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Chapter 1

Introduction

Dynamics of the heart beat, turbulences in flows, bursting phenomena, the
movement of a flag in the wind and the formation of congestion on the auto-
bahn have one similarity: chaotic behavior. Chaotic phenomena, such as the
three-body problem and turbulences are known for a long time. One of the
first mathematicians who realized the existence of such irregular dynamics was
Poincaré at the end of the 19th century. He examined the consequences of the
existence of homoclinic points for the geometrical structure of stable and unsta-
ble manifolds. These manifolds contain solutions that converge toward a fixed
point ¢ in forward and backward time, respectively. Homoclinic structures of
autonomous systems are for example solutions which converge in both time di-
rections toward one hyperbolic fixed point £. Solutions of this kind are called
homoclinic orbits z(-). Each homoclinic point x(t) lies in the intersection of
the stable and unstable manifold w.r.t. £. Poincaré showed that they produce
complex dynamical structures. For more details and a historical overview we
refer to [109], [4] and references therein. In 1935 Birkhoff confirmed this com-
plex dynamical structure near homoclinic points by proving that these points
are the limit of periodic orbits [24], [25]. All these results are theoretical in na-
ture and the question whether transversal homoclinic points actually exist for
real-life problems remained open. In the early 60s the mathematician and me-
teorologist Edward N. Lorenz discovered chaos in a relatively simple numerical
model of a weather forecast. He proved that even small variations of the initial
data lead to quite different solutions after a short period of time — the so called
butterfly effect — see [96] . Increasingly powerful computers enabled extended
numerical computations, which helped with the formulation of scientific prob-
lems and the identification of regularities in chaotic motions. This motivated
scientists to study Poincaré’s and Birkhoff’s theoretical achievements about
homoclinic points and to continue with their investigation. Smale constructed
a geometrical structure — the so called Horseshoe map [2] — which showed
the existence of homoclinic orbits and illustrated the theoretical results. Fur-
ther, he in the West, cf. [12I], and Shil'nikov in the East, cf. [119], proved
independently that in autonomous discrete time systems the dynamic near a



1 Introduction

homoclinic point is chaotic. As Kovaciv and Wiggins [89, Introduction| stated

“In fact, it is not an exaggeration to claim that in virtually every
manifestation of chaotic behavior thus far, some type of homoclinic behavior
18 lurking in the background.”

extensive studies of homoclinic orbits are essential in the field of dynamical
systems. For some significant results and a historical overview we refer to [65],
[49], [97] and [103]. These results and increasingly powerful computers enable
numerical calculations. One way to implement numerical computations is the
discretization of continuous systems, which leads to the question:

Do homoclinic orbits persist under discretization? (Q)

Around the 70s-80s it was proved that one-step methods reflect the long time
behavior of differential equations [125], [31], [86], [18] and [17]. For autonomous
systems the entire homoclinic orbit lies in the intersection of the stable and
unstable manifold. For continuous systems this means that the stable and
unstable manifold intersect tangentially. Thus, every homoclinic point of a
continuous autonomous system is tangential. Fiedler and Scheurle [50] ob-
served that under discretization with a one-step method the manifolds gener-
ically split (with an exponentially small splitting angle w.r.t. the used step
size), which implies that for discretized systems there may exist transversal
homoclinic orbits. Zou and Beyn [135], [137] proved that the discretization
of an autonomous continuous system with a transversal homoclinic orbit in-
duces a closed loop of homoclinic orbits, where most of these trajectories are
transversal.

One part of this thesis is the analysis of the question for nonautonomous
continuous systems.

The study of nonautonomous systems, in particular of nonautonomous ho-
moclinic orbits [126], [73], is motivated by the fact that most of the systems
modeling a realistic phenomena are nonautonomous, e.g. bacterial growth and
tumor drug treatment [87, Section 1.2]. Further, the autonomous setup is not
a special case of the nonautonomous situation. Time independent solutions
generally do not exist in nonautonomous systems. Furthermore, the manifolds
depend on time and are called fiber bundles. Thus, for nonautonomous sys-
tems a meaningful definition of homoclinic orbits requires convergence in both
time directions toward one reference trajectory. The stable and unstable fiber
bundles generally intersect transversally, which means that they only have iso-
lated points of a homoclinic orbit in common for each time. This is a contrast
to the autonomous setup, where the entire orbit lies in the intersection, see
Figure [LIl Thus, for nonautonomous continuous systems two different kinds
of homoclinic orbits exist, transversal and tangential, see Figure [.2
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Figure 1.1: Stable (green) and unstable manifolds (autonomous, left) and fiber
bundles (nonautonomous, right).
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Figure 1.2: Stable (green) and unstable fiber bundles intersecting transversally
(left) and tangentially (middle,right).

We discretize nonautonomous ODEs with transversal homoclinic orbits us-
ing a one-step method. Under certain conditions we prove in Theorem
that by using a sufficiently small step size the discretized system has a transver-
sal homoclinic orbit as well. Further, we prove that both trajectories lie in a
sufficiently small neighborhood.

In this thesis we also analyze the question for finite time continuous
systems.

The theory of finite time dynamical systems is completely different from
the theory of infinite time dynamical systems, since the classical asymptotic
concepts do not apply to the finite time case. However, the study of these
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1 Introduction

systems is important for at least three reasons. First, modeling observations
or collections of data over a finite time interval result in finite time dynam-
ical systems. On top of that, one is interested in the transient behavior of
solutions, which is often quite different than the long time behavior. Fi-
nally, numerical approximations are only given for finite time intervals. About
10 — 20 years ago the first studies in the finite time dynamical system the-
ory dealt amongst other topics with the development of a proper notion of
hyperbolicity [59], [62], [16], [43], [15], [12], [13], [45], [14]. Several nonequiv-
alent definitions of finite time hyperbolic systems exist. They can roughly be
separated into at least two classes. The first one is based on the concept of ex-
ponential dichotomies. We will call such systems M-hyperbolic [43] Definition
1], [14], Definition 1.2|, since they require monotonic growth and decay of solu-
tions. The second one is based on the dynamical pattern of the given system.
This kind of hyperbolicity is often called D-hyperbolicity and its definition for
ODEs is given in [I5], [45] and in [43]. For these two classes it holds that a
D-hyperbolic system is also an M-hyperbolic system. This was first proved by
Haller [62] for three-dimensional continuous systems and extended by Berger
et al. [14], [13, Theorem 7] for continuous systems with arbitrary dimensions.
Another proof which is based on the fiber bundles of a linearization is given
in [43] Theorem 21]. The analysis of discrete finite time systems is not as
well-developed as the analysis of continuous finite time systems and by far not
as advanced as the analysis of infinite time systems. This motivated us to
develop an adequate concept for finite time systems, in particular for discrete
finite time systems.

In this thesis we additionally introduce a definition of D-hyperbolicity for
discrete systems and prove in Theorem that a discrete D-hyperbolic sys-
tem is also M-hyperbolic. Inspired by the study of homoclinic orbits in infinite
time systems we develop an approach for finite time homoclinic orbits. In par-
ticular, we present an adequate analogon of infinite time fiber bundles for finite
time systems that enables a definition of finite time homoclinic orbits. We call
a finite time orbit z(-) e-homoclinic, ¢ > 0, toward a finite time hyperbolic
reference trajectory £(-) if

(1) =(-) lies in the intersection of the stable and unstable finite time fiber

bundle w.r.t. £(-) and if

(2) both endpoints of x(-) each lie in an e-ball around the corresponding
endpoint of £(-).

This means that we need a notion of the finite time stable and unstable fiber
bundles such that their intersection is not always empty. For finite time stable
and unstable fiber bundles there exist various nonequivalent notions and to
our knowledge for non of them the fibers intersect. Some authors call the
stable and unstable fiber bundles area of attraction and area of repulsion and
they are often defined via decay conditions. One way to define finite time
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fiber bundles, cf. [45], [52], [83], is based on the M-hyperbolic concept, i.e. the
(un)stable finite time fiber bundle contains all points, whose orbits satisfy

(D1) monotonically decrease (increase) for all times in the finite time interval.

These fiber bundles do not intersect and, thus, for our purpose to study e-
homoclinic orbits they are not appropriate. Hence, we introduce two alterna-
tive notions of finite time fiber bundles. First we additionally require condition
(2), i.e. the (un)stable finite time fiber bundle contains all points z, whose or-
bits x(-) satisfy

(D2) monotonically decrease (increase) for all time in the finite time interval
and the endpoint in forward (backward) time of z(-) lies in an e-ball
around the corresponding endpoint of £(-).

These fiber bundles still do not intersect, but at least orbits in the fiber
bundles satisfy (2). Based on the concept of infinite time fiber bundles we
introduce a third notion of finite time fiber bundles. For infinite time au-
tonomous [120, Theorem III.7] and nonautonomous [I11, Corollary 4.6.11]
systems the (un)stable fiber of a hyperbolic trajectory locally consist of those
points, whose orbits stay for all positive times in a sufficiently small neighbor-
hood of £ and converges toward . This means that our (un)stable finite time
fiber bundle contains all points =, whose orbits z(-) satisfy

(D3) the endpoint in forward (backward) time of z(-) lies in a e-ball around the
corresponding endpoint of £(-) and monotonically increase in backward
(forward) time until the orbit leaves the e-ball (or until the orbit is not
defined anymore).

For this notion of finite time fiber bundles a definition of e-homoclinic orbits is
reasonable, i.e. (1) and (2) may be satisfied for a solution. Finally we analyze
whether homoclinic orbits persist under discretization. We prove in Theorem
under certain conditions that the discretization of a finite time system
with an e-homoclinic orbit has a (2Ch? + ¢)-homoclinic orbit, where C' > 0, h
is the step size of the applied one-step method of order d.

In summary, this means that for autonomous and nonautonomous systems
for both infinite and finite time the answer of the question under certain
conditions is:

Homoclinic orbits persist under discretization.

To verify whether a homoclinic point is transversal or tangential an anal-
ysis of the stable and unstable fiber bundles essential. For finite time systems
it is well known, cf. [105, Proposition 5.4, [76, Theorem 9], [124, Theorem
4.2] and [70, Theorem 3.5], that the stable and unstable subspace of the lin-
earization locally approximate the stable and unstable fibers. This inspires the
study of the stable and unstable set of linear finite time hyperbolic systems,

9



1 Introduction

which are actually cones. For finite time systems Karrasch [83] proved, roughly
speaking, that the (un)stable cone of the linearization locally approximates
the (un)stable finite time fiber bundle of the original system, with the notion
(D1) of finite time fiber bundles. These results imply a promising approach
to approximate stable and unstable fiber bundles. Numerical techniques to
determine the stable and unstable fiber bundles exist for autonomous infinite
time systems [23], [33], [42], [44], [46], [48], [92], for nonautonomous continu-
ous [75], [95], [26], [34] and discrete infinite time systems [112], [114], [74] as
well as for finite time systems [59], [65]. Further, approximation results of ho-
moclinic orbits in discrete and continuous autonomous systems are presented
in [22] and [19], respectively, and for nonautonomous systems we refer to [70]
and [I12]. For autonomous infinite time systems the choice of proposed tech-
niques is quite vast. They range from numerical continuation and boundary
value problems through Taylor expansions and the parametrization method
to fixed point iterations and set orientated methods. Some generalizations of
these techniques apply to nonautonomous infinite time systems as well. How-
ever, for this kind of systems the literature is quite sparse, in particular for
noninvertible systems.

In this thesis we introduce an algorithm which approximates fiber bundles
of nonautonomous discrete infinite time systems [Section [6.7]. This algorithm
is a generalization of the search circle algorithm in [48]. We develop numerical
tools to approximate all e-homoclinic orbits of a D-hyperbolic system, i.e. the
intersection of the stable and unstable finite time fiber bundle. Note that in
contrast to infinite time systems stable and unstable fiber bundles in finite time
are fat objects. Thus, the intersection of the stable and unstable finite time
fibers include more than one e-homoclinic trajectory. We call the union of all e-
homoclinic trajectories an e-homoclinic tube. Further we determine the width
of the stable and unstable cone and establish upper bounds for the width of the
stable and unstable cone as well as of the e-homoclinic tube. Additionally, we
present a more detailed proof of the local approximation Theorem presented
in [83] adapted for notion (D3) of finite time fiber bundles. This means the
stable and unstable cones of the linearization provide information about the
stable and unstable cone, which motivates to study linear finite time systems.

For linear infinite nonautonomous time systems

&= Az, Tny = ANz, €RY, KEN, teR, n€Z

it is well known that a study of the eigenvalues of the matrix A(-) does not
help to prove hyperbolicity, see [37, p. 30] for a continuous time example due
to Vinograd and for a discrete time example we refer to [47, Example 4.17].
Similar results exist for finite time systems. Autonomous continuous systems
([2.8) are M-hyperbolic if the eigenvalues of A do not lie on the imaginary axis
and autonomous discrete systems (2.0]) are M-hyperbolic if the eigenvalues of A
do not have absolute value 1. For 2-dimensional finite time systems Haller [59]
presented conditions on the spectral data of A that ensure hyperbolicity of

10



1.1 Outline of This Thesis

finite time systems. Nevertheless, conditions relying on spectral data have
their pitfalls, shown in [I2] Section 2|. For 3-dimensional finite time systems
the eigenvalues of A(-) do not provide any information about the dynamical
properties of the finite time system, for more details see [12, Section 2] and [60,
Theorem 1]. Berger [12, Section 2| said about this problem

“Plausible though this may be, it is actually not true.”

Therefore, we never use the eigenvalues of A(:) to determine hyperbolicity of
a dynamical systems.

Detailed Outline of This Thesis

In Chapter [2] the notion for this thesis is set. In Section we introduce
dynamical systems and abbreviate infinite time systems as ift-systems and
finite time systems as ft-systems.

In every chapter we start with the study of ift-systems and continue with
an analogously study of ft-systems.

Chapter [3l starts with the definition of hyperbolicity for continuous and
discrete time systems on an infinite time interval. By analyzing the hyperbol-
icity conditions of an ift-system in Section [3.21 we get a reasonable definition of
hyperbolicity for finite time systems, the so called M-hyperbolicity. In Section
we point out some important differences and similarities between hyper-
bolic ift-systems and M-hyperbolic ft-systems. For example the uniqueness of
the invariant family of projectors of a hyperbolic ift-system and the nonunique-
ness for M-hyperbolic ft-systems. The definition of an infinite time exponen-
tial dichotomy is independent of the choice of norm, whereas the definition
of an finite time exponential dichotomy depends on the norm. We prove for
every autonomous hyperbolic ift-system the existence of a proper norm (Lya-
punov norm) such that the system is M-hyperbolic on each compact interval.
In Section [3.4] we present various Roughness-Theorems, which guarantee the
preservation of hyperbolicity under sufficiently small additive perturbations,
for both ift- and ft-systems.

In Chapter [4 we study stable and unstable sets of linear systems. For
linear ift-systems these sets are subspaces and for linear ft-systems they are
cones. We start this chapter with the definition of the stable and unstable
subspaces TV;,u(-) of an hyperbolic ift-system, which have the representation

"Vi(to) = R(P(to)), "Vu(to) = N(P(to)),

where to € T, T € {R,Z} and P : T — R*** is the unique invariant family
of projectors of the hyperbolic ift-system. Then, in Section 4.1 we derive a
definition for the stable and unstable cone of an ft-system from the definition

11



1 Introduction

of the subspaces. In Section we prove that the stable and unstable cones
'V, w(-) of an M-hyperbolic ft-system satisfy

Vit = |J R(P(t)) and Vilto) = | N(P(to)

P(to)G'PtO P(tO)GPtO
for all tg € I, I C T a compact interval, where

Py, :={P(to)|P : T — R** is an invariant family of projectors such
that the the given ft-system is M-hyperbolic w.r.t. these family}.

This means, that the uniquely determined cones can be described by the union
of the nonunique families of projectors.

An explicit representation of the stable and unstable subspaces and cones
of a linear (ft-)hyperbolic system is of great interest for plotting and is es-
tablished in Chapter For D-hyperbolic systems we are able to find an
explicit representation. The definitions of D-hyperbolic systems are based on
a [-norm, ||| = +/(-,T-), where I' € R¥** is a positive definite symmetric
matrix and (-, -) denotes the standard inner product. In Section 5.1 we analyze
various types of autonomous ft-systems to find cases where a matrix I' exists
such that the given system is M-hyperbolic w.r.t. ||-||¢.

In Section b.21we define D-hyperbolic systems. Additional to the Definition
for continuous ft-systems as in [15], [45] and [43] we give a Definition for discrete
ft-systems. The main ingredients of the D-hyperbolicity definitions are the I'-
strain acceleration tensor Mrp(-), the I-strain tensor Sr(-) and zero I'-strain
set Zp(+). These tensors describe the numerical pattern of a given continuous
system [I5], [I2, Proposition 2|. We deduce similar properties for discrete
systems and present the results in Section 5.2l

In Section 5.3 we develop an explicit representation of stable and unstable
cones of discrete D-hyperbolic systems. We state this and an explicit represen-
tation of the cones of continuous systems, which is given in [43, Proposition 19].
In Section 5.4l we prove that every D-hyperbolic system is also M-hyperbolic.

We conclude this chapter with various examples of 2- and 3-dimensional
finite time systems ranging from autonomous and nonautonomous systems to
continuous, discrete invertible and discrete noninvertible systems. Plots of the
stable and unstable cones are shown in Section B.0H5.7. The fact that these
cones are fat objects raises the question how wide these cones are. This is a
new question in the theory of finite time dynamical systems. In Section (.6l and
(.7 we analyze the width of stable and unstable cones of invertible ft-systems in
2- and 3-dimensional spaces, respectively. We prove that the width of stable
cones decays in backward time while the width of unstable cones decays in
forward time. The decay depends on the eigenvalues of the I'-strain tensor
whereas the width at the boundary times depends on the relation between
the eigenvalues. Further, we present upper bounds of the width, for which
calculation the solution operator is not needed.

12



1.1 Outline of This Thesis

In Chapter [6] we introduce three alternative notions of finite time fiber
bundles (D1), (D2) and (D3). The first notion of fiber bundles (D1), that
we present in Section [6.1] describes the monotonically stable and unstable ft-
fiber bundles. This notion is based on the M-hyperbolicity concept and is also
discussed in [45], [52] and [83]. In Section [6.2] and Section [6.3] we develop the
other two notions of finite time fiber bundles, the monotonically e-stable and
unstable ft-fiber bundles (D2) and the e-stable and unstable ft-fiber bundles
(D3). In Section we analyze the characteristics of the three introduced ft-
fiber bundles. In particular, we study their invariance properties and we verify
that only the e-stable and e-unstable ft-fibers may intersect. These ones are
abbreviate as ft-fiber bundles. In Section we show roughly speaking that
the stable and unstable cone of the linearization locally approximate the stable
and unstable ft-fiber bundles. More precisely, we prove this property for the
boundaries. We conclude this chapter with a new approach to approximate
the stable and unstable fiber bundles. We present an algorithm which applies
to both, invertible and noninvertible ift-systems, and is a generalization of the
search circle algorithm in [48]. For two examples, one infinite, one finite, we
plot the stable and unstable fibers. We calculate the infinite system with the
developed algorithm and the finite time systems per iteration.

Chapter [7] contains the study of homoclinic trajectories. We introduce
an adequate notion for e-homoclinic trajectories (finite time) by requiring the
conditions (1) and (2). Further, we define the e-homoclinic tube, which is the
union of all e-homoclinic trajectories of an ft-systems. The two purposes of
this chapter are the development of an approach to approximate the tube and
the discretization of dynamical systems with homoclinic orbits. In Section
[[1] we develop a boundary value problem which provides the boundary of
the e-homoclinic tube. In Section [(.3] we discretize infinite and finite time
dynamical systems with a one-step method. We prove that under certain
conditions and for sufficiently small step sizes h the discretization of an ift-
system with a transversal homoclinic orbits has a transversal homoclinic orbit
as well. Further, both homoclinic orbits lie in an Ch?neighborhood, where
C > 0 and d is the order of the applied one-step method. A similar result
holds for ft-systems. If an ft-system with an e- homoclinic orbits is discretized
by a one-step method of order d and step size h then the discretized system
has a (2Ch? + ¢)-homoclinic orbit. To obtain this achievements we discretize
in Section continuous systems, using the h-flow. This has no practical
relevance from a numerical point of view but helps to derive error estimates of
one-step methods in the last section.

We conclude this thesis with Chapter [8] where we present three applica-
tions. All for infinite time systems. Note that we studied finite time systems
and approximated the e-homoclinic tube in Section [Z.Il In this chapter we
construct a 2-dimensional example with an explicitly known homoclinic orbit.
Further, we compare orbits of a one-step method with the exact ones and
numerically verify our error estimates. For illustrating transversality of the
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1 Introduction

computed orbits we look at the corresponding stable and unstable fiber bun-
dles of the one-step discretization. We calculate the fibers with our algorithm
from Section [6.7. The second application is a periodic autonomous ODE and
the third one a nonautonomous model from mathematical biology.
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Chapter 2

Basic Concepts

In this chapter the basis for this thesis is set. The first section establishes
a general notation used throughout this dissertation. Further, some basic
definitions are given. In subsection we introduce dynamical systems.

Notations and Basic Definitions

In this section we first define a few symbols. Then we introduce some notations
and finally define terms, which are needed in the following.
I identity matrix
R real numbers
R>o real numbers > 0
R~¢ real numbers > 0
7, integral numbers
N natural numbers without 0
S!  unit sphere in R¥
U the closure of U C R”
OU  the boundary of U C RF
C’  set of j—times continuous differentiable systems
In the following we introduce various notations that are used throughout
this thesis. Set rZ :={...,=3r,—2r,—r,0,7,2r,3r,...}.
We shorten discrete one sided bounded intervals by

7% = [N,00)N7Z, Zy := (—00, N]NZ for all N € Z.

To have a uniform notation for discrete and continuous compact time intervals
we will write for T € {R,Z}, t4 € T

[t " ]T ‘: [t77t+], for T = R,
Tt Nz, for T=17.

Analogously, we define (t_,t |r,[t_,t )t and (t_, ¢t ).



2 Basic Concepts

For a compact time interval I = [t_, ¢, |r we always assume ¢, > ¢_.
For a compact interval I := [n_,n,|; and j € N we define

L :=[t—ty — jlz, ;1:=[t- +j,t4]z.

Let € > 0 and € R* then the open and closed e-ball around z are denoted
by

B.(w) = {y € R*|[|lz — yll, <},

B.[a] :={y € R*||lz — yll, < e},
where || - ||2 is the euclidean norm.

To shorten the notation of partial derivatives, we use upper and lower
indices, i.e. for 7,7 € N

y o i
(n)ih) (@, 1) 1= 5 mmon(a, ),

(el 1) = ()50 () = o, ).

' € R¥** denotes a positive definite (I' > 0) and symmetric (I' = I'T)
matrix. The induced I'-norm is defined by || - [|[r = \/(-,:), where (-,-) is the
standard inner product.

Definition 2.1.1. A matriz A € R¥** is degenerate if 0 is an eigenvalue.
Otherwise we say A is nondegenerate. We call A positive definite (A > 0)
if (£, AE) > 0 holds for all ¢ € R¥\ {0} and say A is negative definite
(A <0)if (€, AE) < 0 is true for all € € R*\ {0}. If A is not positive and not
negative definite and (€, AE) # 0 for at least one & € R¥ than A is indefinite.

Remark 2.1.2. In this paper we also call positive semi-definite and negative
semi-definite matrices indefinite.

Definition 2.1.3. A matriz P : R¥ — RF is called a projector if Po P = P.

Remark 2.1.4. We denote the kernel of a matriz P by N'(P) and the range
of the matriz by R(P). The linear case of a vector v € R¥ is given by L(v) :=
{M € RFIN € R}. And for the dimension of a subspace U C R* we write
dim(U).

Definition 2.1.5. Let A C¢ R* and Uy C A be a subspace. We say that
Uy is a subspace of mazimal dimension if no subspace Uy C A exists with
dim(Uys) > dim(Uy). If Uys is a subspace of mazimal dimension then we
say A is of dimension dim(Uy,).

Lemma 2.1.6. Let A, B C RF be two sets with AN B = {0}. If there ewist
subspaces Uy C A, Ug C B with Uy + Ug = R then Uy, Up are subspaces of
maximal dimension.
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2.2 Dynamical Systems

Proof. Assume w.l.o.g. there exists a subspace Uy C A with dim(U,) >
dim(Ua). Then by Uy NUp € AN B = {0} and the dimension formula
we obtain

k=dim(Us + Up) = dim(Uy) 4+ dim(Ug) — dim(Ua N Up)
= dim(U,) + dim(Up) < dim(U,4) + dim(Up) = k 4+ dim(U4 N Up).

This implies 0 < dim(UA NUpg) which is a contradiction to UsNUg C ANB =
{0}. Thus U, is a subspace of maximal dimension. O

Definition 2.1.7. A function f : I — R is called increasing on 1 if for all
t,s € L witht > s we have f(t) > f(s). If f(t) < f(s) forallt,s € T witht > s
the function is decreasing on 1. When we write f(t) is increasing (decreasing)
fort € I we mean that f: 1 — R is increasing (decreasing) on 1.

Dynamical Systems

Dynamical systems can be categorized into the following pairs of classes: finite-
dimensional and infinite-dimensional systems, continuous and discrete sys-
tems, invertible and noninvertible systems as well as autonomous and nonau-
tonomous systems. In this thesis we restrict the study of dynamical systems
to finite-dimensional systems. Systems of this kind are generated by e.g. or-
dinary differential equations, ordinary differential inequalities, ordinary differ-
ence equations and ordinary difference inequalities. For a deeper discussion
of dynamical systems we refer to [99] and [I00]. A historical overview of the
field of differential equations and its developments is presented in [78, Section
11.1] and [I0T}, Introduction|. Many problems, such as oscillating circuits, pop-
ulation dynamics, diagnosis of diseases, ocean eddies, tornados and discovery
of art forgery, in different fields ranging from physics and biology to geol-
ogy and sociology can be represented by a differential or difference equation,
see [134], [79], [129], [118] and [63]. Thus, the theory of dynamical systems
provides powerful tools to analyze such problems.

In this section we introduce dynamical systems that are generated by or-
dinary differential and ordinary difference equations. Further, we define and
analyze some properties of invariant families of projectors, which play a deci-
sive role for hyperbolic systems. Roughly speaking they provide all solutions
that decay or grow at certain rates.

For the definition of an autonomous dynamical system and the differences
between autonomous and nonautonomous systems we refer to [90, Section 1.1]
and [88, Definition 2.1 ff.|. Here, we introduce nonautonomous dynamical
systems on the Banach space R*, k& € N, which include autonomous systems
as well, see [88] Definition 2.1].

Definition 2.2.1. A (nonautonomous) dynamical system is a triple

(]R‘k;7 T? w)?
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2 Basic Concepts

where T is a time set and p : X X T x T — X s a function with the properties

o p(x,t,t)=x for allt € T,r € RF,

o o(p(z,s,7),t,8) =@ t,r) foralt,s,r €T, t>s>rxcRF

A dynamical system is invertible if the function (-, t,s) is invertible for all
t,s € T. It is an infinite time system if T is infinite and a finite time
system if T s finite. If T C R is an interval then the dynamical system is
called a continuous system and if T C Z s a discrete time interval — in the
following just called an interval — then the system is called a discrete system.

For some results we have to distinguish between infinite time systems and
finite time systems. We abbreviate infinite time systems as ift-systems and
finite time systems as ft-systems.

