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1. Introdution

This thesis onerns with the theoretial and numerial study of the distributed

optimal ontrol of a �ow of two inompressible, immisible �uids.

From the mathematial point of view, the studied problems an be formulated as

an abstrat optimal ontrol problem with the following struture

Problem 1.1. Find ȳ ∈ Y, ū ∈ U suh that

J (ȳ, ū) =

{

min
(y,u)∈Y×U

J (y, u) subject to e (y, u) = 0, c (y) ∈ K, u ∈ Uad

}

,

where J : Y × U → R is the objetive funtion, e : Y × U → Z, c : Y → R
are operators, Y, U, Z,R are real Banah spaes, K ⊂ R is a losed onvex one

and Uad ⊂ U is a losed onvex set. Furthermore, e (w) = 0 stands for a general

equality onstraint and the ondition c (y) ∈ K represents an abstrat inequality

onstraint. In these settings, the variables u ∈ U, y ∈ Y represent, respetively, the

ontrol and the state of the system. For a general introdution about optimization

problems, we refer the reader to [68℄.

In the problems onsidered in the present thesis, W,Z and R are funtion spaes

and the state equation e(y, u) = 0 represents a system of Partial Di�erential Equa-

tions (PDEs).

Optimal ontrol problems where the solution is onstrained by partial di�erential

equations, are very interesting from mathematial point of view and have impor-

tant and pratial appliations in many disiplines suh as physis, engineering,

mehanis, hemistry, mediine, �nane and industry in general. For a general

overview about PDEs-onstrained optimal ontrol problems, we refer the reader

to [58℄. For examples and appliations, we refer to [65℄, where are olleted sev-

eral papers whih desribe the e�ieny of the optimal ontrol strategies to deal

with radio frequeny ablation, eletro-mehanial smart strutures, freezing of li-

ving ells, nanosale partiles prodution, radiative heat transfer, shape of arti�ial

blood pumps.

The standard approah to solve problems like Problem 1.1 above, is to use the tools

of Mathematial Programming in Banah spaes, see [58℄, [70℄, [87℄. If the map-

pings J, e, c are ontinuously Fréhet di�erentiable and the onstraints e (y, u) = 0,
c (y) ∈ K satisfy a regularity ondition alled onstraint quali�ation at the solution

(ȳ, ū), then the following �rst order optimality onditions or Karush-Kuhn-Tuker

(KKT) onditions hold true at (ȳ, ū):

There exists Lagrange multipliers p̄ ∈ Z∗, λ̄ ∈ R∗
suh that

e (ȳ, ū) = 0,(1.1)

c (ȳ) ∈ K,(1.2)
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ū ∈ Uad,(1.3)

λ̄ ∈ Ko, 〈λ̄, c (ȳ)〉R∗,R = 0,(1.4)

Ly (ȳ, ū, p̄) + c′ (ȳ)∗ λ̄ = 0,(1.5)

〈Lu (ȳ, ū, p̄) , u− ū〉U∗,U ≥ 0, ∀ u ∈ Uad,(1.6)

where the Lagrangian funtion L : Y × U × Z∗ → R is de�ned as

(1.7) L (y, u, p) := J (y, u) + 〈p, e (y, u)〉Z∗,Z ,

Ly, Lu are its partial Fréhet derivative and

(1.8) Ko = {λ ∈ R∗ : 〈λ, r〉R∗,R ≤ 0, ∀ r ∈ K} .

In the present work the set of PDEs whih represents the onstraints

e (y, u) = 0, c (y) ∈ K,

of the optimal ontrol problems under investigation is the Cahn-Hilliard-Navier-

Stokes system whih models the �ow of two immisible, inompressible �uids.

The inompressible Navier-Stokes and Stokes equations represent the entral mo-

dels in �uid mehanis. They an be derived onsidering a Newtonian �uid with

onstant visosity oe�ients and assuming mass onservation, proper evolution of

linear momentum and total energy and divergene-free veloity �eld (see [20℄, [67℄,

[81℄ and the referenes therein for further details). We refer to [20℄, [58℄ (Setion

1.8), [80℄ for analytial results and to [37℄, [73℄, [80℄ for numerial approahes.

The Cahn-Hilliard equations [21℄, [22℄, [23℄, is a model whih was originally derived

to desribe phase transition in binary alloys. In this �rst approah, the model

onsider a �uid where there is oexistene of two speies A and B. If the tempe-

rature of the system is greater than a ritial temperature Tc, the �uid manifests a

state where the two speies, alled phases, are uniformly mixed. When one perform

a deep quenhing (rapid redution of the temperature), the system performs a

spinodal deomposition, i.e. it moves towards a state where the two speies are

spatially separated and the interfae, the surfae whih separates the two phases,

has a minimum area. In order to desribe this behaviour, onsidering a �uid in

a spatial domain Ω and denoting by x and t the spae and time oordinates, the

Cahn-Hilliard model use a funtion y (x, t). This variable is alled phase-�eld or

order parameter and it has the following struture

(1.9) y (x, t) =
cA (x, t)− cB (x, t)

cA (x, t) + cB (x, t)
,

where cA and cB are the onentrations of the two speies. Then, if T > Tc, the

order parameter is onstant, uniform and suh that −1 < y < 1; onversely, when
T < Tc, y (x, t) onverges to a state where it assumes its extremal values −1, 1 in

the major part of the domain

y(x, t) = 1 ⇒ cB(x, t) = 0 pure phase A,
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y(x, t) = −1 ⇒ cA(x, t) = 0 pure phase B,

with a thin interfae where −1 < y (x, t) < 1 and the two speies are mixed.

Subsequent to its original formulation, Cahn-Hilliard model was used to deal with

other physial systems showing analogous phase separation behaviour, inluding,

for example, problems in image proessing [14℄, [24℄ and in �uid mehanis [5℄.

Furthermore, Cahn-Hilliard model have provided an e�ient option, from mathe-

matial point of view, to deal with interfaes dynamis (see [77℄ for a review and

also [8℄, [11℄). The struture of the Cahn-Hilliard system is the following

yt − γ∆w = 0,(1.10a)

y(0) = y0,(1.10b)

w + ε2∆y ∈ ∂Φ(y),(1.10)

∂y

∂n

∣

∣

∣

Ω
=

∂w

∂n

∣

∣

∣

Ω
= 0.(1.10d)

It is a fourth order system of paraboli type with Neumann boundary onditions.

The funtion w is the hemial potential and

1
γ
= Pe > 0 is the Pélet's number

whih is related to the mobility of the �uid. ε is a onstant parameter whih is

tipially small 0 < ε << 1: its value is onneted with the thikness of the interfae

whih is of order O (ε). The funtion Φ = Φ (y) is the homogeneous free energy

density and ∂Φ stands for its generalized derivative [28℄ (see also Setion 2.4.4 in

[58℄). This generalized derivative is single-valued if Φ is di�erentiable at y. For this
reason, in general, equation (1.10) is a variational inlusion. The Cahn-Hilliard

system (1.10) above, omes from the minimization [17℄ of a Ginzburg-Landau type

energy funtional Eε (y), whih is suh that

Eε (y) =
ε2

2

∫

Ω

|∇y|2 dx+

∫

Ω

Φ(y) dx.

Then, the analytial form of the homogeneous free energy density Φ (y) is ruial
in order to establish the proper behaviour of the system. Basially, the hoie of Φ
depends on the ontext of appliation of the model but, in general, the free energy

density Φ is suh that it penalizes the deviation from the physially meaningful

values [−1, 1]. In literature, several types of Φ has been onsidered. A widely

studied version for the homogeneous free energy density is the double-well potential

(1.11) Φ(y) =
1

4

(

1− y2
)2

,

for example in [32℄, [34℄, [71℄. Also the ase where Φ is an arbitrary polynomial

is analysed in [69℄, [76℄, [79℄, [82℄. A logarithmi form of the homogeneous free

energy density is studied in the original paper of Cahn and Hilliard [22℄ and in [4℄.

We emphasize that the logarithmi potential bounds the phase-�eld in the interval

(−1, 1), while the double-well does not. However, they are both di�erentiable and,

in these ases, equation (1.10) is an equality. In order to deal with the ase of

a deep quenh of a binary alloy, in [72℄ it is proposed the following form of the

homogeneous free energy density

(1.12) Φ(y) :=







1

2

(

1− y2
)

, if y ∈ [−1, 1],

+∞, otherwise,



4 1. Introdution

that is the so-alled double-obstale potential. This form of Φ allows a better desrip-

tion of the underlying physial phenomena, beause it bounds the order parameter

in the meaningful interval [−1, 1]. Conerning the Cahn-Hilliard equations with

Φ equal to the double-obstale potential, we refer the reader to [17℄, [54℄, [61℄ for

analytial results and to [7℄, [8℄, [9℄, [10℄, [15℄, [18℄, [38℄, [39℄, [49℄ for numerial and

disrete approahes.

The �ow of two immisible, inompressible �uids an be desribed by oupling

the Cahn-Hilliard system with the Navier-Stokes system

vt − ν∆v + (v · ∇)v +∇p+ ρ y · ∇w = u,(1.13a)

v|Ω = 0,(1.13b)

v(0) = v0,(1.13)

∇ · v = 0,(1.13d)

yt − γ∆w + v · ∇y = 0,(1.14a)

y(0) = y0,(1.14b)

w + ε2∆y ∈ ∂Φ(y),(1.14)

∂y

∂n

∣

∣

∣

Ω
=

∂w

∂n

∣

∣

∣

Ω
= 0.(1.14d)

In the Navier-Stokes system (1.13), p represents the pressure, u is an external

volume fore and Re = 1
ν
is the Reynold's number. The mean veloity �eld v, is

de�ned [62℄ to be

v =
1 + y

2
vA +

1− y

2
vB,

where vi, i = A,B, is the veloity �eld of the �uid omponent i. The onstant

parameter ρ is the apillarity number. Equations (1.13), (1.14) represent a model

whih is related to the so-alled model `H' in the nomenlature of Hohenberg and

Halperin [42℄, [45℄, [59℄, [64℄. Conerning the analysis of this model, we refer the

reader to [1℄, [2℄, [3℄, [19℄, [25℄, [33℄, [35℄, [41℄, [43℄, [44℄, [48℄, [60℄, [62℄, [63℄ and the

referenes therein. In partiular, among the referenes above, [35℄ and [62℄ ontain a

omprehensive of analyti and numerial results, for the double-well potential in the

Cahn-Hilliard part. In [48℄, the authors onsider the Cahn�Hilliard-Navier�Stokes

system with a double-obstale homogeneous free energy density. Then, they per-

form a Moreau�Yosida regularization of the double-obstale potential and �nd a

solution of the regularized system. In this way, the phase-�eld is not on�ned to

the physial interval [−1, 1], but may overshoot the values ±1 by a small amount

whih depends on a regularization parameter.

In this thesis we study the following type of optimal ontrol problem

Problem 1.2. Let Ω ⊂ R
2
be an open and bounded domain and

yd : ΩT := Ω× (0, T ) → R be given. Let α > 0 and T > 0 be �xed. Find a ontrol

u : ΩT → R
2
and a state y : ΩT → R suh that

J(y,u) =

∫ T

0

[

1

2

∫

Ω

(y − yd)
2 dx+

α

2

∫

Ω

|u|2 dx

]

dt,
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is minimized subjet to the Cahn-Hilliard-Navier-Stokes system (1.13), (1.14).

Problem 1.2 an be lassi�ed as a distributed optimal ontrol problem. Indeed, the

ontrol u, i.e. the external volume fore in the Navier-Stokes equations (1.13), is

distributed on the whole domain. The ontrol ats on the system with the purpose

of driving the state y, that is the phase-�eld in Cahn-Hilliard equation (1.14), as

lose as possible to a desired state yd. The struture of the objetive funtion J is

standard: the �rst term in J measure the distane between the state y and the de-

sired state yd; the seond is a regularization term whih guarantees well-posedness

of the problem. The onstant parameter α is usually small (α ∈ [10−5, 10−3]).
In literature, optimal ontrol problems involving multiphase �uids �ow, are studied

in relatively few papers. In several works, the authors onsider just the optimal

ontrol of the Cahn-Hilliard system without any oupling with the Navies-Stokes

equations: in [29℄, [30℄ a boundary ontrol problem with Φ equal to the double-

obstale potential (1.12) is studied; in [84℄, [86℄ a distributed optimal ontrol prob-

lem, where the free energy density orrespond, respetively, to a general polynomial

and to the double-well potential (1.11) is analysed; in [85℄, the ontrol of a visous

Cahn-Hilliard system is onsidered; in [54℄ a distributed optimal ontrol problem

with Φ equal to the double-obstale potential is assessed; in [31℄, the authors study

a problem involving non-loal interations.

Conerning the ontributions to the analysis of the optimal ontrol of the om-

plete Cahn-Hilliard-Navier-Stokes system, in [50℄, [55℄, a mathematial analysis of

a semi-disrete (in time) problem is performed. In [57℄, the authors study a fully

disretized version of the model, where the free energy density orresponds to the

double-obstale potential: they perform a Moreau-Yosida regularization of the re-

sulting state equations and then they obtain the solution of the problem applying

the instantaneous ontrol [26℄, [56℄ strategy. In [78℄, a distributed optimal ontrol

problem is onsidered, taking into aount the e�et of a disturbane whih desta-

bilizes the ontrol e�ets. In [36℄, the ase of non-loal interations is onsidered.

In the mathematial analysis of Problem 1.2, the main issue is the struture of the

homogeneous free energy density Φ in the Cahn-Hilliard equations. From physial

point of view, the most meaningful analytial form for the funtion Φ orresponds

to the double-obstale potential. Unfortunately, that makes the problem very hal-

lenging. Indeed, due to the non-smooth nature of the double-obstale potential, in

this ase equation (1.14) in the Cahn-Hilliard system is a variational inequality.

Optimal ontrol problems with variational inequalities are related to the mathe-

matial programs with equilibrium onstraints (MPECs), whih do not satisfy any

kind of onstraints quali�ations [51℄, [52℄, [54℄. Then, in Problem 1.2, if Φ is the

double-obstale potential, it is not possible to apply the standard tools of mathe-

matial programming in Banah spaes.

Below we give an overview of the struture of the thesis and brie�y explain how to

overome the di�ulties that arise in the optimal ontrol of onsidered problems.
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1.1. Struture of the Thesis

The thesis is organized in two main parts. In the �rst part, whih inludes Chap-

ters 2 and 3, we onsider the distributed optimal ontrol problem of the non-smooth

Cahn-Hilliard-Stokes system. We assume that the homogeneous free energy density

in the Cahn-Hilliard equations, orresponds to the double-obstale potential (1.12).

The analysis is performed at ontinuous level in Chapter 2 and by a �nite dimen-

sional approah in Chapter 3. In the seond part, whih enompasses Chapters

4 and 5, we study the distributed optimal ontrol problem of the smooth Cahn-

Hilliard-Navier-Stokes system. In this ase the homogeneous free energy density

is equal to the double-well potential (1.11). We assess this problem onsidering

in�nite dimensional settings in Chapter 4 and a disrete approah in Chapter 5.

In Chapter 2, we perform a mathematial analysis of Problem 1.2 above, replaing

the Navier-Stokes equations (1.13) with the Stokes equations

vt − ν∆v +∇p = u,(1.15a)

v|Ω = 0,(1.15b)

v(0) = v0,(1.15)

∇ · v = 0,(1.15d)

Hene, we do not onsider the e�ets of the inertia term and furthermore, we set

the apillarity number ρ = 0, negleting the surfae tension in equation (1.13a).

As a onsequene, the two state equations of the problem are deoupled. The �rst

assumption does not ompromise the results we establish in the thesis, i.e., they

remain valid for the Navier-Stokes system. The seond assumption is ruial: on-

sidering ρ 6= 0 ause severe di�ulties onerning the derivation of the optimality

onditions of the optimal ontrol problem. For this reason, the ase ρ 6= 0 with Φ
equal to the double-obstale potential remains an open problem.

The optimal ontrol problem under investigation is hallenging. Indeed, as we ex-

plained in the previous setion, it has a lak of onstraints quali�ation. Then, it

is not possible to solve it applying diretly the tools of mathematial programming

in Banah spae. In order to overome this di�ult, we adapt the idea from [54℄:

we regularize the problem, so that it is possible to apply the tools of mathematial

programming in Banah spaes; we derive the optimality onditions of the regu-

larized problem; we obtain the optimality onditions of the original problem as

a limit with respet to the regularization parameter of the optimality onditions

of the regularized problem. This last result is an original ontribution of this thesis.

In Chapter 3, at disrete level, we study the optimal ontrol problem following

the same proedure applied in Chapter 2. In this way, we derive three new results:

a set of optimality onditions of the problem; the onvergene of the disrete op-

timality onditions to the ontinuous optimality onditions, as the disretization

parameters go to zero; an e�ient algorithm for the solution of the disrete opti-

mality onditions. Finally, in order to show the e�etiveness of our approah, we

perform some omputations.
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In Chapter 4, we assess the Cahn-Hilliard-Navier-Stokes optimal ontrol Prob-

lem 1.2, where we assume the homogeneous free energy density Φ equal to the

double-well potential (1.11).

Compared to problem analysed in Chapter 2, there are three main di�erenes.

First, we onsider in the Cahn-Hilliard equation a smooth free energy density. This

assumption simpli�es the study of the problem, beause, in this way, the onstraints

quali�ation is satis�ed and it is possible to apply the tools of mathematial pro-

gramming in Banah spaes. Seondly, we do not neglet the e�et of the inertia

term in the Navier-Stokes equations. Finally, we take into aount the surfae

tension e�ets (ρ 6= 0). Consequently, the Navier-Stokes equations and the Cahn-

Hilliard equations (as well as the orresponding system of optimality onditions)

ontain rather ompliated nonlinear terms whih ompliate the analysis of the

problem.

In this hapter, we get original ontributions of the thesis: the �rst order optimality

onditions of the problem and regularity properties for the adjoint variables.

In Chapter 5 we propose and analyse a fully disrete approximation of the Cahn-

Hilliard-Navier-Stokes optimal ontrol problem. We establish new results: the di-

srete �rst order optimality onditions, the onvergene of the disrete optimality

onditions to the ontinuous optimality onditions, as the disretization parame-

ters go to zero. Finally, we onstrut a pratial algorithm for the solution of the

disrete optimality onditions and perform some numerial experiments.

In Appendix A, we present the notation and the basi results used in the thesis.

In Appendix B, we show some of the longer proofs of the results established in

the thesis.





2. Optimal Control of the

Non-Smooth

Cahn-Hilliard-Stokes System

2.1. Introdution

In this hapter, we study the optimal ontrol problem whih onerns the �ow of

a mixture of two inompressible, immisible �uids. The evolution of the system is

desribed by the Stokes equations (1.15) and the Cahn-Hilliard equations (1.14),

where the free energy density orresponds to the double-obstale potential (1.12).

In order to state the problem under investigation properly, we make some preli-

minary assumptions. We denote by: Ω ∈ R
2
an open, bounded, onvex polygonal

domain; T > 0 a �xed time horizon; ΩT = Ω × (0, T ); α > 0 a positive small

onstant. The setting and the notation used throughout this Chapter is presented

in Appendix A.2.1, A.2.2. In partiular, we onsider L2
0, the spae of the L2

-

funtions with zero mean, H0 = L2
0 ∩H1

and the assoiated Bohner's spae

W0 =
{

y ∈ L2 (H0) : yt ∈ L2 (H∗
0 )
}

.

In addition, we assume that D is the spae of the vetor-valued, divergene-free,

H1
0-funtions and we onsider the assoiated Bohner's spae

W0 =
{

v ∈ L2(D) : vt ∈ L2(D∗)
}

.

We de�ne the following spae,

(2.1) X = W0 ×W0 × L2
(

H1
)

,

with element

x = (v, y, w) .

The spaes X and X× L2 (L2) are endowed with the following norms,

‖x‖X =
[

‖v‖2W0
+ ‖y‖2W0

+ ‖w‖2L2(H1)

] 1
2

,

‖ (x,u) ‖X×L2(L2) =
[

‖x‖2X + ‖u‖2L2(L2)

]
1
2

.

Moreover, we de�ne the following set

(2.2) K =
{

θ ∈ L2
(

H1
)

: −1 ≤ θ ≤ 1, a.e. on ΩT

}

.
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We onsider the following objetive funtion

(2.3) J : X× L2
(

L2
)

→ R,

suh that

(2.4) J(x,u) :=

∫ T

0

[

1

2

∫

Ω

(y − yd)
2 dx+

α

2

∫

Ω

u2 dx

]

dt,

where we assume yd ∈ C ([0, T ] ;L2
0). Then, we onsider the following optimal

ontrol problem:

Problem 2.1. Given v0 ∈ D ∩H2
, y0 ∈ L2

0 ∩H2 ∩ K, �nd (x̄, ū) ∈ X× L2 (L2),
suh that

min
(x,u)∈X×L2(L2)

J (x,u) = J (x̄, ū) ,

subjet to

∫ T

0

[(vt,ψ) + ν (∇v,∇ψ)− (u,ψ)] dt = 0,(2.5a)

v(0) = v0, in Ω,(2.5b)

∫ T

0

[〈yt, η〉H1∗,H1 + γ (∇w,∇η)− (y,v · ∇η)] dt = 0,(2.6a)

y(0) = y0, in Ω,(2.6b)

∫ T

0

[

− (w, θ − y) + ε2 (∇y,∇θ −∇y)− (y, θ − y)
]

dt ≥ 0,(2.6)

y ∈ K,(2.6d)

for all ψ ∈ L2 (D) , η ∈ L2 (H1) , θ ∈ K.

In Problem 2.1 above, (2.5) are the weak form of the non-stationary Stokes

equations for inompressible �uid (1.15) and (2.6) are the weak form of the Cahn-

Hilliard system (1.14), where (1.14) is reformulated as a variational inequality.

Indeed, if Φ orresponds to the double-obstale potential (1.12), we an write

Φ(y) =
1

2

(

1− y2
)

+ I[−1,1],

where I[−1,1] is the indiator funtion of the interval [−1, 1]. Then, if ∂Φ (y) is the
generalized derivative of Φ alulated in y, we have

∂I[−1,1](y) = {v : v(θ − y) ≤ 0, ∀θ : −1 ≤ θ ≤ 1} ,

for all y suh that −1 ≤ y ≤ 1. Hene, (1.14) an be reformulated in the following

equivalent form

yt − γ∆w + v · ∇y = 0, in ΩT ,(2.7a)
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y(0) = y0, in Ω,(2.7b)

−
(

w + ε2∆y + y
)

(θ − y) ≥ 0, ∀θ : −1 ≤ θ ≤ 1, in ΩT ,(2.7)

−1 ≤ y ≤ 1, in ΩT ,(2.7d)

∂y

∂n

∣

∣

∣

Ω
=

∂w

∂n

∣

∣

∣

Ω
= 0, in ∂Ω× [0, T ],(2.7e)

Therefore, (2.6) is just a weak formulation of (1.14).

We stress a property of the Cahn-Hilliard system (2.7). Assuming y, w,v smooth

enough and integrating in Ω in (2.7a), we get

∫

Ω

yt dx = γ

∫

Ω

∆w dx−

∫

Ω

v · ∇y dx.

Thus, using the boundary onditions (2.7e) and the divergene theorem, we derive

d

dt

∫

Ω

y dx = −γ

∫

∂Ω

∂w

∂n
dσ +

∫

∂Ω

y v · n dσ +

∫

Ω

y ∇ · v dx = 0.

Therefore, the Cahn-Hilliard system (2.7) is mass preserving

∫

Ω

y (x, t) dx =

∫

Ω

y0 (x) dx = m.

Hene, if given v, y0, the solution of (1.14) are y, w, then denoting with ŷ0 = y0−
m
|Ω|
,

the funtions ŷ = y − m
|Ω|

, w are solution of

ŷt − γ∆w + v · ∇ŷ = 0, in ΩT ,(2.8a)

ŷ(0) = ŷ0, in Ω,(2.8b)

w + ε2∆ŷ ∈ ∂Φ̂ (ŷ) , in ΩT ,(2.8)

∂ŷ

∂n

∣

∣

∣

Ω
=

∂w

∂n

∣

∣

∣

Ω
= 0, in ∂Ω× [0, T ],(2.8d)

where

Φ̂ (ŷ) = Φ

(

ŷ +
m

|Ω|

)

.

Thus, the di�erene between the systems (1.14) and (2.8) is just a translation in the

free energy density Φ. So, in order to simplify the analysis of the problem, without

loss of generality, we assumed the following zero mass ondition on the initial data

(2.9)

∫

Ω

y0 (x) dx = 0.

The optimal ontrol Problem 2.1 is very hallenging. Indeed, it does not ful�ls

any kind of onstraint quali�ation and this fat prevents the appliation of the

standard theory of mathematial programming in Banah spaes [51℄, [52℄, [54℄.

It means that it is not possible to derive, diretly, a set of �rst order optimality

ondition to solve the problem. Therefore, to deal with Problem 2.1, we regularize

the double-obstale potential in the onstraint (2.6), by introduing a regularization

parameter δ. In this way we de�ne a regularized version of Problem 2.1 whih satisfy

the onstraint quali�ation. Then, we derive the �rst order optimality onditions

of Problem 2.1 as a limit of the �rst order optimality onditions of the regularized

problem, for the regularization parameter δ → 0+.
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2.2. Regularized Optimal Control Problem

This setion is devoted to the analysis of the regularized version of the non-smooth

optimal ontrol Problem 2.1: we show that this problem is well-posed and then we

derive the �rst order optimality onditions.

The regularization of Problem 2.1 is de�ned as follows. We onsider a parameter

δ ∈
(

0, 1
4

)

and a funtion Φδ(r) ∈ C2(R) suh that

(2.10) Φδ(r) :=
1

2

(

1− y2
)

+ fδ(y),

where

(2.11) fδ(r) :=



























































1

2δ

[

r +

(

1 +
δ

2

)]2

+
δ

24
if r ≤ −1 − δ,

−
1

6δ2
(r + 1)3 if − 1− δ < r < −1,

0 if − 1 ≤ r ≤ 1,

1

6δ2
(r − 1)3 if 1 < r < 1 + δ,

1

2δ

[

r −

(

1 +
δ

2

)]2

+
δ

24
if r ≥ 1 + δ.

Diret alulation shows

(2.12) f ′
δ(r) :=

1

δ
βδ (r) :=



























































1

δ

[

r +

(

1 +
δ

2

)]

if r ≤ −1− δ,

−
1

2δ2
(r + 1)2 if − 1− δ < r < −1,

0 if − 1 ≤ r ≤ 1,

1

2δ2
(r − 1)2 if 1 < r < 1 + δ,

1

δ

[

r −

(

1 +
δ

2

)]

if r ≥ 1 + δ,

and

(2.13) f ′′
δ (r) :=

1

δ
β ′
δ (r) :=



















































1

δ
if r ≤ −1 − δ,

−
1

δ2
(r + 1) if − 1− δ < r < −1,

0 if − 1 ≤ r ≤ 1,

1

δ2
(r − 1) if 1 < r < 1 + δ,

1

δ
if r ≥ 1 + δ.

The funtion Φδ de�ned in (2.10) is, for any �xed δ ∈
(

0, 1
4

)

a regularization of the

double-obstale potential (1.12) (see [17℄ for a piture of it). It is suh that

Φδ(r) → Φ(r) as δ → 0+, ∀r ∈ R,
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Φδ(r) → +∞ as r → ±∞, ∀δ ∈

(

0,
1

4

)

and furthermore there exists a positive onstant C0, suh that

(2.14) Φδ(r) ≥ −C0 δ, ∀δ ∈

[

0,
1

4

)

.

By the de�nition of fδ it follows that

(2.15) fδ(r) ≥
1

2δ
βδ(r)

2,

and from its onvexity

(2.16) fδ(r) ≥ fδ(s) +
1

δ
βδ(s)(r − s),

for all r, s ∈ R. Moreover βδ is a Lipshitz ontinuous funtion

(2.17) 0 ≤ β ′
δ ≤ 1,

suh that

(2.18) |β ′
δ (r)− β ′

δ (s) | ≤
1

δ
|r − s|.

for all δ ∈
(

0, 1
4

)

and r, s ∈ R.

In order to represent the regularized version of the non-smooth optimal ontrol

Problem 2.1 in a more ompat, general form, we onsider the following map

(2.19) eδ : X× L2
(

L2
)

→ Z =
[

L2 (D)× L2 (H0)× L2
(

H1
)

× S × L2
0

]∗
,

where the spae S is de�ned in (A.3). The map eδ is suh that, for all p =
(ψ, η, θ, ξ, ϕ) ∈ Z∗

,

〈p, eδ (x,u)〉Z∗,Z = 〈a (v,u) ,ψ〉L2(D∗),L2(D) + 〈b (v, y, w) , η〉
L2(H∗

0),L2(H0)
(2.20)

+ 〈cδ (y, w) , η〉L2(H1∗),L2(H1) + (ξ,v (0)− v0)

+ (ϕ, y (0)− y0) ,

where

〈a (v,u) ,ψ〉L2(D∗),L2(D) =

∫ T

0

[(vt,ψ) + ν (∇v,∇ψ)− (u,ψ)] dt,

〈b (v, y, w) , η〉
L2(H∗

0),L2(H0)
=

∫ T

0

[(yt, η) + γ (∇w,∇η)− (y,v · ∇η)] dt,(2.21)

and

〈cδ (y, w) , η〉L2(H1∗),L2(H1)(2.22)

=

∫ T

0

[

(w + y, θ)− ε2 (∇y,∇θ)−
1

δ
(βδ (y) , θ)

]

dt.
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Moreover, with z = (z1, z2, z3, z4, z5) ∈ Z, we de�ne the norm

‖z‖Z =
[

‖z1‖
2
L2(D∗) + ‖z2‖

2
L2(H∗

0)
+ ‖z3‖

2
L2(H1∗) + ‖z4‖

2
S + ‖z5‖

2
L2
0

]
1
2

.

So, the regularized version of the non-smooth optimal ontrol Problem 2.1 is the

following:

Problem 2.2. Given v0 ∈ D ∩H2
, y0 ∈ L2

0 ∩H2 ∩ K, �nd (x̄, ū) ∈ X× L2 (L2),
suh that

min
(x,u)∈X×L2(L2)

J (x,u) = J (x̄, ū) ,

subjet to

(2.23) eδ (x,u) = 0.

Using the de�nition (2.19), (2.20) of the map eδ, we note that the regularization
proess ats just on the Cahn-Hilliard equations, where the generalized derivative

of the non-smooth double-obstale potential (1.12) is replaed by the standard

derivative of the potential Φδ (2.10).

2.2.1. Properties of the Regularized State Equations

From the de�nition (2.19), (2.20) of the map eδ, we derive that the weak form of

the state equations (2.23) of the regularized optimal ontrol Problem 2.2 read as

follows:

∫ T

0

[(vt,ψ) + ν (∇v,∇ψ)− (u,ψ)] dt = 0,(2.24a)

v(0) = v0, in Ω,(2.24b)

∫ T

0

[〈yt, η〉H1∗,H1 + γ (∇w,∇η)− (y,v · ∇η)] dt = 0,(2.25a)

y(0) = y0, in Ω,(2.25b)

∫ T

0

[

(w, θ)− ε2 (∇y,∇θ) + (y, θ)−
1

δ
(βδ (y) , θ)

]

dt = 0,(2.25)

for all ψ ∈ L2 (D) , η, θ ∈ L2 (H1). In the next Lemma 2.3, we derive existene,

uniqueness and regularity properties of the solution of (2.24), (2.25).

Lemma 2.3 (existene, uniqueness, regularity). For any �xed δ ∈
(

0, 1
4

)

,

v0 ∈ D ∩H2
, y0 ∈ L2

0 ∩H2
, −1 ≤ y0 ≤ 1 a.e. in Ω, u ∈ L2 (L2) the system (2.24),

(2.25) has a unique solution

(v, y, w) ∈
(

H1 (S) ∩ L∞ (D)
)

×
(

W0 ∩ L∞ (H0) ∩ L2
(

H2
))

× L2
(

H1
)

,

whih satis�es

(2.26) ‖vt‖
2
L2(S)+‖v‖2L∞(D)+‖y‖2W0

+‖y‖2L∞(H0)
+‖y‖2L2(H2)+‖w‖2L2(H1) ≤ C (u) ,
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(2.27)

∂y

∂n

∣

∣

∣

∂Ω
= 0, a.e. on (0, T ) ,

(2.28)

∥

∥

∥

1

δ
βδ (y)

∥

∥

∥

2

L2(L2)
≤ C (u) ,

where the onstant C (u) depends ontinuously on ‖u‖L2(L2) and data problem (ini-

tial onditions and onstant parameters ), but it is independent of δ.

The proof of the Lemma is given in Appendix B, Setion B.1.

Remark 2.4. It is obvious that the solution y ∈ W0. In fat setting η = χ[0,t] in

(2.25a), where

χ[0,t] (s) :=

{

1 if s ∈ [0, t] ,

0 otherwise

and integrating by parts in time, we have

(y (t) , 1) = (y (0) , 1) = 0, ∀ t ∈ (0, T ].

As a onsequene of the results of Lemma 2.3, assoiated to the state equations

of the regularized optimal ontrol Problem 2.2

eδ (x,u) = 0,

we an de�ne a bounded solution operator sδ : L
2 (L2) → X, whih suh that

(2.29) eδ (sδ (u) ,u) = 0, ∀ u ∈ L2
(

L2
)

.

2.2.2. Well-Posedness of the Regularized Optimal Control

Problem

We note that the map J : X × L2 (L2) → R, de�ned in (2.4), in the regularized

optimal ontrol Problem 2.2 is ontinuous, onvex and bounded from below. Thus,

it is weakly lower semiontinuous. We use the weakly lower semiontinuity of J to

get the following result, whih ensures that Problem 2.2 is well posed.

Theorem 2.5 (existene of minimizers). For any �xed δ ∈
(

0, 1
4

)

, the regulari-

zed optimal ontrol Problem 2.2 admits a solution.

Proof. For any u ∈ L2 (L2), Lemma 2.3 ensures the existene and the uniqueness

of the solution x = (v, y, w) ∈ X. Therefore the feasible set

Fad =
{

(x,u) ∈ X× L2
(

L2
)

: eδ (x,u) = 0
}

,

is not empty. Then there exists

inf
(x,u)∈Fad

J (x,u) = Ĵ > −∞.
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and a sequene {(xn,un)}n∈N ⊂ Fad, suh that

(2.30) J (xn,un) → Ĵ .

By the de�nition (2.4) of the ost funtional J , the sequene {un}n∈N is bounded

in L2 (L2) and so, by Lemma 2.3, there exists a onstant C suh that

‖xn‖X ≤ C,

and furthermore

‖vn‖L∞(D) + ‖yn‖L∞(H0) ≤ C.

Then, we an extrat a subsequene (labelled with index m), suh that

vm ⇀ v, in W0,(2.31)

vm
∗
⇀ v, in L∞ (D) ,(2.32)

vm → v, in L2 (S) ,(2.33)

ym ⇀ y, in W0,(2.34)

ym
∗
⇀ y, in L∞ (H0) ,(2.35)

ym → y, in L2
(

L2
0

)

,(2.36)

wm ⇀ w, in L2
(

H1
)

,(2.37)

um ⇀ u, in L2
(

L2
)

,(2.38)

where (2.33) and (2.36) follow, respetively, from (2.31) and (2.34), using the Aubin-

Lions-Simon Theorem (see for example Theorem II.5.16 in [20℄). So, we have

(xm,um) ⇀ (x,u) , in X× L2
(

L2
)

.

The subsequene {(xm,um)}m ⊂ Fad, therefore eδ (xm,um) = 0. We show in the

following that eδ (x,u) = 0. From (2.31), (2.34), (2.37) and (2.38), we get

〈a (vm,um) ,ψ〉L2(D∗),L2(D) → 〈a (v,u) ,ψ〉L2(D∗),L2(D),
∫ T

0

[(ymt, η) + γ (∇wm,∇η)] dt →

∫ T

0

[(yt, η) + γ (∇w,∇η)] dt,

∫ T

0

[

(wm + ym, θ)− ε2 (∇ym,∇θ)
]

dt →

∫ T

0

[

(w + y, θ)− ε2 (∇y,∇θ)
]

dt.

as m → +∞, for all (ψ, η, θ) ∈ L2 (D) × L2 (H0) × L2 (H1). Conerning the

remaining term in the funtional b (2.21), we have that

∣

∣

∣

∫ T

0

(ym,vm · ∇η)− (y,v · ∇η) dt
∣

∣

∣

≤

∫ T

0

| (ym − y,vm · ∇η) | dt+

∫ T

0

| (y, [vm − v] · ∇η) | dt = D1 +D2,

where using the inequalities (A.17), (A.18) and (2.33), (2.36), we derive

D1 ≤ C

∫ T

0

‖y − ym‖
1
2 ‖y − ym‖

1
2

H0
‖vm‖

1
2 ‖vm‖

1
2

D
‖η‖H0

dt
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≤ C ‖y − ym‖
1
2

L∞(H0)
‖vm‖

1
2

L∞(D) ‖y − ym‖
1
2

L2(L2) ‖vm‖
1
2

L2(S) ‖η‖L2(H0) → 0,

D2 ≤ C

∫ T

0

‖y‖
1
2 ‖y‖

1
2

H0
‖vm − v‖

1
2 ‖vm − v‖

1
2

D
‖η‖H0

dt

≤ C ‖y‖
1
2

L∞(H0)
‖vm − v‖

1
2

L∞(D) ‖y‖
1
2

L2(L2) ‖vm − v‖
1
2

L2(S) ‖η‖L2(H0) → 0,

as m → +∞. In order to manage the remaining term in cδ (2.22), from (2.17), we

note that βδ is a Lipshitz funtion and therefore

∫ T

0

| (βδ (ym)− βδ (y) , θ) | dt ≤ ‖ym − y‖L2(L2) ‖θ‖L2(L2) → 0,

as m → +∞. So, we an laim that

〈a (v,u) ,ψ〉L2(D∗),L2(D)+〈b (v, y, w) , η〉
L2(H∗

0),L2(H0)
+〈cδ (y, w) , η〉L2(H1∗),L2(H1) = 0,

for all (ψ, η, θ) ∈ L2 (D) × L2 (H0) × L2 (H1). With ψ = ξ (1− t/T ) , ξ ∈ S and

η = ϕ (1− t/T ) , ϕ ∈ L2
0, integrating by parts and using the previous results, it is

easy to realize that

(vm (0)− v (0) , ξ) = −

∫ T

0

(vmt − vt,ψ) dt−

∫ T

0

(vm − v,ψt) dt → 0,

(ym (0)− y (0) , ϕ) = −

∫ T

0

〈ymt − yt, η〉H∗

0 ,H0
dt−

∫ T

0

(ym − y, ηt) dt,→ 0,

as m → +∞. Furthermore, for all m, we have vm (0) = v0 and ym (0) = y0.
Therefore

v (0) = v0, y (0) = y0.

Thus, we have

eδ (x,u) = 0,

that is (x,u) ∈ Fad. Then, using that J is weakly lower semiontinuous, we an

write

J (x,u) ≤ lim inf
m→+∞

J (xm,um) = Ĵ .

Hene, (x,u) is a solution of the optimal ontrol Problem 2.2.

2.2.3. Optimality Conditions of the Regularized Optimal

Control Problem

In this setion, we show that Problem 2.2 satis�es the onditions needed to apply the

standard theory of mathematial programming in Banah spaes (see Assumptions

1.47 in [58℄). Subsequently, we derive the �rst order optimality onditions of the

regularized optimal ontrol Problem 2.2 (see Theorem 1.48, Corollary 1.3 in [58℄).

We need to verify that the regularized optimal ontrol problem satis�es the following

onditions:

• the ontinuous Fréhet di�erentiability of the ost funtional J : X×L2 (L2) →
R de�ned in (2.4);
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• the ontinuous Fréhet di�erentiability of the onstraint eδ : X×L2 (L2) → Z
de�ned in (2.19), (2.20);

• the existene of the inverse of the mapping eδx (sδ (u) ,u), where sδ is the

bounded solution operator de�ned in (2.29).

It is easy to realize that the mapping J : X× L2 (L2) → R is ontinuously Fréhet

di�erentiable. Indeed, the Fréhet derivative

J ′ : X× L2
(

L2
)

→ L
(

X× L2
(

L2
)

,R
)

,

and J has partial Fréhet derivatives

〈 Jv (x,u) ,dv 〉W∗

0 ,W0
= 0,

〈 Jy (x,u) , dy 〉W ∗

0 ,W0
=

∫ T

0

(y − yd, dy) dt,

〈 Jw (x,u) , dw 〉L2(H1∗),L2(H1) = 0,

(Ju (x,u) ,du)L2(L2) =

∫ T

0

(α u,du) dt,

suh that

〈 J ′ (x,u) , (dx,du) 〉(X×L2(L2))∗,X×L2(L2) =

∫ T

0

[(y − yd, dy) + α (u,du)] dt,

for all (dx.du) ∈ X× L2 (L2). Therefore

∣

∣

∣
J (x+ dx,u+ du)− J (x,u)−

〈

J ′ (x,u) , (dx,du)
〉

(X×L2(L2))∗,X×L2(L2)

∣

∣

∣
= 0

i.e., J is Fréhet di�erentiable. Moreover, J is ontinuously Fréhet di�erentiable,

sine

∣

∣

∣

〈

J ′ (x+ dx,u+ du)− J ′ (x,u) , (hx,hu)
〉

(X×L2(L2))∗,X×L2(L2)

∣

∣

∣

=
∣

∣

∣

∫ T

0

[(dy, hy) + α (du,hu)] dt
∣

∣

∣

≤ ‖dy‖L2(L2)‖hy‖L2(L2) + α‖du‖L2(L2)‖hu‖L2(L2)

≤ ‖ (dx,du) ‖X×L2(L2)

[

‖hy‖L2(L2) + α‖hu‖L2(L2)

]

→ 0,

as (dx,du) → 0 in X× L2 (L2), for all (hx,hu) ∈ X× L2 (L2).

The di�erentiation properties of the map eδ are summarized in the following lemma.

Lemma 2.6. For any �xed δ ∈
(

0, 1
4

)

, the map eδ : X×L2 (L2) → Z is ontinuously

Fréhet di�erentiable.

Proof. We have

e′δ : X× L2
(

L2
)

→ L
(

X× L2
(

L2
)

,Z
)

,
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with partial Fréhet derivatives

〈

p, eδv (x,u)dv

〉

Z∗,Z
=

∫ T

0

[(dvt,ψ) + ν (∇dv,∇ψ)− (y,dv · ∇η)] dt+ (ξ,dv(0)) ,

〈

p, eδy (x,u) dy
〉

Z∗,Z
=

∫ T

0

[

〈dyt, η〉H1∗,H1 − (dy,v · ∇η)− ε2 (∇dy,∇θ)

+ (dy, θ)−
1

δ
(β ′

δ (y) dy, θ)

]

dt+ (ϕ, dy(0)) ,

〈

p, eδw (x,u) dw
〉

Z∗,Z
=

∫ T

0

[γ (∇dw,∇η) + (dw, θ)] dt,

〈

p, eδu (x,u)du

〉

Z∗,Z
= −

∫ T

0

(du,ψ) dt,

where p = (ψ, η, θ,ψ, ϕ) ∈ Z∗
. We have Fréhet di�erentiability if

∥

∥ eδ (x+ dx,u+ du)− eδ (x,u)− e′δ (x,u) (dx,du)
∥

∥

Z
= o

(

‖ (dx,du) ‖X×L2(L2)

)

,

as ‖ (dx,du) ‖X×L2(L2) → 0. It is easy to realize that

∣

∣

∣

〈

p, eδ (x + dx,u+ du)− eδ (x,u)− e′δ (x,u) (dx,du)
〉

Z∗,Z

∣

∣

∣

≤
∣

∣

∣

∫ T

0

(dy,dv · ∇η) dt
∣

∣

∣
+
∣

∣

∣

1

δ

∫ T

0

(βδ (y + dy)− βδ (y)− β ′
δ (y) dy, θ) dt

∣

∣

∣

= E1 + E2.

With p = (ψ, η, θ,ψ, ϕ) ∈ Z∗
, we have, using the embeddings (A.5), (A.6),

E1 ≤ C

∫ T

0

‖dy‖
1
2 ‖dy‖

1

2

H0
‖dv‖

1
2 ‖dv‖

1

2

D
‖η‖H0

dt

≤ C ‖dy‖
1
2

C([0,T ];L2
0)

‖dv‖
1
2

C([0,T ];S) ‖dy‖
1
2

L2(H0)
‖dv‖

1
2

L2(D) ‖η‖L2(H0)

≤ C ‖η‖L2(H0) ( ‖dy‖W0
+ ‖dv‖W0

)
(

‖dy‖L2(H0) + ‖dv‖L2(D)

)

≤ C ‖η‖L2(H0) ‖ (dx,du) ‖
2
X×L2(L2).

Next, we note that

1

‖dy‖W0

∫ T

0

(βδ (y + dy)− βδ (y) , θ) dt →
1

‖dy‖W0

∫ T

0

(β ′
δ (y) dy, θ) dt,

as dy → 0 in W0. Hene, for all (dx,du) ∈ X× L2 (L2), we derive

E2

‖ (dx,du) ‖X×L2(L2)

≤
|1
δ

∫ T

0
(βδ (y + dy)− βδ (y)− β ′

δ (y) dy, θ) dt|

‖dy‖W0

→ 0,

as (dx,du) → 0 in X × L2 (L2). Thus, we have shown that eδ is Fréhet di�eren-
tiable.
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Next, we show that eδ is ontinuosly Fréhet di�erentiable, i.e. for all (x,u) , (dx,du) ∈
X× L2 (L2),

‖e′δ (x + dx,u+ du)− e′δ (x,u) ‖L(X×L2(L2),Z) → 0,

as (dx,du) → 0. We have,

∣

∣

∣

〈

p, [ e′δ (x+ dx,u+ du)− e′δ (x,u) ] (hx,hu)
〉

Z∗,Z

∣

∣

∣

=
∣

∣

∣

∫ T

0

[

(dy,hv · ∇η) + (hy,dv · ∇η) +
1

δ
(β ′

δ (y + dy)− β ′
δ (y) , hy θ)

]

dt
∣

∣

∣

= F1 + F2 + F3,

for all p = (ψ, η, θ,ψ, ϕ) ∈ Z∗
. As well as in the estimate for E1, we derive

F1 ≤ C ‖dy‖
1
2

C([0,T ];L2
0)

‖hv‖
1
2

C([0,T ];S) ‖dy‖
1
2

L2(H0)
‖hv‖

1
2

L2(D) ‖η‖L2(H0) → 0,

F2 ≤ C ‖hy‖
1
2

C([0,T ];L2
0)

‖dv‖
1
2

C([0,T ];S) ‖hy‖
1
2

L2(H0)
‖dv‖

1
2

L2(D) ‖η‖L2(H0) → 0,

as (dx,du) → 0. Moreover, using the property (2.18) of β ′
δ,

F3 ≤
C

δ2

∫ T

0

‖dy‖ ‖hy‖H0
‖θ‖H0

dt ≤
C

δ2
‖dy‖C([0,T ];L2

0)
‖hy‖L2(H0) ‖θ‖L2(H0) → 0,

as (dx,du) → 0. It follows that eδ is ontinuously Fréhet di�erentiable.

Theorem 2.7. For any �xed δ ∈
(

0, 1
4

)

, u ∈ L2 (L2), we have that

eδx (sδ (u) ,u) ∈ L (X,Z) ,

has a bounded inverse.

The proof of the Theorem is given in Appendix B, Setion B.1

Note that, by Theorem 2.7, we have that for all u ∈ L2 (L2),

(2.39) [ eδx (sδ (u) ,u) ]
−1 ∈ L (Z,X) .

The ontinuous Fréhet di�erentiability of the ost funtional J : X×L2 (L2) → R,

Lemma 2.6 and Theorem 2.7 guarantee that all the solutions (x.u) of the regularized
optimal ontrol Problem 2.2 satisfy, together an adjoint variable q ∈ Z∗

, a set of

�rst order optimality onditions (see Theorem 1.48 and Corollary 1.3 in [58℄). To

derive the �rst order optimality onditions, it is onvenient to de�ne the Lagrange

funtional Lδ : X× L2 (L2)× Z∗ → R,

(2.40) Lδ (x,u,q) = J (x,u) + 〈 q, eδ (x,u) 〉Z∗,Z,

where q = (qv, qy, qw,qv0, qy0) ∈ Z∗
. Thus, the optimality onditions of Problem

2.2 an be formulated as follows: �nd (x,u,q) ∈ X× L2 (L2)× Z∗
suh that

Lδq (x,u,q) = 0, in Z,(2.41)
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Lδx (x,u,q) = 0, in X∗,(2.42)

Lδu (x,u,q) = 0, in L2
(

L2
)

.(2.43)

It is easy to realize that (2.41) are the state equations eδ (x,u) = 0. Relation (2.42)
orresponds to the so-alled adjoint equations and (2.43) is a further optimality

relation.

In the following lemma, we show that given a solution x = sδ (u) of the state

equations (2.41), the adjoint equations (2.42) have a unique solution q ∈ Z∗
.

Lemma 2.8. Let u ∈ L2 (L2) and x ∈ X suh that x = sδ (u) be given. Then, the
adjoint equations (2.42) have a unique solution q ∈ Z∗

, for any �xed δ ∈
(

0, 1
4

)

.

Proof. For all dx ∈ X, we have

〈

Lδx (x,u,q) ,dx

〉

X∗,X
=
〈

Jx (x,u) ,dx

〉

X∗,X
+
〈

q, eδx (x,u)dx

〉

Z∗,Z
,

thus the adjoint equations (2.42) are equivalent to

eδx (x,u)
∗
q = −Jx (x,u) , in X∗.

Then, if x = sδ (u), q = q (u) is given by

q (u) = − [eδx (s (u) ,u)]
−∗ Jx (sδ (u) ,u) .

By Theorem 2.7, we know that [eδx (sδ (u) ,u)]
−∗ ∈ L (X∗,Z∗). So, the proof is

omplete.

The �rst order optimality onditions (2.41)-(2.43) are written in terms of the

abstrat variables (x,u,q) ∈ X×L2 (L2)×Z∗
. In the following Corollary 2.9, from

the de�nitions of the spaes X in (2.1) and Z in (2.19), we write these optimality

onditions expliitly, using the state variables

(v, y, w) ∈ W0 ×W0 × L2
(

H1
)

,

and the adjoint variables

(qv, qy, qw,qv0, qy0) ∈ L2 (D)× L2 (H0)× L2
(

H1
)

× S × L2
0.

Corollary 2.9 (optimality onditions). For any given δ ∈
(

0, 1
4

)

, the �rst order

optimality onditions (2.41)-(2.43) of the regularized optimal ontrol Problem 2.2

read as follows:

∫ T

0

[(vt,ψ) + ν (∇v,∇ψ)− (u,ψ)] dt = 0,(2.44a)

v(0) = v0, in Ω,(2.44b)

∫ T

0

[〈yt, η〉H1∗,H1 + γ (∇w,∇η)− (y,v · ∇η)] dt = 0,(2.44)

y(0) = y0, in Ω,(2.44d)

∫ T

0

[

(w, θ)− ε2 (∇y,∇θ) + (y, θ)−
1

δ
(βδ (y) , θ)

]

dt = 0,(2.44e)
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for all ψ ∈ L2 (D) , η, θ ∈ L2 (H1),

∫ T

0

[−〈qvt,ψ〉D∗,D + (∇qv,∇ψ)− (y,∇qy ·ψ)] dt = 0,(2.45a)

qv (T ) = 0, in Ω,(2.45b)

∫ T

0

[

〈ηt, qy〉H∗

0 ,H0
− ε2 (∇qw,∇η) + (qw, η)− (v · ∇qy, η) + (y − yd, η)

]

dt

+ (qy0, η (0))−
1

δ

∫ T

0

(β ′
δ (y) qw, η) dt = 0,(2.45)

∫ T

0

[ (qw, θ) + γ (∇qy,∇θ) ] dt = 0.(2.45d)

for all ψ ∈ L2 (D) , η ∈ W0, θ ∈ L2 (H1),

(2.46)

∫ T

0

(αu− qv,ϕ) dt = 0,

for all ϕ ∈ L2 (L2).

Proof. Diret alulation shows that equations (2.44) and (2.46) an be derived,

respetively, from (2.41) and (2.43). From (2.42), we get (2.45), (2.45d) and the

following equation

(2.47)

∫ T

0

[〈ψt,qv〉D∗,D + (∇qv,∇ψ)− (y,∇qy ·ψ)] dt+ (qv0,ψ (0)) = 0.

In (2.47), we have qv ∈ L2 (D) and qv0 ∈ S. If we assume qv ∈ W0 and integrate

by parts in time, from (2.47) we obtain

∫ T

0

[−〈qvt,ψ〉D∗,D + (∇qv,∇ψ)− (y,∇qy ·ψ)] dt(2.48)

+ (qv (T ) ,ψ (T ))− (qv (0) ,ψ (0)) + (qv0,ψ (0)) = 0.

Thus, setting qv (T ) = 0 and qv (0) = qv0 in (2.48), we get that qv satis�es

∫ T

0

[−〈qvt,ψ〉D∗,D + (∇qv,∇ψ)− (y,∇qy ·ψ)] dt = 0,(2.49)

qv (T ) = 0, in Ω

for all ψ ∈ W0. In (2.49), qy ∈ L2 (H0) and from (2.26), y ∈ L∞ (H0). Therefore,
it is easy to prove that

(2.50)

∣

∣

∣

∫ T

0

(y,∇qy ·ψ) dt
∣

∣

∣
≤ C ‖y‖L∞(H0) ‖qy‖L2(H0) ‖ψ‖L2(D), ∀ ψ ∈ L2 (D) .

Thus, from (2.50), using a density argument, we obtain that (2.47) is equivalent to

(2.45a), (2.45b), with test funtions ψ ∈ L2 (D). In fat, equations (2.45a), (2.45b)

have a unique solution qv ∈ W0 whih is, by Lemma 2.8, the unique solution of

(2.47).



2.3. Non-Smooth Optimal Control Problem 23

We onlude this setion with Lemma 2.10, that provides regularity results and

δ−independent stability estimates for the adjoint variables

qv ∈ L2 (D) , qy ∈ L2 (H0) , qw ∈ L2
(

H1
)

, qy0 ∈ L2
0.

These results will be used in the next setion, where we perform the limit of the

optimality onditions system (2.44)-(2.46) for the regularization parameter δ → 0+.

Lemma 2.10. For any �xed δ ∈
(

0, 1
4

)

, let us assume that

v ∈ W0, y ∈ W0, w ∈ L2
(

H1
)

,

u ∈ L2
(

L2
)

,

qv ∈ L2 (D) , qy ∈ L2 (H0) , qw ∈ L2 (H0) , qy0 ∈ L2
0,

are a solution of the optimality onditions (2.44)-(2.46). Then, the adjoint variables

have improved regularity properties

qv ∈ H1 (S) ∩ L∞ (D) ,(2.51)

qy ∈ L∞ (H0) ∩ L2
(

H2
)

,(2.52)

qy0 ∈ H0.(2.53)

(2.54)

∂qy
∂n

∣

∣

∣

∂Ω
= 0, a.e. on (0, T ) ,

and

‖qvt‖
2
L2(S) + ‖qv‖

2
L∞(D) + ‖qy‖

2
L∞(H0)

+‖qy‖
2
L2(H2) + ‖qy0‖

2
H0

+ ‖qw‖
2
L2(H0)

+
∥

∥

∥

1

δ
β ′
δ (y)

∥

∥

∥

2

W ∗

0

≤ C (u) ,(2.55)

where the onstant C (u) depends ontinuously on ‖u‖L2(L2) and data problem (ini-

tial onditions and onstant parameters), but it is independent of δ.

The proof of the Lemma is shown in Appendix B, Setion B.1.

2.3. Non-Smooth Optimal Control Problem

Using the results obtained in Setion 2.2, we study the non-smooth optimal on-

trol Problem 2.1. In partiular, we derive the �rst order optimality onditions of

Problem 2.1 as a limit of the �rst order optimality onditions (2.44)-(2.46) of the

regularized Problem 2.2, for the regularization parameter δ → 0+.

2.3.1. Properties of the State Equations of the Non-Smooth

Optimal Control Problem

In this setion, we onsider the state equations (2.5), (2.6) of the non-smooth

optimal ontrol Problem 2.1. In Theorem 2.11 below, we get that these equations

an be derived as limit of the state equations (2.24), (2.25) of the regularized optimal

ontrol Problem 2.2, for the regularization parameter δ → 0+. Next, in Lemma

2.12, we show existene, uniqueness and regularity properties of the solution of

(2.5), (2.6).
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Theorem 2.11. Consider a sequene {δn}n∈N ⊂
(

0, 1
4

)

suh that δn → 0+, a

bounded sequene {un}n∈N ⊂ L2 (L2) and the orresponding sequene of solutions

{(vn, yn, wn)}n∈N ⊂ W0×W0×L2 (H1) of the state equations (2.24), (2.25) of the

regularized optimal ontrol Problem 2.2. Then, there exists a subsequene (labelled

by index m), suh that

um ⇀ u, in L2
(

L2
)

,(2.56)

vm ⇀ v, in H1 (S) ,(2.57)

vm
∗
⇀ v, in L∞ (D)(2.58)

vm → v, in L2 (S) ,(2.59)

ym ⇀ y, in W0,(2.60)

ym
∗
⇀ y, in L∞ (H0)(2.61)

ym ⇀ y, in L2
(

H2
)

,(2.62)

ym → y, in L2 (H0) ,(2.63)

wm ⇀ w, in L2
(

H1
)

.(2.64)

Moreover, there exists a onstant C, suh that

(2.65) ‖vt‖
2
L2(S) + ‖v‖2L∞(D) + ‖y‖2W0

+ ‖y‖2L∞(H0) + ‖y‖2L2(H2) + ‖w‖2L2(H1) ≤ C.

Furthermore (v, y, w,u) satis�es the state equations (2.5), (2.6) of the non-smooth
optimal ontrol Problem 2.1 and

(2.66)

∂y

∂n

∣

∣

∣

∂Ω
= 0, a.e. on (0, T ) ,

Proof. The results (2.56)-(2.65) and (2.66) are diret onsequene of the Lemma

2.3. Indeed, sine the sequene {un}n∈N is bounded in L2 (L2), we an extrat a

subsequene (labelled with an index l) {ul}l, suh that

ul ⇀ u, in L2
(

L2
)

.

Hene, onsidering the orresponding sequene of solutions {(vl, yl, wl)}l of the
regularized state equations (2.24), (2.25) and using the δ−independent estimate

(2.26), we infer that there exists a further subsequene (labelled by an index m)

{(vm, ym, wm)}m whih ful�ls (2.57), (2.58), (2.60)-(2.62), (2.64) and (2.65). Then,

the strong onvergene results (2.59) and (2.63) are given by the Aubin-Lions-Simon

Theorem (see for example Theorem II.5.16 in [20℄). Furthermore, from (2.27), it

holds

∂ym
∂n

∣

∣

∣

∂Ω
= 0, a.e. on (0, T ) .

for all m. Thus (2.66) follows from (2.62). Next, we show that (v, y, w,u) satis�es
the state equations (2.5), (2.6) of the non-smooth optimal ontrol Problem 2.1. We

have that (vm, ym, wm,um) in (2.56)-(2.64) is suh that

∫ T

0

[(vmt,ψ) + ν (∇vm,∇ψ)− (um,ψ)] dt = 0,(2.67a)
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vm(0) = v0, in Ω,(2.67b)

∫ T

0

[〈ymt, η〉H1∗,H1 + γ (∇wm,∇η)− (ym,vm · ∇η)] dt = 0,(2.67)

ym(0) = y0, in Ω,(2.67d)

∫ T

0

[

(wm + ym, θ)− ε2 (∇ym,∇θ)−
1

δm
(βδm (ym) , θ)

]

dt = 0,(2.67e)

for all ψ ∈ L2 (D) , η, θ ∈ L2 (H1). As m → +∞ the onvergene of (2.67a)

to (2.5a) is straightforward. The same holds onerning the onvergene of the

linear terms in (2.67) to the orresponding terms in (2.6a). The onvergene of

the nonlinear term in (2.67) to the orresponding term in (2.6a), is derived noting

that, as → +∞,

∣

∣

∣

∫ T

0

(ym,vm · ∇η) dt−

∫ T

0

(y,v · ∇η) dt
∣

∣

∣

≤
∣

∣

∣

∫ T

0

(ym − y,vm · ∇η) dt
∣

∣

∣
+
∣

∣

∣

∫ T

0

(y, [vm − v] · ∇η) dt
∣

∣

∣

≤ C
[

‖ym − y‖
1
2

L∞(H1)‖vm‖
1
2

L∞(D)‖ym − y‖
1
2

L2(L2)‖vm‖
1
2

L2(S)

+ ‖y‖
1
2

L∞(H1)‖vm − v‖
1
2

L∞(D)‖y‖
1
2

L2(L2)‖vm − v‖
1
2

L2(S)

]

‖η‖L2(H1) → 0,

where we used (2.58), (2.59), (2.61) and (2.62). Next, given θ ∈ K, by the de�nition
(2.12) of βδ, we have βδ (θ) ≡ 0. Then, by the property (2.17), we get

∫ T

0

[

− (wm + ym, θ − ym) + ε2 (∇ym,∇θ −∇ym)
]

dt

=
1

δm

∫ T

0

[(βδm (θ)− βδm (ym) , θ − ym)] dt ≥ 0,(2.68)

for all θ ∈ K. Hene, using the onvergene properties of ym, wm, from (2.68), we

derive (2.6b). In order to show (2.6), we de�ne a funtion f̂ : R → R,

(2.69) f̂ (r) = lim
δ→0+

βδ (r) =











r + 1, if r ≤ −1,

0, if |r| ≤ 1,

r − 1, if r ≥ 1.

We note that f̂ is a Lipshitz funtion suh that

(2.70) |f̂ (r)− βδ (r) | ≤
δ

2
, |f̂ (r)− f̂ (s) | ≤ |r − s|, ∀r, s ∈ R.

From (2.28) in Theorem (2.3) we have that

‖βδm (ym) ‖L2(L2) ≤ C (um) δm ≤ C1 δm,

and therefore

(2.71) lim
m→+∞

‖βδm (ym) ‖L2(L2) = 0.
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Thus, using (2.70) and (2.71), it holds

∣

∣

∣

∫ T

0

(

f̂ (y) , θ
)

dt
∣

∣

∣

≤

∫ T

0

[

‖f̂ (y)− f̂ (ym) ‖+ ‖f̂ (ym)− βδm (ym) ‖+ ‖βδm (ym) ‖
]

‖θ‖ dt

≤ C
[

‖y − ym‖L2(L2) + δm
]

‖θ‖L2(L2).

for all θ ∈ L2 (L2). Therefore, from the strong onvergene result (2.62), we derive
(2.6d). Finally, as well as in the proof of Theorem 2.5, we an realize that

v (0) = v0, y (0) = y0.

So, the proof is onluded.

In Lemma 2.12 below, we show the properties of the solution of the state equa-

tions (2.5)-(2.6) of the non-smooth optimal ontrol Problem 2.1.

Lemma 2.12. For any given u ∈ L2 (L2), the state equations (2.5)-(2.6) of the

non-smooth optimal ontrol Problem 2.1 have a unique solution (v, y, w), whih is

suh that

(2.72) v ∈ H1 (S)∩L∞ (D) , y ∈ W0∩L∞ (H0)∩L2
(

H2
)

∩K, w ∈ L2
(

H1
)

,

and satis�es the estimate

(2.73) ‖vt‖
2
L2(L2)+‖v‖2L∞(D)+‖y‖2W0

+‖y‖2L∞(H0)
+‖y‖2L2(H2)+‖w‖2L2(H1) ≤ C (u) ,

where C (u) is a onstant that depends ontinuously on ‖u‖L2(L2) and data problem

(initial onditions and onstant parameters).

Proof. Applying Theorem 2.11 in the ase of a sequene {un}n∈N ⊂ L2 (L2), suh
that

un (t) = u ∈ L2
(

L2
)

, ∀n ∈ N, ∀t ∈ (0, T ) ,

we derive the existene of a solution (v, y, w) of (2.5)-(2.6) whih satis�es (2.72) and
(2.73). Next, we show the uniqueness of this solution. From the same arguments

used in the proof of Lemma 2.3 (see Appendix B), we get that v ∈ H1 (S)∩L∞ (D)
is unique. Then, we prove the uniqueness of y ∈ W0 ∩ L∞ (H0) ∩ L2 (H2) ∩ K and

w ∈ L2 (H1). We assume that for a given v, there are two solutions (y1, w1), (y2, w2)
of (2.6). Therefore, dy = y2 − y1 and dw = w2 − w1 satisfy

−γ

∫ T

0

(∇dw,∇η) dt =

∫ T

0

[〈dyt, η〉H1∗,H1 − (dy,v · ∇η)] dt,(2.74)

dy (0) = 0,

for all η ∈ L2 (H1) and

(2.75)

∫ T

0

e−µt
[

− (dw, dy) + ε2‖∇dy‖
2
]

dt ≤

∫ T

0

e−µt‖dy‖
2 dt,
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where (2.75) is obtained setting in (2.6b), respetively, θ = e−µtdy + y1 ∈ K when

the solution is (y1, w1) and θ = −e−µtdy + y2 ∈ K when the solution is (y2, w2)
and then adding the equations obtained. Above µ > 0 is a onstant. From (2.74),

(2.75) we an prove the uniqueness of y as well as in the proof of Theorem 2.3. In

order to show the uniqueness of w, i.e. dw = 0, we set η = dw in (2.74). In this

way, we get

(2.76) ‖∇dw‖L2(L2) = 0.

Then, following [17℄, we an de�ne a.e. in (0, T ),

Ω0 (t) = {x ∈ Ω : |y (x, t) | < 1} .

As (y, 1) = 0, Ω0 (t) is not empty. Given φ ∈ C∞
c (Ω0 (t)) we onsider θ± = y ± σφ,

with σ suh that θ± ∈ K. Substituting θ = θ± in (2.6), we derive that

(2.77) ε2
∫ T

0

(∇y,∇φ) dt =

∫ T

0

(w + y, φ) , ∀ φ ∈ C∞
c (Ω0 (t)) ,

and (2.77) holds for w = w1 and for w = w2. Hene,

(2.78)

∫ T

0

(dw, φ) dt = 0, ∀ φ ∈ C∞
c (Ω0 (t)) .

From (2.76), we know that dw is a onstant. Then, using (2.78), we infer that

dw = 0.

2.3.2. Minimizers of the Non-Smooth Optimal Control

Problem

In Theorem 2.13 below, we show an essential property of the solutions of the non-

smooth optimal ontrol Problem 2.1: there exists a sequene of solutions of the

regularized optimal ontrol Problem 2.2, whih onverges to a solution of the non-

smooth Problem 2.1, for the regularization parameter δ → 0+.

Theorem 2.13. Consider a sequene {δn}n∈N ⊂
(

0, 1
4

)

suh that δn → 0+ and the

orresponding sequene of solutions of the regularized optimal ontrol Problem 2.2,

{(x̄n, ūn)}n∈N = {(sδn (ūn) , ūn)}n∈N ⊂ X× L2
(

L2
)

.

Then, it is possible to extrat a subsequene (labelled by index m), suh that as

m → +∞
(x̄m, ūm) ⇀ (x̄, ū) , in X× L2

(

L2
)

,

where (x̄, ū) is a solution of the non-smooth optimal ontrol Problem 2.1.

Proof. Given the sequenes {δn}n∈N, {(sδn (ūn) , ūn)}n∈N and some u ∈ L2 (L2), by
the de�nition of the ost funtional J and the results of Lemma 2.3

α

2
‖ūn‖

2
L2(L2) ≤ J (sδn (ūn) , ūn) ≤ J (sδn (u) ,u) ≤ ‖yd‖

2
L2(L2) + C (u) +

α

2
‖u‖2L2(L2),
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for all n ∈ N. Therefore the sequene {ūn}n∈N is bounded in L2 (L2) and using

Theorem 2.11, we an onsider a subsequene (labelled by index m) suh that

(sδm (ūm) , ūm) = (x̄m, ūm) ⇀ (x̄, ū) , in X× L2
(

L2
)

,

where (x̄, ū) is a solution of the state equations (2.5)-(2.6) of the non-smooth opti-

mal ontrol Problem 2.1. It remains to prove that (x̄, ū) solves the optimal ontrol

Problem 2.1. Let (x∗,u∗) be a solution of Problem 2.1. Considering the sequene

{(sδm (u∗) ,u∗)}m, by theorem 2.11, there exists a further subsequene (labelled by

index l), suh that

(sδl (u
∗) ,u∗) ⇀ (x∗,u∗) , in X× L2

(

L2
)

,

as l → +∞. Then, using that (x∗,u∗) is a solution of (2.1) and the weak lower

semiontinuity of J, we have

(2.79)

J (x∗,u∗) ≤ J (x̄, ū) ≤ lim inf
m→+∞

J (sδm (ūm) , ūm) ≤ lim sup
m→+∞

J (sδm (ūm) , ūm) .

Obviously

lim sup
m→+∞

J (sδm (ūm) , ūm) = lim sup
l→+∞

J (sδl (ūl) , ūl) ,

and furthermore

J (sδl (ūl) , ūl) ≤ J (sδl (u
∗) ,u∗) ,

beause {(sδl (ūl) , ūl)}l is a sequene of minimizers for the regularized optimal

ontrol Problem 2.2. So

(2.80) lim sup
m→+∞

J (sδm (ūm) , ūm) ≤ lim sup
l→+∞

J (sδl (u
∗) ,u∗) = J (x∗,u∗) .

Using together (2.79) and (2.80), we infer

J (x∗,u∗) ≤ J (x̄, ū) ≤ J (x∗,u∗) ,

whih means that J (x̄, ū) is a solution of the non-smooth optimal ontrol Problem

2.1. This onludes the proof.

In the following, we state an equivalent formulation of the non-smooth optimal

ontrol Problem 2.1. We introdue two Lagrange multipliers βr, βl ∈ L2 (L2) in the

state equations so that we obtain a problem whih has the form of a mathematial

program with omplementarity onstraints. In the next setions we will observe

that the Lagrange multipliers βr, βl will be linked to the adjoint variables whih

satisfy the �rst order optimality onditions for the non-smooth Problem 2.1.

We de�ne the spae

R = X× L2
(

L2
)

× L2
(

L2
)

,

with elements

r = (x, βr, βl) ,

and

K+ =
{

ϕ ∈ L2
(

L2
)

: ϕ ≥ 0 a.e. on ΩT

}

.
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Furthermore, we onsider the ost funtional J̃ : R× L2 (L2) → R, suh that

J̃ (r,u) ≡ J (x,u) .

Thus, we onsider the following problem:

Problem 2.14. Find (r̄, ū) ∈ R× L2 (L2) suh that

min
(r,u)∈R×L2(L2)

J̃(r,u) = J̃ (r̄, ū) ,

subjet to

∫ T

0

[(vt,ψ) + ν (∇v,∇ψ)− (u,ψ)] dt = 0,(2.81a)

v(0) = v0, in Ω,(2.81b)

∫ T

0

[〈yt, η〉H1∗,H1 + γ (∇w,∇η)− (y,v · ∇η)] dt = 0,(2.82a)

y(0) = y0, in Ω,(2.82b)

∫ T

0

[

− (w + y, θ) + ε2 (∇y,∇θ) + (β, θ)
]

dt = 0,(2.82)

y ∈ K,(2.82d)

β = βr − βl, with βr, βl ∈ K+,(2.82e)

∫ T

0

(βr, 1− y) dt = 0,(2.82f)

∫ T

0

(βl, 1 + y) dt = 0.(2.82g)

for all ψ ∈ L2 (D) , η, θ ∈ L2 (H1).

Lemma 2.15. Problem 2.1 and Problem 2.14 are equivalent.

Proof. We proeed in the following way: we show that (2.81)-(2.82) an be obtained

as limit of the state equations (2.24), (2.25) of the regularized optimal ontrol

Problem 2.2, for the regularization parameter δ → 0+. Using Theorem 2.11, we

need just to prove that there exist y, w whih together βr, βl satisfy (2.82), (2.82e)-

(2.82g). We an write the regularized state equation (2.25) in the following way

(2.83)

∫ T

0

[

− (w + y, θ) + ε2 (∇y,∇θ) +
1

δ
(βrδ (y)− βlδ (y) , θ)

]

dt = 0,

where,

(2.84)

1

δ
βrδ (s) :=























0, if s ≤ 1,

1

2δ2
(s− 1)2 , if 1 < s < 1 + δ,

1

δ

[

s−

(

1 +
δ

2

)]

, if s ≥ 1 + δ.
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(2.85)

1

δ
βlδ (s) :=























−
1

δ

[

s+

(

1 +
δ

2

)]

, if s ≤ −1− δ,

1

2δ2
(s+ 1)2 , if − 1− δ < s < −1,

0, if − 1 ≤ s,

and

βδ (s) = βrδ (s)− βlδ (s) ,

βrδ (s)βlδ (s) = 0,

βrδ (s) ≥ 0, βlδ (s) ≥ 0, ∀s ∈ R, ∀δ ∈

(

0,
1

4

)

.

