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1. Introduction

Anisotropies and discontinuities are phenomena of great interest that arise in several
natural and financial models. Within this thesis we bring together these two subjects and
study anisotropic nonlocal operators from a probabilistic and an analytic perspective. On
the one hand, we investigate the solvability of systems of stochastic differential equations
driven by pure jump Lévy processes with anisotropic and singular Lévy measures. On
the other hand, we study regularity properties of weak solutions to a class of integro-
differential equations determined by nonlocal operators whose kernels are singular and
anisotropic.

Stochastic models where the underlying stochastic process is a Lévy processes with jumps,
are increasingly important. Since discontinuities do naturally occur, stochastic models
with jumps are in certain circumstances more suitable to capture empirical features than
diffusion models. Lévy processes with jumps have become an important tool in financial
mathematics. For instance, Merton derives in [Mer76| an option pricing formula when
the underlying stock return is generated by a mixture of a continuous and a jump process.
It has most features of the Black-Scholes formula, see [BS12|, but outperforms it in some
empirical facts such as the Volatility Smile Fitting in option pricing. Furthermore, Lévy
jump processes as tempered stable processes are used for option pricing. For details on
Lévy processes in finance, we refer the reader to [Sch03].

The analytic pendant to Lévy processes with jumps are nonlocal operators. They appear
for example as generators of Lévy or Lévy-type processes. To explain nonlocality of
operators let us first give the definition of local operators. Let V, W be function spaces.
A linear operator A : V — W is called local, if

supp(Af) C supp(f) forall f V.

An operator is called nonlocal, if it is not a local operator.

Let us give some examples of local and nonlocal operators. Let a; : R* — R be a family
of continuous and bounded functions. We define the local operator

d af
A:C'RY) = CRY), f =D ai() 5 ().

0x;
i=1 v

Another important example for a local operator is the Laplace operator, which is defined
as follows
d
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The operator Au(x) can be evaluated if u is known on a small neighborhood of x. This
follows immediately from the definition of the derivative. Nonlocal operators do not have
this property.

Consider for a € (0,2) the operator on S(RY) of the form

(—=A)*u(z) = c(d, ) lim (u(z) = u(y))e —y|~"*dy,
€2V JRA\ B, (x)

where ¢(d, ) is a normalizing constant, chosen such that
F((=2)*2u)() = [€]° Fu(8).

It is known that this constant behaves like a(2 — «) for @ * 2 and o N\, 0. This
operator is called fractional Laplacian of order «/2 and is a nonlocal operator. If one
considers the transition semigroup of the isotropic a-stable Lévy process on Cp(R9),
then the fractional Laplacian is the infinitesimal generator on C2(RR%) of to the semigroup.
Although ((—A)O‘/Q)OCE(OVQ) is a family of nonlocal operators, it converges for all u € S(R9)
to the Laplace operator, a local operator. That is, for every x € R?

lim (—A)"2u(z) = (~Au())

This convergence result can easily be proven by rewriting (—A)®/? in terms of second
order differences or alternately using Fourier analysis.

Partial differential equations involving nonlocal operators arise in various contexts such
as continuum mechanics, population dynamics and game theory. For example, in [CV11]
the authors consider a porous medium equation with nonlocal diffusion effects which
arises in population dynamics. Another interesting application of nonlocal operators
appears in image processing, see e.g. [GOO0S|.

Anisotropy is the property of being directionally dependent and is a natural phenomenon.
For example, the intensities of a light emitted by a fluorescence are not equal along
different axes of polarization. This phenomenon is known as fluorescence anisotropy. A
detailed exposition can be found for instance in |Lak06|.

Crystals are solids, whose physical properties depend on the spatial direction. Therefore
they are anisotropic. Another interesting example is given by liquid crystals. These
substances have liquid and crystal properties; On the one hand the state of matter is
more or less fluid as a liquid and on the other hand it has crystal-like properties such as
birefringence, which is anisotropic. They are used for example in liquid crystal displays
(LCD). For details on liquid crystals, see |Blil1].

Systems of stochastic differential equations

The first topic that we treat in this thesis is the solvability of systems of stochastic
differential equations driven by pure jump Lévy processes. Consider for d € IN, d > 2



the stochastic process Z; = (Z},.. .,Zf), which consists of d independent symmetric
one-dimensional stable processes with stability indices that may differ. The system we
are investigating in this part is

d
dX{ =Y Ay(Xe-)dz],  forie{1,....d},
2 (1.0.1)

Xo = o,

where A : R — R%*? is a matrix-valued function, which is pointwise non-degenerate and
has bounded continuous entries. We prove existence of solutions to the system (1.0.1)
and uniqueness of solutions under the additional assumption that A is diagonal.

The case where Z; is consisting of d independent copies of one-dimensional symmetric
a-stable Lévy processes with a € (0,2) has been studied in [BC06|. Furthermore, if Z;
consists of independent copies of one-dimensional Brownian motions, which are 2-stable
Lévy processes, the process Z; is a d-dimensional Brownian motion and this corresponds
to the well-known case of diffusion processes.

Let (Zf)tzo be a one-dimensional pure jump Lévy process with Lévy measure
Ca;|h|717% dh for a; € (0,2), where c,, is a normalizing constant. If we assume there
arei,j € {1,...,d}, i # j such that o; # «;, then the resulting process (Z;);>0 is a Lévy
process whose Lévy measure is concentrated on the union of the coordinate axes and
weights different directions differently. Thus, this stochastic process has an anisotropic
Lévy measure of the form

d

Coy
v(dh) =>" |hﬂfmdhi [T 60 dny) | |- (1.0.2)
i=1 J#i

For illustrative purposes assume for the moment d = 2. Then

Ca Ca
v(dh) = W dhy (5{0} (dhg)) + m dho (5{0} (dhl)) .

From this definition we see that v(A) > 0 if and only if the measurable set A has an
intersection with a coordinate axis whose one-dimensional Lebesgue measure is positive.
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This figure shows three sets Ay, k € {1, 2, 3} for which the measure v(dh) assigns the same
value. The reason for that is that the intersections with the coordinate axes coincide.
Note that although the green and red colored lines in the figure intersect the respective
axis on the same sections, the measure v weights the green and the red colored lines
differently, if oy # as.

Let us show some examples of sets with measure zero that have empty intersection with
all coordinate axes.

We use the martingale problem method to study solvability of the system of stochastic
differential equations, which goes back to the work of Stroock and Varadhan from 1969,
see [SV69]. The celebrated martingale problem provides an equivalent concept of exis-
tence and uniqueness in law for weak solutions to stochastic differential equations. The
authors study elliptic operators in nondivengence form given by

d 5 d
L) = 5 3 o) o) + Y bla) g (a).

4,j=1 =1

where a : R — R%* is bounded, continuous and strictly elliptic and b is measurable and
bounded. A probability measure P* on C([0,00)) is called a solution to the martingale
problem for L started at z € R? if P*(Xo = x) = 1 and for any f € CZ(RY)

M, = f(Xy) — f(Xo) — /Ot Lf(Xs)ds

is a P*-martingale with respect to the filtration (o(Xs;s < t))r>0, where X¢(w) = w(t)
are the coordinate maps on C([0, 00); R?). If for every starting point = € R? the solution
to the martingale problem is unique, then the martingale problem for L is called well-
posed.

Stroock and Varadhan show that existence and well-posedness of the martingale prob-
lem for L is equivalent to existence and uniqueness of weak solutions to the stochastic
differential equation

dXt = O'(Xt) th + b(Xt) dt,

where W; is a standard d-dimensional Brownian motion and o is the Lipschitz square

root of a, i.e. a = oo™.



The existence of a solution IP* to the martingale problem for L implies the existence of
a solution to the Cauchy problem for the operator L with initial data in C2(R¢), that is
for f € C?(R%)
u(z,t) = E*(f(Xy))
is a solution to
0w = Lu in R4 x (0, 00),
{ug =f for t =0,

where E? is the expectation with respect to P*. In the case of well-posedness of the
martingale problem the solution (X, P? 2 € R?) is a strong Markov family.

An overview of the martingale problem for elliptic operators in non-divergence form can
be found in [SV79, Chapter 6] or [Bas98, Chapter VIJ.

It is clear that the space of continuous functions is not suitable to study the martingale
problem for nonlocal operators, since the corresponding stochastic process does not have
continuous sample paths. The appropriate space in which to study the martingale prob-
lem for jump-type process is the Skorohod space, that is the space of right-continuous
functions that have left limits, endowed with an appropriate topology.

In the 1970’s the martingale problem for nonlocal operators has been studied, among
others, by Komatsu in [Kom73|, by Stroock in [Str75] and by Lepeltier and Marchal in
[LM76]. Up to the present day, the martingale problem is still an intensely studied topic.
For instance, in [AK09| unique solvability of the Cauchy problem for a class of integro-
differential operators is shown to imply the well-posedness of the martingale problem
for the corresponding operator. In [CZ16b] the authors study well-posedness of the
martingale problem for a class of stable-like operators and in |Pril5| the author considers
degenerate stochastic differential equations and proves weak uniqueness of solutions using
the martingale problem. In [Kiil7|, existence and uniqueness for stochastic differential
equations driven by Lévy processes and stable-like processes with unbounded coefficients
are studied. For an overview of the martingale problem on the Skorohod space, see
[Jac05, Chapter 4] and the references therein.

We now want to comment on known results and formulate the main results on this part.

In [Bas88|, Bass considers nonlocal operators of the form
L) = [ )~ @)~ ) v

for f € C'g(]R) and gives sufficient conditions on v for the existence and uniqueness
of a solution to the martingale problem for L. Further, the author proves that the
associated stochastic process X; is a Feller process with respect to the unique solution
P* to the martingale problem for L started at z € R. One example in the paper is
v(z,dh) =< |h|~17@)dh with 0 < inf{a(z): z € R} < sup{a(z): z € R} < 2. In this
case the Dini continuity of o : R — (0,2) is a sufficient condition for well-posedness of
the martingale problem. Although the results in the paper were proven in one spatial
dimension they can be extended to higher dimensions. In [SW13|, the authors present



1. Introduction

sufficient conditions for the transience and the existence of local times for Feller processes.
The studies contain the class of stable-like processes of [Bas88|. With a different method
the authors prove a transience criterion and the existence of local times for these kind of
processes in d dimensions for d € IN.

In [Hoh94|, Hoh considers operators of a similar form, but the starting point is a different
representation of the operator. The author studies the operator as a pseudo-differential
operator of the form

L1(@) = =pla, D)f(w) = ~(2n) ¥ [ 4o, Fie) e

for f € C°(R?), where for any fixed z € RY, p(z,-) is negative definite. In the paper,
uniqueness of the martingale problem for pseudo-differential operators with the symbol
p(z, &) of the form

d
P, &) = =) bi(x)ai(§)
i=1
is studied, where b;, i € {1,...,d} are non-negative, bounded and d + m times continu-
ously differentiable for some m € IN and a;, i € {1,...,d} are continuous non-negative

definite with a;(0) = 0. This covers for example symbols of the type

d
D bi(w)|&;]%
i=1
for a; € (0, 2] with the already mentioned conditions on b;.

In [BCO6] the authors study the system of stochastic differential equations of the form
(1.0.1), where the driving process Z; = (Z},...,Z{) consists of d independent copies
of a one-dimensional symmetric stable process of index a € (0,2). Hence the order of
differentiability is the same in every direction, which is the main difference to our model.
In the article the authors prove existence and well-posedness of the martingale problem
for

d
Lf(x) = ; /]R\{O} (f(@ + aj(@)w) — f(z) — wliy < Vf(2) - a;(@)) Taira 4

where f € CZ(RY) and a;(x) denotes the j'" column of A(z) and show that this is
equivalent to existence and uniqueness of solutions to (1.0.1). The proof of the existence
of a weak solution to (1.0.1) is not problematic. The hard part is the proof of the
well-posedness of the martingale problem for £. This operator is a pseudo-differential
operator of the form

£hw) == [ ple.ge <o) ae,
where

d
p(w,&) = —ca Y _ & - aj(x)|.
=1

10



Because of the lack of differentiability, this symbol does not fit into the set-up of [Hoh94|.
The authors’ central idea is the usage of a perturbation argument as in [SV79]. The main
part of the paper is the proof of an LP-boundedness result of pseudo-differential operators
whose symbols have the form
_la(z) - €
i €l

where a : R — R? is continuous and bounded with respect to the Euclidean norm
from above and below by positive constants. The proof of this LP-boundedness follows
from a result by Calderon and Zygmund, see [CZ56]. Therefore, the main difficulty is to
show that the operator fits into the set-up of [CZ56|, which is done with the method of
rotations.

In [BC10], Bass and Chen study the same system of stochastic differential equations and
prove Holder regularity of harmonic functions with respect to £. Furthermore, they give
a counter example and thus show that the Harnack inequality for harmonic functions is
not fulfilled.

Our consideration of the system (1.0.1) driven by the anisotropic Lévy process leads to
the operator

d
Erie = ; /IR\{O} (f(@ + aj(@)w) = fx) = wljya VF(@) - aj(2)) w4
(1.0.3)

The first main result in this thesis is the existence of solutions to (1.0.1). We prove the
existence of weak solutions without adding any additional assumptions on the coefficients.

Theorem (c.f. Theorem 5.0.3). Let x — A;j(x) be bounded and continuous for every
i,7 € {1,...,d}. Then there exists a weak solution to (1.0.1).

In order to prove the uniqueness we restrict ourselves to matrices whose entries are
zero outside the diagonal. Thus we have to prove an LP-boundedness result for pseudo-
differential operators B of the form

d

Coy [ Ark () Sk \ _igee 7
Bf(z) = d
f(x) /R ) (; S G )e Fle)de

for some constants C; # 0 to apply the perturbation argument as in [SV79].

The main ingredient in the proof of the LP-bound for the perturbation operator B is
a Fourier multiplier theorem which goes back to Banuelos and Bogdan, see [BnB07,
Theorem 1]|. To apply this multiplier theorem we have to show that the perturbation
operator B is an operator on L?(R%) with

o Jralcos(§ - z) — 1)é(2) V(d2) »
Bf(§) = RfRd(cos(g-z)—l)V(dZ) f(©)

11
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for a measurable and bounded function ¢ : R* — € and a positive Lévy measure V.
This allows us to prove the well-posedness of the martingale problem for L.

Theorem (c.f. Theorem 6.0.1). Suppose A satisfies Ajj = 0 for i # j, v — Ajj(x) is
bounded continuous for all j € {1,...,d} and A(z) is non-degenerate for any v € RY,
For every xg € R?, there is a unique solution to the martingale problem for L started at
xo € R,

This anisotropic system (1.0.1) has been studied in [Chal6|, where harmonic functions
are shown to satisfy a Holder estimate.

Regularity estimates for anisotropic nonlocal equations

The second subject we treat in this thesis is the study of regularity estimates for a class
of nonlocal operators whose kernels are anisotropic.

For given aq,...,aq € (0,2) we consider the family of measures piaxes(,) defined as
follows
d
prases (@, dy) =Y | w2 — o)k =yl dy [ [ Oy (dwi) |, @ e R™
k=1 1#£k

In the case z = 0 the measure fiaxes(0, dy) coincides with the Lévy measure v(dy) from
(1.0.2) up to the constants. This family plays the role of the reference family for our
considerations. In order to prove local results we need to define an appropriate metric
on RY such that the different orders of differentiability along the coordinate axes get
compensated. We define a metric on R¢

d(z,y) = ke{slup . {\wk — Ul Py <1y (@5 Y) + L1y (@, y)} :

For radii € (0,1] and = € R?, balls in the metric space (R?,d) have the form

d d d 2 2
Bi(z) ={y e R*: d(z,y) <r} =X (mk — 7%, X —i—r%) =: M,(x).
k=1

We use for brevity the notation M, := M, (0).

Consider a family of measures u(z,-), € R? with certain properties which we will not
discuss at this point. The detailed assumptions on the family of measures can be found
in Chapter 7. The families (u(z,-)),ere and (faxes(2, ) era are supposed to have the
following relation.

For every r € (0,1], 7o € My and u € L*(M,(z0)) with

/T(xo /Txo —u(y))® p(z,dy) dz

— U 2 X X o0
+2/M - /M (m)(U(w) ()" p(z,dy) dz <

12



there is a constant ¢; > 1, independent of r, zg, u and ag, ..., ag, such that

cl—lé‘]’h(xo)(u,u) < Sj’fjr"fio)(u,u) < clgﬂT(wo)(u,u),

where

= U\r) —u 2 T Z.
= [ [ ) ) d

We consider operators of the form

Lu(x) = lim (u(y) — u(x)) p(x, dy),
e—0 ]Rd\BE(a:)

where u is chosen from a suitable function space. The aim is to study weak solutions to
Lu=f in M, (x) (1.0.4)

for sufficiently smooth functions f and prove Hoélder continuity for weak solutions to
Lu=0in Ml.

Let us first put the problem in historical context and refer to some selected results in the
literature.

In the nineteen fifties, De Giorgi [DG57| and Nash [Nas57| independently prove an a
priori Hélder estimate for weak solutions u to second order equations of the form

div(A(z)Vu(x)) =0

for uniformly elliptic and measurable coefficients A. In [Mos61], Moser proves Holder
continuity of weak solutions and gives a proof of an elliptic Harnack inequality for weak
solutions to this equation. This article provides a new technique of how to derive an a
priori Holder estimate from the Harnack inequality. For a large class of local operators,
the Holder continuity can be derived from the Harnack inequality, see for instance [GT01].
For a comprehensive introduction into Harnack inequalities, we refer the reader e.g. to

[Kas07b].

The corresponding case of operators in non-divergence form is treated in [KS79]. The
authors develop a technique for proving Holder regularity and the Harnack inequality
for harmonic functions corresponding to non-divergence form elliptic operators. They
take a probabilistic point of view and make use of the martingale problem to prove
regularity estimates of harmonic functions. The main tool is a support theorem, which
gives information about the topological support for a solution to the martingale problem
associated to the operator.

For the Harnack inequality there are significant differences between the case of local and
nonlocal operators. In the case of nonlocal operators, the Harnack inequality does not
hold under just local assumptions on the function. Kafmann shows in [Kas07a] that one
needs to assume nonnegativity of the function on the whole space to prove the Harnack
inequality.

13



1. Introduction

The study of regularity estimates for harmonic functions corresponding to nonlocal op-
erators is an intensely studied topic. There has been great progress in the last decades.

We start by referring to regularity estimates for integro-differential operators in non-
divergence form.

In [BLO2a| Bass and Levin consider operators of the form
Lu(zx) = / (u(z + h) —u(z) — Ljp<ih - Vu(z))a(z, h) dh. (1.0.5)
R4\{0} -

They study harmonic functions with respect to the operator £, provided that a : R¢ x
R? — R is symmetric in the second variable and a(x,h) =< |h|~% for all z,h € R,
where « € (0,2). Using probabilistic techniques the authors prove a Harnack inequality
for nonnegative bounded harmonic functions. Furthermore, they derive Holder continuity
for bounded and harmonic functions from the Harnack inequality. The results of this
work have been extended to more general kernels by many authors. For instance, in
[BKO5b] the authors establish a Holder estimate for harmonic functions to the operator
L, where they replace the jump measure a(z, h)dh by n(z,dh), which is not required to
have a density with respect to the Lebesgue meaure. Furthermore, in [BK05a| a scale
dependent Harnack inequality for harmonic functions to the operator L is proven, where
again no density with respect to the Lebesgue measure is required. Song and Vondracek
extend in [SV04] the method of [BL02a] to prove the Harnack inequality for more general
classes of Markov processes. Silvestre provides in [Sil06] a purely analytical proof of
Holder continuity for harmonic functions with respect to a class of integro differential
equations given by (1.0.5), where no symmetry on the kernel a is assumed. Caffarelli
and Silvestre study in [CS09| viscosity solutions to fully nonlinear integro-differential
equations and prove a nonlocal version of the Aleksandrov-Bakelman-Pucci estimate, a
Harnack inequality and a Holder estimate. There are many important results concerning
Holder estimates and the Harnack inequality for integro-differential equations in non-
divergence form including [BCI11|, [LD14], [KRS14] and [WZ15|. Heat kernel estimates
to nonlocal operators including perturbation of lower order can be found in [CZ16a].

Because we consider in this thesis nonlocal operators in divergence form, we keep the
survey on non-divergence form operators short. It contains just a few references and
is not complete at all. For details to the results, we refer the reader to the respective
articles.

Let us now turn to some results on nonlocal operators in divergence form.

Bass and Levin obtain in [BL02b| sharp transition probability estimates for Markov
chains on the integer lattice and prove a Harnack inequality. Chen and Kumagai provide
a general approach in [CK03|. They extend the results of [BL02b| to d-sets (F, ), which
is a general class of state spaces. The authors consider Dirichlet forms on L?(F, ) and
show that there are associated Feller processes. Moreover, they establish estimates on
hitting probabilities and prove Holder continuity of the transition density functions. Bar-
low, Bass, Chen and Kassmann study in [BKK10] rather general symmetric pure jump
Markov processes with the corresponding Dirichlet forms (£, F) and prove a scale depen-

14



dent parabolic Harnack inequality for nonnegative functions solving the heat equation
with respect to €. In the spirit of De Giorgi’s approach, Caffarelli, Chan and Vasseur
establish in [CCV11] regularity results of weak solutions for nonlocal evolutionary equa-
tions. Further contributions to the theory have been made in [CK10], [CKK11| and
[CS16]. Note that heat kernel estimates, regularity results and Harnack inequalities have
been studied for quite general Dirichlet forms in metric measure spaces. We refer to
[BGKO09|, |GHL15| and [CKW17| for further references.

As already mentioned, one needs to assume nonnegativity of the function on the whole
space in order to prove the Harnack inequality. It is an interesting question if one can
prove a modified Harnack inequality without the assumption on the nonnegativity on
the whole space. In [Kasll| the author introduces a new formulation of the Harnack
inequality, where one does not assume nonnegativity on the whole space but needs to
add a natural tail term on the right hand side, which compensates for the nonlocality of
the operator.

We now discuss the main results and techniques used in Part III of this thesis. Kafsmann
extends in [Kas09] the De Giorgi-Nash-Moser theory to nonlocal integro-differential op-
erators given by

Lu(z) = 2lim (u(y) — u(z)) k(z,y) dy
e—0 ]Rd\Be(x)

for a nonnegative kernel k : R x R? — [0,00) and a € (0,2). The author assumes for
|z —y| < 1 that k(x,y) < |z —y| =9~ and establishes a Moser iteration scheme leading to
a weak Harnack inequality and Holder regularity estimates with purely analytic methods.
In the article [DK15] Kaffmann and Dyda follow the approach of [Kas09] and provide a
general tool for the derivation of a priori Holder estimates for weak solutions with the
help of the weak Harnack inequality. The authors study weak solutions to a large class
of nonlocal equations, that allows to consider operators of the form

Lu(z) = 2lim (uy) — u(x)) v(z, dy),
0 JRA\B(2)

where v(x,-) is a family of measures, that does not even have to posses a density with

respect to the Lebesgue measure. One main assumption is a local comparability condition

of the corresponding energy forms for L and the fractional Laplacian of order «/2 for

some o € (0,2). This assumption is quite general and allows for instance, families as

Haxes(T, ) for ag = -+ = ag = a € (0,2).

In this thesis we follow the strategy of [DK15] and derive an a priori Holder estimate
for weak solutions to (1.0.4) using the weak Harnack inequality. Let @ C R be open.
To put the problem into a functional analytic framework, we need to define appropriate
function spaces. We define weak solutions with the help of symmetric nonlocal bilinear
forms. The space of test functions consists of all functions v € L?(Q) with u = 0 on Q¢
and

/]Rd /Rd (u(y) — w(x))? p(z, dy) dz < oo.

15
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This space is denoted by Hp(R?). Solutions are defined on the space V#(€2|R?) which
consist of all functions u € L?(Q) with

/Q/]Rd(“(?/) — u(z))? p(z, dy) dz < oo.

To obtain the weak Harnack inequality, we have to derive some functional inequalities for
our bilinear forms such as a localized Sobolev-type inequality and a Poincaré inequality
for functions from the space of solutions. The result that we obtain is the weak Harnack
inequality for weak supersolutions to (1.0.4).

Theorem (c.f. Theorem 8.1.5). Let f € L1(My) for some q > max{Q,Zizl aik} Let
u € VH(M|RY), u> 0 in My satisfy

E(u,¢) > (f,¢)  for every non-negative ¢ € Hy (RY). (1.0.6)
Then there exists pg € (0,1), ¢1 > 0, independent of u, such that

1/po

infu> ¢ ][ u(z)P° de — sup 2/ u” (2)p(z,d2) — | fllna(arys)-
My My zeMys  JRAM, 16

The two main ingredients in the proof of the a priori Holder estimate for weak solutions
are the weak Harnack inequality and a decay of oscillation for weak solutions. From
these two estimates we can deduce the Holder estimate for weak solutions, which is the
main result in this part of the thesis.

Theorem (c.f. Theorem 9.0.3). Assume u € V“(Ml}IRd) satisfies
E(u, ) =0  for every non-negative ¢ € H]’QI(IRCZ).

Then there are c; > 1 and 6 € (0,1), independent of u, such that the following Holder
estimate holds for almost every x,y € M1
2

u(z) = u(y)] < ellullocle —yl’. (1.0.7)
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Outline

The thesis is divided into three parts.

The first part consists of Chapter 2 and Chapter 3. In Chapter 2 we summarize the
required facts on integrable spaces. Chapter 3 reviews the relevant material on probability
theory. In this part we omit proofs and give detailed references to the literature. We
focus on the results which are important in the scope of this thesis.

The system of stochastic differential equations is investigated in Part II. This part is
divided into three chapters. The first chapter provides a detailed exposition of the objects
in this part and contains proofs of some auxiliary results. In the second chapter we prove
the existence of a solution to the system. The uniqueness of solutions to the system is
proved in the third chapter.

In Part III regularity of weak solutions to a class of nonlocal equations is studied. The
part is split into three chapters and one appendix chapter. The first chapter contains
important definitions and auxiliary results. In the second chapter the weak Harnack
inequality for supersolutions to a inhomogenuous integro-differential equation is derived
and in the third chapter we prove an a priori Holder estimate for weak solutions. Ap-
pendix A contains some examples of families of measures, which are defined in Part III.
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1. Introduction

Notation

Unless otherwise specified, we will use R? to denote the d-dimensional Euclidean space,
equipped with the scalar product - and the Euclidean norm | -|. The space is endowed
with the Borel o-field B(R?) and the Lebesgue measure dz. For a set A C R? we denote
its closure by A and use |A| to denote its Lebesgue measure. The complement of a set
A C R? is denoted by R?\ A. The characteristic function of a set A C R? is symbolized
by 14. Furthermore, we denote the ball in R? with center € R? and radius r > 0 by
By (z) and in the case z = 0, for abbreviation we set B,(0) = B,.

The ball in a metric space (M,d) with center x € M and radius r > 0 is denoted by
Bd(z). Again, we write B4(0) = BY.

Let V be a vector space. We denote its dual space by V*. For x € V and y € V* we
denote the dual pairing by (x,y) = y(x).

Let Q ¢ R% For two functions f,g : © — R, we write f < g, if there is a constant
¢ > 0 such that

%f(x) <g(z) <cf(z) forallxe

For o € IN¢ let
olel
[
o= 9o ... 9o’

where |a] = a1 + -+ + ag.

Let © € R? be open and k € IN. We define

C):={f:Q2— R: f is continuous },
CHQ) :={f: Q= R:0°f € C(Q) for all @ € N¢ with |a| < k},
Cp(Q) :={f:Q — R: f is continuous and bounded},
CHQ) == {f: Q= R: 3°f € Cy(Q) for all @ € N with |a| < k},
Co(Q):={f: Q= R: feC(N) and Ve > 03K C Q compact s.t. |f(z)| < eV € K},
CHQ) :={f: Q= R:0°f € Co(Q) for all @ € N¢ with |a| <k},
Ce(Q) :=={f: Q2 — R: f is continuous and has compact support},
CHQ) :={f: Q= R: °f € C.(Q) for all a € N¢ with |a| < k}.
Let

Ce(Q) =) CHY and CZ(Q)=()CH®D).
k=0 k=0
A function f € C*(Q), is called Schwartz function, if for any «, 5 € ]Ng

Pap(f) = sup |2%0° f(x)| < o0,
e
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where z¢ = Hle z;". We denote the space of all Schwartz functions on by S(2).
The space S(R?) is called Schwartz space. Note that by definition all derivatives of such
functions multiplied with any polynomial stay bounded.

For an integrable function f : R? — R, we define its Fourier transform .]?: Ff by

f(f) = f(x)e®sde. € e R4
Rd
We denote the inverse Fourier transform of f by F~1f.

We use the letter ¢ with subscripts for positive constants whose exact values are not
important and we write ¢; = ¢;(+) if we want to highlight all the quantities the constant
depends on.
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1. Introduction

Abgrenzung des eigenen Beitrags gemall §10(2) der Promotionsordnung

Lemma 7.1.1 was developed in collaboration between the author and his supervisor. The
proof of Lemma 7.1.1 will appear in the published version of [DK15].
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Structure of Part |

This part reviews some of the standard facts from analysis and probability theory. We
set down our notation and introduce the basic vocabulary, which will be needed in the
scope of this thesis.