To set a general notion consider a dynamical system

(R*, T, o) with ¢ € C*(R* x I x I, R¥) (2.1)
where I denotes an interval. In continuous time, I C R, a differential equation

B(t) = f(z(t),1), t €l (2.2)

generates such a dynamical system (Z.1)) and for f € CLO(R* x I, R¥) solutions
of (22) with an initial value x(ty) = x¢ locally exist and are unique (Picard-
Lindelof Theorem [3, Theorem 8.14]). This leads to an invertible solution
operator ¢. The infinitesimal generator is

O tt+hel
h—0,he R\{0} h

for an initial value o € R*. If I C 7 is a discrete time set a difference equation
z(n+1)= f(z(n),n), nel (2.3)

generates a dynamical system (2.I)). In contrast to (2.2)), the solution operator
¢ of (Z3) is generally not invertible. If the system is invertible then the
solution operator is invertible and satisfies

e flu,m),---n—2),n—1), for n > m,
o(u,n,m) := < u, for n = m,
A f Y uy,m—1),---n—1),n), forn<m,

see [10]. To define hyperbolicity of a solution £(t) = w(&(s),t,s),t,s € L,t > s
of (22) or (2.3)) we need the linearization, the variational equation, of (2.2))

along €(-)
ilt) = f(6(8), Dult) = A)ult), t € T (2.4)
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2.2 Dynamical Systems

respectively of (23],
u(n+1) = fo(&(n),n)u(n) =: A(n)u(n), n €L (2.5)
These equations generate a linear dynamical system
(RF, T, ®) with ®(t,5) = @0, (£(s),t,5), t,s €1, > s.

If ¢ is the solution operator of (2.2)) or (Z3)) then & is the solution operator
of the variational equation (2.4]) or (Z3), respectively. In general, we denote a
linear dynamical system by

(R*, T, ®) with ® € C*(T x I, R*¥), (2.6)
which is generated by a linear differential equation
u(t) = Atu(t), tel (2.7)
or a linear difference equation
u(n +1) = A(n)u(n), n €, (2.8)
where I ;= [n_,n, — 1]z if I=[n_,n,]z. In the following we assume that
feChN(RF x I, RF), A e O, RFF)

for f and A of the equations (2.2)), (23), (2.7) and (2.8).
Let T € {R,Z} and I C T be an interval.

Definition 2.2.2. A trajectory of a dynamical system 2.1)) is a function
x: 1 — RF satisfying x(t) = p(x(s),t,s) for all s,t €1, t > s.

For the manageability, it is sometimes helpful to use a linear notation even
if the function is actually not linear. Let X C RF, t,s € I, t > s then we
define

o(t, s)X = {p(z,t,s)|z € X}

and identify ¢ with ¢. For hyperbolic dynamical systems, which we introduce
in Chapter B the definition of an invariant family of projectors is required, see
e.g. in [I15], Definition 4.2]. This family yields roughly speaking an invariant
family of subspaces, which contains solutions that decay with a certain rate
and an invariant family of subspaces, which contains solutions that grow with
a certain rate.

Definition 2.2.3. We call a family of projectors P : 1 — RF** of the
dynamical system (26) invariant if the projectors fulfill

O(t,s)P(s) = P(t)®(t, s)

forallt,s el witht > s.

19



2 Basic Concepts

Basic properties of invariant families of projectors, that we need in the
following, are summarized in [I32 Proposition 6.82] and in the next lemma.

Lemma 2.2.4. Let I be a interval and P : 1T — R¥*** be an invariant family
of projectors, then

D(t, s)R(P(s)) C R(P(t)), ®(t,s)N(P(s)) C N(P(t)) for allt,s €1, t > s.

Proof. Let t,s € [, t > s and £ € R(P(s)). Then we have P(s){ = £ and we
obtain by the invariance of the projectors

O(t,5)¢ = P(t, s)P(s)§ = P(t)P(t, s)E.

This implies ®(¢, ) € R(P(t)). Thus, ®(t,s)R(P(s)) C R(P(t)) is satisfied.
Let v € N(P(s)), then we have P(s)y = 0 and by the invariance of the
projectors we get

0=®(t,s)P(s)v = P(t)P(t, s)v.

This implies ®(¢, s)v € N(P(t)). Thus, ®(t,s)N (P(s)) C N(P(t)) is satisfied.
U

For invertible systems we can easily construct an invariant family of pro-
jectors. For two subsets X, X, C R” such that X, ® X, = R¥ we can define
an invariant family of projectors P : I — RF by

N(P(t)) := ®(t,t0) Xu,
R(P(t)) := ®(t,t0) X

forall t € I and a fixed ¢y € I. For noninvertible systems this is not as simple as
for invertible systems. The following Lemma yields a construction of a family
of projectors such that this family is invariant.

Lemma 2.2.5. Let 1 = [t_,t.|z and ®(-,-) be the solution operator of (2.0).
Let X, X, C R¥ be two subspaces such that

X, ® X, = RF and dim(®(t,t_)X,) = dim(X,,)
for all t € 1. Then the family of projectors P : 1 — RF¥, recursively defined by
N(P(t)) :=®(t,t_ )X, fort el

B X., fort=t_,
R(P(t)) := {(b(t,t —DR(P(t—1)) + W,(t), fortelt#t_,

is invariant, where W,(t) C R fort € 1y are subspaces such that

(®(t,t — DR(P(t — 1)) + W,(1)) ® ®(t,t_) X, = RF.
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2.2 Dynamical Systems

Proof. The invariance of X,, yields that the family of projectors P : I — R* is
well defined. Let t € ;T and 2 € R¥. Then there exist z, € R(P(t — 1)), x, €
N(P(t — 1)) such that z = z, + z,, and

Pt—1)z=Pt—1zs+Pt—1)z, =2,+0=ux, (2.9)

hold. We define ys,, := ®(t,t — 1)xs,. For z, e N(P(t—1)) = ®(t —1,t-)X,
there exists a 2 € X, such that x, = ®(t — 1,¢_)zl. For y, we obtain

— Dz, =0(t,t — 1)P(t — 1, )z,

=®(t,t_)xy € O(t,t_) X, = N(P(1)).

tt
(t,t
Thus

P(t)y, =0 (2.10)
holds. The definition of the ranges R(P(-)) yields

ys = P(t,t — Dz, € O(t,t — 1)R(P(t — 1)) C R(P(t)).

This leads to

P(t)ys = ys. (2.11)
By equation (2.9)-(2.I1]) we get

P(t)®(t,t — 1)z = P(t)®(t,t — )xg + P(t)®(t,t — 1), = P(t)ys + P(1)ya
=ys=P(t,t — s =O(t,t — 1)P(t — 1)x.

Inductively we obtain P(t)®(t,s) = ®(t,s)P(s) for all t,s € T with t > s.
Hence, the family of projectors is invariant. O
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Chapter 3

Hyperbolicity

An important tool to characterize structural stability of a dynamical system
is hyperbolicity, see e.g. [103], [27]. In the early eighties Mane [98] proved that
stable systems generated by a C! diffecomorphism must be hyperbolic. About
fifteen years later Hayashi [64] showed the same statement for C' flows.

We start by defining hyperbolicity for continuous and discrete time systems
on an infinite time interval. By analyzing the hyperbolicity conditions of an ift-
system we get a reasonable definition of hyperbolicity for finite time systems.
In Section B.3lwe point out some important differences and similarities between
hyperbolic ift-systems and hyperbolic ft-systems. In the last Section B.4] we
present different Roughness-Theorems, which guarantee the preservation of
hyperbolicity under sufficiently small additive perturbations.

Infinite Time Hyperbolicity

In the following we define hyperbolicity using the notion of exponential di-
chotomies, which has been developed for continuous ift-systems by e.g. Cop-
pel [40] and Palmer [104, Chapter 2|. For discrete invertible ift-systems an
exponential dichotomy, see [105], is similarly defined as in the continuous time
case. If a dynamical ift-systems is noninvertible, we may assume for an invari-
ant family of projectors P : I — R* the regularity condition

O(t, 5)|nps)) : N(P(s)) = N(P(t)) is invertible for all t,s € I,¢ > s,

where ® denotes the solution operator. The definition of an exponential di-
chotomy for noninvertible systems in [36, page 549|, |21, Definition 17], [66,
Definition 7.6.1], [10, Definition 2.2] and [80, Definition 4.3| is based on this
regular condition, whereas the definition in [81, Definition 2.1.2] does not re-
quire the condition. If an exponential dichotomy for noninvertible ift-systems
is additionally defined with the regularity condition, in contrast to without,
then the statements about hyperbolic invertible ift-systems are fundamentally
transferable. In this dissertation we study noninvertible systems as well. Ac-
cordingly, we use |66 Definition 7.6.1] as a basis.



3 Hyperbolicity

Definition 3.1.1. Let T be an infinite time interval. The dynamical system
2.6) has an exponential dichotomy on 1 if there exist constants K, a, 3 > 0

and an invariant family of projectors P : 1 — R*** such that the following
holds

O(t, 5)|n(p(s)) : N(P(s)) = N(P(t)) is invertible for allt,s € I,t > s, (3.1)
and the estimates
l0(t,s)P(s)]| < Ke =), ||@(s, )(I— P(1))]| < Ke 7 (3.2)

are satisfied for all t,s € I, t > s, where ®(s,t) denotes the inverse of
O(t,s)|n(pesy)- The corresponding data are (K, o, 3, P(-)) and we call such
a system hyperbolic.

The constant « is often called the decay rate and § the growth rate.
If we are not interested in the exact decay or growth rate then the data are
presented by (K, &, P(+)), where & := min{«, #}. On the other hand the data
may alternatively have the form (K, «, 3, P(:),Q(-)), where P(-) denotes the
family of stable projectors, which fulfills ||® (¢, s)P(s)|| < Ke ®*=*) and Q(-) :=
[— P(-) denotes the family of unstable projectors, which fulfills ||®(s, t)Q(t)| <
Ke B0=9) fort, s € I,t > s.

Definition 3.1.2. Let (I € R)/(I C 7Z) be an infinite interval then the lin-
ear equation (27) /(2.8) is called hyperbolic if the corresponding dynamical
system (2.6)) has an exponential dichotomy in the sense of Definition[31.1. A

trajectory &(+) of system (21)) generated by equation (2.2)) /(2.3) is hyperbolic
if the corresponding variational equation (2.4 /(23) is hyperbolic.

In the next section we derive a reasonable definition of hyperbolicity for
finite time systems. This definition uses a vector-norm, not a matrix norm, and
we will see that finite time hyperbolicity depends on the chosen norm. By the
equivalence of two norms in R¥** we immediately observe that Definition B.1.1]
is independent of the choice of the norm, i.e. that the hyperbolicity estimates
in (3:2)) do not depend on the chosen norm. Using an induced matrix norm in
([B.2), yields that Definition 3.1l can be rewritten as follows.

Lemma 3.1.3. Let I be an infinite time interval and P : T — R¥* an in-
variant family of projectors of [2.8) satisfying BI). Let o, > 0. Then
there exists a constant K > 0 such that [32)) is satisfied with an induced ma-
triz norm ||-||,, if and only if there exist constants C,C" > 0 such that the
following estimates hold for allt,s €1, t > s

1@(t, s)¢|| < Ce =g for all € € R(P(s)),  (3.3)

(s, €] < Ce I e] for all€ € N(P@), (3

1P (s)ll5 < C, (3.5)
where ||-|| is the corresponding vector norm to ||-||,,-
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3.2 Finite-Time-Hyperbolicity (M-Hyperbolicity)

Proof. Assume that the linear dynamical system (2.6]) has an exponential di-
chotomy on I with data (K, «a, 3, P(:)). Let s € I and £ € R(P(s)). Let the
estimates in (3.2) be satisfied. Then for every ¢t > s we obtain

@(t, s)Ell = 192, 5)P(s)E]l < (2, 5) P(s)[lae €] < Ke™ g

and analogously, for & € N(P(s)), the estimate ([3.4)) is satisfied. The bounded-
ness of the projectors (3.3]) follows directly from (B.2)) with ¢t = s. Conversely,
let (B3)-(B3) be true then we get for an induced matrix norm and for all
t,sel,t>s

IRIPEEL 0P
[0 s)Pls)lar = sup =gy 1Pl s S el

(. 5) P(s)e] lo(t, $)e]
< ||P < || P _—
e T T T I A L ey 77

< [|P(s)llarCe™.

With equation (B.3]) the first estimate in (3.2]) holds. Analogously, we can
conclude the second estimate in (3.2)). O

The estimates ([3.3))-(3.5) are well known for defining hyperbolic dynamical
systems. For example in [10], Definition 2.2| we find an exponential dichotomy
definition, which is similar to the estimates (B.3)-(B.5). Kalkbrenner used
in [81), pp.6-7] a similar notation for the hyperbolicity definition of noninvertible
systems.

Finite Time Hyperbolicity
(M-Hyperbolicity)

In the literature several nonequivalent definitions of finite time hyperbolic sys-
tems exist. They can roughly be separated into at least two classes. The first
one is based on the concept of exponential dichotomies — we will call such sys-
tems M-hyperbolic — and the second one is based on the dynamical pattern of
the given system. This kind of hyperbolicity we call D-hyperbolicity. We will
define and study both classes. In this chapter we are focused on M-hyperbolic
systems and in Chapter Bl we introduce and discuss D-hyperbolic systems. For
continuous systems we find a general definition of M-hyperbolicity in [43, Defi-
nition 1] and [14, Definition 1.2]. In [16], Definition 2| and [I3| Definition 1| the
same definition of M-hyperbolicity is presented using a special type of norm,
which is also used for defining D-hyperbolicity in [I5], [45] and in [43]. We
study this special type of norm — the so called I'-norm — in Section b1l Kar-
rasch [82) Definition 3.3| used growth rates to define hyperbolicity of invertible
systems and proved in [82] Lemma 3.5 that his definition is equivalent to the
D-hyperbolicity definition. For proving whether a system is M-hyperbolic it
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3 Hyperbolicity

would be convenient to check concrete conditions on the spectral data of A(t)
of 24)/(2.3). For ift-systems it is well known that a study of the eigenvalues
of the matrix A(-) does not help to prove hyperbolicity, see [37, p. 30] for a con-
tinuous time example due to Vinograd and for a discrete time example we refer
to [47, Example 4.17|. Similar results exist for ft-systems. Autonomous contin-
uous ft-systems (2.6) are M-hyperbolic if the eigenvalues of A do not lie on the
imaginary axis and autonomous discrete ft-systems (2.6) are M-hyperbolic if
the eigenvalues of A do not have absolute value 1. For 2-dimensional ft-systems
Haller presented in [59] conditions on the spectral data of A that ensure hyper-
bolicity of ft-systems. Nevertheless, conditions relying on spectral data have
their pitfalls, shown in [12] Section 2|. For 3-dimensional ft-systems the eigen-
values of A(+) do not provide any information about the dynamical properties
of the ft-system, for more details see [12], Section 2| and [60, Theorem 1|. An
alternative is to prove D-hyperbolicity of an ft-system. This might be easier
than proving M-hyperbolicity, since the definition of D-hyperbolicity is based
on the dynamical pattern of the ft-system. In Section 5.4l we prove that every
D-hyperbolic system is also M-hyperbolic.

In this section we only introduce M-hyperbolic systems and we derive
the definition (Definition B.2.3)) from the definition of a hyperbolic ift-system
(Lemma [3.1.3)).

If T'is a compact interval then we observe that the estimate (3.0) is always
satisfied for a sufficiently large constant C’ > 0. Further, the estimates (3.3))
and ([3.4) are true for every invariant family of projectors P : I — RF**
satisfying (B.]) by choosing the constant C' sufficiently large. To avoid this
we need to fix C'. The fixing of C' causes a dependence on the norm of the

hyperbolicity estimates (33) and (3.4).

Definition 3.2.1. Fiz K € [1,00) and let T be a compact interval. Then
the dynamical system (2.6]) is K-hyperbolic (on I and w.r.t the norm || - ||)
if there exists an invariant family of projectors P : 1 — R¥** which fulfills
B0, together with exponential rates o, 5 > 0 such that for allt,s €1, t > s

@t s)¢l < Ke™*U2fe|| for all € € R(P(s)),

s (3.6)
|®(s, t)¢]| < Ke PC2ig]l for all € € N(P(t))

are satisfied, where ®(s,t) denotes the inverse of ®(t,s)|n(p(s))-

This definition has its pros and cons. In the next example we show one
disadvantage, which motivates the search for another definition of finite time
hyperbolicity. In this example we prove that the nonhyperbolic ift-system
generated by the zero matrix is K-hyperbolic for any K > 1 and on any
compact interval.

Example 3.2.2. Consider the linear differential equation

&= A(t)z, with v € R* and A(t) = 0 € R**? (3.7)
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3.2 Finite-Time-Hyperbolicity (M-Hyperbolicity)

forallt € T = [t_,ty] # 0. Then the solution operator ® of [B1) is the

identity for all times. Define P(t) = ((1] 8) forallt € I. Fix K > 1 and
define
log(K
a=pf:= 0g(K) > 0.
te —t_
Choose an arbitrary s € T and a norm || - || on R%  Then we get for all

E€R(P(s)) andt € I witht > s

- 1Og(K) t(t_S)

+ gl = Ke gl = el = |, s)é]|

Ke *t|i¢|| = Ke
and for all £ € N(P(s)) and s <t €1

—log(K)- ==

el > Ko e = e = (s, .

Ke P9|jg]| = Ke

The estimates in ([B.0)) are satisfied for an arbitrary, but fized constant K > 1.
Thus, our example s K-hyperbolic with K > 1 on any compact interval.

This should not be the case, at least not for the trivial nonhyperbolic
system. Hence, the only constant for which the system is not K-hyperbolic is
K = 1. We choose 1-hyperbolicity as an adequate notion of hyperbolicity for
ft-systems.

Solutions of hyperbolic ift-systems, which lie on the stable or unstable
manifold of a fixed point x, converge toward the fixed point, but in general not
strictly monotone. We require this monotonicity for solutions of ft-systems
by setting K = 1. To point out this essential difference we call hyperbolic
ft-systems M-hyperbolic. We define hyperbolicity for the finite time context
as in [16].

Definition 3.2.3. Let I be a compact interval. The dynamical system (2.6])
has an ft-exponential dichotomy (finite time) (on 1 and w.r.t. the norm ||-|)
if there exist an invariant family of projectors P : I — R*** and exponential
rates o, B > 0 with following properties. The solution operator

(1, 5)|n(pes)) : N(P(s)) = N(P(t)) is invertible for allt,s € I,t > s (3.8)
and the estimates

12 (t, )l < e=jg]| for all € € R(P(s)), (3.9)
12 (s, el < e g for all € € N(P(1)) (3.10)
are satisfied for all t,s € I, t > s, where ®(s,t) denotes the inverse of

(L, 5)|n(p(s)). The corresponding data are (o, B, P(-)) and we call such a
system M-hyperbolic (monotonically hyperbolic on I w.r.t. || - || ).
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3 Hyperbolicity

Definition 3.2.4. Let T € {R,Z} and I C T be a compact interval. The
linear equation [2.7)) /(2.8]) is called M-hyperbolic (monotonically hyperbolic
on I w.r.t. the chosen norm) if the corresponding dynamical system (2.0 has
an ft-exponential dichotomy in the sense of Definition[3.2.3. A trajectory &(-)
of system (2.10) generated by equation [2.2)) /(23) is M-hyperbolic (on 1 w.r.t.
the chosen norm) if the corresponding variational equation (24) /(23) is M-
hyperbolic (on 1 w.r.t. the chosen norm).

It is easy to see that 1-hyperbolicity (K = 1) is equivalent to M-hyperboli-
city. We already mentioned one serious disadvantage of K-hyperbolic systems
for K > 1, i.e. that the trivial nonhyperbolic ift-system @ = 0 is K-hyperbolic
on every finite time interval for K > 1. Thus, why should we be interested
in K-hyperbolic (K > 1) systems? Not all hyperbolic systems on an infinite
time interval I are M-hyperbolic on a finite time subinterval J C I. At least
for each finite time interval J C I there exists a constant K > 1 such that the
given hyperbolic system is K-hyperbolic on J.

Note that we required for M-hyperbolicity that —a < 0 < . A analysis
of the consequences if we require —a < C' < § for a constant C' € R (it is
possible that 0 < —a or 8 < 0) instead of —a < 0 < [ might lead to new
results but is beyond the scope of this thesis. For the infinite time case there
exist studies concerning the spectral splitting described above, cf. [8] and [9].

To prove whether a system is M-hyperbolic we have to verify the estimates
(39) and (B10). We show equivalent inequalities as well as invariant properties
of the kernel and range of an invariant family of projectors which satisfies (3.8)),

B9) and B.10).

Lemma 3.2.5. Let system (2.0 be M-hyperbolic on a compact interval I with
an invariant family of projectors P : 1 — R***. Then

O(t, s)R(P(s)) C R(P(t)) forallt,s €, t > s, (3.11)
O(t, s)N(P(s)) = N(P(t)) for all t,s € L. (3.12)

If the solution operator is invertible we have for all t,s € 1

O(t, s)R(P(s)) = R(P(t)). (3.13)
Proof. Let t,s € Tand t > s. By Lemma 22,4 we get (B.11]) and

O(t, s)N(P(s)) C N(P(t)).

The M-hyperbolicity yields that ®(t,s)|aps)) : N(P(s)) = N(P(t)) is in-
vertible for all ¢t,s € I, t > s. Then the dimension of both sets satisfies
dim(N(P(s))) = dim(N (P(t))) for all ¢,s € I. Since we already showed that
the left-hand side of (3.12) is a subset of the right-hand side we get equality
in (B12). Assuming that the solution operator is invertible we obtain that

d(t,s) : R(P(s)) DN(P(s)) = RF = RF = R(P(t)) @ N(P(t))
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3.2 Finite-Time-Hyperbolicity (M-Hyperbolicity)

is invertible for all t,s € I, t > s. By (B.8)) we get the invertibility of
(1, 5)|r(p(s)) : R(P(s)) = R(P(t))
for all t,s € I, t > s. Analogous to (8.12)) it follows that (B.13]) holds. O

In the M-hyperbolic definition, see Definition B.2.3, we only require the
solution operator restricted to the kernel of an invariant family of projectors to
be invertible. Which statements can be established under this weak regularity
assumption about the solution operator of a linear system if it is not invertible,
i.e. if the kernel of the operator is not the zero set?

We will see that the kernel of the solution operator is a subspace of the
stable cone, see for M-hyperbolic systems Lemma and Lemma £.2.4] and
for D-hyperbolic systems see Lemma [(.3.3] In Lemma we prove that
the kernel is a subspace of the range of every invariant family of projectors,
which satisfies (3.8), (3.9) and (3.10). Lemma H.2.4] yields that the range of
every invariant family of projectors, which satisfies (8.8)), (3.9) and BI0), is a
subset of the stable cone. Note that for continuous systems the kernel of the
projectors equals the zero-set, since the solution operator is invertible. Thus,
the following lemma is always true in the continuous setting.

Lemma 3.2.6. Let I = [n_,ny]z and [28) be M-hyperbolic with solution
operator ®(-,-). Then for all ng € T and P(ng) € Pp, := {P(ng)|P : T —
R**k is an invariant family of projectors such that

BI), B9) and BI0) are satisfied with some constants v, 8 > 0} we have

N(®(ny,ng)) C R(P(ng)).

Proof. Fix ng € I. Let z € N (®(ny,ng)) and P(ng) € P,,. Then there exist
by [132, Proposition 6.82] an z, € R(P(ng)) and an z, € N(P(ng)) with
r = xs + x,. Thus,

O(ny,ng)ry, = P(ny,no)(x —xz5) = ®(ny,ng)z — P(ny,ng)ws

=0—P(ny,ng)xs = P(ng,no)(—xs).

By (B11) and ([B.12) we get

R(P(n+)) D (1, no)R(P(no))
S O(ny,no)(—xs)
= (ny,n0)zu € P(ns, no)N(P(n0)) = N(P(ny)).
This implies that ®(n,,ng)x, € R(P(ny))NN(P(ny)) = {0}, see [132, Propo-

sition 6.82|. The invertibility of ®(n, no)| Py yields z, = 0 and we obtain
r=xs € R(P(ng)). Hence, the proof is complete. O

For invertible systems Lemma [B.2.7] gives equivalent estimates to the M-
hyperbolic estimates (3.9) and (3.10).
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3 Hyperbolicity

Lemma 3.2.7. Let I be a compact interval and P : 1 — R*** an invariant
family of projectors of system ([2.0)) satisfying [B.8)) and let o, f > 0. Then the
family P and the constant 5 > 0 satisfy the estimate (3.10) if and only if

|D(t, s)E|| > P ||€|| for allt,s €T, t > s and &€ € N(P(s)) (3.14)
is true. If (2.0) is invertible, then the estimate ([B.9) is equivalent to
|®(s, )] > e ||&|| for allt,s €1,t > s and € € R(P(s)). (3.15)

Proof. Lett,s € Iwitht > sand £ € N(P(s)). Then we find by the invariance
of the kernel of the family of projectors and by the invertibility of ®(¢, s)|x(p(s))
aveN(P(t)) with £ = ®(s, t)v. By [B.I0) we get

12 (s, t)v]| < e 7w
Multiplying with e#®=) > 1 we obtain
1ot s)¢l = " e

Thus, estimate (3.10) is equivalent to (B.I4]). Similarly, the equivalence of (3.9)
and (3.15) follows for invertible systems. O

To obtain equivalent statements of (3.9)) and (B.10) we introduce the strain
tensor. This tensor is also used in continuum mechanics to describe the rate of
deformation of a body of a continuum medium (solid, liquid or gas) locally at
a certain time. For more details and physical interpretations we refer to [93], p.
46-57|, [123]. The names strain-rate tensor, rate-of-strain tensor or rate-of-
deformation tensor or just strain tensor denote the same tensor.

The next definition and statements for continuous time systems originate
from [45], [15], [43], [62] and for the two dimensional case from [61]. In addition
we introduce similar concepts for discrete time systems.

Let T' € R¥* be a positive definite symmetric matrix (I'" = T' > 0). Then
define ||-||r := /-, )r, (-, )r := (-, -), where (-, -) denotes the standard inner

product. Note that this norm — called I'-norm — is differentiable.

Definition 3.2.8. Let T € {R,Z}, I C T a compact interval and let TT =
I' > 0. Then the symmetric matrix

Se(t) = S[CA®) + A@)'T]), for T=R, tel,
ST VAMTTA®) T, forT=7, tely

is called the T'-strain tensor of equation (2.7)/(2.8). The set
Zp(t) = {€ € R*[(€, Sr(t)¢) = 0}

I, forT =R, .

defined for all t € 15 called the zero I'-strain set of equa-
I, forT=7%

tion [2.1)/ R.8).
For T' =1 we write S(-) and Z(-) instead of Si(-) and Z(-).
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3.2 Finite-Time-Hyperbolicity (M-Hyperbolicity)

In continuous time the I'-strain tensor describes the instantaneous change
of 1 1€()||Z, where £(-) is a solution of [ZT), i.e. for t € I

1d o 1d g
577 IEOIIE = 5 (€0, TEW®) = G

,3TAE()) (3.16)

If S 11€(t)]| = 0 for all ¢ € I then &(+) is strictly increasing or strictly decreasing
w.r.t. the I'-norm, respectively. For discrete systems we can use the I'-strain
tensor to describe the change of the length of two subsequent solution points,
i.e. let £(+) be a solution of (Z8) then for n € I;

I€tn+ D)lIr = €)= (€(n+ 1), TE(n+ 1)) — (£(n), TE(n))
= (A(n)&(n), TA(n)¢(n)) — (£(n), TE(n)) (3.17)
= (£(n),[A(n)"TA(n) — Tlg(n

By (B16)/(BI7) all nontrivial solutions &(-) of (2.7)/(2.8)) are strictly in-

creasing (strictly decreasing) w.r.t. the I'-norm if the I-strain tensor Sp(t) is
I, forT=R,
I,, forT =Z.
Thus, the zero I'-strain set Zp(t) is a nontrivial cone if and only if Sp(t) is
indefinite.