As in Theorem 2.11, given u ∈ L2 (L2), we onsider a sequene {δn}n∈N ⊂
(

0, 1
4

)

suh that δn → 0+ and the orresponding sequene of solution of the regularized

state equations {(vn, yn, wn)}n∈N ⊂ W0 ×W0 × L2 (H1). By (2.28) in Lemma 2.3,

there exists a subsequene (labelled with index m), suh that

1

δm
βrδm (ym) ⇀ βr, in L2

(

L2
)

,(2.86)

1

δm
βlδm (ym) ⇀ βl, in L2

(

L2
)

,(2.87)

βr, βl ∈ K+,(2.88)

ym → y, in L2
(

L2
0

)

,(2.89)

wm ⇀ w, in L2
(

H1
)

,(2.90)

y ∈ K,(2.91)

and (y, w, β) satis�es (2.82). In order to prove (2.82f), (2.82g), using (2.86), (2.87),
(2.89), we note that,

1

δm

∫ T

0

(βrδm (ym) , 1− ym) dt →

∫ T

0

(βr, 1− y) dt,(2.92)

1

δm

∫ T

0

(βlδm (ym) , 1 + ym) dt →

∫ T

0

(βl, 1 + y) dt(2.93)

as m → +∞. Furthermore, from (2.88), (2.91), it follows that

(2.94)

∫ T

0

(βr, 1− y) dt ≥ 0,

∫ T

0

(βl, 1 + y) dt ≥ 0.

Conversely, from the de�nitions of βrδm , βlδm in (2.85), (2.84),

(2.95)

1

δm

∫ T

0

(βrδm (ym) , 1− ym) dt ≤ 0,
1

δm

∫ T

0

(βlδm (ym) , 1 + ym) dt ≤ 0.

Thus, from (2.92)-(2.95), we obtain

∫ T

0

(βr, 1− y) dt = 0,

∫ T

0

(βl, 1 + y) dt = 0.

Hene, the proof is onluded.
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2.3.3. Optimality Conditions of the Non-Smooth Optimal

Control Problem

In this setion we show the main result in this Chapter: we derive the �rst order

optimality onditions of the Problem 2.14 (and hene for the equivalent non-smooth

optimal ontrol Problem 2.1) as limit of the optimality onditions (2.44), (2.45),

(2.46) of the regularized Problem 2.2, for the regularization parameter δ → 0+.

Theorem 2.16. Let {δn}n∈N ⊂
(

0, 1
4

)

be a sequene suh that δn → 0+ and

{(xn,un)}n∈N = {(vn, yn, wn,un)}n∈N ⊂ X× L2
(

L2
)

.

the orresponding sequene of solutions of the regularized optimal ontrol Problem

2.2. Further, let

{qn}n∈N = {(qvn, qyn, qwn,qvn (0) , qy0n)}n∈N ⊂ Z∗,

be the sequene of the adjoint variables suh that triple xn,un,qn satis�es the op-

timality onditions (2.44), (2.45), (2.46) of the regularized optimal ontrol Problem

2.2 for all n ∈ N. Then, there exists a subsequene (labelled by an index m)

{(xm,um,qm)}m, a solution of the non-smooth optimal ontrol Problem 2.14

(r,u) = (v, y, w, βr, βl,u) ∈ R× L2
(

L2
)

,

and a set of variables

(qv, qy, qw,qv (0) , qy0, λ) ∈ Z∗ ×W ∗
0 ,

suh that, as m → +∞,

vm ⇀ v, in H1 (S) ,(2.96)

vm
∗
⇀ v, in L∞ (D)(2.97)

vm → v, in L2 (S) ,(2.98)

ym ⇀ y, in W0,(2.99)

ym
∗
⇀ y, in L∞ (H0)(2.100)

ym ⇀ y, in L2
(

H2
)

,(2.101)

ym → y, in L2 (H0) ,(2.102)

wm ⇀ w, in L2
(

H1
)

(2.103)

qvm ⇀ qv, in H1 (S) ,(2.104)

qvm
∗
⇀ qv, in L∞ (D)(2.105)

qvm → qv, in L2 (S) ,(2.106)

qym
∗
⇀ qy, in L∞ (H0)(2.107)

qym ⇀ qy, in L2
(

H2
)

(2.108)

qy0m ⇀ qy0, in H0,(2.109)

qwm ⇀ qw, in L2
(

H1
)

,(2.110)
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um ⇀ u, in H1 (S) ,(2.111)

um
∗
⇀ u, in L∞ (D)(2.112)

um → u, in L2 (S) ,(2.113)

1

δm
βδm (ym) ⇀ β = βr − βl, in L2

(

L2
)

(2.114)

1

δm
β ′
δm

(ym) qwm
∗
⇀ λ, in W ∗

0 .(2.115)

Furthermore

(v, y, w, βr, βl,u,qv, qy, qw, λ) ,

satis�es the following system of optimality onditions

∫ T

0

[(vt,ψ) + ν (∇v,∇ψ)− (u,ψ)] dt = 0,(2.116a)

v(0) = v0, in Ω(2.116b)

∫ T

0

[〈yt, η〉H1∗,H1 + γ (∇w,∇η)− (y,v · ∇η)] dt = 0,(2.116)

y(0) = y0, in Ω(2.116d)

∫ T

0

[

− (w + y, θ) + ε2 (∇y,∇θ) + (βr − βl, θ)
]

dt = 0,(2.116e)

y ∈ K,(2.116f)

βr, βl ∈ K+,(2.116g)

∫ T

0

(βr, 1− y) dt = 0,(2.116h)

∫ T

0

(βl, 1 + y) dt = 0,(2.116i)

for all ψ ∈ L2 (D) , η, θ ∈ L2 (H1),

∫ T

0

[− (qvt,ψ) + (∇qv,∇ψ)− (y,∇qy ·ψ)] dt = 0,(2.117a)

qv (T ) = 0,(2.117b)

∫ T

0

[

〈ηt, qy〉H∗

0 ,H0
− ε2 (∇qw,∇η) + (qw, η)

− (v · ∇qy, η) + (y − yd, η)] dt+ (qy0, η (0))− 〈λ, η〉W ∗

0 ,W0
= 0,(2.117)

∫ T

0

[ (qw, θ) + γ (∇qy,∇θ) ] dt = 0,(2.117d)

for all ψ ∈ L2 (D) , η ∈ W0, θ ∈ L2 (H1), and

(2.118)

∫ T

0

(αu− qv,ϕ) dt = 0.
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for all ϕ ∈ L2 (L2). Moreover, if

1
δm

β ′
δm

(ym) qwm is bounded in L2 (H1∗), then for

all Lipshitz funtions g : R → R suh that g (−1) = g (1) = 0, we get

lim
m→+∞

∫ T

0

(

1

δm
β ′
δm

(ym) qwm, g (ym)

)

dt = 0,(2.119a)

lim
m→+∞

∫ T

0

(

1

δm
βδm (ym) , qwm

)

dt = 0,(2.119b)

lim inf
m→+∞

∫ T

0

(

1

δm
β ′
δm

(ym) qwm, qwm

)

dt ≥ 0,(2.119)

Proof. Given the sequene of solutions {(vn, yn, wn,un)}n∈N of the regularized opti-

mal ontrol Problem 2.2, we an onsider the sequene of the adjoint variables

{(qvn, qyn, qwn)}n∈N, suh that vn, yn, wn,un,qvn, qyn, qwn solve, for all n ∈ N, the

optimality onditions (2.44)-(2.46) of the regularized optimal ontrol Problem 2.2.

From the results of Lemmas 2.3, 2.10, Theorem 2.11, Lemma 2.12, Theorem 2.13

and Lemma 2.15, we derive the existene of a onvergent subsequene (labelled

by an index m) {(vm, ym, wm,um,qvm, qym, qwm)}m and a set of limit variables

v, y, w, βr, βl,u,qv, qy, qw, suh that

• the funtions vm, ym, wm,um,qvm, qym, qwm are, for all m, solution of the op-

timality onditions (2.44)-(2.46) of the regularized optimal ontrol Problem

2.2;

• the limits (2.96)-(2.114) above are satis�ed;

• the state variables v, y, w, βr, βl,u,qv satisfy the optimality onditions (2.116),

(2.118) above.

Next, we show that there exists λ ∈ W ∗
0 as a result of the limit (2.114) and that

v, y, βr, βl,u,qv, qy, qw, λ are solution of the optimality onditions (2.117). It hold,

for all m,

∫ T

0

[− (qvmt,ψ) + (∇qvm,∇ψ)− (ym,∇qym ·ψ)] dt = 0,(2.120a)

qvm (T ) = 0,(2.120b)

∫ T

0

[

〈ηt, qym〉H∗

0 ,H0
− ε2 (∇qwm,∇η) + (qwm, η)− (vm · ∇qym, η)

+ (ym − yd, η)−
1

δm

(

β ′
δm

(ym) qwm, η
)

]

dt + (qy0m, η (0)) = 0,(2.120)

∫ T

0

[ (qwm, θ) + γ (∇qym,∇θ) ] dt = 0,(2.120d)

for all ψ ∈ L2 (D) , η ∈ W0, θ ∈ L2 (H1) ,ϕ ∈ L2 (L2). From (2.96)-(2.110) we infer

that all linear terms in (2.120) onverge to the orresponding limits in (2.117). For

the nonlinear terms, we derive that they onverge observing that,

∣

∣

∣

∫ T

0

(ym,∇qym ·ψ) dt−

∫ T

0

(y,∇qy ·ψ) dt
∣

∣

∣
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≤
∣

∣

∣

∫ T

0

(ym − y,∇qym ·ψ) dt
∣

∣

∣
+
∣

∣

∣

∫ T

0

(y, [∇qym −∇qy] ·ψ) dt
∣

∣

∣

≤ C ‖ym − y‖
1
2

L∞(H1) ‖qym‖L∞(H0) ‖ym − y‖L2(L2) ‖ψ‖L2(D)

+
∣

∣

∣

∫ T

0

(y, [∇qym −∇qy] ·ψ) dt
∣

∣

∣
→ 0,

∣

∣

∣

∫ T

0

(vm · ∇qym, η) dt−

∫ T

0

(v · ∇qy, η) dt
∣

∣

∣

≤
∣

∣

∣

∫ T

0

([vm − v] · ∇qym, η) dt
∣

∣

∣
+
∣

∣

∣

∫ T

0

(v · [∇qym −∇qy] , η) dt
∣

∣

∣

≤ C ‖vm − v‖
1
2

L∞(D) ‖qym‖L∞(H0) ‖vm − v‖L2(S) ‖η‖L2(H0)

+
∣

∣

∣

∫ T

0

(v · [∇qym −∇qy] , η) dt
∣

∣

∣
→ 0.

as m → +∞. From the onvergene of the terms in (2.120), we infer that there

exists λ ∈ W0, suh that

1

δm
β ′
δm

(ym) qwm
∗
⇀ λ,

and that the optimality ondition (2.117) above holds. Furthermore, with ψ =
t/T · ξ, ξ ∈ S, using integration by parts in time and (2.120b), we an write

(qv (T ) , ξ) =

∫ T

0

(qvmt − qvt,ψ) dt+

∫ T

0

(qvm − qv,ψt) dt → 0,

as m → +∞. Then qv (T ) = 0. Finally, we prove the omplementarity onditions

(2.119a)-(2.119). We de�ne the following metri projetion operator

(2.121) Ps =











− 1 if s < −1,

s if − 1 ≤ s ≤ 1,

1 if s > 1.

Then, with g Lipshitz and suh that g (−1) = g (1) = 0, we derive

∫ T

0

(

1

δm
β ′
δm

(ym) qwm, g (ym)

)

dt

=

∫ T

0

(

1

δm
β ′
δm

(ym) qwm, g (ym)− g (Pym)

)

dt+

∫ T

0

(

1

δm
β ′
δm

(ym) qwm, g (Pym)

)

dt =

= I1 + I2.

From the properties of β ′
δ and g, it is easy to realize that I2 = 0. Furthermore using

the boundedness of

1
δm

β ′
δm

(ym) qwm in L2 (H1∗) and the strong onvergene of ym
to y in L2 (H1) (stated in (2.102)),

I1 ≤
∥

∥

∥

1

δm
β ′
δm

(ym) qwm

∥

∥

∥

L2(H1∗)
‖g (ym)− g (Pym) ‖L2(H1) → 0,
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as m → +∞. This proves (2.119a). We have

βδ (s) = lδ (s)β
′
δ (s) ,

where

(2.122) lδ(s) :=























































s+ 1 +
δ

2
, if s ≤ −1− δ,

1

2
(s+ 1) , if − 1− δ < s < −1,

0, if − 1 ≤ s ≤ 1,

1

2
(s− 1) , if 1 < s < 1 + δ,

s−

(

1 +
δ

2

)

, if s ≥ 1 + δ.

Thus

(2.123)

∫ T

0

(

1

δm
βδm (ym) , qwm

)

dt =

∫ T

0

(

1

δm
β ′
δm

(ym) qwm, lδm (ym)

)

dt.

lδ is a Lipshitz ontinuous funtion with onstant 1. Furthermore lδm (y) = 0, for
all m. Then,

‖lδm (ym) ‖L2(L2) = ‖lδm (ym)− lδm (y) ‖L2(L2) ≤ ‖ym − y‖L2(L2) → 0,

as m → +∞. Moreover (see Theorem 4.6 in [54℄),

‖∇lδm (ym) ‖L2(L2) = ‖l′δm (ym)∇ym‖L2(L2) ≤ ‖f̂ ′ (ym)∇ym‖L2(L2) ≤

≤ ‖∇f̂ (ym) ‖L2(L2) = ‖∇ (ym − Pym) ‖L2(L2) → 0,

as m → +∞, where f̂ is the funtion de�ned in (2.69). So, lδm (ym) strongly

onverges to zero in L2 (H1). Then, using the boundedness of

1
δm
β ′
δm

(ym) qwm in

L2 (H1∗) in (2.123), we have (2.119b). Finally, by de�nition

∫ T

0

(

1

δm
β ′
δm

(ym) qwm, qwm

)

dt ≥ 0,

for all m. Consequently (2.119) holds.

Remark 2.17. The omplementarity onditions (2.119a)-(2.119) establish a on-

netion between the state variables βr, βl and the variable λ. We will show that, at

disrete level, these omplementarity onditions will be essential for the numerial

solution of the non-smooth optimal ontrol problem.

Remark 2.18. Equations (2.116)-(2.119) in Theorem 2.16, are a set of �rst op-

timality onditions for the non-smooth optimal ontrol Problem 2.1 and they re-

present a funtion spae version of the so-alled C-Stationarity onditions [75℄ (see

also [51℄, [54℄).





3. Optimal Control of the Disrete

Non-Smooth

Cahn-Hilliard-Stokes System

3.1. Introdution

In this Chapter, we study the fully disretized version (in spae and time) of the

non-smooth optimal ontrol Problem 2.1. We adapt the analysis from Chapter 2 to

the disrete setting and show that the disrete problem onverges to the ontinuous

one, as the disretization parameters go to zero.

Tehnial details of the disretization are olleted in Appendix A.3. In partiular,

we denote with h, k = T/N , respetively, the spae and time disretization param-

eters, whih are de�ned in Appendix A.3.1. Also the de�nitions of the disrete

funtion spaes Sh,Vh,Dh, Ph, Yh are given in Appendix A.3.1. Moreover, if Zh

is a disrete funtions spae, given Zn ∈ Zh for n = 1, . . . , N , we denote by the

orresponding alligraphi letter the assoiated vetor variable

Z = (Zn)Nn=1 ∈ ZN
h ,

and with dtZ
n
the disrete time derivative at time level n,

dtZ
n =

Zn − Zn−1

k
.

We use (·, ·)h to denote the mass-lumped salar produt de�ned in (A.29). We

de�ne the following disrete spaes

(3.1) Xh,k = VN+1
h × PN

h × PN+1
h × Y N

h ,

with elements

(3.2) X = (V,P,Y ,W) ,

and

(3.3) Kh = {Z ∈ Yh : −1 ≤ Z ≤ 1} .

Given h, k, we onsider the following disretized version of the objetive funtion

J stated in (2.4),

Jh,k : Xh,k × L2
(

L2
)

→ R,
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where

(3.4) Jh,k (X ,U) :=
N
∑

n=1

[

k

2
‖Y n − ynd,h‖

2 +
α

2

∫ tn

tn−1

‖U‖2 dt

]

.

where the funtions ynd,h ∈ Ph and tn = n · k for n = 1, . . . , N . Then, we study the

following disrete non-smooth optimal ontrol problem:

Problem 3.1. Given h, k, v0,h ∈ Dh, y0,h ∈ Ph ∩Kh, y
n
d,h ∈ Ph for n = 1, . . . , N ,

�nd

(

X̄ , Ū
)

∈ Xh,k × L2 (L2) suh that

min
(X ,U)∈Xh,k×L2(L2)

Jh,k (X ,U) = Jh,k

(

X̄ , Ū
)

,

subjet to

(dtV
n,ψ) + ν (∇Vn,∇ψ)− (P n,∇ ·ψ)−

1

k

∫ tn

tn−1

(U ,ψ) dt = 0,(3.5a)

V0 = v0,h,(3.5b)

(∇ ·Vn, φ) = 0,(3.5)

(dtY
n, η)h + γ (∇W n,∇η)−

(

Y n−1Vn−1,∇η
)

= 0,(3.6a)

Y 0 = y0,h,(3.6b)

−
(

W n + Y n−1, θ − Y n
)

h
+ ε2 (∇Y n,∇θ −∇Y n) ≥ 0,(3.6)

Y n ∈ Kh(3.6d)

for all ψ ∈ Vh, φ ∈ Ph, η ∈ Yh, θ ∈ Kh, n = 1, . . . , N .

We emphasize that Problem 3.1 orresponds to a fully disretized version of the

ontinuous non-smooth Problem 2.1. Indeed, equations (3.5), (3.6) are disrete

versions, respetively, of the state equations (2.5), (2.6) of Problem 2.1.

Optimal ontrol Problem 3.1, as well as Problem 2.1, does not satisfy any kind of

onstraint quali�ation, So, even in the disrete settings, it is not possible to diretly

derive a system of �rst order optimality ondition to solve the problem. Hene, to

deal with it, we follow the same proedure applied in Chapter 2. We onsider a

disretized version of the regularized optimal ontrol Problem 2.2 studied in Setion

2.2. Then, we derive the �rst order optimality onditions of the non-smooth disrete

Problem 3.1 as limit of the �rst order optimality onditions of the regularized

disrete problem, for the regularization parameter δ → 0+. Then, we show that

these optimality onditions onverge to the optimality onditions of the non-smooth

ontinuous Problem 2.1, for the disretization parameters h → 0, k → 0. Finally,

we formulate an algorithm for the numerial solution of the non-smooth disrete

problem and we perform some omputation studies.
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3.2. Regularized Disrete Optimal Control Problem

This setion is devoted to the analysis of the fully disretized version of the regula-

rized optimal ontrol Problem 2.2. For this problem, we show that it is well-posed

and then we derive the �rst order optimality onditions.

In order to represent the problem under investigation in a more ompat, general

form, we de�ne the following map

(3.7) eδ,h,k : Xh,k × L2
(

L2
)

→ Xh,k,

where, for all Z = (ψ, φ, η, θ) ∈ Xh,k,

〈Z , eδ,h,k (X ,U)〉X∗

h,k
,Xh,k

= 〈ψ, a1,h,k (V,P,U)〉+ 〈φ, a2,h,k (V)〉(3.8)

+ 〈η, bh,k (V,Y ,W)〉+ 〈θ, cδ,h,k (Y ,W)〉

+
(

ψ0,V0 − v0,h

)

+
(

η0, Y 0 − y0,h
)

,

with

〈ψ, a1,h,k (V,P,U)〉 =
N
∑

n=1

[k (dtV
n,ψn) + kν (∇Vn,∇ψn)

−k (P n,∇ ·ψn)−

∫ tn

tn−1

(U ,ψn) dt

]

,

〈φ, a2,h,k (V)〉 =
N
∑

n=1

k (∇ ·Vn, φn) ,

〈η, bh,k (V,Y ,W)〉 =

N
∑

n=1

[k (dtY
n, ηn)h + kγ (∇W n,∇ηn)

−k
(

Y n−1,Vn−1 · ∇ηn
)]

,

〈θ, cδ,h,k (Y ,W)〉 =
N
∑

n=1

k

[(

W n + Y n−1 −
1

δ
βδ(Y

n), θn
)

h

− ε2 (∇Y n,∇θn)

]

.

Thus, we onsider the following regularized disrete optimal ontrol problem:

Problem 3.2. Given h, k, v0,h ∈ Dh, y0,h ∈ Ph ∩Kh, y
n
d,h ∈ Ph for n = 1, . . . , N ,

�nd

(

X̄ , Ū
)

∈ Xh,k × L2 (L2) suh that

min
(X ,U)∈Xh,k×L2(L2)

Jh,k (X ,U) = Jh,k

(

X̄ , Ū
)

,

subjet to

(3.9) eδ,h,k (X ,U) = 0.

We note, by the de�nition (3.8) of the map eδ,h,k, that the state equation (3.9)

in Problem 3.2, represents just a disretized version of the state equations (2.24),

(2.25) of the ontinuous regularized optimal ontrol Problem 2.2.

Remark 3.3. In the setting of the optimal ontrol Problem 3.2, we hoose U ∈
L2 (L2) for the ontrol variable. However, as a onsequene of the �rst order opti-

mality onditions of the problem, that we will derive in Setion 3.2.3, we will get

U ∈ VN
h . For this reason, we prefer denote the ontrol variable as a fully disrete

funtion, using a alligraphi apital letter.
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3.2.1. Properties of the Regularized Disrete State

Equations

By the de�nition (3.8) of the map eδ,h,k, the state equations for the regularized

disrete optimal ontrol Problem 3.2 read as follows:

(dtV
n,ψ) + ν (∇Vn,∇ψ)− (P n,∇ ·ψ)−

1

k

∫ tn

tn−1

(U ,ψ) dt = 0,(3.10a)

V0 = v0,h,(3.10b)

(∇ ·Vn, φ) = 0,(3.10)

(dtY
n, η)h + γ (∇W n,∇η)−

(

Y n−1Vn−1,∇η
)

= 0,(3.11a)

Y 0 = y0,h,(3.11b)

(W n, θ)h − ε2 (∇Y n,∇θ) +
(

Y n−1, θ
)

h
−

1

δ
(βδ(Y

n), θ)h = 0,(3.11)

for all ψ ∈ Vh, φ ∈ Ph, η, θ ∈ Yh, n = 1, . . . , N . We observe that equation (3.11a)

is mass preserving, that is

(3.12) (Y n, 1)h = . . . = (Y 0, 1)h = (y0,h, 1)h = 0, ∀n = 1, . . . , N.

In the following Lemma 3.4 we derive existene, uniqueness of the solution of state

equations (3.10), (3.11) of the regularized disrete optimal ontrol Problem 3.2.

Lemma 3.4 (existene, uniqueness). For any �xed h, k, δ ∈
(

0, 1
4

)

, U ∈ L2 (L2),
the system of the disrete, regularized state equations (3.10), (3.11) has a unique

solution (V,P,Y ,W) ∈ VN+1
h × PN

h × PN+1
h × Y N

h .

Proof. Using standard arguments, it is possible to prove that (3.10) has a unique

solution (V,P) ∈ VN+1
h × PN

h .

We follow [62℄ to prove the existene and the uniqueness of the solution (Y n,W n) ∈
Ph × Yh at a time level n: we demonstrate that, given n, the state equations

(3.11) are equivalent to a stritly onvex optimization problem whih has a unique

solution.

Let us suppose that Y n,W n
are solutions at the time step n of (3.11). Setting

W n = Ŵ n+ 1
|Ω|

(W n, 1)h in (3.11a) and integrating by parts in the advetion term,

we have

(3.13)

(

∇Ŵ n,∇η
)

= −
1

γ

(

∇ ·
[

Y n−1Vn−1
]

, η
)

−
1

kγ

(

Y n − Y n−1, η
)

h
.

By the de�nitions of the disrete Green's operators de�ned in (A.32), (A.33), from

(3.13), we derive

(3.14) Ŵ n = −
1

γ
Gh
[

∇ ·
(

Y n−1Vn−1
)]

−
1

kγ
Ĝh
[

Y n − Y n−1
]

.
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So, from (3.14), we an write (3.11) in the following way

1

kγ

(

Ĝh
[

Y n − Y n−1
]

, θ
)

h
+

1

γ

(

Gh[∇ ·
(

Y n−1Vn−1
)

], θ
)

h
+ ε2 (∇Y n,∇θ)

−
(

Y n−1, θ
)

h
+

1

δ
(βδ (Y

n) , θ)−
1

|Ω|
(W n, 1)h (θ, 1)h = 0.(3.15)

If in (3.15) θ̂ ∈ Ph, it holds

1

kγ

(

Ĝh
[

Y n − Y n−1
]

, θ̂
)

h
+

1

γ

(

Gh[∇ ·
(

Y n−1Vn−1
)

], θ̂
)

h

+ ε2
(

∇Y n,∇θ̂
)

−
(

Y n−1, θ̂
)

h
+

1

δ

(

βδ (Y
n) , θ̂

)

= 0.(3.16)

From (3.16), we infer that Y n
is a solution of the following minimization problem

Y n = arg min
Z∈Ph

[

ε2

2
‖∇Z‖2 + (fδ (Z) , 1)h +

1

2kγ

∥

∥

∥
∇Ĝh

(

Z − Y n−1
)

∥

∥

∥

2

−

(

Y n−1 −
1

γ
Gh
[

∇ ·
(

Y n−1Vn−1
)]

, Z

)

h

]

.(3.17)

Thus, we have shown that, if Y n,W n
are solutions at a time step n of (3.11), then

Y n
is solution of (3.17).

Conversely, let us suppose that Y n
is solution of (3.17) above. Then, Y n

satis�es

(3.16). By de�nitions of operators Ĝh,Gh
, we have

Z ∈ Ph =⇒ ĜhZ, GhZ ∈ Ph,

and furthermore for all θ ∈ Yh, we an de�ne

θ̂ = θ −
1

|Ω|
(θ, 1) ∈ Ph.

Therefore, if Y n
satis�es (3.16), it holds

1

kγ

(

Ĝh
[

Y n − Y n−1
]

, θ
)

h
+

1

γ

(

Gh[∇ ·
(

Y n−1Vn−1
)

], θ
)

h

+ε2 (∇Y n,∇θ)−
(

Y n−1, θ
)

h
+

1

δ
(βδ (Y

n) , θ)

= −

(

Y n−1,
1

|Ω|
(θ, 1)h

)

h

+
1

δ

(

βδ (Y
n) ,

1

|Ω|
(θ, 1)h

)

,(3.18)

for all θ ∈ Yh. Then, we de�ne

W n = Ŵ n +
1

|Ω|

[

−
(

Y n−1, 1
)

h
+

1

δ
(βδ (Y

n)h , 1)

]

,

where Ŵ n ∈ Ph is suh that

(3.19) Ŵ n = −
1

γ
Gh
[

∇ ·
(

Y n−1Vn−1
)]

−
1

kγ
Ĝh
[

Y n − Y n−1
]

,
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and

(3.20) (W n, 1)h = −
(

Y n−1, 1
)

h
+

1

δ
(βδ (Y

n)h , 1) .

In this way, from (3.19), integrating by parts, we have

(

Y n − Y n−1, η
)

h
+ kγ (∇W n,∇η)− k

(

Y n−1Vn−1,∇η
)

= 0,

for all η ∈ Yh. Finally, using (3.19), we have that (3.18) reads as

−
(

Ŵ n, θ
)

h
+ ε2 (∇Y n,∇θ)−

(

Y n−1, θ
)

h
+

1

δ
(βδ (Y

n) , θ)

=

[

−
(

Y n−1, 1
)

h
+

1

δ
(βδ (Y

n) , 1)h

]

1

|Ω|
(θ, 1)h ,

for all θ ∈ Yh. Then from (3.20), we get

− (W n, θ)h + ε2 (∇Y n,∇θ)−
(

Y n−1, θ
)

h
+

1

δ
(βδ(Y

n), θ)h = 0,

whih is (3.11). Thus, we have shown that if Y n
is solution of (3.17), then Y n

and

W n
are solutions at the time step n of (3.11).

We onlude that the equations (3.11) and the minimization problem (3.17) are

equivalent. The latter is a stritly onvex minimization problem and then it has a

unique solution. The same holds for the equations (3.11).

As a onsequene of Lemma 3.4 above, assoiated to the disrete state equations

of Problem 3.2,

eδ,h,k (X ,U) = 0,

we an de�ne a solution operator sδ,h,k : L
2 (L2) → Xh,k, whih is suh that

(3.21) eδ,h,k (sδ,h,k (U) ,U) = 0, ∀ U ∈ L2
(

L2
)

.

In the following Lemmas 3.5, 3.6, 3.7, 3.8 we derive stability estimates for the solu-

tion of the state equations (3.10), (3.11) of the regularized disrete optimal ontrol

Problem 3.2. These estimates are independent of the disretization parameters h, k
and also of the regularization parameter δ.

Lemma 3.5. Let us assume that there exists a onstant C̃ independent of h, k, δ ∈
(

0, 1
4

)

, suh that

‖∇v0,h‖ ≤ C̃,

Then, for any �xed U ∈ L2 (L2) the solution (V,P) ∈ VN+1
h ×PN

h of (3.10) satis�es

sup
n=0,...,N

‖∇Vn‖ ≤ C (U) ,(3.22)

N
∑

n=1

k ‖dtV
n‖2 ≤ C (U) ,(3.23)

N
∑

n=1

‖∇Vn −∇Vn−1‖2 ≤ C (U) ,(3.24)
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N
∑

n=1

k ‖∆̃hV
n‖2 ≤ C (U) ,(3.25)

sup
n=1,...,N

∥

∥

∥

n
∑

i=1

k P i
∥

∥

∥
≤ C (U) ,(3.26)

where the onstant C (U) depends just on ‖U‖L2(L2) but it is independent of h, k, δ ∈
(

0, 1
4

)

and ∆̃h is the disrete Laplaian operator de�ned in (A.37).

The proof of the Lemma is shown in Appendix B, Setion B.2.

Lemma 3.6. Let us assume that there exists a onstant C̃ independent of h, k, δ ∈
(

0, 1
4

)

suh that

‖∇v0,h‖ ≤ C̃,

Then, for any �xed δ ∈
(

0, 1
4

)

and U ∈ L2 (L2), the solution (Y ,W) ∈ PN+1
h × Y N

h

of (3.11) satis�es

Eδ(Y
n) +

ε2

2
‖∇Y n −∇Y n−1‖2 +

1

2
‖Y n − Y n−1‖2h + k

γ

2
‖∇W n‖2(3.27)

≤ Eδ(Y
n−1) + k C (U) ‖∇Y n−1‖2,

for all n = 1, . . . , N , where

(3.28) Eδ(Y
n) =

ε2

2
‖∇Y n‖2 + (Φδ(Y

n), 1)h ,

and the onstant C (U) depends just on ‖U‖L2(L2) but it is independent of h, k, δ ∈
(

0, 1
4

)

.

Proof. At a time level n, setting η = W n
and θ = Y n − Y n−1

in (3.11), we derive

kγ‖W n‖2 − k
(

Y n−1,Vn−1 · ∇W n
)

+ ε2
(

∇Y n,∇Y n −∇Y n−1
)

−
(

Y n−1, Y n − Y n−1
)

h
+

1

δ

(

βδ(Y
n), Y n − Y n−1

)

h
= 0.(3.29)

Expanding the third and the fourth term in (3.29) and using the onvexity of fδ
(2.16), we have

kγ‖W n‖2 − k
(

Y n−1,Vn−1 · ∇W n
)

+
ε2

2
‖∇Y n‖2 −

ε2

2
‖∇Y n−1‖2

+
ε2

2
‖∇Y n −∇Y n−1‖2 +

1

2
‖Y n−1‖2h −

1

2
‖Y n‖2h +

1

2
‖Y n − Y n−1‖2h

+
(

fδ(Y
n)− fδ(Y

n−1), 1
)

h
≤ 0,

whih an be rewritten as

ε2

2
‖∇Y n‖2 + (fδ(Y

n), 1)h −
1

2
‖Y n‖2h + kγ‖W n‖2 +

ε2

2
‖∇Y n −∇Y n−1‖2(3.30)

+
1

2
‖Y n − Y n−1‖2h ≤

ε2

2
‖∇Y n−1‖2 +

(

fδ(Y
n−1), 1

)

h
−

1

2
‖Y n−1‖2h
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+ k
(

Y n−1,Vn−1 · ∇W n
)

.

Adding

1
2
(1, 1)h to left and right hand sides of (3.30) and using the de�nition (2.10)

of Φδ, we an write

Eδ (Y
n) + kγ‖W n‖2 +

ε2

2
‖∇Y n −∇Y n−1‖2 +

1

2
‖Y n − Y n−1‖2h(3.31)

≤ Eδ

(

Y n−1
)

+ k
(

Y n−1,Vn−1 · ∇W n
)

= Eδ

(

Y n−1
)

+ I1.

From the generalized Holder's inequality (A.14), (A.17), Poinaré's inequality (A.15),

Young's inequality (A.13) and the result (3.22) in the previous Lemma (3.5), we

derive that I1 in (3.31) satis�es

I1 ≤ k ‖Y n−1‖L4‖Vn−1‖L4‖∇W n‖ ≤ k C (U) ‖Y n−1‖H1‖∇W n‖

≤ k C (U)
1

2σ
‖∇Y n−1‖2 + k

σ

2
‖∇W n‖2.

Therefore, with σ small enough

(3.32) I1 ≤ k
γ

2
‖∇W n‖2 + k C (U) ‖∇Y n−1‖2.

Then, using together (3.31), (3.32), we obtain the �nal result (3.27).

Lemma 3.7. Let us assume that there exists a onstant C̃, independent of h, k, δ ∈
(

0, 1
4

)

, suh that

(3.33) ‖∇v0,h‖
2 + ‖∇y0,h‖ ≤ C̃,

Then, for any �xed δ ∈
(

0, 1
4

)

and U ∈ L2 (L2), the solution (Y ,W) ∈ PN+1
h × Y N

h

of the state equations (3.11) satis�es

sup
n=0,...,N

‖Y n‖H0
≤ C (U) ,(3.34)

N
∑

n=1

k
∥

∥

∥
∇GdtY

n
∥

∥

∥

2

≤ C (U) ,(3.35)

N
∑

n=1

k ‖∆̂hY
n‖2h ≤ C (U) ,(3.36)

N
∑

n=1

∥

∥Y n − Y n−1
∥

∥

2

H0
≤ C (U) ,(3.37)

N
∑

n=1

k ‖W n‖2H1 ≤ C (U) .(3.38)

where the onstant C (U) depends just on ‖U‖L2(L2) but it is independent of h, k, δ ∈
(

0, 1
4

)

, G is the Green's operator de�ned in (A.20) and ∆̂h is the disrete Laplaian

operator de�ned in (A.36).
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Proof. In the estimate (3.27) in Lemma 3.6 we sum on the index n. We derive

Eδ(Y
m) +

ε2

2

m
∑

n=1

‖∇Y n −∇Y n−1‖2 +
1

2

m
∑

n=1

‖Y n − Y n−1‖2h +
γ

2

m
∑

n=1

k ‖∇W n‖2

≤ Eδ(y0,h) + C (U)

m
∑

n=1

k ‖∇Y n−1‖2,(3.39)

for all m = 1, . . . , N . By the de�nitions of the disrete energy Eδ (3.28) and the

funtion Φδ (2.10), we have

(3.40) Eδ (y0,h) =
ε2

2
‖∇y0,h‖

2 +
1

2

(

1− y20,h, 1
)

h
+ (fδ (y0,h) , 1)h .

Sine −1 ≤ y0,h ≤ 1, the funtion fδ (2.11) is suh that fδ (y0,h) ≡ 0. Hene, from
(3.40), we get

Eδ (y0,h) =
ε2

2
‖∇y0,h‖

2 +
1

2
(1, 1)h −

1

2

(

y20,h, 1
)

h
(3.41)

≤
ε2

2
‖∇y0,h‖

2 +
1

2
‖1‖2h ≤

ε2

2
‖∇y0,h‖

2 + C|Ω|.

Then, inserting (3.41) in (3.41) and using the assumption (3.33), we have

(3.42) Eδ (Y
m) =

ε2

2
‖∇Y m‖2 + (Φδ (Y

m) , 1)h ≤ C (U)

m
∑

n=1

k
[

1 + ‖∇Y n−1‖2
]

.

Using the property (2.14) of the potential Φδ, from (3.42), we an write

(3.43)

ε2

2
‖∇Y m‖2 ≤ C (U)

m
∑

n=1

k
[

1 + ‖∇Y n−1‖2
]

.

Applying the disrete Gronwall's Lemma (see for example Lemma 1.4.2 in [73℄) to

(3.43), we obtain

(3.44) ‖∇Y m‖ ≤ C (U) ,

for all m = 0, . . . , N . Hene, from Poinaré-Wirtinger inequality (A.15), we have

that the result (3.34) holds. From (3.34) together (3.39), we derive the further

result (3.37) and moreover

(3.45)

m
∑

n=1

k ‖∇W n‖2 ≤ C (U) ,

for all m = 1, . . . , N . Setting θ = 1 in (3.11), we have

(3.46) (W n, 1)h =
1

δ
(βδ (Y

n) , 1)h .

Sine |βδ (r) | ≤ βδ (r) r, from (3.46), we derive

(3.47) | (W n, 1)h | ≤
1

δ
(βδ (Y

n) , Y n)h .
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Substituting θ = Y n
in (3.11), we have

(3.48)

1

δ
(βδ (Y

n) , Y n)h = (W n, Y n)h − ε2‖∇Y n‖2 +
(

Y n−1, Y n
)

h
.

Hene, using together (3.47) and (3.48), we an write

(3.49) | (W n, 1)h | ≤ (W n, Y n)h − ε2‖∇Y n‖2 +
(

Y n−1, Y n
)

h
.

From the de�nition (A.32) of the disrete Green operator Ĝh, Cauhy-Shwarz in-

equality and (A.35), we have

(Y n,W n)h =
(

∇ĜhY
n,∇W n

)

≤ ‖∇ĜhY
n‖‖∇W n‖ ≤ C ‖Y n‖h‖∇W n‖.

Hene, from (3.49), we get

| (W n, 1)h | ≤ C ‖Y n‖h‖∇W n‖ − ε2‖∇Y n‖2 +
(

Y n−1, Y n
)

h
,

whih implies, using the equivalene between the L2
norm and the h-norm, Cauhy-

Shwarz and Young's inequality (A.13),

(3.50) | (W n, 1)h | ≤ C
[

‖Y n‖2 + ‖Y n−1‖2 + ‖∇W n‖2
]

.

Summing on the index n in (3.50), taking into aount of the result (3.34) and

using (3.45), we derive

(3.51)

m
∑

n=1

k | (W n, 1)h | ≤ C (U) .

for all m = 1, . . . , N . Therefore, from (3.45), (3.51) and the disrete Poinaré's

inequality (A.50), we infer that the result (3.38) holds.

By the de�nition of the Green's operator G in (A.20), the �rst state equation in

(3.11) and the de�nition of the projetion operator Qh
in (A.41), we have

(∇GdtY
n,∇η) = (dtY

n, η) =
(

dtY
n, Qhη

)

h

= −γ
(

∇W n,∇Qhη
)

+
(

Y n−1,Vn−1 · ∇Qhη
)

,(3.52)

for all η ∈ H1
. Using in (3.52) the generalized Holder's inequality (A.14), (A.17)

and the property (A.42) of the projetion operator Qh
, we derive

(∇GdtY
n,∇η) ≤

[

γ‖∇W n‖+ ‖Y n−1‖L4‖Vn−1‖L4

]

‖∇Qhη‖

≤ C
[

‖∇W n‖+ ‖Y n−1‖H1‖∇Vn−1‖
]

‖∇η‖,

whih implies, setting η = GdtY n
and taking into aount the results (3.22), (3.34),

(3.38), the desired estimate (3.35).

Setting θ = −∆̂hY
n
in the seond state equation in (3.10), we get

(

W n + Y n−1,−∆̂hY
n
)

h
+ ε2

(

∇Y n,∇∆̂hY
n
)

+
1

δ

(

Ihβδ(Y
n), ∆̂hY

n
)

h
(3.53)
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= (∇W n,∇Y n)− ε2‖∆̂hY
n‖2h +

(

∇Y n−1,∇Y n
)

−
1

δ
(∇ [Ihβδ(Y

n)] ,∇Y n) = 0,

where Ih is the interpolation operator de�ned in (A.27). Using the following prop-

erty (see inequality (4.3) in [41℄),

(3.54) ε2 (∇Y n,∇Ihβδ (Y
n)) ≥ 0,

from (3.53), we an write

(3.55) ε2‖∆̂hY
n‖2h ≤ (∇W n,∇Y n) +

(

∇Y n−1,∇Y n
)

,

whih implies, multiplying by k, using Young's inequality (A.13) and summing on

the index n

ε2
m
∑

n=1

k ‖∆̂hY
n‖2h ≤

1

2

m
∑

n=1

k
[

‖∇W n‖2 + 2‖∇Y n‖2 + ‖∇Y n−1‖2
]

,

for all m = 1, . . . , N . Hene from the previous results (3.34) and (3.38), we obtain

the estimate (3.36).

Lemma 3.8. Let us assume that there exists a onstant C̃, independent of h, k, δ ∈
(

0, 1
4

)

, suh that

‖∇v0,h‖
2 + ‖∇y0,h‖ ≤ C̃,

Then, for any �xed δ ∈
(

0, 1
4

)

and U ∈ L2 (L2), the solution Y ∈ PN+1
h of the state

equations (3.11) satis�es the following estimate

(3.56)

N
∑

n=1

k
∥

∥

∥

1

δ
βδ (Y

n)
∥

∥

∥

2

h
≤ C (U) ,

where the onstant C (U) depends just on ‖U‖2L2(L2) but it is independent of h, k, δ ∈
(

0, 1
4

)

.

Proof. Setting in (3.11) θ = Ihβδ (Y
n) ∈ Yh, where I

h
is the interpolation operator

(A.27), we derive

ε2
(

∇Y n,∇Ihβδ (Y
n)
)

+
1

δ
‖Ihβδ(Y

n)‖h =
(

W n + Y n−1, βδ (Y
n)
)

h
(3.57)

≤ ‖W n + Y n−1‖h‖I
hβδ (Y

n) ‖h ≤
[

‖W n‖h + ‖Y n−1‖h
]

‖Ihβδ (Y
n) ‖h

≤ δ
[

‖W n‖2h + ‖Y n−1‖2h
]

+
1

2δ
‖Ihβδ (Y

n) ‖2h,

where we used the useful inequality

(a+ b) c ≤ µ
(

a2 + b2
)

+
1

2µ
c2, ∀µ ≥ 0.

Rearranging (3.57), we get

ε2
(

∇Y n,∇Ihβδ (Y
n)
)

+
1

2δ
‖Ihβδ(Y

n)‖2h ≤ δ
[

‖W n‖2h + ‖Y n−1‖2h
]

.

whih implies, using (3.54),

(3.58)

1

2δ
‖Ihβδ(Y

n)‖2h ≤ δ
[

‖W n‖2h + ‖Y n−1‖2h
]

.

In (3.58), we divide by δ, multiply by k and sum on the index n. In this way, using

the estimates (3.34), (3.38) in Lemma 3.7, we get the result (3.56).
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3.2.2. Well-Posedness of the Regularized Disrete Optimal

Control Problem

The regularized disrete optimal ontrol Problem 3.2 has the form of an abstrat

optimal ontrol problem and it is straightforward to prove, in the following Lemma

3.9, the existene of solutions.

Lemma 3.9 (existene of minimizers). For any �xed h, k, δ ∈
(

0, 1
4

)

, the regu-

larized disrete optimal ontrol Problem 3.2 admits a solution.

Proof. The map Jh,k : Xh,k×L2 (L2) → R is ontinuous, onvex and bounded from

below. Thus, it is weakly lower semiontinuous. Then, the proof of the Lemma is

analogous to the one of Theorem 2.5 in Chapter 2.

3.2.3. Optimality Conditions for the Regularized Disrete

Optimal Control Problem

As in Chapter 2, we show that the regularized Problem 3.2, satis�es the onditions

needed to apply the standard theory of mathematial programming in Banah

spaes (see Assumptions 1.47 in [58℄) and next, we derive the �rst order optimality

onditions (see Theorem 1.48 and Corollary 1.3 in [58℄).

We need to verify that the disrete regularized optimal ontrol Problem 3.2 satis�es

the following onditions:

• the ontinuous di�erentiability of the ost funtional Jh,k : Xh,k × L2 (L2) →
R;

• the ontinuous di�erentiability of the onstraint eδ,h,k : Xh,k×L2 (L2) → Xh,k

de�ned in (3.7).

• the existene of the inverse of the map

∂eδ,h,k
∂X

(sδ,h,k (U) ,U).

It is straightforward to hek that the �rst two onditions above are satis�ed. Then,

we skip the proofs. In the following Theorem 3.10, we prove that also the last

ondition is veri�ed.

Theorem 3.10. For any �xed h, k, δ ∈
(

0, 1
4

)

and U ∈ L2 (L2), the operator

∂eδ,h,k
∂X

(sδ,h,k (U) ,U) ∈ L (Xh,k,Xh,k)

is invertible.

Proof. We need to prove that for all Z ∈ Xh,k there exists a unique dX ∈ Xh,k

suh that

(3.59)

∂eδ,h,k
∂X

(sδ,h,k (U) ,U)dX = Z .

Equation (3.59) is equivalent to demonstrate that given (ZV, ZP , ZY , ZW ) ∈ VN+1
h ×

PN
h × PN+1

h × Y N
h , the following system of equations

(

dn
V − dn−1

V ,ψ
)

+ kν (∇dn
V,∇ψ)− k (dnP ,∇ ·ψ) = (Zn

V,ψ) ,(3.60)



3.2. Regularized Disrete Optimal Control Problem 49

(∇ · dn
V, φ) = (Zn

P , φ) ,(3.61)

d0
V = Z0

V,(3.62)

(

dnY − dn−1
Y , η

)

h
+ kγ (∇dnW ,∇η)

−k
(

dn−1
Y Vn−1 + Y n−1dn−1

V ,∇η
)

= (Zn
Y , η)h ,(3.63)

(

dnW + dn−1
Y , θ

)

h
− ε2 (∇dnY ,∇θ)−

1

δ
(β ′

δ(Y
n)dnY , θ)h = (Zn

W , θ)h ,(3.64)

d0Y = Z0
Y ,(3.65)

where n = 1, . . . , N , has a unique solution (dV, dP , dY , dW ) ∈ VN+1
h ×PN

h ×PN+1
h ×

Y N
h , for all (ψ, φ, η, θ) ∈ Vh×Ph×Yh×Yh. By standard arguments, it is possible to

derive that (3.60), (3.61), (3.62) have a unique solution (dV, dP ) ∈ VN+1
h × PN

h . It

remains to show the existene and the uniqueness of the solution dY , dW of (3.63),

(3.64), (3.65). At eah time level n, rearranging (3.63), (3.64), we have

ε2 (∇dnY ,∇θ) +
1

δ
(β ′

δ(Y
n)dnY , θ)h − (dnW , θ)h = − (Zn

W , θ)h +
(

dn−1
Y , θ

)

h
,

(dnY , η)h + kγ (∇dnW ,∇η) =
(

Zn
Y + dn−1

Y , η
)

h
+ k

(

dn−1
Y Vn−1 + Y n−1dn−1

V ,∇η
)

.

We write last two equations in a matrix-vetor form. In this way, they read

E dnY −Mh dnW = fn
1 ,(3.66)

Mh dnY + k γ A dnW = fn
2 ,(3.67)

where

dnY i
= dnY (xi), dnW i

= dnW (xi),

Aij = (∇ηj ,∇ηi) , Mij = (ηj, ηi) , Eij =
1

δ
(β ′

δ(Y
n)ηj , ηi)h + ε2 Ai,j ,

fn
1 i

= − (Zn
W , ηi)h +

(

dn−1
Y , ηi

)

h
,

fn
2 i

= (Zn
Y , ηi)h +

(

dn−1
Y , ηi

)

h
+ k

(

dn−1
Y ,Vn−1 · ∇ηi

)

+ k
(

Y n−1,dn−1
V · ∇ηi

)

,

for i, j = 1, . . . , Nh, using the Lagrange basis {η1, . . . , ηNh
} of Yh. The solution of

(3.66), (3.67) is given by the following Shur-omplement based sheme

dnW = M−1
h

(

E dnY − fn
1

)

,

dnY =
(

Mh + k γ A M−1
h E

)−1
(

k γ A M−1
h fn

1 + fn
2

)

,

whih is well-posed if the matrix

(

Mh + k γ A M−1
h E

)−1
exists. In order to show

that, we note that Mh is diagonal with positive elements and A is symmetri and

positive semi-de�nite. Moreover

E =
1

δ
diag (. . . , β ′

δ(Y
n)(xj), . . .)Mh + ε2 A,

with β ′
δ(Y

n)(xj) ≥ 0, ∀j = 1, . . . , Nh.
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Therefore E is symmetri and positive de�nite. Obviously M−1
h AM−1

h is symmetri

and positive semide�nite and M−1
h A M−1

h E is positive semi-de�nite (see Prop.

6.1 in [?℄). Noting that

Mh + k γ A M−1
h E = Mh

(

I + k γ M−1
h A M−1

h E
)

,

and using the previous onsiderations, we infer that I + k γ M−1
h A M−1

h E is

positive de�nite. Then, we onlude that Mh

(

I + k γ M−1
h A M−1

h E
)

is positive

de�nite too. Hene, the matrix

(

Mh + k γ A M−1
h E

)−1
exists and the proof is

ompleted.

The ontinuous di�erentiability of the maps Jh,k : Xh,k × L2 (L2) → R, eδ,h,k :
Xh,k × L2 (L2) → Xh,k and Theorem 3.10 guarantee that all the solutions of the

regularized optimal ontrol Problem 3.2 an be derived solving a set of �rst order

optimality onditions (see Theorem 1.48 and Corollary 1.3 in [58℄). As in Chapter

2, for any �xed h, k and δ ∈
(

0, 1
4

)

, we de�ne the disrete Lagrange funtional

Lδ,h,k : Xh,k × L2 (L2)×Xh,k → R,

(3.68) Lδ,h,k (X ,U ,Q) = Jh,k (X ,U) + 〈Q, eδ,h,k (X ,U)〉X∗

h,k
,Xh,k

,

where

Q = (QV ,QP ,QY ,QW) ∈ Xh,k.

Thus, the �rst order optimality onditions of the disrete regularized optimal ontrol

Problem 3.2 orrespond to �nd (X ,U ,Q) ∈ Xh,k × L2 (L2)×Xh,k suh that

∂Lδ,h,k

∂Q
(X ,U ,Q) = 0,(3.69)

∂Lδ,h,k

∂X
(X ,U ,Q) = 0,(3.70)

∂Lδ,h,k

∂U
(X ,U ,Q) = 0.(3.71)

Equations (3.69) are just the disrete state equations eδ,h,k (X ,U) = 0 of Problem

3.2, (3.70) orresponds to the disrete adjoint equations and (3.71) is another opti-

mality relation.

In the next Lemma 3.11, we prove that given a solution X = sδ,h,k (U) of the

disrete state equations (3.69), the disrete adjoint equations (3.70) have a unique

solution Q ∈ Xh,k.

Lemma 3.11. Let h, k,U ∈ L2 (L2) and X = sδ,h,k (U) ∈ Xh,k be given. Then, the

disrete adjoint equations (3.70) have a unique solution Q ∈ Xh,k, for any �xed

δ ∈
(

0, 1
4

)

.

Proof. As a result of Theorem 3.10, we have that the map

[

∂eδ,h,k
∂X

(sδ,h,k (U) ,U)

]−1

∈ L (Xh,k,Xh,k) ,

exists. Thus, the proof of the Lemma is analogous to the one of Lemma 2.8 in

Chapter 2.
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The �rst order optimality onditions (3.69)-(3.71) are written in terms of the

abstrat variables (X ,U ,Q) ∈ Xh,k × L2 (L2) ×Xh,k. Using the de�nition of the

disrete spae Xh,k = VN+1
h ×PN

h ×PN+1
h ×Y N

h we write these optimality onditions

expliitly, using the state and the adjoint variables

(V,P,Y ,W) = X ,

(QV ,QP ,QY ,QW) = Q.

Corollary 3.12 (optimality onditions). The �rst order optimality onditions

(3.69)-(3.71) of the regularized optimal ontrol Problem 3.2 read as follows. For all

n = 1, . . . , N :

(dtV
n,ψ) + ν (∇Vn,∇ψ)− (P n,∇ ·ψ)− (Un,ψ) = 0,(3.72a)

(∇ ·Vn, φ) = 0,(3.72b)

V0 = v0,h,(3.72)

(dtY
n, η)h + γ (∇W n,∇η)−

(

Y n−1Vn−1,∇η
)

= 0,(3.72d)

(W n, θ)h − ε2 (∇Y n,∇θ) +
(

Y n−1, θ
)

h
−

1

δ
(βδ(Y

n), θ)h = 0,(3.72e)

Y 0 = y0,h,(3.72f)

for all ψ ∈ Vh, φ ∈ Ph, η, θ ∈ Yh,

(−dtQ
n
V,ψ) + ν

(

∇Qn−1
V ,∇ψ

)

+
(

Qn−1
P ,∇ ·ψ

)

− (Y n∇Qn
Y ,ψ) = 0,(3.73a)

QN
V = 0,(3.73b)

(

∇ ·Qn−1
V , φ

)

= 0,(3.73)

(−dtQ
n
Y , η)h − ε2

(

∇Qn−1
W ,∇η

)

+ (Qn
W , η)h(3.73d)

− (∇Qn
Y ·Vn, η)−

1

δ

(

β ′
δ (Y

n)Qn−1
W , η

)

h
+
(

Y n − ynd,h, η
)

= 0,

QN
Y = 0,(3.73e)

(

Qn−1
W , θ

)

h
+ γ

(

∇Qn−1
Y ,∇θ

)

= 0.(3.73f)

QN
W = 0,(3.73g)

for all ψ ∈ Vh, φ, η ∈ Ph, θ ∈ Yh,

(3.74) αUn −Qn−1
V = 0.

Proof. By diret alulation, equations (3.72b)-(3.72f) and (3.73), an be derived,

respetively, from (3.69) and (3.70). From (3.71), we have that

N
∑

i=1

∫ tn

tn−1

(

αU −Qn−1
V ,ϕ

)

dt = 0,

for all ϕ ∈ L2 (L2). Thus, we get U ∈ VN
h ,

U (t) = Un ∈ Vh, ∀t ∈ (tn−1, tn) ,

and onsequently (3.74) and (3.72a).
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Remark 3.13. As a onsequene of the optimality onditions (3.73f), we infer that

Qn
W ∈ Ph, for all n = 0, . . . , N − 1.

In the following Lemma 3.14, we derive δ-independent stability estimates for the

adjoint variables (QV ,QP ,QY ,QW) ∈ VN+1
h ×PN

h ×PN+1
h × Y N

h . These estimates

are used in the next setions, where, to deal with the disrete formulation of the

non-smooth optimal ontrol Problem 2.1, we perform the limit of the optimality

onditions system (3.72)-(3.74) for the regularization parameter δ → 0+.

Lemma 3.14. Let us assume there exists a onstant C̃ independent of h, k and

δ ∈
(

0, 1
4

)

, suh that

(3.75) ‖∇v0,h‖+ ‖∇y0,h‖+
N
∑

n=1

k ‖ynd,h‖
2 ≤ C̃.

Then, if (X ,U ,Q) ∈ Xh,k × L2 (L2) × Xh,k is a solution of the adjoint equations

(3.72)-(3.74) for �xed h, k and δ ∈
(

0, 1
4

)

,

sup
n=0,...,N

‖∇Qn
V‖ ≤ C (U) ,(3.76)

N
∑

n=1

‖dtQ
n
V‖

2 ≤ C (U) ,(3.77)

N
∑

n=1

‖Qn−1
V −Qn

V‖
2
H1

0
≤ C (U) ,(3.78)

N
∑

n=0

k ‖∆̃hQ
n
V‖

2 ≤ C (U) ,(3.79)

sup
n=0,...,N−1

∥

∥

∥

n
∑

i=0

k Qi
P

∥

∥

∥
≤ C (U) ,(3.80)

sup
n=0,...,N

‖Qn
Y ‖H0

≤ C (U) ,(3.81)

N
∑

n=1

‖Qn−1
Y −Qn

Y ‖
2
H0

≤ C (U) ,(3.82)

N
∑

n=0

k ‖∆hQ
n
Y ‖

2
H0

≤ C (U) ,(3.83)

N
∑

n=0

k ‖Qn
W‖2H0

≤ C (U) ,(3.84)

and

(3.85) 0 ≤
N
∑

n=1

k

(

1

δ
β ′
δ (Y

n)Qn−1
W , Qn−1

W

)

h

≤ C (U) .

where the onstant C (U) depends just on ‖U‖L2(L2) but it is independent of δ, h, k

and ∆̃h, ∆h are the disrete Laplaian de�ned, respetively, in (A.37), (A.36).
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Proof. For a given n = 1, . . . , N , we set η = kQn−1
W ∈ Ph, θ = k

(

Qn−1
Y −Qn

Y

)

in

(3.73d), (3.73f). In this way, we derive two relation that, used together, produe

γ

2
‖∇Qn−1

Y ‖2 −
γ

2
‖∇Qn

Y ‖
2 +

γ

2
‖∇
(

Qn−1
Y −Qn

Y

)

‖2 + kε2‖∇Qn−1
W ‖2

+
k

δ

(

β ′
δ(Y

n)Qn−1
W , Qn−1

W

)

h

= −k
(

Vn · ∇Qn
Y , Q

n−1
W

)

+ k
(

Qn
W , Qn−1

W

)

h
+ k

(

Y n − ynd,h, Q
n−1
W

)

= I1 + I2 + I3.(3.86)

Regarding I1, I2, I3 in (3.86), we derive:

•

I3 ≤ k ‖Y n − ynd,h‖‖Q
n−1
W ‖ ≤ k C ‖Y n − ynd,h‖‖∇Qn−1

W ‖

≤ k σ ‖∇Qn−1
W ‖2 + k C(σ) ‖Y n − ynd,h‖

2,

using Cauhy-Shwartz, Poinaré-Wirtinger inequality (A.15) and Young's

inequality (A.13);

•

I2 = −k γ
(

∇Qn
Y ,∇Qn−1

W

)

≤ k γ ‖∇Qn−1
W ‖‖∇Qn

Y ‖

≤ k γ σ ‖∇Qn−1
W ‖2 + k γ C(σ) ‖∇Qn

Y ‖
2,

setting θ = kQn−1
W in (3.73f) evaluated at n, using the generalized Holder's

inequality (A.14), (A.17) and Young's inequality (A.13);

•

I1 ≤ k C ‖∇Vn‖‖∇Qn
Y ‖‖∇Qn−1

W ‖ ≤ k σ ‖∇Qn−1
W ‖2+k C(σ) C1 (U) ‖∇Qn

Y ‖
2,

from the generalized Holder's inequality (A.14), (A.17), Young's inequality

(A.13), Poinaré-Wirtinger inequality (A.15) and the estimate on ‖∇Vn‖
(3.22) derived in Lemma 3.5.

Inserting the estimate of I1, I2, I3 in (3.86), with σ small enough, we get

γ

2
‖∇Qn−1

Y ‖2 −
γ

2
‖∇Qn

Y ‖
2 +

γ

2
‖∇Qn−1

Y −∇Qn
Y ‖

2 + k C1(σ) ‖∇Qn−1
W ‖2(3.87)

+
k

δ

(

β ′
δ(Y

n)Qn−1
W , Qn−1

W

)

h
≤ k C2(σ,U) ‖∇Qn

Y ‖
2 + k C3(σ) ‖Y

n − ynd,h‖
2,

where C2(σ,U) is a onstant whih depends on σ and ‖U‖L2(L2). Summing over

the index n = N, . . . ,m in (3.87), we derive

γ

2
‖∇Qm−1

Y ‖2 +
γ

2

m
∑

n=N

‖∇Qn−1
Y −∇Qn

Y ‖
2 + C1(σ)

m
∑

n=N

k ‖∇Qn−1
W ‖2(3.88)

+
m
∑

n=N

k

δ

(

β ′
δ(Y

n)Qn−1
W , Qn−1

W

)

h
≤ C2(σ,U)

m
∑

n=N

k
[

‖∇Qn
Y ‖

2 + ‖Y n − ynd,h‖
2
]

,
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for all m = 1, . . . , N . In (3.88), by the de�nition (2.13), 0 ≤ β ′
δ ≤ 1. Therefore

(

β ′
δ(Y

n)Qn−1
W , Qn−1

W

)

h
≥ 0, ∀n = 1, . . . , N.

Moreover, from the assumption (3.75) and the estimate (3.34) in Lemma 3.7 of

‖Y n‖, the last term on the r.h.s. in (3.88) is suh that

m
∑

n=N

k ‖Y n − ynd,h‖
2 ≤ C (U) .

Thus, we an apply to (3.88) the disrete Gronwall's Lemma (see for example

Lemma 1.4.2 in [73℄). In this way, we derive the results (3.81), (3.82), (3.84) and

(3.85). The optimality ondition (3.73f) is equivalent to the following

Qn−1
W = γ∆̃hQ

n−1
Y , ∀n = 1, . . . , N.

Hene, the result (3.83) is just a onsequene of the result (3.84).

Setting ψ = −kdtQ
n
V in the optimality ondition (3.73a), we derive

k‖dtQ
n
V‖

2 +
ν

2
‖∇Qn−1

V ‖2 −
ν

2
‖∇Qn

V‖
2 +

ν

2
‖∇Qn−1

V −∇Qn
V‖

2
(3.89)

= −k (Y n,∇Qn
Y · dtQ

n
V) .

Using the generalized Holder's inequality (A.14), (A.17), interpolation inequality

(A.51) and Young's inequality (A.13), we an estimate the r.h.s. in (3.89). We

have

k |
(

Y n,∇Qn
Y · dtQ

n−1
V

)

| ≤ k ‖Y n‖L4‖∇Qn
Y ‖L4‖dtQ

n
V‖(3.90)

≤ k C‖Y n‖H0
[ ‖∇Qn

Y ‖+ ‖∆hQ
n
Y ‖ ] ‖dtQ

n
V‖

≤ k σ‖dtQ
n−1
V ‖2 + k C (σ) ‖Y n‖2H0

[

‖∇Qn
Y ‖

2 + ‖∆hQ
n
Y ‖

2
]

.

Hene, using (3.90) with σ small enough, from (3.89) we get

k C1 (σ) ‖dtQ
n
V‖

2 +
ν

2
‖∇Qn−1

V ‖2 −
ν

2
‖∇Qn

V‖
2 +

ν

2
‖∇Qn−1

V −∇Qn
V‖

2
(3.91)

≤ k C2 (σ) ‖Y
n‖2H0

[

‖∇Qn
Y ‖

2 + ‖∆hQ
n
Y ‖

2
]

.

Summing over the index n = N, . . . ,m in (3.91), we derive

C1 (σ)

m
∑

n=N

k‖dtQ
n
V‖

2 +
ν

2
‖∇Qm−1

V ‖2 +
ν

2

m
∑

n=N

‖∇Qn−1
V −∇Qn

V‖
2

(3.92)

≤ C2 (σ)

m
∑

n=N

k ‖Y n‖2H0

[

‖∇Qn
Y ‖

2 + ‖∆hQ
n
Y ‖

2
]

,

for all m = 1, . . . , N . Then, from the estimate (3.34) in Lemma 3.7, (3.82), (3.83),

we realize that the results (3.76)-(3.78) hold.

We set ψ = kAhQn−1
V in (3.73a), where Ah

is the disrete Stokes operator (A.40).

In this way, we have

k ν‖AhQn−1
V ‖2 = k

(

dtQ
n
V,A

hQn−1
V

)

+ k
(

Y n,∇Qn
Y ·AhQn−1

V

)

(3.93)
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= M1 +M2.

From generalized Holder's inequality (A.14), (A.17), interpolation inequality (A.51)

and Young's inequality (A.13), we derive

|M1| ≤ k σ‖AhQn−1
V ‖2 + C (σ) k ‖dtQ

n
V‖

2,

|M2| ≤ k ‖Y n‖L4‖∇Qn
Y ‖L4‖AhQn−1

V ‖

≤ k C ‖Y n‖H0
[ ‖∇Qn

Y ‖+ ‖∆hQ
n
Y ‖ ] ‖AhQn−1

V ‖

≤ k σ‖AhQn−1
V ‖2 + k C (σ) ‖Y n‖2H0

[

‖∇Qn
Y ‖

2 + ‖∆hQ
n
Y ‖

2
]

.

Then, using the estimates for M1,M2 in (3.93), with σ su�iently small and sum-

ming on the index n = 1, . . . , N , we get

C1 (σ)

N
∑

n=1

k ‖AhQn−1
V ‖2(3.94)

≤ C2 (σ)
N
∑

n=1

k ‖dtQ
n
V‖

2 + C3 (σ)
N
∑

n=1

k ‖Y n‖2H0

[

‖∇Qn
Y ‖

2 + ‖∆hQ
n
Y ‖

2
]

.

The results (3.34) in Lemma 3.7, (3.82), (3.83), (3.77), guarantee that the r.h.s in

(3.94) is bounded. Hene, it hold

N
∑

n=1

k ‖AhQn−1
V ‖2 ≤ C (U) .

Then, following [46℄ as in the proof of Lemma 3.5, we derive the result (3.79).

The proof of the last estimate (3.80) is analogous to the one given in Lemma 3.5.

3.3. Disrete Non-Smooth Optimal Control

Problem

In this setion, we study the non-smooth disrete optimal ontrol Problem 3.1,

whih represents a disretized version of the non-smooth optimal ontrol Problem

2.1. Using the results obtained in Setion 3.2, we derive a system of �rst order

optimality onditions of this problem as limit of the �rst order optimality ondi-

tions (3.72)-(3.74) of the regularized disrete optimal ontrol Problem 3.2, for the

regularization parameter δ → 0+.

3.3.1. Properties of the State Equations of the Disrete

Non-Smooth Optimal Control Problem

In the next Lemma 3.15, we show that the state equations (3.5),(3.6) of the the

non-smooth disrete optimal ontrol Problem 3.1 an be derived as limit of the

state equations (3.10), (3.11) of the regularized disrete Problem 3.2, for the regu-

larization parameter δ → 0+. Next, in Lemma 3.16, we show that the equations

derived have a unique solution.
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Lemma 3.15. Let us assume that there exists a onstant C̃ independent of h, k
and δ ∈

(

0, 1
4

)

suh that

‖∇v0,h‖+ ‖∇y0,h‖ ≤ C̃.

For any �xed h, k, onsider a sequene {δl}l∈N ⊂
(

0, 1
4

)

suh that δl → 0+, a

bounded sequene {Ul}l∈N ⊂ L2 (L2) and the orresponding sequene of solution

{(Vl,Yl,Wl)}l∈N of the state equations (3.10) (3.11) of the regularized disrete op-

timal ontrol Problem 3.2. Then, there exists a subsequene (labelled by index m),

suh that

Um ⇀ U , in L2
(

L2
)

,(3.95)

Vm → V, in VN+1
h ,(3.96)

Pm → P, in PN
h ,(3.97)

Ym → Y , in PN+1
h ,(3.98)

Wm → W, in Y N
h .(3.99)

and the limit variables satisfy

sup
n=0,...,N

‖Vn‖D ≤ C (U) ,(3.100)

N
∑

n=1

k ‖dtV
n‖2 ≤ C (U) ,(3.101)

N
∑

n=1

‖Vn −Vn−1‖2D ≤ C (U) ,(3.102)

N
∑

n=1

k ‖∆̃hV
n‖2 ≤ C (U) ,(3.103)

sup
n=1,...,N

∥

∥

∥

n
∑

i=1

k P i
∥

∥

∥
≤ C (U) .(3.104)

sup
n=0,...,N

‖Y n‖H0
≤ C (U) ,(3.105)

N
∑

i=1

k ‖∇GdtY
i‖2 ≤ C (U) ,(3.106)

N
∑

i=1

k ‖∆̂hY
i‖2h ≤ C (U) ,(3.107)

N
∑

i=1

∥

∥Y i − Y i−1
∥

∥

2

H0
≤ C (U) ,(3.108)

N
∑

i=1

k ‖W i‖2H1 ≤ C (U) .(3.109)

where the onstant C (U) depends just on ‖U‖L2(L2) but it is independent of h, k, δ ∈
(

0, 0
4

)

. Furthermore, (V,P,Y ,W,U) satis�es the state equations (3.5), (3.6) of the
disrete non-smooth optimal ontrol Problem 3.1.
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Proof. The statements (3.95)-(3.109) are a diret onsequene of the results ob-

tained in Lemma 3.5 and Lemma 3.7. We prove that the limit variablesV,P,Y ,W,U
satisfy the state equations (3.5), (3.6) of the disrete non-smooth optimal ontrol

Problem 3.1. Considering the subsequenes in (3.95)-(3.99), we have

(dtV
n
m,ψ) + ν (∇Vn

m,∇ψ)− (P n
m,∇ ·ψ)−

1

k

∫ tn

tn−1

(Um,ψ) dt = 0,(3.110a)

V0
m = v0,h,(3.110b)

(∇ ·Vn
m, φ) = 0,(3.110)

(dtY
n
m, η)h + γ (∇W n

m,∇η)−
(

Y n−1
m Vn−1

m ,∇η
)

= 0,(3.110d)

Y 0
m = y0,h,(3.110e)

−
(

W n
m + Y n−1

m , θ
)

h
+ ε2 (∇Y n

m,∇θ) +
1

δm
(βδm (Y n

m) , θ) = 0,(3.110f)

As m → +∞, the onvergene of the equations (3.110a), (3.110) to equations

(3.5a), (3.5) is straightforward. This is true also about the onvergene of the

nonlinear term in (3.110d), (3.110f) to the orresponding terms in (3.6a), (3.6).

We show the onvergene of the nonlinear terms. Regarding the third term in

(3.110d), we note that

O1 =
∣

∣

∣

N
∑

n=1

k
(

Y n−1
m ,Vn−1

m · ∇ηn
)

−
N
∑

n=1

k
(

Y n−1,Vn−1 · ∇ηn
)

∣

∣

∣

≤
N
∑

n=1

k
∣

∣

(

Y n−1
m − Y n−1,Vn−1

m · ∇ηn
)

+
(

Y n−1,
[

Vn−1
m −Vn−1

]

· ∇ηn
) ∣

∣

≤ C

N
∑

n=1

k
[

‖Y n−1
m − Y n−1‖H0

‖Vn−1
m ‖H1

0
+ ‖Y n−1

m ‖H0
‖Vn−1

m −Vn−1‖H1
0

]

‖∇ηn‖.

Then, using Ym → Y in Y N+1
h and Vm → V in VN+1

h , we infer that

(3.111) O1 → 0,

as m → +∞. Therefore (3.110d) onverges to (3.6a) as m → +∞. We set θ ∈ Kh

in (3.110f). Then, as in the proof of Theorem 2.11, using the de�nition (2.12) and

the property (2.17) of the funtion βδ, we an write

−
(

W n
m + Y n−1

m , θ − Y n
m

)

h
+ ε2 (∇Y n

m,∇θ −∇Y n
m)

=
1

δm
(βδm (θ)− βδm (Y n

m) , θ − Y n
m) ≥ 0.

Last equation yields (3.6) as m → +∞. Finally we prove that (3.6d) holds, i.e.,

−1 ≤ Y n ≤ 1, for all n = 1, . . . , N . From (3.56) in Theorem 3.8, we have

N
∑

n=1

k
∥

∥

∥
βδm (Y n

m)
∥

∥

∥

2

≤ C δ2m
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and onsequently

lim
m→+∞

N
∑

n=1

k
∥

∥

∥
βδm (Y n

m)
∥

∥

∥

2

= 0.

Then, using the funtion f̂ de�ned in (2.69), we an write

∣

∣

∣

N
∑

n=1

k
(

f̂ (Y n) , θn
) ∣

∣

∣

≤
N
∑

n=1

k
[

‖f̂ (Y n)− f̂ (Y n
m) ‖+ ‖f̂ (Y n

m)− βδm (Y n
m) ‖+ ‖βδm (Y n

m) ‖
]

‖θn‖ ≤

≤ C





(

N
∑

n=1

k ‖Y n − Y n
m‖

2

)
1
2

+ T
1
2 δm





(

N
∑

n=1

k ‖θn‖2

)
1
2

→ 0,

as m → +∞, for all θn ∈ Yh, n = 1, . . . , N . Therefore

f̂ (Y n) ≡ 0, ∀n = 1, . . . , N.

Hene, from the de�nition (2.69) of the funtion f̂ , we infer that (3.6d) holds.

In the next Lemma 3.16, we derive the properties of the solution of the state

equations (3.5), (3.6) of the disrete non-smooth optimal ontrol Problem 3.1.