The aim of this part is to acquaint the reader with the required definitions and facts,
which will be needed in this thesis. It is not our purpose to give a complete theory.
We only touch specific aspects of the theories and restrict our attention to those results,
which are relevant for this thesis. In this part we will omit proofs but give references to
the literature in the beginning of each section.

The part is divided into two chapters. Chapter 2 consists of four sections and reviews facts
on spaces of integrable functions. In Chapter 3 we present results from basic probability
theory and the theory of stochastic integration. It is split into three sections.
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2. Analytic Basics

2.1. Lebesgue spaces

Let (M, M, i) be a measure space. A function f: M — R is called measurable if for all
ceR
{reM: f(z)<c} e M.

For p € [1, o0] let
LP(M, ) ={f: M — R: f is measurable and || f||z»(ar,.) < 00},

where

1/p
im0 = 5@ azan o= ([ 1@Paan) " itrsp<o o
[ £l oo (ar,) = inf{e > 0: [f(x)| < ¢ for almost every z € M},

where the integral in (2.1.1) is the Lebesgue integral.

Note that (LP(M, ), || - [|zr(ar,u)) i not a normed vector space, since ||fl|zr(ar,u) = 0
does not imply f = 0. In fact, (LP(M, ), || - |zr(ar,u)) is @ seminormed vector space due
to Minkowski’s inequality

If + glleeny < WF ey + 19lnrar-

Since for measurable functions || f||, = 0 if and only if f = 0 almost everywhere, it would
be desirable to identify two function f and g if they coincide almost everywhere. To do
this, we consider the quotient space.

Definition 2.1.1. Let p € [1,00]. The Lebesque space LP(M, i) is the quotient space

LP(M, p) := LP(M, p) ) ker = LP(M, ) /[{f € LP(M, )= || Loare) = O}

endowed with the Lebesgue norm || - || zp(ar,p from (2.1.1).

The space (LP(M, ), || - lp(ar,u)) 18 @ normed vector space and by the Riesz—Fischer
theorem it is complete for every 1 < p < oc.

We simply write LP(M) or L? instead of LP(M, ) and || - [l or || - [|s(a) instead of
| | p(r1,) When no confusion can arise.
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2. Analytic Basics

Consider for the moment the special case (M, M, u) = (R4, B(R?),dx) and let Q2 C RY
be open. The space L?((2) is a separable Hilbert space with the inner product

(f:9)r2(0) Z/Qf(a:)g(a:) dz.

Recall for f € L'(R?) the definition of the Fourier transform

FI©) =1 = [ ¢"f@)ds, R
R4
The next theorem is an extension result for the Fourier transform to L?(RY).

Theorem 2.1.2 (Plancherel’s theorem). Let f € LY(R%) N L2(R%). Then f € L*(R%)
and

1712 = 11 £]l2-

Further the mapping f — fhas a unique extension to a linear isometric map from L*(R?)
to L2(R%). For f,g € L*(R%)

(f.9) 2y = (F.9) r2(mey- (2.1.2)

Equation (2.1.2) is called Parseval’s identity.

We summarize without proofs some important properties on Lp(IRd)—spaces. For the
proofs see for instance [AEO1| or [Gralda].

One of the most important inequalities in the theory of LP-spaces is due to Holder.

Theorem 2.1.3 (Holder’s inequality). Let p,q € [1,00] such that

1. 2.1.3
» g (2.1.3)
Let f € LP(M) and g € LY(M). Then
IFglle < 1 £1lpllglq-

A generalization of Holder’s inequality is given by the next corollary.

Corollary 2.1.4 (Generalized Holder’s inequality). Let n € IN. Let r € [1,00) and
P1s---,Pn € [1,00] such that
n
yLol
i— Pk r

Let f, € LP*(M) for all k € {1,...,n}. Then (Hizl fk> € L"(M) and

14| < Tl
k=1 k=1

T
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2.2. Lorentz spaces

Given p, ¢ € [1,00] such that (2.1.3) holds, then g is said to be the Holder conjugate of
p and vice versa. In the special case p = ¢ = 2 Holder’s inequality gives the integral
formulation of the Cauchy-Schwarz inequality. Using Hélder’s inequality, one can deduce
that the dual space of LP(M) for 1 < p < oo is given by LI(M), where ¢ is the Holder
conjugate of p. Note that this is not true for p = oco.

Let f € LP(M). If M has finite measure, Holder’s inequality implies

1fllp < p(M)5~ 7] £llq,

ie. LP C L9 whenever 1 < ¢ <p and pu(M) < cc.

Another conclusion of Holder’s inequality is the following interpolation inequality.

Corollary 2.1.5 (Lyapunov’s inequality). Let 1 < g <r < p such that p # q and define

g._ ap—r)
r(p—q)
Let f € LP(M) N LY(M). Then f € L"(M) and
11 < L1011
We now define the weak LP(M, u)-space as follows.
Definition 2.1.6. Let p € [1,00). The space
LA (M, p) :={f: M — R: f is measurable and || f||p wear < 00}

18 called weak LP-space, where

1l = sup (ta({ € M |f(@)] > £1)17)
t>0

We emphasize that || - || weak is not a norm, since the triangle inequality does not hold.
Moreover, for any f € LP(M, p)

[1fllp wear < (| Fllp:

which implies LP(M, u) C L, (M, p).

2.2. Lorentz spaces

In the section we will introduce a generalization of the Lebesgue spaces. This presentation
summarizes the definitions and results in [Gralda, Section 1.4.2] and |Tar07] .

We start with the notion of the decreasing rearrangement function. Let f : M — R be
a measurable function. Its decreasing rearrangement f* is defined as

f:00,00) = [0,00], f*(t) =inf{s > 0: ds(s) < t},
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2. Analytic Basics

where df(s) = u({x € M: |f(x)| > s}) is the distribution function of f.

One important result for decreasing rearrangement functions is due to Hardy and Little-
wood.

Theorem 2.2.1 (Hardy—Littlewood inequality). Let f,g € Co(2) be nonnegative func-
tions. Then

f@g)de < [ £ (0" @) at.

R4 0

Definition 2.2.2. Let p € [1,00] and q € [1,00]. We define the Lorentz space as follows
LPYM, p) == {f : M — R: f is measurable and || f|| zp.a(rr,0) < 00},

where

o0 . g dt\ V9 ,
s = ([ (@) §) i< oo,
0

HfHLP’OO(M) = sup (tl/pf*(t)> ) pr < 0,q = 00,
t>0
£l zooce (ary = 1Nl oo (ar)-

Again, we identify two functions if they coincide almost everywhere. We should empha-
size that (LP4(M, ), || - [|Lr.a(ar,p)) is not a normed space, whenever p # g. From Cava-
lieri’s principle one can deduce, that for any p € [1, 00], LPP(M, ) = LP(M, ). Further-
more, it is easy to see from the definition that for any p € [1,00), LP°*°(M, p) = L4, (M, u).

In the following we will summarize some required properties of Lorentz spaces.

To shorten notation, we omit the regarding measure space in the designation of Lorentz
spaces if no confusion can arise. We write || - ||, 4 instead of || - || p.a(ar,, if the underlying
space is clearly known.

Applying the Hardy-Littlewood inequality and Holder’s inequality for Lebesgue functions,
we achieve the following Holder’s inequality for Lorentz functions.

Theorem 2.2.3 (Holder’s inequality). Let p,q € [1,00] and p’, q' their Hélder conjugates.
If f € LP9(M, p) and g € LP"4' (M, u), then (fg) € L'(M, u) and

1£ 92t < 1ol o s -

Furthermore, we have the following embedding result for Lorentz spaces.

Theorem 2.2.4. Let p,q,7 € [1,00]. Assume q¢ < r and f € LP9Y(M,pn). Then f €
LP" (M, p) and

q 1/q—1/r
|ﬂhwmug§<p> T,

Alternatively, Lorentz spaces can also be defined as real interpolation spaces between the
spaces L'(M) and L> (M), see for instance [Tar07, Lemma 22.6]. This approach yields
the following result.
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2.3. Sobolev spaces

Theorem 2.2.5 ([Sch12, Proposition 2.2]). Let p € (2,00) and q € [1,00]. Let f €
S(R®). Then there is a ¢, = c1(p) > 0 such that

1F ™ fllpa < eall fllp o (2.2.1)

where p' is the Holder conjugate of p.

Choosing f = u and using the fact that the Fourier transform is an automorphism on
the Schwartz space, (2.2.1) implies

< cilfully g

where p € (2,00) and ¢ € [1, c0].

2.3. Sobolev spaces

This section is a quick review on Sobolev spaces. We consider the Euclidean space
endowed with the Lebesgue measure, that is M = R, M = B(RY) and pu(dz) = dz. Let
Q C R? be open. For a deeper discussion on the general theory of Sobolev spaces we
refer the reader to [Mazl1|. See [DNPV12] for a treatment of Sobolev spaces of fractional
order.

A function f:Q — R is called locally integrable, if

/ |fo|dx < oo for all ¢ € C°(Q).
Q

The set of all locally integrable functions on € is denoted by Li. .(Q2). Let v = (av1, ..., aq) €
IN¢ and f be a locally integrable function on . A function v is called weak derivative of
f of order «, if

/f )% () dx = (— |°‘/<;5 dz  for all ¢ € CZ(Q).

We denote the function v by 9% f.

Definition 2.3.1. Let k € INg and p € [1,00]. We define the Sobolev space W*P(Q) of
integer order by

W (@) i= {f € L(Q): || fllwrae) < o0}

where
1/p
I lwire = | 32 10180y | forp <o,
o<k
Flweoe) = D 10°Fllrso-
lal<k
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2. Analytic Basics

The space W*?(2) endowed with the norm | fllw»(q) is a Banach space for 1 < p < oo.

As mentioned in Section 2.1 L?(Q) is a separable Hilbert space. The same is true in the
case of Sobolev spaces. We set for k € INg

H*(Q) = wh2(Q)
and define the inner product

(F, 9 mr@) = Y, (0°F,0%9)r2(q)-

o<k

This inner product on H¥() is induced by the inner product on L?(Q). This implies
that the space H*(1) is, endowed with (-, *) k(@) @ separable Hilbert space.

Let Wg’p(Q) be the completion of C2°(Q2) with respect to the norm || - [[yyrp(q) and as
before, we set HE(Q) = W(;C’Q(Q). The dual space of H}(Q) is denoted by H () and
is a Banach space endowed with the norm

1£llr-1() = sup{{f,u): u € Hg(Q), [ullm0)}-

We proceed by defining Sobolev spaces of fractional order and explain their connection to
a class of nonlocal operators. For a thorough treatment we refer the reader to [DNPV12].

Definition 2.3.2. Let s € (0,1). We define the fractional Sobolev space W*P(2) by

WP(Q) = {f € LP(Q): W € LP(Q Q)}
endowed with the norm
_ P 1/p
I lwonioy = (1 ey +etas) [ [ HE=E0 aray) ™. s

We set H*(Q2) = W*2(Q) and define the scalar product on H*() by
G =i [ [ SO0,

T — y‘d+23

For f € C°(R%) we define
fz) = 1Y)

(=AY f(x) := c(d, s) lim ST

dy, zeR%
e—0 RI\ B () |l‘*

This operator is called fractional Laplacian and is a nonlocal operator. This operator
appears for instance naturally as the generator of the isotropic rotationally symmetric
a-stable Lévy processes, where v = 2s. The constant c¢(d, s) is defined is defined such
that the symbol of the fractional Laplacian (—A)* is |£]?%, that is for u € S(R?)

F((=A)£)(€) = [€*F(f)-
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2.4. John-Nirenberg’s lemma for doubling measures

Moreover, the fractional Laplacian is linked to Sobolev spaces of fractional order as
follows

(s Dasray = (D) f, Frzmay,  f € CP(RY)
and has the following asymptotics for f € C>(R%)

lm(-A)'f=f and Tim(-A)f = (~A)f

For a proof we refer the reader to [DNPV12, Proposition 4.4].

We close this section by stating the Sobolev inequality on balls in the euclidean norm.
It follows immediately from [BBM02, Theorem 1] by scaling.

Theorem 2.3.3. Let d € N,d > 2, R > 0 and ag € (0,2). There is a constant ¢; > 0
such that for all o € (a,2), r € (0, R) and uw € H*(B,)

r

2.4. John-Nirenberg’s lemma for doubling measures

In this section we introduce doubling metric measure spaces and give John-Nirenberg’s
lemma for doubling measures. For more details on doubling measure spaces and spaces
of bounded mean oscillation, see [BB11] and [HKMO06] and the references given therein.

Let (M,d) be a metric space. For x € M and r > 0, let B%(z) denote the ball with
respect to the metric d with center x and radius r, that is

Bl(x) = {y € M: d(z,y) < r}.

Note that a ball in a metric space does in general not have a unique radius and center.
As an example consider the metric space ((—1, 1), d) where d is the Euclidean metric, i.e.
d(z,y) = |x —y|. Then B{(-1) = Bg/4(—3/4) or Ba(x) = B3(y) for any z,y € (—1,1).

Definition 2.4.1. A measure p on (M,d) is called doubling measure if there exists a
constant ¢ > 1 such that

0 < u(Bi.(2)) < ep(BY(x)) < oo for all z € M,r > 0.
A metric space endowed with a doubling measure is called doubling space.

Let f: M — R be locally integrable. We define the mean of f over a relatively compact

set A C M by
[Fla = ]{4 f(@) plde) = M(lA) /A £() ulda).
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2. Analytic Basics

Definition 2.4.2. Let Q C M be open. We define the class of functions of bounded mean
oscillation by

BMO(Q,,U,) - {f S Llloc(Q): HfHBMO(Q,,u) < OO};

where

T Fp—— {][B () — )] pu(de): B C B is a ball in (M, d)}.

By definition, the space BMO(S2, i) is a subset of L

loc

(Q, ). If we exclude the constant
functions, then || - [[gmo(,,) is @ norm.

For a ball B = BY(z), we denote the ball with the same center and radius 2r by 2B :=
B3, ().
Let us state the John-Nirenberg inequality for doubling metric measure spaces. For a

comprehensive proof we refer the reader to [HKMO06, Theorem 19.5] or [BB11, Theorem
3.15].

Lemma 2.4.3. Let Q C R?, d be a metric on R and p be a doubling measure on (2, d).
Let Q C R be open. A function f: Q — R is in BMO(Q, p) if and only if for every ball
B such that 2B C Q2 and for every t > 0 there are c1,cy > 0 such that

u({a € B: |f() — [fl5] > ) < cre ' u(B).

The positive constants cy, ca and the BMO norm || f||gmo(o,u) depend only on each other,
the dimension d and the doubling constant.
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3. Probabilistic Basics

3.1. Preliminaries

In this section we summarize some basic definitions and review standard facts from
probability theory. For detailed discussions on general probability theory, we refer the
reader to [Durl0] and [Str11].

In the following let (2, F, (F¢)t>0, P) be a filtered probability space. We call a measurable
map X : Q — R? random variable and a measurable set A € F event.

For an integrable random variable X : 2 — R we define its expectation E[X] by
E[X] = / X(w)dP(w)
Q

and for F € F we set E[X; F] = E[X1F]. Let X : Q — R? be a random variable and
f:R? — R an integrable map. For z € R?, let

E*[f(X)] := E[f(X + 2)].

A fundamental inequality for convex functions is Jensen’s inequality. Due to its applica-
tions, it is of great importance in modern mathematics and appears in several forms in
the literature. We will give the probabilistic form of the inequality.

Theorem 3.1.1. Let ¢ : R — R be a convez function and X : Q@ — R a random variable.
Assume ¢ o X and X are integrable. Then

P(E[X]) < E[p(X))].

Every random vector X : Q — R? induces in a natural way a probability measure on R,
the so-called distribution Px, by

Py(A) = /A APy (z) = P(X € A), A e B(RY), (3.1.1)

If two random variables X, Y have the same distribution, we write X 1y,

The expectation of the composition of a function and a random vector can be calculated,
using distributions, as follows.
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Theorem 3.1.2. Let X : Q — R? be a random variable and f : R = R a bounded or
non-negative function. Then

E[f(X)] Z/Qf(X(W))dIP(w)Z n f(x) dPx (x).

Suppose G C F is a o-field and X : © — R is an integrable F-measurable random
variable. The conditional expectation of X given G is defined as any G-measurable
random variable E[X|G] with

/Xd]P:/]E[X|Q]d]P for all A € G.
A A

We emphasize that E[X|G] exists, whenever X is integrable.
Let B € F. The conditional probability of B, given G, is given by the conditional

expectation
E[13]G]. (3.1.2)

We have the following properties for conditional expectations:

Theorem 3.1.3.
1. The conditional expectation IE[X|G] is P-almost surely uniquely defined.
2. Let X,Y : Q — R be integrable random variables and a,b € R. Then

ElaX + bY|G] = aE[X|G] + bE[Y|]].

3. Let £ C G C F be o-fields and X : Q — R integrable. Then
E[X|¢] = E[E[X|G]|€] and E[X|] = E[E[X|E][d].

4. Let X : Q — R be measurable with respect to F and Y : 0 — R be measurable with
respect to G. Assume X and XY are integrable. Then

E[XY|G] = YE[X]|]].

Let B € B(R). Using (3.1.2), the conditional probability of X € B, given G, is given by
P(w, B) := E[l{wen: x(wen}ld] = E[15(X)|d].

We would like to point out the following. (-, B) is almost surely uniquely defined for
B € B(R) and can be modified on a set of probability zero. Furthermore, for any sequence

(Bn)nelN C B(R)
P (w, U Bn> =Y P(w,By) (3.1.3)

nelN nelN

for all w € Q' C Q with P(€) = 1. Suppose there is a version P’ of P, such that (3.1.3)
is true for all w € Q and any sequence (B;,,) C B(R). In general such a version may not
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exist, since the set Q' depends on (B,). Hence there is a uncountable number of such
collections of sets and therefore the corresponding exceptional sets, could add up to a
non-measurable set or a set of positive probability.

Hence, we will define a more subtle concept to overcome these difficulties.
Definition 3.1.4. Let G C F be o-fields. A regular conditional probability for E[-|G] is
a map Q:Q x G —1[0,1] such that

1. for each w € Q, Q(w,-) is a probability measure on (2, F),

2. for each A € F, Q(-, A) is a G-measurable random variable,

3. for each A € F and each B € G

/B O(w, A)dP(w) = P(AN B).

Regular conditional probabilities exist whenever the space €2 is a complete and separable
metric space, c.f. [Bas98, Theorem 1.5.2].

One big advantage of regular conditional probabilities will be their usage in the theory
of stochastic differential equations. Using the martingale problem, regular conditional
probabilities will allow us to extend local unique weak solutions to stochastic differential
equations to unique global weak solutions.

Next, we introduce independence of random variables. For this purpose, we first need the
definition of independence of two events and the independence of two random variables
and the definition of the o-field generated by a random variable. Let A, B € F. We call
two events A, B independent, if P(AN B) = P(A)P(B).

Definition 3.1.5. Let X : Q — R? be a random variable and set
o(X)={{X € A}: A € B(RY)}.
We call 0(X) the o-field generated by X .

Using Definition 3.1.5, we can define the independence of two random variables.

Definition 3.1.6. Two random variables X : Q@ — R? and Y : Q@ — R? are called
independent, if for every choice A € 0(X), B € o(Y) the events A, B are independent .

One useful calculation rule for independent random variables is the following:

Theorem 3.1.7. Let X,Y : Q — R be independent random variables such that X,Y
and XY are integrable. Then E[XY] = E[X]E[Y].

A family of random variables X; : © — R, t € [0,00) is called a stochastic process.

We use the common notation for stochastic processes {X;: t > 0} = (X¢)i>0 = (Xp)s-
A process (X¢)i>o is called adapted, if X; is Fi-measurable for any ¢ > 0 and it is
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3. Probabilistic Basics

called predictable, if it is measurable with respect to the o-Algebra generated by all left-
continuous adapted processes. For fixed w €  the mapping ¢ — X;(w) is called sample
path or trajectory. It is a single outcome of a stochastic process and can be understood
as a chronological ordered sequence of random events.

Let X; : Q — R% t € [0,00) be a stochastic process and let (R%)[%*) be the set of all
functions from [0,00) to R? Then for each w € Q the path (X;);>0(w) is an element
of (R0, We denote for each w € Q the functions ¢t — X;(w) by X(w). Then
X : Q — (R0 is measurable with respect to

BRH = &) BRY).

te€[0,00)

Since the stochastic process can be seen as a random variable X that takes values in
(R4)10%) the law (or distribution) of (X¢);>0 is defined as the probability measure
Po X! on (R0, B(RH)0:)).

Definition 3.1.8. Two stochastic processes (Xt)i>0 and (Yz)i>0 are called independent,
if for any n € N the random variables

X=Xy, ., Xt,) and Y =(Yy,...,Y1,)
are independent for any ty, ..., t, € [0,00).

An object of great importance in this thesis is the class of martingales. The best general
references are [RW00a| and [RW00b|.
Definition 3.1.9. Let M; : Q — R,t > 0 be an integrable, adapted stochastic process.

1. (Mi)e>o is called supermartingale with respect to the filtration (Ft)e>o, if
E[M|Fs] < Mg for s < t.

2. (My)e>o is called submartingale with respect to the filtration (Fi)i>o0, if
E[M|Fs] > M for s <t.

3. (My)e>0 is called martingale with respect to the filtration (Ft)i>o0, if
E[M|Fs] = M for s < t.

Martingales are a natural model of fair games. By definition these processes exclude the
possibility of winning strategies based on game history.

The next theorem, Doob’s martingale inequality, gives an uniform LP-bound for a mar-

tingale on a compact time interval by the LP-norm of the end-value.

Theorem 3.1.10. Let (Mi)i>0 be a martingale or a non-negative submartingale with
right continuous sample paths. Further let p > 1. Then for all T > 0

sup | M|
s<T

p
< — HMTHLP-
Lp p
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Let (My)t>0 be a martingale with respect to a filtration (F;);>0. A mnice property of
martingales is that the expected value of a martingale at any time ¢ > 0 is equal to
the expected value of its initial value. If we set s = 0 in the definition above and take
expectations,

E[M,] = E[M). (3.1.4)

An interesting question is, if one can replace ¢t in (3.1.4) by a random variable. We
introduce a class of suitable random variables.

Definition 3.1.11. A random variable T : Q — [0,00) is called stopping time with
respect to the filtration (Fi)e>o0, if for allt >0

{weQ: T(w) <t} eF.

Stopping times can be understood as a kind of random time. It can be interpreted as
waiting time until an event happens.

To shorten notation, we will omit in the designation of martingales and stopping times
the regarding filtration. We give two important examples of stopping times. Let A ¢ R?
be a measurable set.

1. The first exit time 74 for a process (X¢)¢>o from A is defined by

TA(w) ;= inf{t € [0,00): X;(w) ¢ A}. (3.1.5)

2. The first hitting time T4 for a process (X¢)¢>o of A is defined by

Ty(w) :=inf{t € [0,00): X¢(w) € A}. (3.1.6)

From now on 74 and T4 denote the first exit time resp. first hitting time.

Associated with a stopping time 7T, we define the stopping time o-field F7 by
Fri={AeF: An{w: T(w) <t} forall t > 0}.

A stopping time 7T is called bounded, if there is a K > 0 such that 7 (w) < K for all
w € Q.

Using stopping times, we can formulate a theorem which gives an analogous statement
as (3.1.4) for bounded stopping times under certain conditions. This theorem is known
as Doob’s optional stopping theorem.

Theorem 3.1.12. Let T be a bounded stopping time and (My)i>0 a martingale. Then
E[My] = E[Mj].

We next use stopping times to extend the class of martingales by the class of so-called
local martingales.
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3. Probabilistic Basics

Definition 3.1.13. Let (M)i>0 be an integrable, adapted stochastic process. If there
exists a sequence of stopping times (Tg)rew Such that

T < Tgr1 P-almost surely and T K23 oo P-almost surely

and the stopped process (MtT’“)tZO = (Mia7,)e>0 15 a uniformly integrable martingale for
each k € IN, then (My)i>0 is called local martingale.

Recall that every martingale is a local martingale and every bounded local martingale is
a martingale.

We will end our review by recalling the concept of convergence in distribution and Sko-
rohod’s representation theorem. Since this theorem will be used in a quite general frame-
work, we will formulate it in the set-up of metric measure spaces. Let (.S, p) be a metric
space and S the Borel o-field on S. Most definitions above can be adjusted by just
replacing (R%, B(R%)) by (S,S).

Definition 3.1.14.
1. Let pin,n € N be a sequence of measures on (S,S) and p a measure on (S,S). We

say that (fin)nen converges weakly to p, if

lim [ fdu,= / fdu forall feCy(S).
S S

n—oo

In this case, we write: [y, —> L.

2. Let (Xi)new be a family of S-valued random variables. We say X,, convergences in
distribution to a random variable X, if the sequence of distributions Px, converges
weakly to Px.

In this case we write X, i> X.

Note that by Theorem 3.1.2, X,, Ay X s equivalent to

E[f(X,)] = E[f(X)] for all bounded, continuous functions on S.

We have seen that, given a probability space (2, F,P) and a random variable X, the
distribution induces a probability measure Px on R? in a natural way by (3.1.1).

Vice versa, given a probability measure p on (R, B(IR%)), we can choose the probability
space (Q,F,P) = (RY B(R%), ) and define the random variable X(w) = w for all
w € Q=R Then p is the distribution of X with respect to P.

The next theorem shows that a weakly convergent sequence of probability measures with
a limit that has a separable support, can be represented as the distribution of a point-
wise convergent sequence of random variables. It is known as Skorohod’s representation
theorem.
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3.2. Lévy Processes

Theorem 3.1.15 ([Bil99, Theorem 6.7]). Let p,, n € IN be a sequence of probability
measures on (S,S) and p a probability measure on (S,S). Suppose that p, — p and
1 has a separable support. Then there exist random elements X,, and X, defined on a
common probability space (2, F,P), such that Px, = un, Px = u, and the sequence X,,
converges P-almost surely to X.

3.2. Lévy Processes

In this section we summarize some important facts on Lévy processes. For a more
complete theory we refer the reader to [App09|, |[Ber96| and [Sat13]. For simplicity of
notation, we write (2, F,P) instead of (2, F, (Ft)t>0, P) for a filtered probability space.
Unless otherwise specified, we will always work with the minimal augmented filtration
(]:t>t207 that is
Fi=0(Xs;s <t).

This filtration has at time ¢ > 0 full information about the process in the past up to time
t. We will first start by an important class of functions in the theory of Lévy processes.

Definition 3.2.1. A function f : [0,00) — R? is called cadlag, if it is right continuous
on [0,00) and has left limits for all t € (0, 00).

The space D([0,00)) of all cadlag functions endowed with the Skorohod topology is called
Skorohod space.

If fis cadlag, we will denote the left limit at each point ¢ € (0, 00) by
t—) =1 .
(=) = T £(5)

Clearly, any continuous function is cadlag and a cadlag function f is continuous at t if and
only if f(t) = f(t—). The jump of f at ¢t € (0, 00) will be denoted by Af(t) = f(t)—f(t—).

Definition 3.2.2. A R%-valued stochastic process L = (Ly);>0 on (2, F,P) is called Lévy
process, if

1. Ly =0 P-—a.s.,

2. L has stationary increments, i.e. for any s,t > 0 we have Lyys — Ly 4 Lg,

3. L has independent increments, i.e. for every choice of n € N and 0 < tg <
t1 < -+ <ty the random variables Ly, — Ly, Ly, | — Ly, o,..., Ly, — Ly, are
independent,

4. L is stochastically continuous, i.e. for any € > 0 and tg > 0, tlir? P(|L — Lyy| >

—to
€)=0.
An important property of Lévy processes is that one can construct a version of a Lévy

process whose paths are cadlag. From now on we assume every Lévy process L to have
cadlag paths.
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Lévy processes form an important class of stochastic processes, which play a significant
role in many fields like financial stock prices or population models. They represent the
motion of a point whose successive displacements are random and independent, and
statistically identical over different time intervals of the same length. Thus, they may be
viewed as the continuous-time analog of a random walk.

From Definition 3.2.2 one can easily deduce that any Lévy process (Li);>o is a semi-
martingale. Due to the cadlag property, the amount of jumps of a Lévy process is at
most countable and by stochastic continuity

for any fixed t € (0,00), ALy =0 P — almost surely. (3.2.1)

Adding two independent Lévy processes gives again a Lévy process.

Lemma 3.2.3. Let (L});>0 and (L?);>0 be two independent Lévy processes. Then
(L} + L?)i>0 is a Lévy process.

Let us give two important examples of Lévy processes. They are significant building
blocks of general Lévy processes:

Definition 3.2.4.
1. A N-valued Lévy process N = (Ni)>0 is called Poisson process with intensity A > 0,
if it has Poisson distribution, i.e.

o Ry
P(N;=k) = e for all k € NU{0},t > 0.

2. A real-valued Lévy process B = (By)i>0 is called (standard) Brownian motion in
R, if the trajectories t — By, are P-a.s. continuous and Byys — Bs has normal
distribution with mean zero and variance t, i.e.

