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NONZERO-SUM SUBMODULAR MONOTONE-FOLLOWER GAMES:
EXISTENCE AND APPROXIMATION OF NASH EQUILIBRIA

JODI DIANETTI AND GIORGIO FERRARI

ABSTRACT. We consider a class of N-player stochastic games of multi-dimensional singular
control, in which each player faces a minimization problem of monotone-follower type with
submodular costs. We call these games monotone-follower games. In a not necessarily
Markovian setting, we establish the existence of Nash equilibria. Moreover, we introduce
a sequence of approximating games by restricting, for each n € N, the players’ admissible
strategies to the set of Lipschitz processes with Lipschitz constant bounded by n. We prove
that, for each n € N, there exists a Nash equilibrium of the approximating game and that the
sequence of Nash equilibria converges, in the Meyer-Zheng sense, to a weak (distributional)
Nash equilibrium of the original game of singular control. As a byproduct, such a convergence
also provides approximation results of the equilibrium values across the two classes of games.
We finally show how our results can be employed to prove existence of open-loop Nash
equilibria in an N-player stochastic differential game with singular controls, and we propose
an algorithm to determine a Nash equilibrium for the monotone-follower game.

Keywords: nonzero-sum games; singular control; submodular games; Meyer-Zheng topol-
ogy; maximum principle; Nash equilibrium; stochastic differential games; monotone-follower
problem.

AMS subject classification: 91A15, 06B23, 49J45, 60G07, 91A23, 93E20.

1. INTRODUCTION

We consider a class of stochastic N-player games over a finite time-horizon in which each
player, indexed by ¢ = 1, ..., N, faces a multi-dimensional singular stochastic control problem of
monotone-follower type. On a complete probability space, consider a multi-dimensional cadlag
(i.e., right-continuous with left limits) process L and, for ¢ = 1, ..., N, multi-dimensional con-
tinuous semimartingales f* with nonnegative components. Denote by F the right-continuous
extension of the filtration generated by f = (f', ..., f¥) and L, augmented by the sets of zero
probability. We call monotone-follower game the game in which each player i is allowed to
choose a multi-dimensional control A’ in the set of admissible strategies

A := {F-adapted processes with nondecreasing, nonnegative and cadlag components} ,

in order to minimize the cost functional
THA AT = E[/ he(Ly, AL, A dt + g' (Ly, Ak, ALY +/[ ]fZ dAi],
0 0,T

where A™" 1= (AJ )j2i- Here T' < oo and h' and g¢' are suitable nonnegative convex cost
functions.

Next, we introduce a sequence of approximating games with regular controls in the following
way. For each n € N, define the n-Lipschitz game as the game in which players are restricted
to pick a Lipschitz control in the set of admissible n-Lipschitz strategies

L(n) ={A € A| A is Lipschitz with Lipschitz constant smaller that n and Ay = 0},

in order to minimize the cost functionals J*.

Date: January 2, 2019.
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Our main contributions are the following.

(1) Under submodularity conditions on the functions h? and g%, we establish the existence
of Nash equilibria for the monotone-follower and the n-Lipschitz games.
(2) We show connections across these two classes of games. In particular:

(i) any sequence obtained by choosing, for each n € N, a Nash equilibrium of the
n-Lipschitz game is relatively compact in the Meyer-Zheng topology, and any
accumulation point of this sequence is the law of a weak Nash equilibrium of
the monotone-follower game (see Definition 4 below). That is, any accumulation
point is a Nash equilibrium on a suitable probability space on which are defined
processes f and L such that their joint law coincides with the joint law of f and
L;

(ii) the N-dimensional vector whose components are the expected costs associated
to any weak Nash equilibrium obtained through the previous approximation is a
Nash equilibrium payoff. Moreover, for each € > 0, there exist n. € N large enough
and a Nash equilibium of the n.-Lipschitz game which is an e-Nash equilibrium
of the monotone-follower game.

Furthermore: we provide applications of our results to deduce existence of Nash equilibria
for a class of stochastic differential games with singular controls and non-Markovian random
costs; in the spirit of [67], we construct an algorithm to determine a Nash equilibrium of the
monotone-follower game; we provide an existence result for the monotone-follower game in
which players are allowed to choose both a regular control and a singular control.

To the best of our knowledge, general existence and approximation results of Nash equilibria
in N-player non-Markovian stochastic games of multi-dimensional singular control appear in
this paper for the first time.

1.1. Background literature. A singular stochastic control problem appears for the first
time in [10], where the problem of controlling the motion of a spaceship has been addressed.
Later on, examples of solvable singular stochastic control problems have been studied in [11].

Singular stochastic control problems of monotone-follower type have been introduced and
studied in [10] and [42]. A monotone-follower problem is the problem of tracking a stochastic
process by a nondecreasing process in order to optimize a certain performance criterion. Since
then, this class of problems has found many applications in economics and finance (see [9],
[21], [23], [26], [3], among many others), operations research (see, e.g., [32] and [30]), queuing
theory (see, e.g., [11]), mathematical biology (see, e.g., [2] and [3]), aerospace engineering (see,
e.g., [72]), and insurance mathematics (see [19], [63], and [61], among others).

The literature on singular stochastic control problems experienced results on existence of
minima (or maxima) (see [18], [29] and [37], among others), characterization of the optimizers
through first order conditions (see, e.g.,[3], [9], [20] and [57]), as well as connections to opti-
mal stopping problems (see, e.g., [12] or the more recent [15], [19], [79]) and to constrained
backward stochastic differential equations [16]. We also mention the recent work [17], as their
version of the monotone-follower problem is the single-agent version (in weak formulation) of
our game.

The number of contributions on games of singular controls is still quite limited (see [27],
[30], [34], [35], [38], [45], [46], [65], [71]), although these problems have received an increasing
interest in the last years. We briefly discuss here some of these works. In [65] it is determined
a symmetric Nash equilibrium of a monotone-follower game with symmetric payoffs (i.e.,
the cost functional is the same for all players), and it is provided a characterization of any
equilibria through a system of first order conditions. The same approach is also followed
in [30] for a game in which players are allowed to choose a regular control and a singular
control. Such a problem has been motivated by a question arising in public economic theory.
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A general characterization of Nash equilibria through the Pontryagin Maximum Principle
approach has been investigated in the recent [71] for regular-singular stochastic differential
games. Connections between nonzero-sum games of singular control and games of optimal
stopping have been tackled in [27]. It is also worth mentioning some recent works on mean field
games with singular controls (see [31] and [33]) and their connection to symmetric N-player
games (see [35]). A complete analysis of a Markovian N-player stochastic game in which
players can control an underlying diffusive dynamic through a control of bounded-variation
is provided in the recent [31]. There, the authors derive a Nash equilibrium by solving a
system of moving free boundary problems. General existence result for stochastic games with
multi-dimensional singular controls and non-Markovian costs were, however, missing in the
literature, and this has motivated our study.

1.2. Our results. We now provide more details on our results by discussing the ideas and
techniques of their proofs.

The existence results. Going back to the seminal work of J. Nash [58], a typical way to prove
existence of Nash equilibria is to show existence of a fixed point for the best reply map. In
the spirit of [67], our strategy to prove existence of Nash equilibria in the monotone-follower
game and in the n-Lipschitz game is to exploit the submodular structure of our games in
order to apply a lattice-theoretical fixed point theorem: the Tarski’s fixed point theorem (see
[66]). We proceed as follows. We first endow the spaces of admissible strategies A and L(n)
(defined above) with a lattice structure. While the lattice £(n) is complete, the same does
not hold true for A. To overcome this problem, we show that, under suitable assumptions,
each “reasonable” strategy lives in a bounded subset of A, and we restrict our analysis to
this subset, which is in fact a complete lattice. We then prove that the best reply maps
are non empty. To accomplish this task in the n-Lipschitz game, we employ the so-called
classical direct method. Indeed, since each strategy is forced to be n-Lipschitz, then the
sequence of time-derivatives of any minimizing sequence is bounded in L2. Hence, Banach-
Saks’ theorem, together with the lower semi-continuity and the convexity of the costs, allows
to conclude existence of the minima. On the other hand, for the monotone-follower game we
use some more recent techniques already employed to prove existence of optimizers in singular
stochastic control problems (see [9] and [61]). Assuming a uniform coercivity condition on the
costs (which is, anyway, necessary for existence of Nash equilibria; see Remark 2.6 below) we
can use a theorem by Y.M. Kabanov (see Lemma 3.5 in [39]) which gives relative sequential
compactness, in the Cesaro sense, of any minimizing sequence. Then, exploiting again the
lower semi-continuity and the convexity of the cost functions, we conclude existence of the
minima. Next, we show that the best reply maps preserve the order in the spaces of admissible
strategies, and for this the submodular condition is essential. The existence result then follows
by invoking Tarski’s fixed point theorem.

Our finding also generalizes also to the infinite time-horizon case and to the monotone-
follower game in which players are allowed to choose both a regular control and a singular
control. Moreover, some of the assumptions can be removed if we impose finite fuel constraints.

It is worth stressing that our proof strongly hinges on the submodularity assumption, which
is, however, a typical requirement in many problems arising in applications (see, e.g., [56], [57],
[67], [69], the more recent [6] and [7], or the books [68] and [70] and the references therein).

The approximation results. Singular control problems naturally arise to overcome the ill-
posedness of standard stochastic control problems in which the control affects linearly the
dynamics of the state variable, and the cost of control is proportional to the effort. Some kind
of connection between regular control problems with the linear structure described above and
singular control problems is then expected, and actually already discussed in the literature
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(see, e.g, the early [51] and [52] for an analytical approach, and [17] for a probabilistic ap-
proach). In Theorem 21 of [17], it is shown that any sequence obtained by choosing, for each
n € N, a minimizer of the monotone-follower problem when the class of admissible controls is
restricted to the set of n-Lipschitz controls, suitably approximates a (weak) optimal solution
to the original monotone-follower problem.

In our game-setting, we prove that any sequence of Nash equilibria of the n-Lipschitz game
is weakly relatively compact, and that any accumulation point is a weak Nash equilibrium of
the monotone-follower game. We first show that this sequence satisfies a tightness criterion
for the Meyer-Zheng topology. Then, we prove that any Nash equilibrium of the n-Lipschitz
game necessarily satisfies a system of stochastic equations. After changing the underlying
probability space by a Skorokhod representation, we pass to the limit in these systems of
equations and we deduce that any accumulation point solves a new system of stochastic equa-
tions. These equations can be viewed as a version of the Pontryagin maximum principle, and
they are sufficient to ensure that the limit point is a Nash equilibrium in the new probability
space, hence a weak Nash equilibrium.

As a byproduct of this result, we are able to show that, for each € > 0, there exists n € N
large enough such that the Nash equilibrium of the n-Lipschitz game is an e-Nash equilibrium
of the monotone-follower game. This gives a clearer interpretation of the weak Nash equilib-
rium found through the approximation: the N-dimensional vector whose components are the
expected costs associated to the weak Nash equilibrium is, in fact, a Nash equilibrium payoff
(as defined in [17]) of the monotone-follower game.

Applications and examples. Our existence result applies to deduce existence of open-loop
Nash equilibria in stochastic differential games with singular controls and non-Markovian
random costs, whenever a certain structure is preserved by the dynamics. For the sake of
illustration, we consider the case in which the dynamics of the state variable of each player are
a linearly controlled geometric Brownian motion and a linearly controlled Ornstein—Uhlenbeck
process.

Moreover, we consider the algorithm introduced by Topkis (see Algorithm II in [67]) for
submodular games: given as initial point the constantly null profile strategy, this algorithm
consists of an iteration of the best reply map. We show that, also in our setting with singular
controls, this algorithm converges to a Nash equilibrium.

1.3. Organization of the paper. In Section 2.1 we introduce the monotone-follower game.
Sections 2.2 and 3 are devoted to the existence theorems of Nash equilibria for the submod-
ular monotone-follower game and for the n-Lipschitz game, respectively. The approximation
results are contained in Section 4. The application of our result to suitable stochastic differ-
ential games is provided in Section 5, together with the proof of the convergence to a Nash
equilibrium of a certain algorithm. Section 6 contains an extension of the existence result
to games with both regular and singular controls. In Appendix A we collect some technical
lemmata and some proofs of results from Section 4, while Appendix B is devoted to recall
some results about the Meyer-Zheng topology.