Lemma 3.16. For any �xed h, k, U ∈ L2 (L2), the system of the state equations

(3.5), (3.6) has a unique solution (V,P,Y ,W) ∈ VN+1
h × PN

h × PN+1
h × Y N

h . Fur-

thermore, if there exists a onstant C̃ independent of h, k, suh that

(3.112) ‖∇v0,h‖+ ‖∇y0,h‖ ≤ C̃,

there exists a onstant C (U) whih depends just on ‖U‖L2(L2) but it is independent

of h, k, suh that (V,P,Y ,W) satis�es the estimates (3.100)-(3.109) in Lemma

3.15.

Proof. As a onsequene of Lemma 3.15, the system of equations (3.5), (3.6) has a

solution (V,P,Y ,W) ∈ VN+1
h × PN

h × PN+1
h × Y N

h . Moreover, if the assumption

(3.112) above holds, this solution satis�es the estimates (3.100)-(3.109) in Lemma

3.15. It remains to show the uniqueness of the solution. Given U ∈ L2 (L2), using
the linearity of the equations (3.5), it is straightforward to prove that (V,P) ∈
VN+1

h ×PN
h is unique. To prove the uniqueness of (Y ,W) ∈ PN+1

h ×Y N
h , we proeed

by indution. Let us suppose that, given a time level n, the solution (Y n−1,W n−1)
of (3.6) at the time level n − 1 is unique. Then, at the time level n, we onsider

two possible solutions (Y n
1 ,W

n
1 ) , (Y

n
2 ,W

n
2 ) ∈ Ph × Yh of (3.6) and we de�ne

Sn
Y = Y n

2 − Y n
1 , Sn

W = W n
2 −W n

1 .

We subtrat (3.6a) with Y n = Y n
1 to (3.6a) with Y n = Y n

2 . In this way, we get

(3.113) (Sn
Y , η)h + kγ (∇Sn

W ,∇η) = 0.
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We add (3.6) with Y n = Y n
1 ,W

n = W n
1 , θ = Y n

2 to (3.6) with Y n = Y n
2 ,W

n =
W n

2 , θ = Y n
1 . Thus, we have

(3.114) − (Sn
W , Sn

Y )h + ε2‖∇Sn
Y ‖

2 ≤ ‖Sn
Y ‖

2
h.

Substituting η = ĜhS
n
Y in (3.113), we have

(

Sn
Y , ĜhS

n
Y

)

h
= −k γ

(

∇Sn
W ,∇ĜhS

n
Y

)

,

whih is equivalent, by the de�nition (A.33) of the disrete Green's operator Ĝh, to

(3.115) ‖∇ĜhS
n
Y ‖

2 = −kγ (Sn
Y , S

n
W )h .

Multiplying (3.114) by kγ and using (3.115), we an write

(3.116) ‖∇ĜhS
n
Y ‖

2 + kγε2‖∇dnY ‖
2 ≤ kγ‖Sn

Y ‖
2
h.

By Young's inequality and the de�nition (A.33) of the disrete Green's operator

Ĝh, we infer that

(3.117) ‖Sn
Y ‖

2
h =

(

∇Sn
Y ,∇ĜhS

n
Y

)

≤
ε2

2
‖∇Sn

Y ‖
2 +

1

2ε2
‖∇ĜhS

n
Y ‖

2.

Hene, using (3.117) in (3.116), we have that, for all k

‖∇ĜhS
n
Y ‖

2 ≤ k
γ

2ε2
‖∇ĜhS

n
Y ‖

2.

Therefore ∇ĜhS
n
Y = 0, whih means Sn

Y = Y n
2 −Y n

1 = 0. Moreover, setting η = Sn
W

in (3.113), we derive

∇Sn
W = 0,

i.e., Sn
W is equal to some onstant. In order to show that this onstant is indeed

zero, we onsider ξ ∈ Yh, suh that

Y n(xj) = ±1 ⇒ ξ(xj) = 0,

for all xj vertices of Th. Then, we substitute θ± = Y n±ρξ in (3.6), with ρ onstant
and small enough so that −1 ≤ θ ≤ 1. In this way, we get

ε2 (∇Y n,∇ξ) ≥
(

Y n−1 +W n, ξ
)

h
,

− ε2 (∇Y n,∇ξ) ≥ −
(

Y n−1 +W n, ξ
)

h
,

whih imply

(3.118) (∇Y n,∇ξ) =
(

Y n−1 +W n, ξ
)

h
.

Subtrating (3.118) with W n = W n
1 to (3.118) with W n = W n

2 , we have

(Sn
W , ξ)h = Sn

W (1, ξ)h = 0.

Thus, we infer Sn
W = W n

2 −W n
1 = 0. We have shown that, if (Y n−1,W n−1) is the

unique solution of (3.6) at a time level n − 1, then (3.6) have a unique solution

(Y n,W n) even at a time level n. Hene, using the initial ondition Y 0 = y0,h, by
indution, we derive that the solution (Y ,W) ∈ PN+1

h × Y N
h of (3.6) is unique.
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3.3.2. Minimizers of the Disrete Non-Smooth Optimal

Control Problem

As in Chapter 2, in the next Lemma 3.17, we prove the existene of solutions of

the disrete non-smooth optimal ontrol Problem Problem 3.1.

Lemma 3.17 (existene of minimizers). For any given h, k, the optimal ontrol
Problem 3.1 admits a solution.

Proof. The proof is analogous to the one of Theorem 2.5 in Chapter 2.

In the next Theorem 3.18 we show the relationship between the solutions of the

regularized disrete optimal ontrol Problem 3.2 and the solutions of non-smooth

disrete optimal ontrol Problem 3.1: there exists a sequene of solutions of the

regularized Problem 3.2, whih onverges to a solution of the non-smooth Problem

3.1, for the regularization parameter δ → 0+.

Theorem 3.18. Let us assume that there exists a onstant C̃ independent on

h, k, δ ∈
(

0, 1
4

)

, suh that

(3.119) ‖∇v0,h‖+ ‖∇y0,h‖+
N
∑

n=1

k ‖ynd,h‖
2 ≤ C̃.

Furthermore, for any �xed h, k, let us onsider a sequene {δl}l∈N ⊂
(

0, 1
4

)

, suh

that δl → 0+ and the orresponding sequene of solutions of the regularized disrete

optimal ontrol problem 3.2,

{(

X̄l, Ūl

)}

l∈N
⊂ Xh,k × L2

(

L2
)

.

Then, it is possible to extrat a subsequene (labelled with an index m), suh that,

as m → +∞,

X̄m → X̄ , in Xh,k,

Ūm ⇀ Ū , in L2
(

L2
)

,

where

(

X̄ , Ū
)

is a solution of the disrete non-smooth optimal ontrol Problem 3.1.

Proof. Given the sequenes {δl}l∈N and

{(

X̄l, Ūl

)}

l∈N
=
{(

sδl,h,k
(

Ūl

)

, Ūl

)}

l∈N
,

where sδ,h,k : L2 (L2) → Xh,k is the solution operator (3.21) assoiated to the

state equations of the regularized Problem 3.2, we onsider U ∈ L2 (L2) suh that

U (t) = u ∈ L2, ∀ t ∈ [0, T ] .

Then, by the de�nition (3.4) of the disrete ost funtional Jh,k, the results of

Lemma 3.7 and the assumption (3.119), there exists a onstant C (U), suh that

‖Ūl‖
2
L2(L2) ≤ Jh,k

(

sδl,h,k
(

Ūl

)

, Ūl

)

≤ Jh,k (sδl,h,k (U) ,U) ≤ C (U) +
α

2
‖U‖2L2(L2).

The onstant C (U) depends just on ‖U‖L2(L2) and it is independent of h, k, δl ∈
(

0, 1
4

)

. Therefore, the sequene

{

Ūl

}

l∈N
is bounded in L2 (L2) and by the estimates



3.3. Disrete Non-Smooth Optimal Control Problem 61

established in Lemmas 3.5, 3.7, the sequene

{(

sδl,h,k
(

Ūl

)

, Ūl

)}

l∈N
is bounded in

Xh,k × L2 (L2). Hene, by Theorem 3.15, there exists a subsequene (labelled by

index m), whih is suh that

(

sδm,h,k

(

Ūm

)

, Ūm

)

=
(

X̄m, Ūm

)

⇀
(

X̄ , Ū
)

, in Xh,k × L2
(

L2
)

,

and

(

X̄ , Ū
)

is a solution of the state equations (3.5), (3.6) of the disrete non-

smooth optimal ontrol Problem 3.1. Then, using the same proedure applied in

the proof of Theorem 2.13, it easy to prove that

(

X̄ , Ū
)

is also a minimizer of

Problem 3.1.

As we have done in Chapter 2, in the following we present an equivalent formu-

lation of the disrete non-smooth optimal ontrol Problem 3.1. In this formulation,

we introdue two Lagrange multipliers in the state equations

Br,Bl ∈ Y N
h .

In this way, the optimal ontrol Problem 3.1 will assume the struture of a mathe-

matial program with omplementarity onstraints. In the optimality onditions for

this problem, the Lagrange multipliers Br,Bl will be related to a variable Λ ∈ Y N
h .

Then, just the relationship between Br,Bl and Λ will be one of the key issue for

the numerial solution of the optimality onditions of non-smooth optimal ontrol

Problem 3.1. We de�ne the spaes

Rh,k = Xh,k × Y N
h × Y N

h ,

with elements R = (X ,Br,Bl) and

K+
h = {Z ∈ Yh : Z ≥ 0} .

Furthermore we onsider the ost funtional J̃h,k : Rh,k × L2 (L2) → R, whih is

suh that

J̃h,k (R,U) ≡ Jh,k (X ,U) .

Then, we onsider the following problem:

Problem 3.19. Find

(

R̄, Ū
)

∈ Rh,k × L2 (L2), suh that

min
(R,U)∈Rh,k×L2(L2)

J̃h,k (R,U) = J̃h,k

(

R̄, Ū
)

,

subjet to

(dtV
n,ψ) + ν (∇Vn,∇ψ)− (P n,∇ ·ψ)−

1

k

∫ tn

tn−1

(U ,ψ) dt = 0,(3.120a)

V0 = v0,h,(3.120b)

(∇ ·Vn, φ) = 0,(3.120)

(dtY
n, η)h + γ (∇W n,∇η)−

(

Y n−1Vn−1,∇η
)

= 0,(3.121a)
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Y 0 = y0,h,(3.121b)

−
(

W n + Y n−1, θ
)

h
+ ε2 (∇Y n,∇θ) + (Bn, θ)h = 0,(3.121)

Y n ∈ Kh,(3.121d)

Bn = Bn
r −Bn

l , with Bn
r , B

n
l ∈ K+

h ,(3.121e)

[Bn
r (1− Y n)] (xj) = 0,(3.121f)

[Bn
l (1 + Y n)] (xj) = 0,(3.121g)

for all ψ ∈ Vh, φ ∈ Ph, η, θ ∈ Yh, j = 1, . . . ,Nh, n = 1, . . . , N .

Lemma 3.20. Problems 3.1 and 3.19 are equivalent.

Proof. We need to show the equivalene between the state equations (3.5),(3.6) and

the state equations (3.120),(3.121).

First we prove that every solution of (3.5),(3.6) is also a solution of (3.120),(3.121).

Given U ∈ L2 (L2), we onsider a sequene {δi}i∈N ⊂
(

0, 1
4

)

, suh that δi → 0+ and

the orresponding sequene of solutions of the regularized disrete state equations

(3.10), (3.11),

{(Vi,Pi,Yi,Wi)}i∈N = {Xi}i∈N = {sδi,h,k (U)}
i∈N .

By Theorem 3.15, we know that there exists a subsequene (labelled with index m)

suh that

Xm → X ∈ Xh,k,

where X = (V,P,Y ,W) is the unique solution of (3.5),(3.6). It easy to realize

that X , together some Br,Bl ∈ Y N
h satisfy (3.120),(3.121). Indeed, using the result

(3.56) in Lemma 3.8, there exist Br,Bl ∈ Y N
h , suh that

1

δm
βrδm (Y n

m) (xj) → Bn
r (xj) ≥ 0,(3.122)

1

δm
βlδm (Y n

m) (xj) → Bn
l (xj) ≥ 0,(3.123)

as m → +∞, for all j = 1, . . . ,Nh, n = 1, . . . , N , where the funtions βrδ, βlδ

are de�ned in (2.84), (2.85). Furthermore (Y ,W,B) satis�es (3.121). In order to

prove that (3.121f) is satis�ed, using Y n ∈ Kh, we note that

(3.124)

1

δm
[βrδm (Y n

m) (1− Y n
m)] (xj) → [Bn

r (1− Y n)] (xj) ≥ 0,

as m → +∞, for all j = 1, . . . ,Nh, n = 1, . . . , N . Noting

βrδ (1) = 0,

and that βrδ is monotone inreasing funtion, we get

(3.125) [βrδm (Y n
m) (1− Y n

m)] (xj) = − [βrδm (1)− βrδm (Y n
m)] [(1− Y n

m)] (xj) ≤ 0.

So, by omparison between (3.124) and (3.125), we infer that (3.121f) holds. In the

same way, it is possible to derive that (3.121g) is satis�ed.
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We perform the seond step of the proof demonstrating that every solution (V,P,Y ,W,B)
of (3.120),(3.121) is also a solution of (3.5),(3.6). We need to prove just that (Y ,W)
solves (3.6). Setting in (3.121) θ = θ̃ − Y n

, with θ̃ ∈ Kh, we have

(3.126) −
(

W n + Y n−1, θ̃ − Y n
)

h
+ ε2

(

∇Y n,∇θ̃ −∇Y n
)

= −
(

Bn, θ̃ − Y n
)

h
,

where, using a quadrature formula with weights ωj ≥ 0,

−
(

Bn, θ̃ − Y n
)

h
= −

Nh
∑

j=1

ωj B
n (xj)

[

θ̃ − Y n
]

(xj) .

From (3.121f), (3.121g), we get that for all xj vertices of Th

− Bn (xj)
[

θ̃ − Y n
]

(xj) =



















Bn
l (xj)

[

θ̃ (xj) + 1
]

≥ 0, if Y n(xj) = −1,

0, if − 1 < Y n(xj) < 1,

− Bn
r (xj)

[

θ̃ (xj)− 1
]

≥ 0, if Y n(xj) = 1.

Hene, in (3.126) −
(

Bn, θ̃ − Y n
)

h
≥ 0 and equation (3.6) holds.

3.3.3. Optimality Conditions for the Disrete Non-Smooth

Optimal Control Problem

In this setion we derive the �rst order optimality onditions of the disrete non-

smooth Problem 3.1 as limit of the optimality onditions (3.72)-(3.74) of the regu-

larized disrete Problem 3.2, for the regularization parameter δ → 0+.

Theorem 3.21. Let us assume that there is a onstant C̃, independent of h, k, δ ∈
(

0, 1
4

)

, suh that

(3.127) ‖∇y0,h‖+ ‖∇v0,h‖+
N
∑

n=1

k ‖ynd,h‖
2 ≤ C̃.

Let {δi}i∈N ⊂
(

0, 1
4

)

be a sequene suh that δi → 0+ and

{(Xi,Ui)}i∈N = {(Vi,Pi,Yi,Wi,Ui)}i∈N ⊂ Xh,k × L2
(

L2
)

,

be the orresponding sequene of solution of the regularized disrete optimal ontrol

Problem 3.2. Let

{Qi}i∈N = {(QVi,QPi,QYi,QWi)}i∈N ⊂ Xh,k,

be the sequene of adjoint variables suh that the triple Xi,Ui,Qi satis�es the op-

timality onditions (3.72)-(3.74) of the regularized Problem 3.2, for all i ∈ N.

Then, there exists a subsequene (labelled by the index m) {(Xm,Um,Qm)}m, a
solution of the disrete non-smooth optimal ontrol Problem 3.19,

(R,U) = (V,P,Y ,W,Br,Bl,U) ∈ Rh,k × L2
(

L2
)

,
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and a set of variables

(QV ,QP ,QY ,QW ,Λ) ∈ Xh,k × Y N
h ,

suh that, as m → +∞,

Vm → V, in VN+1
h ,(3.128)

Pm → P, in PN
h ,(3.129)

Ym → Y , in Y N+1
h ,(3.130)

Wm → W, in Y N
h .(3.131)

QVm → QV , in VN+1
h ,(3.132)

QPm → QP , in PN
h ,(3.133)

QYm → QY , in PN+1
h ,(3.134)

QWm → QW , in Y N
h .(3.135)

Um → U , in VN
h ,(3.136)

1

δm
[βδm (Y n

m)] (xj) → Bn (xj) = Bn
r (xj)−Bn

l (xj) ,(3.137)

1

δm

[

β ′
δm

(Y n
m)Q

n−1
W

]

(xj) → Λn−1 (xj) ,(3.138)

for all j = 1, . . . ,Nh, n = 1, . . . , N . Furthermore

(V,P,Y ,W,Br,Bl,U ,QV ,QP ,QY ,QW ,Λ) ,

satis�es the following system of optimality onditions

(dtV
n,ψ) + ν (∇Vn,∇ψ)− (P n,∇ ·ψ)− (Un,ψ) = 0,(3.139a)

V0 = v0,h,(3.139b)

(∇ ·Vn, φ) = 0,(3.139)

(dtY
n, η)h + γ (∇W n,∇η)−

(

Y n−1Vn−1,∇η
)

= 0,(3.139d)

Y 0 = y0,h,(3.139e)

−
(

W n + Y n−1, θ
)

h
+ ε2 (∇Y n,∇θ) + (Bn, θ)h = 0,(3.139f)

Y n ∈ Kh,(3.139g)

Bn = Bn
r −Bn

l , with Bn
r , B

n
l ∈ K+

h ,(3.139h)

[Bn
r (1− Y n)] (xj) = 0,(3.139i)

[Bn
l (1 + Y n)] (xj) = 0,(3.139j)

for all ψ ∈ Vh, φ ∈ Ph, η, θ ∈ Yh, j = 1, . . . ,Nh, n = 1, . . . , N ,

− (dtQ
n
V,ψ) + ν

(

∇Qn−1
V ,∇ψ

)

+
(

Qn−1
P ,∇ ·ψ

)

− (Y n∇Qn
Y ,ψ) = 0,(3.140a)

QN
V = 0,(3.140b)

(

∇ ·Qn−1
V , φ

)

= 0,(3.140)
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− (dtQ
n
Y , η)h − ε2

(

∇Qn−1
W ,∇η

)

+ (Qn
W , η)h(3.140d)

− (∇Qn
Y ·Vn, η) +

(

Y n − ynd,h, η
)

−
(

Λn−1, η
)

h
= 0,

QN
Y = 0,(3.140e)

QN
W = 0,(3.140f)

(

Qn−1
W , θ

)

h
+ γ

(

∇Qn−1
Y ,∇θ

)

= 0.(3.140g)

for all ψ ∈ Vh, φ, η ∈ Ph, θ ∈ Yh, n = 1, . . . , N ,

(3.141) αUn −Qn−1
V = 0,

for all n = 1, . . . , N . Moreover for all Lipshitz funtions g : R → R, with onstant

Lg, suh that g(1) = g(−1) = 0,

[

g (Y n) Λn−1
]

(xj) = 0,(3.142a)

[

BnQn−1
W

]

(xj) = 0,(3.142b)

[

Λn−1Qn−1
W

]

(xj) ≥ 0,(3.142)

for all j = 1, . . . ,Nh, n = 1, . . . , N . Finally there exists a onstant C, independent
on h, k, suh that the following estimates are satis�ed

sup
n=0,...,N

‖Vn‖H1
0
≤ C,(3.143a)

N
∑

n=1

k ‖dtV
n‖2 ≤ C,(3.143b)

N
∑

n=1

‖Vn −Vn−1‖2
H1

0
≤ C,(3.143)

N
∑

n=1

k ‖∆̃hV
n‖2 ≤ C,(3.143d)

sup
n=1,...,N

∥

∥

∥

n
∑

i=1

k P i
∥

∥

∥
≤ C,(3.143e)

sup
n=0,...,N

‖Y n‖H0
≤ C,(3.143f)

N
∑

n=1

k
∥

∥

∥
∇GdtY

n
∥

∥

∥

2

≤ C,(3.143g)

N
∑

n=1

k ‖∆̂hY
n‖2h ≤ C,(3.143h)

N
∑

n=1

∥

∥Y n − Y n−1
∥

∥

2

H0
≤ C,(3.143i)

N
∑

n=1

k ‖W n‖2H1 ≤ C,(3.143j)
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N
∑

n=1

k
[

‖Bn
r ‖

2 + ‖Bn
l ‖

2
]

≤ C,(3.143k)

‖U‖L2(L2) ≤ C,(3.143l)

and

sup
n=0,...,N

‖Qn
V‖H1

0
≤ C,(3.144a)

N
∑

n=1

‖dtQ
n
V‖

2 ≤ C,(3.144b)

N
∑

n=1

‖Qn
V −Qn−1

V ‖2
H1

0
≤ C,(3.144)

N
∑

n=0

k ‖∆̃hQ
n
V‖

2 ≤ C,(3.144d)

sup
n=0,...,N

∥

∥

∥

n
∑

i=0

k Qn
P

∥

∥

∥
≤ C,(3.144e)

sup
n=0,...,N

‖Qn
Y ‖H0

≤ C,(3.144f)

N
∑

n=1

‖Qn
Y −Qn−1

Y ‖2H0
≤ C,(3.144g)

N
∑

n=0

k ‖∆hQ
n
Y ‖

2
H0

≤ C,(3.144h)

N
∑

n=0

k ‖Qn
W‖2H0

≤ C,(3.144i)

N
∑

n=0

k (Λn, Qn
W )h ≤ C.(3.144j)

Proof. Given a sequene of solutions {(Vi,Pi,Yi,Wi,Ui)}i∈N of the regularized dis-

rete optimal ontrol Problem 3.2, we onsider the sequene {(QVi,QPi,QYi,QWi)}i∈N
of the adjoint variables, suh that Vi,Pi,Yi,Wi,Ui,QVi,QPi,QYi,QWi is, for all

i, a solution of the optimality onditions (3.72)-(3.74) of the regularized disrete

optimal ontrol Problem 3.2. Then, from the results in Lemmas 3.5, 3.7, 3.8, 3.14,

Theorem 3.18 and Lemma 3.20, we realize that there exist a onvergent subsequene

(labelled by an index m) {(Vm,Pm,Ym,Wm,Um,QVm,QPm,QYm,QWm)}m and a

set of limit variables {(V,P,Y ,W,Br,Bl,U ,QV ,QP ,QY ,QW)} suh that:

• the variables Vm,Pm,Ym,Wm,Um,QVm,QPm,QYm,QWm are, for all m, a

solution of the optimality onditions (3.72)-(3.74) of the regularized disrete

optimal ontrol Problem 3.2;

• the limits (3.128)-(3.137) stated above hold;
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• the limit variables V,P,Y ,W,Br,Bl,QV ,QP ,QY ,QW satisfy the estimates

(3.143a)-(3.144i);

• the state and ontrol limit variables V,P,Y ,W,Br,Bl,U are a solution of

the non-smooth optimal ontrol Problem 3.19 and the optimality onditions

(3.139), (3.141) hold.

In order to show that (3.140) are satis�ed, we onsider that for all m,

− (dtQ
n
Vm,ψ) + ν

(

∇Qn−1
Vm ,∇ψ

)

+
(

Qn−1
Pm ,∇ ·ψ

)

− (Y n
m∇Qn

Y m,ψ) = 0,(3.145a)

QN
Vm = 0,(3.145b)

(

∇ ·Qn−1
Vm , φ

)

= 0,(3.145)

− (dtQ
n
Y m, η)h − ε2

(

∇Qn−1
Wm,∇η

)

+ (Qn
Wm, η)h(3.145d)

− (∇Qn
Y m ·Vn

m, η)−
1

δ

(

β ′
δm

(Y n
m)Q

n−1
Wm, η

)

h
+
(

Y n
m − ynd,h, η

)

= 0,

QN
Ym = 0,(3.145e)

QN
Wm = 0,(3.145f)

(

Qn−1
Wm, θ

)

h
+ γ

(

∇Qn−1
Y m ,∇θ

)

= 0.(3.145g)

As m → +∞, all the linear terms in (3.145) onverge to the orresponding terms

in (3.140). Conerning the nonlinear term in (3.145), we need to show that, as

m → +∞,

N
∑

n=1

k (Y n
m∇Qn

Y m,ψ
n) →

N
∑

n=1

k (Y n∇Qn
Y ,ψ

n) ,(3.146)

N
∑

n=1

k (∇Qn
Y m ·Vn

m, η
n) →

N
∑

n=1

k (∇Qn
Y ·Vn, ηn) .(3.147)

We have that:

• using the generalized Holder's inequality (A.14), (A.17), the onvergene and

the boundedness of Ym and QYm in PN+1
h ,

∣

∣

∣

N
∑

n=1

k (Y n
m∇Qn

Y m,ψ
n)−

N
∑

n=1

k (Y n∇Qn
Y ,ψ

n)
∣

∣

∣

≤ C

N
∑

n=1

k [‖Y n
m − Y n‖H1‖∇Qn

Y m‖+ ‖Y n
m‖H1‖∇Qn

Y m −∇Qn
Y ‖] ‖∇ψ

n‖ → 0,

as m → +∞;

• using the generalized Holder's inequality (A.14), (A.17), the onvergene and

the boundedness of QYm and Vm, respetively in PN+1
h and VN+1

h

∣

∣

∣

N
∑

n=1

k (∇Qn
Ym ·Vn

m, η
n)−

N
∑

n=1

k (∇Qn
Y ·Vn, ηn)

∣

∣

∣
≤
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≤ C

N
∑

n=1

k [‖∇Qn
Ym −∇Qn

Y ‖‖∇Vn
m‖+ ‖∇Qn

Y ‖‖∇Vn
m −∇Vn‖] ‖ηn‖ → 0,

as m → +∞.

Hene (3.146), (3.147) hold. From the onvergene of the other terms in (3.145d),

we infer that there exists

Λ ∈ Y N
h ,

suh that, as m → +∞,

(3.148)

N
∑

n=1

k

(

1

δm
β ′
δm

(Y n
m)Q

n−1
Wm, η

n

)

h

→
N
∑

n=1

k
(

Λn−1, ηn
)

h
,

where

Λn−1 (xj) = lim
δm→0+

1

δm

[

β ′
δm

(Y n
m)Q

n−1
Wm

]

(xj) ,

for all j = 1, . . . ,Nh, n = 1, . . . , N . Therefore V,Y ,QV ,QP ,QY ,QW ,Λ solve

the optimality onditions (3.140) above. Furthermore from the estimate (3.85) in

Lemma 3.14, we infer that the result (3.144j) holds. Finally, we prove (3.142). We

observe that for all η ∈ Yh,

∣

∣ (g(Y n
m)− g (Y n) , η)h

∣

∣ ≤ ‖g (Y n
m)− g (Y n) ‖h‖η‖h ≤ Lg ‖Y n

m − Y n‖h‖η‖h → 0,

as m → +∞. So, in this limit, we have [g (Y n
m)] (xj) → [g (Y n)] (xj). Then, using

the projetion operator P, de�ned in (2.121),

(3.149)

∣

∣ [g(Y n)Λn−1](xj)
∣

∣ = lim
δm→0+

∣

∣

∣

[

1

δm
β ′
δm

(Y n
m)Q

n−1
Wm g(Y n

m)

]

(xj)
∣

∣

∣
,

and furthermore

∣

∣

∣

[

1

δm
β ′
δm

(Y n
m)Q

n−1
Wm g(Y n

m)

]

(xj)
∣

∣

∣

=
∣

∣

∣

[

1

δm
β ′
δm

(Y n
m)Q

n−1
Wm

]

[g(Y n
m)− g(PY n

m) + g(PY n
m)] (xj)

∣

∣

∣

≤
∣

∣

∣

[

1

δm
β ′
δm

(Y n
m)Q

n−1
Wm g(PY n

m)

]

(xj)
∣

∣

∣
+
∣

∣

∣

[

1

δm
β ′
δm

(Y n
m)Q

n−1
Wm

]

[g(Y n
m)− g(Y n

m)] (xj)
∣

∣

∣

= M1 +M2.

From the de�nition (2.13) of the funtion β ′
δ and the properties of g, it easy to

hek that the term M1 is zero. Moreover,

M2 ≤
∣

∣

∣

[

1

δm
β ′
δm

(Y n
m)Q

n−1
Wm

]

(xj)
∣

∣

∣
· Lg

∣

∣

∣
[Y n

m − PY n
m] (xj)

∣

∣

∣
→ 0,

as m → +∞. Thus, from (3.149), we have that [g(Y n)Λn−1] (xj) = 0, for all

j = 1, . . . ,Nh, n = 1, . . . , N . Hene, (3.142a) hold. In order to prove (3.142b), we

observe that

(3.150)

[

BnQn−1
W

]

(xj) = lim
δm→0+

[

1

δm
βδm (Y n

m)Q
n
Wm

]

(xj).
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Therefore, as well as in the proof of Theorem 2.16, we an write

[

1

δm
βδm (Y n

m)Q
n−1
Wm

]

(xj) =

[

1

δm
β ′
δm

(Y n
m)Q

n−1
Wm lδm (Y n

m)

]

(xj),

where the funtion lδ is de�ned in (2.122): it is a Lipshitz funtion with onstant

1 and suh that lδ (Y
n) (xj) = 0, for all j = 1, . . . ,Nh, n = 1, . . . , N . Hene,

∣

∣

∣

[

1

δm
β ′
δm

(Y n
m)Q

n−1
Wm lδm (Y n

m)

]

(xj)
∣

∣

∣

∣

∣

∣

[

1

δm
β ′
δm

(Y n
m)Q

n−1
Wm (lδm (Y n

m)− lδm (Y n))

]

(xj)
∣

∣

∣

≤
∣

∣

∣

[

1

δm
β ′
δm

(Y n
m)Q

n−1
Wm

]

(xj)
∣

∣

∣
·
∣

∣

∣
[Y n

m − Y n] (xj)
∣

∣

∣
→ 0,

as m → +∞. Thus, from (3.150), we get that (3.142b) holds.

Finally, we show (3.142). We have, as m → +∞,

0 ≤

[

1

δm
β ′
δm

(Y n
m)Q

n−1
Wm

]

(xj) ·Q
n−1
Wm(xj) → [Λn−1Qn−1

W ](xj),

for all for all j = 1, . . . ,Nh, n = 1, . . . , N . Then, (3.142) is satis�ed.

3.4. Convergene of the Solutions of the Disrete

Optimal Control Problem

In this setion we study, as h, k → 0, the onvergene of the solution of the optimal-

ity onditions (3.139)-(3.142) of the disrete non-smooth optimal ontrol Problem

3.19, to the solution of the optimality onditions (2.116)-(2.119) of non-smooth

Problem 2.14.

We introdue some notations. If Zh is a disrete funtions spae, given a disrete

vetor funtion

Z = (Zn)Nn=0 ∈ ZN+1
h ,

we use Zh,k to generially denote the following three di�erent kinds of time inter-

polated variable

Z•
h,k (t) :=

t− tn−1

k
Zn +

tn − t

k
Zn−1, t ∈ [tn−1, tn] ,(3.151)

Z+
h,k (t) := Zn, t ∈ (tn−1, tn] ,(3.152)

Z−
h,k (t) := Zn−1, t ∈ [tn−1, tn) ,(3.153)

where

tn = nk, n = 0, . . . , N.

Conerning the initial onditions v0,h, y0,h and the desired state ynd,h, n = 1, . . . , N ,

in the disrete non-smooth optimal ontrol Problem 3.19, given

v0 ∈ D ∩H2, y0 ∈ H0 ∩H2 ∩ K, yd ∈ C
(

[0, T ] ;L2
0

)

,
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we assume

(3.154) v0,h = Qh
sv0, y0,h = Qhy0, ynd,h = Qh

0 yd (tn) .

In (3.154), the projetion operator Qh
s , Q

h, Qh
0 , are de�ned, respetively, in (A.48),

(A.41), (A.43). It is easy to realize that there exists a onstant C, independent of
h, k, suh that

(3.155) ‖∇v0,h‖+ ‖∇y0,h‖+
N
∑

n=1

k ‖ynd,h‖
2 ≤ C.

Hene, from Theorem 3.21, we have that the estimates (3.143), (3.144) hold.

Remark 3.22. In the following we onsider sequenes {hn}n∈N , {km}m∈N of the

disretization parameters suh that

hn → 0+, km → 0+,

as n,m → +∞. In order to make the reading more �uent, we skip the indies n,m
and we simply write

(3.156) h, k → 0.

Even in the ase of extrated subsequenes, we use the notation (3.156), without

relabelling.

Theorem 3.23. Consider a sequene h, k → 0 and let

{(Vh,k,Ph,k,Yh,k,Wh,k,Br,h,k,Bl,h,k,Uh,k)}h,k ,

be a orresponding sequene of the time interpolation of the solutions of the disrete

optimal ontrol Problem 3.19. Then, there exist funtions

v ∈ H1
(

L2
)

∩ L∞
(

H1
0

)

,

∫ t

0

p (s) ds ∈ L∞
(

L2
0

)

y ∈ W0 ∩ L∞ (H0) , w ∈ L2
(

H1
)

, βr, βl ∈ L2
(

L2
)

and a subsequene (not relabelled), suh that,

V•
h,k ⇀ v, in H1

(

L2
)

,(3.157)

V
•,±
h,k

∗
⇀ v, in L∞

(

H1
0

)

,(3.158)

V
•,±
h,k → v, in L2

(

H1
0

)

.(3.159)

∫ t

0

P+
h,k (s) ds

∗
⇀

∫ t

0

p (s) ds, in L∞
(

L2
0

)

,(3.160)

Y•
h,k ⇀ y, in W0,(3.161)

Y•,±
h,k

∗
⇀ y, in L∞ (H0) ,(3.162)

Y•,±
h,k → y, in L2

(

L2
0

)

,(3.163)
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W+
h,k ⇀ w, in L2

(

H1
)

,(3.164)

B+
r,h,k ⇀ βr, in L2

(

L2
)

,(3.165)

B+
l,h,k ⇀ βl, in L2

(

L2
)

,(3.166)

U+
h,k ⇀ u, in L2

(

L2
)

.(3.167)

as h, k → 0.

Proof. Using standard ompatness arguments, by the estimates (3.143), we get the

results (3.157), (3.158), (3.160)-(3.162), (3.164)-(3.166) and (3.167). From (3.143a),

(3.143b), (3.143d), we have that

‖Vh,k‖H1(L2) + ‖Vh,k‖L2(H1
0)

+ ‖∆̃hVh,k‖L2(L2) ≤ C,

uniformly in h, k. So, using the results obtained in [13℄ (Lemma 2.4) or [83℄ (Lemma

4.9), we derive (3.159). The strong onvergene result Y•,±
h,k to y in L2 (L2) in (3.163),

follows by Aubin-Lions-Simon Theorem (see for example Theorem II.5.16 in [20℄).

Next, we prove that V
•,±
h,k and Y•,±

h,k onverge, respetively, to the same limit. We

have,

∥

∥V
•
h,k −V

+
h,k

∥

∥

2

L2(H1
0)

=

N
∑

n=1

∫ tn

tn−1

∥

∥

∥

t− tn−1

k
∇Vn +

tn − t

k
∇Vn−1 −∇Vn

∥

∥

∥

2

dt =

=
N
∑

n=1

‖∇Vn −∇Vn−1‖2
∫ tn

tn−1

(

t− tn
k

)2

dt =
k

3

N
∑

n=1

‖∇Vn −∇Vn−1‖2,

and

∥

∥V
•
h,k −V

−
h,k

∥

∥

2

L2(H1
0)

=

N
∑

n=1

∫ tn

tn−1

∥

∥

∥

t− tn−1

k
∇Vn +

tn − t

k
∇Vn−1 −∇Vn−1

∥

∥

∥

2

dt =

=
N
∑

n=1

‖∇Vn −∇Vn−1‖2
∫ tn

tn−1

(

t− tn−1

k

)2

dt =
k

3

N
∑

n=1

‖∇Vn −∇Vn−1‖2.

Therefore, by the estimate (3.143), we derive

∥

∥Vh,k − V±
h,k

∥

∥

L2(H1
0)

→ 0, as h, k → 0,

that is V
•,±
h,k onverge to the same limit. Moreover,

∥

∥V±
h,k − v

∥

∥

L2(H1
0)

≤
∥

∥V±
h,k − Vh,k

∥

∥

L2(H1
0)
+
∥

∥Vh,k − v
∥

∥

L2(H1
0)
.

Hene, also V
±
h,k, up to subsequenes, onverge strongly to v in L2 (H1

0). Using the

same strategy, it easy to hek that Y•,±
h,k onverge to the same limit y and that this

onvergene is strong in L2 (L2
0).

Theorem 3.24. Consider a sequene h, k → 0 and a onstant Ĉ suh that

(3.168)

h2

k
≤ Ĉ.
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Let

{(Vh,k,Ph,k,Yh,k,Wh,k,Br,h,k,Bl,h,k,Uh,k,QV ,h,k,QP,h,k,QY ,h,k,QW ,h,k,Λh,k)}h,k ,

be a orresponding sequene of the time interpolation of the solutions of the opti-

mality onditions (3.139)-(3.142) where in partiular

{(Vh,k,Ph,k,Yh,k,Wh,k,Br,h,k,Bl,h,k,Uh,k)}h,k ,

is a sequene of solutions of of the disrete non-smooth optimal ontrol Problem

3.19. Then, there exist funtions

qv ∈ H1
(

L2
)

∩ L∞ (D) ,

∫ t

0

qp (s) ds ∈ L∞
(

L2
0

)

qy ∈ L∞ (H0) , qy0 ∈ H0, qw ∈ L2
(

H1
)

, λ ∈ W ∗
0 ,

and a subsequene (not relabelled) suh that, as h, k → 0,

QV ,h,k ⇀ qv, in H1
(

L2
)

,(3.169)

Q
•,±
V ,h,k

∗
⇀ qv, in L∞

(

H1
0

)

,(3.170)

Q
•,±
V ,h,k → qv, in L2

(

H1
0

)

,(3.171)

∫ t

0

Q+
P,h,k (s) ds

∗
⇀

∫ t

0

qp (s) ds, in L∞
(

L2
0

)

,(3.172)

Q•,±
Y ,h,k

∗
⇀ qy, in L∞ (H0) ,(3.173)

Q•,−
Y ,h,k (0) ⇀ qy0, in H0,(3.174)

Q•,±
W ,h,k ⇀ qw, in L2

(

H1
)

,(3.175)

Λ̄−
h,k

∗
⇀ λ, in W ∗

0 ,(3.176)

where Qh
Λ̄

−
h,k = Λ

−
h,k and Qh

is the projetion operator de�ned in (A.41).

Proof. As in the previous Theorem 3.23, from the estimates (3.144) and using

standard ompatness argument, we an prove (3.169)-(3.175). Moreover, it is easy

to derive that Q
•,±
V ,h,k and Q•,±

Y ,h,k onverge, respetively, to the same limit. In order

to show thatQ•,±
W ,h,k onverge to the same limit qw as in (3.175), using the optimality

ondition (3.140g), we note that for all θ ∈ L2 (H1),

∣

∣

∣

∫ T

0

(

Q•
W ,h,k −Q±

W ,h,k, θ
)

dt
∣

∣

∣
=
∣

∣

∣

∫ T

0

(

Q•
W ,h,k −Q±

W ,h,k, Q
hθ
)

h
dt
∣

∣

∣

= γ
∣

∣

∣

∫ T

0

(

∇Q•
Y ,h,k −∇Q±

Y ,h,k,∇Qhθ
)

dt
∣

∣

∣

≤ γ ‖∇Q•
Y ,h,k −∇Q±

Y ,h,k‖L2(L2) ‖∇Qhθ‖L2(L2).

Hene, from the estimate (3.144g) and using the property (A.42) of the operator

Qh
, we derive that, as h, k → 0,

∣

∣

∣

∫ T

0

(

QW ,h,k −Q±
W ,h,k, θ

)

dt
∣

∣

∣
→ 0, ∀ θ ∈ L2

(

H1
)

.
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Therefore, Q•,±
W ,h,k onverge to the same limit qw. It remains to show (3.176). From

the optimality ondition (3.140d), we have

∫ T

0

(

Λ
−
h,k, η

)

dt =

∫ T

0

(

Λ
−
h,k, Q

hη
)

h
dt

=

∫ T

0

[

(

(QY ,h,k)t , Q
hη
)

h
− ε2

(

∇Q−
W ,h,k,∇Qhη

)

+
(

Q+
W ,h,k, Q

hη
)

h

−
(

V+
h,k · ∇Q+

Y ,h,k, Q
hη
)

+
(

Y+
h,k − Y+

d,h,k, Q
hη
)]

dt

= O1 +O2 +O3 +O4 +O5,

for all η ∈ W0. Using QY ,h,k (T ) = 0, the embedding W0 →֒ C ([0, T ] , L2
0), the

estimate (A.42) on the projetion operator Qh
, the generalized Holder's inequality

(A.14) and (A.17), we get

O1 =

∫ T

0

(

(QY ,h,k)t , η
)

dt

≤
∣

∣

∣

∫ T

0

〈ηt,QY ,h,k〉H1∗,H1 dt+ (QY ,h,k (0) , η (0))
∣

∣

∣

≤ ‖ηt‖L2(H1∗)‖QY ,h,k‖L2(H1) + ‖QY ,h,k (0) ‖‖η (0) ‖ ≤ C ‖η‖W0
.

O2 ≤ ε2
∫ T

0

‖∇Q−
W ,h,k‖‖∇Qhη‖ dt ≤ C ε2

∫ T

0

‖∇Q−
W ,h,k‖‖∇η‖ dt ≤ C ‖η‖W0

,

O3 =

∫ T

0

(

Q+
W ,h,k, η

)

dt ≤ ‖Q+
W ,h,k‖L2(L2)‖η‖L2(L2) ≤ C ‖η‖W0

,

O4 ≤

∫ T

0

‖V+
h,k‖L4‖‖∇Q+

Y ,h,k‖‖Q
hη‖L4 dt

≤ C

∫ T

0

‖V+
h,k‖H1‖‖∇Q+

Y ,h,k‖‖Q
hη‖H1 dt

≤ C ‖Qhη‖L2(H1) ≤ C ‖η‖L2(H1) ≤ C ‖η‖W0
,

O5 ≤ ‖Y+
h,k − Y+

d,h,k‖L2(L2)‖Q
hη‖L2(L2) ≤ C‖Qhη‖L2(H1) ≤ C ‖η‖W0

.

Hene, for all η ∈ W0,

(3.177)

∣

∣

∣

∫ T

0

(

Λ
−
hk, η

)

dt
∣

∣

∣
≤ C‖η‖W0

.

It is easy to realize that the projetion operator Qh
restrited on the disrete spae

Yh is an isomorphism. Then, given Λ
−
h,k there exists Λ̄

−
h,k, suh that Λ

−
h,k = Qh

Λ̄
−
h,k.

In order to show the result (3.176), we need to prove that (3.177) holds with Λ
−
h,k

replaed by Λ̄
−
h,k. Using the estimate (A.42) of the projetion operator Qh

and
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(3.177), we an write

∣

∣

∣

∫ T

0

(

Λ̄
−
hk, η

)

dt
∣

∣

∣
(3.178)

=
∣

∣

∣

∫ T

0

(

Λ̄
−
hk, η

)

dt−

∫ T

0

(

Λ
−
hk, η

)

dt+

∫ T

0

(

Λ
−
hk, η

)

dt
∣

∣

∣

≤

∫ T

0

∣

∣

∣

(

Λ̄
−
hk −Qh

Λ̄
−
hk, η

)

∣

∣

∣
+
∣

∣

∣

∫ T

0

(

Λ
−
hk, η

)

dt
∣

∣

∣

≤ C
[

h ‖Λ̄−
hk‖L2(L2) + 1

]

‖η‖W0
.

We note that

(

Λn−1, η
)

h
=
(

QhΛ̄n−1, η
)

h
=
(

Λ̄n−1, η
)

, ∀ η ∈ Ph,

Then, with η = Λ̄n−1
in (3.140d), we have

k ‖Λ̄n−1‖2 = k

(

Qn−1
Y −Qn

Y

k
, Λ̄n−1

)

h

+ kε2
(

∆̂hQ
n−1
W , Λ̄n−1

)

h
+ k

(

Qn
W , Λ̄n−1

)

h

− k
(

Vn · ∇Qn
Y , Λ̄

n−1
)

+ k
(

Y n − ynd,h, Λ̄
n−1
)

.(3.179)

Using Young's inequality, the uniform estimate ‖Vn‖H1
0
≤ C and multiplying by

h2
, from (3.179), we derive

h2 k ‖Λ̄n−1‖2h ≤ C1

[

h2

k
‖Qn−1

Y −Qn
Y ‖

2 + k h2‖∆̂hQ
n−1
W ‖2h

]

+

+ C2 k h2
[

‖Qn
W‖2h + ‖∇Qn

Y ‖
2 + ‖∆̂hQ

n
Y ‖

2
h + ‖Y n − ynd,h‖

2
]

.(3.180)

Thus, if the assumption (3.168) holds, using the well known inverse inequality

‖∆̂hZ‖h ≤
C

h
‖∇Z‖, ∀ Z ∈ Yh,

the estimates (3.143), (3.144) and the de�nition (3.154) of ynd,h, n = 1, . . . , N , from

(3.180), we an write

(3.181) h ‖Λ̄−
hk‖L2(L2) ≤ C.

Taking into aount of (3.181) in (3.178), we derive the result (3.176).

In the next Theorem 3.25, we provides regularity properties for the funtions

v, y, w, βr, βl, u, qv, qy, qw, λ,

onsidered in the previous Theorems 3.23, 3.24. Furthermore, we show that these

funtions satisfy the optimality onditions (2.116)-(2.118) of the ontinuous non-

smooth optimal ontrol Problem 2.14.
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Theorem 3.25. The funtions

v, y, w, βr, βl, u, qv, qy, qw, λ,

in Theorems 3.23, 3.24 are suh that

v ∈ H1 (S) ∩ L∞ (D) ,(3.182)

y ∈ W0 ∩ L∞ (H0) ∩ L2
(

H2
)

,(3.183)

w ∈ L2
(

H1
)

,(3.184)

βr, βl ∈ L2
(

L2
)

,(3.185)

u ∈ H1 (S) ∩ L∞ (D) ,(3.186)

qv ∈ H1 (S) ∩ L∞ (D) ,(3.187)

qy ∈ L∞ (H0) ,(3.188)

qy0 ∈ H0,(3.189)

qw ∈ L2
(

H1
)

,(3.190)

λ ∈ W ∗
0 .(3.191)

Furthermore, they satisfy the optimality onditions (2.116)-(2.118) of the ontinu-

ous non-smooth optimal ontrol Problem 2.14.

Proof. We divide the proof in several steps.

i) Results (3.182), (2.116a), (2.116b).

From the disrete optimality onditions (3.139a), (3.139b), we an write that

∫ T

0

[(

(

V•
h,k

)

t
,ψh

)

+ ν
(

∇V+
h,k,∇ψh

)

−
(

U+
h,k,ψh

)

]

= 0,(3.192)

V•
h,k (0) = Qh

sv0.(3.193)

for all ψh ∈ C∞
c ((0, T ) ;Dh). Given ψ ∈ C∞

c ((0, T ) ;D), we set in (3.192) ψh =
Qh

sψ. Using the property (A.49) of the Stokes projetion operator Qh
s , we note

that

(3.194) ‖ψh −ψ‖
2
L2(D) =

∫ T

0

‖ψh −ψ‖
2
D dt ≤ C h2

∫ T

0

‖ψ‖2H2 dt → 0,

as h → 0. Hene, from the onvergene results of Theorem 3.23 and (3.194), it easy

to realize that, as h, k → 0, equation (3.192) onverges to

∫ T

0

[(vt,ψ) + ν (∇v,∇ψ)− (u,ψ)] dt = 0,

with ψ ∈ C∞
c ((0, T ) ;D). Moreover

V•
h,k (0) = Qh

sv0 → v0, in D.(3.195)
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as h → 0. With ψ = ξ (1− t/T ), where ξ ∈ L2
, using integration by parts in time,

we derive

(3.196)

(

V•
h,k (0)− v (0) , ξ

)

= −

∫ T

0

(

(

V•
h,k − v

)

t
,ψ
)

dt −

∫ T

0

(

V•
h,k − v,ψt

)

dt → 0.

as h, k → 0. So, Vh,k (0) ⇀ v (0) in L2
. Hene, using (3.195), (3.196) and the

uniqueness of the weak limit, we an laim that v (0) = v0. Therefore, we have

that

∫ T

0

[(vt,ψ) + ν (∇v,∇ψ)− (u,ψ)] dt = 0,

v(0) = v0,

for all ψ ∈ C∞
c ((0, T ) ;D). Thus, from the density result (A.8), we infer that v,u

satisfy the optimality onditions (2.116a), (2.116b) of the ontinuous non-smooth

optimal ontrol Problem 2.14, for all ψ ∈ L2 (D). Finally, using the results of

Lemma 2.12, we realize that (3.182) holds.

ii) Results (3.183), (2.116)-(2.116i).

From the disrete optimality onditions (3.139d)-(3.139f), we have that

∫ T

0

[(

(

Y•
h,k

)

t
, ηh

)

h
+ γ

(

∇W+
h,k,∇ηh

)

−
(

Y−
h,k,V

−
h,k · ∇ηh

)

]

dt = 0,(3.197)

Y•,−
h,k (0) = Qhy0,(3.198)

∫ T

0

[

−
(

W+
h,k + Y−

h,k, θh
)

h
+ ε2

(

∇Y+
h,k,∇θh

)

+
(

B+
h,k, θh

)

h

]

dt = 0,(3.199)

for all ηh, θh ∈ C∞
c ((0, T ) ; Yh). Given η, θ ∈ C∞

c

(

(0, T ) ; C∞
c

(

Ω̄
))

, we set in the

system (3.197)-(3.199) ηh = Qh
1η, θh = Qh

1θ. Using the property (A.47) of the

projetion operator Qh
1 , it holds

‖ηh − η‖2L2(H1) =

∫ T

0

‖ηh − η‖2H1 dt ≤ C h2

∫ T

0

‖η‖2H2 dt.

Hene,

ηh → η, θh → θ, in L2
(

H1
)

.(3.200)

as h → 0. Let v, y, w, βr, βl be the limiting funtions in Theorem 3.23. We have

(3.201)

∣

∣

∣

∫ T

0

(

(Yh,k)t , ηh
)

h
dt−

∫ T

0

〈yt, η〉H1∗,H1dt
∣

∣

∣
≤ A1 + A2,

A1 =
∣

∣

∣

∫ T

0

(

(Yh,k)t , ηh
)

h
dt−

∫ T

0

(

(Yh,k)t , ηh
)

dt
∣

∣

∣
,
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A2 =
∣

∣

∣

∫ T

0

(

(Yh,k)t , ηh
)

dt−

∫ T

0

〈yt, η〉H1∗,H1dt
∣

∣

∣
.

Using (A.31) and integration by parts in time, we an write

A1 =
∣

∣

∣
−

∫ T

0

(Yh,k, ηht)h dt+ (Yh,k (T ) , ηh (T ))h − (Yh,k (0) , ηh (0))h

(3.202)

+

∫ T

0

(Yh,k, ηht) dt− (Yh,k (T ) , ηh (T )) + (Yh,k (0) , ηh (0))
∣

∣

∣

≤
∣

∣

∣

∫ T

0

(Yh,k, ηht)h dt−

∫ T

0

(Yh,k, ηht) dt
∣

∣

∣

+
∣

∣

∣
(Yh,k (T ) , ηh (T ))h − (Yh,k (T ) , ηh (T ))

∣

∣

∣

+
∣

∣

∣
(Yh,k (0) , ηh (0))h − (Yh,k (0) , ηh (0))

∣

∣

∣

≤ Ch

[
∫ T

0

‖∇Yh,k‖‖ηht‖ dt+ ‖∇Yh,k (T ) ‖‖ηh (T ) ‖+ ‖∇Yh,k (0) ‖‖ηh (0) ‖

]

≤ C h ‖Yh,k‖L∞(H1)

[
∫ T

0

‖ηht‖ dt+ ‖ηh (T ) ‖+ ‖ηh (0) ‖

]

≤ C h
(

1 + h2
)

‖Yh,k‖L∞(H1)

[
∫ T

0

‖ηt‖H2 dt+ ‖η (T ) ‖H2 + ‖η (0) ‖H2

]

→ 0,

as h, k → 0. Moreover, using (3.161) and (3.200), we derive

(3.203) A2 → 0,

as h, k → 0. Taking into aount of (3.202), (3.203) in (3.201), we infer that

(3.204)

∣

∣

∣

∫ T

0

(

(Yh,k)t , ηh
)

h
dt−

∫ T

0

〈yt, η〉H1∗,H1dt
∣

∣

∣
→ 0,

as h, k → 0. From the results of Theorem 3.23 and (3.200), it easy to realize that

∫ T

0

(

∇W+
h,k,∇ηh

)

dt →

∫ T

0

(∇w,∇η) dt,(3.205)

∫ T

0

(

∇Y+
h,k,∇θh

)

dt →

∫ T

0

(∇y,∇θ) dt.(3.206)

as h, k → 0. We have

(3.207)

∣

∣

∣

∫ T

0

(

W+
h,k + Y−

h,k − B+
h,k, θh

)

h
dt−

∫ T

0

(w + y − β, θ) dt
∣

∣

∣
≤ D1 +D2,

where β = βr − βl and

D1 =
∣

∣

∣

∫ T

0

(

W+
h,k + Y−

h,k − B+
h,k, θh

)

h
dt−

∫ T

0

(

W+
h,k + Y−

h,k − B+
h,k, θh

)

dt
∣

∣

∣
,
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D2 =
∣

∣

∣

∫ T

0

(

W+
h,k + Y−

h,k − B+
h,k, θh

)

dt−

∫ T

0

(w + y − β, θ) dt
∣

∣

∣
.

Using the results of Theorem 3.23 and (A.31), we have

D1 ≤ C h

∫ T

0

[

‖W+
h,k‖+ ‖Y−

h,k‖+ ‖B+
h,k‖
]

‖∇θh‖ dt(3.208)

≤ C h
[

‖W+
h,k‖L2(H1) + ‖Y−

h,k‖L∞(H1) + ‖B+
h,k‖L2(L2)

]

‖θh‖L2(H1) → 0,

D2 → 0,(3.209)

as h, k → 0. Inserting (3.208), (3.209) in (3.207) produes, as h, k → 0,

(3.210)

∣

∣

∣

∫ T

0

(

W+
h,k + Y−

h,k − B+
h,k, θh

)

h
dt−

∫ T

0

(w + y − β, θ) dt
∣

∣

∣
→ 0.

We have

(3.211)

∣

∣

∣

∫ T

0

(

Y−
h,k,V

−
h,k · ∇ηh

)

dt−

∫ T

0

(y,v · ∇η) dt
∣

∣

∣
≤ P1 + P2 + P3.

where

P1 ≤
∣

∣

∣

∫ T

0

(

Y−
h,k,
[

V−
h,k − v

]

· ∇ηh
)

dt
∣

∣

∣
,

P2 ≤
∣

∣

∣

∫ T

0

(

Y−
h,k,v · ∇ [ηh − η]

)

dt
∣

∣

∣
,

P3 ≤
∣

∣

∣

∫ T

0

(

Y−
h,k − y,v · ∇η

)

dt
∣

∣

∣
.

From the generalized Holder's inequality (A.14) and (A.17), we infer

P1 ≤ ‖Y−
h,k‖L∞(H1)‖V

−
h,k − v‖

L2(H1
0)
‖ηh‖L2(H1) → 0,(3.212)

P2 ≤ ‖Y−
h,k‖L∞(H1)‖v‖L2(D)‖ηh − η‖L2(H1) → 0,(3.213)

P3 ≤

(

max
t∈[0,T ]

‖∇η (t) ‖C(Ω̄)

)

‖Y−
h,k − y‖L2(L2)‖v‖L2(S) → 0.(3.214)

as h, k → 0. Taking into aount of (3.212)-(3.214) in (3.211), we derive

(3.215)

∣

∣

∣

∫ T

0

(

Y−
h,k,V

−
h,k · ∇ηh

)

dt−

∫ T

0

(y,v · ∇η) dt
∣

∣

∣
→ 0,

From the property (A.42) of the projetion operator Qh
, we have

Yh,k (0) = Qh y0 → y0, in L2
0.(3.216)

as h → 0. Furthermore, with η = ξ (1− t/T ), where ξ ∈ L2
, using integration by

parts in time, we get

(3.217)

(Yh,k (0)− y (0) , ξ) = −

∫ T

0

〈(Yh,k − y)
t
, η〉H1∗,H1dt −

∫ T

0

(Yh,k − y, ηt) dt → 0,



3.4. Convergene of the Solutions of the Disrete Optimal Control Problem 79

as h, k → 0. Therefore Yh,k (0) ⇀ y (0) in L2
. Hene, onsidering (3.216), (3.217)

and the uniqueness of the weak limit, we an laim that

(3.218) Yh,k (0) → y (0) = y0,

as h, k → 0. From the disrete optimality onditions (3.139g), (3.139h), we have

Y•,±
h,k ∈ K,

B+
h,k = B+

l,h,k − B+
l,h,k, B+

r,h,k,B
+
l,h,k ∈ K+,

Then, from the results of Theorem 3.23, it is easy to realize that

(

Y•,±
h,k ,B

+
l,h,k,B

+
l,h,k

)

onverge to (y, βr, βl), whih is suh that

y ∈ K, βr, βl ∈ K+.(3.219)

From the disrete optimality onditions (3.139i) and (3.139j), they hold

∫ T

0

(

B+
r,h,k, 1− Y+

h,k

)

h
dt = 0,(3.220)

∫ T

0

(

B+
l,h,k, 1 + Y+

h,k

)

h
dt = 0.(3.221)

We have

(3.222)

∣

∣

∣

∫ T

0

(

B+
r,h,k, 1−Y+

h,k

)

h
dt−

∫ T

0

(βr, 1− y) dt
∣

∣

∣ ≤ F1 + F2,

where

F1 =
∣

∣

∣

∫ T

0

(

B+
r,h,k, 1− Y+

h,k

)

h
dt−

∫ T

0

(

B+
r,h,k, 1−Y+

h,k

)

dt
∣

∣

∣
,

F2 =
∣

∣

∣

∫ T

0

(

B+
r,h,k, 1− Y+

h,k

)

dt−

∫ T

0

(βr, 1− y) dt
∣

∣

∣
.

Using (A.31) and the results of Theorem 3.23, we get

F1 ≤ C h

∫ T

0

‖B+
r,h,k‖‖∇Y+

h,k‖ dt ≤ C h ‖B+
r,h,k‖L2(L2)‖Y

+
h,k‖L2(H1) → 0,(3.223)

F2 → 0,(3.224)

as h, k → 0. Inserting (3.223), (3.224) in (3.222), we derive that

(3.225)

∣

∣

∣

∫ T

0

(

B+
r,h,k, 1−Y+

h,k

)

h
dt−

∫ T

0

(βr, 1− y) dt
∣

∣

∣
→ 0,

as h, k → 0. By similar arguments, we infer

(3.226)

∣

∣

∣

∫ T

0

(

B+
l,h,k, 1 + Y+

h,k

)

h
dt−

∫ T

0

(βl, 1 + y) dt
∣

∣

∣
→ 0,
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as h, k → 0. From (3.204), (3.205), (3.206), (3.210), (3.215), (3.218), (3.219),

(3.225) and (3.230), we an laim that the funtions v, y, w, βr, βl in Theorem 3.23,

satisfy

∫ T

0

[〈yt, η〉H1∗,H1 + γ (∇w,∇η)− (y,v · ∇η)] dt = 0,

y(0) = y0,
∫ T

0

[

− (w + y, θ) + ε2 (∇y,∇θ) + (βr − βl, θ)
]

dt = 0,

y ∈ K,

βr, βl ∈ K+,
∫ T

0

(βr, 1− y) dt = 0,

∫ T

0

(βl, 1 + y) dt = 0,

for all η, θ ∈ C∞
c

(

(0, T ) ; C∞
c

(

Ω̄
))

. Hene, by the density result (A.7), we an say

that v, y, w, βr, βl solve the optimality onditions (2.116)-(2.116i) of the ontinu-

ous non-smooth optimal ontrol Problem 2.14, for all η, θ ∈ L2 (H1). Finally, using
the results of Lemma 2.12, we realize that (3.183) above hold.

iii) Results (3.187), (2.117a), (2.117b).

From the disrete optimality onditions (3.140a), (3.140b), we an write

∫ T

0

[

−
(

(

Q•
V ,h,k

)

t
,ψh

)

+
(

∇Q
−
V ,h,k,∇ψh

)

−
(

Y+
h,k,∇Q+

Y ,h,k ·ψh

)

]

dt = 0,

(3.227)

Q
•,+
V ,h,k (T ) = 0.(3.228)

for all ψh ∈ C∞
c ((0, T ) ;Dh). For any given ψ ∈ C∞

c ((0, T ) ;D), we set in (3.227)

ψh = Qh
sψ. Then, from property (A.49) of the Stokes projetion operator, we

derive

ψh → ψ, in L2 (D) ,(3.229)

as h → 0. From the results of Theorem 3.24, we have

∫ T

0

(

(

Q•
V ,h,k

)

t
,ψh

)

dt →

∫ T

0

(qvt,ψ) dt,(3.230)

∫ T

0

(

∇Q−
V ,h,k,∇ψh

)

dt →

∫ T

0

(∇qv,∇ψ) dt,(3.231)

as h, k → 0. We note that

∣

∣

∣

∫ T

0

(

Y+
h,k,∇Q+

Y ,h,k ·ψh

)

dt−

∫ T

0

(y,∇qy ·ψ) dt
∣

∣

∣
≤ Q1 +Q2 +Q3,(3.232)
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where

Q1 =
∣

∣

∣

∫ T

0

(

Y+
h,k,∇Q+

Y ,h,k · [ψh −ψ]
)

dt
∣

∣

∣,

Q2 =
∣

∣

∣

∫ T

0

([

Y+
h,k − y

]

,∇Q+
Y ,h,k ·ψ

)

dt
∣

∣

∣
,

Q3 =
∣

∣

∣

∫ T

0

(

y,∇
[

Q+
Y ,h,k − qy

]

·ψ
)

dt
∣

∣

∣
.

Using the results of Theorems 3.23, 3.24 and (3.229) above, we get

Q1 ≤ C

∫ T

0

‖Y+
h,k‖H1‖∇Q+

Y ,h,k‖‖ψh −ψ‖H1
0
dt ≤ C‖ψh −ψ‖L2(H1

0)
→ 0,(3.233)

Q2 ≤ C

∫ T

0

‖Y+
h,k − y‖L2‖∇Q+

Y ,h,k‖‖ψ‖L∞dt ≤ C‖Y+
h,k − y‖

L2(L2
0)

→ 0,(3.234)

as h, k → 0. Moreover

∣

∣

∣

∫ T

0

(

y,∇Q+
Y ,h,k ·ψ

)

dt
∣

∣

∣
≤

∫ T

0

‖y‖‖∇Q+
Y ,h,k‖‖ψ‖L∞dt ≤ C‖Q+

Y ,h,k‖L2(H0).

Therefore, using the weak onvergene of Q+
Y ,h,k, we an laim that

(3.235) Q3 → 0,

as h, k → 0. Inserting (3.233), (3.234), (3.235) in (3.232), we realize that

∣

∣

∣

∫ T

0

(

Y+
h,k,∇Q+

Y ,h,k ·ψh

)

dt−

∫ T

0

(y,∇qy ·ψ) dt
∣

∣

∣
→ 0.(3.236)

as h, k → 0. With ψ = ξ · t/T , where ξ ∈ L2
, using integration by parts in time,

we infer

(

Q•
V ,h,k (T )− qv (T ) , ξ

)

=

=

∫ T

0

(

(

Q•
V ,h,k − qv

)

t
,ψ
)

dt+

∫ T

0

(

ψt,Q
•
V ,h,k − qv

)

dt → 0,

as h, k → 0. Therefore,

qv (T ) = 0.(3.237)

Using (3.230), (3.231), (3.236) and (3.237), we derive that y,qv, qy in Theorems

3.23, 3.24 satisfy

∫ T

0

[− (qvt,ψ) + (∇qv,∇ψ)− (y,∇qy ·ψ)] dt = 0,

qv (T ) = 0,
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for all ψ ∈ C∞
c ((0, T ) ;D). Thus, from the density result (A.8), we infer that

y,qv, qy satisfy the optimality onditions (2.117a), (2.117b) of the ontinuous non-

smooth optimal ontrol Problem 2.14, for all ψ ∈ L2 (D). Finally, using the results
of Theorem 2.16, we onlude that also (3.187) above hold.

iv) Results (2.117), (2.117d)

From the disrete optimality onditions (3.140d)-(3.140g), we have

∫ T

0

[

−
(

(

Q•
Y ,h,k

)

t
, ηh

)

h
− ε2

(

∇Q−
W ,h,k,∇ηh

)

+
(

Q+
W ,h,k, ηh

)

h
(3.238)

−
(

V
+
h,k · ∇Q+

Y ,h,k, ηh
)

−
(

Λ−
h,k, ηh

)

h
+
(

Y+
h,k − Y+

d,h,k, ηh
)

]

dt = 0,

Q•,+
Y ,h,k (T ) = 0,(3.239)

∫ T

0

[

(

Q−
W ,h,k, θh

)

h
+ γ

(

∇Q−
Y ,h,k,∇θh

)

]

dt = 0.(3.240)

for all ηh ∈ C∞ ([0, T ] ;Ph) , θh ∈ C∞
c ((0, T ) ; Yh). For any given η ∈ C∞

(

[0, T ] ; C∞
c (Ω̄) ∩ L2

0

)

,

θ ∈ C∞
c

(

(0, T ) ; C∞
c (Ω̄)

)

, we set ηh = Qh
1η, θh = Qh

1θ in (3.238), (3.240). Then, from

the property (A.47) of the projetion operator Qh
1 , we get

ηh → η, in L2 (H0) ,(3.241)

θh → θ, in L2
(

H1
)

,(3.242)

as h → 0. Moreover, using the de�nition (3.154) of Y+
d,h,k and the property (A.44)

of the projetion operator Qh
0 , we get

Y+
d,h,k → yd, in L2

(

L2
0

)

,(3.243)

From the results of Theorems 3.23, 3.24, (3.241), (3.242) and (3.243), we realize

that

∫ T

0

(

∇Q−
W ,h,k,∇ηh

)

dt →

∫ T

0

(∇qw,∇η) dt,(3.244)

∫ T

0

(

∇Q−
Y ,h,k,∇θh

)

dt →

∫ T

0

(∇qy,∇θ) dt,(3.245)

∫ T

0

(

Y+
h,k − Y+

d,h,k, ηh
)

dt →

∫ T

0

(y − yd, η) dt,(3.246)

as h, k → 0. We have

∣

∣

∣

∫ T

0

(

−
(

Q•
Y ,h,k

)

t
, ηh

)

h
dt−

[
∫ T

0

〈ηt, qy〉H∗

0 ,H0
dt+ (qy0, η (0))

]

∣

∣

∣
≤ G1 +G2,

(3.247)

where

G1 =
∣

∣

∣

∫ T

0

(

−
(

Q•
Y ,h,k

)

t
, ηh

)

h
dt+

∫ T

0

(

(

Q•
Y ,h,k

)

t
, ηh

)

dt
∣

∣

∣
,
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G2 =
∣

∣

∣

∫ T

0

(

−
(

Q•
Y ,h,k

)

t
, ηh

)

dt−

[
∫ T

0

〈ηt, qy〉H∗

0
,H0

dt+ (qy0, η (0))

]

∣

∣

∣
,

Using the property (A.47) for the projetion operator Qh
1 , the relation (A.31), the

results of Theorem 3.24 and integration by parts in time, we derive

G1 =
∣

∣

∣

∫ T

0

(

Q•
Y ,h,k, ηht

)

h
dt−

(

Q•
Y ,h,k (T ) , ηh (T )

)

h
+
(

Q•
Y ,h,k (0) , ηh (0)

)

h

+

∫ T

0

−
(

Q•
Y ,h,k, ηht

)

dt+
(

Q•
Y ,h,k (T ) , ηh (T )

)

−
(

Q•
Y ,h,k (0) , ηh (0)

)

∣

∣

∣

≤
∣

∣

∣

∫ T

0

(

Q•
Y ,h,k, ηht

)

h
dt−

∫ T

0

(

Q•
Y ,h,k, ηht

)

dt
∣

∣

∣

+
∣

∣

(

Q•
Y ,h,k (0) , ηh (0)

)

h
−
(

Q•
Y ,h,k (0) , ηh (0)

) ∣

∣

≤ C h

[
∫ T

0

‖∇Q•
Y ,h,k‖‖ηht‖ dt+ ‖∇Q•

Y ,h,k (0) ‖‖ηh (0) ‖

]

≤ C h ‖Q•
Y ,h,k‖L∞(H0)

[∫ T

0

‖ηht‖ dt+ ‖ηh (0) ‖

]

≤ C h
(

1 + h2
)

‖Q•
Y ,h,k‖L∞(H0)

[
∫ T

0

‖ηt‖H2 dt+ ‖η (0) ‖H2

]

→ 0,(3.248)

and

G2 =
∣

∣

∣

∫ T

0

[(

ηht,Q
•
Y ,h,k

)

− 〈ηt, qy〉H∗

0 ,H0

]

dt+
(

Q•
Y ,h,k (0) , ηh (0)

)

− (qy0, η (0))
∣

∣

∣
→ 0,

(3.249)

as h, k → 0. Inserting (3.248), (3.249) in (3.247), we get

∣

∣

∣

∫ T

0

(

−
(

Q•
Y ,h,k

)

t
, ηh

)

h
dt−

[
∫ T

0

〈ηt, qy〉H∗

0 ,H0
dt+ (qy0, η (0))

]

∣

∣

∣
→ 0,(3.250)

as h, k → 0. We have

∣

∣

∣

∫ T

0

(

Q+
W ,h,k, ηh

)

h
dt−

∫ T

0

(qw, η) dt
∣

∣

∣
≤ I1 + I2,(3.251)

where

I1 =
∣

∣

∣

∫ T

0

(

Q+
W ,h,k, ηh

)

h
dt−

∫ T

0

(

Q+
W ,h,k, ηh

)

dt
∣

∣

∣
,

I2 =
∣

∣

∣

∫ T

0

(

Q+
W ,h,k, ηh

)

dt−

∫ T

0

(qw, η) dt
∣

∣

∣
.

From (A.31), the results of Theorem 3.24 and (3.241), we an laim that

I1 ≤ C h (1 + h) ‖η‖L2(H0)‖Q
+
W ,h,k‖L2(H1) → 0,(3.252)

I2 → 0,(3.253)
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as h, k → 0. Thus, inserting (3.252), (3.253) in (3.251), we realize

∣

∣

∣

∫ T

0

(

Q+
W ,h,k, ηh

)

h
dt−

∫ T

0

(qw, η)dt
∣

∣

∣
→ 0,(3.254)

We have

∣

∣

∣

∫ T

0

(

V+
h,k · ∇Q+

Y ,h,k, ηh
)

dt−

∫ T

0

(v · ∇qy, η) dt
∣

∣

∣
≤ R1 +R2 +R3,(3.255)

where

R1 =
∣

∣

∣

∫ T

0

([

V+
h,k − v

]

· ∇Q+
Y ,h,k, ηh

)

dt
∣

∣

∣
,

R2 =
∣

∣

∣

∫ T

0

(

v · ∇Q+
Y ,h,k, ηh − η

)

dt
∣

∣

∣
,

R3 =
∣

∣

∣

∫ T

0

(

v ·
[

∇Q+
Y ,h,k −∇qy

]

, η
)

dt
∣

∣

∣
,

From the results of Theorems 3.23, 3.24, we infer

R1 ≤ C ‖V+
h,k − v‖

L2(H1
0)

‖Q+
Y ,h,k‖L∞(H0) ‖ηh‖L2(H0) → 0,(3.256)

R2 ≤ C ‖v‖L2(D) ‖Q
+
Y ,h,k‖L∞(H0) ‖ηh − η‖L2(H0) → 0,(3.257)

as h, k → 0. Furthermore, we note that

∣

∣

∣

∫ T

0

(

v · ∇Q+
Y ,h,k, η

)

dt
∣

∣

∣
≤ C ‖v‖L∞(D) ‖Q

+
Y ,h,k‖L2(H0) ‖η‖L2(H1),

therefore, using the weak onvergene of Q+
Y ,h,k, we derive

R3 → 0,(3.258)

as h, k → 0. Hene, using (3.256), (3.257) and (3.258) in (3.255), we get

(3.259)

∣

∣

∣

∫ T

0

(

V+
h,k · ∇Q+

Y ,h,k, ηh
)

dt−

∫ T

0

(v · ∇qy, η) dt
∣

∣

∣
→ 0,

as h, k → 0. From the results of Theorem 3.24, we have

(3.260)

∫ T

0

(

Λ
−
h,k, ηh

)

h
dt =

∫ T

0

(

Λ̄
−
h,k, ηh

)

dt → 〈λ, η〉W ∗

0 ,W0
.

as h, k → 0. Using (3.244)-(3.246), (3.250), (3.254), (3.259) and (3.260), we derive

that v, y, qy, qw, λ satis�es

∫ T

0

[

〈ηt, qy〉H∗

0 ,H0
− ε2 (∇qw,∇η) + (qw, η)

− (v · ∇qy, η) + (y − yd, η)] dt+ (qy0, η (0))− 〈λ, η〉W ∗

0 ,W0
= 0,
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∫ T

0

[ (qw, θ) + γ (∇qy,∇θ) ] dt = 0,

for all η ∈ C∞
(

[0, T ] ; C∞
c (Ω̄) ∩ L2

0

)

, θ ∈ C∞
c

(

(0, T ) ; C∞
c (Ω̄)

)

. Finally, by the density

arguments (A.7), (A.12), we get that v, y, qy, qw, λ satis�es (2.117), (2.117d) for

all η ∈ W0, θ ∈ L2 (H1).

v) Results (2.118), (3.186)

From the disrete optimality ondition (3.141), we have

α U+
h,k = Q−

V ,h,k.

