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ABSTRACT. We present a well-posedness and stability result for a class of nondegenerate
linear parabolic equations driven by rough paths. More precisely, we introduce a notion of
weak solution that satisfies an intrinsic formulation of the equation in a suitable Sobolev
space of negative order. Weak solutions are then shown to satisfy the corresponding en-
ergy estimates which are deduced directly from the equation. Existence is obtained by
showing compactness of a suitable sequence of approximate solutions whereas unique-
ness relies on a doubling of variables argument and a careful analysis of the passage to
the diagonal. Our result is optimal in the sense that the assumptions on the deterministic
part of the equation as well as the initial condition are the same as in the classical PDEs
theory.
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1. INTRODUCTION

The so-called variational approach, also known as the energy method, belongs among
the most versatile tools in the theory of partial differential equations (PDEs). It is espe-
cially useful for nonlinear problems with complicated structure which do not permit the
use of (semi-) linear methods such as semigroup arguments, e.g. systems of conservation
laws or equations appearing in fluid dynamics. In such cases, solutions are often known or
expected to develop singularities in finite time. Therefore, weak (or variational) solutions
which can accommodate these singularities provide a suitable framework for studying
the behavior of the system in the long run. But even for linear or semi-linear problems,
weak solutions are the natural notion of solution in cases where a corresponding mild
formulation is not available, for instance due to low regularity of coefficients.

The construction of weak solutions via the energy method relies on basic a priori esti-
mates which can be directly deduced from the equation at hand by considering a suitable
test function. The equation is then satisfied in a weak sense, that is, as an equality in cer-
tain space of distributions. Within this framework, existence and uniqueness are usually
established by separate arguments. The proof of existence often uses compactness of a
sequence of approximate solutions. Uniqueness for weak solutions is much more delicate
and in some cases even not known. Let us for instance mention problems appearing in
fluid dynamics where the questions of uniqueness and regularity of weak solutions remain
largely open.

It has been long recognized that addition of stochastic terms to the basic governing
equations can be used to model an intrinsic presence of randomness as well as to account
for other numerical, empirical or physical uncertainties. Consequently, the field of sto-
chastic partial differential equations massively gained importance over the past decades.
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It relies on the (martingale based) stochastic Itd integration theory, which gave a prob-
abilistic meaning to problems that are analytically ill-posed due to the low regularity of
trajectories of the driving stochastic processes. Nevertheless, the drawback appearing al-
ready in the context of stochastic differential equations (SDEs) is that the solution map
which assigns a trajectory of the solution to a trajectory of the driving signal, known as
the Itd6 map, is measurable but in general lacks continuity. This loss of robustness has ob-
vious negative consequences, for instance when dealing with numerical approximations
or in filtering theory.

The theory of rough paths introduced by Lyons [Lyo98] fully overcame the gap be-
tween ordinary and stochastic differential equations and allowed for a pathwise analysis
of SDEs. The highly nontrivial step is lifting the irregular noise to a bigger space in a
robust way such that solutions to SDEs depend continuously on this lifted noise. More
precisely, Lyons singled out the appropriate topology on the space of rough paths which
renders the corresponding I[t6—Lyons solution map continuous as a function of a suitably
enhanced driving path. As one of the striking consequences, one can allow initial con-
ditions as well as the coefficients of the equation to be random, even dependent on the
entire future of the driving signals - as opposed to the “arrow of time” and the associated
need for adaptedness within Itd’s theory. In addition, using the rough path theory one
can consider drivers beyond the martingale world such as general Gaussian or Markov
processes, in contrast to Itd’s theory where only semimartingales may be considered.

The rough path theory can be naturally formulated also in infinite dimensions to an-
alyze ODEs in Banach spaces. This generalization is, however, not appropriate for the
understanding of rough PDEs. This is due to two basic facts. First, the notion of rough
path encodes in a fundamental way the nonlinear effects of time varying signals without
any possibility of including signals depending in an irregular way on more parameters.
Second, in an infinite dimensional setting the action of a signal (even finite dimensional)
is typically described by differential or more generally unbounded operators. Due to these
difficulties, attempts at application of the rough path theory in the study rough PDEs have
been limited. Namely, it was necessary to avoid unbounded operators by working with
mild formulations or Feynman—Kac formulas or transforming the equation in order to ab-
sorb the rough dependence into better understood objects such as flow of characteristic
curves.

These requirements pose strong limitations on the kind of results one is able to obtain
and the proof strategies are very different from classical PDE methods. The most suc-
cessful approaches to rough PDEs do not even allow to characterize solutions directly but
only via a transformation to a more standard PDE problem. However, there has been an
enormous research activity in the field of rough path driven PDEs lately and the litera-
ture is growing very fast. To name at least a few results relevant for our discussion, we
refer the reader to the works by Friz et al. [CF09, CFO11] where flow transformations
were applied to fully nonlinear rough PDEs. A mild formulation was at the core of many
other works, see for instance Deya—Gubinelli-Tindel [DGT12, GT10] for a semigroup
approach to semilinear evolution equations; Gubinelli-Imkeller—Perkowski [GIP15] for
the theory of paracontrolled distributions and Hairer [Hai14] for the theory of regularity
structures dealing with singular SPDEs.

At this stage, the rough path theory has reached certain level of maturity and it is natural
to ask whether one could find rough path analogues to standard PDEs techniques. From
this point of view various authors started to develop intrinsic formulations of rough PDEs
which involve relations between certain distributions associated to the unknown and the
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driving rough path. Let us mention the work of Gubinelli-Tindel-Torrecilla [GTT14]
on viscosity solutions to fully nonlinear rough PDEs, that of Catellier [Cat15] on rough
transport equations, Diehl-Friz—Stannat [DFS14] for results based on Feynmann—Kac
formula. Finally, Bailleul-Gubinelli [BG15] studied rough transport equations and Deya—
Gubinelli-Hofmanové-Tindel [DGHT16a] conservation laws driven by rough paths.

The last two works laid the foundation for the variational approach to rough PDEs:
they introduced a priori estimates for rough PDEs based on a new rough Gronwall lemma
argument. Consequently, it was possible to derive bounds on various norms of the solution
and obtain existence and uniqueness results bypassing the use of the flow transformation
or mild formulations. In addition, these techniques were used [DGHT16b] in order to
establish uniqueness for reflected rough differential equations, a problem which remained
open in the literature as a suitable Gronwall lemma in the context of rough path was
missing.

In the present paper, we pursue the line of research initiated in [BG15, DGHT16a]. Our
goal is to develop a variational approach to a class of linear parabolic rough PDEs with
possibly discontinuous coefficients. To be more precise, we study existence, uniqueness
and stability for rough PDEs of the form

{ du — A(t,z)udt = (o™ (2)0u + v*(z)u) dZ* , on Ry x R?,

u(0) = ug , (D

where Z = ((Z%)o<i<i, (Z**)1<0 1<) is a geometric rough path of finite 1/« —variation,
with o € (1/3,1/2]. Here and below a summation convention over repeated indexes is
used. Regarding the assumptions on the deterministic part of (1.1), we consider an elliptic
operator A in divergence form, namely,

A(t, z)u = 0;(a” (t, 2)Oju) + b'(t, 2)du + c(t, z)u. (1.2)

The coefficents a = (a")1<; j<a, b = (b*)1<i<d» C are possibly discontinous. More pre-
cisely, we assume that a is symmetric and fulfills a uniform ellipticity condition (see
Assumption 2.1). Moreover integrability conditions depending on the dimension d of
R? are assumed for b, c (see Assumption 2.2). The coefficients in the noise term o =
(0")1<k<ri<icd and v = (VF)1<p<c possess W3 and W regularity, respectively.
The initial condition 1, belongs to L?.

One can easily see that the above mentioned available approaches to rough PDEs (mild
formulation, flow transformation, Feynman—Kac formula) do not apply in this setting.
Let us stress that our assumptions on the deterministic part of (1.1) coincide with the
classical (deterministic) theory as presented for instance in the book by Ladyzhenskaya,
Solonnikov and Ural’tseva [LSU68]. Consequently, there is no doubt that the very natural
way to establish existence and uniqueness is the energy method. For completeness, let us
mention that problems similar to (1.1) were studied in [CF09, DFS14] (note however that
both these references concern equations written in non-divergence form). In comparison
to these results, the energy method has clear advantages in several aspects. First, it allows
to significantly weaken the required regularity of the coefficients and initial datum. Fur-
thermore, the method does not rely on linearity and thus represents the natural starting
point towards more general nonlinear problems.

More precisely, the (unique) solution constructed in [CF09] was obtained as a trans-
formation of a classical solution to a certain deterministic equation. For that reason, the
coefficients a, b needed to be of class Cf with respect to the space variable and the initial
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condition had the same regularity, whereas the coefficient ¢ belonged to Lip” for some
v > é + 3 (note that ¢ = 0, v = 0 in [CF09]). Besides, the equation was solved in a
limiting sense only: a solution is defined as a limit point of classical solutions to the PDE
obtained by replacing the driving rough path Z by its smooth approximation. Uniqueness
then corresponded to the fact that there was at most one limit point. We point out that
our notion of uniqueness based on an intrinsic formulation of the equation (see Definition
2.2) 1s stronger as it compares solutions regardless of the way they were constructed.

In the paper [DFS14], an intrinsic weak formulation of an equation of the form (1.1)
was introduced and existence of a unique weak solution proved. The approach was based
on the Feynman—Kac formula and therefore the equation was solved backward in time.
The result required a,0 € C}, b,c € C}, v € Cf and the terminal condition in C}.
Uniqueness was obtained in the class of continuous and bounded weak solutions.

In order to conclude this introductory part, let us be more precise about our approach
and results. We recall that, at a heuristic level, the entries of the geometric rough path
Z = (Z,7) mimic the first and second order iterated integrals

t t T
/dZT and //erﬂ@er,

respectively. Consequently, it is natural to iterate the equation in order to obtain a gen-
eralization of Davie’s [Dav(07] interpretation of rough differential equations. Namely, we
formulate the above equation as

t
Up — Ug = / A(r)u, dr + Z5 (aki(?i + l/k)us (13)

—i—ng(Ukiai—i-Vk)(Ugjaj+V£)Us+0(t_8)7 0<s<t<T.

The equation (1.3) will be solved in a suitable Sobolev space of negative order. Corre-
spondingly, the smallness of the remainder has to be understood in distributional sense as
well. Intuitively, a function v € C([0, T]; L?) N L*(0, T; W'?) is called a weak solution
to (1.1) provided (1.3) holds true as an equality in W =32, We remark that the corre-
sponding functional setting is similar to the classical theory, i.e. we recognize the usual
energy space C([0,T7]; L?) N L*(0, T; W'?) where weak solutions live. Nevertheless, the
regularity required from the test functions is higher (17?2 contrary to W2 in the clas-
sical theory). This is a consequence of the low regularity of the driving signal and the
consequent need for a higher order expansion.

The first challenge is to derive the corresponding energy estimates leading to the proof
of existence. In view of the formulation (1.3), it is clear that the main difficulty is to
estimate the remainder term. Indeed, all the other terms in the equation are explicit and
can be easily estimated. However, the only information available on the remainder is
the equation (1.3) itself. In fact, the definition of a weak solution is to be understood as
follows: u is a weak solution to (1.1) provided the 2-index map given by

t
uit = U — Ug — / A(r)u, dr — Z5 (Jki& + Vk)us — M (Jki& + Vk) (ijﬁj + Vf)uS

has finite (1 — k)-variation, for some x € (0, 1), as a mapping with values in W~=32. It was
observed in [BG15, DGHT16a] that there is a trade-off between space and time regularity
and a suitable interpolation argument can be used in order to establish sufficient time
regularity of the remainder estimated in terms of the energy norm. This is the core of the
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so-called rough Gronwall lemma argument which in turn yields the desired energy bound
for the solution.

We point out that in view of the required regularity of test functions for (1.3), it is
remarkable that uniqueness in the class of weak solutions can be established. Indeed, this
task requires to test the equation by the weak solution itself and it is immediately seen that
the W3-2-regularity is far from being satisfied. Nevertheless, as in [BG15, DGHT16a], it is
possible perform a tensorization argument which corresponds to the doubling of variables
technique known in the context of conservation laws: one considers the equation satisfied
by the product u;(x)u,(y) and tested by a mollifier sequence ¢ %)(*=%). The core of the
proof is then to derive estimates uniform in € in order to be able to pass to the diagonal
x =y, i.e. to send ¢ — 0. Once this is done, one obtains the equation for u* and proceeds
similarly as in the existence part to derive the energy estimate.

Nevertheless, there is a major difference between the derivation of the energy estimates
in the existence part and in the proof of uniqueness. Namely, in order to establish a priori
estimates needed for existence, one works on the level of sufficiently smooth approxi-
mations. This can be done e.g. by mollifying the driving signal and using classical PDE
theory. Consequently, deriving the evolution of 2 is not an issue and can be easily jus-
tified. On the other hand, within the proof of uniqueness, the only available regularity is
that of weak solutions and the most delicate part is thus to show that u? satisfies the right
equation.

As discussed above, an important advantage of the rough path theory, as opposed to the
stochastic integration theory, is the continuity of the solution map in appropriate topolo-
gies. Also in our setting, we obtain the following Wong-Zakai type result which follows
immediately from our construction. Let (Z¢) be a sequence of smooth paths whose canon-
ical lifts Z¢ = (Z¢,Z¢) approximate Z = (Z,Z) in the rough path sense. Let u be the
weak solution of (1.1) driven by Z¢ obtained by classical arguments. Then we show that

u® converges in L?(0,T; L} ) to u, which is a solution to (1.1) driven by Z.