2
P(B; € A) :/ exp< y) dy for all s,t >0 and A € B(R).
A

27t 2t
Let B}, ..., B¢ be d independent one-dimensional Brownian motions, defined as above.
Then B = (B}, ..., BY) is called d—dimensional standard Brownian motion. The sample

paths of Brownian motions are continuous, but they are nowhere differentiable. The
canonical space for the sample paths is the space of the continuous real-valued functions
C([0,00)), endowed with the topology of locally uniform convergence, which is induced

by the metric
d(f.g) = Zzik << sup |f(z) —g(fv)|> A 1) :

k>1 z€[0,k]

where a A b := min{a, b}. This metric topology is complete and separable. Since general
Lévy processes have only cadlag paths, instead of continuous sample paths, it is clear
that the space of continuous functions is not suitable for the description of processes
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3.2. Lévy Processes

with jumps such as Lévy processes. Hence it makes sense to consider processes on the
Skorohod space from Definition 3.2.1. This space equipped with the topology of locally
uniform convergence is still complete, but not separable. The non-separability of the
space causes well-known problems of measurability in the theory of weak convergence of
measures on this space. One possibility to make this space also separable, is to weaken
the topology. There is a metrizable topology, the so-called Skorohod topology, such that
D([0,00)) is complete and separable. Let A be the set of all continuous and strictly
increasing functions A : [0,00) — [0,00) with A(0) = 0 and A(t) — oo as t — oo. For

A € A we define
I(\) = sup |log (W)_A(S)> ‘ .

s<t t—s

For f,g € D([0,0)) let

6(f,9) = inf <Z(A)+ sup \f(t)—g(k(t))\)

te[0,00)

Then ¢ is a metric and the space D(]0, 00)) equipped with this metric becomes a complete
and separable metric space. The topology generated by this metric is called Skorohod
topology. The convergence on this topology is characterized as follows:

Let f, fn € D([0,00)) for all n € IN. We say f, convergences to f, if there exists a
sequence (Ap)nen in A such that

n—oo

sup |[An(s) —s| — 0
$€[0,00)
and
sup | fn(An(s)) — f(s)| =370 for all K € IN.

s€[0,K]
For more details on the Skorohod space, see |Bil99|.

It is well known that the properties of stationary and independent increments imply that
every Lévy process satisfies the Markov property. Furthermore Lévy processes are even
strong Markov processes since the sample paths are cadlag.

Theorem 3.2.5. Let L = (Lt)t>0 be a Lévy process and T be a stopping time. On the
set {T < oo} the post—T process (L1ys — LT)s>0 has the same distribution as L and is
independent of the pre-T information Fr.

Let k € IN. The k™ moment of a random variable X is given by E[|X|*], if it exists. The
next theorem tells us that Lévy processes with bounded jumps have finite moments of
all order.

Theorem 3.2.6. Let L = (Lt)¢>0 be a Lévy process such that there is a K > 0 with

sup |ALy| < K P-almost surely.
>0

Then E[|X|¥] < oo for all k € N.
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Let us recall the definition of characteristic functions.

Definition 3.2.7. Let X be a random variable. The characteristic function ¢x : R — C
of X 1is defined as the Fourier transform of its distribution, i.e.

ox(6) = [ e Plaa).

By Theorem 3.1.2, the characteristic function can be written as

¢x(€) = E[e"*].

If X and Y are independent random variables, then one can easily see that also €%

and €Y are independent and hence by Theorem 3.1.7

dx1y(§) = ox (&) Py (§). (3.2.2)

The characteristic function of any R?valued random variable completely defines its prob-
ability distribution.

The characteristic function of Lévy processes can be represented by the so-called Lévy—
Khintchine triplet (A,~,v), where A is a symmetric non-negative-definite d x d matrix,
v € R and v is a measure on R¢ such that

v({0}) =0 and /Rd(|h|2 A1)v(dh) < 0.

Any Lévy process is fully determined by its Lévy—Khintchine triplet (A,~,v) in the
following way, known as Lévy—Khintchine formula.

Theorem 3.2.8. Let L = (Lt)i>0 be a Lévy processes. Then for any t > 0, the charac-
teristic function is given by

01,6) =exp (€ (A0 + 176+ [ (€57 1oLy (0) () ) = expl(- (),

The function v : R¢ — C is called the characteristic exponent of p. A is called Gaussian
covariance matrix, v € R? is named drift parameter and v is the Lévy measure of the
associated Lévy process. It is a Radon measure, which can be described in terms of
jumps.

By Theorem 3.2.8 and (3.2.2), a Lévy process can be seen as a stochastic process con-
sisting of three independent components:

A Brownian motion, represented by A, a drift term expressed by v and a pure jump part
represented by v. This decomposition of a Lévy process is known as Lévy-Itdé decompo-
sition. It states that the jump part consists of a compound Poisson process and a square
integrable pure jump martingale. In particular, if we fix a positive number x > 0 and
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decompose the jump part of a Lévy process (Lt)¢>0 into jumps of size less or equal x and
jumps of size greater k, then the process

Y, = Z ALslyar,<x} I8 asquare integrable martingale, (3.2.3)
0<s<t
that is (Y;);>0 is a martingale such that E[|M;|?] < oo for all ¢ > 0.

For details on the Lévy—Khintchine formula and the Lévy-It6 decomposition, see e.g.
[Sat13].

As a last point of our review on Lévy processes, we will study the generator of a Lévy
process. Essentially, this consideration follows [Sat13, Section 6.31].

Let (L¢)i>0 be a Lévy processes with triplet (A,~,v) with A = (Aj;). Further let (P;)i>0
be the transition semigroup of (L;);>0 on Co(RY) that is

Pif(x) :== E*[f(L,)] := E[f(Li + z)], =€ R%

Theorem 3.2.9. (P;);>0 is a strongly continuous semigroup on Co(R?) with norm
|P|| = 1. Let L be its infinitesimal generator with domain D(L). Then C(RY) is
a core of L, C3(RY) C D(L), and

d 2 -
£i@ =5 Y Aug ke Ve [ (et o) - £@) Loy )y V@) i)
G k=1 J

(3.2.4)
for f € C2(RY).

For instance, the d-dimensional isotropic a-stable process, a € (0,2), is a Lévy process
with triplet (0,0, c(d, a)|h|~%=*dh), where c(d, @) is an appropriate chosen constant. Its
infinitesimal generator on CZ(RY) is given by the so-called fractional Laplacian,

A7 = [ (et = 1) = 1,0y V(@) ’ﬁ;ﬁﬁ dy

The formula in (3.2.4) is well-defined for f € CZ(R¢) and has the following property on
C2(R%), which is known as Dynkin’s formula.

Theorem 3.2.10. Let (Li)i>0 be a Lévy process and let the operator L be defined as in
(3.2.4) on CZ2(RY). Then

M, = f(Lt)—f(Lo)—/O Lf(L,)ds

is a local martingale for all f € Cg(]Rd).
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3.3. Stochastic calculus

We want to close the preliminary chapter, by giving two crucial facts on stochastic
integration with respect to semimartingales. Since it would go beyond the capacity
of this thesis we will not introduce the theory of stochastic integration with respect
to semimartingales, but set up the relevant notation and terminology. For a thorough
treatment of the theory, we refer the reader to [Pro05|, [Klel2| and [JSO03].

The following review follows [Pro05, Chapter II].
Let us start with the definition of the quadratic variation process of a semimartingale.
We will simply write X for a stochastic process (X¢)¢>0 when no confusion can arise.

Definition 3.3.1. Let X,Y be two semimartingales.
1. The quadratic variation process [ X, X| = ([X, X]¢)t>0 of X is defined by

t
(X, X]; = X? - 2/ X, dX,.
0
2. The quadratic covariation process [X,Y] = ([X,Y]t)t>0 of X, Y is defined by

t t
(X,Y], = Xth—/ Xs_dYs—/ Y,_ dX,.
0 0

One can easily show, by using basic properties of the stochastic integral, the following
rule for the jumps of the quadratic variation process

A[X, X]; = (AX;)2

Moreover ([X, X])t>0 is an adapted and increasing process with cadlag paths. The
quadratic variation of a square integrable martingale M has the property

M? — [M, M); is a martingale.

An adapted stochastic process with cadlag paths is called finite variation process if the
paths have P-almost surely finite variation on every compact interval of [0,00). The
quadratic variation of a finite variation process X is given by the sum of the squares of
its jumps, i.e.

X, X = > (AXy)? (3.3.1)

0<s<t

An important process is the predictable quadratic variation process of a semimartingale.

Definition 3.3.2. Let X be a semimartingale. The unique predictable stochastic process
(X) = ((X)¢)t>0 that makes [ X, X]t — (X)¢ a local martingale is called the predictable

quadratic variation process (or sharp bracket process) of X.
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The predictable quadratic variation process is by definition the compensator of the
quadratic variation process of a semimartingale. Its existence follows from the Doob-
Meyer decomposition, c.f. [Klel2, Section 8.9]. For a treatment of compensators in
general, we refer the reader to [Pro05, Section III.5].

We briefly study compensators of square integrable martingales in the next theorem.

Theorem 3.3.3. [Kle12, Theorem 8.24] Let M be a square integrable martingale. Then
the sharp bracket process of M is the unique predictable increasing process such that

M? — (M) is a martingale.

For a locally square integrable martingale M, we have that (M), is the unique process
such that M2 — (M), is a local martingale.

By Theorem 3.3.3, we have for a square integrable martingale with My = 0

E[M7] = E[[M, M} = E[(M),].
We like to emphasize two technical calculation rules. The following is the [td isometry
for local martingales.

Theorem 3.3.4. Let M = (M)i>0 be a local martingale and (H;)i>0 a predictable
process such that

t
E[/ H§d<M>s} < oo forany t>0.
0

Then
/ H;dM, is a square integrable martingale
0

</Otlardes>2 :E[/Otﬂfd<M>s].

The second important result we want to mention is It6’s formula, which is a kind of
change of variables rule for semimartingales. For a d-dimensional stochastic process X
we use (X¢)i>0 = (X}, ..., X?))i>0 to denote its coordinates.

and

Theorem 3.3.5. Let M = (M;);>0 be a semimartingale and f € C?*(R?). Then
(f(My))e=0 is a semimartingale and

_ S [POSOM) ;
oy st + 3 [ 5T + 2/ g,

d
+3 [ Arov Z AM’ — = Z 8%8% TSMs) p pripngs

s<t i,j=1
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Part II.

Systems of stochastic differential
equations
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Structure of Part Il

In this part we study systems of stochastic differential equations driven by a class of
anisotropic Lévy processes. The aim is to prove that solutions to the system exist and
are unique under an additional condition.

This part is divided into three chapters:

In Chapter 4 we introduce a class of anisotropic Lévy processes and present a system of
stochastic differential equations driven by these processes. We also constitute sufficient
preparation by proving auxiliary results.

Chapter 5 is devoted to the study of existence of solutions to the system of stochastic
differential equations. The proof is, roughly speaking, divided into two parts. In the first
part we prove existence of solutions for sufficiently smooth, namely Lipschitz continuous,
coefficients. The proof is based on the Picard iteration method. In the second part we
prove by approximation the existence of solutions to the system of stochastic differential
equations for continuous and bounded coefficients. In order to do so we have to prove
that solutions are preserved in the limit.

In Chapter 6 we prove uniqueness of solutions to the system. The main idea is to
prove uniqueness of the resolvent operator belonging to weak solutions to the system,
which provides uniqueness of solutions to the corresponding martingale problem and
therefore uniqueness of weak solutions to the system of stochastic differential equations.
We will show that the resolvent operator can be expressed as a sum consisting of the
resolvent operator for solutions to the system with fixed coefficients and the corresponding
perturbation integral operator. Showing that these operators have a unique bounded
linear extension to LP(IR?) will be crucial to prove uniqueness of weak solutions.
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4. Preliminaries

The aim of this chapter is to provide a detailed exposition of the system of stochastic
differential equations.

A one-dimensional pure jump Lévy process (L:)s>0 is called symmetric stable process of
order 7 € (0,2) if the Lévy-Khintchine triplet is given by (0,0, c,|k|~1=7 dh), where the
constant ¢y, = 29T'((1 ++)/2)/ |I'(—v/2)] is chosen such that

1
c 1 —cos(w))——dw = 1. 4.0.1
[ D e (101)

This leads to the fact that the Fourier symbol of the generator of (Lt):>¢ is given by
|€]7, c.f. Lemma 6.1.1. For this reason, the characteristic function of a one-dimensional
symmetric stable process of order v € (0,2) is given by

Eelt = ¢7tI"  for all € € R.

A comprehensive computation of the constant and proofs of its behavior can be found in
[Fell3, Section 2.4].

For a one-dimensional symmetric stable process of order v we have the following Lévy
system formula. A good reference for the Lévy system formula is e.g. [CF12, Appendix
A.3.4].

Let (Lt)t>0 be a one-dimensional symmetric stable process of order 7.

Lemma 4.0.1. Let F; = 0(Ls; s < t) and F(z,t)(w) be a stochastic process that is jointly
measurable with respect to B(R) x F;. Suppose

t
/ / |F(h, 8)|cy|h| 77 dhds < occ.
0 JR

Then

t
ZF(ALs,s)—/ /F(h,s)cv|h17dhds
0 JR

s<t

s a local martingale.

Let M > 0 be fixed and (L);>0 be a one-dimensional symmetric stable process of order
7. We define (L¢)¢>0 by

Li=L;— Z ALsLyaL,>M}

s<t
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4. Preliminaries

which is the process (L¢):>0 with all jumps of size larger than M removed.

Since L is a Lévy process with bounded jumps, by (3.2.3) we know that it is a square
integrable martingale. The predictable quadratic variation process ((L););>¢ is an in-
creasing process with zero initial value and thus by Theorem 3.3.3, (L;)? — (L); is a
martingale. Furthermore, from the Lévy system formula for F(h,s) = |h|? and the fact
that the quadratic variation process of a finite variation process can be expressed by the
squares of its sums, we see that for £ > 0,

— t e h? 2c, M2
L :/ / T dh | ds = ——¢. 4.0.2
(e 0 ( inj<ar || ) 2—7 (402)

Let d € N,d > 2 and let (Z})i>0,% = 1,...,d be one-dimensional symmetric stable
processes of order «; € (0,2). We assume that the processes Z*, i = 1,...,d, are
independent and set

Z = (Z)iso = (Z}, ..., Z8) 0.

Let (ng)tzo be the d-dimensional Lévy process, defined by ng = Zle;, where e; is the
i*h standard coordinate vector. Then (Z});>0 is a Lévy process with Lévy-Khintchine
triplet (0,0, 7;(dh)), where ; is given by

v Ca;
I/i<d’u)) = 7‘10.’14‘0% dwi Hé{o}(dw])
’ J#i

Obviously, (Z;)¢>0 is the sum of the d independent Lévy processes Zu;, t1=1,...,d and
hence by Lemma 3.2.3 a Lévy process itself.

Using the independence of the Z}’s, the Lévy-measure of (Z;); is given as the sum of the
U;’s, i.e.
d

Ca;
v(dw) =Y T dw; [ [T 60 (dwy)
i=1 G0

The support of this measure is the union of the coordinate axes. Hence v(A) = 0 for
every set A C R%, which has an empty intersection with the coordinate axes.

The process Z; makes a jump into the i*" direction of the coordinate axis, whenever Z}
makes a jump. Let a time ¢ > 0 be given such that AZ}! # 0. By stochastic continuity
of Lévy processes, AZ] = 0 holds for all j # i at this given time ¢. Hence the process Z;
jumps along the direction of the coordinate axes.

We now present the system of stochastic differential equations and make the assumptions
on the coeflicients.
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Let o € R? and A : R* — R%*? be a matrix-valued function. We consider the system
of stochastic differential equations

d
dXi =" A;;(X,_)dZ!,  forie{l,...,d},
¢ Z (Xi-)dZ] { } (SDE)

Xo = o,

where z¢ = (2}, ...,z8) € R%.

An equivalent formulation of (SDE) is the following
Xz_x0+2/ (Xe)dZi, i=1,...,d. (4.0.3)
For f € CZ(RY) let

d
Z/R\{O} (z +aj(x)h) — f(z) = Mlgp<y VF(2) - aj(z ))\hl“a dh, (4.0.4)
7j=1

where a;j(z) denotes the j* column of the matrix A(x). In Proposition 4.0.4 we will show
that £ fulfills Dynkin’s formula for any weak solution to (SDE).

Let us first recall the concept of weak solutions:

We say that a probability measure PP is a weak solution to the system (4.0.3), starting at
xo, if there exists a filtered probability space (€2, F, (Ft)¢>0, P) and stochastic processes
(X}, .., X3 and (Z},...,Z%) such that (4.0.3) holds and the processes (Z});—1, 4 are
independent one-dimensional symmetric stable processes of index «; under IP. In partic-
ular, the existence of a unique weak solution to (4.0.3) implies that the law of (X);>¢ is
uniquely determined.

An equivalent formulation of the concept of existence and uniqueness of weak solutions
to stochastic differential equations is given by the so-called martingale problem method.
Both concepts are fully equivalent (c.f. [RW00b, Section V.4|), but the martingale prob-
lem method has some advantages which will be discussed later.

Recall that the function space ID([0,00) is the space of all right-continuous R¢%valued
functions on [0, 00) with left limits endowed with the Skorohod topology.

Definition 4.0.2. Let £ be an operator whose domain includes CZ(R?). Let (X¢)i>0 be
the coordinate maps on = ID(]0,00)), that is Xi(w) = w(t) and (Fi)e>0 the filtration
generated by the cylindrical sets. We say a probability measure P is a solution to the
martingale problem for L, started at xq, if the following two conditions hold:

1. IP(XO = l‘o) =1.
2. For each f € C3(RY)

F(X0) — F(Xo) — /O LF(X)ds
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4. Preliminaries

s a IP-martingale.

By focusing our attention on probability measures, the martingale problem formulation
gives us the following three powerful techniques (c.f. [RW00b, Chapter V, (19.8)]):

1. the theory of weak convergence,
2. the theory of regular conditional probabilities,
3. localization.

These three techniques will be of great importance in this part of this thesis. In the
application the advantages of these techniques will become evident.

We make the following assumptions on the coefficients to the system (SDE):

Assumption 1 ([BC06, Assumption 2.1.]).

1. For every x € R? the matriz A(z) is non-degenerate, that is

inf  |A(x)u| > 0.
u€R®: |u|=1

2. The functions x — A;j(x) are continuous and bounded for all 1 <i,j < d.

The system (SDE) has been studied in the case a1 = ag =+ = ag = a € (0,2) by Bass
and Chen in their articles [BC06], [BC10]. In [BCO06] the authors proved with the help
of the martingale problem the existence and uniqueness of a weak solution to (SDE) in
the case a1 = ag = -+ = ag = a € (0,2). A main tool to obtain uniqueness is by using
a bound on the LP-operator norm of the corresponding perturbation integral operator.
In order to do so the authors use the method of rotations, which is not applicable in the
case of different indices.

In [BC10] the authors study bounded harmonic functions for the corresponding integral
operator and show that such harmonic functions are Holder continuous. This result has
been extended in [Chal6| for the case where the «;’s are allowed to be different.

Note that by symmetry of the density for any j € {1,...,d}

/ oy U+ i@ =260) 4 F o agfa)h) iy an

1 .
=3 /R\{O}(f(x +aj(x)h) — f(x) = hlgp<yVF(z) - aj(z))mrle "
1 N
i /R\{O}(f(x —aj(@)h) = f(z) + hlgn<y V(@) aj(ﬂf))m dh
1 .

=5 /R\{O}(f($ +aj(x)h) —2f(x) + f(x — aj(x)h))m dh,

which allows us to first write the integro-differential operator £ with weighted second
order differences.
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Definition 4.0.3. Let f € CZ(R?), then
Cq
flz+ aj( —2f(x) + f(x — a;(x)h — dh.
Z/R\{O} @) = 2£(a) + o = e i

Next we will show that weak solutions to the system (SDE) are naturally connected to
the operator £. Let us assume for now that there is a weak solution P to (SDE). The
existence of a weak solution will be shown in Chapter 5.

Proposition 4.0.4. Suppose A is bounded and measurable. Let IP be a weak solution to
(SDE). If f € C3(RY), then

t
f06) - %0 - [ £rx
0
18 a P-martingale.

Proof. The proof is adapted from [BCO06, Proposition 4.1.]. Let Z" be ZF with all

jumps larger than one in absolute value removed. Since Zf is a Lévy process with
bounded jumps, by Theorem 3.2.6 it has finite moments of all order and by (3.2.3) it is
a martingale. Using [t6’s formula

F00) = 1(X0) = [ V(X)X + 30 (1) = f(Xuo) = VF(X,) - AX)

= /t VF(X,)A(X,_)dZ,
Z Xs— + A )AZS) - f(Xs—) - vf(Xs—)A(Xs—)AZs)

s<t

t
:/0 V(X )A(X,_)d (Zs + ZAZUH{AZU>1})

u<s

Z F(Xom + A(Xs)AZS) — f(Xoo) — V(X )A(Xe)AZ)

— /t V(X )A(X,_)dZ,
) (f(Xem + AX)AZ) — (X)) = V(X )A(Xe ) AZd a7, <1y)

s<t

_ /t V(X )A(Xs) dZ,
0

d .
30D (F(Xo 4 ai(Xe)AZE) = F(X,) = V(X )ay(X,-)AZ])

k=1 s<t
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4. Preliminaries

t d_
= / VX )AX)dZs+ > Bl
0 .
7=1
By Lemma 4.0.1 for any j € {1,...,d}

ot .
ﬂ?-/ﬂ /]R\{O}(f(XS‘+aj(X5‘)h)_f(Xs—)_h]l{h|<1}Vf(Xs—)'aj(Xs—))|h|1+ajdhds

is a IP-martingale. The cadlag property implies that Xs = X _ holds P almost surely.

Hence
d ' d '
i (X )ds =S8 — | Lf(X.
> | erxas > | erxas

is a IP-martingale. Since 7{ is a martingale and the stochastic integral with respect to a
martingale is itself again a martingale, the assertion follows. O

We have shown in Proposition 4.0.4 that any weak solution P to (SDE) is a solution to
the martingale problem for the operator L.

An important property to show existence and uniqueness of solutions to the system of
stochastic differential equations will be the tightness of a sequence of solutions to the
martingale problem. In the following, we will discuss some auxiliary result related to the
tightness of sequences of probability measures. We start by recalling the definition of
tightness and relatively compactness.

Definition 4.0.5. Let (S, p) be a metric space and S the Borel o-field on S. A sequence
of probability measures (Pp)new on S is called tight, if for every e > 0 there is N € IN
and a compact set K € S such that

P,(K)>1—¢ forall n> N.

The sequence (Py)nen i called relatively compact, if any sequence of its elements contains
a weakly convergent subsequence. The limiting probability measure might be different for
different subsequences.

The following theorem is known as Prokhorov’s theorem and provides an equivalence of
tightness and weak convergence of probability measures.

Theorem 4.0.6. If a family of probability measures on (S,d,S) is tight, then it is rela-
tively compact.
If the space is separable and complete and a family of probability is relatively compact,
then it is tight.

For a deeper discussion of weak convergence and tightness, we refer the reader to [Bil99].

Let
Ty :=inf{s : | X, — Xo| > n} forn e (0,1). (4.0.5)
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In [Bas88]|, the author examines sufficient conditions to derive existence and well-posedness
for the martingale problem associated to the integro-differential operator

Af(z) = /R @+ h) — f(2) — /@Ry ()] o(z, dh)

on C?(R), where v(x,dh) satisfies the Lévy condition uniformly in 2. To this end a
tightness criterion for families of solutions is proven. We close this chapter by quoting
two propositions from [Bas88|.

Proposition 4.0.7 (|[Bas88|, Proposition 3.1). Suppose P(Xo = z9) = 1 and that for

02 f
D0, ‘Oo such

that f(X;) — f(Xo) — cft is a supermartingale. Then there exists a constant c; > 0,
independent of xg, such that

every f € CZ(R) there exists a constant ¢y depending only on || f|lec and ‘

t
P(ry < 1) < .
n
Note that the constant ¢; in Proposition 4.0.7 is independent of the probability measure

P.

The following result is a tightness criterion for a sequence of distributions. Using the
Aldous criterion (see [Ald78|), which is a sufficient condition for the tightness of a se-
quence of stochastic processes in terms of the behavior after stopping times, the following
proposition is proved.

Proposition 4.0.8 (|Bas88|, Proposition 3.2). Suppose for each n that P,(Xo = x¢) =
1 and that for every f € C} there exists a constant ¢ depending only on | f|leo and
02 f
‘ O0x;0x;
P,, is tight on D([0,to]) for each to.

‘ such that f(X;) — f(Xo) — ¢yt is a Py-supermartingale. Then the sequence
oo

Although the proofs of the propositions in |[Bas88| are one-dimensional they do easily
extend to d-dimensional case without any significant changes.
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5. Existence

The aim of this chapter is to prove the existence of a weak solution to the system
(SDE). We first prove the existence of a weak solution to (SDE) for Lipschitz continuous
coefficients by using the method of Picard iteration. Afterwards, we approximate the
continuous coefficient matrix A by a sequence of Lipschitz continuous coefficient matrices
A™ n € IN and show that the resulting weak solutions IP,, converge to a measure IP which
is a weak solution to (SDE).

Let us first recall Gronwall’s inequality.

Theorem 5.0.1 ([Pro05, Theorem V.68|). Let h : [0,00) — [0,00) be such that
h(s) §A—|—B/ h(r)dr <oo for0<s<t.
0

Then h(t) < AeBt. Moreover if A =0, then h vanishes identically.

The next theorem shows the existence of weak solutions to (SDE), when the coefficients
are Lipschitz continuous. The proof follows the proof sketch of [BC06, Proposition 4.2]
and the ideas of [Bas98, Theorem 1.3.1]. In [Bas98] the author proves the existence of a
pathwise solution to the stochastic differential equation

dXt = O'(Xt)th + b(Xt)dt, X() =,

where (W});>0 is a one-dimensional Brownian motion and the coefficients o and b are
Lipschitz continuous.

Proposition 5.0.2. Let x — A;j(z) be bounded and Lipschitz continuous for every
i,j €{1,...,d}. Then there exists a weak solution to the system (SDE).

Proof. Let M > 1 be fixed. For each j € {1,...,d} we decompose the process Zg into
the processes Z] and ZJ, where Z; is Z] with all jumps of size larger than M in absolute
value removed. Then 7% is a Lévy process with Lévy measure caj|h|1+0‘j]l{|w|SM} dw.

Moreover, by (3.2.3) each 7? is a square integrable martingale and by Theorem 3.2.6 it
has finite moments of all orders.

Since each A;; is Lipschitz continuous, there is a L;; > 0 such that
|Aij(z) — Aij(y)| < Lijlz — y| for all z,y € RY. We define

L :=max{L;:i,j€{l,...,d}}.
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5. Existence

Let ¢ € {1,...,d} be fixed but arbitrary. We will now use the Picard iteration method
to show existence and uniqueness of a weak solution to the system

d
dXi( A (Xm (M) dZ, i=1,....d,
il Z i f (5.0.1)
X(](M)Zl'o.

Define Xt(o)(M ) = x0 and inductively for k& € INy the sequence of processes Xt(k) (M) =
(XM 1), xMO00) by

XPEHD ) = 2 4 / ZAU ® () dZ’

fori=1,...,d. For each k € N and i € {1,...,d} we have
i (k41 i (k t g k k—1 7
X0 on) - xp P o) = /0 Do (A (X (M) — Ay (x V() a2,
j=1

which is a martingale. Hence

d
X () - <’“<M>12:Z\Xz’“f*”(M)—X:‘“(M)P
2 (5.0.2)

1,(k—1 =]
- Z A Z S 00) - 450D )] a2
For each k € INg we define the function gy, : [0,00) — [0, 00) by

au(t)i= B [sup X1+ (ar) = xIFADE|. (503

s<t

Hence by the sub-additivity of the supremum, Doob’s martingale inequality and (5.0.2),

2

t d )
a(t) <4Y E /0 (A (X (M) — Ay(x 5D () dZ?

Using the It6 isometry, (4.0.2) and the Lipschitz continuity of the coefficients, we can
find a constant ¢; > 0, such that for any £k € IN

2

a®) <1Y B || [ Y4000 0n) - 4,005 ) a2
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d [ d | )
<ddy B /0[Aij(Xﬁk)(M))—AU(Xﬁk‘l)(M))]dZﬁ, ]
i=1 _]:1
i Deq, M2~ (1 " P
:4dZE Z 2 o 0 |Aij(Xs (M))_AZJ(X (M))|*ds
=1 |j=1 J
d

t
:cl/ gr—1(s) ds.
0

For kK = 0, we have

go(t) :=E [sup IxX(M) — XS(U)(M)‘Q} =T |sup / Z(Aij(ffo))d?i
=1

s<t s<t i—1

Since A;; is bounded for any i,j € {1,...,d} there is a constant ca > 0

<4dZ]E

j=1

2¢q
Z2CJ /|AU (z0)[? ds] < cat.