Studying equation (B.16]) we see by the symmetry of (-, -)r that every solu-

tion &(-) of (2.7) satisfies

g =2 ((GA®E®), TE(D) + (5(2), sTA[-)E()))

positive (negative) definite for all ¢ €

for each t € 1.

For proving the Roughness-Theorem B.4.11] in Section [B.4] we introduce
equivalent statements of (3.9) and (3.10) using the ['-strain tensor. The equiv-
alent statements, which we examine in Lemma 3.2.9] originate for continuous
time from [12, Proposition 2| and similar estimates are proved in [16, Lemma
9]. We additionally present and prove a similar statement for discrete time
systems.

Lemma 3.2.9. LetT € {R,Z} ,tL € T andl = [t_,t ]|r. An invariant family
of projectors P : 1 — R¥** of ([Z6) and constants a, 3 > 0 satisfy estimates
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3 Hyperbolicity

BI) and BI0) w.r.t. ||-||p if and only if the family P(-) and the constants

T — R ~ T = R
G T L L N CRT)
l—e2 forT=7 e —1, forT=7
satisfy for allt,s €1, t > s and y € R*
(@(t,5)P(s)y, Sr(t)(t, ) P(s)y) < —a || D(t, 5)P(s)yllr (3.20)

as well as

(@(t,5)Q(s)y, Sr(t)(t, 5)Q(s)y) = B |B(t,5)Q(s)yllr. (3.21)

where Q(s) :=1— P(s) for all s € 1.

Proof. Let y € R¥ and s € 1. Define n := P(s)y and u := Q(s)y. For T = R
first assume that ([3.9) and ([B.10) are satisfied. Then we have for all t,7 € T,
t>t>s

(¢, s)nllp = HcI)(t,f)cI)(f’ S>?7HF
< ol 9, = ol

which is equivalent to
@t s)lly < e[| @(E, 5)n]|

Thus, e*=9) [|®(t, s)n||, is decreasing, i.e. L= ||®(t, s)n||, < 0. Analo-
gously, we get by (B.14]) that

e P10 (8, 5)plly
is increasing. Hence

d —B(t—s
S ()l 2 0

32



3.2 Finite-Time-Hyperbolicity (M-Hyperbolicity)

is satisfied. Definition B.2.8 and equation (3.16]) yield
<(I)(t7 8)777 SF<t)(I)<t7 8)77>

+al|®(t, sl = H‘D(t synlly + o |2 (t, s)lly

2dt

172041575 d 2a(t—s 2
= 5¢ ( )a(e o, s)nlz)
1 —2a(t—s d atfs 2
= SR (0 0t s)al)

_ 167204(1575)2604(1575) H

2
= e |0t s)nl;

<0

— Y

(@, ), Sp(t)P(t, s)p)
—Bl2(t s)ulr =

t, s)|lr dt( Dt s)nll)

- (et s)nllr)

Q—‘|CL/—\

5 120t )l — 5 12, syl

1 28(t—s d —2B(t—s 2
=3€ ( )&(6 =@t 5)pll7)

—s d —B(t—s
=Mool sl 5 (7 [0 s)nllr)
> 0.
Thus, the estimates ([3.20) and ([B.21)) are fulfilled.

Reversely, assume that (3.20) and (B.21)) are true. Let T = R and ¢ € I,
t > s. Then we have by (B.19) & = « and, thus,

0> (D(t, 5)1, Sr()(t, s)n) +a || ®(t, s)n]|y
_1d
T 2dt

1 —2a(t—s d a(t—s 2
=3¢ zalt )& (e 1D (t, s)nll7) -

The positivity of the exponential function yields

d
S (e (e, syllE) <

|@(t, s)nlly + o [|@(t, s)nllr:

This implies that
eI (L, s)nllp < [nll
is satisfied. Hence, estimate (3.9)) is fulfilled. Further, with B=p
0 < (D(t, 8)p, Sr(t)(t, s)p) — B @(t 5)pll7

_1d
= S Il = B sl

1 a0 d . opis 9
= 5625(t )a (e || @(t, ) pl|7.)
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3 Hyperbolicity

follows, which yields an equivalent statement of estimate (3.14))

—98(t—s 2 2
e 2P D(t, s)pllE > [lpelly -

Thus, by Lemma B.2.7 estimate (B.10) is fulfilled.
For T =7Zlett € I, t > s. By (319) we have @ = — (e7** — 1) and
together with (B.I7) we obtain that the next five inequalities are equivalent

(@(t, s)n, Sr(H)®(t, s)n) < —a||@(t, s)lr.,

12 (t + 1, $)nlly — 10 (2, s)nlly < —a (|8 (t, s)nlly
1R(t + 1, $)nllp — 10 (t, s)nlly < (72 = 1) |2 (t, )l

12t + 1, s)nllp < e [|@(t, s)nllr

1Bt + 1, 8)nllp < e[|t s)nllp -

Hence, ([39) follows. We get by BI3) 8 = (¢*’ — 1) and the equivalence of
the following statements

(@(t, ), Se(D)(t, s)n) > B[ 2(t, s)nllr

I@(t + 1, s)ully — (¢, )ulle > Bl s)llr.,
|2 (t + 1, s)ully = 19(¢, $)ully = (€% — 1) | @(t, s)l..

|@(t + 1, s)ully > e [|@(t, s)nllr,

1@t + 1, 8)plly > e | @(t, s)lly -

This yields (314) and Lemma 327 implies (3.10). Thus, (3.9) and (3.I0) are
equivalent to (3.20) and (B3.21]). O

A similar statement for continuous systems that is established in [16] Lem-
ma 9| uses the notation of growth rates. For the Roughness-Theorem
in Section [B.4] we need the theory of growth rates as well. Hence, we give a
short introduction and point out some of the relations between M-hyperbolic
systems and their growth rates. In addition to [82], [43] and [16] we define the
extremal growth rates also for noninvertible systems.

For I = [n_,n|z we define the following function

oTrer : RF X T = TU {n, +1},
(€.m0) > 10 = {min Ker§, , if KerS, #0,

ny + 1, otherwise

with Ker§, = {n € [ng,n4]z|®(n,no)¢ = 0}. This function provides the
earliest time, if it exists, at which the given vector lies in the kernel of the
solution operator. For an invertible system ¢ Tie;(z) = ny + 1 for all x € RE.
Thus, our definition of growth rates is for invertible systems equivalent to [82,
Definition 2.11].
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3.2 Finite-Time-Hyperbolicity (M-Hyperbolicity)

Definition 3.2.10. Let ® be the solution operator of (28) for I = [t_, t ],
ty € T e {R,Z}. Letic {0,...,k} and X € Gr¥ = Cr(i,R¥), where Gr¥
denotes the Grassmann manifold, which contains all i-dimensional subspaces
of R*. We define the upper and lower growth rate of X under ® by

sup Az, ®), i#0

XX, @) :=  #eXllel=1
—00, i=0,
inf A T, [0)) , 7 0
AX, D) = reX,|\x||=1_( ) #
00, i=0
with
up  { UML)t ) i s (i)
by sS ]I, s,
)\(.CU, ®> = t,Siq;%(:jéB,t_)
Y otherwise,
—0Q0, Zf ‘bﬂ(er(x, t,) c I[’
A(«T7 q)> = inf {ln(HcD(t’t*)x”)_ln(”@(s,t,)xH) } heruise
t786]17t?£8 t—s , ’

where case (1) is

i,
to41,

for T =R,

(T, T )
@ Ther (@ )>{ for T =7

Further, we define the minimal upper and maximal lower i-growth
rate of ¢

min {\(X,®)}, i#0

Xi(®@) = { XeGrp
—00, 1 =0,
max {A(X,®)}, i#0
AZ(CI)) = AXEGI'Q-C
00, 1 =0.

For a definition of Grassmann manifolds and for the proof of its manifold
properties we refer to [94, p.22]. The Grassmann manifold Gr¥ is the set of
all i-dimensional subspaces of R*. Thus, it is obvious that for any projector

P € R** with dim(R(P)) =:4 and dim(N'(P)) =k —i =:r

(3.22)
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3 Hyperbolicity

holds. The following relations between M-hyperbolic invertible systems and
their growth rates can be found in [82, Lemma 3.3| and in [16, Lemma 12|. For
invertible systems Lemma [3.2.1Tlimplies equivalent statements to the exponen-
tial dichotomy estimates (8.9) and (3.10) and Lemma yields equivalent
conditions about growth rates to the M-hyperbolicity conditions ([B.8), (3:9)

and (3.10).

Lemma 3.2.11. Let T € {R,Z}, t+ € T and I = [t_,t]r. Let P : 1T —
R*** be a family of invariant projectors of ([2.8) satisfying (B.8). Set { :=
dim(R(P(t-))) and r = k — L. If the family P(-) and constants o, > 0
satisfy B9) and BI0) then they also satisfy

M(R(P(t)),®) < —a and A (N(P(.)), @) > 5. (3.23)

If the system (2.6)) is invertible then the statements (3.9) and (B.10) are equiv-
alent to (3.23)).

Proof. Let (39) and (B.I0) be satisfied for a, 8 > 0 and P(-). For x €
R(P(t-)) Lemma 224 yields ®(s,t_)z € R(P(s)) for all s € I. Thus, we

have
|t t)z| = | (L, 8) (s, t)z| < =) || B (s, t )]

for all t,s € I, t > s. Setting t := ¢Tyer(z,1_) we get by Definition B.2.10]

n <||<1><t,t7>x||>
wp{mwﬂmJW%ﬁM@@LWM}:SW 205, el
t,scl,t#£s, t—s t,scl,t#s, t—s

t,s<t t,s<t

—a(t—s)
< sup { In(e ) }

t,scl,t#£s,
t,s<t

—alt —
= Ssup { 7(1( 8) }
t,s€l,t#£s, t—s

t,s<t

=—a<0.

For the growth rate follows

Y In(||®(t, t_)z||) — In(||P(s,t_)x
NR(P(t.)), ®) = sup { ([[@(t,2-) Hi ([[®(s,2-) H)}
z€R(P(t-)),llzl|=1, — S

t,SeH,t?ﬁS,
tvs<<1>71(er(x7t—)
< —q.

Lemma B2 yields ||®(¢, s)¢|| > 5= ||€]| for all £ € N(P(s)) and ¢,s € 1,
t > 5. Using Lemma B.2.5 we get for z € N(P(t-))

et t-)all = | @(t, 5)®(s, t-)al| = ™ ||@(s, )z
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3.2 Finite-Time-Hyperbolicity (M-Hyperbolicity)

for all t,s,€ I, t > s. This estimate implies

In (|| (¢, t-)z]]) — In (|| (s, t—
AN(P(E-)), @) :xeN(P(ir_lf)JI:rH:l,{ R )xHi)f—sn(H ! )xH)}
t,s€lt#s
> inf {ﬁ(t_s)}
t,s€lt#£s t— s
> p.

Conversely, assume that @ is invertible and (3.23) holds. For any fixed
z € R(P(t-)) \ {0}, y e N(P(t-)) \ {0}
set { 1= o Tker(x,t_). By the Definition B.:2.T0 of the growth rates we obtain
tn (|(t, ¢ )a]) — I (| (s, ¢ )al) < T(R(P(E)), B)(t — 5)
forallt,s el {>¢>sand
I ([@(t,t)yll) = In(|(s,t)yll) = A, (N (P(t-)), ®)(t = 5)
for all t,s € I, t > s. After transformation and insertion of (8:22]) the inequal-
ities
|D(t, t_)z|| < e (®)=s) |®(s,t_)z| forallt,s € I, >t>s, (3.24)
D¢, t_)y|| > AP D(s,t_)y|| forallt,s € Lt > s (3.25)

hold. The estimate (3.24]) is true even for all ¢, s € I, t > s. By the invertibility
of & ([3.9)) follows. Lemma .27 and the invertibility of ® yield the equivalence

of 320) and [BI0). Thus, (39) and (BI0) are satisfied. O

With Lemma B.22.TT] we prove an alternative characterization of M-hyper-
bolicity using growth rates.

Lemma 3.2.12. Let T € {R,Z}, t+ € T and I = [t_,t.]r. Let [20) be
invertible and r € {0, ..., k}. Then the following statements are equivalent.

(a) System (2.8) is M-hyperbolic (w.r.t. ||-||) on I with an invariant family
of projectors P : T — R¥* with dim(R(P(t_))) = r.

(b) The growth rates of (2.0) satisfy

with .=k —r.
If ([2.6]) is noninvertible then (b) follows from (a).
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Proof. For (2.0) let condition (a) be satisfied and denote the dichotomy data
by (a, 3, P(-)). We have R(P(t_)) € Gr¥, N(P(t_)) € Gr} with £ := k —r.
Lemma B.2.1T] and the estimates (8.22]) yield

(R(P(t-)),®) = —a <0,
(N(P(t-)),®) = 5> 0.

Consider that (2.0) is invertible and, conversely, assume (b). By [82] Re-
mark 2.18] and [43, Remark 9| there exist X, € Gr* and X,, € Gr} such that

Ar(®) = MX, @), A(®) = A(X,, ©).

For any fixed z € X, \ {0}, ¥ € X, \ {0} set t := ¢Trer(2,t_). By Definition
[3.2.10] we obtain

I (o, t-)z]) = In (| (s, t-)]))
I (o, t)yl)) — o ([|(s, t-)yl)

After transformation

—s)forallt,sel,i>t>s,
—s)forallt,s el t>s.

(@)(

(@) (t
A(P)(t

IV IA

1D(t, t_)z| < @) || (s, ¢ )| forall t,s € It > s,
|D(t, t_)y|| > 2 ®DE=) (s, t_)y|| for all t,s € It > s

are satisfied. By the definition of the extremal growth rates we have ®(¢,¢_)x #
0 for all x € X, \ {0} and ¢ € I. This implies that

Ot t)|x, - Xu — B(t,1_)X,,

is injective, thus, bijective. This implies that ®(-,¢_)X, is invariant. The
subspaces X, satisfy by definition

X, ® X, =R~
The invertibility of the system yields
d(t,t ) Xe® X, =RF - RF = ®(t,t )X, + (L, t)X,

for all t € I. Then ®(-,¢t_)X; is invariant, since ®(-,¢_)X, is invariant. Thus,
we can define a family of projectors P : T — R¥ by R(P(s)) := ®(s,t_)X,,
N(P(s)) := ®(s,t_)X, for all s € I. This family of projectors is invariant and
we get that

@Gt s)el) < g,

R (t, s)ul| = 2|
is satisfied for all £ € R(P(s)), u € N(P(s)) and t,s € I, t > s. Thus, the
hyperbolic estimates (3.9) and (3.I4) are true and, hence, by Lemma B.2.7]

system (Z6) is M-hyperbolic with exponential rates a := —\,.(®) > 0 and
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3.3 Differences and Similarities

Finite and Infinite Time Hyperbolic Systems: Dif-
ferences and Similarities

In this section we study differences and similarities between infinite time hy-
perbolic systems (Definition BTl Lemma B.I.3) and finite time M—hyperbolic
systems (Definition B.2.3).

One difference is that the invariant family of projectors of an M—hyperbolic
(finite time hyperbolic) system is not unique, see Example B.3.1], whereas the
family of projectors of an hyperbolic ift—system is unique.

For autonomous ft—systems there exists at most one autonomous projector
such that the system is M—hyperbolic w.r.t. that projector. Still, there may
exist more than one nonautonomous family of projectors. The autonomous
projector is the unique projector of the associated hyperbolic ift—system, see
Theorem B33 Example B.3.4] shows that an ft—system can be M~hyperbolic
although it is not M-hyperbolic w.r.t. the unique projector of the associated ift—
system. Further, we obtain that every autonomous system which is hyperbolic
on infinite time is also M—hyperbolic w.r.t. a proper norm (Lyapunov norm)
on every finite time interval, cf. Theorem [3.3.2

In the literature the uniqueness of the family of projectors of a hyperbolic
ift—system is well known. For continuous time see e.g. [104], p.227|, for invertible
systems in discrete time we refer to [105, Proposition 2.3| and for noninvertible
systems in discrete time see [60, Theorem 7.6.5|. The following example of a
finite time differential equation shows that a system can be M-hyperbolic
with different invariant families of projectors. This implies that the invariant
family of projectors P : I — R* according to Definition is generally
not unique. The example is a modified and elaborated version of the second
example in [16, Example 4].

Example 3.3.1. Assumet_,t, €e R witht_ <0 <ty and
. I 0 2
T =A(t)r = <0 _2) x, t €R® fort el =1[t_,ty].

The solution operator is ®(t,s) = diag(e!~*,e~2¢=)). Choose the Euclidean—

norm. Then the differential equation is M-hyperbolic with the invariant family
00

of projectors P(t) = 0 1) t € 1 and with exponential rates & = 2, B = 1.
If we take P(0) and disturb the stable part towards the unstable direction with
0 > 0 we get Ps(0) = <g ?) We see that Ps(0) is still a projector and we

obtain the invariant family belonging to Ps(0) by

By(t) = ®(t,0)P5(0)®(0, 1) = (%t e_ozt) (g 2) (eot gt) = <5eo_3t g)

In the following we prove that there exist exponential rates such that the given
system 1s M-hyperbolic with this disturbed family of projectors Ps. Since the
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3 Hyperbolicity

range R(Ps(t)) does not depend on 6, we just need to verify B.I0). For the
kernel we get

N(Ps(t)) = {(‘;) € R2

—y= 5€3tl’} . (3.28)

Let <§) € N(Ps(s)) with § > 0 and assume that (BI0) is true using the

Euclidean—norm for a 1= < > 0. Lett,s € 1 witht > s. Then we have

—(t—s) 2 —(t—s) 0
—2(t—s)..2 | At—s), 2 _ ||[[€ x _ (€ z
oo _H<€2(”)y) _H( 0 62(”’) (y)
2

- [ ()
()

<€f2(tfs) . 672[3(1573))1,2 < <672ﬁ(tfs) . e4(tfs))y2.

2

2

S G—Qﬁ(t—s) — G_Qﬁ(t_s)(l‘Q +y2)

This equals

Dividing by (22t — 2(t=%)) < 0 and extract the root we get
o20t-s) _ o—28(t-s)\ 2
(TS ) el =
Taking B = 1 we obtain |y| = 0 and, thus, the constant 6 must be zero. This

leads to the same kernel as before. To get more than one family of projectors
we have to reduce the exponential rate 3. Assume B = 0.5. Then

o20t-5) _ o—(t=s)\ 2 o—(t=5) _ 1\ 2
< () — i) ) |z| = (m) |z > |y
1s satisfied for allt,s € I with t > s. The left-hand side is minimal for s =t_

and t = ty. Combining this result with the definition of the kernel (3.28) we
observe that

1
—(ty—t—) _ 1 2
€ 3t
<ﬁ) er 20 (3.29)
must be true for all t € 1. The left-hand side is minimal for t = t_. Hence,
for all different 6 such that [B329) is satisfied with t = t_ we get another
invariant family of projectors, which fulfills estimate [BI0) with exponential
rate 3 = 0.5.
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Example [3.3.T]illustrates that by reducing the exponential rates of a hyper-
bolic ift—system with constant K = 1 we generally get more than one invariant
family of projectors for the system on every compact interval. In Chapter M
we prove that the stable and unstable sets are cones which coincide with the
union of the kernel and range of all invariant families of projectors. In the fol-
lowing we discuss hyperbolicity of autonomous systems on finite and infinite
time intervals. Consider the autonomous system

#(t) = Az(t) respectively x(t + 1) = Ax(t) (3.30)
with A € R¥* 2 € RF and t € T € {R,Z}. Define for all t € N
A7t RF ~ RY,

z = {y € RF|Aly = 2}

The arrow ~» symbolizes that the given map is a set-valued map. For an
introduction of set-valued systems we refer to [6]. Further, define for any

teT
A for T=R
B(t) — et for ,
At, for T =7.

Denote the solution operator of (B30) by ®(-,-). It satisfies ®(t,s) = B(t — s)
forallt,s el t > s.

The next theorem states that for any autonomous hyperbolic ift—system
a proper norm (Lyapunov norm) exists such that the given system is M-
hyperbolic (w.r.t. this norm) on every compact interval. The definition and
properties of a Lyapunov norm can be found in [IT], |38, Def. 2.4.9] and [84]
Def. 5.3.2].

Theorem 3.3.2. Let system ([B30) have an exponential dichotomy on T €
{R,Z} w.r.t. ||-|| with data (K, «, 8, Ps, P,). Then for any rates & € (0, a),B €
(0, 8) there exists a norm ||-||; such that system (3.30) s M-hyperbolic w.r.t.
|||, on every compact interval I C T with projector Ps.

Proof. Exploiting the dichotomy estimates (3.2)), we see that ||B(t)Psx| <
Ke °t||Px|, |B(—=t)Pz| < Ke P ||P,x| are bounded for all ¢ > 0 and
e RF. Fix a € (0,0), § € (0,8) and define j1:=e % € (e, 1), y:=eF e
(e7?,1). Choose a,b € N sufficiently large such that

e\ A
K <—) <1, K (—) <1 (3.31)
12 v

are satisfied. The Lyapunov norm (Lyapunov adapted norm) is defined by
a 0

S| B(r) Pzl dr + [ 4" |B(r)Puzlldr, T =R,

0 —b

2l = q 0
zou_r 1B(r) Px|| + va’“ [B(r)Pu|, T=7.
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3 Hyperbolicity

Next we show the ft—exponential dichotomy estimates (3.9) and (BI0). Let
T =R and t,s € T with ¢ > s. The projectors satisfy

P,P,=(1—-P)P,=P,—P*=P,— P, =0. (3.32)

By the invariance of the projector P, and the solution operator B, by the

hyperbolicity estimates (8.2), by equation (8.32) and by estimate (B.31]) we
have for all x € RF

[D(, s) Pzl

=||B(t — s)Psz||
a 0

://[7" |B(r)P;B(t — s)Psx| dr + /77" \|B(r)P,B(t — s)Psx| dr
0 b

a

:/ur |B(r)B(t — s)PZz|| dr + /’yr |B(r)B(t — s)P,Psx|| dr

0 —b
a

= [ i B 5+ Pl
0

a+(t—s)
o | [ 1B 94— = )P
(t—s)
-9 / u || B(r) P | dr

0

a+(t—s) (t—s)
s [ wriseRalar - [Pl ar
a 0
(t-s)
=l | || Paxl, + / (v~ | B(r + a) Pr|| — " || B(r) Pz]]) dr
0
(t—s)
0 [Pl + [ (0 |B@(PBE))] - B Parl) dr
0
(t—s) B a
—s -r € °
< e+ [ (5 (5 ) VR B0 - 1280 o
0

S/i(tis) ”PS:UHL
<e || P, .

42



3.3 Differences and Similarities

For T = 7Z the proof of the estimate follows analogously. For the readers
convenience we show the second ft—exponential dichotomy estimate (3.10) for
T=7. Let T=7 and t,s € I with t > s. Then for all x € R* we see similar
to the previous calculations that

||<1>(8 Pl

= ny |B(—(t — s) + )P,z
r=—b
—(t—s)

= X M BE)Pal

r=—b—(t—s)

0
“(ZVHB )Pl

r=—>b

—(b+1) 0
+ S yBmPal - Y v’"nB(r)Pua:n)
r=—b—(t—s) r=—(t—s)+1

0

e (Pl + 3 A (B — b+ 1) Parl — 1B Paal)
=—(t—s)+1

:’Y(tis) ( HPuxHL

0

) 7’"(7_“’“)HB(—(Hl))PuB(T)xH—HPuB(T)fCH)>

r=—(t—s)+1

0 676 b+1
< [1pal,+ S v (K<T) —1) |P.B(r)a]

r=—(t—s)+1
S’Y(t_s) HPuxHL

<e | Pzl

is satisfied. Analogously, we obtain the same estimate for T = R. These
estimates show that system (B30) has an exponential dichotomy on T with
(1,&, 3, P,) wr.t. ||-|,. This implies that (330) is M-hyperbolic (w.r.t. ||-||,)
on every compact interval I C T with rates a, B and projector P.

O

Next we prove that if an autonomous system is M—hyperbolic with an au-
tonomous projector then the system is also hyperbolic (infinite) with the same
projector and exponential rates. This fact and the uniqueness of the infinite
time exponential dichotomy projector imply that an autonomous system can-
not be M—-hyperbolic w.r.t. two different autonomous projectors. Note that
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3 Hyperbolicity

for ift-systems the constant K in (3:2) depends on the infimum of the angles
between the image and kernel of the invariant family of projectors over time.
The estimates (3.9) and (3.I0) are only satisfied for ift-systems if the image
and kernel of the invariant family of projectors are orthogonal for all times.
In [I3T] this special class of exponential dichotomy of linear ODEs is called a
strong dichotomy.

Theorem 3.3.3. Let system ([B3.30) be M-hyperbolic (w.r.t. ||-||) on a compact
interval 1 C T € {R, Z} with an autonomous projector P and with exponential
rates a, B > 0. Then system ([B.30) has an exponential dichotomy on T with
projector P and with rates o, 3.

Proof. The M-hyperbolicity yields for ¢,s € I with ¢t > s and x € R*
|®(t, s)Px|| < e %) || Pz]|. (3.33)

Next, we prove that this estimate is satisfied even for all t,s € T, t > s and
x € R*. Let t,s € T with ¢t > s and denote by ¢ the length of the finite interval
I. Then there exist a € Ny and b € R with 0 < b < £ such that t — s = al + b.
With estimate (3.:33) and the invariance of P and ® we obtain for x € R* and
allt,s e T, t>s
|®(t,s) Pz = || B(t — s)Pz| = || B(al + b) Pz| = || B(b)P(B(al)z)]
< e | P(B(ab)z)| = =" | B)P(B((a — 1)¢)z)| .

Inductively, we see that
lo(t, s)Pz|| < e | BU)P(B((a — D)z)|| < e~V || Pr]| = e || Pa]|

is satisfied for ¢t,s € I, t > s. For the matrix norm we get
d(t,s)Px
ot 5)P| = sup 1L
z€R*\{0} [Ea]

< e—a(t—s) sup _ e—a(t—s) ||P|| _ Ke—oc(t—s)
rerm\{o} ||l

with K :=||P|| for all ¢, s € T, t > s. Similarly, it follows that
18(s,8)(1— P)|| < Ke Pt

for all t,s € R, t > s with K := ||l — P||. This implies that (3.30) has an
exponential dichotomy on T with projector P and exponential rates o and 3
and constant K = max{||P|, ||l — P||}. O

A hyperbolic ift-system with projector P may be M-hyperbolic (w.r.t. ||-||)
on a compact interval I with an invariant family of projectors P : I — R* but
not with P. The following example illustrates this statement.
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Example 3.3.4. Consider the system
(02 -1 )
:U—Ax._<0 0'1)37, reR (3.34)

on 1 C R. Then the solution operator of system ([B3.34) is ®(s +t,s) 1= et =
02t 1001 — (021)
< 0 (01t ) forallt,s € 1. Onl =R the system ([B.34) has an

exponential dichotomy with projector P = 0. Let 1= [0,1] and use |-||,. For

r = (O 1)T we get
a4 (0 10(e7%1 — 702 0.86
SO )26
2 2 .

