be an euclidean vector space with positive definite symmetric bilinear
form (— | —). A finite subset ® C V of nonzero vectors is called root system in V' if

(1) spang(®) =V,
(2) 50(P) =@ for all « € D,
(3) ®NRa = {*a} for all a € .

The root system is called crystallographic if in addition

(4) (B,a) = 2((5'5)) € Z for all a, 5 € .

The rank rk(®) of ® is the dimension of V. The group W = (s, | @ € ®) associated to the
root system @ is a finite reflection group and each finite reflection group arises in this way, but
possibly for different choices of ® (|JHum90, Ch. 1]). If the root system is crystallographic, we
call Wg a (finite) Weyl group. A subset ® C @ is called a root subsystem if ®’ is a root system

in spang (®’). The root system ® is reducible if & = ®; U ®y where @1, $5 are nonempty root
systems such that (a | 5) = 0 whenever a € ®;, 8 € 3. Otherwise ® is irreducible.

Since the cardinality of ® can be large compared with the dimension of V', it would be
convenient to have some kind of basis of ®. Given a total ordering < on V, we call v € V
positive if v > 0. A subset ®T is called positive system for ® if ®T consists of all roots of ®
which are positive with respect to some total ordering of V. If o € ®, then also —a € ®, thus

® =dF U—0T. A subset A C ® is called a simple system if A is a basis for V and if each
«a € @ is a linear combination of A with all coefficients nonnegative or nonpositive. It is easy
to see that a total ordering on V' and hence a positve system exists. On the other hand each
positive system for ® contains a unique simple system and if A is a simple system for ®, then
there is a unique positive system for ® containing A (see [Hum90, Theorem 1.3]).

Let ® # @ be a root system. Fix a simple system A with corresponding positive system
®T. Let B € ®. Then there exists a unique Z-linear combination 3 = Y acA Catr. We
define ht(83) := > ca Ca and call this the height of § (relative to A). If ® is irreducible and
crystallographic, then there exists a unique root of maximal height, called highest root. We
will denote this root by a.

For an irreducible crystallographic root system @, the set {(« | &) | @ € ®} has at most two
elements (see [Hum90, Section 2.9]). The roots of greater length are called long. The roots
which are not long, are called short. If this set has only one element, we call ® simply-laced.
In the latter case we assume (after possible rescaling) that (a | @) = 2 for all « € ®. The
irreducible crystallographic root systems are classified by Dynkin diagrams (see Figure m
To obtain these diagrams let A be a simple system of an irreducible crystallographic root
system ®. The vertices of the diagram correspond to the elements of A. Given o, € A
there is an undirected edge between them if they make an angle of 2%, a directed double
edge if they make an angle of ?ﬂf and a directed triple edge if they make an angle of %r.
Directed edges point towards the shorter root. We define the type of ® to be the type of the
corresponding Dynkin diagram. The irreducible crystallographic root systems have types A,
(n>1),B, (n>2),Cy, (n>3),D, (n>4), E, (n€{6,7,8}), Fy and Ga. It follows from

15



2. Coxeter groups and dual Coxeter systems

A, (n>1) e—o— - —o—=0
B, (n>2) —o — - —a > »
Cpn (n>3) o . — g=0

D,, (n >4) —o— - —<
Es '—'—I—'—'
Er '—'—I—'—'—'
Es '—'—I—’—’—'—'

Fy e—e > o —o
Go =)

Figure 2.1.: Dynkin diagrams

the classification of irreducible root systems that simply-laced root systems have types A,
(n>1),D, (n >4)or E, (n € {6,7,8}) in the classification. We will sometimes use the
notation Wy, for the finite reflection group with corresponding root system of type X,, for
convenience.

Since the group Wp is a subgroup of O(V'), we obtain the following result.

Lemma 2.1.8. Let ® be a root system. Then for each w € Wg and each a € & we have
(o] @) = (w(e) | w(e)). In particular, if & € @ is a short root (resp. a long root), then for
each w € W also w(a) is a short root (resp. a long root).

Let @ be a crystallographic root system in V' with simple system A. The set
V.= {a" | a € d},

where oV = is again a crystallographic root system in V with simple system AY :=

(ala)’
{a | @ € A}. The root system ®" is called dual root system and its elements are called
coroots. (Note that in [Bou02| the dual root system is defined in the dual space V* since

they work with a not necessarily euclidean vector space.) Long roots (resp. short roots) in ®

16



2.1. Root systems and Coxeter systems

become short roots (resp. long roots) in ®V. Note that (a¥)" = « and that the root systems

of type B,, and C,, are dual to each other, that is, if ® is of type B, then ®" is of type C,
and vice versa. Therefore the next result (see [Bou02, Ch. VI, 1.1]) implies that Wp, and
We,, are isomorphic.

Proposition 2.1.9. The map Wg — Wav, sq —> Sov 1S an isomorphism.

For a set of vectors ® C V we set L(®) := spanz(®P). If ¢ is a root system, then L(®) is a
lattice, called the root lattice. If ® is a crystallographic root system, then L(®) is an integral
lattice. In the latter case we call L(®V) the coroot lattice. We will discuss (co)root lattices in
more detail in Section 4.2|

Lemma 2.1.10. For each w € W and each o € ® we have w(a)¥ = w(aV).

Proof.

w(a)Y = 2w(a) = 2w(a) = w(a’),

(w(@) [w(e@))  (a]a)

where we used Lemma|2.1.8 to obtain the second equality. O

We already noted that each finite reflection group arises as the group associated to some root
system. Conversely to each (finite) Coxeter system (W,S) we can associate a root system.
We start with an arbitrary Coxeter system (W,S) and construct a faithful representation
for W (see [Hum90, Ch. 5| for details). In general, we can not expect to do this for an
euclidean vector space. Therefore we define V' to be the vector space over R with abstract
basis {as | s € S}. A linear transformation of V' is called linear reflection if it fixes a hyperplane
pointwise and sends some nonzero vector to its negative. By setting

—cos(;—) if my < o0

B(asa at) = {

-1 if mg = 00
we obtain a bilinear form on V. By setting
os(v) == v —2B(as, v)as

for each s € S and v € V, we obtain a linear reflection. The unique homomorphism o : W —
GL(V) sending s to o5 is then a faithful representation for W (JHum90, Corollary 5.4]), called
geometric representation. Moreover the form [ is positive definite if and only if W is finite
(|[Hum90, Theorem 6.4]).
Let (W, S) be a finite Coxeter system. We can identify (V, 8) with a euclidean vector space.
The set
Dw,s) = {o(w)(as) | w e W,s € S}

is a root system in V- and We, o = o(W) = W. In fact, the finite Coxeter groups turn out
to be precisely the finite reflection groups ([Hum90, Theorem 6.4]) and the finite, irreducible
Coxeter systems can be classified by their Coxeter diagrams (see Figure \2.2). By abuse of
notation we use the same name for both the directed diagram and its underlying undirected
diagram. In particular, if X, is a Dynkin diagram and (W, S) is a Coxeter system with Coxeter
diagram X,,, then W = Wy, . E.g. the Coxeter system given in Example is of type A,.

We can identify the set of simple reflections S with the set {so | @ € A} and the set of
reflections 7' for (W, S) with the set {s, | @ € ®} of reflections for ® = ®yy,5). Note that
Sq = S_q for all @ € @, thus T and the set {s, | & € ®T} can be identified.
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2. Coxeter groups and dual Coxeter systems

A, (n>1) oo -

—o0—o0
B, (n>2) e—o — - —a o

FEs »—o—I—o—Q

Fy o—a _—D0o—0
Hj 2 o o
Hy .L.—.—.

I(m) (m >5)  e——e

Figure 2.2.: Coxeter diagrams for the finite irreducible Coxeter systems

Remark 2.1.11. Let (W, S) be a finite irreducible Coxeter system of rank n. Then the group
W has nice geometric properties. If W is a finite Weyl group (i.e. the associated root system is
crystallographic), then it stabilizes a lattice in R™. For the non-crystallographic types Hs, Hy
and Is(m) (m # 3,4,6) the group W is the group of symmetries of a regular polytope. Note
that some groups have both properties, that is, they are Weyl groups and groups of symmetries
of a regular polytope. Namely, if (W, S) is of type Ay, By, Fy or Go = I5(5).

2.1.3. Affine Coxeter systems

For the content of this section as well as for details and proofs we refer to [Hum90, Chapter
4].

Throughout this section we fix an euclidean vector space V with positive definite symmetric
bilinear form (— | —) and a crystallographic root system ® in V. We extend the idea of
(orthogonal) reflections in (linear) hyperplanes to affine hyperplanes. For each o € ® and

18



2.1. Root systems and Coxeter systems
each k € Z, the set
Hoyp={veV|w|a)=k}

defines an affine hyperplane. We have H,, = H_, _ and H, is a (linear) hyperplane. For
each x € V we define the translation in x by

tr(z) : V= Vo= v+

The set Tr(V) := {tr(z) | z € V} of all translations by elements of V' is a group. We have
H,p =tr (%av) H,, and define the affine reflection s, j in the affine hyperplane H, j by

Sak: V= Viosv—((v]a)—k)a’.

Then s, j, fixes H, j pointwise and sends 0 to kaV. Moreover it is Sak = S—a,—k-

For the next proposition see [Hum90, Proposition 4.1].
Proposition 2.1.12. Let w € Wg, a € ¢ and k € Z.
(a) wHeok = Hya) k-
(b) wsapw ' = Sw(a)k-
Lemma 2.1.13. Let o € ® and k,l € Z.
(a) soi = tr(kaY)sq = sqtr(—ka"). In particular we have sq0 = Sq.
(b) SaSaa = tr(—aV).
(¢) SakSal =tr((k—1aY).

Proof. All assertions can be shown by direct calculations, we just show part (¢). By Proposi-
tion ‘2.1.12‘ we have Sq ;Sa = SaSa,—k- Therefore we obtain

SakSal = SakSa tr(—la) = sasa —k tr(—la") = sqsq tr(ka") tr(=la") = tr((k — )a").

O

Let Aff(V') be the semidirect product of the general linear group GL(V') and Tr(V') which we
call the affine group of V.

Definition 2.1.14. The group
W, = Wa7q> = <5a,k ‘ aed ke Z> < Aff(V)
is called affine Weyl group associated to ®.

Theorem 2.1.15. ([Hum90, Prop. 4.2, Theorem 4.6]) Let ® be a crystallographic root system
with simple system A.

(a) The group W, is the semidirect product of Wg and the group
Tr(®Y) := {tr(a) | a € L(®")},

which we fluently identify with L(®").
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S
eez
&
© ©

Fg O—Q@ % Q—D
E; O—2—© i —2—D
Eg ©O—60—a—3—02—0

©
)
©—=0

Figure 2.3.: Some extended Dynkin diagrams

(b) (Wa, Sa) is a Cozeter system, where
Sa =8 = {sa|ac AYU{sz1}.

Therefore we also call (Wy,S,) an affine Coxeter system and W, an affine Coxeter group.

Irreducible affine Coxeter systems (W, S,) are classified by so-called extended Dynkin diagrams.
They have types A, (n > 1), B, (n > 2),Cp (n > 3),D,, (n>4), E, (n € {6,7,8}), Fy and
Go. That is, the Coxeter diagram I'(W,, S,) is of the corresponding type. See Figure ’E for
some examples of extended Dynkin diagrams. We refer to [Hum90, Section 2.5] for a complete
list. The meaning of the numbers corresponding to the vertices will be explained in Section
7.3.2.

An irreducible affine Coxeter system (W,,S,) is said to be of type X, if ['(W,,S,) is an
extended Dynkin diagram of type X,

Theorem 2.1.15 provides the following normal form for elements in W, (see also [McCP11,
Prop. 2.11]).

Lemma 2.1.16. For each element w € W, there is a unique factorization w = wq tr(\) with

wo € W and X € L(®V).

We adopt a notation frequently used in the literature and denote in the following an affine

Coxeter system by (W, §) instead of (W, Sq).
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2.2. Reflection subgroups

2.2. Reflection subgroups

Let (W,S) be a Coxeter system with set of reflections 7. A subgroup W’ of W is called
reflection subgroup if W/ = (W' N T). The aim of this section is to show that W’ admits a
canonical set of generators x(W’) such that (W', x(W')) is a Coxeter system. Furthermore
we show that the Bruhat graph of (W', x(W)) is given as the full subgraph of the Bruhat
graph of (W, S) on vertex set W’. Both statements are due to Dyer and important for our
later study of dual Coxeter systems and the Hurwitz action. The content of this section is
covered by Dyer’s thesis ([Dye87]).
For a subgroup W’ < W we define

xW):={t e W NT | ls(t't) > Ls(t) Vt' € W NT with t' # t}.
We begin with stating the first theorem due to Dyer (see [Dye87, Theorem 1.8]).

Theorem 2.2.1. Let (W,S) be a Coxeter system with set of reflections T and let W' be a
reflection subgroup of W. Then W' is a Coxeter group with simple reflections x(W'). The set
of reflections for (W', x(W")) is given by W' N'T =, ey wx(W)w .

Let W be a group and S a set of generators of W consisting of involutions. Put T :=
{wsw™ | w € W, s € S}. Regard the power set P(T) of T as an abelian group via A + B :=
(AUB)\ (ANB). Since W = (S), there exists at most one function N : W — P(T) satisfying

(1.1) N(s) ={s} forallse S

(1.2) N(zy) =y 'N(x)y + N(y) for all z,y € W.

Lemma 2.2.2. Let N : W — P(T) be a function satisfying (1.1) and (1.2). Then:
(a) If w = s1--- sy is S-reduced, then N(w) = {t1,...,t,}, where
i = Sp - Si415iSi41 """ Sn-
(b) |N(w)| = ts(w) for allw e W
(c) t € N(t) forallt €T
(d) N(w)={teT | ls(wt) < lg(w)}
(e) Ls(wt) # lg(w) for allt € T.
Proof. We start with (a) and (b). Suppose t; = t; for ¢ > j. Then
w = 51 ijlg‘;S]Jrl S’ntj
e 51 .. 'ijlg\j‘g]#*l . 'Snti
= 51""8j-15;8j41" " 5i—15i5i+1 """ Sn,
contradicting w = s1 - -+ s, to be S-reduced. Therefore all ¢; are distinct and thus

N(w) (L2) N(sp)+ snN(Sp—1)Sn + -+ Sp---52N(s1)s2- - Sp

(L1) {tod + {tna )+ +{t1} ={t1, ..., ta},
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2. Coxeter groups and dual Coxeter systems

which proves (a) and (b).
Let t =51+ 8,-18n5n—1"--81 € T with s; € S and n minimal. Define

/ / / / / -—
(815280 1,57 Spy1s--+2859,-1) = (S1,-+-Sn—1, Sns Sn—1,---,51)

and t; 1= 84, 18518581 Sy, (1 <4< 2n—1). If 1 <i < n,then tt;t = ta,;, thus
ton_; = t if and only if ¢ = ¢;. By the minimality of n we have ¢t = ¢; if and only if i = n
(1 <1i<2n—1). As before we obtain N(t) = {to,—1} + --- + {t1}, hence t € N(t), which
proves (c).

If w=s1---sy,is S-reduced and t; := Sy, - - - Si+1SiSi+1 - - - Sn, then fg(wt;) < €g(w). Hence
for t € N(w) @ {t1,...,t,} we have lg(wt) < ¢g(w). This shows N(w) C {t € T | £s(wt) <
ls(w)}. Let t € T with t ¢ N(w). Then t ¢ tN(w)t, but since t € N(t), we have t €
tN(w)t + N(t) (L2 N(wt). As before we obtain {g((wt)t) < £g(wt), which proves (d) and
(e). O

Lemma 2.2.3. Let W be a group, S a set of generators of W consisting of involutions and
T ={wsw™! |weW, se S} Then (W,S) is a Coxeter system if and only if there exists a
function N : W — P(T') satisfying (1.1) and (1.2).

Proof. First let (W, S) be a Coxeter system. We use the characterization given in Proposition
2.1.6. For w € W put

N(w) :={t €T |w(te) = (wtw™!, —¢) for e = £1}.

By Proposition 2.1.6 condition (1.1) follows immediately. It remains to show (1.2). Therefore
note that for s € S,y € W we have N(sy) = {y sy} + N(y) since sy(y'sy,e) = (s, —¢).
The general assertion for N(zy) with z € W follows by induction on fg(z).

Now assume that there exists a function N : W — P(T) satisfying (1.1) and (1.2). We
show that the (strong) exchange condition holds. Therefore let w = s1---s, (s; € S) and
t € T such that lg(wt) < fg(w). By Lemma 2.2.2 we have ¢ € N(w). On the other
hand we obtain by repeated application of (1.1) and (1.2) that N(w) = {t,} + - - + {t1},
where t; := Sp + - $j+15iSi+1 - Sn. Thus t = ¢; for some i and w = s1 -+ 8;-18iSi+1" " Sn =
81+ 8i—15iSi41 - - Snt. O

For the rest of this section let (W, S) be a Coxeter system.
Lemma 2.2.4. Lett =s1---sop41 €T (s5; € S) with £s(t) =2n+ 1. Then
t=81-""S804+18n " S1.
In particular if n > 1, that ist € T'\ S, there exists s € S with {g(sts) = £s(t) — 2.
Proof. For x := s, ---s1 and y := Spt9- -+ Sopt1 We have
ls(xz) ="ls(y) =n<n+1="ls(spt17) = ls(Sn+1Y)

and s,4+1y = zt. Hence we can apply Theorem@to obtain ¢ = sopt+1 -+ Si415iSi+1 - * S2n+1
for some n+1 < i < 2n+4+ 1. Thus * = Spt+1- - Si—1Si+1 - Son+1 and this is S-reduced
since fg(x) = n. Since lg(spt12) > Lg(x), we have ¢ = n + 1. Therefore z = y and
t= $_18n+1.’1§. O
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2.2. Reflection subgroups

Proposition 2.2.5. x(W')={t €T | N({t)nW' = {t}}
Proof. By Lemma |2.2.2 we have for t € T that
NO)NW ={t' eT|ts(tt') < ls(t)} N W'

Therefore the condition N (t) "W’ = {t} yields for ' € TNW' that £g(tt') < £g(t) if and only
if #' = t. Thus we have £5(tt') > £g(t) for all #' € T N W' with t # ¢'. Since (t')~1 = t't, we
have ¢g(tt') = £g(t't) and the assertion follows. O

Lemma 2.2.6. Let (W,S) be a Cozeter system with set of reflections T, N : W — P(T) a
function satisfying (1.1) and (1.2) and W' < W a subgroup.

(a) If s € S\ W', then x(sW's) = sx(W')s.
(b) If t e W' N T, then there exist m € Z>o and to, ...ty € X(W') such that
t =ty trtoty -ty

(c) For w € W let N'(w) :== N(w)NW'. If x € W,y € W', then N'(xy) =y 'N'(z)y +
N'(y).

Proof. Let s € S\ W’ and t € x(W'), that is N(¢t) N W’ = {t}. Using (1.2) we obtain
N(sts) = sN(st)s+ N(s) = s(tN(s)t + N(t))s + N(s) = {ststs} + sN(t)s + {s}.
This yields

N(sts) N sW's = s(({tst} + N (&) + {s}) N W")s "= s(N () 0 W)s = {sts).
Therefore sts € x(sW's), which shows that sy(W')s C x(sW's). But since s € S\ sW’s, we
can use the same argument as before (with sW’s instead of W) to obtain sy (sW's)s C x(W").
Thus x(sW's) C sx(W’)s which shows (a).

For part (b) let t € W/ NT and proceed by induction on ¢g(t). If £g(t) = 1, we can put
to = t since t € W' N S. Therefore let ¢g(t) > 1. By Lemma [2.2.4 there exists s € S such
that lg(sts) < lg(t). Put W” := sW's and t” := sts. By induction there exist m € Z>o,
toy .-y tm € x(W") such that ¢ = t,,, - - - titoty - - - t,,. We distinguish two cases. If s € W,
then W/ = W” and N(s) N W” = {s}. The decomposition ¢ = st"s = st,, ---titot1 - - tms
yields the assertion. Therefore let s ¢ W”. Put ¢} := st;s for 0 < i < m. By part (a) we
obtain t; € sxy(W")s = x(sW"s) = x(W’). Since t = st"s =], --- tt(t] - - - t,,, the assertion
follows. To show part (c) let 2 € W and y € W’. Since W’ = y~'W'y, we obtain

N'(zy) = (y ' N(x)y + N(y)) N W'

= (y 'N(@)yny "Wy + (Ny) n W)
=y (N(z) Wy + (N(y) n W)
=y 'N'(2)y + N'(y).
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2. Coxeter groups and dual Coxeter systems

Proof of Theorem[2.2.1. Set S" := x(W'), W" := (S") and T" := UyewrwSw=t. Tt is S’ C
TNW, thus W/ C W and T C TNW'. By Lemmam (b) we have TN W' C T,
hence TNW’' = T'. Since T" is the union of W”-conjugates of S and W” = (5’), we have
(T") C(S'). Tt follows W' = (T") C (S") = W' C W', thus W' = (S") = W". Therefore

TNW =T = UpewrwS'w" = Upewrwx(W)w".

It remains to show that (W', S’) is a Coxeter system. We use the characterization as given in
Lemma Since 77 C T, the group P(T”) is a subgroup of P(T'). Define the function

N W' — P(T"),w+ Nw)nW'.

Let s’ € S’. By definition of S” we obtain N'(s) = N(s) N W’ = {s}, thus (1.1) holds for
N’. By Lemma 2.2.6 (c) condition (1.2) holds for N’. Lemma|2.2.3|yields that (W', S’) is a
Coxeter system. O

As an immediate consequence of Theorem[2.2.1 and Lemma we obtain:

Corollary 2.2.7. Let W' < W be a reflection subgroup and S’ := x(W') be its set of Cozeter
generators. For w € W' we have N(w)NW' ={t e W NT | bg(wt) < g (w)}, where Lg is
the length function of (W', S").

Definition 2.2.8. Let (W,S) be a Coxeter system with set of reflections 7. We define the
Bruhat graph of (W, S) to be the directed graph Q(yy,g) on vertex set W and there is a directed
edge from z to y if there exists ¢ € T such that y = xt and £g(x) < ls(y).

For a subset X C W we denote by Q. 5)(X) the full subgraph of Q) on vertex set X.

Moreover, we denote by Q(W s) the corresponding undirected graph. Since this graph does
not depend on S, but on T, we sometimes denote it by Q(Wj).

Proposition 2.2.9. Let W < W be a reflection subgroup and x(W') be its set of Coxeter
generators. Then Qs wry) = Qw,s)(W').

Proof. Put T :=TNW' S := x(W') and N'(z) := N(x) NW' for x € W. Since both graphs
Qw5 and Qy, 5)(W’ ) share by definition the same vertex set, it remains to show that they
have the same set of edges. The set of edges of the graph {2y, 5)(W’ ) is given by

(z,y)
={(z,y) e W' x W' |27y eT, 27y ¢ N()}
={(z,y) e W x W' |z lyeT, sy ¢ N'(2)}
—{(z,y) eW' x W' |z ly €T, Lo (z) < Ls(y)},

which is precisely the set of edges of the graph Qg g1y. O

Theorem 2.2.10. Let (W, S) be a Coxeter system and W' a reflection subgroup of W. For
any x € W the coset W' contains a unique element xo with {s(xg) minimal, and the map

0: W' — W' v zov

induces an isomorphism between the Bruhal graph Qe vy and the full subgraph of Qg
on vertex set xW'.
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2.3. The absolute length

Proof. Choose zg € W' with £g(x¢) minimal and put 79 = W' N T, S’ = x(W'). For any
t € T" we have zot € W’'. By the minimality of zg we get £g(zot) > Ls(xg). Therefore we
obtain

N'(zg) = N(zo) "W = {t € T | bs(xot) < ls(z0)} NW' = 2.

For any w € W’ we have

\2.2.2\@)

N'(O(w)) = N'(zow) w N (zo)w + N'(w) = N'(w). (2.1)

Since 6 is a bijection between the sets W’ and W, it remains to show that, if y, z € W’ then

(y, 2) is an edge in Q5 (W') = Qo) if and only if (6(y), 6(2)) is an edge in Qyy, gy (xW') =

Qw,s)(xoW’). The set of edges for Q- o) is given by (see also the proof of Proposition‘2.2.9)
{(y.2) eW' x W' |y~l2 €T, ls(y) < ls(2)}

{(y,2) eW' x W' |yt e T,y 'z ¢ N'(y)}
)

=

{(y,2) eW x W' |y l2 €T,y 'z ¢ N'(0(y))}

Since y 'z = (woy) ! (z02) = O(y)~'0(2), we obtain that (y, z) is an edge in Qy o) if and only
if 0(y)~10(z) € T" and O(y)~10(z) ¢ N’(0(y)). The latter being equivalent to 8(y)~6(z) € T
and £g(0(y)) < £s(0(z)), which is precisely the definition for (6(y),0(z)) being an edge of
Q(VV,S) (:L'W/)

It remains to show that x is unique. Therefore we show that {g(xg) < lg(zow) for all
w € W'\ {e}. Let w e W'\ {e} and choose v’ = s} ---s), to be S’-reduced. Put wy := e
and w; := s} -+, for 1 < i < n. Therefore we get that (w;_1,w;) is an edge of Qg for
all i € {1,...,n}. Hence also an edge of Qy,g)(W') by Proposition m Using what we
have observed above, this is equivalent to (0(w;—_1),0(w;)) = (xow;—1, xow;) being an edge of
Qw,sy(xW’) for all i € {1,...,n}. Thus

ls(xo) = Ls(zowp) < Ls(xowr) < ... < lg(xowy) = Ls(zow),

which shows the uniqueness of xg. O

2.3. The absolute length

Let (W, S) be a Coxeter system. Since the set of reflections 7' contains the set of simple
reflections S, it also generates W. Therefore T induces a length function ¢7 on W, called
absolute length. Let w € W. As before a decomposition w = t1---¢, with t; € T is called
T-reduced if ¢7(w) = r. We moreover define for an element w € W with {p(w) = r its set of
reduced T-decompositions, that is

RedT(w) = {(tl, ce ,tr) ‘ t,ieT, w=ty-- -tr}.

We give two criteria for a T-decomposition to be reduced. One is a geometric criterion for
finite Coxeter groups due to Carter, the other criterion is of combinatorial nature. It is valid
for arbitrary Coxeter groups and due to Dyer. For a proof of the first statement we refer to
[Car72, Lemma 3].

25



2. Coxeter groups and dual Coxeter systems

Lemma 2.3.1. Let (W, S) be a finite Cozxeter system with set of reflections T' and correspond-
ing root system ® = Py ). Let ay,...,ap € . Then sq, -+ Sa,, is T-reduced if and only if
the roots a, . ..,ap are linearly independent.

As a direct conclusion we obtain the following statement.

Corollary 2.3.2. Let (W,S) be a finite Coxeter system of rank n with set of reflections T.
Then br(w) <n for allw e W.

The rest of this subsection is based on [Dye01].

Theorem 2.3.3. Let (W, S) be a Coxeter system with set of reflections T. If w = 81+ 8y, 8
S-reduced, then {r(w) is the minimum of natural numbers p for which there exists 1 < i3 <
... <1y < n such that

—

e:sl..-sil..-sip-..sn’

where a factor 5;; is omitted.

For the rest of this subsection we fix a Coxeter system (W, S) with set of reflections T'. As
a direct consequence of the definition of the Bruhat graph (Definition 2.2.8) we obtain the
following.

Proposition 2.3.4. For w € W the absolute length lp(w) is precisely the minimal length of
a path in Qqy,g) from e to w.

Definition 2.3.5. The partial order on W defined by « < y if there is a path from = to y in
Qw,s) is called Bruhat order.

Let y = s1---s, be S-reduced. As an immediate consequence of the strong exchange
condition (Theorem ) we obtain that x < y if and only if z = sy---5; ---5; -5, for
some 1 <7 <...<ip <n.

Proposition 2.3.6. Let w € W and t1,to € T with t1 # to such that
w — wity «— witits

in Qw,sy. Then there exist ty,ty € (t1,t2) N T with tity = tyty such that one of the following
cases hold:

1. w— wt) — wtith = wtits
2. w— wt) «—wt)th = wiity
3. w—wt) — wtth = wtits

Proof. Let W' := (t1,t2) and S’ := x(W’). We consider the coset wW’ since w, wty, wtity €
wW’'. By Theorem |2.2.10 we have

Quw,s)(W') = Q) (WW') = Quyr g1y,

where (W', S’) is dihedral and we can check the claim there directly. Inside W’ any reflection
(element of odd S’-length) and any rotation (element of even S’-length) are joined by an edge
in Qy gy which in Q- g is oriented towards the element of greater S’-length. For z € W’
there are three possible situations:
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° fs/(.’E) < Esl(l‘tltg)
° ES/($) > ﬁgl(wtlh)
o lg/(x) =Ly (xtite) (in particular x # e since t # ta).