Then, up to a multipliative onstant, we an identify U+
h,k with Q+

V ,h,k. Hene,

using the results of Theorem 3.24, we derive

U+
h,k

∗
⇀ u, in L∞

(

H1
0

)

,

U
+
h,k → u, in L2

(

H1
0

)

,

as h, k → 0. Furthermore, (u,qv) satis�es (2.118) and, from (3.187), we get that

(3.186) holds.

In the next Lemma we prove additional optimality onditions whih represent

the disrete ounterpart of the relations (2.119) in Theorem 2.16.

Lemma 3.26. Given a sequene h, k → 0, let us onsider a subsequene (not

relabelled) suh that the results of the Theorems 3.23, 3.24 and 3.25 hold. Then

lim
h,k

∫ T

0

(

g
(

Y+
h,k

)

, Λ̄−
h,k

)

dt = 0,(3.261)

lim
h,k

∫ T

0

(

B+
h,k,Q

−
W ,h,k

)

dt = 0,(3.262)

and

0 ≤ lim inf
h,k

∫ T

0

(

Λ̄−
h,k,Q

−
W ,h,k

)

dt ≤ C,(3.263)

for all g : R → R Lipshitz suh that g(−1) = g(1) = 0, where C is a onstant

independent of h, k.

Proof. From (3.142a), we have

N
∑

n=1

k
(

g (Y n) ,Λn−1
)

h
=

∫ T

0

(

g
(

Y+
h,k

)

, Λ̄−
h,k

)

dt = 0,

for all h, k. Then, (3.261) hold. Using (3.142b) we derive

(

Bn, Qn−1
W

)

h
= 0, ∀ n = 1, . . . , N.
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Hene, from (A.31), we get

∣

∣

∣

∫ T

0

(

B+
h,k,Q

−
W ,h,k

)

dt
∣

∣

∣
=
∣

∣

∣

n
∑

n=1

k
(

Bn, Qn−1
W

)

∣

∣

∣

≤
n
∑

n=1

k
∣

∣

∣

(

Bn, Qn−1
W

)

−
(

Bn, Qn−1
W

)

h

∣

∣

∣
≤ C h

n
∑

n=1

k ‖Bn‖ ‖∇Qn−1
W ‖

≤ C h ‖B+
h,k‖L2(L2) ‖Q

−
W ,h,k‖L2(H1) → 0,

as h, k → 0. So, (3.262) is satis�ed. Using (3.142) and the stability estimate

(3.144j), we an write

0 ≤

∫ T

0

(

Λ̄−
h,k,Q

−
W ,h,k

)

dt ≤ C,

whih implies (3.263).

3.5. Numerial Solution of the Disrete Optimal

Control Problem

In this setion we show the strategy we use for the numerial solution of the non-

smooth disrete optimal ontrol Problem 3.1.

In order to justify our approah, we need to perform some preliminary onsidera-

tions. Let {δn}n be a sequene of the regularization parameter suh that δn → 0+

and Theorem 3.18 holds and let {Pn}n the orresponding sequene of the disrete

regularized optimal ontrol Problems 3.2. For any �xed n there exists a sequene

{(

Xh,k,(n),(i),Uh,k,(n),(i)

)}

i
, suh that

(

Xh,k,(n),(i),Uh,k,(n),(i)

)

→
(

Xh,k,(n),Uh,k,(n)

)

,

as i → +∞, where

(

Xh,k,(n),Uh,k,(n)

)

is a solution of the regularized Problem 3.2.

For instane, the sequenes

{(

Xh,k,(n),(i),Uh,k,(n),(i)

)}

i
an be obtained by the fol-

lowing steepest desent algorithm (see for example [58℄, Setion 2.2.1):

Algorithm 3.27 (Steepest Desent). Perform the following steps:

1. hoose an initial guess Uh,k,(n),(0) and set i = 0;

2. solve the disrete state equations (3.72) to get Xh,k,(n),(i);

3. solve the disrete adjoint equations (3.73) to get QV ,h,k,(n),(i);

4. given J̃δ,h,k (Uh,k) = Jh,k (sδ,h,k (Uh,k) ,Uh,k), alulate

∇Uh,k
J̃δn,h,k

(

Uh,k,(n),(i)

)

= α Uh,k,(n),(i) −QV ,h,k,(n),(i),

hoose an admissible step size σ(i) and set

Uh,k,(n),(i+1) = Uh,k,(n),(i) − σ(i)∇Uh,k
J̃δ,h,k

(

Uh,k,(n),(i)

)

,

i = i+ 1,

and go to step 2.
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One we get the sequene

{(

Xh,k,(n),Uh,k,(n)

)}

n
of the solution of the regularized

problems Pn, Theorem 3.18 guarantees

(

Xh,k,(n),Uh,k,(n)

)

→ (Xh,k,Uh,k) ,

as n → +∞, where (Xh,k,Uh,k) is a solution of the non-smooth Problem 3.1.

The approah above desribed is not, in pratie, numerially realizable. So, to over-

ome this di�ult, we use the ontinuity of J̃δ,h,k (Uh,k) = Jh,k (sδ,h,k (Uh,k) ,Uh,k)
with respet to the ontrol Uh,k and the regularization parameter δ: �rst, we per-
form the limit with respet to the regularization parameter δ → 0 and then we apply
the steepest desent algorithm above diretly to the non-smooth Problem 3.19. In

order to do that, we brie�y introdue the following notation: given a disrete on-

trol Uh,k, we denote by Yh,k = Yh,k (Uh,k) the orresponding disrete phase-�eld

solution of the disrete state equations (3.139) and by QV ,h,k = QV ,h,k (Uh,k) the
orresponding variable given by the disrete optimality onditions (3.140) and the

omplementarity relations (3.142). Furthermore, we de�ne

Gh,k := α Uh,k −QV ,h,k.

We use the following algorithm to solve the optimality onditions (3.139)-(3.142).

Algorithm 3.28. We perform the following steps:

1. we hoose an initial guess for the ontrol Uh,k,(0), a onstant TOL > 0, an
integer Nmax and set i = 0;

2. given Uh,k,(i), we solve the disrete state equations (3.139) to get Vh,k,(i),

Yh,k,(i), Wh,k,(i);

3. given Vh,k,(i), Yh,k,(i), Wh,k,(i), we solve the optimality onditions (3.140) and

the omplementarity onditions (3.142) to derive QV ,h,k,(i);

4. we alulate

‖Gh,k,(i)‖L2(L2) =

[

N
∑

n=1

k‖αUn
(i) −Qn−1

V(i)‖
2

]
1
2

,

IF ‖Gh,k,(i)‖ < TOL or i > Nmax, then STOP;

ELSE we hoose a stepsize σ(i), set

Uh,k,(i+1) = Uh,k,(i) − σ(i)Gh,k,(i)

i = i+ 1,

and go to step 2;

We perform the seond and the third steps of the Algorithm 1 by the so alled

Primal Dual Ative Set Strategy (PDAS), (see [16℄ for details). In order to do that

we make the following assumption.
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Assumption 3.29 (Strit Complementarity).

(3.264) Y n (xj) = ±1, ⇒ Bn (xj) 6= 0,

for all j = 1, . . . ,Nh, n = 1, . . . , N .

The above strit omplementarity assumption is ommonly used in the solution

of problems whih involve omplementarity onditions like (3.139i), (3.139j) and

(3.142). We refer the reader to [47℄, [53℄, [75℄ and the referenes therein for further

details.

In the next setions we explain in details of seond and third steps of Algorithm

3.28.

Algorithm 3.28: Step 2

We solve the disrete Stokes equations (3.139a)-(3.139) to get V(i). Then, we

apply the PDAS to solve the disrete Cahn-Hilliard equations (3.139d)-(3.139j) to

obtain Y(i). In order to do that, given the set of the indies of the verties of the

triangulation of the domain Ω,

Jh = {j ∈ {1, . . . , Nh} : xj is a vertex of Th} ,

we de�ne, at eah time level n = 1, . . . , N ,

An
+ = {j ∈ Jh : c (Y n(xj)− 1) +Bn(xj) > 0} ,

An
− = {j ∈ Jh : c (Y n(xj) + 1) +Bn(xj) < 0} ,

In = Jh \
(

An
+ ∪An

−

)

,

where c > 0 is a onstant. An
± are alled the ative sets; In

are the inative sets.

It is easy to realize that, under the strit omplementarity assumption (3.264), the

following equivalene holds

{

Y n(xj) = ±1, if j ∈ An
±,

Bn(xj) = 0, if j ∈ In,
⇐⇒



















− 1 ≤ Y n(xj) ≤ 1,

Bn
r (xj) ≥ 0, Bn

l (xj) ≥ 0,

Bn
r (xj) (1− Y n(xj)) = 0,

Bn
l (xj) (1 + Y n(xj)) = 0.

Then, to solve the disrete Cahn-Hilliard equations (3.139d)-(3.139j) and derive

Y(i), we use the following algorithm.

Algorithm 3.30 (PDAS). For all n = 1, . . . , N :

1. we initialize An
+(0),A

n
−(0) by

An
±(0) =

{

j ∈ Jh : Y n−1 (xj) = ±1
}

,

alulate In
(0) and set m = 0;

2. we set Y n
(m)(xj) = ±1, ∀j ∈ An

±(m) and Bn
(m)(xj) = 0, ∀j ∈ In

(m);
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3. we solve the following linear system

MnI
h(m) Y

n
I(m) + kγA W n

(m) = f1
(

Y n
A(m), Y

n−1,Vn−1
)

,(3.265)

−ε2AnI
(m) Y

n
I(m) +Mh W n

(m) −MnA
h(m) B

n
A(m) = f2

(

Y n
A(m), Y

n−1
)

,

(3.266)

to obtain Y n
(m)(xj) for j ∈ In

(m) by the vetor Y n
I(m), B

n
(m)(xj) for j ∈ An

+(m) ∪

An
−(m) by the vetor Bn

A(m) and W n
(m) by the vetor W n

(m).

4. we set

An
+(m+1) = {j ∈ Jh : c (Y n(xj)− 1) +Bn(xj) > 0} ,

An
−(m+1) = {j ∈ Jh : c (Y n(xj) + 1) +Bn(xj) < 0} ,

In
(m+1) = Jh \

(

An
+(m+1) ∪ An

−(m+1)

)

.

5. IF An
±(m+1) = An

±(m), we set Y
n = Y n

(m), then STOP;

ELSE we set

m = m+ 1

and go to step 2.

In the linear system (3.265), (3.266) above, we use the following matries

Mhij = (ηi, ηj)h , Aij = (∇ηi,∇ηj) , i, j ∈ Jh,

MnI
h(m)ij = (ηi, ηj)h , AnI

(m)ij = (∇ηi,∇ηj) , i ∈ Jh, j ∈ In
(m),

MnA
h(m)ij = (ηi, ηj)h , AnA

(m)ij = (∇ηi,∇ηj) , i ∈ Jh, j ∈ An
+(m) ∪An

−(m),

and the following vetors

Y n
I(m)

j
= Y n

(m) (xj) , j ∈ In
(m),

Y n
A(m)

j
= Y n

(m) (xj) , j ∈ An
+(m) ∪ An

−(m),

W n
(m)

j
= W n

(m) (xj) , j ∈ Jh,

Bn
A(m)

j
= Bn

(m) (xj) , j ∈ An
+(m) ∪ An

−(m),

f1i
(

Y n
A(m), Y

n−1,Vn−1
)

= −MnA
h(m) Y

n
A(m) +

(

Y n−1, ηi
)

h
− k

(

Y n−1,Vn−1 · ∇ηi
)

,

f2i
(

Y n
A(m), Y

n−1
)

= ε2AnA
(m) Y

n
A(m) −

(

Y n−1, ηi
)

h
,

where {η1, . . . , ηNh
} is a Lagrange basis for Yh.

Algorithm 3.28: Step 3

We solve, for all n = 1, . . . , N , the disrete bakward equations (3.140d)-(3.140g)

to derive QY(i). In order to do that, we note from step 2 that we know V(i),Y(i)

and the sets An
±, I

n
, for all n = 1, . . . , N . For any given n, in (3.140d)-(3.140g),



90 3. Optimal Control of the Disrete Non-Smooth Cahn-Hilliard-Stokes System

we have three unknowns Qn−1
Y , Qn−1

W ,Λn−1
and just two equations. So, we onsider

the omplementarity onditions (3.142a)-(3.142), whih are suh that

Λn−1(xj) = 0, if − 1 < Y n(xj) < 1,(3.267)

[

BnQn−1
W

]

(xj) = 0,(3.268)

[

Λn−1Qn−1
W

]

(xj) ≥ 0,

for all j ∈ Jh, n = 1, . . . , N . Above, (3.267) is just a reformulation of (3.142a) and

it easy to realize that it is equivalent to

Λn−1(xj) = 0, ∀j ∈ In.

Moreover from (3.268), using the strit omplementarity assumption (3.264), we

derive

Qn−1
W (xj) = 0, ∀j ∈ An

+ ∪An
−.

So, given n = 1, . . . , N , we use (3.140d)-(3.140f) to get just:

Qn−1
Y (xj) , ∀j ∈ Jh,

Qn−1
W (xj) , ∀j ∈ In−1,

Λn−1 (xj) , ∀j ∈ An−1
+ ∪An−1

− .

We get them solving the following linear system

Mh Qn−1
Y − kε2AnI Qn−1

WI − k MnA
h Λn−1

A = r
(

Qn
Y , Q

n
W ,Vn, Y n, ynd,h

)

,

γA Qn−1
Y +MnI

h Qn−1
WI = 0,

where

Qn−1
Y j

= Qn−1
Y (xj) , j ∈ Jh,

Qn−1
WI j

= Qn−1
W (xj) , j ∈ In,

Λn−1
A j

= Λn−1 (xj) , j ∈ An
+ ∪An

−,

ri
(

Qn
Y , Q

n
W ,Vn, Y n, ynd,h

)

= (Qn
Y − kQn

W , ηi)h+k (∇Qn
Y ·Vn, ηi)−k

(

Y n − ynd,h, ηi
)

,

where {η1, . . . , ηNh
} is a Lagrange basis for Yh. One we get QY ,h,k,(i), we solve the

disrete bakward equations (3.140a)-(3.140), to derive QV ,h,k,(i).

3.6. Numerial Experiments

In order to show the e�etiveness of our method, we onsider two numerial expe-

riments.
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3.6.1. Cirle to Square 1

The domain is the unit square Ω = (0, 1)2 in the two dimensional plane (x1, x2) = x.
The initial ondition y0,h for the phase-�eld y is given by the linear interpolation

of the following funtion

(3.269) y0 (r) =



























− 1 if r −R ≤ −
πε

2
,

sin

(

r − R

ε

)

if |r − R| <
πε

2
,

1 if r −R ≥
πε

2
,

where r = r (x1, x2) =
√

(x1 − xc1)
2 + (x2 − xc2)

2
, R = 0.2 and (xc1, xc2) =

(0.5, 0.5). We emphasize that the funtion y0 orresponds to a stationary solu-

tion of the Cahn-Hilliard equation with double obstale potential, see �g. 3.1.
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0.8
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1

Figure 3.1.: Initial phase-�eld y0(x)

The values of the onstants parameter in the model are α = 10−5, ν = 0.1, γ =
0.005, ε = 0.02. Furthermore, the time step k = 0.01 and the time horizon is

T = 100k. The desired state yd is represented in �g. 3.2. It is independent on time

and the two phases �uid are separated by a vanishing interfae whih has the shape

of a square. We emphasize that, in order to make the desired state reahable, we

have hosen y0 and yd suh that

(3.270)

∫

Ω

y0 (x) dx =

∫

Ω

yd (x) dx.

In the Algorithm 3.28, we assume as initial step for the ontrol Uh,k,(0) ≡ 0, the
tolerane TOL = 10−9

and the maximum number of iterations Nmax = 103. More-

over, the step size σ(i) in is derived aording to the Barzilai-Borwein method, see

[12℄ for details . In partiular, with σinit = 4 · 103, σmin = 2 · 103, σmax = 4 · 103 and
denoting by i the iteration index, we assume:
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Figure 3.2.: Desired state distribution yd(x)

• if i = 0, σ(i) = σinit;

• for i ≥ 1

(3.271) σ(i) =

∫ T

0

(

Uh,k,(i) − Uh,k,(i−1),Gh,k,(i) − Gh,k,(i−1)

)

dt

‖Gh,k,(i) − Gh,k,(i−1)‖2L2(L2)

,

• if σ(i) < 0 or σ(i) > σmax, then σ(i) = σmin.

Figures 3.3, 3.4 show the e�ieny of the Algorithm 3.28. In about 400 iterations

the system seems approahing to a minimum of the ost funtional. Moreover,

‖Gh,k,(i)‖L2(L2) dereases apparently with a logarithmi rate, with respet to the

number of iterations.

0 100 200 300 400
Number of  iterations

0,01

0,015

0,02

0,025

J(y,u)

Figure 3.3.: behaviour of Jh,k
(

Yh,k,(i),Uh,k,(i)

)

, with i index of iterations

In �gures 3.5, it is depited the evolution in time of the optimal phase-�eld Yh,k (x, t)
and veloity Vh,k (x, t), derived by the appliation of the Algorithm 3.28. The shape

of the state hanges in the �rst few time steps. Then, the veloity �eld keeps the
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Figure 3.4.: behaviour of ‖Gh,k,(i)‖L2(L2), with i index of iterations
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Figure 3.5.: Time evolution of state Yh,k(x, t) and veloity Vh,k(x, t)
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distribution of the phase-�eld lose as muh as possible to the desired state.

Finally in �gures 3.6, it is possible to see the evolution in time of the optimal

funtion QY ,h,k (x, t) and the ontrol Uh,k (x, t): in the last time steps, the ontrol

ats on the veloity �eld in a suh a way that the phase-�eld keeps the desired

shape.
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Figure 3.6.: Time evolution of the optimal QY ,h,k (x, t) and the ontrol Uh,k (x, t)

3.6.2. Cirle to Square 2

As in the previous ase, the domain is the unit square Ω = (0, 1)2 in the two dimen-

sional plane (x1, x2) = x. The initial ondition has the form depited in (3.269),

but it is "shifted" toward the right side of the domain and entred around the point

(xc1, xc2) = (0.7, 0.5), as shown in �gure 3.7. Even in this ase the desired state

is time-independent and it has a shape analogous to the previous ase, but it is

entred on the left of the domain, around the point (x̃c1, x̃c2) = (0.3, 0.5), as shown
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Figure 3.7.: Initial phase-�eld y0(x)
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Figure 3.8.: Desired state distribution yd(x)



96 3. Optimal Control of the Disrete Non-Smooth Cahn-Hilliard-Stokes System

in �gure 3.8.

The values of the onstant parameters in the model are α = 10−5, ν = 0.1, γ =
0.005, ε = 0.02. The timestep k = 0.005 and the time horizon is T = 400k. Also in

this ase, ondition (3.270) is ful�lled and then the desired state is reahable. In

Algorithm 3.28, we assume TOL = 10−9
, Nmax = 1000 and the initial guess for the

ontrol Uh,k,(0) ≡ 0. The step size is hosen, as well as the previous experiment,

using the Barzilai-Borwein method [12℄, with the following settings: σinit = 105,
σmin = 103, σmax = 105, see (3.271). In �gures 3.9 and 3.10 are depited the values

of the ost funtional with respet to the number of iterations: apart the �rst iter-

ations, the dereasing is slower than the previous numerial experiment.

0 100 200 300 400
Number of iterations

0,2

0,4

0,6

0,8

1

J(y,u)

Figure 3.9.: behaviour of Jh,k
(

Yh,k,(i),Uh,k,(i)

)

, with 0 < i ≤ 400 index of iterations

400 500 600 700 800 900 1000
Number of  iterations
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Figure 3.10.: behaviour of Jh,k
(

Yh,k,(i),Uh,k,(i)

)

, with 400 ≤ i ≤ 1000 index of iterations

The behaviour of the system is also displayed in �gure 3.11: ‖Gh,k,(i)‖L2(L2) de-

reases with less regularity with respet to the previous ase and in 1000 steepest

desent iterations it does not reahes the proposed tolerane TOL = 10−9
.

In �gures 3.12, it is shown the evolution in time of the optimal phase-�eld Yh,k (x, t)
and veloity Vh,k (x, t) derived by the appliation of the Algorithm 3.28. The be-

haviour of the system is the one expeted: starting from the initial distribution,

the �uid is driven toward a �nal state whih is lose to the desired state.
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Figure 3.11.: behaviour of ‖Gh,k,(i)‖L2(L2), with 400 ≤ i ≤ 1000 index of iterations
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Figure 3.12.: Time evolution of the optimal state Yh,k (x, t) and veloity Vh,k (x, t)
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In �gures 3.13, it is displayed the evolution in time of the optimal Lagrange multi-

plier Λh,k(x, t) and ontrol Uh,k(x, t): it is possible to see the lak of regularity of

Λh,k(x, t) whih is, in our opinion, the reason of the non optimal behaviour of the

steepest desent approah.
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Figure 3.13.: Time evolution of the optimal lagrange multiplier Λh,k(x, t) and ontrol

Uh,k(x, t)

The non regularity of the lagrange multiplier Λh,k is also displayed in �gures 3.14
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Figure 3.14.: Time evolution in 3d of the optimal lagrange multiplier Λh,k(x, t)





4. Optimal Control of the

Cahn-Hilliard-Navier-Stokes

System

4.1. Introdution

In this Chapter, we analyse the optimal ontrol problem of the �ow of two inom-

pressible, immisible �uids with surfae tension e�ets. In ontrast to the previous

two Chapters we onsider the full Cahn-Hilliard-Navier-Stokes system, i.e., we in-

lude the nonlinarity (inertia e�ets) in the Navier-Stokes equations and take the

surfae tension oe�ient ρ 6= 0. More preisely, the onsidered Cahn-Hilliard-

Navier-Stokes system onsists of the system (1.13), (1.14), where the potential in

the free energy density assoiated with the Cahn-Hilliard equation (1.14) is given

by the double-well potential (1.11).

Below we introdue the mathematial setting for the onsidered problem. We de-

note by: Ω ∈ R
2
an open, bounded, onvex polygonal domain; T > 0 a �xed time

horizon; ΩT = Ω× (0, T ); α > 0 a positive small onstant. We assume all the set-

tings and the notation stated in Appendix A.2.1, A.2.2. In partiular, we onsider

L2
0, the spae of the L

2
-funtions with zero mean, H0 = L2

0∩H1
and the assoiated

Bohner's spae

W0 =
{

y ∈ L2 (H0) : yt ∈ L2 (H∗
0 )
}

.

In addition, we assume that D is the spae of the vetor-valued, divergene-free,

H1
0-funtions and we onsider the assoiated Bohner's spae

W0 =
{

v ∈ L2(D) : vt ∈ L2(D∗)
}

.

We de�ne

(4.1) H∆ =
{

z ∈ H2 : ∆z ∈ H1
}

,

and the assoiated Bohner's spae L2 (H∆). The spaes H∆ and L2 (H∆) are

endowed with the following norms

‖z‖H∆
=
[

‖z‖2H2 + ‖∆z‖2H1

]
1

2 ,

‖y‖L2(H∆) =
[

‖y‖2L2(H2) + ‖∆y‖2L2(H1)

]
1

2

.

It easy to realize thatH∆ and L2 (H∆) are Banah spaes. Furthermore, we onsider

the spae

(4.2) X = W0 ×W0,∆, where W0,∆ = W0 ∩ L∞ (H0) ∩ L2 (H∆) ,



102 4. Optimal Control of the Cahn-Hilliard-Navier-Stokes System

with elements x = (v, y). The spaes X and X × L2 (L2) are endowed with the

following norms

‖x‖X =
[

‖v‖2W0
+ ‖y‖2W0

+ ‖y‖2L∞(H0) + ‖y‖2L2(H∆)

]
1
2

,

‖ (x,u) ‖X×L2(L2) =
[

‖x‖2X + ‖u‖2L2(L2)

] 1
2

.

Moreover, we de�ne the following set

(4.3) K =
{

θ ∈ L2
(

H1
)

: −1 ≤ θ ≤ 1, a.e. on ΩT

}

.

We onsider the following objetive funtion

(4.4) J : X× L2
(

L2
)

→ R,

suh that

(4.5) J(x,u) :=

∫ T

0

[

1

2

∫

Ω

(y − yd)
2 dx+

α

2

∫

Ω

u2 dx

]

dt,

where we assume yd ∈ C ([0, T ] ;L2
0). In order to represent the optimal ontrol prob-

lem under investigation in a more ompat, general form, we de�ne the following

map

(4.6) e : X× L2
(

L2
)

→ Z =
[

L2 (D)× L2 (H0)× S
]∗

×H0.

The map e in (4.6) is suh that, for all p = (ψ, η, ξ, ϕ) ∈ Z∗
,

〈p, e (v, y,u)〉Z∗,Z = 〈a (v, y,u) ,ψ〉L2(D∗),L2(D) + 〈c (v, y) , η〉
L2(H∗

0),L2(H0)
(4.7)

+ (ξ,v (0)− v0) + 〈ϕ, y (0)− y0〉H∗

0 ,H0
,

where

〈a (v, y,u) ,ψ〉L2(D∗),L2(D)

=

∫ T

0

[〈vt,ψ〉D∗,D + ν (∇v,∇ψ) + b (v,v,ψ) + ρ (y,∇w ·ψ)− (u,ψ)] dt,

and

〈c (v, y) , η〉
L2(H∗

0),L2(H0)
=

∫ T

0

[

〈yt, η〉H∗

0
,H0

+ γ (∇w,∇η)− (y,v · ∇η)
]

dt,

with

(4.8) w := −ε2∆y − y + y3.

Furthermore, given z = (z1, z2, z3, z4) ∈ Z, we assume

‖z‖Z =
[

‖z1‖
2
L2(D∗) + ‖z2‖

2
L2(H∗

0)
+ ‖z3‖

2
S + ‖z4‖

2
H0

]
1
2

.

Then, we study the following smooth optimal ontrol problem:
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Problem 4.1. Given v0 ∈ D ∩H2
, y0 ∈ L2

0 ∩H2 ∩ K, �nd (x̄, ū) ∈ X × L2 (L2),
suh that

min
(x,u)∈X×L2(L2)

J (x,u) = J (x̄, ū) ,

subjet to

(4.9) e (x,u) = 0.

From the de�nition (4.6), (4.7) of the map e and by the de�nition (4.8) of the

hemial potential w, we an write the state equations (4.9) in the following way

∫ T

0

[(vt,ψ) + ν (∇v,∇ψ) + b (v,v,ψ) + ρ (y,∇w ·ψ)− (u,ψ)] dt = 0,

(4.10a)

v(0) = v0, in Ω,(4.10b)

∫ T

0

[(yt, η) + γ (∇w,∇η)− (y,v · ∇η)] dt = 0,(4.11a)

y(0) = y0, in Ω(4.11b)

∫ T

0

[

(w, θ)− ε2 (∇y,∇θ) + (y, θ)−
(

y3, θ
)]

dt = 0,(4.11)

for all ψ ∈ L2 (D) , η, θ ∈ L2 (H1).
In (4.10a) above, b (·, ·, ·) is the anonial trilinear form assoiated to the nonlinea-

rity in the Navier-Stokes equations

b : H1
0 ×H1

0 ×H1
0 → R,(4.12)

b (u,v,w) =

∫

Ω

(u · ∇)v ·w dx,

whih is suh that

(4.13) b (u,v,w) + b (u,w,v) = 0,

for all u ∈ D, v,w ∈ H1
0.

Optimal ontrol Problem 4.1 onerns the �ow of a mixture of two immisible,

inompressible �uids. Compared to Problem 2.1, the phase dynamis in the Cahn-

Hilliard equations (4.11) is determined by the double-well potential Φ (y) (1.11),
whih is suh that

Φ′ (y) = −y + y3,

see last two terms in (4.11). This assumption makes Problem 4.1 smooth and

allows a diret appliation of the tools of mathematial programming in Banah

spaes. Conversely, two issues make make the mathematial analysis of Problem 4.1

more hallenging than Problem 2.1: the equations in (4.10),(4.11) are oupled by the

last term in (4.10a), where the apillarity number ρ > 0; the �uids hydrodynamis

is governed by the Navier-Stokes equation (4.10a), without negleting the advetion
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e�ets desribed by the trilinear form b (4.12).
In the next setions, we study the properties of the state equations (4.10), (4.11),

then we show that Problem 4.1 has solutions, that it satis�es the onditions needed

to apply the standard theory of mathematial programming in Banah spaes (see

Assumptions 1.47 in [58℄) and we get the �rst order optimality onditions (see

Theorem 1.48 and Corollary 1.3 in [58℄).

4.2. Properties of the State Equations

In the following theorem, we derive existene, uniqueness and regularity properties

of the solution (v, y, w) of the state equations (4.10), (4.11).

Theorem 4.2 (existene, uniqueness, regularity). For any �xed v0 ∈ D∩H2
,

y0 ∈ L2
0 ∩H2 ∩ K and u ∈ L2 (L2), the system of the state equations (4.10), (4.11)

has a unique solution

(v, y, w) ∈
(

H1
(

L2
)

∩ L∞
(

D ∩H2
))

×
(

H1
(

L2
0

)

∩ L∞
(

H2
))

×
(

L∞
(

L2
)

∩ L2
(

H2
))

,

whih is suh that

‖v‖H1(L2) + ‖v‖L∞(D) + ‖v‖L∞(H2)(4.14)

+‖y‖
H1(L2

0)
+ ‖y‖L∞(H2) + ‖w‖L∞(L2) + ‖w‖L2(H2) ≤ C (u) ,

where the onstant C (u) depends ontinuously on ‖u‖L2(L2) and data problem (ini-

tial onditions and onstant parameters).

Proof. Conerning the existene and uniqueness of the solution v ∈ H1 (L2) ∩
L∞ (D ∩H2), y ∈ H1 (L2)∩L∞ (L2

0 ∩H2), w ∈ L∞ (L2)∩L2 (H2), see Remark 2.2
in [62℄ and also [27℄, [74℄. Then, the estimate (4.14) an be obtained by standard

proedures.

Remark 4.3. Obviously, the solution y(t) ∈ L2
0, for all t ∈ (0, T ]. In fat, with

η = χ[0,t] in (4.11a), where

χ[0,t] (s) :=

{

1 if s ∈ [0, t] ,

0 otherwise,

using integration by parts in time, we have

(y (t) , 1) = (y (0) , 1) = 0, ∀ t ∈ (0, T ].

From Theorem 4.2, we derive that assoiated to the state equations of the optimal

ontrol Problem 4.1

e (x,u) = 0,

there exists a bounded solution operator s : L2 (L2) → X, whih suh that

(4.15) e (s (u) ,u) = 0, ∀ u ∈ L2
(

L2
)

.
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4.3. Well-Posedness of the Optimal Control

Problem

The map J : X×L2 (L2) → R de�ned in (4.5), is ontinuous, onvex and bounded

from below. Hene, it is weakly lower semiontinuous. Hene, we an prove the

following results.

Theorem 4.4 (existene of minimizers). The regularized optimal ontrol prob-

lem (4.1) admits solutions.

Proof. The proof is analogous to the one of Theorem 2.5.

4.4. Optimality Conditions of the Optimal Control

Problem

In this setion, we show that the ost funtional J and the map e de�ned, respe-

tively, in (4.5) and (4.6), (4.7), satisfy the onditions needed to apply the standard

theory of mathematial programming in Banah spaes (see Assumptions 1.47 in

[58℄). Next, we derive the �rst order optimality onditions of the optimal ontrol

Problem 4.1 (see Theorem 1.48 and Corollary 1.3 in [58℄).

We need to hek that the following onditions hold:

• the ost funtional J : X×L2 (L2) → R is ontinuously Fréhet di�erentiable;

• the map e : X× L2 (L2) → Z is ontinuously Fréhet di�erentiable;

• there exists the inverse of the map ex (s (u) ,u), where s is the bounded

solution operator de�ned in (4.15).

The Fréhet derivative of the mapping J is suh that

J ′ : X× L2
(

L2
)

→ L
(

X× L2
(

L2
)

,R
)

,

with partial derivatives

〈 Jv (x,u) ,dv 〉W∗

0,W0
= 0,

〈 Jy (x,u) , dy 〉W ∗

0,∆
,W0,∆

=

∫ T

0

(y − yd, dy) dt,

(Ju (x,u) ,du)L2(L2) = α

∫ T

0

(u,du) dt,

Therefore,

〈 J ′ (x,u) , (dx,du) 〉(X×L2(L2))∗,X×L2(L2) =

∫ T

0

[(y − yd, dy) + α (u,du)] dt,

for all (dx.du) ∈ X×L2 (L2). Hene J is Fréhet di�erentiable. Moreover, we have

∣

∣

∣

〈

J ′ (x + dx,u+ du)− J ′ (x,u) , (hx,hu)
〉

(X×L2(L2))∗,X×L2(L2)

∣

∣

∣
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=
∣

∣

∣

∫ T

0

[(dy, hy) + α (du,hu)] dt
∣

∣

∣

≤ ‖dy‖L2(L2)‖hy‖L2(L2) + α‖du‖L2(L2)‖hu‖L2(L2)

≤ ‖ (dx,du) ‖X×L2(L2)

[

‖hy‖L2(L2) + α‖hu‖L2(L2)

]

→ 0,

as (dx,du) → 0 inX×L2 (L2), for all (hx,hu) ∈ X×L2 (L2). Then, J is ontinuou-

sly Fréhet di�erentiable. Conerning the properties of the map e : X× L2 (L2) →
Z, we have the following result.

Lemma 4.5. The map e : X× L2 (L2) → Z is ontinuously Fréhet di�erentiable.

Proof. We have

e′ : X× L2
(

L2
)

→ L
(

X× L2
(

L2
)

,Z
)

,

with partial Fréhet derivatives

〈

p, ev (x,u)dv

〉

Z∗,Z
= (ξ,dv(0))

+

∫ T

0

[〈dvt,ψ〉D∗,D + ν (∇dv,∇ψ) + b (dv,v,ψ) + b (v,dv,ψ)− (y,dv · ∇η)] dt,

〈

p, ey (x,u) dy
〉

Z∗,Z
=

∫ T

0

[

〈dyt, η〉H∗

0 ,H0
+ γ

(

∇
[

−ε2∆dy − dy + 3y2dy
]

,∇η
)

− (dy,v · ∇η) + ρ (dy,∇w ·ψ)

+ ρ
(

y,∇
[

−ε2∆dy − dy + 3y2dy
]

·ψ
)]

dt+ 〈ϕ, dy (0)〉H∗

0 ,H0

and

〈

p, eu (x,u)du

〉

Z∗,Z
= −

∫ T

0

(du,ψ) dt,

for all p = (ψ, η, ξ, ϕ) ∈ Z∗
, (x,u) = (v, y,u) , (dx,du) = (dv, dy,du) ∈ X ×

L2 (L2). The map e is Fréhet di�erentiable if

∥

∥ e (x+ dx,u+ du)− e (x,u)− e′ (x,u) (dx,du)
∥

∥

Z
(4.16)

= o
(

‖ (dx,du) ‖X×L2(L2)

)

,

as (dx,du) → 0 in X × L2 (L2). For all p = (ψ, η, ξ, ϕ) ∈ Z∗
, (x,u) , (dx,du) ∈

X× L2 (L2), we realize that

∣

∣

∣

〈

p, e (x+ dx,u+ du)− e (x,u)− e′ (x,u) (dx,du)
〉

Z∗,Z

∣

∣

∣

≤
∣

∣

∣

∫ T

0

b (dv,dv,ψ) dt
∣

∣

∣
+
∣

∣

∣

∫ T

0

(dy,dv · ∇η) dt
∣

∣

∣

+
∣

∣

∣

∫ T

0

ρ
(

y,∇
[

d3y + 3yd2y
]

·ψ
)

dt
∣

∣

∣
+
∣

∣

∣

∫ T

0

ρ
(

dy,∇
[

d3y + 3yd2y
]

·ψ
)

dt
∣

∣

∣

+
∣

∣

∣

∫ T

0

ρ
(

dy,∇
[

−ε2∆dy − dy + 3y2dy
]

·ψ
)

dt
∣

∣

∣
+
∣

∣

∣

∫ T

0

γ
(

∇
[

d3y + 3yd2y
]

,∇η
)

dt
∣

∣

∣

= S1 + S2 + S3 + S4 + S5 + S6.
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Using the property (4.13) of the trilinear form b (·, ·, ·), the interpolation inequality

(A.18) and the embeddings (A.5), (A.6), we derive

S1 ≤

∫ T

0

‖dv‖L4 ‖∇ψ‖ ‖dv‖L4 dt ≤ C

∫ T

0

‖dv‖ ‖dv‖D ‖ψ‖D dt

≤ C ‖dv‖C([0,T ];S) ‖dv‖L2(D) ‖ψ‖L2(D) ≤ C ‖dv‖W0
‖dv‖L2(D) ‖ψ‖L2(D)

≤ C ‖ (dx,du) ‖
2
X×L2(L2) ‖ψ‖L2(D),

S2 ≤

∫ T

0

‖dy‖L4 ‖dv‖L4 ‖∇η‖ dt ≤ C ‖dy‖L∞(H0) ‖dv‖L2(D) ‖η‖L2(H0)

≤ C ‖ (dx,du) ‖
2
X×L2(L2) ‖η‖L2(H0),

S3 ≤ ρ

∫ T

0

‖y‖L4 ‖∇
[

d3y + 3 y d2y
]

‖ ‖ψ‖L4 dt ≤

≤ C ‖y‖L∞(H0)

∫ T

0

‖3 d2y ∇dy + 3 d2y ∇y + 6 y dy ∇dy‖ ‖ψ‖D dt

≤ C ‖y‖L∞(H0)

×

∫ T

0

[

‖dy‖
2
L6 ‖∇dy‖L6 + ‖dy‖

2
L6 ‖∇y‖L6 + ‖y‖2L6 ‖dy‖L6 ‖∇dy‖L6

]

‖ψ‖D dt

≤ C ‖y‖L∞(H0)

×

∫ T

0

[

‖dy‖
2
H0

‖dy‖H2 + ‖dy‖
2
H0

‖y‖H2 + ‖y‖2H0
‖dy‖H0

‖dy‖H2

]

‖ψ‖D dt

≤ C ‖y‖L∞(H0) ‖dy‖L∞(H0) ‖ψ‖L2(D)

×
[

‖dy‖L∞(H0) ‖dy‖L2(H2) + ‖dy‖L∞(H0) ‖y‖L2(H2) + ‖y‖L∞(H0) ‖dy‖L2(H2)

]

= o
(

‖ (dx,du) ‖X×L2(L2)

)

‖ψ‖L2(D),

S4 ≤ ρ

∫ T

0

‖dy‖L4 ‖∇
[

d3y + 3 y d2y
]

‖ ‖ψ‖L4 dt

≤ C ‖dy‖
2
L∞(H0)

× ‖ψ‖L2(D)

×
[

‖dy‖L∞(H0) ‖dy‖L2(H2) + ‖dy‖L∞(H0) ‖y‖L2(H2) + ‖y‖L∞(H0) ‖dy‖L2(H2)

]

×

= o
(

‖ (dx,du) ‖X×L2(L2)

)

‖ψ‖L2(D),

S5 ≤ ρ

∫ T

0

‖dy‖L4 ‖∇
[

−ε2∆dy − dy + 3 y2 dy
]

‖ ‖ψ‖L4 dt

≤ C ‖dy‖L∞(H0)

∫ T

0

‖ − ε2∇∆dy −∇dy + 6 y dy ∇y + 3 y2 ∇dy‖ ‖ψ‖D dt

≤ C ‖dy‖L∞(H0)

×

∫ T

0

[

‖∇∆dy‖+ ‖∇dy‖+ ‖y‖L6 ‖dy‖L6 ‖∇y‖L6 + ‖y‖2L6 ‖∇dy‖L6

]

‖ψ‖D dt

≤ C ‖dy‖L∞(H0)
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×

∫ T

0

[

‖∆dy‖H0
+ ‖dy‖H0

+ ‖y‖H0
‖dy‖H0

‖y‖H2 + ‖y‖2H0
‖dy‖H2

]

‖ψ‖D dt

≤ C ‖dy‖L∞(H0)‖ψ‖L2(D)

×
[

‖∆dy‖L2(H0) + ‖dy‖L2(H0) + ‖y‖L∞(H0) ‖dy‖L∞(H0) ‖y‖L2(H2) + ‖y‖2L∞(H0) ‖dy‖L2(H2)

]

= o
(

‖ (dx,du) ‖X×L2(L2)

)

‖ψ‖L2(D),

S6 ≤ γ

∫ T

0

‖∇
[

d3y + 3 y d2y
]

‖ ‖∇η‖ dt

≤ C

∫ T

0

[

‖dy‖
2
L6 ‖∇dy‖L6 + ‖dy‖

2
L6 ‖∇y‖L6 + ‖y‖L6 ‖dy‖L6 ‖∇dy‖L6

]

‖η‖H0
dt

≤ C

∫ T

0

[

‖dy‖
2
H0

‖dy‖H2 + ‖dy‖
2
H0

‖y‖H2 + ‖y‖H0
‖dy‖H0

‖dy‖H2

]

‖η‖H0
dt

≤ C ‖dy‖L∞(H0)

×
[

‖dy‖L∞(H0) ‖dy‖H2 + ‖dy‖L∞(H0) ‖y‖H2 + ‖y‖L∞(H0) ‖dy‖H2

]

‖η‖L2(H0) ≤

= o
(

‖ (dx,du) ‖X×L2(L2)

)

‖η‖L2(H0).

So, using the above estimates of S1, . . . , S6 in (4.16), we infer that the mapping

e : X× L2 (L2) → Z is Fréhet di�erentiable.

The map e : X × L2 (L2) → Z is ontinuously Fréhet di�erentiable if, for all

(x,u) , (dx,du) ∈ X× L2 (L2),

‖e′ (x+ dx,u+ du)− e′ (x,u) ‖L(X×L2(L2),Z) → 0,

as (dx,du) → 0 inX×L2 (L2). For all (hx,hu) ∈ X×L2 (L2), p = (ψ, η, ξ, ϕ) ∈ Z∗
,

we get

∣

∣

∣

〈

p, [ e′ (x + dx,u+ du)− e′ (x,u) ] (hx,hu)
〉

Z∗,Z

∣

∣

∣(4.17)

=
∣

∣

∣

∫ T

0

[b (hv,dv,ψ) + b (dv,hv,ψ)− (dy,hv · ∇η)− (hy,dv · ∇η)

+ 3γ
(

∇
[

d2y hy + 2 y dy hy

]

,∇η
)

+ 3ρ
(

y,∇
[

d2y hy + 2 y dy hy

]

·ψ
)

+ ρ
(

hy,∇
[

−ε2∆dy − dy + d3y + 3y2 dy + 3y d2y
]

·ψ
)

+ ρ
(

dy,∇
[

−ε2∆hy − hy + 3y2 hy

]

·ψ
)

+ 3ρ
(

dy,∇
[

d2y hy + 2 y dy hy

]

·ψ
)]

dt
∣

∣

∣

Working in (4.17) as well as in the derivation of the estimates of S1, . . . , S6 above,

we have

∣

∣

∣

〈

p, [ e′ (x+ dx,u+ du)− e′ (x,u) ] (hx,hu)
〉

Z∗,Z

∣

∣

∣
→ 0,

as (dx,du) → 0 in X×L2 (L2), for all p ∈ Z∗
, (x,u), (hx,hu) ∈ X×L2 (L2). Then

e : X× L2 (L2) → Z is ontinuously Fréhet di�erentiable.

Theorem 4.6. For any �xed u ∈ L2 (L2),

ex (s (u) ,u) ∈ L (X,Z) ,

has a bounded inverse.
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The proof of the Theorem is given in Appendix B, Setion B.3.

Remark 4.7. As a onsequene of Theorem 4.6, we an say that

[ex (s (u) ,u)]
−1 ∈ L (Z,X) ,

for all u ∈ L2 (L2).

The ontinuous Fréhet di�erentiability of the ost funtional J : X×L2 (L2) →
R, Lemma 4.5 and Theorem 4.6 ensure that all the solutions (x,u) of the optimal

ontrol Problem 4.1 satisfy, together an adjoint variable q ∈ Z∗
, a set of �rst order

optimality onditions (see Theorem 1.48 and Corollary 1.3 in [58℄). In order to get

the �rst order optimality onditions, we de�ne the following Lagrange funtional

L : X× L2 (L2)× Z∗ → R,

(4.18) L (x,u,q) = J (x,u) + 〈 q, e (x,u) 〉Z∗,Z,

where q = (qv, qy,qv0, qy0) ∈ Z∗
. Then, the optimality onditions of Problem 4.1

orrespond to: �nd (x,u,q) ∈ X× L2 (L2)× Z∗
, suh that

Lq (x,u,q) = 0, in Z,(4.19)

Lx (x,u,q) = 0, in X∗,(4.20)

Lu (x,u,q) = 0, in L2
(

L2
)

.(4.21)

It is straightforward to hek that (4.19) are the state equations e (x,u) = 0.
The seond equation (4.20) represents the adjoint equations and (4.21) is a further

optimality relation.

In the next Lemma 4.8, we show that given a solution x = s (u) of the state

equations (4.19), the adjoint equations (4.20) have a unique solution q ∈ Z∗
.

Lemma 4.8. Let u ∈ L2 (L2) and x ∈ X suh that x = s (u) be given. Then, the

adjoint equations (4.20) have a unique solution q ∈ Z∗
.

Proof. The proof of the Lemma is analogous to the one of Lemma 2.8.

The �rst order optimality onditions (4.19)-(4.21) are written in terms of the va-

riables (x,u,q) ∈ X×L2 (L2)×Z∗
. In the next Theorem 4.9, using the de�nitions

(4.2), (4.6) of the spaes X and Z, we write these optimality onditions expliitly,

in terms of the state variables

(v, y) ∈ W0 ×W0,∆ and w = −ε2∆y − y + y3,

and the adjoint variables

(qv, qy,qv0, qy0) ∈ L2 (D)× L2 (H0)× S ×H∗
0 and qw = γ∆qy + ρ∇y · qv.

Note that w is the hemial potential de�ned in (4.8) and qw is a further adjoint

variable. Moreover, still in Theorem 4.9, we derive regularity properties for the

adjoint variables.
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Theorem 4.9 (optimality onditions, regularity of the adjoint variables).

The �rst order optimality onditions (4.19)-(4.21) of the optimal ontrol Problem

4.1 read as follows:

∫ T

0

[(vt,ψ) + ν (∇v,∇ψ) + b (v,v,ψ) + ρ (y,∇w ·ψ)− (u,ψ)] dt = 0,

(4.22a)

v(0) = v0,(4.22b)

∫ T

0

[(yt, η) + γ (∇w,∇η)− (y,v · ∇η)] dt = 0,(4.22)

y(0) = y0,(4.22d)

∫ T

0

[

(w, θ)− ε2 (∇y,∇θ) + (y, θ)−
(

y3, θ
)]

dt = 0,(4.22e)

for all ψ ∈ L2 (D), η, θ ∈ L2 (H1),

∫ T

0

[(−qvt,ψ) + ν (∇qv,∇ψ) + b (ψ,v,qv) + b (v,ψ,qv)(4.23a)

− (y,∇qy ·ψ)] dt = 0,

qv (T ) = 0,(4.23b)

∫ T

0

[

(−qyt, η)− ε2 (∇qw,∇η) + ρ (∇w · qv, η)− (v · ∇qy, η)(4.23)

+ (qw, η)−
(

3y2qw, η
)

+ (y − yd, η)
]

dt = 0,

qy(T ) = 0,(4.23d)

∫ T

0

[(qw, θ) + γ (∇qy,∇θ) + ρ (y,qv · ∇θ)] dt = 0,(4.23e)

for all ψ ∈ L2 (D), η ∈ L2 (H0), θ ∈ L2 (H1),

∫ T

0

(α u− qv,ϕ) dt = 0,(4.24)

for all ϕ ∈ L2 (L2). Furthermore, any solution (v, y, w,qv, qy, qw) of (4.22)-(4.24)
is suh that

v ∈ H1
(

S2
)

∩ L∞
(

D ∩H2
)

,(4.25)

y ∈ H1
(

L2
0

)

∩ L∞
(

H2
)

,(4.26)

w ∈ L∞
(

L2
)

∩ L2
(

H2
)

,(4.27)

qv ∈ H1
(

S2
)

∩ L∞ (D) ,(4.28)

qy ∈ H1
(

L2
0

)

∩ L∞ (H0) ,(4.29)

qw ∈ L2 (H0) ,(4.30)

u ∈ H1
(

L2
)

∩ L∞ (D) ,(4.31)

and

qv0 = qv (0) , in D,(4.32)
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qy0 = qy (0) , in H0.(4.33)

Finally,

(4.34) ‖qvt‖L2(L2) + ‖qv‖L∞(D) + ‖qyt‖L2(L2
0)
+ ‖qy‖L∞(H0) + ‖qw‖L2(H0) ≤ C (u) ,

where the onstant C (u) depends ontinuously on ‖u‖L2(L2) and data (initial on-

ditions and onstant parameters) in Problem 4.1.

Proof. Equations (4.22) are the state equations e (x,u) = 0 in terms of (v, y, w),
that we derived in (4.10), (4.11). The last optimality ondition (4.24) is given

by diret alulation from (4.21). Moreover, the results (4.25)-(4.27) follow from

Theorem 4.2. In Theorem 5.26, we will prove that given

v ∈ H1
(

L2
)

∩ L∞
(

D ∩H2
)

,

y ∈ H1
(

L2
0

)

∩ L∞
(

H2
)

,

w ∈ L∞
(

L2
)

∩ L2
(

H2
)

.

whih solve the state equations (4.22), there exist qv ∈ H1 (L2) ∩ L∞ (D) , qy ∈
H1 (L2

0) ∩ L∞ (H0) , qw ∈ L2 (H0) that satisfy the optimality onditions (4.23) and

the estimate (4.34). Hene, from the optimality relation (4.24), we get that (4.31)

hold. By diret alulation, we derive that the adjoint equations (4.20), in terms

of the variables (qv, qy,qv0, qy0) have the following form

∫ T

0

[

〈 ψt,qv 〉D∗,D + ν (∇qv,∇ψ) + b (ψ,v,qv)(4.35a)

+b (v,ψ,qv)− (y,∇qy ·ψ)
]

dt+ (qv0,ψ (0)) = 0,
∫ T

0

[

〈 ηt, qy 〉H∗

0 ,H0
+ γ

(

∇qy,∇
[

−ε2∆η − η + 3 y2 η
])

(4.35b)

− (v · ∇qy, η) + ρ
(

y,qv · ∇
[

−ε2∆η − η + 3 y2 η
])

+ρ
(

∇
[

−ε2∆y − y + y3
]

· qv, η
)

+ (y − yd, η)
]

dt+ 〈 qy0, η (0) 〉H∗

0 ,H0
= 0,

for all ψ ∈ W0, η ∈ W0,∆ = W0 ∩ L∞ (H0) ∩ L2 (H∆). In the following we prove

the equivalene between the adjoint equations (4.35) and the system (4.23).

Setting ψ ∈ W0 in (4.23a), taking into aount (4.23b) and using integration by

parts in time, we have

∫ T

0

[

〈 ψt,qv 〉D∗,D + ν (∇qv,∇ψ) + b (ψ,v,qv)(4.36)

+b (v,ψ,qv)− (y,∇qy ·ψ)
]

dt+ (qv (0) ,ψ (0)) = 0,

whih is, assuming qv0 = qv (0), the �rst adjoint equation (4.35a). Furthermore,

with

ψ ∈ W0, η ∈ W0 ∩ L∞ (H0) ∩ L2 (H∆) ,
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in (4.23) and using integration by parts in spae and time, we derive

∫ T

0

[

〈ηt, qy〉H∗

0 ,H0
+
(

qw, ε
2∆η + η − 3y2η

)

(4.37)

− (v · ∇qy, η) + ρ (∇w · qv, η) + (y − yd, η)
]

dt+ (qy (0) , η (0)) = 0.

Assuming θ = ε2∆η + η − 3y2η in (4.23e), we get

∫ T

0

(

qw, ε
2∆η + η − 3y2η

)

dt(4.38)

=

∫ T

0

[

γ
(

∇qy,∇
[

−ε2∆η − η + 3y2η
])

+ ρ
(

y · qv,∇
[

−ε2∆η − η + 3y2η
])]

dt

Then, using (4.38) in (4.37), setting w = −ε2∆y−y+y3 and assuming qy0 = qy (0),
we have just the seond adjoint equation (4.35b). So, we an laim that:

• given a solution (qv, qy, qw) of (4.23), then (qv, qy) and qv0 = qv (0), qy0 =
qy (0) is a solution of the adjoint equations (4.35);

• the spaes H1 (L2) ∩ L∞ (D) and H1 (L2
0) ∩ L∞ (H0) are, respetively, om-

patly embedded in C ([0, T ] ;D) and C ([0, T ] ;H0) (see for example Theorem

II.5.16 by Aubin-Lions-Simon in [20℄); then, qv (0) ∈ D and qy (0) ∈ H0;

• given the state variables (v, y, w), the solution (qv,qv0, qy, qy0) of the ad-

joint equations (4.35) is unique, then also the solution (qv, qy, qw) of (4.23) is
unique;

• given the state variables (v, y, w), the adjoint equations (4.35) are equivalent
to (4.23).

We prove last statement above by ontradition. We suppose that there is (qv,qv0, qy, qy0)
whih is the unique solution of the adjoint equations (4.35) and does not satisfy

(4.23). However, (4.23) has a solution, we say (q̄v, q̄y) and we know that (q̄v, q̄y),
together q̄v0 = q̄v (0) and q̄y0 = q̄y (0) is also a solution of (4.35). Then we have

a ontradition, beause we obtain, given (v, y, w), two di�erent solution of the

adjoint equations (4.35). Hene, the system (4.22)-(4.24) is equivalent to the �rst

order optimality onditions (4.19)-(4.21).



5. Optimal Control of the Disrete

Cahn-Hilliard-Navier-Stokes

System

5.1. Introdution

In this Chapter, we study the fully disrete version (in spae and time) of the op-

timal ontrol Problem 4.1. We adapt the analysis from Chapter 4 to the disrete

setting and show that the disrete problem onverges to the ontinuous one, as the

disretization parameters go to zero.

Tehnial details of the disretization are olleted in Appendix A.3. In partiular,

we denote with h, k = T/N , respetively, the spae and time disretization parame-

ters, whih are de�ned in A.3.1. Also the de�nitions of the disrete funtion spaes

Sh,Vh,Dh, Ph, Yh are given in A.3.1. Moreover, if Zh is a disrete funtions spae,

given Zn ∈ Zh for n = 1, . . . , N , we denote by the orresponding alligraphi letter

the assoiated vetor variable

Z = (Zn)Nn=1 ∈ ZN
h .

and with dtZ
n
the disrete time derivative at time level n,

dtZ
n =

Zn − Zn−1

k
.

We use (·, ·)h to denote the mass-lumped salar produt de�ned in (A.29). We

de�ne the following disrete spaes

(5.1) Xh,k = VN+1
h × PN

h × PN+1
h × Y N

h ,

with elements

(5.2) X = (V,P,Y ,W) ,

and

(5.3) Kh = {Z ∈ Yh : −1 ≤ Z ≤ 1} .

Given h, k, we onsider the following disretized version of the objetive funtion

J stated in (4.5),

Jh,k : Xh,k × L2
(

L2
)

→ R,
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where

(5.4) Jh,k (X ,U) :=
N
∑

n=1

[

k

2
‖Y n − ynd,h‖

2 +
α

2

∫ tn

tn−1

‖U‖2 dt

]

.

where the funtions ynd,h ∈ Ph and tn = n · k for n = 1, . . . , N .

In order to represent the problem under investigation in a more ompat, general

form, we de�ne the following map:

(5.5) eh,k : Xh,k × L2
(

L2
)

→ Xh,k,

where, for all Z = (ψ, φ, η, θ) ∈ Xh,k,

〈Z , eh,k (X ,U)〉X∗

h,k
,Xh,k

= 〈ψ, a1,h,k (V,P,U)〉+ 〈φ, a2,h,k (V)〉(5.6)

+ 〈η, ch,k (V,Y ,W)〉+ 〈θ, dh,k (Y ,W)〉

+
(

ψ0,V0 − v0,h

)

+
(

η0, Y 0 − y0,h
)

,

with

〈ψ, a1,h,k (V,P,U)〉 =
N
∑

n=1

[

k (dtV
n,ψn) + kν (∇Vn,∇ψn) + kB

(

Vn−1,Vn,ψ
)

−k (P n,∇ ·ψn) + kρ
(

Y n−1,∇W n ·ψ
)

−

∫ tn

tn−1

(U ,ψn) dt

]

,

〈φ, a2,h,k (V)〉 =
N
∑

n=1

k (∇ ·Vn, φn) ,

〈η, ch,k (V,Y ,W)〉 =
N
∑

n=1

[

k (dtY
n, ηn)h + kγ (∇W n,∇ηn)− k

(

Y n−1,Vn−1 · ∇ηn
)]

,

〈θ, dh,k (Y ,W)〉 =
N
∑

n=1

k
[(

W n + Y n−1 − (Y n)3 , θn
)

h
− ε2 (∇Y n,∇θn)

]

.

In (5.6), the trilinear form B (·, ·, ·) orresponds to a disretization of the trilinear

form b (·, ·, ·) de�ned in (4.12). It reads

(5.7) B (V,U,W) =
1

2

∫

Ω

(V · ∇)U ·W dx−
1

2

∫

Ω

(U · ∇)V ·W dx,

for all V,U,W ∈ Vh. Then, we onsider the following fully disretized version of

the ontinuous optimal ontrol Problem 4.1:

Problem 5.1. Given h, k, v0,h ∈ Dh, y0,h ∈ Ph ∩Kh, y
n
d,h ∈ Ph for n = 1, . . . , N ,

�nd

(

X̄ , Ū
)

∈ Xh,k × L2 (L2) suh that

min
(X ,U)∈Xh,k×L2(L2)

Jh,k (X ,U) = Jh,k

(

X̄ , Ū
)

,

subjet to

(5.8) eh,k (X ,U) = 0.

We emphasize that the onstraint (5.8) in Problem 5.1 is a disretized version

of the state equations (4.9) of the ontinuous optimal ontrol Problem 4.1. In the

following setion, we derive existene, uniqueness and regularity properties of the

solution of (5.8).
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5.2. Properties of the Disrete State Equations

Using the de�nition (5.5), (5.6) of the map eh,k, we an write the state equations

(5.8) of the disrete optimal ontrol Problem 5.1 in the following way:

(dtV
n,ψ) + ν (∇Vn,∇ψ) +B

(

Vn−1,Vn,ψ
)

− (P n,∇ ·ψ)(5.9a)

+ρ
(

Y n−1,∇W n ·ψ
)

−
1

k

∫ tn

tn−1

(U ,ψ) dt = 0,

V0 = v0,h,(5.9b)

(∇ ·Vn, φ) = 0,(5.9)

(dtY
n, η)h + γ (∇W n,∇η)−

(

Y n−1Vn−1,∇η
)

= 0,(5.10a)

Y 0 = y0,h,(5.10b)

(W n, θ)h − ε2 (∇Y n,∇θ) +
(

Y n−1, θ
)

h
−
(

(Y n)3 , θ
)

h
= 0,(5.10)

for all ψ ∈ Vh, φ ∈ Ph, η, θ ∈ Yh, n = 1, . . . , N . We note that equation (5.10a)

above is mass preserving :

(5.11) (Y n, 1)h = . . . = (Y 0, 1)h = (y0,h, 1)h = 0, ∀n = 1, . . . , N.

In the following Lemma 5.2 we show existene and uniqueness of the solution of

state equations (5.9), (5.10) of the disrete optimal ontrol Problem 5.1.

Lemma 5.2 (existene, uniqueness). For any �xed h, k and U ∈ L2 (L2), the
system of the state equations (5.9), (5.10) has a unique solution (V,P,Y ,W) ∈
VN+1

h × PN
h × PN+1

h × Y N
h .

Proof. See Lemma 4.1 in [62℄.

As a onsequene of Lemma (5.2) above, assoiated to the disrete state equations

of the optimal ontrol Problem 5.1,

eh,k (X ,U) = 0,

we an de�ne a solution operator sh,k : L
2 (L2) → Xh,k, whih is suh that

(5.12) eh,k (sh,k (U) ,U) = 0, ∀ U ∈ L2
(

L2
)

.

Given the system (5.9), (5.10), we onsider, at eah time level n = 1, . . . , N the

following, assoiated disrete energy

(5.13) E (Vn, Y n) =
1

2
‖Vn‖2 +

ρε2

2
‖∇Y n‖2 + ρ

(

Φ̃(Y n), 1
)

h

where Φ (·) is the double well potential de�ned in (1.11), whih is suh that

Φ̃ (y) = Φ̃+ (y) + Φ̃− (y) ,(5.14)
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where

Φ̃+ (y) =
1

4
y4, Φ̃− (y) =

1

4

(

1− 2y2
)

.

In the following Lemma 5.3, we derive a property of the disrete energy (5.13)

assoiated to the state equations (5.9), (5.10). We use this property later in the

doument, to get stability estimates for the solution (V,P,Y ,W) of the state equa-
tions (5.9), (5.10).

Lemma 5.3. For any �xed h, k and U ∈ L2 (L2), the solution (V,P,Y ,W) ∈
VN+1

h × PN
h × PN+1

h × Y N
h of the state equations (5.9), (5.10) is suh that, for all

n = 1, . . . , N ,

E (Vn, Y n)−E
(

Vn−1, Y n−1
)

+
1

4
‖Vn −Vn−1‖2(5.15)

+ k
ν

2
‖∇Vn‖2 +

ρε2

2
‖∇Y n −∇Y n−1‖2 +

kργ

2
‖∇W n‖2

≤ k2 ρ2

γ2
C̃
(

(

Y n−1
)4

, 1
)

h

(

‖∇Vn‖2 + ‖∇Vn−1‖2
)

+
C∗

2ν

∫ tn

tn−1

‖U‖2dt.

where C̃ = C̃ (Ω) and C∗ = C∗ (Ω).

Proof. Setting ψ = Vn
in (5.9a) and using (5.9), we have

1

2
‖Vn‖2 −

1

2
‖Vn−1‖2 +

1

2
‖Vn −Vn−1‖2 + kν‖∇Vn‖2 + kρ

(

Y n−1,∇W n ·Vn
)

=

∫ tn

tn−1

(U ,Vn) dt.(5.16)

Substituting η = W n
in (5.10a) and θ = Y n − Y n−1

in (5.10b) we derive

(5.17)

(

Y n − Y n−1,W n
)

h
+ kγ‖∇W n‖2 − k

(

Y n−1Vn−1,∇W n
)

= 0,

and

(

W n, Y n − Y n−1
)

h
=

ε2

2
‖∇Y n‖2 −

ε2

2
‖∇Y n−1‖2 +

ε2

2
‖∇Y n −∇Y n−1‖2

−
(

Y n−1, Y n − Y n−1
)

h
+
(

(Y n)3 , Y n − Y n−1
)

h
.(5.18)

Using (5.18) in (5.17), we an write

ε2

2
‖∇Y n‖2 −

ε2

2
‖∇Y n−1‖2 +

ε2

2
‖∇Y n −∇Y n−1‖2 + kγ‖∇W n‖2+(5.19)

+
(

(Y n)3 , Y n − Y n−1
)

h
−
(

Y n−1, Y n − Y n−1
)

h
− k

(

Y n−1Vn−1,∇W n
)

= 0,

In (5.19), using the onvexity of the funtions Φ̃+ (·) and −Φ̃− (·), we note that

(

(Y n)3 , Y n − Y n−1
)

h
=
(

Φ̃′
+ (Y n) , Y n − Y n−1

)

h
≥
(

Φ̃+ (Y n)− Φ̃+

(

Y n−1
)

, 1
)

h
,
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−
(

Y n−1, Y n − Y n−1
)

h
=
(

Φ̃′
−

(

Y n−1
)

, Y n − Y n−1
)

h
≥
(

Φ̃− (Y n)− Φ̃−

(

Y n−1
)

, 1
)

h
.

Then, multiplying (5.19) by ρ, we get

ρε2

2
‖∇Y n‖2 −

ρε2

2
‖∇Y n−1‖2 +

ρε2

2
‖∇Y n −∇Y n−1‖2 + kργ‖∇W n‖2(5.20)

+ρ
(

Φ̃ (Y n)− Φ̃
(

Y n−1
)

, 1
)

h
− kρ

(

Y n−1Vn−1,∇W n
)

≤ 0.

Therefore, using together (5.16) and (5.20), we derive

1

2
‖Vn‖2 −

1

2
‖Vn−1‖2 +

1

2
‖Vn −Vn−1‖2 + kν‖∇Vn‖2(5.21)

+
ρε2

2
‖∇Y n‖2 −

ρε2

2
‖∇Y n−1‖2 +

ρε2

2
‖∇Y n −∇Y n−1‖2

+kργ‖∇W n‖2 + ρ
(

Φ̃ (Y n)− Φ̃
(

Y n−1
)

, 1
)

h

+kρ
(

Y n−1,∇W n ·
[

Vn −Vn−1
])

≤

∫ tn

tn−1

(U ,Vn) dt.

Rearranging (5.21), we have

E (Vn, Y n)−E
(

Vn−1, Y n−1
)

+
1

2
‖Vn −Vn−1‖2(5.22)

+kν‖∇Vn‖2 +
ρε2

2
‖∇Y n −∇Y n−1‖2 + kργ‖∇W n‖2

≤ kρ
∣

∣

∣

(

Y n−1,∇W n ·
[

Vn −Vn−1
])

∣

∣

∣
+
∣

∣

∣

∫ tn

tn−1

(U ,Vn) dt
∣

∣

∣
= An

1 + An
2 .

The two quantities An
1 , A

n
2 in (5.22) an be estimated using interpolation of L4

in

L2
, Poinaré's inequality, Poinaré-Wirtinger's inequality and Young's inequality.

In this way, we derive

An
1 ≤ kρ‖Y n−1‖L4‖∇W n‖‖Vn −Vn−1‖L4

(5.23)

≤ kσ‖∇W n‖2 + k
ρ2

4σ
‖Y n−1‖2L4‖Vn −Vn−1‖2L4

≤ kσ‖∇W n‖2 + k
ρ2C1 (Ω)

σ
‖Y n−1‖2L4‖Vn −Vn−1‖‖∇Vn −∇Vn−1‖

≤ kσ‖∇W n‖2 + k2 ρ4C2 (Ω)

σ2µ
‖Y n−1‖4L4‖∇Vn −∇Vn−1‖2 + µ‖Vn −Vn−1‖2

≤ kσ‖∇W n‖2 + k2 ρ4C3 (Ω)

σ2µ
‖Y n−1‖4L4

(

‖∇Vn‖2 + ‖∇Vn−1‖2
)

+ µ‖Vn −Vn−1‖2,

An
2 ≤

ν

2
k‖∇Vn‖2 +

C∗

2ν

∫ tn

tn−1

‖U‖2dt.(5.24)

Substituting (5.23), (5.24) in (5.22) we an write

E (Vn, Y n)−E
(

Vn−1, Y n−1
)

+
1

2
‖Vn −Vn−1‖2(5.25)
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+kν‖∇Vn‖2 +
ρε2

2
‖∇Y n −∇Y n−1‖2 + kργ‖∇W n‖2

≤ kσ‖∇W n‖2 + k2 ρ4C3 (Ω)

σ2µ
‖Y n−1‖4L4

(

‖∇Vn‖2 + ‖∇Vn−1‖2
)

+ µ‖Vn −Vn−1‖2

+
ν

2
k‖∇Vn‖2 +

C∗

2ν

∫ tn

tn−1

‖U‖2dt,

for all n = 1, . . . , N . In (5.25), setting σ = γρ

2
, µ = 1

4
and rearranging we derive

E (Vn, Y n)− E
(

Vn−1, Y n−1
)

+
1

4
‖Vn −Vn−1‖2(5.26)

+ k
ν

2
‖∇Vn‖2 +

ρε2

2
‖∇Y n −∇Y n−1‖2 +

kργ

2
‖∇W n‖2

≤ k2 ρ2C4 (Ω)

γ2
‖Y n−1‖4L4

(

‖∇Vn‖2 + ‖∇Vn−1‖2
)

+
C∗

2ν

∫ tn

tn−1

‖U‖2dt.

Finally, using (A.56), from (5.26) we derive the result (5.15).

In the following, using the property (5.15) above, we derive stability estimates

for the solution (V,P,Y ,W) ∈ VN+1
h × PN

h × PN+1
h × Y N

h of the state equations

(5.9), (5.10).

Lemma 5.4. Let us assume that there exists a onstant CB independent of h, k,
suh that

(5.27) E (v0,h, y0,h) + ‖∇v0,h‖ ≤ CB.

Then, for any �xed U ∈ L2 (L2), there exists a onstant

C1 = min





ν

8 ρ2

γ2 C̃
(

(y0,h)
4 , 1
)

h

,
ν

8 ρ2

γ2 C̃
[

8
ρ

(

E (v0,h, y0,h) +
ν
8
‖∇v0,h‖2 +

C∗

2ν
‖U‖2

L2(L2)

)

+ 2
∣

∣Ω
∣

∣

]



 ,

suh that, if

(5.28) k ≤ C1,

the solution (V,P,Y ,W) ∈ VN+1
h × PN

h × PN+1
h × Y N

h of (5.9), (5.10) satis�es:

sup
n=0,...,N

‖Vn‖ ≤ C (U) ,(5.29)

N
∑

n=1

k‖Vn‖2
H1

0
≤ C (U) ,(5.30)

N
∑

n=1

‖Vn −Vn−1‖2 ≤ C (U) ,(5.31)

sup
n=0,...,N

‖Y n‖H0
≤ C (U) ,(5.32)
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N
∑

n=1

‖Y n − Y n−1‖H0
≤ C (U) ,(5.33)

N
∑

n=1

k‖∇W n‖2 ≤ C (U) ,(5.34)

where the onstant C (U) depends just on ‖U‖L2(L2), data problem and onstant

parameters, but it is independent of h, k.

Proof. First we prove that (5.27) implies that there exists a onstant CA indepen-

dent of h, k suh that

(

(y0,h)
4 , 1
)

h
≤ CA.(5.35)

Using the de�nition of the disrete energy (5.13), from (5.27) we infer

(

1 + (y0,h)
4 − 2 (y0,h)

2 , 1
)

h
≤

4CB

ρ
,

whih implies

(

(y0,h)
4 , 1
)

h
≤

4CB

ρ
+ 2

(

(y0,h)
2 , 1
)

h
−
∣

∣Ω
∣

∣.(5.36)

Using Young's inequality (A.13), we derive

(

(y0,h)
2 , 1
)

h
≤

1

4

(

(y0,h)
4 , 1
)

h
+
∣

∣Ω
∣

∣,(5.37)

and inserting (5.37) in (5.36) and rearranging, we have

(

(y0,h)
4 , 1
)

h
≤

8CB

ρ
+ 2
∣

∣Ω
∣

∣ = CA.

Next, we perform the proof of the Lemma by indution. We assume that for all

i = 1, . . . , n, the time step k is suh that

k
ρ2

γ2
C̃
(

(

Y i−1
)4

, 1
)

h
≤

ν

8
.(5.38)

Setting in (5.15) n = i and the summing on i = 1, . . . , n, we have

E (Vn, Y n) +
1

4

n
∑

i=1

‖Vi −Vi−1‖2(5.39)

+
ν

2

n
∑

i=1

k‖∇Vi‖2 +
ρε2

2

n
∑

i=1

‖∇Y i −∇Y i−1‖2 +
ργ

2

n
∑

i=1

k‖∇W i‖2

≤ E (v0,h, y0,h) +

n
∑

i=1

k2 ρ
2

γ2
C̃
(

(

Y i−1
)4

, 1
)

h

(

‖∇Vi‖2 + ‖∇Vi−1‖2
)

+
C∗

2ν
‖U‖2L2(L2).
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Using in (5.39) the assumption (5.38), k ≤ 1 and rearranging, we derive

E (Vn, Y n) +
1

4

n
∑

i=1

‖Vi −Vi−1‖2(5.40)

+
ν

4

n
∑

i=1

k‖∇Vi‖2 +
ρε2

2

n
∑

i=1

‖∇Y i −∇Y i−1‖2 +
ργ

2

n
∑

i=1

k‖∇W i‖2

≤ E (v0,h, y0,h) +
ν

8
‖∇v0,h‖

2 +
C∗

2ν
‖U‖2L2(L2).