> 1= |ally > e™?||(I - P)allz
for all > 0. We see that (3.34)) is not M-hyperbolic (w.r.t. ||-||,) on 1= 10,1]

with the projector P. Choose P(0) = (8 }) and P(t) = ®(t,0)P(0)P(0,t) =

0 10 — 9¢t ‘
0 1 for all t € T and define o = 0.01, then for all t,s € I with

t > s the following is true

12(0, 1)(I = P)afl, =

2

011t \/(10 _ 960.115)2 +1< 60~115\/(10 — 960'15)2 + 1. (3.35)

Using this setup we obtain for allt,s € T witht > s and x = (xl xg)T € R?

|72
2

eO.l(t—s)

1060'1t _ 960'2t
(1o
10 — 9¢0-1
1

We conclude with inequality (333 that

1060'1(t_8) _ 960.2(t—s)60.1s
[o(t, $)P(s)ell, = H(

o 6—0.15

|72
2

] = > || P(t)z]], -
2

_ 60.1(t—$)

1P()ally = +/(10 = 9e211)2 + | < &M/ (10 — 9e0-1%)2 + 1|
= ¢ M || P(s)x]), -

Combining these estimates we get for all t,s € I witht > s and for any v € R?

1@ (t, ) P(s)ally = e || P(t)all, < e || P(s)a,
= e P | P(s)zl), .
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3 Hyperbolicity

Lett,s € Twitht > s, x € R? and Q(t) =1— P(t) then

1 (s, )Q(t)x],
H (60.2(253) 10 (670.1(1575) _ 60'2(t8))) (1 —10 + 960'1t)
== T
0

670.1(2573) 0 0

1 —10+ 9%t .
0 0

We see that system ([B.34) is M-hyperbolic (w.r.t. ||-||,) on I = [0, 1] with the
0 10— 960'1t>

2

— o 02(t—s) = ¢ 0:2(t=9) HQ(t)tz .

2

invariant family of projectors P(t) = <0 1

Perturbation Results

Are (ft-) exponential dichotomies robust under small additive perturbations
of the equation? For infinite time systems this is true. Various Roughness-
Theorems provide precise bounds on the magnitude of the allowed (additive)
perturbation. In the following we list some of these perturbation results. For
continuous ift-systems a roughness result, which originates from [40, Chap.
4, Prop. 1], is presented in Theorem B4l We find a Roughness-Theorem
for discrete invertible ift-systems with the content from Theorem in [105],
Proposition 2.10] or [85, Lemma 2.3]. For noninvertible systems we refer to [21]
Theo. 19] and [117, Satz 2.1] and we present the statement in Theorem B.4.3]
Some of the perturbation results have been proved for compact time intervals,
as well. In this thesis we differentiate between the hyperbolicity terms for
ift- and ft-systems. Thus, we present the Roughness-Theorems for ift-systems
only for infinite time intervals, but all infinite time Roughness-Theorems are
transferable to K-hyperbolic ft-systems. For invertible ft-systems we prove two
different roughness results, which guarantee the persistence of M-hyperbolicity.
For noninvertible ft-systems the question: “Are M-hyperbolic systems robust
under small additive perturbations?” still remains open to our knowledge.

Theorem 3.4.1 (Roughness-Theorem for continuous ift-systems).
Let T € {[t_,00),(—o0,t], R} with t» € R and assume that the differential

equation ([21) is hyperbolic on 1 with data (K, a, 3, P(-)). Let B(-) : T — RF*k
satisfy

§ = sup | B(t)]| < —L-, with y = min{a, 5} (3.36)
tel 4K?

and denote by V(-,-) the solution operator of

y = [A(t) + B(t)]y. (3.37)
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3.4 Perturbation Results

Then ([B.31) is hyperbolic on 1 with data (%,7 —2K6,v — 2K6, Q()) where

N(Q()) == N(P()) forT = [t_,00),
R(Q(t+)) == R(P(t+)), Jor T=(—o00,14],
R(Q(0)) :=R(P(0)), N(Q(0)) := N (P(0)), forT=R.

Theorem 3.4.2 (Roughness-Theorem for discrete invertible ift-systems).
Let 1 € {Z} 7. ,7},ny € 7 and assume that the difference equation (2.8)

is invertible and fzyperbolz'c on I with data (K, «, P,).
Then for 0 < B < a and every Ey € (RF**)! with

I 1y

I < 5 inf [ A (3.38)
1, 1 1 1 !

|2l < §K <65 —e @ * e P —ea * e — 6—5) ’ (3:39)

the equation
Unt1 = (An + Ep)u,, nel

has an exponential dichotomy on I with data (2K + 1,8, Q.(E,)).

Theorem 3.4.3 (Roughness-Theorem for discrete noninvertible ift-systems).

Let 1 € {Z; |7, ,7},ne € 7 and assume that the difference equation (2.8)
is hyperbolic on 1 with data (K, «, P,).
Then for 0 < < « there exists a positive constant v = (K, «, ) such

that for every Ey € (RF**)! with
[Exll <~

the equation

7}, for1=17} |
Unr1 = (A + Ep)uy,, nel; = Ly, s forl=7Z,,
Z, forl =7

has an exponential dichotomy on 1 with data (2K, 3, Qn(E,)).

In the following we study the robustness of M-hyperbolic systems. As
we have seen in the infinite time case a small perturbation of a hyperbolic
system does not destroy the hyperbolicity. The only drawback is a larger
constant and that the new exponential rates are generally smaller. For M-
hyperbolicity the system must be “hyperbolic” with constant K = 1, so a
perturbed M-hyperbolic system is only M-hyperbolic if the constant K does
not change. Thus, the infinite time Roughness-Theorems are not transferable
to M-hyperbolic systems, whereas all these Roughness-Theorems apply to K-
hyperbolic systems.
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Theorem 3.4.4 (Roughness-Theorem for cont. K-hyperbolic ft-systems).
Fir K € [1,00). Let equation 7)) be defined for t € T = [t_,t;] C R
and be K-hyperbolic (on 1 w.r.t. ||-||) with an invariant family of projectors
P :1— R** and exponential rates o, 3 > 0. Let B : 1T — RF** satisfy

._ i - — i
0= stlel%) |B(t)]| < 15T with v = min{a, B}

and denote by V(-,-) the solution operator of
y=[A(t)+ B(t)] y. (3.40)

Then (B40) is %—hyperbolic (on T w.r.t. ||-||) with an invariant family of
projectors Q : T — R¥* (w.r.t. W), which satisfies N (Q(t-)) = N(P(t-)),
and exponential rates & := vy — 2K =: 3.

Proof. The expanded system
i=A(t)z,t €] =[t_,0) (3.41)

of system (2.7)) with

i A(t), for t € I,
A(ty), forteJ\I

has an exponential dichotomy on J with constant K, exponential rates «,
and the invariant family of projectors P : J — R*** with

P(s) := ®(s,t_)P(t_)®(t_,s) for all s € J

d(t,s), for t,s €1,
with ®(t,s) := { ®(t,,s), forteJ\ILsel,

Id, fort,s € J\ 1,
where ®(¢, s) denotes the solution operator of (2.7). The Roughness-Theorem
B.4.1] applies to the expanded system (B.41]). Thus, for every B :J — R¥*
which fulfills (3:36), the perturbed system § = [A(t)+B(t)]y has an exponential
dichotomy on [t_,c0) with constant K = %, with an invariant family of
projectors Q* : [t_,00) — R¥** which satisfies N(Q*(t_)) = N(P(t_)) =
N(P(t_)), and with exponential rates & := y — 2K§ =: 3. Set B(t) := B(t)
for t € I then by Definition B.2.1] we obtain that (3.40) is %—hyperbolic with
Q(t) == QT (t) for t € I and with &, /3. O

Analogously, we get statements for discrete time K-hyperbolic systems,
which are equivalent to Theorem and Theorem [3.4.3

Does there exist for every M-hyperbolic system a sufficiently small pertur-
bation such that the perturbed system is M-hyperbolic, too? Or does every
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3.4 Perturbation Results

perturbation destroy the M-hyperbolicity? An exponential dichotomy (ift) of
an invertible dynamical system persists under sufficiently small perturbations,
which we prove in the following. To our knowledge, for noninvertible systems
there still does not exist an answer to these questions. A Roughness-Theorem,
which uses extremal growth rates, is presented in [82, Theo. 3.13]. This the-
orem works only for invertible systems. It yields a condition under which a
perturbed M-hyperbolic invertible system still remains M-hyperbolic. This
condition requires a sufficiently small distance of the solution operators. It
does not imply a boundary on the magnitude of the allowed perturbation.
However, it is a first indicator that M-hyperbolicity is preserved under suf-
ficiently small perturbations, at least for invertible systems. In [82, Theo.
3.13] the Roughness-Theorem is presented without a proof. For the reader’s
convenience a proof is stated here in addition.

Theorem 3.4.5 (Roughness-Theorem for invertible ft-systems).
Let T be a compact interval. Let system (28] be invertible and M-hyperbolic
(w.r.t. ||-||) on I with solution operator ® and with an invariant family of
projectors P : T — R¥* with dim(R(P(t_))) = r € {0,...,k}. Then any
dynamical system with solution operator ¥ is M-hyperbolic (w.r.t. ||-||) on I
with an invariant family of projectors Q : T — R*¥** with dim(R(Q(t_))) = r
if

di(®, ) == sup {max {|A(X, D) — A\(X, V)],

XeGrk
< min { =X\ (@), A,_,.(?)}. (3.42)
Proof. By Lemma 3212 it suffices to show \.(¥) < 0 < A, (V). By 342)
we get for r # 0

A (T) = Xxg(i}xik {AX,7)} = min {AX,T) - AX,®) + A(X, D)}

AX, @) — XX, 0)|}}

XeGrk
< Xientrk {IAX,0) = X(X, ®)|} + Xnelérik {\X, @)}
< sup, {IMX,0) = XX, @)|} + A (D)
< sup, {IMX,0) = XX, @)|} + A (D)

< =2 (P) + X (P) =0
and for r = 0 we obtain by definition \o(¥) = —oo < 0. For 7 # k we see
M (U) = max {A(X,¥)} — max {A(X,P)} + max {A(X, D)}
XeGrf XeGrf

XGGIJI:f'r I'k77‘ rkf'r
XeGrf_,

XEGrIf

> =N (P) + 2 (D) =0
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3 Hyperbolicity

and for r = k we have by definition A\, = oo > 0. O

The last Roughness-Theorem we like to present gives an upper bound on the
magnitude of perturbation such that the perturbed M-hyperbolic system is still
M-hyperbolic. Therefore, we need various technical calculations. To shorten
the actual proof of the Roughness-Theorem [3.4. 1Tl we show the technical details
in several lemmas. The theorem originates from Berger [12, Lemma 2|, where
it is stated for continuous systems only. Consider the differential and difference
equation

i(t) = A(t)x(t), (3.43)
z(t+1) = A(t)x(t) (3.44)

I, for T=R,
L, forT=27
associated solution operator by ®. For every matrix function B € CO(T, RF*F)
and induced matrix norm ||-|| define

r € RF, A e CO,RF ), t € TRZ .= { Denote their

1Bl := max [[BE)]-

telR,Z

Lemma 3.4.6. Let I C R be a compact interval and T' = T'T > 0. Let ® be
the solution operator of ([2.1). Then

e~ Ml | < (@2, 8)plp (3.45)
is satisfied for allt,s €1, t > s and p € R¥,
Proof. Let t,s € I, t > s and p € R*. By (BI8) and the Cauchy-Schwarz

inequality

‘— 1R (t, s)ullr| = [2(AD D, 8), D(t, 5)p)r| < 2[|Allp o 192, )l

follows. Thus,

d
~2||Allp o 19(, $)lly < 7 12(t, s)ullr

and

2 Al (- [0 ) 2 S (= 0t ul)

are satisfied. Using [30), Lemma II.4.9], which is similar to Gronwall’s Lemma
we obtain

—[le(t, s)ully < (= [1@(s, s)ullp) e 2o = =02 e 4

Taking the square root and multiplying with —1 we get (B8.45]). O
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Lemma 3.4.7. Let I C 7 be a compact interval and ([2.8)) be invertible. Fur-
ther, let ||-|| be any norm in R*. Then

(t—s)

AT el < 1@ s)ll < 1LANE [l (3.46)
is satisfied for all t,s € 1 and p € RF. If HA AH < % 1|| holds for

A()) of BA) then
(204059l < |80t 5)u| < (; A=+ HAHOO)“_S) Jpa

is true for all t,s € I and p € R*.
Proof. For the associated solution operator of (2.8) we have

(9l = 1A= 1) AG)] < 1G] < T
_ _ _111(t—s) :
[@(s, )l = A7 (s) - A7 = Dl < [ A7

for all t,s € I, t > s. Every invertible matrix B and induced matrix norm |-|
satisfies

IBIT = 1BI7[BBH < 1BIT 1Bl |B~ = 1B7|-
Applying this to (3.47) then
(\}A—lufjs)) < D(s, ) 7F < [|B(s, )| = |2, )]
follows for all t,s € I, t > s. With
AT lall = [l A A A < lAH (AT A = Az

(340) is proved. Let HA —AH < %||A_1||;01. Then the Banach-Lemma,
cf. [69, Lemma 5.3] yields that A is invertible and satisfies

< JA1., ||A* N
RN EV

I= —247],.

Hence, with (346) we obtain for A

(2l 1) < A i < MH < &)

< (||a-4||_+nan uuu

Bt
1y i
< (34 Hw+|rAHoo) Il

forall t,s €I, ¢t > s and p € R*.
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Lemma 3.4.8. Let I C 7 be a compact interval. If for the systems (28) and

E)
[a-a] <
holds then
|@t.5) = @t,9)]| < (1 + 1410 = JalE?) A=

15 satisfied for allt,s € I, t > s.

Proof. Fix s € . For t = s the statement is trivial. Thus, assume there exists
a T € I such that the statement is satisfied for all t € I, s < t < T. Let

A4 <1 then
|&(T,5) — o(1.5)|

<|é@r-1) (s 19T -1,9)|

+|[(@@.T—1) - o1, T 1) 8(T - 1,5)|

<[] (@ + nan) ™ - ) A 4

||A-a] gapo

<(([A-4]_+1a1e) (@ + 1400 = = panE )
A -]

< (1AL (1AL T = AIET) + 1418 )

4=,

= (1AL T = AN = AT + AN ) [ A - 4
= (414197 = JAIE) [ 4 - 4)

follows. O

Lemma 3.4.9. Let T € {R,Z}, to € T, 1= [t_,t ]y and T =TT > 0. Let
27)/ 2.8) be invertible and M-hyperbolic w.r.t. ||-|| on I with data (o, B, P).
Fir s € 1 and let p € R¥. Define j := 7i(t) == ®(t, s)p, 1 := n(t) = D(t,s)u
forallt et > s. If

~ A T or T =R,
o= { ey
Foc m1n{1,§HA Hrm}, for T=17

02



3.4 Perturbation Results

holds then
17 = nlle (il + lnll) < € | A=A (il +mlE) . (348)

15 satisfied with

2ty — t_)el 2=t Al o, for T =R,
¢= . B (tr—t2)
2(I4 e + Ml 147 ) for T=12.
If
A—AH < min {4, (20)"!
H F700_1][1111{,( )}
holds then

(Wil = Inli?) < 4c | A—A|_lili (3.49)
is satisfied.

Proof. The first step is to find an upper bound for ||7 — n||;. Let t,s € [, t > s
be fixed. The definition of 7, n yields

7= nlle = || (2t 9) = @(t.9)) < |[@62.5) - 2(t.5)

. 3.50
il (350

Let T = R. Then the variation of constants formula yields

b(t,5) — D(t,5) = / o(t, 7) (21(7) - A(T)) (7, 5)dr, (3.51)

% (&)(t, s) — Bt 3)) — A()d(t, 5) — AD)D(L, )
— A(t) (&)(t, s) — Bt 3)) + (A(t) - A(t)) b(t, 5).
By Lemma the solution operators ® and ® satisfy

e =AMl 1€ < | (r, 2)E]p < 19 2) g 1€l
—(r—=z A T 0
MWl e < [|o0r 2] < 20 2)] el

93



3 Hyperbolicity

for all v,z € I, 7 > 2 and £ € R*. These estimates imply together with (Z.51])

H@u@—¢m@
I
t
< [ 127y
t -
g/ (=) All o, HA_AH LAl L g
s T',oo
t -
doal 9l / T (Al =140 ) g
I'oo s

A_A =) Allp o /t 6(Tfs)(||flfA||F’oo+IIAIIF,ocfl\flllr,o<>) dr
I' oo s

I'\00 H(i)(T’ )

dr
r

IA

t B

<l all et-san / S A=Al g

- I'oo s

<ol || 4 — 4 JollA-al 1 _ 1

o |44
I' oo

(=) Al o (e@*s)HA*AHF,w _ 1) _ (3.52)

For 0 < x <1 the trivial estimate e* — 1 < 2z is satisfied. If
A—A‘ o <(ty —t ) t=0}

holds we get
(eu—s)HA—AHF,w _ 1) <2t — 5) H;l _ AH
T',oo

Thus, estimate (3.52) becomes for HA — AH <(t, —t )" t=:6R
I' oo

<ot Al o (e@*s)HA*AHF,w . 1)

<9t — 5)et= Al o HA A

]ﬁ@g—¢@gm

I',00

<CR (3.53)

’A—A

I' oo
with CR .= 2(¢t, —t_)el+*)lre Let T = 7. Then Lemma B4 yields for
HA - AH <1=:47

T',oo

Ji(e.5) - a(t,5) <1+Hmnm“ -1 ) -],

< (1 + IIAIIF,OO> ’ HA - AHF,OO

<c?

(3.54)

I',o0
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3.4 Perturbation Results

(t4—t-)
with CZ .= (1 + ||A||FOO> T Altogether for T € {R,Z} let

HA_AH {5?-( t )7t for T=R,

67 =1 for T =7,

then the upper bound (850) becomes by (8.53) and (3.54)

17 = nllp < || @t ) = ()| Nl < €2 [A= A Yl

CR =2(t, —t_)elt+"t e for T =R,

with 0 < C = (ty—t_)
YT or = (1 n ||A||F700) T o T=Z

Thus, we have

1% = nlle Al lle + [lnllr) < Gy

A=A (e Wl + e Il - (3.55)

O 1= o0, for T =R,
0% =LA rh, forT=7.
Then Lemma [3.4.6] yields for T = R

Let HA _ AH < 6y =
I'oo

e M Ao | ]| < @ (2, 8)pall = Il s
—(ty—t_)||A T 7l
oA el < H(I)(t, s)MHF = 7llp,

ie.
leelle < llmllp et = Aln e,
(s —t-)]| 4| (3.56)
elly < [l77ll e Do,
and Lemma [3.4.7 yields for T = 7Z
A7 1HF il < 1@ s)ully = [Inll;
(24142 Dl < 862, | =l
i.e. (
lully < linlle [|A7Y)
o < e Hl . (3.57)
lelle < llle 2 [ A7) o
Let

i <5 5 (t, —t )7 for T = R,
H N Hr,oo_ = min{dy, 02} = min{l,%|]A_1H;;O}, for T = 7Z.
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3 Hyperbolicity

Inserting (B.56) and (B.57) in (3.55]) we get the first estimate (3.48))
1% =l Cllly +linllr)

<Ci||A=A|lele e+l lnll-)

e(t+*t—)||A||r,oo Hﬁ”% + et+=t)lAllp o ”"”3 . for T =R,
— ty—t_ ~112 — ty—t— 2
Poo | (2IATIES AR + N7 ), for T =7

I'oo

<O, ||lA-A

_ (H—L)(HA—A” oo+||A||F,oo) 9 9 B
A {e -1 (t+7t_)n <12 (2H?7HF lllc), - for T =T,
oo 2 fA7I (1717 + llml1F) - for T = 7

I',00
<C|[A-af__ (Il + i) (3.58)

with a constant

€1+(t+*t—)“AH1",oo’ fOI' T - Ru

2014 for T=17Z.

T',oo )

O<C’::Cl{

2ty — t7)61+2(t+7t—)”‘4”1",oo’ for T = R,
(ty—t-)
2(14 o + Al 147 ) for T=2.

With the triangular inequality, with the third binomial formula and with (3.58))
we get the upper bound

17712 = lIllE] = (Il = [1nlle) il + lalle)]
< llle = lnllel Clialle + ol
< |I% ==l Al + linllr) (3.59)

<cla-a|__ (il + i)
<oc||A— a1+ oA Al ik -l

Rearranging the terms in (3.59) yields

(1=cla-al, ) k- ity <2c 4],y

For ||[A— A

estimate, i.e.

i ) 1
[l = lmlle| = [l =l (1 - C%) 2

< min {4, (20)_1} the estimate (3.49) follows by the latter

I',o0

<l = ] (1= c i~ 4], )2

sic|d-af k-
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3.4 Perturbation Results

Lemma 3.4.10. Let T € {R,7Z}, t» € T and I = [t_,ty|r. Let ' =T7 >0
and j € RF. Fir s € I. Define 7 := 7j(t) := ®(t, s)u, n :=n(t) == ®(t,s)u for
allt el t>s. Let

~ A T or T =R,
HA_AH 0= (Jr 2 —1—1 f
Foc m1n{1,§HA Hrm}, for T =7.

Then
0. Se(0m) — (.Se(m)| < C | A=A (Wl +InlE)  (3.60)

is satisfied for allt € 1, t > s with

_ 1+ ||Allr o C, for T =R,
. ! ) (3.61)
(1+204lrs) + (IR +1) . for T=2
and
2ty — t_)61+2(t+_t*)”‘4”1“,oo’ for T =R,
_ (3.62)

-1 1 (ty—t-)
2 (147 e + 14l 147 ) Jor T=2,

Proof. For T = R we get by equations (3.16) and (3I]), by the symmetry of
(-,-)r and by the Cauchy-Schwarz inequality

i, Seil) = (1, Se)|

Ad b = (An,m)r|

+ [(A7, i)r — (An,m)r|

(A = A)il, e | + (A = ). Aye| + [ (An, e — (A, )
(A= )i )| + (A = ).l + [{An. (7 = n))r]

A=Al 1312+ 1A 1= 2l Wl + 1Al Il 17 =

INIA
I
|
I
S~—
=X
=
5

IN

IN

A=Al 1312+ 1Al 1 = 9l (il + il (3.63)
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3 Hyperbolicity

For T = 7 we have by equation (3.I7) and the latter arguments

IA

IA

IA

IN

IA

(7, SFﬁ) — (1, Srn)
(A7, Afj)r + (7, 7)r — (An, Ap)r — (n,m)r
(A = A) + A)i, (A= A) + A)iibr — (A, An)r|

o+ 16 = m, e+ LG, 7 = e

(A= A)i, (A= Ayi)e| + 2| (A= )i, Adye| + (A7, Aiye — (An, An)r|
+ (7 =, M| + (0.1 — n)r|

(A= A)i, (A = Ayipe| + 2|((A =AY, Adpr| + (G = m), Adr]

o+ A, AG = )l + 1G5 = 0.l + (9,7 = bl
A-a| il +2]d-a

~ 12 2 ~ ~
[ AN r oo 17l + Az o0 7 = 2l 7]l
T'oo

2 ~ ~ ~
Al oo Il 77 = nlle + Nl =il (il + linll)

A= (A=A, +2 04 vae

I'oo

(AR o+ 1) 1=l (Ul + ). (3.64)

Lemma B4 yields for T € {R,7Z} the upper bound

17 = nlle (il + Inlle) < || A= 4]| (1l + Inli?)

with C defined in (3.62)). By inserting this bound in estimates (3.63) and (3.64))
the statement (3.60) follows, i.e.

IN

IN

7, 5vii) = (. S|

(4= Al 10+ 1N o 15 =l (il + ), for T =R
Ja-af (-], +21am.) g

[+ (141 oo+ 1) 17 =l Il + il for T =7

( A o 1 ~
A-al| MR+ 1Al A=A QiR+ ), for T=R

i

A—AH 21| A =12
(A=), + 2 )

|+ (141 + 1) || A=A (il + Inli) for T =7

<Clla-af__ (il + i)

with constant C' defined in (B.61]).
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3.4 Perturbation Results

Finally, we have all tools at hand to prove the Roughness-Theorem for
M-hyperbolic invertible systems. For continuous systems see [12, Lemma 2|.

Theorem 3.4.11 (Roughness-Theorem for invertible ft-systems).
Let T € {R,Z}, ty € T, 1= [t_,t ]r and T =TT > 0. Let @7)/E23) be
invertible and M-hyperbolic w.r.t. ||-||p on I with data (c, B, P). If

with

— e B _
0 := min {52, (4Cd)*1176, (ZLC'd)f16 7 ! },

2e* — e @
5y = {oo.’ Ly R (3.65)
mm{l,%HA 1HF7OO}, forT=17
C, = max{C, C}

and C, C defined in (3.62) and B.61)) then B.43) /B.44) is M-hyperbolic w.r.t.

||l on T with constants Lo, 35

Proof. To show that the system (denoted in the following by g-system) gener-
ated by (343)/(B-44) is M-hyperbolic with rates s, 18 we apply Lemma 329
Thus, we have to show that an invariant family of projectors P : I — R**¥ of
the g-system exists such that

(3.66)

(3.67)

holds for all t,s € I, t > s and £ € N(P(s)) with

4 e %Oz, for T =R, B:: %6, for T =R,
l—e™, forT=17," e —1, for T ="7.

Let £ € R¥ and fix s € I. Let t € I, t > 5. Define 7 := 7j(t) := ®(t,s)¢ and
n = n(t) == ®(t, s)€. In the following for legibility the dependency of ¢ is not
explicitly written down. First, we prove ([3.66)) for all £ € R(P(s)) and (B.67)
for all £ € N(P(s)) for our fixed s and all t € I, t > s. Then we define the
family of projectors P. From Lemma 3210 we obtain

0.5 — 0. Se) | < C|| A= Al| (Wl + i) (3.69)

29



3 Hyperbolicity

with constant C' > 0 defined in (B.61]) for

for T=R,

. (tp —t_)!
HA—AROOS&::{HJH{ %HA 1||F }, for T = Z.

Let

with C' defined in ([B62). The triangular inequality is used to separate (7, Spi)
from the rest of (B.68). Then we insert the equivalent M-hyperbolic estimates

. < &y :=min {&;, (20)7"'}, Cy:=max{C,C}

(0, Srn) < —a|nly. (., Srn) > B 0|z

from Lemma [3.2.9 with

_ {a, for T =R,
q =

5 B, for T =R,
B 1 —e 2, forT:Z’B':{

e -1, forT=7Z.
Thus, we get with (3.49)
)
<{n.Sen) + C [A= A (15l + i)
<—alnlp+C[[A-af (Il + i)
= —a(Inlfe = alle + WaliE) + || A= Al| (@1l + Il ~ 2l)

< —aliillt +all: ~
+20|[A=a| Wi+ A-af {1 - i

= (a-2c]a-a, Y+ (sefa-al ) - i
O‘_mHA_AHr,m) ||ﬁ||§+<a+C*HA—AH )CHA AH 1717

a-20i 1+ A=A -acc|a-af} )

=—((1—e?) —4C (2 -

(

(
<—(a-20u0+20)|d-a|-ocld-a] )i

(oo o) 1

( )a-a],_)vare




3.4 Perturbation Results

for all p € R(P(s)). Let HA—AHFOO < 65 = min{ég,(élCd)*le;:if;ja}.

Then we have

(1—e) —4C, (2—€e7)

( A-a] )tk
< (L= (e o)
(1) il

é Il

The second estimate (B.67) for our fixed s € I results from the same line
A— AHFOO < 62 := min {52, (4Cd)_182:;;ﬁ} and each p €

of argument for

N(P(s)), i.e.
(77, Srif)
> (. 5en) = C|| A=A (Al + llnl)

28 il —C | A= 4| (Il + i)

> (5-ac|a-a| Yuati - (5+ca-al ) lalk -

> (-2ca-a| Y- (G+cla-a| )sc|i-a|
> (5 —4Cy(1 + f) )21 - AHROO) 17117

> (=1 (- ) Jil}:

— (7~ 1)l

Bl

Before we define the invariant family of projectors P : I — R*** fulfilling
(B:66) and (B.67) we show

1—e™ el —
e — e~ e?