2. THE MONOTONE-FOLLOWER GAME

2.1. Definition of the Monotone-Follower Game. Fix a complete probability space
(Q, F,P), a finite time horizon T" € (0,00), an integer N > 2 and k,d € N. Consider a
stochastic process L : Q x [0,T] — Rk, and, for i = 1, ..., N, assume to be given continuous
semimartingales f? : Qx [0, T] — R‘_{, and set f := (f1,..., fV). Denote by IF‘ﬂ:L = {]:_tff}te[o,T]
the right-continuous extension of the filtration generated by f and L, augmented by the P-null
sets.
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Define the space of admissible strategies

(2.1) A= { ViQx[0,T] — R V is an Fi’L—adapted cadlag process, with } 7

nondecreasing and nonnegative components

and let AN := ®£\;1A denote the set of admissible profile strategies. In order to avoid
confusion, in the following we will denote profile strategies in bold letters.

For each i = 1,..., N, consider measurable functions h?, g’ : R¥ x RV? — [0, 00). We define
the monotone-follower game as the game in which each player i € {1,..., N} is allowed to
choose an admissible strategy A* € A in order to minimize the cost functional

T
(22) (AL A7) =E[C(f,L,A)] = E{ / W (Lo A)dt+g' (L, Ar)+ | fi dAz],

0 [0,7]
where A" := (A7);4; and A := (A", A7) € AN Here and in the sequel the integrals with
respect to A* are defined by

fras =g+ [ giaa =Y gag ey [ taar
0 =1 =10
where the integrals on the right hand side are intended in the standard Lebesgue-Stieltjes

sense on the interval (0,7
We recall the notion of Nash equilibrium.

[0,7]

Definition 1. An admissible profile strategy A € AN is a Nash equilibrium if, for every
i=1,...,N, we have J'(A) < 0o and

TJHAL AT < JYVI,ATY, for every V'€ A.

Letting 24 denote the set of all subset of A, for each i = 1,..., N define the best reply map
R : AN — 24 by
(2.3) RY(A) := argmin J'(V¢, A™").
VieA
Moreover define the map

N
(2.4) R:=(R', .., RY): AN = )27,
=1

and notice that the set of Nash equilibria coincides with the set of fixed points of the map R;
that is, the set of A € AN such that A € R(A).

Remark 2.1. The notion of equilibrium introduced above is that of the so-called Open-Loop
Nash equilibrium. We focus on this specific class of equilibria since serious conceptual —so far
unsolved — problems arise when one tries to define a game of singular controls with Closed-
Loop strategies (see [5] for a discussion, and also [30] and [65]).

In the rest of this paper, for m € N and x,y € R™, we denote by xy the scalar product in
R™, as well as by |-| the Euclidean norm in R™. For z,y € R™ and ¢ € R, we will write x <y
if ¢ <y foreach ¢ =1,...,m, as well as z < ¢ if 2 < ¢ for each ¢ = 1, ..., m. Moreover, we set
zAy = (" Ay, . xm Ay™) and xVy = (2! Vyl, ... 2™V y™), where 2f Ayt := min{z?, y*}
and z¢ Vv ¢ := max{z’, y*} for each £ =1, ..., m.

We now specify the structural hypothesis on the costs.

Assumption 2.2. For each i =1,..., N, assume that:
(1) for each (I,a~%) € R¥ x RNV the functions hi(l,-,a=") and ¢'(l,-,a™") are lower
semi-continuous, and strictly convex;
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(2) for each | € R¥ the functions hi(l,-,-) and g'(l,-,-) have decreasing differences in
(a*,a™"), i.e.
ri(l,a',a"") — h'(l,a’,a”") > A
g'(La'a™) ~g'(la',a™) > ¢

(l7 aia dii) - h‘l(la ai7 aii)v
(la aiv a_i) - gl(l7 aia a_i)a
for each a,a € RN such that a > a;

(3) for each (I,a™%) € R¥F x RN=14 the functions hi(l,-,a™") and ¢'(l,-,a™") are submod-
ular, i.e.

hi(l,a',a™") + h'(l,a',a”")
RN,

> hi(l,a* Aa'ya™t) + h'(l,a' vV a',ah),
> gi(l, N a_i) + gi(l,di Y ai,a_i),

for each a,a €

Under Conditions 2 and 3 of Assumption 2.2 we refer to the game introduced above as to
the submodular monotone-follower game (see [67] for a static deterministic N-player game
submodular game). The submodular structure of our game will play a fundamental role in
the following.

Remark 2.3. Condition 3 of Assumption 2.2 is verified if and only if, for each (I,a™%) € RF x
RW-1)d and £ =1,....d, Ri(l,-,a™") and g'(l,-,a™") have decreasing differences in (a®*, a=%%),
where a= bt = (a”*)j2e (see Theorem 2.6.1 and Corollary 2.6.1 at p. 44 in [68]). Hence, in
the case of twice-differentiable functions, this condition corresponds to the nonpositivity of the
second order mized derivatives; that is
a2hi a2gi _ .
m SO and W SO fOT each ’L:].,...,N and E#]
2.2. Existence of Nash Equilibria in the Submodular Monotone-Follower Game.
On the space of admissible strategies A (cf. Definition 2.1) we define the order relation < such
that, for V,U € A, one has

VU <= V,<U Vtel0,T], P-as.

Moreover, we can endow the space A with a lattice structure, defining the processes VA U

and V VU as
(VAU :=ViANU, and (VVU) :=V,vU, VYte[0,T], P-—as.
In Nthe same way, on the set of profile strategies A", define, for A,B € A", an order relation
-\<
o A<"B <« A'XB' Vie{l,.,N},
together with the lattice structure
AAB:=(A'AB', ., AN ABY) and AVB:=(A'vB! .. AN vBY).

We now provide an existence result for the submodular monotone-follower game.

Theorem 2.4. Let Assumption 2.2 hold and assume that the following uniform coercivity
condition is satisfied: there exist two constants K,k > 0 such that, for each i =1,...,N,

(2.5) TJHAL AT > kE[|AL|] forall A e AN with E[|AL|] > K.
Suppose, moreover, that there exists a constant M > 0 such that, for eachi=1,...,N,
(2.6) forall A c AN there exists r(A) € A such that J'(r'(A),A™") < M.

Then the set of Nash equilibria F C AN is non empty, and the partially ordered set (F,<™)
is a complete lattice.
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Proof. Our aim is to prove existence of a Nash equilibrium by applying Tarski’s fixed point
theorem (see [66], Theorem 1) to the map R (cf. (2.4)). For this, the assumption on the
submodularity of h? and ¢* will play a crucial role.

First of all, recalling k, K and M from (2.5) and (2.6), define the constant w := % VK,
and introduce the set of restricted admissible strategies

(2.7) Aw) == {A € A|E[AL) <w,VI=1,...,d},

and the set of restricted profile strategies as A(w)" := ®fi1 A(w). In the following steps we
will identify the proper framework allowing us to apply Tarski’s fixed point theorem.

(Step 1) The lattices (A(w)N,<N) and (A(w), <) are complete.
We prove the claim only for the lattice (A(w)?", <), since an analogous rationale applies to
show that the lattice (A(w), <) is complete.

To prove that the lattice (A(w)™,<") is complete we have to show that each subset of
A(w)" has a least upper bound and a greatest lower bound. We now prove only the existence
of a least upper bound, since the existence of a greatest lower bound follows by similar
arguments.

Consider a subset {A7};c7 of A(w)™, where 7 is a set of indexes. We want to show that
there exists an element S of A(w)" such that A7 <V S for each j € Z and such that, if B is
another element of A(w)" with A7 <V B for each j € Z, then S <"V B.

Define @ := ([0,7] N Q) U {T}. For each g € Q we set

(2.8) Sy 1= esssup Ag,
JET
and we recall that there exists a countable subset Z, of Z such that
(2.9) S, = sup A‘;.
J€Lq
Define next the right-continuous process S :  x [0,T] — [0, 00)V¢ by
(2.10) Sr:=Sr, and S;:= inf{ Sq lg>t,qge @}, for t<T.

Observe that, being St = sup;¢z,. AZ_‘F P-a.s., by Fatou’s lemma it follows thaf E[Sfip’i] < w for
eachl=1,....dand i = 1,...,N; that is, S € AY. Moreover, S is adapted to ]Ffr’L. Indeed, by

its definition, St is clearly ]:"%’L—measurable. On the other hand, if t < T, for a generic g € Q)
with ¢ > ¢, we have that

St:inf{gq]q>t,qGQ}:inf{Sq\t<q§q,q€Q},
where we have used that the process {Sq}qu is increasing. Since the right-hand side of the
latter equation is ]:"g ’L-measurable, we deduce that S; is fg L measurable for each q>t, and
this implies, by the right-continuity of F’ ’L, that S; is ﬁtf L _measurable. Finally, since S is
clearly increasing, nonnegative and right-continuous, we conclude that S € A(w)".

Take now j € Z. From the definition (2.8) of S, for each ¢ € Q we have Ag < gq P-a.s.,
which means that there exists a P-null set N, such that Ag(w) < S,(w) for each w € Q\ N,.
Defining then the P-null set N := J,co Ny, we have Al (w) < Sy(w) for each w € @\ A and
q € @, which, by right-continuity, in turn implies that A{ (w) < S¢(w) for each w € Q\ N and
t €0, T]. Hence, A7 V'S for each j € T as desired.

Consider next an element B of A(w)" such that A7 < B for each j € Z. For ¢ € Q
and j € Z, there exists a P-null set M} such that Af(w) < B,(w) for all w € Q\ M.
Defining then My := U, ez, M), we have A}(w) < By(w) for all w € Q\ M, and j € T,

<
<
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which, by (2.9), implies that S,(w) < By(w) for all w € Q\ M,. Finally, introducing the
P-null set M := |J ¢ Mg, we have S,(w) < By(w) for all w € Q\ M and ¢ € Q, and, by
right-continuity, we deduce that S <V B

(Step 2) The best reply maps R' : AN — A(w) are well defined.
Fix ¢ and take A € AN. We have to prove that there exists a unique B € A such that

JH(B, A7) = min J'(V, A7),
VeA
and, moreover, that B € A(w). Clearly, by (2.3), we have B = {R(A), }te [0,7]-

Let {V7},en C A be a minimizing sequence for the functional J*(-,A7%). Fix § > 0 and,
for each j € N, let V7 denote

7 0 ifte [—9,0)
V7 ifte0,T).
Thanks to the coercivity conditions (2.5) on the costs, we deduce that

sup E[|V/[] = sup E[|V2|] < oc.
jeN jEN

We can then use (a minimal adjustment to [—d,7] of) Lemma 3.5 in [39], to find a cadlag,

nondecreasing, nonnegative, IF‘i’L—adapted process B, and a subsequence of {‘N/'J }ien (not
relabeled) such that, P-a.s.,

T T
(2.11) lim/ @ dB™ = / ©idBy Vo€ C((—0,T);RY) and lim BY = By,
where we set, P-a.s.

(2.12) i Vi, Vte[-4T)

For each test functions ¢ € Cy((—6,T); Rd) with compact support contained in (—6,0), defin-
ing ®; = fg s ds, we find, P-a.s., fg o, dB; = —fis @By dt = 0. This implies, by the
fundamental lemma of Calculus of Variations (see Theorem 1.24 at p. 26 in [25]), that
P[B; = 0, Vt € (—0,0)] = 1 and hence, by right-continuity, that P[B; = 0, Vt € [—0,0)] = 1.
Hence, we can write

T .
(2.13) J(B,A™") :E[/ h'(L¢, By, A ") dt + g' (L, Br, AL") + fi dBt}
0 9’

[0,7]
T . . . . T .
=E |:/ hZ(Lt, Bt,At_l) dt + gZ(LT, Br, A;Z) + / ftZ dBt:| .
0 —6

Moreover, from the limit in (2.11) we have that there exists a P-null set NV such that, for each
w € Q\ N there exists a subset Z(w) C [—§,T) of null Lebesgue measure, such that

lim B (w) = By(w) foreach weQ\N and te[-§T]\Z(w).

The latter convergence, allows us to invoke Fatou’s lemma and to deduce that

T T
ji(B,A—i)ghminfE[/ hi(Lt,Btm,At’)dt+gZ(LT,B{,7?,AT1)+/ f;dB;"],
m 0 -5
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upon using the lower semi-continuity of the costs and equation (2.13). Finally, thanks to the
convexity of h' and ¢g* and to the minimizing property of V7, from the last inequality we can
conclude that

. . 1 & T - , . - A r o
J(B,AT) < liminfEZE [/ W (L, V7, A7 dt + g'(Lp, Vi, ALY +/ fi dV#]
m = 0 )
1 & T . . . . . A .
:hminfmZEU hl(Lta‘/?,A;Z)dt—i-gl(LT,VrfwAEz)+/ devg]
m = 0 [0,7]

1 .
— liminf — AV —1
1mm1nfm E JH (VI ATY
J=1
= min J(V, A7Y).
VeA

The latter yields that B is a minimizer for J°(-, A=%). In fact, B is the unique minimizer of
Ji(-, A% by strict convexity of the costs.