Outline of the paper. In Section 2, we introduce the main concepts and notations that
we use throughout the article, and we state our main results, Theorem 1 and Theorem
2. Section 3 is devoted to the presentation of the main tools necessary to obtain a priori
estimates for rough PDEs. The so-called energy inequality, appears at the core of our
variational approach. It arises as a consequence of the a priori estimates, Proposition 3.1,
applied to the remainder term in the equation governing the evolution of the square of the
solution. This is discussed in Section 4. In Section 5 we introduce the above mentioned
tensorization argument, which is required in the proof of uniqueness. We present it in a
rather general way, motivating the particular choice of function spaces. The uniqueness
part, which is treated in Section 6, is the most delicate part of our proof. Finally, the proof
of existence as well as stability is presented in Section 7. Several auxiliary results are
collected in the Appendix.

2. PRELIMINARIES

2.1. Notation. We will denote by Nj the set of all non-negative integers, that is Ny :=
{0,1,2,...}. Let us recall the definition of the increment operator, denoted by ¢. If g is a
path defined on [0, 7] and s,t € [0, T then dgs; := g+ — gs, if g is a 2-index map defined
on [0, T)? then 6ggp; := gst — gso — gor. For a fixed closed time interval I C R, we denote
by A, A? the simplexes

A=A ={t)el? s<t}, A*=A1={(s,0,t)c’ s<u<t}. (1)
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We call control on I any superadditive map w : A — R, that is, for all (s,0,t) € A?
there holds

w(s,0) +w(b,t) <w(s,t).
We say that w is regular provided it vanishes continuously on the diagonal {s = ¢}. Given

a Banach space E equipped with a norm | - |g, and a > 0, we denote by Vll/ “(I, E) the
set of paths g : [ — E admitting left and right limits with respect to each of the variables,
and such that there exists a regular control w : A — R with

109tz < w(s, 1),

for every (s,t) € A. Similarly, we denote by V;/ “(I; E) the set of 2-index maps g : A —
E such that g;; = 0 for every ¢t € [ and
|gst|E S W(S, t)a )

for all (s,¢) € A, and some regular control w. Note that g € Vll/ “(I; E) if and only if
dg € Vgl/a(l; E). The corresponding semi-norm in V;/a(l; E) is given by

a

|g|1/a—var;I;E = sup Z |gt tiv1 | E 1/(1 ) (22)
p=(t;)e2(1

where
P(I) = {pCI:Ell227p:{t1:inf[<t1<---<tl:supf}}

is the set of partitions of /, and where, throughout the paper, we use the notational con-
vention:
def #p—1
Z htitH—l = lel htiti+1 (23)
(»)

for any 2-index element h. By \/'211/0’10(] ; ) we denote the space of maps g : A — E such

that there exists a countable covering { I} } of [ satisfying g € V;/ “(Iy; E) for any k. We
also define the set V; ~(I; E) of negligible remainders as

V(L E) = V(1 B),
a>1
and similarly for ‘/'2171_06(1' B).
Furthermore, we denote by AC(I; E) C V]'(I; E) the set of absolutely continuous

functions, thatis: f € AC(I; E) if and only if for every ¢ > 0 there exists § > 0 such that
for every non-overlapping family (s1,%1),..., (sn,t,) C I with > _(¢; — s;) < 0, then

Z |5fSLtZ|E < €.
1<i<n

Given o € (1/3,1/2] and K € Ny, recall that a continuous (K -dimensional) 1/a-
rough path is a pair Z = (Z*, ZF) <y o< i in V' (I; RX) x V,/ %) (I: RE*K) such that
Chen’s relations hold, namely:

6Zk, =0, ozZM, =287, for (s,0,t) e A, 1<k (<K, (24)
and it is called geometric if in addition

ZF 47t =776 1<k (<K. (2.5)
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We refer the reader to the monographs [FV10, FH14] for a thorough introduction to the
rough path theory.

We will consider the usual Lebesgue and Sobolev spaces in the space variable: [P =
LP(RY), Wh? = Whr(R?), for k € Ny, and p € [1, o], and denote their respective norms
by | - |z», | - |wr»- The notation || - ||,., will be used for the norm in L"(I; L(R?)), namely:

I£llna = ( [ ([ e dx)r/q dt) "

(note that in contrast to the literature on deterministic PDEs, we write the time variable
first, or with a subscript). To emphasize the domain of time integrability we sometimes
write || - ||.q.. We recall that W"”(R%) is the space of functions f such that for every
compact set K C R there holds f|x € W*P(K).

We also write C'(; F) for the space of continuous function with values in some Banach
space F/, endowed with the norm || f|c(1.p) := sup,¢; | f+|&-

Given Banach spaces X, Y, we will denote by L(X,Y) the space of linear, continuous
maps from X to Y, endowed with the operator norm. For f in X* := L(X,R), we denote
the dual pairing by

X*<f’g>X

(i.e. the evaluation of f at g € X). When they are clear from the context, we will simply
omit the underlying spaces and write (f, g) instead.

2.2. Unbounded rough drivers. In the sequel, we call a scale any sequence

(Ges | |x)ken, of Banach spaces such that Gy, is continuously embedded into Gy, for
each k € Ng.
For each k € Ny, we will also denote by G_ . the topological dual of Gy, i.e.
G )= (gk)* (2.6)
Except for the case G, := W2, we do not identify G, with its dual, hence a (minor)
disadvantage of the latter notation is that in general
Go#Go-

Definition 2.1. For a given a € (1/3,1/2], a pair of 2-index maps B = (B, B) is called

a continuous unbounded 1/a-rough driver with respect to the scale (Gy)gen,» if

(RD1) By e L (g,k, g,k,l) for k € {0, 1, 2}, B, € L (Q,k, Q,k,g) for k € {O, 1}, and
there exists a regular control wg : A — R such that

|Bst|L(g—o,g—1) ’ |B8t|L(g—2,g—3) < WB<S7 t)a ) 2.7
|B5t|L(Q—o,g—2) ’ |B8t|L(g—1,g—3) < WB(Sv t)Qa ) .
for every (s,t) € A.
(RD2) Chen’s relations hold true, namely, for every (s,0,t) € A? :
0Bsor =0, 0Bsor = BoBo (2.8)

as linear operatorson G_;, k = 0,1,2, resp. k =0, 1.

We will always understand the driver B in the sense of distributions, namely we assume
that each G, for £ € Nj is canonically embedded into 2’ (Rd), and that for u € G_,,
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(s,t) € A, the element Bgu (resp. Bgu) is defined as the linear the functional on G,
(resp. Go) given by
(Bstu, ) = (u, By¢), Vo € Gy,
resp.  (Bgu, ) = (u,BL0), Vo€ G,.
In the context of (1.1) we let
B¢ = Zy (=0:/(0"'¢) +v*9) |
Bl = 24 (93(090:(070)) — 0,(0046) = V'i(0M'6) + v'v*o)

fora.e. x € R? and every ¢ € W2, assuming that the coefficents o, v are regular enough
(see the assumption (2.18) below).

(2.9)

2.3. Assumptions on the coefficients and the main result. Throughout the paper, we
assume that the coefficient a = (a");<; j<4 corresponding to the highest order terms in A
is measurable and such that the following holds.

Assumption 2.1 (Uniform ellipticity condition). The matrix (a" (¢, z))1<; j<q iS Symmet-
ric, and there exist constants M, m > 0 such that for a.e. (¢,z) :

d d
mY &< Y adl(ta)sg <MY, (eR (2.10)
=1 1<ij<d i=1

We also need assumptions on integrability of the coefficients b and ¢, depending on the
spatial dimension d € N.

Assumption 2.2. We assume

be L*(I; L*(R%RY)  and ce L7(I; LYR%R)), 2.11)
where the numbers 7 € [1,00) and ¢ € (max(1, ), c0) are such that
1 d
S <L (2.12)
2q

The reason for these restrictions will appear in the use of the following interpolation
inequality.

Proposition 2.1. For every f in the space L>(I; L*) N L*(I; W'?), then f belongs to
Lr(I; L") for every p, k such that

pE20], rel2,2L] ford>2
and | p€ (2,0], KE€[2,00) for d=2 (2.13)

pEfd oo, KE[200] ford=1.

RS

—I—d
2K

=
Vv

In addition, there exists a constant 5 > 0 (not depending on f in the above space) such
that

Wl < Bl ez = (HVfHL?(f;LQ) +esssup \fr\Lz) @
re

Proof. The proof relies on the complex interpolation (see [Lun09])

LPLF = [L°L* L*LP)y, (2.15)
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for 0 := % and p := 2(1+ p(+ — 3))~*. Then, thanks to Young Inequality, write

1-2 2
1 F oz < CUFILZEN I, < C (W fllioore + |l 220)

and (2.14) follows from the Sobolev embedding theorem. For instance when d > 2, we
have W12(R?) — LP(RY) if
2 2d
< )
l—p(z—7) ~d=2

but from £ + 5L > 4 it holds p < 2(3 — £)~", and thus p < 2/(1 — 2) = 74, and

2<p=

(2.16)

4 d = d—2
since p > 2, it implies (2.16). The cases d = 1, 2 are left to the reader. For a proof under
the stronger assumption that % + % = %, we refer to Theorem 2.2 in [LSU68, Chap. II

3.4)]. n

As an immediate consequence of Proposition 2.1, we have the following. Let r and ¢
be as in (2.12) and let v in . It is easily seen that (2.12) implies (2.13) for the exponents
p = ffl and k ;= quql. Hence, for some universal constant 5 = (5(r, ¢), one has

lull 22 20 < Bllulls. (2.17)
Concerning the coefficients of the driver, we assume the following.

Assumption 2.3. The coefficients o, v are such that

o€ W3RYL, RS and v e WH*(RY RF). (2.18)
Throughout the paper, we will extensively make use of the following scales
WR2RY) |- k@) = |- lwee,
WESRY |- Ine) = | e, (2.19)

for k € Ny, and their corresponding negative-exponent counterparts as in (2.6) (note that
usually Sobolev spaces of negative order are defined by the relation W =*» = (Wk’p/ (pfl)) "

except when p = 1, 00). Owing to Leibniz rule, it is seen that for a.e.  in R? and every
(s,t)in A:

IVEBL 0| <wz(s, ) (olwre + [Vwse) > IV, k=0,1,2,

0<t<k+1
whereas
]VkIBEZtM < wgy(s, t)QC“ (lolwrrz.eo + |V]rstoo) Z |V€¢] ., k=0,1.
0<b<k+2

The driver B = (B, B) defined in (2.9) fulfills the properties of Definition 2.1, namely
B is an 1/a-unbounded rough driver, with respect to
each of the scales (W*?),50 and (W");0. (220
Moreover, we can set
wp(s,t) = C (lo|lws, [V|w2e) wz(s,t) (2.21)

for a constant depending on the indicated quantities.
We now need a suitable notion of solution for the problem (1.1). The following defini-
tion corresponds to that given in [BG15] (see also [DFS14]).
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Definition 2.2. Let 7 > 0, [ := [0,7] and o € (1/3,1/2]. Let B = (B,B) be a
continuous 1/a-unbounded rough driver with respect to a given scale (Gy)xen,, and let
it = i be a path of finite variation in G_;.
A continuous path g : I — G_g is called a weak solution to the rough PDE
dg = dup + dByg (2.22)
on I x R? with respect to the scale (Gi)ren,, if for every ¢ € Gs, and every (s,t) € A,
there holds

(0gst, &) = (Sptst, @) + (g5, BLd) + (g5, BLo) + (90, 0) | (2.23)
for some g° € V3o (13 G—3).
We have now all in hand to state our main results.

Theorem 1. Fix T > 0, [ := [0,T], assume that ug € L? and consider coefficients
a, b, c, o, v such that Assumptions 2.1-2.2-2.3 hold. There exists a unique weak solution u
to (2.22) in the sense of Definition 2.2 such that

u€ Bor =C(L;L*)NLHLWH). (2.24)
In addition the following Ito formula holds for the square of u:
t
(Ou, 6) =2 / (Au,ud) dr + (ul, Byo) + (uf, BL0) + (u3f', 0) (2.25)

for every ¢ in W3 and (s,t) in A, where B is the unbounded rough driver obtained by

replacing v by U := 2v in (2.9), and where the remainder u>* belongs to V;’];C(I; (W3:20)%),
Finally the 8-norm of u is estimated as
||u||@0,T < C(Oé, T7 m, M7 ||b||2r,2q7 ||C||7“,q7 wz, |O-|W3v0°7 |V|W2’°°> |UO|L2 ) (226)

for a constant depending on the indicated quantities.

Theorem 2. Under the conditions of Theorem 1, let Py, \; be defined as those coefficents
a € L>(I x RY) such that Assumption 2.1 holds, and let ¢, be the space of continuous
geometric rough paths of finite 1/«a-variation. The solution map

S 1 L2 X P X L L* x L'LY x W™ x W2 x €5 — C(I; Wy, *) N L (1; LY,

loc loc

th luti )
(uo,a,b,c,o0,v, Z) — S(ug,a,b,c,o,v,Z) = ¢ sotution gtven
by Theorem 1

2.27)
Is continuous.

Remark 2.1. Note that by interpolation it follows from (2.26) and (2.27) that the solution
map is continuous in L*(I; W;"?) whenever v = 6 — (1 — 6) and x < 2/6 for some
6 € (0,1).

Remark 2.2. The map u = uy(x) given by Theorem 1 solves du = Audt + dBu in the
sense that for every ¢ in W32 and all (s, ) in A, it holds

(Oug, @) = / (Au, @) dr +/ ((0-V+v)u,¢)dZ, (2.28)

where the latter makes sense as a rough integral — note that, as a by-product of Proposition
3.1 below, we have that for each 1 < ¢ < K the path t — ((¢*- V + %) uy, ¢) is controlled
by (Z*)1<k<x with Gubinelli derivative t — ((o*-V+1v9)(c* - V+1¥)uy, ¢) 1 <k < K.
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Remark 2.3 (the case of time-dependent coefficents). It is possible to assume that o, v are
coefficients depending on space and time, in such a way that the path ¢ — o, = o(¢,-) is
controlled by Z in a suitable sense (and similarly for /), provided one shows counterparts
of Propositions 6.1 and 6.2.