§ := min {52, (4Cy)7 ! 1} < min {d5,63,63}, (3.69)

where 07 is defined in (3.65). We have

e — 67201 625 B 65

= min
2e® — =@

_ B8 _
2, (4Cd)711767 (4Cd>716 1} -
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3 Hyperbolicity

For § in {6;,(2C)~'} and ¢ (ty — )7, for T =R,
or 0y = min {01, (2C)~"'} and 6, = min{lé”z‘l_lHE;}a for T =7

follows with

B i(t _t ) 1 7(1+2(t+ [ )”A”l" oo) fOI‘ T = R’
(20)" = 1 —(te—t 1)~ (t+—t-)
L1+ 14l A s o T=2
(ty —t_ )L, for T =R,
LA ) for T=17
5 (2C)71, for T =R,
>~ Y min {1, LAY (20)—1} , for T=2.
With
f_1
(20)™ > (20) 7 > (4Co) > (1C)

we obtain (3.69).

Finally, we define the invariant family of projectors P : I — R¥** which

satisfies (3:66) for all u € R(P(s)) and (B67) for all u € N'(P(s)) and all t € I,
t > s. We already proved that by choosing § sufficiently small the perturbed

equation (3.43)) /(3.44) is invertible as well. Thus, the solution operators ® and
® are both invertible. Hence, we define an invariant family of projectors by
P(s) := P(s), P(t) := ®(t,s)P(s)®(s,t), t €.

Then

(B(t, s\, Sr(H)B(t, )u) < —a Hcp (t, s) NHQ for all u € R(P(s)) = R(P(s)),

(D(t, 8)p, Sp(£)B(E, s)p) > f HCID (t,s MH for all p € N(P(s)) = N(P(s))

are satisfied for all ¢t € I, ¢ > s. By the invariance of P and by the invertibility
of ®

(B(1, t0)E, S (2, 10)€) < —a||8( i for all € € R(P(1),

(@t to)¢, Sr(DD(L 10)¢) >ﬂbtm$ ol € € V)

follows for all #o,¢ € I with ¢t > #;. Thus, by Lemma B.2.9 the Equation
B43)/([B44) is M-hyperbolic with the invariant family of projectors P and
rates %a, % s. O

Corollary 3.4.12. Let the assumptions of Theorem[3.4.11] be satisfied. Then
for each s € T the perturbed equation ([B.43)/(3.44)) is M-hyperbolic with the
invariant family of projectors P(t) := ®(t,s)P(s)®(s,t), t € I
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Chapter 4

Stable and Unstable Subspaces
and Cones

For analyzing hyperbolic (i)ft-systems, it is convenient to study their stable
and unstable set. These sets are invariant under the solution operator and they
comprise the solutions that decay or grow at certain rates. In this chapter we
start with linear systems. For linear ift-systems these sets are subspaces and
for linear ft-systems they are cones. The stable and unstable subspaces of a
linearized system are used to find the stable and unstable manifolds or fiber
bundles of the underlying nonlinear system. The Stable Manifold Theorem
states, roughly speaking, that the subspaces are tangential to the manifolds.
We discuss the nonlinear setup in detail in Section There, we present an
analogous statement for finite time systems as well.

This chapter starts with the definition of the stable and unstable subspaces
of an ift-system and presents an alternative representation using the unique
invariant family of projectors. Then we derive a definition for the stable and
unstable cone of an ft-system from the definition of the subspaces and prove
that the cones have a similar relation to the invariant families of projectors.
This means that the uniquely determined cones can be described by the union
of the nonunique projectors.

Let system (2.6]) be hyperbolicon I = T € {RR, Z} with the unique invariant
family of projectors P : T — R*. Then the stable and unstable set of 0 at
time ty € T are defined as

Vi(to) := {g € RF| sup || ®(t, t0)¢]| < oo} ,

(4.1)
sup |t t0)¢ | < oo}

t<to

i) = { e B

if the system is invertible. For the definition and for a proof of the following
property (A2]) we refer to [104] p.227] for continuous time systems and to [105]
Proposition 2.3| for discrete time invertible systems. Analog statments for



4 Stable and Unstable Subspaces and Cones

noninvertible systems are presented in [8, Theorem 2.5|. These sets satisfy
Vilto) = R(P(to)). "Vulto) = N(P(to)) (4.2)

for all ¢t € T, which shows that the stable and unstable sets are subspaces.
This is not true for ft-systems.

For a compact interval I let system (2.6]) be M-hyperbolic. Then an in-
variant family of projectors P : T — R*** which fulfills (3.9) and (B3.I0) with
rates «, § > 0, is generally not unique. We expect that the stable and unstable
to-sets "V, ,(to) of the M-hyperbolic system (2.06) satisfy

Wilte) = |J R(P(t)) and Vi(te) = | N(P(t)) (4.3)

P(to)€Pr, P(to)€Pr,
for all ty € I, where

Py, :={P(to)|P : T — R*** is an invariant family of projectors, which
fulfills (3.8), (3.9) and ([B.10) with constants o, 8 > 0}.

We could use equation (4.3) as a definition for the stable and unstable sets
V. u(-). However, we prefer to define the finite time sets similar to (@I]), see
Definition 1.3}/ EET.5] and then show in Theorem 2.4] that the statements
in (£3) are satisfied.

Stable and Unstable Cones

In [43] we find a definition for the stable and unstable ty-set 'V, ,(t) of a
continuous ft-system. We derive an adequate definition for the stable and
unstable sets of discrete ft-systems. We will see that the sets 'V, (ty) are
double-cones for all ty € I. Therefore, we start with the definition of various
types of cones, see [67, Example 1.1.4], [122], Definition 2.1.2| and [28], Definition
2.11 and Exercise 2.12]. Then we define the stable and unstable set and study
their properties and we conclude this chapter with the proof of the statements
in ([@3).
Definition 4.1.1. A subset C C R* is called a cone if \C' C C for all X € R,
A > 0. A cone is a convex cone if the cone is convez, i.e. if C+C C C'. We
call C C RF a closed cone if C is closed and an open cone if C'\ {0} is open.
Further, we say D := —C' UC' is a (closed, open, convex) double-cone if
C'is a (closed, open, convex) cone. A cone C is a connected cone if C'\ {0}
is connected. Let D C RF be a double-cone such that D\ {0} consists of two
connected cones C, —C', then C is called a half-cone of D and D is called a
connected double-cone. Let C C R* be a nontrivial connected cone. By
defining

X :=0C NS,
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4.1 Stable and Unstable Cones

where S' C RF denotes the unit sphere, we define the width dc  of C with
the help of the Hausdorff-distance between the connected components of X. Let
X;, 1 <i < n be the connected components of X such that X = J;_, X;. The
width is defined by

o fmas{lle = ylbley € ) =L
- \max{du (X, X)lij € {1, onhi A G} ifn >, |

with dy (X;, X;) := max{d(z;, X;)|z; € X},

and d(z;, X;) == min{||z; — z;||, |z; € &} (4.5)

If D C RF is a connected double-cone then its width equals the width of its
half-cone. o
The angle Tc  of a nontrivial connected cone C C RF with —C U C # RF

is defined as
d 2
To := arccos (1 — (dc) ) .

2

Remark 4.1.2. The equations ([AL4)-(45) are well defined. Indeed the Haus-
dorff-distance dy : X x X — R and the distance d : X xX — R are continuous
and X is compact (see below) and, hence, they reach their mazimum and min-
imum on X x X. The set X is compact, since X = 0C N OS* is bounded by
the boundedness of S* and it is closed since both sets C and OS' are closed.

We should mention that a cone or a double-cone, which is connected, is
generally not a connected cone or connected double-cone in the sense of Def-
inition .11} it must still be connected without 0. For an illustration see the
top graphs in Figure 4.1l

We present a few examples of cones in 2-dimensional spaces in Figure [4.1]
to see the difference between a connected cone and a cone, which is not a
connected cone. In the second row of Figure [4.1] we see on the left a connected
cone and on the right a connected double-cone. The pattern part marks one
half-cone. The bottom pictures show the angle and width of a (double-)cone in
a 2-dimensional space. The boundary of a nonempty open connected double-
cone in a 2-dimensional subspace consists of two disjoint subspaces, see middle
right part of Figure [l Further, every connected cone in a 2-dimensional
subspace is a convex cone. In higher dimensional subspaces this is generally
not true, see for example Figure

It is easy to see, that the intersection of two (connected, closed, double)
cones is also a (connected, closed, double) cone. This is important for the def-
inition of the stable and unstable ty-sets 'V ,(to) of continuous ft-systems as
in [43]. This definition is not transferable to the discrete time case, since dis-
crete systems are generally not invertible. We introduce an adequate definition
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=

) ‘ ‘
-2 -1 0 1
cone and double-cone
not connected (double-)cone
2 -
1 L
o L
_1 L
) ‘ ‘
-2 -1 0 1
connected cone
2 _
1 L
O L
_‘| L
D . ‘ ‘
-2 -1 0 1

angle a of a connected cone

-

-2 -1 0 1 2
cone and double-cone
not connected (double-)cone
2 _

-2 -1 0 1 2
connected double-cone
with pattern half-cone

2 _

1 L

O L
D

AL 7 e
_2 L
-2 1 0 1 2

width dp of a
connected double-cone D

Figure 4.1: Different types of cones and the angle and width of a (double-)cone
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4.1 Stable and Unstable Cones

for discrete systems in Definition This definition applies to continuous
time systems as well. However, we will define the (un)stable cones of continu-
ous and discrete systems separately, since the definition for continuous systems
avoids technicalities that occur for noninvertible systems only.

Definition 4.1.3. Consider equation 21) on 1= [t_,t,]. Let ty € I and ||-||
be any norm in R*. We define the two cones

Wi(t) = {¢€ Rk‘HOz > 0: || ®(t, to)€|e™ is decreasing for t € [to, t4]},
W (to) == { € R¥*|Fa > 0: || ®(t, )& e™ is decreasing for t € [t_,to]}

s

and we denote their intersection 'V, (ty) := "V (ty) NV, (ty) as the stable
to-cone w.r.t. ||-||. Similarly, we define the unstable to-cone w.r.t. ||-|| by
W (to) :="Vok(to) NV, (to), where the two cones are defined as

Wi(to) :=={¢ e R¥38>0: | (t, to)¢|le?" is increasing for t € [to,t1]},
Wi(to) :=={¢eRY3B>0: 1@ (t, to)¢|le?" is increasing fort € [t_,to]} .

u

For noninvertible (discrete) systems we can not define HV;U as above, since
®(t,ty) may not be defined for all ¢ € [t_,ty]. Therefore, we first define two
maps for I = [n_,ny]y

oTmin : RF x T =1,

(& no) = n:=min {n € [n_,nglz|3z € R* : ®(ng,n)x = ¢},
o Tpre 1 RF x T~ RY,

(& no) = {p € R¥|®(no, ) = & with 71 := ¢ T (&, 10) } -

The arrow ~» indicates that the given map is a set-valued map, see [6]. The
first function provides the earliest time at which a preimage of a vector £ under
® still exists. The second function yields all preimages to that time (earliest
defined time). Figure illustrates an example, where the images of the two
functions for a pictured vector £ are marked.

We should mention that in contrast to ¢7,. the function ¢7ke is not a set-
valued function. The image of ¢7Tker(§,10) is the earliest time n at which
®(n,np) maps & to 0.

Basic properties of these three functions are presented in the next lemma.

Lemma 4.1.4. Let T = [n_,ny ]z and ® be the solution operator associated
with (2.8]).
(a) Then
& Tmin(€,70) = & Tmin(P(121,10)§, 11)

is satisfied for all ¢ € R¥ and ny,ng € I, ny > ny.
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4 Stable and Unstable Subspaces and Cones

d(n+1,n)
d(n+2,n+1) O(ng — 1,n9 — 2)
i ®(ng,ng — 1
@7;)1'(:(57 nO) - ﬁl\‘ """ +2_ """"""" /\ ( 0 0 )
P(ng —2,n+ 2)r,, o Tyg1
@(no—l,nO—Z) ( .g )
d(n+1,n D (ng,ng — 1
( ) ./\‘. 05 70
yno—Q ynofl
- ‘Pﬁnin(é-’n(])
- | ; | |
n—1 n— 2 n0—2 ’I’LO—]_ Mo

Figure 4.2: An illustration of the two functions ¢75e(&.70), o Tmin(§, 10) for
an example vector £ at time ng € I.

(b) If
& Tmin(§510) = & Tmin (P (01, 10)§, 11)
holds for all € € R* and ny,ng € I, ny > ng then
8 Tpre(§510) C 0 Tpre(P(n1,10)E, ).

(c) For all
e {¢eRF\{0}38>0: ||@(n, n_)&|le P is increasing for all n € I}
we have

o Tker(§,m-) € L

Proof. Fix ny,ng € I, ny > ng and let £ € R*. For (a) let 7y := ¢Tmin(&, 7o)
then there exists 7o € R* such that ®(ng,79)Zo = £ holds. It follows by
®(n1,70)To = P(n1,10)¢ that
@ﬁnin(q)<n17 nO)ga nl) = min {n € [n*7n1]Z‘E|x € Rk : (I)<n1’ n)x = (I)<n17n0)§}
< fip.
For (b) let
& Tmin(&,10) = & Tmin (P(1n1,10)&, 71)
then
@Ere(£7 nO)
= {:u € Rk}q)<n07 ﬁ):u = g with 7 := @ﬁnin(&u nO)}
={ne ]Rk}(I)(no, n)pu =& with 71 := ¢ Toin(P(n1,10)€, 1) }
C {M S Rk‘q)(nla ’I’Lo)q)(no,ﬁ),u = (b(nlano)g with n = <I>7:nin(q)(n17 nO)ga nl)}

= pre((b(nla 77/0)5, nl)-
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4.1 Stable and Unstable Cones

For (c) let
e {¢eR"\ {0}38>0: ||®(n,n_)¢[le " is increasing for all n € T} .

Assume there exists an n € I with

n= <I>7I<er(§a TL_).
Then
0 = [0, n)E]| e > ||E]| e > 0.
This is a contradiction, thus, the assumption is wrong, i.e. ¢ Tger(&,n_) ¢ 1. O

With these functions we are able to define the stable and unstable cone
for noninvertible systems. The main difference to the invertible systems is the
definition of 'V~ (). In Figure @3 we illustrate differences between solutions of
invertible and noninvertible systems. Assume that ® is the solution operator of
an invertible system and W is the solution operator of a noninvertible system.
Let & € R*, which is pictured in black in Figure 3l The invertible system has
an invertible solution operator and yields for any previous time t € [n_, ng]
one preimage of £ under ®(¢,ng), marked in blue.

d(n_,n) d(n,ng)

Q@
\I/(ﬁ,n) ) \IJ(TL?TLO)
‘ /
N °
\ | | | |
\ \ \ \ \
n_ n n No ny

Figure 4.3: Example that illustrates all preimages of a vector £ for an invertible
(blue) and for a noninvertible system (green).

Definition EEI.3 implies ¢ € 'V~ (ng) if
|®(t, m0)E| €™ is decreasing for all ¢ € [n_,ng)z and any a > 0.
This is equivalent to & € "V~ (ng) if

|®(t,n_)pll e is decreasing for all t € [n_,ng)z and any o > 0,
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4 Stable and Unstable Subspaces and Cones

where p € oTpe(§,n0) and n_ = ¢Tpe(§,n0). This condition does not use
the inverse of the solution operator. Thus, it is an ansatz for noninvertible
systems.

If a system is noninvertible then the preimages of £ under ¥(ny,-) may
not be unique and there may not exist a preimage of £ to every previous time
t € [n_,nglz. All preimages of £ are plotted in Figure L3 in green. The
function ¢ Tmin(+, 7o) determines for £ the earliest time at which a preimage
of £ under V¥ exists. In Figure [4.3] this time is denoted by 7. It is possible
that more than one preimage to time n exists. Each of these preimages result
in a “maximal long” solution, marked in Figure [4.3] by a black, red and blue
circle. We want that the vector ¢ lies in "V~ (ng) if € is part of a maximal long
solution which is “decreasing”. More precisely, & € "V, (ng) if there exists a
N € wTpre(&, no) such that

| W(t,n)n|| e~ is decreasing for all t € [f, ng)z.

With this background we define the almost stable and unstable cones of a
discrete system. Note that the following definition is analog to Definition [4.1.3]
for invertible systems, i.e. the almost stable cone coincides with the stable
cone.

Definition 4.1.5. Consider equation (28) on 1 = [n_,ny|z. Let ng € I and
|| be any norm in R*. We define the two cones

Wit(no) :=={¢ € R*|3a > 0 : || ®(n, no)¢|| " is decreasing for n € [ng, ni]z},

H‘/s_(TLO) :{g € Rk}zlluﬁ S <I>7;)re(§a nO)aﬁ =9 min(ga TL()),
Ja > 0: || ®(n, n)ux|| e is decreasing for n € (1, nolz},

and we denote their intersection Hl_/s(no) = VF(no) NV, (no) as the almost
stable ng-cone w.r.t. ||-||. Similarly, we define the unstable ny-cone w.r.t.
11l by "Viu(ng) :="Vik (no) N'V." (ng), where the two cones are defined as

WiH(no) :=={¢ € R*|38 > 0 : [|®(n, no)¢]| e P is increasing for n € [ng,nilz},
I[‘/u_(TLO) :{g € Rk}@ﬁnin(ganO) =n—, Hl“’bn7 € <I>7;)re(§a TL()),
38> 0: || ®(n,n) || e " is increasing for n € [n_,nolz }.

Remark 4.1.6. All sets in the above definitions are actually cones, even
double-cones.
Indeed, let ty € T and € € 'V (ty). Then there exists o > 0 such that

[ (¢, to)€ | (4.6)
is decreasing for t € [to,t,|r. Further, for all A € R

12(t, to) Ag[[e*" = [A D (¢, to)¢ e (4.7)
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4.1 Stable and Unstable Cones

is decreasing for t € [to,ty]r. Analogously, we can show the same statement
for ' (to) and "V:F(ty). Hence, all to-sets HV;—Lu(tO) are cones. Thus, "V,(t,),
Hf/s(to) and 'V, (to), as the intersections of 'V (to) and 'V, F(t,), are cones as
well. They are double-cones, since equation (A7) holds for all A € R.

Before we define the stable cone for noninvertible systems, we study the
almost stable cone.

Remark 4.1.7. For noninvertible systems ([2.6) with I = [n_,ny]z it is pos-
sible that:

a) The almost stable cone I[VS() is not forward invariant, i.e.
O (n, m)HVs(m) Z HVs(n) for any n,m € I,n > m.
b) dim('V,(ny)N"V,u(ny)) > 0.

The next two examples prove these statements.

Example 4.1.8. Consider the noninvertible system

[\]

z(n+1)=Bzx(n), ne€l=10,2]z, B= ( 8) : (4.8)

H‘_/S(l) such that Bx ¢

)

We show the existence of a vector x € H\_/S(n+ -1
HX_/.S(n+) = H\_/S(Z). Hence, we prove a).

Figure shows all preimages of (g) under B. We see that © = (é)

(Oreviea)
NIy

s (o)f
g
o ((6)2) (D) e

Figure 4.4: Preimages of (2,0)” under B of equation (&38).

has no preimage and its norm is decreasing in forward time, i.e. ||z| > ||Bz||.
This implies T € HVS(I).
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4 Stable and Unstable Subspaces and Cones

Every preimage of BT in gTye(BZ,2) under B? maps under B to y :=

1 . . S
<0). The wvector y maps to Bx and, thus, its norm is not decreasing in

forward time (||y|| < ||Bz||). This yields Bx ¢ HVS(Q) and a) is proved.

Example 4.1.9. To show statement b) we consider the system

2 0

0 05) , forn =0,
x(n+1)=B(n)x(n), nel=10,2]z, B(n)= ) 0'

0 0) , forn =1.

(4.9)

We prove that © := <§) satisfies v € (HVS(Z)HHVU(Q)) = (HI_/S(n+) N I[Vu(mr)>,
hence, we prove b).

Figure [{.5 shows different preimages of x. (0(')5) is a preimage at time

)
=g —

Figure 4.5: Preimages of (2,0)” under B(-) of equation (Z3).

0.5

0 and its norm is increasing in forward time. Thus, x € HVU(Q). 4 ) s

another preimage of x at time 0 and its norm s decreasing in forward time.

Thus, © € HVS(Z). This yields x € (HVS(Q) N I[Vu(2)>.

The stable and unstable subspace of an hyperbolic ift-system are invariant
due to (A2) and the invariance of the family of projectors, i.e.

®(n, m)"Vy(m) = "V,(n) holds for all n,m € T € {R,Z},n > m.
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4.2 Characteristics of the (Almost) Stable and Unstable Cone

For continuous ft-systems the stable and unstable cones are invariant as well.
This is shown in Lemma 2.1

For noninvertible systems the stable cone should be at least forward invari-
ant. Thus, we need according to example (1.8) a modification of the almost
stable cone.

Further, only 0 lies in the intersection of the stable and unstable subspace
of an ift-system at each time. For noninvertible systems example [4.1.9] shows
that this is not the case for the “last” time. Thus, we do not define the stable
cone of noninvertible systems for the “last” time.

Definition 4.1.10. Consider ([28)) on I = [n_,n.]z. We define the stable
(ny — 1)-cone by

Wyny —1) = "Ta(ns —1).
Then we recursively define the stable ng-cones, ny € I, by
V(o) 1= {€ € Vino)|@(no + 1, mo)é € Viltno + 1)}
If equation (2Z8) is invertible. Then the cone
I I+
Vi(ny) == "Vi(ny)
15 called stable n, -cone.

This definition yields a forward invariant stable cone. For a proof see
Lemma [£.2.1l Note, that the almost stable and stable cones coincide for in-
vertible discrete ft-systems, i.e.

Wilne) = HVS(nO) for all ng € 1.

Characteristics of the (Almost) Stable and Un-
stable Cone

We rewrite the almost stable and unstable cones of an ft-system such that they
are not an intersection as in Definition [L. 1.5l Further, we prove some charac-
teristics, e.g. invariant properties, and we show that our cones are equivalent
to the cones Karrasch defined in [83, Definition 4.4.]. This helps to finally
prove statement (4.3)).

For I=[n_,n.|z and ng € I we get with the monotony of e

e > e foralla >0, n,mel,n>m
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4 Stable and Unstable Subspaces and Cones

the equivalent representation

H\Z(no) :{f € Rk’EI/,Lﬁ € oTpre(&, no) With 72 := ¢Tmin(§, o) and

Ja > 0: || ®(n, n)un|| €™ is decreasing for n € [, n.]z}

Z{f € Rk’EI,uﬁ € oTpre(&,n0) With 72 := ¢Tmin(€, no) and
Ja > 01 [|R(n, ) pal| €™ < (| (m, ) || €™
for all n,m € [n,ny]z,n > m}

Z{f € Rk’EI,uﬁ € o Tpre(&, n0) With 72 1= ¢Tmin(€, 10)
and 7 := ¢Tier(§,10) + [|P(n, 70) ]| < || (e, 1) |
for all n,m € [n,n]z,n > m} U {0}

(4.10)

of the almost stable ng-cone of (2.8). Similarly, the unstable ng-cone of (2.8))
1s

WVu(no) ={¢€ € R*|oTain(€,10) = n, Ipn_ € o Tpre(€, n0),
35 >0: H<I>(n, n_),umH e " is increasing for n € I}
={¢ € R"oTmin(&,10) = n_, It € 6 Tpwe(€,m0),38 > 0:
(0,15 2 (B0, "
for all n,m € I,n > m}
Z{f € Rk’q)'ﬂlm(f',no) =n_3p,_ € ¢Tpre(§,10) :
H<I>(n, n_),umH > H(ID(m, n_),umH for all n,m € In > m}

U {0}.

For invertible systems (2.8) we obtain

(4.11)

Walno) =Vi(no)
={¢¢€ Rk’ |@(n, )¢ < || ®(m, no)é]| for all n,m € I,n > m}

u {0}, (4.12)
Vau(no) = {€ € R [|®(n, no)&|| > [|®(m,no)é]| for all n,m € I,n > m}
u {0} (4.13)

for all ng € I. Note, that the cones of (2.7)) have the same characterization.

The following lemma summarizes some basic properties of the almost sta-
ble, of the stable and of the unstable cone. The statements for the continuous
time systems can be found in [43]. For T = R we define the sets

I

V,(t) :="V,(t), t el

Lemma 4.2.1. Let T € {R,Z}, t+ € T andl = [t_,t]r. Then the stable and
unstable cones of system (2.6]) satisfy

W) = W), Walty) =i (0, ) =TV (D), (414)
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4.2 Characteristics of the (Almost) Stable and Unstable Cone

and for invertible systems
Wilty) ="V ()

holds. The sets "V, "W+ are forward invariant and the sets 'V, V.= are
backward invariant for invertible systems, i.e. for all ty,t1,to € T with t; >
to > 2

D(ty, ) Vi (ko) C V(1) (4.15)
holds and we have
D(ta, t0)'V,,(to) C 'V, (t2), if Z8) is invertible. (4.16)

The unstable cone is invariant and the stable cone is at least forward invariant,
i.e. for every tog,t; €I, t; >ty the equation

D(t1,t0) Vi(to) = Vi (th) (4.17)
holds and we obtain

=.(t)) , if [@Z0) is invertible,

4.18
c'WVi(t)) , otherwise. (4.18)

D(ty,t0) Vilto) {

The almost stable cone is forward invariant w.r.t. t_, i.e. for every t € I we
have

O(t, ) Vi(t_) C 'Vi(t). (4.19)
Further it satisfies
Watl) ="t (4.20)
Their intersection satisfies, if to #t_,
WV (t) NVL(t) = {0}, (4.21)
W) N V() = {0} (4.22)

for all t € {I[ , if (2.0) is invertible,
or a :

I, , otherwise.

Proof. The equations in ([@I4) are true since 'V, (t;) = R¥ ="V, (t_) holds
by the definition of the cones. To show (ALIH) let to,t; € I with ¢; > ¢y and
€ € ®(ty,10)' Vit (to). Then there exists a p € "V.*(ty) such that & = ®(ty, to)u.
Further by the definition of "V*(#y) there exists an o > 0 such that

1D(t, to)pull €™ = | R(t, t1)D(t1, to)pul| €™ = [|@(E, t1)E ] €
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4 Stable and Unstable Subspaces and Cones

is decreasing for all ¢ € [ty,t,]r C [to,t,]r. This implies ¢ € 'V7(¢;). Analo-
gously, we obtain

B(ty, 1)V, (1) € TV ().
Let system (2.6]) be invertible and let ¢y, ty € I, tg > t5 then

D(to, to) Vi (to) ={®(ta, to)€ € R¥|Fpu € R¥ : O(tg,t ) =¢,3a >0
|®(t, t_ )|l e* is decreasing for all ¢ € [t_, 1]}
C{eR*Fu e RY : B(to,t =630 >0:
| P (¢, t_ )|l e* is decreasing for all t € [t_,to] C [t_, 0]}
=V (t2).