It remains to prove that B € A(w), and to accomplish that we argue by contradiction. If
there exists [ € {1,...,d} such that E[B}] > w = 222 v K then we have E[|Br|] > 2L v K
and hence, by the coercivity condition (2.5) together with (2.6), we deduce that

JNB,A™") > kE[|Br|] > 2M > J (' (A), A7),

which contradicts the optimality of B.

(Step 3) The best reply maps R are increasing, i.e. if A,A € AN are such that A N A,
then R*'(A) < R'(A).

First of all, observe that, by an integration by parts (see, e.g., Corollary 2 at p. 68 in [60]),
the cost functional rewrites as

T T
(2.14) JZ<A’,A—’>=E[ | wenga s g e an - [ aiai+ sy
0 0

where A!_ denotes the left-limit of Ai. Thanks to the optimality of R'(A) we have the
inequality

(2.15) J'(R'(A)AR(A),A™") = T (R'(A),A™") > 0,
which by (2.14) and setting R := R/(A) and R’ := R'(A), can be rewritten as
E [/OT (W'(Ly, Ry ARy, A7Y) — B (Ly, Ry, A7) dt}
+E[g'(Lr, Ry A R, A7) = g' (L, R, A7')]
- [ [ (R AR~ R ] B (R A R - R 20
By the submodularity Condition 3 in Assumption 2.2, we have

T . . . .
(2.16) E [/ (R'(Le, Ry AR}, A7Y) — W' (Ly, Ry, A7) dt}
0

T
<E [/ (R'(Le, R}, A;") — B'(Ly, RiV Ry, A7) dt} ,
0
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and
(2.17) E [¢'(Lr, Ry A R, A7) — (L, Rip, A7")]
<E[¢'(Lr, Ry, A7") — g'(Lr, Ry V Ry, A7Y)]

Moreover, one can easily verify that

T . — . . . T — . . . .
(2.18) B| [ g - Ra| =5 | [~ RV RD @
0 0
and
(2.19) E [f#(Ry A Ry — Ry)] =E [fi(Ry — Ry v RY)] .

Using (2.16)-(2.19) we obtain

J'(R'(A)NR'(A), A7) = T'(R'(A), A7) < T'(R'(A), A7) = T'(R'(A) V R'(A), A7),
so that, by (2.15), we deduce that
(2.20) JHRY(A), A — TH(R(A)V R (A), A7) > 0.
Now, by Condition 2 in Assumption 2.2, we have

J'(R'(A), A7) = T (R'(A)V R'(A), A7) > T'(R'(A), A™") = T'(R'(A) V R'(A), A7),
and finally, by (2.20), we conclude that

J'(RY(A),A™") — T (R'(A) V R'(A), A7) > 0.

Hence Ri(A)_\/ Ri(A)_minimizes J i'(‘,_/_l_i) as well as RY(A) and, by uniqueness, it must be
R'(A)V R'(A) = R'(A). That is R*(A) < R'(A), which shows the claimed monotonicity.

(Step 5) Existence of Nash equilibria.

By the previous steps the lattice (A(w)", <) is complete and the restriction of the map R
(cf. (2.4)) to the set of restricted profile strategies A(w)? into itself is monotone increasing.
Then, by Tarski’s fixed point theorem (see [(6], Theorem 1), the set of fixed point of the map
R is a non empty complete lattice. Since such a set coincides with the set of Nash equilibria,
the proof is completed. O

2.3. Some Remarks. In this subsection we collect some remarks concerning assumptions
and extensions of the previous theorem.

Remark 2.5 (Comments on the Conditions of Theorem 2.4). A few comments are worth
being done.

(1) Condition (2.5) is satisfied if, for ezample, there exists a constant ¢ > 0 such that
P[fi>c Vi=1,..,N,Vte[0,T]] =1,
or if g are such that g'(l,a',a™%) > k |a’|.

(2) The role of Condition (2.6) is to force Nash equilibria, whenever they exist, to live in
the bounded subset AN (w) of AN. If there exist measurable functions H,G : RF —
[0,00) such that, for each i =1,...,N and for each (I,a™") € RF x RIN=D4 e have
h*(1,0,a™") < H(l) and ¢"(1,0,a™"*) < G(I), with

E [/()TH(LS)ds+G(LT) < 00,

then Condition (2.6) is satisfies with r*(A) = 0.



NONZERO-SUM SUBMODULAR MONOTONE-FOLLOWER GAMES 11

Remark 2.6. Consider the case N =2, d = 1. The costs relative to Player 1 are f' = h! =
0, g*(1,a',a?) = e_al(Z - e‘“z), while the costs of Player 2 can be generic functions satisfying
our requirements. Then, all the assumptions of Theorem 2.4 are satisfied, with the exception
of the coercivity condition (2.5), which is not satisfied by J*. If now (Al,flz) were a Nash
equilibrium, then for the first player we could write

0 < E[e7(2 — e 4%)] < inf E[e (2 — e~ 4] =0,
neN
which is clearly a contradiction. This example shows that, at least in the Nash equilibria, the
coercivity condition (2.5) is necessarily satisfied.

Remark 2.7 (Finite-Fuel Constraint). Many models in the literature on monotone-follower
problems enjoy a so-called finite fuel constraint (see e.g. [11] for a seminal paper, and the more
recent [3] and [21]). This can be realized by requiring that the admissible control strategies stay
bounded either P-a.s. or in expectation. In our game, if we suppose that, for eachi=1,..., N,
the strategies of player i belongs to the set

Aw') .= {A e A|E[AL) <, VI=1,..,d},

a proof similar to that of Theorem 2.4 still shows existence of Nash equilibria without need of
Conditions 2.5 and 2.6.

Remark 2.8. Theorem 2.4 still holds if we relax the condition of nonnegative costs and
we allow the functions h' and g* to assume values in R, but requiring, however, conditions
ensuring that

. . . oM
&n&j’(v, AT > —oco forall A€ ANTY such that E[|A7Y] < — V K.
€ K

This allows also to apply the Theorem 2.4 in the case in which players aim at maximizing
expected net profit functionals.

Remark 2.9 (Infinite Time-Horizon Case: T' = o0). Theorem 2.4 can be proved also in the
case T' = oco. Indeed, we can consider the problem in which each player chooses a strategy in
the set

A0, 00) = {A :0,00) x Q2 — [0 oo)d A is an [_Ff_’L—adapted cadlag process, with }

nondecreasing and nonnegative components

in order to minimize the cost functional
T (A A7) = E[/ hi<Lt,At>dt+/ 1 dAi}.
0 [0,00)

Then, the arguments developed in the previous proof carry on upon replacing Ar with Ay :=
SUP¢e[0,00) Ay

3. THE n-LipPscHITZ GAME

In the notation of Section 2, for each n € N, define the space of n-Lipschitz strategies

L(n) ={A € A| A is Lipschitz with Lipschitz constant smaller that n and Ay = 0},

and the space of n-Lipschitz profile strategies as LN (n) := ®fi1 L(n). The set L(n) (resp.
LN (n)) inherits from A (resp. A”Y) the order relation < (resp. <) together with the associ-
ated lattice structure.

For each n € N, the set of n-Lipschitz profile strategies £V (n), together with the cost
functionals 7%, define a game to which we will refer to as the n-Lipschitz game. We say that
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an n-Lipschitz profile strategy A € LN (n) is a Nash equilibrium of the n-Lipschitz game if,
for each i =1,..., N, we have J"(A) < oo and

TJHAL AT < TV, ATY, for every V' e L(n).

Theorem 3.1 (Existence of Nash Equilibria for the Submodular n-Lipschitz Game). Let
Assumption 2.2 hold. Then, for each n € N, the set of Nash equilibria of the n-Lipschitz
game F' C EN(n) is non empty, and the partially ordered set (F), 4N) is a complete lattice.

Proof. The proof is organized in three steps.

(Step 1) The lattices (LN (n), <) and (L(n),<) are complete.
With regards to Step 1 in the proof of Theorem 2.4, we only have to show that the least upper
bound and a greatest lower bound of any subset of £V (n) still belongs to £ (n). We will show
now that for each set of indexes Z and each subset {A7};c7 of £LN(n), its least upper bound
S still lies in £V (n). Analogous arguments apply to show that the greatest lower bound of
any subset of £V (n) is still in £V (n).

Fix ¢,q € Q, with @ := (QN[0,T])N{T'}, such that ¢ > g, recall S from (2.8), and consider
a countable subset Z, of Z for which

Q h
Sg = sup Ag.
heT,

We then have, P-a.s.,

Sq — Sq = sup <AZ - esssupAé) < sup (AZ - Ag) <nl|q—ql,
hel, jeT hel,

and, since S in nondecreasing, we conclude that |Sq - Sq| < nlq— q|, P-a.s. Therefore, since
@ is countable, recalling the definition of S given in (2.10), we deduce that S is Lipschitz
continuous with Lipschitz constant bounded by n.

(Step 2) The best reply maps R' : LN (n) — L(n) (cf. (2.3)) are well defined.
Fix i and take A € £V (n). We apply the classical direct method to find V' € £(n) such that

TV, A7) = min J(V,A7).
VeL(n)

Take a minimizing sequence {V’};ey C L(n). Since, for each j € N, we have that V7
is Lipschitz, we can define P ® dt-a.e. the time derivative of V7 that is, the F-progressively
measurable R4-valued process v} := dV}’ /dt. Since the sequence {v7} ;e is bounded in L2(£2 x
[0, T]; RY) (as any of its elements is bounded by n), by Banach-Saks’ theorem (see, e.g., p. 314
of [62]) we can extract a subsequence (still denoted by j) whose Cesaro sums {¢/ } jen converge
strongly in L2(Q2 x [0, T]; R%) to some Fi’L—progressively measurable v € L2(Qx[0,T];R%). By
passing to another subsequence {¢/™ },,,cny we can assume that {¢/™ },,,cn converges P® dt-a.e.
to ©, which allows to conclude that o; € [0,n]?, P ® dt-a.e.

Define then V; := fg s ds, and observe that, by the properties of o, we have V € L(n).
Also, P-a.s., fg ™ ds converges to V; for each t € [0,7], and the convexity of J%(-, A~%)
guarantees that the sequence { fo o ds}jen is still minimizing. Hence, thanks to the lower
semi-continuity and the convexity of h* and ¢*, and to Fatou’s lemma, we can conclude that

TNV, A7 = J'(lim Jo &, A7) < liminf ji(fo' cIm AT = Vmé? : T(V,A7).
m m cL(n

The latter yields that V minimizes J%(-, A~). In fact, V is the unique minimizer of J%(-, A~%)
by strict convexity of the costs.
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(Step 8) Existence of Nash equilibria.

By employing arguments as those in Step 8 of the proof of Theorem 2.4 we can deduce
that the best reply map R = (R, ..., RY) : £N(n) — £N(n) is monotone increasing in the
complete lattice (LY (n),<"). Then, the thesis of the theorem follows from Tarski’s fixed
point theorem. O

4. EXISTENCE AND APPROXIMATION OF WEAK NASH EQUILIBRIA IN THE SUBMODULAR
MONOTONE-FOLLOWER GAME

In this section we will investigate connections between the monotone-follower game and the
n-Lipschitz games.

4.1. Weak Formulation of the Monotone-Follower Game. For T € (0,00) and an
arbitrary m € N, we introduce the following measurable spaces:

o C'" denotes the set of R™-valued continuous function on [0, 7] with nonnegative com-
ponents, endowed with the Borel o-algebra generated by the uniform convergence
norm;

e D™ denotes the Skorokhod space of R™-valued cadlag functions, defined on [0,77,
endowed with the Borel o-algebra generated by the Skorokhod topology;

e DI denotes the Skorokhod space of R™-valued nondecreasing, nonnegative cadlag
functions, defined on [0, 7], endowed with the Borel o-algebra generated by the Sko-
rokhod topology.

We refer to Chapter 3 in [13] for more details on the Skorokhod space. Also, let P(CT"),
P(D™) and P(Df") denote the set of probability measures on the Borel o-algebras of ', D™
and DI, respectively. Finally, denote by P(CI' x D™ x D?) the set of probability measures
on the product o-algebra.

Moreover, denote by (7, 7r) : Cfd x DF x [0,T] — RN4+E the canonical projection, i.e.,
set (1, 70)e(f, L) = (fi, Lt) for each (f, L) € C¥% x D¥ and t € [0,T]. Also, for a probability
measure P € P(CY4 x D¥), denote by F}/"™ the right continuous extension of the filtration
on Civ @ 5 D* generated by the canonical projections 7 ¢ and 77, augmented by the P-null sets.