Clearly gx(0) = 0 for every k € {1,...,d}. We will show by induction that for all K € IN

thrl

T (5.0.4)

gr(t) < cfer

where c¢1, cg > 0 are the constants from above. We have

t ) t t2 t2
g1(t) < cl/ go(s)ds < Cl/ casds = ci1eo— = crea—.
o o 2 21

Using the induction hypothesis we get

¢ b skl b1 th+2
gk+1<t) Scl/o gk(S)dS§61A ClcQstzcl CQ(k+2)'7
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which proves (5.0.4). Hence

thrl c

0 & (clt)’Hl
kz::og’f ZCICQkJrl Ez(k+1)!<°°
for any fixed ¢ > 0. We define for fixed ¢ > 0 the norm

1/2
¥l = (E [sgwa | (5.0.5)
s<t

The space of all stochastic processes with cadlag sample paths such that the norm || - ||;
is finite is a Banach space. Let n > m, then

e
I
o

1/2
1X () - X)) = (E [sup X (M) XS”)(M)PD

s<t
. 2 1/2
= | E |sup Z X(lCJrl (M) —Xs(k)(M)
s<t —m
n—1 1/2
< (]E Z sup |X§k+1)(M) — Xék)(M)F])
[ s<t

n—1 1/2
= (Z gk(t)> — 0, asn,m — oo,
k=m

which means that (X, (n)(M ))n is a Cauchy sequence with respect to || - ||1 for every fixed
t > 0. Therefore there exists a process X;(M) such that
1X ™ (M) — Xy (M)|]; — 0 for n — oo. (5.0.6)

Next we need to show that Xy (M) indeed solves (5.0.1). Foreacht > 0andi € {1,...,d}
there is a subsequence such that

, t d .
/ ZAU M)AZ, - [ 3 Ay (e )iz
0 “
7j=1
¢ , . »
_ Z / A (XP_(M)) — Ay (X2 (M) dZ2| 0 as 1 — oo,
which implies that X;(M) is a solution to (5.0.1).

Now, we show that the solution X;(M) is a unique solution to (5.0.1). Suppose X;(M)
and Y;(M) solve (5.0.1). For each t > 0 define

ht) = E [sup X.(M) — YoM

s<t
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As above we get
t
h(t) < 64/ h(s)ds.
0

Gronwall’s Lemma gives h(t) = 0, which implies the uniqueness.

Hence we have a unique solution to (SDE) up to the first time, where one of the Zf’s
makes a jump of size M or larger.

We now use a piecing-together method to construct the solution for all £ > 0.

Define My = M and the stopping time 79 by
70 = inf{t > 0: |AZJ| > My fora j € {1,...,d}}.

We denote by M; the jump of Zg at time 7.

We define X; = X;(My) = Xy(M) = (X} (M),..., X} (M)) for all t € [0,70). By the
uniqueness of (5.0.1) X is a unique solution of (SDE) on [0, 79).

Set
T =inf{t > 79: |AZ}| > M, foraje{l,...,d}}.

Again, we can find a unique solution to
A A t d .
Xi00) = X5, () + [ 30 45X (M) dZ
o= i1

on [79,71). We define X; = X;(M1) on [ro, 71).

Iterating this method countably many times, we get a solution to (SDE). Note that we
used the fact that Z7, j € {1,...,d} are Lévy process and therefore only make countably
many jumps.

We choose 2 = D(]0,00)) and F to be the o-Algebra generated by all left-continuous
adapted processes. Furthermore, let (F;);>0 be the filtration generated by X.

If we define P’ as the law of (X;);>0, then by definition P’ is a weak solution to (SDE). [

We will now strengthen the previous result and prove the main result of this chapter.

Theorem 5.0.3. Let x — A;j(x) be bounded and continuous for every i,j € {1,...,d}.
Then there exists a weak solution to (SDE).

Proof. We follow the proof of [BC06, Theorem 4.3].

Let A% be a sequence of Lipschitz continuous and bounded functions such that for any
i,7€{1l,...,d}

n—00
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uniformly on compact sets. For n € IN by Proposition 5.0.2 there is a weak solution to

the SDE ; d j '
dXj =Y, An(X] )z, (5.0.7)
X() = 2o,

where A"(-) = (A}(-))1<ij<d- Let us denote the corresponding probability measure to
the weak solution of (5.0.7) by IP,,. We denote the expectation with respect to P,, by
E,.

For f € CZ(RY) let

Ca;
z +aj(x)h) - f h1 Vf 7]adh,
Z/R\{O} (@)h) = F(&) = W gy V5 (0) - a3 o))
where a () is the j-th column of A"(z). By Proposition 5.0.2 and Proposition 4.0.4 for
all f € CZ(RY)
X - ) - [ £rp(x

is a IP,,-martingale. We will first show that (f(X;) — f(Xo) — cat)i>0 is a supermartingale
under P,,. Decomposing the operator as follows

L7 £( |<Z fl@ + en€f (@)h) — F(2)| ek dh
]

Ih\>1}

4 Z / o+ i (o)h) = (&)~ hokf ()€ )] hfﬁ’fak dh

\h\<1}

and using a Taylor series expansion on the second integrand, there is a constant ¢; > 0
such that

n 0% f
7+ af@)h) = f@) = Mlguen V(@) -0 @)] < eh® max |\ 570 .
Hence,
*f
n < —
’L f( )’ C]-”fHOO +C]- axla:ﬂj - Cc2,
where ¢o > 0 is independent of n. Therefore, integrating leads to
/ [£"f(Xy)|du < eo(t —s)  for any t > s > 0.
Thus,
B, [f(Xe) — f(Xo) — cat|Fo] = B [f(Xe) — f(Xo) — ca(t — 8)|Fs] — cas
<E, [f( F(Xo) — / £ £ ( u)]du‘}"s] — s
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<&, 7000 - 500 — [ 20500 auf 2] - e
~E, [f(Xt)f(Xo)/ LrF(X du‘]—"} /ﬁ” du — 35

= f(Xs /ﬁn du—l—/ L"f(Xy)du — eas
= f(Xs) = f(Xo) — cas.

We conclude (f(X:) — f(Xo) — cat)i>0 is a supermartingale under IP,,. Hence by Propo-
sition 4.0.8 the sequence (P,),, is tight in the Skorohod space D([0,00)). Therefore, by
Prokhorov’s theorem we can find a subsequence (IPy;) such that IP,,; converges weakly
to a limit, which we call IP. We decompose the big jumps of Z} as follows

+ = ZAZ;]I{AZ§>1} and Uti’_ = ZAZgﬂ{AZ§<—1}'
s<t s<t
Moreover let . ‘ A ,
Zy=2 = (U = U,

Since Zt is a Lévy process with bounded j Jumps it is a square integrable martingale and
has finite moments of all orders. Moreover Ut and Ut are independent and increasing
processes. Define

Ut =W, Ut and U7 = (U, U,
By the Skorohod representation theorem we can find a probability space (€2, F',P’) and
processes {(X, Z;, V", V"), n > 1} and (X, Z,,U;",U4;") such that

1. the law of (Xtéi,uj,u;) under P’ is the same as the law of (X;, Zy, U;", U;")
under IP,

2. the law of (X', Z!') under P’ is the same as the law of (Xy, (Z; +U," — U;”)) under
P, for every n € N,

3. (XM, 7", an’+, V"7 converges almost surely to
(X, Z.,U*,U7) in the Skorohod space D([0, 00)), where for Z* = (Z}", ..., Z&™),

i,n o+ in,— , ,
Vi Y CAZ L iy and VT = =Y CAZYML e
s<t s<t
and
Ve = VY and VT = (VL VAT,

For notational simplification, we take n; to be n. Note that
Zt = zt,L{;“,Ut_

consists of d independent one-dimensional stable processes of index a; € (0,2) for j €

a,...,d.
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Now we want to show that (X, Z) solves (SDE).

Since for any w, (X" (w), V""" (w), V™"~ (w)) converges almost surely to (X, (w),UT (w), U~ (w))
in the space ID([0, 00)) by the definition of convergence in the Skorohod space there is a
sequence of increasing Lipschitz continuous functions {A,(¢) : n > 1}, depending on w,
such that

lim sup|A,(t) —t| =0 for every T >0 (5.0.8)

n—o0 S<T

and such that the uniform distance between (X7*(w), Vi (w), V™ (w)) and
(X, (1) (W), U;(t)( w), Uy (t)( w)) on each compact time interval goes to zero as n — oo.
Together with the convergence of A™ to A on each compact set, we have for any T' > 0

lim sup E / AL(XE (W) d (VI (w) = VI (w))

)\n . X
- Z / A (X () d (U () — U~ () | = 0.
j=1"0

Therefore,
3 /0 AP(X (@) d (VEmH (w) — VI (@)
_ AT (X, () d (U3 (@) — U™ ()

at any continuity point ¢ for the right hand side. Using the It6 isometry, (4.0.2) and the
boundedness of the A;js, we can find a constant c3 > 0 such that

2
Z/ A(XD ) dZ2" — Z/ (X )dZ?
) d .t 4 . ?
- Z / (A (XI) = Aij(Xn)) dZ2" + 3 / Aij(xs_)d(ig’”—ﬁg)
j=170

2

d t 2
+2d) E ‘/ Aij(xs_)d(gﬂ»n_z;)
j=1
d ¢
= QdZ]E/ (A% (X)) A”()(S_))Z 4z,
j=1 70
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+2dZE/ X, )2z -2y,

d
<03ZE/ A” (X&) — Ai(Z2 3_))2 ds—l—c;J,ZE(?i’n—?i)Q.

Jj=1

Since 2{ is a Lévy process with bounded jumps, it has finite moments of all order. Using
the fact that X;* and 7? converge almost surely to &} and Zy, respectively, in the space
D([0, 00)), we have

lim IE(Z]”—Z]) —0.

n—o0

Further for any € > 0, there exists [ > 0 such that

IP<sup|Xg| <[ for all n > 1) >1—c.
s<t

Since A™(-) converges uniformly to A(-) on the set [—[,l], there is a constant ¢4 > 0,
independent of n, such that

d t
lim E/ (AZ(X:’_) — Al‘j(XS_))z ds S Cy€,
0

n—00
Jj=1

which implies that the limit is zero, because € can be chosen arbitrarily small. Thus we

conclude
: TL n ], ]
JLI&Z/AX 4z’ Z/AU _)dz]
almost surely for each fixed ¢ > 0 and thus
Xt—$0+/ A(Xs—)dZs  as.

for every fixed ¢t > 0. Since the process on the left and right hand side of the last display
are right continuous with left limits, we see that (X, Z) solves (SDE). O
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6. Uniqueness

This chapter is devoted to prove uniqueness of solutions to the martingale problem for
L started at zo € R?. This leads to uniqueness of weak solutions to (SDE). For this
purpose we prove some estimates on the operator £ and the resolvent operators of the
solutions.

We will add the following assumption on the coefficients of (SDE):
Assumption 2. Suppose A;j(z) =0 for all x € RY, whenever i # j.

Note that Assumption 2 simply means that the matrix A is diagonal. For abbreviation,
we will denote the entries Aj;(-) by A;(-). Hence the matrix is given by

0 Ag(x) ... 0
A(z) = diag(Ai(z), ..., Aq(z)) = f 0 : ,
0 . 0 Ay(z)

where for j € {1,...,d}, A;: R¢ — R is bounded and continuous and the matrix A is
non-degenerate.

The aim of this chapter is to prove the following theorem:

Theorem 6.0.1. Suppose A satisfies Assumption 2, v — Aj(zx) is bounded continuous
for all 5 € {1,...,d} and A(z) is non-degenerate for any x € RY. For every zo € RY,
there is a unique solution to the martingale problem for L started at xy € RY.

For this purpose we first study the system (SDE), where the coefficients are fixed. This
leads to an affine transformation of the Lévy process (Z;)i>0. We will study this process
in detail in Section 6.1.

In Section 6.2 we study the resolvent operator of solutions to (SDE) and show that they
are bounded in LP(R%).

Finally in Section 6.3 we prove uniqueness of weak solutions to (SDE) if the quantity
sup [|[A; ()% — A4 (20)[* | oo (ma)
je{l,...d}
is sufficiently small. Using this result, we prove Theorem 6.0.1 in Section 6.4 with the
help of regular conditional probabilities.

We want to emphasize that as soon as Theorem 6.0.1 is proved, by standard regular
condition probability arguments it immediately follows that {X;, P*, = € R?} is a family
of Markov processes, see for instance [Bas98| Theorem VI.5.1.
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6.1. Perturbation

Let w9 = (2}, ...,2d) € R? be a fixed point. We define the process (U;)i>0 by
Ut Uo + A(on)

Note that (U;)i>0 is an affine transformation of a Lévy process and has stationary and
independent increments and cadlag paths. Hence (U; — Up)>o is a Lévy process. For
f € CZ(RY) consider the operator

Ca
Lof (e Z . 50D — 1 (0) 2y 0) Ay o)
(6.1.1)
By (3.2.4) and Theorem 3.2.10 this operator fulfills Dynkin’s formula.
For f € L'(R%), we define its Fourier transform by

o~

i@ = fie) = [ e, eert

Using Plancherel’s theorem || F f|| 2 = (27)%| f|| 12 and the fact that compactly supported
smooth functions are integrable and dense in L2(RRY), we can extend F to a linear bijection
on L?(R%). The definition of the Fourier transform implies f(f +a) = ei“'ﬁf(f) for any
a € R%. Classical references on Fourier analysis are [Gral4a] and [Gral4b.

For j € {1,...,d}, let

Zfa) = [ oy U e o)) = £(0) = Wiy () Ay o)) i b (612

Lemma 6.1.1. Let f € C°(R%). Then

d
Lof(&) == |&A;(x0)* F(9).
j=1

Proof. By the substitution w = (§;A;(x¢))h and Fubini’s theorem we get

—

; :1 et z+eiAi(x — T z—eiAi(x T
L1 /R (L U eaianh) —25() + 1o — e Ay (o)) i dnd

l\.’)\r—t

—~ . . Cas
f ¢ / ezhngj(xo) —24 e—zhéjAj(xo) Ja' dh
O f s

Il
=)

© [, (coshesz0) = 1) ey b

~ Ca,
—f(&) R\{O}(l — cos(hg;A;(x0))) |1 dh
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6.1. Perturbation

~

= FOlGA DI [ (1= eostw) i aw

The choice of ¢,; yields

Ca;
1—cos(w)) —=1—dw =1,
/]R\{0}< () jw[tFes

which proves the assertion. O
Note that by Lemma 6.1.1 the characteristic function of (Utj )e>0 is given by
B (e 07) 1= exp(—tW5(¢))) = exp (~t]&;A4;(20)| ).

Since the Z}’s are independent, the U} ’s are also independent. Therefore the characteristic
function of (U;)¢>¢ is the product of the characteristic functions of (U} )¢, i.e.

d
E (eié'Ut) = exp —tz U;(&5) | =: exp(—t¥(E)). (6.1.3)

Jj=1

Next we will show a scaling result for the transition density function of (U)i>o. It is
reasonable to first study the transition density of Z;, since (U)o is given as an affine
transformation of (Z;)¢>o.

By Lemma 6.1.1, we deduce that the characteristic function of (Zg )e>0 is given by
.7 .
B (¢4) i= exp(~tu;(&)) = exp (~tIg])

Note that, since exp(—;()) € L'(R), the inverse Fourier-Transform exists and therefore
the transition density function ¢; of Z} exists and is given by

) = () @) = g (e ) o)

Hence
/R €% gf () dx = exp(—t|&;[*). (6.1.5)

Since the processes Zf, j € {1,...,d} are independent and Z; = (Z},...,Z%), the
transition density function of (Z;)i>o is given by

d
a(z) =[] df (). (6.1.6)
j=1

The scaling property for one-dimensional symmetric aj-stable processes states qg (x5) =
t=1/@q(t71/ % z;). See e.g. [Ber96, Chapter 8] for more details.
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6. Uniqueness

Using this scaling property of the one-dimensional processes and (6.1.6) we get the fol-
lowing scaling property for the transition density of (Z;)¢>0

d d
a(x) =[] d (@) =[]t Va5 =t~ Tt Vang, (¢~ Horgy 17z,
j=1 j=1

We next deduce a scaling property for the transition density of (U;)¢>o.
Let B € B(R?). Then by using the substitution z = A(z¢)x + Up

P(U, € B) = P(Uy + A(z0)Z: € B) = P(A(20)Z; € B — Up) = P(Z; € A(wo) 1(B — Up))

= /}Rd @t(2) L g(z)-1(B—vp)(T) d

- /B G (A(zo) " (= — Uy)) dz.

i ! I Az — T
pe(z) = det(A(:EO))M(A( 0) " (z = Uo))))- (6.1.7)

Then the transition density p:(z) of (U)o is given by

Set

_ - A _ 4
= (6.1.8)
= [I7l2) = pi(x)
j=1
Moreover, we have
El A (e — U 6.1.9
pe(z) = mgl(u( )(A(zo) ™ (z = Ub))), (6.1.9)
where
ther 0 ... 0
0 tfex .0
Z(t) = diag(t/, ... t1/od) = . ,
0 ... 0 e
By the convolution theorem for the Fourier-transform we get
prxps = F H(Fp)Fps) = FH(FEF e M)NFEF ) (6.1.10)

= Fl(etemY) = F! (ef(t+s)\p> —_—

We now define the transition semigroup (P;)i>0 of (Up)i>0 and (Q¢)e>0 of (Zi)i>0 on
Co(R%) by

Pf(a) = [ e =) 6) dy = BV + )] = EZLF(U0)
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6.1. Perturbation

and

Qf(w) = [ ale =)o) dy = B2 + )] = B [F(Z0)

By e.g. [Sat13, Theorem 31.5| the operators {P, : ¢ > 0} indeed define a strongly
continuous semigroup on Co(R?) with operator norm || P;|| = 1.

Note that P, f is also well-defined for f € Cy(R?) and the family has, thanks to the
Chapman-Kolmogorov identity of the transition function, the semigroup property

PP,f = Py f for f e Cy(RY). (6.1.11)

But (P;);>0 is not strongly continuous on Cj(R%).

We now state an important result on the limit behavior of the semigroup.

Theorem 6.1.2. Let f € Co(R?). Then

tlggo | Pifloo = 0. (6.1.12)
Proof. Let € > 0. Choose R > 1 such that || f||ec < €/2 on R\ Bg(0). Then

P — ) f(y) dy + / Pl —y) f(y) dy

R4\ Br(0)

Rf@ = [ ma=nrwa= |

=)+ ().

r(0)

For each t > 0, we have

€ €
5[ wa-pdy < [ pe-y)dy=
R4\ Br(0) R

Moreover by (6.1.9), we know there is a consant ¢; > 0 such that
t~ ZZ:1 1/,
<eg————.
Pie) S O e A a))
Thus,

=] wla-nfwdy < M [t
Br(0) det(A(z0)) JBR(0)

t— 22:1 1/ag

det(A(xo))

Choose tg > 0 such that for all ¢ > tg

<allflloo |Br(0)]-

t— Zz:l 1/

[Br(0)] <

DN

Note that the choice of ¢y is independent of x. Hence the assertion follows. O
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6. Uniqueness

Next we will introduce some important operators associated to the family of operators
(P)¢>0 on Cy(RY). From (6.1.4) and (6.1.7) we immediately see p;(2) = p;(—2) for every
z € R%

Hence there exists a positive and symmetric potential density function r) with respect
to (Ut)>0, that is

O<r(y—z)=ry(z—y):= /000 e Mpy(x —y)dt. (6.1.13)

Let f € Cy(R?). For A > 0 we define the A-resolvent operator of (Uy);>o by
Ryf(z) := /d fy)ra(z —y)dy = / e MPf(x)dt = E” [/ e MF(UY) dt] .
R 0 0
(6.1.14)
The resolvent operator describes the distribution of the process evaluated at independent

exponential times. That is, if 7 = 7(\) has exponential law with parameter A > 0 and is
independent of (U)o, then

E[f(Ur)] = ARAS.

It is often more convenient to work with the resolvent operators than with the semigroup,
thanks to the smoothing effect of the Laplace transform and to the lack of memory of
exponential laws.

To study these objects in detail, we first have to define for A > 0 the A-potential measures
VMz,-), z € RY on B(R?) by

VA(z, B) = E* [/ e Miy,en dt} for B € B(RY). (6.1.15)
0

Note that V* is obviously well-defined for all A > 0. Since U;(w) is measurable for all
(t,w) € (0,00) x Q, the application of Fubini’s theorem implies

VMB)=E [/Ooo e Mp(Uy) dt] = /Oo e ME [15(U;)] dt

0

oo o0 1
:/ e MP(U; € B) dt g/ e Mdt = T

0 0

Clearly, this argument is not valid for A = 0. This case will be studied separately at a
later point. The 0-potential measure will be denoted by V(x, B) and is called potential
measure. By (6.1.14) and the definition of V* we obtain an additional representation of
the A-resolvent operator on Cy(RR%) by

Raf@) = [ 1)V dy).
Lemma 6.1.3. Let f € Cy(R%). Then we have the following properties.
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6.1. Perturbation
1. Ryxf — Ruf = (u—ANR\R,,f for A\, u >0,
2. R\R,f = R,R\f.

Proof. The first statement of the Lemma is called the Resolvent identity. Since the
second statement follows immediately by Fubini’s theorem, we skip it.

Let f € Cy(RY). By the semigroup property of (P;)¢>0, (6.1.11) and Fubini’s theorem
we get

RAR,f(x / e N / e M PP, f(z)dsdt = / e N / e M P f(x)dsdt

/ e AW/ “HS P f(x)dsdt
/ / ~O=mtemrspor(x) dtds

-1 (A—p)s
:/ +6—e*“5Psf(a;) ds
0 A

-
= Mi)\ (/000 e NP f(z)ds — /000 e M P f(x) ds> = RAf(xZ : f#f(x)
O
Let us define .
8= ; o (6.1.16)
We will prove some elementary facts about Ry and P;.
Proposition 6.1.4. Let A > 0 and f € Cy(RY).
1. Ifp € [1,00], then
1Rafly < e
2. If p € (1,00], then
t—B/p
|Pif(z)] < mllPl(')llqllme (6.1.17)

where q is the conjugate exponent to p.
3. If p> B, then
[BASf(2)] < el flp,

where ¢1 = 761!&11&)96‘!1)) fooo e~ M=B/rqt.

Proof. The idea of the proof goes back to [BC06, Proposition 2.2].
Without loss of generality we can assume f € LP(R?). Otherwise the assertions are
trivially true.
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6. Uniqueness

1. By Young’s inequality and the conservativeness of p;, we have

1P fllp < lpellall fllp = [1f1lp-

Therefore by Minkowski’s inequality
R 1
[RASfllp < o 12 fllp dt < S 11 £1lp-
2. By Holder’s inequality,

P = [ e =050 88| < W lplinte =l = 11l

Using the scaling property for p, we get

—p
P() = Goragany @ EW(AG0) ™ @ - ).
Hence
=B
IOl = ey @ (EOAG) ™ = Vo)l
—B
= Setag | EO @)= o),
—p
= Setacs @) (A (= Vo),
t—B¢Bla L
t_ﬁ% t=B/p

= m”m(')ﬂq = m“pl(-)ﬂq.

3. Using the previous estimate,

sl = | [ e rswar] < Sl ([Toxesna) g,
t

Let A be the infinitesimal generator of the semigroup P; on Cp(R¢Y) with domain D(A).
Note that Lo = A on CZ(R?).

We now study A-potential measures for the case A = 0. First, we give the definition of
the potential operator.
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6.1. Perturbation

Definition 6.1.5. The potential operator (N, D(N)) for (P,);>o is the operator on Co(R%),

defined by
t

Nf(x)=lim [ Psf(x)ds,

t—o00 0

where f € D(N) := {f € Co(RY): Nf exists in Co(R)}.

Next we state a proposition, which shows that (N, D(IN)) plays the role of an "inverse"
operator to —Ly. Let R(N) denote the range of the operator N.

Proposition 6.1.6 ([BF75, Proposition 11.9.]). The following three conditions are equiv-
alent:

(i) D(N) is dense in Co(R%),
(ii) R(N) is dense in Co(R%),
(iii) 1tli}m Pf =0 for all f € Co(RY).

When conditions (i)-(iii) are fulfilled the potential operator is a densely defined, closed
operator in Co(R?), and the infinitesimal generator A is injective and satisfies

N=-A"1" and A=-N"1

An important object will be the 0-resolvent operator, that is the limit
Ryf := lim R f,
of lim A

where f € D(Rg) := {f € Co(R?): Rof exists in Co(R?)}. By [BF75, Proposition 11.15]
Ry = N if tlim P,f =0 for all f € Cy(R%), which is fulfilled by Theorem 6.1.2. Moreover,
o0

by Proposition 6.1.6 Ry is well-defined and a densely defined and closed operator in
Co(R%).

Lemma 6.1.7. Let f € D(Rp) and A > 0. Then
Ryf — Rof = —AR\Rof.
Proof. Let f € D(Rp). By Lemma 6.1.3 for A\, u > 0 we have
Rof = Ruf = (1 — N RAR,f. (6.1.18)

Since f € D(Rp) the limit lim0 R, f exists in Co(R%). Thus the result follows by taking
p—
the limit p — 0 in (6.1.18). O

Next we want to study the long-time behavior of the process (U;)i>0 in terms of the
potential measure, c.f. [Ber96|.
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6. Uniqueness

Definition 6.1.8. We say that a Lévy process is transient if the potential measures are
Radon measures, that is, for every compact set K C RY

V(z,K) <oco, z€R%
For z € C, we write R(z) for the real part of z. One method to verify transience of a
Lévy process is the following.

Theorem 6.1.9 (|Ber96, Theorem 17]). Let (Lt)i>0 be a Lévy process with characteristic
exponent V. If for some r >0

/TR (%) d¢ < oo, (6.1.19)

then (Lt)t>0 is transient.

Note that Definition 6.1.8 and Theorem 6.1.9 also apply for shifted Lévy processes, i.e.
Lévy processes whose initial value is not zero.

We will next show that (Uy)>0 is transient by verifying (6.1.19).

Proposition 6.1.10. (Uy)i>o is transient.

Proof. By Theorem 6.1.9 and (6.1.3), if

1
Jr>0: d¢ < o0,

B, Y5y |Aj(wo)és|o

then (Up)i>o is transient. Let r < 1 such that for £ € B,. Then [{;| < 1 for any
Jj e {l,...,d}. Let ¢; := min{|A;(zo)|: j € {1,...,d}} and amax = max{a;:j €
{1,...,d}}. Then

||M&

gl 2 e Il 2 e {16

J=1
o /2 d Olmax/2
— . > - . — max
o (s, l60) 2 | Sl erle
Hence
1 1 1
—df= d¢ < 03/ P d
/ L Y(E) B, Y0y |Aj(x0)&;|% B, [§]0max
= C4/ s lg—2qs = 04/ sd=1=aqs < o0,
0 0
since d > 2 and amax € (0,2) and therefore d — apax = d > 0. O
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6.1. Perturbation

Because of the transience of the Lévy process U; we have Ryf(z) — 0 as |z| — oo
for f € C.(RY), see [Sat13, Exercise 39.14]. Furthermore is easy to see that Rof for
f € C.(RY) is continuous by dominated convergence theorem. Hence for f € C.(RY) we
know Rf € Co(R%). We have

Rof(x /f )ds f € C.(RY). (6.1.20)

Different to Ry the operator Ry is not well-defined on Cy(R?). For instant let f be a
non-zero constant function. Then by the representation (6.1.20) of Ry, one can easily see
that Rgf is infinite.

In the next step, we will use Definition 4.0.3 to write the operator Ly on f € C’f(IRd)
with respect to a density.

Lemma 6.1.11. Let f € CZ(RY), then
Ca
£0f / $+€h —2f +f ﬁAJZ’O “idh.
Z o i) = 2 (@) + fl@ = o) ke 14y (o)
Proof. By Definition 4.0.3

Lof(a Z /]R o U eistzo)) = 20(0) + 1o — €3 Ao ) it an

Using the substitution t = A;j(zg)h for each summand, we get

Lof(x Z/IR\{O} xz+ejAj(zo)h) — 2f(z) + f(x — ejAj(x0)h)) |h|1+a1 dh

—_

Co

d
2 Z /]R\{O} v +ejt) = 2f(x) + f(z — e5t)) |Aj(x0)—j1t’1+aj ‘Aj(fﬁo)‘_l de
j=1

\V)

N —

d
= 532 [ U eat) = 200+ S = )i Al
=1

which proves the assertion. O

Next we give a Fourier multiplier theorem, which goes back to [BnB07].

Given p € (1,00), let
p*;max{pa 61} = p-l=max{(p-1),(p-1)""}.