Hence we can choose t],t, € W/ NT with tt}, = t1ts in the three situations such that we have
one of the following situations:

o ©— ath — xt)t)

o 1 — ut) — xtht)

o 1« xth — xtt]
To see this note that z and xtits are both either reflections or rotations. Therefore both are
either of odd or even S’-length. Thus £g/ (z) < £g/(xt1ts) implies Lg (2)+2 < Lg/(xt1te) and we

find ¢} with lg/(x) < lg(xt)) < Lg/(xtite). By setting ), := t{t1t2 we obtain x — at] — xt)t),
and t)th = tity (see also the example below). The remaining cases are similar. O

Example 2.3.7. Consider a dihedral Coxeter system (W, S) with S = {s1,s2} and s;s9 of
order n > 8. Let © = 515981892, t1 = s2 and ty = S$951595182. Then xt1teo = 5152515251525152
is S-reduced and

ls(x) < ls(ztita) < n.

Hence we have
€Tr < a?tl — a?tltg.

Setting ¢} := s1 and t}, := t{t1ta = s25152, we obtain t1ty = t}t, and
xr — at) — at)th.

Lemma 2.3.8. Let x € W. If there exists a path from e to x in Q(W,S) of length n, then
there exists a path from e to x in Qy,s) of length n' for some n' < n. In particular, for any
w € W, br(w) is the minimal length of a path in Quy, gy from e to w.

Proof. We proceed by induction on n. Let n = 1. Since £g(e) = 0 an edge between e and
x # e has to be directed towards x. Therefore consider a path

e=r0—2T1—...— Ly 1—Tp=2=2

of length n > 1 between e and z. By the induction assumption there exists a directed path
from e to z,_1 of length < n — 1. Replacing n by a smaller integer if necessary, we can still
assume that n > 1 and that

rTo—T1— ... Tp-1

in Qu,sy. If ©, = xp2 or Ls(w,) > ls(xn-1), we are already done. Therefore assume
Tp # Tp—g and Lg(zy) < Lg(zp—1). The actual situation is as follows

Tn—2 = Tp—-1 " Tn.
Hence by definition of Q(W7 s) and since x,_o # x, there exist t; # t5 in T such that

Tp—2 — Tp—1 = Tp_ol1 < Ty = Tp_at1la.
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We apply Proposition 2.3.6. If the first case therein holds, we are done. If the second or third
case holds, then there are t|,t} € (t1,t2) NT with ¢1t9 = ¢t} such that

/ ! 4/
Tp—2 ¢ Tpol] < Tn_otits = Ty otily

or p_9 < xn_gt,l — 1‘n_2t1t2 = .rn_gtllté.

If we are in the second situation, we can apply the induction assumption to find a directed
path from e to z,_st) and hence from e to z,_ot|t) = x,. Therefore assume that we are
in the first situation. Put a/_,
ls(z), 1) < ls(xn—2) and since there is an edge z,—9 — ,—1, we have lg(x,_2) < ls(zp_1),

thus £g(z),_;) < €s(xn—1). We apply the induction assumption to the path

:= xp_ot]. Since there is an edge 2/, _; — z,,_2, we have

/
E—T1— > Ty_9 T, _1 + Tp

to obtain a path

/ / /
e— Ty — Ty o — Ty Tp.

Again we can apply Proposition [2.3.6 to the subpath ! _, — ! | < z,. Without loss of
generality we assume that we find ¢7,t5 € (¢],¢5) N T with t{t5 = t]t) such that

Tpy_g = Ty = T ot] Ty oty = Tp.
This yields g(z] 1) < €s(x],_1) < £s(xp—1). Since g is bounded from below, continuing in

this manner eventually yields a directed path from e to x,. O

Proof of Theorem|2.3.3. To see the minimality of £7(w) let w = s1 - - - s, be S-reduced and set
ti = 51--8518i8;i-1---51. lf e = s1---5;---5; -~ 5,. then also e = t;, ---t; w and hence
w = t;, -~ -t;,. Therefore p > {7 (w).

To see existence let /p(w) = p. By Lemma 2.3.8‘ there is a path

Top=€—=x1 —... 7 Tp =W

of length p in Qyg). If we have y — x in Qy,q) then, by the strong exchange condition, a
reduced S-decomposition of y is obtained from a reduced S-decomposition of z by deleting
one simple reflection. By descending induction on ¢ we conclude that x; has a reduced decom-
position obtained by deleting p — i simple reflections from the reduced decomposition si ... sy,
for w. For ¢ = 0, thus deleting p simple reflections, the assertion follows. O

2.4. Dual Coxeter systems

2.4.1. The dual set up

Let (W, T) be a pair consisting of a group W and a generating subset T of W. In the sense
of [Bes03] we call (W, T') a dual Coxeter system of finite rank n if there is a subset S C T with
|S| = n such that (W, S) is a Coxeter system, and T = {wsw™' | w € W, s € S} is the set
of reflections for the Coxeter system (W, S). We then call (W, S) a simple system for (W, T).
If ' C T is such that (W, S’) is a Coxeter system, then {wsw™ | w € W,s € S’} =T (see
[BMMNO2, Lemma 3.7]). Hence a set S” C T is a simple system for (W,T) if and only if
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2.4. Dual Coxeter systems

(W, S8") is a Coxeter system. The rank of (W, T) is defined as |S| for a simple system S C T.
This is well-defined by [BMMNO02, Theorem 3.8|.

So far, there is no formalism which justifies the name dual Coxeter system. It is based on
some numerology (see |Bes03, Section 5]) which provides an indication that there actually
might be some kind of duality.

Simple systems for (W, T') have been studied by several authors (see [FHMO06]). Clearly, if
S is a simple system for (W, T), then so is wSw~! for any w € W. Moreover, it is shown
in [FHMO06| that for an important class of infinite Coxeter groups including the irreducible
affine Coxeter groups, all simple systems for (W, T') are conjugate to one another in this sense.

The following result is well-known and follows from [Dye87] or [Dye90].

Proposition 2.4.1. Let (W,S) be a (not necessarily finite) Cozeter system of rank n. Then
W cannot be generated by less than n reflections.

Proof. Assume that W = (ty,...,tx), with & < n. It follows from [Dye90, Corollary 3.11 (i)]
that |x(W)| < k, where x(W) is the set of simple reflections defined in Section|2.2. But by
definition the set x(W) contains S. Hence we have |x(W)| > n. O

Let W' be a reflection subgroup of W. By Theorem [2.2.1 (W/,W’ N T) is again a dual
Coxeter system. The reflection subgroup generated by {si,...,sm} C T is called a parabolic
subgroup for (W, T) if there is a simple system S = {s1,...,s,} for (W,T) with m < n. This
definition differs from the usual notion of a parabolic subgroup generated by a conjugate of a
subset of a fixed simple system S (see [Hum90, Section 1.10]) which we call a classical parabolic
subgroup for (W, S). Obviously a parabolic subgroup as defined here is a classical parabolic
subgroup. But the two definitions are not equivalent in general (see [Gob, Example 2.2]).
However we prove in Section 2.4.2] the equivalence of the definitions for a class of Coxeter
groups which in particular includes the finite and affine Coxeter groups.

Definition 2.4.2. The partial order on W defined by
u <7 v if and only if £7(u) + Lr(u" v) = Ly (v)

for u,v € W is called absolute order.

Definition 2.4.3. Let (W, T) be a dual Coxeter system and S = {s1,...,s,} be a fixed simple
system for (W, T).

(a) We say that c € W is a classical Coxeter element if ¢ is conjugate to some sy (1) -+ Sr(p)
for m an element of the symmetric group Sym(n). An element w € W is a classical
parabolic Coxeter element if w <t ¢ for some classical Coxeter element c.

b) An element ¢ € W is a Coxeter element if there exists a simple system S’ = {s},...,s’
p y 1 n
for (W, T) such that ¢ = s} ---s/,. An element w € W is a parabolic Coxeter element if
there exists a simple system S’ = {s},...,s,} for (W,T) such that w = &} ---s}, for

some m < n. The element w is moreover called a standard parabolic Coxeter element for
the Coxeter system (W, S").

Remark 2.4.4. (a) The definition of classical Coxeter element depends on the choice of
a simple system (W,S). If the Coxeter diagram I'(WW,S) is a forest, then the set of
classical Coxeter elements forms a single conjugacy class (see [Bou02, V.6, Lemma 1]).
In particular this holds for all finite Coxeter systems.
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2. Coxeter groups and dual Coxeter systems

(b) If (W, T) is finite, then an element w € W is a parabolic Coxeter element if and only
if w <p ¢ for some Coxeter element ¢ (see [DG17, Corollary 3.6]). It is clear that
a classical Coxeter element is a Coxeter element and hence that a classical parabolic
Coxeter element is a parabolic Coxeter element. The difference between classical Coxeter
elements and Coxeter elements is somewhat subtle. For finite Weyl groups the two
definitions are equivalent, as a consequence of [RRS17, Theorem 1.8(ii) and Remark
1.10]. Tt seems however that no case-free proof of this fact is known. An example where
these two definitions differ is the dihedral group I2(5) (see [BDSW14, Remark 1.1]).

In Section 2.1.2 we introduced the notion of irreducibility for a Coxeter system (W, S) and
observed that finite irreducible and affine irreducible Coxeter systems are classified by certain
types. We would like to do the same for dual Coxeter systems.

Definition 2.4.5. Let (W, S) be a Coxeter system with set of reflections 7'. If for each simple
system S C T the Coxeter diagram I'(W,S’) equals the Coxeter diagram I'(W, S), then the
Coxeter system (W, S) is called reflection rigid. If moreover S and S’ are conjugated under
W, the Coxeter system (W, .S) is called strongly reflection rigid. A dual Coxeter system (W, T')
is called (strongly) reflection rigid if (W, .S) is (strongly) reflection rigid for one (equivalently
each) simple system S C T.

In fact, finite Coxeter systems are reflection rigid (see [BMMNO02, Theorem 3.10]). For affine
Coxeter groups there is even more to say. Affine Coxeter groups are strongly rigid (see [CDO00],
[FHMO6], [Miih05, Theorem 3.2] or Section [2.4.2 for more details), that is, any two simple
systems for W are conjugate. In particular affine Coxeter systems are (strongly) reflection
rigid. Therefore we call (W, T) a finite dual Coxeter system (resp. an affine dual Coxeter system)
if (W, S) is finite (resp. affine) for one (equivalently each) simple system S C 7. In both
cases we define the type of (W, T') to be the type of (W, S) for some (equivalently each) simple
system S C T

A reflection rigid dual Coxeter system (W, T) is called irreducible if (W, S) is irreducible for
one (equivalently each) simple system S C T'.

Considering finite Coxeter groups, in most cases, the type is determined by the group itself.
There are only two exceptions, namely Wg,, ., = Wa, x Wp,, ., (k > 1) and Wy, 4p49) =
Wa, X Wi, 2641y (kK > 1), which follows from the classification of the finite irreducible Coxeter
groups and [Nui06, Theorem 2.17, Lemma 2.18 and Theorem 3.3].

Notice that (W,T) is strongly reflection rigid if and only if every Coxeter element is a
classical Coxeter element. Hence Remark 2.4.4 (b) implies that (W, T) is strongly reflection
rigid if W is a finite Weyl group.

We give some equivalent characterizations of the absolute order.

Proposition 2.4.6. Let (W, T) be a dual Cozeter system, t € T and w € W with {p(w) = k.
Then the following conditions are equivalent:

(a) t <pw
(b) br(tw) =k —1
(c) bp(wt) =k—1

(d) There exists a T-reduced decomposition w = ttg - - -ty
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2.4. Dual Coxeter systems

(e) There exists a T-reduced decomposition w =t ---tt

Proof. By definition of the absolute order, (b) follows from (a). That (b) implies (c) is a
consequence of the fact, that the length function ¢ is invariant under conjugation. Assume
(c). Then there exist t5,...,t;, € T with wt = t},---t}, thus w =t - - - t;.t, which shows (e).
If w=ty---t,t, then also w = t(ttht) - - - (tt)t), which shows that (e) implies (d). That (d)
implies (a) is a direct consequence of the definition of the absolute order. O

2.4.2. Equivalent definitions of parabolic subgroups

The aim of this subsection is to show that the definitions of parabolic subgroups and classical
parabolic subgroup are equivalent for finite and infinite irreducible 2-spherical Coxeter systems
(see IBGRW17, Corollary 4.4, Proposition 4.6]). An infinite irreducible Coxeter system (W, S)
is called 2-spherical if S is finite, and ss’ has finite order for every s,s’ € S.

As an immediate consequence of the definition of strongly reflection rigidity, we obtain the
following statement.

Proposition 2.4.7. Let (W,T) be a strongly reflection rigid dual Coxeter system, S C T a
simple system and W' < W a subgroup. Then W' is a parabolic subgroup for (W,T) if and
only if W' is a classical parabolic subgroup for (W, S).

We already noted that affine Coxeter systems are strongly reflection rigid and hence both
definitions of parabolic subgroups are equivalent. However, Caprace and Miihlherr showed
that infinite irreducible 2-spherical Coxeter systems are strongly reflection rigid (see [CMO07]).
Hence:

Corollary 2.4.8. Let (W,S) be an infinite irreducible 2-spherical Cozeter system. Then a
subgroup of W is parabolic if and only if it is parabolic in the classical sense.

_In fact, each irreducible affine Coxeter system, except 111, is 2-spherical. For (W, S) of type
Ay, i.e W is a dihedral group of infinite order, the equivalence of both definitions is immediate
since the non-trivial parabolic subgroups are precisely those subgroups that are generated by
a single reflection.

We also already noted that (W, T) is strongly reflection rigid if W is a finite Weyl group.
However, finite Coxeter systems of type Hs or Iz(5) are reflection rigid, but not strongly
reflection rigid. Therefore and as an important part of our considerations in Section |4, we
prove the equivalence of both definitions for finite Coxeter systems directly.

Let (W, S) be a finite Coxeter system with root system ® and V' := spang(®). The classical
parabolic subgroups are exactly the subgroups of the form

Cw(E) ={weW |w)=wvforallveE}
where E C V is any subset of vectors (see for instance [Kan0O1, Section 5-2]).

Definition 2.4.9. Given a subset A C W, the parabolic closure P4 of A is the intersection
of all the parabolic subgroups in the classical sense containing A. It is again a parabolic
subgroup in the classical sense (see [Qi07]).

We denote by Fix(A) the subspace of vectors in V' which are fixed by every element in
A. If A= {w}, then we simply write Fix(w) for Fix(A) = ker(w — 1) and P,, for P4. For
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2. Coxeter groups and dual Coxeter systems

convenience we also set Mov(w) := im(w — 1). Note that V' = Fix(w) & Mov(w) (see |[Arm09,
Definition 2.4.6]). It follows from the above description that P4 = Cy (Fix(.A)).
By |Bes03, Lemma 1.2.1(i)] we have the following.

Lemma 2.4.10. Let (W,T) be a finite dual Coxeter system, w € W andt € T. Then

Fix(w) C Fix(t) if and only if t <p w.

Proposition 2.4.11. Let (W, S) be a finite Coxeter system, T' = J,, ey wSw™ and w € W.
If the Hurwitz action on Redr(w) is transitive, then the subgroup generated by the reflections
in any reduced decomposition of w is equal to Py, .

Proof. We prove the contrapositive of the statement. Let (¢1,...,%,) € Redr(w) and assume
that W’ := (t1,...,tn) is not equal to P,. Since t; <p w for each i, we have t; € P, for all
i=1,...,m by Lemma|2.4.10 It follows that W’ C P,,. Since both W’ and P,, are reflection
subgroups of W, there exists a reflection t € P, with ¢ ¢ W'. Tt follows that Fix(w) C Fix(¢),
hence also that ¢ <7 w by Lemma 2.4.10. In particular there exists (q1,...,¢n) € Redr(w)
with ¢ = ¢. Since the Hurwitz orbit of (¢1,...,ty) remains in W/ and t ¢ W/, the Hurwitz
action on Redr(w) can therefore not be transitive. O

Corollary 2.4.12. Let (W, S) be a finite Coxeter system and T = | J, ey wSw™. A subgroup
P C W is parabolic if and only if it is parabolic in the classical sense. In particular, if S' C T

is such that (W,S’) is a simple system, then the parabolic subgroups in the classical sense
defined by S coincide with those defined by S'.

Proof. If P is parabolic, then P = (s1,...,$,,) where {s1,...,s,} = S C T is a simple
system for W and m < n. By |[BDSWI14, Theorem 1.3|, the Hurwitz action on Redr(w)
where w = s182 -+ Sy, is transitive. By Proposition [2.4.11, it follows that P is parabolic in
the classical sense.

Conversely, if P is parabolic in the classical sense, then P is generated by a conjugate of a
subset of S, and a conjugate of S is again a simple system for W. Hence P is parabolic. [

2.5. Noncrossing partitions

The poset of noncrossing partitions attached to a Coxeter group W, in particular in the case
when W is finite, has gained a lot of attention in the recent years from different areas of
mathematics (see [McCO06|). For a detailed treatment of this topic we refer to Armstrong’s
memoir ([Arm09]).

Definition 2.5.1. Let (W, T) be a dual Coxeter system and ¢ € W. The poset
Ne(W,e) ={we W |e<pw<pc}
is called poset of noncrossing partitions.

For an explanation of the name noncrossing see also [Arm09|. In particular, this poset
has nice properties and is well understood for finite Coxeter systems and Coxeter elements.
Therefore let (W, T') be a finite dual Coxeter system and ¢ € W a Coxeter element. Combining
[IDG17, Corollary 3.6] and [Arm09, Proposition 2.6.11| we obtain the following result.
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Proposition 2.5.2. Every interval in Nc(W, ¢) is isomorphic to Ne(W' '), where W < W
is a parabolic subgroup and ¢’ <7 c is a parabolic Cozeter element.

The poset Nc(W, ¢) for W a finite Coxeter group and ¢ a Coxeter element, was independently
introduced and studied by Bessis in [Bes03| and Brady and Watt in [BW02]. While Bessis
showed the following result in a case-by-case analysis, Brady and Watt gave a uniform proof
in [BWO0S].

Theorem 2.5.3. The poset Nc(W, ¢) is a lattice.

Based on previous work of Digne, McCammond precisely determined in [McC15| for W an
affine Coxeter group if Nc(W, ¢) is a lattice or if it is not.
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3. Hurwitz action on Coxeter elements

The results presented in Sections 3.1 and 3.2 are taken from [BDSW14].

3.1. The Hurwitz action

Let (W, T) be a dual Coxeter system. For an element w € W denote by Redr(w) the set of
all reduced T-decompositions of w. The aim of this section is to show that the braid group

acts transitively on this set if w is a parabolic Coxeter element.

The braid group on n strands is the group B, with generators o1, ...,0,_1 subject to the

relations

oio; = ojo; for i —j| > 1,

0i0i+10; = 0i4+10i0+1-

It acts on the set T of n-tuples of reflections as

Ui(tl,...,tn) = (tl,...,tifl, titi+1ti, ti 5 ti+2,...

O‘;l(tl,...,tn) = (tl,...,tl;l, tiv1 , Civ1titiv1, Tiyo,...

We use the notation
(t1y oo tn) ~ (t), ... 1)

to indicate that both n-tuples are in the same orbit under this action.

Example 3.1.1. If n = 2, then the action of oy is described by

oo~ (srs,srsrs) ~ (s,sr8) ~ (r,8) ~ (rsr,r) ~ (rsrsr,rsr) ~ ...

for any r,s € T. Note that in this case, the By-orbit of (r,s) is the set of all pairs (¢1,t2) of

reflections of the subgroup (r, s), such that t1ty = rs.

Definition 3.1.2. For an element w € W denote by [w] the corresponding conjugacy class in
W. Two tuples (w1, ..., wy), (v1,...,v,) € W™ are said to share the same multiset of conjugacy

classes if {[w1],. .., [wy]} and {[v1],...,[vn]} are equal as multisets.

The following lemmata are direct consequences of the definition.

Lemma 3.1.3. Let (W, T) be a dual Cozeter system and (t1,...,t,), (t],...,

that (ti,...,tn) ~ (ty,...,t),). Then:

o (1, itn) =t . ).

o (t1,...,tn) and (t|,...,t)) share the same multiset of conjugacy classes.

t) € T" such
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Lemma 3.1.4. Let W’ be a reflection subgroup of W and let T = T N'W' be the set of
reflections in W'. For an element w € W' with {p/(w) = m, the braid group B, acts on
RedT/ (w)

Proof. Let w = t1---t,, be a reduced T'-decomposition. and o;(t1,...,tm) = (t,,...,t.).
The assertion follows from the two observations that t1 -« -t,, =t} ---t,, and {t1,...,tm} CT"
if and only if {#},...,t,} CT". O

We call this action on Red(w) also the Hurwitz action.

3.2. The proof of Theorem 1.1.1

We will now come to the proof of Theorem So let w = s1--- sy, be a parabolic Coxeter
element in a dual Coxeter system (W, T). By definition of the Hurwitz action, this theorem has
the direct consequence that the parabolic subgroup (si, ..., spy,) of W does indeed not depend
on the particular T-decomposition ¢ = s1 - - - s, but only on the parabolic Coxeter element w
itself. We thus denote this parabolic by W, := (t1,...,ty) for any (¢1,...,ty) € Redr(w).
We moreover obtain that Redr(w) = Redp/(w) with 77 = W, N T the set of reflections in
Wi. The main argument in the proof of Theorem 1.1.1 (see Proposition 3.2.3/below) will also
imply the following theorem that extends this direct consequence to all elements in a parabolic
subgroup.

Theorem 3.2.1. Let W' be a parabolic subgroup of W. Then for any w € W,
RedT(w) = RedT/ (w),
where T' = W' N'T is the set of reflections in W'.

Notice that Lemma 2.4.10 already implies this Theorem in the finite case.

For the proof of the two theorems, we fix a dual Coxeter system (W, T') of rank n and a
simple system (W, S) for (W, T). The following lemma provides an alternative description of
standard parabolic Coxeter elements.

Lemma 3.2.2. An element w € W is a standard parabolic Cozeter element for (W, S) if and
only if by (w) = Lg(w).

Proof. Let w = s;, ...s;, be areduced S-decomposition. By Theorem|2.3.3 we have {7(w) =
k = fg(w) if and only if s;, ...s;, does not contain any generator twice. O

Notice that the definition of Bruhat graph given in |2.2.8 depends on the chosen simple
system S. In contrast to this the definition of the underlying undirected Bruhat graph does
not. It only depends on 7', but for simplicity we keep the notation ﬁ(W, S)-

The proofs of Theorem |1.1.1 and Theorem 3.2.1 are based on the case z = e of the following
proposition.

Proposition 3.2.3. Let (W, S) be a Coxeter system. Moreover, let w = t1---t, € W be a
reduced T'-decomposition of an element in W, and let

r—uxt] —xtityo—...—xt1-- -t = W
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be the corresponding path in ﬁ(Wﬂ) starting at an element x € W. Then there is a T'-
decomposition w =t} - - - t) in the Hurwitz orbit of the T-decomposition ty - - - t,, such that the
corresponding path in Qy,sy starting at x is first decreasing, then increasing; more precisely,
it is of the form

!/

re—at) —atith— . —ath -t att]

m = TW

for some (unique) integer i with 0 < i < m. In the special case x = e, this gives a directed
path

e—ty =ity — ... =ty =w

m Q(W,S)'

Proof. First consider two distinct reflections ¢; and to and an element z € W such that
z — zly < zt1ts in Qy,5). By Proposition there exist reflections t},t, € (t1,t2) with
tity = tht}, such that z — zt] — 2t|t}, or z «— zt] «— 2t t}, or z — zt| — zt}t},. This implies, by
Example ]&T, that one can get from the decomposition ¢;te to the decomposition t|t} inside
W' = (t1,t2) by the Hurwitz action, and hence in particular that W’ = (t},t}). Moreover,
one has £(zt}) < max(¢(z),l(ztit2)) < (zt1).

Consider the path in ﬁ(W, s) attached to w =ty ---{m and beginning at z. Any subpath
z — zt1 — zt1ta may be replaced by a path z — zt] — zt{t, as above, to give a new path
from x to xw of the same length m; we call this a “replacement”. Apply to the original
path a sequence of successive replacements. Any path so obtained corresponds to the path
beginning at x attached to some reduced T-decomposition of w in the same Hurwitz orbit
as t1 - -tm,, and is a shortest path in Q(W, s) from z to zw. Note that a replacement of any
subpath z — zt] «— zt}t}, of such a path is possible since the path’s minimal length implies
that t} # ). Each replacement decreases the total sum of the (-lengths of the vertices of the
path, so eventually one obtains a path in which no further replacements are possible i.e. of
the desired decreasing-then-increasing form. Finally, if £ = e, then ¢ = 0 since there are no
paths e «—t. O

Proof of Theorem |3.2.1. By Theorem 2.2.10 we have Qs vy = Quw,g)(W'). Let w €
W’. Then Lemma 3.1.4, Proposition 2.3.4 and Proposition 3.2.3 (with z = e) imply that

Redr(w) = Redzr(w) if and only if every shortest directed path from e to w in Q) lies
inside Q) (W').

Now assume that W’ is a standard parabolic subgroup generated by some subset S’ of S.
Then it is well known that every reduced S-decomposition for w € W’ is actually inside W’
(by [ABO8, Theorem 2.33] all reduced S-decompositions for w are related by braid relations).
Let

e—>t1—>...—>t1~--tm_1—>t1~--tm:w

be a shortest directed path from e to w in Q. g). Let w = s --- s, be an S’-decomposition of
w. Since wty, = t1 -+ tym—_1, we have lg(wt,,) < €s(w). Using the strong exchange condition

(see Theorem 2.1.5) we find an index i such that wt,, = s} ---s!--

L---s). In particular, wt,, =
t1-tm_1 € W’. Continuing in this manner, it follows that the above directed path is indeed

a path inside Qyy, S)(W’ ). The assertion follows by the above equivalence. O

Lemma 3.2.4. Let (W, T) be a dual Cozxeter system of finite rank n and let w = s1 -+ - Sy, be
a parabolic Cozeter element in W. If s; and s;41 do not commute, then sit1s; L1 w.
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Proof. Without loss of generality we assume that ¢ = 1 and that s; and so do not commute.
Assume to the contrary that sgs; <7 w. Then lp(sisow) = m — 2. But since sjsow =
(815281)8283 - - - Sy and since $983 - - - Sy, 18 T-reduced, we obtain s1s281 <p Sg-- -8y, =: w'.
This yields that there exists a T-reduced decomposition for w’ beginning with si1sgs;. By
Theorem 3.2.1 we have Redr(w') = Redz (w'), where T" = T N (sa, ..., $m). Since s1 and so
do not commute, we have sysos1 ¢ T”, a contradiction. O

Proof of Theorem|1.1.1. Fix a parabolic Coxeter element ¢ = s1---s,, € W which is a stan-
dard parabolic Coxeter element for the simple system (W, S). By Proposition @, it is left
to show that any two directed paths from e to ¢ in 0y, gy are in the same Hurwitz orbit. Let
therefore

e—t—otito— ...ttty =cC

be such a path. It remains to show that this path is in the same orbit as the path
€—81 —>818Sy—>...—™ 818, = C.

We give two different arguments. The first argument is a direct one using induction. The
second one is constructive. It yields a braid which transforms the first path into the second.

First argument: We proceed by induction on m. For m = 1 the assertion is obvious.
Therefore let m > 1. We have seen in Lemma 3.2.2 that fg(c) = lp(c) = m. It thus
follows that fg(t1---t;) = €p(t1---t;) = i for any ¢ and therefore, again by Lemma ]m,
t1---t; is a standard parabolic Coxeter element for any . Put ¢ = ¢t,;, = t1 -+ t;,_1. Since
ls(c) < Ls(c), the strong exchange condition (see Theorem 2.1.5) yields that there exists
1 <i < m such that ¢ = s1---5;-- 8y, hence t,, = Sy -+ 8118iSi+1 "+ Sm- Using Theorem
3.2.1, we obtain by induction that

(tl,...,tmfl)N(81,...,Sifl,SiJrl,...,Sm).
Thus it follows
(t1y o tm—t1otm)  ~ (81,0, 8i-1,8i41,-- -+ Sm, tm)
= (81, 38im1,Si41s--+»Sm, Sm - Si418iSit1 " Sm)

T Om—1
~ (317-"73i—173i73i+17--'7Sm)-

Second argument: As in the previous argument we obtain by the strong exchange con-
dition that t;---t;41 is obtained from ¢;---¢; by adding a single simple generator into its
position within s - - - s, (see also Example @ below). Therefore and by Lemma @, the
path corresponding to the decomposition ¢; - - -t,, is (bijectively) encoded by a permutation
m = [71,...,7™m] where m; is the index of the simple generator added at the i-th step. Given
the decomposition corresponding to such a path, we claim that the embedding of the permu-
tation into the braid group (by sending a simple transposition (i,7 4+ 1) to the generator o;
of B,,) yields a braid that turns the given decomposition (t1,...,%,) into the decomposition
(81, ..,8m). First of all note that this does not depend on the chosen reduced decomposition
of 7 into simple transpositions. By [AB08, Theorem 2.33| all such decompositions are related
by braid relations. Hence they yield the same braid. Denote by ¢(—) the length function on
the symmetric group with respect to the generating set consisting of all simple transpositions.
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3.3. Applications of the Hurwitz action
We proceed by induction on (7). If ¢(7) =1, say m = (4,7 + 1), then the corresponding path
is given by
€E—81—...—81"""8-1—">81"""8-15S+1—>S51"""8-15Si+1—~>...—> 81" Sm = C.