Letting V := W3°°(R4; R>X) and assuming for simplicity that v = 0, consider a
V-valued path o = o,(z) € C([0,T]; V') controlled by Z, in the sense that there is some
(o")k(x) in C*([0, T]; VE) such that

((s,t) EA— o, — (a;)kat) belongs to V;/(QQ)([O,T]; V).

We can then define the driver B as the 2-index family of unbounded operators given for
¢ in Wh2 by

t
Bugi= [ ot VpdZt = lm 3ok VZi,, + (@) VoL,
3 pe?([s,1]) )
where we take the limit in the space 7 12, and make use of the summation convention
(2.3). The second part of the driver is then defined as the iterated rough integral

t
By = / By, dBr(Qp) = IHgO BstiBtitHﬁO + JZ ) V(Ufi ) VSO)ZZ{%+1 )
’ pe2((st]) )
for o in W22, where it can be easily checked that the former limit makes sense as an
element of W32,
With this definition at hand, it is a simple exercise to check that
e B = (B, B) is an 1/a-unbounded rough driver on the scale (W*2),cn,;
e any weak solution of the equation “du = Au dt+dBu” (in the sense of Definition
2.2), is is such that that the integral equation (2.28) is fulfilled.

3. ANALYSIS OF ROUGH PARTIAL DIFFERENTIAL EQUATIONS

In this section, we introduce the basic tools necessary for the study of rough PDEs of the
form (2.22), namely, the rough Gronwall Lemma and an a priori estimate on the remainder
in (2.23). The results were originally introduced in [BG15, DGHT16a] where we also
refer the reader for a more detailed introduction. The statements we present below are
slightly different than in [BG15, DGHT16a] and hence for readers convenience we also
include the proofs. These tools represent the core of our analysis and will be repeatedly
used in order to obtain a priori estimates leading to existence as well as uniqueness of
weak solutions.

3.1. Rough Gronwall Lemma. An important ingredient in order to obtain uniform esti-
mates on weak solutions of (1.1) is the following generalized Gronwall-like estimate.

Lemma 3.1 (Rough Gronwall). Let G : I = [0,T] — [0, 00) be a path such that there
exist constants L > 0, k > 1, a regular control w, and a superadditive map ¢ with:

5y < ( sup a) w(s, V" + o(5,1), G.1)
s<r<t
forevery (s,t) € A satisfying w(s,t) < L. Then
T —
sup G; < exp (w(O, )> [Go + sup |p(0,t)] exp <M)} (3.2)

0<t<T al 0<t<T al
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where o ;=1 A\ L™1(2e?)7".

Remark 3.1. A proof under slightly different hypotheses can be found in [DGHT16a].
Note that here we allow for ¢ which has no sign. This may be relevant in the context of
stochasic PDEs, where typically relations such as (3.1) may involve ¢ (s, t) := M, — Mj,
the increments of a martingale M.

Proof. Define K to be the largest integer such that
a(K —1)L <w(0,T) < aKL. (3.3)

Since the control w is regular, there exists a sequence tp = 0 < t; < -+ < tg 1 <
tx = T such that for each kin {1,..., K — 1},

w(0,t;) = aLk
and, using superadditivity, such that
w(tk, tk+1) S ol .

Next, for t € [0, 7], we define:

0.t
G<i:= sup G,, H;:=G<exp (—M> ., He = sup H,.

0<r<t al 0<r<t

Fix t € [ty_1,tx] for some k € {1,..., K'}. Note that since & > 1, we may apply the
estimate (3.1) on each subinterval [¢;,¢;,1]. Hence using (3.1) and the superadditivity of
», we write:

=G+ Z C6Gha,, +0Gy s
k—2
< Go+ (L)Y (Gt + ltitisn) ) + (0L) V"Gt + pltir, 1)

k—1 0,¢
< Go+ (aL)¥" Z}_ Hy, ., exp <%) + (0, 1)

< Go+ (a /HH<TZ expz+ ) +¢(0,1)
< Go+ (aL)/"Her exp(k +1) + (0, 1).

Whence, using that w(0,¢) > w(0, tx_1), we have the following estimate of H :

Hy < {Go + |(0,1)] + (aL)'/" exp(k + 1) H< } exp (%)

— t
< Go +sup {\80(0, t)| exp (M) } +(aL)/"*Her
t<T al

According to our definition of «, this yields the bound:

1 —w(0,1)
< _ N
Her < 1— e2(al)l/x (GO +§1§11T) {](p(O,tﬂeXp ( oL >}> )

from which (3.2) follows. |
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3.2. Remainder estimates. As in the classical theory, the rough Gronwall Lemma pre-
sented above is a simple tool that, among others, permits to obtain a priori estimates for
rough PDEs of the general form (2.22). It should be stressed however that the most del-
icate part of this argument is to estimate the remainder in such a way that Lemma 3.1 is
indeed applicable. This step is by no means trivial, in particular, due to unboundedness
of the involved operators (in the noise terms as well as in the deterministic part of the
equation) and the corresponding loss of derivatives. The key observation is that there is a
tradeoff between space and time regularity which can be balanced using a suitable inter-
polation technique. To this end, let us introduce the notion of smoothing operators on a
given scale (Gy).

Definition 3.1. Assume that we are given a scale (G )xen, With a topological embedding
UrenoeGr — 7/,
and let J, : 2" — 2',n € (0,1), be a family of linear maps. For m > 1 we say that
(Jy)ne(o,1) is an m-step family of smoothing operators on (G;,) provided for each k € Ny :
(J1) J,, maps Gj, onto Gy, for every n € (0, 1),
and there exists a constant C; > 0 such that for any ¢ € Ny with |k — ¢| < m :
J2) if 0 <k </ <m+1,then

C
\Jnlugk,g@)sné—fk, forall 7€ (0,1); (3.4)

J3)if0 </l <k<m+1,then
lid —J, | grcy < Con™ ", forall 5 € (0,1). (3.5)

Remark 3.2. Whenever the spaces G, are Sobolev-like with exponents of integrability
different from 1, co, examples of 1-step families of smoothing operators are provided by

Jy = (id=n?A)t or J, =T (3.6)

(under suitable assumptions on the domain of A). In W*2(R9) this is easily seen using
the Fourier transform: for instance, concerning the first family we can use the inequality

1
- Ca 2oz7
AT

which holds for every o € [0, 1], and then apply Parseval Identity (the cases a@ = %, 1
yield (J3)). Note that smoothing operators similar to the second family above were also
extensively used in [OW16].

If G, consists of functions ¢ supported on the whole space R?, one can simply let
Jy® = o, * ¢, where g, is a well-chosen approximation of the identity. The existence of
such smoothing families when elements of G, are compactly supported is not trivial and

is therefore treated in Appendix A.3.
Let us now formulate the main result of this section.

Proposition 3.1 (Estimate of the remainder). Let o € (1/3,1/2] and fix an interval I C
[0,T]. Let B = (B,B) be a continuous unbounded 1/c-rough driver on a given scale
Gk, | - |k, k € No, endowed with a two-step family of smoothing operators (.J,)). Consider
a continuous drift p € Vi*(1;G_1) and let w, be a regular control such that

Vopsel -1 < wu(s,t). (3.7)
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Let g be a weak solution of (2.22) in the sense of Definition 2.2, such that g is controlled
over the whole interval I, that is: g° € V;~(I;G_3).
Then, there exist constants C; L > 0, such that if wg(I) < L, for all (s,t) € Ay,

|g§t|,3 <C (i&gt lg- | —own(s,t)** —|—wu(s,t)w3(s,t)a> ) (3.8)
Furthermore, defining for each (s,t) € A the first order remainder
Gh =094 — Bugs,  (s,t) €Ay, (3.9)
it holds true that

16511 = € (4(s.00+ s Tol-alin(on)” +n(ss0)) ) . @10
|g§t|_2 <C (wu(s,t) + Ss<1i[<)t |g|_0wB(s,t)2a> , (3.11)

and finally -
|69l 1 < C (wu(s, t)+ ssgurlg)t lg] -0 (wu(s,t)a + wB(s,t)a)) , (3.12)

forevery (s,t) € Ay, such that (w, + wp)(I) < L.
Remark 3.3. It is a classical fact (see [FV10]) that a product
%1 (Sa t)aw2($> t)b

where a + b > 1, and wy, wy are controls, is also a control. Consequently, the conclusion
(3.8) in the proposition above can be changed to:

wy(s,t) < C ( sup |grl—own(s,t)** + wu(s,t)wB(s,t)a) : (3.13)

s<r<t
where for a given (s,t) € A we define

wy(s,t) ;== inf{w(s,t) :w € €} (3.14)

Cop = {w : Ay — Ry control | V(0,7) € Ay, w(0,7)> |ggT|_3 } . (3.15)

Indeed, this is justified by the following basic observation.
Claim. The map w; : A — R is a control.

Proof of claim. For (s,0,t) € A? since both €, 4, €y, contain €, ;, we have by definition:
wy(s,0) +wy(f,t) <w(s, ) +w(d,t) <w(s,t), (3.16)

forevery w € € ;.
Taking the infimum in (3.16), the claim follows. |

Now, since the r.h.s. of (3.8) is a control, according to the above claim, then (3.13)
clearly holds.

We now have all in hand to prove Proposition 3.1.
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Proof of Proposition 3.1. Proof of (3.8). To estimate the remainder git, we apply ¢ to
(2.23) and use Chen’s relations (2.8), leading to
595615 = BthQs@ - B@tBSQ.gs + B0t6939

= Bogly + Bod g (3.17)

— T+ T,
for every (s,0,t) € A2 Note that by definition of ¢* in (3.9) and the original equation
(2.23), it holds

G = 8950 — Bogs = Ot + Boogs + g (3.18)

hence it is both an element of G_; and G_», (with corresponding different time regulari-
ties). This basic fact will be exploited in the sequel, in order to apply Proposition A.1.

In (3.17), test against ¢ € Gs such that |¢|; < 1. Substituting (3.18) into (3.17) and
then making use of (./;), there comes

<T7 ¢> = <5/L39 + Bsags + ggev B;tjn¢> + <6959 - Bs@st B;t(ld _']7)>¢> :
Each term above can be estimated using the bounds on B as well as w,, and the estimates
(3.4). Denoting for simplicity
G = sup |g,]o. (3.19)

s<r<t

we have:
(Ty, 0) < WuIB:QJn¢|1 + (g5, Bog By Jn@) + <950a By Jy )
+ (690, By (id —J,))$) + (g5, B3y By (id —J;)) ) (3.20)

(e

<’y (wuw% + G + + 2Gwen? + Gw%o‘n) :

We now choose 7 that equilibrates the various terms, namely
n = 4C;|A|lwp(s,t)*, (3.21)

where |A] is the constant from the Sewing Lemma, see Proposition A.1. Provided (s, t) €
A are sufficiently close to each other, e.g. assuming

1 1/
t L:= 3.22
then 7 belongs to (0, 1). We end up with the inequality
IT:1 s < Oy + Gy ) + ﬁ (3.23)

for some constant C' > 0 depending only on |A| and C;. The previous computations also
show that for ¢ € G; with |¢]; < 1:

<gtt’ ¢> < Wuljn¢|1 + GW?BQIJWQSI? +Wh|<]n¢|3
+ 10gl-ol(id=Jy)olo + GIB*(d=Jy)dloe  (324)
W)

w?oa
< Cj<wu+GTB + n—g +2Gn+ng>
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where we have used again (3.4). Choosing 1 as in (3.21), we obtain that gt e Va(1;G-4),
together with the bound:

Wy
A[AwE
Now, for the second term in (3.17) we can use (3.25): taking ¢ € Gz with |¢]3 < 1, there
comes

Lg% -1 < C(w, + Gufy) + (3.25)

(Ts,0) = (¢* + Bys, B¢)
< g -11B 611 + lgsl-o| BB ¢l o (3.26)

w
< C(wuwi' + GwyY) + Ffb\’

+ Gwy.

From the bounds (3.26) and (3.23), we obtain

wy(s, 1)
21A] 7

for some absolute constant C' > (. We are now in position to apply the Sewing Lemma,
Proposition A.1, so that g* = Adg" and moreover for all (s,t) € Ay :

169201 -5 < C (wals, hwn(s, ) + Gup(s, £)*) +

1
|g§t|_3 < wé =C (wu(s,t)wB(s,t)a + Gwgl(s, t)sa) + Ewh(s,t) )

Since wy is taken to be the smallest control wé such that the inequality above holds (see
Remark 3.3), we eventually obtain

lg%] -5 < 20 (w, (s, t)wp(s, 1) + Guwi(s,1)) |

which proves (3.8).
Proof of (3.10). From (3.24) and (3.8), there holds (again we omit the time indexes):

Wi 1
(,0) < (100 + G (2 a4 o (it + Golf) ) ol

whence provided (w, + wg)(I) < L is small enough, taking n := (w, + wp)* € (0,1),
we end up with the a priori estimate

|9gt|—1 <C (wu + G(wﬁ —i—w%)) ]

for (s,t) € A (here we have used the trivial bounds wp < wy +wp, 1 —a > a, as well
as (wy +wp)® < Co(w + wh)).