Let IT > 0 be a symmetric Lévy measure on R? and ¢ a complex-valued, Borel-measurable
and symmetric function with |¢(2)] < 1 for all z € RY.
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6. Uniqueness

Theorem 6.1.12 (|[BnB07, Theorem 1|). The Fourier multiplier with the symbol
Jra(cos(€ - 2) —1)¢(2) 11(d2)
fRd(cos(f - z) — 1) TI(dz)

is bounded in LP(R?) for 1 < p < oo, with the norm at most p* — 1. That is, if we define
the operator M on L*(R%) by

M(¢) = (6.1.21)

MF(€) = M(€)F(€),

then M has a unique linear extension to LP(R?), 1 < p < oo, and
[MSfllp < (0" = DI flp-
For j € {1,...,d}, let
Car
Mif@) = [ (fo+ejt) = 20(a) + flo - est) e di
R\{0} | \

Our aim is to show that this operator fits into the set-up of Theorem 6.1.12. Let f €
L*(RY). Then

MT() /}Rde /R\{O}(f(x+e]t) 2/(2) + (@ e51)) Gty
e f N
o e Ut st =2500) o =) s d

~ C
— f g ezhej-f —24 6—zh6j-§ : dh
/IE{\{O} ) )\hl”o‘ﬂ

R Ca
-2/ 1oy T cos(y) = D e

For f € CCZ(]Rd), Ry f is well-defined and therefore, by the previous calculation

— f (cos(h&j) — 1) 1+a dh ~
MRof(€) = ~2 7 i 7©.
Zj:l f]R\{O}(COS(hfj) - )‘h‘1+a |Aj(z0)|* dh

If we define for z = (z1,...,24) € RY

Z\A x0)|* |1+a dz]H(s{O} dz;),
i)

P(z) = ]l{zzeju: uelR}(Z)‘Aj(xO)ra%

(6.1.22)

then we can write

 Jualeos(z - €) — 1)o(=) 11(d2)

Toleosz -6~ DT(dz) &)

M Rof(€) =
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6.1. Perturbation

Therefore by Theorem 6.1.12 for f € C2(R9)

MR fllp < 2a(p™ — 1) flp, (6.1.23)
where
a = max{|Ai(xo)| ", ..., |Ag(xo)|"“4}. (6.1.24)

Let us define the perturbation operator on CZ(R¢) by
Bf(z) = Lf(z) — Lof(z).

Set
ni= s JAOI = A (20)] | e (- (6.1.25)
je{1,...,d}
We assume ]
< =
n= Mo dda(p — 1)’ (Loc)

where a is defined as in (6.1.24).

Proposition 6.1.13. Let f € Co(R?) such that Rof € CEHR?). Let p € (1,00) and
assume n satisfies (Loc). Then

1
IBRof Il < 41/l

Proof. Without loss of generality, we can assume f € LP(RY). Otherwise the right-
hand side of the assertion is infinite and the statement is trivially true. Using Holder’s
inequality, we get

IBRofllp = [I(L — Eo)Ropr

R0} ROf + Gjt) — 2R0f( ) + ROf( )) |h|1+oc dh

< (1A ()% = A (20)[*)

p

Co
/]R\{O} Rof(-+ e5t) = 280 () + Fof (- = e)) i

%

X (1A ()% = Az (20)[*)

d
1
< 512 1M Roflly
7=1
Using (6.1.23), [ M Rof|lp < 2a(p* —1)||f|lp,- Hence by the definition of n

\ 1
IBRofllp < nda(p™ = DIIflp < 71/ lp-
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6.2. Boundedness of the Resolvent

The aim of this section is to prove that the resolvent operator for any weak solution to
(SDE) is bounded for any f € C2(R%) by the LP-norm of f.

More precisely, assume that P is a solution to the martingale problem for £ started at
xo, see Definition 4.0.2 and E the expectation with respect to IP. Let

o0
S\ f=E [/ e MF(Xy) dt] . [ eCy(RY). (6.2.1)
0
We want to show that under the assumption (Loc) there is a constant ¢; > 0 such that

[Saf1 < eall fllp- (6.2.2)

For each n € IN we first define the truncated process

Y= Z Xk/2”1{2%§t<%}m{t§n} + Xnlyny (6.2.3)
k=0

and U;" as the solution to the system of stochastic differential equations
auy = A(Y")dZy, Uy = xo, (6.2.4)

where zg € R? is as in (SDE). Since Y;" is piecewise constant and constant after time n,
for every n € IN, there is a unique solution U}* to (6.2.4). Let

Vitf=E [/Ooo e NFUM dt.] . f€Cy(RY). (6.2.5)

First we will show that Uj"(w) converges to X;(w) for all w € © and ¢t > 0 and the
resolvent operator Vy' f converges to Sy f for any f € Cy(R%) and A > 0 fixed.

Lemma 6.2.1. We have
lim U'=X; forallweQandt >0

n—o0

and for all f € Cy(RY)
lim V'f = S\f.
n—oo
Proof. Note that
lim Y"” = X;_.

n—o0

Using dominated convergence

t t
lim U}* = nh_}rgo <x0 +/0 A(Y;”_)dZS> = 1z +/0 A(X,-)dZs = X;.

n—oo

Again by dominated convergence we get

lim Vi'f = lim E UOO e’\tf(Ut”)dt} = UOO eAtf(Xt)dt} = S\ f.
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6.2. Boundedness of the Resolvent

The following Lemma gives an LP-bound for Vy', depending on n. Since we want to
consider the limit of V* for n — oo, the statement of this lemma is not sufficient for our
purposes. Thus we have to improve the result to an uniform LP-bound independent of n
afterwards. This will be done in Theorem 6.2.4.

Lemma 6.2.2. Let p > 8, n € N and A > 0. There is a constant c; > 0, depending on
n, such that for all f € Cy(R?)
VX' fI < el fllp-

Proof. We follow the proof of [BC06, Lemma 5.1].

Let n € IN be fixed. In the time interval [0, 5| we have Y;" = xg and therefore U} 4

Ui = xo + A(xo)Z;. Recall that the resolvent operator of (U)i>0 was denoted by Rj.
Therefore

1/2" 1/2n
E/ e MfUMdt|| = E/ e Mf(Uy) dt
0 0

1/2"
<E /‘ e F (U] dt
0

< Ra(lfD (o)

By Proposition 6.1.4 there exists ¢s > 0, independent of x, such that

Ra([fD)(x) < cal fllp-

Let k € N. In the time interval [, £E] we have
Utn - U&/Z”)f + A(Xk/Qn)thk/Qn. (626)

That is an affine transformation of a Lévy process and therefore a Markov process. Let
R} denote the resolvent for U/* as in (6.2.6). By shifting the integral and using the
Markov property of (U}*)¢>0, we get

(k+1)/2" 1/2n .
E / e—Atf(Utn)dt — |k / o Mt+k/2 )f( p+k/2n)dt
k/2n 0
. 1/2m
= G_Ak/2 ]E / G_Atf( tn—‘rk/Qn)dt
0
— /2" R

Un 1/2n
E"k/2n / e MFUM) dt
0

< e sy e | [ e o) al

|

z€R4 0
= e M2 sup RY(|£])(2).
2€R4
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6. Uniqueness

Again by Proposition 6.1.4, there exists a constant co > 0 such that

eI up B(IS1)() < eae 2
z€R4

Using the triangle inequality we get

\Vﬁ‘fl—'E[/o e U dtH 2. |E
k=

[e.e]
—k/2n €2
<allflpd_ e = ==z I/l = allfl

k=0

(k+1)/2n
/ (U dt
k

/2"

which finishes the proof. O

Next we want to prove for every A > 0 a uniform bound in n for sup V,'f. For this

purpose, we need to define auxiliary functions. M=t
Let n € IN. For s > 0 and w € Q we define
[e.e]
An (s,w) ZAJ {2n <s<EELyn{s<n} + A (X, (W))]l{szn}
k=0

and for f € CZ(R?)

d
Ca;
Lof(z,s,w) = ;/}R\{O} fla+ej Al (s,w)h)— f (@) —hl <1y 0; f () A2 (s, w)]\hl”ak dh

Moreover, let - -
an(CIT, S’w) = 'Cnf(x, Saw) - 'Cof(:l:)
Note that for each j € {1,...,d} by continuity it holds

lim A (s,w) = Aj(Xs—(w))

n—o0

and by dominated convergence we have for all f € CZ(R?)

lim L, f(z,s,w) = Lf(Xs—(w)).

n—oo

Proposition 6.2.3. Let f € Co(RY) such that Rof € CZR?). Let p € (1,00) and
assume that n defined in (6.1.25) satisfies (Loc). Then

— 1
[BnRofl| < 11 fllp-

86



6.2. Boundedness of the Resolvent

Proof. Note that we can rewrite the operator E; by Definition 4.0.3 with weighted second
order differences.

Since

sup sup || A7(s,w)[* — | 4;(w0)|*| < m,
je{1,...,d} (s,w)€[0,00) X Q2

we also have (Loc) if we take ;1? instead of A;.
The proof of Proposition 6.2.3 is now similar to the proof of Proposition 6.1.13. O

We will now improve the result of Lemma 6.2.2 by proving that there is an upper bound
independent of n such that the result holds. At first we prove the result for compactly
supported functions and afterwards, in Corollary 6.2.5, we show by an elementary limit
argument that the result is true for functions in CZ(R9).

Theorem 6.2.4. Suppose p > 3 and X\ > 0. There exists a constant c; > 0, such that
for alln € N and g € C2(R%)

Vgl < ellgllp-

Proof. The idea of the proof is to write V{'f in terms of Ry and ERA and use Proposi-
tion 6.2.3 to get an upper bound independent of n. It is based on the proof of [BCO06,
Theorem 5.3|.

Let Z' be Z7 with all jumps larger than one in absolute value removed. Suppose f €
CZ(R%) and apply It6’s formula to (U}")¢>o:

SO - U / VAU - dUP + SR - FUT) — AU - AUT)

s<t

/Vf UP VAT )dZ, + > (U + A(Y])AZ,)

s<t

—fUL) = VIAUL)AYL)AZ)

/Vf UPVA(YT ) dZs+ ) (F(UR + A(Y])AZ)

s<t
= fU) = 1qaz, <y V(U ) A(YSL ) A Z)
d
Z/ U AT (s,w) de —I—ZZ +e]A”(s w)AZY)
j=1 7=1 s<t

— JU) = L ey 05 (U AR (5, 0) A ZY).

By the Lévy system formula

FU) — FUP) +Z / /}R o VO e (s — SO
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6. Uniqueness

= ullu<1 05 (US-) Aj (s, w))m%aj duds

is a P-martingale.

Taking the expectation with respect to P, we get
t —~—
E[f(UMN] =E[f(U)] +E [/0 Lo f(Ug—(w),s,w) dS] :

Multiplying both sides of the equation by e~* and integrating over t from 0 to oo, we
obtain

VS = SELFU)] + E [/OOO N /Otz;f(U;‘(w), 5,w)ds dt}
= JE[fU3)] + B [/OOO Lo (U (), 5,w) /:o e dtds] (6.2.7)
1
D

Ef(U3)] + LE [

1 /ooe)\SZ',;f(Ug(w),g’w)ds]_

0

Let g € C2(RY). Then

(A= Lo)Rrg(z) = g(x) <= LoRrg(x) = —g(x) + ARxg(7).

Hence . -
LoRyg(z,s,w) = B,Ryrg(x, s,w) — g(x) + ARxg(x). (6.2.8)

Let f = R)g. By translation invariance f € Cg(]Rd). Plugging (6.2.8) into (6.2.7) for
f = Ryg yields

1 1 o — SN n 1 n n
Vi'Ry\g = XE[RAQ(U(?)] +1E [/ e VB RAg(Ul(w), 5,w) ds] — VA9 + ViR,
0
which is equivalent to
Vitg = E[Rxg(Uy)] + E [/ e_)‘SBT@R)\g(Uf(w), s,w) ds] )
0

Let h =g — AR)g. Then by Lemma 6.1.7
Roh = Ro(g9 — ARxg) = Rog — ARoR) = R)g.
Thus Roh € C(RY). Using the triangle inequality and Proposition 6.1.4, we get

1Pllp < llgllp + IARAgllp < 2[lgllp-

<E [/ e B Roh(UM(w), 5,w)| ds
0
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6.2. Boundedness of the Resolvent

= V' (1BuRoh(UZ (), 5,w)])-

We define
O, := sup |V\g|.
llgllp<1
By Lemma 6.2.2 there is a ca > 0, depending on n, but being independent of g, such
that [V’g| < c2g|lp- Hence O, < ¢y < oo.

Now we need to find a constant, independent of n, such that the assertion holds. Note that
we have show h € Co(R?) with Roh € C? (R?) which allows us to apply Proposition 6.2.3
on h. By Proposition 6.1.4 and Proposition 6.2.3 there exists a ¢3 > 0, independent of
n, such that

Vgl = ‘R/\g(ﬁo) + I [/ e_)“(”l%'\;Roh(UL;”(w)7 s,w) ds]
0

< |Rxg(xo0)| + ‘E [/ e By Roh(UT (w), s, w) ds]
0

< csllglly + VI (|BaRoh(U(w), 5,w)])
< ¢3llglly + On(lBuRoh (U (w), 5,w) )

1 1
< callsly + €0 (3100,) < lall (ca-+ 36,).

Taking the supremum over all g € C2(R%) with g, < 1, we get
1
@n§03+§@n — 0, < 2c¢3 < o0,
which proves the assertion for g € C2(RY). O

Note that we had to take g € C?(R?) in the proof of Theorem 6.2.4 so that the expressions
in the proof are well-defined. By a standard limit argument we conclude.

Corollary 6.2.5. Suppose p > 8 and A > 0. There exists a constant ¢y > 0, such that
for allm € N and f € CZ(R?)
VX' fl < el fllp-

Proof. By Theorem 6.2.4 we already know the result holds on C?(IR?). The assertion on
C’g(Rd) follows by dominated convergence. Let f € C? (R%). Without loss of generality,
we can assume f € LP(R?). Otherwise the right hand side of the assertion is infinite
and the statement trivially holds true. Let g, € C?(R%) such that g, = f on B,
and supp(¢gm) C Bmii. Then g, — f as m — oo. Since f € LP(R?), by dominated
convergence g,, also converges to f in LP. Moreover, since g,, and f are bounded, we
have

Jim Vg (2)] = [VX' Tim g ()],

which finishes the proof. O
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6. Uniqueness

Finally, we can prove the desired result.

Corollary 6.2.6. Suppose p > (. There exists a constant ¢; > 0, such that for all
f e C3RY)
[S3fI < call fllp-

Proof. By Lemma 6.2.1 and Corollary 6.2.5 we get
= 1 n < 1 g
Suf] = Tim V31 < Tim el il = 1]l £l
where we have used the fact that ¢; is independent of n. O

The next proposition gives a representation of S)f. We follow the proof of [BCO6,
Proposition 6.1].

Proposition 6.2.7. Let f € CZ(R?) and A\ > 0. Then

Sxf = Rxf(xo) + S\BRf.

Proof. Let P be a solution to the martingale problem for £ started at xg. Then, if
g € Ci(RY)

t
9(Xy) — 9(Xo) — / Lf(Xs)ds is a P-martingale.
0

Hence
Elg(X0)] = Elo(xo)] - B [ Lo(X,) as).

A

Multiplying both sides by e~ and integratinging over ¢ from 0 to oo we get

530 = yolro) + [ | CeNLg(X,)ds dt}
1 > > —At
= Xg(ggo) +E [/0 £g(Xs)/S e dt ds]
1 1 % s
— Jolaw) + 3B | [T evegxas)
= %g(xo) + %Sxﬁg.
Set g = Ryf for f € C?(R?). Then
LRyf = LoRyf+ BRxf =AR\f— f+ BR\f.
Hence

1 1
Sxg = S\Raf = XR)\Q(xO) + XS)\»CRAJC
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6.3. Auxiliary results
1 1 1
= XR,\Q(CUO) + SARAS — XSAf + XSABR)\fa

which is equivalent to
Sxf = Raf(zo) + SABR,f.

By the same argument as in the proof of Corollary 6.2.5, we get the assertion for f €
C2(RY). O

6.3. Auxiliary results

In this section we will give some auxiliary results, which will be important to prove
Theorem 6.0.1.

The following theorem gives a sufficient condition for uniqueness of solutions to the
martingale problem for £ started at xg.

Theorem 6.3.1. Let Py, Py be two solutions to the martingale problem for L started at
zo. Suppose for all x € RY, A > 0 and f € CZ(RY),

E, [/OOO e MF(X)) dt} =F, [/OOO e MF(X)) dt} .

Then for each zo € R? the solution to the martingale problem for £ has a unique solution.

A proof of this theorem can be found e.g. in [Bas98, Theorem V.3.2]. Although the
author studies the martingale problem for the elliptic operator A in nondivergence form
given on C?(R%) by

d 2 X d X
Afe) = 5 3 o) gl + 3 h@ g,

i,7=1 =

where a;; and b; are bounded and measurable, the proof of Theorem 6.3.1 does not
significantly change and does apply for a large class of operators. Hence, we will not give
the proof and refer the reader to [Bas98, Theorem V.3.2].

Recall that assumption (Loc) states

1
sup A% — A (20) || poo(pay < ——,
IO =4 e < oy
where a = max{|A1(z0)|™*,...,|A4(zo)| ¥} and p* — 1 = max{(p—1),(p—1)"'}.
By Proposition 6.1.13 this assumption implies ||[BRohl|, < 1||h[|, for h € CZ(R?).
We first prove uniqueness of solutions to the martingale problem for £ under the assump-
tion (Loc).
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6. Uniqueness

Proposition 6.3.2. Let 9 € R? and assume (Loc) holds for the coefficients of L.
Suppose Py and Po are two solutions to the martingale problem for L started at xg.
Then IPl = IPQ.

Proof. We follow the proof of [BC06, Proposition 6.2].

Let p > 8. Moreover let S/l\ and Sf be defined as above with respect to IP; and IPs

respectively. Set
539 := 59 — 539,

where g € CZ(RY) and
©= sup |S{g].
lgllp<1

By Corollary 6.2.6, we have © < oo. Proposition 6.2.7 implies
S{f=SLBR:\f, feCHRY).

Let f € C2(R%) and define h := f — AR, f. As in the proof of Theorem 6.2.4 we conclude
h € Co(R%) and Roh = Ryf € CZ(RY). By Proposition 6.1.13, we have

1

|BRoblp < 71l
Furthermore, |||, < 2| f]|, and thus Therefore
A A 1 1
IS$BR,f| = |SSBRoh| <= O[[BRoh], < 10l1hl, < 501/l

Taking the supremum over f € C2(R¢) with ||f|, < 1, we have © < 10 and since ©
is finite we have ©® = 0 by Corollary 6.2.6. The result for f € C’g(]Rd) follows as in
Corollary 6.2.5.

Therefore for any f € CZ(RY) and A > 0, Sif = S3f. The assertion follows from
Theorem 6.3.1. 0

Next we prove a tightness estimate, which will be of great interest in the study of the
uniqueness of weak solutions to (SDE).

Corollary 6.3.3. Let P be a weak solution to (SDE). Then there exists a constant ¢c; > 0
depending only on the upper bounds of |Aij(x)| for 1 < 4,5 < d and the dimension d,
such that for every § >0 andt >0

P (sup | Xs — Xo| > 5) < ct/8?.

s<t
Proof. As in the proof of Theorem 5.0.3, if f € CZ(R?)

f(Xy) = f(Xo) — st

is a IP-supermartingale. Hence the assertion follows by Proposition 4.0.7 for n =4. O
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6.3. Auxiliary results
Corollary 6.3.3 immediately implies that for any weak solution P to (SDE)

lim P <sup | Xs — Xo| > )\> =0. (6.3.1)

A—00 s<t

In the following we show that regular conditional probabilities for solutions to the mar-
tingale problem are also solutions to the martingale problem.

Let ©; be the shift operator on D([0, 00)) that is f(s)oO; = f(s+1t). Recall the definition
of the first exit time:

T =T, (zy) = inf{t > 0: | Xy — x| > r}.

We define
P.(A)=P;(A00,)
and let I£; be the expectation with respect to P,.

Lemma 6.3.4. Let P be a solution to the martingale problem for L started at g € R?
and Q(-,-) be a regular conditional probability for E[-|F;]. Then Q(w,-) is P-almost
surely a solution to the martingale problem for L started at X (w).

Proof. The proof is based on the proof of [Bas98, Proposition VI.2.1].

Let B(w) = {w' € Q: Xp(w') = Xr(w))}. We first show Q(w, B(w)) = 1. Let A € F-.

Then

P(A) = P (X, = X,; A)

=P

=E[P (X, = Xo00,|F;); 4] (6.3.2)
— B [Q(w, B(w)); A].

Hence Q(w, B(w)) = 1, since (6.3.2) holds for all A € F;.

Let f € CZ(RY). It remains to show that

Moi= £00) - (X0 - [ 206 d
is a Q(w, -)-martingale for almost every w € €.
By definition, we can write for any s > 0, B € F; and A € F,
E,(M,15); A) = B(M,15) 0 ©,; A) = E(M, 0 ©,; B o0, N A). (6.3.3)
It is sufficient to show for u > ¢ >0
E(M;00,:B0o0,NA)]=F(M,00,;Bo0,NA), (6.3.4)
where B € F; and A € F.. By definition this is

Eq(M,; A) = Eq(M; A)
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6. Uniqueness

for all A € F;, where Eq is the expectation with respect to Q(w,-). Therefore
EQ(Mu‘ft) = EQ(MtU:t) = M,

which finishes the proof.
Thus we have to show (6.3.4). First note that
t+1
Mio©; = f(Xeyr) — f(X7) — Lf(Xs) ds

T

_ (f(Xt+T) F(Xo)

0t+7 Lf(Xs) d5>
- <f(XT) — F(Xo) - /0 LX) ds)
= M7 — M.

Hence, M;0 0, is a martingale with respect to Fy4,. Let u > ¢t > 0. Using the martingale
property we get

E(Mto@T;Bo@TﬂA)}:

Miyr — M;; Bo©, N A)
Miy;;Bo©,NA)—E(M;;BoO,;NA)
E(Myir|Fiyr); Bo©O,NA)—E(M;; BoO,NA)
Myyr: Bo®, N A)—E (M BoO, N A)

Myir — M:;Bo©,.NA)

M,00;;Bo0,NA),

I (
I (
E (
E(
E(
I (

where B € F; and A € F.. This proves (6.3.4). O

6.4. Proof of the uniqueness for solutions to the system of
stochastic differential equations

Proof of Theorem 6.0.1. The proof follows the idea of the proof of [Bas98, Theorem
VI.3.6]

Let Py and IP5 be two solutions to the martingale problem for £ started at xg € R?. Recall
that we consider the canonical process (X¢):>0 on the Skorohod space 2 = ID([0, 00); R%),
ie. Xi(w) = w(t) and (F;) is the minimal augmented filtration with respect to the process
(Xt):. We denote the o-field of the probability space by Fi.

For N € IN let
pN =T = inf{t > 0:[X; — 20| > N}.

Since cadlag functions are locally bounded the process X; does not explode in finite time.
Further by the transience of Z;, we have for i =1, 2,

pnN — oo Pjras.  as N — oo. (6.4.1)
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To prove IP1 = Py, we have to show that all finite dimensional distributions of X; under
Py and IPy are the same. By (6.4.1) it is sufficient to show that there is a Ny € IN such
that for all N > Ny

Pl‘pr - IP?‘pr'

Choose Ny = ||zo|] + 1 and let N > Ny be arbitrary. Set

A := max sup |4;(z)|.
Al 1= pas, sup 14;(a)

Since A(x) is non-degenerate at each point 2 € R?,

ui(A,N):= inf inf |A(z)u| > 0.
TN

Let 7 := "2, where 7) is defined as in (Loc). Since A is continuous on R?, it is uniformly
continuous on Byyi. Hence there is a r € (0,1) such that

Tlo
sup |4;(x) — Aj(y)| < 5 for 2,y € By, o —y| <
1<j<d

Let A : R — R%? be diagonal such that A = A on B, and the functions z — Z;(x)

on the diagonal are continuous and bounded for all j € {1,...,d}. Moreover let A be
uniformly non-degenerate such that

~ . . ~ w1 (A, N)
A) = f f |A > ——F
p.(4) ue]Rg}\u|:1xlen]Rd| () 2

and

sup | A;(-) — Aj(w0)| (5, < To-
jefl,.d}

Let £ be defined as £ with A replaced by A. By Proposition 6.3.2, there is a unique
solution of the martingale problem for £ started at any x¢ € R?. We call this solution
P.

Let Q(-,-) be a regular conditional probability for E[- |F7] By Lemma 6.3.4 Q(w,-) is
P-almost surely a solution to the martingale problem for £ started at X;(w). For abbre-
viation we denote this measure by Q .

Define the measure on (F 0 ©,) N F; by
P(ANBo®©,) = / Q(B)dP;, A€ F,, B€ Fu,
A

which represents the process behaving according to P; up to time 7 and afterwards
according to IP.

We now show that IP; solves the martingale problem for L started at zQ.
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6. Uniqueness

Clearly P;(Xo = x0) = P;(Xo = ) = 1.
Let f € C2(RY). Then

tAT

My = f(Xinr) — f(Xo) — ; Lf(Xs)ds
tAT

= [(Xinr) — f(Xo) = ; Lf(Xs)ds

is Fr measurable for each ¢ > 0 and by assumption a P;-martingale. Therefore (M;):>0
a P;,-martingale. Further

t+17
Ne = [(Xigr) — f(X7) = Lds

T

is a P;-martingale by Lemma 6.3.4.

Hence P;, i = 1,2, is a solution to the martingale problem for L started at xg. By
definition of £ the coefficients satisfy the assumptions of Proposition 6.3.2 and therefore
P; = Py, which implies P1|, = Ps| . .

We define the sequence of exit times (7% )ren as follows

=7 and Tpy =inf{t > 7 | Xy — X | >} A pn.

Iterating the piecing-together method from before, we get Py = P on F;, for all £ € IN.
By Corollary 6.3.3 it holds that 7, — px as £ — oo and hence we get P; = Py on F,, .

This finishes the proof. O
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Part IlI.

Regularity estimates for
anisotropic nonlocal equations

97






Structure of Part Il

In this part we study regularity estimates of weak solutions to nonlocal equations. We
consider linear nonlocal operators of the form

Lu(x) = lim (u(y) — u(x)) p(x,dy), (6.4.2)
e—0 IRd\Be(:r)

where (pu(z,-)),ere is a family of measures whose precise properties will be formulated
in the first chapter of this part. Weak solutions are defined with the help of nonlocal
bilinear forms. The aim of this part is to show that weak solutions to

Lu=0 in(-1,1)% (6.4.3)

satisfy an a priori Holder estimate.

This part consists of three chapters and an appendix chapter. Chapter 7 provides a
detailed exposition of weak solutions. It is intended to familiarize the reader with nonlocal
bilinear forms and contains important definitions. Moreover, in this chapter a Sobolev
type inequality on the whole of R? and a localized version is proven.

The aim Chapter 8 is to develop important properties of weak supersolutions to

Lu=f in M. (z),

where M, (x) are balls in an appropriate chosen metric and f is a sufficiently regular
function. Furthermore, we prove the weak Harnack inequality of weak supersolutions to
the foregoing differential equation. This is done by Moser iteration.

In Chapter 9 an a priori Holder estimate for weak solutions to (6.4.3) is proven using
the weak Harnack inequality for weak supersolutions and a decay of oscillation estimate.
Appendix A contains some examples of permissible families of measures p(z,-), x € R%.
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7. Nonlocal equations and weak
solutions

This chapter contains a comprehensive exposition of the main objects of Part III. We
introduce function spaces, state the assumptions on our model and define the notion of
weak solutions.

Let d € N,d >3 and aq,...,a4 € (0,2). We set

d
B=> * (7.0.1)

(6]
=1k

Throughout this part the dimension d is always assumed to be greater or equal 3.

Let diag := {(x,y) € R x R?: z = y} and let (u(x,)),cge e a family of measures with
the following symmetry property:

Assumption 1. For every (A x B) € (R? x R?) \ diag)

[ [ rwaas= [ [ pe.ana

Furthermore, let (u(z,-)),crae satisfy the following uniform Lévy condition:

Assumption 2. We have

sup [ (o =y ADa(edy) < oc.
zeR? JR4

Later, we will add two more assumptions on the family (u(z,)),cra-

Let £ be a nonlocal operator of the form

Lu(x) = lim (u(y) — u(x)) p(z, dy)
0 JRA\Be(x)

and let © € R be an open and bounded set. To put the nonlocal problem

Lu=f inQ,

7.0.2
u=g inR\Q, ( )
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7. Nonlocal equations and weak solutions

for appropriate functions f, g, into a functional analytic framework, we need to define
function spaces which provide regularity across the boundary.

For this approach, we first recall the definition of weak solutions to elliptic operators in
divergence form.

Let © C R be open. Further let a : R? — R%*? be a measurable and uniformly elliptic
function, i.e. there is A > 0 such that

AP < (a(2)€) - € < MG for all 2, € RY.
Let f € L?*(Q) and g € H'(Q). A function u € H' () is called weak solution of
div(aVu) = f in Q,
u=g¢g on S,

if u—ge€ H}Q) and for every ¢ € H}(Q)

[ @vu)-vo= [ s

The existence of a unique weak solutions is a direct consequence of the Lax-Milgram
Lemma.

It is clear, that H1(Q) and HJ () are not appropriate spaces to study weak solutions to
(7.0.2). We need to replace them by function space which encode information on R¢\
in an expedient way, such that the expressions are meaningful.

We will introduce a class of functions which are suitable in the nonlocal context and give
a definition of weak solutions to (7.0.2). The following definitions go back to [FKV15].