It is straightforward to see that the braid o; turns the corresponding decomposition into the
decomposition (si,...,Sm). Therefore let {(r) = k > 1 and write # = 7y - - - 7, where each
7; is a simple transposition. Put 7’ = w7 and observe that ¢(7') < £(7). By induction the
embedding of 71 ---7;_1 into the braid group yields a braid that turns the decomposition
(t),...,t,) corresponding to 7" into the decomposition (s1,...,8m). Let 7 = (j,7 +1). It
remains to show that o;(t1,...,t,) = (t},...,t,). Note that t; =t for i # j,j + 1. If the
path corresponding to (¢y,...,tm) looks like

—~ —~ t; —~ tit1
e_).___)skl...Skp...skq...skj_)Skl...skp...skq...skj EALNN Skl...sk_p...skq...Skj_>_.._>C,

where 1 <k < ... <kp<...<ky<...<kj <m, the path corresponding to (¢;,...,t,)
looks like

t t
—~ o~ j —~ j+1
6_’---_>5k1"‘Skp"‘skq"‘skj_>5k1“'3kp“'3kq"'3kj_>5k1"'Skp"'Skq"'Skj_’-u_w‘

Therefore we see that

tj = Skj ' Skoy1SkqSkqr1 " Skys

j+1 = Sk """ Skyy1SkypSkyir T Sk

and t} =titj11ty, t;’—O—l =t;. Thus Uj(tl,. .. ,tm) = (tll, e ,t;n).
O

Example 3.2.5. As an example of the construction in the previous proof, consider the path
e— S — 89 85— 8283 S5 — 818983 85— §182838485 = C.
The corresponding factorization of ¢ is given by
C = 82855558355 - 55535251528355 * $55485,
and the permutation is 7 = [2,5,3,1,4] = (1,2)(2, 3)(4,5)(3,4)(2,3). On the other hand,
0102040302(52, S5, 555355, 5535251525385, $55455) = (81, 52, 53, 54, S5),

as desired.

3.3. Applications of the Hurwitz action

In this section we want to emphasize two applications of the Hurwitz action and its transitivity
on decpompositions of Coxeter elements as described in the preceding section. For definitions
as well as details we refer to the respective specified references.
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3. Hurwitz action on Coxeter elements

3.3.1. Noncrossing partitions and thick subcategories

As a reference for this subsection see [Kral2|. Let A be a connected hereditary Artin algebra
and Sy, ..., 5, representatives of the simple A-modules. Since A is connected, its center is a
field k. For i # j we have Ext}(S;,5;) = 0 or Ext} (S}, S;) = 0. Assume the latter one and
define

Cij = —lina,y(s,) (Ext4 (S, 87)), Cji := —lmnan(s;) (Exti(S;, 55))-
For each i put Cj; := 2 and d; := £;,(Enda(S;)). The matrix C(A) = (Cyj)i<ij<n is a
symmetrizable generalized Cartan matrix in the sense of [Kac83|. Let e, ... e, be the standard
basis of R™. We obtain a symmetric bilinear form on R" by setting (e; | e;) := d;C;;. For a
non-isotropic a € R"™ we define the reflection in « as before by the map

2
Sa :R" 5> R" v~ v — (v]a)
(o)
Putting s; := s¢;, one obtains that W := (s1,...,s,) is the Coxeter group associated to

C(A). Based on work of Ingalls and Thomas (|]IT09]) as well as Igusa, Schiffler and Thomas
([IS10]) and using the transitivity of the Hurwitz action as stated in Theorem|1.1.1 as a major
ingredient in his proof, Krause obtains the following result (see [Kral2, Theorem 6.10]).

Theorem 3.3.1. Let A be a connected hereditary Artin algebra with simple modules S1,...S,
satisfying E:rth(Sj,Si) =0 for all i < j. Denote by W the associated Weyl group and fix the
Cozeter element ¢ = s1 -+ 8,. Then there exists an order preserving bijection between

e the set of thick subcategories of D°(mod(A)) generated by an exceptional sequence in
mod(A)

e the poset of noncrossing partitions Nc(W, c).

The question whether it is possible to find a similar statement for other hereditary categories,
will be adressed in Section [7.5.

3.3.2. Dual Artin groups and Garside structures

As a reference for this subsection see [McC15]. Let (W,S) be a Coxeter system, that is, we
have a presentation
W = (S| (st)™t =1)

as defined in Definition|2.1.1. In particular, among all the relations, we have the braid relations
sts--- =tst--- for s # t and mg < co. We define the Artin group Art(W,S) associated to
(W, S) to be the group with generators S, but relations are just given by the braid relations.
Thus

Art(W,S) = (S| sts--- =tst -+ (s #£1)).

As before, if mg = 0o, then there is no relation. E.g. if (W, S) is a Coxeter system of type
Ay, then Art(W,S) is the braid group B,41.

Consider a dual Coxeter system (W, T') and a Coxeter element c € W. Put Ty ={t € T' | t €
Nec(W,e)}. The dual Artin group Art*(W, T, ¢) is defined to be the group generated by T and
subject only to those relations that are visible inside the interval Nc(W,c). More precisely,
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3.3. Applications of the Hurwitz action

the relations are given by the closed loops inside the full subgraph of ﬁ(W,T) on vertex set
Nc(W, ¢).

Let S C T be a simple system for (W, T). Then it is always possible to find a homomorphism
from Art(W,S) to Art*(W,S) (see [McC15, Remark 2.6]). If (W, T) is irreducible of finite or
affine type, then Bessis [Bes03] for the finite case and McCammond [McC15| for the affine
case showed, by using the transitivity of the Hurwitz action as stated in Theorem [1.1.1, that
Art(W, S) and Art*(W, S) are isomorphic. The importance of the question whether an Artin
group and its dual Artin group are isomorphic, arises in the theory of Garside structures
(see |[Bes03, Section 0] for more on Garside structures). Namely, McCammond showed (see
[McC15, Proposition 2.7|) that a dual Artin group Art*(W,T,c) has a Garside presentation
provided Nc(W, ¢) is a lattice. Groups with Garside presentation have nice properties, e.g.
they have decidable word problem and are torsion-free. Unfortunately, Nc(W, ¢) is not a lattice
in general and not every dual Artin group has a Garside presentation. Based on work of Digne
[Dig06, Digl2|, McCammond precisely determined for which Artin groups of affine type the
dual presentation yields a Garside structure (see [McC15, Theorem Al).
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4. Hurwitz action in finite Coxeter groups

The results of this chapter are taken from [BGRW17|, but they were sometimes slightly gen-
eralized.

We have seen in Chapter 3 that the Hurwitz action is transitive on the set of reduced
decompositions of parabolic Coxeter elements as products of reflections. Not each element of
a Coxeter group has this property. As an example consider a Coxeter system (W, {s,t}) of
type Bs. The element w := stst has absolute length 2. Since st has order 4, the reflections sts
and t resp. the reflections tst and s commute. We have two Hurwitz orbits inside Redr(w):

Ba(sts,t) = {(sts,t), (t, sts)}
Ba(tst, s) = {(tst, s), (s,tst)}.

Consider the reflection subgroups corresponding to these orbits, that is, (sts,t) and (tst,s).
We observe that (in contrast to parabolic Coxeter elements), none of them is parabolic. It
turns out that this is the only obstacle for Hurwitz transitivity in the finite case (see Theorem
@) In fact, this example also shows that Theorem is not true if we assume W’ to be
an arbitrary reflection subgroup.

The aim of this section is to determine those elements w in a finite Coxeter group W such
that the Hurwitz action on Redr(w) is transitive. That is, we prove Theorem ’m

4.1. Quasi-Coxeter elements

Definition 4.1.1. Let (W,T) be a dual Coxeter system of rank n. An element w € W
is called quasi-Coxeter element for (W,T') if there exists (t1,...,t,) € Redr(w) such that
W = (t1,...,tn). An element w € W is called parabolic quasi-Coxeter element for (W, T) if
there is a simple system S = {s1,...,s,} and (t1,...,tn) € Redr(w) such that (¢1,...,tn) =
(S1y...,8m) for some m < n.

Remark 4.1.2. This definition is a generalization of Voigt’s original definition in [Voi85], see
also Remark 4.1.4.

Example 4.1.3. In type D4 with simple system {si, s2, 3,54} where s3 does not commute
with any other simple reflection, the element

w = $2(835253)(835153)84
is a quasi-Coxeter element. It has a reduced decomposition generating the whole group since
if writing
(t1,...,ta) = (s2, 835283, 535153, 54)

we have that ti1tot; = s3 and s3t3ss = s1. Using the permutation model for a group of type
Dy (see Section |4.4), it can be shown that there is no reduced decomposition of this element
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4. Hurwitz action in finite Coxeter groups

yielding a simple system for the group. By computer we checked that the poset Nc(W, w) has
54 elements and is not a lattice. There is a single conjugacy class of quasi-Coxeter elements
which are not Coxeter elements in that case. Therefore we can not define a new Garside
structure on the Artin-Tits group of type D4 by replacing the Coxeter element by a quasi-
Coxeter element.

Remark 4.1.4. For the case where (W, T) is simply-laced and w is a quasi-Coxeter element
in W, Voigt observed in his thesis [Voi85| that the Hurwitz action on Redr(w) is transitive.
His definition of a quasi-Coxeter element is slightly different. Choose a simple system S C T
and let ® be the root system associated to (W, S). Then Voigt defined w = s4, - -+ Sa,, € W to
be quasi-Coxeter if spanz(aq,...,ay) is equal to the root lattice of ®. The connection with
our definition will be made clear by Theorem [4.2.12.

4.2. Root lattices

In this section, we study (co)root lattices and their sublattices. The results will be needed
for the better understanding of quasi-Coxeter elements. For the rest of this section we fix an
euclidean vector space V' with positive definite symmetric bilinear form (— | —).

Definition 4.2.1. A lattice L in V' is the integral span of a basis of V. The lattice L is called
integral if (o | §) € Z for all o, B € L and an integral lattice is called even if (a | a) € 2Z for
all v € L.

Proposition 4.2.2. For an even lattice L the set
O(L):={ael]|(a|a)=2}
is a simply-laced, crystallographic root system in spang(L).

Proof. The set ®(L) is contained in the ball around 0 with radius 2, therefore bounded, thus
finite. The rest of the proof is straightforward. O

Definition 4.2.3. Let ® be a crystallographic root system in V. The weight lattice P(®) of
® is defined by
P®):={z eV |(x]|a’)€Z Ya € }.

Similarly, the coweight lattice P(®V) is defined by
P@®Y):={z €V |(r]|a)€Z Ya € d}.

By |Bou02, VI, 9, Prop. 26| P(®) (resp. P(®V)) is again a lattice containing L(®) (resp.
L(®V)). The groups P(®)/L(®) and P(®Y)/L(®Y) are finite of equal order. We call this
order the connection index of ® and denote it by i(®).

Remark 4.2.4. (a) If ® is simply-laced, then L(®) = L(®") and P(®) = P(®").

(b) In terms of lattice theory, the lattice P(®Y) is dual to the lattice L(®). If M is the Gram
matrix of L(®), then M ! is the Gram matrix of P(®") and |P(®Y) : L(®)| = det(M)
(see for instance [Ebe02, Section 1.1]).
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4.2. Root lattices

Proposition 4.2.5. Let ® be a simply-laced root system and let C' be the Cartan matriz of
®. Then

i(®) = det(C).

Proof. Let A = {aq,...,a} € ® be a simple system for the root system ®. Then A is a
basis of L(®). Denote by M the Gram matrix of L(®) with respect to A. By Remark 4.2.4
we have

|P(®Y) : L(®)| = det(M).

Since @ is simply-laced, we have P(®V) = P(®) and hence i(®) = |P(®") : L(®)|. Again
since @ is simply-laced, we have C = M, which concludes the proof. O

We list i(®) for the irreducible, simply-laced root systems. These can be found in [Bou02,
Plates I, IV,V,VL,VII].

Type of & | A, D, | B¢ | E7 | Eg
i(D) n+l|4 |3 |2 |1

Table 4.1.: Connection indexes

As a consequence we obtain the following result.

Proposition 4.2.6. Let ® be an irreducible, simply-laced root system. Then ® is determined
by the pair (rk(®),i(P)).

The following lemma seems to be folklore, but we could not find a proof in the literature,
hence we state it here.

Lemma 4.2.7. Let ® be a simply-laced root system. Then the root lattice determines the root
system, that is,
O(L(D)) = .

Proof. By the previous proposition, we have to show that the ranks and connection indices of
® and ®(L(P)) coincide. Since & C &(L(P)), we have rk(P) < rk(®(L(P))). On the other
hand, the rank of ®(L(®)) is bounded above by the dimension of the ambient vector space
which equals rk(®).

In the proof of Proposition [4.2.5, we used the fact that the Cartan matrix of a root system
and the Gram matrix of the corresponding root lattice coincide. Denote by Cg the Cartan
matrix with respect to ®. Then

Vdet(Ca) = vol(L(®)) = vol(L(2(L(®)))) = 4 /det(Ca(r(a))-
which yields i(®) = i(®(L(®))) by Proposition |4.2.5/ O

Remark 4.2.8. Notice that the condition in Lemma|4.2.7 on ® to be simply-laced is necessary.
For example, if ® is of type B, then one can choose two orthogonal short roots «, 5 generating
a proper root subsystem of type A; x A; while one has L({«, 8}) = L(®).
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4. Hurwitz action in finite Coxeter groups

Lemma 4.2.9. Let ® be as in Lemma 4.2.7 and ®' C @ be a root subsystem. Then L(®')N® =
ol

Proof. We have the equations
L(@) @' 2 L@) N {a e L(®) | (a|a) =2} = {a € L(@) | (a | 0) =2} "2 @
O

Notation 4.2.10. Let ® be a root system and R C ® a set of roots. We denote by Wg the
group (s, | @ € R) and set RV := {a" | a € R}.

Note that this is consistent with the notation introduced in Definition 2.1.7 in case R = ®.
By |Bou02, Ch. VI, 3, Corollary to Theorem 1] we have the following.

Lemma 4.2.11. Let ® be a crystallographic root system and o, B € ® with (o | f) < 0 and
a#—B. Then a+ 3 € P.

The statements of Lemma [4.2.7 and Lemma [4.2.9 do not hold in general. For an arbi-
trary crystallographic root system, one also has to consider the coroot lattice as the following
Theorem demonstrates. It is a generalization of [Voi85, Proposition 1.6.1].

Theorem 4.2.12. Let ® be a crystallographic root system, ® C ® be a root subsystem,
R:={p1,...,0c} C P be a non-empty set of roots. The following statements are equivalent:

(a) The root subsystem ®' is the smallest root subsystem of ® containing R (i.e., the inter-
section of all root subsystems containing R).

(b) ' = Wr(R).
(C) Wq;/ = WR.
(d) L(®') = L(R) and L((?')V) = L(RV).

Proof. Obviously Wg(R) is a root system with R C Wg(R). Thus if (a) holds, then & C
Wr(R). As Wgr(R) C We/(®') = @, it follows that (a) implies (b). The converse direction
follows from the definition of a root subsystem.

Statement (b) implies that R C ®' and therefore we have Wr C Wy, We show that in this
case Wg € Wg. To this end, let a € ® = Wg(R). Then a = w(;) for some w € Wg and
ie{l,...,k}. Then

Sa = Sw(g;) = ws&w_l € Wk,

which shows the claim. Thus (b) implies (c).

Assume (c¢) and let ®” be the smallest root subsystem of ® containing R. Then Wy =
Wr C Wer. By definition of ®” we have ®” C @', If ®” C &’ then there exists a € &'\ &,
hence a reflection s, € W with s, ¢ Wer. Thus Wegr C W, a contradiction. Hence
®” = &', which shows (a).

Next we show that (c) implies (d). So assume (c) and let t; := sg,, 1 < i < k. Let Tg/ be
the set of reflections in Wgs. By [Dye90, Corollary 3.11 (ii)], we have Tg: = {wt;w™t |1 < i <
k,w € Wg }. In particular any root in ® has the form w(/3;) for some w € Wgr, 1 <i < k.
Since Wor = (t1,...,tg), we can write w = t;, - - - ¢;,, with 1 <1i; < k foreach 1 < j < m. Since
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4.2. Root lattices

' is crystallographic it follows that w(5;) = ¢;, -+ - t;,,(5;) is an integral linear combination
of the f;’s, hence that ® C L(R). Since R C @' we get that L(R) = L(®’). By Proposition
‘2 1.9 there is an isomorphism ¢ : Wer — Wg)v with ¢(sq) = sqv. Thus

(spy,---spy) =((sp,,---.88,)) = ¢(War) = Wigrv.

Using the same argumentation as before (now for (@)Y and R instead of & and R) we obtain
L((®")V) = L(RY), which shows (d).

It remains to show that (d) implies one of the other statements. So assume L(R) = L(®’)
and L(RY) = L((®")V). We show (a), that is, if ®” denotes the smallest root susbsystem of @’
containing R, then ®” = ®'. Since R C ®” C & and L(R) = L(®’), we have L(®") = L(R).
Let v € ®'. It remains to show that v € ®”. Since L(®’) = L(R) = L(®"), we have

m
V= Z i Bi
i1

with p; € Z and 3; € ®”. As 5; € ®” implies —3; € ®”, we may assume pu; € Z~q. Therefore

we can write
m

’YZZ@'

i=1
with 8; € ®” and we may assume that m is minimal with that property (note that 8; = f;
for i # j is possible and that m might have changed). We obtain

(V1) = Zﬁmz +3 (B 1 8)),
=1

i#]
thus
Zm: (Bi | Bi) Z(ﬁilﬁj)'
= 0l ()
Assume y ¢ ®”. This implies m > 2. If the root v is short, then ) /", % > 2, hence

(Bi | Bj) < 0 for some ¢ # j. By the minimality of m we have f3; # — ;. Therefore 3;+; € ®”
by Lemma 4.2.11, contradicting the minimality of m. Thus v € ®”.

If the root ~ is long, then " is short. Since L((®')Y) = L(R"), we can argue as before and
obtain vV € (®”)Y. Thus vy € ®". O

Remark 4.2.13. Both conditions in part (d) of Theorem 4.2.12 are necessary. To see this let
® be the root system of type By, and R the set of short roots. Then L(®) = L(R), but Wg is
a proper subgroup of Wy as well as L(RY) C L(®V). Note that none of the short roots in ®
is contained in L(RY).

The following two results will be useful tools for the next section. The following proposition
is a generalization of [Voi85, Prop. 1.5.2] to the crystallographic case.

Proposition 4.2.14. Let ® be a crystallographic root system and ®' C ® be a root subsystem
with tk(®") = m = rk(®). Then

|L(®) : L(®")||L(®Y) : L((®")V)] = i(®)i(®)~".
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4. Hurwitz action in finite Coxeter groups

Proof. Since ® and ®' have the same rank, there is a lattice isomorphism £ : L(®) — L(®’),
hence |L(®) : L(®')| = |det(L)| (see [Ebe02, Section 1.1]). Furthermore we have

P(@))={z eV |(z|y) €Z, Vy e L(@)}
={zeV|(z|L(y) €Z, Yy € L(?)}
={zeV|(L'(z)|y) €Z, Yy € L(D)}
={z eV |Li(z) e P(®")}
= (L) (P(@Y)).

z |
z |

Thus
[P((®)Y) : P(®Y)] = [det(L")] = |det(L)] = [L(P) : L(D")].

If we take a lattice isomorphism £ : L(®Y) — L((®')¥) then a similar argumentation yields
[P(®') : P(®)] = |L(2Y) : L((")")].

We have
L(®") C L(®) C P(®) C P(P).
It follows that
[L(®) : L(2)] |[P(®) : L(®)| |[P(2) : P(®)| = |P(P) : L(D)],

=i(®) =[L(®Y):L((2"))] =i(®')

which concludes the proof. O

Consider a crystallographic root system ® and an arbitrary subset R C ®. Let ® be the
smallest root subsystem of ® containing R. We extend the definition of connection index by
defining

i(R) = [P(®) : L(®)| = [P((®)") : L((®)")].

By Theorem |4.2.12 this is well-defined.

The following theorem is part of the Diploma thesis of Kluitmann for ¢ a simply-laced root
system (see also [Voi85]). We extend it to crystallographic root systems.

Theorem 4.2.15. Let ® be a crystallographic root system. Let w € W and let (Say,- - - Say ),
(881---558,) € Redr(w), where oy, 3; € ®, for 1 < i < k. Then for R := {oq,..., o} and
Q :={p1,..., P} we have

Proof. Let @ (resp. ®”) be the smallest root subsystem of ® containing R (resp. @). Con-
sider L(®') and P((®")V) (respectively L(®") and P((®")Y)) as lattices in V' := spang(R)
(respectively in V" := spang(Q)). By Lemma 2.3.1 the set R is linearly independent, thus a
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basis for L(®'). Let {aj,...,a}} be the basis of P((®')") dual to R, that is (a; | af) = ;.
Then

*

(w _ ld)(O[*) = Say " Say sak(az) —Oé;k

7

*
1

* 2 *
= Say "t Sa1 | O — (a,‘a.)ai -y
3 3

:‘9041"'5041‘<a )_O‘;’k

2
— o — g N ot
- az (ai|ai) Say Saz—l (al) az
2
- (Oéi|04i)5a1 “rSayg (al)

Since (o | @) = (Say =+ Sa;_ (06) | Say -+ Sa;_, (ai)), we obtain
(w—id)(af) = =sa; 50, ()" € (D).

It follows by Lemma 4.2.16 that {(w —id)(a) | 1 < i < k} is a basis of L(RY) = L((®')Y)
and in particular of V’. Hence the map
(w —id)jys : P((®)") = L((2')")
is bijective.
Thus i(R) = |det(w — 1);y#|. The same argument with @ instead of R yields that i(Q) =

| det(w —1)y»|. By the proof of [Arm09, Theorem 2.4.7| we have that R and @ are both bases
for Mov(w), hence V' = V" = Mov(w) and hence i(R) = i(Q). O

Lemma 4.2.16. Let ® be a crystallographic root system and R = {aq,...,ar} C ® be a set
of linearly independent roots. Then

L(R) = spang(au, Sa; (@2), ..., Say -+ * Say_, (k)
and L(RY) = spanz(ay, sa; (@2)", ..., Say = Sap_y (k) V).
Proof. Let ® be the smallest root susbsystem of ® containing R. By Theorem 4.2.12 we have
W(p/ = (Sal, ey 30%)-

We consider the Hurwitz orbit, that is

(Sak, cee 78041) ~ (Sawssal(ak)v e 7ssa1(a2))
~ (Sa1> Ssaq(@2)r S5y Sag(ak)r* * * 1 Ssa, Say (ag))
~ (Sal 1 Ssa, (a2)r s 55a1~~~sak_1(ock))'

Therefore we obtain by Lemma 3.1.3 that

W(I)’ = <Sa1vssa1(a2)7 ey Ssal“'sak_l(ak)>'

By Theorem [4.2.12| we obtain

L(<I>’) = spang (o, Sa, (@2), .., Say ** * Say_, (k)
and L((®')Y) = spanz(ay, sa, (@2)Y, ..., Say = Say_, (i) "),
which yields the assertion. O
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4. Hurwitz action in finite Coxeter groups

4.3. Reflection subgroups related to prefixes of quasi-Coxeter
elements

In this section we prove that each reduced T-decomposition of a parabolic quasi-Coxeter
element generates the same parabolic subgroup. Notice that by definition, there is a priori
just one decomposition which ensures this. Further we show that the reflections in a reduced
T-decomposition of an element w € W generate a parabolic subgroup whenever w <7 w’
for some quasi-Coxeter element w’. Last but not least we demonstrate that parabolic quasi-
Coxeter elements coincide with parabolic Coxeter elements in types A, By, and Iz(m).

Recall that for w € W, we denote by P, the parabolic closure of w (see Definition ’m)
and that P, = Cy (Fix(w)) (see Section 2.4.2).

Theorem 4.3.1. Let (W, T) be a crystallographic dual Cozeter system of rank n. If w € W
1s a parabolic quasi-Coxeter element, then the reflections in any reduced T'-decomposition of
w generate the parabolic subgroup P,. That is, for each (ti,...,ty) € Redp(w) we have

Py=(t1,...,tm).

Proof. By the definition of a parabolic quasi-Coxeter element, there exists (t1,...,t,) €
Redr(w) such that P := (t1,...,ty) is a parabolic subgroup. By Lemma 2.4.10, we have
P C Cw(Fix(w)) = P,. Since w € P, we have by definition of the parabolic closure that P =
P,. Let (q1,...,9m) € Redp(w). Then for all 1 < i < m we have that ¢; <7 w, which yields
that ¢; is in Oy (Fix(w)) = Py. Thus W' := {(q1, . .., ¢ ) is a subgroup of P,,. Let ® be the root
system of P, and f3; € ® be such that ¢; = sg;, for 1 <i <m. Then L({f1,...,Bm}) = L(P')

is a sublattice of L(®), where @' is the smallest root subsystem of ® that contains 1, ..., Bn.
Therefore Theorem 4.2.15 yields that i(®') = i(®). By Proposition 4.2.14/ we obtain

|L(®) : L(®")| = |L(®Y) : L((®))| =1

Thus L(®) = L(®') and L(®Y) = L((®)V), which yields W = Wg = Wg = W by Theo-
rem 4.2.12. O

We will show in Corollary 4.3.12 that the following property of parabolic quasi-Coxeter
elements does in fact characterize them.

Proposition 4.3.2. Let (W, T) be a finite dual Coxeter system. If w € W is a parabolic
quasi-Cozeter element, then there exists a quasi-Cozeter element w' € W such that w <r w'.

Proof. Let w € W be a parabolic quasi-Coxeter element. By definition, there exists a sim-

ple system S = {s1,...,s,} for W and a T-reduced decomposition w = t;---t,, such that

(t1, .. tm) = (S1,...,8m), with m < n. Set w' :=1t1 -+ t;Smi1 -+ Sp. It is clear that
<t17"‘7tm)8m+17°"75n> =W.

Moreover we have ¢7(w’) = n, hence w’ is a quasi-Coxeter element with w <p w’. O

Lemma 4.3.3. Let (W,T) be a dual Coxeter system of type A,. Then each w € W is a
classical parabolic Coxeter element.

Proof. In type A,, the set of (n + 1)-cycles forms a single conjugacy class. Hence the set of
classical Coxeter elements is exactly the set of (n + 1)-cycles (see Remark 2.4.4 (a)). The
assertion follows with Remark 2.4.4 (b) as for every element w € W, we have w <7 w’ for at
least one (n 4 1)-cycle w'. O
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4.3. Reflection subgroups related to prefixes of quasi-Coxeter elements

Lemma 4.3.4. Let (W, T) be a dual Cozeter system of type By,. Then every parabolic quasi-
Cozxeter element w € W for (W, T) is a classical parabolic Cozeter element.

Proof. For the proof we use the combinatorial description of Wp, as given in [BB05, Section
8.1]. Let S_,, be the group of permutations of [tn] = {-n,—n+1,...,—1,1,...,n} and
define

W =Wg, ={weS_,,|w—i)=—w(), Vie [£n]},

also known as a hyperoctahedral group. Then (W, S) is a Coxeter system of type B,, with
S={(1,-1),(1,2)(-1,-2),...,(n—L,n)(—n+1,—n)}.
The set of reflections T for this choice of S is given by

T =A{(i, =) [ i e [n]} U{(i,5) (=i, —j) [ 1 <@ <[] <n}.

We show that every quasi-Coxeter element for (W, T) is a classical Coxeter element. If w
is a parabolic quasi-Coxeter element, then by Proposition [4.3.2, there exists a quasi-Coxeter
element w’ € W such that w <7 w’. Hence if w’ is a classical Coxeter element, then w <7 w’
implies that w is a classical parabolic Coxeter element.

Let R = {r1,...,rn} C T be such that (R) = W. It suffices to show that riry-- 7, is in
fact a classical Coxeter element.