Proof of (3.12) Writing that g = ¢* + Bg, we see that the same bound holds for dg
instead of g*, namely

1695l -1 < C (w4 G(w] +wp))

(with another such universal constant ().
Proof of (3.11) Proceeding similarly, we have

1
(g%, ) < C(% +G (W%a + 7’ +w%77) + 5 (Wuw% + GW%Q) ) |41,
whence taking 7 := w%, we end up with

|9§t|72 <C (wu + GW?BQ)

for some universal C' > 0. [ |
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Remark 3.4 (On the link between weak solutions and the notion of controlled path). Fol-
lowing Gubinelli’s approach on rough paths [Gub04], it would be natural in this setting to
define the set I of controlled paths as those couples g, ¢’ in Vll/ “(I;G_1), such that the
first order remainder

(87 t) EA ggt = 5gst - Bstg; (3.27)

defines an element of V;l/o(f ) (I; G_5) (meaning that a cancellation occurs in (3.27)).

If g denotes a weak solution of (2.22), in the sense of Definition 2.2, we have in fact
(9,9') € Zp with ¢’ = g. Therefore, given (Gi), (J,), t, and B as in Proposition 3.1,
we can alternatively define a weak solution to (2.22) as an element (g, g) of Zp such that

(2.23) holds, i.e. a continuous path g : [0,7] — G_g such that
69 € V,"*(1,G-1),
¢t =09 — Bg e V,{®NI,G_,),

2,loc

¢ =6g—Bg—Bg—duc Vl/(?’o‘)(],g_g).

2loc
4. THE ENERGY INEQUALITY

In this section we assume that the driving path 2 is smooth and we establish an estimate
on the #-norm of a weak solution to (2.22) which only depends on the rough path norm
of the corresponding canonical lift Z of z. However it should be noted that the conclusion
of Proposition 4.1 below remains true provided the square u? satisfies the equation (2.25),
which will be shown to hold for any weak solution u, see Section 6.

4.1. The main statement. Using the standard theory for non-degenerate parabolic PDEs
(see [LSUG6S, Chap. III]), we know that there exists a unique v in the Banach space %
(note this space is denoted by V21’0 in the latter reference), solving the the evolution prob-
lem

% — Au = ("0 + vMu) 2 ug € L2 4.1)

in the sense that

— // uoyn dt dr + // (aijajuﬁm — b Oun — cun) dtdx
IxRd IxRd

= // (o™ 0m + vFun) ¥ dtdz, (4.2)
IxRd
for every test function 7 in the Sobolev space
W01 x RY) = {n € LI x RY) : Vn, 0 € L*(I x RY)},

and such that n vanishes, in the sense of traces at ¢ = 7 and ¢t = 0.
Our aim is to prove following.

Proposition 4.1 (Energy inequality). Consider a smooth path z, together with its canon-
ical geometric lift Z = (Z,7Z), and let wy be the smallest control such that for each
(s,t) € A

wz(s,t) > | Za| " + | Z |/

Then every weak solution of (1.1) satisfies

T
sup |ut|ig -I—/ |Vur|%2 dr < Clug|?, 4.3)
0<t<T 0
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for a constant C' > 0 depending on the quantities wz, |0 |ys., [V w2, m, M, and ||b||2; 24,
\\cl|q, but not on the individual element w in 2.

Although u does not belong to 7/21’1 a priori, by considering time averages of the form

1 t+h
up(t, z) == E/ u(t,7)dr,
t

(extended by zero if ¢ ¢ [0, 7 — h|) and passing to the limit 4 — 0, it is seen that in (4.2)
we can formally test against

n(r,x) = 1 g(r)o(@)u(r, z)

with ¢ € W (see the equality (2.13) in [LSU68, Chap. III, S2] for the case where
n := 1 u, the proof being identical for 7) as above). This yields, for each (s,t) in A,
and every ¢ in W1 :

/ (u)? — (ug)?)pdr =2 // (—a"0;ud;(ug) + b'Ouug + cu’p) dr dx
Rd [5,t] xR
+ // (aki&-(uQ)(b + 21/ku2¢) Fdrde. (4.4)
[s,t] xR

4.2. Proof of Proposition 4.1. We are going to make use of the tools presented in Section
3. More precisely, we will show that

e suitable estimates relative to the scale (W*°°),cy, hold for the drift part of (4.4),

1.e. for
/ uAudr
0

understood as a linear functional on W1, A
e equation (4.4) implies that d(u?) = 2 d(f uAu dr) + dB(u2) holds in the sense
of Definition 2.2.

An important observation is the following Lemma. For convenience, and because it
will be useful in the proof of Theorem 2, we also include bounds on the drift term of u in
4.2).

Lemma 4.1. Given u in A, define the drift terms
t
(A, ) == / (A, @) dr = // (—a? 0yu,0;¢ + VL0, & + c,u,¢) drdz, (4.5)
0 [0,¢] xR

for ¢ inWh? (s,t) € A, and

t
<:uta ¢> = 2/ <urArurv ¢> dr =2 // ( - aijaiurajurqﬁ
0 [0,t] xR
— 1,0 O, 05 + b O, und + cr(uT)2¢> drdz, (4.6)

for ¢ in W'>°. Then, there exist regular controls w,,,wy, and a constant C' > 0, the latter
three being dependent on

T7 rdq, M7 HbH2r,2qa ||C||T,q7 (47)
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but not on u in the space 4, such that
12l 1) S wr(s, ) < C (1l ) | (48)
[0ttt ] - 1,(00) < wi(s,1) < Cllull,, , (4.9)
forevery (s,t) in A.

Remark 4.1. Taking a, b, ¢ such that Assumptions 2.1-2.2 hold true, and v in A, the fol-
lowing quantities are controls

a(s,t) == M (| Vull3o + [[uVulliis)
2r
b(s,t) = (IIbll2rzefs)” -
(5.6) = (lellngen) -,
L r—1
(5:8) = (Nl 2= 20 g0g) "
This will be extensively used in the sequel.

Proof of Lemma 4.1. Proof of (4.8). Take any ¢ € W2, For u in %, we have

— // . aijaju@»gzﬁ dT’ dZE S MHVUHLQ;[S,t] I¢I 17(2) S M(t — S)l/QHvu“Q,Q;[S’t} I¢|17(2) .
[s,t] xR

(4.10)

[«)

o

By the equality
1 1 r—1
— 4= =1 4.11
2r + 2 * 2r ’ 1)
(and similarly for ¢), Holder’s inequality yields:
: r=1
// b'Oug dr dz < ||bl2r,2g:05,0 | VUello,2s,0(t — ) 2 [@] 24 (4.12)
[5,t] x R4 La

Now, in dimension one and two, W12 embeds into every L? space for p € [1,00), so the
term |¢]L 20 is bounded by a constant times |¢]1,(2). For d > 2, since by assumption
=

d d
> 1, =)= —
¢ > max(1,5) = 5.
it is seen that
2q - 2d
—1 " d—2 P

By the the Sobolev embedding theorem, we have
W2 s [P C Lot
Hence, in both cases, we see from (4.12) that

r—

' 1
//[ e b'Oup < HbHQﬁQq;[s,t]HVUHQQ;[SJ} (t — 5) 2r |¢|1’(2) )
s,t| X

Similarly, we have for the last term

// cud dr dz <||¢||g (e
[s,t]x R4

<lellratsallull 2 2059t =)=

r—1
2r

ol 20 20 g0 q|0] s (= 5)

1
lol12) -
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This yields the inequality

1

loXse] —1,2) < (t — s)l/Qu(s, t)1/2 + b(s, t)l/@”)a(s, t)l/z(t — S)%

—1 r—1
T

. (4.13)
+c(s,t) Y u(s, t) 7 (t—s) 7 .

By (4.11) together with Remark 3.3, we see that the r.h.s. above is in fact a control, which
proves the first inequality in (4.8).
Now, from |[uVul|;; < (¢t — 8)Y2||ul|c2|| V|22 it is clear that

a(s,t)!/? < O(M, T)||ul

Bt (4.14)

whereas for the other terms, we use (2.17), so that u(s, t) 2 = ||u||% 2011 < Bllu||,.,-

g —

The conclusion follows: using (4.13)-(4.14) we have

192l 1) < COL Bl el Trs0) (14 llul,, ) -

which proves the second part.
Proof of (4.9). Take any ¢ in W1, From Holder Inequality, it holds true that

//[ o~ 000i(0) < M IV g0 + [0V ulhsie) 9l 415)
s,t| X

Now, because of (4.11) we have

[l 0wlodr e < syt 19ulbagoalll 5, 21 g1l 416)
[s,t] x R4 T

g —

as well as

lellul?|¢] dr dz < Jlellvgeallulle 20 1 190.00) - (4.17)
[s,t] x R4 T—l’q_17[ ]

This yields the inequality
1 — T,
§|§,ust|_17(oo) < a(s,t)+b(s, t)l/(%)a(s, t)l/Qu(s, t)Tr1 +c(s, t)l/ru(s, t)Tl , (4.18)

as for the case of A\ above, the r.h.s. in (4.18) is a control, which proves the first part of
4.9).
Making use again of the bounds (4.14)-(2.17) we obtain finally:

10125t ] 1,00) < C(T, M, [[bll2r2g, llCllrg: 7, @)l , - (4.19)
|
As a straightforward, but important consequence, we have the following result.

Corollary 4.1. Given a smooth path z and its canonical geometrical lift Z. = (Z,7), let
u be a weak solution of (4.1), in the sense of (4.2). Define the path u? : I — L*(R%) by
u?(x) = uy(2)?, for ae. (t,x) € I x RZ

Then, u? is a weak solution in the sense of Definition 2.2 to

t
5“37& = 2/ wAudr + By, (Ug) + B, (uﬁ) + ui;h , (4.20)

on the scale (W*>)cn,, where we denote by B = (B,B) the 1/a-unbounded rough
driver given by (2.9), with v replaced by v := 2v.
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Proof. For simplicity, in this proof we let o := 0" - V = > 0()d;. Define the 2-index

distribution-valued map

S

uZ = 6u? — 2 /t(Au)u dr — By(u?) — By (u?) .
Using the equation (4.4) twice we sez that for any ¢ € C*°(R?) :
2h,0) = [ (2 a2 (0 + Moy aet — (ul, B
= [, (et e+ 0 st ask - B
(5.1
+2 //A  (urArus, ("™ + 0F)p) dr dzF
[s.1]

_ // (52, (0 + ) (o + 7)) =t dat
A2

[5:]
+2 // (ur Aptir, (05 + D)@y dr d2f
A2
[s:t]

= Tsuz +Ta.

From Assumption 2.3 on o, v, and the fact that, by the classical theory for (4.2), u belongs
to the space %, it is immediately seen that every term above makes sense. It remains to
show that each of the terms above belongs to V;JBC (I; R), with a bound depending linearly

on |¢]3,(s0)-
For the first term, observe that

t
sup (6 02) < Lt vy - sup / (0%i0,(u), §) d*

|¢|W1,oo§1 ‘¢|W1,oo§]-

t
+  sup /(ﬁku2,¢>dzk

‘¢|W1¢°°§1
< e(s,t).

where ¢(s,t) is a control depending on |2[1 var, [V, [o|w1.0e, SUD,.c [ 4 |Ur] 7> and the
control w, given in Lemma 4.1. Consequently, we have the bound

7o < (2, . S R C R CR I

(4.21)
2
< Cllobwse, ) (12h o) 266,16l
Similarly, we have
t
< (X, [ s nde)le + 9ol w2

< C(|lwam, |olwam) |zl vangogwi(s. )
The conclusion follows from (4.21), (4.22), and Remark 3.3, we have:
u?t € Vi oo (I; (W3)7)

which proves the corollary. |
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Proof of Proposition 4.1. Testing against ¢ = 1 € W3 in (4.20), we have, using (2.10)
and the inequality | > b'0;u| < m/23°(b")* + 1/(2m) > (;u)?* :

t
6 (Jul?2),, + Qm/ |V, |3 dr < // (m|Vu,|* + (£ 3, (0')? + 2|c])u?) dr da

[s,t] x R4

+ (WB(Sat)a + WB<S>t)2a) |u8|%2 + <u§;§u7 1> :

(4.23)
Note that by (2.14),
J[ RS0 e arde < [ S50+ kel
[5,t] x R4 ’ T—1'g—-1
S (]‘ + Qﬁ_m) (Hngr,Zq;[s,t} + ||C||T’,q§[37ﬂ) ||U| ,2%@@
=C (b(s,t)l/r + C(S,t)l/r) ||lu _2935’1& ,

where we make use of the notation (4.10) and we recall that 5 > 0 denotes the sharpest
constant in (2.17). Therefore, defining G, := |u,|?, + min(1,m) f; |Vu,|2, dr we have

0Ga < C (b(s, )"+ c(s, )" + wp(s, )" + wa(s, 1)) |lull%,, + (i, 1), (4.24)

for a constant C' > 0 depending on m, r, ¢ only. Now, combining Lemma 4.1 and Propo-
sition 3.1, we can estimate the remainder as follows

i -s.00) < C (W (s, )™ +wp(s,0)%) ully,, . (4.25)

where the constant above depends on ||b]|2;.24, ||¢]|4, but also on |o|yys., |V|y2.«. Hence,
using (4.24), (4.9) and (2.14), we obtain that

0G g < w(s,t)”"‘( sup Gr> , (4.26)

relst]
for the control
w:=0C (b}i/'f’ + CH/T + (wz)na + (wZ)Q.%a + (wz)&%a) ’

for an appropriate constant C' = C'(k, M, |0 |y 2., |V|1. ), where we let k := max(1/a, 7).
Applying Lemma 3.1 with ¢ := 0, this gives us the energy inequality (4.3), for a
constant depending, through (2.21) and Proposition 3.1, on the quantities

wz,m, M, T, [|b]|2r.2q; ||¢||r.qs || w3 and |v]p2. . |

5. TENSORIZATION

The aim of this section is to introduce the set-up for the proof of uniqueness presented
in Section 6. Recall that in Section 4 we considered a smooth driving signal Z and derived
an energy estimate depending only on the rough path norm of the associated canonical lift
Z. Nevertheless, the smoothness of Z was only used in Corollary 4.1 in order to verify
that u? solves (4.20). Accordingly, the result of Proposition 4.1 remains valid in the case
of a rough driving signal Z provided one can justify the equation for «?. This is the main
challenge of the proof of uniqueness. Indeed, by linearity of (2.22), uniqueness follows
once we show that ||ul|c(7,r2) < Clug|r2 is satisfied by every weak solution in the sense
of Definition 2.2. However, recall that due to Definition 2.2, the required regularity of
test functions that guarantees smallness of the remainder is out of reach for general weak
solutions. Consequently, it is not possible to simply test by the solution and to obtain the
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equation for u2. Our approach relies on a tensorization procedure which is an analog of
the doubling of variables method known from the classical PDE theory.