We now give a weak formulation of the monotone-follower game. Assume to be given a
distribution Py € P(CY? x D¥) such that the projection process ms : C¥9 x D* x [0, T] — R4
is a semimartingale with respect to the filtration I_Fif e

Definition 2. We call a basis a 5-tuple g = (Q, F,P, f, L) such that (Q, F,P) is a complete
probability space, L is an RF-valued cadlag process, f = (f*, ..., fN) is an RN%-valued contin-
uous, nonnegative semimartingale with respect to the filtration I_Ff’L, and Po (f,L)~! = Py.

For each basis 3, we then give the relative notion of admissible strategy.

Definition 3. Given a basis § = (Q, F,P, f, L), an admissible strategy associated to 8 is an
Re-valued cadlag, nondecreasing, nonnegative process on the probability space (Q,F,P). We
denote by Ag the set of admissible strategies associated to the basis 3. Moreover, we define

the space of admissible profile strategies associated to the basis § as Ag = ®Z]i1 Ag.

Given a basis 8 = (2, F,P, f,L), for each i € {1,..., N} and each admissible strategy
A" € Ag we define the cost functionals

T
(4.1) J5(A', A7) = EF[C(f, L, A)] = E¥ [ / W(Le A dttg'(Lr Ar) + | fi dAi}
0 0,T
where A~ := (A7), A == (A’, A=%) and E¥ denotes the expectation under the probability

measure P.
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We finally introduce a notion of equilibrium that we will refer to as weak Nash equilibrium.

Definition 4 (Weak Nash Equilibrium). Given a basis B and an admissible profile strategy
Ac Ag, we say that the couple (B, A) is a weak Nash equilibrium if, for every i = 1,...,N,
we have

Jé(f_li?/_l_i) < jé(Vi,A_i), for every V'€ Az
4.2. Assumptions and Preliminary Lemmata. In this subsection we specify the main
assumptions of this section, we introduce some notations, and we provide some preliminary
lemmata.

Assumption 4.1. Let Assumption 2.2 hold and, for each i =1,..., N, assume that

(1) g* and h' are continuous and continuously differentiable in the variable al € Rd;
(2) there exist 7,72 > 1 such that the d-dimensional gradients V;h' and V,g' of the
functions h' and g' with respect to the (d-dimensional) variable a' satisfy

(4.2) Vil (L, a)| + [Vig'(l,a)| < C(L+ U™ + ™),

for each 1 € R¥ and a = (a', ...,a’V) € RNV
Moreover, there exist measurable functions H',G": R*¥ — R such that Ri(1,0,a7%) <
H'(1) and ¢"(1,0,a™") < G*(1), with

T
(4.3) EPo [ / rHi«ms)wdHrcﬂ«mw@ < oo
and
(4.4 E%[ sup (|(m) 7 + \<7rf>s\ap>] < oo,
s€[0,7

where ¢ :== amax{y2p, p/(p — 1)} for some p,a > 1;
(3) there exists a constant ¢ > 0 such that

(4.5) Py [(77)i > ¢, Vit € [0,T], Vi=1,..,N] =1,

and the total conditional variation (see definition (B.3) in the Appendiz B) of my, over
the interval [0,T) is finite; that is, VQIEDO (rr) < o0 .

The following lemma will be useful in our subsequent analysis. It exploits the convexity of
h* and ¢' in order to obtain a subgradient inequality. The arguments of its proof are similar
to those already employed in [9], [30] and [65], but we provide a proof in Appendix A for the
sake of completeness.

Lemma 4.2. Let 3 = (Q,F,P, f, L) be a basis and take a profile strategy A = (A', ..., AN) €
A]BV such that J'(A) < oo for i =1,...,N. For each i and each B' € Ag we have

B A7) - gy A 2 8| [ v - an)
[0,7]
where we define the (non adapted) process
T
(@6)  Vii= [ V(LA AT 4 ig (Lo A A7) 4 F e 0.7,
t

Fix a basis § = (Q,F,P, f,L) and denote by fF{_’L = {]:'fJ;L}tG[O’T} the right-continuous
extension of the filtration generated by f and L, augmented by the P-null sets. For each
n € N, consider a Nash equilibrium A" = (AY", ..., AN") of the n-Lipschitz game as in
Theorem 3.1. The next lemma shows that any Nash equilibria of the n-Lipschtz game satisfy
certain first order conditions. Its proof follows arguments analogus to that in the proof of
Proposition 27 in [17], and it is postponed to Appendix A.
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Lemma 4.3. Define, for every n € N and every i = 1,...,N, the (non adapted) continuous
process

. T . . .
@n v ;:/ Vihi(Li, AT) dt + Vg (Lo, AZ) + i, t€[0,T], P—as.
t

Then, under Assumption 4.1, we have

T . . T .

(4.8) EF [ / Ytl’”dAi’”} = —nE" [ / (Y, ldt}
0 0

where 1:= (1,...,1) € R, and

(4.9) 11311@IP [/OT(Y;"”)‘ dt] =0.

4.3. Existence and Approximation of Weak Nash Equilibria. We now state and prove
the main result of this section.

For an arbitrary m € N, consider on the space C"* the topology given by the convergence in
the uniform norm. Furthermore, on the space D" consider the pseudopath topology ijz;; that
is, the topology on D™ induced by the convergence in the measure dt + dr on the interval
[0,7], where dt denotes the Lebesgue measure, and dr denotes the Dirac measure at the
terminal time 7. The space D?”” is a closed subset of the topological space (Dm,TPTI;), and
the Borel o-algebra induced by the topology ijl;, coincides with the o-algebra induced by
the Skorokhod topology (see also the Appendix in [17]). Notice that the topological spaces
(D™, 7,,) and (DI, 7,,) are separable, but not Polish (see, e.g., [74]). Finally, on the product
space Civ d 5 DF x D%V 4 consider the product topology, and on P(Civ dx DF x D%V 4) consider
the topology of weak convergence of probability measures.

Fix a basis 8 = (Q,F,P, f,L) and consider, for each n € N, a Nash equilibrium A" =
(Ab .. AN of the n-Lipschitz game as in Theorem 3.1. Define, for n € N, the law
P":=Po(f,L,A")~! in P(CY? x Dk x D%Vd); with a slight abuse of terminology, we will refer

to the law P™ as the law of the Nash equilibrium A™. We then have the following theorem.
Theorem 4.4. Under Assumption 4.1 the following statements hold.

(1) The sequence {P"},en of the laws of the Nash equilibria of the n-Lipschitz games is
weakly relatively compact in P(CYY x D x D{Vd).

(2) Any accumulation point P is the law of a weak Nash equilibrium of the monotone-
follower game; that is, there exist a basis = (2, F,Q, f, L) and an admissible profile
strategy A € AY, such that (B, A) is a weak Nash equilibrium of the monotone-follower
game and P = Qo (f,L,A)~'.

Proof. We prove the two claims of the theorem separately.

Proof of Claim 1. By assumption we have V(L) < oo, and by Lemma A.1 in the Appendix
A we have

(4.10) sup EF [| A% < oc,

where ¢ > 1 is as in Assumption 4.1. Therefore, from Lemma B.2, we can deduce that the
sequence {A"},¢cn is tight in P(D%V ), and that L in tight in P(D*). Moreover, since the space
Cfd is Polish, Po f~! is regular, and hence f is tight in P(Cfd) (see, e.g., Remark 13.27 at p.
260 in [13]). This implies that the sequence {(f, L, A™)},en is tight in P(CY? x D x D%Vd).
By Prokhorov’s theorem (see, e.g., Theorem 13.29 at p. 261 in [13]), there exists a subse-
quence of indexes (still denoted by n) and a probability measure P € P(CY4 x Dk x D%V 4) such
that the sequence P" converges weakly to P. The first claim of the theorem is thus proved.
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Proof of Claim 2. Thanks to an extension of Skorokhod’s theorem for separable spaces (see
Theorem 3 in [28]), there exists a probability space (£, F,Q), and, on it, a sequence

of Civ & x DF x D%V d_yalued random variables, and a Ci\f & % DF x D%V d_yalued random variable
(f,L,A), such that

(i) Qo (f”,f/‘,j_&”)_liz P* and Qo (f,L,A)~! =P,

(i) for almost all w € Q, we have

(4.11) . fi(w) = fe(w)| =0,
as well as

(4.12) (L"(w), A"(w)) — (L(w), A(w)) in the Lebesgue measure dt on [0, T,
and

(4.13) (L7 (w), Ap(w)) = (Lr(w), Ar(w)).

Define then 3 := (Q,F,Q, f,L). Since Po (f, L)™' is constantly Py, then the same holds for
its limit; that is, Q o (f, L)™' = Py, and this implies that 3 is a basis.

Now, for every i = 1,...., N, we define on the probability space (Q, F,Q) the sequence of
continuous processes {Yi’”}neN by

F,Q
L

, T o o _
(4.14) Y= / Vih' (L}, AY)dt + Vg (L, Alp) + f" for ¢ € (0,77,
t
as well as the process
— . T . — — . —_ —_ —_
(4.15) Y = / Vih' (L, Ay) dt + V9" (L7, Ar) + f{ for te€0,T].
t

The following claims summarize two key properties of the processes Y? and A that will
guarantee that (3, A) is a weak Nash equilibrium as in Definition 4.

For every i = 1,..., N, we now prove that the following hold Q-a.s.:

for every t € [0, T7;

) Vi >
/ Y} dAL = 0.
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(Proof of 2.a) We begin by proving that yn —>_§? in LY(Q®adt). Fori=1,..., N, from Lemma
A.3 (see Appendix) we have that Q ® dt-a.e. Y"™ converges to Y. Moreover, for p > 1 as in
Assumption 4.1, by the growth condition (4.2) we have that

]

EQ[ sup |V;""

p] < EQ[ sup
te[0,7

T .
/ Vihi(Ly, A7) dt + Vg (L}, A) + f;"
tefo,1] | J¢

< OB sup (1L + AT 4 17|
t€[0,T]

(4.16) < CE? {1 + |[AR[?P + sup (\E;‘]W + |f§"“|p) ]
te[0,7)
<& (1A 8| s ()7 + (i) | )

te[0,7
where C is a constant that may vary from line to line. Using then the integrability condition
(4.4) in Assumption 4.1 and the estimates (4.10) (recall that by assumption y2p < ¢), we have
(4.17) supE@[ sup \Y;’”]p] < 00,

n te[0,7)

which implies that the sequence }_7i’” is uniformly integrable. From Theorem 6.25 at p. in
[13], we deduce then that Y™ — Y in L'(Q ® dt). Now, from (4.9) in Lemma 4.3, we easily

find
T _ T /T
0 = limE" [/ (Y;’”)—dt} = limE© [/ (Ytz’")_dt] = EQ [/ (Y;)—dt] ,
" 0 n 0 0
and by continuity of Y? we conclude that Q-a.s.
(4.18) Y >0,Vte[0,T], Vi=1,.. N.
(Proof of 2.b) Observe first that, by the convergence at the terminal point (4.13) together
with Fatou’s lemma and the estimate (4.10) we have
(4.19) EY|Ar|7) < supEY[A}|) = sup E”[|A%|'] < oo,
n n
Furthermore, computations analogous to those employed in (4.16) yield
(120) 52| sup [7717] < € (1+ B ag] + 8% | sup (Imu e+ fmp) | ).
t€[0,T] t€[0,T)
as well as,
a21) B8 sup (57170 < & (14 BOAL] 4 B sup (Itma) ) 4 1(0if) | ):
te[0,T] t€[0,T]
Now, the estimates (4.10), (4.19), (4.20) and (4.21) implies that
supE® | sup [¥"|% 4 sup [F|*7 + |AF|7T + [Ar|7T | < oo,
n t€[0,T] t€[0,T]
which, together with the convergence established in Lemma A.3 in Appendix A, allows us to

use Lemma B.3 in Appendix B in order to deduce that

(4.22) EQ [ Y, dA ] = limE@ [ y,in d[li’"} .
[0,7]

(0,7] "
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Furthermore, since for each n € N we have f_lg’n = 0 Q-a.s., thanks to (4.8) in Lemma 4.3 we
have that

0 i 1415 0 T—in' 11,1 r 1,n; 1,n;
EQ[ 1‘@”"%47”3] :EQ[/ Y, " dAY J} :EP[/ Y, dAY J} <0,
[0,7] 0 0
hence, due to (4.22), we deduce that
EQ[

y;‘dA;‘] <0,
(0,77

This implies, thanks to the non negativity of Y* established in (2.a), that Q-a.s.

Y dA, =0,
[0,7]
so that (2.b) is proved.