Definition 7.0.1. Let Q C R? open and bounded. We define the function space
VE(QIRY) = {u (R R ufg € L2(Q), (u,u)yuopra) < oo} , (7.0.3)

where
(o )vmome = [ [ (@) = uw) (@) = v(0) (. ) da

Moreover, let
HL(RY) = {u RT 5 R u=0on R\ Q, |lu]l gpgra) < oo} : (7.0.4)

where
2 N 2 2
gy = Vel + [ [ (0) = l@)Pteay) do

Note that for v € HS(IRd), by the symmetry of p in the sense of Assumption 1 and since
u=0on R4\ Q

[, [0~ e
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= [ | o) = wte)utedn) a2 | [ (ulo) = ute) Pute.dy) .

The spaces V#(Q|R?) and HE(RY) provide regularity across the boundary and will be
the replacement of H'(Q) resp. H}(2) in the definition of weak solutions to (7.0.2).

Let u,v : R* - R and © € R? be open and bounded. We define

) = [ [ (o) = u@)o() ~ o(@) plo.dy) da
and
£ (u,v) = /R d /R (uly) — u(@)(vly) — () (e, dy)d, (7.0.5)

whenever the quantities are finite. Let @ C R? be open. Note that for u € V*(Q|R9)
and v € H5(R?) the quantity in (7.0.5) is finite.

Definition 7.0.2. Let Q C R? be bounded and open. Let u,g € VF(QIRY) and f €
LYRY) for some q > 2. We call u weak solution to (7.0.2), if u —g € Hg(]Rd) and for
every ¢ € HE(R?)

EM(u, @) = (f, ¢)r2

Note that the existence of a unique weak solution to (7.0.2) follows again by the Lax-
Milgram Lemma and the fact that for open and bounded sets L4(Q) C L2(R2) C (Hq(R%))*
for any ¢ > max{2, 8}. For a deeper discussion, see [FKV15].

It is not our purpose to study the existence of weak solutions, rather regularity of weak
solutions if they exist.

Our aim is to study operators whose kernels might be anisotropic. For this purpose,
we will define a family of measures that will play the role of the reference family. Let
at,...,aq € (0,2) be given.

Let (axes(T,*))pere be a family of measures on R? given by

d
Haxes(Z, dy) = Z (2 — ag)|xr — ye| 1% dyy, Hé{z (dy;) | - (7.0.6)
k=1 1#k

Given € R?, the measure fiaxes(, ) only charges distances that occur along the axes
{r+te: teR}, ke{l,...,d},

whose union is an one-dimensional subset of R?. Note that in the case = 0 the measure
taxes(0,dy) coincides, up to constants, with the Lévy-measure v(dy) of the pure jump
Lévy process (Zy)i>0 = (Z},..., Z%) >0 from Part II. The point x € RY indicates the
center at which the axes of the support of paxes(z, -) intersect. The normalizing constant
Ca; Of a symmetric stable process of order a; has the property co, < a;(2 — a;) for
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7. Nonlocal equations and weak solutions

a; N\, 0 and o 2. Since the explicit value of a; plays a minor role in the purpose of
this part, we replaced it by a;(2 — a;). The quantity (caj)_laj(Q — o) stays bounded
as aj /2 and o N\ 0.

In order to deal with the anisotropy of the measures we consider a corresponding scale
of cubes.

Definition 7.0.3. Let r > 0 and € RY. We define
d 2 2
M,(z) = X (mk —rok, xyp + rak) )
k=1
For abbreviation, we set M,.(0) = M, and M¢ := R%\ M,..
Let d be a metric on R? defined by

d(z,y) = sup {\fck—yk!“kﬂﬂﬂxk—yug}(%y)+]1{|xk—yk\>1}(w,y)}~ (7.0.7)
ke{l,....d}

Note that a ball of radius » < 1 in the metric space (R? d) is given by the set of
Definition 7.0.3, i.e. for r € (0,1]

d(z) — {y € RY: =S (=) =
Bi(x) ={y € R*: d(z,y) <r}= X (ap —rok,zp+rr | = M, (z).
k=1

This metric reflects the different differentiability orders in each direction and compensates
their behavior in a suitable way, which will be discussed later. Let ©  R? and consider
the metric space (€2, d). Note that by the definition of d for all x € Q2 we have B, (z) = ,
whenever 7 > 1.

We will now formulate two important assumptions on the measures p(x, ) with regard to
Laxes (1, ). For examples of families u(z,-), z € RY satisfying these assumptions we refer
the reader to Appendix A. The first assumption is a local comparability assumption of
the energies.

Assumption 3. Let p € (0,1], xop € My and u € H]‘\‘/ZT(C;O)(IRd). There is a constant

C > 1, independent of u,aq,...,aq,p and xg, such that

C—lg]‘\}p (u,u) < EJA\L/FPZ(@;O)(U,U) < ng/lp(xo)(u, u).

(o)
Note that Assumption 3 does not require the measures p(z,dy) to be supported on the
union of the coordinate axes. We prove for d = 2 in Theorem A.0.3 the inequality
C_IEK/[p(wO)(u, u) < Sj’\lj;‘(‘);o)(u,u) for families of measures which have a density with
respect to the Lebesgue measure.

The last assumption on p(zx,-), z € RY, is a uniform upper bound assumption, which
will imply the existence of suitable cut-off functions for the energies £¥.
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Assumption 4. Let xg € My, r € (0,1] and A > 1. Let 7 € CY(R?) such that

supp(7) C M (o),

T <1,
Il < (7.0.8)
7=1 on M,(xp),
||ak;7'||oo S W fOT all k S {1, ey d}
We assume there is a ¢1 > 0, independent of xg, A\, 7,1, ..., aq and T, such that

sup / (t(y) — T(&:))Q;z(w,dy) < ¢y sup / (t(y) — T(w))Qumes(:ﬂ,dy). (7.0.9)
zeR4 J R4 zeRE J R4

From now on we assume that the family u(z,-),z € R? always satisfies the four assump-
tions.

Figure 7.1.: [llustration of the areas of 7 for r = 0.4, A = 2, a1 = 0.7 and ay = 1.5.

Considering p®(x,dy) := c(d, a)|z —y| =4~ for a € (0,2) and the cut-off function 7(z) =
OV 1+ (A raf;)xr ol ), leads to the existence of a constant c;, independent of r, A, xg, T
and «, such that

sup / (r(y) — 7(@)2|e -y~ dy < e1(A— 1),
zeRd JRY

Taking the limit a 2 leads to |V7|> < ¢1(A — 1)72r~2. Hence Assumption 4 can be
understood as an adjusted version of an anisotropic gradient estimate for operators with
fractional derivatives along the coordinate axes.
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7. Nonlocal equations and weak solutions

Note that functions 7 as in Assumption 4 are obviously elements in H}, R%). We
start our studies with a result that provides the existence of appropriate Cut o functlons

Its worth mentioning that the power (—2) in Lemma 7.0.4 arises because of the choice 2
in the numerator of the definition of M,.. This number could be replaced in the definition
of M, and in the denominator of the power in the metric d by any number greater or
equal than max{ay: k € {1,...,d}}.

Lemma 7.0.4. Let zg € My, r € (0,1] and X\ > 1. Moreover let T € C*(R?) satisfy

(7.0.8). Then there is a constant ¢; > 0, independent of xo, A\, 1,1, ...,aq and T, such
that
d
sup [ (r(u) = (@)t dy) < exr™? | S~ 1)k )
rcR4 R4 k=1
Proof. Set

I, = (:ck - ()\2/0““ - 1)T2/ak,58k + ()\2/0“C — 1)7“2/0““) .

Then we have for any = € R¢

/]Rd( (2) = 7())? Haxes (, dy) = Z/ ) — 7(z — exwk +€kyk))2%dyk

|k
o e [ k(2= o) / an(2 — o)
7dh 7dh
10k 7[5 / |n|1+er—2 T R\I, | b1+

[ 2 k(2 — o) / a2 — a)
dh + — 2 dh
| (A2/ek — 1)p2/ar)? / |h|1Hon—2 R\, BT

[ 4 Ak =1r2%% (0 o)
TPREE— dh
_(()\2/0% _ 1)T2/ak) 0 |h| +ay

12 /( - (2~ ag) dh]

N2/ ek 1 )p2/ ’h’l-‘rock

IA
< M-

IN
>~

a
—

B
Il
—

I
M=~

[4% (/e — 1) ™ (2 — ) (A2ex - 1)r2/ak)“k]

B
Il

1

d
<82 (Z(AQ/% —~ 1)—%> .

k=1

Using Assumption 4, the assertion follows. O

Note that since supp(7) C My, (zo) and M)y, (xo) is an open set, we have

dist(supp(7), R* \ My, (o)) > 0.
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Corollary 7.0.5. Let xg € My, r € (0,1] and A > 1. Let 7 : R — R be a differ-
entiable function satisfying (7.0.8). Then there is a constant ¢y > 0, independent of
U, T, A, T, Q1,4 . . ., Qg, such that for any u € V“(M)\r(xo)‘Rd)

d
w(z)’r(x)? p(z, dy) da < er? Aok — 1)k | (|2, .
/M)\r(wO) Ad\MA,«({l‘Q) Z L (M)\'r( O)

k=1

Proof. We have,

/ / 27(3;)2 w(z,dy) dz
M), (z0) ]Rd\MAr(on
— [ wer [ ()~ ) e dy) o
M), (z0) RA\Mr(z0)

2 2
= /MM(aco)U(x) (;eu]gd /Rd(T(x) - 7(y)) M(Jr,dy)) dx

= 100 a1 o S0, [ (70 = 70 )

d
<cr? (Z(Az/ak - 1)_%) Hu”%?(MM(xo)v

k=1

where we use Lemma 7.0.4 O]

One important tool in our studies will be a Sobolev-type inequality. We will use Fourier
analysis to give an elementary proof.

We start our investigations with a comparability result, which gives a representation of
(U, W)y naxes (Re|Re) I0 terms of the Fourier transform of u.

Lemma 7.0.6. Let u € V#ores(RYR?). Then

d 3
ares d d - u A Y

[ L o) = ) Pt ) o < u<s><k§j:1|sk| )
L2(R)

where the comparability constants only depends on the dimension d.

Proof. By Fubini’s and Plancherel’s theorem,

/Rd /Rd Y))? faxes(, dy) da

ap(2 — ag
_Z/Rd/ —u x_ekxk+ekyk))2|xk(k|l+2% dyy dx
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7. Nonlocal equations and weak solutions

a
_Z/Rd/ u(x —u$—ekhk‘))2|k}5‘l+a) dhy dz
_ Z/ lu(z) — u(z — ekhk)HLz (R) “5 ’Hak) dhy,
ag(2
= Z/ | Flu(z) — u(z — ekhk)]||L2 (R4) |}§|1+ak) i
d . ar(2 — ag)
> J )1 = )2 ) D

d
~ ; 2
- [ ara - s ag SHEZ2) an,

1— 6i§khk)2

d
) ) [
=Yane-an) [ OF [ S anas

By the asymptotic behavior of the normalizing constant of the symmetric stable process,
there is a constant ¢; > 1, independent of «, ..., aq, such that for any k € {1,...,d}

—1 (677 (1 — elgkhk)2 Qg
cr 1€k < ap(2 — ag) T dhy, < e1[g|™.

Hence

d .
R 1 — e®rhi)2
Sawtz—an) [P [ T anag
P Re R |hg[tTer
1,2

d d 2
= / )1 d¢ = [[ace) (Daw)
=1 /R4 k=1

LZ(R9)
O
In the following theorem we prove a Sobolev-type inequality on the whole of R%. Note
that the case a; = -+- = ag = a € (0,2) leads to 5 = d/« and therefore
2 2d
o= _
6—-1 d—a«a

in Theorem 7.0.7, which is the exponent for the fractional Sobolev inequality for the
Gagliardo-seminorm, see Theorem 2.3.3.

Theorem 7.0.7. Let © = 25/(8 — 1). There exists a constant ¢; = ¢1(d,0) > 0 such
that for every compactly supported u € V“‘”“(]Rd|Rd)

P s, < ([ 0~ 00 ) )
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Proof. Let © > 2. We denote its Holder conjugate by ©’.

Using Theorem 2.2.4, Theorem 2.2.5 and the Holder-inequality, see [Sch12, Proposition
2.2], there are cg, c3 > 0, depending only on ©, such that

lull Lo ray = llullLo.oray < callullLo2ray < esllull por2(pay

i\ L\

e (z rw) (z rw) 2
k=1 Lze//(2—e’),oo 12
3 3

k=1

(R9) (R9)
(7.0.10)
Our aim is to show
1
d -2
K(¢) = <Z |§k|%> € 120/C=00o (),
k=1
which implies the assertion by Lemma 7.0.6, where
2
0= 76
6—1
Let ¢ € R%. Then there is obviously an index i € {1,...,d} such that
& > [&|% for all j # 4.
Thus there is a ¢4 > 1, depending only on d, such that
d o g\
_ — o @ k O —Q;
e tl&| 2 < (Z [ k) =&l | 1+> BE < el 2
k=1 ki

Hence

d —1/2
NGENE (Z\guak) >t
k=1

d
< D[R = 6 A (Il 2 [g|) for all j # i}
=1

I
.M&

d
[l < 672/ A1 < 1617/ for all j 2} = ea Y
i=1

1

7
For each i € {1,...,d}, we have

—2/a;
i =27 /t
;=
0

O‘i/o‘j

¢ tm2e 9d —2 (.
) #i o s i
||/ dg; dgizgd/ £ ey = et ( i#
#i70 0 2 j#i e
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7. Nonlocal equations and weak solutions

b i
Sd 1t I=t ey :C5t_2’3.

Hence, we have K € L?%> if

20/ 2 -0 1 1 1 1 1 /-1 203
2—-0 b e’ I} © 2 26 2 < 15} > © B—1’
from which the assertion follows. O

Next we prove a localized Sobolev inequality on the sets M, (zg).

Theorem 7.0.8. Let g € My, r € (0,1] and A > 1. Let u € VHores(My,(x0)|RY). Let
© =25/(B —1). Then there is a constant c; > 0, independent of xo, \, 7, a1, ...,aq and
u, but depending on d,©, such that

HuH2 2B S C1 (/ / (u(x) - u(y))2 Maxes(xa dy) dz
LA=1(My(x0)) M (x0) J Mxr(xo)
d

k=1

(7.0.11)

Proof. Let 7: R? — R be as in (7.0.8), that is 7 € C*(R?) such that

o supp(7) C My (20),
[l <1,
e 7 =1 on M, (),

2

o [0k7|lo0 < (A2 — 1)p2/on’

For simplicity of notation we write M, = M,(xq). Let v € L?(R?%) such that v = u on
My, and E(v,v) < oo.

By Theorem 7.0.7 there is a cs = ca(d, ©) > 0 such that
lorlBeq <o ([ [ (@)r() = oa)r(0)? () o)
= ( [ [, 0@ v @) (e ) do
w2 ] ) @) (e dx>
)

= Cg([l + 215).
We have

I = / / (v(x)7(z) — v(2)T(y))? praxes (T, dy) dz
My J My,
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/MA /MA (2) + ()

+u(y)(7(x) = T(Y))]? Haxes(z, dy) dz

(/MA /MX (7(2) + 7(9))]? Haxes(z, dy) da

i /MM /MM 2[(v(x) + v()) (7(2) — 7(9))]? Haxes (@, dy) dx)

1
= *(Jl + Ja),

W~ \

Using (7(z) + 7(y)) < 2 for all z,y € M), leads to

Iy = /MA /MA 7() + 7(0)]? rases( dy) dz

< 4/ / Maxes(l‘ dy) dz
My, J My,

= 4/ / uaxes(a: dy) dz.
My, J My,

By (v(z) +v(y)*(r(z) — 7(2))* < 2v(z)*(1(z) — 7(2))* + 20(y)*(7(z) — 7(2))* and
Lemma 7.0.4, we have

Ty < A,y s /]R (7)) e, )

d
< czr? (Z()\z/ak - 1)ak> HUH%Q(MM)'

k=1

It remains to estimate Is. We have by Corollary 7.0.5

Iy = / / (v(z)T(2) — U(x)T(y))2 Haxes(T, dy) dz
M)\r (MXF)C
= / / (’U(.T)T(l'))2 Haxes(xa dy) dz
M)\r (MXF)C

d
<cyr”? (Z()\Qm’“ - 1)_0”“> ull72(ar,, -

k=1
Hence there is a constant c¢1, independent of xg, A\, r, a1, ..., ag and wu, such that
2 2 2 2
lullze(ar,) = lvlze ) = I0TlIze s,y < lvTll7e R
d
<ca / / ,uaxes(x dy) dz +r~ Z(AQ/O% —1)7 % HUH%Q(MAT) ’
My, J My, k=1

O]
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7. Nonlocal equations and weak solutions

From this theorem we immediately deduce the following corollary.

Corollary 7.0.9. Let zg € My andr € (0,1). Let A € (1,r71] and u € V(M (z0)|R?).
Let © = 25/(8 —1). Then there is a ¢; > 0, independent of xo, \,r,a1,...,aq and u,
but depending on d,©, such that

lul? 2 <o / / (u(@) — u(y))? p(z, dy) da
LA=T(My(x0)) Myr(z0) J Mxr(z0)

d
g (Z()\Q/ak - 1)“”“) HUH%Q(MM(mo)))'

k=1

(7.0.12)

Proof. Since by assumption p := Ar < 1, the assertion follows immediately by Theo-
rem 7.0.8 and Assumption 3. O

We close this chapter with two important definitions and some basic properties.

Given 7 > 0 and z € R%, we define the subspace S, 2 Oof VI(M, }Rd ) of all weak
solutions to the equation Lu = 0 in M, (z) by

Sy = {u e VH(M, |Rd ): EH(u, @) =0 for every & € H“ M (x )(]Rd)} ) (7.0.13)

The following Lemma gives some basic properties of the space of solutions.
Lemma 7.0.10. Let z,y € R%, r,s > 0 and a € R.

1. If u € Sy, then au € S and u+a € Sy .

2. If M, (z) C My(y), then Sy s C Sy .

Proof. Let us first prove the first statement. We obviously have

(au, au)V#(Mr(JJ)‘]Rd) B GQ(U’“)W ()| Re) < O
(u—&—a,u—i—a)w(M @R = (u, u)w (@|R) < 00.
Hence (au) € V*(M,(z)|R?) and (u+ a) € V#(M,(z)|R?) for any a € R. Moreover, for
® € Hy (R9)

El(au, ®) = alt(u,®) =0 and E*(u+a,®)=E(u,®) =0,

which proves the first assertion.

Not let M,(z) C My(y) and u € Sy,. Then for every ® € H]’\L/[S(y)(le), we have

EM(u,®) = 0. To show that u € S;,. But this is true, since M, (z) C M;(y) implies
d d

Hy, (R ) C Hy, () (BRY). O

Given x € R? and r > 0, we define a measure v, ,, on B(R?\ {z}), which has singularity

around z. It is essentially a scaled description of paxes(z, -).
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Definition 7.0.11. Given x € R? and r > 0. We define a measure on B(R®\ {x}) by

d

ver(A) =13 (2 — o) / (o — "L dh,

k=1 {hER: ekhEA}

For 0 <r < R let
Ay r(x) = Mp(x) \ M, (x).

The measure in Definition 7.0.11 has the following helpful properties.

Lemma 7.0.12. Let z € R}, 0<r < R, 0,0 > 1 and j € N. Then

d
1 vy (R Mgy () ) = kZ 2(2 — ay,)0 %,

d
2. ey (Avei sertr (7)) <D 2(2— )07,
=1

3. If y € Mz (x), then

d 2
e (Ao orni(e)) < 3202 - ) (75 ) 7. (7.0.14)
k=1

Proof. The first two assertions follow by direct calculations. We have

d o0
Va,r (Rd \ M,q; (!E)) = 200(2 — o) / ze—h[TTxdh
k=1 @+ (r07)/
d o0
= 2 — —1—ak
r kZ:lzak@ o) /( oo h dh

2(2 — ;)0

M=

d
=72 Z 2(2 — oy)(r&) % =

k=1

e
Il

1
and

Vo (Ares o1 (7)) < v (R Mygs ()
It remains to prove the third assertion.

Let y € Mr(z) and v’ := (1 — 1)r. Moreover, let z € M,g,(y). We have for any
ked{l,...,d}

;)2/0% + (T‘/Gj)2/ak _ <£)2/ak . ((T 72 @j)z/ak

g

< (o= o)™
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7. Nonlocal equations and weak solutions

T o \2/a .
< J J _ J — 7y2/ak
<0® +r0O 0@ ) (re’) .

This implies, M,/g;(y) C M,g;(x) or equivalently R?\ M,g;(z) C R\ M,/g;i(y). Hence

d
Vo (Ares rorn (2)) < vy (R Mrgs (2)) < vy (RT\ My (y)) = D 2(2-a1,)07.
k=1

The assertion follows now by the trivial fact

1 2
Vy (ArGj,r®j+1 (:E)) = (1 - ) Vyr (Arejm@j*'l(x)) :

g

7.1. An algebraic inequality

In this section we derive a formula that is needed when working with the localized Moser
iteration for negative exponents. The aim of this section is to prove Lemma 7.1.1. This
result can be found in the published version of [DK15].

Lemma 7.1.1. There exist positive constants c1,co > 0 such that for every a,b > 0,
p>1and 0 < 71,170 <1 the following is true:

_ _ 2
(b—a)(rfa™® —73b7") > ) (7‘1apT+1 - TQb"T“) - chl (1 — m)2(67PF! 4 g P
p —_

The above result is nothing but a discrete version of

—p+1

(Vu, V(r2u™)) > ¢ (p)|V (m ; ) 12— o (p)|Vr[2uPH

where u, T are positive functions. The term (VU,V(TQU_Z))) appears naturally if one
chooses ¢ = 72u™? in the bilinear form [ (Vu, V). Most often, 7 is chosen as a cut-off
function with values in [0, 1] and v is a weak (super-)solution to some equation.

Lemma 7.1.1 is needed when using test functions of the form 72u~? for a localization

function 7, a number p > 1 and a function u satisfying

E(u,¢) > (f,¢) for any nonnegative ¢ € Hll\LA (IO)(]Rd),

u(x) > € for a.a. © € M), (x0) and some € > 0.

7.1.1. Some technical observations

In this subsection we will prove some technical lemmata, which we need to prove Lemma 7.1.1.
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7.1. An algebraic inequality

Lemma 7.1.2. Assume 11,7 > 0 and % c [%,2]. Then

7'1 —i—7'2 >§
T =73 3
Proof. Note that
T2
A A
|t — 73 \T—lz—1| t—1]"
T2

2
-
where t = 712 There are three cases:
2

1. If t =1, then t‘f—l 400 and the assertion is true.

2. If t > 1, then % = ﬂ Note that t+1 > 5 2 holds true iff t +1 > g

= t <4 <= T1§2

OJ\OT

t+1 _ t1 t+1 5 . 5 5
3. If t <1, then 1 T it Note that 123 holds true iff t +1 > —3t+3

= t>1 = L >1

T2

O]

1/
Lemma 7.1.3. Assume p > 1 and n € (1, g) Set \ = (T;) P Assume a,b >0 and

g¢( ,%) Then

a P 4+ bP

ar—br] ="

Proof. Set t = (£)”. Then

Now there are two cases:

1. Case 1: t > 1.

t+1 t+1 1 b (1 Lp
|t — 1] t—1 n—1 a n—1
2. Case 2: t < 1.
_ _ 1\ l/p
t+1 < +1 < p =1 b<<771>
[t — 1] —t+1 n 1+n
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7. Nonlocal equations and weak solutions

Lemma 7.1.4. There is ¢c; > 0 such that forp > 1, A = (%)1/10 and a,b > 0 with
g € (\, %) the following is true:

Proof. Set 2 =¢e (N %) Then

|b — a’(aip + bip)z < Ci(b—p+l + a—P-H)

la=? —bP[ T p
|afl€ —|§1|Z__2pl(|it)f_p)2 < %a—p—kl(g—pﬂ +1)
_ —p\2
— S é'_(;irlﬂ ) < %(57”1 +1)
— £-UU+EP? o (7.1.1)

[§P =1 P +1) T p

Let us prove (7.1.1). Note that

€U +P)? g+ o €1
(G i S T e |

We want to apply the mean value theorem to the function £ — g(&) = £7P.
Then ¢'(¢) = (—p)¢~ P+, The mean value theorem implies

ﬁgp_—ul’ — |g|(§£)__1|1‘ — ’g(w)| :pr(p+1) for some c (§7 1) U (176)

Thus,

-»_1q 1\ @D —(p+1) 11
|§!£—1‘ Zp(A) =p(7) =7,

from which we deduce

€ —1[(1+£7F)?
EP =P+ - p T p

Lemma 7.1.5. For p > 1 and a,b > 0 the following is true:

2 —p+1 —ptl
—p+l e

(b—a)(a_p—b_p)zp_l(a 2 — )2,
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7.1. An algebraic inequality

The proof of the above lemma is simple and can be found in several places, e.g., in
[Kas09].

Lemma 7.1.6. Assumep > 1, a,b >0 and 11,70 > 0. Then

—p+1 —p+1 —p+1 —p+1

2 2
(11 + 72)? (aT —b 2 ) > 2 <7'1a 2 — b 2 ) —2(1y — )3 (a Pt 4 p7P T

Proof. Note

+1 —p+1 —p+1 b*erl —p+tl —p+1

2(7‘1(1%—7'217 2 ):(7'1—7'2)(a 2 2 )+ (n+m)(a 2 —b 2 ).

From this equality we obtain the assertion as follows:

—p+1 —p+1) 2
4(7’1@ 2 —TQb 2 )

—ptl p+1 b —p+1
2

<2m — 1)@ 4 b )2 42+ ) (a

)2
<A(m =) (@ P 0P 4 2 )P (@ — bR )2

O
7.1.2. Proof of the inequality
Let us prove the main result of this section.
Proof. Note,
—p+1 —p+1 —p+1 —p+1
—(ma™2 —mb 2 )2 = —rfa P — 22h P L 20T b
> —rla P — 22pP L
Let us first consider the case 7L (3,2). In this case
max{ry, 7o} < 2|1 — T2|. (7.1.2)
Thus, we obtain
(b—a)(tia™P —12b7P)
—p+1 —pt1 —p+1 —p+1
> —72a P - 22b P p (a7 —mb 2 2= (e z —mb 2 )?
—p+1 —p+1
> (11a 5 Tgpr)Q —272a P — 272 PH
—ptl g —piliog 2 —pt+l 2; —p+1
> (ria” 2 Tob" 2 )* — 2max{1, 2} a 2max{7,72}°b
—p+1 —p+1
> (ria™2 —mob 2 )2 = 8(m — 1) (a7 PT 4 bR

The proof in the case 7t ¢ (3,2) is complete.
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7. Nonlocal equations and weak solutions

Let us now assume 7! € [£,2]. A general observation is

(b= a)(rta ™ —73?) = S(b—a)(rf — )@ P+ D)+ L (b @) + )0~ b)

1

=P =G

By Lemma 7.1.5

Lb-a)ar - b7 2 (@ E b

5 )2, (7.1.3)

Choose n = % and \ = (1)1/ P Let us consider two sub-cases.

1. Case: 2 e () 1)

7

L€ [3,2]. In this case

3

1
PI= [+ )l a2l — boop

x [[2\71 —7lla? —b7P|7V2 b — a|V?(a7P + b—P)}

5 (b—a)(a™P +b7P)?
(a?—b7)

=F

< —(m4+m)2b-a)(a—bP)+4(r — )

1
16

Because of Lemma 7.1.4, we know that there is ¢5 > 0 such that

|F| < %5(1)_7‘”rl + a~P*1). Altogether, we obtain
b—a)(tia — 2P
1 2
1 1
= om0 D 0 - ) ) )
1 2 2Y(,—P -p 1 2(,—P -p
> 5(()— a)(ri —m5)(a P +b7P)+ Z(b_ a)(r +72)%(a™? —b7P)

2(b—a)(a™? +b7P)?

> —%(Tl +72)%(b—a)(a™" = b7") —A(r — 72) (a=P —b7P)

30— a)(m + ) a7~ b7)

o (b—a)(a™P +b7P)?

3 2 —p —p
= (0 -a)@? =) —dn —m) oy
_ — 4e
>__ % 2075 — b5 )2 = 28 — )2 (b P 4 P
~ 16(p — 1)(7'1 +72)% (a2 27) P (11— 72)"( Ta )

= 16(p - 1)

6 —p+1 —ptl. o (465 6 > 2/ —p+1 —p+1
Tia" 2 —Tob 2 =t | (=) (7P +a™PT),

where applied Lemma 7.1.6.
2. Case: 2¢ () 1), de [3,2]. Then Lemma 7.1.2 and Lemma 7.1.3 imply
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7.1. An algebraic inequality

3 4 _ _ 2 _ -
> —b e glb—al(rE 4 ) b =~ 2 (b - ) + )~ )

4
= —gG.