5.1. Preliminary material and main result. For j = 1,2 consider B = (B’/,B’), an
unbounded rough driver on the scale (W*?),cy,, a drift term M € V}'(I; W~1?) and
assume the existence of a weak solution v/ € C(I; L?) of

du’ = dN + dB/W/, (5.1)

in the sense of Definition 2.2 on the scale (W"?),cy,. For R > 0 we define Br := {z €
R?: 3 glwi* < R} and let

Q= {(x,y)eRded:%eBl}. (5.2)

As the first step, we aim to show that the new unknown

u(z,y) = (u @u’)(z,y) =u'(@)’(y),  (z,y) €Q, (5.3)
is itself a solution in the sense of Definition 2.2 of a rough PDE on a suitable scale. This
is the first step towards the proof of uniqueness and can be regarded as a linearization
of the product operation u(z)u(z). The second step, which we perform in Section 6,
then consists of the passage to the diagonal. Namely, we prove that the evolution of
u(x, ) = u(z)u(z) is given by (2.25).

For k € Ny, define

Fp = {<I> € Wh=(RY), Supp® C Q} s Dk = ke (5.4)

and additionally, let F_;, := (Fy)*
Denote by X = (X, X) the unbounded rough driver given for every (s,t) € A by

X, = B, ®@id+id®B2,
Xy =B, ®id +id® B2, + B, ® B2

st

(5.5)

(the proof that the properties (RD1)-(RD2) are fulfilled is an easy exercise left to the
reader). Furthermore, for every ® € F; and (s,t) € A, define the approximate drift as
the distribution

Tot 1= U ® ONZ, + 6L, @ u?. (5.6)

Remark 5.1. Let k € Ny, and define

N = #{y €Ng, W] =+ + 7 <k}

In the proof below, we will make use of the following well-known characterization of the
spaces Wr2 = (W*2)* (see e.g. [Brel0, Proposition 9.20]). For each v in W2, there
exist a (non-unique) f in (L?)N* such that

forevery ¢ € W™, . (v,0) s = Y (£, D70) (5.7)
<k
where (-, )72 denotes the L? inner product, and D¢ := 9., - - - d,,¢. Moreover, there
holds
1/2
v|y—rz < [f]z2 and inf SUfE ] S lolwre. (58)

Fe(L2)Nk st (5.7) holds
(5 Iv|<k

First, we need the following.
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Lemma 5.1. The distribution-valued 2-index map m defined in (5.6) has finite variation
with respect to F_1, and we have the bound

(7)1 < C (1AL - luiloe) + Tutlo@ oA —12) » V(s,t) €A, (5.9)

for some universal constant C' > 0.
Furthermore, assuming that \*, \* € AC(I; W ~2), then there is a unique = € V}(I; E)
such that for every t € I and every sequence of partitions |p,,| — 0 of [0, t] we have

lim > Tt 2B in Foy. (5.10)

Notation 5.1. For a € R? we will henceforth denote by 7, the translation operator,
namely for ¢ € L*(R?):

Tp(7) ;= Y(x —a), zcR% (5.11)
We recall that 7, is an isometry in every L space, p € [1, oc]. In addition, we have the
following property: for every pin [1,00), and every f € LP,

|lmof — fllzp =0 as a—0; (5.12)
(it suffices to check this for f in C*° and then to argue by density).

Proof of Lemma 5.1. Fix (s,t) in A. Due to Remark 5.1, for j = 1, 2 there exists (f,{)MSl
in (L?)™ such that for every ¢ € WH2(RY) :

w-—1.2 Rd)<5)\st7 ¢>W1,2(Rd) - E ( D,ygb)LQ Rd) (513)
[vI<1
Then, for & € F; we have by definition

(s ®) = [ 01(0) a8 gt [ 00 (N B 9)

R4

- Z/ )(A3. D@, ) 1 gy A + Z/ (A% DI® (1)) 12 ayu” (y) dy

lvl<1 IvI<1

< [[ (1w @IN@I+ 1A @] ) (0] + 92,8 ) d dy
= [ (s el =) A o o) o =)

X (|| + |Vay®) (s + 2,04 —2_)de_day
< C/ (‘Tfﬂﬁ—ul‘LilTx—AQ‘Li + ]T,m_AllLi‘Tx_uﬂL%Jr) dz_(®),
By

— C1By|([u |12 A2 + A" 2] 2) (@)
(5.14)
where in the third line we have made the change of variables (z,,2_) = (5%, %Y).
Now, the constant above does not depend on the choice of A, A? in (5.13), hence we can
take the infimum, which, thanks to (5.8), yields the first part of the Lemma.
We need to justify the existence and uniqueness of = such that (5.10) holds. Recall that
since MV € AC(I; W~'?) and since W12 is reflexive, then \, = lim,_,o(N_,. — M)/e €
W12 exists a.e. in I, and we have

t
oN, = / A dr
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(Bochner sense). On the other hand, from similar computations as in (5.14) we have
[ilur ® A2 4+ M ®@u?)_ydr < co. Observing that the mapping r € I — f, = u! ®
e ® u% S L(W’L?; ]—"_1) is well defined and continuous, with a norm not exceeding
|t so.2 + ||| 0.2, We can then apply (A.10), so that for every p,, € Z([0,1]), |p,| — 0 :

Z Tt — St = /t(—ui @A — A @u?)dr stronglyin F_, . |
(bn) 0

The main result of this section is the following.
Proposition 5.1.  (a) There exists 11 € V}}(I; F_1) such that for every (s,t) € A,
(0llgy — w2 < w(s,t)? (5.15)

for some control w and some a > 1. If in addition \', \? belong to AC(I; W~12),
then 11 is unique and we have 11 = =, where = is as in (5.10).
(b) the tensor product u = u' ® u? is a weak solution of the rough PDE

du = dIT 4+ dXu, (5.16)
on the scale (Fy)ken,, in the sense of Definition 2.2.

5.2. Proof of Proposition 5.1.  Proof of (a). The first claim follows by the same argu-
ments as in Lemma 5.1, together with an application of the Sewing Lemma (see Appendix
A.2). More precisely, there holds for (s,0,t) € A :

§(T)spr = —0ULy @ O3, — Mg, @ SuZy .

Now, for j = 1,2 let A in (L*)™ such that (5.13) holds (with 6, ¢ instead of s,t), and
similarly let (f3)5<1 € (L*)™ such that for every ¢ in W2

(6uy, 0) = > (f5.D%) .. (5.17)

181<1

Let ® € F5. Then we see that

(07spr, ©) =
-3 (o)), - 3 (L (D),
< C//Q (IS @A @)+ I @)D (1] + [ Vay @] + V3, ) (2,) dody .
Proceeding as as before with the change of variables (z,,z_) = (%%, %5¥), taking the

infimum over A', A2, f, f? such that (5.13), (5.17) hold, and then using (5.8), we obtain
that

(0mso)—2 < C (10uggl 110335 ] 1.2 + 192G ] 2.2 10Ul —1.2)) » V(s,60,1) € A”.
for some universal constant C' > 0. Hence, for every (s,6,t) in A? :

(07mspe])—2 < C(w,\1 (8, t)wsu2 (8, 1) + waur (5, 1)*wyz (s, t)) (5.18)
where for j = 1,2 and (s,t) € A, we set

Wsyi (8, 1) := inf {w(s,t) ’w : A — Ry control s.t. w* > |6uj|_17(2)}. (5.19)
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Note that this quantity is finite by Proposition 3.1 and defines a control (this is seen from
similar arguments as that of Remark 3.3). Consequently, the r.h.s. of (5.18) fulfills the
hypotheses of the Sewing Lemma, i.e. 67 € 23 (I; F_5).

Hence by Corollary A.1, there is a unique II' in V}(I; F_5) such that (7 — §II7) €
Vi)~ (I; F_y). It is given by the rough integral

1T} = Toy(m) = (Fp) - hm Zwt _— (5.20)
peJ’([O t])

We need to justify that IIT can be extended in a unique way to an element ITin V! (1; F_;),
which is not trivial since F is not dense in F;. However, letting |p,,| — 0 and Z, 7 be
the partial sum associated to p,, in the r.h.s. of (5.20), we have that lim sup,,(Z,7))_; <
wr(s,t) < oo, where w, is any control such that w, > (7 ) _;. Hence by the Hahn-Banach
Theorem, there exists such an extension II. Finally, by Lemma 5.1, we have Z, 7 — = in
F_1, yielding that IT = =. This proves part (a). |

Proof of (b). Define I1 := Z,.(7) as above. We have to show that the distribution-
valued 2-index map u’ defined for each (s,t) € A as
uit = 611575 — 5]-_[575 — Xstus — Xstus s (521)

belongs to V, 1OC(I; F_3).
A stralghtforward, but very useful observation is the following.

Claim 5.1. For (s,t) € Aand j = 1,2, we define the corresponding first order remainder
ulf = sul, — Bl . (5.22)
Then we have the identity
uit = uif Qul+ul® uif + mg — Ol + ust ® ou?, + Blul ® it (5.23)
Proof of Claim. First observe that adding and subtracting, we have
Sug = duly, @ u? + ul ® duZ, + dul, ® ouZ,
which, omitting time indexes, is equal to :
(6u' — B'u' — B @ v® + u' @ (6u® — B*u® — B*u?)
+ Xu+ Xu — B'u! @ B*u? + du' ® ou?
= (0u' — B'u' — B'v') ® v? + v' ® (0u* — B*u® — B*u®) + Xu + Xu
+ (0u' — B'u') ® ou® + B'u' @ (6u® — B*u?).
Similarly, adding and subtracting the drift term and using (5.21), we obtain that:
ugt = (dug — Byug — Byug — Ay) @ uj +uy @ (Jug, — Biui — Bhui — A7)
+ Mo — 0Ly + (uy, — Byyuy) ® dugy + Byug © (dug, — Biuy) .

hence the claim is proved. [ |
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End of the Proof of Proposition 5.1. Take any ® in J3. From the identity (5.23), we
can decompose (u, ®) into

<ust> (I)> = <ui1’fh ® ug + u; ® ugtha (I)> <7Tst - 5Hst7 (I)>
+ (ulf @ 8u, @) + (Blul 2 ulf, @)
=T+ T+T + T

In the above formula, it is immediately seen, according to Remark 3.4, that each term
above has the needed size in time, namely (1, ®) belongs to the space V;loc(l ; R). That

being said, it is necessary to evaluate u” as a path with values in F_3, and not in 2'(R%)
only. For that purpose, we use the characterization of Sobolev Spaces of negative order
given by Remark 5.1. Fix (s, t) in A and for j = 1,21let ¢/, i/ € (L*)™ and W/ € (L*)™s
be such that

forevery ¢ € W%, (ulf,0) =3 (41.D70) (5.24)

forevery ¢ € W2, (ul} ¢) = ng (hg, Dﬂng)L2 , (5.25)

and let {7 be as in (5.17).
For the first term, we have by definition:

To=(0, (W @),), + (u', (u**,®),),

B Z|ﬁ|<3 ( 6’ DB(I)) >L§ * Z|ﬁ|§3 <UI’ (h%’ Dg(I))L%)Lg ’

Changing variables as before, there comes

T < C// (s =z IR (g + 2o )|+ o (g + @ )0y = 2)])
leR
x (|®] + |[V®| + |V?®| + |V*®|)(zy +2_, 74 —2_)da, do_
< C (Jul] 2|2 + lugl2|[h?[12) (@ )3,

where again we have used Fubini’s theorem, together with the fact that the translations
T, ,T_,_ are isometries in L?. Hence, taking the infimum over the choice of h', h? in
(5.25), it holds true that for every (s,t) € A,

T.<C <|U§|0,(2) [ ] a0 + |u§|0,(2)|u§f|,3,(2)> (®)s3, (5.26)

for some constant C' > 0, independent of (s, ¢) in A and ® in F;.
For the third term, we have

7;1 :<u1’ﬁ, (6u?, ®>y>
= > (4 (2Dje),) < Clo'lnlfle(e.

Iv<2,|81<1
Hence, taking the infimum over g*, f? gives

(T, ®) < ClouZ ] -1 lus 1 -2 ®)s, (5.27)

for a constant depending neither on (s,t) € A, neither on ® in Fs.
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Proceeding similarly for the fourth term, there holds:

_ 1,1 2,4 _ 1 2 1,%
7;12 - <B Uu ,<U 7(I)>y> - Z"Y\SQ <u >(g'yaBa: D;(I)>L2>L%

xr Yy
Hence, we have
71—12 S CwBl (S, t)a I ui |07(2) |u§;ﬁ I _27(2)(] P D3 . (528)
for some universal constant C' > 0.