From (5.40), using the proedure applied above to derive (5.35), we get

(

(Y n)4 , 1
)

h
≤

8

ρ

(

E (v0,h, y0,h) +
ν

8
‖∇v0,h‖

2 +
C∗

2ν
‖U‖2L2(L2)

)

+ 2
∣

∣Ω
∣

∣.(5.41)

Hene, setting

k ≤
ν

8 ρ2

γ2 C̃
[

8
ρ

(

E (v0,h, y0,h) +
ν
8
‖∇v0,h‖2 +

C∗

2ν
‖U‖2

L2(L2)

)

+ 2
∣

∣Ω
∣

∣

] ,(5.42)

we have, at time level n,

k
ρ2

γ2
C̃
(

(Y n)4 , 1
)

h
≤

ν

8
.

Therefore the ondition (5.28), ensures that (5.40) holds for all n = 1, . . . , N . Then,

using the hypothesis (5.27), Poinaré's inequality (A.16), Poinaré'-Wirtinger's in-

equality (A.15) and the de�nition of the disrete energy (5.13), we derive the results

(5.29)-(5.34).

Later in the hapter, we show that the solutions of the disrete Problem 5.1

onverge to the solution of the ontinuous Problem 4.1. In order to do that, we

need stronger estimates for the disrete variables (V,P,Y ,W) ∈ VN+1
h × PN

h ×
PN+1
h × Y N

h . We establish these estimates in the following lemmas.

Lemma 5.5. Under the same hypothesis of lemma 5.4, the solution Y ∈ PN+1
h of

(5.9), (5.10) is suh that

N
∑

n=1

k‖∆̂hY
i‖2h ≤ C (U) ,(5.43)

N
∑

n=1

k‖∇Y i‖2Lp ≤ C (U) , ∀ p ∈ [1,+∞) ,(5.44)

where the onstant C (U) depends just on ‖U‖L2(L2), data problem and onstant

parameters, but it is independent of h, k and ∆̂h is the disrete Laplaian de�ned

in (A.36).
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Proof. With θ = ∆̂hY
n
in the disrete state equation (5.10), we an write

(

W n, ∆̂hY
n
)

h
− ε2

(

∇Y n,∇∆̂hY
n
)

+
(

Y n−1, ∆̂hY
n
)

h
−
(

(Y n)3 , ∆̂hY
n
)

h
= 0.

(5.45)

From (5.45), using the de�nition of the disrete Laplaian (A.36), we get

ε2‖∆̂hY
n‖2h +

(

∇Ih
[

(Y n)3
]

,∇Y n
)

= (∇W n,∇Y n) +
(

∇Y n−1,∇Y n
)

,(5.46)

where Ih is the interpolation operator de�ned in (A.27). In (5.46) (see [41℄, inequal-

ity (4.3)), we have

(

∇Ih
[

(Y n)3
]

,∇Y n
)

≥ 0.(5.47)

Hene, applying Young's inequality (A.13) with σ = 1/2 in (5.46), we infer

ε2‖∆̂hY
n‖2h ≤

1

2
‖∇W n‖2 + ‖∇Y n‖2 +

1

2
‖Y n−1‖2.

Then, from the results of lemma 5.4, we realize that (5.43) is satis�ed. Finally,

from the inequality (A.39), we onlude that (5.44) holds

In the following, we use the same notations of Setion 3.4. If Zh is a disrete

funtions spae, given a disrete vetor funtion

Z = (Zn)Nn=0 ∈ ZN+1
h ,

we use Zh,k to generially denote the following three di�erent kinds of time inter-

polated variable

Z•
h,k (t) :=

t− tn−1

k
Zn +

tn − t

k
Zn−1, t ∈ [tn−1, tn] ,(5.48)

Z+
h,k (t) := Zn, t ∈ (tn−1, tn] ,(5.49)

Z−
h,k (t) := Zn−1, t ∈ [tn−1, tn) ,(5.50)

where

tn = nk, n = 0, . . . , N.

Lemma 5.6. Under the same hypothesis of lemma 5.4, the solution Y ∈ PN+1
h of

(5.9), (5.10) is suh that

N
∑

n=1

k‖Y n‖p
C(Ω̄)

≤ C (U) , ∀ p ∈ [1,+∞) .(5.51)

Proof. From (5.32) and (5.44), we an write

‖∇Yh,k‖L∞(L2) ≤ C (U) ,(5.52)

‖∇Yh,k‖L2(Lp) ≤ C (U) , ∀ p ∈ [1,∞) .(5.53)
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Then, from (5.52), (5.53), using an interpolation argument (see [20℄, Theorem

II.5.5), we get

∀ p ∈ [1,+∞) ∃ q > 2, such that ‖∇Yh,k‖Lp(Lq) ≤ C (U) .(5.54)

Therefore, applying Poinaré-Wirtinger inequality (A.15) in (5.54), we derive

‖Yh,k‖Lp(W 1,q) ≤ C (U) , ∀ p ∈ [1,+∞) , q > 2.

So, from the embedding W 1,q →֒ C
(

Ω̄
)

, whih holds in d = 2 if q > 2, we observe
that

‖Yh,k‖Lp(C(Ω̄)) ≤ C (U) , ∀ p ∈ [1,+∞) .

So, the result (5.51) holds.

Lemma 5.7. Let us assume that there exists a onstant C̃ independent of h, k,
suh that

(5.55) E (v0,h, y0,h) + ‖v0,h‖H1
0
+ ‖∆̂hy0,h‖h ≤ C̃.

Then, for any �xed U ∈ L2 (L2) and k suh that

k ≤ C1,

the solution Y ∈ PN+1
h of (5.9), (5.10) satis�es:

sup
n=0,...,N

‖∆̂hY
n‖h ≤ C (U) ,(5.56)

N
∑

n=1

k‖dtY
n‖2h ≤ C (U) ,(5.57)

N
∑

n=1

‖∆̂hY
n − ∆̂hY

n−1‖2h ≤ C (U) ,(5.58)

sup
n=0,...,N

‖Y n‖C(Ω̄) ≤ C (U) ,(5.59)

sup
n=0,...,N

‖Y n‖W 1,4 ≤ C (U) ,(5.60)

where the onstant C (U) depends just on ‖U‖L2(L2), data problem and onstant

parameters, but it is independent of h, k.

Proof. Setting η = dtY
n
in (5.10a), θ = ∆̂hdtY

n
in (5.10) and using the de�nition

(A.36) of the disrete Laplaian , we an write

−γ
(

W n, ∆̂hdtY
n
)

h
+ ‖dtY

n‖2h =
(

Y n−1,Vn−1 · ∇dtY
n
)

,(5.61)

(

W n, ∆̂hdtY
n
)

h
= −ε2

(

∆̂hY
n, ∆̂hdtY

n
)

h
−
(

Y n−1 − (Y n)3 , ∆̂hdtY
n
)

h
.(5.62)
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Substituting (5.62) in (5.61) and rearranging we derive

ε2γ
(

∆̂hY
n, ∆̂hdtY

n
)

h
+ ‖dtY

n‖2h = Rn
1 +Rn

2 ,(5.63)

where, using integration by parts (in spae),

Rn
1 =

(

Y n−1,Vn−1 · ∇dtY
n
)

= −
(

Y n−1 ·Vn−1 + Y n−1
[

∇ ·Vn−1
]

, dtY
n
)

,(5.64)

and

Rn
2 = −γ

(

Y n−1 − (Y n)3 , ∆̂hdtY
n
)

h
,(5.65)

for all n = 1, . . . , N . For any �xed n, suh that 1 ≤ n ≤ N , we have

n
∑

i=1

kRi
2 = −γ

n
∑

i=1

(

∆̂hY
i − ∆̂hY

i−1, Y i−1 −
(

Y i
)3
)

h
= R21 +R22 +R23,(5.66)

where

R21 = −γ

n−1
∑

i=1

k



∆̂hY
i,
Y i−1 − (Y i)

3
−
[

Y i − (Y i+1)
3
]

k





h

,

R22 = γ
(

∆̂hY
0, Y 0 −

(

Y 1
)3
)

h
,

R23 = −γ
(

∆̂hY
n, Y n−1 − (Y n)3

)

h
,

Using the de�nition (A.36) of the disrete Laplaian and the Young's inequality

(A.13), we get

R23 = −γ
(

∆̂hY
n, Y n−1

)

h
+ γ

(

∆̂hY
n, (Y n)3

)

h
(5.67)

= γ
(

∇Y n,∇Y n−1
)

− γ
(

∇Y n,∇Ih (Y n)3
)

h

≤
γ

2
‖∇Y n‖2 +

γ

2
‖∇Y n−1‖2 − γ

(

∇Y n,∇Ih (Y n)3
)

h
.

From the de�nition (A.36) of the disrete Laplaian, Young's inequality (A.13),

the de�nition (A.27) of the interpolation operator Ih, the equivalene between the

h-norm and the L2
-norm (A.30), the generalized Holder's inequality (A.14) and the

inequality (A.17), we an write

R22 = γ
(

∆̂hY
0, Y 0

)

h
− γ

(

∆̂hY
0,
(

Y 1
)3
)

h
(5.68)

= −γ‖∇y0,h‖
2 +

γ

2
‖∆̂hy0,h‖

2
h +

γ

2
‖Ih

(

Y 1
)3

‖2h

≤ −γ‖∇y0,h‖
2 +

γ

2
‖∆̂hy0,h‖

2
h +

Cγ

2
‖
(

IhY 1
)3

‖2

≤ −γ‖∇y0,h‖
2 +

γ

2
‖∆̂hy0,h‖

2
h +

Cγ

2
‖Y 1‖6L6

≤ −γ‖∇y0,h‖
2 +

γ

2
‖∆̂hy0,h‖

2
h +

Cγ

2
‖Y 1‖6H0

.
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Furthermore,

R21 = γ

n−1
∑

i=1

k

(

∆̂hY
i, dtY

i +
(Y i)

3
− (Y i+1)

3

k

)

h

(5.69)

≤ γ
n−1
∑

i=1

k‖∆̂hY
i‖h

[

‖dtY
i‖h +

∥

∥

∥

(Y i)
3
− (Y i+1)

3

k

∥

∥

∥

h

]

.

Noting that for all a, b ∈ R,

|a3 − b3| ≤
3

2
|a− b||a2 + b2|.

we derive

∥

∥

∥

(Y i)
3
− (Y i+1)

3

k

∥

∥

∥

h
≤

3

2
‖dtY

i+1‖h‖
(

Y i
)2

+
(

Y i+1
)2

‖C(Ω̄).(5.70)

Therefore, using (5.70) and Young's inequality (A.13) in (5.69), we get

R21 ≤ γ

n−1
∑

i=1

k‖∆̂hY
i‖h

[

‖dtY
i‖h +

3

2
‖dtY

i+1‖h
(

‖Y i‖2
C(Ω̄) + ‖Y i+1‖2

C(Ω̄)

)

]

≤ 2σγ

n
∑

i=1

k‖dtY
i‖2h + C (σ)

n−1
∑

i=1

k‖∆̂hY
i‖2h

(

1 + ‖Y i‖4
C(Ω̄) + ‖Y i+1‖4

C(Ω̄)

)

.(5.71)

Thus, inserting (5.67), (5.68) and (5.71) in (5.66), we realize

n
∑

i=1

k Ri
2 ≤ −γ‖∇y0,h‖

2 − γ
(

∇Y n,∇Ih (Y n)3
)

h
(5.72)

+
γ

2
‖∇Y n‖2 +

γ

2
‖∇Y n−1‖2 +

γ

2
‖∆̂hy0,h‖

2
h +

Cγ

2
‖Y 1‖6H0

+2σγ
n
∑

i=1

k‖dtY
i‖2h + C (σ)

n−1
∑

i=1

k‖∆̂hY
i‖2h

(

1 + ‖Y i‖4
C(Ω̄) + ‖Y i+1‖4

C(Ω̄)

)

.

ConerningRn
1 in (5.64), using the generalized Holder's inequality (A.14), inequality

(A.17), Poinaré's inequality (A.16) and Young's inequality (A.13), we infer

n
∑

i=1

k Ri
1 ≤

n
∑

i=1

k
[

‖Y i−1‖L4‖Vi−1‖L4‖dtY
i‖+ ‖Y i−1‖C(Ω̄)‖∇ ·Vi−1‖‖dtY

i‖
]

≤ C

n
∑

i=1

k
[

‖Y i−1‖H0
‖Vi−1‖H1

0
‖dtY

i‖+ ‖Y i−1‖C(Ω̄)‖V
i−1‖H1

0
‖dtY

i‖
]

≤
n
∑

i=1

k
[

2σ‖dtY
i‖2 + C (σ) ‖Vi−1‖2

H1
0

(

‖Y i−1‖2H0
+ ‖Y i−1‖2

C(Ω̄)

)]

.(5.73)

By the embedding W 1,4 →֒ C
(

Ω̄
)

, the Poinaré-Wirtinger inequality (A.15) and

the disrete interpolation inequality (A.51), we realize

‖Y i−1‖2
C(Ω̄) ≤ C‖Y i−1‖2W 1,4 ≤ ‖Y i−1‖2L4 + ‖∇Y i−1‖2L4(5.74)
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≤ C1‖Y
i−1‖2H0

+ C2

[

‖∇Y i−1‖2 + ‖∆̂hY
i−1‖2h

]

≤ C
[

‖Y i−1‖2H0
+ ‖∆̂hY

i−1‖2h

]

.

So, using (5.74) in (5.73), we have

n
∑

i=1

k Ri
1 ≤

n
∑

i=1

k
[

2σ‖dtY
i‖2 + C (σ) ‖Vi−1‖2H1

0

(

‖Y i−1‖2H0
+ ‖∆̂hY

i−1‖2h

)]

.

(5.75)

Setting n = i in (5.63), summing over the index i = 1, . . . , n, with 1 ≤ n ≤ N and

taking into aount of (5.72) and (5.73), we get

ε2γ

2
‖∆̂hY

n‖2h −
ε2γ

2
‖∆̂hY

0‖2h +
ε2γ

2

n
∑

i=1

k
[

‖∆̂hY
i − ∆̂hY

i−1‖2h + ‖dtY
n‖2h

]

≤ −γ‖∇y0,h‖
2 − γ

(

∇Y n,∇Ih
[

(Y n)3
])

h

+
γ

2
‖∇Y n‖2 +

γ

2
‖∇Y n−1‖2 +

γ

2
‖∆̂hy0,h‖

2
h +

C1γ

2
‖Y 1‖6H0

+2σγ
n
∑

i=1

k‖dtY
i‖2h + C2 (σ)

n−1
∑

i=1

k‖∆̂hY
i‖2h

(

1 + ‖Y i‖4
C(Ω̄)

+ ‖Y i+1‖4
C(Ω̄)

)

+

n
∑

i=1

k
[

2σ‖dtY
i‖2 + C3 (σ) ‖V

i−1‖2
H1

0

(

‖Y i−1‖2H0
+ ‖∆̂hY

i−1‖2h

)]

.(5.76)

Rearranging and using

(

∇Y n,∇Ih
[

(Y n)3
])

h
≥ 0 (see [41℄, equality (4.3)), we an

write

ε2γ

2
‖∆̂hY

n‖2h +
ε2γ

2

n
∑

i=1

k
[

‖∆̂hY
i − ∆̂hY

i−1‖2h + ‖dtY
n‖2h

]

(5.77)

≤
γ

2
‖∇Y n‖2 +

γ

2
‖∇Y n−1‖2 +

C1γ

2
‖Y 1‖6H0

+
γ

2

(

ε2 + 1
)

‖∆̂hy0,h‖
2
h

+2σ (γ + 1)

n
∑

i=1

k‖dtY
i‖2h + C2 (σ)

n−1
∑

i=1

k‖∆̂hY
i‖2h

(

1 + ‖Y i‖4
C(Ω̄) + ‖Y i+1‖4

C(Ω̄)

)

+C3 (σ)
n
∑

i=1

k‖Vi−1‖2
H1

0

(

‖Y i−1‖2H0
+ ‖∆̂hY

i−1‖2h

)

,

for all 1 ≤ n ≤ N . Hene, with σ suh that

2σ (γ + 1) <
ε2γ

2
,

from (5.77) we derive

‖∆̂hY
n‖2h +

n
∑

i=1

k
[

‖∆̂hY
i − ∆̂hY

i−1‖2h + ‖dtY
n‖2h

]

(5.78)

≤ C1

[

‖∇Y n‖2 + ‖∇Y n−1‖2 + ‖Y 1‖6H0
+ ‖∆̂hy0,h‖

2
h

]
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+C2

n−1
∑

i=1

k‖∆̂hY
i‖2h

(

1 + ‖Y i‖4
C(Ω̄) + ‖Y i+1‖4

C(Ω̄)

)

+C3

n
∑

i=1

k‖Vi−1‖2H1
0

(

‖Y i−1‖2H0
+ ‖∆̂hY

i−1‖2h

)

,

for all 1 ≤ n ≤ N . Then, using the assumption (5.55), the statements (5.30), (5.32),

(5.51) established in the previous lemmas and applying the disrete Gronwall's

inequality (see for example [73℄, Lemma 1.4.2), we get the results (5.56)-(5.58).

Finally, as in (5.74), we derive

‖Y n‖C(Ω̄) ≤ C‖Y n‖W 1,4 ≤ C
[

‖Y n‖H0
+ ‖∆̂hY

n‖h
]

.

for all 1 ≤ n ≤ N . So, (5.59) and (5.60) hold. The proof is omplete.

Lemma 5.8. Under the same hypothesis of Lemma 5.7, the solution W ∈ Y N
h of

(5.9), (5.10) is suh that

N
∑

n=1

k ‖∆̂hW
n‖2h ≤ C (U) ,(5.79)

N
∑

n=1

k ‖∇W n‖2Lp ≤ C (U) , ∀ p ∈ [1,+∞) .(5.80)

where the onstant C (U) depends just on ‖U‖L2(L2), data problem and onstant

parameters, but it is independent of h, k.

Proof. Setting η = −∆̂hW
n
in (5.10a), using the de�nition (A.36) of the disrete

Laplaian and integrating by parts in spae, we get

γ‖∆̂hW
n‖2h(5.81)

=
(

dtY
n, ∆̂hW

n
)

h
+
(

∇Y n−1 ·Vn−1, ∆̂hW
n
)

+
(

Y n−1
[

∇ ·Vn−1
]

, ∆̂hW
n
)

.

From (5.81), applying the generalized Holder's inequality (A.14) and the equiva-

lene between the h-norm and the L2
-norm, we an write

γ‖∆̂hW
n‖2h

=
[

‖dtY
n‖h + C

(

‖∇Y n−1‖L4‖Vn−1‖L4 + ‖Y n−1‖C(Ω̄)‖∇ ·Vn−1‖
)]

‖∆̂hW
n‖h,

whih implies, using Young's inequality (A.13), inequality (A.17), Poinaré's in-

equality and disrete interpolation inequality (A.51),

γ‖∆̂hW
n‖2h ≤ 3σ‖∆̂hW

n‖2h(5.82)

+C (σ)
[

‖dtY
n‖2h +

(

‖∆̂hY
n−1‖2h + ‖∇Y n−1‖2 + ‖Y n−1‖2

C(Ω̄)

)

‖Vn−1‖2
H1

0

]

.

Assuming

3σ < γ,
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in (5.82), rearranging the terms, multiplying by k and summing up over the index

n, we derive

N
∑

n=1

k‖∆̂hW
n‖2h

≤ C

N
∑

n=1

k
[

‖dtY
n‖2h +

(

‖∆̂hY
n−1‖2h + ‖∇Y n−1‖2 + ‖Y n−1‖2

C(Ω̄)

)

‖Vn−1‖2H1
0

]

,

So, from the results (5.30), (5.32), (5.56), (5.57), (5.59) of the previous lemmas, we

realize that (5.79) holds. Finally, applying the inequality (A.39) to (5.79), we have

(5.80).

Lemma 5.9. Under the same hypothesis of Lemma 5.7, the solution W ∈ Y N
h of

(5.9), (5.10) is suh that, for all q ∈ [1,+∞) , p ∈ [1, 3),

sup
n=1,...,N

‖W n‖h ≤ C (U) ,(5.83)

N
∑

n=1

k ‖W n‖2
C(Ω̄) ≤ C (U) ,(5.84)

N
∑

n=1

k
[

‖∇W n‖4 + ‖∇W n‖2Lq + ‖∇W n‖p
L3

]

≤ C (U) ,(5.85)

where the onstant C (U) depends just on ‖U‖L2(L2), data problem and onstant

parameters, but it is independent of h, k.

Proof. With θ = W n
in (5.10), using the de�nition (A.36) of the disrete Lapla-

ian, we an write

‖W n‖2h = −ε2
(

∆̂hY
n,W n

)

h
−
(

Y n−1,W n
)

h
+
(

(Y n)3 ,W n
)

h
.(5.86)

By the generalized Holder's inequality (A.14), the equivalene between the h-norm
and the L2

-norm, the de�nition (A.27) of the interpolation operator Ih, the in-

equality (A.17) and the Young's inequality (A.13), from (5.86), we derive

‖W n‖2h ≤ 3σ‖W n‖h + C (σ)
[

‖∆̂hY
n‖2h + ‖Y n−1‖2H0

+ ‖Y n‖6H0

]

,

whih implies, with 3σ < 1,

‖W n‖2h ≤ C
[

‖∆̂hY
n‖2h + ‖Y n−1‖2H0

+ ‖Y n‖6H0

]

.(5.87)

Using in (5.87) the results (5.32) and (5.56) established in the previous lemmas, we

infer that (5.83) holds. From (5.34) and (5.83), we get

‖Wh,k‖L∞(L2) + ‖Wh,k‖L2(H1) ≤ C (U) ,

and subsequently, by an interpolation argument (see [41℄, pag. 3051),

‖Wh,k‖L4(L4) ≤ C (U) .(5.88)
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So, taking into aount of (5.80) with p = 4 and (5.88) above, we have

‖Wh,k‖L2(W 1,4) ≤ C (U) ,

whih implies, using the embedding W 1,4 →֒ C
(

Ω̄
)

, the result (5.84). From the

de�nition (A.36) of the disrete Laplaian, we infer

‖∇Wh,k‖
4
L4(L2) =

∫ T

0

‖∇Wh,k‖
4
L2 dt =

∫ T

0

∣

∣ (∇Wh,k,∇Wh,k)
∣

∣

2
dt =

=−

∫ T

0

∣

∣

(

∆̂hWh,k,Wh,k

)

h

∣

∣

2
dt ≤

∫ T

0

‖∆̂hWh,k‖
2
h‖Wh,k‖

2
h dt.(5.89)

Using (5.79), (5.83) in (5.89) above, we realize

‖∇Wh,k‖L4(L2) ≤ C (U) .(5.90)

Thus, from (5.80) and (5.90), we an write

‖∇Wh,k‖L4(L2) + ‖∇Wh,k‖L2(Lq) ≤ C (U) ,(5.91)

for all q ∈ [1,∞). Then, applying interpolation (see [20℄, Theorem II.5.5) to (5.91),

we derive

‖∇Wh,k‖Lp(L3) ≤ C (U) ,(5.92)

for all p ∈ [1, 3). Using together (5.90) and (5.92), we get the result (5.85).

Lemma 5.10. Under the same hypothesis of Lemma 5.7, the solution W ∈ Y N
h of

(5.9), (5.10) is suh that

(5.93)

N−1
∑

n=1

‖W n −W n+1‖2 ≤ C (U) ,

where the onstant C (U) depends just on ‖U‖L2(L2), data problem and onstant

parameters, but it is independent of h, k.

Proof. The disrete state equation (5.10) implies

(

W n −W n+1, θ
)

h
− ε2

(

∇Y n −∇Y n+1,∇θ
)

(5.94)

+
(

Y n−1 − Y n, θ
)

h
−
(

(Y n)3 −
(

Y n+1
)3

, θ
)

h
= 0.

With θ = W n − W n+1
in (5.94) above, using the de�nition (A.36) of the disrete

Laplaian ∆̂h, we have

‖W n −W n+1‖2 = En
1 + En

2 + En
3 ,(5.95)

where

En
1 = −ε2

(

∆̂hY
n − ∆̂hY

n+1,W n −W n+1
)

,
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En
2 = −

(

Y n−1 − Y n,W n −W n+1
)

h
,

En
3 =

(

(Y n)3 −
(

Y n+1
)3

,W n −W n+1
)

h
.

From the generalized Holder's inequality (A.14) and Young's inequality (A.13), we

an write

En
1 ≤ ε2‖∆̂hY

n − ∆̂hY
n+1‖h‖W

n −W n+1‖h

≤ σ‖W n −W n+1‖2 + C (σ) ‖∆̂hY
n − ∆̂hY

n+1‖2,

En
2 ≤ ‖Y n−1 − Y n‖h‖W

n −W n+1‖h

≤ σ‖W n −W n+1‖2h + C (σ) ‖Y n−1 − Y n‖2h,

En
3 ≤

∥

∥ (Y n)3 −
(

Y n+1
)3 ∥
∥

h
‖W n −W n+1‖h

=
∥

∥

∥

(

Y n − Y n+1
)

[

(Y n)2 + Y nY n+1 +
(

Y n+1
)2
] ∥

∥

∥

h
‖W n −W n+1‖h

≤ C ‖Y n − Y n+1‖h

∥

∥

∥
(Y n)2 + Y nY n+1 +

(

Y n+1
)2
∥

∥

∥

C(Ω̄)
‖W n −W n+1‖h

≤ σ‖W n −W n+1‖2h

+ C (σ) ‖Y n − Y n+1‖2h

∥

∥

∥
(Y n)2 + Y nY n+1 +

(

Y n+1
)2
∥

∥

∥

2

C(Ω̄)

≤ σ‖W n −W n+1‖2h

+ C (σ)
[

2‖Y n‖C(Ω̄) + ‖Y n‖C(Ω̄)‖Y
n+1‖C(Ω̄) + 2‖Y n+1‖C(Ω̄)

]2

‖Y n − Y n+1‖2h.

Then, inserting the above estimates for En
1 , . . . , E

n
3 in (5.95), we derive

‖W n −W n+1‖2 ≤ 3σ‖W n −W n+1‖2+(5.96)

+C1 (σ) ‖∆̂hY
n − ∆̂hY

n+1‖2 + C2 (σ) ‖Y
n−1 − Y n‖2h

+C3 (σ)
[

2‖Y n‖C(Ω̄) + ‖Y n‖C(Ω̄)‖Y
n+1‖C(Ω̄) + 2‖Y n+1‖C(Ω̄)

]2

‖Y n − Y n+1‖2h,

whih implies, with σ small enough,

‖W n −W n+1‖2 ≤ C1‖∆̂hY
n − ∆̂hY

n+1‖2 + C2‖Y
n−1 − Y n‖2h(5.97)

+C3

[

2‖Y n‖C(Ω̄) + ‖Y n‖C(Ω̄)‖Y
n+1‖C(Ω̄) + 2‖Y n+1‖C(Ω̄)

]2

‖Y n − Y n+1‖2h.

Summing up over n = 1, . . . , N − 1 in (5.97), we infer

N−1
∑

n=1

‖W n −W n+1‖2 ≤ C1

N−1
∑

n=1

‖∆̂hY
n − ∆̂hY

n+1‖2 + C2

N−1
∑

n=1

‖Y n−1 − Y n‖2h

+C3

N−1
∑

n=1

[

2‖Y n‖C(Ω̄) + ‖Y n‖C(Ω̄)‖Y
n+1‖C(Ω̄) + 2‖Y n+1‖C(Ω̄)

]2

‖Y n − Y n+1‖2h.

Hene, using the results (5.33), (5.58), (5.59) established in the previous lemmas,

we realize that (5.93) holds.
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Lemma 5.11. Let us assume that there exists a onstant C̃ independent of h, k,
suh that

(5.98) E (v0,h, y0,h) + ‖v0,h‖H1
0
+ ‖∆̂hy0,h‖h + ‖∆̃hv0,h‖ ≤ C̃.

Then, for any �xed U ∈ L2 (L2) and k suh that

k ≤ C1,

the solution V ∈ VN+1
h of (5.9), (5.10) satis�es:

sup
n=0,...,N

‖Vn‖H1
0
≤ C (U) ,(5.99)

N
∑

n=1

‖Vn −Vn−1‖2H1
0
≤ C (U) ,(5.100)

N
∑

n=1

k ‖dtV
n‖2 ≤ C (U) ,(5.101)

N
∑

n=1

k ‖∆̃hV
n‖2 ≤ C (U) ,(5.102)

where the onstant C (U) depends just on ‖U‖L2(L2), data problem and onstant

parameters, but it is independent of h, k.

Proof. With ψ = kdtV
n
in (5.9a), (5.9), we have

k‖dtV
n‖2 + kν (∇Vn,∇dtV

n) = An
1 + An

2 + An
3 ,(5.103)

where

An
1 = −kB

(

Vn−1,Vn, dtV
n
)

,

An
2 = −kρ

(

Y n−1,∇W n · dtV
n
)

,

An
3 = k (Un, dtV

n) .

From the de�nition (5.7) of the trilinear form B (·, ·, ·) and performing integration

by parts in spae, we get

An
1 =

k

2

([

Vn−1 · ∇
]

Vn, dtV
n
)

−
k

2

([

Vn−1 · ∇
]

dtV
n,Vn

)

=(5.104)

= k
([

Vn−1 · ∇
]

Vn, dtV
n
)

+
k

2

([

∇ ·Vn−1
]

dtV
n,Vn

)

.

Using in (5.104) generalized Holder's inequality (A.14), Young's inequality (A.13),

Poinaré's inequality (A.16), inequality (A.18) and the disrete interpolation in-

equality (A.54), we an write

An
1 ≤ k‖Vn−1‖L4‖∇Vn−1‖L4‖dtV

n‖+
k

2
‖∇ ·Vn−1‖L4‖dtV

n‖‖Vn‖L4

≤ 2kσ‖dtV
n‖2 + k C (σ)

[

‖∇Vn‖2L4‖Vn−1‖2L4 + ‖∇Vn−1‖2L4‖Vn‖2L4

]
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≤ 2kσ‖dtV
n‖2 + k C (σ) ‖∇Vn−1‖‖∇Vn‖

[

‖Vn−1‖‖∆̃hV
n‖+ ‖Vn‖‖∆̃hV

n−1‖
]

,

whih implies, still applying Young's inequality (A.13), with µ = σ,

An
1 ≤ 2kσ‖dtV

n‖2 + kµ
[

‖∆̃hV
n−1‖2 + ‖∆̃hV

n‖2
]

(5.105)

+k C (σ, µ)
[

‖Vn−1‖2 + ‖Vn‖2
]

‖∇Vn−1‖2‖∇Vn‖2.

In the same way, we derive

An
2 ≤ kρ‖Y n−1‖C(Ω̄)‖∇W n‖‖dtV

n‖(5.106)

≤ kσ‖dtV
n‖2 + kC (σ) ‖Y n−1‖2

C(Ω̄)‖∇W n‖2

and

An
3 ≤ kσ‖dtV

n‖2 + kC (σ) ‖Un‖2.(5.107)

Using (5.105)-(5.107) in (5.103)-, we infer

k‖dtV
n‖2 + kν (∇Vn,∇dtV

n)(5.108)

≤ 4kσ‖dtV
n‖2 + kµ

[

‖∆̃hV
n−1‖2 + ‖∆̃hV

n‖2
]

+k C1 (σ, µ)
[

‖Vn−1‖2 + ‖Vn‖2
]

‖∇Vn−1‖2‖∇Vn‖2

+k C2 (σ) ‖Y
n−1‖2

C(Ω̄)‖∇W n‖2 + k C3 (σ) ‖U
n‖2.

Setting n = i in (5.108), summing up over the index i = 1, . . . , n, with 1 ≤ n ≤ N
and rearranging, we realize

ν

2
‖∇Vn‖2 +

n
∑

i=1

[

k‖dtV
i‖2 +

ν

2
‖∇Vi −∇Vi−1‖2

]

(5.109)

≤
ν

2
‖∇V0‖2 + 4σ

n
∑

i=1

k‖dtV
i‖2 + µ

n
∑

i=1

k
[

‖∆̃hV
i−1‖2 + ‖∆̃hV

i‖2
]

+C1 (σ, µ)

n
∑

i=1

k
[

‖Vi−1‖2 + ‖Vi‖2
]

‖∇Vi−1‖2‖∇Vi‖2

+C2 (σ)
n
∑

i=1

k
[

‖Y i−1‖2
C(Ω̄)

‖∇W i‖2 + ‖Ui‖2
]

.

Noting that there exists a onstant C suh that

(5.110)

n
∑

i=1

k‖∆̃hV
i−1‖2 ≤ C‖∆̃hV

0‖2 +
n
∑

i=1

k‖∆̃hV
i‖2,

from (5.109) we have

ν

2
‖∇Vn‖2 +

n
∑

i=1

[

k‖dtV
i‖2 +

ν

2
‖∇Vi −∇Vi−1‖2

]

(5.111)
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≤
ν

2
‖∇v0,h‖

2 + µC‖∆̃hv0,h‖
2 + 4σ

n
∑

i=1

k‖dtV
i‖2 + 2µ

n
∑

i=1

k‖∆̃hV
i‖2

+C1 (σ, µ)
n
∑

i=1

k
[

‖Vi−1‖2 + ‖Vi‖2
]

‖∇Vi−1‖2‖∇Vi‖2

+C2 (σ)

n
∑

i=1

k
[

‖Y i−1‖2
C(Ω̄)‖∇W i‖2 + ‖Ui‖2

]

.

for all n = 1, . . . , N . With ψ = kAhVn
in (5.9a), (5.9), where Ah

is the disrete

Stokes operator de�ned in (A.40), we get

kν
(

∇Vn,∇AhVn
)

= Dn
1 +Dn

2 +Dn
3 +Dn

4 ,(5.112)

where

Dn
1 = −k

(

dtV
n,AhVn

)

,

Dn
2 = −kB

(

Vn−1,Vn,AhVn
)

,

Dn
3 = −kρ

(

Y n−1,∇W n ·AhVn
)

,

Dn
4 = k

(

Un,AhVn
)

.

Using the de�nition (A.40) of the disrete Stokes operator, we note that the left

hand side of (5.112) reads

kν
(

∇Vn,∇AhVn
)

= kν
(

∇Vn,∇
[

−Th∆̃hV
n
])

= kν
(

∆̃hV
n,Th∆̃hV

n
)

= kν
(

Th∆̃hV
n,Th∆̃hV

n
)

= ‖Th∆̃hV
n‖2 = ‖AhVn‖2.(5.113)

Furthermore (see [6℄), there exists a onstant C suh that

C‖∆̃hV
n‖ ≤ ‖AhVn‖ ≤ ‖∆̃hV

n‖(5.114)

Hene, taking into aount of (5.113) and (5.114) in (5.112), we an write

k ν C‖∆̃hV
n‖2 ≤ Dn

1 +Dn
2 +Dn

3 +Dn
4 .(5.115)

Using Young's inequality (A.13), (5.114) above, integration by parts in spae, gen-

eralized Holder's inequality (A.14), Poinaré's inequality (A.16), inequality (A.18)

and disrete interpolation inequality (A.54), we derive

Dn
1 ≤ kσ‖∆̃hV

n‖+ k C (σ) ‖dtV
n‖2,

Dn
2 = −k

([

Vn−1 · ∇
]

Vn,AhVn
)

−
k

2

([

∇ ·Vn−1
]

Vn,AhVn
)

≤ k‖Vn−1‖L4‖∇Vn‖L4‖∆̃hV
n‖+

kC

2
‖∇Vn−1‖L4‖Vn‖L4‖∆̃hV

n‖,

≤ 2kσ‖∆̃hV
n‖2 + k C (σ)

[

‖Vn−1‖2L4‖∇Vn‖2L4 + ‖Vn‖2L4‖∇Vn−1‖2L4

]

≤ 2kσ‖∆̃hV
n‖2 + k C (σ)

[

‖Vn−1‖‖∇Vn−1‖‖∇Vn‖‖∆̃hV
n‖
]
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+ k C (σ)
[

‖Vn‖‖∇Vn‖‖∇Vn−1‖‖∆̃hV
n−1‖

]

≤ 3kσ‖∆̃hV
n‖2 + kσ‖∆̃hV

n−1‖

+ k C (σ)
[

‖Vn−1‖2 + ‖Vn‖2
]

‖∇Vn−1‖2‖∇Vn‖2,

Dn
3 ≤ kρ‖Y n−1‖C(Ω̄)‖∇W n‖‖∆̃hV

n‖

≤ kσ‖∆̃hV
n‖2 + kC (σ) ‖Y n−1‖2

C(Ω̄)
‖∇W n‖2,

Dn
4 ≤ kσ‖∆̃hV

n‖2 + kC (σ) ‖Un‖2.

Hene, inserting the estimates for Dn
1 , . . . , D

n
4 in (5.115), we infer

k ν C‖∆̃hV
n‖2(5.116)

≤ 6kσ‖∆̃hV
n‖2 + kσ‖∆̃hV

n−1‖+ k C1 (σ) ‖dtV
n‖2

+k C2 (σ)
[

‖Vn−1‖2 + ‖Vn‖2
]

‖∇Vn−1‖2‖∇Vn‖2

+k C3 (σ) ‖Y
n−1‖2

C(Ω̄)‖∇W n‖2 + k C4 (σ) ‖U
n‖2.

Setting n = i in (5.116), summing up over the index i = 1, . . . , n, with 1 ≤ n ≤ N
and rearranging, we realize

ν C
n
∑

i=1

k‖∆̃hV
i‖2 ≤(5.117)

≤ σC1‖∆̃hv0,h‖
2 + 7σ

n
∑

i=1

k‖∆̃hV
i‖2+

+C2 (σ)
n
∑

i=1

k
[

‖Y i−1‖2
C(Ω̄)

‖∇W i‖2 + ‖Ui‖2
]

+

+C3 (σ)

n
∑

i=1

k
[

‖dtV
i‖2 +

(

‖Vi−1‖2 + ‖Vi‖2
)

‖∇Vi−1‖2‖∇Vi‖2
]

,

whih implies, with σ small enough,

n
∑

i=1

k‖∆̃hV
i‖2 ≤(5.118)

≤ C1‖∆̃hv0,h‖
2 + C2

n
∑

i=1

k
[

‖Y i−1‖2
C(Ω̄)‖∇W i‖2 + ‖Ui‖2

]

+

+C3

n
∑

i=1

k
[

‖dtV
i‖2 +

(

‖Vi−1‖2 + ‖Vi‖2
)

‖∇Vi−1‖2‖∇Vi‖2
]

,

for all n = 1, . . . , N . Inserting (5.118) in (5.111) and rearranging, we have

ν

2
‖∇Vn‖2 +

n
∑

i=1

[

k‖dtV
i‖2 +

ν

2
‖∇Vi −∇Vi−1‖2

]

≤(5.119)



134 5. Optimal Control of the Disrete Cahn-Hilliard-Navier-Stokes System

≤
ν

2
‖∇v0,h‖

2 + µC1‖∆̃hv0,h‖
2 + (σ + µ)C2

n
∑

i=1

k‖dtV
i‖2

+ (1 + µ)C3 (σ, µ)
n
∑

i=1

k
[

‖Vi−1‖2 + ‖Vi‖2
]

‖∇Vi−1‖2‖∇Vi‖2

+ (1 + µ)C4 (σ)

n
∑

i=1

k
[

‖Y i−1‖2
C(Ω̄)‖∇W i‖2 + ‖Ui‖2

]

.

Hene, assuming in (5.119) σ, µ small enough, we get

ν

2
‖∇Vn‖2 +

n
∑

i=1

[

k‖dtV
i‖2 +

ν

2
‖∇Vi −∇Vi−1‖2

]

(5.120)

≤
ν

2
‖∇v0,h‖

2 + C1‖∆̃hv0,h‖
2 + C2

n
∑

i=1

k
[

‖Y i−1‖2
C(Ω̄)‖∇W i‖2 + ‖Ui‖2

]

+C3

n
∑

i=1

k
[

‖Vi−1‖2 + ‖Vi‖2
]

‖∇Vi−1‖2‖∇Vi‖2.

So, using the assumption (5.98), the results (5.29), (5.30), (5.34) (5.59) established

in the previous lemmas and the disrete Gronwall's inequality (see for example

[73℄, Lemma 1.4.2), we onlude that (5.99)-(5.101) hold. Finally, from (5.118), we

derive that (5.102) holds.

Corollary 5.12. Under the same hypothesis of Lemma 5.11, the solution V ∈
VN+1

h of (5.9), (5.10) is suh that

(5.121)

N
∑

n=0

k‖Vi‖2
C(Ω̄) ≤ C (U) ,

where the onstant C (U) depends just on ‖U‖L2(L2), data problem and onstant

parameters, but it is independent of h, k.

Proof. Using Young's inequality (A.13), Poinaré's inequality (A.16), inequalities

(A.17), (A.54) and the embedding W1,4 →֒ C
(

Ω̄
)

we have,

n
∑

i=0

k‖Vi‖2
C(Ω̄) ≤ C

n
∑

i=0

k
[

‖Vi‖2L4 + ‖∇Vi‖2L4

]

≤

≤ C
n
∑

i=0

k
[

‖Vi‖2
H1

0
+ ‖∇Vi‖‖∆̃hV

i‖
]

≤

≤ C

n
∑

i=0

k
[

‖Vi‖2
H1

0
+ ‖∆̃hV

i‖2
]

.

Hene, by the results (5.30), (5.102) established the previous lemmas, we get

(5.121).
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5.3. Well-Posedness of the Disrete Optimal

Control Problem

Problem 5.1 has the form of an abstrat optimal ontrol problem where the ost

funtional Jh,k : Xh,k × (L2)
N

→ R de�ned in (5.4) is ontinuous, onvex and

bounded from below, i.e. weakly lower semiontinuous. Then, it is easy to get the

following result.

Theorem 5.13 (existene of minimizers). The disrete optimal ontrol problem

(5.1) admits a solution.

Proof. The proof is analogous to the one of Theorem 2.5 in Chapter 2.

5.4. Optimality Conditions for the Disrete

Optimal Control Problem

In the following, we show that the regularized Problem 5.1 satis�es the onditions

needed to apply the standard theory of mathematial programming in Banah

spaes (see Assumptions 1.47 in [58℄). Then, we derive the �rst order optimality

onditions (see Theorem 1.48 and Corollary 1.3 in [58℄).

We need to verify that the disrete optimal ontrol Problem 5.1 is suh that

• the ost funtional Jh,k : Xh,k × L2 (L2) → R is ontinuously di�erentiable;

• the map eh,k : Xh,k×L2 (L2) → Xh,k de�ned in (5.6) is ontinuously differen-

tiable;

• the map

∂eδ,h,k
∂X

(sh,k (U) ,U) has an inverse, where sh,k : L
2 (L2) → Xh,k is the

solution operator de�ned in (5.12).

It is straightforward to realize that two onditions above are veri�ed. So, we skip

the orresponding proofs. In the following Theorem 5.14, we prove that also the

last ondition holds.

Theorem 5.14. For any �xed h, k and U ∈ L2 (L2), the operator

∂eh,k
∂X

(sh,k (U) ,U) ∈ L (Xh,k,Xh,k)

is invertible.

Proof. We need to prove that for all Z ∈ Xh,k there exists a unique dX ∈ Xh,k

suh that

(5.122)

∂eh,k
∂X

(sh,k (U) ,U)dX = Z .

Equation (5.122) is equivalent to demonstrate that, given (ZV, ZP , ZY , ZW ) ∈
VN+1

h × PN
h × PN+1

h × Y N
h and (V,P,Y ,W) ∈ VN+1

h × PN
h × PN+1

h × Y N
h solu-

tion of the state equations (5.9)-(5.10), the following system of equations

(

dn
V − dn−1

V ,ψ
)

+ kν (∇dn
V,∇ψ)− k (dnP ,∇ ·ψ)(5.123)
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+kB
(

dn−1
V ,Vn,ψ

)

+ kB
(

Vn−1,dn
V,ψ

)

+ kρ
(

dn−1
Y ,∇W n ·ψ

)

+ kρ
(

Y n−1,∇dnW ·ψ
)

= (Zn
V,ψ) ,

d0
V = Z0

V,(5.124)

(∇ · dn
V, φ) = (Zn

P , φ) ,(5.125)

(

dnY − dn−1
Y , η

)

h
+ kγ (∇dnW ,∇η)(5.126)

−k
(

dn−1
Y Vn−1 + Y n−1dn−1

V ,∇η
)

= (Zn
Y , η)h ,

d0Y = Z0
Y ,(5.127)

(

dnW + dn−1
Y , θ

)

h
− ε2 (∇dnY ,∇θ)−

(

3 (Y n)2 dnY , θ
)

h
= (Zn

W , θ)h ,(5.128)

with n = 1, . . . , N , has a unique solution (dV, dP , dY , dW ) ∈ VN+1
h ×PN

h ×PN+1
h ×

Y N
h . At eah time level n, we an show the existene and the uniqueness of the

solution for (5.126), (5.127), (5.128) using exatly the proedure performed in the

proof of Theorem 3.10. The only di�erene is that, in this ase, the elements of the

matrix E are the following

Eij =
(

3 (Y n)3 ηj, ηi
)

h
+ ε2 Ai,j ,

Finally, given dnW ∈ Yh, using standard arguments, we an laim that (5.123),

(5.124), (5.125) have a unique solution (dn
V, d

n
P ) ∈ Vh × Ph.

The ontinuous di�erentiability of the maps Jh,k : Xh,k × L2 (L2) → R, eh,k :
Xh,k × L2 (L2) → Xh,k and Theorem 5.14 guarantee that all the solutions of the

optimal ontrol Problem 5.1 an be derived solving a set of �rst order optimality

onditions (see Theorem 1.48 and Corollary 1.3 in [58℄). In order to get these

equations, for any �xed h, k, we de�ne the disrete Lagrange funtional Lh,k :
Xh,k × L2 (L2)×Xh,k → R,

(5.129) Lh,k (X ,U ,Q) = Jh,k (X ,U) + 〈Q, eh,k (X ,U)〉X∗

h,k
,Xh,k

,

where

Q = (QV ,QP ,QY ,QW) ∈ Xh,k.

The �rst order optimality onditions of the disrete optimal ontrol Problem 5.1

orrespond to �nd (X ,U ,Q) ∈ Xh,k × L2 (L2)×Xh,k suh that

∂Lh,k

∂Q
(X ,U ,Q) = 0,(5.130)

∂Lh,k

∂X
(X ,U ,Q) = 0,(5.131)

∂Lh,k

∂U
(X ,U ,Q) = 0.(5.132)

Equation (5.130) orresponds to the disrete state equations eh,k (X ,U) = 0 of

Problem 5.1, (5.131) are the disrete adjoint equations and (5.132) is another opti-

mality relation.

In the next Lemma 5.15, we prove that given a solution X = sh,k (U) of the dis-

rete state equations (5.130), the disrete adjoint equations (5.131) have a unique

solution Q ∈ Xh,k.
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Lemma 5.15. Let h, k,U ∈ L2 (L2) and X = sh,k (U) ∈ Xh,k be given. Then, the

disrete adjoint equations (5.131) have a unique solution Q ∈ Xh,k.

Proof. As a onsequene of Theorem 5.14 above, we have

[

∂eh,k
∂X

(sh,k (U) ,U)

]−1

∈ L (Xh,k,Xh,k) .

So, the proof is analogous to the one of Lemma 2.8 in Chapter 2.

In the following Corollary 5.16, we derive the expliit form of the optimality

onditions (5.130)-(5.132) in terms of the state and the adjoint variables

(V,P,Y ,W) = X ,

(QV ,QP ,QY ,QW) = Q.

Corollary 5.16 (optimality onditions). The �rst order optimality onditions

(5.130)-(5.132) of the disrete optimal ontrol Problem 5.1 read as follows. For all

n = 1, . . . , N :

(dtV
n,ψ) + ν (∇Vn,∇ψ) +B

(

Vn−1,Vn,ψ
)

− (P n,∇ ·ψ)(5.133a)

+ρ
(

Y n−1,∇W n ·ψ
)

− (Un,ψ) = 0,

V0 = v0,h,(5.133b)

(∇ ·Vn, φ) = 0,(5.133)

(dtY
n, η)h + γ (∇W n,∇η)−

(

Y n−1Vn−1,∇η
)

= 0,(5.133d)

Y 0 = y0,h,(5.133e)

(W n, θ)h − ε2 (∇Y n,∇θ) +
(

Y n−1, θ
)

h
−
(

(Y n)3 , θ
)

h
= 0,(5.133f)

for all ψ ∈ Vh, φ ∈ Ph, η, θ ∈ Yh,

− (dtQ
n
V,ψ) + ν

(

∇Qn−1
V ,∇ψ

)

+
(

Qn−1
P ,∇ ·ψ

)

(5.134a)

+B
(

ψ,Vn+1,Qn
V

)

+B
(

Vn−1,ψ,Qn−1
V

)

− (Y n,∇Qn
Y ·ψ) = 0,

QN
V = 0,(5.134b)

(

∇ ·Qn−1
V , φ

)

= 0,(5.134)

− (dtQ
n
Y , η)h − ε2

(

∇Qn−1
W ,∇η

)

+ (Qn
W , η)h − (∇Qn

Y ·Vn, η)(5.134d)

+ρ
(

∇W n+1 ·Qn
V, η

)

−
(

3 (Y n)2Qn−1
W , η

)

h
+
(

Y n − ynd,h, η
)

= 0,

QN
Y = 0,(5.134e)

QN
W = 0,(5.134f)

(

Qn−1
W , θ

)

h
+ γ

(

∇Qn−1
Y ,∇θ

)

+ ρ
(

Y n−1,Qn−1
V · ∇θ

)

= 0.(5.134g)

for all ψ ∈ Vh, φ ∈ Ph, η ∈ Ph, θ ∈ Yh,

(5.135) αUn −Qn−1
V = 0.
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Proof. Equations (5.133b)-(5.133e) and (5.134) an be derived by diret alulation

from, respetively, (5.130) and (5.131). The optimality relation (3.71) implies

N
∑

i=1

∫ tn

tn−1

(

αU −Qn−1
V ,ϕ

)

dt = 0,

for all ϕ ∈ L2 (L2). Then, we have U ∈ VN
h ,

U (t) = Un ∈ Vh, ∀t ∈ (tn−1, tn) ,

and also (5.135) and (5.133a).

Remark 5.17. From (5.134g), we realize that Qn
W ∈ Ph, for all n = 0, . . . , N − 1.

Later in the doument, we prove that the solutions of the disrete optimality on-

ditions (5.133)-(5.135) above, onverge to the solution of the ontinuous optimality

onditions (4.22)-(4.24) of Problem 4.1 as the disretization parameter go to zero.

In order to do that, in the following lemmas, we derive (h, k)-independent stability
estimates for the adjoint variables (QV ,QP ,QY ,QW) ∈ VN+1

h ×PN
h ×PN+1

h ×Y N
h .

Theorem 5.18. Let us assume there exists a onstant C̃ independent of h, k, suh
that

E (v0,h, y0,h) + ‖v0,h‖H1
0
+ ‖∆̂hy0,h‖h + ‖∆̃hv0,h‖+

N
∑

n=1

k‖ynd,h‖
2 ≤ C̃.

Then, there exist a time step kmax suh that for all k ≤ kmax, if (X ,U ,Q) ∈
Xh,k × L2 (L2)×Xh,k is a solution of the optimality onditions (5.133)-(5.135),

sup
n=1,...,N

‖Qn−1
V ‖H1

0
≤ C (U) ,(5.136)

N
∑

n=1

k‖dtQ
n
V‖

2 ≤ C (U) ,(5.137)

N
∑

n=1

‖Qn−1
V −Qn

V‖
2
H1

0
≤ C (U) ,(5.138)

∥

∥

∥

N
∑

n=1

k Qn−1
P

∥

∥

∥
≤ C (U) ,(5.139)

sup
n=1,...,N

‖Qn−1
Y ‖H0

≤ C (U) ,(5.140)

N
∑

n=1

‖Qn−1
Y −Qn

Y ‖
2
H0

≤ C (U) ,(5.141)

N
∑

n=1

k ‖∆̂hQ
n−1
Y ‖2 ≤ C (U) ,(5.142)

N
∑

n=1

k ‖Qn−1
W ‖2H0

≤ C (U) .(5.143)

where the onstant C (U) depends just on ‖U‖L2(L2), data problem and onstant

parameters, but it is independent of h, k.
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Proof. We divide the proof in several steps.

i) With ψ = k Qn−1
V in (5.134a), (5.134), we have

−k
(

dtQ
n
V,Q

n−1
V

)

+ kν‖∇Qn−1
V ‖2 = F n−1

1 + F n−1
2 ,(5.144)

where

F n−1
1 = −kB

(

Qn−1
V ,Vn+1,Qn

V

)

,

F n−1
2 = k

(

Y n∇Qn
Y ,Q

n−1
V

)

.

Using integration by parts in spae, the generalized Holder's inequality (A.14),

Poinaré's inequality (A.16) and the inequalities (A.17), (A.18), we get

F n
1 = −k

([

Qn−1
V · ∇

]

Vn+1,Qn
V

)

−
k

2

([

∇ ·Qn−1
V

]

Qn
V,V

n+1
)

≤ k‖Qn−1
V ‖L4‖∇Vn+1‖‖Qn

V‖L4 +
k

2
‖∇Qn−1

V ‖‖Qn
V‖L4‖Vn+1‖L4

≤ Ck‖∇Qn−1
V ‖‖∇Vn+1‖‖Qn

V‖L4

≤ kσ‖∇Qn−1
V ‖2 + k C (σ) ‖∇Vn+1‖2‖Qn

V‖
2
L4

≤ kσ‖∇Qn−1
V ‖2 + k C (σ) ‖∇Vn+1‖2‖Qn

V‖‖∇Qn
V‖

≤ kσ‖∇Qn−1
V ‖2 + kσ‖∇Qn

V‖
2 + k C (σ) ‖∇Vn+1‖4‖Qn

V‖
2,

F n
2 ≤ k‖Y n‖C(Ω̄)‖∇Qn

Y ‖‖Q
n−1
V ‖ ≤ kC‖Y n‖C(Ω̄)‖∇Qn

Y ‖‖∇Qn−1
V ‖

≤ kσ‖∇Qn−1
V ‖2 + kC (σ) ‖Y n‖2

C(Ω̄)‖∇Qn
Y ‖

2.

Inserting the above estimates of F n−1
1 , F n−1

2 in (5.144), we an write

−k
(

dtQ
n
V,Q

n−1
V

)

+ kν‖∇Qn−1
V ‖ ≤ 2kσ‖∇Qn−1

V ‖2(5.145)

+kσ‖∇Qn
V‖

2 + k C1 (σ) ‖∇Vn+1‖4‖Qn
V‖

2 + kC2 (σ) ‖Y
n‖2

C(Ω̄)‖∇Qn
Y ‖

2.

Setting n = i in (5.145), summing up over the index i = N, . . . , n, with 1 ≤ n ≤ N
and rearranging, we derive

1

2
‖Qn−1

V ‖2 +
N
∑

i=n

[

1

2
‖Qi−1

V −Qi
V‖

2 + kν‖∇Qi−1
V ‖2

]

≤(5.146)

≤
N
∑

i=n

k
[

3σ‖∇Qi−1
V ‖2 + C1 (σ) ‖∇Vi+1‖4‖Qi

V‖
2 + C2 (σ) ‖Y

i‖2
C(Ω̄)‖∇Qi

Y ‖
2
]

.

whih implies, with σ small enough,

‖Qn−1
V ‖2 +

N
∑

i=n

[

‖Qi−1
V −Qi

V‖
2 + k‖∇Qi−1

V ‖2
]

(5.147)

≤ C

N
∑

i=n

k
[

‖∇Vi+1‖4‖Qi
V‖

2 + ‖Y i‖2
C(Ω̄)‖∇Qi

Y ‖
2
]

,
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for all n = 1, . . . , N .

ii) With θ = ∆̂hQ
n−1
Y in (5.134g), using the de�nition (A.36) of the disrete Lapla-

ian, we infer

‖∆̂hQ
n−1
Y ‖2h = Gn−1

1 +Gn−1
2 ,(5.148)

where

Gn−1
1 = −

1

γ

(

∇Qn−1
W ,∇Qn−1

Y

)

,

Gn−1
2 =

ρ

γ

(

Y n−1,Qn−1
V · ∇∆̂hQ

n−1
Y

)

.

From the generalized Holder's inequality (A.14), Young's inequality (A.13), inte-

gration by parts in spae, Poinaré's inequality (A.16) and inequality (A.17), we

realize

Gn−1
1 ≤ σ‖∇Qn−1

W ‖2 + C1 (σ) ‖∇Qn−1
Y ‖2,

Gn−1
2 = −

ρ

γ

(

∇Y n−1 ·Qn−1
V , ∆̂hQ

n−1
Y

)

−
ρ

γ

(

∇ ·Qn−1
V , Y n−1∆̂hQ

n−1
Y

)

≤
ρ

γ
‖∇Y n−1‖L4‖Qn−1

V ‖L4‖∆̂hQ
n−1
Y ‖h +

ρ

γ
‖∇ ·Qn−1

V ‖‖Y n−1‖C(Ω̄)‖∆̂hQ
n−1
Y ‖h

≤ 2σ‖∆̂hQ
n−1
Y ‖2h + C1 (σ)

[

‖∇Y n−1‖2L4 + ‖Y n−1‖2
C(Ω̄)

]

‖∇Qn−1
V ‖2.

Hene, inserting the above estimates of Gn−1
1 , Gn−1

2 in (5.148), we have

‖∆̂hQ
n−1
Y ‖2h ≤ 2σ‖∆̂hQ

n−1
Y ‖2h + σ‖∇Qn−1

W ‖2(5.149)

+C (σ)
[(

‖∇Y n−1‖2L4 + ‖Y n−1‖2
C(Ω̄)

)

‖∇Qn−1
V ‖2 + ‖∇Qn−1

Y ‖2
]

.

whih implies, with σ small enough,

‖∆̂hQ
n−1
Y ‖2h(5.150)

≤ C
[

‖∇Qn−1
W ‖2 +

(

‖∇Y n−1‖2L4 + ‖Y n−1‖2
C(Ω̄)

)

‖∇Qn−1
V ‖2 + ‖∇Qn−1

Y ‖2
]

.

Setting in (5.149) n = i, multiplying by k and summing up over i = n, . . . , N , with

1 ≤ n ≤ N , we get

N
∑

i=n

k‖∆̂hQ
i−1
Y ‖2h(5.151)

+C

N
∑

i=n

k
[(

‖∇Y i−1‖2L4 + ‖Y i−1‖2
C(Ω̄)

)

‖∇Qi−1
V ‖2 + ‖∇Qi−1

Y ‖2 + ‖∇Qi−1
W ‖2

]

,

for all n = 1, . . . , N .

iii) Setting η = Qn
W , θ = −kdtQ

n
Y in (5.134d), (5.134g), we an write

−k (dtQ
n
Y , Q

n
W )h − kε2‖∇Qn−1

W ‖2 + k
(

Qn
W , Qn−1

W

)

h
− k

(

∇Qn
Y ·Vn, Qn−1

W

)

(5.152)
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+kρ
(

∇W n+1 ·Qn
V, Q

n−1
W

)

− k
(

3 (Y n)2 ,
(

Qn−1
W

)2
)

h
+ k

(

Y n − ynd,h, Q
n−1
W

)

= 0,

−k
(

Qn−1
W , dtQ

n
Y

)

h
= kγ

(

∇Qn−1
Y ,∇dtQ

n
Y

)

+ kρ
(

Y n−1,Qn−1
V · ∇dtQ

n
Y

)

.

(5.153)

Substituting (5.153) in (5.152) and rearranging, we derive

− kγ
(

∇Qn−1
Y ,∇dtQ

n
Y

)

+ kε2‖∇Qn−1
W ‖2 + k

(

3 (Y n)2Qn−1
W , Qn−1

W

)

h
(5.154)

= Hn−1
1 + . . .+Hn−1

5 ,

where

Hn−1
1 = −k

(

∇Qn
Y ·Vn, Qn−1

W

)

,

Hn−1
2 = kρ

(

∇W n+1 ·Qn
V, Q

n−1
W

)

,

Hn−1
3 = k

(

Y n − ynd,h, Q
n−1
W

)

,

Hn−1
4 = k

(

Qn
W , Qn−1

W

)

h
,

Hn−1
5 = kρ

(

Y n−1,Qn−1
V · ∇dtQ

n
Y

)

.

In addition, from (5.134g), we note that

Hn−1
4 = k

(

Qn
W , Qn−1

W

)

h
= −kγ

(

∇Qn
Y ,∇Qn−1

W

)

− kρ
(

Y n,Qn
V · ∇Qn−1

W

)

.

Using the generalized Holder's inequality (A.14), the Poinaré's-Wirtinger inequal-

ity (A.15), the Poinaré's inequality (A.16), the inequalities (A.17) and (A.18),

Young's inequality (A.13), we derive

Hn−1
1 ≤ k‖∇Qn

Y ‖‖V
n‖L4‖Qn−1

W ‖L4 ≤ kC‖∇Qn
Y ‖‖∇Vn‖‖∇Qn−1

W ‖

≤ kσ‖∇Qn−1
W ‖2 + kC (σ) ‖∇Vn‖2‖∇Qn

Y ‖
2,

Hn−1
2 ≤ kρ‖∇W n+1‖L4‖Qn

V‖L4‖Qn−1
W ‖

≤ kρC‖∇W n+1‖L4‖Qn
V‖

1
2‖∇Qn

V‖
1
2‖∇Qn−1

W ‖

≤ kσ‖∇Qn−1
W ‖2 + kC (σ) ‖∇W n+1‖2L4‖Qn

V‖‖∇Qn
V‖

≤ kσ‖∇Qn−1
W ‖2 + kσ‖∇Qn

V‖
2 + kC (σ) ‖∇W n+1‖4L4‖Qn

V‖
2,

Hn−1
3 ≤ k‖Y n − ynd,h‖‖Q

n−1
W ‖ ≤ kC‖Y n − ynd,h‖‖∇Qn−1

W ‖

≤ kσ‖∇Qn−1
W ‖2 + kC (σ) ‖Y n − ynd,h‖

2,

Hn−1
4 ≤ kγ‖∇Qn

Y ‖‖∇Qn−1
W ‖+ kρ‖Y n‖C(Ω̄)‖Q

n
V‖‖∇Qn−1

W ‖

≤ 2kσ‖∇Qn−1
W ‖2 + kC1 (σ) ‖∇Qn

Y ‖
2 + kC2 (σ) ‖Y

n‖2
C(Ω̄)‖Q

n
V‖

2.

Furthermore, applying disrete integration by parts in time, we infer

N
∑

i=n

H i−1
5 =

N
∑

i=n

kρ
(

Y i−1,Qi−1
V · ∇dtQ

i
Y

)

= In−1
1 + I2 + I3,(5.155)
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where

In−1
1 = −ρ

(

Y n−1,Qn−1
V · ∇Qn−1

Y

)

,

I2 = −ρ

N−1
∑

i=n

k
(

Y i−1, dtQ
i
V · ∇Qi

Y

)

,

I3 = −ρ

N−1
∑

i=n

k
(

dtY
i,Qi

V · ∇Qi
Y

)

.

Using the generalized Holder's inequality (A.14), Young's inequality (A.13), (5.147),

disrete interpolation inequality (A.51) and (5.150), we realize

In−1
1 ≤ ρ‖Y n−1‖C(Ω̄)‖Q

n−1
V ‖‖∇Qn−1

Y ‖

≤ σ‖∇Qn−1
Y ‖2 + C (σ) ‖Y n−1‖2

C(Ω̄)‖Q
n−1
V ‖2

≤ σ‖∇Qn−1
Y ‖2 + C (σ) ‖Y n−1‖2

C(Ω̄)

N
∑

i=n

k
[

‖∇Vi+1‖4‖Qi
V‖

2 + ‖Y i‖2
C(Ω̄)‖∇Qi

Y ‖
2
]

.

I2 ≤ ρ

N−1
∑

i=n

k‖Y i−1‖C(Ω̄)‖dtQ
i
V‖‖∇Qi

Y ‖

≤
N−1
∑

i=n

k
[

σ‖dtQ
i
V‖

2 + C (σ) ‖Y i−1‖2
C(Ω̄)‖∇Qi

Y ‖
2
]

I3 ≤ ρ

N−1
∑

i=n

k‖dtY
i‖‖Qi

V‖L4‖∇Qi
Y ‖L4

≤ ρC
N−1
∑

i=n

k‖dtY
i‖‖∇Qi

V‖
(

‖∆̂hQ
i
Y ‖+ ‖∇Qi

Y ‖
)

≤
N−1
∑

i=n

k
[

σ
(

‖∆̂hQ
i
Y ‖

2
h + ‖∇Qi

Y ‖
2
)

+ C (σ) ‖dtY
i‖2‖∇Qi

V‖
2
]

≤ C1

N−1
∑

i=n

kσ
[

‖∇Qi
W‖2 +

(

‖∇Y i‖2L4 + ‖Y i‖2
C(Ω̄)

)

‖∇Qi
V‖

2 + ‖∇Qi
Y ‖

2
]

+ C2 (σ)
N−1
∑

i=n

k‖dtY
i‖2‖∇Qi

V‖
2.

Hene, inserting the estimates of In−1
1 , I2, I3 in (5.155) and rearranging, we onlude

N
∑

i=n

H i−1
5 ≤ C1 (σ) ‖Y

n−1‖2
C(Ω̄)

N
∑

i=n

k
[

‖∇Vi+1‖4‖Qi
V‖

2 + ‖Y i‖2
C(Ω̄)

‖∇Qi
Y ‖

2
]

+σ‖∇Qn−1
Y ‖2 +

N
∑

i=n

k
[

σ‖dtQ
i
V‖

2 + C2 (σ) ‖Y
i−1‖2

C(Ω̄)‖∇Qi
Y ‖

2
]
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+C1

N
∑

i=n

kσ
[

‖∇Qi−1
W ‖2 +

(

‖∇Y i‖2L4 + ‖Y i‖2
C(Ω̄)

)

‖∇Qi
V‖

2 + ‖∇Qi
Y ‖

2
]

+C2 (σ)

N
∑

i=n

k‖dtY
i‖2‖∇Qi

V‖
2.(5.156)

So, setting in (5.154) n = i, using the estimates of Hn−1
1 , . . . , Hn−1

5 and summing

up over i = n, . . . , N , with 1 ≤ n ≤ N , we have

γ

2
‖∇Qn−1

Y ‖2 +
N
∑

i=n

[γ

2
‖∇Qn−1

Y −∇Qn
Y ‖

2 + kε2‖∇Qi−1
W ‖2 + k

(

3
(

Y i
)2

Qi−1
W , Qi−1

W

)

h

]

≤
N
∑

i=n

k
[

σ‖∇Qi
V‖

2 + σ‖dtQ
i
V‖

2 + 5σ‖∇Qi−1
W ‖2 + C1 (σ) ‖∇Vi‖2‖∇Qi

Y ‖
2
]

+

N
∑

i=n

k
[

C2 (σ) ‖∇W i+1‖4L4‖Qi
V‖

2 + C3 (σ) ‖Y
i − yid,h‖

2
]

+

N
∑

i=n

k
[

C4 (σ) ‖∇Qn
Y ‖

2 + C5 (σ) ‖Y
n‖2

C(Ω̄)‖Q
n
V‖

2
]

+C6 (σ) ‖Y
n−1‖2

C(Ω̄)

N
∑

i=n

k
[

‖∇Vi+1‖4‖Qi
V‖

2 + ‖Y i‖2
C(Ω̄)

‖∇Qi
Y ‖

2
]

+σ‖∇Qn−1
Y ‖2 +

N
∑

i=n

k
[

C7 (σ) ‖Y
i−1‖2

C(Ω̄)‖∇Qi
Y ‖

2
]

+C8

N
∑

i=n

kσ
[

‖∇Qi−1
W ‖2 +

(

‖∇Y i‖2L4 + ‖Y i‖2
C(Ω̄)

)

‖∇Qi
V‖

2 + ‖∇Qi
Y ‖

2
]

+C9 (σ)
N
∑

i=n

k‖dtY
i‖2‖∇Qi

V‖
2,(5.157)

for all n = 1, . . . , N .

iv) With ψ = −dtQ
n
V in (5.134a), (5.134), we get

−kν
(

∇Qn−1
V ,∇dtQ

n
V

)

+ k‖dtQ
n
V‖

2 = Ln−1
1 + Ln−1

2 + Ln−1
3 ,(5.158)

where

Ln−1
1 = kB

(

Vn−1, dtQ
n
V,Q

n−1
V

)

,

Ln−1
2 = kB

(

dtQ
n
V,V

n+1,Qn
V

)

,

Ln−1
3 = −k (Y n,∇Qn

Y · dtQ
n
V) .

Applying integration by parts in spae, generalized Holder's inequality (A.14),

Young's inequality (A.13), Poinaré's inequality (A.16), inequalities (A.17), (A.18),

interpolation inequality (A.54) and the embedding W1,4 →֒ C
(

Ω̄
)

, we an write

Ln−1
1 = −

k

2

(

∇ ·Vn−1, dtQ
n
V ·Qn−1

V

)

− k
([

Vn−1 · ∇
]

Qn−1
V , dtQ

n
V

)



144 5. Optimal Control of the Disrete Cahn-Hilliard-Navier-Stokes System

≤
k

2
‖∇ ·Vn−1‖L4‖dtQ

n
V‖‖Q

n−1
V ‖L4 + k‖Vn−1‖

C(Ω̄)‖∇Qn−1
V ‖‖dtQ

n
V‖

≤ 2kσ‖dtQ
n
V‖

2 + kC (σ)
[

‖∇Vn−1‖2L4‖Qn−1
V ‖2L4 + ‖Vn−1‖2

C(Ω̄)
‖∇Qn−1

V ‖2
]

≤ 2kσ‖dtQ
n
V‖

2 + kC1 (σ) ‖∇Vn−1‖‖∆̃hV
n−1‖‖Qn−1

V ‖‖∇Qn−1
V ‖

+ kC2 (σ)
[

‖Vn−1‖2L4 + ‖∇Vn−1‖‖∆̃hV
n−1‖

]

‖∇Qn−1
V ‖2

≤ 2kσ‖dtQ
n
V‖

2 + 2kµ‖∆̃hV
n−1‖2‖∇Qn−1

V ‖2

+ kC1 (σ, µ) ‖∇Vn−1‖2‖∇Qn−1
V ‖2 + kC2 (σ, µ) ‖∇Vn−1‖2‖Qn−1

V ‖2,

Ln−1
2 =

k

2

(

[dtQ
n
V · ∇]Vn+1,Qn

V

)

−
k

2

(

[dtQ
n
V · ∇]Qn

V,V
n+1
)

=
k

2
‖dtQ

n
V‖‖∇Vn+1‖L4‖Qn

V‖L4 +
k

2
‖dtQ

n
V‖‖∇Qn

V‖‖V
n+1‖

C(Ω̄)

≤ 2kσ‖dtQ
n
V‖

2 + kC (σ)
[

‖∇Vn+1‖2L4‖Qn
V‖

2
L4 + ‖Vn+1‖2

C(Ω̄)‖∇Qn
V‖

2
]

≤ 2kσ‖dtQ
n
V‖

2 + kC1 (σ) ‖∇Vn+1‖‖∆̃hV
n+1‖‖Qn

V‖‖∇Qn
V‖

+ kC2 (σ)
[

‖Vn+1‖2L4 + ‖∇Vn+1‖‖∆̃hV
n+1‖

]

‖∇Qn
V‖

2

≤ 2kσ‖dtQ
n
V‖

2 + 2kµ‖∆̃hV
n+1‖2‖∇Qn

V‖
2

+ kC1 (σ, µ) ‖∇Vn+1‖2‖∇Qn
V‖

2 + kC2 (σ, µ) ‖∇Vn+1‖2‖Qn
V‖

2,

Ln−1
3 ≤ k‖Y n‖C(Ω̄)‖∇Qn

Y ‖‖dtQ
n
V‖

≤ kσ‖dtQ
n
V‖

2 + kC (σ) ‖Y n‖2
C(Ω̄)‖∇Qn

Y ‖
2.

Inserting the above estimates of Ln−1
1 , Ln−1

2 , Ln−1
3 in (5.158), we derive

ν

2
‖∇Qn−1

V ‖2 −
ν

2
‖∇Qn

V‖
2 +

ν

2
‖∇Qn−1

V −∇Qn
V‖

2 + k‖dtQ
n
V‖

2
(5.159)

≤ 5kσ‖dtQ
n
V‖

2 + 2kµ
[

‖∆̃hV
n−1‖2‖∇Qn−1

V ‖2 + ‖∆̃hV
n+1‖2‖∇Qn

V‖
2
]

+kC1 (σ, µ) ‖∇Vn+1‖2
[

‖∇Qn
V‖

2 + ‖Qn
V‖

2
]

+kC2 (σ, µ) ‖∇Vn−1‖2
[

‖∇Qn−1
V ‖2 + ‖Qn−1

V ‖2
]

+kC3 (σ) ‖Y
n‖2

C(Ω̄)‖∇Qn
Y ‖

2.