The relation (ZIG) for the “unstable” cone 'V~ can be proved in the same way.
To show (A7) let ty,t; € I, t; > ty. Then by Lemma [L1.7] (a)

@(t1,10)' Valto) ={ (t1,10)€ € R |oTon(€, t0) = ns e € oTone(6: o),
38 > 0 ||®(t,t_)u_||e”” is increasing for all t € H}
—{€ e RMaTol€ 1) =, 3 € o Tl 1),
38 > 0 ||®(t, t_ ) ||e”" is increasing for all t € H}
='Va(t)

holds. Next we show (AI8]). If (2.6) is invertible we obtain for all ¢1,ty € I,
tr = to

D(ty,t0)' Vi(to) = {P(t1,t0)¢ € R*|Far > 0+ || D(¢, )] e*" is decreasing
foralln €I, p€ ¢Tpe(€, to)}
={¢e Rk}ﬂa >0 ||P(n,n_)p| e is decreasing
foralln € I, p € ¢Tpre(P(t1,10)E, tl)}
= Vi(t1).

If (2.6]) is not invertible we get directly by Definition E.T.10]
®(to+ 1,t0) Vi(te) C "Vilto + 1) for ty € Ty
Hence, we inductively obtain
Dty t0) Vi(te) C "Vi(ty) for all ty,ty €I, t; > t,.
Equation (£.I4]) and (415) yield for all t € I

Ot t ) V(t) =t t ) V() VD). (4.23)
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4.2 Characteristics of the (Almost) Stable and Unstable Cone

For every i € 'V,(t_) there exists an « > 0 such that [|[®(¢,¢_)ul e is de-
creasing for all ¢ € I. Since ¢Tmin(&,t) = t_ holds for all ¢ € I and all

¢ € ®(t,t_)'V,(t_) we have
O(t,t ) Vy(t) "V (1) (4.24)

for all ¢t € I. Equation (4.23) and (4.24) leads to (£.19).
By (@I4) and (£I9) we obtain

®(ny —1,n) Vi(n_) C Vi(ny — 1) = "Vi(ny —1).

Thus, Hf/s(n_) =" (no).

The statement (4.21]) follows if (£.22)) holds. Therefore, let ¢ty € I, to < ¢
and € € 'V, (to) NV, (to) C W+ (to) NV (t). By the definition of "V:*(ty) and
"V+(ty) we get that o, 8 > 0 exist such that ||®(t,10)¢|| e is decreasing and
|®(t, t0)€]| e=P is increasing for t € [ty,t,]r. The properties of an exponential
function lead to ||®(t,to)&|| = 0 for all ¢ € [to, t4]r and, hence, £ = 0.

Let system (2.6) be invertible. For ty = t; (to > t_) we get that & €
W= (to) NV~ (to) has exactly one preimage for all ¢ € [t_, to]r. Let £. € RF
such that &€ = ®(ty,t_)é_. Then by & € "V~ (ty) there exists an a > 0 such
that ||®(¢,t_)¢_||e* is decreasing for all t € [t_, o]t and by & € V.~ (¢,) there
exists a 8 > 0 such that ||®(¢,t_)¢_||e~?" is increasing for all t € [t_, to]r. This
leads to £ = 0 and, thus, £ = 0. U

Another characteristic of the stable and unstable cone is that except for
2-dimensional dynamical systems they are generally not convex double-cones.
For an illustration we consider the 3-dimensional discrete equation

u(n+1) = A(n)u(n),n € [1,6]z (4.25)

where A(n) = D(n + 1)BD(—n) with

08 0 O cos(ng) 0 —sin(ny) .
B=10 09 0 |,D(n)=|sin(ng) 0 cos(ny) | with ¢ = 3
0 0 12 0 1 0

for all n € Z. Denote the solution operator by ®(-,-). The intersection of the
1-stable cone with the Euclidean unit-ball is illustrated in Figure

We observe that the stable cone is not a convex double-cone, i.e. the half-cones
are not convex cones. The intersection in Figure is approximated using the
MATLAB-command isosurface. The input of the function isosurface is a
value table

gi(w) = max {O(L+ 1, D)l —[| (¢, )|}
€[1,5]z
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1-
Z5 0.4
_l - ‘:\>~
| ~— 05
T2 0 N e
-0.5 \1 s )

Figure 4.6: 1-stable cone of (A23]) intersected by the Euclidean unit-ball.

for z on the cuboid [—1.1,1.1]3 discretized with a 500 x 500 x 500 grid. Further
cones which are not convex double-cones are presented in [55, Section 3.3].
Note that the stable cones plotted and calculated there are not equivalent to
our stable cones. The stable cone defined in [55] coincides with our cone "V,*.

Before we prove equation (A3]) we show that Karraschs definition of the
(un)stable cone, see [83, Definition 4.4], is equivalent to our Definition E.T.3]
The definition in [83] is similar to the equation (&3]), which we want to estab-
lish.

Lemma 4.2.2. Let T € {R,Z}, t+ € T and I = [t_,t,]r then the Definition
/. 1.3/4.1.5 of the unstable cone and almost stable cone is equivalent to the
Definition 4.4 of [83], i.e. the following holds

Wto) = {¢ e R*Fa > 0: || ®(t, t_)¢|| e is decreasing for all t € T}
=V,(® —{feR’“BXGGr(l R*) : ¢ € X, M(X,®) <0} u{0},

Wato):={¢e ]Rk}ﬂﬁ >0 [|®(t,to)¢|| e is increasing for all t € I}
=V, (®) := {¢ e R*|3X € Gr(1,R") : £ € X, A(X,®) >0} U{0},

with X and A defined as in (3.26), [3.27).

Proof. We prove 'V,(t_) = V,(®) and "V, (t_) = V,(®) similarly follows with
Lemma [.T.4] (¢). We begin by introducing a map which gives the extremal
growth rate of a single vector. Therefore, we need the sets

(HxI[x]Rk {t5§ IxIxRY)|t#s, t,s < oTer(& 1)},
(HX]I ={(t,;s) e AxD)|(t,s,6) € IxIxR);}.
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4.2 Characteristics of the (Almost) Stable and Unstable Cone

The map is well defined by
A:(IxIxRYT SR, (4.26)
In(||®(¢,1_ — In(||®(s, t_
s, €) s BUPELIED = (0.1 )el)

t—s

It is easily seen that for all (¢,s,¢) € (]I x I x ]Rk);_ and A € R
Alt,s, &) = A(s, t,8), At,s,&) = A(t, s, ) (4.27)
hold. For ¢ € R¥ define the set
Xe = {M e RN e R}.
Obviously
X, € Gr(1,RF) (4.28)
for all ¢ € R*\ {0}, since Gr(1,RF) is the set of all 1-dimensional subspaces
of R¥. By (&20), (£26), (£Z7) and ([A2]) the statement holds, i.e.
Wito) = "Vi(t-)
={¢e Rklzla >0 ||P(¢,t-)€]| € is decreasing for all ¢ € T}
= {¢ e R"Fa > 0 : | ®(t, )¢ e* is decreasing
for all t € [t_, 6 Trer (€, 2]}
= {f € RM\ {0}(3a > 0: [|@(t,t-)&]| ™ < [ B(s, t-)¢] e

for all (t,s) € (I x 1)) ¢ > s} u{0}

)
= {e e R*\ {0}{3a > 0 n(|@(t, £ )¢]) + at < In(|[(s, £ )¢]) +as
for all (¢,s) € (I x I[)(gt b > s} u {0}

= {¢ e R4\ {0} > 0 RUBLLIN “ (2 LD

for all (¢, s) € (Ix 1)) ¢ > s} u{0}
= {£ € R"\ {0}|3a > 0: A(t,5,6) < —a
for all (¢,s) € (I x H)gf’t’),t > s} U {0}
- {g € R\ {0} A(t, 5,€) < 0 for all (¢, s) € (Ix 1)) ¢ > s} U {0}

{g € R¥\ {0}|A(t,5,€) < 0 for all (t,5) € (I x T)¢* } U {0}

¢ € R\ {0}

sup Alt,s,&) <0 U{0}

(to)exn '
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4 Stable and Unstable Subspaces and Cones

= { £ e R¥\ {0} sup Alt,s,x) <0 U{0}
r€Xe,|lz]|=1
(t)exns")

= {€ € R\ {0}[A(X¢, @) < 0} U {0}
= {¢ e R¥[3X € Gr(1,RY) : € € X, X(X, ®) < 0} U{0}
= V(®).
0

The next lemma provides a condition, which guarantees that a system is M-
hyperbolic. It also shows a part of the statement (43]). The whole statement
(#3) is proved in Theorem .24l For a similar result of the following in
continuous time we refer to [43, Theorem 14| and [83, Proposition 4.6].

Lemma 4.2.3. Let T € {R,7Z}, t+ € T and system (28) be defined on the
, if [2.8) is invertible,

compact interval T = [t_, t,]p. Let T := _
I, , otherwise.

Then P : 1 — R¥** is an invariant family of projectors with

R(P(t)) C 'V, (t) for all t €1, (4.29)
N(P(t)) C W, (t) forallt €1 (4.30)

if and only if system (Z8)) is M-hyperbolic on I with this family of projectors.

Proof. First we show that M-hyperbolicity follows if (4.29) and (4.30) hold.
We start with the proof of (3.9]).

Let s € T and € € R(P(s)) C 'V,(s) € 'V;"(s). Then there exists an a > 0
such that || ®(¢, s)¢|| € is decreasing for ¢ € [s,t,]r. This leads to

12t )8 e < (|0 (s, 5)¢]| e (4.31)

for all t > s. Even if (2.6]) is not invertible estimate (£31]) is satisfied for
t >ty =:s. Thus, we get the equivalent M-hyperbolic estimate

|®(t, s)€|| < e =) ||¢|| for all t,s € I,t > s and all £ € R(P(s)). (4.32)
Next we prove that
D(t, 9wy : N(P(s) = N(P() (4.33)

is invertible for all t,s € I, t > s. First we show injectivity. Therefore, let
t,s€l, t>sand & o € N(P(s)) with ®(t, s)& = D(¢t, 5)&. Then

(I)(t, S)(gl — gg) = 0, 1.e. <I>7I<er(€1 — 52, S) c I.
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4.2 Characteristics of the (Almost) Stable and Unstable Cone

The subspace property of N(P(s)) yields & — & € N(P(s)). For all £ €
N(P(s)) \ {0} Lemma T4 implies ¢Tyer(€,5) ¢ I. Thus, & — & = 0. This
proves that (A.33) is injective.

Invertibility follows if N'(P(t)) has the same dimension for all ¢ € I. Let
t,s € I,t > s and N(P(r)) C 'V, (r) for all » € I. Lemma 1.6 and

N(P(r)) & R(P(r)) = R*

imply that N (P(r)), » € I is a subspace of maximal dimension in "V (r).
Equation (£I7) yields the existence of a subspace U(s) C 'V,(s) such that
O(t,s)U(s) = N(P(t)). This leads to

dim(N(P(s))) > dim(U(s)) > dim(N(P(t))). (4.34)
From the injectivity of (£33]) and with (£34]) follows
dim(N(P(t))) = dim(N(P(s))).

Thus, ([A33) is invertible.

It remains to prove the second M-hyperbolic estimate ([3.I0). Let s € I and
¢ € N(P(s)) c "V, (s) € 'V~ (s) then there exists a 3 > 0 and a unique x € R*
with ®(s,t_)u = & such that ||®(¢,¢_)u|| e~ is increasing for ¢ € [t_, s]r. This
leads to

1@t t-)pulle™™ < (@ (s, t-)ulle™™

for all t < s. Denote the inverse of ®(s,t)|n(ps)) by ®(t,s) then we get the
equivalent M-hyperbolic statement

[0(t, s)¢l| < e# |ig]| forall € € N(P(s)), t <5 (4.35)

The equations ([£32)), (4.35) and the invertibility of ([£33)) prove that (2.0)) is
M-hyperbolic on I with P(-).

Conversely, let (Z6) be M-hyperbolic on I with the invariant family of
projectors P(-) and dichotomy rates o, 8 > 0. Let s € I and u(s) € N(P(s))
then we have

@t s)p(s)]| < 2 u(s) | for all ¢ €Tt < s
which implies
102, s)p(s)lle™ < [lp(s)]le?. (4.36)

By the invertibility of ®(, s)|x(p(s)) there exists a p(t_) € N (P(t-)) such that
O(s,t_)u(t-) = u(s). Together with (L30) we obtain for all t € I, t < s

1Rt e )u(t)]l e = [ B(t, 5)P(s, t-)u(t-) || e = | @(t, 5)p(s) ]| ™
< llu(s)ll e = 1@ (s, t-)u(t-) | e,
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4 Stable and Unstable Subspaces and Cones

ie. ||®(t, t_)u(t_)||e P is increasing for all ¢t € I. Hence, pu(s) € 'V, (s), see
[EIT). Thus, N(P(s)) C "Vi(s).

Next we prove R(P(t)) € 'V, (t) for all t € I.

We have

102, )€(s) ]| < e |€(s)|| for all t,s € 1,¢ > s and &(s) € R(P(s)),
which implies

122, )& (s)[le™ < [| (s, 5)& ().

For s € I C Tand &(s) € R(P(s)) it follows that || (¢, s){|e*" is decreasing for
all t € [s,t,]r. Hence, &(s) € "'V;*(s) for all s € I and £(s) € R(P(s)), i.e.

R(P(s)) C 'V (s), for all s € 1. (4.37)
Combined with (4I4]) we have
R(P(t-)) 'V (t-) = Vi(t) < 'V (k).
By induction we show R(P(t)) € 'V, () for all t € . Fix s € I. Assume
R(P(ty)) C "V (to) for all ty < s.

Let £ € R(P(s)) and § := ¢Tmin(&, 5).
For 5 = s we obtain £ € "V~ (s). This implies with (@37) R(P(s)) C H\_/S(s).
For § < s, let € € o Tore(€, ). The invariance of the family of projectors
leads to

& = P(s)¢ = P(5)®(s,5)¢ = O(s,5) P(5)E.
This yields & := P(5)¢ € R(P(5)) and
€ € oTpe(&,5). (4.38)

Our assumption and 5 < s imply £ € R(P(5)) C V= (5). By Definition E T3]
we get with & C 'V~ (5) and ([@38)

¢ eV (s). (4.39)

Statements (A39) and ([A37) prove R(P(t)) C 'Vi(t) for all ¢ € I. By Definition
E.1.10 we directly obtain

R(P(ty — 1)) C Vilty — 1) = Vi(ty — 1).
Additionally,

Dty — Lty — 2/R(P(ty —2)) € R(P(ty — 1)) € "Vi(ty — 1)
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4.2 Characteristics of the (Almost) Stable and Unstable Cone

holds and yields
R(P(ty —2)) C'Vi(ty —2).

Inductively the statement R(P(t)) C 'V,(t) follows for all ¢t € I,. If () is
invertible we directly obtain by (4.I8])

R(P(ty)) = ®(ty,ty — DR(P(ty = 1)) C O(ty, by — 1)'Vi(ty — 1) = Vi(ty).
U

Finally, we are able to prove that the stable cone is the union of the range
whereas the unstable cone is the union of the kernel of all invariant projectors,

which satisfy (3.8), (39) and (3I0), i.e. ([A3). This is the analog statement
to the infinite time case (L2), where the invariant family is unique. The

nonuniqueness of the invariant family of projectors implies that the finite time
(un)stable set is not a subspace as in the infinite time case. The (un)stable set
is a cone, a union of subspaces.

Theorem 4.2.4. Let T € {R,Z}, t € T and 1 = [t_,t ]r. Let system (2.6

I, if 8) is invertible,

be M-hyperbolic and T := _
I, , otherwise.

Then we have

U R(P(t)) ="Vilto) for ality €1,

P(to)epto

and | ] N(P(to)) = "Vi(to) for all to €1,

]-:’(to)G'PtO

where Py, := {P(to)| P : T — R¥** is an invariant family of projectors, which

fulfills 3.8), B3) and B.I0) with constants o, B > 0}.

Proof. Let to € T and P(ty) € Py, then system (2.6) is M-hyperbolic with the
invariant family of projectors P : I — R*¥** belonging to P(ty). By Lemma
4.2.3 we get

Wo(t) forall t € T

R(P(1))
P W (t) for all t 1.

C
and NV (P(t)) C
Conversely, fix ¢ € T and let

§(t) € a().

Next we construct a family of projectors P T — RF* with £(f) € R(P(2)).
Then we prove P(t) € P, for all t € 1.
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4 Stable and Unstable Subspaces and Cones

Since system (26]) is M-hyperbolic with an invariant family of projectors
P : 1T — R** we obtain by Lemma [£.2.3

R(P(ty)) C 'V, (t) for all ty € I
and N(P(to)) C HVu(to) for all to el (440)

This implies that there exists a subspace
Se(t) € V()

of dimension dim(R(P(f))) with £(¢) € Sg(t). Every & € Sg(f) satisfies either
oTpre(€,T) = T or there exists a p € 'V, (f — 1) with ¢ = ®(f, — 1)u. This
implies inductively by the forward invariance of ® and 'V, (equation (@IS)
the existence of subspaces Sg(t), t € [t_,t)r with

Se(t) € 'Vi(t) (4.41)
and dim(Sg(t)) = dim(R(P(t))) such that
(t,5)5(s) C Sg(t) for all t, s € [t_,t]r,t > s. (4.42)

Additionally, by the latter arguments there exits subspaces Sg(t), t € (t,t4]r
of dimension dim(R(P(t))) such that

([EAT) is satisfied for all ¢ € T (4.43)
and (£L242)) is satisfied for all ¢, s € [t,t ]|r,t > s. (4.44)

Define the family of projectors P : T — R*** recursively by N (P(t)) :=
N(P(t)) and

Ot )Se(t) , for (i)
R(P(t)) := Se(t-) Jift=t_, for (i)
O(t,t —DR(Pt—1)@aW(@t) ,ift>t

with (i) for invertible systems and with (ii) for noninvertible systems, where
I

Vi(t) , fortelt. +1,ty — 1]z,

W(t) - k( ) [ + ]Z

R , fort =t,.

such that

O(t,t — 1)R(P(t — 1)) ® W(t) = Se(t), (4.45)

holds for all ¢ € I. This family is well defined by equation (£2I]) and by the
equations (4.40)-(4.44). Further, we have
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4.2 Characteristics of the (Almost) Stable and Unstable Cone

It remains to show, that P : T — R¥** satisfies P(t) € P, for all t € I.

For invertible systems we obtain that the family of projectors is invariant
by definition. By ([@40), (@A) and (EI8) the relations N (P(t)) = N(P(t)) C
W, (t) and R(P(t)) = ®(t,t9)Se(t-) C @(t,t0) Vi(to) = Vi(t) hold. Finally,
Lemma leads to P(t) € P, for all t € 1.

For noninvertible systems Lemma yields that the family of projectors
P : T — R¥** is invariant, since

(1, s)N'(P(s)) = (t, s)N'(P(s)) = N(P(t)) = N (P(t))

holds by LemmaB. 23 for all ¢, s € I, t > s. Equations (£.40), (£.41)) and (&.43)
yield N(P(t)) = N(P(t)) C 'V, (t) and R(P(t)) = Se(t) C 'Vi(t) for all t € L.
Lemma implies P(t) € P, for all t € T

The inclusion 3
U M(P) > WVia(to),

]-:’Epto

for any ¢y € I, can be shown just as the statement UlsePtO R(P) = W,(to).
However, we will prove it for the readers convenience. Fix ¢ € T and let

t) € Va(®).

Next we construct a family of projectors P : 1 — R with ji(f) € N(P(2)).
Then we show that P(t) € P, for all ¢t € L.

By (Z40) there exists a subspace Uy (f) C 'V, (£) of dimension dim(N(P(%)))
with ji(f) € Uy(f). Further, by the invariance of ® and 'V, (Equation (ZIT))
there exist subspaces Uy (t) for all ¢ € T with

Ua(t) € 'V, (1) (4.46)
and dimension dim(N (P(t))) such that
O(t,s)Un(s) = Uz(t) forall t,s €I, t > s.
Define the family of projectors P : T — R*¥** by
N(P(t)) := Un(t),
R(P(t)) := R(P(1))
for all t € 1. With equation (£40), (£40) and ([@.2I]) we get
N(P(t)) ® R(P(t )) U ® R(P(t)) = R

for all ¢ € I, since dim(R(P(t))) = dim(N(P(t))) = k. Thus, the family is
well defined. Further, we have

all) € N(P(D)).

The family of projectors is invariant by definition and by ([@40), ([EAG) we
obtain N'(P(t)) = Uy(t) C "V, (¢ ) and R(P(t)) = R(P(t)) C W, (t) for all t € I
Finally, Lemma B2.3 leads to P(t) € P(t) for all ¢t € L. O

85



4 Stable and Unstable Subspaces and Cones

This theorem and Corollary [B.4.12] state that the stable cone of an M-
hyperbolic system is a subset of the stable cone of an sufficiently small per-
turbed system.
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Chapter 5

Explicit Representations of
(Un)Stable Subspaces and Cones

An explicit representation of the stable and unstable subspaces and cones of
a linear (ft-)hyperbolic system is of great interest for nemerical approxima-
tion. We start this chapter with the study of ift-systems and their (un)stable
subspaces. Then we move on with ft-systems. For a subset of M-hyperbolic
systems we are able to find an explicit representation. This kind of systems
are D-hyperbolic systems, which we define in Section

In infinite time the invariant family of projectors P : T — R¥** T e {R,7Z}
of an exponential dichotomy is unique and satisfies

V() = R(P()), "Valt) = N (P(1).

To picture the stable and unstable subspaces we “only” need to find the unique
family of projectors P. For invertible systems in discrete time

z(n+1)=A(n)x(n), n € Z (5.1)

we get with the help of the Green’s function G(-,-), see [105], that u(n) =
G(n, N + 1)r for N € Z is the unique bounded solution of

z(n+1) =An)z(n) + o, N7, n € Z, (5.2)

1, ifi=j

where ¢, ; = is the Kronecker delta. By [71, Theorem 2.1 and

0, else
Corollary 1] we have the following.

Corollary 5.0.1. Let the inhomogeneous equation (5.2)) possess for all N € 7.
and r € RF a unique bounded solution fulfilling

|lu(n)| < Ke ¢=N=Dlp|| . forn> N +1,
— | Ke AN+1-n) Irl, forn<N.



5 Explicit Representations of (Un)Stable Subspaces and Cones

Fiz N € 7Z and let (u'(n))nez be the unique bounded solution of (B.2) for
r=e;,1=1,...,k, where e; is the i-th unit vector. Then (B.J]) possesses an
exponential dichotomy on Z with projector

P(N+1) = (u'(N +1),u*(N +1),...,u"(N +1)).

This means, with the help of the unique solution of (5.2)) we get the unique
projector of (5.J]). For ft-systems we observed that the family of projectors is
not unique. Hence, we cannot just approximate the projectors to get the stable
and unstable cones. Doan, Palmer and Siegmund found an explicit form of the
stable and unstable cone if the system is D-hyperbolic, see [43 Proposition 19].
In Section (.4l we show that all D-hyperbolic systems, which we will introduce
in Section [5.2] are also M-hyperbolic w.r.t. the same norm. To verify whether
a system is D-hyperbolic we analyze the dynamical characteristics of solutions
by using a || - |lr := +/{,[-) norm, where I' € R¥** is a positive definite,
symmetric matrix and (-,-) denotes the standard inner product. Before we
introduce further tensors in Section [5.2] which we need to define hyperbolicity
with the help of the dynamical pattern as in [61], [I5], [45], [43], we study
autonomous systems and analyze whether a matrix I' exists such that the
system is M-hyperbolic with respect to || - ||r. After we derived the explicit
form of the cones we consider various examples to get an idea how stable and
unstable cones are formed. In general the cones are not subspaces. Therefore,
it is interesting to know how wide these cones are, i.e. how large the angle of
the cone is. In Section and 0.7 we present different statements about the
width and the angle of a cone.

['-Norm and M-Hyperbolicity w.r.t. the I'-Norm

First we analyze properties of the || - [|r := /(-,T-) norm, where I' € R***
is a positive definite, symmetric matrix and (-,-) denotes the standard inner
product. We study different types of autonomous systems to find cases where
a matrix [' exits such that the given system is M-hyperbolic with respect to

- lr-

Theorem 5.1.1. Let A € R** be diagonalizable, T € {R,Z} and the system

eR'teT 5.3
z(t+1)=Ax(t), forT=17, v (5:3)

{ab:A:E, for T =R,
be hyperbolic on T. Then there exists a positive definite symmetric matriz
I' € R¥** such that equation (5.3) is M-hyperbolic on every finite time interval
with respect to the I'-norm.

Proof. The given autonomous system (5.3) is hyperbolic. Denote by «, 3 the
exponential rates and by P, the invariant projector. A is diagonalizable, hence,
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5.1 I'-Norm and M-Hyperbolicity w.r.t. the I'-Norm

a matrix S € GI(R¥**) exists such that S™'AS =: D is an diagonal matrix.
We define Pp := S7'P4S. Let ®, denote the solution operator of (5.3)) then
&p = S~ 1,5 is the solution operator of

{y:Dy, for T =R,

eRF, teT. 54
y(t+1) = Dy(t), forT=7, Y (5.4)

By definition of Pp and ®p as well as by the invariance of ® 4 and the projector

P, the equations

Pp®p =S 1PySS 1d,8 = STIP,® LS
=S, PS =S ' PuSSTIPAS = PpPp,
PpPp =S 'P,SS™'PyS = S'PiS =S"'PyS=Pp

hold. This shows that Pp is an invariant projector of (54). The relation
0= Ppx = S™'PySz, x € R yields

N(Pp) = STIN(Py).
This leads to
OpN (Pp) = ST P4SSTIN(Py) = STTOUN(Py) = STIN(Py) = N(Pp),

since @4 satisfies (3.8). Thus, ®p satisfies (B.8) and the inverse of ®%)|n(pp),
t € T¢ exists. We denote it by ®,f, t € T¢. Let the exponential rates v, 3 > 0
satisfy

— Imax {((I)D)z,z|(q)D)z,z < 0}, for T = IR,,
o< ie{1, k} ’
~ | ~In(_max {|(®p)iil [ [(Pp)is| <1}), for T =Z,

i€{1,,k}
min (@)l [(@0)i >0}, for =R,
/3 < €{l,-- k}

In( min {|(®p)iil|[(Pp)ii| > 1}), for T =7Z.
ie{l,-- ,k}

If they do not, reduce them until they do. It is easy to see that

|®% Ppl, < e for all t € Ty, (5.5)
| @51 = Pp)|, < e’ forall t € Ty (5.6)

holds, for more details see [107, p. 91] and [32] p. 386]. The equation Ppz =
S71P,Sz, x € RF yields

R(Pp) = ST'R(Py).

Define T' := (S71)TS~! then T is symmetric and we see by

(€,T€) = (£,(STHTS1E) = (S, 571¢) = ||s ¢l > 0
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5 Explicit Representations of (Un)Stable Subspaces and Cones

for all ¢ € R*\ {0} that T is positive definite. The I'-norm and the identity
norm are related as follows

[®pyll; - (S71 P4 Sy, ST 4Sy)

max = ax
0£yeR(Pp) lylly  o#veR(PD) (v, y)
(D 4Sy, I'PASY) (Pax, TP )
= max = X Ao a
0#£y€R(Pp) (y,v) 0£2eR(Pa) (S™1x, S™1x)
_ (Paz, TOaz) _ [Pazly
= max —_— Y = ErTeTa—
o#eeR(Pa)  (x,Tx) 0£2€R(Pa)  ||2||p

Together with (5.H) and (5.6]) we observe that
| @], < e |Jz]lp for all z € R(Pa), t € Ty,
|@%||, < e z||p for all z € N(Pa), t € Ty

and consequently (5.3]) is M-hyperbolic on every finite time interval with re-
spect to the I'-norm. O

Does a matrix I' exist for nondiagonalizable matrices? And if it does,
what does this matrix I' look like? In this thesis we will not answer these
questions. However, we will study a Jordan-block matrix in Theorem B.1.4lwith
eigenvalue A < 0, which generates a hyperbolic system on R with the identity
projector and exponential rate —A. We will prove that no positive definite
symmetric matrix I' € R*** exists such that the system generated by the
Jordan-block matrix is M-hyperbolic w.r.t. the I'-norm on a compact interval
with the unique infinite time projector (identity projector) and exponential
rate —A. The question if there exists a matrix I" such that the system is
M-hyperbolic if we reduce the exponential rate —\ still remains open.