Now, note that the drift term has been already estimated in Lemma 5.1, namely, we
have

7;\ :<(A57T)st7(p>
<O (Wi (8, ) w2 (8, 1) + weur (8, 1) wrz(s,1)) (D)2 -

The conclusion follows by (5.26)-(5.27)-(5.28)-(5.29). Indeed, making use of the con-
trols defined in (5.19), and furthermore defining for 7 = 1,2 :

(5.29)

w;g(s,t) :=inf {w(s,t) ’ w: Ay — Ry control s.t. (w)** > |uj’ﬁ|_2,(2)}
wjy(s,t) == inf {w(s t) ‘ w: A — Ry control s.t. (w)** > |uj’h|,3,(2)} :

(these quantities are well-defined controls from Proposition 3.1 and Remark 3.3), then we
see that:

(ui)—s < C (o, [lu'l|oze, [[u*]lor2) ((wl,u)3"+(w,u)3“+(w§uz)“(wm)mﬂwm)"(m,a)Qa
oy (W2 )+ (%ul)aw) ,

where all the controls are evaluated at (s, ¢). Since each term on the above right hand side
is of homogeneity at least 3o, we see that

W € VST Fly) € VoI5 Fos)
which completes the proof of Proposition 5.1. [

Remark 5.2. Assume that for j = 1,2andt € [ :
A = / Al dr
0
where we are given v’ in % and

Al (t,x) i= Oa(a? (t,2)05") + U*(t,2)0a + & (t,2)

with coefficents a’, 1’ ¢ such that Assumption 2.1 and Assumption 2.2 hold. Using the
explicit form (4.13) for the control wy, appearing in Lemma 4.1, we see that \’ belongs to
AC(I; F_1). Moreover, making use of the notations of Proposition 5.1, we have for every
tel:

t
Il .= / (ut @ A%u? + Alul @ u?)dr.
0

in the Bochner sense, in F_;.
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6. UNIQUENESS

After the preliminary step of tensorization presented in Section 5 we proceed with the
proof of uniqueness. The ultimate goal is to test the tensor equation for u(x)u(y) by
a Dirac mass d,—, which finally gives the desired equation for u®. To achieve this, we
first consider a smooth approximation to the identity . which is a legal test function for
(5.16). The core of the proof then consists in the justification of the passage to the limit as
e — 0. More precisely, it is necessary to bound all the terms in the equation uniformly in
e € (0,1). Similarly to the a priori estimates in Section 4, the main challenge is to bound
the remainder term. Our approach relies on a suitable blow-up transformation together
with uniform bounds for all the other terms in the equation which permits to employ
again Proposition 3.1 and yields an estimate uniform in e.

Consider u € %, a weak solution to (2.22) in the sense of Definition 2.2 and define

w(z,y) = u(x)u(y), for every (z,y) in R? x R, (6.1)
Denote by S = (5, S) the symmetric driver, given for every (s,t) € A, by

Sst = Bst®id+id®Bst, 6.2
Sst ::Bst®id+id®Est+Bst®Bstu (©. )
and also by
t
I, := / (Arur Q Up + Up R Arur> dr.
0
Fix € > 0. Then replacing € by
Q, = {(x,y) eRded:@ ge} (6.3)
in Section 5, then Proposition 5.1 and Remark 5.2 yield that
du = dIl + dSu, (6.4)

holds with respect to the scale (F(€2))ren,, in the sense of Definition 2.2.
We now define the blow-up transformation 7, : Fy(2) — Fo(§2) as follows: given

O € Fy(Q2), we let

T€<I>(x,y) — (26)70{(1) (x+y+x—y m+y_x—y

), forany (z,y) € ..

2 2 2 2e
(6.5)

This operation is invertible and we have for (z,y) € €2 :
T10(z,y) = (26)%0 (9""2”/ +e$;y,$;y —ex;y> . (6.6)

Given k € {0,1,2,3} and v in F_;(£2), we can define a distribution T*v € F_j(2)
by duality, and similary 7'*v makes sense as an element of € F_;(Q.).
For any ¥ € F3(£2), we can test (6.4) against

S =TV e ]:3<Q€> .
We deduce that for all ¥ € F3(€2) and (s,t) € A:
<Te*5usta \I[> = <Te*6H8t7 \I]> + <Te* (SSt + SSt>u§7 \Il> + <Te*uit7 \IJ> ’

whence letting u¢ := Tu, 8¢ 1= TST~1* TI° := TII, and u*< := T*uf, we see that u°
is a weak solution of
du® = dII 4+ dS“u, 6.7)
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with respect to the scale (Fj(€2))ken,, in the sense of Definition 2.2.

As the next step, we establish uniform bounds for the renormalized driver S as well as
for the drift II¢, which in turn implies a uniform bound for the remainder u*¢. The proof
of uniqueness is then concluded in Subsection 6.3.

6.1. Renormalizability of symmetric drivers. Let us begin with the uniform bound for
the driver S¢. Following [DGHT16a], the following definition will be useful.

Definition 6.1 (Renormalizable drivers). We say that a family S = (5¢,S¢), € € (0, 1),
of 1/a-unbounded rough drivers is renormalizable, with respect to a scale (Gy,), if there
exists a control wg such that the bounds (2.7) hold uniformly with respect to € € (0, 1),
namely for all (s,t) € A,

|S§t|L(g_k,g_k_l) <wg(s,t)*, for k=0,1,2 and (6.8)
S 26 1.6 10) S ws(s, t)**, for k=0,1. (6.9)

For every k we henceforth omit to mention the domain 2 and write F;, for F(€2) (recall
(5.2)). We have the following.

Proposition 6.1. Consider a driver S as in (6.2) and define for each € € (0,1) :
S = (5,8 1= (T* ST, TrSu T 1) .

Then, the family (S)cc(0,1), is renormalizable with respect to the scale (Fy,).
Moreover, the bounds (6.8)-(6.9) hold with a control of the form

ws(s,t) = C (lo|wse, [V|w2e) wz(s, t), (6.10)
where the constant above only depends on the indicated quantities.

We now need to introduce some useful notations.

Notation 6.1. Recall (5.11). Given a € R? and € > 0, it is useful to introduce the “local

mean” as the linear map:
1

md = 5 (Toca + Tea) - (6.11)
Notation 6.2. For a € R, we define the finite-difference operator
A? — T_ca — Tea )
2€
For the reader’s convenience, the main properties of A~ are provided in Appendix A.1.

(6.12)

Notation 6.3. Similarly to Section 5, it will be convenient to use the new coordinates
X : 2 — R? x B defined by

(zp,2_) = x(z,y) = (F,52) , for (z,y) € Q. (6.13)
Note that | det D| = 2% and that v/2Y is a rotation.

Notation 6.4. Given ® : R? x RY — R, we will occasionally denote by & := ® o y !,
namely the map ® : RY x R? — R given by:
S(ry,x ) =0(xy +x_,xy —x_), for (z4,2_) € R xR (6.14)
Provided ® € F;, we have the identities

(Ve +V,)®lox =V,

X
6.15
(V. - V,)8] o' = V_ ©1>

HH<
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where V, V_ denote the gradients with respect to the new variables z, z_. In view of
these relations, we will henceforth write (with a slight abuse of notation):

Vi[@(2,y)] = Vo @(2,y) £V, 0(z,y).
Proof of Proposition 6.1. By definition we have
Se' = ZET 'Y+ THT. .
where for k < K, T% : W1*°(R?) — L>®°(R?) is the first order differential operator
"= —o".V—dive" + ", (6.16)

Intuitively, the problematic terms are those that contain derivatives. Indeed, whenever
we differentiate 7.P, we obtain a blow up in e. The key observation is then that the
blow up only appears in the z_ direction and the bad terms are always multiplied by
o(x) — o(y) (or similar), which allows to compensate this blow-up by making use of the
higher regularity of o.

Estimate on S, in L(F_y, F_1). For any ® € F;, we have

(0" (2) - Vo + 0" (y) - V) (LT.D)(x,y)
o*(x) - ( Vi®+ V. @) +0k(’y)'Te(%V+q’—iv—q’) 6.17)

_ (0 *(z) + 0" (y) ot (x) — o*(y)

2 2¢
Now, making use of the notations (6.11) and (6.12) we obtain that for a.e. 2,y in R? x R?
Tk + F’;)Te = — (mfo") (vy) Vi — (AF0") (23) - Vo + 2mi~(—divo® + %)
(6.18)

) TV, + ( > T.V_9.

and we abbreviate

Ty o= , T = . (6.19)

For the first term in (6.18), we have

—€X + Tﬁx7 X
((mfo") V@)= esssup ’ <#)ak(:c+) Vi®(ry,z)
T4, T—
S |O'|Loo (] 0] D1 .

For the second term, using Lemma A.1 and the fact that a.e., Supp ®(z4,-) C B; we
have

(A" - V_®)o < [Vo|re (D). (6.20)

Concerning the last term in (6.18), we have

(2mP~(—dive" + ")®)g < esssup |(Toew + Tep ) (VF — div o) (z4) (4, 2 )|

T4, T—

S 2(|]/‘Loo + | diV0'|Loo)(] q)DO .
Summing these bounds, we obtain the first estimate, namely:
|S§;*|L(;1 7o) L O(lofwree, [V|pe)wz (s, 1) . (6.21)

Estimate on S¢, in L(F_o, F_3). Let ® € F3. First we observe that since the change of
coordinates v/2 2x 1s a rotation, in order to estimate (]S;;*CD )2, it is sufficient to estimate
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(V)28 ®@))o. To this end, we further note that the only critical term in (6.18) is the
second one which contains ¢~!. But in that case, it holds

V_[(A7 0" (@) VO] = mi (Vo) (ay) - Vo0 + (A7 0")(zy) - V2O,
Vil(AZo")(2y) - Vo0 = ATH(Vo*)(2y) - VoO + (AZ0%) (24) - VL V-2,
where, similarly as before, Lemma A.1 yields that a.e. on €2 :
ATV < lolwae,  [ATOH < olwic .

By the same arguments we can proceed further and apply V4 to (6.22). This finally
leads to

(6.22)

1S4 L7y < Cllolwaee, [Vwze)wz (s, 1)

Estimates on S¢ in L(F_o, F_3) and L(F_1, F_3). Using geometricity, renormalizabil-
ity of the term S¢ can be reduced to the previous cases. This is a consequence of the
identity

s« def
Sh 2 BT+ T + AZITE =BT 0 Ed

where I'* is as in (6.16).

Indeed, emphasizing summations, denoting by symZ¥ := L(Z¥ +2%) = 1 7% Z!, and

antiZtf := 5(ZL —Z{}), and splitting the term ), , Z5 Z{, T\ T'% into two equal parts, one
can write:
. ket okl ek o ek Z3Zy ook Z3Z% ow
S* =) (symZ¥ + antiZlf)(PLDE + TET%) +3 ST+ > ST
L ot K0
= " symZE(T, + TO(TE +T%) + ) antizh (T4T% + T4T)
ot ot
(6.24)
However, using antisymmetry, the second term above can be written as ), , antiZ% (T, +

I'Y)(C% + TF). Summing in (6.24), we see that (6.23) holds.
Now, let ® in /5 and estimate

1S5 ® Do < [ZG (T (T; + Ty TT (T + 1) Te® )y
< O(|o|wree, V| )wz (s, ) (T (T + FS)TECD D1
< O(|o|waee, [V|wie )wz (s, 1)** (D)2,

where we have used the bounds obtained in the first part. This yields our first estimate.
The second estimate again reduces to the previous bounds: we have for & € Fj :

(S5 @y < |ZG T (T, + Ty LT (T + Ty T® )y
< C(|o|waee, |[V|wie )wz (s, t)**(THIF + F';)Tﬂ D2
S C(|U|W3,oo7 |V|W2,oo)wZ(S, t)2a(] P Dg s
which proves the claimed bound. |

6.2. Uniform bound on the drift. We proceed with a uniform estimate for the drift in
(6.7).

Proposition 6.2. There exists a control wy, depending on win %, bin L> L*?, cin L"LY,
and on M, r, q, such that uniformly in e € (0,1), for every (s,t) in A :

(ST, D1 < wis, ). (6.25)
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Furthermore, we have the bound

wr(s,t) < C(M,r, q)(||U||oo72;[s,t]||Vu||1,2;[s,t]

2t lelapsaliuls,, ) . 626)

uniformly over (s,t) € A, where C' > 0 depends only the listed quantities.

Let £ > 0, and assume that we are given a measurable v(x,y) in F_(€).), such that
its trace ypv onto the diagonal I' := {z,y € R?*! : x = y} is a well-defined element in
(Wk2(T"))* (this is the case for instance if v(z,y) = f(z)f?(y) where f1 € W—F2(R9)
and f2 € W"?2(R?)). The adjoint of 7T, is given a.e. on {2 by the formula

. od rt+y x+vy
Trv(z,y) =2 (T_E% ®7-612;y> v( 5 g
which, integrating against & € Fj, and letting (z, +,2z_) := x(x,y) yields the represen-
tation

<776*'U7 (I)> = / (Tfez_ ® Tex_) U(.T+, LI}+)(I)(.§U+ + T, Ty — .’IZ‘,) der dx_
RdXBl

). @yeq  ©2)

(6.28)

N /B Wk’oo<Rd>*<’YF (Tocom ® T ) v, @, x*)>W’“°°(Rd) da-
1

Proof. By definition, we have 611, = f;(Au ® u + u ® Au,T.P) dr. For notational
simplicity, we now fix r in [s, ], and denote by u := u,, a” = . For ® € F; we have

<Au®u+u®Au T.D)
Foi( )<d1V$ (axV, uw)uy,T<D>f1(Q) Foa@) <d1vy(ayV uy)um,T<D>f1(Q)

// b (x)Opu(x T@dxdy+// b (y)Osu(y)u(x) T, ® do dy
// T@dxdy—i—// y)T. P dxdy,

:ﬁ+ﬁ+ﬁ+ﬁ+ﬁ+ﬁ-

(6.29)
Estimate on T,. Using (6.28), the first term can be written as:
1 _ D(.
T = /31 e - <7F[ Toep_ div(aVu) e, _u], O ’x_)>W1v°°(Rd) dz_
N /31 (Whee (RD))* <P)/F[dwm+ ( T (GVU))TemU],(I)(',I_)>W1,W(Rd) -

= /B W+172< divg, (T_Emf(aVu)),TELud:)(-, x_)>W1’2 dax_

+

(T_m[aVu],VJr(Tez w(zy)) (-, 22) + Ty uVLB(-, 2 )>L2 do_

P
( T [aVU], Tey Vud(- >

— /B1 (T_EL [aVu],TexquJr@:)(-,x_)) de_ .