Thus, due to Lemma 7.1.5, we obtain

_ _ 1 1 —p+1 —p+1
(b—a)(tia™® —13bP)=P+G > gGZ 75(19_1)(7124-7'22)(& 7 —b 2 )?
1 ) —p+1 —ptl o
>__ - iy
_10(p_1)(71+72) (a™2 2)
1 —p+1 —p+1 1
> - — b 2_ - _ 2(p—ptl —p+ly
= 50— 1)(7'1(1 2 b2 ) 50— 1)(7'1 T2)“( +a )

The proof in the case 7L € [%, 2] is complete, which finishes the proof of Lemma 7.1.1,
choosing c¢; and co appropriately. O

119






8. Properties of weak supersolutions

In this chapter we establish the weak Harnack inequality for functions u € V#(M; ’Rd)
satisfying
E(u,¢) > (f,¢) for every nonnegative ¢ € H]’\Zl(Rd) (8.0.1)

using the Moser iteration technique, where f € LY for some ¢ > max{2, 3} and [ is
defined as in (7.0.1).

For this purpose we have to prove a Poincaré inequality and show that the logarithm of
a weak supersolutions are functions of bounded mean oscillation.

We first prove an auxiliary scaling result for the energy forms with respect to the reference
family fraxes(7, ), © € R Recall the definition

d
BZQ—

=1k

Lemma 8.0.1. Let A > 0, Q C R? be open, u € VHeres(QRY) and let ¥ : R — R? be a
diffeomorphism defined by

0
V()= ¢ . o |=
2
0 0 Ao
Then
€4 (wo Wyuo W) = Nt (u, ).

Proof. Change of variables gives us

/ / (W( () — u(T(Y)))? prases (. dy)

/Q / (u(W () — u(W(y))2ar(2 — o)k -yl dyp [ 6gary (dys) e

k=1 ik

/Q /ﬂ{ykGR (Z1,0sTh—1, Yk T 1504 ) EQL}

1
(WU (x)) = w(T (21, oy Tty Ybs Ths 15 - - - > Td))) 2k (2 — ) [z — ype| 717 dyy do
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8. Properties of weak supersolutions

=\~ 283 2/a
‘I/(Q) {ykER UL (F 1o, 1 A R Y T 1,00,8a) EQ }
k=1

2 w _
(u(*r)_u(fly--'7fk717)\2/akyk7fk+lw--7ffd))2ak(2_04k)|/\ Tk — Yl T dy T
d
9-92
= >\ 6/\;! Q Z/IR]]‘{ngR \I’71(517-~~7Ek—17gka5k+17~~:5d)69}
(@) = w(O(F1, ooy Doty by Tk 1s - - -5 Ta))) 2ok (2 — )| Tk — )| Ay, A
2—2
=A 5[11(9 Z/ ]l{ykG]R (Z1see Tl 1,Uk Theg 13- ) EX ()}
(u(z (‘I’(ﬂﬁb-- Tl U Tht 1o - - -+ Za))) (2 — )| (Fg — Ti) |71 dyy, AT
— a2 25/ / (7)?0n(2 — an)lFk — 5l % dgie [ 813, (dFi) 45
v(Q) i#k
—x7 [ / w(9))? Hases 2, ) .
w(Q)
O

Let Q C R be an open and bounded set. For f € L'() let

Q :]{Zf(x)dx:&/gf(l‘)dx

v = max { (ay(2 — a)) ke {l,.. Ldb}.

Furthermore, let

Lemma 8.0.2. Let r € (0,1] and xg € My. Assume v € V*(M,(zo ‘Rd . There exists
a constant c1 > 0, independent of xo,r and v, such that

v — [U]Mr(xo)H%Q(MT(xO)) < 611"25]’(41”(%)(1),1)).

Proof. For simplicity of notation we assume xy = 0 and write M, = M,(xo) and My, =
My, (z0). The proof for general g € R? works analogously. By Jensen’s inequality

lv = [l 720, = /Mr (U(fﬂ) —][MT v(y) dy>2 dx
[ (g [, )=o) dy)2 o
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< |M1| / T / (v(e) —v(y)? dy do = .

We define a polygonal chain ¢ = (¢y(x,y),...,lq(z,y)) connecting x and y and whose
line segments are parallel to the coordinate axes:

k=
Op(z,y) = (15,...,1%),  where { ,

Thus

d
T 7 0 gy (0010 = o)y =

M=

I.
| M| k=1

Let us fix k € {1,...,d} and set w = lp_1(z,y) = (Y1, Yk—1, Tk, ---,Zq). Moreover
let z:=2z+y—w=(x1,-..,Tk—1,Yk,---,Yd)- Then lg(z,y) = w+ ex(zx — wi) =
(Y1, Yk, Thkt1,- - -, Zq). By Fubini’s Theorem

r2/a1 r2/aq r2/a1 r2/aq
n= L ) - o de)?
_r2/aq —T2/D‘d _r2/aq _,r2/ocd

dyg- -+ dyy dag - - - day

2/ r2/o1 r2/aq 2/ o,
‘E?/TQ/aj J rz/al 77‘2/O‘d 7712/0(’6( ( ) ( k( k k‘)))

dzk dwd s dw1

r2/ak
= 241k 2/ / / y (v(w) — v(w + ep(zx — wy)))? dzg dw
o

2/
= 21y 20y o (v(w) —v(w + ex(zx — w )))QMdz dw
= : 2o k\%k k |£Uk; — zk|1+ak k

r2/og 14y .2/ ap+2
2) k 2/
< 2d17~2j7&k2/o‘j/ / w) —v(w+ep(zr —w 2 dzpdw
< : 42/%(1)( ) ( k(2K k))) | — 25| Tk k

r2/ag
1
d
<42 r25r2/ /_Twak (v(w) —v(w + eg (21 — wk)))zg‘xk — Zik‘l"'ak dz, dw

2/ay

4r2 r (2 — )
= m|Mr| / : /_T2/ak (v(w) = v(w + ex(zk — wk)))Q— dz dw

7‘2/0‘16
ag(2 — o)
< 4r2~| M, | / /72/% (v(w) — v(w + ex (2K — wk)))Qm dzg, dw.

Hence there are ¢y, co > 0, independent of p, v and xg, but depending on d and -, such
that

o = [olas, 122001,
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8. Properties of weak supersolutions

d 2/a
< 627“22/ /r k (v(w) —v(w—l—ek(zk—wk)))Qo%(Q—_?k) dzg dw
k=1 Mr —r2/ek ’xk - Zk’ ok
= cor® & (v,v) < er?EY; (v,v),
where we used Assumption 3 in the last inequality. O

The next lemma provides a Morrey-Besov-type inequality for log u.

Lemma 8.0.3. Let zp € My, r € (0,1] and X > 1. Assume f € LI(My,(zo)) for some
q > 2. Assume u € V“(MAT(:UO)’]Rd) is nonnegative in R and satisfies

EM(u, @) > (f,¢) for any nonnegative ¢ € Hﬁh(%)(Rd), (8.0.2)
u(x) > € for almost all x € My, (zo) and some € > 0. o

There exists a constant c1 > 0, independent of xo, A\, 7,1, ...,aq and u, such that

> (logu(y) — 10gu(a:))2k
/T(IO)/r(xo) (; (2k)! )M(ﬁf,dy) dz

d
—Q _4q
<a (Z ()\2/% - 1) > P2 (Mg (20)| + € |f |l La(aty, (wo))  Mr (20)| 7T

k=1

Proof. We follow the lines of [DK15, Lemma 4.4].
Let 7: RY — R be as in (4). Then by Lemma 7.0.4, there is ¢ > 0, such that

d
su 7(y) = 7(2)?u(x cor 2 2ok _ 1ymok |
me}}lgd/m( (y) — 7(@) " u(z,dy) < <k§:l(A 1) )

For abbreviation, we write M), (xg) = M), and M,(z¢) = M,. By definition of 7 and
symmetry of the measures in the sense of Assumption 1,

/]Rd /]Rd (r(y) — 7(x))? p(x,dy) dz

- / / (r(y) — 7(2))? (e, dy) da + 2 / (r(y) — 7(2))? (e, dy) de
My J M, Mg,

My,

<2 [ [ ) ) e,y e

<2l swp [ (7(0) - (@)

d
< ¢ <Z()\2/Olk _ 1)0%) TﬁQ‘MAr’-

k=1
(8.0.3)
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Let ¢(z) = —7%(z)u~t(z) < 0. By (8.0.2)
U —ulzx ()N 2) — 72 (y)ut x x
> [ ) = (@) (e @) = R0 @) sy
B o (T@ul) | ) ) @Y
=L e (G + S 5 ) v
1

! Q/MA /Mc (u(y) — (@) (FP(@)u (2) = (e (y)

Setting A(z,y) = uw) and B(z,y) = W) we obtain for the first expression on the

u(z) 7(z)

right-hand-side of the foregoing inequality

A(%,y) B((l),y) 1
/MM /MMTW@) (B(sc,y) T Ay P~ B(m,y)> p(a,dy) do

= [, ] r@rw (g ’

B [/ (A(z.) — B(x1))* R
/MM- /MM 7(2)7(y) _( A(z,9)B(x,1) >— ( B(x,y) — B(Cv,y)> ]

= — 10 x 2k
= /MM /MMT(x)T(y) (22—: (1ogA(x,y>(2kl)!gB( ) > u(.dy) ds

k=1
2
o (VI - ) st
My J My ,)

B(x,y

2k
[ [, wmtn |23 () ) i
- p(z,dy) dz
M)\'r M)vr

/ /M)\ p(x, dy) dx
/ / (253 logu.w logu< )’ ) (e dy) d
My 1
. /MA e

where we applied that for a,b > 0

,_.

(a — b)? ~ (a— )b 2§: loga—logb)

ab
=1
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8. Properties of weak supersolutions

and

Altogether, we obtain

— log ulx 2k
/ / < 1ogu( )(2;);‘5 (z)) ) (e, dy)

-/ <T<x)—r<y>>2 (e, dy) dz
My J My
—u(2)) (P2 (x)u" (z) — 72 (y)u " x xT.
+2/MM/C (uly) — u(@)) (F(@)u @) = P()u" () le,dy)d

The third term on the right-hand side can be estimated as follows:

2 /MM/ . (u(y) — u(x)) (7-2(:p)u_1($) _ 72(y)u_1(y)) (i, dy) da
=2 / (u(9) — w(@)) (= (@) @) s dy) do

/MM / (z,dy) dz — 2 /MM / . (z,dy) dz
=" /R () = () el dy)

where we used nonnegativity of v in R?. Therefore, using Holder’s inequality and |u~!| <

> — log u\x 2k
[/ (22(1ogu< )(2;)5 (2)) )Mx,dy)dx

d e (8.0.4)
<a (Z (W2 —1) ) r2IMogl + 1l zaary I arian )
k=1
d
—ay,
< (Z ()\2/Oék _ 1) ) T*QIMAA + 671Hf||Lq(MM)’MMV]/(qil)‘
k=1
]

Recall the definition

v = max{(ap(2 — o))t k€ {1,...,d}}.

The next result is a direct consequence of Lemma 8.0.2 for v = log(u) and Lemma 8.0.3.
It implies that log(u) is in the BMO space, if u is a weak supersolution.
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Corollary 8.0.4. Let zg € My, r € (0,1] and X € [2,2]. Moreover, let f € LY(Ma,(z0))
for some g > 2. Assume u € V“(M,\T(:co)’Rd) is nonnegative in R and satisfies

EM(u, @) > (f, @) for any nonnegative ¢ € H]‘\L/[M(xo)(]Rd), (8.0.5)
u(x) > € for almost all x € My, and € > 7| f| pa(ary, (20))- o

Then there exists a constant ¢; > 0, independent of xg,r and u, but depending on d and
v, such that

I log t — [log ulas, (aoy Iz a1, o) < €21 M (0)]- (8.0.6)

Proof. Set M, = M,(x¢) and My, = My,(zo). Note

d
| M| = (H 2(>\r)2/°‘k> = \P24p28 = N2\ M| < 2% | M,

1 (8.0.7)
‘qu% — \P ol 287 < A4B92d,28 _ 24ﬁ+d’MT”
where we used the facts max{z/(x —1): > 2} =2, A< 2 and r < 1.
Using Lemma 8.0.2 for v := log(u), Lemma 8.0.3 and (8.0.7), we observe
|| log u — [log u]MTH%Q(MT) < 01r25Mr(m0)(log u, logu)
oo
(log u(y) — log u(x))**
< 2017"2/ / wu(x, dy) do
o \ 22 (2h)!
2 St IR 1 1
<2er? (es [ ()\ak _ 1) 2 M| + € Fll ogagy, )| Mg |2/ @D
k=1
d i~ —ay,
Yk _ _ _
k=1
<26, (0316d|M,\T| + 245+d|MT]>
= 2¢; (c316d22/3 M, | + 24ﬁ+d|MT|> = ¢1(d, B)| M.
Here we have used max{(5/4)%/* —1)~%: z € (0,2]} = 16. O

Finally, we can prove the following result.

Theorem 8.0.5. Assume xzog € My, r € (0,1] and f € Lq(M%r(a:O)) for some q¢ > 2.
Assume u € V“(MgT(xo)}Rd) is nonnegative in R and satisfies
4

EM(u, @) > (f, @) for any nonnegative ¢ € HII\LJE) ( 0)(1Rd),
ZT

u(z) > € for almost all x € M%r and some € > 1| fllLa(ars (o))
ZT‘
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8. Properties of weak supersolutions

Then there exist p € (0,1) and c¢; > 0, independent of xg,r,u and €, such that

1/p —1/p
][ u(z)P dx de < ¢ ][ u(z)"P dz . (8.0.8)
M (z0) M (z0)

Proof. This proof follows the proof of [DK15, Lemma 4.5].

The main idea is to prove logu € BMO(M,(zp)) and use the John-Nirenberg inequality
for doubling metric measure spaces.

Recall that for r € (0,1] the set M, () is a ball in the metric space (R%, d) defined in
(7.0.7). Endowed with the Lebesgue measure, the metric measure space (M (), d, dx)
is a doubling space, since for all z € R? and r € (0,1/2]

| B3 (2)| = [Mar ()| = 2°°| M, (2)] = 2°° B} ().

Choose zg € M,(xo) and p > 0 such that My,(20) C M,(x). Note that by (8.0.7)
‘]\42p|‘;%1 < 24B+d|jwp|-
Corollary 8.0.4 and the Holder inequality imply

/MP(ZO)

This shows logu € BMO(M,(x¢)). Lemma 2.4.3 states, that logu € BMO(M,(xg)), iff
for each M, € M, (xp) and k > 0

logu(x) — [log ula, ()| dz < [[Togu — [log ulag, (o)l L2(a, (0)) \/ | Ml

< CQIMp’-

{x € M,: [logu(x) — [logular,| > r}| < cze” "M, (8.0.9)

where the positive constants c3, ¢4 and the BMO norm depend only on each other, the
dimension d and the doubling constant.

By Cavalieri’s principle, we have for h : Mpg(xzg) — [0, 0], using the change of variable
t = e”, that

1 o0
][ (@) g — / Hx € M(z0): @) t}] dt
Mr(l‘o) |MT| 0

1 1
= L] (/ {z € M, (x0): "™ > t}] dt
T 0

+/ {z € M, (x0): "™ >t} dt>
1

1
| M |

<1+ / e"{x € M,(xz9): h(x) > k}| dk.
0
Let p € (0,1) be chosen such that p < ¢4. The application of (8.0.9) implies

][ exp (| log u(y) — log ulas, o)) dy
M- (xo)
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8.1. The weak Harnack inequality

c1y /oo e”‘{x € M, (zp): |logu(z) — [log U]Mr(z0)| > k/p} »
0

| M |

00 —c4K/P
crp [Fens L),
0

| M|
oo
<1+ (:3/ e(1=ca/P)r g
0

1 c3 :C4—T9+03;T9:
ca/p—1 c4—D

L ey < 00.

Hence

(fMT(xO) u(y)? dy) <][Mr(x0) u(y)™? dy>

_ ][ (Pllogu(y)~log ular,) ][ ¢Plogu)—logulan) 4y | < 2 = ¢,
My (z0) My (z0)

which implies the assertion.

8.1. The weak Harnack inequality

In this section we prove the weak Harnack inequality for functions u satisfying (8.1.8).

The main technique is the Moser iteration for negative exponents.

We start with an easy auxiliary result.

B
Lemma 8.1.1. Let Q C R? be open and bounded. Let ¢ > f and f € LF-1(Q). Then

for any a >0

oo <P

potry < gl e

()

Proof. First, note that for ¢ > 3:

q s p 1
1<—<——, b =14+ —-—-.
S o1 F-1 ecause -1 +ﬂ—1
Set 5
1 Fai—ga _q-B
V="~ B 1 - q ’
q—1 B—1

Lyapunov’s inequality implies

B 4 AT T 7t

() ()

+ q_qﬁa—ﬁ/(q—ﬁ) 1l -
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8. Properties of weak supersolutions

Using Young’s inequality, we get for any a > 0

Blq (a=B)/a _ Blay ¢ Pla o Bla
Hf”LB%(Q) HfHLl(Q) a Hf”LB%(Q) HfHLl Q

qa/B
B B/q /8 q ﬁ 6/ /q Q/(q B)
< +— a
q( 7% (@A G )

L 178 s/

*aHfH ﬁi( Nl ey -

Q)

O
Note that in the case a3 = -+ = ag = a € (0,2) the condition ¢ > 8 = d/« is identical
to the condition in the case of u®(x,dy) = c(d, &)|z — y|~%*, see [DK15, Theorem 1.1].

The next result allows us to apply Moser’s iteration technique for negative exponents. It
is a purely local result although the energy form is nonlocal.

Lemma 8.1.2. Assume xg € My and r € [0,1). Moreover, let A € (1, min{r—' v/2})
and f € LY My (x0)) for some q > max{2, 8}. Assume u € VF(My,(x0)|R?) satisfies

E(u,d) > (f,¢) for any nonnegative ¢ € H]‘\‘/[M(xo)(ﬂ{d),

u(z) > € for a.a. © € My.(xo) and some € > HfHLq(MM(zO))r(q_ﬁ)/q.

Then for p > 1, there is a ¢ > 0 independent of u, xg,r,p, a1, ...,qq and €, such that

d
_ p N o\ 2
H 1Hp(p I)T( = CIp -1 (Z(/\Q/ - 1) > ’ H 1HLp H(Mxr(z0))

( 0)) k=1

Proof. Let 7: RY — R be as in Assumption 4. We follow the idea of the proof of [DK15,
Lemma 4.6].

For abbreviation let M, = M,(zg). Since E(u,¢) > (f,¢) for any nonnegative ¢ €
Hy, (RY) we get
5(’&, _T2u—p) < (fa _TQU_p)'

Furthermore, we have
| ] (w) = ulo) (r@ula)? = r(w)uly) ) ute,dy) da
R4 JRR4
— [ ] ) - ulo) (rePule) = () u() ) o, dy) da
My J M,
—u(z)) (r(2)?u(z) P — 7(y)*u(y)” T T
w2 ) ) (et ) ) ) e )

=:J1 +2Js.
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8.1. The weak Harnack inequality

We first rewrite and estimate Jz, using Lemma 7.0.4,

Vv
L
B

=

+
=
s

w0

o=
e

T
IS

9
—~
<
~

|

9
—~~

8
~
o
=
—~
8

Q.
<
~

A\

d —a
I e (z (3 1) ) |

Now we estimate J;. Applying Lemma 7.1.1 for a = u(z),b = u(y), 71 = 7(x), 72 = 7(y)
on Ji, there exist c3,cq > 0 such that

J1= /MM /M)\r (u(y) —u(x)) (T(x)Qu(x)—P _ T(y)2u(y)_p) p(z, dy) da
= 3 /M /M (T(x)u(az) R T(a:)u(x)_pzﬂ)Qu(a:,dy) dz

et [ ) = ) ) e dy) de
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8. Properties of weak supersolutions

Hence

/M /M (T(x)u(x) 5 T(z)u(z) 7;7;1)2 p(z, dy) dz

p . .
p—1 /MM /MM (T(y) — 7(x))*(u(y) P + u(z) P p(z, dy) dz
— [ ) = o) (r@)Pule) ™ = 0 ul) ) o dy) o —

€3 JRd JRd -

Ty . 1 /MM /MA,. (T(y) = 7(2))* (w(y) P +u(@) ™) p(z, dy) dz
= clg/Rd /Rd (u(y) — w(@)) (r(z)*u(z) P — 7(y)*u(y) ) p(z,dy) dz

1
<—Ji+ta
cs

d
16 _ _ o — QO
+ - Hu p+1HL1(MM)"” 2 <§ :()\2/ ko 1) )

k=1

rer o [ [ ) = @) ) G dy) d

(8.1.1)
We now will derive the assertion from (8.1.1).

The first term of the right-hand-side of (8.1.1) can be estimated with the help of Lemma 8.1.1
as follows:

/Rd /Rd (u(y> - U(af)) (T(-T)Zu(x)fp _ T(y)2u(y)*p) M(fE, dy) de = g(u’ —7'2u7p)
(f, —7%u" ) <e 1|( 7_ZUJ*]DJrl)‘ _ 671‘(Tf, Tuprrl)‘

<
< €T fll Loqray lTu ™|

LT (Rd)

_ B _ q—p =6 _
< Ml (Zallra o, b T L g

_ I3 _ =B _
< Wl (Calru 1, T e e

< pB-0/a <5aHTu—p+1H s L 4
q LA=1(RY) q

where a > 0 can be chosen arbitrarily. Set

a = rB—a/a,,

for some w > 0. Since 1 < A < /2 we have in particular for all k € {1,...,d}
1

A< (21/04;€ + 1)0%/2 — ()\Q/Ock _ 1)—o¢k > 3

Thus

d
<Z()\2/°‘k - 1)0%) > 1.

k=1
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8.1. The weak Harnack inequality

Hence, we obtain

/ / (u(y) — u(2)) (r(x)*u(z)? = 7(y)*u(y) ) ple, dy) dz
R4 JRA
B

PN I— —1,

< Ly P+ ] P+

< 5w 7w HL%(Rd)JF 3 waF [[Tu P | 1 ay
q —ptl =B 1 =L o

< ZwluPt + rwa b ||[TuP

=~ /8 || ||L%(M)\T) /6 H HLl(M)\r)
_q 1p—1 q—B8 4 == 1 (8.1.2)
5WHU | P 1)5 (M) " B Wi fu HLP (M)
q - 1

< zwlu P,
/3 (P 1>6 I(M/\)

d
q /B — @ ,a =B
: (Z (fex -1 ) Wt s -
The third term of the right-hand-side of (8.1.1) can be estimated as follows:
[ ) = @) ) a7l dy) da
My J M,

=’ /M)\T /MM (r(y) — 7(2))*(u(z) Pz, dy) dz

<2 gy s [ (7(0) = (o) Pl dy)

z€RJ
d —Q
< cr? (Z <>\2/ak - 1> k) lu™P Ly,
k=1
d C
— c5r? (Z (w/ew — 1) ) B
=1

The left-hand-side can be estimated from below with Corollary 7.0.9

/M i /M (T(x)u(x)%Jrl — 7(z)u(z) _p2+1)2 w(x,dy) dx

d
>ellra TP s =2 [ SO0 - 1) ) [ )
1P, =
+1 d +1
=BT 12 -2 2/ — —2
> cgllu 2 —7r ANk 1)TY% ] fluT 2
>l (;1:( ) ) H "
d
— 1p— 1 2/C¥k _ —og —1
cellu || L 1)6 L) 2_1 (A ) [|lu HLp (M)

133



8. Properties of weak supersolutions

Combining these estimates there exists a constant ¢; > 0, independent of xzg,r, A,
ai,...,a and u, but depending on d and 23/(5 — 1), such that

d
—1p— =8 p 2/« —a -2, —1p—1
[ [ <awr? +—) (AR =) ) e w7
LPVET () p—1 ; Lo (3)
1 -1
—w
t o | HL(I,_I)ﬁ(M :
Choosing w small enough, this proves the assertion. O

The following result is one of the main ingredient to prove the weak Harnack inequality.

Lemma 8.1.3. Assume z9 € My and v € [0,1). Moreover, let A € (1, min{r—1,v/2}).
Assume f € LY My, (z0)) for some q¢ > max{2, 8} and let u € V*(My,(x0)|R) satisfy

E(u,d) > (f,¢) for any nonnegative ¢ € H;\LJM» (RY),

u(z) > e for almost all x € My, and some € > ||f”Lq(M)\T(ZO))T(q_ﬁ)/q.
Then for any pg > 0 there is a constant ¢; > 0, independent of u, xg, \,r, € and aq, . . ., aq,
such that
—1/po
inf  wu(x) >c ][ u(z) P da . (8.1.3)
€My (x0) Moy (0)

Proof. We set M, = M, (xg). For n € Ny we define the sequences

Ty = nt?2 r and = 76 !
n — n+1 Pn = Do 6_1 .

Then ro = 27, r, > ri4q for all £ € Ny and r, N\ r as n — co. Note

n + 2)?
T'n = ( ) )Tn—i-l = AnTnt1-

(n+1)(n+3

Moreover pg = po, pr < pr+1 for all k € Ny and p,, ' 400 as n — oc.

Using
=2 28 2B

Dn Pn+1 Pn

we have

—2/pn \2/Pn . =2/pn

n+tl — n_'n — 9d/(Bpn) \28/pno—d/pn . —28/pn

| M, [V/Pot1 9d/paia )7 28/Pnt1.28/pn " "
9d/(Bpn) \20/Pn

’Mrn ’ l/pn

T
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8.1. The weak Harnack inequality

Moreover, by Lemma 8.1.2, we have for p = p, + 1

1 — -1
”u HLP"“(MMH) o Hu HLM%(MMH)
4 1/pn
. + 1 l/pn _ — -
<cal” (p"p > S (e 1y PP ™ pon (a,,)-
n
k=1

This yields

(

Tn+4+1

1/pn+1
<u—1>pn+1>

1/pn
(u )Pt h - ! /
’MTn+1 ‘1/pn+1 M

Tn+1
1

- M, ., |1/Prt1

~2/pn 1pn [ d /pn
Tn+1 1pn (Pn+1 a —a _
<t (M) (ZW/ -1 ) et

||U71||Lpn+1(MrnH)

Pn

k=1
1/pn
Qd/(ﬁpn))\iﬁ/pn . oo+ 1 1/pn [ d . . -
N W02/p < p ) > (A1) lu™ M Lon (a,.,)
n " k=1
1/pn d 1/pn 1/pn
— 2d/(5pn))\i/3/pncé/l?n (pn + 1) (Z(}\i/ak _ 1)_ak) (][ (u_l>pn> .
p?’l k=1 M’r'n,

which is equivalent to

_l/pn 1/ "
][ - < 9U/(Bpa) \28/pn oL/ (pn + 1> P
M,,, o " Pn

d l/pn 71/pn+l
P I ) B
k=1 My, 14

(8.1.4)
Iterating (8.1.4) leads to

—1/po 8/ n / n p+1 1/pj
w PO < 2d/ (Bpy) )\2 pj Cl Dj ( pjT - >
(L) I ) (1) (1 (%

j=0

n d l/pj 71/pn+1
H (Z 2/0% _ k) <][ u—pm—l) )
Mrn-&-l

k=1
(8.1.5)
We continue by showing that the expressions on the right-hand-side of (8.1.5) are well-
defined. We have

n

o T 2009 = 2550 d/603) = 9/ Tio((B-1)/3Y "2 gdfme < o,

=0
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8. Properties of weak supersolutions

7=0
= 2 — 1\’ | nooo
coxp (37 (55) =% exp(26° /po) < 00,
j=o Po
. 12[ A _ 622;:0 pj _ 05% F=o((8=1/8Y nyec S < o
j=0
" 1\ /P US| 1 " 1
. H<1+> = exp Zlog(l—l—) < exp Zlog(l—F)
20 Dj pard 2 Dj pard 2 Po
& —1\’ 1\ \ oo 1
= exp Z(ﬁl> log <1+> =3 exp (ﬁlog <1+)> < 00.
=\ B Po Po

It remains to show

n d 1/p;
(H <Z(A§/O"“ - 1)""“) ) — 5 <00 asn — 0. (8.1.6)
=0 \k=1

=

Note

1/pn

1/pn

(n+2)? = (n+1)(n+ 3))>‘°‘k
(n+1)(n+3)

1/pn

(
() -0) )
(
(

(n+1)(n+3) )>ak
(n+2)2—(n+1)(n+3)

(n+1)(n+3) 2\ /e
= d((n—|—2)2—(n+1)(n—|—3))>>

T GG+ N\
| <d<<j+2)2—<j+1><j+3)>

2 U+ 1) +3)

and
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8.1. The weak Harnack inequality

Let h : (0,00) — R be defined as follows

x+1)(xz+3)

GT2f @iy —F Tt

x> h(z) =

and choose b € (1, %) Because of the quadratic growth of h there obviously exists a
natural number N such that for all j > N

G+1)( +3)
1%<d@+m2—u+wu+aﬂ>§”

Since b% < 1, we have

ntl o G+DE+3)
exp Zp(lOg <d(j+2)2_(j+1)(j+3))>)

j=N*J
n+1 9
< exp Z — (bj)
j=nPi

n+1 . 7 .
= exp Z 2p0 (ﬁﬁl) b
j=N

1\’
= exp ZQp()(bﬁﬁ) —c4 <00 asn— oo,
j=N

which implies (8.1.6), i.e.

j=1 \k=1
Since
71/pn
lim <][ u_p"> = inf u(z),
n—oo \ Jpr, z€ My
taking the limit n — oo in (8.1.5), proves the assertion. O

From Lemma 8.1.3 and Theorem 8.0.5 we immediately conclude the following result.