From (5.159), noting that

‖∆̃hV
n−1‖2 ≤

N
∑

j=n

k‖∆̃hV
j−1‖2,

we infer

ν

2
‖∇Qn−1

V ‖2 −
ν

2
‖∇Qn

V‖
2 +

ν

2
‖∇Qn−1

V −∇Qn
V‖

2 + k‖dtQ
n
V‖

2
(5.160)

≤ 5kσ‖dtQ
n
V‖

2 + 2kµ

[

N
∑

j=n

k‖∆̃hV
j−1‖2‖∇Qn−1

V ‖2 + ‖∆̃hV
n+1‖2‖∇Qn

V‖
2

]
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+kC1 (σ, µ) ‖∇Vn+1‖2
[

‖∇Qn
V‖

2 + ‖Qn
V‖

2
]

+kC2 (σ, µ) ‖∇Vn−1‖2
[

‖∇Qn−1
V ‖2 + ‖Qn−1

V ‖2
]

+kC3 (σ) ‖Y
n‖2

C(Ω̄)‖∇Qn
Y ‖

2.

So, setting in (5.160) n = i, summing up over i = n, . . . , N and rearranging, we

realize

ν

2
‖∇Qn−1

V ‖2 +
N
∑

i=n

[ν

2
‖∇Qi−1

V −∇Qi
V‖

2 + k‖dtQ
i
V‖

2
]

(5.161)

≤ 5σ
N
∑

i=n

k‖dtQ
i
V‖

2 + 2µ

(

N
∑

i=n

k‖∆̃hV
i−1‖2

)

‖∇Qn−1
V ‖2

+kC1 (σ, µ) ‖∇Vn−1‖2
[

‖Qn−1
V ‖2 + ‖∇Qn−1

V ‖2
]

+2µ

N
∑

i=n

k
[

‖∆̃hV
i‖2 + ‖∆̃hV

i+1‖2
]

‖∇Qi
V‖

2

+C2 (σ, µ)

N
∑

i=n

k
[

‖∇Vi‖2 + ‖∇Vi+1‖2
] [

‖Qi
V‖

2 + ‖∇Qi
V‖

2
]

+C3 (σ)
N
∑

i=n

k‖Y i‖2
C(Ω̄)

‖∇Qi
Y ‖

2,

for all n = 1, . . . , N .

v) We sum (5.146), (5.157) and (5.161). Then, we onlude

1

2
‖Qn−1

V ‖2 +
ν

2
‖∇Qn−1

V ‖2 +
1

2

N
∑

i=n

[

‖Qi−1
V −Qi

V‖
2 + ν‖∇Qi−1

V −∇Qi
V‖

2
]

+
N
∑

i=n

k
[

‖dtQ
i
V‖

2 + ν‖∇Qi−1
V ‖2

]

+
γ

2
‖∇Qn−1

Y ‖2

+
γ

2

N
∑

i=n

‖∇Qn−1
Y −∇Qn

Y ‖
2 +

N
∑

i=n

k
[

ε2‖∇Qi−1
W ‖2 +

(

3
(

Y i
)2

Qi−1
W , Qi−1

W

)

h

]

≤

[

k C1 (σ, µ) ‖∇Vn−1‖2 + 2µ

N
∑

i=n

k‖∆̃hV
i−1‖2

]

‖∇Qn−1
V ‖2(5.162)

+k C2 (σ, µ) ‖∇Vn−1‖2‖Qn−1
V ‖2 + 3σ

N
∑

i=n

k‖∇Qi−1
V ‖2 + σ‖∇Qn−1

Y ‖2

+C3 (σ)
N
∑

i=n

k
[(

1 + ‖Y n−1‖2
C(Ω̄)

)

‖∇Vi+1‖4 + ‖Y i‖2
C(Ω̄)

+ ‖∇W i+1‖4L4

]

‖Qi
V‖

2

+C4 (σ, µ)

N
∑

i=n

k
[

‖∇Vi‖2 + ‖∇Vi+1‖2
] [

‖Qi
V‖

2 + ‖∇Qi
V‖

2
]
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+

N
∑

i=n

k
[

σ (1 + C5) + ‖Y i‖2
C(Ω̄) + ‖∇Y i‖2L4 + C6 (σ) ‖dtY

i‖2
]

‖∇Qi
V‖

2

+2µ

N
∑

i=n

k
[

‖∆̃hV
i‖2 + ‖∆̃hV

i+1‖2
]

‖∇Qi
V‖

2 + 6σ

N
∑

i=n

k‖dtQ
i
V‖

2

+C7 (σ)
N
∑

i=n

k
[

1 + ‖∇Vi‖2 +
(

1 + ‖Y n−1‖2
C(Ω̄)

)

‖Y i‖2
C(Ω̄)

+ ‖Y i−1‖2
C(Ω̄)

]

‖∇Qi
Y ‖

2

+σC8

N
∑

i=n

k‖∇Qi
Y ‖

2 + σ (5 + C9)

N
∑

i=n

k‖∇Qi−1
W ‖2 + C10 (σ)

N
∑

i=n

k‖Y i − yid,h‖
2.

Using the results of Lemmas 5.4, 5.5, 5.6, 5.7 5.8, 5.9 and 5.11, there exist σ̃, µ̃, kmax

suh that, in (5.162),

kmaxC1 (σ̃, µ̃) ‖∇Vn−1‖2 + 2µ̃

N
∑

i=n

kmax‖∆̃hV
i−1‖2 + 3σ̃kmax <

ν

2
,

kmaxC2 (σ̃, µ̃) ‖∇Vn−1‖2 <
1

2
,

σ̃ <
γ

2
,

6σ̃ < 1,

σ̃ (5 + C9) < ε2,

for all n = 1, . . . , N . Then, assuming σ = σ̃, µ = µ̃, k ≤ kmax, from (5.162), we

have

‖Qn−1
V ‖2 + ‖∇Qn−1

V ‖2 +
N
∑

i=n

[

‖Qi−1
V −Qi

V‖
2 + ‖∇Qi−1

V −∇Qi
V‖

2
]

(5.163)

+

N
∑

i=n

k
[

‖dtQ
i
V‖

2 + ‖∇Qi−1
V ‖2

]

+ ‖∇Qn−1
Y ‖2

+
N
∑

i=n

‖∇Qn−1
Y −∇Qn

Y ‖
2 +

N
∑

i=n

k
[

‖∇Qi−1
W ‖2 +

(

(

Y i
)2

Qi−1
W , Qi−1

W

)

h

]

≤ C1 (U)
N
∑

i=n

k
[(

1 + ‖Y n−1‖2
C(Ω̄)

)

‖∇Vi+1‖4 + ‖Y i‖2
C(Ω̄)

+ ‖∇W i+1‖4L4

]

‖Qi
V‖

2

+C2 (U)

N
∑

i=n

k
[

‖∇Vi‖2 + ‖∇Vi+1‖2
] [

‖Qi
V‖

2 + ‖∇Qi
V‖

2
]

+C3 (U)
N
∑

i=n

k
[

1 + ‖Y i‖2
C(Ω̄) + ‖∇Y i‖2L4 + ‖dtY

i‖2
]

‖∇Qi
V‖

2

+C4 (U)
N
∑

i=n

k
[

‖∆̃hV
i‖2 + ‖∆̃hV

i+1‖2
]

‖∇Qi
V‖

2

+C5 (U)

N
∑

i=n

k
[

1 + ‖∇Vi‖2 +
(

1 + ‖Y n−1‖2
C(Ω̄)

)

‖Y i‖2
C(Ω̄) + ‖Y i−1‖2

C(Ω̄)

]

‖∇Qi
Y ‖

2
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+C6 (U)

N
∑

i=n

k‖∇Qi
Y ‖

2 + C7 (U)

N
∑

i=n

k‖Y i − yid,h‖
2,

for all n = 1, . . . , N . Note that the onstants Ci (U) , i = 1, . . . , 7, depend just on

on ‖U‖L2(L2), data problem and onstant parameters, but they are independent of

h, k. So, taking into aount of the results of 5.4, 5.5, 5.6, 5.7 5.8, 5.9, 5.11 and

applying disrete Gronwall's inequality (see for example [73℄, Lemma 1.4.2) we get
(5.136), (5.137), (5.138). Then, from the Poinaré's-Wirtinger inequality (A.15),

we derive (5.140), (5.141) and (5.143). Next, by (5.151), we infer that (5.142)

holds. Finally, we have the estimate (5.139) for the disrete adjoint pressure using

the same proedure performed in the proof of lemma 3.5.

Lemma 5.19. Under the same hypothesis of lemma 5.18 and with k ≤ kmax, the

solution QY of (5.133)-(5.135) is suh that

N
∑

n=1

k‖∇QY ‖
2
Lp ≤ C (U) ,(5.164)

N
∑

n=1

k‖∇QY ‖
p

W 1,q ≤ C (U) ,(5.165)

N
∑

n=1

k‖∇QY ‖
p

C(Ω̄)
≤ C (U) ,(5.166)

for all 1 ≤ p < ∞, q > 2, where the onstant C (U) depends just on ‖U‖L2(L2), data

problem and onstant parameters, but it is independent of h, k.

Proof. Applying (A.39) to (5.142), we have (5.164). Then using (5.140) and an

interpolation argument (see [20℄, Theorem II.5.5), from

(5.167) ‖∇QY ,h,k‖L2(Lp) + ‖∇QY ,h,k‖L∞(L2) ≤ C (U) ,

we get (5.165). Finally, (5.166) is a onsequene of Sobolev embedding theorem.

Lemma 5.20. Under the same hypothesis of lemma 5.18 and with k ≤ kmax, the

solution (QY ,QW) of (5.133)-(5.135) is suh that

N
∑

n=1

k‖dtQ
n
Y ‖

2
h ≤ C (U) ,(5.168)

sup
n=1...,N

‖Qn−1
W ‖h ≤ C (U) ,(5.169)

N
∑

n=1

‖Qn−1
W −Qn

W‖2h ≤ C (U) ,(5.170)

N
∑

n=1

k‖∆̂hQ
n−1
W ‖2h ≤ C (U) ,(5.171)

N
∑

n=1

k‖∇Qn−1
W ‖2Lp ≤ C (U) ,(5.172)
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for all 1 ≤ p < ∞, where the onstant C (U) depends just on ‖U‖L2(L2), data

problem and onstant parameters, but it is independent of h, k.

Proof. We divide the proof in several steps.

i) With η = −dtQ
n
Y in the adjoint equation (5.134d), we have

k‖dtQ
n
Y ‖

2
h + kε2

(

∇Qn−1
W ,∇dtQ

n
Y

)

− k (Qn
W , dtQ

n
Y )h(5.173)

+k (∇Qn
Y ·Vn, dtQ

n
Y )− kρ

(

∇W n+1 ·Qn
V, dtQ

n
Y

)

+k
(

3 (Y n)2Qn−1
W , dtQ

n
Y

)

h
− k

(

Y n − ynd,h, dtQ
n
Y

)

= 0.

Using the adjoint equation (5.134g), we get

kε2
(

∇Qn−1
W ,∇dtQ

n
Y

)

= −k
ε2

γ

(

Qn−1
W , dtQ

n
W

)

h
− k

ε2ρ

γ

(

dt [Y
nQn

V] ,∇Qn−1
W

)

=
ε2

2γ
‖Qn−1

W ‖h −
ε2

2γ
‖Qn

W‖h +
ε2

2γ
‖Qn−1

W −Qn−1
W ‖h

−k
ε2ρ

γ

(

Y n−1, dtQ
n
V · ∇Qn−1

W

)

− k
ε2ρ

γ

(

dtY
n,Qn

V · ∇Qn−1
W

)

.(5.174)

So, substituting (5.174) in (5.173), we an write

k‖dtQ
n
Y ‖

2
h +

ε2

2γ
‖Qn−1

W ‖h −
ε2

2γ
‖Qn

W‖h +
ε2

2γ
‖Qn−1

W −Qn−1
W ‖h(5.175)

= Mn−1
1 + . . .+Mn−1

7 ,

where

Mn−1
1 = k

ε2ρ

γ

(

Y n−1, dtQ
n
V · ∇Qn−1

W

)

,

Mn−1
2 = k

ε2ρ

γ

(

dtY
n,Qn

V · ∇Qn−1
W

)

,

Mn−1
3 = kρ

(

∇W n+1 ·Qn
V, dtQ

n
Y

)

,

Mn−1
4 = −k (∇Qn

Y ·Vn, dtQ
n
Y ) ,

Mn−1
5 = +k (Qn

W , dtQ
n
Y )h ,

Mn−1
6 = −k

(

3 (Y n)2Qn−1
W , dtQ

n
Y

)

h
,

Mn−1
7 = k

(

Y n − ynd,h, dtQ
n
Y

)

.

Using the generalized Holder's inequality (A.14), Young's inequality (A.13), in-

equality (A.17), the Poiaré's-Wirtinger inequality (A.15) and the disrete interpo-

lation inequality (A.52), we derive

Mn−1
1 ≤ k

ε2ρ

γ
‖Y n−1‖C(Ω̄)‖dtQ

n
V‖‖∇Qn−1

W ‖

≤ kσ‖dtQ
n
V‖

2 + kC (σ) ‖Y n−1‖2
C(Ω̄)

‖Qn−1
W ‖2H0

,
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Mn−1
2 ≤ k

ε2ρ

γ
‖dtY

n‖‖Qn
V‖L4‖∇Qn−1

W ‖L4

≤ kσ‖∇Qn−1
W ‖2L4 + k C (σ) ‖dtY

n‖2‖Qn
V‖

2
L4

≤ kσC1‖∇Qn−1
W ‖

[

‖∇Qn−1
W ‖+ ‖∆̂hQ

n−1
W ‖

]

+ k C2 (σ) ‖Q
n
V‖

2
H1

0
‖dtY

n‖2

≤ kσC1‖Q
n−1
W ‖2H0

+ kσC2‖∆̂hQ
n−1
W ‖2 + k C3 (σ) ‖Q

n
V‖

2
H1

0
‖dtY

n‖2,

Mn−1
3 ≤ kρ‖∇W n+1‖L4‖Qn

V‖L4‖dtQ
n
Y ‖

≤ kσ‖dtQ
n
Y ‖

2
h + k C (σ) ‖Qn

V‖
2
H1

0
‖∇W n+1‖2L4 ,

Mn−1
4 ≤ k‖∇Qn

Y ‖L4‖Vn‖L4‖dtQ
n
Y ‖

≤ kσ‖dtQ
n
Y ‖

2
h + k C (σ) ‖Vn‖2H1

0
‖∇Qn

Y ‖
2
L4,

Mn−1
5 ≤ kσ‖dtQ

n
Y ‖

2
h + k C (σ) ‖Qn

W‖2H0
,

Mn−1
6 ≤ 3Ck‖Y n‖2

C(Ω̄)‖Q
n−1
W ‖‖dtQ

n
Y ‖h

≤ kσ‖dtQ
n
Y ‖

2
h + k C (σ) ‖Y n‖4

C(Ω̄)‖Q
n−1
W ‖2H0

,

Mn−1
7 ≤ kσ‖dtQ

n
Y ‖

2
h + k C (σ) ‖Y n − ynd,h‖

2.

Inserting the estimates of Mn−1
1 + . . .+Mn−1

7 in (5.175), we infer

k‖dtQ
n
Y ‖

2
h +

ε2

2γ
‖Qn−1

W ‖2h −
ε2

2γ
‖Qn

W‖2h +
ε2

2γ
‖Qn−1

W −Qn−1
W ‖2h(5.176)

≤ k C1 (σ)
[

‖Y n − ynd,h‖
2 + ‖dtQ

n
V‖

2 + ‖Qn
V‖

2
H1

0

(

‖dtY
n‖2 + ‖∇W n+1‖2L4

)

]

+k C2 (σ)
[

‖Vn‖2H1
0
‖∇Qn

Y ‖
2
L4 +

(

1 + ‖Y n−1‖2
C(Ω̄) + ‖Y n‖4

C(Ω̄)

)

‖Qn−1
W ‖2H0

]

+k C3 (σ) ‖Q
n
W‖2H0

+ kσC4‖∆̂hQ
n−1
W ‖2h + 5kσ‖dtQ

n
Y ‖

2
h.

ii) With η = ∆̂hQ
n−1
W in the adjoint equation (5.134d), by the de�nition (A.36) of

the disrete Laplaian, we realize

kε2‖∆̂hQ
n−1
W ‖2h = Nn−1

1 +Nn−1
2 +Nn−1

3 +Nn−1
4 +Nn−1

5 +Nn−1
6 ,(5.177)

where

Nn−1
1 = −k

(

dtQ
n
Y , ∆̂hQ

n−1
W

)

h
,

Nn−1
2 = −k

(

Qn
W , ∆̂hQ

n−1
W

)

h
,

Nn−1
3 = k

(

∇Qn
Y ·Vn, ∆̂hQ

n−1
W

)

,

Nn−1
4 = −kρ

(

∇W n+1 ·Qn
V, ∆̂hQ

n−1
W

)

,



150 5. Optimal Control of the Disrete Cahn-Hilliard-Navier-Stokes System

Nn−1
5 = k

(

3 (Y n)2Qn−1
W , ∆̂hQ

n−1
W

)

h
,

Nn−1
6 = −k

(

Y n − ynd,h, ∆̂hQ
n−1
W

)

.

Using generalized Holder's inequality (A.14), Young's inequality (A.13), the equi-

valene (A.30) between the h−norm and the L2−norm and the inequality (A.17),

we onlude

Nn−1
1 ≤ k‖dtQ

n
Y ‖h‖∆̂hQ

n−1
W ‖h ≤ kσ‖∆̂hQ

n−1
W ‖2h + k C (σ) ‖dtQ

n
Y ‖

2
h,

Nn−1
2 ≤ k‖Qn

W‖h‖∆̂hQ
n−1
W ‖h ≤ kσ‖∆̂hQ

n−1
W ‖2h + k C (σ) ‖Qn

W‖2H0
,

Nn−1
3 ≤ k C‖∇Qn

Y ‖L4‖Vn‖L4‖∆̂hQ
n−1
W ‖h

≤ kσ‖∆̂hQ
n−1
W ‖2h + k C (σ) ‖Vn‖2

H1
0
‖∇Qn

Y ‖
2
L4,

Nn−1
4 ≤ kρ‖∇W n+1‖L4‖Qn

V‖L4‖∆̂hQ
n−1
W ‖

≤ kσ‖∆̂hQ
n−1
W ‖2h + k C (σ) ‖Qn

V‖
2
H1

0
‖∇W n+1‖2L4 ,

Nn−1
5 ≤ 3 C k‖Y n‖2

C(Ω̄)‖Q
n−1
W ‖‖∆̂hQ

n−1
W ‖h

≤ kσ‖∆̂hQ
n−1
W ‖2h + k C (σ) ‖Y n‖4

C(Ω̄)‖Q
n−1
W ‖2H0

,

Nn−1
6 ≤ k C‖Y n − ynd,h‖‖∆̂hQ

n−1
W ‖h

≤ kσ‖∆̂hQ
n−1
W ‖2h + k C (σ) ‖Y n − ynd,h‖

2.

Inserting the estimates of Nn−1
1 + . . .+Nn−1

6 in (5.177), we have

kε2‖∆̂hQ
n−1
W ‖2h ≤ 6kσ‖∆̂hQ

n−1
W ‖2h(5.178)

+k C1 (σ)
[

‖dtQ
n
Y ‖

2
h + ‖Qn

W‖2H0
+ ‖Vn‖2

H1
0
‖∇Qn

Y ‖
2
L4

]

+k C2 (σ)
[

‖Qn
V‖

2
H1

0
‖∇W n+1‖2L4 + ‖Y n‖4

C(Ω̄)‖Q
n−1
W ‖2H0

+ ‖Y n − ynd,h‖
2
]

.

Thus, with σ small enough, from (5.178), we get

k‖∆̂hQ
n−1
W ‖2h ≤ k C1

[

‖dtQ
n
Y ‖

2
h + ‖Qn

W‖2H0
+ ‖Vn‖2

H1
0
‖∇Qn

Y ‖
2
L4

]

(5.179)

+k C2

[

‖Qn
V‖

2
H1

0
‖∇W n+1‖2L4 + ‖Y n‖4

C(Ω̄)
‖Qn−1

W ‖2H0
+ ‖Y n − ynd,h‖

2
]

.

Setting in (5.179) n = i, summing up over i = n, . . . , N , with 1 ≤ n ≤ N , we an

write

N
∑

i=n

k‖∆̂hQ
i−1
W ‖2h ≤ C1

N
∑

i=n

k
[

‖dtQ
i
Y ‖

2
h + ‖Qi

W‖2H0
+ ‖Vi‖2

H1
0
‖∇Qi

Y ‖
2
L4

]

(5.180)
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+C2

N
∑

i=n

[

‖Qi
V‖

2
H1

0
‖∇W i+1‖2L4 + ‖Y i‖4

C(Ω̄)‖Q
i−1
W ‖2H0

+ ‖Y i − yid,h‖
2
]

.

iii) Substituting the estimate (5.179) in (5.176) we derive

k‖dtQ
n
Y ‖

2
h +

ε2

2γ
‖Qn−1

W ‖2h −
ε2

2γ
‖Qn

W‖2h +
ε2

2γ
‖Qn−1

W −Qn−1
W ‖2h

≤ k C1 (σ)
[

‖Y n − ynd,h‖
2 + ‖dtQ

n
V‖

2 + ‖Qn
V‖

2
H1

0

(

‖dtY
n‖2 + ‖∇W n+1‖2L4

)

]

+k C2 (σ)
[

‖Vn‖2
H1

0
‖∇Qn

Y ‖
2
L4 +

(

1 + ‖Y n−1‖2
C(Ω̄) + ‖Y n‖4

C(Ω̄)

)

‖Qn−1
W ‖2H0

]

+k C3 (σ) ‖Q
n
W‖2H0

+ k C4 σ‖dtQ
n
Y ‖

2
h.

whih implies, with σ small enough,

k‖dtQ
n
Y ‖

2
h + ‖Qn−1

W ‖2h − ‖Qn
W‖2h + ‖Qn−1

W −Qn−1
W ‖2h ≤ k C1‖Q

n
W‖2H0

(5.181)

+k C2

[

‖Y n − ynd,h‖
2 + ‖dtQ

n
V‖

2 + ‖Qn
V‖

2
H1

0

(

‖dtY
n‖2 + ‖∇W n+1‖2L4

)

]

+k C3

[

‖Vn‖2
H1

0
‖∇Qn

Y ‖
2
L4 +

(

1 + ‖Y n−1‖2
C(Ω̄) + ‖Y n‖4

C(Ω̄)

)

‖Qn−1
W ‖2H0

]

.

Setting in (5.181) n = i, summing up over i = n, . . . , N , with 1 ≤ n ≤ N , we infer

‖Qn−1
W ‖2h +

N
∑

i=n

k
[

‖dtQ
n
Y ‖

2
h + ‖Qn−1

W −Qn−1
W ‖2h

]

≤ C1

N
∑

i=n

k‖Qi
W‖2H0

(5.182)

+C2

N
∑

i=n

k
[

‖Y i − yid,h‖
2 + ‖dtQ

i
V‖

2 + ‖Qi
V‖

2
H1

0

(

‖dtY
i‖2 + ‖∇W i+1‖2L4

)

]

+C3

N
∑

i=n

k
[

‖Vi‖2H1
0
‖∇Qi

Y ‖
2
L4 +

(

1 + ‖Y i−1‖2
C(Ω̄) + ‖Y i‖4

C(Ω̄)

)

‖Qi−1
W ‖2H0

]

,

for all n = 1, . . . , N . From lemma assumption and the results established in Lem-

mas 5.4, 5.5, 5.6, 5.7 5.8, 5.9, 5.11, 5.19 and Theorem 5.18, we observe that all term

at r.h.s. in (5.182) are bounded by a onstant where the onstant C (U) depends
just on ‖U‖L2(L2). Hene, (5.168), (5.169) and (5.170) hold. Then, by (5.180), we

note that also the result (5.171) is satis�ed. Finally, using Theorem 6.4 in [41℄, we

have the result (5.172).

Lemma 5.21. Under the same hypothesis of lemma 5.18 and with k ≤ kmax, the

solution QY of (5.133)-(5.135) is suh that

sup
n=1...,N

‖∆̂hQ
n−1
Y ‖h ≤ C (U) ,(5.183)

sup
n=1...,N

‖∇Qn−1
Y ‖Lp ≤ C (U) ,(5.184)

sup
n=1...,N

‖Qn−1
Y ‖W 1,4 ≤ C (U) .(5.185)

sup
n=1...,N

‖Qn−1
Y ‖C(Ω̄) ≤ C (U) ,(5.186)

for all 1 ≤ p < ∞, where the onstant C (U) depends just on ‖U‖L2(L2), data

problem and onstant parameters, but it is independent of h, k.
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Proof. With θ = −∆̂hQ
n−1
Y in the disrete adjoint equation (5.134g), using the

de�nition (A.36) of the disrete Laplaian and integrating by parts in spae, we

have

γ‖∆̂hQ
n−1
Y ‖2h = On−1

1 +On−1
2 +On−1

3 ,(5.187)

where

On−1
1 =

(

Qn−1
W , ∆̂hQ

n−1
Y

)

h
,

On−1
2 = −ρ

(

∇Y n−1 ·Qn−1
V , ∆̂hQ

n−1
Y

)

,

On−1
3 = −ρ

(

Y n−1
[

∇ ·Qn−1
V

]

, ∆̂hQ
n−1
Y

)

.

By the generalized Holder's inequality (A.14), Young's inequality (A.13), inequality

(A.17)

On−1
1 ≤ ‖Qn−1

W ‖h‖∆̂hQ
n−1
Y ‖h ≤ σ‖∆̂hQ

n−1
Y ‖2h + C (σ) ‖Qn−1

W ‖2h,

On−1
2 ≤ ρ C‖∇Y n−1‖L4‖Qn−1

V ‖L4‖∆̂hQ
n−1
Y ‖h

≤ σ‖∆̂hQ
n−1
Y ‖2h + C (σ) ‖∇Y n−1‖2L4‖Qn−1

V ‖2
H1

0
,

On−1
3 ≤ ρ‖Y n−1‖C(Ω̄)‖∇ ·Qn−1

V ‖‖∆̂hQ
n−1
Y ‖h

≤ σ‖∆̂hQ
n−1
Y ‖2h + C (σ) ‖Y n−1‖2

C(Ω̄)
‖Qn−1

V ‖2
H1

0
.

Hene, inserting the estimates of On−1
1 , On−1

2 , On−1
3 in (5.187), we get

γ‖∆̂hQ
n−1
Y ‖2h ≤ 3σ‖∆̂hQ

n−1
Y ‖2h

+C (σ)
[

‖Qn−1
W ‖2h +

(

‖∇Y n−1‖2L4 + ‖Y n−1‖2
C(Ω̄)

)

‖Qn−1
V ‖2

H1
0

]

.

whih implies, with σ small enough,

‖∆̂hQ
n−1
Y ‖2h ≤ C

[

‖Qn−1
W ‖2h +

(

‖∇Y n−1‖2L4 + ‖Y n−1‖2
C(Ω̄)

)

‖Qn−1
V ‖2

H1
0

]

,(5.188)

for all n = 1, . . . , N . From (5.188), applying the results (5.59), (5.60), (5.136),

(5.169) established in the previous lemmas and theorems, we derive that (5.183)

holds. Then, inequality (A.39) implies (5.184). Finally, using the embedding

W 1,4 →֒ C
(

Ω̄
)

and the interpolation inequality (A.51), we an write

‖Qn−1
Y ‖4

C(Ω̄)
≤ C‖Qn−1

Y ‖4W 1,4 = C
[

‖Qn−1
Y ‖4L4 + ‖∇Qn−1

Y ‖4L4

]

≤ C
[

‖Qn−1
Y ‖4H0

+ ‖∆̂hQ
n−1
Y ‖4h

]

.

Hene, using (5.140) established in Theorem 5.18 and (5.183) above, we infer that

(5.185), (5.186) are satis�ed.
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Lemma 5.22. Under the same hypothesis of lemma 5.18 and with k ≤ kmax, the

solution QV of (5.133)-(5.135) is suh that

N
∑

n=1

k‖∆̃hQ
n−1
V ‖2 ≤ C (U) ,(5.189)

where the onstant C (U) depends just on ‖U‖L2(L2), data problem and onstant

parameters, but it is independent of h, k.

Proof. With ψ = AhQn−1
V in (5.134a), we have

kν
(

∇Qn−1
V ,∇AhQn−1

V

)

= k
(

dtQ
n
V,A

hQn−1
V

)

(5.190)

−kB
(

AhQn−1
V ,Vn+1,Qn

V

)

− kB
(

Vn−1,AhQn−1
V ,Qn−1

V

)

+ k
(

Y n∇Qn
Y ,A

hQn−1
V

)

,

where the disrete Stokes operator Ah
is de�ned in (A.40).

In (5.190), using the properties of Ah
, it holds

kν
(

∇Qn−1
V ,∇AhQn−1

V

)

= kν
(

∇Qn−1
V ,−∇Th∆̃hQ

n−1
V

)

(5.191)

= kν
(

∆̃hQ
n−1
V ,Th∆̃hQ

n−1
V

)

= kν
(

Th∆̃hQ
n−1
V ,Th∆̃hQ

n−1
V

)

= kν‖AhQn−1
V ‖2.

Substituting (5.191) in (5.190), we get

kν‖AhQn−1
V ‖2 = P n−1

1 + P n−1
2 + P n−1

3 + P n−1
4 ,(5.192)

where

P n−1
1 = k

(

dtQ
n
V,A

hQn−1
V

)

,

P n−1
2 = −kB

(

AhQn−1
V ,Vn+1,Qn

V

)

,

P n−1
3 = −kB

(

Vn−1,AhQn−1
V ,Qn−1

V

)

,

P n−1
4 = k

(

Y n∇Qn
Y ,A

hQn−1
V

)

.

Using the generalized Holder's inequality (A.14), Young's inequality(A.13), the

embedding W1,4 →֒ C
(

Ω̄
)

, disrete embedding inequality (A.54) and inequality

(A.17), we an write

P n−1
1 ≤ k‖dtQ

n
V‖‖A

hQn−1
V ‖

≤ kσ‖AhQn−1
V ‖2 + kC (σ) ‖dtQ

n
V‖

2,

P n−1
2 = −

k

2

([

AhQn−1
V · ∇

]

Vn+1,Qn
V

)

+
k

2

([

AhQn−1
V · ∇

]

Qn
V,V

n+1
)

≤
k

2
‖AhQn−1

V ‖‖∇Vn+1‖L4‖Qn
V‖L4 +

k

2
‖AhQn−1

V ‖‖∇Qn
V‖‖V

n+1‖
C(Ω̄)

≤ kC1‖A
hQn−1

V ‖‖∆̃hV
n+1‖

1
2‖∇Vn+1‖

1
2‖Qn

V‖H1
0
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+ kC2‖A
hQn−1

V ‖‖Qn
V‖H1

0

[

‖Vn+1‖4L4 + ‖∇Vn+1‖4L4

]
1
4

≤ kσ‖AhQn−1
V ‖2 + kC1 (σ) ‖Q

n
V‖

2
H1

0
‖∆̃hV

n+1‖‖∇Vn+1‖

+ kσ‖AhQn−1
V ‖2 + kC2 (σ) ‖Q

n
V‖

2
H1

0

[

‖Vn+1‖4L4 + ‖∇Vn+1‖4L4

]
1
2

≤ 2kσ‖AhQn−1
V ‖2 + kC1 (σ) ‖Q

n
V‖

2
H1

0

[

‖∆̃hV
n+1‖2 + ‖Vn+1‖2

H1
0

]

+ kC2 (σ) ‖Q
n
V‖

2
H1

0

[

‖Vn+1‖2L4 + ‖∇Vn+1‖2L4

]

≤ 2kσ‖AhQn−1
V ‖2 + kC1 (σ) ‖Q

n
V‖

2
H1

0

[

‖∆̃hV
n+1‖2 + ‖Vn+1‖2H1

0

]

+ kC2 (σ) ‖Q
n
V‖

2
H1

0
‖∆̃hV

n+1‖‖∇Vn+1‖

≤ 2kσ‖AhQn−1
V ‖2 + kC (σ) ‖Qn

V‖
2
H1

0

[

‖∆̃hV
n+1‖2 + ‖Vn+1‖2H1

0

]

,

P n−1
3 ≤ −

k

2

([

Vn−1 · ∇
]

AhQn−1
V ,Qn−1

V

)

+
k

2

([

Vn−1 · ∇
]

Qn−1
V ,AhQn−1

V

)

= k
([

Vn−1 · ∇
]

Qn−1
V ,AhQn−1

V

)

+
k

2

(

∇ ·Vn−1,AhQn−1
V ·Qn−1

V

)

≤ k‖Vn−1‖
C(Ω̄)‖∇Qn−1

V ‖‖AhQn−1
V ‖+

k

2
‖∇ ·Vn−1‖L4‖AhQn−1

V ‖‖Qn−1
V ‖L4

≤ 2kσ‖AhQn−1
V ‖2 + kC (σ) ‖Qn−1

V ‖2
H1

0

[

‖∆̃hV
n−1‖2 + ‖Vn−1‖2

H1
0

]

,

P n−1
4 ≤ k‖Y n‖C(Ω̄)‖∇Qn

Y ‖‖A
hQn−1

V ‖

≤ kσ‖AhQn−1
V ‖2 + kC (σ) ‖Y n‖2

C(Ω̄)‖Q
n
Y ‖

2
H0
.

Inserting the estimates of P n−1
1 , . . . , P n−1

4 in (5.192), we derive

kν‖AhQn−1
V ‖2 ≤ 6kσ‖AhQn−1

V ‖2 + k C1 (σ) ‖dtQ
n
V‖

2
(5.193)

+ k C2 (σ) ‖Q
n
V‖

2
H1

0

[

‖∆̃hV
n+1‖2 + ‖Vn+1‖2

H1
0

]

+ k C3 (σ) ‖Q
n−1
V ‖2H1

0

[

‖∆̃hV
n−1‖2 + ‖Vn−1‖2H1

0

]

+ k C4 (σ) ‖Y
n‖2

C(Ω̄)‖Q
n
Y ‖

2
H0
,

whih implies, with σ small enough,

k‖AhQn−1
V ‖2 ≤ k C1‖dtQ

n
V‖

2 + k C2‖Q
n
V‖

2
H1

0

[

‖∆̃hV
n+1‖2 + ‖Vn+1‖2H1

0

]

(5.194)

+k C3‖Q
n−1
V ‖2

H1
0

[

‖∆̃hV
n−1‖2 + ‖Vn−1‖2

H1
0

]

+ k C4‖Y
n‖2

C(Ω̄)‖Q
n
Y ‖

2
H0
.

Summing up over n = 1, . . . , N in (5.194), we infer

N
∑

n=1

k‖AhQn−1
V ‖2 ≤ C1

N
∑

n=1

k‖dtQ
n
V‖

2 + C2

N
∑

n=1

k‖Qn
V‖

2
H1

0

[

‖∆̃hV
n+1‖2 + ‖Vn+1‖2H1

0

]

(5.195)
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+C3

N
∑

n

k‖Qn−1
V ‖2H1

0

[

‖∆̃hV
n−1‖2 + ‖Vn−1‖2H1

0

]

+ C4

N
∑

n=1

k‖Y n‖2
C(Ω̄)‖Q

n
Y ‖

2
H0
.

Then, from the results established in the previous lemmas, theorems and orollaries,

we realize that

N
∑

n=1

k‖AhQn−1
V ‖2 ≤ C (U) .

So, see [6℄, from the following inequality

C‖∆̃hV‖ ≤ ‖AhV‖ ≤ ‖∆̃hV‖,

whih is valid for all V ∈ Vh, we onlude that the result (5.189) holds.

5.5. Convergene of the Solutions of the Disrete

Optimal Control Problem

In this setion we study, as h, k → 0, the onvergene of the solution of the op-

timality onditions (5.133)-(5.135) of the disrete optimal ontrol problem 5.1, to

the solution of the optimality onditions (4.22)-(4.24) of the ontinuous optimal

ontrol Problem 4.1.

Regarding the initial onditions v0,h, y0,h and the desired state ynd,h, n = 1, . . . , N ,

in the disrete non-smooth optimal ontrol Problem 5.1, given

v0 ∈ D ∩H2, y0 ∈ H0 ∩H2 ∩ K, yd ∈ C
(

[0, T ] ;L2
0

)

,

we assume

(5.196) v0,h = Qh
sv0, y0,h = Qhy0, ynd,h = Qh

0 yd (tn) ,

where the projetion operator Qh
s , Q

h, Qh
0 , are de�ned, respetively, in (A.48),

(A.41), (A.43). In this way, we an suppose that there exists a onstant C̃, suh
that

(5.197) E (v0,h, y0,h) + ‖v0,h‖H1
0
+ ‖∆̃hv0,h‖+ ‖∆̂hy0,h‖h +

N
∑

n=1

k‖ynd,h‖
2 ≤ C̃,

independently of h, k. With this assumptions, from the results established in the

previous setions, any solution of the disrete optimality onditions (5.133)-(5.135)

(V,P,Y ,W,U ,QV ,QP ,QY ,QW) ,

is suh that

sup
n,m,i,j=1,...,N

[

‖Vn‖H1
0
+ ‖Y m‖H0

+ ‖∆hY
i‖2 + ‖W j‖

]

≤ C (U) ,(5.198)
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sup
n=1,...,N

∥

∥

∥

n
∑

i=1

k P i
∥

∥

∥
≤ C (U) ,(5.199)

N
∑

n=1

k

[

‖dtV
n‖2 +

1

k
‖Vn −Vn−1‖2

H1
0
+ ‖∆̃hV

n‖2
]

+(5.200)

+
N
∑

n=1

k

[

‖dtY
n‖2 +

1

k

∥

∥Y n − Y n−1
∥

∥

2

H0
+ ‖W n‖2H1 +

1

k
‖W n −W n+1‖2

]

≤ C (U) ,

sup
n,m,i,j=1,...,N

[

‖Qn−1
V ‖H1

0
+ ‖Qm−1

Y ‖H0
+ ‖∆hQ

i−1
Y ‖2 + ‖Qj−1

W ‖
]

≤ C (U) ,(5.201)

sup
i=1,...,n

∥

∥

∥

n
∑

i=1

k Qi−1
P

∥

∥

∥
≤ C (U) ,(5.202)

N
∑

n=1

k

[

‖dtQ
n
V‖

2 +
1

k
‖Qn−1

V −Qn
V‖

2
H1

0
+ ‖∆̃hQ

n−1
V ‖2

]

+(5.203)

+
n
∑

n=1

k

[

‖dtQ
n
Y ‖

2 +
1

k
‖Qn−1

Y −Qn
Y ‖

2
H0

]

+

+

N
∑

n=1

k

[

‖Qn−1
W ‖2H0

+
1

k
‖Qn−1

W −Qn
W‖2 + ‖∆hQ

n−1
W ‖2

]

≤ C (U) ,

for all h, k ≤ kmax, where the onstant C (U) depends just on ‖U‖L2(L2), data

problem and onstant parameters, but it is independent of h, k.

Remark 5.23. In the following theorems onsider sequenes of the disretization

parameters

{hn}n∈N and {km}m∈N ⊂ (0, kmax) ,

suh that

hn → 0+, km → 0+,

as n,m → +∞. In this way, the estimates (5.198)-(5.203) are satis�ed for all

hn, km. In order to make the reading more �uent, we skip the indies n,m and we

simply write

(5.204) h, k → 0.

Even in the ase of extrated subsequenes, we use the notation (5.204), without

relabelling.

Theorem 5.24. Consider a sequene h, k → 0 and let

{(Vh,k,Ph,k,Yh,k,Wh,k,Uh,k)}h,k ,



5.5. Convergene of the Solutions of the Disrete Optimal Control Problem 157

be a orresponding sequene of the time interpolation of the solutions of the disrete

optimal ontrol Problem 5.1. Then, there exist funtions

v ∈ H1
(

L2
)

∩ L∞
(

H1
0

)

,

∫ t

0

p (s) ds ∈ L∞
(

L2
0

)

y ∈ H1
(

L2
)

∩ L∞ (H0) , w ∈ L2
(

H1
)

∩ L∞
(

L2
)

, u ∈ L2
(

L2
)

and a subsequene (not relabeled), suh that,

V•
h,k ⇀ v, in H1

(

L2
)

,(5.205)

V
•,±
h,k

∗
⇀ v, in L∞

(

H1
0

)

,(5.206)

V
•,±
h,k → v, in L2

(

H1
0

)

,(5.207)

∫ t

0

P+
h,k (s) ds

∗
⇀

∫ t

0

p (s) ds, in L∞
(

L2
0

)

,(5.208)

Y•
h,k ⇀ y, in H1

(

L2
)

,(5.209)

Y•,±
h,k

∗
⇀ y, in L∞ (H0) ,(5.210)

Y•,±
h,k → y, in L2 (H0) ,(5.211)

W+
h,k ⇀ w, in L2

(

H1
)

,(5.212)

W+
h,k

∗
⇀ w, in L∞

(

L2
)

,(5.213)

U
+
h,k ⇀ u, in L2

(

L2
)

.(5.214)

Proof. We onsider a funtion Ū ∈ L2 (L2). Then, by the de�nition (5.4) of the

ost funtional Jh,k : Xh,k × L2 (L2) → R, the assumption (5.197), the estimate

(5.198), we have, for all h, k,
(5.215)

α

2
‖Uh,k‖

2
L2(L2) ≤ Jh,k (sh,k (Uh,k) ,Uh,k) ≤ Jh,k

(

sh,k
(

Ū
)

, Ū
)

≤ C
(

Ū
)

+
α

2
‖Ū‖2L2(L2),

where the map sh,k : L
2 (L2) → Xh,k is the state equations solution operator de�ned

in (5.12) and

(sh,k (Uh,k) ,Uh,k) = (Xh,k,Uh,k) = (Vh,k,Ph,k,Yh,k,Wh,k,Uh,k) ,

is a solution of the optimal ontrol Problem 5.1. Using (5.215) above, we realize

that the sequene {Uh,k}h,k is bounded by a onstant whih is independent of h, k.
So, using the estimates (5.198)-(5.200), there exists a onvergent subsequene suh

that the limits (5.214), (5.205), (5.206), (5.208)-(5.210), (5.212) and (5.213) hold.

Furthermore, by the estimates (5.198), (5.200), we have

‖V•
h,k‖H1(L2) + ‖V•

h,k‖L∞(H1
0)

+ ‖∆̃hV
•
h,k‖L2(L2)

+‖Y•
h,k‖H1(L2) + ‖Y•

h,k‖L∞(H0) + ‖∆hY
•
h,k‖L2(L2) ≤ C,

uniformly in h, k. So, using the results established in [13℄ (Lemma 2.4) or [83℄

(Lemma 4.9), we derive the strong onvergene statements (5.207) and (5.211).

It remains to prove that V
•,±
h,k and Y•,±

h,k onverge, respetively, to the same limit. It

an be done as in the proof of Theorem 3.23 and we skip this part of the proof.
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Theorem 5.25. Consider a sequene h, k → 0 and let

{(Vh,k,Ph,k,Yh,k,Wh,k,Uh,k,QV ,h,k,QP,h,k,QY ,h,k,QW ,h,k)}h,k ,

be a orresponding sequene of the time interpolation of the solutions of the opti-

mality onditions (5.133)-(5.135), where in partiular

{(Vh,k,Ph,k,Yh,k,Wh,k,Uh,k)}h,k ,

is a sequene of solutions of the disrete optimal ontrol Problem 5.1. Then, there

exist funtions

qv ∈ H1
(

L2
)

∩ L∞
(

H1
0

)

,

∫ t

0

qp (s) ds ∈ L∞
(

L2
0

)

qy ∈ H1
(

L2
)

∩ L∞ (H0) , qw ∈ L2 (H0) ∩ L∞
(

L2
)

,

and a subsequene (not relabeled) suh that,

Q
•
V ,h,k ⇀ qv, in H1

(

L2
)

,(5.216)

Q
•,±
V ,h,k

∗
⇀ qv, in L∞ (D) ,(5.217)

Q
•,±
V ,h,k → qv, in L2 (D) ,(5.218)

∫ t

0

Q+
P,h,k (s) ds

∗
⇀

∫ t

0

qp (s) ds, in L∞
(

L2
0

)

,(5.219)

Q•
Y ,h,k ⇀ qy, in H1

(

L2
)

,(5.220)

Q•,±
Y ,h,k

∗
⇀ qy, in L∞ (H0) ,(5.221)

Q•,±
Y ,h,k → qy, in L2 (H0) ,(5.222)

Q•,±
W ,h,k

∗
⇀ qw, in L∞

(

L2
)

,(5.223)

Q•,±
W ,h,k ⇀ qw, in L2 (H0) .(5.224)

Proof. From (5.214) established in Theorem 5.24 and by the estimates (5.201) and

(5.203), we have the results (5.216),(5.217), (5.219)-(5.221), (5.223) and (5.224).

Moreover, from (5.201), (5.203), we get

‖Q•
V ,h,k‖H1(L2) + ‖Q•

V ,h,k‖L∞(H1
0)

+ ‖∆̃hQ
•
V ,h,k‖L2(L2)

+‖Q•
Y ,h,k‖H1(L2) + ‖Q•

Y ,h,k‖L∞(H0) + ‖∆hQ
•
Y ,h,k‖L2(L2) ≤ C.

Then, by the results in [13℄ (Lemma 2.4) or [83℄ (Lemma 4.9), we derive the strong
onvergene statements (5.218) and (5.222). Finally, as in the proof of Theorem

3.23, by (5.201), (5.203), we an show that Q
•,±
V ,h,k,Q

•,±
Y ,h,k,Q

•,±
W ,h,k onverge, respe-

tively, to the same limit.

In the next Theorem 5.26, we derive regularity properties for the funtions

v, y, w, u, qv, qy, qw,

onsidered in the previous Theorems 3.23, 3.24. Moreover, we show that these

funtions are solution of the optimality onditions (4.22)-(4.24) of the ontinuous

optimal ontrol Problem 4.1.
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Theorem 5.26. The funtions

v, y, w, u, qv, qy, qw,

onsidered in Theorems 5.24, 5.25 are suh that

v ∈ H1 (S) ∩ L∞ (D) ,(5.225)

y ∈ H1
(

L2
0

)

∩ L∞ (H0) ,(5.226)

w ∈ L2
(

H1
)

∩ L∞
(

L2
)

,(5.227)

u ∈ H1 (S) ∩ L∞ (D) ,(5.228)

qv ∈ H1 (S) ∩ L∞ (D) ,(5.229)

qy ∈ H1
(

L2
0

)

∩ L∞ (H0) ,(5.230)

qw ∈ L2 (H0) ∩ L∞
(

L2
)

,(5.231)

and they satisfy the optimality onditions (4.22)-(4.24) of the ontinuous optimal

ontrol Problem 4.1. Furthermore, it holds

(5.232) ‖qvt‖L2(S) + ‖qv‖L∞(D) + ‖qyt‖L2(L2
0)
+ ‖qy‖L∞(H0) + ‖qw‖L2(H0) ≤ C (u) ,

where the onstant C (u) depends just on ‖u‖L2(L2), data problem and onstant

parameters.

Proof. We divide the proof in several steps.

i) Results (5.225), (4.22a), (4.22b).

From the disrete state equations (5.133a)-(5.133), we have that

∫ T

0

[(

(Vh,k)t ,ψh

)

+ ν
(

∇V
+
h,k,∇ψh

)

+B
(

V
−
h,k,V

+
h,k,ψh

)

(5.233)

+ ρ
(

Y−
h,k,∇W+

h,k ·ψh

)

−
(

U+
h,k,ψh

)]

dt = 0,

Vh,k(0) = Qh
sv0,(5.234)

∫ T

0

(

∇ ·V+
h,k, φh

)

dt = 0,(5.235)

for all ψh ∈ C∞
c ((0, T ) ;Dh), φh ∈ C∞

c ((0, T ) ;Ph) Given ψ ∈ C∞
c ((0, T ) ;D),

φ ∈ C∞
c ((0, T ) ;L2

0), we set in (5.233) ψ = Qh
sψ and φh = Qh

0φ. From the property

(A.49) of the Stokes projetion operator Qh
s and the relation (A.44) valid for the

projetion operator Qh
0 , we note that

‖ψh −ψ‖
2
L2(H1

0)
=

∫ T

0

‖ψh −ψ‖
2
H1

0
dt ≤ C h2

∫ T

0

‖ψ‖2H2 dt → 0,(5.236)

‖φ− φh‖L2(L2
0)

=

∫ T

0

‖φ− φh‖L2
0
dt → 0,(5.237)

as h → 0. Using the results of Theorem 5.24 and (5.236) above, we get

∫ T

0

(

(Vh,k)t ,ψh

)

dt →

∫ T

0

(vt,ψ) dt,(5.238)
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∫ T

0

(

∇V+
h,k,∇ψh

)

dt →

∫ T

0

(∇v,∇ψ) dt(5.239)

∫ T

0

(

U+
h,k,ψh

)

dt →

∫ T

0

(u,ψ) dt,(5.240)

as h → 0. From the de�nition of the disrete trilinear form B (·, ·, ·), we an write

∫ T

0

B
(

V−
h,k,V

+
h,k,ψh

)

dt = Q1 +Q2,(5.241)

where

Q1 =
1

2

∫ T

0

([

V−
h,k · ∇

]

V+
h,k,ψh

)

dt,

Q2 = −
1

2

∫ T

0

([

V−
h,k · ∇

]

ψh,V
+
h,k

)

dt,

whih are suh that

Q1 =
1

2

∫ T

0

([(

V
−
h,k − v

)

· ∇
]

V
+
h,k,ψh

)

dt+
1

2

∫ T

0

(

[v · ∇]
(

V
+
h,k − v

)

,ψh

)

dt

+
1

2

∫ T

0

([v · ∇]v,ψh −ψ) dt+
1

2

∫ T

0

b (v,v,ψ) dt

= Q11 +Q12 +Q13 +Q14,

Q2 =
1

2

∫ T

0

([(

V−
h,k − v

)

· ∇
]

ψh,V
+
h,k

)

dt+
1

2

∫ T

0

(

[v · ∇] (ψh −ψ) ,V
+
h,k

)

dt

+
1

2

∫ T

0

(

[v · ∇]ψ,V+
h,k − v

)

dt+
1

2

∫ T

0

b (v,ψ,v) dt

= Q21 +Q22 +Q23 +Q24.

where b (·, ·, ·, ) is the trilinear form de�ned in (4.12). Using the generalized Holder's

inequality (A.14), Young's inequality (A.13), inequality (A.17), the results of The-

orem 5.24 and (5.236) above, we derive

|Q11| ≤
1

2

∫ T

0

‖V−
h,k − v‖L4‖∇V+

h,k‖‖ψh‖L4 dt

≤ C

∫ T

0

‖V−
h,k − v‖D‖V

+
h,k‖H1

0
‖ψh‖H1

0
dt

≤ C‖V+
h,k‖L∞(H1

0)

∫ T

0

‖V−
h,k − v‖H1

0
‖ψh‖H1

0
dt

≤ C‖V+
h,k‖L∞(H1

0)
‖V−

h,k − v‖
L2(H1

0)
‖ψh‖L2(H1

0)
→ 0,

|Q12| ≤
1

2

∫ T

0

‖v‖L4‖∇V+
h,k −∇v‖‖ψh‖L4 dt
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≤ C

∫ T

0

‖v‖H1
0
‖V+

h,k − v‖H1
0
‖ψh‖H1

0
dt

≤ C‖v‖
L∞(H1

0)

∫ T

0

‖V+
h,k − v‖H1

0
‖ψh‖H1

0
dt

≤ C‖v‖
L∞(H1

0)
‖V+

h,k − v‖
L2(H1

0)
‖ψh‖L2(H1

0)
→ 0,

|Q13| ≤
1

2

∫ T

0

‖v‖L4‖∇v‖‖ψh −ψ‖L4 dt

≤ C

∫ T

0

‖v‖H1
0
‖v‖H1

0
‖ψh −ψ‖H1

0
dt

≤ C‖v‖
L∞(H1

0)

∫ T

0

‖v‖H1
0
‖ψh −ψ‖H1

0
dt

≤ C‖v‖
L∞(H1

0)
‖v‖

L2(H1
0)
‖ψh −ψ‖L2(H1

0)
→ 0,

|Q21| ≤
1

2

∫ T

0

‖V−
h,k − v‖L4‖∇ψh‖‖V

+
h,k‖L4 dt

≤ C

∫ T

0

‖V−
h,k − v‖H1

0
‖ψh‖H1

0
‖V+

h,k‖H1
0
dt

≤ C‖V+
h,k‖L∞(H1

0)

∫ T

0

‖V−
h,k − v‖H1

0
‖ψh‖H1

0
dt

≤ C‖V+
h,k‖L∞(H1

0)
‖V−

h,k − v‖
L2(H1

0)
‖ψh‖L2(H1

0)
→ 0,

|Q22| ≤
1

2

∫ T

0

‖v‖L4‖∇ψh −∇ψ‖‖V+
h,k‖L4 dt

≤ C

∫ T

0

‖v‖H1
0
‖ψh −ψ‖H1

0
‖V+

h,k‖H1
0
dt

≤ C‖V+
h,k‖L∞(H1

0)

∫ T

0

‖v‖H1
0
‖ψh −ψ‖H1

0
dt

≤ C‖V+
h,k‖L∞(H1

0)
‖v‖

L2(H1
0)
‖ψh −ψ‖L2(H1

0)
→ 0,

|Q23| ≤
1

2

∫ T

0

‖v‖L4‖∇ψ‖‖V+
h,k − v‖L4 dt

≤ C

∫ T

0

‖v‖H1
0
‖ψ‖H1

0
‖V+

h,k − v‖H1
0
dt

≤ C‖v‖
L∞(H1

0)

∫ T

0

‖ψ‖H1
0
‖V+

h,k − v‖H1
0
dt

≤ C‖v‖
L∞(H1

0)
‖ψ‖

L2(H1
0)
‖V+

h,k − v‖
L2(H1

0)
→ 0,
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as h, k → 0. Hene from (5.241), we infer

(5.242)

∫ T

0

B
(

V−
h,k,V

+
h,k,ψh

)

dt →
1

2

∫ T

0

b (v,v,ψ) dt+
1

2

∫ T

0

b (v,ψ,v) dt,

as h, k → 0. Using the strong onvergene statement (5.237), the results of Theorem

5.24 and the equation (5.235) above, we realize

(5.243)

∫ T

0

(

∇ · V+
h,k, φh

)

dt →

∫ T

0

(∇ · v, φ) dt = 0,

for all φ ∈ C∞
c ((0, T ) ;L2

0). By a density argument, we note that (5.243) is satis�ed

for all φ ∈ L2 (L2
0). Then, v ∈ L2 (D). Therefore, using the property (4.13) of the

trilinear form b (·, ·, ·), we an replae (5.242) above by

(5.244)

∫ T

0

B
(

V−
h,k,V

+
h,k,ψh

)

dt →

∫ T

0

b (v,v,ψ) dt.

We note that

∫ T

0

(

Y−
h,k,∇W+

h,k ·ψh

)

dt = R1 +R2 +R3 +R4,(5.245)

where

R1 =

∫ T

0

(

Y−
h,k,∇W+

h,k · [ψh −ψ]
)

dt,

R2 =

∫ T

0

(

Y−
h,k − y,∇W+

h,k ·ψ
)

dt,

R3 =

∫ T

0

(

y,∇
[

W+
h,k − w

]

·ψ
)

dt,

R4 =

∫ T

0

(y,∇w ·ψ) dt.

Using the generalized Holder's inequality (A.14), Young's inequality (A.13), in-

equality (A.17), the results of Theorem 5.24 and the strong onvergene statement

(5.236) above, we have

|R1| ≤

∫ T

0

‖Y−
h,k‖L4‖∇W+

h,k‖‖ψh −ψ‖L4 dt

≤ C

∫ T

0

‖Y−
h,k‖H0

‖W+
h,k‖H1‖ψh −ψ‖H1

0
dt

≤ C‖Y−
h,k‖L∞(H0)

∫ T

0

‖W+
h,k‖H1‖ψh −ψ‖H1

0
dt

≤ C‖Y−
h,k‖L∞(H0)‖W

+
h,k‖L2(H1)‖ψh −ψ‖L2(H1

0)
dt → 0,

|R2| ≤

∫ T

0

‖Y−
h,k − y‖L4‖∇W+

h,k‖‖ψ‖L4 dt ≤
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≤

∫ T

0

‖Y−
h,k − y‖H0

‖W+
h,k‖H1‖ψ‖D dt ≤

≤ C‖ψ‖C([0,T ];D)

∫ T

0

‖Y−
h,k − y‖H0

‖W+
h,k‖H1 dt

≤ C‖ψ‖C([0,T ];D)‖Y
−
h,k − y‖L2(H0)‖W

+
h,k‖L2(H1) → 0,

as h, k → 0. Furthermore for all η ∈ L2 (H1),

∣

∣

∣

∫ T

0

(y,∇η ·ψ) dt
∣

∣

∣
≤ ‖ψ‖C([0,T ];D)‖y‖L2(H0)‖η‖L2(H1).

Hene by the weak onvergene of W+
h,k to w, as stated in (5.212), we get

|R3| → 0,

as h, k → 0. Inserting the results for R1, R2, R3 in (5.245), we an write

(5.246)

∫ T

0

(

Y−
h,k,∇W+

h,k ·ψh

)

dt →

∫ T

0

(y,∇w ·ψ) dt,

as h, k → 0. From equation (5.234) and the property (A.49) of the Stokes projetion

operator Qh
s , we derive

(5.247) Vh,k (0) = Qh
sv0 → v0 in H1

0.

Furthermore, with ψ = ξ (1− t/T ), where ξ ∈ L2
, using integration by parts in

time, we infer

(Vh,k (0)− v (0) , ξ) = −

∫ T

0

(

(Vh,k − v)
t
,ψ
)

dt −

∫ T

0

(Vh,k − v,ψt) dt → 0,

whih implies

(5.248) Vh,k (0) ⇀ v (0) ,

as h, k → 0. So, from the results of Theorem 5.24 and (5.238)-(5.240), (5.244),

(5.246), (5.247) and (5.248), we realize that

v ∈ H1 (S) ∩ L∞ (D) ,

y ∈ H1
(

L2
0

)

∩ L∞ (H0) ,

w ∈ L2
(

H1
)

∩ L∞
(

L2
)

,

u ∈ L2
(

L2
)

,

satisfy

∫ T

0

[(vt,ψ) + ν (∇v,∇ψ) + b (v,v,ψ) + ρ (y,∇w ·ψ)− (u,ψ)] dt = 0,

v(0) = v0,
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for all ψ ∈ C∞
c ((0, T ) ;D). Thus, from the density result (A.8), we an say that

(4.22a), (4.22b) are satis�ed for all ψ ∈ L2 (D).

ii) Equations (4.22), (4.22d), (4.22e).

From the disrete state equations (5.10a)-(5.10b), we have

∫ T

0

[(

(Yh,k)t , ηh
)

h
+ γ

(

∇W+
h,k,∇ηh

)

−
(

Y−
h,k,V

−
h,k · ∇ηh

)]

dt = 0,(5.249)

Yh,k (0) = Qhy0,(5.250)

∫ T

0

[

(

W+
h,k, θh

)

h
− ε2

(

∇Y+
h,k,∇θh

)

+
(

Y−
h,k −

(

Y+
h,k

)3
, θh

)

h

]

dt = 0,(5.251)

for all ηh, θh ∈ C∞
c ((0, T ) ; Yh). Given η, θ ∈ C∞

c

(

(0, T ) ; C∞
c

(

Ω̄
))

, we set in (5.249)

and (5.251)

ηh = Qh
1η, θh = Qh

1θ.

Then, using the property (A.47) of the projetion operator Qh
1 , it is easy to get

that

(5.252) ηh → η, θh → θ, in L2
(

H1
)

.

From the results of Theorem 5.24 and (5.252) above, we derive

∫ T

0

(

∇W+
h,k,∇ηh

)

dt →

∫ T

0

(∇w,∇η) dt,(5.253)

∫ T

0

(

∇Y+
h,k,∇θh

)

dt →

∫ T

0

(∇y,∇θ) dt,(5.254)

as h, k → 0. Furthermore, we realize that

S1 =
∣

∣

∣

∫ T

0

(

(Yh,k)t , ηh
)

h
dt−

∫ T

0

(yt, η) dt
∣

∣

∣
→ 0,(5.255)

S2 =
∣

∣

∣

∫ T

0

(

W+
h,k, θh

)

h
dt−

∫ T

0

(w, θ)dt
∣

∣

∣
→ 0,(5.256)

S3 =
∣

∣

∣

∫ T

0

(

Y−
h,k, θh

)

h
dt−

∫ T

0

(y, θ)dt
∣

∣

∣
→ 0,(5.257)

S4 =
∣

∣

∣

∫ T

0

(

(

Y+
h,k

)3
, θh

)

h
dt−

∫ T

0

(

y3, θ
)

dt
∣

∣

∣
→ 0.(5.258)

as h, k → 0. In fat, noting that

S1 ≤
∣

∣

∣

∫ T

0

(

(Yh,k)t , ηh
)

h
dt−

∫ T

0

(

(Yh,k)t , ηh
)

dt
∣

∣

∣

+
∣

∣

∣

∫ T

0

(

(Yh,k)t , ηh
)

dt−

∫ T

0

(yt, η) dt
∣

∣

∣
= S11 + S12,
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S2 ≤
∣

∣

∣

∫ T

0

(

W+
h,k, θh

)

h
dt−

∫ T

0

(

W+
h,k, θh

)

dt
∣

∣

∣

+
∣

∣

∣

∫ T

0

(

W+
h,k, θh

)

dt−

∫ T

0

(w, θ) dt
∣

∣

∣
= S21 + S22,

S3 ≤
∣

∣

∣

∫ T

0

(

Y−
h,k, θh

)

h
dt−

∫ T

0

(

Y−
h,k, θh

)

dt
∣

∣

∣

+
∣

∣

∣

∫ T

0

(

Y−
h,k, θh

)

dt−

∫ T

0

(y, θ) dt
∣

∣

∣
= S31 + S32,

S4 ≤
∣

∣

∣

∫ T

0

(

(

Y+
h,k

)3
, θh

)

h
dt−

∫ T

0

(

(

Y+
h,k

)3
, θh

)

dt
∣

∣

∣

+
∣

∣

∣

∫ T

0

(

(

Y+
h,k

)3
, θh

)

dt−

∫ T

0

(

y3, θ
)

dt
∣

∣

∣
= S41 + S42,

and using the results of Theorem 5.24, the relation (A.31), the generalized Holder's

inequality (A.14), the inequality (A.17) and the relation (5.252) above, we note

that

S11 ≤ Ch

∫ T

0

‖ (Yh,k)t ‖‖∇ηh‖ dt ≤ Ch‖ (Yh,k)t ‖L2(L2)‖ηh‖L2(H1) → 0,

S21 ≤ Ch

∫ T

0

‖W+
h,k‖‖∇θh‖ dt ≤ Ch‖W+

h,k‖L2(L2)‖θh‖L2(H1) → 0,

S31 ≤ Ch

∫ T

0

‖Y−
h,k‖‖∇θh‖ dt ≤ Ch‖Y−

h,k‖L2(L2)‖θh‖L2(H1) → 0,

S41 ≤ Ch

∫ T

0

∥

∥

(

Y+
h,k

)3 ∥
∥‖∇θh‖ dt ≤ Ch

∫ T

0

‖Y+
h,k‖L6‖θh‖H1 dt

≤ Ch

∫ T

0

‖Y+
h,k‖H0

‖θh‖H1 dt ≤ Ch‖Y+
h,k‖L2(H0)‖θh‖L2(H1) → 0,

and

S12 → 0, S22 → 0, S32 → 0, S42 → 0,

as h, k → 0. We have,

∫ T

0

(

Y−
h,k,V

−
h,k · ∇ηh

)

dt = A1 + A2 + A3 + A4,(5.259)

where

A1 =

∫ T

0

(

Y−
h,k − y,V−

h,k · ∇ηh
)

dt,
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A2 =

∫ T

0

(

y,
[

V−
h,k − v

]

· ∇ηh
)

dt,

A3 =

∫ T

0

(y,v · ∇ [ηh − η]) dt,

A4 =

∫ T

0

(y,v · ∇η) dt.

Then, using the results of Theorem 5.24, generalized Holder's inequality (A.14) and

inequality (A.17), we get

|A1| ≤

∫ T

0

‖Y−
h,k − y‖L4‖V−

h,k‖L4‖∇ηh‖ dt

≤ C

∫ T

0

‖Y−
h,k − y‖H0

‖V−
h,k‖D‖ηh‖H1 dt

≤ C‖V−
h,k‖L∞(H1

0)

∫ T

0

‖Y−
h,k − y‖H0

‖ηh‖H1 dt

≤ C‖V−
h,k‖L∞(H1

0)
‖Y−

h,k − y‖L2(H0)‖ηh‖L2(H1) → 0,

|A2| ≤

∫ T

0

‖y‖L4‖V−
h,k − v‖L4‖∇ηh‖ dt

≤ C

∫ T

0

‖y‖H0
‖V−

h,k − v‖H1
0
‖ηh‖H1 dt

≤ C‖y‖L∞(H0)

∫ T

0

‖V−
h,k − v‖H1

0
‖ηh‖H1 dt

≤ C‖y‖L∞(H0)‖V
−
h,k − v‖

L2(H1
0)
‖ηh‖L2(H1) → 0,

|A3| ≤

∫ T

0

‖y‖L4‖v‖L4‖∇ηh − η‖ dt

≤ C

∫ T

0

‖y‖H0
‖v‖H1

0
‖ηh − η‖H1 dt

≤ C‖y‖L∞(H0)

∫ T

0

‖v‖H1
0
‖ηh − η‖H1 dt

≤ C‖y‖L∞(H0)‖v‖L2(H1
0)
‖ηh − η‖L2(H1) → 0,

as h, k → 0. Hene, from (5.259), we an write

(5.260)

∫ T

0

(

Y−
h,k,V

−
h,k · ∇ηh

)

dt →

∫ T

0

(y,v · ∇η) dt,

as h, k → 0. Conerning the initial ondition, using the property (A.42) of the

L2
-projetion operator Qh

, we derive

(5.261) Yh,k (0) = Qhy0 → y0, in L2.
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Furthermore, with η = ξ (1− t/T ), where ξ ∈ L2
, integrating by parts in time, we

infer

(Yh,k (0)− y (0) , ξ) = −

∫ T

0

(

(Yh,k − y)
t
, η
)

dt −

∫ T

0

(Yh,k − y, ηt) dt → 0,

as h, k → 0. Therefore Yh,k (0) ⇀ y (0) in L2
. Thus, using (5.261) and the unique-

ness of the weak limit, we realize that

(5.262) y (0) = y0.

Therefore, from (5.253)-(5.258), (5.260) and (5.262), we observe that

v ∈ H1 (S) ∩ L∞ (D) ,

y ∈ H1
(

L2
0

)

∩ L∞ (H0) ,

w ∈ L2
(

H1
)

∩ L∞
(

L2
)

,

u ∈ L2
(

L2
)

,

satisfy

∫ T

0

[(yt, η) + γ (∇w,∇η)− (y,v · ∇η)] dt = 0,

y(0) = y0,
∫ T

0

[

(w, θ)− ε2 (∇y,∇θ) + (y, θ)−
(

y3, θ
)]

dt = 0,

for all η, θ ∈ C∞
c

(

(0, T ) ; C∞
c

(

Ω̄
))

. So, using the density result (A.7), we an laim

that (4.22), (4.22d), (4.22e) hold for all η, θ ∈ L2 (H1).

iii) Results (5.229), (4.23a), (4.23a).

From the disrete adjoint equations (5.134a)-(5.134b) we have

∫ T

0

[(

− (QV ,h,k)t ,ψh

)

+ ν
(

∇Q
−
V ,h,k,∇ψh

)

+(5.263)

+ B
(

ψh,V
++
h,k ,Q

+
V ,h,k

)

+B
(

V
−
h,k,ψh,Q

−
V ,h,k

)

−
(

Y+
h,k,∇Q+

Y ,h,k ·ψh

)]

dt = 0,

QV ,h,k (T ) = 0,(5.264)

∫ T

0

(

∇ ·Q−
V ,h,k, φh

)

dt = 0,(5.265)

for all ψh ∈ C∞
c ((0, T ) ;Dh), φh ∈ C∞

c ((0, T ) ;Ph). In (5.263) the funtion V++
h,k is

de�ned as follows

(5.266) V
++
h,k :=

{

Vn+1, if t ∈ (tn−1, tn] , n = 1, . . . , N − 1,

VN , if t ∈ (tN−1, tN ] ,

and we note that

‖∇V
+
h,k −∇V

++
h,k ‖

2
L2(L2) =

N−1
∑

n=1

∫ tn

tn−1

‖∇Vn −Vn+1‖2dt
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≤
N−1
∑

n=1

k‖∇Vn −Vn+1‖2dt

≤
N
∑

n=1

k‖∇Vn−1 −Vn‖2dt.(5.267)

Hene, from (5.267) above, the estimate (5.200) and the result (5.207) established

in Theorem 5.24, we get

(5.268) V++
h,k → v in L2

(

H1
0

)

.

as h, k → 0. We onsider ψ ∈ C∞
c ((0, T ) ;D), φ ∈ C∞

c ((0, T ) ;L2
0) and we set

ψh = Qh
sψ in (5.263) and φh = Qh

0φ. Then, using the results of Theorem 5.25 and

the strong onvergene of ψh to ψ (see (5.236) in Step 1), we an write

∫ T

0

(

− (QV ,h,k)t ,ψh

)

dt →

∫ T

0

(−qvt,ψ) dt,(5.269)

∫ T

0

(

∇Q−
V ,h,k,∇ψh

)

dt →

∫ T

0

(∇qv,∇ψ) dt.(5.270)

as h, k → 0. Regarding the third term in (5.263), we derive

∫ T

0

B
(

ψh,V
++
h,k ,Q

+
V ,h,k

)

dt = D1 +D2,(5.271)

where

D1 =
1

2

∫ T

0

(

[ψh · ∇]V++
h,k ,Q

+
V ,h,k

)

dt,

D2 = −
1

2

∫ T

0

(

[ψh · ∇]Q+
V ,h,k,V

++
h,k

)

dt,

It is easy to realize that

D1 =
1

2

∫ T

0

(

[(ψh −ψ) · ∇]V++
h,k ,Q

+
V ,h,k

)

dt

+
1

2

∫ T

0

(

[ψ · ∇]
[

V++
h,k − v

]

,Q+
V ,h,k

)

dt

+
1

2

∫ T

0

(

[ψ · ∇]v,Q+
V ,h,k − qv

)

dt

+
1

2

∫ T

0

([ψ · ∇]v,qv) dt = D11 +D12 +D13 +D14,(5.272)

D2 =
1

2

∫ T

0

(

[(ψh −ψ) · ∇]Q+
V ,h,k,V

++
h,k

)

dt

+
1

2

∫ T

0

(

[ψ · ∇]
[

Q+
V ,h,k − qv

]

,V++
h,k

)

dt
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+
1

2

∫ T

0

(

[ψ · ∇]qv,V
++
h,k − v

)

dt

+
1

2

∫ T

0

([ψ · ∇]qv,v) dt = D21 +D22 +D23 +D24.(5.273)

Using the generalized Holder's inequality (A.14), Young's inequality (A.13), in-

equality (A.17), the results of Theorem 5.25, the strong onvergene statement

(5.236) in Step 1 and (5.268) above, we infer

|D11| ≤
1

2

∫ T

0

‖ψh −ψ‖L4‖∇V
++
h,k ‖‖Q

+
V ,h,k‖L4 dt

≤ C

∫ T

0

‖ψh −ψ‖H1
0
‖V++

h,k ‖H1
0
‖Q+

V ,h,k‖H1
0
dt

≤ C‖V++
h,k ‖L∞(H1

0)

∫ T

0

‖ψh −ψ‖H1
0
‖Q+

V ,h,k‖H1
0
dt

≤ C‖V++
h,k ‖L∞(H1

0)
‖ψh −ψ‖L2(H1

0)
‖Q+

V ,h,k‖L2(H1
0)

→ 0,

|D12| ≤
1

2

∫ T

0

‖ψ‖L4‖∇V
++
h,k −∇v‖‖Q+

V ,h,k‖L4 dt

≤ C

∫ T

0

‖ψ‖H1
0
‖V++

h,k − v‖H1
0
‖Q+

V ,h,k‖H1
0
dt

≤ C‖Q+
V ,h,k‖L∞(H1

0)

∫ T

0

‖ψ‖H1
0
‖V++

h,k − v‖H1
0
dt

≤ C‖Q+
V ,h,k‖L∞(H1

0)
‖ψ‖

L2(H1
0)
‖V++

h,k − v‖
L2(H1

0)
→ 0,

|D13| ≤
1

2

∫ T

0

‖ψ‖L4‖∇v‖‖Q+
V ,h,k − qv‖L4 dt

≤ C

∫ T

0

‖ψ‖H1
0
‖v‖H1

0
‖Q+

V ,h,k − qv‖H1
0
dt

≤ C‖v‖
L∞(H1

0)

∫ T

0

‖ψ‖H1
0
‖Q+

V ,h,k − qv‖H1
0
dt

≤ C‖v‖
L∞(H1

0)
‖ψ‖

L2(H1
0)
‖Q+

V ,h,k − qv‖L2(H1
0)

→ 0,

|D21| ≤
1

2

∫ T

0

‖ψh −ψ‖L4‖∇Q+
V ,h,k‖‖V

++
h,k ‖L4 dt

≤ C

∫ T

0

‖ψh −ψ‖H1
0
‖Q+

V ,h,k‖H1
0
‖V++

h,k ‖H1
0
dt

≤ C‖V++
h,k ‖L∞(H1

0)

∫ T

0

‖ψh −ψ‖H1
0
‖Q+

V ,h,k‖H1
0
dt

≤ C‖V++
h,k ‖L∞(H1

0)
‖ψh −ψ‖L2(H1

0)
‖Q+

V ,h,k‖L2(H1
0)

→ 0,
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|D22| ≤
1

2

∫ T

0

‖ψ‖L4‖∇Q+
V ,h,k −∇qv‖‖V

++
h,k ‖L4 dt

≤ C

∫ T

0

‖ψ‖H1
0
‖Q+

V ,h,k − qv‖H1
0
‖V++

h,k ‖H1
0
dt

≤ C‖V++
h,k ‖L∞(H1

0)

∫ T

0

‖ψ‖H1
0
‖Q+

V ,h,k − qv‖H1
0
dt ≤

≤ C‖V++
h,k ‖L∞(H1

0)
‖ψ‖

L2(H1
0)
‖Q+

V ,h,k − qv‖L2(H1
0)

→ 0,

|D23| ≤
1

2

∫ T

0

‖ψ‖L4‖∇qv‖‖V
++
h,k − v‖L4 dt

≤ C

∫ T

0

‖ψ‖H1
0
‖qv‖H1

0
‖V++

h,k − v‖H1
0
dt

≤ C‖qv‖L∞(H1
0)

∫ T

0

‖ψ‖H1
0
‖V++

h,k − v‖H1
0
dt

≤ C‖qv‖L∞(H1
0)
‖ψ‖

L2(H1
0)
‖V++

h,k − v‖
L2(H1

0)
→ 0,

as h, k → 0. Inserting the previous relations in (5.272) and (5.273), from (5.271)

we observe

(5.274)

∫ T

0

B
(

ψh,V
++
h,k ,Q

+
V ,h,k

)

dt →
1

2

∫ T

0

b (ψ,v,qv) dt+
1

2

∫ T

0

b (ψ,qv,v) dt,

as h, k → 0. Using the strong onvergene statement (5.237), the results of Theorem

5.25 and the equation (5.265) above, we have

(5.275)

∫ T

0

(

∇ ·Q−
V ,h,k, φh

)

dt →

∫ T

0

(∇ · qv, φ) dt = 0,

for all φ ∈ C∞
c ((0, T ) ;L2

0).Moreover, by a density argument, we note that (5.275)

hold for all φ ∈ L2 (L2
0). Then, qv ∈ L2 (D). Therefore, using the property (4.13)

of the trilinear form b (·, ·, ·), we an replae (5.274) above by

(5.276)

∫ T

0

B
(

ψh,V
++
h,k ,Q

+
V ,h,k

)

dt →

∫ T

0

b (ψ,v,qv) dt.