2
L3

(6.30)
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Using that 7., leaves the L? norm invariant for every fixed z_ in R¢, we have

T, < | Tca_ [avu”Li’Tex—vu‘Li@('ax*)’Li" d_

By

+ / T [aVu]|Li]T€x_u]Lz+\V+<i>(-, x| do-
By
= [ oVl [Vl B ) doo ot [ oVl fulss 9280 do
B1 B
Hence, doing similar computations for 7.2, it follows that

t
[ Tedr <21 (IVulo0@ho + [Vallaaluleal®h) . 63D
Estimate on T,. By (6.27), we have

7 = // T (B00)(04)Ter_u(a ) D(es, 2 ) doy do_
Bl XRd

(6.32)
< |T—ex7b|L2q|T—evau|L2 |Tex7u| _2q_ dﬂU—(]‘I)DO .
Bl + + L_?__l
Using Holder, (2.17), and then proceeding similarly for 7,2, we obtain
t
1
[ T+ T < Azl Vool 2, 2@ o

< 28]bll2r 2q:05. | Veell 2 211l 2, (@ Do -

Estimate on 7T,. Similarly, it suffices to show the estimate for 7.'. Using again (6.27),
there comes

T = // T [cu] () Tep_ u(2 ) dry do_ . (6.34)
B1 XRd
Hence, Holder inequality and (2.17) yield

t
[T+ T2 < el gpeallil g < 28 elbatealul, A Bho- (639)

Combining (6.31), (6.33) and (6.35), we obtain the claimed bound. |

6.3. The proof of uniqueness. Finally, we have all in hand to complete the proof of
uniqueness. To this end, we let wr(s, t) be as in Proposition 6.2 and recall that according
to Proposition 3.1, the following uniform estimate holds true for the remainder term:

() s < c( sup (1€ )_own (5, 8)% + wn(s, H)wp(s,t)° ) (6.36)

rée(s,t]

for (s,t) € A. Note that for every u', u?> € L? we have

J et eyl dray
1 X
= // ) 1T ot (24)Teo_v? ()| doy dz_ < Clut|p2|u?|p2 . (6.37)
BlXR

Since we have the embedding L'(Q) C L>(Q)*, using (6.37) with u! = u? = u, there
comes
sup (u)_o < C sup |u,|72, (6.38)

r€[s,t] re(s,t]
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uniformly in € > 0. Combining the latter with (6.36) yields therefore a uniform bound of

the remainder u®<.
Now, take ¢ € W>>*(R?) and ¢ € C°(B;) with [, ¢ dz = 1 and define

Ba.y) = 6 (552) 0 (552) ©39)

Observe furthermore that (P )3 < C|¢|ws.~ = C|¢|3,(0) for a positive constant depend-
ing on v only.

Lemma 6.1. Let u?(z) := u,(x)? which defines an element of
C(I; LY (R)) € C(I; (L (R7)").
Then we have for every ¢ in W3 :

<5u§t7 ¢> = /t ( - 2<aijajua 81'(“@) + (biaz'(uQ) + 20U27 ¢>) dr
+ (W2, BLo) + (u?, BLo) + (uif, ¢), (6.40)

where B = (B , I@) is obtained by replacing v by 2v in the definition of B, and u*" belongs
10 Voo (I, (W3)*). Moreover the latter remainder term is estimated by the right hand
side of (6.36).

Proof. Recall that, by definition of u®€ :
<6ust7 TECI)> = <5Hst7 TE(P> + <Sstusa TE(I)> + <S tUs, T (I)> + < st ) CI)> )
where, gathering the terms in (6.31), (6.33), (6.34), it holds:

(6110, T, ) = /// 7o (090507 B1t) (2:2) S ()
SBE 1 (@90u) (e ) (2) 00 (w4 (e )
e (9070 (ep D) ()B4 ) )
e (0905) (Teo ) () Oi 21 )
(

Ty )Y(w-)
Ty )P(w-)
(
(

T (biaiu) Ty ) Tew_ )

u(z4)9(
+ T (00u) (1) T co_u(1)
o )U(w_

T T (Cu)(x-k)‘rsxfu(x-&-) ( ) )
+ Ter_(cu)(24)Toer_u(zy)p(@)Y(z-) | day dz_ dr

8 _
=: T
=1
Step 1: convergence of the drift. Property (5.12), Assumption 2.1 and the dominated
convergence theorem imply

Ter 2 [ ( [ sttt . ar) a
[s,t]x R4

B1
t
= —2/ <aijaju,8,»ugz5> dr,

since [, v dz_ = 1. Likewise, it holds 72 + 7% — —2 [ (a"0;u, ud;¢) dr
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Now, because of (5.12), it follows that

t t
T5+7’6—>2/<b18iu,u¢>dr, and T7+TS—>2/<CU2,¢>dT

S S

Summing all the terms above, we end up with the claimed convergence.
Step 2: Convergence of the left hand side. We have:

(Sug, T.®) = //Q 5u5t(a:)(w)ﬂq> dx dy

us(x) 4+ ug(x)
—l—//Qe 6ust(y)(#)Te<I>dxdy

= [ et (B o e d da

+ /L R Teac_(sust(l’+>7'fex_ (us —2'_ Ut)<$+)¢(x+)w(gj7) der dr_ .

Using again the strong continuity of (7,)4cgre in L, it holds

(Ouge, T,y — // _)oug(xy) (us ; ut) (xy)p(zy)dey da_
B1 XRd

//B R 5ust(w+)(u8;“t)(x+)¢<q;+)dx+ qe (64D
< st; >

Step 3: convergence the driver. Let 1 > § > 0. Since C°°(R?) is dense in L?(R?), we
can write u = v + w where v € C* is such that |v|;2 < 2|u|2 and |w|z2 < J. Hence for
every 0 > 0, we have

u=v+w, where v =v®vec C®R?xRY
and [0 pixre) = [V W WOV +w @ w|p < 4lulp20 + 82 <C6. (642)

where we use (6.37). Since e‘dw(”‘f) approximates the identity, changing variables as
before and then using dominated convergence, we have

(So, T,) // . (Bua(o) () Bun) 6(552) (2 “0(52) dedy = (B(:?).0).
and also
(S, T.) // (y)+ Bo(2) Bo(y)+v(a)Bu(y))o(242)(20) 0 (52) da dy
= (B(v?), ).

Using Proposition 6.1, we have

lim sup(Sw, T,®) = lim sup(T*r, T, 'S*T,®)

e—0 e—0
< C(fvlzz|wle + [wlzs)[glwr<d < C'dlyrexd.
Similarly:
lim sup(Sto, T,.®) = lim sup(T71w, T, 'S*T.®) < C|p|py2.0 .

e—0 e—0
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Since § > 0 is arbitrary, we conclude that
lim(Su, T.®) = (B(u?), ¢). (6.43)
and .
li_r)r(l)(Su, T.®) = (B(u?), $) . (6.44)
Conclusion. By (6.36)-(6.38) we have the following estimate, for (s,¢) € A :

(i, ) < O (Il ez (s, ' +wuls, hwz(s,6)° ) [dlwsos

From the Banach-Alaoglu theorem, and since the other terms in the equation converge,
we see that for each (s,t) € A, there exists a linear functional ugf € (W3>)*, such that

(i, @) — (g, o).
for every ¢ in W*°°. From (6.36) we see that u>* belongs to V' (I; (W*>)*), proving
therefore that (6.40) is fulfilled. |

We can now establish uniqueness of weak solutions in A.

Proof of Theorem 1, uniqueness part. Testing (6.40) against ¢ := 1 € W3, and pro-
ceeding as in Section 4, we see from the Rough Gronwall Lemma that every weak solution
to (2.22) in the sense of Definition 2.2 satisfies

T
lullE o, 2) + min(l,m)/ |V, |7 dr
0

< C(wz, [l [Wlwae, M, [bllaeags el 0, T ) o3

which gives (2.26). By linearity we deduce that there cannot be more than one weak
solution for (2.22), hence uniqueness is proven. |

7. EXISTENCE AND STABILITY

Finally, we intend to prove existence and stability of weak solutions to (2.22). To this
end, we approximate the driving signal by smooth paths such that the classical PDE the-
ory applies and yields existence of a unique approximate solution. The results of Section
4 yield uniform a priori estimates and the passage to the limit then follows from a com-
pactness argument.

Let 2" : I — R¥ n € Ny, be a sequence of smooth paths. We define their canonical
lift by Z" = 62" and Z7, := fst 020 dz" and assume that Z" = (Z",Z") approximates
the given rough path Z = (Z, Z) in the sense that

|Z" — Z|1ja—var + |Z" — ZLl2jq—var — 0. (7.1)
Let
uly — ug in L,
a” — a in L, with a" € P,
b* — b in L*(I;L*7), " —cin L'(I;L7), 72
0" = o in W™, V" — v in WA,
and let

A= 0@, ) + 00, +
B" .= Zn;k(()_n;kiai + Vﬂ;k) 7 B" = Zn;kf(an;kiai + Vn;k)(an;ejaj + Vn;g) .
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We can assume without loss of generality that uniformly in 7 :
[uglez + [[a"loo.co + (16" [|2r2q + [[€"llrg + [0" lwae + [ |20
< 1+ |uol 2 + [lalloc.co + 1ll2r2g + llcllrg + [olwsoe + Vw2, (7.3)
and that
|B:%|L(W7k,27w7k71,2) S wB(s, t)a 5 ke {O, 1, 2} (7 4)
|Bgt|L(W—k,27W7k72,2) < wB(s, t)Qa s k € {O, 1} 5 for (S, t) in A, .

where wp is as in (2.21).
Recall that since 2" is smooth, existence and uniqueness of a weak solution u" € %
to
o™ = A™u" + B™u”, u"|i—o = ug,
in the sense of distributions, follows from the classical PDE theory (see the discussion in
Section 4.1 for more details). Consequently, by Proposition 4.1, together with (7.3) and
(7.4), the %, r-norm of " is uniformly bounded, namely,

T
o, = sup [ulfet [ Valadr O+l @)
’ 0<t<T 0

Hence the Banach-Alaoglu theorem ensures (up to a subsequence) that
u" —u and Vu" — Vu  weaklyin L*([0,T] x R?), (7.6)
and by weak lower semicontinuity of the norm we obtain
[l < 00- (7.7)

By (7.6) and the strong convergence ||a" — a||c0.00 — 0 it follows that:
t t
/ (—ar™ou", 0;¢) dr — / (—a0ju, 0;¢) dr
for each ¢ in W12, Moreover, using (7.2) we have

r—2
10" = b)oll2p < 1B = Dlloraqll @l 2, 20 < BIb" = bllar,ag|d|wr2T"2" — 0,

and similarly

r—2
(" =)ol < Bllc" = cllrgl@lwr2T> = 0.
As a consequence, using the strong/weak convergence principle, we have also

t t
/ (b 0™ + cu, @) dr — / (b"0u + cu, @) dr .

The weak convergence obtained above is however not sufficient to take the pointwise limit
in time, which is needed in order to pass to the limit on the left hand side of the equation
as well as in the rough integral. For that purpose, we will show that the sequence (u")
satisfies an equicontinuity property in the space W12

Proof of uniform equicontinuity. Using Lemma 4.1, (4.13), (7.4) and (7.5), we have the
estimate

¢
| / Amudr| g o) S wn (s, t) = (t— s)l/Qun(s,t)l/2 + bn(s,t)l/(ZT)an(s, t)1/2(t — s)%

1

+cn(s, )V (s, )2 (t— s) 2
(7.8)

1
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where we adapt the notations (4.10) in an obvious way.
Moreover, from similar computations as that of Corollary 4.1 (the proof is left to the
reader) we see that u” is a weak solution of
du™ = A"u" dt + dB™u",

in the sense of Definition 2.2, with respect to the scale (W*?),cy,. Namely:

t
(6ul, &) = / (Aru™, §) dr + (Bl ¢) + (B, 6) + (w0 6y (79)

for each ¢ in W3 and (s,t) € A. Applying Proposition 3.1 (more specifically using
(3.12)), we have the bound

[0ug]-12) < C(wnls,t) +wnls, 1) + wp(s, 1)) . (7.10)

Now, recall that a,,(s,t) < C(1 + 2M ||ul|4,,) < C1, and, by (2.17), that u,(s,t) <
C|lul|#,, < Cs. Using moreover (7.2), the controls b,, and c,, are equicontinuous in the

sense that for each € > 0 there exist § > 0 such that

62

max(C, Cy)?
Letting &' < min(d(¢), €?) and substituting in (7.8) we see that

s —t| <d(e) == byu(s,t)+cy(s,t) <

wn(s,t) <e, forall neNy, provided |t —s|<{'.

which shows uniform equicontinuity for w,,n > 0. By (7.10), the same property holds
for |du” | _1 (), hence uniform equicontinuity in W~ is proved. |

Thanks to the compact embedding
LY (RY) = Wioe " (R),

loc

the bound (7.5) shows that (u”),cn, has a compact closure for each s in . Using equicon-
tinuity, a well-known infinite-dimensional version of Ascoli Theorem (we refer, e.g. to
[Kel75]) ensures that, up to a subsequence:

u — u, in W *(R?) uniformly for s € 1. (7.11)

loc

By (7.6), (7.11), fixing a compactly supported ¢ in W1%(R?), we have for every (s,t) €
A

(uf —ug, ¢) = (e — us, 9) .
Furthermore, by (2.18), for each ¢ € W32 with compact support, we have
ool ), lo"o bl ), lvordlie, lo"(wd)li e, <oo.
Finally, using (7.11) as well as (7.10), we obtain the following:

Zg - (ug, (6") @) — Zs - (us, 0°9) Z& - (ul, vd) — Zgt - (us, vo)
Z?t ’ <u?> (an)*(an)*¢> — Lst - <usa U*U*¢> ) Z?t ' <u?’ (Un)*(y¢)> — Lt - <u5, U*(V¢)> )
Z?t ’ <u?> V(o'n)*¢> — Lst - <u3, 1/0'*¢> ) Z?t ’ <u?> V2¢> — Lt - <u3, V2¢> :

Using in addition the estimate (3.8), we can take the limit in (7.9), so that u satisfies
the corresponding weak formulation of (1.1) for every compactly supported test function
in W32, Due to the energy bound (7.7) we may then relax the assumptions on the test
function ¢ and deduce that v is indeed a weak solution of (1.1), with respect to the scale

(I/Vk72 ) keNg -
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Therefore the existence part of Theorem 1 follows. It was already shown in Section 6
that the weak solution u = S(uyg, a, b, ¢, 0, v, Z) is unique. In addition, due to our con-
struction, every subsequence of (u"),en, contains a further subsequence which converges
towards the same limit &(ug, a,b, ¢, 0, v, Z). Hence we deduce that the original sequence
(u™)nen, converges. Moreover, thanks to (7.6), (7.11), continuity of & holds with respect
to each of its variables. Indeed, it is enough to observe that the above proof remains ap-
plicable if Z" is not necessarily a smooth approximation of Z in &;. This completes the
proof of the Theorem 1 and Theorem 2. |

APPENDIX A. AUXILIARY RESULTS

A.1. Convergence of finite-difference approximations. Recall (6.12). We have the fol-
lowing.