It does remain to conclude that the couple (B JA) is a weak Nash equilibrium of the game.
Fix i € {1,..., N}, and consider an admissible strategy B* € A(/3). By Lemma 4.2 and Claims
(2.a) and (2.b) we have

THB A - YA A 2 B [, - iy 5| » vias) =0

which in fact completes the proof. O

4.4. On Lipschitz e-Nash Equilibria for the Monotone-Follower Game. In this sub-
section we prove another connection between the Lipschitz games and the monotone-follower
game by showing that e-Nash equilibria of the monotone-follower game can be realized as
Nash equilibria of the n-Lipschitz game, for n sufficiently large.

As in Subsection 4.3, in the following we consider fixed a basis § = (Q, F,P, f, L), and, for
each n € N, let A" = (A", ..., AN™) be a Nash equilibrium of the n-Lipschitz game as in
Theorem 3.1.

Theorem 4.5. Suppose that Assumption 4.1 holds and that there exists a constant C > 0
such that

(4.23) AL a)| + lg' (L )| < C(L+ U™ + |a™"2),

for each 1 € R* and a = (a',...,a") € RV,
Then, for each € > 0, there exists ne such that the Nash equilibrium A" of the n.-Lipschitz
game is an e-Nash equilibrium of the monotone-follower game; that is, for each i =1,..., N

jﬁi(Ai’"a,A_i’”S) < jﬁi(Bi,A_i’”s) +¢e foreach B'e Ag.

Proof. We argue by contraddiction and we suppose that the thesis is false. Then, there exists
e > 0 such that, for each n € N, there exist i, € {1,..., N} and an admissible strategy
B" € .Ag with

T5(A") > Ty (B A7) e
Since the number of indexes of the players is finite, we can suppose that there exists i €
{1, ..., N} such that, for each n € N,
(4.24) T4H(A™) > JH(B", A™"") +e.

Recall now that, for each n € N, A” is a Nash equilibrium for the n-Lipschitz game and notice
that the process constantly equal to zero is admissible. Hence, from (4.24), and using the
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coercivity condition (4.5) and the integrability condition (4.3) in Assumption 4.1, we find
cE°[|BR[] < T5(B", A7) < JH(A") — e
< 730, A7) < EFo [ / " H(m)) dt 1 G ()] < oo,

which implies that
(4.25) sup EF[| BE|] < oo.

With arguments analogous to those employed in the proof of Claim 1 of Theorem 4.4,
from the tightness condition (4.25) we deduce that there exists a subsequence of indexes (still

denoted by n) and a probability measure Pe P(Civ d % Dk x D%HN)d) such that the sequence
Po (f, L, B", A")~! converges weakly to P.

Then, thanks again to an extension of Skorokhod’s theorem (see Theorem 3 in [25]), there
exists a probability space (€2, F,Q), and, on it, a sequence

{(.]Fn7 En, Bn) An)}nEN
of Civ d % DF x D%HN)d—valued random variables, and a Civ d x Dk x D%HN)d—V&lued random
variable (f, L, B, A), such that
(i) Qo (f*,L", B, A")™' =P" and Qo (f,L, B,A)~" = P;

(ii) for Q-almost all w € €2, we have

(4.26) sup |fi'(w) = fi(w)| = 0,
te[0,7
as well as
(4.27) (L"(w), B"(w), A" (w)) = (L(w), B(w), A(w))

in the Lebesgue measure dt on [0, 7], and
(4.28) (Lp(w), By (w), AT(w)) = (Lr(w), Br(w), Ar(w)).

Moreover, as in Lemma A.2, we can deduce that, for Q-almost all w € , there exists a
constant M (w) < oo such that

sup sup (|Lf (w)| + [Af ()] + [Le(w)] + [As(w)]) < M (w).
n te[0,T]

Hence, for Q-almost all w € €2, we can find, by continuity of h?, another constant K (w) such
that

sup sup |R(L{(w), By (w), A; " (@) + h(Le(w), Bu(w), A7 ()] < K (w),
n te(0,7]

and, by the convergence established in (4.27) and in (4.28), we conclude that Q-a.s.
T . . — — _ .
(4.29) 1im/ h'(L}, By, A, "") dt + ¢' (L, By, AZ"™)
mJo
T . —_ — — . . —_ — — .
= / hz(LtaBtMAt_z) dt+gZ(LT7BT7A;I)>
0

where we have also used that A’ and ¢’ are continuous. Furthermore, thanks to the growth
condition (4.23), for p > 1 as in Assumption 4.1, we can find a suitable constant C' > 0 such
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that

fell

T A o
(4.30) supE H/ h'(L}, By, A" dt + ' (L}, B, AL"™)
n 0

)
< C'sup <1 + EFo [ sup ‘(WL)thp} +E" HA%W‘D]> < 00,

te[0,7)

where the integrability of the right-hand side follows from Condition (4.4) and from Lemma
A.1 in Appendix A. Finally, the limit in (4.29), together with the uniform integrability in
(4.30), allows us to conclude that

s T . — — —_ . . — — — .
31 i | [ W B A b o' (L B A

B T L _ . .= — _—
— gC [/ hi(Ly, By, A;")dt + g*(Lr, Br, A7") | .
i _

With a similar reasoning we also find

n

—~ T . —_ —_ — . . — . _ . ]
(4.32) lim EC [ /0 WLE, AV A db + g (D, Al A7)

_ r - i 1—i
—EQ V h*(Li, A, A7) dt + g' (L, A7, A7)
0

Moreover, Condition (4.4) yields we find

(4.33) supIEQ [ sup |f'|*? + sup \ft|o‘p] — 2EPo ! sup |(myr),|*"| < oo.

n te[0,T] t€[0,T] t€[0,T]

The latter, together with (4.10) and (4.19) allows to use Lemma B.3 in Appendix B in order
to deduce that

= T . . = . .
lim E© [ / i dAf;”] = EQ fldAL |,
n 0 (0,77
which, together with (4.32), gives
(4.34) 1i7£njg(An) = JH(A, A7),

Fix now M € N and define the sequence of processes { B"M}, cn by Bf’M = B A\ M
as well as the process BM := B; A M. Observe that, for each n € N, from (4.24) and the
definition of B™™ we have
(4.35)

. T B o o B o _ _. _
jé(An) > EQ |:/0 hz(L?,Bf,A;z’n) dt—l—gZ(L{ﬁ,B?,AT@’")} +EQ|:/[OT] ftl,”dBZL’M] +e€.

Moreover, notice that the convergence established in (4.27) and in (4.28) implies that, Q-a.s.,
the sequence { B™M}, <y converges to BM in the measure dt + 67 on [0, T.

Now, since the sequence {B™M},cy is bounded by the constant M, we can use again
Lemma B.3 in Appendix B to deduce that

(4.36) lim E2 [ fimapmM } = EQ [ fiaBM ] .
n [0, 7] [0,77]
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Hence, thanks to (4.34), (4.31) and (4.36), for each fixed M we can pass to the limit in the
inequality (4.35), in order to obtain that

P T . —_ — —_ . . — — — . P —_ —
jé(A) > EQ |:/0 hZ(Lta Bt7 A;l) dt + gZ(LTv BT: ATZ):| + EQ |: 0.1] ftZ dBlgw:| +e.
Finally, by the monotone convergence theorem, we can take the limit as M — oo in the latter
inequality to deduce that

(4.37) TH(A, A7) > JH(B, A7) +

i)
On the other hand, the probability measure Q o (f,L, A)~! is an accumulation point of

€.

A) e
the sequence P o (f, L, A")~!, and hence, by Theorem 4.4, the couple (3, A) is a weak Nash
equilibrium of the monotone-follower game, with § := (Q,F,Q, f,L). Moreover, B is an
admissible strategy associated to the basis §; this implies that

TiA, A7) < (B, A7),
which, together with (4.37), leads to a contradiction, and thus completes the proof. Il

Remark 4.6. Theorem 4.5 can also be understood in a different way. Fir a weak Nash
equilibrium (B, A) which is an accumulation point of a sequence of Nash equilibria of the
n-Lipschitz game on a fixed basis B, and define

V=W V) = (T5(A), ., TP (A)).

Then, V is a Nash equilibrium payoff of the monotone-follower game (see, e.g., Definition
2.7 in [17], or [18]), in the sense that, for each € > 0, there exists A® € Ag such that, for
eachi=1,...,N, we have:

(1) Jé(Ai7a, A7) < Jg(Bi, A7) +e  for each B'e Ag;

(2) |T3(A7) V| <.
Moreover, Theorem 4.5 shows that the Nash equilibrium payoff V is such that, for each € > 0,

the profile strateqy A®, which satisfies the conditions of the definition above, can be chosen as
a Nash equilibrium of the n-Lipschitz game, for n large enough.

Remark 4.7. Notice that the submodularity conditions (2) and (3) in Assumption 2.2 are
not necessarily needed in the proof of Theorem 4.4 and 4.5. Indeed, oly the requirement that,
for each n € N, there exists a Nash equilibrium for the n-Lipschitz game is needed. The
latter games can be seen as stochastic differential games, where the set of strategies is the
set of progressively measurable stochastic processes u' : Q x [0,T] — [0,n]¢, with degenerate
dynamics Al = guéds. This fact suggests that, whenever the submodularity requirement does
not hold, one might exploit, on a case by case basis, existence results on equilibria for sochastic
differential games (see, e.g., [22] and references therein for results on stochastic differential
games).

5. APPLICATIONS AND EXAMPLES

5.1. Existence of Equilibria in a Class of Stochastic Differential Games. This sub-
section is devoted to show that Theorem 2.4 applies to deduce existence of open loop Nash
equilibria in stochastic differential games with singular controls, whenever a certain structure
is preserved by the dynamics. For the sake of illustration, we propose the following model.
Fix a filtered probability space (2, F,F,P) satisfying the usual conditions and consider on
it N standard F-Brownian motions W*. Suppose to be given, for i = 1,..., N, measurable
functions ¢*,h' : R¥ x RN — R, as well as constants ;,0’ € R and continuous F-adapted
stochastic processes f' : Q x [0,T] — [0,00). Assume moreover to be given an F-adapted
process L : [0,7] x Q — R with cadlag components. The set of admissible strategies A
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is defined as the set of nondecreasing, nonnegative, cadlag, F-adapted, R-valued stochastic
processes, whereas AV := ®f\;1 A denotes the set of asmissible profile strategies.

We consider the N-player stochastic differential game of singular controls in which, for
i=1,...,N, player i chooses an admissible strategy ¢ € A to control her private state, which
evolves according to the stochastic differential equation

(5.1) dX} = p' X} dt + o' X} dW} +dgl, te[0,T], Xj=a">0,

in order to minimize her expected cost

JNELET) =E

/ h'(Ly, Xi, X Y)dt + g' (Lr, X1, X7") +/[ ]f;dg] )
0 0,7

Observe that, for i = 1, ..., N, the solution to equation (5.1) is given by

. 1 .
0.4 £2

where the processes {Eti}te[O,T] and {g‘;‘}te[m are defined by

(5.2) Xi =B = Ef [¢' +&],

i i (Ui)2 it i Lo
(5.3) E}:=exp || p' — 5 t+o'W}| and & := Edfs-
[0,¢] &s

Assumption 5.1. Let h' and ¢' satisfy Assumption 2.2. Suppose moreover that:
(1) for each i =1,...,N, there exist functions Hi G RF xR — [0,00) such that
Rzt ™) < H'(l,3") and g¢'(l, 2%, 7% < G'(l,2"), for each (I,x)c RF x RV,
with
T ~ . . ~ . .
E [/ H' (L, E}) dt + G’(LT,EF})} < 00;
0
(2) there exists a constant ki such that, for each i =1,...,N, we have ¢'(l,z) > kiz* for
each (I,r) € RF x RV,

Theorem 5.2. Under Assumption 5.1, there exists an open-loop Nash equilibrium of the
previously introduced stochastic differential game.