Considering the fourth term in (5.263), we an write

∫ T

0

B
(

V
−
h,k,ψh,Q

−
V ,h,k

)

dt = E1 − E2,(5.277)

where

E1 =
1

2

∫ T

0

([

V
−
h,k · ∇

]

ψh,Q
−
V ,h,k

)

dt,

E2 =
1

2

∫ T

0

([

V−
h,k · ∇

]

Q−
V ,h,k,ψh

)

dt.
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and

E1 =
1

2

∫ T

0

([(

V
−
h,k − v

)

· ∇
]

ψh,Q
−
V ,h,k

)

dt

+
1

2

∫ T

0

(

[v · ∇] [ψh −ψ] ,Q
−
V ,h,k

)

dt

+
1

2

∫ T

0

(

[v · ∇]ψ,Q−
V ,h,k − qv

)

dt = E11 + E12 + E13 + E14,(5.278)

E2 =
1

2

∫ T

0

([(

V−
h,k − v

)

· ∇
]

Q−
V ,h,k,ψh

)

dt

+
1

2

∫ T

0

(

[v · ∇]
[

Q
−
V ,h,k − qv

]

,ψh

)

dt

+
1

2

∫ T

0

([v · ∇]qv,ψh −ψ) dt = E21 + E22 + E23 + E24.(5.279)

From the generalized Holder's inequality (A.14), Young's inequality (A.13), in-

equality (A.17), the results of Theorem 5.25 and the strong onvergene statement

(5.236) in Step 1, we get

E11 → 0, E12 → 0, E13 → 0,

E21 → 0, E22 → 0, E23 → 0,

as h, k → 0. Hene, using the above relations in (5.278), (5.279), from (5.277), we

derive

(5.280)

∫ T

0

B
(

V−
h,k,ψh,Q

−
V ,h,k

)

dt →

∫ T

0

b (v,ψ,qv) dt.

It remains to show the onvergene of the last term in (5.263). It reads

∫ T

0

(

Y+
h,k,∇Q+

Y ,h,k ·ψh

)

dt = F1 + F2 + F3 + F4,(5.281)

where

F1 =

∫ T

0

(

Y+
h,k,∇

[

Q+
Y ,h,k − qv

]

·ψh

)

dt,

F2 =

∫ T

0

(

Y+
h,k − y,∇qv ·ψh

)

dt,

F3 =

∫ T

0

(y,∇qv · [ψh −ψ]) dt,

F4 =

∫ T

0

(y,∇qv ·ψ) dt.

Using the generalized Holder's inequality (A.14), inequality (A.17), the results of

Theorems 5.25, 5.24 and the strong onvergene statement (5.236), we an write

|F1| ≤

∫ T

0

‖Y+
h,k‖L4‖∇Q+

Y ,h,k −∇qv‖‖ψh‖L4 dt
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≤ C

∫ T

0

‖Y+
h,k‖H0

‖Q+
Y ,h,k − qv‖H1

0
‖ψh‖H1

0
dt

≤ C‖Y+
h,k‖L∞(H0)

∫ T

0

‖Q+
Y ,h,k − qv‖H1

0
‖ψh‖H1

0
dt

≤ C‖Y+
h,k‖L∞(H0)‖Q

+
Y ,h,k − qv‖L2(H1

0)
‖ψh‖L2(H1

0)
→ 0,

|F2| ≤

∫ T

0

‖Y+
h,k − y‖L4‖∇qv‖‖ψh‖L4 dt

≤ C

∫ T

0

‖Y+
h,k − y‖H0

‖qv‖H1
0
‖ψh‖H1

0
dt

≤ C‖qv‖L∞(H1
0)

∫ T

0

‖Y+
h,k − y‖H0

‖ψh‖H1
0
dt

≤ C‖qv‖L∞(H1
0)
‖Y+

h,k − y‖L2(H0)‖ψh‖L2(H1
0)

→ 0,

|F3| ≤

∫ T

0

‖y‖L4‖∇qv‖‖ψh −ψ‖L4 dt

≤ C

∫ T

0

‖y‖H0
‖qv‖H1

0
‖ψh −ψ‖H1

0
dt

≤ C‖qv‖L∞(H1
0)

∫ T

0

‖y‖H0
‖ψh −ψ‖H1

0
dt

≤ C‖qv‖L∞(H1
0)
‖y‖L2(H0)‖ψh −ψ‖L2(H1

0)
→ 0.

as h, k → 0. Therefore, from (5.281), we derive

(5.282)

∫ T

0

(

Y+
h,k,∇Q+

Y ,h,k ·ψh

)

dt →

∫ T

0

(y,∇qy ·ψ) dt,

as h, k → 0. Finally, we prove that qv (T ) = 0. With ψ = ξ t/T , where ξ ∈ L2
,

integrating by parts in time, we realize that

(QV ,h,k (T )− qv (T ) , ξ) =

=

∫ T

0

(

(QV ,h,k − qv)t ,ψ
)

dt +

∫ T

0

(ψt,QV ,h,k − qv) dt → 0,

as h, k → 0. Therefore

(5.283) qv (T ) = 0.

Hene, from (5.269), (5.270), (5.276), (5.280), (5.282) and (5.283), we laim that

v ∈ H1 (S) ∩ L∞ (D) ,

y ∈ H1
(

L2
0

)

∩ L∞ (H0) ,

qv ∈ H1 (S) ∩ L∞ (D) ,
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qy ∈ H1
(

L2
0

)

∩ L∞ (H0) ,

qw ∈ L2
(

H1
)

∩ L∞
(

L2
0

)

,

satisfy

∫ T

0

[(−qvt,ψ) + ν (∇qv,∇ψ) + b (ψ,v,qv) + b (v,ψ,qv)− (y,∇qy ·ψ)] dt = 0,

qv (T ) = 0,

for all ψ ∈ C∞
c ((0, T ) ;D). Then, from the density result (A.8), we onlude that

(4.23a), (4.23b) hold for all ψ ∈ L2 (D).

iv) Results (4.23)-(4.23e)

From the disrete adjoint equations (5.134d)-(5.134f), we have

∫ T

0

[

(

− (QY ,h,k)t , ηh
)

h
− ε2

(

∇Q−
W ,h,k,∇ηh

)

+
(

Q+
W ,h,k, ηh

)

h
(5.284)

−
(

∇Q+
Y ,h,k · V

+
h,k, ηh

)

+ ρ
(

∇W++
h,k ·Q+

V ,h,k, ηh
)

− 3
(

(

Y+
h,k

)2
Q−

W ,h,k, ηh

)

h
+
(

Y+
h,k −Y+

d,h,k, ηh
)

]

dt = 0,

QY ,h,k (T ) = 0,(5.285)

∫ T

0

[

(

Q−
W ,h,k, θh

)

h
+ γ

(

∇Q−
Y ,h,k,∇θh

)

+ ρ
(

Y−
h,k,Q

−
V ,h,k · ∇θh

)

]

dt = 0.(5.286)

for all ηh ∈ C∞
c ((0, T ) ;Ph) , θh ∈ C∞

c ((0, T ) ; Yh). In (5.284) Y+
d,h,k is the time

interpolation of the values ynd = Qh
0yd (tn) , n = 1, . . . , N . By the property (A.44)

of the projetion operator Qh
0 and using yd ∈ C ([0, T ] ;L2), we get

‖Y+
d,h,k − yd‖

2
L2(L2) =

N
∑

n=1

∫ tn

tn−1

‖Qh
0yd (tn)− yd (t) ‖

2dt(5.287)

≤ 2

N
∑

n=1

∫ tn

tn−1

[

‖Qh
0yd (tn)− yd (tn) ‖

2 + ‖yd (tn)− yd (t) ‖
2
]

dt

= 2

N
∑

n=1

k‖Qh
0yd (tn)− yd (tn) ‖

2 + 2

N
∑

n=1

∫ tn

tn−1

‖yd (tn)− yd (t) ‖
2dt

≤ 2
N
∑

n=1

k‖Qh
0yd (tn)− yd (tn) ‖

2 + 2
N
∑

n=1

k max
t∈[tn−1,tn]

‖yd (tn)− yd (t) ‖
2

≤ 2

N
∑

n=1

k‖Qh
0yd (tn)− yd (tn) ‖

2 + 2T max
n=1,...,N

max
t∈[tn−1,tn]

‖yd (tn)− yd (t) ‖
2 → 0,

as h, k → 0. Given η ∈ C∞
c

(

(0, T ) ; C∞
c

(

Ω̄
)

∩ L2
0

)

, θ ∈ C∞
c

(

(0, T ) ; C∞
c

(

Ω̄
))

we set

in (5.284), (5.286)

ηh = Qh
1η, θh = Qh

1θ.
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From the results of Theorem 5.25, the strong onvergene statement (5.252) and

(5.287) above, we derive

∫ T

0

(

∇Q−
W ,h,k,∇ηh

)

dt →

∫ T

0

(∇qw,∇η) dt,(5.288)

∫ T

0

(

∇Q−
Y ,h,k,∇θh

)

→

∫ T

0

(∇qy,∇θ) dt,(5.289)

∫ T

0

(

Y+
h,k − Y+

d,h,k, ηh
)

dt →

∫ T

0

(y − yd, η) dt,(5.290)

as h, k → 0. Moreover, it is easy to show that

G1 =
∣

∣

∣

∫ T

0

(

(QY ,h,k)t , ηh
)

h
dt−

∫ T

0

(qyt, η) dt
∣

∣

∣→ 0,(5.291)

G2 =
∣

∣

∣

∫ T

0

(

Q+
W ,h,k, ηh

)

h
dt−

∫ T

0

(qw, η) dt
∣

∣

∣
→ 0,(5.292)

G3 =
∣

∣

∣

∫ T

0

(

(

Y+
h,k

)2
Q−

W ,h,k, ηh

)

h
dt−

∫ T

0

(

y2qw, η
)

dt
∣

∣

∣
→ 0,(5.293)

G4 =
∣

∣

∣

∫ T

0

(

Q−
W ,h,k, θh

)

h
dt−

∫ T

0

(qw, θ) dt
∣

∣

∣
→ 0,(5.294)

as h, k → 0. Indeed, we an write

G1 ≤
∣

∣

∣

∫ T

0

(

(QY ,h,k)t , ηh
)

dt−

∫ T

0

(

(QY ,h,k)t , ηh
)

dt
∣

∣

∣

+
∣

∣

∣

∫ T

0

(

(QY ,h,k)t , ηh
)

dt−

∫ T

0

(qyt, η) dt
∣

∣

∣
= G11 +G12,

G2 ≤
∣

∣

∣

∫ T

0

(

Q+
W ,h,k, ηh

)

h
dt−

∫ T

0

(

Q+
W ,h,k, ηh

)

dt
∣

∣

∣

+
∣

∣

∣

∫ T

0

(

Q+
W ,h,k, ηh

)

dt−

∫ T

0

(qw, η) dt
∣

∣

∣
= G21 +G22,

G3 ≤
∣

∣

∣

∫ T

0

(

(

Y+
h,k

)2
Q−

W ,h,k, ηh

)

h
dt−

∫ T

0

(

(

Y+
h,k

)2
Q−

W ,h,k, ηh

)

dt
∣

∣

∣

+
∣

∣

∣

∫ T

0

(

(

Y+
h,k

)2
Q−

W ,h,k, ηh

)

dt−

∫ T

0

(

y2qw, η
)

dt
∣

∣

∣
= G31 +G32,

G4 ≤
∣

∣

∣

∫ T

0

(

Q−
W ,h,k, θh

)

h
dt−

∫ T

0

(

Q−
W ,h,k, θh

)

dt
∣

∣

∣

+
∣

∣

∣

∫ T

0

(

Q−
W ,h,k, θh

)

dt−

∫ T

0

(qw, θ) dt
∣

∣

∣
= G41 +G42,

and using the results of Theorems 5.24, 5.25, relation (A.31), generalized Holder's

inequality (A.14), inequality (A.17), relation (5.252) above and the estimate (5.198),



5.5. Convergene of the Solutions of the Disrete Optimal Control Problem 175

we infer

G11 ≤ Ch

∫ T

0

‖ (QY ,h,k)t ‖‖∇ηh‖ dt ≤ Ch‖ (QY ,h,k)t ‖L2(L2)‖ηh‖L2(H0) → 0,

G21 ≤ Ch

∫ T

0

‖Q+
W ,h,k‖‖∇ηh‖ dt ≤ ‖Q+

W ,h,k‖L2(L2)‖ηh‖L2(H0) → 0,

G31 ≤ Ch

∫ T

0

‖
(

Y+
h,k

)2
Q−

W ,h,k‖‖∇ηh‖ dt

≤ Ch

∫ T

0

‖Y+
h,k‖

2
C(Ω̄)‖Q

−
W ,h,k‖‖ηh‖H0

dt

≤ Ch max
t∈[0,T ]

‖Y+
h,k (t) ‖

2
C(Ω̄)‖Q

−
W ,h,k‖L2(L2)‖ηh‖L2(H0) → 0,

G41 ≤ Ch

∫ T

0

‖Q−
W ,h,k‖‖∇θh‖ ≤ Ch‖Q−

W ,h,k‖L2(L2)‖η‖L2(H1) → 0,

and

G12 → 0, G22 → 0, G32 → 0, G42 → 0,

as h, k → 0. In the �fth term in (5.284) the funtion W++
h,k is de�ned as follows

(5.295) W++
h,k :=

{

W n+1, if t ∈ (tn−1, tn] , n = 1, . . . , N − 1,

WN , if t ∈ (tN−1, tN ] ,

and using the results of Lemmas 5.10 and Theorem 5.24, we realize that

W++
h,k ⇀ w, in L2

(

H1
)

.(5.296)

Integrating by parts in spae, it is easy to show

∫ T

0

(

∇W++
h,k ·Q+

V ,h,k, ηh
)

dt = H1 +H2,(5.297)

where

H1 =

∫ T

0

(

W++
h,k

[

∇ ·Q+
V ,h,k

]

, ηh
)

dt,

H2 =

∫ T

0

(

W++
h,k ,Q

+
V ,h,k · ∇ηh

)

dt,

and

H1 =

∫ T

0

(

W++
h,k

[

∇ ·Q+
V ,h,k

]

, ηh − η
)

dt(5.298)

+

∫ T

0

(

W++
h,k

[

∇ ·Q+
V ,h,k −∇ · qv

]

, η
)

dt
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+

∫ T

0

(

W++
h,k − w, [∇ · qv] η

)

dt+

∫ T

0

(w, [∇ · qv] η) dt

= H11 +H12 +H13 +H14,

H2 =

∫ T

0

(

W++
h,k ,Q

+
V ,h,k · [∇ηh −∇η]

)

dt(5.299)

+

∫ T

0

(

W++
h,k ,

[

Q+
V ,h,k − qv

]

· ∇η
)

dt

+

∫ T

0

(

W++
h,k − w,qv · ∇η

)

dt+

∫ T

0

(w,qv · ∇η) dt

= H21 +H22 +H23 +H24.

Using the results of Theorems 5.24, 5.25, generalized Holder's inequality (A.14),

inequality (A.17), relation (5.252) above and the estimates (5.198), (5.200), we an

show

|H11| ≤

∫ T

0

‖W++
h,k ‖L4‖∇ ·Q+

V ,h,k‖‖ηh − η‖L4dt ≤

≤ C

∫ T

0

‖W++
h,k ‖H1‖∇Q+

V ,h,k‖‖ηh − η‖H0
dt

≤ C‖Q+
V ,h,k‖L∞(H1

0)

∫ T

0

‖W++
h,k ‖H1‖ηh − η‖H0

dt

≤ C‖Q+
V ,h,k‖L∞(H1

0)
‖W++

h,k ‖L2(H1)‖ηh − η‖L2(H0)dt → 0,

|H12| ≤

∫ T

0

‖W++
h,k ‖L4‖∇ ·Q+

V ,h,k −∇ · qv‖‖η‖L4dt

≤ C

∫ T

0

‖W++
h,k ‖H1‖∇Q

+
V ,h,k −∇qv‖‖η‖H0

dt

≤ C

(

max
t∈[0,T ]

‖η (t) ‖H0

)
∫ T

0

‖W++
h,k ‖H1‖Q+

V ,h,k − qv‖H1
0
dt

≤ C

(

max
t∈[0,T ]

‖η (t) ‖H0

)

‖W++
h,k ‖L2(H1)‖Q

+
V ,h,k − qv‖L2(H1

0)
→ 0,

|H21| ≤

∫ T

0

‖W++
h,k ‖L4‖Q+

V ,h,k‖L4‖∇ηh −∇η‖dt

≤ C

∫ T

0

‖W++
h,k ‖H1‖Q+

V ,h,k‖H1
0
‖ηh − η‖H0

dt

≤ C‖Q+
V ,h,k‖L∞(H1

0)

∫ T

0

‖W++
h,k ‖H1‖ηh − η‖H0

dt

≤ C‖Q+
V ,h,k‖L∞(D)‖W

++
h,k ‖L2(H1)‖ηh − η‖L2(H0) → 0,
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|H22| ≤

∫ T

0

‖W++
h,k ‖L4‖Q+

V ,h,k − qv‖L4‖∇η‖dt

≤ C

∫ T

0

‖W++
h,k ‖H1‖Q+

V ,h,k − qv‖H1
0
‖η‖H0

dt

≤ C

(

max
t∈[0,T ]

‖η (t) ‖H0

)∫ T

0

‖W++
h,k ‖H1‖Q+

V ,h,k − qv‖H1
0
dt

≤ C

(

max
t∈[0,T ]

‖η (t) ‖H0

)

‖W++
h,k ‖L2(H1)‖Q

+
V ,h,k − qv‖L2(H1

0)
→ 0.

as h, k → 0. Furthermore, for all w ∈ L2 (H1)

∣

∣

∣

∫ T

0

(w, [∇ · qv] η) dt
∣

∣

∣
≤ ‖qv‖L∞(D)‖η‖L2(H0)‖w‖L2(H1),

∣

∣

∣

∫ T

0

(w,qv · ∇η) dt
∣

∣

∣
≤ ‖qv‖L∞(D)‖η‖L2(H0)‖w‖L2(H1),

hene

(5.300) |H13| → 0, |H23| → 0,

as h, k → 0.
Therefore, using the previous relations in (5.298), (5.299), we have

∫ T

0

(

W++
h,k

[

∇ ·Q+
V ,h,k

]

, ηh
)

dt →

∫ T

0

(w [∇ · qv] , η) dt,

∫ T

0

(

W++
h,k ,Q

+
V ,h,k · ∇ηh

)

dt →

∫ T

0

(w,qv · ∇η) dt,

and then, using (5.297) and integrating by parts in spae, we get

(5.301)

∫ T

0

(

∇W++
h,k ·Q+

V ,h,k, ηh
)

dt →

∫ T

0

(∇w · qv, η) dt,

as h, k → 0. Conerning the �fth term in (5.284), we derive

(5.302) I =
∣

∣

∣

∫ T

0

(

(

Y+
h,k

)2
Q−

W ,h,k, ηh

)

h
dt−

∫ T

0

(

y2qw, η
)

dt
∣

∣

∣
→ 0,

as h, k → 0. Indeed, we note

I ≤
∣

∣

∣

∫ T

0

(

(

Y+
h,k

)2
Q−

W ,h,k, ηh

)

h
dt−

∫ T

0

(

(

Y+
h,k

)2
Q−

W ,h,k, ηh

)

dt
∣

∣

∣

+
∣

∣

∣

∫ T

0

(

(

Y+
h,k

)2
Q−

W ,h,k, ηh

)

dt−

∫ T

0

(

y2qw, η
)

dt
∣

∣

∣
= I1 + I2,(5.303)

where

I2 ≤
∣

∣

∣

∫ T

0

(

(

Y+
h,k

)2
Q−

W ,h,k, ηh − η
)

dt
∣

∣

∣
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+
∣

∣

∣

∫ T

0

(

(

Y+
h,k

)2 [
Q−

W ,h,k − qw
]

, η
)

dt
∣

∣

∣

+
∣

∣

∣

∫ T

0

(

(

Y+
h,k

)2
− y2, qw η

)

dt
∣

∣

∣
= I21 + I22 + I23.

Using the relation (A.31), generalized Holder's inequality (A.14), estimate (5.198)

and the results of Theorems 5.24, 5.25, we an write

I1 ≤ Ch

∫ T

0

‖
(

Y+
h,k

)2
Q−

W ,h,k‖‖∇ηh‖dt

≤ Ch

∫ T

0

‖Y+
h,k‖C(Ω̄)‖Q

−
W ,h,k‖‖ηh‖H0

dt

≤ Ch‖Y+
h,k‖L∞(C(Ω̄))

∫ T

0

‖Q−
W ,h,k‖‖ηh‖H0

dt

≤ Ch‖Y+
h,k‖L∞(C(Ω̄))‖Q

−
W ,h,k‖L2(L2)‖ηh‖L2(H0)dt → 0,

I21 ≤

∫ T

0

‖
(

Y+
h,k

)2
‖C(Ω̄)‖Q

−
W ,h,k‖‖ηh − η‖dt

≤ 2‖Y+
h,k‖L∞(C(Ω̄))

∫ T

0

‖Q−
W ,h,k‖‖ηh − η‖dt

≤ 2‖Y+
h,k‖L∞(C(Ω̄))‖Q

−
W ,h,k‖L2(L2)‖ηh − η‖L2(L2) → 0,

I23 =

∫ T

0

([

Y+
h,k − y

] [

Y+
h,k + y

]

, qw η
)

dt

≤

∫ T

0

‖Y+
h,k − y‖L4‖Y+

h,k + y‖L4‖qw‖L2‖η‖C(Ω̄)dt

≤ C

∫ T

0

‖Y+
h,k − y‖H0

‖Y+
h,k + y‖H0

‖qw‖L2‖η‖C(Ω̄)dt

≤ C

(

max
t∈[0,T ]

‖η (t) ‖C(Ω̄)

)

‖qw‖L∞(L2)

∫ T

0

‖Y+
h,k − y‖H0

‖Y+
h,k + y‖H0

dt

≤ C

(

max
t∈[0,T ]

‖η (t) ‖C(Ω̄)

)

‖qw‖L∞(L2)‖Y
+
h,k − y‖L2(H0)‖Y

+
h,k + y‖L2(H0) → 0,

as h, k → 0. Moreover for all qw ∈ L2 (H0),

∣

∣

∣

∫ T

0

(

(

Y+
h,k

)2
qw, η

)

dt
∣

∣

∣
≤ 2‖Y+

h,k‖L∞(C(Ω̄))‖qw‖L2(H0)‖η‖L2(H0).

Therefore,

I22 → 0,

as h, k → 0. Hene, using the previous relations in (5.303) (5.303), we infer that

(5.302) holds. It is easy to realize

(5.304)

∣

∣

∣

∫ T

0

(

Y−
h,k,Q

−
V ,h,k · ∇θh

)

dt−

∫ T

0

(y,qv · ∇θ) dt
∣

∣

∣
→ 0,
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as h, k → 0. Indeed

∣

∣

∣

∫ T

0

(

Y−
h,k,Q

−
V ,h,k · ∇θh

)

dt−

∫ T

0

(y,qv · ∇θ) dt
∣

∣

∣
≤ L1 + L2 + L3,(5.305)

where

L1 =
∣

∣

∣

∫ T

0

(

Y−
h,k,Q

−
V ,h,k · [∇θh −∇θ]

)

dt
∣

∣

∣
,

L2 =
∣

∣

∣

∫ T

0

(

Y−
h,k,
[

Q−
V ,h,k − qv

]

· ∇θ
)

dt
∣

∣

∣
,

L3 =
∣

∣

∣

∫ T

0

(

Y−
h,k − y,qv · ∇θ

)

dt
∣

∣

∣
,

and using the generalized Holder's inequality (A.14), inequality (A.17), the strong

onvergene statement (5.252) and the results of Theorems 5.24, 5.25, we observe

L1 ≤

∫ T

0

‖Y−
h,k‖L4‖Q−

V ,h,k‖L4‖∇θh −∇θ‖dt

≤ C

∫ T

0

‖Y−
h,k‖H0

‖Q−
V ,h,k‖H1

0
‖θh − θ‖H1dt

≤ C‖Y−
h,k‖L∞(H0)

∫ T

0

‖Q−
V ,h,k‖H1

0
‖θh − θ‖H1dt

≤ C‖Y−
h,k‖L∞(H0)‖Q

−
V ,h,k‖L2(H1

0)
‖θh − θ‖L2(H1)dt → 0,

L2 ≤

∫ T

0

‖Y−
h,k‖L4‖Q−

V ,h,k − qv‖L4‖∇θ‖dt

≤ C

∫ T

0

‖Y−
h,k‖H0

‖Q−
V ,h,k − qv‖H1

0
‖θ‖H1dt

≤ C‖Y−
h,k‖L∞(H0)

∫ T

0

‖Q−
V ,h,k − qv‖H1

0
‖θ‖H1dt

≤ C‖Y−
h,k‖L∞(H0)‖Q

−
V ,h,k − qv‖L2(H1

0)
‖θ‖L2(H1) → 0,

L3 ≤

∫ T

0

‖Y−
h,k − y‖L4‖qv‖L4‖∇θ‖dt

≤ C

∫ T

0

‖Y−
h,k − y‖H0

‖qv‖H1
0
‖θ‖H1dt

≤ C‖qv‖L∞(H1
0)

∫ T

0

‖Y−
h,k − y‖H0

‖θ‖H1dt

≤ C‖qv‖L∞(H1
0)
‖Y−

h,k − y‖L2(H0)‖θ‖L2(H1) → 0,

as h, k → 0. Thus, using the previous relations in (5.305), we have that (5.304)

is satis�ed. Next, we prove that qy (T ) = 0. With η = ξ t/T , where ξ ∈ L2
,
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integrating by parts in time, we get

(QY ,h,k (T )− qy (T ) , ξ)

=

∫ T

0

(

(QY ,h,k − qy)t , η
)

dt+

∫ T

0

(ηt,QY ,h,k − qy) dt → 0,

as h, k → 0, for all ξ ∈ L2
. Therefore,

(5.306) qy (T ) = 0.

Hene, from (5.288)-(5.294), (5.301), (5.302), (5.304) and (5.306), we derive that

v ∈ H1 (S) ∩ L∞ (D) ,

y ∈ H1
(

L2
0

)

∩ L∞ (H0) ,

qv ∈ H1 (S) ∩ L∞ (D) ,

w ∈ L2
(

H1
)

∩ L∞
(

L2
)

,

qy ∈ H1
(

L2
0

)

∩ L∞ (H0) ,

qw ∈ L2
(

H1
)

∩ L∞
(

L2
0

)

,

satisfy

∫ T

0

[

(−qyt, η)− ε2 (∇qw,∇η) + ρ (∇w · qv, η)− (v · ∇qy, η)

+ (qw, η)−
(

3y2qw, η
)

+ (y − yd, η)
]

dt = 0,

qy(T ) = 0,
∫ T

0

[(qw, θ) + γ (∇qy,∇θ) + ρ (y,qv · ∇θ)] dt = 0,

for all η ∈ C∞
c

(

(0, T ) ; C∞
c

(

Ω̄
)

∩ L2
0

)

, θ ∈ C∞
c

(

(0, T ) ; C∞
c

(

Ω̄
))

. So, from the density

result (A.7), we infer that (4.23)-(4.23e) hold for all η ∈ L2 (H0) , θ ∈ L2 (H1). Fi-
nally, the estimate (5.232), is a diret onsequene of the estimates (5.201), (5.203)

and the results of Theorem 5.25.

v) Results (5.228), (4.24)

From the disrete variational equality (5.135), we an write

α U+
h,k = Q−

V ,h,k.

Then, up to a multipliative onstant, we an identify the ontrol U+
h,k with the

adjoint variable Q
−
V ,h,k. So, as h, k → 0,

U+
h,k

∗
⇀ u, in L∞

(

H1
0

)

,

U+
h,k → u, in L2

(

H1
0

)

.

Furthermore, equation (4.24) hold and u ∈ H1 (S) ∩ L∞ (D).
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5.6. Numerial Solution of the Disrete Optimal

Control Problem

In order to solve the disrete optimality onditions (5.133)-(5.135) of the optimal

ontrol Problem 5.1, we apply the same proedure performed in Setion 3.5, i.e.,

we use the steepest desent approah desribed in Algorithm 3.28. We emphasize

that in this ase, where we are dealing with a smooth problem, Algorithm 3.28

represents a true steepest desent method, where given

J̃h,k (Uh,k) = Jh,k (sh,k (Uh,k) ,Uh,k) ,

we have

Gh,k := α Uh,k −QV ,h,k = ∇Uh,k
J̃h,k (Uh,k) .

Furthermore, onerning the steps 2 and 3 of Algorithm 3.28 there are several

di�erenes between the ase here disussed and the one presented in Setion 3.5.

We show them in the following.

Algorithm 3.28: Step 2

Let us assume that i is the steepest desent iteration index. The state equations

in system (5.133) are oupled but there are not any kind of omplementarity on-

ditions whih ompliate matters. So, in order to get Vh,k,(i),Yh,k,(i),Wh,k,(i), we

need to solve, at eah time level n = 1, . . . , N a unique linear system resulting from

the disrete Navier-Stokes equations (5.133a)-(5.133) and Cahn-Hilliard equations

(5.133d)-(5.133f).

Algorithm 3.28: Step 3

Given Vh,k,(i),Yh,k,(i),Wh,k,(i) we alulate QV ,h,k,(i). To do that, we take into a-

ount that also the disrete adjoint equations in system (5.134) are oupled but the

omplementarity onditions are missing. Then, we need just to solve a unique linear

system built from the bakward adjoint equations (5.134a)-(5.134) and (5.134d)-

(5.134f).

5.7. Numerial Experiments

In the following, in order to show the e�ieny of our approah, we show two

numerial experiment.

5.7.1. Cirle to Square 1

We propose a numerial experiment whih is similar to the one presented in Setion

3.6. So, the domain is still the unit square Ω = (0, 1)2 in the two dimensional plane

(x1, x2) and the initial ondition y0 for the phase-�eld has the form (3.269) and

it is shown in �gure 3.1. The values of the onstants parameter in the model are

α = 10−4, ν = 0.1, γ = 0.005, ρ = 0.1, ε = 0.02, the timestep k = 0.01 and the time
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horizon is T = 100k. Even the desired state yd is the same represented in �gure

3.2. Conerning the settings of the steepest desent Algorithm 3.28, we onsider as

initial guess for the ontrol Uh,k,(0) ≡ 0, the tolerane TOL = 10−9
and the maxi-

mum number of s.d. desent iterations Nmax = 103. Furthermore, also in this ase

the steepest desent step size σ(i) is established aording to the Barzilai-Borwein

method [12℄, with the following settings (see setion 3.5, in partiular (3.271) for

details): σinit = 103, σmin = 300, σmax = 800.

0 100 200 300
Number of s.d. iterations

0,01

0,015

0,02

0,025

J(y,u)

Figure 5.1.: behaviour of Jh,k
(

Yh,k,(i),Uh,k,(i)

)

, with i index of s.d. iterations

0 100 200 300
Number of s.d. iterations

1e-09

1e-08

1e-07

1e-06

1e-05

0,0001

0,001

|| grad J ||

Figure 5.2.: behaviour of ‖Gh,k,(i)‖L2(L2), with i index of s.d. iterations

Figures 5.1, 5.2 show the good behaviour of the steepest desent algorithm: in about

330 iterations the system seems approahing to a minimum of the ost funtional,

see �g. 5.1. Moreover ‖Gh,k,(i)‖L2(L2) dereases apparently with a logarithmi rate,

with respet to the number of steepest desent iterations, see �gure 5.2.

In �gures 5.3, it is depited the evolution in time of the optimal phase-�eld Yh,k (x, t)
and veloity Vh,k (x, t) (i.e. at the end of steepest desent algorithm). The be-

haviour is the one desired: the veloity is suh that the phase-�eld distribution

hanges in the �rst time steps and then it keeps its shape lose to the desired state.
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As expeted there are overshoots, however relatively small, of the phase-�eld out-

side the interval [−1, 1].
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Figure 5.3.: Time evolution of optimal state Yh,k(x, t) and veloity Vh,k(x, t)

In �gures 5.4, it is shown the evolution in time of the optimal adjoint stateQY ,h,k (x, t)
and the ontrol Uh,k (x, t): in the last time steps, they beome time by time less

intense when the phase-�eld distribution is loser to the desired state.



184 5. Optimal Control of the Disrete Cahn-Hilliard-Navier-Stokes System

-0.028

-0.027

-0.026

-0.0285

-0.0252

(a) t=5 k

-0.026

-0.025

-0.024

-0.0265

-0.023

(b) t=15 k

-0.023

-0.022

-0.021

-0.02

-0.0234

-0.0193

() t=29 k

-0.018

-0.016

-0.014

-0.0191

-0.0129

(d) t=49 k

-0.016

-0.012

-0.008

-0.004

-0.0167

-0.00238

(e) t=73 k

-0.012

-0.008

-0.004

0

-0.0158

0.000234

(f) t=89 k

Figure 5.4.: Time evolution of the optimal adjoint state QY ,h,k (x, t) and the ontrol

Uh,k (x, t)
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5.7.2. Cirle to Square 2

Even in this ase, the domain is the unit square Ω = (0, 1)2 in the two dimen-

sional plane (x1, x2). The initial ondition orresponds to the linear interpola-

tion of (3.269) but it is shifted on the right of the domain, around the point

(xc1, xc2) = (0.7, 0.5), as shown in �gure 3.7. The values of the onstant parameters

in the model are α = 10−4, ν = 0.1, γ = 0.005, ρ = 0.1, ε = 0.02. The timestep

k = 0.005 and the time horizon is T = 400k. In this numerial experiment we

onsider a time-dependent desired state. In partiular, yd (x1, x2, t) is a state where
the two phases are separated by a vanishing interfae whih has exatly the shape

of the square onsidered in the �rst numerial experiment, suh that:

• at t = 0 it is entred around (xc1, xc2) = (0.7, 0.5);

• for t ∈ [0, 300k] it performs a horizontal uniform motion toward the left hand

side of the domain;

• for t ∈ [300k, 400k] it is entered around the point (x̃c1, x̃c2) = (0.3, 0.5), see
�gure 3.8 in Setion 3.6.

Also in this ase, ondition

∫

Ω

yd (x, t) dx =

∫

Ω

y0 (x) ,

is, for all t ∈ [0, T ], satis�ed and then the desired state is reahable. The settings

for the steepest desent Algorithm 3.28 are TOL = 10−9
, Nmax = 1000 and the

initial guess for the ontrol is Uh,k,(0) ≡ 0. Furthermore, even in this ase, the s.d.

step size is hosen aording to the Barzilai-Borwein method [12℄, with: σinit = 300,
σmin = 300, σmax = 800.
Figures 5.5 and 5.6 show the e�ieny of our method: in about 420 iterations the

ost funtional approahes to the minimum and the dereasing of ‖Gh,k,(i)‖L2(L2)

looks at a logarithmi rate. In �gures 5.7, it is depited the evolution in time of

0 100 200 300 400
Number of s.d. iterations

0

0,2

0,4

0,6

0,8

J(y,u)

Figure 5.5.: behaviour of Jh,k
(

Yh,k,(i),Uh,k,(i)

)

, with i index of s.d. iterations
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Figure 5.6.: behaviour of ‖Gh,k,(i)‖L2(L2), with i index of s.d. iterations

the optimal phase-�eld Yh,k (x, t) and veloity Vh,k (x, t) (i.e. at the end of steepest

desent algorithm).

We get the expeted overshoot for the phase-�eld distribution values, but the overall

behaviour is good: the state of the system follows the movements of the desired

state and at the end of the evolution it assumes the shape of a square.

Finally, in �gures 5.8, it is possible to observe the evolution in time of the optimal

adjoint state QY ,h,k (x, t) and the ontrol Uh,k (x, t): it is possible to see that the

ontrol in the last time steps drives the veloity and then the phase-�eld so that it

assumes the shape of a square in the exat position.
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Figure 5.7.: Time evolution of state Yh,k (x, t) and veloity Vh,k (x, t)
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Figure 5.8.: Time evolution of the optimal adjoint state QY ,h,k (x, t) and ontrol Uh,k(x, t)



Appendix A.

Notations and Basi Results

A.1. Main Notations

We use C to indiate a generi nonnegative onstant, whih an hange its value in

the di�erent steps of a same alulation or proof. In the ase of dependenies we

write C(·). Given a funtion or map or operator f = f (t, x, y, z, . . . ), we denote

its partial derivative in the following ways

∂f

∂x
= ∂xf = fx,

Given a spatial bounded domain Ω, we use n to denote the outer normal boundary

vetor. Then, given a funtion g : Ω → R,

∂f

∂n

∣

∣

∣

Ω
,

is used to denote its outer normal boundary derivative.

A.2. Banah Spaes

A.2.1. General Notation

Given a Banah spae B, we denote by B∗
the orresponding dual spae. We use

‖ · ‖B, | · |B and 〈·, ·〉B∗,B to denote, respetively, the norm, the seminorm and the

dual pairing in B. In the ase of a Hilbert spae, (·, ·)B denotes the salar produt.

Where no onfusion arises, we use (·, ·) and ‖ · ‖ to denote, respetively, the salar

produt and the norm in L2
; in the other ase we add the orresponding index. If

X, Y are two Banah spaes, we use

L (X, Y ) ,

to denote the Banah spae of the bounded, linear map from X to Y .

A.2.2. Sobolev and Bohner spaes

Let Ω an open and bounded domain in R
d
. We use Wm,p := Wm,p(Ω) and Hm :=

Wm,2
to denote the standard Sobolev spaes and byWm,p

(

W k,q
)

:= Wm,p
(

0, T ;W k,q
)

we refer to standard Bohner spaes. In the ase of vetor valued funtions and
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spaes ontaining suh funtions we write them in bold-fae notation.

We frequently use the following spaes of zero mean funtions

L2
0 :=

{

z ∈ L2(Ω) :

∫

Ω

z dx = 0

}

, ‖ · ‖L2
0
= ‖ · ‖L2 ,(A.1)

H0 := H1 (Ω) ∩ L2
0 (Ω) , ‖ · ‖H0

= ‖ · ‖H1 ,(A.2)

and the following Hilbert spae

W0 :=
{

y ∈ L2 (H0) : yt ∈ L2 (H∗
0 )
}

,

endowed with the following norm

‖y‖W0
=
[

‖y‖2L2(H1) + ‖yt‖
2
L2(H1∗)

]
1

2

, ∀ y ∈ W0.

Regarding vetor valued funtions in Stokes and Navier-Stokes equations, given

M := {v ∈ C∞
c (Ω) : ∇ · v = 0} ,

we onsider the following Hilbert spaes (see for example [20℄, Setion 3.3, for a
haraterization of these spaes)

S :=
{

closure of M in L2
}

, ‖ · ‖S = ‖ · ‖L2,(A.3)

D :=
{

closure of M in H1
0

}

=
{

v ∈ H1
0 : ∇ · v = 0

}

, ‖ · ‖D = ‖ · ‖H1 ,(A.4)

and

W0 :=
{

v ∈ L2(D) : vt ∈ L2(D∗)
}

,

with norm

‖v‖W0
=
[

‖v‖2L2(D) + ‖v‖2L2(D∗)

]
1

2

, ∀v ∈ W0.

A.2.3. Useful Embeddings

We have the following ontinuous embedding (see for example Theorem 1.32 in [58℄

or Theorem II.5.13 in [20℄):

W0 →֒ C
(

[0, T ] ;L2
0

)

,(A.5)

W0 →֒ C ([0, T ] ;S) ,(A.6)

Furthermore we use the following results:

Lemma A.1. The following embeddings are dense

C∞
c

(

(0, T ) ; C∞
c

(

Ω̄
))

→֒ L2
(

H1
)

,(A.7)

C∞
c ((0, T ) ;D) →֒ L2 (D) .(A.8)



A.2. Banah Spaes 191

Proof. In order to show (A.7), we need to prove that given η ∈ L2 (H1), for all
n ∈ N there exists ηn ∈ C∞

c

(

(0, T ) ; C∞
c

(

Ω̄
))

suh that

(A.9) ‖ηn − η‖L2(H1) ≤
1

n
.

The spae C∞
c ((0, T ) ;H1) is dense in L2 (H1) (see for example [58℄, Lemma 1.9),

therefore given η ∈ L2 (H1), for all n ∈ N there exists θn ∈ C∞
c ((0, T ) ;H1) suh

that

(A.10) ‖θn − η‖L2(H1) ≤
1

2n
.

For all t ∈ [0, T ], θn (t) ∈ H1
. Then, for all m ∈ N, we an onsider a mollifying

operator Sm and the funtion

θ̂mn (t) = Sm [θn (t)] ∈ C∞
c

(

Ω̄
)

,

so that

‖θ̂mn (t)− θn (t) ‖H1 → 0, as m → +∞,

for all t ∈ [0, T ]. The molli�er Sm ats just on the spatial variables (see also Setion

2.2 in [20℄), therefore

θ̂mn ∈ C∞
c

(

(0, T ) ; C∞
c

(

Ω̄
))

and

‖θ̂mn − θn‖
2
L2(H1) =

∫ T

0

‖θ̂mn (t)− θn (t) ‖
2
H1 dt ≤ T max

t∈[0,T ]
‖θ̂mn (t)− θn (t) ‖

2
H1 → 0,

asm → +∞. Hene, given θn ∈ C∞
c ((0, T ) ;H1), there exists ηn ∈ C∞

c

(

(0, T ) ; C∞
c

(

Ω̄
))

suh that

(A.11) ‖ηn − θn‖L2(H1) ≤
1

2n
.

Using together (A.10) and (A.11), we get (A.9).

The seond embedding (A.8) is a diret onsequene of Lemma 1.9 in [58℄.

Lemma A.2. The following embedding is dense

(A.12) C∞
(

[0, T ] ; C∞
c

(

Ω̄
)

∩ L2
0

)

→֒ W0,

Proof. Given the Gelfand triple

H0 →֒ L2
0 ≃

(

L2
0

)∗
→֒ H∗

0 ,

where both embeddings are ontinuous and dense, by Lemma II.5.10 in [20℄, we

have that

C∞ ([0, T ] ;H0) →֒ W0,

is a dense embedding. Thus, working as in the proof of Lemma A.1 above, using a

mollifying operator, it is possible to show (A.12).
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A.2.4. Useful Inequalities

Very often, we use the following:

• Young's inequality

ab ≤ σa2 +
b2

4σ
= σa2 + C(σ)b2,(A.13)

∀ a, b ≥ 0, σ > 0;

• generalized Holder's inequality (see for example Lemma 1.13 in [58℄)

‖u1 · · ·uk‖Lp ≤ ‖u1‖Lp1 · · · ≤ ‖uk‖Lpk ,(A.14)

∀ui ∈ Lpi , with 1/p1 + . . . 1/pk = 1/p,

pi, p ∈ [1,+∞];

• Poinaré-Wirtinger inequality (see for example Proposition III.2.39 in [20℄)

‖η‖Lp ≤ C

[

‖∇η‖Lp +
1

|Ω|
| (η, 1) |

]

, ∀ η ∈ W 1,p, p ∈ [1,+∞) ;(A.15)

• Poinaré's inequality

‖z‖ ≤ C ‖∇z‖, ∀ z ∈ H1
0 ;(A.16)

• speial inequalities

‖u‖Lp ≤ C ‖u‖H1, ∀ u ∈ H1, p ∈ [2,+∞),(A.17)

‖u‖L4 ≤ C ‖u‖
1
2 ‖u‖

1
2

H1, ∀ u ∈ H1.(A.18)

A.2.5. Green's Operator

Given the spae

(A.19) F =
{

f ∈ H1∗ : 〈f, 1〉H1∗,H1 = 0
}

,

we an de�ne the Green's operator G : F → H1
in the following way: given f ∈ F

then Gf ∈ H1
is the unique solution of

(∇Gf,∇η) = 〈f, η〉H1∗,H1, ∀ η ∈ H1,(A.20)

(Gf, 1) = 0.

The existene and uniqueness of Gf is given by the Lax-Milgram theorem and the

Poinaré's-Wirtinger inequality (A.15). It is possible to show that if f ∈ F , we an

set

(A.21) ‖f‖H1∗ = ‖∇Gf‖.

Furthermore, if f ∈ F ∩ L2
, by (A.15) and (A.20), we have

‖f‖H1∗ = (Gf, f)
1

2 ,(A.22)

‖f‖H1∗ ≤ C‖f‖.(A.23)
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A.3. Disrete Settings

Given an open, bounded, Lipshitz domain Ω ⊂ R
2
and a time interval [0, T ], with

T > 0, we assume in the doument the following disrete settings. Let:

• {t0, t1, . . . , tN} be a partition of [0, T ] in N sub-intervals of length k = T/N ;

• Th be a quasi-uniform triangulation of Ω in disjoint retangular triangles τ ,
suh that

Ω̄ = ∪τ∈Th τ̄ ,

with mesh size

(A.24) h := max
τ∈Th

diam(τ), h ∈ (0, 1).

• xj , j ∈ Jh = {1, . . . , Nh} be, respetively, the verties of the triangulation Th

and set of their indies.

• Pr(τ) be the spae of polynomials of degree less than or equal to r on τ and

Pr(τ) the orresponding 2-dimensional spae.

A.3.1. Disrete Spaes

We assoiate to the triangulation Th the following �nite dimensional spaes:

Sh :=
{

S ∈ C(Ω̄) : S|τ ∈ P2(τ)
}

,

Vh := Sh ∩H1
0,

Yh :=
{

Y ∈ C(Ω̄) : Y |τ ∈ P1(τ)
}

,

Ph := Yh ∩ L2
0.

Furthermore we onsider the spae of the divergene-free funtions

(A.25) Dh := {V ∈ Vh : (∇ ·V, P ) = 0, ∀ P ∈ Ph} .

We emphasize (see for example page 310 in [73℄) that the P2 − P1 mixed �nite

element spae (Vh, Ph) for the Stokes equation is stable, in the sense that it satis�es

the following inf-sup ondition

(A.26) sup
V∈Vh

(∇ ·V, P )

‖∇V‖
≥ C‖P‖, ∀P ∈ Ph.

where the onstant C does not depend on h.

A.3.2. Interpolation Operator

The interpolation operator Ih : C(Ω̄) → Yh, is suh that

(A.27)

[

Ih(χ)
]

(xj) = χ(xj),

for all xj vertex of the triangulation Th. It holds (see for example Setion 3.4.1 in

[73℄),

(A.28) ‖χ− Ihχ‖ + h
∥

∥

∥
∇
(

χ− Ihχ
)

∥

∥

∥
≤ C h2|χ|H2 .
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A.3.3. Mass Lumping and h-Norm

The mass-lumped salar produt and assoiated h-norm are de�ned as follows

(A.29) (χ, η)h =

∫

Ω

Ih (χη) dx, ‖χ‖h =
√

(χ, χ)h, ∀ χ, η ∈ C
(

Ω̄
)

.

There exist two onstant C1, C2, whih depend just on the domain Ω, suh that the

h-norm and the L2
-norm satisfy the following equivalene relation

(A.30) C1‖Z‖h ≤ ‖Z‖ ≤ C2‖Z‖h, ∀ Z ∈ Yh.

Moreover,

(A.31)

∣

∣ (Y, Z)h − (Y, Z)
∣

∣ ≤ C h ‖Y ‖ ‖∇Z‖, ∀ Y, Z ∈ Yh.

A.3.4. Disrete Green's Operators

As well as in [62℄, we introdue the following disrete Green's operators

Gh : F → Ph,

Ĝh : Ph → Ph,

suh that for all Z ∈ Yh, we have

(

∇Ghη,∇Z
)

= 〈η, Z〉H1∗,H1,(A.32)

(

∇ĜhY,∇Z
)

= (Y, Z)h .(A.33)

The operator Gh, Ĝh
satisfy the following inequalities (see for example [18℄):

‖∇Ghη‖ ≤ C‖η‖, ∀ η ∈ F ∩ L2,(A.34)

‖∇ĜhZ‖ ≤ C‖Z‖h, ∀ Z ∈ Ph(A.35)

A.3.5. Disrete Laplaian and Stokes Operators

We de�ne the followings disrete Laplaian operators

∆h : Yh → Yh,

∆̂h : Yh → Yh,

∆̃h : Vh → Vh.

They are suh that

(A.36) (−∆hY, Z) = (∇Y,∇Z) =
(

−∆̂hY, Z
)

h
, ∀Z ∈ Yh,

and

(A.37)

(

−∆̃hV,Z
)

= (∇V,∇Z) , ∀Z ∈ Vh.
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Moreover, there exist a onstant C = C (Ω), so that

(A.38) ‖∆̂hY ‖2h ≤ ‖∆hY ‖2 ≤ C‖∆̂hY ‖2h.

The following inequality (see [41℄, Theorem 6.4) holds

(A.39) ‖∇Z‖Lp ≤ C (p) ‖∆hZ‖,

for all Z ∈ Ph and 1 ≤ p < 2d/ (d− 2), where d is the spae dimension. Finally,

use the disrete Stokes operator Ah
de�ned as follows

(A.40) Ah := −Th∆̃h,

where Th : L2 → Dh denotes the L2
projetion.

A.3.6. Projetion Operators

In the doument we use the following four projetion operator.

• The L2
-projetion operator Qh : L2 → Yh,

(A.41)

(

Qhη, Z
)

h
= (η, Z) , ∀ Z ∈ Yh,

whih is suh that (see for example [62℄)

(A.42)

∥

∥

∥

(

I −Qh
)

η
∥

∥

∥
+ h
∥

∥

∥
∇
(

I −Qh
)

η
∥

∥

∥
≤ Ch‖∇η‖, ∀η ∈ H1

• The L2
-projetion operator Qh

0 : L2 → Yh,

(A.43)

(

Qh
0η, Z

)

= (η, Z) , ∀ Z ∈ Yh.

It is possible to prove (see for example [41℄, ondition (S6), p. 3041),

(A.44) lim
h→0

‖η −Qh
0η‖ = 0, ∀ η ∈ L2.

• The H1
-projetion operator Qh

1 : H1 → Yh,

(A.45)

(

Qh
1η, Z

)

H1 = (η, Z)H1 , ∀Z ∈ Yh,

whih is suh that (see for example Setion 3.5 in [73℄)

‖η −Qh
1η‖ ≤ C hl+1 |η|Hl+1, ∀ η ∈ H l+1, 0 ≤ l ≤ 1,(A.46)

‖η −Qh
1η‖H1 ≤ C h |η|H2, ∀ η ∈ H2.(A.47)

• The Stokes projetion Qh
s : D → Dh,

(A.48)

(

∇Qh
sv,∇Z

)

= (∇v,∇Z) , ∀Z ∈ Dh

whih is suh that (see [41℄),

(A.49) ‖Qh
sv − v‖+ h‖∇

(

Qh
sv − v

)

‖ ≤ C hl‖v‖Hl,

for all v ∈ Hl ∩D, l = 1, 2.



196 Appendix A. Notations and Basi Results

A.3.7. Useful Disrete Inequalities

We often use the disrete Poinaré inequality

(A.50) ‖Z‖h ≤ C (‖∇Z‖+ |(Z, 1)h|) , ∀Z ∈ Yh,

and the following disrete embedding and interpolation inequalities (see [46℄):

‖∇Z‖L4 ≤ C (‖∆hZ‖+ ‖∇Z‖) ,(A.51)

‖∇Z‖L4 ≤ C ‖∇Z‖
1
2 (‖∆hZ‖+ ‖∇Z‖)

1
2 ,(A.52)

‖∇Z‖L4 ≤ C ‖∆̃hZ‖,(A.53)

‖∇Z‖L4 ≤ C ‖∇Z‖
1

2‖∆̃hZ‖
1

2 .(A.54)

Furthermore, given a triangulation of a domain Ω with mesh size h, it hold (see for

example [62℄) the following inverse inequality

(A.55) ‖V‖L4 ≤
C

h
‖V‖,

for all V ∈ Sh, where C is a onstant whih is independent on h.

Lemma A.3. For all Y ∈ Yh :=
{

Y ∈ C(Ω̄) : Y |τ ∈ P1(τ)
}

, it holds

‖Y ‖4L4 ≤ 5
(

Y 4, 1
)

h
.(A.56)

Proof. Let Y ∈ Yh. On eah mesh triangle τ ∈ Th, we have

Y
∣

∣

τ
= Y1,τ ϕ1,τ + Y2,τ ϕ2,τ + Y3,τ ϕ3,τ ,

where ϕi,τ ∈ Yh, i = 1, 2, 3 are the basis funtions assoiated with the three verties

of the mesh triangle τ ∈ Th. Calulations produe

‖Y ‖4L4 =
∑

τ∈Th

∣

∣τ
∣

∣

15

[

Y 4
1,τ + Y 4

2,τ + Y 4
3,τ + Y 2

1,τY
2
2,τ + Y 2

1,τY
2
3,τ + Y 2

2,τY
2
3,τ(A.57)

+Y 3
1,τY2,τ + Y 3

1,τY3,τ + Y1,τY
3
2,τ + Y 3

2,τY3,τ + Y1,τ Y 3
3,τ + Y2,τ Y 3

3,τ

+Y 2
1,τ Y2,τ Y3,τ + Y1,τ Y 2

2,τ Y3,τ + Y1,τ Y2,τ Y 2
3,τ

]

,

(

Y 4, 1
)

h
=
∑

τ∈Th

∣

∣τ
∣

∣

3

[

Y 4
1,τ + Y 4

2,τ + Y 4
3,τ

]

.(A.58)

Using the Young's inequality

ab ≤
1

2
a2 +

1

2
b2, for all a, b ∈ R,

it is easy to realize that

[

Y 4
1,τ + Y 4

2,τ + Y 4
3,τ + Y 2

1,τY
2
2,τ + Y 2

1,τY
2
3,τ + Y 2

2,τY
2
3,τ(A.59)

+Y 3
1,τY2,τ + Y 3

1,τY3,τ + Y1,τY
3
2,τ + Y 3

2,τY3,τ + Y1,τ Y 3
3,τ + Y2,τ Y 3

3,τ

+Y 2
1,τ Y2,τ Y3,τ + Y1,τ Y 2

2,τ Y3,τ + Y1,τ Y2,τ Y 2
3,τ

]

≤ 5
[

Y 4
1,τ + Y 4

2,τ + Y 4
3,τ

]

,

for all τ ∈ Th. Hene, from (A.57), (A.58) and (A.59) we get that the result (A.56)

holds.
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Proofs

B.1. Proofs of Chapter 2

Proof of Lemma 2.3

Proof. First, we prove that the Stokes state equations (2.24) have a unique solution

v ∈ H1 (S) ∩ L∞ (D), whih satis�es

(B.1) ‖vt‖
2
L2(S) + ‖v‖2L∞(D) ≤ C

[

‖v0‖
2
D + ‖u‖2L2(L2)

]

.

In order to show that, we use a Galerkin's approximation (see for example page 44
in [80℄, page 45 in [58℄, [66℄). The spae D is separable, then we an onsider an

orthogonal dense subset

{

ξj
}

j∈N
⊂ D, normalized suh that

(

ξi, ξj
)

= δij .

For all ψ ∈ D, we have

(B.2)

∥

∥

∥

k
∑

j=1

(

ψ, ξj
)

ξj −ψ
∥

∥

∥

D

→ 0,

as k → +∞. A suitable dense subset

{

ξj
}

j∈N
of D an be derived onsidering the

eigenfuntions of the Stokes operator, as in Paragraph 5.2 and Theorem IV.5.5 in

[20℄. Let Wk denote the �nite dimensional subspae of D spanned by

{

ξj
}

j=1,...,k
.

We de�ne a projetion operator Pk : D → Wk,

(B.3) Pkψ =
k
∑

j=1

(

ψ, ξj
)

ξj ,

whih is suh that

(

Pkψ, ξ
)

= (ψ, ξ) ,
(

∇Pkψ,∇ξ
)

= (∇ψ,∇ξ) , ∀ ψ ∈ D, ξ ∈ Wk.

In this way, for any �xed k ∈ N, the Galerkin's approximation of the time dependent

Stokes equations (2.24a)-(2.24b), onsists in �nding vk
, suh that

(

vk
t ,ψ

k
)

+ ν
(

∇vk,∇ψk
)

−
(

u,ψk
)

= 0, a.e. on (0, T )(B.4)

vk(0) = Pkv0, in Ω,(B.5)



198 Appendix B. Proofs

for all ψk ∈ Wk. Setting

(B.6) vk =

k
∑

j=1

bj (t) ξj,

it is possible to prove that the linear system assoiated to (B.4), (B.5) has a unique

solution

bk (t) = (b1 (t) , . . . , bk (t))
T ,

suh that bi,∈ H1 (0, T ) for all i = 1, . . . , k.
So, we an laim that for any �xed k ∈ N, vk ∈ H1 (Wk) solves (B.4), (B.5), for
all ψk ∈ C ([0, T ];Wk). Substituting ψ

k = vk
t in (B.4), we get

(B.7) ‖vk
t ‖

2 +
ν

2

d

dt
‖∇vk‖2 =

(

u,vk
t

)

.

Hene, setting s = t in (B.7) above and integrating in time from 0 to t, with
t ∈ (0, T ], we an write

(B.8)

∫ t

0

‖vk
s‖

2ds+
ν

2
‖∇vk (t) ‖2 =

∫ t

0

(

u,vk
s

)

ds+
ν

2
‖vk (0) ‖2.

From (B.8), applying Young's inequality (A.13) with with σ = 1/2 in the integral

at the r.h.s, we derive

(B.9)

1

2

∫ t

0

‖vk
s‖

2ds+
ν

2
‖∇vk (t) ‖2 =

1

2

∫ t

0

‖u‖2ds+
ν

2
‖vk (0) ‖2,

whih implies, using Poinaré's inequality (A.16),

(B.10) ‖vk
t ‖

2
L2(S) + ‖vk‖2L∞(D) ≤ C

[

‖vk (0) ‖2 + ‖u‖2L2(L2)

]

,

where C is a onstant whih depends just on the onstant parameter ν. By the

de�nition (B.3) of the projetion operator Pk
, we realize that

‖vk (0) ‖ = ‖Pkv0‖ ≤ ‖v0‖,

and therefore, from (B.10) above, we infer

(B.11) ‖vk
t ‖

2
L2(S) + ‖vk‖2L∞(D) ≤ C

[

‖v0‖
2
D + ‖u‖2L2(L2)

]

.

Hene, given the sequene {vk}k∈N, it is possible to extrat a subsequene, labelled
with index m, suh that

vm ⇀ v, in H1 (S) ,(B.12)

vm ∗
⇀ v, in L∞ (D) ,(B.13)

vm → v, in L2 (S) ,(B.14)
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where (B.14) follows from (B.12),(B.13) using a ompatness theorem, see [17℄ and

[66℄. As a onsequene of (B.4), (B.5), we have that

∫ T

0

[(vm
t ,ψ

m) + ν (∇vm,∇ψm)− (u,ψm)] dt = 0,(B.15)

vm(0) = Pmv0, in Ω,(B.16)

for all ψm ∈ C∞
c ((0, T ) ;Wm). For any ψ ∈ C∞

c ((0, T ) ;D), we set in (B.15)

ψm = Pmψ, whih is suh that

(B.17) ‖ψm −ψ‖L2(D) → 0,

as m → ∞. Then, from (B.12)-(B.14) and (B.17), we get

∣

∣

∣

∫ T

0

(vm
t ,ψ

m) dt−

∫ T

0

(vt,ψ) dt
∣

∣

∣
→ 0,(B.18)

∣

∣

∣

∫ T

0

(∇vm,∇ψm) dt−

∫ T

0

(∇v,∇ψ) dt
∣

∣

∣
→ 0,(B.19)

∣

∣

∣

∫ T

0

(u,ψm) dt−

∫ T

0

(u,ψ) dt
∣

∣

∣
→ 0,(B.20)

as m → +∞. Furthermore, onsidering ψ = ξ (1− t/T ), with ξ ∈ D, using

integration by parts in time, we an write

(vm (0)− v (0) , ξ) =

∫ T

0

[(−vm
t + vt,ψ) + (−vm + v,ψt)] dt → 0,

as m → +∞, for all ξ ∈ D. Therefore

vm (0) ⇀ v (0) , in D.

Moreover, from (B.2) and the de�nition (B.3) of the projetion operator Pm
, we

note

Pmv0 = vm (0) → v0, in D.

Hene, we onlude that

(B.21) v (0) = v0.

So, from (B.18)-(B.21), we an say that v ∈ H1 (S) ∩ L∞ (D) satisfy

∫ T

0

[(vt,ψ) + ν (∇v,∇ψ)− (u,ψ)] dt = 0,

v(0) = v0, in Ω,

for all ψ ∈ C∞
c ((0, T ) ;D). So, from the embedding (A.8), we infer that v ∈

H1 (S)∩L∞ (D) solves the state equations (2.24), for all ψ ∈ L2 (D). Furthermore,

using the linearity of the equations, it is easy to realize that this solution is unique.



200 Appendix B. Proofs

Next, we demonstrate that given v ∈ H1 (S) ∩ L∞ (D), the Cahn-Hilliard state

equations (2.25), have a unique solution (y, w) ∈ W0∩L∞ (H0)∩L2 (H2)×L2 (H1).
As in the previous part of the proof, following the authors of [17℄, we apply a

Galerkin's method. Let {φj}j∈N be an orthogonal dense subset of H1
, normalized

in the following way

(φi, φj) = δij,

and onsisting in the eigenfuntions for

(B.22) −∆φ+ φ = µ φ,
∂φ

∂n

∣

∣

∣

∂Ω
= 0.

For all ϕ ∈ H1
, we have

∥

∥

∥

k
∑

j=1

(ϕ, φj)φj − ϕ
∥

∥

∥

H1
→ 0, as k → +∞.

Let Vk denote the �nite dimensional subspae of H1
spanned by {φj}j=1,...,k. We

de�ne the following projetion P k : H1 → Vk

(B.23) P kϕ =
k
∑

j=1

(ϕ, φj)φj,

whih is suh that

(

P kϕ, ζ
)

= (ϕ, ζ) ,
(

∇P kϕ,∇ζ
)

= (∇ϕ,∇ζ) , ∀ϕ ∈ H1, ζ ∈ Vk.

For any �xed k ∈ N, the Galerkin's approximations of (2.25) onsists in �nding

yk, wk
, suh that

(

ykt , η
k
)

+ γ
(

∇wk,∇ηk
)

−
(

yk,v · ∇ηk
)

= 0, a.e. on (0, T ) ,(B.24)

yk(0) = P ky0, in Ω(B.25)

(

wk + yk −
1

δ
βδ

(

yk
)

, θk
)

− ε2
(

∇yk,∇θk
)

= 0, a.e. on (0, T ) ,(B.26)

for all ηk, θk ∈ Vk. In order to solve to solve (B.24)-(B.26), we set

yk =

k
∑

j=1

cj(t)φj, wk =

k
∑

j=1

lj(t)φj

and we look for solutions ck(t) = (c1(t), . . . , ck(t))
T , lk(t) = (l1(t), . . . , lk(t))

T
of the

following linear system

dck

dt
(t) + γA lk(t)−D(t) ck(t) = 0,(B.27)

ck(0) = ((y0, ϕ1) , . . . , (y0, ϕk))
T .(B.28)

lk(t)− ε2A ck(t) + ck(t)−
1

δ
r
(

ck(t)
)

= 0,(B.29)
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where the matries A,D(t) and the vetor r(t) read

Aij = (∇φj ,∇φi) , Dij(t) = (φj,v(t) · ∇φi) , ri (c(t)) =

(

βδ

(

k
∑

j=1

cj(t)φj

)

, φi

)

,

for i, j = 1, . . . , k. From (B.29), we get

lk(t) =
[

ε2A− I
]

ck(t) +
1

δ
r
(

ck(t)
)

,

whih, substituted in (B.27), produe

dck

dt
(t) +

[

γ ε2 A2 − γ A−D(t)
]

ck(t) +
γ

δ
A r

(

ck(t)
)

= 0.

By de�nitions, A ∈ L∞
(

0, T ;Rk×k
)

and using v ∈ L∞ (D), we also have D ∈
L∞
(

0, T ;Rk×k
)

. Furthermore, denoting with ‖ · ‖2 the eulidean norm and using

that βδ is Lipshitz funtion, we note that

‖r (c2)− r (c1) ‖
2
2 ≤

k
∑

i,j=1

‖φi‖
2 ‖φj‖

2 ‖c2 − c1‖
2
2 = Lk ‖c2 − c1‖

2
2.

whih implies that r : Rk → R
k
is a Lipshitz ontinuous funtion. So, by standard

theory for ODEs with measurable oe�ients, for any �xed k, there is a unique

solution

(

ck(t), lk(t)
)

of (B.27)-(B.29), whih is suh that ci(t), li(t) ∈ H1 (0, T ) for
all i = 1, . . . , k. Therefore, we an say that yk, wk

are solutions of

(

ykt , η
k
)

+ γ
(

∇wk,∇ηk
)

−
(

yk,v · ∇ηk
)

= 0, a.e. on (0, T ) ,(B.30)

yk(0) = P ky0,(B.31)

(

wk + yk, θk
)

− ε2
(

∇yk,∇θk
)

−
1

δ

(

βδ

(

yk
)

, θk
)

= 0, a.e. on (0, T ) ,

(B.32)

for all ηk, θk ∈ C ([0, T ];Vk). We note that setting ηk = 1 in (B.30), we have

(ykt , 1) = 0 =⇒ (yk(t), 1) = (yk(0), 1) = (y0, 1) = 0, ∀t ∈ (0, T ].

Considering the Ginzburg-Landau energy funtional of the Cahn-Hilliard system

Eδ (y) =
ε2

2

∫

Ω

|∇y|2 dx+

∫

Ω

Φδ (y) dx,

from (B.32), we get

(B.33)

dEδ

(

yk
)

dt
= ε2

(

∇yk,∇ykt
)

−
(

yk, ykt
)

+
1

δ

(

βδ

(

yk
)

, ykt
)

=
(

wk, ykt
)

.

Using together (B.30) with ηk = wk
and (B.33), we an write

dEδ

(

yk
)

dt
+ γ‖∇wk‖2 =

(

yk,v · ∇wk
)

.
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whih implies, integrating in time,

(B.34) Eδ

(

yk (s)
)

+ γ

∫ t

0

‖∇wk‖2 ds =

∫ t

0

(

yk,v · ∇wk
)

ds+ Eδ

(

P ky0
)

.

Using the onvexity of the funtion fδ stated in (2.16) and fδ (y0) = 0, we an set

in (B.34),

Eδ

(

P ky0
)

=
ε2

2
‖∇P ky0‖

2 +
1

2

(

1−
(

P ky0
)2

, 1
)

+
(

fδ
(

P ky0
)

, 1
)

≤
ε2

2
‖∇P ky0‖

2 +
1

2

(

1−
(

P ky0
)2

, 1
)

+
1

δ

(

βδ

(

P ky0
)

, P ky0 − y0
)

.(B.35)

So, from (B.35), taking into aount that P ky0 → y0 in H1
, we derive

(B.36) Eδ

(

P ky0
)

≤
ε2

2
‖∇y0‖

2 +
1

2

(

1− y20, 1
)

= E (y0)

Furthermore, applying the generalized Holder's inequality (A.14) and Poinaré's

inequality (A.15), we infer

∣

∣

∣

∫ t

0

(

yk,v · ∇ηk
)

ds
∣

∣

∣
≤

∫ t

0

‖yk‖L4 ‖v‖L4 ‖∇w‖ ds(B.37)

≤ C ‖v‖L∞(D) ‖∇yk‖L2(0,t;L2) ‖∇w‖L2(0,t;L2),

for all t ∈ (0, T ). From the property (2.14), it holds

(B.38)

(

Φδ

(

yk
)

, 1
)

≥ −C0 |Ω| δ.

Thus, using together (B.34) (B.36), (B.37), (B.38) and applying Young's inequality

(A.13), we realize that

ε2

2
‖∇yk (t) ‖2 + γ

∫ t

0

‖∇wk‖2 ds ≤ C1 (σ) ‖v‖2L∞(D) ‖∇yk‖2L2(0,t;L2)

+ σ‖∇w‖2L2(0,t;L2) + C2‖y0‖
2
H1 + C3.

whih implies, with σ small enough and using (B.1),

‖∇yk (t) ‖2+

∫ t

0

‖∇wk‖2 ds ≤ C1

[

1 + ‖u‖2L2(L2)

]

∫ t

0

‖∇yk‖2 dt +C2

[

1 + ‖y0‖
2
H1

]

,

where the onstants C1, C2 depends on initial onditions and on �xed parameters.

So, applying Gronwall's Lemma (see for example Lemma 1.4.1 [73℄), we have

‖∇yk (t) ‖2 ≤ C (u) , ∀ t ∈ (0, T ) ,(B.39)

‖∇wk‖2L2(L2) ≤ C (u) .(B.40)

From (B.39), using Poinare's-Wirtinger inequality (A.15), we get

‖yk (t) ‖2H0
≤ C (u) , ∀ t ∈ (0, T ) .(B.41)
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Setting η = P kGykt in (B.30) and using the de�nitions and the properties of the

Green's G and projetion operator P k
, we an write

‖∇Gykt ‖
2 =

(

ykt ,Gy
k
t

)

= −γ
(

∇wk,∇
[

P kGykt
])

+
(

yk,v · ∇
[

P kGykt
])

= −γ
(

∇wk,∇
[

Gykt
])

+
(

yk,v · ∇
[

P kGykt
])

= A1 + A2.(B.42)

Taking into aount that, for all k,

∥

∥

∥
∇P kϕ

∥

∥

∥

2

≤ ‖∇ϕ‖2, ∀ϕ ∈ H1

using Young's inequality (A.13) and Holder's inequality (A.14), we derive

A1 ≤ γσ‖∇Gykt ‖
2 + γ C (σ) ‖∇wk‖2,

A2 ≤ σ‖∇Gykt ‖
2 + C (σ) ‖v‖2D ‖yk‖H1.

Inserting the estimates of A1, A2 in (B.42), with σ small enough and integrating in

time, we infer

(B.43) ‖∇Gykt ‖
2
L2(L2) ≤ C1

[

‖∇wk‖2L2(L2) + ‖v‖2L∞(D) ‖y
k‖L2(H1)

]

.