Corollary 8.1.4. Let f € LY(My) for some q > max{2,8}. There are py,c1 > 0 such
that for every uw € V#(My|R?) with u > 0 in R? and

E(u,¢) > (f,¢)  for every nonnegative ¢ € Hy (RY),
the following holds

1/po

mmzqf w@P de | =l
M1 M 16
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8. Properties of weak supersolutions

Proof. This proof follows the proof of [DK15, Theorem 4.1] Define v = u + || f|| pa(ar

15)°
16
Then for any nonnegative ¢ € Hy, (R%), one obviously has
E(u, ¢) = E(v, 9)
By Theorem 8.0.5 there are a co > 0, pg € (0,1) such that
1/po —1/po
][ v(x)P0 dx dz < e ][ v(x)7P0 dz . (8.1.7)
My My
2 2
Moreover, by Lemma 8.1.3 there is a c3 > 0 such that for r = 3 and py as in (8.1.7)
—1/po 1/po
inf v(x) >3 ][ v(z) P de > “ ][ v(x)P0 dx
z€EM M1 C2 My
4 z 2
1/po
> ][ u(z)P° de
Co M4
2
which is equivalent to
1/po
fuze | fow@Pde] =g,
My M, 16
1 2
O

Finally, we have all tools to prove the weak Harnack inequality for weak supersolutions
to Lu=f.

For a function u : R — R let

x) := max{u(z),0},

u (x) := —min{u(x),0}.

Theorem 8.1.5. Let f € LY(My) for some q > max{2,3}. Let u € V*(Mi|R%), u >0
wm My satisfy

E(u, ) > (f,¢)  for every nonnegative ¢ € Hy; (RY). (8.1.8)
Then there exists py € (0,1), ¢1 > 0, independent of u, such that

1/po

fuzen (f u@mde] s o2 [ w@ateds) o).
My M R4\ My 16

1 z€EM 15 1
2 16
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8.1. The weak Harnack inequality

Proof. By (8.1.8), for any nonnegative ¢ € Hy, (R%)

EuT, ¢) =E(u,0) +E(u™, ) = (f,0) + E(u, 9). (8.1.9)

Since ¢ € H}y; (R?) and ™~ =0 on M; , we have

()= [ swowdr= [ o ds
and
ew0)= [ [ )= @)00) - o) uta.dy) do
=[] ) - @) - o)t dy) s
w2f ()~ @)(60) 06 e )
" /( . /( 1, @) w00 — o) dy) da
=2/ /( o (O it )

_ /Ml /( o U9 e )

Hence, we get from (8.1.9)

ew0) = [ o (f(fr) —2f U‘(y)u(w,dy)) d.

Therefore, u™ satisfies all assumptions of Corollary 8.1.4 with ¢ = +o00 and f: M; — R,
defined by

fo=f@ -2 w@ud).
R\ M,
If sup fRd\ a, W (2)p(x, dz) = oo, then the assertion of the theorem is obviously true.
T€EM 15
16

Thus we can assume this quantity to be finite. Applying Corollary 8.1.4 and Holder’s
inequality

infu>c ][
1/po
=0 (][ u(z)P° diﬂ) — I fllzacaryg) — 2
]\4’1 16

2

1/po
u ()P0 d:n) - HfIILq(M%)

/ u™ () (e, dy)
RA\ M,

L(Mis)

S
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8. Properties of weak supersolutions

1/po
o[ f w@mds] Ul - sw o2 [ u ) atedy),
M% 16 xEM% R4\ M

An immediate consequence of Theorem 8.1.5 is the following result. It follows from
Theorem 8.1.5 via scaling and translation.

Corollary 8.1.6. Let zg € My, r € (0,1]. Assume u € V*(M,(x0)|R?) satisfies u > 0
in My(xo) and E(u, ®) > 0 for every & € HJ’\}T(:CO)(RC[). Then there exists po € (0,1),
c1 > 0, independent of u,xg and r, such that

1/po

inf u>c ][ u(x)P0 dz —7r  sup 2/ u (2)p(x,dz).
leir(wo) M1 (z0) xeMngT(:po) RN\ M, (o)

Lr
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9. Holder regularity for weak solutions

In this chapter we prove the main result of this part of the thesis, that is an a priori
Holder estimate for weak solutions to Lu = 0 in M. For this purpose, we first prove a
decay of oscillation, which implies together with the weak Harnack inequality the desired
Holder estimate. [DK15| provides a general scheme for the derivation of a priori Holder
estimates from the weak Harnack inequality. We apply this scheme in our setup.

Theorem 9.0.1. Let zg € R?, 79 € (0,1 and A > 1, 0 > 1, © > 1. Let r € (0,7¢).
Assume there is a constant ¢, > 0 such that for u € Sy, and w > 0 in M, (zo)

(

Then there exists 6 € (0,1) such that for r € (0,ro], u € Sgor

1/p
u(x)pda:> < ¢q inf w4+ sup /u(z)l/xm(dz) . (9.0.1)
z0) J RY

(z0) Mg (zo) w€Mr (

r
A

5 P\°
osc u < 20°||ul|co <7> , 0<p<r
M) (z0) r

Proof. This proof follows the proof of [DK15, Theorem 1.4].

In the following, we write M, instead of M, (zo) for r > 0.
Fix r € (0,79) and u € Sy, Let ¢, be the constant from (9.0.1). Set k = (2¢,2'/P)~1
and

1— 2 =
log(©) — 2 ©

Set My = ||ul|oo, mo = inf{u(z): x € R4} and M_,, = My, m_,, = mg for n € IN.

5 = % oo (9.0.2)

Our aim is to construct an increasing sequence (my,)ncz and a decreasing sequence
(My,)nez such that for all n € Z

(9.0.3)

my < u(z) < M,
M, —m, < KO

for almost all z € M,g-n, where K = My —mg € [0, 2||u||c0)-

Before we prove (9.0.3), we show how (9.0.3) implies the assertion. Let p € (0,r]. There
is 7 € INg such that
reo -l < p < re—.
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9. Hélder regularity for weak solutions

Note, that this implies in particular

From (9.0.3), we achieve
oscu < osc u < M;j—m; < KO % < 2HuHOO®*5j
Mp M'refj

iy P\ O
= 2[[ufl oo (07)° < 20jull 0" (£)".

Hence it remains to show (9.0.3). Assume there is k& € IN and there are M,,, m,, such
that (9.0.3) holds true for n < k — 1. We need to choose M}, my, such that (9.0.3) still
holds for n = k. For z € R? set

M1 +mg_y 20¢-—1°
v(z) = (u(z) — 5 P

Then v € S, » and |v(z)| < 1 for almost every z € M, g (x-1).
Let z € R? be such that d(z,x9) > r© %+, Choose j € IN such that

r@F < d(z,xp) < r@ KL

For such z and j, we conclude

K v(z) =u(z) — My i
20 (k—1)s B 2
> iy — My, -2|- M1
M. _
> mp_j_1 — k 1;rmk 1
M1+ my_
M1 — my_
> —(My_j1 — mp_j_1) + %
> _go-k-i-05 L Kg-g-1s
- 2
Thus 5
; Od(z, xo)
v(z) >1-207° >1-2 (W : (9.0.4)
Moreover,
K B My 1 +mp_1
seu—nr ) = ulz) = =
M. _
< Miy_jr — k 1-2ka 1
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< (My—j1 — mp—j—1) —

M1 —mp_q

2
< ko--i-05 _ K g1
- 2
Hence s
; Od(z, o)
v(z) <2070 —1<2 <T@k+1 —1. (9.0.5)
We will distinguish two cases.
1. First assume 1
’{37 EM, g ki1 U($) < 0}’ > inr@—k-H ’ (906)
A A
Our aim is to show that in this case
v(z) <1—k for almost every z € M,g—». (9.0.7)

We will first show that this implies (9.0.3). Recall, that by the induction hypothesis
(9.0.3) holds true for n < k — 1. Hence we need to find my, M}, satisfying (9.0.3).
Assume (9.0.7) holds.

Then for almost any z € M,

= gt g
= 2@(‘2{_1)5 (1-k)+ M1 = i1 ;mk_l +mi_1
K
<mp_1+ (1 — 5) Ko~ (k-13s

<mp_1+ KO,

If we now set my = my_1 and M, = mk+K@_k5, then by the induction hypothesis
u(z) > my_1 = my and by the previous calculation u(z) < M. Hence (9.0.3)
follows.

It remains to show v(z) <1 — & for almost every z € M,g-&.
Consider w = 1 — v and note w € S, ,g--1 and w > 0 in M g-x-1. By
assumption (9.0.1) of the theorem for r; = r@~**1 € (0, 7] we obtain

1/p
][ w(z)? dx <c¢, | inf w4+ sup / W™ (2)Ver (d2)
Mry M% zeMr; JRA
by o

Using assumption (9.0.6) the left hand side can be estimated as follows

1/p 1/p

][ w(x)p]l{v(m)go} dz
M o—k-1)
A

Y

][ w(z)?P dz
M o-(h-1)
Py
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9. Hélder regularity for weak solutions

€ Mg xer: v(z) <03\ 7
A
‘MTQ*IC‘Fl |
A

1
LMo |\ 7
A

> = =7
|‘Z\4'r67k+1 | 21/p
A
Moreover by (9.0.5)
(1—w(z)” <(1-207° 1)~ =207 —2, (9.0.8)
Consequently by (9.0.1) and (9.0.8)
-1
> sup / w (2)V, .g-k-1(dz
n Sip en gy Jus (2)Vy ro-0e-1) (d2)
1/py—1 -
= (Ca2 /p) - et ( ) / A o—ktj o k+]+1(550)(1 v(z))
re”\F—1) k-1 7=1
X Vg r@—(k=1) (dz)
(e.9]
Z (Ca21/p)_1 - Z Msup /]lAre_k+j,r6_k+.7+1 (SC())(]‘ - U(Z))_
j=17%€ ro=(k=1)
X Vg r@=(k=1) (dZ)
(0.9}
ca2!/?)7t = > (207 = g 0.4k
7=1
where
Neowr©gk =  SUD Yy g-(e-1) (Apg-kti po-kti+1(T0))-

IGMT@—(k—l)
Lemma 7.0.12 implies
O' . _
Nzo,r,0,5,k < 4d—O77 1= 0 7.
g

Thus
inf w > (c,2'/7)” —2022 (0 —1e-i-1

re—k

If § € (0,1) is small enough, the sum on the right-hand side is finite. There is a
number [ € IN such that

Y@ —neit< Y o072 < (16¢,) !
Jj=l+1 J=l+1
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Given this I € IN, choose ¢ € (0, 1) small such that

(079 — 1)1 < (16¢4) 71,

l
=1

J

where § depends only on ¢4, ce and ©. Thus

w> inf w>k on Mgk,
Mr@fk

or equivalently v <1 — x on M,g-«.

2. Now, we assume
1
H{x € M, g—ri1:v(z) >0} > §]MT@7;€+1 |. (9.0.9)
A A

Our aim is to show that in this case

v(z) > —1+~k for almost every M,g&.

Similar to the first case, this implies for almost every z € M, g«

K M1 +mg1
K M1 +mg_q
= gt (LR T
K ( M1 —my_q
9@ (k-1)s 2
> M, — (1 - g) Ko~ (k=13
> M1 — KO™F,

- M,

Choosing My, = Mj,_1 and my, = Mj,_; — K©~*° then by the induction hypothesis
u(z) < My_1 = M} and by the previous calculation u(z) > my. Hence (9.0.3)
follows.

It remains to show in this case v(z) < —1 + & for almost every z € M, g—&.

Consider w =1+ v and note w € S, ,¢-x-1 and w > 0 in M, g--1). Then the
desired statement follows analogously to Case 1.

O]

Recall the definition of the metric d,

d(z,y) = ke{slup . {\:vk — el P 1<y (20 Y) + Ly g1y (@ y)} :

Let M be a ball with respect to the metric d, i.e. M = M,(z) for some z € R? and
€ (0,1]. We denote its radius with respect to the metric d by

radius(M) = r.
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9. Hélder regularity for weak solutions

Corollary 9.0.2. Let xg € My andrg € (0,1]. Let 0,0, > 1. Assume there is a ¢, > 0
such that for r € (0,70] and x € R with u € Sy and u > 0 in M, ()

(

Then there exist § € (0,1) such that for every w € Sz, r, and almost every x,y € My, (xo)

1/p
u(z)? dz) <¢g | inf w4+ sup / u (2)ver(dz) | . (9.0.10)
(z) R4

T Mg (2) £eMr ()

d(=, y) >5
max{d(az, (M’r‘o (-770))0)7 d(y’ (MTO (1“0))6)} '

Proof. We follow the proof of [DK15, Corollary 5.2]. Recall that balls in the metric d
are given by the sets M,.. Within this proof balls have to be understood with respect to
the metric d.

We assume without loss of generality s := d(y, (M, (z0))¢) > d(x, (My,(x0))).

fu(z) — u(y)] < 160|u]s (

We first prove the assertion for z,y € M,,(x¢) such that d(x,y) > s/8. In this case, we
have

(om0
max{d(z, (M, (0))), d(y, (My,(20)))} ) — \8
and therefore the assertion directly follows by Theorem 9.0.1.

Now assume d(z,y) < s/8. We fix a number p € (0,7¢/4) and consider all z,y € M,,(zo)
such that

g < d(z,y) < p. (9.0.11)

We cover My, —4,(20) by a countable family of balls (M});, where ]\Afpi are, as usual, balls
with radius p.

Without loss of generality, we assume MgﬂMro_z;p(a?o) # 0. Li M denote the balls with
the same center as MZ and radius twice as big, that is M? := M2Z o Furthermore, let M%*
be the balls with the same center as as M} but maximal radius such that ;’* C M, (o).
Let x,y € M, (xo) satisfy (9.0.11). Then s > 8d(x,y) > 4p implies y € M,,.4,(x0) and

therefore y € M,’)' for some index i. Hence z,y € M?.

Applying Theorem 9.0.1 to x¢ and 7 being the center and radius to M®*, respectively,
and obtain

. i 1) 1) 6
dius(M?) p 16 d(x,y)
< 20 |[ulloo | —m ) ) <200 Jufle [ —L— ) < D fulle®® [ S
= lul (radius(MZv*)) - lul s—p) — 3 lul s

Hence the corollary is proved, provided z and y satisty |u(z) — u(y)| < oscu.
M?

Consider now p = 79277 for j € IN, 5 > 3 in (9.0.11). Then the assertion holds for almost
all  and y such that d(z,y) < r/8, which finishes the proof. O
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We finish this part of the thesis with the main result.
Theorem 9.0.3. Assume u € V*(M;|R?) satisfies
E(u,p) =0 for every nonnegative ¢ € HJ’\‘/Il(IRd).

Then there are c; > 1 and 6 € (0,1), independent of u, such that the following Holder
estimate holds for almost every x,y € M1
2

u(z) —u(y)] < erfluflocle —y|. (9.0.12)

Proof. The proof follows from Corollary 8.1.6 and Corollary 9.0.2. It is complete if we
can apply Corollary 9.0.2 for xp = 0 and rg = % Assume 7 € (0,7r9] and M, C M. Let
2

Qmin = min{ay, ..., aq}. First note that for all z,y € M%

d(x,y) = sup {L”Uk _ yk’ak/Z} < sup {|$k _ yk|amin/2}
kedl,....d} ked{l,...,d}

amin/2 1 amin/2
—( sup {|wk—yk\}) < (Gle-ul)
ke{l,....d}

Let u € 83, and u > 0 in M, (x). Then by Corollary 8.1.6 there are co > 1 and py € (0,1)
such that

(9.0.13)

1/po
inf u>eo ][ u(x)P0 dx —7r  sup 2/ u” (2)p(x,dz).
My, () My, (2) v€Mys (x) RA\M,(z)

Setting A = 4,0 = 2 and 0 = %—g and applying Corollary 9.0.2 for zg = 0, g = %, we

obtain s
d(z,y)
Ju(z) —u(y)] < 160°|[ullo c c :
maX{d(wv M1/2)7 d(y7 Ml/g)}
Using (9.0.13) proves the assertion. O

147






A. Examples

This appendix contains some examples of permissible families of measures, which satisfy
the assumptions in Part III. Although piaxes(,-), € R? is supported on the union of
the coordinate axes, the family p(z,-), x € R? might be have a density with respect to
the Lebesgue measure as we will see within this Appendix. In the following we write
(Ak), k € {1,...,4} for the respective assumption.

We start with two simple examples.

Example 1. Let u(x,dy) be a family that satisfies (Al), (A2),(A3) and (A4). Let a :
R? x R? — R be a measurable function with 1 < a(z,y) < 2 and a(x,y) = a(y,z) for all
z,y € R Then

iz, dy) = a(z, y)u(x, dy)

clearly fulfills (A1), (A2), (A3) and (A4).

Example 2. Let 1 (z,dy), uz(z,dy), x € R?, be two families such that (A1), (A2), (A3)
and (A4) hold for each family. Furthermore, let a,b : R x R* — R be measurable
functions with 1 < a(x,y),b(x,y) < 2 and a(x,y) = a(y,x) and b(z,y) = b(y, z) for all
z,y € R Then clearly

u(z,dy) = a(z, y)p (z, dy) + bz, y)pa(z, dy)
satisfies (A1), (A2), (A3) and (A4).

In the same spirit as [DK15, Example 2|, one can consider the following example.

Example 3. Let ay,...,aq4 € (0,2) be given and let B1 € (0,a1], B2 € (0,a2],...,84 €
(0, aq]. Then

d
(z,dy) = > | (ar(2 — an)) [Ifbk — Yk T A g - ykl_l_ﬁ’“] dyr ] [ ¢y (dw)
k=1 i#£k

satisfies Assumption 3, since

o — gl T < g — gl T A e — el T < 20 — g T
for any o € My and all x,y € M (z0).
Next, we give a non-trivial example for a lower bound in Assumption 3.

We first start by proving some properties of the measure fiaxes(0, -).
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Lemma A.0.1. For every r > 0,
d
/ |2|? fazes(0,dz) = 2 Z P2t o
My k=1
Proof. This follows by an easy calculation. We have for every r > 0

d

/M 12)? faxes (0, dz) = / (zi 4 +23) Z (2 — ag)|ze| 717 dzy, H dg03(dz;)

k=1 itk

d T2/ak 2/O‘k

-3 [ e eodia s =3 [ o
_p2/oy

k=1
d d
B2k = GRINED W
k=1 k=1

Lemma A.0.2. For every r > 0,
1 22-a
— B
/ ,uaxes 0 dZ (Z ) 2,
M¢ 1
Proof. The result follows by a direct calculation. We have for every r > 0

/ Haxes(0,dz) / Z (2 — ag)|zk|” e dzkH(S{O} (dz;)
Mg

My =1 ik

d
= 2/ (2 - ak)\zk\_l_ak dzk

(_Oov_TQ/ak )U(TQ/ak 700)

=1
d o0
— 2/ (2 —ap)z, T dz
k1 ek
d
_ 22(2—0%) —2
1 Ok

For simplicity, we consider in the following d = 2 and zg = 0.

Let b = (b1, b2) € R? be defined by

1 1
blzi and b2:7’
l+v—o IT+vy—a
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where
_ |a1 — Oéz‘ + ajao

min{aq, ag}

(A.0.2)
Note that v > 0 is clear, since a1, g > 0. Moreover, let

D(z) = {(z1,22) € R%: |39 — 20| < |21 — 217" or |31 — 21| < 2o — 20|72}
and for brevity we write

[:=T(0) = {(21,22) € R |2a] < [a V" or |21] < |22]/*}.

1/by

EPIEIESN

loy|=|wg|1/2

!

Figure A.1.: Example of I'N M7 for a; = 0.7 and ag = 1.5.

We define a kernel & : R? — [0, o0],

1
=11- — |1 —2= A.0.
) = (1= 7+ s ) Tl (103

and a family of measures

p(z,dy) = k(z —y) dy.
Note that in the case oy = as = a € (0,2) we have
by=by=1,v=0a, ' =R? andk(z) = (2 — a)lpy |2| 2%

The authors in [DK15| have shown, that the energies for paxes with a1 = - = ag =
a € (0,2) and pu® are locally comparable. Thus, the case where the «;’s are the same
recovers the case p®(x,dy) = (2 — a)|z — y|~27*dy. With regard to the known theory,
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this observation strengthens the hypothesis, that this definition is a good candidate for
a measure satisfying Assumption 3.

Our aim is to prove the following theorem.

Theorem A.0.3. There exists a constant c¢; > 0 such that for every r € (0,1) and every
v € VHases(M,.|R?)
Enr, (v,0) < &y (v, v).

For this purpose we first prove some auxiliary results.

Lemma A.0.4. Let v be defined as in (A.0.2). Then v > aq and vy > ao.

Proof. We assume without loss of generality a; < a. The other case follows by symme-

try.
o — a1+ ojan Qg — a1 + o1y — oy g — Qg
Y-y = — g = = > 0.
o o o
Hence v > ag > «q, which proves the assertion. O

Note that by Lemma A.0.4 the quantities b1, by are well-defined and non-negative.

Lemma A.0.5. Let aj,as € (0,2), v as in (A.0.2) and by, by as in (A.0.1). Then
bl(—l — ’)/) Z -1 - (65)]

and
bg(—l — 'y) Z -1 - 1.

Proof. We assume without loss of generality a; > as. We have

a1 — Qg + a1 o

Y= :7*14’051’
a9 (6]
by — 1 _ 1 e’
1_1—}-’}/—0[1_1-{—%—1-}-&1—&1_0[17
1 1 o2
b2: — pr— ﬂ_ _ Si'
14+v—as 14—062 1+a1— a9 oq
Hence
a9 aq
bl(—l—’y)—<——041>——1—a2
(65} a9
and
bg(—l—y):Z?(—2—a1>:—1—a2>—1—a1
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We define

A (x1,29) € My: 0 < 21 and0<x2<xi/b1}’
B

= {
= {

(r1,22) € My: 0 <9 and 0 < 21 < :Lé/bg}.

Figure A.2.: Example of ' N A(r) and I' N B(r) for r = 0.7, oy = 0.7 and ap = 1.5.

Now, we show that k(y)dy is a Lévy measure that has the same behavior in r on the

sets M, and (M¢ as u(0,dy).

Lemma A.0.6. For every r € (0,1)

| 1P k) dz < agreen g po2iden)

r

Proof. By symmetry

/ 12|? k(2) dz :4/ |22 k(2) dz+4/ 2% k(2) dz.
r A(r) B(r)
A direct calculation shows

1
212 k(z dz:/ (1— —i—.)]l z|77dz
R N e R sy A

1 r2/a1 21/b1
(1 / / 2?4+ y?) " dyda
< K mm{bl,bZ}) 0 0 ( v) Y
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1 r2/a1 apl/by
<(1-ys—1 / / 2 dy d
< K mm{bl,b2}> 0 0 Y

1 r2/a1
-y ———— /b g
< v min{bl,bz}) /0 v v

(1 o m) 2(=7+1/b1) /on
(re)

< T2(1—'y+1+'y—oc1)/o¢1 _ r2(2—o¢1)/a1 _ r—2+4/a1_

Analogously, we observe
| 1P k() s < o2
B(r)

Hence
/ |Z|2 k(z)dz < 4(7’_2+4/O‘1 + 7«—2+4/a2)’

which finishes the proof. O

Lemma A.0.7. There exists a ¢c1 > 0, such that for every r € (0,1)

/ E(z)dz < er2.
Mg

Proof. We assume without loss of generality a; < aa. Then we have 72/@1 < r2/%2 Note
that the corner points of M, are elements of {(|z|'/?2, |z|) € R?: z € [~1,1]}, since

2 2 1 2 1 2
a 2_0711+7°‘2_a£a1a2 — _0711—1-3—?—1—1—042—042 T ap
We define
C(r) .= {(z1,22) € M1\ M,: 0 < 21 and 0 < x9 < x}/bl},
D(r) :={(z1,22) € M1\ M,: 0 < 29 and 0 < 1 < x;/bQ}.

Again by symmetry

/CM@@: Lmu@@+gému@@.

T

We have

1
= [ (125 Y
/C(r) (Z) : C(r) K mln{bhb?} FQM1|Z‘ ‘

1 (pr=1)
( i) Lo )00
<el|ll-9v+ —r-r—— s s
=2 v min{by, ba} ) J,2/01 J
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1 L TS S
1-— - b d
( i + min{bl, b2}> /TQ/ozl 5 ' 5
1 1 L
=c|l—yv+ — g1y Hl+y—ai—1 4
2 ( v min{b;, b2}> /7.2/041

1 1
1— - —1—a; d
v min{bl,b2}> /7.2/041 5 5

1
(1 -7+ min{bl,b2}>

pr2en/on — g2,

_= C3
a1
By definition of by, we observe
—2a2b o —20(2 1 o —20(2 1
ar © a1 lty—ay  ag 4 leesltas
minfa,0z} (A.0.4)
. —20(2 1 . —20[2 1 — _9
o 1—1-%;%‘10‘2—@2_ aq 1—1—%—14—042—042_ '

Using (A.0.4), we have
/ k(z)dz = / (1 -+ 1> Troag 2|27 dz
D(r) D(r) min{by, b2}

(p5=1)
1 1 s 72 1 7d¢d
S N Y A
5( v mln{bl,bg}> r2/aDby Jg
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! |
/ s T T ds
mln{bl, ba} ) Jr2ra1)bs
1
— / g I=vHly—aa—1 g4
mln{bl, ba} ) Jr2ra1)bs

1
—1—asg
s ds
mln{bla b2} ) /7«(2/041)172

<06r al * = cgr 2,

which finishes the proof. O

We immediately conclude the following property of k(z) dz.
Corollary A.0.8. The measure v : B(R?) — [0,00), defined by

1s a Lévy measure.
Now we prove Theorem A.0.3.

Proof of Theorem A.0.3. Let us fix r € (0,1) and write for brevity M = M,. We have

u = [ [ e ) e = ) dye
! —2—y
- /M /M(u(x) —u(y))? (1 -7+ M) Troag (z —y)|lz —y| 2 7 dyde

S0P (1= i ) s

=2 /M /Mf"ll"(x) ((u(z) - u(w1,y2))? + (w1, y2) — u(y))?)

1
l—y 4 ———— |z —y| > 7 dyd
X ( v+ min{bl,bz}> |z -y yda

= 2([1 + IQ)

Hence, it remains to estimate I and I. Let us start with I.

1
2 N
) — u(xy, l—-v+—nor-— |z — T dy dz
/M /Mmr (71,42)) < K mm{blabZ})| vl Y
1
) —u(x + —a)e))) (1=~ ——— )|z —y| 2V dydz
/M /Mmr ( (w2 2)¢2)) < K mm{blab2})| vl Y

a:2+27‘2/a2
1_ B B 2
( m1n{b1,b2}>/ /@ e u(x + (y2 — w2)e2))
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o1+|y2—z2| /2 r1+1
X 2 / ]m—y]_Q_'ydyl—i—/ ]x—y\_Q_'ydyl dys dz.
x1+|y2—x2|bl

1

=A =B

Next, we need to estimate A and B. By setting hy = y1 — 1 and he = yo — T2, we get

T1+|y2—z2|1/2 |ha|1/b2
A= / l — |2 dyy = / IEL
0

—2— 2
< ‘hg’l/bQ sup (’hl‘Q + ‘h2’2)( 7/
h1€[0,|h2|1/b2]

= ha 20 = | IO =y — g0,
Moreover,
x1+1 1
5= oy = [
z1+|y2—w2|b1 |ha|b1

1 1
< / |hi|~277dhy = / h 27 dhy
|ha|b1 |ha|b1

|h2]b1 1) < ﬁ|h2|b1 -)

‘71 a9
)

1—|—’y<
hal 107 = [o2 = 3o

IN

where we used Lemma A.0.5. Now we study the term I5. The estimates are similar to

the ones for I.

b= [ ) (12 e Y eyl ayds
o R P e (e e

1
—u(z + —a)e)) 1=+ —— )|z — 9| Vdydx
/M /MﬂI‘(a: (=) ( (o ven)) < ! mln{bl,b2}> | ol Y

$1+2r2/0‘1
1— — _
< mln{b1,b2})/ /9:1 . u(z + (y1 — x1)er))

zo+|y1—z1|1/0 ) zo+1 )
x 2 / |z —y|~ _Wdyg—f—/ |z —y| 7“7 dys | dyp dx
@ z2+|y1—z1 /b2

y| 7277 dy dx

[\

2

=C =D

By setting hy = y1 — 1 and he = y9 — 2, we get

x|y —z1 |1/ |ha|1/b1
c- | oy = [
0

< |h1|1/b1 sup (|h1|2 + |h2|2)(*2*’7)/2

h1€[0,|ha|1/b2]
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= [y |72 = |y [T = g — TR

Moreover,

xo+1 1
D= o — |2 dyy = / W]~ dhy
\

To+|y1 —x1 |02 h1|b2

1 1
< / \ho| 7277 dhy = / hy 2™ dhg
|1 |o2 |h1|o2

_ b (|h1‘bz(—1—'¥) _ 1) < Lml,bz(—l—w)
1+~ 14y
< |7 = oy — T

Putting these estimates together proves the assertion.
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