The group W cannot be generated only by reflections of type (i, 7)(—i,—7), i # +j. There-
fore there exists i € [n] with (i, —i) € R. If there exists j € [n],j # ¢ with (j,—j) € R,
then R cannot generate the whole group W. Since classical Coxeter elements are closed un-
der conjugation, we can conjugate the set R with (1,7)(—1,—¢) (if necessary) and assume
(1,-1) € R.

Since R generates the whole group W, there does not exist j € [n] which is fixed by each
r € R. Thus for each k& € [n],k # 1, we can find iy € [+n] with k& # =i such that
(k,ir)(—k,—ir) € R. Therefore

R={(1,~1),(2,i2)(—2, —ia), ..., (n,in)(—1, —in)}.

Note that some i; has to equal £1, because otherwise (1,—1) would commute with any
element of W. By conjugating R with (j,2)(—7, —2) resp. (4, —2)(—4,2) (if necessary) we can
assume that i = 1. Hence after rearrangement we can assume that R is of the form

R = {(17 _1)’ (27 1)(_2’ _1)7 (37 i3)(_37 _i3)7 ) (n7 in)(_nv _Zn)}

Similarly to what we did above, there exists j > 3 with i; € {1, +2}. By conjugating R with
(7,3)(—J4,—3) resp. (4, —3)(—J,3) (if necessary) we can assume that i3 € {1,2}. Continuing
in this manner we obtain

R={(1,-1),(2,i2)(=2, —i2), ..., (n,in)(—7, —in)}

with i; € {1,...,7 — 1} for each j € {2,...,n}. A direct computation shows that ¢ :=
riT9 -+ - Ty is a 2n-cycle and thus a classical Coxeter element. Indeed, there is a single conjugacy
class of 2n-cycles in W. O
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4. Hurwitz action in finite Coxeter groups

Remark 4.3.5. Notice that by Remark m‘ (b), it is already known that classical Coxeter
elements and Coxeter elements must coincide in type B,. Moreover it follows from [Car72,
Lemma 8, Theorem A| that every quasi-Coxeter element is actually a Coxeter element. Hence
one can derive Lemma |4.3.4| from these two observations. However since both of them rely on
sophisticated methods, we preferred to give here a direct proof using the combinatorics of the
hyperoctahedral group.

Remark 4.3.6. In type A,, we even have that every element w such that {p(w) = n is a
classical Coxeter element (thus quasi-Coxeter), because such an element is necessarily an (n+
1)-cycle. Notice that this fails in type B,,. For instance, the product (1, —1)(2,—2)---(n,—n)
in Wp, has absolute length equal to n, but it is not a quasi-Coxeter element.

The following is well-known (see [Bou02, IV, 1.2, Proposition 2|):

Proposition 4.3.7. A group W is a dihedral group if and only if it is generated by two
elements s, t of order 2, in which case {s,t} is a simple system for W.

Corollary 4.3.8. Let (W,T) be a dual Cozeter system of type Ia(m), m > 3. Then w is a
quasi-Cozeter element in W if and only if w is a Cozeter element in W. It follows that w € W
s a parabolic quasi-Coxeter element if and only if w is a parabolic Coxeter element.

Note that Coxeter elements and classical Coxeter elements do not coincide in general in dihe-
dral type (see Remark 2.4.4 (b)).

Theorem 4.3.9. Let w be a quasi-Cozeter element in a finite dual Coxeter system (W, T) of
rank n and (t1,...,t,) € Redp(w) such that W = (t1,...,t,). Then the reflection subgroup
W' .= (t1,...,th—1) is parabolic.

Proof. The reduction to the case where (W, T) is irreducible is easy. The proof is uniform for
the crystallographic types and case-by-case for the non crystallographic types.

(Crystallographic types) Let ® be a root system for (W, T') with ambient vector space V. Let
Py be the parabolic closure of W/. For 1 <7 < n, let 3; € ® be a root corresponding to t; and
let @' be the smallest subsystem of ® containing R := {31, ..., 3,—1} so that Wr = Wg = W'
(see Theorem 4.2.12). Let ¥ C & be the root subsystem of ® associated to Py-. We have
W' < Py = Wy. By Lemma|2.3.1 the set RU{f3,} is a basis of V and thus so is RU {3}

Let U be the ambient vector space for W. As the linearly independent set R is a subset of
U, the dimension of U is at least n — 1. Since Py is the parabolic closure of (t1,...,t,_1)
it has to be the centralizer of a line in V and therefore dimU = n — 1. It follows that
U = spang (B, - - -, Bn-1)-

By Theorem 4.2.12 we have that L(®') = L({f1,...,8n-1}) and L(®) = L({1,.-.,Bn}) as
well as L((®")V) = L{BY,...,B8 _1}) and L(®Y) = L({BY,...,BY}). Since V=U ® R, =
U @ RpBY we have

L(@)NU = L({B1;. .., Bp1}) = L(D)
and L(®)NU = LU{BY,...,8Y {}) = L((®")Y)
As L(¥) C U (resp. L(¥Y) C U), it follows that L(¥) C L(®') (resp. L(¥Y) C L((®")V)).

But since ' C ¥ and (®')V C ¥V we get that L(®") C L(¥) and L((®')Y) C L(¥V). Therefore
L(®') = L(¥) and L((®')V) = L(VY). Thus W' = Wg = Wy = Py by Theorem [4.2.12

(Types Hs and Hy) We refer to [DPR14, Tables 8 and 9|, where the reflection subgroups of
Wh, and Wy, and their parabolic closures are determined.
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4.4. Intersection of maximal parabolic subgroups in type D,

1. Each rank 2 reflection subgroup of the group Wg, is already parabolic.

2. The only rank 3 reflection subgroup of Wy, that is not parabolic, is of type A; x A} x A;.
Taking a set of three reflections generating such a reflection subgroup, we checked using
[GAP2015| that this set cannot be completed to obtain a generating set for Wy, by
adding a single reflection.

(Dihedral type) The claim is obvious in that case. The non-trivial parabolic subgroups are
precisely those subgroups that are generated by a reflection
O

Remark 4.3.10. Theorem 4.3.9 is not true in general. It can even fail if w is a Coxeter
element, as the following example borrowed from [HK13, Example 5.7] shows: Let W = (s, ¢, u)
be of affine type A, and let w = stu. Then s(tut) <p ¢, but W' = (s, tut) is an infinite dihedral
group, hence it is not a classical parabolic subgroup since proper classical parabolic subgroups
of W are finite. We mentioned in Subsection 2.4.2| that for affine Coxeter groups classical
parabolic subgroups coincide with parabolic subgroups (see Subsection m for definitions).

Corollary 4.3.11. Let (W, T) be a finite dual Coxeter system of rank n and W' a reflection
subgroup of rank n — 1. Then W' is a parabolic subgroup if and only if there exists t € T such
that (W' t) = W.

Proof. The necessary condition is clear by the definition of parabolic subgroup. The sufficient
condition is a direct consequence of Theorem 4.3.9. O

We also derive a characterization of parabolic quasi-Coxeter elements analogous to that of
parabolic Coxeter elements (see Remark 2.4.4 (b)).

Corollary 4.3.12. Let (W,T) be a finite dual Cozeter system and w € W. Then w is a
parabolic quasi-Coxeter element if and only if there exists a quasi-Coxeter element w' € W
such that w <p w'.

Proof. The forward direction is given by Proposition 4.3.2L Now let w <7 w’, where w’ € W
is a quasi-Coxeter element. Using Theorem |4.3.9 inductively we get that w is a parabolic
quasi-Coxeter element in W. O

Remark 4.3.13. Corollary [4.3.12| does not hold for infinite Coxeter groups as it fails for the
Coxeter element given in Remark 4.3.10.

4.4, Intersection of maximal parabolic subgroups in type D,

The aim of this section is to show the following result which will be needed in the next section
in the proof of Theorem|1.1.1.

Proposition 4.4.1. Let (W, .S) be a Coxeter system of type D,, (n > 6). Then the intersection
of two maximal parabolic subgroups is non-trivial.

Remark 4.4.2. This statement is not true in general, not even in the simply-laced case. In
particular, it fails in types D4, D5, F7 and Eg. For example:
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4. Hurwitz action in finite Coxeter groups

(a) Let (W,S) be of type Dy where S = {so, s1, 52, s3} with s commuting with no other sim-
ple reflection, then both W’ := (s, s1, s3) and saW’sy are maximal parabolic subgroups
of type Ay x A1 x A and have trivial intersection.

(b) Let (W,S) be of type E; where S = {s1,...,s7} labelled as in [Bou02, Plate VIJ.
Let I = {s1,s2, 53,84, 86,57} and J = {s1, S2, s3, S5, S, s7}. Then the non-conjugate
parabolic subgroups W and wWw™! intersect trivially, where

W = 5652545553545153525455565754555654555354515359545554535254851.

This was checked using [GAP2015].

For the rest of this section we work with the combinatorial realization of W as a subgroup
(which we denote by Wp,,) of the hyperoctahedral group W, (see Section 4.3). To this end,
set

so = (1,-2)(-1,2)
si= (4,1 +1)(—i,—(i+1)) for i € [n —1].

Then {sg,s1,...,8,—1} is a simple system for a Coxeter group Wp, of type D,. The set
of reflections is given by T' = {(4,4)(—i,—j) | i,j € [£n],i # £j}. Notice that W is a
subgroup of the group Wp, of type B, ; indeed, the above generators are clearly contained in
Wp,. Given A C [£n], write Stab(A) for the subgroup of Wp, of elements preserving the
set A. Notice that since Wp, C Wpg,, we have Stab(A) = Stab(—A). The maximal standard
parabolic subgroups of Wp, are then described as follows (see |[BB05, Prop. 8.2.4]). Let
i€{0,1,...,n—1}and I = S\ {s;}. Then W = Stab(Ar), where

i +1,n] if i £ 1
A=
(~1,2,3,...,n} ifi=1.

Since W stabilizes both A; and —Aj, it stabilizes also the complement A(} of AU (—Aj) in
[4+n]. Notice that A} = —A9.
From this description we can easily achieve a description of maximal parabolic subgroups:

Lemma 4.4.3. If W; = Stab(A;) is a mazimal standard parabolic subgroup and w € W, then
wWyw™! = Stab(w(Ay)).

Proof of Proposition 4.4.1. It is enough to show that W7 NwWyw=t # {id} for I,J C S with
Il = |J| =n—1and w € W. We therefore assume that W; N wW,w™! = {id} for some
I,J C Swith [I| =|J| =n—1and w € W and show that this implies that n < 5. Consider
the intersections Ar Nw(Ay) and Ar N (—w(Ay)). If one of these intersections contains at
least two elements, say k and [, then (k,1)(—k, =) € Wy NwW w™"! since A;N(—A;) = 0 =
w(Ay) N (—w(Ay)). Therefore we can assume that |[A; Nw(Ay)| <1 and |[A;N—w(Ay)| < 1.
Now if |A;| > 4, then |A; Nw(Ay)°| > 2, and since A; N (—A;) = @ it follows that there
exist k,¢ € A;Nw(Ay)° with k # +£, and we then have that (k,¢)(—k, —¢) € Wy NwW w™?.
Hence we can furthermore assume that |A7| < 4. It follows that |A%| > 2n — 6.

But arguing similarly we can also assume that |AY Nw(A;)°| < 4, hence |[AYNw(A4,)°| <2
since it has to be even and |A} Nw(Ay)| < 1. It follows that |A%| < 4. Together with the
inequality above we get 2n — 6 < |A9| < 4, hence n < 5. O
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4.5. The proof of Theorem|1.1.2

4.5. The proof of Theorem 1.1.2

The aim of this section is to prove Theorem 1.1.2. Therefore let (W, T') be a finite, dual
Coxeter system of rank n and let w € W.

We first prove the necessary condition. Assume that the Hurwitz action on Redr(w) is
transitive. Let (t1,...,tn) € Redr(w). By Proposition[2.4.11, W’ := (t1,...,t,,) is a classical
parabolic subgroup. By Corollary it follows that W' is parabolic and hence w is a
parabolic quasi-Coxeter element.

To prove the sufficient condition we first consider (W, T') of crystallographic type and then
treat the remaining types. Note that if w is a parabolic quasi-Coxeter element in (W, T'), then
each conjugate of w is also a parabolic quasi-Coxeter element in (W, T'). Since the Hurwitz
action commutes with conjugation, we can restrict ourselves to check transitivity for one
representative of each conjugacy class of parabolic quasi-Coxeter elements of W. The proof
of the following is easy:

Lemma 4.5.1. Let (W;,T;), i = 1,2 be dual Cozeter systems and let w; € Wy, i = 1,2.
Then (W1 x Wo, T := (T1 x {1}) U ({1} x T)) is a dual Coxeter system. Furthermore, if the
Hurwitz action is transitive on Redr, (w;), i = 1,2, then the Hurwitz action is transitive on

RedT((wl, 'wg)).

4.5.1. The crystallographic types.

We first treat the parabolic quasi-Coxeter elements in an irreducible, finite, crystallographic
dual Coxeter system (W,T) of rank n. First of all notice that in types A, and B, every
parabolic quasi-Coxeter element is already a parabolic Coxeter element by Lemmata 4.3.3,
4.3.4 and Corollary 4.3.8] Therefore the assertion follows with Theorem [1.1.1.

For the remaining types we only need to show the assertion for quasi-Coxeter elements.
Indeed, let w be a parabolic quasi-Coxeter element in (W, T') and let (t1,...,t,) € Redp(w).
Then W' = (t1,...,ty,) is by Theorem]m a parabolic subgroup of (W, T), in fact W' = P,,.

Therefore, it follows from Lemma|2.4.10 that all the reflections in any reduced factorization
of w are in W’. The latter group is a direct product of irreducible Coxeter groups of crys-
tallographic type. If we know that the Hurwitz action is transitive on Redp(w) for all the
quasi-Coxeter elements w in these irreducible Coxeter groups of crystallographic type, then
the Hurwitz action on Redr(w) is transitive as well by Lemmam and Theorem ’3?

The strategy to prove the theorem is as follows: we first show by induction on the rank
n (with n > 4) that the Hurwitz action is transitive on the set of reduced decompositions
of quasi-Coxeter elements of type D,,; for this we will need to use the result for parabolic
subgroups, but since they are (products) of groups of type A with groups of type D of smaller
rank, the result holds for groups of type A by Lemmal|4.3.3 and they hold for groups of type
Dy, k < n by induction.

Using the fact that it holds for type D,,, n > 4, we then prove the result for the groups Fj,
FE; and Fg. Similarly as for type D,,, parabolic subgroups of type E are of type A, D or E.
It was previously shown to hold for types A and D and holds for type E by induction. We
proceed in the same way for F} since parabolic subgroups are of type A or B.

Let w be a quasi-Coxeter element and let (¢1,...,t,) € Redr(w).
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4. Hurwitz action in finite Coxeter groups

Type D,. For types Dy and Ds the assertion is checked directly using [GAP2015]. There-
fore assume n > 6. Let (r1,...,r,) € Redp(w) be a second reduced decomposition of w.
By Theorem W and Theorem ’m the groups (ti,...,t,—1) and (rq,...,7,—1) are maxi-
mal parabolic subgroups and since {7 (wt,) = n — 1 = p(wry,) it follows that Cy (V¥in) =
Py, = (t1,...,th—1), Cw(V¥"™) = Py, = (r1,...,7n—1). By Proposition]m‘there ex-
ists a reflection t in their intersection. It follows by Lemma 2.4.10| that ¢ <p wt,, wry,.
Hence there exists t,...,t,_1,75,...,7,_; € T such that (¢,t,,...,t]_;) € Redr(wt,) and
(t,rh, ..., _1) € Redr(wry). In particular we get

(thy oo sth _1otn), (Thy oo yrh 1 1) € Redp(tw).
By Theorem 4.3.9 the element tw is quasi-Coxeter in the parabolic subgroup

Poy = {th, ..ot 1 tn).

n—1

It follows from Lemma 2.4.10 that the reflections r5, ..., _;, 7y are in Py, since r; < tw for
each i. As Py, is a direct product of irreducible Coxeter groups of type A and D of smaller

rank, we have by induction together with Lemma 4.5.1 that

(thy ..yt 1ytn) ~ (15, o7l 1, n),

as well as

(tthy, oo th )~ (t1, .y tuo1) and (&, 75, ..o 7l ) ~ (11, Tie1).

This implies

(t1y e tn) ~ (Gt ot tn) ~ (1, o rn) ~ (71, ..., ) € Redp(w),

which concludes the proof.

Types Eg, E7 and Eg.  First we calculated representatives of the conjugacy classes of quasi-
Coxeter elements using [GAP2015], see also Remark (b) below. Then given a quasi-
Coxeter element w we checked using again [GAP2015] that there is a reduced decomposition
(t1,...,ty) of w such that for every reflection ¢ in T' there exists (¢},...,t) _;,t) € Redr(w)
With (t1, ... tn) ~ (t,....t\_1.1).

n—1°

Let (r1,...,r,) € Redp(w). By our computations in GAP there exists (¢],...,t,_1,m,) €

Redp(w) with (t1,...,tn) ~ (t},...,t,_1,7). Then
wWry, = t’l---t;_l =71 Tp-1

are reduced decompositions. Furthermore wr, is a quasi-Coxeter element in (W', T") where
W' = (t},...,t, 1) and T := T N W’'. By Theorem 4.3.9 we have that W’ is a equal to

n—1
the parabolic closure Py, of t ---t/_, and therefore rq,...,r,—1 € W’ by Lemma 2.4.10.

Thus (t),...,t, ;) and (rl,_. ..,Tn—1) are reduced decompositions of a quasi-Coxeter element
in a dual, simply-laced Coxeter system of rank n — 1. By induction and by Lemma |4.5.1 we

get (t),...,t 1)~ (r1,...,7—1), thus

n—1

(t1, e ntn) ~ (ot ) ~ (P11, 7).
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4.5. The proof of Theorem|1.1.2

Type F;. The proof is analogous to the cases Fg, E7 and Eg.

4.5.2. The types H; and H,

For these cases we calculated representatives of the conjugacy classes of quasi-Coxeter elements
using [GAP2015| and then we checked Theorem 1.1.2 directly for each representative using
[GAP2015].

4.5.3. The dihedral types Ir(m) (m > 3)

In type I2(m), parabolic quasi-Coxeter elements and parabolic Coxeter elements coincide, but
parabolic Coxeter elements and classical parabolic Coxeter elements do not (see Remark|2.4.4
(b)). Nevertheless the assertion follows by Theorem [1.1.1!

Remark 4.5.2. For the convenience of the reader we shortly describe Carter’s classification of
the conjugacy classes in finite Weyl groups by means of so called admissible diagrams |Car72|.
Due to [Car72, Lemma 8, Theorem A|, we obtain the following description of conjugacy classes
of quasi-Coxeter elements (in the notation of [Car72|):

e For the infinite families the conjugacy classes correspond to the admissible diagrams

Apn, By, Dy, Dy (a1), Dyp(as), ... D"(alén—lJ)'

In particular in types A, and B, the conjugacy class of the Coxeter element is the only
quasi-Coxeter class (see Lemmata 4.3.3 and |4.3.4).

e For the exceptional types the conjugacy classes correspond to the admissible diagrams

Eg, Eg(a1), Eg(az2), Br, B7(a1), . .., E7(as), Es, Es(a1), ..., Es(ag), Fi, Fi(a1), Ga.

For the remaining non-crystallographic types we found by computer:

e For the type Hs resp. Hy there are 3 resp. 11 conjugacy classes of quasi-Coxeter
elements.

Note that there might be more than one admissible diagram for the same conjugacy class (e.g.
the class Fr(az) might also be parameterized by the diagram E7(b2)). For (W, T') irreducible
and crystallographic, the conjugacy classes of quasi-Coxeter elements are precisely described
by the connected admissible diagrams with number of nodes equal to the rank of (W,T'). In
[CET72] such a class is called semi-Coxeter class.

Finally, let us state two direct consequences of Theorem|1.1.2]
Corollary 4.5.3. Let (W, T) be a dual Cozeter system and let w € W. Furtherlet (t1,...,ty) €
Redrp(w), set W' := (t1,...,tm) and T" := W/ NT. If W' is finite, then the Hurwitz action
on Redps (w) is transitive.
Corollary 4.5.4. Let (W, T) be a finite dual Coxeter system of rank n and w € W quasi-
Coxeter. Then for each t € T and each (ti,...,t,) € Redp(w) there exists (t,th,...t,) €
Redr(w) with

(t1y oo ytn) ~ (t,th, ... L).
Proof. By Lemma 2.3.1 we have t <7 w for each ¢t € T and therefore the assertion follows by
Theorem [1.1.2 O
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5. Hurwitz action on nonreduced
decompositions in finite Coxeter groups

5.1. Results for nonreduced decompositions

In the preceding chapters we focused on the Hurwitz action on the set Redy(w) for an ele-
ment w in a dual Coxeter system (W, T'). At the beginning of Chapter E we considered the
example of the element w := stst in a Coxeter system (W, {s,t}) of type By with the two
Hurwitz orbits {(sts,t), (¢,sts)} and {(tst,s), (s,tst)} inside Redr(w). In particular we see
that the requirements of Lemma 3.1.3 are not fulfilled. We have both (sts,t) # (tst,s) and
decompositions from different orbits have different multisets of conjugacy classes. To get rid
of the first obstacle, we define for w € W with ¢7(w) = n the set

Facrnio(w) = {(t1, . tns2) ET™ 2 |w =1ty tpy2, (t1,. . tns2) = W

Note that Facrp42(w) = @ is possible. E.g. if we chose (W,T') to be of type Fy and w to
be a Coxeter element in a reflection subgroup of type 44, then Facr ,42(w) turns out to be
empty.

Example 5.1.1. Consider again the element w = stst in the Coxeter system of type Bs
as above, then direct calculations in [GAP2015] show that the Hurwitz action is transitive
on Facra(w). In this example all decompositions in Facy4(w) share the same multiset of
conjugacy classes. In general this fails to be true. Let ¢ := st be a Coxeter element in the
Coxeter system of type By. Then (s,t,s,s), (s,t,t,t) € Facr4(c), but both decompositions do
not share the same multiset of conjugacy classes.

In fact, the obstacle for Hurwitz transitivity on Facr,,2(c) for ¢ a (quasi-)Coxeter element
as described in the previous example is the only one as the following result of Lewis and Reiner
shows (see [LR16, Theorems 1.1 and 6.1]).

Theorem 5.1.2. Let (W,T) be a finite dual Coxeter system and ¢ € W a (quasi-)Cozxeter
element. Then two reflection decompositions of ¢ lie in the same Hurwitz orbit if and only if
they share the same multiset of conjugacy classes.

In particular, the Hurwitz action is transitive on Facy,,42(c) for ¢ a (quasi-)Coxeter element
if and only if all decompositions in Facy ,12(c) share the same multiset of conjugacy classes.
For ¢ a (quasi-)Coxeter element we have

Facrnia(c) = {(t1, ... tny2) €T | c=t1- -t 10}

as Theorem 1.1.2 and the following result imply. It is also due to Lewis and Reiner (see [LR16,
Corollary 1.4]).
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5. Hurwitz action on nonreduced decompositions in finite Coxeter groups

Theorem 5.1.3. Let (W,T) be a finite dual Cozeter system and w € W with {r(w) = n.

Then every decomposition of w into m reflections lies in the Hurwitz orbit of some (t1,...,tm)
such that
t1 = ta,
t3 = t47
tm—n—1 = tm—n,

and (tm—n+1s - - - tm) € Redp(w).

Corollary 5.1.4. Let w be quasi-Coxeter for (W,T) and w = ty---t,, an arbitrary (not
neccesarily reduced) T'-decomposition of w. Then (t1,...,tym) = W.

Let us first point that all reflection decompositions of a fixed element have same parity.

Proposition 5.1.5. Let (W,S) be a Cozeter system with reflections T. Let w € W and
w=1ty- -ty =111 be two (not necessarily reduced) T-decompositions for w, then k and 1
differ by a multiple of 2.

Proof. Consider the geometric representation o : W — GL(V') of W as introduced in Section
2.1.2. The reflections have determinant —1 with respect to this representation. Consider the
decompositions w = t1 - -+t and w = 71 ---r; under the sign representation w +— det(o(w)).
Hence (—1)F = (—1)!, which yields the assertion. O

The rest of this section will be devoted to showing the following result.

Theorem 5.1.6. Let (W, T) be a finite crystallographic irreducible dual Coxeter system of
rank n, but not of type Eg, and let w € W with r(w) = n which is not quasi-Cozeter and
such that Facr ,,12(w) # @. Then two elements of Facy p12(w) are in the same Hurwitz orbit
if and only if they share the same multiset of conjugacy classes.

Remark 5.1.7. (a) In particular, if w is as in Theorem 5.1.6, then the Hurwitz action is
transitive on Facy ,,12(w) for the oddly laced types A,,, Dy, Eg, 7 and G since in these
cases all reflections are conjugated (see Lemma 2.1.3). In contrast to (quasi-)Coxeter
elements the further assumption on the multiset of conjugacy classes (see Theorem
’m) for type B,, seems not to be necessary. The reason seems to be that a situation
as described in Example m for a Coxeter element in Wp, cannot occur for non quasi-
Coxeter elements since they do not have a reduced reflection decomposition which yields
a generating set for W. In fact, the only example of an element w which is not quasi-
Coxeter, but yields different multisets of conjugacy classes inside Facr p42(w), is in type
Fy. More precisely it is the Coxeter element for a reflection subgroup of type Az + Aj,
where As consists of long roots while A’ consists of short roots. We will describe this
in more detail in Example |5.1.8]

(b) By Remark 4.3.6 there is no element w in type A,, with ¢7(w) = n which is not quasi-
Coxeter. In general this is not true for the remaining types.
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5.2. From parabolic subgroups to the whole group: The gap

Example 5.1.8. Consider the root system ® = ®p, of type Fy as described in [Bou02, Plate
VIII]. Let (W, S) be the corresponding Coxeter system and T' = {s, | « € ®}. A possible
choice for the simple roots are

a1 =ey —e€3, Qg = €3 — €4, A3 = €4, Oé4:§(€1—62—€3—64)-
The highest root is & = e1 4 e3. Let @’ the smallest subroot system containing {a, aq, s, aq}.
It is of type As + A} and w := $5Sa;5a35q, 18 a Coxeter element for Wy, Obviously
(Sas Sars Sass Sass San) = W and therefore (sz,Sa1;Sas, Sass Sass Sas) € Facrg(w). Put a :=
es € ®. A direct calculation yields that

SaSa;SaSasSa (041) = (g2,

thus (Sa, Sa1s Sas, Sass Sa) = W and therefore (sg, Sa,, Sas, Sass Sa» Sa) € Facrg(w), but this
decomposition does not have the same multiset of conjugacy classes as the decomposition

(S&a SagyrSasgsSagr Sass Sag)-

5.2. From parabolic subgroups to the whole group: The gap

The aim of this section is to provide some auxiliary results for the proof of Theorem 5.1.6
(and for later use in Section ‘GD Namely we adress the following question: Given a finite
dual Coxeter system (W, T) and a parabolic subgroup W’ < W, what can be said about the
reflections which have to be added to W’ to obtain the whole group W?

Lemma 5.2.1. Let ® be a root system of type By, and A = {a1,...,a,} C O a simple system,
where the roots a; (1 <i <mn—1) are long and «, is short. If a € ® is any other short root,
then Wo = (Saqy- -5 San_15Sa)-

Proof. Let R := {aq,...,an—1,a}. Using the realizations of the root systems of type B,
and C,, given in [Bou02, Plates LII], it is straightforward to check that L(R) = L(®) and
L(RY) = L(®"), where ®" is of type C,. Using Theorem 4.2.12, the assertion follows. O

Proposition 5.2.2. Let (W,T) be a finite dual Cozeter system of type X, € {An, Bn, Dy}
and S C T a simple system. Let s € S and W' := (S\ {s}). If W = (W' t1,t2) for some
reflections t1,ta € T, then W = (W', t1) or W = (W' ta).

Proof. Let ® be the root system associated to (W,S) and A = {a1,...,a,} C ® a simple
system. We choose the numbering such that s = s,,. Furthermore let ¢; = s, and to = sg
for positive roots o and B. Let R := {«a,8} U {a1,...,a,—1}. By assumption we have
W = Wg = Wg. By Theorem 4.2.12 we conclude L(®) = L(R) and L(®") = L(R"). Note
that AV is a simple system for ®" (see for instance [Hall5, Prop. 8.18]).

If s, € W/, then W = (W', sg) and vice versa. Therefore assume so,s5 ¢ W/. If W =
(W', s4), we are done again. Therefore assume that (W', s,) is a proper subgroup of W.