Therefore, from (A.21), (B.40), (B.41) and (B.43), we realize that

(B.44) ‖ykt ‖L2(H1∗) ≤ C (u) .

With θk = 1 in (B.32) and using |βδ (r) | ≤ βδ (r) r, we observe

(B.45)

∣

∣

∣

(

wk, 1
)

∣

∣

∣
≤

1

δ

(

βδ

(

yk
)

, yk
)

.

Then, substituting θk = yk in (B.32), using the de�nition (A.20) of the Green's

operator G and inequality (A.23), from (B.45) we have

(B.46)

∣

∣

∣

(

wk, 1
)

∣

∣

∣
≤ ‖yk‖2−ε2‖∇yk‖2+

(

wk, yk
)

≤ ‖yk‖2−ε2‖∇yk‖2+‖∇wk‖ ‖yk‖.

So, using (B.39), (B.40), (B.46) and the Poinare's-Wirtinger inequality (A.15), it

holds

(B.47) ‖wk‖2L2(H1) ≤ C (u) .

With θk = −γ∆yk in (B.32), we derive

ε2γ‖∆yk‖2 − γ‖∇yk‖2 +
γ

δ

(

∇βδ

(

yk
)

,∇yk
)

= γ
(

wk,−∆yk
)

= γ
(

∇wk,∇yk
)

and with ηk = yk (B.30), we an write

γ
(

∇wk,∇yk
)

= −
(

ykt , yk
)

+
(

yk,v · ∇yk
)

= −
1

2

d

dt
‖yk‖2 +

(

yk,v · ∇yk
)

.
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Using together last two relations, we observe

(B.48) ε2γ‖∆yk‖2 +
γ

δ

(

∇βδ

(

yk
)

,∇yk
)

+
1

2

d

dt
‖yk‖2 = γ‖∇yk‖2 +

(

yk,v · ∇yk
)

.

Noting that

(

∇βδ

(

yk
)

,∇yk
)

=
(

β ′
δ

(

yk
)

,∇yk · ∇yk
)

≥ 0,

integrating in time in (0, t), in (B.48) and using (B.1), (B.41), we infer

‖∆yk‖2L2(0,t;L2) ≤ C (u) , ∀ t ∈ (0, T ] .(B.49)

Sine the domain Ω is onvex polygonal (see [17℄ and [40℄), (B.49) implies

(B.50) ‖yk‖L2(H2) ≤ C (u) .

From (B.41), (B.44), (B.47) and (B.50), given the sequenes

{

yk
}

k∈N
,
{

wk
}

k∈N
, it

is possible to extrat a subsequene (labelled by an index m), suh that

ym ⇀ y, in W0,(B.51)

ym
∗
⇀ y, in L∞ (H0) ,(B.52)

ym ⇀ y, in L2
(

H2
)

,(B.53)

ym → y, in L2
(

L2
0

)

,(B.54)

wm ⇀ w, in L2
(

H1
)

,(B.55)

where (y, w) together the veloity �eld v satisfy the estimate (2.26). Note that

(B.54) is a onsequene of a ompatness theorem (see [17℄ and [66℄). Using

∂ym

∂n

∣

∣

∣

∂Ω
= 0, a.e. on (0, T ), ∀ m

and (B.53), we have the result (2.27). As a onsequene of the Galerkin's approxi-

mation (B.30),(B.32), we an laim that

∫ T

0

[(ymt , η
m) + γ (∇wm,∇ηm)− (ym,v · ∇ηm)] dt = 0,(B.56)

∫ T

0

[

(wm, θm)− ε2 (∇ym,∇θm) + (ym, θm)−
1

δ
(βδ (y

m) , θm)

]

dt = 0.(B.57)

for all ηm, θm ∈ C∞
c ((0, T );Vm). So, given η, θ ∈ C∞

c ((0, T );H1), we set in (B.56),

(B.57) ηm = Pmη, θm = Pmθ, whih are suh that

‖Pmη − η‖L2(H1) → 0, ‖Pmθ − θ‖L2(H1) → 0,

as m → +∞. In this way, performing the limit on m in (B.56), (B.57), we get

∫ T

0

[(yt, η) + γ (∇w,∇η)− (y,v · ∇η)] dt = 0(B.58)

∫ T

0

[

(w, θ)− ε2 (∇y,∇θ) + (y, θ)−
1

δ
(βδ (y) , θ)

]

dt = 0.(B.59)
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for all η, θ ∈ C∞
c ((0, T );H1). Indeed, the onvergene of the linear terms in (B.56),

(B.57) to the orresponding terms in (B.58), (B.59) is straightforward. Conerning

the nonlinear terms, we derive

∣

∣

∣

∫ T

0

(ym,v · ∇ηm) dt−

∫ T

0

(y,v · ∇η) dt
∣

∣

∣

≤
∣

∣

∣

∫ T

0

(ym − y,v · ∇ηm) dt
∣

∣

∣
+
∣

∣

∣

∫ T

0

(y,v · [∇ηm −∇η]) dt
∣

∣

∣
= B1 +B2,

where

B1 ≤ C ‖ym − y‖
1
2

L∞(H1) ‖v‖
1
2

L∞(D) ‖y
m − y‖L2(L2) ‖v‖L2(S) ‖∇η‖L2(L2) → 0,

B2 ≤ C ‖y‖
1
2

L∞(H1) ‖v‖
1
2

L∞(D) ‖y‖L2(L2) ‖v‖L2(S) ‖∇ηm −∇η‖L2(L2) → 0,

as m → +∞. Moreover, using 0 ≤ β ′
δ ≤ 1 and (B.54),

∣

∣

∣

∫ T

0

(βδ (y
m) , θm) dt−

∫ T

0

(βδ (y) , θ) dt
∣

∣

∣

≤
∣

∣

∣

∫ T

0

(βδ (y
m)− βδ (y) , θ

m) dt
∣

∣

∣
+
∣

∣

∣

∫ T

0

(βδ (y) , θ
m − θ) dt

∣

∣

∣

≤ ‖ym − y‖2L2(L2) ‖θ‖L2(L2) + ‖βδ (y) ‖
2
L2(L2) ‖θ

m − θ‖L2(L2) → 0,(B.60)

as m → +∞. Therefore equations (B.58), (B.59) are satis�ed by (y, w). Noting

that C∞
c ((0, T );H1) →֒ L2 (H1) is a dense embedding (see for example Lemma 1.9

in [58℄), we an laim also that (y, w) satis�es (2.25a), (2.25). We prove the initial

ondition y(0) = y0. With η = ζ (1− t/T ) , ζ ∈ H1
, integrating by parts in time,

we note that

(ym (0)− y (0) , ζ) =

∫ T

0

[− (ymt , η) + 〈yt, η〉H1∗,H1 − (ym, ηt) + (ym, ηt)] dt → 0,

as m → +∞. hene, Pmy0 = ym (0) ⇀ y (0) in H1
. So, using Pmy0 → y0 in H1

,

we infer y0 = y(0). In order to prove the estimate (2.28), we set θ = βδ (y) ∈ H1
in

(2.25). Using (∇y,∇βδ (y)) = (∇y · ∇y, β ′
δ (y)) ≥ 0 and Young's inequality (A.13)

with σ = δ/2, we derive

1

δ
‖βδ (y) ‖

2
L2(L2) ≤

∫ T

0

(w + y, βδ (y)) dt

≤
δ

2

[

‖w‖2L2(L2) + ‖y‖2L2(L2)

]

+
1

2δ
‖βδ (y) ‖

2
L2(L2),

whih implies, from (B.41), (B.47)

∥

∥

∥

1

δ
βδ (y)

∥

∥

∥

2

L2(L2)
≤ C (u) .

It remains to show the uniqueness of the solution (y, w) of (2.25). We assume that

given v, there are two solutions (y1, w1), (y2, w2) of (2.25). Hene, dy = y2−y1 and
dw = w2 − w1 satisfy

−γ

∫ T

0

(∇dw,∇η) dt =

∫ T

0

[〈dyt, η〉H1∗,H1 − (dy,v · ∇η)] dt,(B.61)
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dy(0) = 0,

for all η ∈ L2 (H1). Furthermore, setting in (2.25), θ = dye
−µt

when the solution is

(y1, w1) and θ = −dye
−µt

when the solution is (y2, w2) and summing the equations

obtained, we have

(B.62)

∫ T

0

e−µt

[

− (dw + dy, dy) + ε2‖∇dy‖
2 +

1

δ
(βδ (y2)− βδ (y1) , dy)

]

dt = 0.

where µ is a positive real onstant. We note that βδ (·) is monotone inreasing, so

from (B.62) we get

(B.63)

∫ T

0

e−µt
[

− (dw, dy) + ε2‖∇dy‖
2
]

dt ≤

∫ T

0

e−µt‖dy‖
2 dt.

Inserting in (B.61) η = e−µt Gdy and using the de�nition (A.20) of the Green's

operator G, we an write

− γ

∫ T

0

e−µt (dw, dy) dt =

∫ T

0

e−µt [ 〈dyt,Gdy〉H1∗,H1 − (dy,v · ∇Gdy) ] dt,

that substituted in (B.63) produes

∫ T

0

e−µt
[

〈dyt,Gdy〉H1∗,H1 + γε2‖∇dy‖
2
]

dt(B.64)

≤

∫ T

0

e−µt
[

γ ‖dy‖
2 + (dy,v · ∇Gdy)

]

dt.

In (B.64), using Young's, Holder's, Poinare's and (A.17) inequalities, the de�nition

of G and v ∈ L∞ (D), we derive

∫ T

0

〈dyt,Gdy〉H1∗,H1 dt =

∫ T

0

1

2

d

dt
‖∇Gdy‖

2 dt,

γ

∫ T

0

‖dy‖
2 dt = γ

∫ T

0

(∇dy,∇Gdy) dt

≤

∫ T

0

[

γσ‖∇dy‖
2 +

γ

4σ
‖∇Gdy‖

2
]

dt,

∫ T

0

(dy,v · ∇Gdy) dt ≤ C

∫ T

0

‖dy‖H1 ‖v‖D ‖∇Gdy‖ dt

≤

∫ T

0

[

σ‖∇dy‖
2 +

Ĉ

4σ
‖∇Gdy‖

2

]

dt,

where the onstant Ĉ depends on data problem and ‖v‖L∞(D). Then, from the

previous result, we an assume Ĉ = Ĉ (u). So, from (B.64), with σ suh that

(B.65) σ (1 + γ) < γε2
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we infer

∫ T

0

e−µt

[

d

dt
‖∇Gdy‖

2 + 2
[

γε2 − σ (1 + γ)
]

‖∇dy‖
2

]

dt

≤
γ + Ĉ

2σ

∫ T

0

e−µt ‖∇Gdy‖
2 dt.

Hene, from (B.64), assuming µ = γ+Ĉ

2σ
and integrating by parts in the �rst term

on the r.h.s., we realize

e−µT ‖∇Gdy (T ) ‖
2 + 2

∫ T

0

e−µt
[

γε2 − σ (1 + γ)
]

‖∇dy‖
2 dt ≤ ‖∇Gdy (0) ‖

2 = 0,

whih implies ‖∇dy‖L2(L2) = 0. Then, applying Poinaré's-Wirtinger inequality

(A.15), we onlude dy = 0, that is y1 = y2. With this result, looking at the state

equation (2.25), we an say that dw satis�es

∫ T

0

(dw, 1) dt = 0,

and setting η = dw in (B.61), we have ‖∇dw‖L2(L2) = 0. Therefore, from the

Poinaré's-Wirtinger inequality (A.15), we get the uniqueness of w.

Proof of Lemma 2.7

Proof. In order to show that eδx (sδ (u) ,u) has a bounded inverse, we need to prove

that for all z ∈ Z, there exists a unique dx ∈ X suh that

(B.66) eδx (sδ (u) ,u)dx = z

and furthermore

(B.67) ‖dx‖X ≤ C‖z‖Z.

Equation (B.66) is equivalent to �nd (dv, dy, dw) ∈ W0×W0×L2 (H1) whih satisfy

∫ T

0

[〈dvt,ψ〉D∗,D + ν (∇dv,∇ψ)] dt =

∫ T

0

〈z1,ψ〉D∗,D dt,(B.68)

dv(0) = z4 ∈ S(B.69)

∫ T

0

[

〈dyt, η〉H∗

0 ,H0
+ γ (∇dw,∇η)

− (dyv + y dv,∇η)] dt =

∫ T

0

〈z2, η〉H∗

0 ,H0
dt,(B.70)

dy(0) = z5 ∈ L2
0,(B.71)

∫ T

0

[

(dw + dy, θ)− ε2 (∇dy,∇θ)

−
1

δ
(β ′

δ (y) dy, θ)

]

dt =

∫ T

0

〈z3, θ〉H1∗,H1 dt.(B.72)
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for all ψ ∈ L2 (D) , η ∈ L2 (H0) , θ ∈ L2 (H1). Note that we assume that (v, y, w)
in (B.68)-(B.72) are solutions of the regularized state equations (2.24), (2.25), for

a given u ∈ L2 (L2).
By standard arguments (see for example Theorem 1.37 in [58℄), it is easy to realize

that (B.68)-(B.69) has a unique solution dv ∈ W0, whih is suh that

(B.73) ‖dv‖
2
W0

≤ C
[

‖z4‖
2
S + ‖z1‖

2
L2(D∗)

]

.

In order to show the existene of the solutions dy, dw of (B.70)-(B.72), �rst we note

that y dv ∈ L2 (L2) and therefore, in (B.70), we an absorb the last term at l.h.s.

in the linear funtional at r.h.s. Seond, we an replae (B.70) with the following

(B.74)

∫ T

0

[〈dyt, η〉H1∗,H1 + γ (∇dw,∇η)− (dy,v · ∇η)] dt =

∫ T

0

〈z̃2, η〉H1∗,H1 dt,

where z̃2 ∈ L2 (H1∗) is suh that

∫ T

0

〈z̃2, η〉H1∗,H1 =

∫ T

0

〈 z2, η −
1

|Ω|
(η, 1) 〉H∗

0 ,H0
dt,

and ‖z2‖L2(H∗

0)
= ‖z̃2‖L2(H1∗). In the following, we show the existene and the

uniqueness of the solution of (B.70)-(B.72) applying the same Galerkin's approxi-

mation used in the proof of Theorem 2.3. In this way, we derive that there exist

fj , gj ∈ H1 (0, T ) , j = 1, . . . , k, suh that

dky =

k
∑

j=1

fj(t)φj , dkw =

k
∑

j=1

gj(t)φj ,

are, for all k ∈ N, solution of

(

dkyt, η
)

+ γ
(

∇dkw,∇η
)

−
(

dky ,v · ∇η
)

= 〈z̃2, η〉H1∗,H1,(B.75)

dky(0) = P kz5,(B.76)

(

dkw, θ
)

− ε2
(

∇dky,∇θ
)

+
(

dky, θ
)

−
1

δ

(

β ′
δ (y) d

k
y, θ
)

= 〈z3, θ〉H1∗,H1 ,(B.77)

for all η, θ ∈ C ([0, T ];Vk). From (B.75), with θ = −dy in (B.77) and using 0 ≤ β ′
δ ≤

1, we infer

−γ
(

∇dkw,∇η
)

=
(

dkyt, η
)

−
(

dky ,v · ∇η
)

− 〈z̃2, η〉H1∗,H1 ,(B.78)

−
(

dkw, dy
)

+ ε2‖∇dky‖
2 ≤ ‖dky‖

2 − 〈z3, d
k
y〉H1∗,H1.(B.79)

Substituting η = P kGdky in (B.78), using the de�nitions (A.20), (B.23) of the

Green's operator G and projetion operator P k
, we have

− γ
(

dkw, d
k
y

)

=
1

2

d

dt
‖∇Gdky‖

2 −
(

dky ,v · ∇
[

P kGdky
])

− 〈z̃2, P
kGdky〉H1∗,H1,

whih produes, substituted in (B.79) and integrating in time,

∫ t

0

[

1

2

d

ds
‖∇Gdky‖

2 + γε2‖∇dky‖
2

]

dt(B.80)
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≤

∫ t

0

[

γ‖dky‖
2 − γ〈z3, d

k
y〉H1∗,H1 +

(

dky,v · ∇
[

P kGdky
])

+ 〈z̃2, P
kGdky〉H1∗,H1

]

dt

= F1 + F2 + F3 + F4.

Using Young's inequality (A.13), Poinare's inequality (A.15), Holder's inequality

(A.14) and the de�nition of the operator G, we get

F1 = γ

∫ t

0

(

∇Gdky,∇dky
)

dt ≤ γ

∫ t

0

[

σ‖∇dky‖
2 + C (σ) ‖∇Gdky‖

2
]

dt,

F2 ≤ γC1σ

∫ t

0

‖∇dky‖
2 dt+ γC(σ)‖z3‖

2
L2(H1∗)

F3 ≤ C2‖v‖L∞(D)

∫ t

0

[

σ‖∇dky‖
2 + C (σ) ‖∇Gdky‖

2
]

dt,

F4 ≤ C3

∫ t

0

‖∇Gdky‖
2 dt+ C3‖z2‖L2(H∗

0)

Inserting the estimates of F1, . . . , F4 above in (B.80), assuming σ small enough,

applying Gronwall's lemma (see for example Lemma 1.4.1 in [73℄) and the following

‖∇Gφ‖ ≤ C‖φ‖, ∀φ ∈ L2
0,

we derive,

(B.81) ‖∇Gdky (t) ‖
2 + ‖dky‖

2
L2(0,t;H0)

≤ C
[

‖z2‖
2
L2(H∗

0)
+ ‖z3‖

2
L2(H1∗) + ‖z5‖

2
]

.

for all t ∈ (0, T ]. With η = P kGdkyt in (B.78), we an write

(B.82) ‖∇Gdkyt‖
2 + γ

(

dw,Gd
k
yt

)

−
(

dky,v · ∇
[

P kGdkyt
])

= 〈z̃2, P
kGdkyt〉H1∗,H1 ,

and with θ = P kGdkyt in (B.77), we derive

γ
(

dkw,Gd
k
yt

)

= γε2
(

∇dky,∇Gdkyt
)

− γ
(

dky ,Gd
k
yt

)

+
γ

δ

(

β ′
δ (y) d

k
y, P

kGdkyt
)

+ γ〈z3, P
kGdkyt〉H1∗,H1.(B.83)

Substituting (B.83) in (B.82) produes

‖∇Gdkyt‖
2
L2(L2) =

∫ T

0

[

−γε2
(

∇dky,∇Gdkyt
)

+ γ
(

dky,Gd
k
yt

)

−
γ

δ

(

β ′
δ (y) d

k
y, P

kGdkyt
)

]

dt

+

∫ T

0

[

−γ〈z3, P
kGdkyt〉H1∗,H1 +

(

dky ,v · ∇
[

P kGdkyt
])

+ 〈z̃2, P
kGdkyt〉H1∗,H1

]

dt

= G1 +G2 +G3 +G4 +G5 +G6.(B.84)

Using 0 ≤ β ′
δ ≤ 1, we infer

G1 ≤ γε2
[

σ‖∇Gdkyt‖
2
L2(L2) + C (σ) ‖∇dky‖

2
L2(L2)

]

,

G2 ≤ γC1

[

σ‖∇Gdkyt‖
2
L2(L2) + C (σ) ‖∇dky‖

2
L2(L2)

]

,
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G3 ≤
γ

δ
C1

[

σ‖∇Gdkyt‖
2
L2(L2) + C (σ) ‖∇dky‖

2
L2(L2)

]

,

G4 ≤ γ
[

σ‖∇Gdkyt‖
2
L2(L2) + C (σ) ‖z3‖

2
L2(H1∗)

]

,

G5 ≤ C1‖v‖L∞(D)

[

σ‖∇Gdkyt‖
2
L2(L2) + C (σ) ‖∇dky‖

2
L2(L2)

]

,

G6 ≤ C1

[

σ‖∇Gdkyt‖
2
L2(L2) + C (σ) ‖z2‖

2
L2(H∗

0)

]

.

Inserting the estimates of G1, . . . , G6 in (B.84), with σ small enough, we realize

that uniformly in k, but not in δ,

(B.85) ‖∇Gdkyt‖
2
L2(L2) ≤ C (δ)

[

‖∇dky‖
2
L2(L2) + ‖z2‖

2
L2(H∗

0)
+ ‖z3‖

2
L2(H1∗)

]

.

Therefore, using (B.81) and (B.85), we an say that

(B.86) ‖dkyt‖L2(H1∗) ≤ C (δ)
[

‖z2‖
2
L2(H∗

0)
+ ‖z3‖

2
L2(H1∗) + ‖z5‖

2
]

.

Substituting η = dw in (B.75) and using (B.81), (B.86), we have

(B.87) ‖∇dkw‖L2(L2) ≤ C (δ)
[

‖z2‖
2
L2(H∗

0)
+ ‖z3‖

2
L2(H1∗) + ‖z5‖

2
]

.

Furthermore, with θ = 1 in (B.77), we get

(B.88) (dw, 1) =
1

δ

(

β ′
δ (y) , d

k
y

)

+ 〈z3, 1〉H1∗,H1 ,

whih implies that

(

dkw, 1
)

is bounded uniformly in k. So, by (B.87), (B.88) and

Poinaré-Wirtinger's inequality (A.15), we an write

(B.89) ‖dkw‖L2(H1) ≤ C (δ)
[

‖z2‖
2
L2(H∗

0)
+ ‖z3‖

2
L2(H1∗) + ‖z5‖

2
]

.

Given the sequenes

{

dky
}

k∈N
,
{

dkw
}

k∈N
, using (B.81), (B.86) and (B.89), there exist

a subsequene (labelled by an index m), suh that

dmyt ⇀ dyt, in L2
(

H1∗
)

,

dmy ⇀ dy, in L2 (H0) ,

dmw ⇀ dw, in L2
(

H1
)

.

where (dy, dw) satis�es

∫ T

0

[〈dyt, η〉H1∗,H1 + γ (∇dw,∇η)− (dy,v · ∇η)− 〈z̃2, η〉H1∗,H1] dt = 0,

∫ T

0

[

(dw + dy, θ)− ε2 (∇dy,∇θ)−
1

δ
(β ′

δ (y) dy, θ)− 〈z3, θ〉H1∗,H1

]

dt = 0,

for all η, θ ∈ L2 (H1). Moreover, as in the proof of Theorem 2.3, using integra-

tion by parts in time, we derive that the initial ondition dy (0) = z5 is satis�ed.

Summarizing, we an say that (B.70)-(B.72) have solution (dy, dw), suh that

‖dy‖
2
W0

+ ‖dw‖
2
L2(H1) ≤ C (δ)

[

‖z2‖
2
L2(H∗

0)
+ ‖z3‖

2
L2(H1∗) + ‖z5‖

2
]

.
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It remains to show uniqueness. Let us assume that, given z2 ∈ L2 (H∗
0 ), z4 ∈

L2 (H∗
0 ), z5 ∈ L2

0 and dv ∈ W0, we have two solutions (dy1, dw1) , (dy2, dw2) ∈
W0 × L2 (H1) of (B.70)-(B.72). Then, hy = dy2 − dy1 and hw = dw2 − dw1 satisfy

−γ

∫ T

0

(∇hw,∇η) dt =

∫ T

0

[

〈hyt, η〉H∗

0 ,H0
− (hy,v · ∇η)

]

dt,(B.90)

hy(0) = 0,(B.91)

(B.92)

∫ T

0

[

− (hw, θ) + ε2 (∇hy,∇θ)− (hy, θ) +
1

δ
(β ′

δ (y)hy, θ)

]

dt = 0.

With θ = hy e−µt
in (B.92) and using β ′

δ ≥ 0, we infer

(B.93)

∫ T

0

e−µt
[

− (hw, hy) + ε2‖∇hy‖
2
]

dt ≤

∫ T

0

e−µt ‖hy‖
2 dt.

So, from (B.90), (B.93), applying the same proedure performed in the proof of

Theorem 2.3, we have uniqueness of (dw, dy).

Proof of Lemma 2.10

Proof. In order to demonstrate the Lemma, we formulate a Galerkin's approxi-

mation of the adjoint equations (2.45), (2.45d). Given the spatial domain Ω, let
{φj}j∈N be the orthogonal dense subset of H1

de�ned in (B.22). We have that

{

φ̃j

}

j∈N
= {φj}j∈N \ {φ1} ,

where φ1 = 1/|Ω|, is an orthogonal dense subset of H0, normalized suh that

(

φ̃i, φ̃j

)

= δij .

Even in this ase, we an de�ne the following projetion P̃ k : H0 → Ṽk

(B.94) P̃ kϕ =
k
∑

j=1

(

ϕ, φ̃j

)

φ̃j,

whih is suh that

∥

∥

∥
P̃ kϕ− ϕ

∥

∥

∥

H0

→ 0, as k → +∞.

Let Ṽk denote the �nite dimensional subspae of H0 spanned by

{

φ̃j

}

j=1,...,k
. Con-

sidering the assoiated Galerkin's approximations of the adjoint equations (2.45),

(2.45d), it is possible to show that exist

qky =

k
∑

j=1

aj (t) φ̃j, qkw =

k
∑

j=1

bj (t) φ̃j,
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with ai, bi ∈ H1 (0, T ), i = 1, . . . , k, suh that

−
(

qkyt, η
k
)

− ε2
(

∇qkw,∇ηk
)

−
(

qkw − v · ∇qky + y − yd, η
k
)

(B.95)

−
1

δ

(

β ′
δ (y) q

k
w, η

k
)

= 0,

qky (T ) = 0,(B.96)

(

qkw, θ
k
)

+ γ
(

∇qky ,∇θk
)

= 0.(B.97)

for all ηk, θk ∈ C
(

[0, T ] ; Ṽk

)

. Substituting ηk = −qw in (B.95) and θk = qkyt in

(B.97), we get two relations that used together produe

−
γ

2

d

dt
‖∇qy‖

2 + ε2‖∇qkw‖
2 +

1

δ

(

β ′
δ (y) q

k
w, q

k
w

)

(B.98)

= ‖qkw‖
2 −

(

v · ∇qky , q
k
w

)

+
(

y − yd, q
k
w

)

.

From (B.97), we derive

‖qkw‖
2 = −γ

(

∇qky ,∇qkw
)

and moreover, it holds

(

β ′
δ (y) q

k
w, q

k
w

)

≥ 0.

Thus, (B.98) implies

−
γ

2

d

dt
‖∇qky‖

2 + ε2‖∇qkw‖
2 ≤ −γ

(

∇qky ,∇qkw
)

−
(

v · ∇qky , q
k
w

)

+
(

y − yd, q
k
w

)

= H1 +H3 +H3,(B.99)

where

H1 ≤ γσ‖∇qkw‖
2 + γ C1(σ)‖∇qky‖

2,

H2 ≤ σ‖∇qkw‖
2 + C2(σ) ‖v‖

2
D‖∇qky‖

2,

H3 ≤ σ‖∇qkw‖
2 + C3(σ) ‖y − yd‖

2.

Inserting the estimates of H1, H2, H3 in (B.99), integrating in (t, T ) , with0 ≤ t < T
and using σ small enough, we infer

‖∇qky (t) ‖
2+

∫ T

t

‖∇qkw‖
2 ds ≤ C2

[

1 + ‖v‖2L∞(D)

]

∫ T

t

‖∇qky‖
2 ds+C1

∫ T

t

‖y−yd‖
2 ds.

whih implies, applying Gronwall's lemma and the estimate (2.26) established in

Theorem (2.3),

‖∇qky (t) ‖
2 ≤ C (u) ,(B.100)

‖qkw‖
2
L2(H1) ≤ C (u) .(B.101)

With θk = −∆qky in (B.97), we realize

‖∆qky‖L2(L2
0)
leqC (u) ,
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and then, see [17℄ and [40℄,

(B.102) ‖qky‖L2(H2) ≤ C (u) .

From (B.100)-(B.102), given the sequenes

{

qky
}

k∈N
,
{

qkw
}

k∈N
, we an extrat a

subsequene (labelled by an index m), suh that

qmy
∗
⇀ qy, in L∞ (H0)(B.103)

qmy ⇀ qy, in L2
(

H2
)

(B.104)

qmy (0) ⇀ qy0, in H0(B.105)

qmw ⇀ qw, in L2 (H0) ,(B.106)

where qy, qy0, qw satisfy the estimate (2.55) established in Lemma 2.10. Further-

more,

∂qky
∂n

∣

∣

∣

∂Ω
= 0, ∀k ∈ N.

So, using (B.104) above, we an laim that also (2.54) is satis�ed. Given ηm ∈

C∞
(

[0, T ] ; Ṽm

)

, applying integration by parts in time, it holds

(B.107) −

∫ T

0

(

qkyt, η
k
)

dt =

∫ T

0

(

ηkt , q
k
y

)

dt+
(

qky (0) , η
k (0)

)

,

So, from the results established above, we an say that

(

qmy , qmw
)

satis�es, for all m,

∫ T

0

[(

ηmt , q
m
y

)

− ε2 (∇qmw ,∇ηm) +
(

qmw − v · ∇qmy + y − yd, η
m
)]

dt(B.108)

+
(

qmy (0) , ηm (0)
)

=
1

δ

∫ T

0

(β ′
δ (y) q

m
w , η

m) dt,

∫ T

0

[

(qmw , θm) + γ
(

∇qmy ,∇θm
) ]

dt = 0,(B.109)

for all ηm, θm ∈ C∞
(

[0, T ] ; Ṽm

)

. Given η, θ ∈ C∞
c ([0, T ];H0), we assume in (B.108),

(B.109), ηm = P̃mη, θm = P̃mθ, where P̃m
, is the projetion operator de�ned in

(B.94). Thus, as m → +∞, we have

∫ T

0

[

(ηt, qy)− ε2 (∇qw,∇η) + (qw, η)− (v · ∇qy, η) + (y − yd, η)
]

dt

+ (qy0, η (0)) =
1

δ

∫ T

0

(β ′
δ (y) qw, η) dt,(B.110)

(B.111)

∫ T

0

[ (qw, θ) + γ (∇qy,∇θ) ] dt = 0,
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for all η, θ ∈ C∞ ([0, T ];H0). Indeed, the onvergene of the linear terms in (B.107),

(B.108) to the orresponding terms in (B.110), (B.112) is straightforward. Con-

erning the nonlinear terms, using the strong onvergene of ηm to η in L2 (H0),
the boundedness of v in L∞ (D), the weak onvergene of qmy to qy in L2 (H0), the
weak onvergene of qmw to qw in L2 (H0) and 0 ≤ β ′

δ ≤ 1, we get

∣

∣

∣

∫ T

0

(

v · ∇qmy , ηm
)

dt−

∫ T

0

(v · ∇qy, η) dt
∣

∣

∣

≤
∣

∣

∣

∫ T

0

(

v · ∇qmy , η
m − η

)

dt
∣

∣

∣
+
∣

∣

∣

∫ T

0

(

v · ∇
[

qmy − qy
]

, η
)

dt
∣

∣

∣
→ 0,

∣

∣

∣

∫ T

0

(β ′
δ (y) q

m
w , η

m) dt−

∫ T

0

(β ′
δ (y) qw, η) dt

∣

∣

∣
≤

≤
∣

∣

∣

∫ T

0

(β ′
δ (y) q

m
w , η

m − η) dt−

∫ T

0

(β ′
δ (y) [q

m
w − qw] , η) dt

∣

∣

∣
→ 0,

as m → +∞. From (B.110), (B.112), noting that the following embedding are

dense

C∞ ([0, T ];H0) →֒ L2 (H0) , C∞ ([0, T ];H0) →֒ W0,

we derive that qy, qw, qy0 satisfy the adjoint equations (2.45), (2.45d) for all η ∈
W0, θ ∈ L2 (H0). Moreover, from equation (2.45), we onlude that also the

estimate (2.55) holds for

1
δ
β ′
δ (y). Finally, in order to prove qv ∈ H1 (S)∩L∞ (D),

we onsider a Galerkin's approximation of the adjoint equation (2.45a) whih is

analogous to the one used for Stokes equation in the proof of Lemma 2.3. In this

way we have that qk
v, q

k
y satisfy

−
(

qk
vt,ψ

k
)

+
(

∇qk
v,∇ψ

k
)

−
(

y,∇qky ·ψ
k
)

dt = 0,(B.112)

qk
v (T ) = 0,(B.113)

for all k. Substituting ψk = −qk
vt in (B.112), setting t = s and integrating in (t, T ),

with 0 ≤ t < T , we get

∫ T

t

[

‖qk
vt‖

2 −
(

∇qk
v,∇qk

vt

)]

ds =

∫ T

t

(

y,∇qky · q
k
vt

)

ds,

whih implies, using (B.113),

∫ T

t

‖qk
vt‖

2ds+
1

2
‖∇qk

v (t) ‖
2 ≤

∫ T

t

‖y‖L4‖∇qky‖L4‖qk
vt‖ ds,

≤ C

∫ T

t

‖y‖H0
‖qky‖H2‖qk

vt‖ ds,

≤ σ

∫ T

t

‖qk
vt‖

2ds+ C (σ) ‖y‖L∞(H0)

∫ T

t

‖qky‖
2
H2ds.(B.114)
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Then, from (B.114), assuming σ small enough, we an write

∫ T

t

‖qk
vt‖

2ds+ ‖∇qk
v (t) ‖

2 ≤ C ‖y‖L∞(H0)

∫ T

t

‖qky‖
2
H2ds,

for all 0 ≤ t < T . Therefore, using the previous results, we derive

‖qk
v‖L∞(D) ≤ C (u) ,(B.115)

‖qk
vt‖L2(S) ≤ C (u) .(B.116)

So, onsidering the sequene

{

qk
v

}

k
, we an extrat a subsequene (labelled by an

index m), suh that

qm
v

∗
⇀ qv, in L∞ (D) ,

qm
vt ⇀ qvt, in L2 (S) .

Hene, qv ∈ H1 (S) ∩ L∞ (D).

B.2. Proofs of Chapter 3

Proof of Lemma 3.5

Proof. With ψ = kdtV
n
in the disrete state equations (3.10), using the equality

(B.117) r (r − s) =
1

2

(

r2 − s2
)

+
1

2
(r − s)2 ,

we have

k ‖dtV
n‖2 +

ν

2
‖∇Vn‖2 −

ν

2
‖∇Vn−1‖2 +

ν

2
‖∇Vn −∇Vn−1‖2(B.118)

=

∫ tn

tn−1

(U , dtV
n) dt.

By Young's inequality (A.13) with σ = 1, we get

∫ tn

tn−1

(U , dtV
n) dt ≤

1

2

∫ tn

tn−1

‖dtV
n‖2dt +

1

2

∫ tn

tn−1

‖U‖2 dt,

and therefore, from (B.118), we an write

k

2
‖dtV

n‖2 +
ν

2
‖∇Vn‖2 −

ν

2
‖∇Vn−1‖2 +

ν

2
‖∇Vn −∇Vn−1‖2(B.119)

≤
1

2

∫ tn

tn−1

‖U‖2 dt.

From (B.119), setting n = i and summing up over the index i = 1, . . . , n, with
1 < n ≤ N , we derive

1

2

n
∑

i=1

k ‖dtV
i‖2+

ν

2
‖∇Vi‖2+

ν

2

n
∑

i=1

‖∇Vi−∇Vi−1‖2 ≤
1

2

∫ tn

0

‖U‖2 dt+
ν

2
‖∇v0,h‖

2,
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whih implies the results (3.22), (3.23) and (3.24). Rewriting the �rst state equation

(3.10a) in the following way

k (P n,∇ ·ψ) =
(

Vn −Vn−1,ψ
)

+ kν (∇Vn,∇ψ)−

∫ tn

tn−1

(U ,ψ) dt,

setting n = i and summing up over the index i = 1, . . . , n, with 1 < n ≤ N , we

note

(

n
∑

i=1

k P i,∇ ·ψ

)

=
(

Vn −V0,ψ
)

+ ν

n
∑

i=1

k
(

∇Vi,∇ψ
)

−

∫ tn

0

(U ,ψ) dt

≤ C ‖∇ψ‖

[

‖Vn − v0,h‖+ ν
n
∑

i=1

k ‖∇Vi‖+

∫ tn

0

‖U‖ dt

]

.(B.120)

Using the inf-sup relation (A.26), from (B.120), we infer

C1

∥

∥

∥

n
∑

i=1

k P n
∥

∥

∥
≤ sup
ψ∈Vh

(
∑n

i=1 k P i,∇ ·ψ)

‖∇ψ‖

≤ C2

[

‖Vn − v0,h‖+ ν
n
∑

i=1

k ‖∇Vi‖+
n
∑

i=1

k ‖Ui‖

]

,

whih implies the result (3.26). By the de�nition (A.40) of the projetion operator

Ah
, we realize that

(

∆̃hV
n,Th∆̃hV

n
)

= ‖Th∆̃hV
n‖2 = ‖AhVn‖2,

and, following [46℄,

(B.121) ‖∆̃hV
n‖ ≤ C ‖AhVn‖

So, substituting kψ = AhVn
in the state equations (3.10), we have

(

Vn −Vn−1,Th∆̃hV
n
)

+ kν‖Th∆̃hV
n‖2 −

∫ tn

tn−1

(

Un,Th∆̃hV
n
)

dt = 0,

whih implies, by Cauhy-Shwarz and Young's inequalities,

k ν ‖AhVn‖2 = −k
(

dtV
n,AhVn

)

+

∫ tn

tn−1

(

U ,AhVn
)

dt(B.122)

≤
1

2σ

[

k‖dtV
n‖2 +

∫ tn

tn−1

‖U‖2 dt

]

+ k
σ

2
‖AhVn‖2.

In (B.122), summing up over the index i = 1, . . . , n, with 1 < n ≤ N and assuming

σ small enough, we get

n
∑

i=1

k ‖AhVi‖2 ≤ C

n
∑

i=1

k ‖dtV
n‖2 +

∫ tn

0

‖U‖2dt.

So, by the result (3.23) and (B.121) above, we derive the estimate (3.25).



B.3. Proofs of Chapter 4 217

B.3. Proofs of Chapter 4

Proof of Theorem 4.6

Proof. In order to show that ex (s (u) ,u) has a bounded inverse, we need to prove

that for all z ∈ Z, there exists a unique dx ∈ X, suh that

(B.123) ex (s (u) ,u)dx = z,

and

(B.124) ‖dx‖X ≤ C‖z‖Z.

Equation (B.123) is equivalent to �nd (dv, dy) ∈ W0 × [W0 ∩ L∞ (H0) ∩ L2 (H∆)]
whih satisfy

∫ T

0

[〈dvt,ψ〉D∗,D + ν (∇dv,∇ψ)(B.125)

+ b (dv,v,ψ) + b (v,dv,ψ)

+ ρ
(

dy,∇
[

−ε2∆y − y + y3
]

·ψ
)

+ ρ
(

y,∇
[

−ε2∆dy − dy + 3 y2 dy
]

·ψ
)]

dt =

∫ T

0

〈z1,ψ〉D∗,D dt,

dv(0) = z3 ∈ S,(B.126)

∫ T

0

[

〈dyt, η〉H∗

0 ,H0
+ γ

(

∇
[

−ε2∆dy − dy + 3y2dy
]

,∇η
)

− (dy,v · ∇η)− (y,dv · ∇η)] dt =

∫ T

0

〈z2, η〉H∗

0 ,H0
dt,(B.127)

dy (0) = z4 ∈ H0,(B.128)

for all ψ ∈ L2 (D) , η ∈ L2 (H0). We emphasize that (v, y) in (B.125)-(B.128) are

solutions of the regularized state equations (4.10), (4.11), for a given u ∈ L2 (L2).
We formulate a Galerkin's approximation of (B.125)-(B.128) applying the same

setting used in the proofs of Lemma 2.3 and Lemma 2.7. In this way, for any �xed

k ∈ N, the Galerkin's approximation of (B.125)-(B.128), onsists in �nd

(

dk
v, d

k
y

)

,

suh that

(

dk
vt,ψ

k
)

+ ν
(

∇dk
v,∇ψ

k
)

(B.129)

b
(

dk
v,v,ψ

k
)

+ b
(

v,dk
v,ψ

k
)

+ρ
(

dky,∇
[

−ε2∆y − y + y3
]

·ψk
)

+ρ
(

y,∇
[

−ε2∆dky − dky + 3 y2 dky
]

·ψk
)

= 〈z1,ψ
k〉D∗,D,

dk
v (0) = Pkz3(B.130)

(

dkyt, η
k
)

+ γ
(

∇
[

−ε2∆dky − dky + 3y2dky
]

,∇ηk
)

(B.131)

−
(

dky ,v · ∇ηk
)

−
(

y,dk
v · ∇ηk

)

= 〈z̃2, η
k〉H1∗,H1,

dky (0) = P kz4,(B.132)
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for all ψk ∈ Wk, η
k ∈ Vk, where

〈z̃2, η〉H1∗,H1 = 〈z2, η −
1

|Ω|
(η, 1)〉H∗

0
,H0

, ∀ η ∈ H1.

We assume

(B.133) dk
v =

k
∑

j=1

bj (t) ξj, dky =
k
∑

j=1

cj (t)φj .

Taking into aount that (v, y) in (B.125)-(B.128) are solutions of the regularized

state equations (4.10), (4.11), it an be proved that the linear system assoiated to

(B.129)-(B.132) has a unique solution

bk (t) = (b1 (t) , . . . , bk (t))
T , ck (t) = (c1 (t) , . . . , ck (t))

T

suh that bi, ci ∈ H1 (0, T ) for all i = 1, . . . , k. Then dk
v ∈ H1 (Wk), dky ∈

H1 (Vk ∩ L2
0) solve (B.129)-(B.132) for all ψk ∈ C ([0, T ];Wk) , η

k ∈ C ([0, T ];Vk).
Substituting ηk = −∆dky in (B.131), we get

1

2

d

dt
‖∇dky‖

2 + γε2‖∇∆dky‖
2

(B.134)

≤ γ
∣

∣

(

∇dky,∇∆dky
) ∣

∣+ 3γ
∣

∣

(

∇
[

y2 dky
]

,∇∆dky
) ∣

∣+
∣

∣

(

dky ,v · ∇∆dky
) ∣

∣

+
∣

∣

(

y,dv · ∇∆dky
) ∣

∣+
∣

∣〈z̃2,∆dky〉H1∗,H1

∣

∣

= A1 + A2 + A3 + A4 + A5.

Using Young's, Holder's, Poinaré's inequalities and the embedding H2 →֒ C
(

Ω̄
)

,

we an write

A1 ≤ σ‖∇∆dky‖
2 + C1 (σ) ‖∇dky‖

2,

A2 = 3γ
∣

∣

(

2 y dky,∇y · ∇∆dky
)

+
(

y2,∇dky · ∇∆dky
) ∣

∣

≤ 3γ
[

2 ‖y‖C(Ω̄) ‖dy‖L4 ‖∇y‖L4 ‖∇∆dky‖+ ‖y‖2
C(Ω̄) ‖∇dy‖ ‖∇∆dky‖

]

≤ C ‖y‖2H2 ‖∇∆dky‖ ‖∇dy‖ ≤ σ‖∇∆dky‖
2 + C2 (σ) ‖y‖4H2 ‖∇dky‖

2,

A3 ≤ ‖dy‖ ‖v‖
C(Ω̄) ‖∇∆dky‖ ≤ σ‖∇∆dky‖

2 + C3 (σ) ‖v‖2H2‖∇dky‖
2,

A4 ≤ ‖y‖C(Ω̄) ‖dk
v‖ ‖∇∆dky‖ ≤ σ‖∇∆dky‖

2 + C4 (σ) ‖y‖2H2 ‖dk
v‖

2,

A5 ≤ σ‖∇∆dky‖
2 + C5 (σ) ‖z̃2‖

2
H1∗ .

Hene, inserting the estimates of A1, . . . , A5 above in (B.134), we derive

1

2

d

dt
‖∇dky‖

2 + γε2‖∇∆dky‖
2

(B.135)
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≤ 5 σ ‖∇∆dky‖
2 +

[

C1 (σ) + C2 (σ) ‖y‖
4
H2 + C3 (σ) ‖v‖

2
H2

]

‖∇dky‖
2

+C4 (σ) ‖y‖
2
H2 ‖dk

v‖
2 + C5 (σ) ‖z̃2‖

2
H1∗ .

With ψk = dk
v in (B.129), we observe

1

2

d

dt
‖dk

v‖
2 + ν‖∇dk

v‖
2

(B.136)

≤ −B
(

dk
v,v,d

k
v

)

− ρ
(

dky,∇
[

−ε2∆y − y + y3
]

· dk
v

)

−ρ
(

y,∇
[

−ε2∆dky − dky + 3 y2 dky
]

· dk
v

)

+ 〈z1,d
k
v〉D∗,D

= B1 +B2 +B3 +B4,

where

B1 ≤ ‖dk
v‖ ‖∇v‖L4 ‖dk

v‖L4 ≤ σ ‖∇dk
v‖

2 + C1 (σ) ‖v‖
2
H2 ‖dk

v‖
2,

B2 ≤ ρ ‖dky‖L4

∥

∥∇
[

−ε2∆y − y + y3
] ∥

∥ ‖dk
v‖L4 ≤

≤ σ‖∇dk
v‖

2 + C2 (σ)
∥

∥∇
[

−ε2∆y − y + y3
] ∥

∥

2
‖∇dky‖

2,

B3 ≤ ρ ‖y‖C(Ω̄)
∥

∥∇
[

−ε2∆dky − dky + 3 y2 dky
] ∥

∥ ‖dk
v‖

≤ ρ ε2 ‖y‖C(Ω̄) ‖∇∆dky‖ ‖dk
v‖+ ρ ‖y‖C(Ω̄) ‖∇dky‖ ‖dk

v‖

+ 6 ρ ‖y‖2
C(Ω̄) ‖d

k
y‖L4 ‖∇y‖L4 ‖dk

v‖+ 3 ρ ‖y‖3
C(Ω̄) ‖∇dky‖ ‖dk

v‖

≤ σ‖∇∆dky‖
2 + C4 (σ) ‖y‖2H2 ‖dk

v‖
2 + ‖∇dky‖

2 + C2

[

‖y‖2H2 + ‖y‖3H2

]

‖dk
v‖

2,

B4 ≤ σ ‖∇dk
v‖

2 + C3 (σ) ‖z1‖
2
D∗ .

Inserting the estimates of B1, . . . , B4 in (B.136), we infer

1

2

d

dt
‖dk

v‖
2 + ν‖∇dk

v‖
2

(B.137)

≤ 3 σ ‖∇dk
v‖

2 + σ‖∇∆dky‖
2

+
(

1 + C2 (σ)
∥

∥∇
[

−ε2∆y − y + y3
] ∥

∥

2
)

‖∇dky‖
2

+
(

C1 (σ) ‖v‖
2
H2 + C4 (σ) ‖y‖2H2 + C2

[

‖y‖2H2 + ‖y‖3H2

]

)

‖dk
v‖

2

+C3 (σ) ‖z1‖
2
D∗ .

Summing (B.135) and (B.137) and multiplying by two, produes

d

dt

[

‖dk
v‖

2 + ‖∇dky‖
2
]

+ 2 ν‖∇dk
v‖

2 + 2 γ ε2 ‖∇∆dky‖
2

(B.138)

≤ 6 σ ‖∇dk
v‖

2 + 12 σ ‖∇∆dky‖
2

+
(

C1 (σ) ‖y‖
2
H2 + C2 (σ) ‖v‖

2
H2 + C3

[

‖y‖2H2 + ‖y‖3H2

]

)

‖dk
v‖

2

+
(

C4 (σ) + C5 (σ) ‖y‖
4
H2 + C6 (σ) ‖v‖

2
H2 + C7 (σ) ‖∇

[

−ε2∆y − y + y3
]

‖2
)

‖∇dky‖
2
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+C8 (σ) ‖z1‖
2
D∗ + C9 (σ) ‖z̃2‖

2
H1∗ .

In (B.138), assuming σ enough small and rearranging, we realize

d

dt

[

‖dk
v‖

2 + ‖∇dky‖
2
]

+ C1

(

‖∇dk
v‖

2 + ‖∇∆dky‖
2
)

(B.139)

≤ C2 D (v, y)
[

‖dk
v‖

2 + ‖∇dky‖
2
]

+ C3 ‖z1‖
2
D∗ + C4 ‖z̃2‖

2
H1∗ ,

where

D (v, y) = 1 + ‖y‖2H2 + ‖y‖3H2 ++‖y‖4H2 + ‖v‖2H2 +
∥

∥∇
[

−ε2∆y − y + y3
] ∥

∥

2
.

Sine y ∈ L∞ (H2) ,v ∈ L∞ (H2) , w := −ε2∆y−y+y3 ∈ L2 (H1), we an integrate

(B.139) in the interval (0, t), where 0 < t ≤ T and applying Gronwall's lemma.

In this way, we an laim that there exists a onstant C (v, y), dependent on the

norms of ‖v‖ and ‖y‖ but independent of k, suh that

‖dk
v (t) ‖

2 + ‖∇dky (t) ‖
2 + ‖dk

v‖
2
L2(0,t;D) + ‖∆dky‖

2
L2(0,t;H0)

(B.140)

≤ C (v, y)
[

‖z1‖
2
L2(D∗) + ‖z̃2‖

2
L2(H1) + ‖Pkz3‖

2 + ‖∇P kz4‖
2
]

,

for all t ∈ (0, T ]. The basis {φj}j∈N used for the Galerkin's approximation, is suh

that

∂dky
∂n

∣

∣

∣

∂Ω
= 0.

So, ∆dky (t) ∈ L2
0 and then, by Poinaré-Wirtinger's inequality (A.15), we have

‖∆dky‖H1 ≤ C ‖∇∆dky‖.

Furthermore, following [17℄ and [40℄, it holds

‖dky‖H2 ≤ C ‖∆dky‖.

Hene, from (B.140), we get

‖dk
v‖

2
L∞(S) + ‖dky‖

2
L∞(H0)

+ ‖dky‖
2
L2(H∆)(B.141)

≤ C (u)
[

‖z1‖
2
L2(D∗) + ‖z̃2‖

2
L2(H1∗) + ‖z3‖

2
S + ‖z4‖

2
H0

]

,

independently on k. From the Galerkin's approximation (B.129), (B.130), we an

write

∫ T

0

(

dk
vt,ψ

k
)

dt =

∫ T

0

[

−ν
(

∇dk
v,∇ψ

k
)

−B
(

dk
v,v,ψ

k
)

− B
(

v,dk
v,ψ

k
)]

dt

−

∫ T

0

ρ
(

dky,∇
[

−ε2∆y − y + y3
]

·ψk
)

dt

+

∫ T

0

[

−ρ
(

y,∇
[

−ε2∆dky − dky + 3 y2 dky
]

·ψk
)

+ 〈z1,ψ
k〉D∗,D

]

dt.(B.142)
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for all ψk ∈ C∞
c ((0, T ) ;Wk). So, given ψ ∈ C∞

c ((0, T ) ;D), we set ψk = Pkψ in

(B.142). In this way, we derive

∫ T

0

(

dk
vt,ψ

)

dt =

∫ T

0

(

dk
vt,P

kψ
)

dt(B.143)

=

∫ T

0

[

−ν
(

∇dk
v,∇Pkψ

)

− B
(

dk
v,v,P

kψ
)

− B
(

v,dk
v,P

kψ
)]

dt

−

∫ T

0

ρ
(

dky,∇
[

−ε2∆y − y + y3
]

·Pkψ
)

dt+

+

∫ T

0

[

−ρ
(

y,∇
[

−ε2∆dky − dky + 3 y2 dky
]

·Pkψ
)

+ 〈z1,P
kψ〉D∗,D

]

dt =

=D1 +D2 +D3 +D4 +D5 +D6.

Using the properties of the projetion operator Pk
, we note that

D1 ≤ ν

∫ T

0

‖∇dk
v‖ ‖∇Pkψ‖ dt ≤ C ‖dk

v‖L2(D) ‖ψ‖L2(D),

D2,3 ≤

∫ T

0

‖dk
v‖ ‖∇v‖L4 ‖Pkψ‖L4 dt ≤ C ‖v‖L∞(H2) ‖d

k
v‖L2(D) ‖ψ‖L2(D),

D4 ≤ ρ

∫ T

0

‖dky‖L4

∥

∥∇
[

−ε2∆y − y + y3
] ∥

∥ ‖Pkψ‖L4 dt

≤ C ‖dky‖L∞(H0)

∥

∥− ε2∆y − y + y3
∥

∥

L2(H1)
‖ψ‖L2(D),

D5 ≤ ρ

∫ T

0

‖y‖C(Ω̄)
∥

∥∇
[

−ε2∆dky − dky + 3 y2 dky
] ∥

∥ ‖Pkψ‖L4 dt

≤ C ‖y‖L∞(H2)

(

‖∆dky‖L2(H1) + ‖dky‖L2(H0) + ‖y‖2L∞(H2) ‖d
k
y‖L2(H0)

)

‖ψ‖L2(D),

D6 ≤

∫ T

0

‖z1‖D∗‖Pkψ‖D dt ≤ ‖z1‖L2(D∗)‖ψ‖L2(D).

Inserting the estimates of D1, . . . , D6 in (B.143), using (B.141), we infer

∣

∣

∣

∫ T

0

(

dk
vt,ψ

)

dt
∣

∣

∣
≤ C (u)

[

‖z1‖
2
L2(D∗) + ‖z̃2‖

2
L2(H1∗) + ‖z3‖

2
S + ‖z4‖

2
H0

]
1
2

‖ψ‖L2(D),

for all ψ ∈ C∞
c ((0, T ) ;D). So, from the dense embedding (A.8), we realize that

(B.144) ‖dk
vt‖L2(D∗) ≤ C (u)

[

‖z1‖
2
L2(D∗) + ‖z̃2‖

2
L2(H1∗) + ‖z3‖

2
S + ‖z4‖

2
H0

]
1

2

.

From the Galerkin's approximation (B.131), we have

∫ T

0

(

dkyt, η
k
)

dt = −γ

∫ T

0

(

∇
[

−ε2∆dky − dky + 3y2dky
]

,∇ηk
)

dt
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+

∫ T

0

[(

dky ,v · ∇ηk
)

+
(

y,dk
v · ∇ηk

)

+ 〈z̃2, η
k〉H1∗,H1

]

dt,(B.145)

for all ηk ∈ C∞
c ((0, T ) ;Vk). So, given η ∈ C∞

c ((0, T ) ;H1), we set in (B.145)

ηk = P kη. We get

∫ T

0

(

dkyt, P
kη
)

dt(B.146)

=− γ

∫ T

0

(

∇
[

−ε2∆dky − dky + 3y2dky
]

,∇P kη
)

dt

+

∫ T

0

[(

dky,v · ∇P kη
)

+
(

y,dk
v · ∇P kη

)

+ 〈z̃2, P
kη〉H1∗,H1

]

dt =

= E1 + E2 + E3 + E4.

Using the properties of the projetion operator P k
, we derive

E1 ≤ C
(

‖∆dky‖L2(H1) + ‖dky‖L2(H0) + ‖y‖2L∞(H2) ‖d
k
y‖L2(H0)

)

‖η‖L2(H1),

E2 ≤

∫ T

0

‖dky‖ ‖v‖
C(Ω̄) ‖∇P kη‖ dt ≤ C ‖v‖L∞(H2) ‖d

k
y‖L2(H0) ‖η‖L2(H1),

E3 ≤

∫ T

0

‖y‖C(Ω̄) ‖dk
v‖ ‖∇P kη‖ dt ≤ C ‖y‖L∞(H2) ‖d

k
v‖L2(D) ‖η‖L2(H1),

E4 ≤

∫ T

0

‖z̃2‖H1∗ ‖P kη‖H1 dt ≤ ‖z̃2‖L2(H1∗) ‖η‖L2(H1).

Inserting the estimates of E1, . . . , E4 above in (B.146) and using (B.141), we an

write

(B.147) ‖dkyt‖L2(H1∗) ≤ C (u)
[

‖z1‖
2
L2(D∗) + ‖z̃2‖

2
L2(H1∗) + ‖z3‖

2
S + ‖z4‖

2
H0

]
1

2

.

Considering the sequenes

{

dk
v

}

k∈N
,
{

dky
}

k∈N
, using the estimates (B.141), (B.144)

and (B.147), there exist subsequenes (labelled by an index m), suh that

dm
v ⇀ dv, in W0,(B.148)

dmy ⇀ dy, in W0,(B.149)

dmy
∗
⇀ dy, in L∞ (H0) ,(B.150)

dmy → dy, in L2
(

L2
0

)

,(B.151)

dmy ⇀ dy, in L2 (H∆) .(B.152)

as m → +∞. Next, we show that dv, dy solve (B.125)-(B.128). It holds

∫ T

0

[(dm
vt,ψ

m) + ν (∇dm
v ,∇ψ

m)(B.153)
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+ B (dm
v ,v,ψ

m) +B (v,dm
v ,ψ

m)

+ ρ
(

dmy ,∇
[

−ε2∆y − y + y3
]

·ψm
)

+ ρ
(

y,∇
[

−ε2∆dmy − dmy + 3 y2 dmy
]

·ψm
)]

dt =

∫ T

0

〈z1,ψ
m〉D∗,D dt,

dm
v (0) = Pmz3,(B.154)

∫ T

0

[(

dmyt, η
m
)

+ γ
(

∇
[

−ε2∆dmy − dmy + 3y2dmy
]

,∇ηm
)

+

−
(

dmy ,v · ∇ηm
)

− (y,dm
v · ∇ηm)

]

dt =

∫ T

0

〈z2, η
m〉H∗

0 ,H0
dt,(B.155)

dmy (0) = Pmz4,(B.156)

for all m, ψm ∈ C∞
c ((0, T ) ;D), ηm ∈ C∞

c ((0, T ) ;H0). So, given ψ ∈ L2 (D),
η ∈ L2 (H0), we set in (B.153)-(B.156) ψm = Pmψ and ηm = P̃mη, whih are suh

that

‖Pmψ −ψ‖L2(D) → 0,(B.157)

‖P̃mη − η‖L2(H0) → 0,(B.158)

as m → +∞. Then, using (B.148) and (B.157), we derive

∣

∣

∣

∫ T

0

(dm
vt,ψ

m) dt−

∫ T

0

〈dvt,ψ〉D∗,D dt
∣

∣

∣
→ 0,

∣

∣

∣

∫ T

0

(∇dm
v ,∇ψ

m) dt−

∫ T

0

(∇dv,∇ψ) dt
∣

∣

∣
→ 0,

from (B.148), (B.157) and the boundedness of ∇v ·ψ in L2 (L2), we infer

∣

∣

∣

∫ T

0

B (dm
v ,v,ψ

m) dt−

∫ T

0

B (dv,v,ψ) dt
∣

∣

∣

∣

∣

∣

∫ T

0

B (dm
v ,v,ψ

m −ψ) +B (dm
v − dv,v,ψ) dt

∣

∣

∣

≤ C
[

‖dm
v ‖L2(D) ‖v‖L∞(D) ‖ψ

m −ψ‖L2(D)

]

+
∣

∣

∣

∫ T

0

(∫

Ω

[(dm
v − dv) · ∇]v ·ψ dx

)

dt
∣

∣

∣
→ 0,

by (B.148), (B.157) and the boundedness of v ·ψ in L2 (L2), we observe

∣

∣

∣

∫ T

0

B (v,dm
v ,ψ

m) dt−

∫ T

0

B (v,dv,ψ) dt
∣

∣

∣

≤
∣

∣

∣

∫ T

0

B (v,dm
v ,ψ

m −ψ) +B (v,dm
v − dv,ψ) dt

∣

∣

∣

≤ C
[

‖v‖L∞(D) ‖d
m
v ‖L2(D) ‖ψ

m −ψ‖L2(D)

]

+
∣

∣

∣

∫ T

0

(
∫

Ω

[v · ∇] (dm
v − dv) ·ψ dx

)

dt
∣

∣

∣
→ 0,
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using (B.150), (B.152), (B.157) and the boundedness of w ·ψ in L2 (H2∗), we note

∣

∣

∣

∫ T

0

(

dmy ,∇w ·ψm
)

dt−

∫ T

0

(dy,∇w ·ψ) dt
∣

∣

∣

≤
∣

∣

∣

∫ T

0

[(

dmy ,∇w ·ψm −ψ
)

+
(

dmy − dy,∇w ·ψ
)]

dt
∣

∣

∣

≤ C ‖dmy ‖L∞(H0) ‖w‖L2(H1) ‖ψ
m −ψ‖L2(D) +

∣

∣

∣

∫ T

0

(

dmy − dy,∇w ·ψ
)

dt
∣

∣

∣

= C ‖dmy ‖L∞(H0) ‖w‖L2(H1) ‖ψ
m −ψ‖L2(D) +

∣

∣

∣

∫ T

0

(

w,∇
[

dmy − dy
]

·ψ
)

dt
∣

∣

∣
→ 0,

from (B.149), (B.152), (B.157) and the boundedness of y ·ψ, y2 · ∇y ·ψ and y3 ·ψ
in L2 (L2), we realize

∣

∣

∣

∫ T

0

(

y,∇
[

−ε2∆dmy − dmy + 3 y2 dmy
]

·ψm
)

dt

−

∫ T

0

(

y,∇
[

−ε2∆dy − dy + 3 y2 dy
]

·ψ
)

dt
∣

∣

∣

≤
∣

∣

∣

∫ T

0

(

y,∇
[

−ε2∆dmy − dmy + 3 y2 dmy
]

· [ψm −ψ]
)

dt

+

∫ T

0

(

y,∇
[

−ε2∆
(

dmy − dy
)

−
(

dmy − dy
)

+ 3 y2
(

dmy − dy
)]

·ψ
)

dt
∣

∣

∣

≤ C ‖y‖L∞(H2)

[

‖∆dmy ‖L2(H1) + ‖dmy ‖L2(H0)

(

1 + ‖y‖2L∞(H2)

)]

‖ψm −ψ‖L2(D)

+ε2
∣

∣

∣

∫ T

0

(

y,∇∆
[

dmy − dy
]

·ψ
)

dt
∣

∣

∣
+
∣

∣

∣

∫ T

0

(

y,∇
[

dmy − dy
]

·ψ
)

dt
∣

∣

∣

+6
∣

∣

∣

∫ T

0

(

y2
[

dmy − dy
]

,∇y ·ψ
)

dt
∣

∣

∣
+ 3
∣

∣

∣

∫ T

0

(

y3,∇
[

dmy − dy
]

·ψ
)

dt
∣

∣

∣
→ 0,

by (B.149) and (B.158), we have

∣

∣

∣

∫ T

0

(

dmyt, η
m
)

dt−

∫ T

0

〈dyt, η〉H∗

0 ,H0
dt
∣

∣

∣
→ 0,

using (B.149), (B.152), (B.158) and the boundedness of y ·∇y ·∇η in L2 (H1∗) and
y2 · ∇η in L2 (L2), we get

∣

∣

∣

∫ T

0

(

∇
[

−ε2∆dmy − dmy + 3 y2 dmy
]

,∇ηm
)

dt

−

∫ T

0

(

∇
[

−ε2∆dy − dy + 3 y2 dy
]

,∇η
)

dt
∣

∣

∣

=
∣

∣

∣

∫ T

0

(

∇
[

−ε2∆dmy − dmy + 3 y2 dmy
]

,∇ [ηm − η]
)

dt

+

∫ T

0

(

∇
[

−ε2∆
(

dmy − dy
)

−
(

dmy − dy
)

+ 3 y2
(

dmy − dy
)]

,∇η
)

dt
∣

∣

∣



B.3. Proofs of Chapter 4 225

≤ C
[

‖∆dmy ‖L2(H1) + ‖dmy ‖L2(H0)

(

1 + ‖y‖2L∞(H2)

)]

‖ηm − η‖L2(H0)

+ε2
∣

∣

∣

∫ T

0

(

∇∆
[

dmy − dy
]

,∇η
)

dt
∣

∣

∣
+
∣

∣

∣

∫ T

0

(

∇
[

dmy − dy
]

,∇η
)

dt
∣

∣

∣

+6
∣

∣

∣

∫ T

0

(

y
[

dmy − dy
]

,∇y · ∇η
)

dt
∣

∣

∣
+ 3
∣

∣

∣

∫ T

0

(

y2,∇
[

dmy − dy
]

· ∇η
)

dt
∣

∣

∣
→ 0,

from (B.149), (B.151) and (B.158), we an write

∣

∣

∣

∫ T

0

(

dmy ,v · ∇ηm
)

dt−

∫ T

0

(dy,v · ∇η) dt
∣

∣

∣

=
∣

∣

∣

∫ T

0

(

dmy ,v · ∇ [ηm − η]
)

dt+

∫ T

0

(

dmy − dy,v · ∇η
)

dt
∣

∣

∣

≤ ‖dmy ‖L2(H0) ‖v‖L∞(D) ‖η
m − η‖L2(H0) + ‖dmy − dy‖L2(L2) ‖v‖L∞(H2) ‖η‖L2(H0) → 0,

by (B.148), (B.158) and the boundedness of y · ∇η in L2 (L2), we derive

∣

∣

∣

∫ T

0

(y,dm
v · ∇ηm) dt−

∫ T

0

(y,dv · ∇η) dt
∣

∣

∣

=
∣

∣

∣

∫ T

0

(y,dm
v · ∇ [ηm − η]) dt+

∫ T

0

(y, [dm
v − dv] · ∇η) dt

∣

∣

∣

≤ ‖y‖L∞(H2) ‖d
m
v ‖L2(L2) ‖η

m − η‖L2(H0) +
∣

∣

∣

∫ T

0

(y, [dm
v − dv] · ∇η) dt

∣

∣

∣
→ 0.

So, we an laim that (dv, dy) ∈ W0 × (W0 ∩ L∞ (H0) ∩ L2 (H∆)) satis�es the

equations (B.125) and (B.127), for all ψ ∈ C∞
c ((0, T ) ;D), η ∈ C∞

c ((0, T ) ;H0).
Then, from the dense embeddings

C∞
c ((0, T ) ;H0) →֒ L2 (H0) ,

C∞
c ((0, T ) ;D) →֒ L2 (D) ,

we infer that (dv, dy) satis�es the equations (B.125) and (B.127), for allψ ∈ L2 (D),
η ∈ L2 (H0). Conerning the initial onditions (B.126), (B.128), onsidering ψ =
ξ (1− t/T ) , ξ ∈ D and η = ζ (1− t/T ) , ζ ∈ H0, we note

(dm
v (0)− dv (0) , ξ) =

∫ T

0

[− (dm
vt,ψ) + 〈dvt,ψ〉D∗,D − 〈ψt,d

m
v − dv〉D∗,D] dt → 0,

(

dmy (0)− dy (0) , ζ
)

=

∫ T

0

[

−
(

dmyt, η
)

+ 〈dyt, η〉H1∗,H1 − 〈ηt, d
m
y − dy〉H1∗,H1

]

dt → 0,

as m → +∞, for all ξ ∈ D, ζ ∈ H0. Furthermore

dm
v (0) = Pmz3 → z3, in S,

dmy (0) = Pmz4 → z4, in L2
0.

Then, we an onlude dv (0) = z3, dy (0) = z4. It remains to show that the so-

lution (dv, dy) of equations (B.125)-(B.128) is unique. Let us assume that (dv1, dy1),
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(dv2, dy2) are two solutions of (B.125)-(B.128). Then, (hv, hy) = (dv2 − dv1, dy2 − dy1)
satis�es

∫ T

0

[〈hvt,ψ〉D∗,D + ν (∇hv,∇ψ) +B (hv,v,ψ) +B (v,hv,ψ)(B.159)

+ ρ
(

hy,∇
[

−ε2∆y − y + y3
]

·ψ
)

+ ρ
(

y,∇
[

−ε2∆hy − hy + 3 y2 hy

]

·ψ
)]

dt = 0,

hv(0) = 0,(B.160)

∫ T

0

[

〈hyt, η〉H∗

0
,H0

+ γ
(

∇
[

−ε2∆hy − hy + 3y2hy

]

,∇η
)

(B.161)

− (hy,v · ∇η)− (y,hv · ∇η)] dt = 0,

hy (0) = 0,(B.162)

for all ψ ∈ L2 (D) , η ∈ L2 (H0). We set ψ = χ[0,t] hv in (B.159) and η = χ[0,t] hy,

with 0 < t ≤ T , where

χ[0,t] (s) =

{

1 if s ∈ [0, t] ,

0 otherwise

Thus, using Young's inequality, we realize

∫ t

0

[

1

2

d

ds
‖hv‖

2 + ν‖∇hv‖
2

]

ds(B.163)

= −

∫ t

0

[

B (hv,v,hv)

+ρ (hy,∇w · hv) + ρ
(

y,∇
[

−ε2∆hy − hy + 3 y2 hy

]

· hv

)

]

ds

≤

∫ t

0

[

‖hv‖ ‖∇v‖L4 ‖hv‖L4 + ‖hy‖L4 ‖∇w‖L4 ‖hv‖+ ‖y‖C(Ω̄)

×
(

‖∇∆hy‖+ ‖∇hy‖+ ‖y‖C(Ω̄) ‖hy‖L4 ‖∇y‖L4 + ‖y‖2
C(Ω̄) ‖∇hy‖

)

‖hv‖
]

ds

≤

∫ t

0

[

σ‖∇hv‖
2 + σ‖∇∆hy‖

2 + C1 ‖∇hy‖
2+

+
(

C2 (σ) ‖v‖2H2 + C3 ‖w‖2H2 + C4 (σ) ‖y‖2H2 + C5 ‖y‖6H2

)

‖hv‖
2
]

ds,

∫ t

0

[

1

2

d

ds
‖∇hy‖

2 + γ ε2‖∇∆hy‖
2

]

ds(B.164)

= −

∫ t

0

[

γ (∇hy,∇∆hy)− 6 γ (y hy,∇y · ∇∆hy)− 3 γ
(

y2,∇hy · ∇∆hy

)

+ (hy,v · ∇∆hy) + (y,hv · ∇∆hy)
]

ds

≤

∫ t

0

[

γ ‖∇hy‖ ‖∇∆hy‖+ 6 γ ‖y‖C(Ω̄) ‖hy‖L4 ‖∇y‖L4 ‖∇∆hy‖

+3 γ ‖y‖2
C(Ω̄) ‖∇hy‖ ‖∇∆hy‖+ ‖hy‖ ‖v‖

C(Ω̄) ‖∇∆hy‖

+‖y‖C(Ω̄) ‖hv‖ ‖∇∆hy‖
]

ds
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≤

∫ t

0

[

5 σ ‖∇∆hy‖
2 + C2 (σ) ‖y‖2H2 ‖hv‖

2

+
(

C3 (σ) + C4 (σ) ‖y‖4H2 + C5 (σ) ‖v‖2H2

)

‖∇hy‖
2
]

ds,

Summing (B.163) and (B.164) and multiplying by two, we have

∫ t

0

[ d

ds

(

‖hv‖
2 + ‖∇hy‖

2
)

+ 2 ν‖∇hv‖
2 + 2 γ ε2‖∇∆hy‖

2
]

ds(B.165)

≤

∫ t

0

[

2 σ ‖∇hv‖
2 + 12 σ ‖∇∆hy‖

2

+
(

C1 (σ) ‖v‖2H2 + C2 ‖w‖2H2 + C3 (σ) ‖y‖2H2 + C4 ‖y‖6H2

)

‖hv‖
2

+
(

C5 + C6 (σ) + C7 (σ) ‖y‖4H2 + C8 (σ) ‖v‖2H2

)

‖∇hy‖
2
]

ds.

Choosing in (B.165) σ < ν and 6 σ < γ ε2, we get

‖hv (t) ‖
2 + ‖∇hy (t) ‖

2 ≤ ‖hv (0) ‖
2 + ‖∇hy (0) ‖

2

+C

∫ t

0

[

1 + ‖w‖2H2 + ‖v‖2H2 + ‖y‖2H2 + ‖y‖4H2 + ‖y‖6H2

](

‖hv‖
2 + ‖∇hy‖

2
)

ds,

whih implies, applying Gronwall's lemma,

‖hv (t) ‖
2 + ‖∇hy (t) ‖

2 ≤
[

‖hv (0) ‖
2 + ‖∇hy (0) ‖

2
]

× exp

(

C

∫ t

0

[

1 + ‖w‖2H2 + ‖v‖2H2 + ‖y‖2H2 + ‖y‖4H2 + ‖y‖6H2

]

ds

)

.

Then from the initial onditions (B.160), (B.162), we an laim hv = 0, hy = 0.
So, we have shown that given

z = (z1, z2, z3, z4) ∈ Z = L2 (D∗)× L2 (H∗
0 )× S ×H0,

the system of PDEs (B.125)-(B.128) has a unique solution

dx = (dv, dy) ∈ X = W0 ×
[

W0 ∩ L∞ (H0) ∩ L2 (H∆)
]

.

Furthermore, from the estimates (B.141), (B.144) and (B.147), we have derived

‖dv‖
2
W0

+ ‖dy‖
2
W0

+ ‖dy‖
2
L∞(H0)

+ ‖dy‖
2
L2(H∆)

≤ C (u)
[

‖z1‖
2
L2(D∗) + ‖z2‖

2
L2(H∗

0)
+ ‖z3‖

2
S + ‖z4‖

2
H0

]

.

Hene the equation (B.123) and the estimate (B.124) are satis�ed. This onlude

the proof.
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