Proof. Thanks to (5.2), the cost functional of player i can be rewritten in terms of & (cf.
(5.3)), that is

(5.4)  Ji(el, e :E[/OT hi (Lt,E;' [+ &] ,{Eg' [xj +E{]}, ) dt

J#i

vo (LrBr v a] (B[ v@l]) )+ [ fimiag].
This leads to define the new functions 2, g* : RF x (0,00)Y x RN — [0,00) by

P e, 24, 271) 1= Wil el + 21, {edlad + 29T}
gl e 2 27) = g el + 2] {edlo? + 2]} i),

[0,7]

as well as the continuous processes f*: Qx [0,T] — R by f} := f{ E. These definitions allows
us to introduce new cost functionals in terms of new profile strategies ¢ = (¢, ...,¢V) € AN
setting
—. . . T — . . . . . . —. .
TN, () = E[/O W' (Ly, By, G, G )t + g' (L, Er, Gy Gp') + }fdef]-

0,7
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Notice that, by (5.4) and the definition of £’ in (5.3) as a function of ¢!, we have that
TJE e =T e, Vee AN, Vie{l,..,N}.
Furthermore, for each ¢ € AN there exists a unique ¢ € AN such that ¢! = & for each
i € {1,...,N}. This means that solving the stochastic differential game in the class of profile
strategies € € A and with cost functionals J° is equivalent to solve the monotone-follower
game for ¢ € A and cost functionals [J°. The rest of the proof is then mainly devoted to show
that the costs k' and g, together with the processes f?, satisfy the conditions of Theorem 2.4.
Since the functions h* and ¢° satisfy Assumption 2.2, for each (I,e,27%) € R* x (0,00)" x
RN~! the functions h(l,e,-,27%) and g'(l, e, -, 2~%) are clearly continuous and strictly convex.
Moreover, for (I,e) € R¥ x (0,00)" and z,zZ € RY such that z < z, we have e/[27 + 27] <
el[z) + 27] for each j = 1,..., N, since the components of e are positive. Therefore, because
h' has decreasing differences, we deduce that

hi(l,e, 2, 27" — hi(l,e, 2", 27"
= hi(l,e'fa’ + 2 {07 + 2 ) — WL (€'l + 27 {27 + 2]} j)
> Wil e’ [2" + 2 e [a? + 2]} ) — (l e[z’ + 2] {e[a? + 2]} )
=hi(l,e, 2", 27" — hi(l,e, 2", 277,
which means that h' has decreasing difference as well. In the same way it is possible to show
that g* has decreasing differences, and this allows to conclude that the functions h* and g
satisfy Assumption 2.2. Moreover, thanks to (1) in Assumption 5.1, Condition 2.6 is clearly
satisfied with r*(¢) = 0 for each ¢ € AV.

We prove now that the functionals J* satisfy a slightly different version of Condition 2.5.
The superlinear condition (2) in Assumption 5.1 implies that

JU¢L ¢ 2E [3(Lr Gy G71)] =B {gi (LT, B [o + i) { B} [+ + ] }#i)]
> W (B [0+ )] > ME (B} ] = ki B[EF E™ [
where P is the probability measure on (Q, F) given by

. E
dP’ == ——L_ aP,
E[ET]

and equivalent to P.

We can therefore apply Theorem 2.4 (in fact a slightly different version of it, in which the
expectation in Condition 2.5 is replaced by the expectation under an equivalent probability
measure) to deduce existence of a Nash equilibrium (= (f 1L CN ) of the monotone-follower
game with cost functionals J¢. Hence the process f = (é L éN ) defined by

&= | Bl
[0,¢]
is an open loop Nash equilibrium of the stochastic differential game. O

Remark 5.3. The same arguments employed in the proof of Theorem 5.2 apply if we replace
the dynamics of the controlled geometric Brownian motion in (5.1) by the dynamics of a
controlled Ornstein—Uhlenbeck process

X} =0'(u' — X)) dt + " dW} +d€l, te0,T), Xi=uz'>0,
for some parameters 6%, 0* > 0 and ' € R. Mean-reverting dynamics (as the Ornstein—Uhlenbeck
one) find important application in the energy and commodity markets (see, e.g., [12] or Chap-

ter 2 in [50]).
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5.2. An Algorithm to Approximate the Least Nash Equilibrium. In this subsection
we prove that, also in our setting, the algorithm introduced by Topkis (see Algorithm II in
[67]) for submodular games converges to the least Nash equilibrium of the game.
According to the notation of Section 2, define the sequence of processes {R"},eny C AY in
the following way:
e RO=0¢c AV;
e for each n > 1, set R"™! := R(R").

Theorem 5.4. Suppose that the assumptions of Theorem 2.4 hold. Assume, moreover, that
there exists a constant C' > 0 such that, for each i =1,...,N,

(5.5)

hi(l,a) +¢'(l,a) < C(1 +]a]), V(,a)eR¥xRNY and |fi|<C, Vtel0,T], P—a.s.

Then the sequence {R"},en is monotone increasing in the lattice (AN, <) and it converges
to the least Nash equilibrium of the game.

Proof. Since the map R : AN — AV is increasing (cf. Step 3 in the proof of Theorem 2.4),
the sequence {R"},cn is clearly monotone increasing with respect to the order relation in
AN,

Define now the process S := (S',..., %) € AN as the least upper bound of the sequence
{R"},en in the lattice (AY, <V). We claim, and prove later, that there exists a P-null set N/
such that, for each w € Q \ NV, there exists a countable subset Z(w) of [0,T") such that,

(5.6) Si(w) = li7anR?(w) Vte [0,T]\ Z(w), VweQ\N.

We next show that the limit point S is a Nash equilibrium. By Step 2 in the proof of
Theorem 2.4, we know that there exists a suitable constant C' such that, for each n € N,
E[|R%|] < C. Hence, by the monotone convergence theorem, we deduce that

(5.7) E[|Sr|] < C.

Fix theni € {1,..., N} and B* € A. If E[| BL|] = oo, then, by the coercivity condition (2.5), we
would automatically have J(S?, S~%) < J%(B% S~%) = oo. Hence, without loss of generality,
we can assume that

(5.8) E[|B}|] < <.

Now, since R®"*! minimizes J*(-, R=*"), for each n € N we can write
E[ / (Lo, Ry R7YY dt + g (L, R RS + / £ dRi’"“}
0 (0,77

T ) ) ) . ) )
SEU hZ(Lt,Bg,R;W)dt+gl(LT,B§p,R;“”)+/ /! dB;}
0 [0,7]

Moreover, the limit in (5.6), together with conditions (5.5) and the estimates (5.7) and (5.8),
allows us to invoke the dominated convergence theorem and to take the limit as n goes to
infinity in the last inequality in order to deduce that J°(S?, S~%) < J%(B% S~%). Hence S is
a Nash equilibrium.

Finally, we prove that S is the least Nash equilibrium. Suppose that S is another Nash
equilibrium. By definition we have RY = 0 <V S. If, for an arbitrary n € N, we have
R" <V S, then, since the map R is increasing and S is a fixed point of R, we have R"t! =
R(R") <" R(S) = S. Hence, by induction, we deduce that R <" S for each n € N, which
in turn implies that S <V S, since S is the least upper bound of the sequence {R"},cn.
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To conclude the proof it only remains to prove the limit in (5.6). Recall the construction
of Sand S (cf. (2.9) and (2.10) in Step I in the proof of Theorem 2.4). Notice that, since the
sequence {R"},¢en is increasing in the lattice (AN, <), there exists a P-null set A/ such that
(5.9) R} (w) <RI'M(w), Vtel[0,T], VneN, VweQ\N.

Hence we can assume
S,(w) = imRy(w), VgeQ:=(0,TINQU{T}, VweQ\N.

Since, for each w € Q\ N, Sy(w) = Sp(w) by definition, then the limit in (5.6) is verified in
T. Take now t € (0,7). If, for w € Q \ NV, the limit in (5.6) does not hold in ¢, then there
exists € > 0 such that

sup R (w) + € < Sg(w).

Hence, for ¢ €  such that ¢ < t, we find
Sy(w) 4 & = sup Ry (w) + ¢ < sup Rf(w) + & < Sg(w).
n n

This implies that, whenever s < ¢, we have
Ss(w) +e:= Hlf Sq(w) +e< Sf(w)a
s<q<t,qeQ
and hence that
S;_(w) + & :=supSs(w) + € < Sz(w).

s<t
The latter means that ¢ is in the set Z(w) of discontinuity points of S(w). Because Z(w) is
countable, the limit in (5.6) is then proved, and the proof is completed. O

6. AN EXTENSION OF THEOREM 2.4 WITH REGULAR CONTROLS

In this section we generalize Theorem 2.4 to the case in which players are allowed to choose
both a regular and a singular control.

Recall the notation introduced in Section 2. Fix a square-integrable random variable ©
and define the space of regular controls

U= {u :Qx[0,T] — R? | v is I_Fi’L—progressively measurable and |u;] < © P® dt — a.e. } ,

the space of admissible strategies U x A, and the space of admissible profile strategies (U x
AN = ®£\L1L[ x A. Elements of U x A will be denoted by X = (u, A), while elements of
U x A)N will be denoted by X = (X!, ..., XV).

For each i = 1,..., N, consider measurable functions h’,g" : R¥ x R2N4 — [0,00). We
define the game in which each player i € {1, ..., N} is allowed to choose an admissible strategy
Xt = (u', A%) € U x A in order to minimize the cost functional

T
(6.1) JH(X X7 ;:]E[ / WL, X¢) dt + g' (L, Ar) + | ff dAi}
0 [0,7]
where X7 := (X7);; and X := (X', X %) € (U x A)".

Next, on the space of admissible strategies U x A, we define the order relation < such that,

for X, Y € U x A, one has

X<xY <— w<vy and A; < By P®dt—a.c.

Moreover, endow the space U x A with a lattice structure, defining the processes X A Y :=
(uNv,AANB)and X VY := (uV v, AV B) where

(uAv)p:=u Avy and (uVo):=w Vo Pedt—ae.,
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and

(A/\B)t = At/\Bt and (A\/B)t = At\/Bt P® dt — a.e.
In the same way, on the set of profile strategies (U x A)Y, define, for X, Y € (U x A"V, an
order relation <V by

XY — X'gY' Vie{l,.., N},
together with the lattice structure
XAY :=(X'AYL L XYAYY) and XVY = (X'vYl . XV vy ),
Then, Theorem 2.4 admits the following generalization.

Theorem 6.1. For each i =1,..., N, assume that:

(1) for each (I,27%) € RF x R2ZN-D4 the functions hi(l,-, ") and g'(l,-, ") are lower
semi-continuous, and strictly convex; ‘

(2) for each | € R¥ the functions hi(l,-,-) and g'(l,-,-) have decreasing differences in
($i7 x—i)}.

(8) for each (I,z™%) € R¥ x REN-V4 the functions h(l,-,x~%) and g*(l,-,2~") are sub-
modular;

(4) there exist two constants K,k > 0 such that

JN(X', X7 > KE[|A7]
for all X € (U x AN with
E[|A7]] > K;
(5) there exists a constant M > 0 such that
forall X e Ux AN there exists (X)) eU x A such that J'(r(X), X %) < M.

Then the set of Nash equilibria F C (U x A)N is non empty, and the partially ordered set
(F,<N) is a complete lattice.

Proof. For w := % V K, recall the definition of A(w) given in (2.7). Combining arguments
from Step 2 of the proof of Theorem 2.4, and from Step 2 of the proof of Theorem 3.1, it
is possible to show that the best reply maps R’ : (U x A)N — U x A(w) are well defined.
Moreover, the same reasoning employed in Step 8 of the proof of Theorem 2.4 allows us
to deduce that the best reply maps are increasing with respect to the order relations on
U x AN and U x A. Then, in order to complete the proof, it remains to show that the
lattice (U x A(w)),<") is complete, and, in view of Step 1 of the proof of Theorem 2.4, it
is enough to prove that the lattice (U, <) is complete (where, by a slight abuse of notation,
we indicate by < the order relation on U).

Define on the lattice (U, <) the topology Z of intervals (see, e.g., p. 250 in [11]); that
is, the topology for which the topology of closed sets is generated by the family of sets
={ueld :u=xzand Z? :={u €l : z<x u} for z € U.

We now aim at proving that the topology Z is included in the weak topology of L.2([0, T] x
Q;RY). To accomplish that, we show that, for each z € U, the set Z, is closed for the weak
topology o of L2([0, T] x ©2; RY) by proving that Z, is convex and closed for the strong topology
of L2([0,T] x £;R%).

Take {u"},en C Z, converging to u in L2([0,T] x Q;R9). Since, for each n € N, u" € U,
we clearly have that v € Y. Furthermore, by definition of Z,, we have, v} — z; < 0 P ® dt-a.e.
This implies that, P ® dt-a.e., we have (uj’ — z;)1y, >0y < 0, so that

T
E [/ (uy — Zt)]l{m_Zt>0} dt| <0, VneN
0
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Now, since {u"},en converges strongly to u, hence weakly, we deduce that

T
E {/ (ug — 20) gy —z>0p dt| <0, Vn €N,
0

which in turns implies that, u; — z; < 0 P ® dt-a.e. Therefore, u € Z,, which proves that Z,
is closed for the strong topology. Since the set Z, is convex, Z, is also closed for the weak
topology. Analogous arguments show that Z7 is closed for the weak topology, and this allows
us to conclude that the topology Z is contained in the weak topology o.