Write a = Y 1" ajay (resp. oY = >" jale)) and B =31 bioy (vesp. Y = >0, blay)
with a;,a}, b;, b, € Z>p. Note that a, = %ai and b, = (?‘é}gg)bz Furthermore let @' be
the root system associated to W’. Then A’ := A\ {a1} is a simple system for ®'. Since
Sas S ¢ W' = W, none of the coefficients ay,al, b1, b} can be zero. By [Bou02, Plates I-IV]
we conclude a;, a}, b;, b, € {1,2}. If a; = 2 = by, then oy ¢ L(R) = L(®) which is not possible.
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5. Hurwitz action on nonreduced decompositions in finite Coxeter groups

Therefore a; = 1 or by = 1. A similar argument shows a] = 1 or b} = 1. First we consider
the case where a; = 1 = a}. Then L(®) = L(®' U {a}) and L(®V) = L((?')Y U {a"}), thus
W = (W', s4) by Theorem |4.2.12, contradicting the assumption that (W’ s,) is a proper
subgroup of W. Therefore we can assume that by = 1 or b} = 1. Without loss of generality
we assume the latter one. Assume that b; = 2, thus 8 =27 +--- and Y = ﬁ 201+

Note that

& <201 = %ay, ay short
(B18) ﬁay, ay long.

Since the coefficient of o) is b} = 1, the only possibility is that aj is short and 3 is long.
Clearly this is not possible for X,, € {A,,D,}. If X,, = B,, and «; is short, the remaining
simple roots in A’ have to be long. Since W = WArU{a,}, the root a has to be short. Note
that W cannot be generated just by reflections in short roots. But then it follows by Lemma
5.2.1 that (W', sq) = W, a contradiction. Hence by = 1 = b}. Therefore we obtain

L(®) = L(A) = L(A"U{B}) and L(®") = L(AY) = L((A")" U {B"}),
which yields W = (W', sg) by Theorem 4.2.12. O

Remark 5.2.3. The statement of Proposition 5.2.2/is still valid if we consider an arbitrary
parabolic subgroup W' of rank n — 1. To see this note that the notions of parabolic subgroups
and classical parabolic subgroups are equivalent for finite (W, T") and since (W, T)) is crystallo-
graphic, that is W is a finite Weyl group, the dual Coxeter system (W, T") is strongly reflection
rigid. Therefore it is enough to check the assertion only for standard parabolic subgroups of
rank n — 1, that is subgroups of the form (J) with J C S for some simple system S C T" and
|J| = n — 1. This is done in Proposition|5.2.2]

The following proposition provides an additional property to what we have already observed

in Corollary |4.3.11.

Proposition 5.2.4. Let (W, T) be a finite crystallographic dual Coxeter system of rank n, W’
a reflection subgroup of rank n — 1 and t € T such that (W', t) = W. Then t is unique up to
conjugacy with elements in W'.

Proof. By Corollary 4.3.11 the reflection subgroup W' is parabolic. As described in Remark
5.2.3 it is enough to check the assertion for standard parabolic subgroups of rank n — 1. We
do this case-by-case.

Type A,_1. Choose S ={(1,2),(2,3),...,(n—1,n)}. Then
T={(,§)|1<i<j<n}.
Consider W := (J) with J = S\ {(i,i +1)}. Then
T\W;NnT)=A{(,k)|j<ik>i+1}.

It is easy to see that for each reflection r in this set there exists z € Wy with r* = (i,7 + 1).

Type B,. Consider the simple system S = {sg, s1,...,8,—1} as given in [BB05]. If s¢ is the
simple reflection missing in W/, then a reflection ¢ added to W’ generates the whole W if and
only if ¢ is of the form (i, —i). But such a reflection is a conjugate of sy = (1, —1).
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5.2. From parabolic subgroups to the whole group: The gap

If s; is the simple reflection missing in W/, where ¢ > 0, then a reflection ¢ added to
W' generates the whole W if and only if it is of the form (k,m)(—k,—m) where |k| < i,
|m| > i+ 1. Conjugating by elements in W’ this reflection ¢ can be transformed into either
si = (t,i+1)(—i,—i—1) or ¢’ := (—i,i + 1)(i,—i — 1). In the first case we are done. Assume
we are in the second case. The reflection (i, —i) lies in W’ and conjugating ¢’ by it, we get s;,
hence we are done again.

Type D,,. Choose the simple system S := {sg, $1,...,S,—1}, where

so = (1,-2)(2,-1)
spi= (4,1 +1)(—i,—(i+1)), 1<i<n-—1
Then T = {(3,7)(—i,—7) | 1 < |i] < j < n} is the set of reflections. For J := S\ {s;} with

0 < i < n—1 the corresponding standard parabolic subgroup W; = (J) is given by (see
[BB05])

Stab([i + 1,n]) 1#£1
Stab({-1,2,3,...,n}) i=1

We will show that each reflection r € T with (W, r) = W is conjugated to s; under W;. We
consider two cases:
Case 1: i # 1. In this case we have

T\W,NT) ={(,k)(—j, =k) | L< |jl < i <k <n}U{(=4, k)4, —k) | J <k, j,k € [i+1,n]}.

First consider a reflection r = (—j,k)(j, —k) with j < k and j,k € [i + 1,n] (note that all
reflections in T'\ (W; N T') are of this type if ¢ = 0). Then (W, r) = W. To see this, we put
ty := (=7,4)(j,—1) € Wy and tg := (k,i + 1)(=k,—(i + 1)) € W;. We have r’2"t = s;, thus
<WJ,’I“> =W.

Therefore let r = (j, k)(—j, —k) with 1 < |j| <i <k <mn and i # 0,1. Define

id k=i+1
Tl = . eWy
Sitl: - Sk—2Sk—1 k>i+1
Then r*1 = (5,7 + 1)(—j, —(i + 1)). We distinguish whether j is negative or not.
(a) j < —1. Since |j| < i, we have
id j=-1
s1-8-1 JF 1

We already excluded the case i = 0, thus r*1%0%2%1 = (1,4 + 1)(—1,—(i + 1)). This
reflection is conjugated to s; under Wj.

(b) j > 1. Setting 9 := s;_15i—2--- 55, we get "2 = s;.
Case 2: i = 1. Consider r = (j,k)(—j,—k) € T. If j,k > 2 (or equivalently j, k < —2), then

r € Wy, but we are only interested in those r with (W, r) = W. Since |j| < k we have k > 1.
There are two possibilities left:
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5. Hurwitz action on nonreduced decompositions in finite Coxeter groups
(a) [j| = 1,k > 2. If j = 1, define x1 := s983---sx_1 € Wy. Thus r™* = s1. The case
j = —1 can be omitted, since then r € Wj.
(b) j < —2,k > 2. Keeping in mind that |j| < k, we define
id k=lj|+1
T = |J| eWy
S|jl41° " Sk—25k—1 k> |j|+1

Thus 7t = (j, || + 1)(=J, =(lj| + 1)) Defining

T2 2= 8§27 8)j1-25)j]-1

I3 = S283 - S|j|,
we get (since j is negative) that

PP = (=2, 5] + 1)(2, —(]j] + 1))
920 — (1 14| 4 1)(=1, —(|j] + 1))

For x := x3sgxox; € W; we obtain % = s;.

Types E6,E7,E8,F4,G2. IGAP2015] O

Lemma 5.2.5. Let (W, T) be a finite irreducible dual Coxeter system of type X,, € {Eg, E7},
W' a parabolic subgroup of rank n —1 and t € T such that (W' t) = W. Let t1,ts € T such
that (W' t1,ta) = W. Then there exist x € (W' t1) and y € (W' t3) such that t3 =t and
t =1t.

Proof. [GAP2015]. O

5.3. The proof of Theorem 5.1.6

Lemma 5.3.1. Let (W, T) be a dual Cozxeter system and ty,...,tn,t € T. Then
(ty bty t) ~ (Hy o b, 5, 17)

for each x € (t1,...,tpn).

Proof. We have

(B ooty o t) ~ (B, G ot 8 88

rYn?
— i i 4t
~ (b b G )
~ (b, .y, ),
where the entry ¢; is omitted. O
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Proof of Theorem|5.1.6. If two elements of Facy ,42(w) are in the same Hurwitz orbit, they
share the same multiset of conjugacy classes by Lemma [3.1.3. It remains to show that this
condition is sufficient.

Let (t1,...,tnt2) € Facppi2(w). Since we are interested in the Hurwitz orbit we can
assume that t,411 = t,19 by Theorem m Then W = (t1,...,tn+1). By Corollary ]m
the decomposition ¢ ---t,41 is not T-reduced. We apply again Theorem [5.1.3 to obtain
(t1y .o ytnsr) ~ (th, ...ty th . t). Therefore W = (t},...,t)), that is ¢} ---t] is quasi-
Coxeter.

By the preceding arguments it is enough to choose elements (t1,...,t,, tn,tn11) and
(r1, ..., Tn,Tny Tnt1) in Facy ,42(w) such that ¢ - - - t,, and ry - - - 7y, are quasi-Coxeter and both
tuples share the same multiset of conjugacy classes. It remains to show that these tuples are
in the same Hurwitz orbit.

By Corollary 4.5.4 we have (r1,...,r,) ~ (r},..., 7)), where 7}, = t,41. Thus

/ /
(Piyee sy Toy Tog1) ~ (T1s v oy Ty Try Tnt1)
/ roorh /
~ (T T T )
513, 4 noonoo
(] T T )
for reflections r{,...,7r € T. We have t;---tp—1 <p ti---tp, hence w' = t1---tp,_1 =
ri---rl"_, is a parabolic quasi-Coxeter element by Corollary 4.3.12, Therefore (¢1,...,t,—1) ~
(r{,...,r"_,) by Theorem 1.1.2. Let

W= (t1, ... tya) = o)),

As tq - - -ty is quasi-Coxeter, it is W = (W’ t,). We continue with a case-by-case analysis.

(Types A,, B, and D,) Assume that (W’ r/'} is a proper subgroup of W. By Hurwitz

r'n

equivalence we have (W’ r!" r!) = W. By Proposition 5.2.2) we obtain (W’ r/) = W, thus

yImyln
w =7y --r'_rl is quasi-Coxeter, which we have excluded. Therefore (W', 7)) = W. By

Proposition there exists © € W’ with tZ = r//. Overall we get

(tlu e 7tn—17 tnu tna tn—i—l) ~ (Tll/a sy TZ—I) tn) tn7 tn—i—l) ~ (Tllla o 7T;§—17 fm tﬁu tn-l—l)?
where we used Lemma/|5.3.1]in the last step. Since ¢% = /! and t,,+1 = r}, the assertion follows.
(Types Eg and E;) We have (t1,...,tn—1) ~ (r{,...,7"_;) and since 7, = t, 41 we obtain

(1, bt tns tny tn1) ~ (B2, oo b1 bt s b)) ~ (] o 1 T Ty ).
We have (W' vl vy =W = (W' t,). By part (a) of Lemma 5.2.5 there exists x € (W’ r!)
such that (/)% = t, resp. r/ =2 '. By Lemma 5.3.1 we obtain
(ot tn) ~ (], ,rﬁ,l,r;,tﬁ_l,tﬁ_l) =(rf,. .. rt el
~ (rlllv te 77‘;;717 TZ, TZ? T;L)
~ (e Ty Ty Tt 1)
Type Fy) [GAP2015 0l
(Typ
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5. Hurwitz action on nonreduced decompositions in finite Coxeter groups

Remark 5.3.2. In fact, in the proof of Theorem 5.1.6 for the cases A,, By, D,, Eg and Er,
we have made no use of the fact that the elements (t1,...,tn, tn, tnt1), (F1y -y Tny Tny Tnt1) €
Facr j12(w) share the same multiset of conjugacy classes.

Conjecture 5.3.3. Let (W,T) be a finite irreducible dual Coxeter system of rank n and
w € W with ¢p(w) = n which is not quasi-Coxeter and such that Facg,o(w) # @. Then
two elements of Facy ,,12(w) are in the same Hurwitz orbit if and only if they share the same
multiset of conjugacy classes.

By Theorem |5.1.6 it remains to check the conjecture for Fg and the non-crystallographic cases.
In the case Hs we were able to verify the conjecture using [GAP2015].
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6. Hurwitz action in affine Coxeter groups

For details on affine Coxeter groups see Section [2.1.3 and the references therein.

6.1. Quasi-Coxeter elements in affine Coxeter groups

We fix a finite crystallographic Coxeter system (W, S) of rank n with set of reflections T
and associated crystallographic root system ® in an euclidean vector space V. Then W =
(Sak | @ € ®,k € Z) is the associated affine Coxeter group. By regarding the reflections s,
as reflections s, 0, the group W becomes a proper subgroup of W. In particular we have an
epimorphism s

p:W = W, 54— 5a.

In Theorem 2.1.15 we saw how to obtain a simple system S for W. Denote by T the set of
reflections for (W, S). In particular (W, T) is an affine dual Coxeter system of rank n -+ 1 (see
Section and B

T ={sqr| e keclZ}.

Therefore we have p(T') =T.

We showed in Section 2.4.2 that the notions of parabolic subgroups and classical parabolic
are equivalent for affine Coxeter groups.

The aim of this chapter is to prove Theorem 1.1.3, which partially generalizes Theorem
1.1.2.

Remark 6.1.1.

(a) Quasi-Coxeter elements in affine Coxeter groups indeed extend the class of Coxeter
elements, that is, the class of Coxeter elements for (W, f) is in general a proper subclass
of the class of quasi-Coxeter elements for (W, Tv) To see this, we use the same notation
as above. Note that finite Weyl groups and affine Coxeter groups are strongly reflection
rigid, thus the notion of classical Coxeter element and Coxeter element are equivalent.
We assume that the Coxeter diagram corresponding to the type of (W, f) is a tree (e.g.
(W,T) is of type l~)n) In particular, up to conjugacy, the Coxeter element for (W,f)
is ¢ := 54, - " Sq, 54,1, where aq, ..., a, are simple roots for ® and a the corresponding
highest root. The element ¢’ := sq, - Sq, is Coxeter for (W, T). Using Theorem 1.1.1
and the fact that ¢ <p ¢ for all t € T', we can assume (up to Hurwitz equivalence) that
o, = a. It is

p(C) = Say " Sap_1 ST 0/7
thus p(c) is a parabolic Coxeter element by Remark @ (b). For all z € W we
have p(c®) = p(z)p(c)p(z)~t. Since all Coxeter elements are conjugate, we see that
the projection of a Coxeter element under p is always a parabolic Coxeter element.
If we substitute the Coxeter element ¢ = s, -S4, by an arbitrary quasi-Coxeter
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6. Hurwitz action in affine Coxeter groups

element w’ for (W, T), then w'sz; € W is quasi-Coxeter and p(w'sz,1) is a parabolic
quasi-Coxeter element by Corollary 4.3.12. The example of the parabolic quasi-Coxeter
element Dy(a1) in Ds(a1) shows that p(w’sz 1) needs not to be a parabolic Coxeter
element. The notation D, (a;) refers to the conjugacy class of quasi-Coxeter elements
introduced in Remark 4.5.2!

(b) In contrast to Theorem there exist elements w which are not parabolic quasi-
Coxeter elements for (W, T), but the Hurwitz action is transitive on Redz(w). Consider
again the example of the Coxeter element w = stu in an affine Coxeter group of type
Ay (see Remark 4.3.10). Then s(tut) <7 w. It can be checked directly resp. the results

in [HK13] imply that the Hurwitz action is transitive on Redz(s(tut)), but as pointed
out in Remark 4.3.10; the element s(tut) cannot be quasi-Coxeter.

6.2. Conjugation and Hurwitz moves in affine Coxeter groups

The aim of this section is to give some auxiliary results about conjugation in affine Coxeter
groups which supplement the results already stated in Section 2.1.3] These results turn out
to be helpful when working with the Hurwitz action. At the end of this subsection we obtain
a characterization of quasi-Coxeter elements for (W,T') in Proposition M See Definition
4.1.1 for the definition of quasi-Coxeter element. We maintain the notation of the previous
section.

Lemma 6.2.1. Leta € ®, A€ P(®V), we W and k € Z.

(a) tr(\)Ho = Ha,k+(>\|a)
(b) tr(N)Sak tr(=A) = Sak+(\a)-
In particular, the coweight lattice P(®) normalizes w.

(c) tr(a¥)¥ = tr(w(a)V).

Proof. For parts (a) and (b) see |[Hum90, Prop. 4.1|. For part (c) it is sufficient to consider
w = sg for some 3 € ®. By Lemma 2.1.13 and Lemma 2.1.10 we obtain
tr(a’)® = sgtr(a’)ss = $554,15058 = Ssp(a),1555(a) = tr(55(c)").

O

Lemma 6.2.2. The restriction of the action of the group W on V yields an action of W on
P(®Y).

Proof. Let A € P(®Y), thus (A | a) € Z for all a € ®. Therefore and since W = Wg < O(V)
we obtain

(w\) |a) =\ |w(a)) €Z for all o € D,
because w1 (a) € ®. Hence w()\) € P(®V). O

Lemma 2.1.16 provides a normal form for each element in an affine Coxeter group. When we
have a decomposition of an element in W as a product of reflections, the following Lemma
tells us how this normal form is achieved.
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Lemma 6.2.3. For 3; € ® and k; € Z (1 <i < m) we have

m
S8y B = S8y 58, 1) —hisg, 55, (81)Y):
=1

Proof. By Lemma 2.1.13| we have for a € @,k € Z that

Sak = tr(ka)sq = sqtr(—ka") (6.1)
and by Proposition 2.1.12| that

WS pw ' = Sw(a),k for all w € W. (6.2)

We show the assertion by induction on m. It is clear for m = 1. By induction it follows
m
Sﬁlvkl e SB’"L7k’VV‘L = Sﬂlakl 562 T Sﬁ"b tr(z _klsﬁm o SBH»I (Bl)v)
i=2
Put w :=sg,, ---s3,. Then

_ —1
S$B1,k15B2 " SBm T B,k W

@)w_l
@)w—l

Sw(B1),k1
Sw(ay) tr(—ki1w(B1)")
= sgw " tr(=kyw(Br)")
= 56,58, " 58, t1(—k15g,, 55, (B1)"),
which yields the assertion. O

Lemma 6.2.4. For o, € ® and k,l € Z we have

S SB.IS =S o .
a, k9B, l°a.k Sa(/B)J—k’Q((M‘f))

Proof. By Lemma 6.2.3 we have

SakSBiSak = Ssu(8) tr(—ksasg(a)’ —lsa(B)" — ka").

It is
_ 2s48p() 2
sasp(0)” +a = (ala)  (afa)
_ 2 2alp)
" @lo 6ra Y
_ 2(a]p)
- (a | a) 804(5)\/7
which yields the assertion. O
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By the previous Lemma and the definition of the Hurwitz action we obtain the following.

Lemma 6.2.5. The i-th Hurwitz move is given as

Ui(' o SBiski s SBit1,kig1y ) = ( 5 8Bi ki SBig1,kiv15Bi,ki» SBikiy - - ')7

where

8Bi.ki SBit1,kix158i,k; = S 2(B4,8i41)

S8, (5i+1),ki+1—sz

Proposition 6.2.6. Let (W,T) be an affine dual Coxeter system of rankn+1, x € W with

lx(x) =m >n+1and x = sg, k, *** 58, kn, @ Teduced T-decomposition. Then there eist

Bl e ®kleZ (1<i<m)such that

(S81k1s o SBmem) ™~ (S k02880 k5880 k)

m—1’

Proof. By Corollary 2.3.2 the decomposition sg, ---sg,, can not be reduced. Hence we can
apply Theorem |5.1.3 to obtain

(88152 88m) ~ (g5, 85 Spr ).

m—1

This Hurwitz equivalence is given by some braid 7. Apply the braid 7 to the decomposition
(SB1k1s -+ s SBmkim)- O

Let W = Sy - Sy/ kua (7, € ®,ki € Z) be a reflection decomposition of an element

@ € W such that W = (40 kys -+ s Sy | kni1)- Note that W cannot be generated by less than
n + 1 reflections (see Proposition 2.4.1). Using Theorem 5.1.3L we obtain

(S’Yi’ .. "S’Yé+1) ~ (Syps ey Syt Syns Sy (6.3)
for roots v1, ..., € ®. By Lemma|3.1.3 and since p(W) =W, we have

W= <S'717""S'Yn7178"/n>'

Therefore the element w := s, ---5,,_,5,, is quasi-Coxeter. Furthermore we have

n
[ =\ — —
W = p(W) = Sy; = Sy ST Sy v Sy 1 Sy, = W

By Proposition 4.3.2 it follows that w’ is a parabolic quasi-Coxeter element with 7 (w') = n—1.
Let W' := (s4,,...,84,_,) be the corresponding parabolic subgroup. As described in (the proof
of) Proposition 6.2.6 we have

(S’Y{Jﬂ? R S’Y;+1,kn+1) ~ (S’Yl,llv s Sy 1,ln—1 Synyln S’Yn,ln+1) (6'4)

for l1,...,lp+1 € Z. Note that we can assume the roots 7; to be positive since so 1 = 5_q k-
We conclude

W = (S'Ylah’ R S'Ynflylnfl’ S'Ynyln’ 5'77Laln+1> (65)

and I, # l4+1, because otherwise W is generated by less than n + 1 reflections, contradicting
Proposition|2.4.1]
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6.2. Conjugation and Hurwitz moves in affine Coxeter groups

Lemma 6.2.7. Let ® be a crystallographic root system and {fi,...,B,} C ® be linearly
independent. Then

SBn Sﬂ2(ﬂl)v € SpanZ(ﬁlvv s ’57\1/)
Proof. We have

vV o_ 2352 (51>
s (P1)" = (B1]B1)

2

= m(ﬂl — (b1 ] B5)B2)

— By - 2(61 | B2)

(B1| 1)
—_————

EZL

By

The general assertion follows by induction. O

Proposition 6.2.8. An clement w is quasi-Coxeter for an affine dual Cozeter system (W, T)
of rank n + 1 if and only if there exists a reflection decomposition w = s, , -

(’Y’L c (b’ lz S Z) such that W = <8’y1,l17 ..

o 87n+1 7ln+1

5 Syttt > .

Proof. The forward direction is clear by the definition of quasi-Coxeter element. For the other
direction it remains to show that s, ;, -+ 5y, 1,., 18 T-reduced. By what we have observed
before (in particular in ), we can assume that v, = yp+1.

Under the map p : W — W, a1 — So the element w is mapped to an element of absolute

length n — 1. Thus by Proposition 5.1.5 there are just two possibilities: {z(w) = n + 1 or

{#(w) =n — 1. Assume the latter one. Let (sg,,m,---» 56, 1,m,_,) € Redz(w). It is

/_ =~ —_ —
w —p(w) =Sy Sy =8B 8B

a parabolic quasi-Coxeter element. Therefore by Theorem |1.1.2 we have

(SyrsevrSyn_s) ~ (8815, 58,_1)-

Hence we can assume (up to Hurwitz equivalence) that v; = ; for 1 <i < n — 1. Note that
the integers 1, ..., l,4+1 might have changed. By applying Lemma |6.2.3 we obtain

n—1
w=wtr (Z _liS/Bn—l T 8B (/Bl)v + (ln - ln-‘rl)%\m/)

=1
n—1

=w'tr (Z —MSB, g 5B (B’)v> :
=1

Hence
n—1

Z(mz - li)sﬂnfl T 8Bt (ﬁz)v + (ln - ln—&-l)%\m/ = 0.
=1

Since {1, - .., Bn—1,Vn} is linearly independent and by Lemma 6.2.7/ we obtain l,, — l,41 = 0,
hence $.,, 1, = S4,.1,,1, contradicting Proposition 2.4.1} O
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6. Hurwitz action in affine Coxeter groups

6.3. Generating affine Coxeter groups by reflections

Let @ be an irreducible crystallographic root system of rank n. If ® is not simply-laced,
that is ® consists of long and short roots (i.e. ® is of type By, Cy, Fy or G2), we decompose
® = &, U Py, where &g is the set of short roots and ®; is the set of long roots. Let

W:=Ws = (Say,---»San)

for some roots a; € ¢. As before W denotes the associated affine Coxeter group. Furthermore
we assume

W = (Sars--+»San> San,1)- (6.6)

Note that we always find such a generating set. To see this, we start with a generating
set {Says---s8a,} of W, that is S, - - Sa, is quasi-Coxeter, we can assume by Theorem

1.1.2 and Corollary 4.5.4 that «,, = a. Since the set {sq,,...,Sq, generates W, the set
{Sais--+»San, San,1} generates W by Theorem 2.1.15

Lemma 6.3.1. Let ® be an irreducible crystallographic root system which consists of long and
short roots. Let a,, B € ® be of different lengths with (| B) # 0 and let § be the ratio between
long and short roots. Then

20| p)  JEl ifaeds, B e P
B18) +6 ifa€®, B e d,.

Proof. Case by case resp. see [Bou02, Ch. VI, 1.3| (note that in this source also non-reduced
root systems are considered). O

Next we are going to show that the root «, in equation cannot be short. Therefore note
the following.

Remark 6.3.2. If we have in Equation (@ that a,, € P, ; € P; for some i < n and
(o | @) # 0, then by Lemma|6.2.4 and Lemma 6.3.1 we have

San,1

Say; = Ssa, (a;),+6>
where 9§ is the ratio between long and short roots.
If a, € O, 0; € D5 we have

sDtnyl

Say = Ssap (a;),%1

Lemma 6.3.3. Let ® be an irreducible crystallographic root system which consists of long and
short roots and let § be the ratio between long and short roots. Then

spanz({da | o € &} U D)) C L(D).

Proof. We show that no short root is contained in spanz({da | @ € &5} U ;). Therefore let
a € &4 be arbitrary. Assume that there exist aq,...,a, € &5 and F1,...,5n € ®; such that

a=>Y dai+ Yy B
i=1 j=1
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6.3. Generating affine Coxeter groups by reflections

Here we allow a; = a; as well as 3; = 3 for i # j so that all coefficients in the above linear
combination are equal to one. Thus we have

(] )= 252 (v | cvi) +Z25 (cvi | o) +2225a1|ﬁj +Z (Bj | Bj) +225]\Bl

i<k i<l
(6.7)
Let o/ € ®,, 8 € &y, thus § = E } % Let r € {1,...,m}, then
252 [ on)  28(8 | B | on) - 2w | o)
— =) ——— c7. 6.8
G 8 (o Ta)(Br | Br) (o) © 6.8
cZ

Note that this is true for a; = ay, as well as for o; # oy, Therefore, if we divide equation (6.7)
by (B, | Br), we obtain

04\04 2042\042 26%(cv; | ) a1|,8]
1) -
EAFS P DTS DA AT ARAP D) DU YN
—_———— —_——— —_———

=0 €7 by (6.8) €Z

(/Bj ﬁj | IBl
t 2615 Z (5. 1 5r)
H/—/ e——

=1 €Z

Hence the right hand side of this equation is an integer, while the left hand side is not; a
contradiction. O

Remark 6.3.4. If we consider in the situation of Lemma/|6.3.3 the dual root system ®V instead
of ®, then we obtain that spanz({da¥ | « € ®;} U {a" | a € ®,}) is a proper sublattice of
L(®Y).

Lemma 6.3.5. With the assumptions as in Lemma 6.3.3. Let L' := spanz({da" | a €
O} U{aY | a € ®g}) be the proper sublattice of L(®V). Then it is w(\) € L' for allw €
W and for all A € L'.

Proof. Tt is sufficient to show the assertion for the generators of L. If a € ®;, then w(da") =
dw(a) = dw(a)V, where we used Lemma 2.1.10| to obtain the last equality. By Lemma 2.1.8
we have w(a) € ®; and therefore w(da") € L'. Similarly, we obtain w(a") = w(a)¥ € ®; if
a € P, O

Proposition 6.3.6. Let ® be an irreducible crystallographic root system which consists of long
and short roots. If there exist roots ay,...,a, € ® such that

W = <SO¢17 e 7Sanasan,l>v

then o, € ;.
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6. Hurwitz action in affine Coxeter groups

Proof. Assume the root o, to be short. By Lemma‘2.1.13 we have $q, 80,1 = tr(—aq,]) and

therefore N
W = (Says- -5 Sam, tr(,))).
As before we let L' := spangz({6a¥ | a € ®;} U{a" | @ € ®4}) be the proper sublattice of
L(®V). By Lemma@we obtain tr(aY) € W x L/, thus W x L' = W. But by Lemma@
we have that L’ is a proper sublattice of L(®") and therefore W x L’ is a proper subgroup of
W x L(®Y) = W, a contradiction.
O

Proposition 6.3.7. Let ® be an irreducible crystallographic root system of rank n and W =
Wa. If there exist roots {B1,...,Bn} C ® such that W = (sg,,...,ss,), then for any integers
ki,...,kn € Z we have

W = <8517k1, ceny Sﬁn,kn>'

Proof. Since the roots i, ..., 5, have to be linearly independent, the corresponding hyper-
planes intersect in one point. Therefore the group W' := (sg, i, . -, 58, k,) is finite by [Bou02,
Ch.V, 3, Prop. 4]. We consider the map p : W — W, 50,1+ Sq. Let w = Sey kg " Sevy ki €
ker(pyy), thus p(w) = sq,, ** Sa,, = €. Considering w in its normal form w = wo tr(A) with
wo € W and X\ € L(®Y), we have wy = p(w) = e. Hence w has to be a translation. There-
fore A = 0 since W’ is finite. Thus w = e. By the first isomorphism theorem we obtain

W =W O
Proposition 6.3.8. Let ® be an irreducible crystallographic root system of rank n which
consists of long and short roots. If there exist roots ay, . ..,a, € ® and integers ky, ..., ko1 €
Z such that s

W = <Sa1,k17 o 7san_1,kn_17 San s San,1>7
then o, € ;.