In the proof of Theorem B.I11] we see which matrix I' we can chose to get
M-hyperbolicity w.r.t. || - ||r.

Remark 5.1.2. A possible positive definite symmetric matrix T such that equa-
tion (5.3) is M-hyperbolic (w.r.t. ||-||p) isT = (S™HTS™, where S € GI(RF*F)
such that STYAS is a diagonal matriz.

Additionally, in the prove of Theorem [5.1.T]a relation between the (un)stable
subspace of an autonomous ift-system and the (un)stable cone of the same au-
tonomous ft-system is shown.

Corollary 5.1.3. Let A € R¥** be diagonalizable and system (5.3) be hyper-
bolic on T € {R,7Z}. Then by Lemma [{.2.] the stable (unstable) subspace of
the ift-system (B53), which do not depend on the the chosen norm, lies inside
the stable (unstable) cone w.r.t. ||-||p of any ft-system, which is defined by A.

Next we analyze a Jordan-block matrix with eigenvalue A < 0. In Theorem
we proved that a Lyapunov norm exists such that the given system is
M-hyperbolic on every compact interval with the identity projector and a rate
a < —X. We will see that this Lyapunov norm is not generated by a positive
definite symmetric matrix ', at least not for the exponential rate —\.
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5.1 I'-Norm and M-Hyperbolicity w.r.t. the I'-Norm

Theorem 5.1.4. Let 1 = [t_,t,], t_ # t, and A € R¥* be a Jordan-block
w.r.t. the eigenvalue A < 0. Then for every positive definite symmetric I' €
R**k the system

&= Az, v € RF (5.7)

is not M-hyperbolic (w.r.t. ||-||) with the identity projector and exponential
rate —\.

Proof. The solution operator of (5.7)) satisfies for s,t +s €1

1 ¢+ 0 --- 0
0 1 :
Ot +s,8)=eM=eM]g 0| =:eMA(@)
T T 4
O --- 0 0 1

Assume that equation (B.7) is M-hyperbolic (w.r.t. ||-||p) on I = [t_,¢,] with
the identity projector P, exponential rate & = —\ and I" positive definite and
symmetric. Then we have

o Awe| = lo¢+ sl < el =Mzl (5.8)
for all z € R* = R(P) and t + s,s € T with ¢ > 0. Let z € R* and
T = (:1:2 cee T O)T then the equation

Ar =z +t7

holds. (5.8) and the symmetry of I" leads for t =t —¢_ > 0 to

0> HA;UH — e OV gl
I

= (A(t)z,TA(t)x) — (z,Tx)
=(x+tz,I'(z +t7)) — (x,T'x)

= (x,Tx) + 2t(z,TF) + t*(7,T7) — (x,Tx)
= 2t{x, %) + t*(Z, 7).

Takex:(xl 10 --- O)Twithx1>0then

0> 2t(T'y 2y + Dop) + 20
= T4y 2tz + %) + T2t

t
=2t (Fllxl + §F11 + le) . (59)
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By rearranging (5.9) we get
t
D'y > Ty + §F11- (5.10)

Since I' is positive definite the estimate 0 < eiTl"ei = I';; is satisfied for all 7 €
{1,...,k}, where e; denotes the unit vector. This means that the right hand
side of (B5I0) is unbounded for all z; > 0. Therefore no I'y; exists such that
(510) is satisfied for all z; > 0. Thus no positive definite symmetric matrix I'
exists such that system (5.7]) is M-hyperbolic with the identity projector and
exponential rate —A\. O

D-Hyperbolicity

We introduce the I'-strain acceleration tensor Mr(-) in addition to the I'-strain
tensor Sr(-) and zero I'-strain set Zp(-), which are defined in Definition B:2.8
These tensors are the main ingredients of the D-hyperbolicity definition. For
D-hyperbolic systems we can state an explicit representation of the stable and
unstable cone, which we do in Section 5.3l Therefore, we analyze these tensors
and study their definiteness. The I'-strain acceleration tensor is called the
Cotter-Rivlin rate in continuum mechanics, see [35], Subsection 4.3.13.]. All of
the following definitions and statements for continuous time systems originate
from [45], [15], [43] and for the two dimensional continuous time case we refer
to [61]. In addition, we introduce similar concepts for discrete time systems.
For system (27) we impose the following assumption.

(A0) Let the matrix function A of ([Z7) satisfy A € C*(I, RF¥*¥).

We define the I'-strain acceleration tensor Mr(-) and show why the tensor
has the given form. Additionally, we present a relation between the definiteness
of this tensor and the dynamical characteristics of solutions.

Definition 5.2.1. Let T € {R,Z}, I C T be a compact interval and let I’ =

I T=R
I'" > 0. For T = R assume [(AO) For every t € <’ Jor ’
I, forT=7%7

the

matrix

(1) = Sp(t) + Sp(H)A®) + AT Sp(t),  for T =R,
T VAWDTSE(t + 1)A(t) — Sp(t), forT=17

is called the I'-strain acceleration tensor of (2.7)/(2.8). Denote by Myz.(t)
the restriction of & — (&, Mr(t)€) to Zp(t). We call My (t) negative/positive
definite if it attains only negative/positive values for all & € Zp(t) \ {0} and
indefinite if it attains both negative and positive values on Zp(t). ForT =1
we write M (-) instead of M;(+).
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5.2 D-Hyperbolicity

The dynamical properties of solutions £(+) of the continuous system (2.7))
intersecting the set Zr(ty), to € I depend on the sign of the second derivative of
t — [|£(t)||* at t = to. The sign characterizes whether the solution £(-) crosses
transversally from a region with increasing norm to a region with decreasing
norm or vice versa, for more details see Lemma [5.24l With equation (B.10)
and assumption we get the identity

1 d2 d
¥ €@z = d—<€(t)75r(t)§(t)>

= (£(1), Se(DE()) + (€(1), Se(E() + Sr(t)ED)  (5.11)
= (£(1), (St
= (&)

Hence, the dynamical properties of solutions of (2.7)) intersecting the set Z(to),
to € I depend on the definiteness of the matrix Mz (ty). Continuous solutions
which pass from a region with increasing (decreasing) norm to a region with
decreasing (increasing) norm must intersect the set Zp(-). Thus, the definite-
ness of My (ty), to € I determines if a solution can leave or enter a region.
More details are presented in Lemma [5.2.2]

Solutions & of the discrete system (2.8)) can jump from a region with in-
creasing norm to a region with decreasing norm or vice versa without an inter-
mediate stop at Zp(-). The positive definiteness of Mz (n) for all n € I does
not prevent solutions from jumping from a region with increasing norm to a
region with decreasing norm. It ensures that a solution has increasing norm
after leaving the set Zr(ng), no € I. This can be seen by the following relation
of Sp and Mr. With equation ([BI7) we get for all n € I,

(e + 217 = g+ DIE) = (I +DIE = @)

= (€(n + 1), Sc(n + 1)¢(n + 1)) = {£(n), Sp(n)§(n))

A( )§(n), Sr(n +1)A(n)€(n)) = (€(n), Sr(n)§(n)) (5.12)
¢(n), [A(n)"Sr(n + 1)A(n) — Sr(n)]¢(
§(n), Mr(n)§(n)).

For a more detailed statement about the dynamical properties of solutions of
(28) we need to analyze the definiteness of Mp(n) for all n € I. In Lemma
and we present some of them. We start with some properties of the
tensor for continuous systems.

/\/\/\/\

Lemma 5.2.2. Assume[(A0)| Let I C R be a compact interval, T =T7 > (
and let Mz.(t) of @) be positive definite for allt € 1. Fiz £ € R*\ {0} and
to € I with (£, Sr(tp)&) > 0 then we have

<(I)(t,t0)§, Sp(t)q)(t,t0)§> >0 forallt €t > tg.
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5 Explicit Representations of (Un)Stable Subspaces and Cones

Let £ € R¥ and to € T with (€, Sr(tg)€) < 0 then we have
(D(t,t0)&, Sr(t)D(t,t0)E) <0 for allt € It < to.

Proof. Let £ € R* and t € T with (£, Sp(tg)€) > 0. Assume that there exists
atel, t>tysuch that
=0, fort=t,

_ (5.13)
>0, fort>t>t,.

(P(,t0)&, Sr(t) (L, t0)E) {

Then £(t) := ®(¢,t0) € Zr(t) and by the positive definiteness of Mz (f) and
(EIT) we have

e, SeDED) = (€0, MeDED) > 0

This implies with (®(¢,¢9)E, Sr(t)P(t,t0)E) = 0 that at; € I, ty < ¢ < t exists
with
<q)(t17 tO)ga SF(tl)(b(tla t0)§> <0

which is a contradiction to (513]). Analogously, we get the second claim (“<“).
U

For discrete systems we introduce the corresponding statement.

Lemma 5.2.3. Let 1 C Z be a compact interval, T =TT > 0 and let Mp(n)
of [Z.8) be positive definite for all m € Iy. Fiz &€ € R¥\ {0} and ng € Iy with
(€, Sr(no)&) > 0 then we have for alln € Iy, n > ng with ®(n,ny)§ # 0

(P(n,no), Sr(n)®(n,ng)&) > 0.

Let £ € RF\ {0} and ng € Iy with (€, Sp(ne)é) < 0 and let n € I, n < ng and
£ € R¥ with ®(ng,n)€ = £ then we have

(®(n,n)E, Sp(n)®(n,n)E) < 0 for all n € [n,ng — 1]z.

Proof. Fix £ € RF\ {0}. Define £(n) := ®(n, ng)¢ for all n € I,n > ng. Then
by the positive definiteness of Mrp(ny) for all ny € I and equation (B.12) we
have for all n € Iy with {(n+1) #0

0 < (€(n), Mr(n)§(n))
= (€(n+ 1), Sp(n + 1)&(n + 1)) = (£(n), Sr(n)¢(n)).

With (€, Sp(ng)&) > 0 we get inductively for all n € Iy, n > ng with (n+1) #
0 # &(n)

(€(n+1),5c(n +1)§(n + 1)) > ((n), Sr(n)€(n)) > (§(no), Sr(no)€(no)) > 0.

The same proof works analogously for the second claim (7<”). U

(5.14)
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5.2 D-Hyperbolicity

The characteristics of solutions of the continuous system (2.7), which in-
tersect the zero I'-strain set Zp(-), are summarized in the next lemma.

Lemma 5.2.4. Assume |[(AO)| Let I C R be a compact interval and I' =
I'T > 0. Assume &(+) is a solution of 27) with £(ty) € Zr(to) for aty € T and
assume that the I'-strain acceleration tensor fulfills

(&(to), Mr(to)&(to)) > 0.
Then there exist t1,ty € I with t1 >ty > ty such that

> 0, fO’I” t1 >t > 1 (515)
(€(t), Se(t)&(t) ¢ =0,  fort =t (5.16)
<0, forty>t>ts. (5.17)

Further, if the T'-strain acceleration tensor Mz.(t) is positive definite for
all t € T then equation (BIH) holds for all t € T with t > to and equation
BEID) for allt € T with t < ty. If Mz.(t) is negative definite for all t € 1 then
equation (B.I7) holds for all t € T with t > ty and equation (B.I3) for allt €1
with t < t,.

Proof. Let £(tg) € Zp(to) and (£(to), Mr(t)E(to)) > 0. Then we have
(&(to), Sr(to)&(to)) = 0 and with (5.II) we obtain <L(&(to), Sr(to)&(t0)) > 0.
Thus, there exist t1,t, € I with ¢; > ty > ¢y such that for all t; > ¢t > ¢,
equation (B.15) holds and for all 5 < t < ¢y equation (5.17).

Let now Mz.(t) be positive definite for all ¢ € 1. By Lemma [5.2.2] and with
the statements (5.10)-(51I7) we conclude (5I5) for all ¢ € T with ¢ > ¢y and
(517) for all ¢ € I with ¢ < . The statement for M. negative definite follows

analogously. O

For the discrete system (2.8]) the characteristics of solutions which intersect
the zero I'-stain set Zr(-) depend on the definiteness of Mr.

Lemma 5.2.5. Let [ = [n_,ny]z and I = I'T > 0. Assume &(ng) € Zr(no)
for an ng € Ty, Let $Twin(§(n0),n0) =: 0 and {(n) € oTpwe(§(n0),10). Set

£(n) == ®(n,n)&(n) for alln € [n,nylz. Let Mr(n) be positive definite for all
n € Iy then we have

,  formel,ng>n>ny (5.18)

'{>o, if () #0,

=0, if&(n)=0,
(E(n), Sem)Em) 4 =0, for = o (5.19)
<0, if&(n) #0, .
\{:O, ifg(n):() ) formel, n<n<mng (5.20)

Let Mr(n) be negative definite for alln € I, n € Iy then we have that (5.I8))
holds for all n < n < ng, equation (BI9) for n = ng and equation (B20) for
alln €, ny >n > nyg.
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5 Explicit Representations of (Un)Stable Subspaces and Cones

Proof. Let Mr(n) be positive definite for all n € I. Fix ng € I and let
&(ng) € Zr(ng) \ {0}. Then we get equation (5.19) by the definition of the zero
[-strain set. The positive definiteness of Mr(ng) and (5.19) yield

<§i( no), Mr(no)&(no)) i i
= {€(no +1), Sr(no + 1)(no +1)) — (&(no), Sr(no)é(no))
= (£(no + 1), Sr(no + 1)&(ng + 1))

and the positive definiteness of M (ng — 1) implies for ng — 1 € I

< (E(n0 — 1), My(no — 1)é(mo — 1)) ]
= (&(n0), Sr(n0)E(no)) — (E(no — 1), Sr(no — Dé(mo — 1)

= —<§( Ng — 1) Sp(no— )§( 0_1>>

With Lemma (2.3 we obtain (5.I8) and (5.20). The statement for negative
definite Mt follows analogously. O

As in [I5] Definition 2.4], [43], Definition 17| and [61] the whole space can be
separated into different regions. Every region contains points of a special type.
In fact, the type of a point is determined by the definiteness of the I'-strain
tensor Sp(-) and of the I'-strain acceleration tensor Mr(-) of the linearization
at this point. The dynamical characteristics of a solution is defined by the
regions it passes. They can be grouped in different classes, i.e. if a solution
stays in a region of strictly increasing/decreasing norm (repelling/attracting),
or if it crosses just once from a region with strictly increasing norm into a region
with strictly decreasing norm (quasihyperbolic) or vise versa (hyperbolic), or
if it crosses the regions several times (elliptic). Systems are classified by the
different types of solutions, which exist for the given system. Important for
us are systems that only have repelling, attracting and hyperbolic solutions.

I forI C R
Therefore, Sp(t), t € ' or= iy needs to be indefinite, otherwise the
I, forICZ

system only has attracting or repelling solutions. Additionally, it needs to be
nondegenerate (no eigenvalue is 0) to exclude a region with constant norm. As

7 (t),t€l, forICR,

Mp(t),teﬂg, forTCZ
must be positive definite to get hyperbolic solutions. This type of system is
called D-hyperbolic, since it is defined by the notion of the dynamical pattern.
We summarize the latter thoughts for a continuous linear dynamical system in

a proper definition, which is also presented in [43], Definition 17] [15], Definition
2.4].

we have seen in Lemma[5.2.21to Lemma (.25l that

Definition 5.2.6. Assume . Let T C R be a compact interval and I' =
I'T > 0. System [271) at time t € 1 is called

e attracting if Sr(t) is negative definite,
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5.2 D-Hyperbolicity

e repelling if Sr(t) is positive definite,

e quasihyperbolic if Sr(t) is indefinite and nondegenerate and Mz, (t) is
negative definite,

e hyperbolic if Sr(t) is indefinite and nondegenerate and Mz (t) is posi-
tive definite,

e elliptic if Sp(t) is indefinite and nondegenerate My (t) is indefinite,
e degenerate in the other cases.

System (2.7) is called attracting/repelling etc. (on 1) if it is attracting/repelling
ete. for allt € 1.

Definition 5.2.7. Assume|(AO)| Let I C R be a compact interval and I’ =
I'T > 0. System ([Z7) is called D-hyperbolic (dynamical hyperbolic on 1 w.r.t.
|-l if it is hyperbolic in the sense of Definition [5.2.4.

Note that if [|||.y := 1/(-, T'(t)-) is allowed to depend on time ¢ € I then the
['(t)-strain tensor equals Sp(t) = 1 [A(t)T(t) + T(t)AT(t) + T(t)} Is means,
we find for every solution Z(-) a family of matrices I'(-) such that z(-) lies in
the attracting or repelling region of the linearized system. A discussion of a
time depending norm is beyond the scope of this thesis.

For discrete time systems the D-hyperbolic definition is slightly different.
We have one more condition. Surely, there exist adequate definitions of attract-

ing, repelling, etc. discrete ft-systems. However, we do not introduce them in
this thesis.

Definition 5.2.8. Let I C Z be a compact interval and I' = T'T > 0. Sys-
tem (28) is called D-hyperbolic (on 1 w.r.t. ||-||p) if Sr(n) is indefinite and
nondegenerate for all n € 1y, if Mp(n) is positive definite for all n € Iy and if
Sr(n) has for alln € Iy the same number of positive eigenvalues A > 0.

The additional condition is

Sr(n) has for all n € I the same number of positive eigenvalues A > 0.
(5.21)

For continuous D-hyperbolic systems this is always true, since we require that
Sr(t) is nondegenerate for all ¢ € I. Hence, we do not need to mention this
condition explicitly for the continuous time case. However, is it necessary
for discrete systems to have an additional condition? Yes, it is. We want
that every D-hyperbolic system is an M-hyperbolic system as well. For con-
tinuous systems this statement is proved in Theorem (.42 For a reference
see [43, Corollary 22]. To obtain this relation for discrete systems the addi-
tional condition is important. We first illustrate by an example that we need
an additional condition. Then we state why it has to be (5.21]).
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5 Explicit Representations of (Un)Stable Subspaces and Cones

In the following example we construct a system for which Sr(n) is indefinite
and nondegenerate for all n € I; and for which M (n) is positive definite for
all n € I,. Note that the additional condition (5.21) is not satisfied. Then we
prove that this system is not M-hyperbolic.

Example 5.2.9. Assume u(n + 1) = A(n)u(n) is a finite time system on

I ={0,1,2} with A(0) = diag (3, 3,2) and A(1) = diag (3,2,2). Set T = 1.
We see that

S(0) = A(0)TA(0) — I = diag <
S(1) = A(DTA1) — 1 = diag <
are nondegenerate and indefinite and we get

M(0) = A(0)"S(1)A(0) — S(0) = d1ag< 136 Z ) _ diag (-Z —2,3)

9 6
—dlag<16 7 9)

which is positive definite. Assume that our system is M-hyperbolic. Then the
following must be true for an o, 8 > 0 and for a projector P(1) € R3*3

FEstimate (5.22)) forces R( ) € {[, ’f eER?: & =1,8+86< 4} and es-
timate ([5.23)) forces N'(P( {E NEeR? & =148 <1}

By this choices of mnge and kernel no projector P(1) exists such that
R(P(1)) + N(P(1)) = R3. Hence, our system is not M-hyperbolic.

ding (5,2.2) € = 1Ael < el for it €R(PY). (52

diag (2,2, %) gH = [|A() || < e P ||l for all § € N(P(1)).  (5.23)

This proves that we need to add another condition to the D-hyperbolic
definition. However, why do we require that the number of positive eigenvalues
of Sr(n) is the same for alln € 1,7 In the next section we see that the stable and
unstable cone of an M-hyperbolic system depends on Sr(-). More precisely, the
dimension of the (un)stable cone depends on the number of negative (positive)
eigenvalues of Sp(+). If the number of positive eigenvalues changes for different
times the dimension of the cones changes. Then by (4.3) also the dimension
of the range of “the projectors” changes. This is not allowed for an invariant
family of projectors. Thus the number of positive eigenvalues of Sr(n) need
to stay the same for all n € Ij.
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An Explicit Representation of (Un)Stable Cones

The following propositions imply explicit forms of the stable and unstable
cones for D-hyperbolic systems. This enables the calculation and illustration
of the cones of D-hyperbolic systems. We introduce the explicit representation

of HVujfs and their boundaries for the continuous case in Proposition [5.3.1] which

originates from [43, Proposition 19]. Then we find an explicit representation
of the stable and unstable cones HVS,U and their boundaries. This conclusion
is stated in Corollary £.3.2 Further we develop related results for discrete
time systems. These achievements are summarized in Proposition [(.3.4] and
Corollary

Proposition 5.3.1. Let T = [t_,t,] and T = TT > 0. Assume [(AO)| and
assume that (21) is D-hyperbolic on 1. Then the following statements hold:

(i) For eachty € [t_,t )
Wi (to) = {€ € RM(€, Sr(to)§) > 0} U {0}
is a connected double-cone and the boundary of "V (to) satisfies
9V, (to)  {€ € R*|(€, Sr(to)€) = 0} = Zr(t).
(ii) For each ty € (t—,t4]
WV (to) = {€ € R¥[(€, Sr(to)€) < 0} U{0}
is a connected double-cone and the boundary of "V.” (to) satisfies
OV, (to) C {€ € RY|(&, Sr(to)€) = 0} = Zr(to).
(iii) For each ty € 1 and any & € Zp(ty) we get

W),  forallt >t
W), forallt <t

S

O(t,t)€ € {

For the proof we refer to [43, Proposition 19|. The stable and unstable cone
1V, . can be characterized with the help of Proposition 5.3.11and the equations

(@19, @IR).

Corollary 5.3.2. Under the assumptions of Proposition [2.3.1 we obtain that
Wilte) = {€ € RF(D(ty, t0)€, Sp(ty)P(ty, t0)E) < 0} U {0}, (5.24)
Walto) = {®(to, t-)¢ € R¥|(€, Sr(t-)€) > 0} U {0} (5.25)

are open connected double-cones for all ty € 1. Their boundaries satisfy

0'Vi(to) = P(to, t4)'Vi(ty) C Bt t4) Zr(ty),
IV, (to) = ®(to, t_ )"V, (t_) C D(to, t_)Zp(t_).
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Proof. Proposition b.3.1l and Lemma [4.2.T] imply
Wilto) = ®(to, t1) Vilty) = ®(to, t4)'V, 7 (t4)
= {®(to, 14)¢ € RF(E, Sr(t4)¢) < 0} U {0}
= {€ e R*(®(t, t0)€, Sr(ty)B(t, to)€) < 0} U {0}

and
Walto) =®(to, t-) V.5 (1)
={®(to,t-)¢ € R*|(€, Sr(t-)¢) > 0} U {0}.
By Proposition 5311 the sets "V (t_), 'V~ (¢,) are open connected double-
cones. Thus, the continuity of the linear function ®(-,-) and of (-,-) yield
by [29, p. 109, Proposition 4] that the stable and unstable to-cones "V, (%),
to € I, are open connected double-cones. The boundaries of 'V, (¢, ) and "V, (¢_)
satisfy
OVi(ty) = OV (ty) € {€ € RY(E, Sr(t4)€) = 0} = Zr(ty),
OVu(t-) = 0V, (1) C {€ € RI(E, Se(t-)8) = 0} = Zp(t-).
With the invariance of the cones "V;(-), 'V, (-) (LemmaB2T)) and the continuity
of ®(-,-) we get by [128, Lemma 6.4] that the boundaries 0'V,(-), 0"V, () are
invariant. Hence, we obtain for every ¢y € 1
9'Vi(to) = B(to, 1) Vi(ty) C Dt t4) Zr(ty),
OV (to) = ®(to, t_ )"V, () C P(to, t_)Zp(t_).

In Lemma [B.7.2] we prove that even

0'Vi(to) = P(to, t4) Zr(ty),
0'Vau(to) = ®(to,t-) Zr(t-)

hold for all ¢ty € I.

We develop similar statements for the stable and unstable cones of discrete
systems. The proof of the following proposition for invertible discrete systems
is similar to the one of Proposition £.3.1l The proof of the statements about
the cones of a noninvertible system is more involved and requires a few more
steps. Therefore, we first show that for noninvertible D-hyperbolic systems the
kernel of the solution operator is a subset of the stable cone. Note, that we
already proved this statement for M-hyperbolic systems in Lemma and

Lemma 4.2.4

Lemma 5.3.3. Let I = [n_,n.]z and T =TT > 0. Assume that [2.8) is
D-hyperbolic on 1 (w.r.t. ||-||p). Then for every ng € I; we have

N(®(ny, ng)) € "Vi(no).
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Proof. Let ng € I; and £ € N (®(ny,ng)) with 7 := ¢Tmin(&, no) and n :=
o Txer(&,m0) then ®(n,ng)¢ # 0 for all ng < n < n. By Lemma B.2.5 we get for
all 1 € 5 Tpe(€, 0)

=0, forn>n,

(@(n, n)u; Sr(n)@(n, )p) {< 0, forn<n<n.
This implies with (317 for all n <n <n

0> (®(n, W), Se(n)P(n,n)p) = | ®(n + 1, a)pully — [ P(n, Al
which is equivalent to

[ (n, 2)pullp < [[@(m, n)pl|r

for all n,m € [n,n|z, n > m. This leads with (£I0) to £ € HVS(nO). With
®(ng 4+ 1,n0)€ = 0 € 'Vy(ng + 1) follows directly that & € "V,(ny). O

Proposition 5.3.4. Let 1= [n_,n,|z and T =TT > 0. Assume that (2.8) is
D-hyperbolic on 1 (w.r.t. ||-||p). Then the following statements hold:

(i) For each ng €411
W (ng) ={¢ € R¥| g Tin (€, 10) = 19 V (¢ Tmin (€, 10) =: 1 < ng
A3 € oToe(€,10) = (1, Sr(no — i) <0 (5.26)
for p = ®(ng — 1,%)@)} u {0}

1s a connected double-cone.
(ii) For each ng €I
L(ng) = {f € R*(®(ny — 1,n0)&, Sr(ny — 1)@(ny — 1,m9)€) < 0}

18 an open connected double-cone and

Wi(no) = {€ € R*(®(ny — 1,n0)€, Sr(ny — 1)@(ny — 1,n0)€) < 0}

UN(®(ny,ng)), (5.27)
Wi(no) = {€ € L(ng)|®(no + 1,n0)¢ € "Vi(no + 1)} UN(®(ny, ng)).
(5.28)

(iii) For each ny € I
WV,F(no) = {€ € R¥[(€, Sr(no)€) > 0} U {0} (5.29)
1s an open connected double-cone and the boundary of I[Vu*(no) satisfies

I'V,F(ng) C {€ € RF(€, Sr(ng)€) =0} . (5.30)
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Proof. We start with the proof of (i) and first show (5.26]). Fix ny € ;I. By
definition of 'V,7(ng) we have 0 € "V.7(ng). Let & € "V, (ng) \ {0} with
oTmin(€,m0) =: I < ng then there exist an o > 0 and a g € RF with
®(ng,n)ii = & such that ||®(n,n)pl|p e is decreasing for n € [n,ng). This
means that

2 a(n 2 a(ng—
I€]IZ > — [ ul|7. €D < 0

2a(np—1)

is satisfied for p := ®(ng — 1, 7). Dividing by e we get with equation

B.17)
0> e [lelly — llullz > lI€ll: = llele = (1, Se(no — D).