Now, since the space U is weakly closed and bounded for the L2([0,7] x ©;R?) norm, by
Alaoglu’s theorem (see Theorem 6.21 at p. 235 in [1]) it follows that it is weakly compact, and
then, because of the inclusion Z C o, we deduce that I/ is compact for the topology Z. By a
characterization of complete lattices (see Theorem 20 at p. 250 in [14]), from the compactness
of U in the interval topology Z it follows that the lattice (U, <) is complete, and this proves
the theorem. 0

APPENDIX A. TECHNICAL LEMMATA

Throughout the rest of this technical appendix we assume that Assumption 4.1 holds.

Proof of Lemma 4.2. Fix i € {1,..., N}. By convexity of h* and g° (cf. Assumption 4.1) we
have

j,é(Bz7A_Z) - j]é(AZ, A_Z)

=E / (h'(Le, By, A7) — W' (Le, Ay, A7) dt+ | fi(dBG — dA;)}
LJO

[0,7]
+EF [¢'(Ly, By, A7Y) — g'(Ly, Ay AZY)]

r rT
> E" / Vih* (L, Ay, A7) (By — Ay) dt + fi(dB; — dAi)}
LJO

[0,7]
+E" [Vig' (L, Ay, A7) (B — A)] .
Then, integrating by parts and recalling (4.6), we obtain

T T
> P U </ Vb (L, AL, A;i)ds> (dBf —dA}) + | fi(dB] - dAi)]
0 t

[0, 17
T
w5 | ([ i, a7 ) 55 - 4]
0
+EF [Vig'(Lr, Ay, A7) (Bp — A%)]

r T

/ < / Vihi(Lg, AL, A;i)ds> (dBi — dA}) + / fi(dBi — dAg)]
L J[0,T] t (0,17
+E7 [Vig' (L, A, A7) (B — A7)

=EP

=EF o Y;(dB! — dA;‘)] .

g

Proof of Lemma 4.3. Fix i € {1,..., N} and n € N. Define the RV¥%valued process u" =
(utm, ..., uN") as the time derivative of the process A", i.e., fori =1,..., N, set uy" = %Ai’n
P ® dt-a.e.
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Take € > 0 and consider an arbitrary admissible n-Lipschitz strategy B’ € Lz(n). Define
then v} := %Bg P ® dt-a.e., and A% := A" 4 ¢ (B" — A%"). Since u" is a Nash equilibrium
of the n-Lipschitz game, then A»™ minimizes jé(-, A~%™). Hence, by employing Lemma 4.2,
the definition of A%¢ and setting P-a.s.,

Y;”"’E = / Vihz(Lt,Ai’E,A;l’”) dt + VigZ(LT,AlY’f,A;’") + ff, tel0,T],
t
we have

T A
0>E" [CY(L, A", A="™)] —EF [CY(L, A, A™"")] > eEF [ / Y (dAYY — dAS) | .
0

After dividing by e, we obtain

EF [/ Y, (g™ — o)) dt] <0.
0

We claim (and prove later) that by taking limits as € — 0 we have

T o , , T . .
(A1) lim EF {/ Y (up™ — v}) dt} =EP [/0 Y (ug™ —vp) dt] :

e—0 0

and hence
EP |:/ Y;Z,n (uiyn _ Uz) dt:| S 0’
0

which implies that

T ) ) r . .

£ | [y -] < w | [ ogn i - .

0 0

Now, for j = 1,...,d, denote by e; the jth element of the canonical basis of R?. Taking

; d
Y . . .
vpi=mn ) =1 ]l{Ytz,n,gSO} ej, we find

T . . T T . .
0 <EF [/0 (Y™t u™dt| <EF [/0 (Y™™ (u™ —n1) dt] ,

and, because the right-hand side of the latter is non positive as u*"™ < n, we have
T . . b T .
EF [ / Y up™dt| = —nEF [ / (v, 1 dt} :
0 ] 0

which proves (4.8) upon recalling that dA"™ = u™ dt P-a.s.
In order to prove (4.9) notice that Lemma 4.2 and (4.7) give

T ,
0 <E" [C'(f,L,A™)] <EF[C'(f,L,0,A7"™)] +E* [ / Yt“"dAf;"] .
0
Hence from (4.8) and the latter we have that

4l Ly ] < ELOLOAT] Ly, Ji U () ds + Gl

n

which, thanks to Condition 2 in Assumption 4.1, implies (4.9). '
In order to complete the proof it only remains to prove (A.1). To do so, since |u;" —v| < 2n
for all ¢ € [0, 7] P-a.s., it is enough to prove that Y™ converges to Y*" in L1(Q2 x [0, T).
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Notice that, for a suitable constant C > 0, we have

(A.2)
dt}

T, A
E]P’ |:/(; ‘%z,n,a o Y;z,n

Moreover, for £ — 0 we have that Ai’a converges to Ai’n for each ¢t € [0,7], P-a.s. Thus, by
the continuity of V;h* and V,;¢*, we have, P-a.s.

dt] <CE" [ /0 ‘Vihl(Lt,Ai’"’a,A;“”) — Vil (Ls, A", A7)

+ CE” || Vig'(Ly, A7, A7'™) = Vig' (L, AY", A7)

(A.3) lim ‘v hi(Ly, AP, A7) — Vihi(Ly, AP, A7 =0 vt e [0, 1),
and
(A4) lim |Vig'(Ly, A7, Ap™") = Vig' (L, A7, A" | = 0.

Furthermore, since we are always considering integrals of processes bounded by n, we have
that |A7""] < nd(N — 1)T and, for € < 1, that |A7°| < 2ndT. Hence, thanks to the growth
conditions (2) in Assumption 4.1, we find

Vil (Ly, Ap=, A7 < 5‘<1+[s()u%(!Ls!“”)> =:Cn Vte0,T),
‘vigi(LT’Ai,E —l n)’
A A" AP <y WepT,
Vig (L, Ay, A7")P <

I/\
zQ

Qz

where p > 1 is as in the Assumption 4.1.

The previous estimates together with the integrability condition (4.4) in Assumption 4.1
imply that the two members on the right-hand side of (A.2) are uniformly integrable. This
fact, together with the limits in (A.3) and (A.4), allows us to invoke the dominated convergence
theorem in order to conclude that the two members on the right-hand side of (A.2) converge
to 0 as ¢ — 0. This completes the proof of the lemma.

O

Lemma A.1. For g > 1 as in Assumption 4.1, we have that

sup EF [|A%]9] < oo.
n

Proof. Fixi € {1,...,N} and r > 0, and define the R%valued process

,N,T in
(A.5) A, = A i, ()
where T%"(r) := inf{t € [0,T] : A" > r }, with the usual convention that inf ¢ = co. Now,
since A»™" is not the best response to A~%", we have

T ' ' i L ) . .
EP |:/ hl(Lt, A;m’ At_l,n) dt + gl(LT, A;Z,n, A;z,n) n fZ dA?n :|
’ (0,77
< EP |:/ hl(Lh Ai’”ﬁ"’ At_l,n) dt + gl(LT7 A;;n,r7 A;z,n) + / ftZ dAiﬂn’T:| ‘
' [0,T]
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Therefore, using (A.5),

T ) T ) X . . .
(A.6) EP[ / fi dAi’”] < EP[ / (h@(Lt,r, A7) — hz(Lt,Ai’n,At_”")) dt}

TATH"(r) TAT#"(r)
(A7) +EF g (L, A7, A7) — g (L, A, A7)
Thanks to the assumption (4.5) in Assumption 4.1, we also find
T
P Lo ) P % i,m
(A-8) ck [(AT ) H{A;n>r}} sk [/T/\Ti,n(v") Jidd; ] .

Moreover, on the event {A%" > r}, we have that r € [0, A)"] for each t € [T A T"(r), T).

Hence r is a convex combination of 0 and A" for each t € [T A T"(r), T], and by convexity
of h* and ¢* we find

T . . .
(A.9) / B (Lo, A7 dt + g (D, ry A7)
TATH"(r)

< / RY(Lg, AY", A7V dt + / h*(Ly, 0, A, ™) dt
TAT™ (1) 0
+ 9" (Lr, A3 ALY + ' (L, 0, A",

Thus, by using (A.8) and (A.9) in (A.6), we obtain

] T —i,n i —1i,n
cEF [(Azjl —r) ]1{A§Ln>r}} < EP I:]I{A;;n>r} </0 hl(Lt,O,At M) dt+ g (LT,O,AT ’ )>:|

<& [ty ([ 1015+ 60 )]

Thanks to the integrability condition (4.4) in Assumption 4.1, we can apply Lemma 33 in [17]
to conclude that

. ~ T . .
sup B 4711 < g OB | [ 1Z8(L.) 1 as + 416 L)l < o,
ne 0

for a suitable constant C' > 0, which finally implies the claim of the Lemma. O

Lemma A.2. There exists G € F of full Q-measure such that for each w € G there exists a
constant M (w) < oo such that

sup sup (|Z7(w)| + [A7 ()] + |Lo(@)] + [A:(w)]) < M(w).

n t€[0,T]
Proof. Recalling (4.13) and (4.10), by Fatou’s lemma we find
(A.10) EQ[|A7|%] < sup EQ[|A%|7] = sup EF[|A%|] < oo
n n
Hence Q-a.s., |A%| < oo, and again by the convergence in (4.13) we deduce that Q-a.s.
(A.11) sup sup A} =supAr" < oo.
n ¢e€[0,T n

We now show that, Q-a.s.,

sup sup |L}| < oo.
n t€[0,T]

Let Q := ([0,7) N Q) U{T} and define the measurable function ® : D* — R by
O(X) :=sup | Xy|.
teQ
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Then, as in the proof of (Claim 1) of Theorem 4.4, it is possible to show that the sequence
{(f,®(L), L, A")}nen is tight in P(C}? x R x D* x DYY). Indeed, ®(L) is constant w.r.t.
n and integrable, and hence tight in P(R). Thus (modulo taking another subsequence) the
application of Skorokhod representation theorem reveals that there exist R-valued random
variables M™ and M on 2 such that: Qo (f",M™ L", A")™t = Po (f,®(L),L,A")"", Qo
(f,M,L,A)™" =P and M" converges to M Q-a.s. Furthermore Qo(M™, L™ Lis constantly
equal to P o (®(L),L)"!, and then the same holds for the limit; that is Q o (M,L)~! =
Po (®(L),L)"!. This implies that, for each n € N,

Q[IM™ — (L") = 0] = Q[|M — &(L)| = 0] = P[|2(L) — ®(L)| = 0] = 1,

hence M" = ®(L") and M = ®(L) Q-a.s.
Now, thanks to the integrability condition (4.4) in Assumption 4.1, we have

(A.12) EQ[M] —E@[ sup \Ety] = EP[®(L)] —EP[ sup |Lt@ < 0.
te[0,7T7] t€[0,T

Then M < oo Q-a.s., and since ®(L") converges to M Q-a.s., we finally deduce that

(A.13) sup sup |L}|= sup ®(L") < oc.
n  te[0,00)
Combining then (A.10), (A.11), (A.12) and (A.13) we find the thesis. O

Lemma A.3. For every i = 1,...,N, Y*™ converges to Y uniformly on the interval [0,T],

Q-a.s.

Proof. First we prove that Q-a.s.

(A.14) lim sup

T . — —_ . — —_
/ (VihZ(LZ, AQ) — V;h'(Ls, As)) ds| =0.
" t€0,T]

From Lemma A.2, there exists G of full Q-measure such that for each w € G we have

sup sup (2F)]+ [AF (@) + L)+ [Adw)]) < M) < o
n  telo,

and from (4.2) in Assumption 4.1 we deduce that for each w € G there exists a constant K (w)
such that

SlTle tes[t(l)%} (‘Vihi(f)?(w),A?(w))‘ + ‘Vihi(l_}t(w),At(w))D < K(w) < 0.

Hence, for any given w € G, the bounded continuous function V;h*(l,a) A K(w) coincides
with the function V;h%(l,a) when evaluated along the sequence (L”(w), A%(w)) and at the
limit point (Ls(w), As(w)). Therefore, in what follows we will consider w € G fixed (we will
not stress anymore the dependence on it in the following), and we will assume that V;h' is
bounded by K.