Proof. First of all note that W = p(W) = (say,---,8a,). Therefore the roots aq, ..., a, are
linearly independent. Hence the system of equations

AMa)=0h
(A az) =12
()‘ | o) = ln,

where lq,1s,...,l, € Z are fixed, has a unique solution A € V. By Theorem [4.2.12 the roots
ai,...,0p are a basis of L(®). Since (A | a;) =1; € Z for all 1 < i < n, we have by definition
A € P(®V). Thus

<3a1,k17 <3 Sap_1,kn—17Sans San,1> = tr()‘) <Sa1,k17 < Sap_1,kn—15 Sams San11> tr(_)‘)

:<Sa1,k1+l17 < Sap_1,kn—1t+ln—1 San,ln> San,1+ln>v

where we used part (b) of Lemma to obtain both equations. If we choose [; = —k; for
1<i<n-—1andl, =0, the assertion follows by Proposition 6.3.6] O
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6.3. Generating affine Coxeter groups by reflections

Lemma 6.3.9. Let ® be an irreducible crystallographic root system of rank n. If

W = <5a1,l1’ s Sam_1,ln—15 San,ln>s San7ln+l>
for roots aq, ..., ap € ® and integers ly, ..., ln, lny1 € Z, then |lp1q — ] = 1.

Proof. Consider the subgroup H := (Sa; 115+ San_1,ln_11 San,ln) Of W. By Lemma‘2.1.13 we

have sq,, 1, Saninis = tr((ln — lnt1)a,,). Hence

W = <H7 tr((ln - anrl)a'r\i)) = <5041,l17 < Sap_1,ln—1> San,ln’tr((ln - ln+1)ar\i)>' (6'9)

Using the same argument as in the proof of Proposition |6.3.8, we take A € P(®") to be the
solution of the system of equations

()\ | 041) = —ll
()\ | 042) = —l2
A | an) = —ly.

Thus by part (b) of Lemma 6.2.1 we obtain
tr(A)Sa, 1, tr(—A) = Sa, 1+ (Mar) = Sa; (1 <0 <)

Since two translations commute, we obtain again by part (b) of Lemma‘G.Q.l‘ and by Q6.9) that

W =tr(A){(Saytys- - s S dns T ((In — L 1)) tT(=X) = (Says - - s S, t1((ln — lnt1)a))).
(6.10)

Put [ := 1, — l,4+1. By Lemma 2.1.13 we have s,,, ;Sq, = tr(le,)) and therefore (6.10) yields

W = (Sars - San, t1(105))) = (Says -+ s Sans San.1)- (6.11)

Put R := {sa;,--;San:Sa,,; and T :== U Wwafl. Since we can write each element of

W asa product of elements in R, Lemma yields, that if s, € T" (a € ®, k € Z, k # 0),
then & has to be a multiple of [. Using (6.11) we obtain by [Dye90, Corollary 3.11] that

T' =T = {sqr|ac®, kel}.

Hence, if we assume that |I| > 1, we arrive at a contradiction, because in this case we have
T" C T. Therefore |I| <1 and Proposition 2.4.1 yields 1 = [I| = |l,, — lp41]-
O

Combining Proposition 6.3.8 and Lemma [6.3.9, we obtain

Corollary 6.3.10. Let ® be an irreducible crystallographic root system of rank n. If

W = (Salyll’ R San—laln—l’ SOC’ruln’ San7ln+l>

for roots auy, ..., € ® and integers Uy, ... 1y, lns1 € Z, then |lpy1 — ] = 1 and oy, € .
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6. Hurwitz action in affine Coxeter groups

6.4. The proof of Theorem 1.1.3

We fix an affine irreducible dual Coxeter system (W, T) of rank n + 1 and a simple system
S CT. Let (W, S) be the underlying finite Coxeter system. Denote by ® the corresponding
irreducible crystallographic root system and by T the set of reflections for (W, S).

Let w be a quasi-Coxeter element for (WN/,f) We already noted in Section that the
element w’ := p(w) is a parabolic quasi-Coxeter element for (W, T') of absolute length n — 1.
Our main tool to prove Theorem 1.1.3, that is, to prove that the Hurwitz action is transitive
on the set Redz(w), will be the investigation of the Hurwitz action on the set

Facr i1 (w) = {(t1, .. tng1) €T b1ty = w', (t1,. .. ty1) = W}
Note that this set does not contain reduced decompositions for w’. Consider the map
7 : Redz(w) = Facr 1 (w'), (r1, ... rn1) = (1), -+, D(Tny1)).
The three main steps to prove Theorem[1.1.3 will be to show the following assertions:
e The map 7 is well-defined.
e The Hurwitz action is transitive on Facy n41(w’).

e Foreachr = (r1,...,rn—1,7n, ) € Facr ,+1(w’) there exists a subgroup of the isotropy
subgroup Stabg, ,, (r) which acts transitively on the fibre 771 (r).

Proposition 6.4.1. The map 7 is well-defined, that is, if (Sg, ky»- -+ 5Bn41,knrs) € Redg(w),
then (sg,,...,88,.,) = W.

Proof. By equation (6.4) in Section ]672 there exists a decomposition of w of the form
(S’Yl,ll’ s Sy e 1 Synulno S'Yn+17ln+1)7

where Y41 = Yo and W = (54,01, 5 590005 Synsrsdnst ) L€t (881 k15> SBus1 knsy) DE aN
arbitrary element of Reds(w) and put w’ := p(w). By Proposition 6.2.6 we can assume that
Bnt1 = Bn. We have

— e — —
W= W Sy, = Syy " Smypy Sy = SB1 7" SBr_1 Syn-
—_——

!/ /

=w =w

Since w is quasi-Coxeter we have
W= (Sy15- 0 89.) = (SB1s- -1 8Bu1) 57a)-
Since w' is a parabolic quasi-Coxeter element, Theorem yields

(sﬂlv s 78/87171) ~ (S’Yl’ .- "S’Yn—1)'

Therefore we assume without loss of generality that ~; = 3; for 1 < i <n — 1. By Theorem
4.2.12 it remains to show:

(1) Tn S SpanZ(ﬁla .- aﬁn) = SpanZ(/yla cee 7771715371)-
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6.4. The proof of Theorem|1.1.3

(i) vy € spanz(By, ..., B,) =spanz(vy, .. Yn_1:Bn)-

Writing w in its normal form as described in Lemma |6.2.3, we obtain

n+1
w=w'tr (Z —liSypin Sy (%)V>

1=1
n+1

=w'tr (Z —kiSBnH 8B4 (@)\/) :
=1

Hence both translation parts must be equal. By Corollary 6.3.10 we have l,, — l,,41 = +1 and
Yn is a long root. Using the facts that v; = 5; for 1 <i <n —1 and VY41 = Vn, Bn+1 = Bn,
we obtain

n—1

n—1
Z —liSmy,_y o 3%‘+1(%‘)v + (I = lnt1) T = Z —KiSy, 1 Sy (7)Y + (Bn = knt1) By

i=1

==+1
thus 1
£ = Z(lz = ki)Sy, 1t Sy (3)" + (kn = kp41) B,y -
=1

It follows by Lemma 6.2.7 that v, € spanz (v, ..., _1,8Y) = spanz(8Y,..., 3, ), hence (ii).
It remains to show (i). The root v,+1 = 7, is a long root. By (ii) we have

n
T = Z Xif3Y
i=1

for some integer coefficients \; € Z. Therefore we obtain

o= M AiBi € spang (1, ..., Bn).
=1 e —

2. (5,1
€{1,2,3}
O
Proposition 6.4.2. The map 7 is equivariant with respect to the Hurwitz action.
Proof. By Lemma 6.2.5 we have
Ui(. cey Saiyki7 SaiJrl’kiJrl, .. ) = < .. 7ssai(Oti+1):ki+1—2((aaizl_ii;1)kz" Sa“ .. ) s
hence
7T(Ji<. cey Sai,ki; SaiJrl’kiJrl, . )) = ( cey Ssai(ai+1)’ Sai, . ) = 0’1'(. .. 7304,-; Sai+17 . )
O

Theorem 6.4.3. The Hurwitz action is transitive on Facr p41(w’).
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6. Hurwitz action in affine Coxeter groups

Proof. Let (t1,...,tn+1), (T1,...,7nt1) € Facy 41 (w') be arbitrary. By Theorem‘5.1.2 we can
assume (up to Hurwitz equivalence) that t,11 = t, and 41 = 7. Itisw =ty ty1 =
r1---Th—1 a parabolic quasi-Coxeter element with corresponding parabolic subgroup W/ =
(ti,...,tn—1). In particular we have

(tl, e 7tn—1> ~ (7’1, .. -;Tn—l)

by Theorem 1.1.2. Therefore

(Tla vy Tpn—2,Tn—1, 7’n_1) ~ (tly cee 7tn—27 Tn—1, rn—l)
and the assertion follows by Proposition|5.2.4 and Lemma |5.3.1. 0l

Direct calculations yield the following statement.
Lemma 6.4.4. Let o« € . Then

(Sa,ly 304,0) ~ (Sa,kJrl: Sa,k) and (304,07 Sa,l) ~ (Sa,ka Sa,kJrl) fOT‘ alkeZ.
Lemma 6.4.5. Let w be quasi-Coxeter for (W T). Then (0,) C Bpy1 acts transitively on
the fibre w1 (p(r)) for each 1= (Sy,015 - Syn_iiln_1> Synidns Syninss) € Redz(W)
Proof. Fix 1 = (54,115 »Sy_1,ln-1> Symidns Synidnsr) € Redz(w). Clearly an element in the
fibre has to be of the form

(571,m17 c s Sy mp—1) Sy ma S’Yn,mn+1) € Redf(a)

for integers my, ..., mp4+1 € Z. Considering the normal form of the element corresponding to
this decomposition and the element corresponding to r, we have equality of the translation
parts. By the same calculations as in the proof of Proposition 6.4.1| we obtain

n—1

Z —liSyy Sy ('Yi)v + (In = lng1)y Z M Sy S'yi+1(%)v + (M — mnH)’Y;L/-
i=1

By Proposition 6.4.1) we have W = (s,,,...,s,,). Hence by Theorem 4.2.12 the roots
YWy U1, are a basis of L(®V). Therefore by Lemma 6.4.6 the set
(v

{8%1—1' “ Sy Y ) ‘7S’Yn—1(’7n—2) 'Yn 17'7n}
is another base and we obtain that m; = [; for all i € {1,...,n — 1} and m, — mp4+1 =
ln, — lpy1 = £1 by Lemma|6.3.9. By these properties and by Lemma 6.4.4) we conclude that
(o) C Bp11 acts transitively on 7 1(r). O

Lemma 6.4.6. Let ® be an irreducible crystallographic root system of rank n > 2 and
{a1,...,an} C @ such that W = (say,...,5a,). Then the set

{8001 S (@) [1<i<n—1}U{on}
is a basis of L(®V).

Proof. This is a direct consequence of Theorem 4.2.12 and Lemma |4.2.16 O
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6.4. The proof of Theorem|1.1.3

Remark 6.4.7. In fact, the fibre we considered in Lemma 6.4.5 can be described completely
in terms of the translation part of s, ;, and s, resp. its coefficients I,, and [,,11). For
lp — lny1 = 1, we have

lnt1 (

cee Y (_Za_l) ~ (_1>O) ~ (Oal) ~ (1?2) ~ (273) e
For I, — l,,41 = —1, we have

o (=1,=2) ~ (0,—1) ~ (1,0) ~ (2,1) ~ (3,2) ~ ...

We are finally in the position to prove the main result of this chapter.

Proof of Theorem|1.1.3| First let w € W be a quasi-Coxeter element. We fix

(371,11; s Sy 1,ln—1 Synylno S'Yn,ln+1) € Redf(w)

obtained as in Equation 467) in Section @ Let (t1,...,tnt1) € Redz(w) be arbitrary. By
Theorem [6.4.3 and Proposition |6.4.2 there exists a braid ¢ € B, such that

W(U(tl, e 7tn+1)) = ﬂ—(s'}/hll’ R S'Yn—lyln—1787nyln7 S'Yn7ln+l)'

Hence o(t1,...,tn) and (84,0155 Sy 1ln 1> Synidn> Synidnsr) ar€ in the same fibre and the
assertion follows by Lemma [6.4.5.

If w € W is a parabolic quasi-Coxeter element, but not a quasi-Coxeter element, then the
assertion follows by Theorem [1.1.2 and Theorem|3.2.1 since all proper parabolic subgroups of
(W,T) are finite. O

Remark 6.4.8. Let (W, T') be a dual Coxeter system of rank n. By Proposition@ a quasi-
Coxeter element has to be at least of absolute length n. If (W,T') is finite, then by Lemma
2.3.1 the absolute length is bounded by n. Hence it is canonical to demand a quasi-Coxeter
element to be of absolute length n. If (W,T) is not finite, then the absolute length is in
general not bounded by above, except for the case where (W, T) is affine. In that case it is
bounded by 2n — 2 (see [McCP11]). Therefore it makes sense to ask whether one can extend
the definition of quasi-Coxeter element to elements of absolute length greater than n. Namely
if it is possible to find an element w € W with (¢1,...,t,) € Redr(w) and m > n such that
W = (t1,...,tn) and the Hurwitz action is transitive on Redr(w). We give a positive answer
in the following example, proposed by Thomas Gobet.

Example 6.4.9. Let (W,f) be affine of type Ay, We choose S C T such that § =
{Sa1,Sas, Sa,1}, where aq, s are simple roots for the corresponding root system of type A
and & = ag + a9 is the highest root. We consider the element w := (salsa2$a71)2. Since this
is the power of a Coxeter element, we have {z(w) = 6 by [Spe09]. Using Theorem ’m we

see that /z(w) = 4. Note that 4 is precisely the upper bound for the absolute length in As.
A reduced T-decomposition is given by w = S50, (a2) S50, (@),15025a,1 and
(Ssal (@2)1 Ssa, (8),15 Sazs 3&,1) ~ (S&Ja Say Sasg,1s 8&2)'

Therefore we see that w = tr(ag + 2ag). By Theorem 5.1.3 a reduced decomposition of w (up
to Hurwitz equivalence) looks like w = 4k, Sa,1, S8,k0 58,0, With o, 8 € {a1, a2, a}. Note that
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6. Hurwitz action in affine Coxeter groups

a # 3 since otherwise sq k; Sa,l, 58,k € T by Lemma 6.2.3, which would contradict f,_,:(w) =4.
We have

02010302 (
~Y

(80617 S()[l I 8&27 SOC2) SO[Q? SOCQ? 8041 I 8061)

and

) 020103072 (

(Soq’ SatsSags Sag) ~ (5042’ SaqsSars Sag) ~ (5042’ Sags Sass Sasg SassSazs Sags 5042)

and

02010302
) T

(Sau Sars Sags SOQ) ~ (5041’ Sags Sags Sal) ~ (Saaa Sazs Sars San SaisSais Sags 5a3)~

By comparison of coefficients and Lemma 6.4.4 we obtain Hurwitz transitivity on Redz(w)
by using similar arguments as before in this section.
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In Sections 7.1, 7.2 and 7.3 we collect some facts about elliptic root systems and its Weyl
groups from [Sai85]. We just state proofs if these are relevant for the later understanding.
Note that the notation in this chapter differs from the notation used by Saito in [Sai85]. We
often work with further assumptions compared to [Sai85|, e.g. we assume the root systems
to be simply-laced. We do this for simplicity since these assumptions are sufficient for our
purposes.

7.1. Extended affine and elliptic root systems

In this section we summarize some facts about extended affine root systems. For details see
[Sai85].

Before we considered a finite dimensional euclidean vector space. We generalize the setting
by considering a finite dimensional vector space V' over R equipped with a quadratic form gq.
The form ¢ induces a symmetric bilinear form

(=1=)=(=1-)g: VxV =R
(z,y) = q(x +y) — q(z) —q(y).

We are now going to generalize the notion of root system. For o € V non isotropic (i.e.
(o | @) # 0) we define as before

@ T @Y
=v— (v ava:v—2(0|a)
Sa(U).— ( ’ ) (06‘06)

It is immediate to check that s2 = id and that s, is an isometry of V with respect to the
bilinear form induced by ¢, i.e. s € O(V) = {p € GL(V) | (¢(v) | ¢(v)) = (v | v)}. For a
subset R C V consisting of non isotropic elements, we define

Wr = (sa |a € R) <O(V).

To the bilinear form (— | —) = (— | —)4 we associate the signature (p4, po, 11— ), where fi, is
the number of eigenvalues of (— | —) (i.e the eigenvalues of the associated symmetric matrix),
which are positive resp. zero resp. negative. We obtain the symmetric matrix A associated
to (— | —) if we choose a basis {v1,...,v,} of V and define

A= ((vi | vj))1<ij<n-

The matrix A determines the form (— | —). If z,y € V we have (z | y) = 27 Ay. Furthermore
(— | =) is non degenerate, if the determinant of A does not equal zero.
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7. Hurwitz action in elliptic Weyl groups

Definition 7.1.1. A non isotropic subset ® C V is called generalized root system with respect
to (=] =) =(=1-)gif
(a) L(®) := spangz(®) is a full lattice of V' (in particular spang(®) = V'), called root lattice
of &,

(b) $o(®) =@ for all a € P,

(0) (] BY) =355 e Zforall o, 8 € ®.

Furthermore ® is called reducible if ® = &4 U ®5 where @1, &5 are nonempty generalized root
systems such that (a | ) = 0 whenever a € @1, € ®3. Otherwise ® is called irreducible.
The generalized root system ® is called reduced if o, \a € ®, where A € R and a € ®, implies
A= =£1.

Proposition 7.1.2. [Sai85, (1.2) Assertion] Let ® be a reduced generalized root system with
respect to a symmetric bilinear form (— | —). Then there exists a unique disjoint decomposition

<I>:<I>10<I>2U...U<I>m such that

o &, is a non-empty irreducible reduced generalized root system with respect to (— | —),
1 <1< m,

e &; and ®; are orthogonal with respect to (— | —) fori # j.

For the rest of this section we fix an irreducible reduced generalized root system ® with
respect to a symmetric bilinear form (— | =) = (= | —),-

Note that, by definition, the group Wg preserves (— | —). Conversely we have the following
by [Sai85, (1.2) Note 4].

Proposition 7.1.3. The symmetric bilinear form (— | —) is the unique form (up to a constant
factor) that is invariant under We.

Let us first point out that the definition of generalized root system indeed generalizes our
previous definition of a root system (see Definition 2.1.7).

Example 7.1.4. If the form (— | —) is positive definite, then ® is a root system in the sense
of Definition To see this, we first assume the form (— | —) to be positive semi-definite.

Therefore the Cauchy-Schwarz inequality holds, that is |(a | )| < /(a|a)(B | B) for all
a,B € ®. Thus (a|B)? < (a | a)(B]| B), which implies

A(a | B)?
—— < 4.
(@l @)@ 15)
Since (" | 8) € Z and (« | BY) € Z, we obtain (« | BY) € ZN[—4,4] for all a, 3 € ®. Let

(n,0,0) be the signature of (— | —) and let aq,...,a, be a basis of V. To show that ® is a
root system we only need to show that ® is finite. Since (— | —) is non degenerate, the map

(@” | B)(alpY) =

®— (ZN[—4,4)" ;o ((a] O‘z\'/))1§z‘§n

is injective.
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7.1. Extended affine and elliptic root systems

Example 7.1.5. [Sai85, (1.3)] If the form (— | —) is positive semi-definite of signature (n, 1,0),
then @ is an affine root system in the sense of [Mac72|.

Motivated by the previous examples we make the following definitions.

Definition 7.1.6. A generalized root system ® with respect to (— | —) is called extended
affine root system or elliptic root system if the form (— | —) has signature (n,2,0). In that case
we define n to be the rank of ®. The group Wy is called elliptic Weyl group.

Remark 7.1.7. The name elliptic root system was introduced in [SY00]. The authors give
the following reason for the name (see [SY00, Remark 1]):

The two-extended affine root systems describe the (transcendental) lattices gen-
erated by vanishing cycles for simple elliptic singularities. This is the reason why
we call them the elliptic root systems. In fact, the radical of the root system
corresponds to the lattice of an elliptic curve, and a rank one subspace of the rad-
ical, called a marking, corresponds to a choice of a primitive form for the elliptic
singularities.

Lemma 7.1.8. [Sai85, (1.4) Lemma] Let ® (resp. ®') be a generalized root system in V with
respect to (— | —) (resp. (— | —)') and let ¢ be an isomorphism between ® and ¥, i.e. ¢ is an
automorphism of V with p(®) = ®'. Then there exists ¢ € R with (— | =) = ¢(— | =) o(px ).

Lemma 7.1.9. [Sai85, (1.7) Assertion| There exists ¢ € R\{0} such that c¢(— | —) is an
integral bilinear form on L(®) x L(P).

Definition 7.1.10. [Sai85, (1.7) Definition| A subspace U of V is said to be defined over Q if
L(®)NU is a full lattice of U.

Definition 7.1.11. Relative to the form (— | —) (resp. the root lattice L(®)) we define the
radical

R_y:={zeV]|(z|y)=0forally eV}
(resp. Rp(p):={r € L(®)| (z |y) =0 for all y € L(P)}).

Note that the subspace R(_|_) is defined over Q by Lemma 7.1.9 and that Ry ¢)®@zR = R(_|_).

Let U be a subspace of the radical R := R(_,_y which is defined over Q and let p:=py : V —
V/U,v + v+ U be the canonical map. Furthermore let (— | —)y be the induced form on U,
that is (p(x) | p(y))v = (x | y) for all x,y € V. Then it is

L(p(®)) = p(L(®)) = L(®)/(L(NT)).
Therefore we observe:

Proposition 7.1.12. [Sai85, (1.8) Assertion] If ® is a generalized root system with respect to
(— | =), then p(®) is a generalized root system with respect to (— | —)y, called quotient root
system of @ by U.

Lemma 7.1.13. [Sai85, (1.9) Lemma/

(a) There exists c € R\{0} such that the set {c(a | a) | a € @} C Z is finite.
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7. Hurwitz action in elliptic Weyl groups

(b) It is 2% € Q for all a, B € ®.

(B1B)
Let ® C V be an irreducible reduced elliptic root system with respect to (— | —) of rank n,
i.e. (— | —) is a positive semi-definite bilinear form on a (n + 2)-dimensional real vector space

V such that the rank of R := R(,|,) 18 two.

Definition 7.1.14. [Sai85, (2.1) Definition 1] A linear subspace U of R of rank 1, which is
defined over Q, is called a marking for ®. The pair (®,U) is called marked elliptic root system.

An isomorphism of marked elliptic root systems (®,U) and (®’,U’) is an isomorphism
@ : V. — V' of elliptic root systems such that ¢(U) = U".

Let (®,U) be an irreducible reduced marked elliptic root system. Then L(®) N R is a full
lattice of R. We regard it as a Z-module and choose a Z-basis a, b as follows

L(®)NU =Za (7.1)
L(®)NR=Za+Zb. (7.2)

Lemma 7.1.15. [Sai85, (3.1) Lemma 1] With notations as above.
(i) pr(®) is a (finite) root system with respect to (— | —)g.
(ii) pu(®) is an affine root system with respect to (— | —)u.
We call pr(®) quotient finite root system and py(®) quotient affine root system.

Proof. We just show (i). By Proposition|7.1.12 pg(®) is a generalized root system with respect
to (— | —)gr. Since (— | —)g is positive definite, the assertion follows by Example 7.1.4. O

By Lemma 7.1.9 there exists a constant ¢ such that ¢(— | —) takes integral values on L(®) x
L(®). We choose such a constant ¢ such that ged{c- ¢(a) | @« € ®} = 1 and identify (— | —)
and ¢(— | —) in the following. In particular we can define

_ lem{q(a) | a € P}
ged{g(a) | a € D}

t(P) :

called total tier number of ® (see [Sai85, Section (4.1)]).

Definition 7.1.16. An irreducible elliptic root system ® is called homogenous if ¢(®) = 1.
In particular it is (a | @)g = (o | ) = £2 for all & € ®. The elliptic root system ® is called
simply-laced if (a | ) = 2 for all a € ®.
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7.2. The elliptic Weyl group

The goal of this section is to give a description of the elliptic Weyl group similar to that one
for affine Weyl groups in Theorem 2.1.15. As before we refer to [Sai85| for details.

For the rest of this section let ® C V' be an irreducible reduced elliptic root system with respect
to (— | —) of rank n and assume that ® is simply-laced. Let R := R(_|_ be the radical of the
form. As in [Sai85, Section (1.14)] we define a semi-group structure o on V & (V/R) by

©10 P2 1= 1+ @2 — (p1 \ ©2),

where (01 | @2) =32, 4, [ @ (gl f2)g2 for o, =3, [l @ g].
Definition 7.2.1. The map

J

E:V® (V/R) = End(V Zfz®gz (vHv—Zfi(gi\v))

is called Eichler-Siegel map for V' with respect to (— | —).
Proposition 7.2.2. [Sai85, Sections (1.14) and (1.15)]
(a) E is injective.
(b) E is a homomorphism of semi-groups, i.e. E(p o) = E(p)E).
(¢) For non-isotropic o € V, it is sq = E(a ® ).
(d) The inverse of E on Wg is well-defined:

E~L: W >V ® (V/R)

(e) The subspace R ® (V/R) is closed under o and the semi-group structure coincides with
the additive structure of the vector space on this subspace.

(f) E~'(Wa) C L(®) @z (L(®)/(L(®) N R)).
(9) Let U be a subspace of R defined over Q. Then
Ty = E~'(We) N (U® (V/R))

is a lattice of U @ (V/R).

For the rest of this section let U be a subspace of R defined over Q. Recall that we denoted
by py the canonical map py : V' — V/U. It induces a group homomorphism

P« - Wq> — WPU(‘I))’ Sa SpU(a)'

Lemma 7.2.3. [Sai85, (1.15) Assertion (i)] The following sequence is exact

1 -1y i) Wa &> WPU(q’) — 1. (7.3)
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7. Hurwitz action in elliptic Weyl groups

Lemma 7.2.4. [Sai85, (1.15) Assertion (ii)] The group We acts on Ty by

wE <Z fi ®gz‘> wl=F (Z fi ®w(g,~)>

forweWg and )y, fi ® g; € U® (V/R).

Lemma 7.2.5. [Sai85, (1.15) Lemma] Let L be a linear subspace of V' such that
(i) V=L®U,
(1) Paywone * Wene — Wy, (@) s surjective.

Then:

(a) The homomorphism pyw,., i an isomorphism. Hence the sequence ("75’) splits into a

semi direct product
Wq> = qug X TU.

(b) Ty is a full lattice of U ® (V/R), which is generated by ay ® ar for a € ®. Here
a = ay + ag is the splitting as assumed in (7).

Remark 7.2.6. [Sai85, (1.15) Note| Let £ be as in Lemma 7.2.5|

(a) ®N L is an elliptic root system with respect to the form (— | —)|..

(b) The isomorphism £ = V/U induces an injection ® N L — py(P), which induces an

isomorphism Wene = W, ()
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7.3. Splitting of the elliptic Weyl group and elliptic root basis

For details and proofs we refer to [Sai85| and [SY00].

7.3.1. Splitting of the elliptic Weyl group

For this subsection we fix an irreducible reduced simply-laced marked elliptic root system
(®,U) and the radical R = R(_|_y of the form. As before we have the natural map pg: V —
V/R.

Theorem 7.3.1.
Ws = WPR(‘I)) X Tg.

Proof. By Lemma|7.2.5 we have to show the existence of a linear subspace £ C V complemen-
tary to R such that p,w,., : Wone — Wy, (a) is surjective. By Lemmamthe root system
pr(®) is finite. Choose a simple system {B1, ..., 8.} C pr(®) and elements a; € ® N pp*(B;)
for all i € {1,...,n}. Put £ := @& { Ra;. Since any root in pr(®) is a nonnegative or a
nonpositive integral linear combination of the §; and since the reflections sg; generate W, (@),

we have
Wo = Wone X Tr
by Lemma 7.2.5. By part (b) of Remark 7.2.6 the assertion follows. O]

Remark 7.3.2. Choose £ = @}, Ra; as in the proof of Theorem 7.3.1} The splitting
V = L ® R induces the following splitting of L(®) over Z:

L(®) = (L(®) N L) @ (L(®) N R)
= (@)1 Z ;) ® (Zad L)

7.3.2. Elliptic root basis

In contrast to finite or affine root systems, the Weyl group Wg of an elliptic root system does
not act anywhere properly on the ambient vector space. Hence there is no analogous of a Weyl
chamber. Nevertheless Saito introduced in [Sai85] the notion of a basis for ® and classified
the irreducible elliptic root systems in terms of so called elliptic Dynkin diagrams.