Lemma A.1. Let 1 < p < cc. and fix a in RY. We have for every ¢ € W (R?) :
|ALp|L < al[Ve|Le .
Moreover; as € goes to 0, we have
A%p —a-Vo stronglyin LP(RY),
provided

e cither p < oo and o € W'P;
e orp=ocandp € W™,

Proof. The first bound is an easy consequence of Taylor Formula, since for every a € R?
1
Alp(x)=a- / V(z + €20 — 1)a) df. (A.1)
0

Case p € [1,00). By Taylor Formula, we have for a.e. z in R? :

Alp—a-Vo(r)=a- /0 (Vo(z +€(20 — 1)a) — V(z)) df

whence

/Rd |Atp —a-Vo(z)P dz < |af? /Rd /01 Vo (x + (20 — 1)a) — Vop(a)| d da
= !a\”/ol (/R Vi (z + (20 — 1)a) — w(a;)]pdx) de

1
= lal” [ 1o = 1) Vil 0
0
— 0, as € — 0,

using the strong L? continuity of (7,),cre When p € [1, 00) and dominated convergence.
Case p = oo. Similarly, we have

1
A% — a- V| < / SUD [(T-o(ap- 1) — id)Vip(x)| 46
0

z€R4

1 1
§/ €26 — 1 sup/ IV2p(z 4+ 0'e(20 — 1)a)| d¢’ A6
0

zeRe J O
< Celp|lwze — 0, as ¢ = 0,

which proves the lemma. |
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A.2. The Sewing Lemma. A proof of the following classical result, for the case where
E'is a (finite-dimensional) normed vector space, can be found e.g. in [Gub04, GT10], the
Banach space case being treated e.g. in [FH14]. The result appears to have an immediate
extension to the case of a complete locally convex topological vector space £ (l.c.v.s.),
which is a repeatedly encountered scenario in PDE theory (see Remark A.1 below).

As before, we set [ := [0,T], for some T > 0, and A = A;, A? = A? to be the
corresponding simplexes. Given al.c.v.s. E equipped with a family of seminorms (p.,)er,
and a > 0 we define the space Vll/ “(I; ) as the set of paths h : I — E such that for every
v € ' and every (s,t) € A, there holds p, (0hs) < wp,(s,t)* for (s, t) € A, for some
control depending on h and ~y. Note that Vll/ “(I; ) is also a locally convex topological
vector space given by the seminorms

h — sup) (Z(p) pv((Shtitul)l/a) , verT,

peP (I

(see (2.3)). The space Vgl/ “(I; E) is defined in a similar fashion. Furthermore, V,'~ (I; E)
corresponds to those 2-index maps g = g such that for each p, as above, there is a
control wy, , and a, > 1 with p,(gst) < wn (s, )" for (s,t) € A.

Proposition A.1 (Sewing Lemma). Let I be a complete, locally convex topological vec-

tor space. Let (p.,)~er be a family of semi-norms.
Define Z'~(I; E) as the set of 3-index maps h : A* — E such that

e there exists a continuous B : A — E with h = §B;
e for each~y € I, there is a control wy, , : A — [0,00) and a~, > 1, such that

Dy (hopr) < wWhy(s,1)", (A.2)
uniformly as (s,0,t) € A2
Then, there exists a linear map A : Z'~(I; E) — V3 (I; E), continuous in the sense
that for every v € T and h € Z'~(I; E) there holds
Py (Ahg) < Cowny(s, 1), forevery (s,t) €A, (A.3)

where the above constant only depends on the value of a, > 1. In addition, A\ is a right
inverse for o, namely
N =id|z-, (A4)

and it is unique in the class of linear mappings fulfilling the properties (A.3)-(A.4).
Finally, for any (s,t) € A, we have the explicit formula:

Ayh = lim ( By — B, | » A5
: pgo( =2 “t’“) (A>)

where we use the summation convention (2.3).

Example A.1. The above infinite-dimensional Sewing Lemma applies in 2’ (), the space
of distributions over an open subset O of some Euclidean space, for which a family of
semi-norms is provided by

ps(v) = (v, 9)|, € CZ(0),
for vin 7'(0).

We could replace 2’ by the space of Schwarz distributions .#”, or any Banach space of
linear functionals endowed with the weak-* topology.



42 ANTOINE HOCQUET AND MARTINA HOFMANOVA

Proof. The proof is similar to that of [FH14]. Fix (s,t) € A, and consider a partition
p:={s=t <ty <--- <ty =t}of [s,1], such that #p = k > 2. Define

Aph = Bst - § BtitH_l )
1<i<k—1

where B is such that 0 B = h.
Let v € I'. By the superadditivity of wy, -, there exists i; € {1,...,k} such that

whﬁ(til—lvth—i-l) < L 1(«0}177(8,15).

Moreover, we have the relation
. 2
Py (Ap\{tll}h - Aph) = p'Y((SBti—l,tiﬂfiJrl) S (k‘ 1
Replacing p by p \ {t;, }, we can iterate this procedure until we end up with the trivial
partition p \ {t;,,...,t;,_,} = {s,t} for which A{**h = 0 (note that the order in which
the points ¢; are dropped out may depend on ~ in I, but this is not a problem since the
final expression does not). Writing that

APh = (Ap _ Ap\{ti1}> hd oot (Aw\{u1 ..... tig_ o} _ A{s,t}> h.

Wh~ (8, t)) . (A.6)

and using (A.6) & — 2 times, we find the maximal inequality

Py (APR) < 29wy, . (5,1) Zz @ < 2%y, (5, 1)° Zz “ < Cy wny (5, 1)
=1
(A.7)
and this holds for every v in I'.
Now, let us consider a refined partition p’ C p. We have

APh—Ah=— )" (Btiw — > BQT>

1<i<k—1 {0,7}yCp'N[ti,tiv1], 0<7

(. J/

-~

AP NlEistipaly,

whence, using the maximal inequality (A.7) on each [t;, t;1 1], there comes:

D~ (Aph — Ap/h) S Z C’awhﬂ(ti, ti+1)“7 .
tiep, i<k
Since a., > 1, the r.h.s. above vanishes as the size of p goes to 0, which by completeness
of E shows the convergence of APh towards some Agh, for any (s,t) € A.
Finally, one can follow the lines of Step 4 in [GT10, Proposition 2.3] to show that we
have 0 Ah = h. This completes the proof. [ |

Corollary and definition A.1. Given o € (0,1], let B in V,'*(I; E) and assume that
OB € Z17. Define

I(B) := B~ AéB € V,/(I; E). (A.8)
Then, the linear map T : V;/a(l; E) — ‘/21/04([; E), B — Z(B) fulfills the following
properties
® 07 = 0;
e ifh € Vzl/a(f; E) is another 2-index map such that 6h = 0 and h — B €
VI=(I; E), then h = Z(B);
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e for any B as above, I(B) is given by

ZyB = lim
lp]—0 (p)
e let E be a reflexive Banach space, and assume that f : I — L(E,F),g: 1 — E
are measurable maps, f being continuous, and such that g belongs to AC(I; E).
Let g € LY(I; E) denote the weak derivative of the path g. Assume in addition
that 6(fog) € Z'~(I; F'). Then, we have [,|f.g,|r dr < oo and

(A.9)

Btiti+1 ﬂ

t
Z(fog)s = / frg-dr  (Bochner integral in F'), (A.10)

where fdg is to be understood as the map (s,t) € A — f0gs.

For B as above, the 2-index map (s,t) € A +— I(B)g is called the rough integral of
B.

Proof. The three first statements are immediate consequences of Proposition A.1, (for a
proof in the Banach space setting, we refer e.g. to [Gub04, FH14]).

Let us check the last point. First, note that the weak derivative of g exists, because any
reflexive space fulfills the Radon-Nikodym property (see [DU77, Definition 3 p. 61 and
Corollary 13 p. 76]). From the formula (A.9), it holds that Z( fdg) is the limit, as n — oo
of the partial sums

I, :thrﬁgtyt;; —thn /n grdr—/frgTdr—Z/ ft” g, dr,
(hn) t;

where p,, = (t7') is such that |pn| — 0. The mapping f : I = [0,7] — R is continu-
ous, hence uniformly continuous, so that the second term above goes to 0 as n — oo.
Therefore, Z(fdg) = lim I,, = f] frg, dr, which proves (A.10). |

A.3. Families of smoothing operators. Let 12, denote the family of smoothing opera-
tors defined on ¢ € Wh = Wh(R?) k € Ny, by

o z— &) de
Ryp(x) := [px 0y)(x) = {90 * 9(—)77 d} (x) = / 90(5)@( )—d, zeR?,
n R4 no/n
(A.11)

where 9 € C°(R% R) is a non-negative, radially symmetric function that integrates to
1, and such that Supp ¢ C B;. As a consequence, [?, reproduces affine linear functions
exactly and it is then possible to recover the error of order 1? for |(R,, — id)p| .~ provided
¢ belongs to W2 (this is classical and follows from a Taylor expansion of the integrand).
More precisely, we have the following.

Lemma A.2. The family (R,),c (0,1 is a 2-step family of smoothing operators over the
scale W (RY).

Remark A.1. One could also consider different mollifiers (no longer nonnegative) which
would reproduce polynomials of higher order exactly, in order to obtain higher rates of
convergence of | (R, —id)¢|wn.- under suitable regularity assumption on ¢. Second order
estimates in 7 are however sufficient here.

Since It, increases the support of test functions, it cannot define a smoothing family
for the scale (Fj)xren, defined in (5.4). To deal with that problem, we need to introduce a
suitable cut-off function. Let §,, € C2°(IR) such that

0< 877 <1, Supp 0,7 C Bl_Qn CR, 6=1 on Bl—317 CR, (A.12)
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and such that fork = 1,2 :

C
|vk0n| < %
Next, we define
O,(z) == 0,(|z]*), for zeR”. (A.13)

The following has been shown in [DGHT16a].

Lemma A.3. There is a constant Cy > 0 such that for k = 0,1,2, and every i in
Wke(R%) compactly supported in By :

10,0 [wr.oe < Colthlyynice - (A.14)
If in addition we assume 1» € W5>(R%), with 0 < £ < k < 3 then
(1 — ©,)Y|weee < Con™  |t]ynee . (A.15)

Corollary A.1. The linear mappings J,, : Fo(2) — Fo(2),n € (0,1), defined by

Jy® == x o (Rn ® (Rngn)<¢ © Xﬁl))

where we keep the notations of Lemma A.2, (6.13) and (A.13), provide a 2-step family of
smoothing operators with respect to the scale (Fr(€2))ren, -

Proof. Since v/2y is a rotation, it is sufficient to show the corollary on the scale

Fy = {¢ € W-°(R? xR’ ,Supp¢ C R x B}, (A.16)
endowed with the norm (-, := | - |yyr., and J,, :== R, @ (R,0,).
Note first that for any fixed z € R, and ¢ € F}, :
Supp (id ®(R,Oy)¢(z,-)) C Supp(0,¢(x,-)) + Supp(e,) C By (A.17)

Since we have J,¢ = (R, ® id)(id ®R,0,))¢, we see that
Supp J,¢ C By,

and because J,,¢ is smooth, the property (J1) follows.
Concerning (J2), let for instance fix £k = 0, and ¢ € Fj. Using Lemma A.2, denoting
by ¥V := (id®R,0,)¢(-,y), we have forany 1 <i < dand z,y € R? :

C C
10w, Ty (2, y)| = |00, (Ry®id)[](2)| < E\W\Lgo =% /Rd Oy (W)1O(, ) L 00 (y—y) dy/

<

17

5 C C -
|0y, Jyd(@, y)| < |0y, (Ry @ Ry)d| + |0y, (Id @Ry )Y (y)| < E(](bDO + g‘w‘r’@"

!

C C : Nag < ©
< S(0do+ o [ 108, e oyl — ) do’ < ().

Inequalities corresponding to & = 1,2 are shown in a similar way, using in addition
(A.14)-(A.15). The bounds related to (J3) are similar. |
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