For m € N and j = 1,...,m, consider now the bounded continuous functions ¢/" : [0, T] —
R defined by

QOZ’ ]l((] or jT] (S) (S _ Ul)T) % +]l<£ T](S)-

m
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Since each t € [0,T] belongs to some interval (WTI)T, %] for some j; € {1,...,m}, we have
(A.15) ‘/ (Vih' (L2, AZ) — V;h'(Ls, Ay)) ds

n[t 7(s) (Vih' (L7, AY) — Vih'(Ls, Ay)) ds

’/ ]l[t T] ]h ) (Vihi(f’?v A?) - vihi(i& AS)) ds

+/ I (VRH(LE, ALY — Vih'(Ls, Ay)) ds
0

2T K
<=+
m

T
/ S (Vihi (L2, AL) = Vibi (L, A.)) ds
0

Fix now € > 0 and take m := m(w) large enough such that 27T K/m < /2.
For each j = 1,...,m, the function ¢} V;hi(l,a) is bounded and continuous. Hence, by

the convergence established in (4.12), and the characterization (B.2), we can find n(j) :=
n(j,w) € N, such that

T
/ phm (VihZ(EZ,A?) — Vihl(is,As)) ds| <e/2, ¥Yn>na(j).
0

Since the js are at most m, we can find 7 := n(w) large enough such that

T
/ P (VIR AY) — Vili(Ls, Ay)) ds| < /2, Vn>n, Vj<m.
0

With this choice of 71, from (A.15) we find that,

T
/ (Vih' (L2, A) — V;h' (L, Ay)) ds
t

and, since n is independent of ,

sup
t€[0,T]
that is, (A.14) is proved.

Now, by continuity of V;g* and the convergence at the terminal point 7" established in (4.13),
the sequence V;g*(L%, A%) converges Q-a.s. to V;g'(Lr, Ar). Finally, by (4.11), we have the
uniform convergence of the sequence fi". Hence, we conclude that, for every i = 1, ..., N,
Y™ converge to Y, uniformly on the interval [0, 7], Q-a.s. g

e, Vn>n;

T
/ (Vihi(L7, A7) — Vil (Ls, Asy)) ds

APPENDIX B. MEYER-ZHENG CONVERGENCE

In this appendix we recall some fact about the so-called Meyer-Zheng topology (see [54])
and we provide some results concerning the tightness of cadlag processes in such a topology.

Pseudopath topology. For a generic m € N, let D™[0, c0) be the space of R™-valued cadlag
functions on [0, c0), with the Borel o-algebra generated by the Skorokhod topology. On the
half line [0, c0), consider the measure A given by d\ := e~'dt, where dt denotes the Lebesgue
measure on R. The pseudopath topology T,, on D™[0,00) is the topology induced by the
convergence in the measure A on the interval [0,00). Notice that we introduce the pseudo-
path topology through its characterization proved in Lemma 1 in [54]. Furthermore, recall
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that we have defined (cf. Subsection 4.3) the pseudopath topology ijz; on the space D™ as the
topology induced by the convergence in the measure dt + d7 on the interval [0, 7], where o1
denotes the Dirac measure at the terminal point 7". Observe that both the topologies 7,, and

Tp?, are metrizable.

Define now the space D™[0, 00) as the set of elements of D™[0, 00) which are constant on
[T, 00), and notice that D™[0,00) is a closed subset of D™[0,00). Also, observe that the
extension map ¥ : D™[0,T] — D™[0, 00), defined by

KL if te€0,T]
(B.1) V() = {xT if te (T, o0),

is an omeomorphism between the topological spaces (D™, 7,;,) and (D™[0, 00), Tpp)-

In the same way, define the space 5%” [0,00) as the set of elements of D™[0, 00) which are
nondecreasing and nonnegative. Notice that 25? [0,00) is a closed subset of D™[0,00) and
that the extension map ¥ gives an omeomorphism between the topological spaces (D%”, ij;))
and (D}'[0,00), 7).

If {#"},en is a sequence of functions in D™ converging to a function z € D™ in the
pseudopath topology ij;” then we have that (see, e.g., Appendix A.3. at p. 116 in [17])

T T
(B.2) liTan/O (s, zh) ds:/o o(s,z5)ds, and liTanx% =z,
for each bounded continuous function ¢ : [0,7] x R™ — R.

Meyer-Zheng topology and tightness criteria. The Meyer-Zheng topology on P(D™[0, c0)) is
the topology of weak convergence of probability measures on the topological space (D™[0, 00), Tpp);
in the same way we define the Meyer-Zheng topology on P(D™) as the topology of weak con-
vergence of probability measures on the topological space (D™, ijl;).

For a given filtered probability space (€2, F,F,P) consider a cadlag process X : Q x [0,T] —

R™, and consider the conditional variation of X over the interval [0, 7], defined as
(BS) V’ZIE(X) ‘= sup ZE HE[th - Xtifl |fti71] H + E[’thuv
i=1

where the supremum is taken over all the partitions 0 =ty < ... < t, < T, n € N. Moreover,
for a cadlag process X : Q x [0,00) — R™, define the conditional variation of X as

n
(B.4) VP(X) = SUPZE HE[XU - Xti—l|Fti—1]|] )

i=1
where the supremum is taken over all the partitions 0 = tp < ... < t,, = 00, n € N, of [0, 00),
and where have we set Xo, = 0. We recall the following tightness criteria (see [5], Theorem
4).

Theorem B.1 (Meyer and Zheng, 1984). Let {X"},en be a sequence of R™-valued cadlag
processes such that

sup VF(X™) < 0.
Then {Po X"},.cn is tight in P(D™[0,0))

We finally prove, for the sake of completeness, a slightly different version of the theorem
above that is useful in many occasions during our study.

Lemma B.2. The following tightness criteria hold true.
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(1) Let {X"}nen be a sequence of R™-valued cadlag processes defined on [0,T] such that

sup Vi (X™) < oc.
n

Then {Po X"}, cn is tight in P(D™).
(2) Let {X"}nen be a sequence of nondecreasing, nonnegative, R™-valued cadlag processes
defined on [0, T] such that

sup E[| X 7] < oc.
n

Then {P o X" }pen s tight in P(D]").

Proof. We will prove only the claim (1), the proof of claim (2) follows by an analogous
rationale. Using the extension map ¥ defined in (B.1), we have that

sup VE(W(X™)) = sup Vi (X™) < 0.

Then, we can invoke Theorem B.1 to deduce that the sequence {P o W(X™)},cn is tight in
P(D™[0,00)). Furthermore, since D™[0,00) is a closed subset of D™[0,00), we have that
{P o U(X™)}nen is tight in P(D™[0,00)). This means that, for each ¢ > 0, there exists a
compact set K¢ in the topological space (ﬁm [0,00), Tpp) such that

P¥(X") € K] >1—¢ foreach neN.

Now, since the map ¥ is an omeomorphism, for each € > 0 we have that ¥~ (K¢) is a compact

subset of the topological space (D™, ijz;)’ and

PX" € U HK®)] =P[¥(X") € K| >1—¢ foreach ncN;
that is, the sequence {P o X"}, cy is tight in P(D™) in the Meyer-Zheng topology. O
We finally summarize in a lemma a result on the convergence of stochastic integrals.

Lemma B.3. Let {F"},en be a sequence of R™-valued continuous processes which converges
P-a.s. to an R™-valued continuous process F uniformly on [0,T]. Let {X"},en be a sequence
of nondecreasing, nonnegative, R™-valued cadlag processes defined on [0, T, which converges
P-a.s. to nondecreasing, nonnegative, R™-valued cadlag process X in the pseudopath topology
sz. Suppose, moreover, that there exists two constant «,p > 1 such that

(B.5) supE

n

sup (|FJ'|° + | Fy|°P) + | XR|7T + | X751 | < oo
te[0,T

Then

(B.6) limE[/ Ft"dXt"] :IE[/ Ftht].
n [0,T [0,T

Proof. We will prove that for each subsequence of indexes there exists a further subsequence
for which the limit in (B.6) holds true.

Consider then a subsequence of indexes (not relabeled). We organize the rest of the proof
in three steps.

(Step 1) There exists a further subsequence of indexes n; and a random variable Z € L*(Q)
such that

(B.7) hmEU Ft”defj] =E[Z].
3 [0,7]
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Notice that there exists a suitable constant C' > 0 such that

(B.8) E [ / FrdX]
[0.7]

(04
} < GE[ sup \Ft"mxw]
t€[0,T]

H p=1
(e g terr])” @ le])
t€[0,T]
Using now (B.5) we find

(B.9) supEH/ FlrdX;
n [0,7]

(03

] < oQ;
that is, that the sequence {f[o 1] F'dX[} ey is bounded in LY(Q).

Since a > 1, by the reflexivity of L*(Q), there exists a subsequence { f[o 1] EMdX["}jen

and a random variable Z € L%(Q), for which the limit in (B.7) holds true.
(Step 2) We have that

(B.10) limE[/ F, def] = E[Z].
J [0,7]

Following a rationale similar to that yielding (B.9), it is possible to prove the following
uniform integrability estimates
o
} < oo.

Furthermore, by assumption, the sequence {|X7|}nen is P-a.s. convergent, hence bounded, so
that

(B.11) supEH/ FdX”
J (0,7

(B.12) lim sup | — F7||X;7| =0, P-as.
J t€l0,1]

Now, thanks to the limit in (B.12) and to the uniform integrability estimates (B.11) and (B.9),
we deduce that

limE[/ (Fy Ft"j)dXZ”] =0,
J [0.7]

and from (B.7), we conclude that
(B.13)

limE[/ F, dxff] :limE[/ (Ft—Ft"j)dthj} +1imEU F/Y dXt"J} =E[Z],
J [0,T7] J [0,T] J [0,7]

which completes the proof of Step 2.
(Step 3) E[Z] coincides with the right-hand side of (B.6).

Fix § > 0. We extend by zero the processes X™ and X on the interval [—d,0); that is, for each
n € N and t € [-4,0), we set X" := 0 and X; := 0. Furthermore, we extend by continuity
the processes F™ and F' on the interval [—0,0); that is, for each n € N and ¢ € [—4,0), we set
F{' .= F§ and F; := Fp. Thanks to our assumption, we have that Q-a.s.

(B.14) X" — X in the measure dt+ 07 on the interval [—6,T.

Moreover, since by Condition (B.5) the sequence { X7’} en is bounded in L*(Q), then, by (a
minimal adjustment to [0, 7] of) Lemma 3.5 in [39], there exist a nondecreasing, nonnegative,
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R™-valued cadlag process B defined on [—4,T] and a subsequence (not relabeled) of { X"} jen
such that, Q-a.s.,

(B.15) hm/ prdB" / ©idBy YV € Cy((—6,T);RY)  and li%nB{,f” = Br,
where we have set, Q-a.s.

m 1 - nj
(B.16) BM" = EZXIJ, vt € [, T).

Now, thanks to the convergence in (B.14) and to (an analogous for the interval [—d, T of)
(B.2), we deduce that Q-a.s.

T T
11jm/_6¢(s,X5J)d3—/_6 o(s, Xs)ds

for each bounded continuous function ¢ : [—§, T]xR? — R. Hence, letting ¢ € C°((—4,T); RY),
and recalling that the sequence {|X}|},en is P-a.s. bounded, an integration by parts reveals

that, Q-a.s.,
/ tht / thotdt —hm/ Xn] /

The latter, together with (B.15), implies that (again using integration by parts), Q-a.s.,

T 1 T _ T
/ prdB; = lim — Z/ gothf’ = — hm — Z/ thJ gp; / prd Xy,
-5 m om = -5 =

Therefore, by the fundamental lemma of the Calculus of Variation (see Theorem 1.24 at p.
26 in [25]) and by right-continuity of X and B we deduce that B; = X; for all t € [-4,T).
Finally, using the convergence at the terminal point 7 in the second equation of (B.15), we
deduce that

(Bl?) B; = X, Vit € [—(S,T], Q—a.s.
Next, by (B.11), since a > 1, we find that
(B.18)

T o m T a T

1 s s

supIEH/aFtngn }Ssupmg EH/éFtht] ]SsupEH/éFtht]
m — m j=1 — J -

which implies that the sequence { ffé F,dB!™} en is uniformly integrable. Moreover, by (B.5),
it follows that, P-a.s., I is a bounded (by a constant depending on w) and continuous function
on the interval [—§,T] . Hence by (B.15) and (B.17) we have, Q-a.s.,

a
]<oo,

T T
moJ-s —0

Furthermore, from the pointwise limit (B.19) and the uniform integrability estimate (B.18),

we have
T T
m -5 -5
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This allows to deduce, using (B.10) of Step 2 and the fact that the processes X" are constantly
null on [-6,0), that

m T T T
E[Z]:hml§ EU Fthfj]_hmEU FtdBtm]_E[/ Ftht].
m mj:l -5 m

= -0

Since now the process X; is null on [—4,0), we conclude from the latter that

E[ F, dXt} = E[Z],
[0.7]

which is in fact the thesis of Step 3. 0
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