Throughout this section let (®,U) be an irreducible reduced simply-laced marked elliptic
root system in V and let R := R(_|_y be the radical of the form. Denote by py resp. pr the
canonical maps onto V/U resp. V/R. We already noted in Lemma ‘7.1.15‘ that @.¢ := py(P)
is an affine root system. For our purpose it is sufficient to assume that ®,¢ is reduced and of
type xV (see [Mac72|), where X, is one of the simply-laced types A, (n > 1), D, (n > 4)
or B, (n€{6,7,8}). It is Ly := py(L(P)) = L(Pas) the corresponding affine root lattice.

Choose a set A,r C P,¢ of simple roots and a set I'yy C &N p(}l(Aaf) such that py induces
a bijection between A,f and I'yp. The set T'y¢ is unique up to isomorphism of (®,U).

We list some facts about ®,¢ as can be found in [Kac83, Chapter 6]:

e A,sis a basis of Ly such that ®,¢ is contained in Las™ ULy, where

Lam = |+ Y Zzpa |\ {0}.

aEAyf
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7. Hurwitz action in elliptic Weyl groups

e There exist positive integers n, (o € Ayf) such that § := ZaeAnf nqeQ is a generator of
Ry, the radical of L. For certain affine root systems, the coefficients n, are listed as
the values of the vertices in Figure 2.3.

o There exists ag € Aas with ne, = 1 such that Aue\ {ao} yields the Dynkin diagram of
the finite root system pr(®).

e Since ®,¢ is assumed to be of type Xfll), we have & = 0 — g, where « is the highest root
for the finite root system pr(®) of type X,.

Put £ := @uer,, Ra. As described in [Sai85, Section (3.3)] the subspace £’ satisfies the
conditions (i) and (éi) of Lemma 7.2.5. In particular this yields the following splitting of L(®)
over Z

L(®) = (L(®)NL') & (L(®)NU) (7.4)
= (Baer,, LZa) ® Za. (7.5)
In the following we identify b with —d, i.e. b = —(a + ap).
For a € ® put
k(o) :=inf{k € Zso | a + ka € ®},
o = a+k(a)a.

For a € T'y¢ put

My = Mn

k(a) Q)
Mmax := Max{mg, | a € Ty},
Tax := {a € Dys | Mma = mmax}»
1tknax = {O[* | a < Fmax}
and define cod(®,U) = |I'max|, called the codimension of (®,U) (see [Sai85, (8.1) Definition]).

Definition 7.3.3. The set I'(®,U) := Iyt UL}, is called elliptic root basis for (®,U).

max

Theorem 7.3.4. ([Sai85, Theorem 9.6]) Let T :=T'(®,U) be the elliptic root basis of (®,U).
Then:

(a) W = Wp
(b) @ =Wr(I')

Remark 7.3.5. The matrix ((a" | B))a,ser (@), called elliptic Cartan matrix, is not a gener-
alized Cartan matrix in the sense of [Kac83| since (a | a*) = 2 implies that this matrix has
positive off-diagonal entries.

Definition 7.3.6. Let (®,U) be an irreducible marked elliptic root system with elliptic root
basis I' = I'(®,U). The elliptic Dynkin diagram for (®,U) is defined as the undirected graph
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on vertex set in correspondence with T'. If for o, 3 € T it is (a | 8Y) = 0, then there is no edge
between « and 5. Otherwise the type of the edge between them is defined as follows:

a—Bif (e 8)=(B]a’)=~1
adBif (o] BY)=—1, (8] a") = —t, where t € {2,3,4}
0= it (a|8) = (3] a") = -2
and there is a dotted double-edge between o and  if (a | BY) = (B | ") = 2.
In particular, the marked elliptic root system (®, U) is simply-laced if (o | 8Y) = (B | a¥) =
—lor(a|pY)=(8|a")=2forall a,B €T, that is, the elliptic diagram for (®,U) only
consists of simply-laced edges and dotted double-edges.

In terms of the elliptic Dynkin diagrams, Saito obtains in [Sai85| a complete classification
of irreducible marked elliptic root systems.

Theorem 7.3.7. [Sai85, (9.6) Theorem| Let (®,U) be an irreducible marked elliptic root
system. Then the elliptic Dynkin diagram for (®,U) is uniquely determined by the isomorphism
class of (®,U). Conversely, the elliptic Dynkin diagram for (®,U) uniquely determines the
isomorphism class of (®,U) together with an elliptic root basis which is identified with the
vertices of the elliptic Dynkin diagram for (®,U).

We give the following description of the lattice T introduced in Proposition 7.2.2.

Lemma 7.3.8. Let (®,U) be an irreducible reduced simply-laced marked elliptic root system,
R = R(_|) the radical of the form and let pr : V — V/R be the canonical map. Then

Tr = Rpo) @ L(pr(®)).

Proof. Let a € ®. Since we assume ® to be simply-laced, we have o* = a + a € ® by Saito’s
classification of irreducible elliptic root systems. Since s,So+ is an element of Wg, we can
calculate its image under E~'. It is

E 1 (s5450x) = E7 (s0) 0 E™(s0+)
=(a®a)o(a*®a’)
=a®a+a Ra—a® (| a)a
=(a+a")@a+(-2)a®a
=(a+a"—20)®a

=a® .

Similar arguments show that b ® « is in the image of E~! for each o € ®. In particular, if we
identify a set of roots {a1,...,a,} C ® with a set of simple roots for pr(®), we see that

{r@a; |z €{a,b}, 1<i<n}CEY(Ws).
Since {a, b} is a basis of Ry () and {a1,...,a,} is a basis of L(pr(®)), we obtain
Rp@) ® L(pr(®)) € E~H(Ws).

By Proposition |7.2.2 (in particular parts (f) and (g)) the assertion follows. O
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o A
N

Figure 7.1.: Elliptic Dynkin diagrams for the tubular elliptic root systems

piy

/o

A7

A7

Combining Theorem |[7.3.1 and Lemma and with the same assumptions as in Lemma
7.3.8, we obtain the following description of Wg

Corollary 7.3.9. Wp = W, (s) ¥ (RL@) ® L(pR(q)))).
In Section 7.5 we will shortly introduce the notion of a weighted projective line. Inspired by

the notion of a weighted projective line of tubular type (e.g. see [Mel04, Definition 3.1.11]),
we make the following definition.

Definition 7.3.10. An irreducible reduced simply-laced marked elliptic root system (®,U)
is called tubular if cod(®,U) = 1.

In Saito’s classification of marked elliptic root systems, the simply-laced ones are of types
ALY (n>2), DY (n > 4) and Y (n € {6,7,8}). In particular, our assumption that
pu(®) is reduced of type qul) is true for these cases. The elliptic Dynkin diagrams for the
tubular marked elliptic roots systems can be found in Figure 7.1.

Remark 7.3.11. Let (®,U) be an irreducible reduced simply-laced marked elliptic root sys-
tem.

(a) From Saito’s classification, one obtains the following decomposition of the root system:

O =py(®)+Za=pr(®)+2Zb+ Za.
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(b) If we remove in the elliptic Dynkin diagram for (®,U) the vertices corresponding to
Imax UT . we obtain a disjoint union of diagrams of type A;,. An irreducible marked

elliptic root system (®,U) is tubular if and only if

X(®,U) ::2+Z<—1+lii1> =

7.4. The Coxeter transformation

Definition 7.4.1. Let (®,U) be an irreducible reduced simply-laced marked elliptic root
system. The Coxeter transformation ¢ for (®,U) with respect to the elliptic root basis I' =

['(®,U) is defined as
c= H Sq - H SaSa*-
QGF\(FmaxUFTnaX) a€l'max

We already noted that the elliptic Dynkin diagram for (®,U) decomposes as a union of
diagrams of type A;, (1 < i < k) if we remove the vertices corresponding to I'yax UL, Put

Imax ;= max{l; | 1 <i < k}.
For the root lattice L = L(®) put
O(L) :=={p € O(V) [ p(L) = L}.

Proposition 7.4.2. Let (®,U) be an irreducible reduced simply-laced marked elliptic root
system.

(a) The conjugacy class of a Cozeter transformation c in Wg depends only on the subspace
@®aer, Ra of V and the sign of the generator a of L(®)NU, but neither on the order
of the product for the expression of ¢ nor on the choice of the simple system A.

(b) The sign change a — —a brings the conjugacy class of c to the conjugacy class of ¢~ *.
(¢c) The set of all Coxeter transformations is precisely one O(L)-conjugacy class.

(d) A Cozeter transformation is semi-simple of finite order lpax + 1.

Proof. Except for part (c) this is precisely [Sai85, Section 9, Lemma A|. Regarding part (c),
Saito shows that if ¢ is an (outer) automorphism of (®,U) and ¢ is a Coxeter transformation
with respect to the basis Tyt = {ao, ..., an}, then pcp~! is the Coxeter transformation with
respect to the basis ¢(I'y) = {¢(a0),...,¢(an)}. By [Sai85, Corollary (6.2)] and its proof
it follows ¢ € O(V). Furthermore, since p(®) = @, it follows p(L) = L. Hence indeed
v € O(L). O

Let ¢ € Wg be a Coxeter transformation and R = R(_|_) the radical of the form. We have
cjg = id, c is of finite order o(c) and (c) acts on V = L @z R by

J (ZO@ ® )\1) = ZCJ(OQ) ® ;.

The next statement is a direct consequence of a Theorem of Maschke. For later use we state
a proof here.
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Proposition 7.4.3. There exists a c-invariant subspace V. of V' such that
V=RV,
Proof. Let V' be an arbitrary subspace of V' complementary to R, i.e V = R & V’. Define
p: V=RV - R v=w+uw —w

and
1 o(c)
Q:V—)R,vr—)—Zc pc ™

Let v € V. Then ¢~™(v) € V and pc™™(v) € R. Since R is c-invariant we have ¢"pc™"(v) € R
and hence g is well-defined. Next we show g|r = id. Therefore let w € R.

o(w) = (€ pc™(w))

Hence we showed that g projects V onto R. Next we claim that g lies in the centralizer Cy (c)
of ¢. To see this choose an arbitrary v € V.

. 1 29
do(v) =¢ (—Zc pc (v

m=1

—

Il
Q
2= s
ﬁ4°
’!l

o)
(™ pe ™ (v))

)}
—

)
N2

demp((e™) T (v))

3
Il

I
2‘
o |
N—

Q

(
= o 2 e T ) = o ).
c
Finally note that ker(p) is c-invariant. For this let v € ker(p). Then we have

0= c(e(v) = o(c (v))

and hence ¢/(v) € ker(p). By combining these results we get

o)
—_
o
N

~—
—

3

V =1im(p) @ ker(g) = R @ ker(p),

which proves the claim by setting V. := ker(p). O
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7.4. The Coxeter transformation

Consider the map pg : V — V/R and put L’ := pg(L). Thus pg induces by restriction a map
pr: L — L.

We have seen in @) that L splits as L = L' @ Ry Put O(L') := {9 € O(V/R) | o(L') =
L'} and define

can: O(L) — O(L), p — 5, (7.6)
where p(x) = pr(p(z)) for all x € L'
Remark 7.4.4.

(a) Let (®,U) be a tubular elliptic root system and ¢ € Wg be a Coxeter transformation.
Since sq8q+ € ker(can) and can(b) = —a, where b is chosen as in Section 7.3.2, we obtain
a description of ¢ as given in Table

Type of (®,U) | Type of ¢
pitY 2D,

BV 34,

&Y 245 + A4,
Bty A+ Ay + Ay

Table 7.1.: Types of projections

E.g. pr (DS’I)> is a root system of type D4 and ¢ to be of type 2Dy means that ¢ is

a Coxeter element in a reflection subgroup of Wp, of type 2D3. The notation Ds is
adopted from [Car72].

(b) Itis L(®) = L(pr(®)) ® Rre) and V = L(®) @z R. By [Car72, Lemma 2| the element ¢
acts without fixed points on V/R. Hence R = Cy(c) and V, = spang({v—c(v) | v € V'}).

In the remaining part of this chapter we will investigate the Coxeter transformations for the
Weyl group of a tubular elliptic root system. This is done by a case-by-case analysis. The
cases BV (n € {6,7,8}) are already treated in [Klu87|. We adopt most of the proofs given

there to treat the remaining case Dfll’l). That is, we just give proofs for the case Dfll’l), but
all statements are true for the tubular case. Nevertheless the ideas and strategies we present
(1,1)

here for the case D, "’ might be a good reference how to handle the general case, including
the types g (n€{6,7,8}).

For this purpose we describe an elliptic root basis for (®,U) of type Dil’l) following Section
7.3: Let

] =e€e] —eg, g =€3 —€3, A3 = €3 — €4, 04 = €3+ €4

be the standard simple system for the root system of type D4 and put
ag=a+b, a5 =as+a,

where a is a generator induced by the marking. Then {ay,...,as,ad} is an elliptic root basis

for the elliptic root system of type Dz(ll’l) in the vector space V' = spang({e1,...,e4,a,b}).
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7. Hurwitz action in elliptic Weyl groups

Lemma 7.4.5. Let (®,U) be a tubular elliptic root system and ¢ € Wg a Cozeter transfor-
mation. Then ¢ € Coy(c) ={d € O(L) | poc=co ¢} if and only if

(1) ¢ € O(L)

(i) o(Ve) = Ve
(iii) poc=CoP
Proof. Let ¢ € Co(ry(c). Then p(v —c(v)) = p(v) — c(p(v)), thus p(v — c(v)) € V. by part
(b) of Remark 7.4.4. The other direction is also clear by Remark 7.4.4. O

Next we are going to explicitly calculate a basis for the subspace V.. Analogous to the proof
of Proposition [7.4.3 we consider the projection 7 : V' — V, and the induced map

o(c)
1
w: VoV, v o Z(cmwc_m(v)),

o(c —

. . 1,1
where ¢ = SapSar SasSasSazSas 18 the Coxeter transformation of type Dfl’ ). We have to

compute the image of the elliptic root basis for Dil’l)
c=c~!. As examples we calculate w(ay) and w(asz):

under w. Note that o(c) = 2 and hence

o It is C(Oél) =—a1+a and therefore W(Oél) =01 — %a-

e It is c(a2) = —as — 2a + b and therefore w(as) = as +a — b.

As a basis we obtain

1 1 1 1
i — 5, a2 +a— §b, a3 = 50,04 — 50 (7.7)
Definition 7.4.6. Let ® be an elliptic root system. Then the set Tp = {s, | @ € ®} is called

the set of reflections for ®.

Since the elliptic root basis is contained in ®, the group Wg is generated by T. We denote
the corresponding length function again by fp.

Proposition 7.4.7. Let (®,U) be a tubular elliptic root system of rank n and ¢ € Wg a
Cozeter transformation. Then {r(c) =n + 2.

Proof. For the cases Y (n € {6,7,8}) see [Klu87, Korollar 2.3]. It remains to consider the

case Dil’l). By Remark 7.4.4| the Coxeter transformation c¢ is projected to an element ¢ in
Wy (@) of absolute length 4. Therefore it has to be {1 (c) = 6 or £7(c) = 4. Assume the latter
one. Then the corresponding 4 roots from ® will span a c-invariant sublattice of L(®), which

is complementary to Ry ). This yields a contradiction since V. N ® = & by (E O

Remark 7.4.8. The last observation in the preceding proof is true in a more general setting.
Namely, if (®,U) is an elliptic root system, then one of the main results in [Sai85] is that
im(c —id) N ® = & for a Coxeter transformation ¢ € Wg.

Lemma 7.4.9. Let ¢ S O(V) with $|L(pR(¢‘)) = idL(pR(q))) and ¢|VC = ich- Then ¢ S O(L) Zf
and only if
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7.4. The Coxeter transformation

(i) ¢(Rr(e)) = R
(i1) ¢|r acts trivial on (%RL@))/RL(@).
Proof. Let ¢ € O(L). Then (i) is clear. Consider the vector aq — 1a of the basis (]W) of V.

ap — %a:qb <a1 — ;a) =¢(ag) — ¢ <;a> .

Since a‘L(pR(‘I))) = idp(pu (@), it is ¢(a1) = a1 + x for some = € Ry (g). Hence p(3a)=ta+ux
and therefore gb(%a + Rpe)) = %a + Rp(e). This can be shown similarly for the remaining
vectors of the basis of V. given in (W]) Thus ¢ acts trivial on (%a + Rp@))/Rr@) and
(%b + Rp@))/Rr(e) and therefore trivial on (%RL@))/RL(@,), yielding (ii).

Now assume that (i) and (ii) hold for ¢. We have to show that ¢(L) = L. Let us first show
that ¢(L) C L. By (i) it remains to show that ¢(L,,()) € L. This can be done by showing
that ¢(c;) € L for 1 < i < 4. We show this for i = 1. The remaining cases are similar. By
the assumption we obtain

Plar) = a1+ ¢ <;a> - %a,

where oy € L(pr(®)) and ¢(3a) — 3a € Ryq) by (i). Thus ¢(a1) € L.

For the remaining inclusion let o = o/ +- 2 € L with o/ € L(pr(®)) and = € Rp(g). Since
@L(pR@,)) = idp @), it 18 ¢(a’) = o + 2’ for some 2’ € Rp ). Furthermore we have
¢(z) = 2" for some 2 € R by (i). Thus

¢(a) =o' + (2’ +2") € L(pr(®)) ® Ry = L.

Definition 7.4.10. For k € Z the subgroup

F(k) —{< Z; Zi > GSLQ(Z)]a1£a451,a25a350m0d k‘}

is called the k-th congruence subgroup of SLy(Z).

Theorem 7.4.11. Let (®,U) be a tubular elliptic root system, ¢ € Wg a Cozeter transforma-
tion and ¢ € Co(r)(c) such that Pp, (@) = idLpg(@))- Then
(@) |y € (), where k = o(c).
(b) If ¥ is a linear transformation of R with Y(Rp@w)) = Rp@) and ¢ € T'(k), where
k = o(c), then there exists a uniquely determined ¢ € Co(r) (c) with ¢\RL(¢> = w\RL@)
and G|1(pp(@)) = 1dL(pr(@))-

Proof. For (a) let ¢ € O(V) with @1 (0)) = idL(pr(e)) and goc = cop. Thus p(v——c(v)) =
¢(v) — c(p(v)) € Ve and therefore p(V.) = V.. By Lemma 7.4.5 we have ¢ € Cp(p)(c) if and
only if ¢ € O(L). By Lemma 7.4.9 the latter condition is equivalent to ¢(Rp ) = Rr() and

¢|r acts trivial on (%RL@,))/RL(@). These conditions are equivalent to PR € I'(2).

For (b) define ¢ by putting ¢y, = idy, and DRy ey = VIRyq)- LThus ¢ € O(V). The assertion
follows by Lemma 7.4.5 and Lemma |7.4.9. O
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7. Hurwitz action in elliptic Weyl groups

7.4.1. The element of type 2D, in D,

Let (®,U) be a tubular elliptic root system of type Dfll’l) and let

C = SagSar SasSasSazSa

be the Coxeter transformation in Wg as defined in section 7.4. We already noted in Remark
7.4.4 that

C = 8550, 5az5a, € WpR(q))

is of type 2D, that is, ¢ is a Coxeter element in the reflection subgroup (sg, Sa,; Sas, Sas). Note
that the root subsystem corresponding to this reflection subgroup indeed has {a, aq, a3, ays}
as a simple system. We use the realization {£e; £e; | 1 < i < j < 4} of the root system
pr(®) of type Dy. Put ®;; := {+e; £e;} with ¢,j € {1,2,3,4}, i # j and define

P =P U Py
Py 1= P13 U oy
P3 .= P4 U Dog.

We see that each of these root subsystems is of type 2Ds. Furthermore we have

Pr(®) = &1 U P U D3,
that is, pr(®) is the disjoint union of the 2Dy root subsystems it contains and ¢ = [[,c4, Sa-
Proposition 7.4.12. For each a € pr(®) it is ¢(a) = —av.

Proof. We only have to check the assertion for the simple system {a, ag, as, ay} of pr(®). It
is

¢(an) = sa(—a1) = —
¢(a2) = SaSa; Sas (a2 + a4) = $58a, (a2 + a3 + aq) = sg(a1 + ag + a3 + ag) = —as.
The remaining two cases are also done by direct calculations. O

By [Bou02, Ch. VI, 1, 6, Corollary 3| we obtain the following.

Corollary 7.4.13. The element ¢ is the unique longest element (with respect to the simple
system {Sa,, Saz; Sazs Sau}) i Wyp(ey. In particular Cw, o (€) = Wy (@), where Cw,  ,, (€)
is the centralizer of ¢ in W, (q)-

Direct calculations show that W), ¢) acts transitively on the set {®; | i € {1,2,3}}. Therefore
Corollary [7.4.13| implies
c= H sq for each i € {1,2,3}.
a€Ed;
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7.4. The Coxeter transformation

7.4.2. Root lattices of type 2D, in D,

We keep the notation from Section 7.4.1, put L; := spanz(®;) (1 <i < 3) and W := W, (o),
that is, W is a Coxeter group of type Dj.

Example 7.4.14. We have
Spanz(q)lg) = {k161 + koes | kl, ko € Z, ki1 + ko € QZ}

and therefore

L = spang(®,) = {Zk ei| ki €Z, k1 + ko ks +ky € 22}
=1
The analogous statements are valid for Lo and L.
Proposition 7.4.15.
(a) LyN Lo = {3} kie; | ki € Z, either all k; are even or all k; are odd}.
(b) LinNnLy=L1NL3=LsNLs3=LiNLyNLs.

Proof. Let x = 2?21 kie; € L1 N La. By Example 7.4.14 we have

ki + ko €27 (7:8)
ks +ky €27 (7 )
ki+kse2Z (7.10)
ko+ ki €2Z. (7.11)

If k1 € 27Z, then by W) we have kg € 27, hence by m we have k4 € 27 and therefore by
(7.9) we have k3 € 2Z. If we assume that k; ¢ 2Z, we obtain analogously k; ¢ 27Z (2 < i < 4).
This shows that L; N Ly is contained in the right hand site. Now let x = Z?:l k;e; with k; € Z
and either all k; are even or all k; are odd. Therefore k; + k; € 2Z for all i,j € {1,2,3,4},
thus € L1 N Ly, which proves (a). But since in particular we also have k1 + ky, ko + ks € 27Z,
we obtain x € Ls. Hence Ly N Ly € Ly N Ly N Lg, which shows (b). O

The proofs of the next two statements are given by straightforward computations.

Lemma 7.4.16. Let i,j,k € Z such that {i,j, k} = {1,2,3} and let « € ®;,3 € ®;. Then
sg(a) € . In particular W acts transitively on the set {®; | i € {1,2,3}}.

Lemma 7.4.17. It is 2e; € L; for alli € {1,2,3,4} and all j € {1,2,3}.

Lemma 7.4.18. Let v € L(pr(®)). Then z € L; (1 <1i<3), but x ¢ L1 N LyN L3 if and
only if v = a + 2’ with o € ®; and ' € L1 N Ly N Ls.

Proof. Let x = 2?21 kie; € L(pr(®)). By Lemma |7.4.16 we can assume without loss of
generality that * € Ly. Then x € Ly, but * ¢ L1 N Ly N Ly if and only if k1 + ko € 27,
ks + k4 € 27, that is k1 and ko have the same parity as well as k3 and k4, but k1 and k3 have
different parity. This is equivalent to « := e + ez € ®1 and 2’ := (k1 — 1)eg + (k2 — 1)ea +
kses + kgeq € L1 N Lo N Ls. O
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Remark 7.4.19. In the preceding proof, either ki and k‘g or k3 and k4 are even. Therefore
we always find a decomposition o = o/ 4 2’ and 2’ = Y+, kle; € L1 N Ly N Ly with all k]
even. In particular 2’ € 2L(pr(®)).

Lemma 7.4.20. Ifx € Ly N Ly N Lg, then also w(x) € L1 N Ly N Ly for all w € W.

Proof. Let = >, kie; (ki € Z). Tt is enough to show the assertion for w = s, (o € ®).
But s, just permutes the set {ej,e2,e3,e4} up to sign. Hence sq(x) = ZZ 1 kisa(ei) €
LiNLyNLs. O
¢
S

Proposition 7.4.21. Let i,5 € {1,2,3} with i 7é j and let z € Lz,y € Lj, but z,y
LiNLyN Ls. Then for all w € W there exist i, 5" € {1,2,3} with i’ # j' such that w(x)
Ly, w(y) € Ly, but w(z), w(y) ¢ L1 N Ly N L.

Proof. By Lemma‘7.4.18 we have x = a+ 2/, y=F+y witha € ®;, f € ®; and ',y €
LiNLyNLs. Again it is enough to show the assertion just for w = s, (y € ®). We have v € &,
for some k € {1,2,3}. Thus s,(z) = s,(a) + s,(2') and s,(y) = s,(B8) + sy(y’). By Lemma

7.4.20 we have s, (2'), sy(y') € LiNLaNL3. By Lemma 7.4.16 we have s,(a) € ®;, s,(8) €

for some ', 5" € {1,2,3} with ¢ # j'. Using again Lemma 7.4.18, the assertion follows. O

Proposition 7.4.22. Let w € W and x1,22,y1,y2 € L(pr(®)) such that x1 € L;, y1 € L;j
withi,j € {1,2,3}, 1 # j, but x1,y1 ¢ LiNLaNLs. Then there existi’,j' € {1,2,3} withi’ # j'
such that w(xz1) + 229 € Ly, w(x2) +2y2 € Ly, but w(z1) + 22, w(x2) + 2y2 ¢ L1 N La N L.

Proof. By Proposition 7.4.21 there exist ¢/,j € {1,2,3} with ¢’ # j’ such that w(z1) €
Li,w(y1) € Ly, but w(w1),w(y1) ¢ L1 N Ly N L. By Lemma 7.4.17 we have 22,2y, €
LiNLyNLs. Hence w(x1)+2x9 € Ly. If we assume that w(xy) 4229 € Ly with k € {1, 2,3},
k # i, then we obtain w(x1) € Ly, contradicting w(z1) ¢ Ly N La N L. O

Let n : L(pr(®)) — L(pr(®))/2L(pr(P)) be the natural map. Direct calculations yield the
following two Lemmata.

Lemma 7.4.23. For all o € L(pr(®)) it is n(a) = n(—a).
1

3),(1,4),(2,3),(2,4)}. Then for o € ®;; and € Py,
)

Lemma 7.4.24. Let (i,7), (k,1) € {( ,
= n(B), that is, up to sign the roots w(a) and B are

there exists w € Wg, such that n(w(a)
equal.

Proof. We show the assertion for the case (i,7) = (1,3) and (k,l) = (2,3). The remaining
cases are similar. Up to sign, the only roots in ®13 are e; — e3 and e; + e3, while up to sign
the only roots in ®93 are ez — e3 and ez + e3. We have S¢, ¢y, Se;+e, € Wa, and

By Lemma 7.4.23 the assertion follows. O
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7.4.3. Characterization of Coxeter transformations

Let (®,U) be a tubular elliptic root system. We have seen in Corollary |7.3.9 that
We = W, @) X (Rr@) @ L(pr(®))) . (7.12)

We fix the basis a,b of Rp(g) as introduced above. By (7.12) each element of Wg can be
written uniquely as

w
we@r+b®y) = | z |,
Y

where w € W, (¢) and z,y € L(pr(®)). Since

wi(a @z +bRy1) - waa®ze+b®ys) = wiwa(a @ (wy ' (x1) + 22) + b @ (wy  (y1) +12)),

the group operation is given by

w1 w9 wi1Ww9
z1 || 22 | = w;l(z‘l) + 29
Y1 Y2 wy (Y1) + Y2
Therefore
w] ™ w!
x = | —w(x)
Y —w(y)
and
—1 —1
w2 w1 w9 Wy ~W1W2
) o | | =] wy (@) 4 (id —wy wy  ws) ()
Y2 Y1 Y2 wy (1) + (id —wy ' wi fws) (y2)

It is E=}(Ws) C V ® V/R and by Lemma 7.3.8 we have
Rp¢) © L(pr(®)) = E~' (W) N (R® V/R).

By Proposition we have V = R @ V., hence we can write each v € V as v = r + v, with
r € R and v, € V.. Consider the induced map £ : V®V/R = RQV/R,v@u+— r@u. We
already saw in the proof of Lemma 7.3.8 that E~!(s454+) = a ® a. Therefore we obtain

E(E7He)) =b®a+a®as,

where ¢ = 54,50, Sa3 504500 Say 18 chosen as above. Hence we have the following description of
¢ in the notation introduced above:
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Theorem 7.4.25. Let (®,U) be a tubular elliptic root system of type Dfll’l). Then ¢ =
w
x | € Wg is a Cozxeter transformation if and only if

Yy
(i) w € Wy, (@) is of type 2D3. In this case w distinguishes the three 2Dg root subsystems
D1, Do, @3 of pr(P).

(1) The elements x,y € L(pr(®P)) do not lie in a common sublattice L(®;) (i € {1,2,3}).

Since the Coxeter transformation ¢ = Sa,5a, SasSasSasSag fulfills the properties (i) and (ii) of
Theorem 7.4.25 and since the set of all Coxeter transformations for W is one O(L)-conjugacy
class (see Proposition ‘7.4.2), the following three Lemmata will prove Theorem ‘7.4.25L

Lemma 7.4.26. The statement of Theorem|7.4.25 does neither depend on the splitting L(®) =
Rp@) @ L(pr(®)) nor on the chosen basis a,b of Ry, ).

Lemma 7.4.27. The set of elements defined by the conditions (i) and (ii) of Theorem 7.4.25

is closed under conjugacy with elements of O(L).

Lemma 7.4.28. The set of elements defined by the conditions (i) and (ii) of Theorem |7.4.25

is one orbit under the conjugacy action of We.

We need a short preparation before we can prove these Lemmata. Let (®,U) be a tubular
elliptic root system of rank n. Let L(pr(®)) = spanz(e1, ..., €,) and choose another splitting
L(®) = Rp) ® L, where

L = spang(e1 + t1(€1)a + ta(€1)b, ... en + t1(€n)a + t2(€,)b)
with ¢j(¢;) € Z. By linear extension we obtain ¢1, ¢ € Homz(L(pr(®)),Z). Note that

Homz(L(pr(®)),Z) = L(pr(®))* = P(pr(®)"). (7.13)
c
Lemma 7.4.29. If an element w € Wg is written as | x | with respect to the splitting
Y
c

L(®) = Rp) ® L(pr(®)), then it is written as | x4+ (id—c 1)(u1) | with respect to the
y+ (id—c1)(e2)

splitting L(®) = Ry) © L.

Proof. First we represent the element w = ¢- (a ® ¢ + b ® y) with respect to the basis

B := {e1,...,€n,a,b} by a matrix. Under the Eichler-Siegel map (see Definition 7.2.1) we
have

Eaz+by)(e) =€+ (6] x)a+ (e | y)b.

Therefore we obtain as a matrix representation of w:

0 0

w = ’ 0 0
(€1 ] ) (enly) |1 O
(e1]y) (en |y) |0 1
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Put & := ¢ +t1(e;)a+2(e;)b (1 <i < n) and B :={e1,...,6,,a,b}. The base change matrix
is given by

0 O
5. In
Mg (id) = 0 0
ti(er) -+ wuley) |1 0
Lg(el) LQ(En) 0 1
If we denote the columns of ¢ = (¢;;) as @) (1 <i < n)and put € = (vj(€1), .. tj(en))
(7 € {1,2}), a direct calculation yields
ME(w) = ME(id)~" - w - ME(id)
0 0
c S
= 0
—glc(l) + (€1 | )+ t1(er) - —glc(”) +(en|x)+t1(en) |1 0
—eocD + (61 | y) +2(er) - —ec™ +(en | y) +12(en) | 0 1

Under the isomorphism (7.13) we identify ¢; with a vector in V' such that t;(e;) = (& | ;).
We have

n n

gjc(i) = chibj(ﬁk) = Z%(Gk,bg‘) = (c(e), 15) = (€, ¢ (1))

k=1 k=1
Therefore we obtain
—ecD + (e | 2) +u(e) = —(e | ¢ Hw)) + (6 | 2) + (e | 1) = (e | 2 + (id —c)(w1)),
—eocD + (€5 | y) +12(er) = —(ei | ¢ H(2)) + (& | y) + (€ | 2) = (e | y + (id —c ) (22)).

Proof of Lemma 7.4.26. First let a’,b" be another basis of Ry g). Then there exists

_ (A A d\ [a
A—<)\21 )\22>€GL2(Z)suChthatA<b,>—<b>.

w
Hence, if c= | = | is as described in Theorem |7.4.25, we obtain

Y

wla®@z+b®y)

w((A1a’ + A2b) @ @+ (Aa1d’ + Aaob') @ )

w(a' @ (A112 + A21y) + 0 @ (A2 + Aa2y))
— —— —— ——

/

Cc

=z =y’

Assume that 2/,y" € L(®;) for some 1 < i < 3. Since (z,y)A = (2/,y'), or equivalently
(z,y) = (z',y')A~L, we obtain z,y € L(®;), a contradiction to our assumption on x and y.
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It remains to show that the statement of Theorem|7.4.25 does not depend on the splitting of
L(®). Therefore let L(®) = Ry () @ L be another splitting, where

L = spang(aq + t1(a1)a + t2(a1)b, ..., aq + t1(aq)a + t2(ay)b)

with (o) € Z and {ou,...,ou} a basis for L(pr(®)). By linear extension we obtain

t1,t2 € Homy(L(pr(®P)),Z). By Lemma 7.4.29 we have that if a transformation is writ-
w

ten as | z | with respect to the splitting L(®) = Rpg) ® L(pr(®)), then it is written as
Y
w

z+ (id—w™1)(c1) | with respect to the splitting L(®) = Ry (¢) P L. We want to show that
y+ (id—w™)(e2)

the statement of Theorem |7.4.25 is still valid for the new splitting chosen above. Therefore

w

let | « | fulfill the conditions (i) and (i7) of Theorem |7.4.25 and let ®1, Pg, 3 be the dis-

Yy
tinguished 2Dy root subsystems of pr(®). Note that w = w™". As in the proof of Theorem
7.4.25 we obtain isomorphisms

(id —w) : L(®;)* — L(®;) (1 < i< 4).

Since
M2_  L(®;)* = N3, Homg(L(®),Z) = Homgz (US| L(®),Z) = L(®)*,

these isomorphisms induce an isomorphism
(id —w) : L(®)* = M3_  L(®;)* — NM3_  L(P;). (7.14)

By assumption « and y lie in different distinguished root lattices, say z € L(®;), y € L(®;)
with @ # j. By (7.14) we have z + (id —w)(c1) € L(®;), but = 4 (id —w)(11) ¢ L(®;), since
otherwise it would follow that = € L(®;). The same argument works for y+(id —w)(t2). Hence
x+ (id —w)(11) and y + (id —w)(z2) do not lie in a common distinguished 2Ds sublattice. [

For the proof of Lemma 7.4.27| we need the following result.

Lemma 7.4.30. The canonical exact sequence
0 — Rp@) — L(®) — L(pr(®)) — 0
induces an ezact sequence
0 — Ry (@) ® Homz(L(pa(®)), 2) < O(L(®)) <2 GLa(Z) x O(L(px(®))) — 0.
A splitting L(pr(®)) — L(®) naturally induces a splitting GLa(Z) x O(L(pr(®))) — O(L(P)).

Proof. We will just state the maps (; and (2. To check that the sequence is exact, is straight-
forward. As before we fix the basis a,b of Ry () and define the map (; as

(1 : Rp(e) @ Homgz(L(pr(®)), Z) — O(L(®))
a®t1+bRiy— (L— Lyx— x4+ 11(pr(z))a + t2(pr(x))b) .
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7.4. The Coxeter transformation

To define (2 we define for an element ¢ € O(L(®)) a matrix Ay € GL2(Z). We have (¢(a),x) =
(a,¢(z)) = 0 since ¢(z) € L(®), hence ¢(a) € Ry (). Analogous we get ¢(b) € Ry (g). Since

A Awz ) € GLy(Z) with

¢(a), ¢(b) is again a basis of R4, we obtain a matrix Ay := < [V
21 A22

od(a) = A1a + Ai2b
gf)(b) = )\210, + )\22b.

We define (5 by

G2 1 O(L(®)) = GL2(Z) x O(L(pr(®))), ¢ — (Ag, ),
where ¢ = can(¢) (see dﬁ)) O
Proof of Lemma|7.4.27. By Lemma|7.4.30 we have

O(L(®)) = (Rpa) ® Homz(L(pr(®)), Z)) x (GL2(Z) x O(L(pr(®)))).

w
Let |: x | fulfill the properties (i) and (¢7) of Theorem 7.4.25, We can write an element of
y -
id
Rp@) ® Homz(L(pr(®)) as | ¢1 |, where t1,12 € Homz(L(pr(®)) = L(pr(®))*. We have
L2
id 17w id w
5t T n | =1 x4+ (id—w)u
o | Yy 19 y+ (id —w)ee

The assertion follows as in the proof of Lemma 7.4.26. Likewise we can argue with the proof
of Lemma 7.4.26 for conjugation with a matrix in GL2(Z).

It remains to consider conjugation with O(L(pr(®))). We can write an element ¢ € O(L(pr(P)))

¢
as | 0 |. Then conjugation with ¢ is given by

0
61 ' Tw][o ¢ Lwe
HRHIBRE!
0 y 0 o~ (y)

Note that ¢(L(pr(®))) = L(pr(®)) and pr(®) = {a € L(pr(®)) | (o | @) = 2} by Lemma
’m Since (a | @) = (¢~ (a) | p71(a)), we have that ¢~!(pg(®)) is again a root system
of type Dy. Likewise the decomposition of pr(®) into three disjoint 2D root subsystems is
preserved under ¢—!. Therefore conjugation with ¢~! preserves the properties (i) and (ii) of

Theorem [7.4.25. O
w1 w9

Proof of Lemma|7.4.28. Let 1 |, | X2 € Wg be two elements fulfilling the condi-
a0 Y2

tions (i) and (i7) of Theorem 7.4.25. Hence w; = wy (see the end of Section 7.4.1) and
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7. Hurwitz action in elliptic Weyl groups

g

CWpR @ (W1) = W) by Corollary 7.4.13. Therefore conjugating with an element | x | €

L Y
Wg yields
wl ™ wq w wy
x Nz |2 | =] wiliz)+22
-1
Y Y1 y w™ (y1) + 2y
and this element fulfills again conditions (i) and (i) of Theorem 7.4.25 by Proposition 7.4.22.
w
We have to show that we can pick | * | € Wg such that
)
w1 w9
wl(z) +22 | = | 22
w™ (Y1) + 2y Y2

Let us first assume that z1,22,y1,92 € pr(®). By Lemma 2.1.3 we find v’ € W, () such
(w)~1(x1) = z2. By Lemma 7.4.16 we can assume that x5 € ®;. By Proposition 7.4.22 we
have (w') "1 (y1), y2 € P2UP3. By Lemma 7.4.24 we find w” € We, C Staby, ,, ({+22}) such
that (w”) = ((w")"H(y1)) = fyo. If we put w := w'w”, x := 0 and (if necessary) y := 2y, the
assertion follows. Using Lemma 7.4.18 and Remark [7.4.19, the general assertion follows. [

7.4.4. Transitive Hurwitz action
We are finally in the position to prove Theorem |1.1.4.

Let (®,U) be a tubular elliptic root system of rank n. Let ¢ € Wy be a Coxeter transformation
and put

MT‘P(C) = {(Sﬁn . '73,3n+2) ‘ 62 € Q), Spanl(ﬁla o 7/3n+2) = L(@),C =S8p; " sﬁn+2}7

where Ty = {sq | @« € ®}. The natural map pg : V — V/R induces the map pg : L(®) —
L(pr(®)). Therefore we have the following map

7 : Redr, (¢) = Facrn12(€), (8815 - -5 58040) 7 (Spr(B1)s -+ > Spr(Brss))s

where T' = {s,,,(a) | @ € ®}. Note that L(pr(®)) = spanz(pr(51),--.,pr(bn)) by Theorem
4.2.12 and W, ) = <5pR(B1)v e 781’R(ﬁn+2)>’ which shows that m is well-defined. In particular,

(Wpp(@),T) is a dual Coxeter system of type Dy or E, (n € {6,7,8}).

The idea of the proof of Theorem@is as follows: The Hurwitz action on the set Facr ,,2(¢)
is transitive by Theorem W resp. by |Klu87| for the case where pr(®) is of type Eg. The
map 7 is equivariant with respect to the Hurwitz action. Analogous to the proof of Theorem
1.1.3 it remains to show that there exists a fibre of m and a subgroup of B, 12 acting transitively
on this fibre. A first step is the following result (see also [Klu87, Kap. VI, Satz 1.3]).

Theorem 7.4.31. Let (®,U) be a tubular elliptic root system, x € Wg a Cozeter transfor-
mation of order k and t € Facr,,42(¢). Then:
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7.4. The Coxeter transformation

(a) The congruence subgroup
T(k) ={d € O(L) [ poc=cod, drpu) =id}

acts simply transitive on w1(t) via

D815+ 88012) = (56(81)s -+ 56(Busa)
for all (sg,,...,8p,.,) €T 1(t).

(b) For eacht € m~1(t) there exists a canonical anti-homomorphism
az : Stabg, ,(t) = T'(k),0 — as(o),

where ai(c) is defined as follows: If o € Stabg, ,(t), then o(t) € = 1(t) since 7 is
equivariant with respect to the Hurwitz action. By (a) there exists a unique ai(o) € T'(k)
such that o(t) = ay(o)(t).

We proceed as before and just give proofs for the case Dz(ll’l) while referring to [Klu87| for the

proofs for the cases Y (n € {6,7,8}).

Proof of Theorem 7.4.31. Let (sg,,...,58), (5617 ce S@é) € 7 Y¢t). Thus B; = B + x; with
z; € Ry for 1 <4 < 6. We have spanz (51, ..., 8) = L(®) = spanz(f, . . ., ), thus there
exists ¢ € GL(V) such that

(@(B1),- - 8(B6)) = (Br,-- - Bp)-

In particular ¢ € O(L). Furthermore

Ch = sg S, SpL
= S¢(81)56(82) " Sp(B6) P
= (56,0 ) (P53, 0~ ") -+ (D55,0~ )¢
— ¢851852 RN
= ¢c,

thus ¢ € Cory(c). We have pr(8i) = pr(5;) = pr(¢(8i)) , hence @1, (4)) = id. Therefore
we can apply Theorem to obtain assertion (a). For part (b) note that the action of
I'(2) on Redy, (¢) and the Hurwitz action of Bs on Redr, (¢) commute. This can be checked
directly on the generators of Bg. In particular the action of I'(2) on Redy, (c) and the action
of Stabgg(t) on Redr, (¢) commute. Let 01,02 € Stabgg(t). Then

at(0102)(t) = 0102(t) = g1at(02)(t) = at(a2)01(t) = ar(o2)ar(01)(1).

Lemma 7.4.32. There ezistt € Facr p12(c) andt € 77 1(t) such that the anti-homomorphism
ay 1S surjective.
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7. Hurwitz action in elliptic Weyl groups

Before we prove this, we need some preparation. For a root a = o' + kja + kob € ® with
o' € pr(®) we have

S0 = S (a @ k1) +b® ko) = | k1o

Let 8 = '+ lia + l2b € ® with 8’ € pr(®) be another root. By what we have observed in
Section we obtain

/ S:Sﬂl(al) ) 856’ (o))
spsass = | sp(k1a) + (id—=ss, ) (1B) | = | (ki —l(e | B))sz ()
sg(kea) + (id =55, (1)) (125) (k2 = la(a [ B))sp ()
a/
We shortly write | k; | for the reflection in o = o/ + kya + kob € ®, thus
ko
spr(a)
SBSaSg = ]{71 — ll(O/ | ,8/)
ka — la(a’ | B)

Proof of Lemma 7.4.32. We fix the Coxeter transformation ¢ = SapSar SasSasSazSaz 1N the
elliptic Weyl group Wg of type Dfll’l). Thus

t = (&, Says Sass Sau» Sass Sas) € FaCT’G(é)

a9 a9 a1 (67 a3

Qy
t = o |, o0 |.]o]|.]=1]|.,]0o].,lo0 en Yt
0 1 0 0 0 0

The strategy of the proof is the following: We take an element 7; € Stabg,(t) and compute
7;(t). By Theorem 7.4.11 this yields a matrix a;(7;) € I'(2). In this way we will find matrices
a(11), at(12), ay(3) which also generates I'(2) and therefore a; will be surjective.

To find the braids 7; (1 < ¢ < 3) we used [Sage|, but for sake of completeness we will state
them here explicitly.

o T = 7'1_110'37'117 where M1 = 0'2_10'10'20'40%0'40'%0'30'20'10'2. It is

2 2 17 0 3 4
ol,lof,lof|,|-1|,]l0],]o0
0 1 0 | 0 0 0
12 1234 2 2 23 24
3 ) * ) * M * ) * M
L * * L * * * *
1 [ 2 2 1 0 3 4
G I T R N IR A [ T [ I A S A I I
3 -2 3 -3 3 3
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7.4. The Coxeter transformation

For this case we explicitly state how to calculate the induced matrix. Let ¢ := as(71).
Then

o(b) = (a2 +b— az) = plag + b) — Pp(az) = (a2 —a — 2b) — (a2 + a + 3b)
= —2a — 5b
o(a) = d(ar + 200 + ag + o)
= (a1 +a+3b)+2(az+a+3b)+ (s +a+3b) + (ag + a + 3b)
=y + 209 + a3 + a4 +5a + 150 = a + 5a + 15b
pla—a)=a—2a—3b
¢(a) = p(a— (o —a)) = (@+ 5a + 15b) — (a — 2a — 3b) = 7a + 18b.

The induced matrix is

a(n) = < 178 :g )

® To — 7'27110'37'21’ where 1 = 0’20':;10'40'5?101051030Z10510§10;10;1. It is
[ 2 2 1] 0 3 4
ol,lol|,lo],]=1],]0].,]o0
|0 1 0] Lo 0 0
[ 124 123 [0 0 234
72} * ) * ) ) * ) * ’
L Xx *x L *x *
L (T2 2 1] 0 3 4

Ty, O

S I 2 RV R R R O O A
| 8 1 4] | 4 4 4

The induced matrix is

® 73 =071.-

y

The induced matrix is
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It is known that

We have
C1 = ay(73) 2ar(r2) " ar(m) Trag(re) Trar(r) T
Ca = ay(73)
Cs = ay(r3) tar(2) ag(m) 7,
which yields the assertion. O

Proof of Theorem|1.1.4. Since all Coxeter transformations for the elliptic Weyl group of type
Dz(ll’l) are conjugated and since the Hurwitz action commutes with conjugation, it is enough
to show the assertion for the fixed Coxeter transformation ¢ = Sq5a;Sa35045as5az. We
also fix t € Facrg(c) and ¢t € 7 1(¢) C Redr, (c) as in the proof of Lemma 7.4.32. Let
t' = (sp,,...,88,) € Redp, (c) be arbitrary. It is w(#') € Facr(¢). By Theorem the
Hurwitz action on Facr () is transitive, thus there exists o € Bg such that

o(n(t)) =t =m(t).
Since 7 is equivariant with respect to the Hurwitz action, we have
n(o(t)) =t =m(t).

Therefore o(t'),t € 771(t). By part (a) of Theorem |7.4.31 there exists ¢ € I'(2) such that
#(a(t')) = t, hence (') = ¢~ 1(t). By Lemma‘7.4.32‘ the map a; is surjective, that is, there
exists T € Stabp,(t) such that ¢~ = a;(7), thus o(t') = 7(t). O

7.5. Weighted projective lines and Hurwitz action in elliptic
Weyl groups

Let K be an algebraically closed field, P]% the projective line over K, A = (Aq,...,\,) a
(possibly empty) tuple of distinct closed points of Pk and p = (p1,...,pn) a sequence of
positive integers, called weight sequence. The triple X = (PL, A, p) is called weighted projective
line. Geigle and Lenzing associated to X the category of coherent sheaves coh(X). For details
and definitions we refer to their paper |GL87| as well as to [CK] for a more detailed treatment
of this topic. The significance of the category coh(X) is exhibited by the following theorem of
Happel (see |[Hap01, Theorem 3.1]).

Theorem 7.5.1. Let H be a connected hereditary abelian K-category with tilting object. Then
H is derived equivalent to mod(A) for some finite dimensional hereditary k-algebra A or de-
rived equivalent to coh(X) for some weighted projective line X.

In view of this theorem it seems natural to ask whether it is possible to find a similar
statement to that of Theorem 3.3.1/if we replace therein the category mod(A) by coh(X).

First note that there is an action of the braid group on the set of exceptional sequences in
coh(X) (see [KMO02, Section 3]). Kussin and Meltzer obtained for this action the following
transitivity result (see [KMO02, Theorem 1.1, Corollary 1.2]).
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Theorem 7.5.2. Let X be a weighted projective line over K andn be the rank of the Grothendieck
group Ko(X). Then:

(a) The braid group B, acts transitively on the set of complete exceptional sequences in
coh(X).

(b) The group Z" xB, acts transitively on the set of complete exceptional sequences in
DP(coh(X)).

From now on let K be algebraically closed of characteristic zero. Shiriashi et al ([STW16|)
associate to a derived category D which fulfills some additional properties (in particular
DP(coh(X)) fulfills this properties) a so-called simply-laced generalized root system &p =
(Ko(D), Ip, Are(D), cp).

Let (®,U) be a tubular elliptic root system with respect to some symmetric bilinear form
(= | —). Then it is straightforward to see that (L(®),(— | —), ®,¢) is a simply-laced general-
ized root system. Here ¢ denotes the Coxeter transformation with respect to an elliptic root
basis I'(®, U).

A weighted projective line X = (Pk, A, p) is said to be of tubular type if the weight sequence
p is (up to permutation) given by (2,2,2,2),(3,3,3),(2,4,4) or (2,3,6). If X is a weighted
projective line of tubular type and D = DP(coh(X)), then ®p is isomorphic to a tubular
elliptic root system (see [STW16, Section 2.6]). We list the isomorphism types in Table 7.2.

weight sequence of X | isomorphism type of ®p
(2,2,2,2) DM
(3,3,3) (1 D
(2 4 4) ( D

Table 7.2.: Weight sequences and associated root systems

Let (®,U) be a tubular elliptic root system, T = Tg be the set of reflections for ® and
¢ € Wy a Coxeter transformation. Then we can define analogously to Definition [2.4.2 the
absolute order <7 on Wg.

Considering Theorem 1.1.4 Theorem 7.5.2 and the proof of Theorem 3.3.1/given in [Kral2],

we formulate the following conjecture. It is strongly influenced by the ideas of Henning Krause.

Conjecture 7.5.3. Let X be a weighted projective line of tubular type over an algebraically
closed field K of characteristic zero, D = D"(coh(X)) the bounded derived category, ® = ®p
the associated simply-laced generalized root system and ¢ = ¢p the corresponding Coxeter
transformation. Then there exists an order preserving bijection between

e the set of thick subcategories of DP(coh(X)) generated by an exceptional sequence in
coh(X)

e the poset {w € Wg | e <p w < c}.
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A. GAP programs

The aim of this appendix is to explain the structure and use of the individual GAP programs
used in this thesis. E.g. if the program HelloWorld.g is stored in the directory /homes, you
can load the program within GAP with the command Read ("/homes/HelloWorld.g").

A.l. Basic programs

The programs discussed in this section are fundamental for the other programs which we will
discuss in the next sections. These are:

e CoxeterGroups.g
e (QuasiCoxeterClasses.g
e Hurwitz.g

First load the program CoxeterGroups.g as described above. It provides a set of simple reflec-
tions (as permutations) for each of the finite irreducible Coxeter systems. E.g. the command
CoxGrpGensB(5) provides a set of simple reflections for the Coxeter system of type Bs. The
commands are also explained within the file. Using the GAP function GroupByGenerators ()
you will obtain the corresponding Coxeter group. The permutation degrees used here are
proven to be minimal in [Saul4, Table 1|. Furthermore CoxeterGroups.g contains the func-
tion Reflections() which takes a Coxeter group W as an input and will give you the set of
reflections as an output. E.g. the commands

W:=GroupByGenerators (CoxGrpGensB(5)) ;

Reflections (W) ;
returns the set of reflections for the Coxeter system of type Bs.

The program QuasiCoxeterClasses.g provides the function QuasiCoxeterClasses(). It
returns a list of pairs (w,x) where w is a representative from the conjugacy class of a quasi-
Coxeter element and z is an element of Redr(w). The input for QuasiCoxeterClasses() is
a crystallographic Coxeter group W, the set of reflections T', the rank n of the corresponding
Coxeter system and the number of conjugacy classes of quasi-Coxeter elements. The latter
one can be found in the associated file qcclasses.txt. E.g.

W:=GroupByGenerators (CoxGrpGensE (7)) ;

T:=Reflections (W) ;

QuasiCoxeterClasses(W,T,7,5);
returns a list of pairs (w, ) where we obtain for each conjugacy class of quasi-Coxeter elements
such a pair as described above. For the Coxeter groups of type Hs and Hy, representatives of
the conjugacy classes of quasi-Coxeter elements are stored in the file qcclasses. txt.
The program Hurwitz.g provides the function HurwitzOrbit (). The input is a list of reflec-
tions and the output is the corresponding Hurwitz orbit. E.g.

W:=GroupByGenerators (CoxGrpGensE(7)) ;
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A. GAP programs

T:=Reflections (W) ;

gcc:=QuasiCoxeterClasses(W,T,7,5);

Hurwitz0rbit(qcc[3][2]);
computes the Hurwitz orbit for one of the quasi-Coxeter elements in the Coxeter group of
type E7.

A.2. The proof of Theorem 4.3.9

The assertion for this theorem was checked for (W, T) of type Hy by GAP. The corresponding
code is stored in the file PrefixQuasiCoxIsParabolicH4.g.

A.3. The proof of Theorem 1.1.2 in Section

Here it is left to show that for a quasi-Coxeter element w in a Coxeter group of type E,, (n €
{6,7,8}) there exists a reduced decomposition (¢1,...,%,) of w such that for every reflection
t in T there exists (¢,...,t,_1,t) € Redp(w) with (t1,...,t,) ~ (¢),...,t,_1,t). First load
the programs CoxeterGroups.g and QuasiCoxeterClasses.g to calculate T' and a reduced
decomposition (ti,...,t,) for a quasi-Coxeter element. Next load the program RefOrbit.g.
The function allReflections() within this program applies randomly generated Hurwitz
moves to the decomposition (¢1,...,t,) until each reflection occured once as a factor in the
Hurwitz orbit.

For the quasi-Coxeter elements in Hg and Hy4 representatives from each conjugacy class of
quasi-Coxeter elements can be found in gcclasses.txt. Using the function HurwitzOrbit ()
in Hurwitz.g, the assertion of Theorem [1.1.2 can be checked directly.

A.4. The proof of Proposition 5.2.4

The proof of this proposition for the cases Fg, F7, Eg, Fy and G2 was done by explicit calcu-
lations in GAP. The program ParPlusRefUnique.g provides the function IsUnique(). This
function takes as an input the set of simple reflections S, the set of reflections 7" and the rank
n and checks the assertion of Proposition 5.2.4 directly for standard parabolic subgroups of
rank n — 1. Namely, if the function returns a list of zeros of length n, then the assertion is
true. E.g.

S:=CoxGrpGensF () ;

W:=GroupByGenerators(S) ;

T:=Reflections (W) ;

IsUnique(S,T,4);
yields the output [0,0,0,0], hence the assertion is true for the Coxeter system of type Fj.

A.5. The proof of Lemma 5.2.5

The program ParPlusTwoRef .g provides the function IsConjBoth(). This function takes as
an input the set of simple reflections S, the set of reflections T" and the rank n and checks the
assertion of Lemma 5.2.5 directly for standard parabolic subgroups of rank n — 1. Namely, if
the function returns a list of zeros of length n, then the assertion is true. E.g.
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A.6. The proof of Theorem |5.1.6 in Section ’E

S:=CoxGrpGensE(6) ;

W:=GroupByGenerators(S) ;

T:=Reflections (W) ;

IsUnique(S,T,6);
yields the output [0,0,0,0,0,0], hence the assertion is true for the Coxeter system of type
Es.

A.6. The proof of Theorem 5.1.6 in Section 5.3

Here it is left to show the assertion for the case Fy. You first have to load the programs
CoxeterGroups.g and Hurwitz.g. The program NonReducedF4.g provides amongst other
things the functions LengthFour () and HurwitzNonRed(). The first function expects the
group W (so here the Coxeter group of type Fj) and the set of reflections T as an input.
The output is a list of conjugacy classes of all elements of absolute order 4. The function
HurwitzNonRed () expects as an input W, T and a conjugacy class x as computed with the
function LengthFour(). The output is a tuple of integers. If all of them are zero, then the
assertion of Theorem 5.1.6 is true for the elements belonging to the conjugacy class z.
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