Conversely, let € € R*. If $Tmin(€,n9) = no then we directly see that
¢ €'V (ng). Suppose ¢Tmin(&,n0) =: 1 < ng. Let i € $Tpre(€,ng) such that
the estimate (u, Sr(ng — 1)u) < 0 is true for yp = ®(ng — 1,7) . Then Lemma
leads for all 71 € [n,ng — 1]z and i € R* with ®(ng — 1,7)4 = u to

(®(n,n)i, Sp(n)®(n,n)n) <0 for all n € [n,ng — 1z. (5.31)

Defining

. {<<1><n 2)fi Sp(n) 2 (n. n)m}
otz | [ @(n+ 1wl

implies for all n € [n,ny — 1]z

_ (®(n,n)p, Sr(n)@(n, n)[) 0 (5.32)
1@(n + 1, 7))

and we obtain by (5.31]) that a < 0 . Further define
o = ap(R) = %mu —ar(n)) > 0
then
—a=e" —1. (5.33)

For all n € [n,ng — 1]z we get with (317), with (5.33) and with (5.32))
”@( 1 n)/i”Q 2a(n+1) ”@(n n),qu 2an
=2 (2 — 1) | @(n + 1, m)al% + |B(n + 1, n)qu H
—e2om ((620‘ — ) |®(n + 1,”)NHF (®(n, ), Sr(n

*(n
ﬁ
P
=2 @0+ 1, —a 4 DL
o Ll

)allr)

n,n
)i))
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5.3 An Explicit Representation of (Un)Stable Cones

This means ||®(n, n)fil|p e*" is decreasing for n € [, nolz. Hence, & € "V,"(ng)

and (5.26) is shown.

Before we prove that the cone is a connected double-cone we show the

statements (0.27) and (5.29)).

For the proof of statement (5.27]) let £ € Hf/s(no) \N(®(n,,ng)) and define
N := ¢Tmin(&,n0). Then there exists (see equation ([EI0)) a u € R” such that
d(ng, n)p = & and

1D (n, n)pllp < ||®(m, n)pllp for all n,m € [n,ni]z,n > m.
With equation (B.17)
0> | @(n+ L, a)ully — |@(n, W)plly = (P(n, )p, Sp(n)@(n, 7)p)
follows for all n € [n,ny — 1]z. For n = n, — 1 we obtain

0> (®(ny — 1,2)u, Sr(ny — P(ny — 1, np)
= (P(ny — 1,n0)P(no, n)p, Sr(ny — 1)®(ny — 1, n9)P(ng, 7))
= <(I)(TL+ -1, Tlo)f, SF(n-i- - 1)(1)(”4- -1, n0)€>

Conversely, let £ € R* \ N(®(n,, ng)) with
(P(ny — 1,n9)&, Sr(ny — 1)P(ny —1,n0)&) <0
and define 7 = ¢7min(§, n0). Then Lemma and equation (317 yield
0> (®(n, ), Sp(n)®(n,n)p) = |@(n + 1, W)plly — [|@(n, 2)u|y
for all 4 € R* with ®(ng,n)pu = £ and all n € [, ny — 1]z. This means that
0> || (n,n)pllp — ||®(m, n)p|| for all n,m € [n,nilz, n>m
is satisfied and it implies £ € H\_/S(no). By Lemma [5.3.3 we have
N(®(ns,n9)) C 'Vi(ng) € 'Vi(no). (5.34)
Thus, equation (5.27)) is shown. Equation (5.28) directly follows from (5.27)
and (5.34]).
For the proof of statement (5.29) fix ng € I, and let & € "V;F(ng) \ {0}.

Define £(n) := ®(n,ng)¢ for all n € [ng, ny]z. Then there exists a 5 > 0 such
that ||€(n)||p e P is increasing for n € [ng, n ]z, hence

l€(n + D) e 2+ —[lg(n)|[p e > 0
is satisfied for all n € [ng, ny — 1]z. Dividing by e=2/" implies with (B.17)

0 < [[€(n+D)lp e —llEm) I < 1t + Dl — €M) IE = (€(n), Sr(n)é(n)
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5 Explicit Representations of (Un)Stable Subspaces and Cones

for all n € [ng,ny — 1]z.
Conversely, let £ € R* with (£, Sp(ng)€) > 0. Define £(n) := ®(n,ng)¢ for
all n € [ng,ny]z. By Lemma [(£.2.3 we obtain
(€(n),Sr(n)é(n)) > 0 for all n € I, n > ny. (5.35)

Defining

n€no,nty—1lz ||€(TL)||%

A { (€(n), Sp(n)é(n)) } |

we see by (5.35) that br > 0. It follows

((n), Se(n)é(n)) o
leely

for all n € [ng, ny — 1]z. Further define 8 := fr := 1In(1 + br) > 0 then

—bp + (5.36)

—bp =1—¢%. (5.37)

For all n € [ng, ny — 1)z we get with (B.17), with (5.30) and with (5.37))
et + Dl e 2+ — flg(n)|[p e
=e 0D (1= ) l€@m)p + 1€ + DIk — €M) Ir)
=e D (1= ) M+ (€(n), Se(m)E(m)))

e e [ g . (60 Sem)E )
e >||F(b+ T )zo

This means that ||£(n)||pe " is increasing for n € [ng,ni]z, hence ¢ €
'V+(ng). Thus (5.29) follows.

Next we finish the proof of statement (i) by proving that 'V, (ng) is a
connected double-cone for all ng € (1.

Fix ng € (I. If the set "V,"(ng) \ {0} is connected then the half-cones
of "V, (ng) are connected, i.e. "V."(ng) is a connected double-cone. Assume
that 'V~ (ng) \ {0} is not connected. We need to show that the half-cones of
V.= (ng) are connected. Denote by C' one half-cone of "V."(ng). Then every

S

z €'V (ng) = C U (—C) satisfies one of the cases

xz e C, case (a),
—x e, case (b).

For every z € C'\ {0} and y € (—C) \ {0} we have

7y ¢ 'V (no), (5.38)
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5.3 An Explicit Representation of (Un)Stable Cones

where Z7 denotes the line between 2 and y, since 'V~ (ng)\ {0} is not connected.
Let z € C'\ {0} and y € "'V, (ng) \ {0}. To prove that C is connected we show
that one of the two cases is true

7 V) \ {0}, ease (1),
{x<—y>cﬂv;<no>\{0}, case (2) 539

This is sufficient, since the two cases above lead by (B.38)) to

{:E_y C C, in case (1), (5.40)

z(—y) C C, in case (2).

The cases (5.40) state that for every two points x,y € C there exists a path
between these two points which lies in the cone C', i.e. C'is connected.
The cases in (5.39) are true, if

{tx +(1—t)y € 'V, (no) \ {0}, for case (1), (5.41)

tr — (1 —t)y € "V (no) \ {0}, for case (2).

is satisfied for all ¢ € [0, 1].
In the following we show (B.41]) first for ¢7min(x,n9) = ne and then for
@ﬁnin(ﬂf, no) < ng. Fixt e (0, 1) For

& Tmin (T, 10) = 1o (5.42)
suppose both cases in (5.41]) are not true then there exist y; » € R* with

tr + (1 —t)y = ®(ng,no — 1)1,
tr — (1 —t)y = ®(ng, ng — 1),

ie. ¢Tmn(tz £ (1 —t)y,ng) < ng. We get
1 1
tr =Stz + (1 =ty +to — (1 = t)y) = ®(no,no — 1)5 (1 + p2),

which is a contradiction to (5.42). Thus, one of the cases in (5.41) is true.
Assume

& Tmin (T, 10) < No.
Then there exists p; € R* with
®(ng,no — 1)y = x such that (uy, Sr(ng — 1)py) < 0. (5.43)

If ¢Tmin(tz + (1 — t)y,ng) = ng then the first case of (B4I) is true. So
suppose there exists a y € R* with

tr + (1 —t)y = ®(ng,no — 1),
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i.e. ¢Tmin(tx + (1 — t)y,ng) < no. By (5:43) we obtain (1 — t)y = P(ng, ng —
1)(p — tug). This implies

[ min(y7n0) < Ny,

which induces with y € 'V~ (ng) \ {0} that there exists u, € RF with

B(n, o — 1)y = pia such that (us, Sp(ng — Dpaa) < 0. (5.44)
Define

a:=t(1—1) ((u1,Sr(no — Dpz) + (p2, Sr(no — 1)pa)) - (5.45)
We have with (543) and (5.44)

{(tm + (1= t)pa, Sr(ng — Dt + (1 — ), a <0,

)
(tpr — (1 = t)p2, Sr(no — 1)(tpr — (1 = )pa)), a >0,

_ {t2<M1>5F(no = D)+ (1= 022 Selng = Dp) 0 a0,
t*(p1, Sr(no — D) + (1 = £)*(p2, Sr(no — Np2) —a, a >0, .

<0.

This implies one of the cases in (541 with tz £ (1 —t)y = ®(ng,ng — 1)(tu1 £
(1 — t)p2). Thus "V, (ng) is a connected double-cone for every ng € ;I. Now
we complete the proof of statements (ii) and (iii) by showing that

L(ng) := {& € RF(®(ny — 1,n0)¢, Sr(ng — 1)@ (ny — 1,n0)¢) < 0}

is an open connected double-cone for all ny € I, since the proof that V. (n)
is an open connected double-cone for all ng € I; follows analogously to the one

of L(no)

Fix n € I; and let z,y € L(n). Define py := ®(ny — 1,n)z and py =
®(ny —1,n)y and a as in (545) with the setting ng := n,. Then as in (5.40)
we get

(@(ny — 1,7)(t + (1= Dy), Sr(ns — V(s — 1, 7)(tz % (1 — t)y))
=(tp1 + (1 = t)pa, Sr(ng — 1)t + (1 —t)p2)) <0,
for + or —, i.e. L(n) is a connected double-cone. That the cone is open follows

by the continuity of ®(-,-) and (-, -), more precisely there exists an £ > 0 such
that for all £ € B.(x)

<(I)(n+ - 17ﬁ)§7 Sf<n+ - 1>(I)<n+ - 17ﬁ>£> <0

holds, i.e. L(ng) is an open connected double-cone for all ng € I;.
The relation (5.30]) holds directly, since the sets

{€ € R*(€, Sr(n0)€) > 0} and {€ € R¥|(€, Sr(no)€) < 0}

are open. 0
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5.3 An Explicit Representation of (Un)Stable Cones

For the stable and unstable cones of a discrete D-hyperbolic system we get
an explicit representation by Lemma [4.2.1] and Proposition 5.3.4l The repre-
sentation of the boundaries can be shown as in the continuous case (Corollary
5.3.2). First we define for a subset U C R* and n,m € T with n > m

Dpre(n,m)U := {£ € R¥|®(n,m){ € U}.

Corollary 5.3.5. Under the assumptions of Proposition[5.3.4) we obtain that
the almost stable n, -cone is an open connected double-cone with the represen-
tation

Wi(ng) =R(®(ng,ny — 1))°
U{€ € R¥aTom(&,ny) = < ny A3 € oTpre(€, 1) -
(, Sr(nye = 1p) <0 f07’ = P(ny —1,n)u} U{0}.

For all ng € Ty we get that the almost stable ng-cone is a double-cone with the
representation

Wino) = L(no)UN (®(ny — 1,m))
and additionally that the stable ng-cone satisfies

Wi(no) = {€ € L(no)|®(no + 1,n0)¢ € Vi(ng + 1)} UN(®(ny — 1,10)).
(5.47)

For all ng € T the unstable cone is an open connected double-cone, which can
be represented by

Waulng) = {®(no,n_)¢ € R*|(€, Sr(n_)¢) > 0} U {0}. (5.48)
The boundary of the unstable cone satisfies for all ng € 1
I'Viu(ng) = ®(ng, n_)d0"Vi(n_) C ®(ng,n_)Zr(n_), (5.49)
whereas the boundary of the almost stable cone satisfies for ng € 1
0'Vi(no) C Ppre(ny — 1, no) Zr(ny — 1).

Let (Z8) be invertible then the stable cones "V,(n) are open connected
double-cones for all n € I and

WVilng) = ®(ny,ny — 1)L(ng — 1) U {0}, (5.50)
W,(no) = "Vi(ng) = L(no) U {0}, (5.51)
0"V, (no) C ®(ng,ny — 1)Zp(ny — 1) (5.52)

hold for all ng € 1.
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Proof. By Proposition [(.3.4] the almost stable n -cone is an open connected
double-cone, which can also be represented as

=

Vi(ny) =V, (ny)
:{f € R o Tmin(&,m0) = no V (@fnin(fano) =:n < ng
A3 € ¢Tpre(&5n0) & (1, Sr(nog — 1)p) <0
for p:= ®(ng —1,n) = 1) } U{0}
={¢ € R*|oTain(&;ny) = 14}
U{€ € R¥aTom(&,ny) = < ny A3ji € oTpre(€,m4) -
(1, Sr(ny — Dp) < 0 for p:= @(ny — 1,n)a} U{0},
—R(@(ns,n, — 1)°
U{€ € R¥aTom(&,ny) = < ny A3 € oTpre(€, 1) -
(, Sr(ny — Dp) <0 for p:= d(ny — 1,7)n} U{0}.

For all ny € I; we see by Proposition 6.3.4] and Lemma [5.2.5] that the almost
ng-stable cone is a double-cone with the representation

I

Vi(no) ={€ € R*|(®(ny — 1,m0)&, Sr(ng — 1)®(ny — 1,n0)¢) < 0}
UN(®(n, no))
={¢ e R"(®(ny — 1,m0)&, Sr(ny — 1)®(ny — 1,n0)€) < 0}
ON(®(ny — 1,m0))
=L(no)UN (®(ny — 1,ny))

Indeed, for ng € I; and & € N (®(n,ng)) we have
(®(n4,ny — 1)@(ny — 1,m0)&, Sr(ns)@(ny, ny — 1)@(ny — 1,m0)&) =0
and Lemma yields
(®(ny — 1,n0)&, Sr(ny — 1)P(ny — 1,m0)€) <0

if ®(ny —1,n9)¢ #0, ie. £ ¢ N(P(ny — 1,n0)). Recursively, we obtain the
representation (5.47) of the stable ng-cone for all ny € 1.

For all ny € I the unstable cone is an open connected double-cone and
(5.48) holds, since "V, (+) is invariant and "V, an open connected double-cone
by Proposition 5.3.4L The boundary of 'V, (-) fulfills (5.49) by the latter argu-
ments. For the boundary of the almost stable cone we have for ny € I,

9'Vi(no) C{€ € R*|(®(ny — 1,n0)E, Sr(ny — 1)®(ny — 1,10)€) = 0}
={¢ € RF|®(ny — 1,n0)€ € Zp(ny — 1)}
=®pe(ny — 1,n9)Zr(ny — 1).
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5.3 An Explicit Representation of (Un)Stable Cones

Let (2.8) be invertible then we obtain

Wil ) = {€ € R (, Se(y — 1)) < 0 for o= B, — 1,n,)€} U {0}
= ®(ny,ny —1)L(ny — 1)U {0}

and for all ng € II; we have

=

Recursively, this yields
Vi(no) = Vi(no) = L(no) U {0}

for all ny € I; and thus the boundary of the stable cone satisfies (5.52). By
Proposition (534 the set L(ny — 1) is a open connected double-cone. The
continuity of ®(-,-) implies by (5.50) and (5.51) that the stable cones "V, (n)

are open connected double-cones for all n € I. O

In contrast to invertible systems the stable cone of a noninvertible system
is usually not an open cone. Indeed, we proved for all ny € I; that HVS(nO) is
the disjunct union of a subset of an open connected double-cone and a closed
double-cone, cf. (5.47).

The explicit form of Hf/s(njL) turns out to be quite complicated. Roughly
speaking we start with points at the end time n, then find special points to
a previous time and finally go back to the time n,. Is this necessary? What
happens if we start at the “first” time and then just go forward in time to n..
We introduce the sets

A={¢ € R*|oTmin(&,ny) =0 < ny A3 € RF with i € Tpre(&,ny)
(1, Sr(ny — Dp) < 0 for = ®(ny — 1,7)f}
="Vi(ny) \ {¢ € R¥oTmm(&, ny) = ny}
B:= U {®(ny,n)¢ € R¥oTmin(&,n) =n,
neh (p, Sr(ny — 1)py < 0 for pp = ®(ny —1,n)¢}.

In Figure B.1] we illustrate for an example that the sets A and B may be
different for noninvertible systems. To find all points in A we start with all
point at the end time n, marked in green on the left panel. Then we take all
preimages to the “minimal” time each, i.e. to time ¢7min(-, 74 ). These points
are marked in the left half of Figure B by a red circle. Then we map the
points with ® to time ny — 1, marked by a red square. Every point p at time
ny — 1, which satisfies (i, Sr(ny — 1)p) < 0 is plotted in blue. Thus, every
green point, which is connected to a blue point with a red square lies in A.
Hence, the two green points encircled in black lie in A. The right panel of
Figure 5.1] shows how we find all points in the set B. Therefore, we start by
marking all vectors &, which satisfy ¢ Tmin(§,n) = n for ann € [n_,ny — 1]z.
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e

®
o

n+—3 n+—2 n+—1 ny TL.|_—3 TL+—2 n+—1 ny

Figure 5.1: Example to illustrate that the sets A and B are not necessary the
same sets.

These points are encircled in green. The next step is to map these points with
® to time n, — 1, marked in the right half of Figure .1l by a red square.
Again, all boundary points, which are connected to a blue point marked by
a red square lie in B. Hence, the tree points encircled in black lie in B. We
see that there exists one more point in the set B, highlighted in yellow , then
in set A. This point is not part of a “maximal long” solution with decreasing
norm. Thus, the point marked in yellow is not part of "V;(ny). This implies
that the representation of the stable cone can not be simplified with the help
of set B.

M-Hyperbolicity and D-Hyperbolicity

Before we study various examples in Section to see how stable and un-
stable cones can look like we prove that every D-hyperbolic system is also
M-hyperbolic. To obtain this result implied by Theorem we first show
some properties of the dimensions of stable and unstable cones. Related re-
sults for the continuous time case can be found in [43] Theorem 14, Theorem
21 and Remark 16].

Lemma 5.4.1. Let T € {R,Z}, tx € I, I = [t_,ty]r and T =TT > 0.
Assume that equation ([2.8)) is D-hyperbolic (T = 7Z) resp. assume |(AO)| and
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that equation (Z7T) is D-hyperbolic (T = R). Then there exist subspaces

Wy(t,),  for T=R,

{0} 7& UcC HVu(t_) and {0} 7é S c {H‘/s(t-i- _ 1)’ forT =17

such that ) B
dim(U) + dim(S) = k
holds. Further, there exist subspaces
{0} # U(t) € Va(t) and {0} # S(t) € 'Vi(t)
such that
Ut)®S(t) =RF and dim(U(t)) = dim(U), dim(S(t)) = dim(S)

hold for all t € 1.
If [2.7) is not invertible then there exist subspaces

S'(t), N(t) € "Vi(t) with N(t) := N(®(t, —1,t)) # {0}
such that
S(t)y=5"(t)® N(t), t €L,.

Proof. By Definition B:22.8 Sr(t) is symmetric for all ¢ € I. This yields that all
eigenvalues lie in R, see [3], p. 692]. The D-hyperbolicity of (2.7)/([2.8) implies
that Sr(t) is nondegenerate for all ¢ € I, i.e. no eigenvalue of Sr(t) equals
0. Additionally, the number of positive eigenvalues (0 < d < k) is constant
in time. The definition of D-hyperbolicity yields this directly for the discrete
case, whereas the same follows for the continuous time case by the continuity
of Sr(+) and that Sr(t) is nondegenerate for all ¢t € I. Define

P te, for T=R,
T t, —1, for T =7%.

Let pq,...,puq denote the positive eigenvalues of Sp(fy) and Aq,..., A\ of
Sp(t_). Further let pgyq,...,ur denote the negative eigenvalues of Sp(t,)
and Agi1,..., A, of Sp(t_). Due to the symmetry of Sp(t) for all ¢ € T there
exist orthogonal matrices @, R € R*** such that

Sp(t_) = QT diag(A1, ..., \)Q,
Sr(ty) = RMdiag(p, .., ) R

With Proposition 5.3.1)/5.3.4] we obtain

Valto) ="V, (o) = {€ e R*|(€, Q" diag(Ny, . .., M)QE) > 0} U {0}
={Q"¢[¢ € RF : (¢, diag(Ai, ..., \)E) > 0} U {0},
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for T = R we get

Wity) ="V (ty) = {RTE[€ € R : (€, diag(pu, ..., ui)€) < 0} U{0}
and for T = 7Z we have
W(E,) = Wilts — 1) = {€ € R¥|(Re, diag(p, ..., ) RE) < 0} U{0}
={R"¢|¢ € R+ (¢ diag(ur, ..., m)€) < 0} U0}
By the orthogonality of @, R and Lemma 211 it follows that
U:={Q"(&,...,&,0,....0)7|&, ... .&a € R} C 'V, (1)
is a d-dimensional subspace of "V, (¢_) and that
S = {R0,...,0, 1. .., &) €1, .. & € R} C Vi(Ey)

is a (k — d)-dimensional subspace of 'V;(Z,). For the dimensions we obtain

dim(U) + dim(S) =d + (k — d) = k.
For invertible systems, Lemma [£.2.1] yields
U(t) == ®(t, t_)U C d(t, 1)V, (t-) ="V, (1),
S(t) = D(t,£2)S C Dt 1) 'Vi(ts) = "Vi(0)
for every t € 1. Hence, we see
{0} cU®)NS(t) 'V, (t) NV, (t) = {0}.

Since ®(-,) is nonsingular for invertible systems the dimension of U(t) and
S(t) equals the dimension of U and S, respectively. Combining these results
we get

dim(U(t) + S(t)) = dim(U(t)) + dim(S(t)) — dim(U () 0 S(#))

= dim(U) 4 dim(S) — dim({0}) = k.

This leads to S(t) @ U(t) = RF for every ¢ € I
If (2.6) is noninvertible we find for all ¢ € I, a subspace

S'(t) ={€ € RF|®(t, — 1,8)€ := RT(0,...,0,&411,. ., &),
& eRforie{d+1,...,k} and not all & = 0} U {0}
V()
with
dim(S' (1)) = k — d — dim(N (D(t5 — 1,1))), (5.53)
S'(t) NN(®(ty —1,¢t)) = {0}. (5.54)
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We observe that
O(t+1,1)S'(t) C S'(t+1) and ®(t, —1,t, —2)S'(t, —2)C S
for all ¢t € II3. This implies
S'(t) CVi(t)
for all t € I;. Lemma .21 leads to
U(t) := ®(t, t_)U C d(t,t_)'V,(t_) ="V, (1)
and by Lemma [5.3.3] and (4.21]) we obtain
Ut) N (S'(t) ® N(@(t, — 1,t)) c 'V, (t) 'V, () = {0} (5.55)
for all t € I; and further we get

d = dim(U) = dim(®(t,t_)U) + dim(N (®(¢,¢_)) N U)
= dim(U(t)) + 0 = dim(U(¢t)) (5.56)

Combining (£.53)) and (5.56) we have for every ¢t € I;

dim(S'(t)) + dim(N (®(ty — 1,8))) + dim(U(t))
—k —d— dim(N(®(t; — 1,4))) + dim(N (B(t, — 1,8))) +d = k.

This together with (5.54)), (5:55) implies for all ¢ € I;
U)o S'(t)® N(t) =RF,

where N(t) = N(®(t; — 1,t)). For t, and noninvertible systems we have
'V, (ty) = R*. Thus, there exist a subspace S C 'V, (¢, ) such that U(t,)® S =
R* holds. O

Finally we show that every D-hyperbolic system is also M-hyperbolic. This
result can be found in [43, Corollary 22| for continuous ft-systems. Doan,
Palmer and Siegmund additionally proved in [43] Theorem 21| that every con-
tinuous dynamical system is M-hyperbolic if the system is either attracting,
repelling or quasihyperbolic, see Proposition [5.4.3]

Theorem 5.4.2. Let T € {R,Z}, ty € T and I = [t_,t ]y. Let T' =
I'" > 0 and assume for the continuous case . Let system (2.0) gener-
ated by 27) /([28) be D-hyperbolic w.r.t. the T'-norm. Then system (2.0]) is
M-hyperbolic w.r.t. the I'-norm.
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Proof. By Lemma [F.4.1] there exist subspaces S(t) C "V, (t) and U(t) C "V, (t)
for all t € T with S(t) ® U(t) = R*. Define the family of projectors by

O(t,t-)S(t-), for T = R,
R(P(t)) :== S(t-), fort=1t_, tor T — 7
d(t,t — )R(P(t—1)) + W(t), fort>t_ "~
C WA(1),

where W (t) C 'V, (t) such that
dim(R(P(t))) = dim(S(¢))
and by
N(P(t)) := &t t )U(t_) C O(t,t )V, (t_) ="V, (t)

for all t € I. Then Lemma [2.2.5] yields that this family is invariant, since
dim(N(P(t))) = dim(U(t-)) = k — dim(S(t_)) = k — dim(R(P(t)) for all
t € I. Thus, by Lemma .23 system (2.6]) is M-hyperbolic. O

Corollary 5.4.3. LetI=[t_,t;], [ =T7 > 0. Assume[(AO)| If system (2.4)
is repelling, attracting, hyperbolic or quasihyperbolic according to Definition
then it is also M-hyperbolic.

Proof. 1f Sp(t) is positive (negative) definite, then we directly obtain by (B.16)
that there exists an a > 0 (8 > 0) such that [|®(t,s)¢]|p < ) ||¢||,
(|, s)¢]lp < e P9 [€]|) is satisfied for all £ € RF, t,s € T with ¢t > s
(t < s), since I is a compact interval. Thus, system (2.4]) is M-hyperbolic.

Otherwise if ([2.4]) is hyperbolic then Theorem implies the M-hyper-
bolicity of (2.4)).

For quasihyperbolic systems analog statements as the ones in Proposition
B30 exist, see [43, Proposition 20|, and the M-hyperbolicity follows similar to

Theorem (.42l For a proof we refer to [43, Theorem 21]. O

Examples of 2-Dimensional D-Hyperbolic
Systems

In this section we study different types of two-dimensional D-hyperbolic ft-
systems and plot their stable and unstable cones. The stable and unstable
subspaces of the extended ift-system on R or Z are pictured for comparison
in addition. We start with continuous autonomous time systems and move on
with a nonautonomous continuous ft-system.

For discrete systems it is possible that the solution operator is not invert-
ible. Therefore, we plot the cones of two invertible and of one noninvertible
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5.5 Examples of 2-Dimensional D-Hyperbolic Systems

discrete autonomous time systems as well as of one nonautonomous noninvert-
ible ft-system. In the next section we analyze the width of the cones. Mean-
while, we have an eye on the decay of the boundary distance in the following
examples.

Example 5.5.1. Consider the system

@) - (é —04) (‘5) =4 (Zﬁ) (5.57)

fort € T = [0,7] and let T be the identity. We see that A € C'(I,R**?)
and we obtain that the symmetric strain tensor, defined in Definition [3.2.8,

S =5(t) = <(1) _04) is indefinite and nondegenerate for each t € 1. The
matriz M(t) = SA + AS = 2A? = ((2) 302), defined in Definition [5.2.1,

is positive definite. Hence, the system is D-hyperbolic and Proposition [2.3.1]
applies. The solution operator of (B.57) is

el=s 0
(I)(tv S) = ( 0 e—4(t—s)) :

y) .S (2)) =0 we get |x| = 2|y|. This leads for every ty € I to

vt ={(%7 ) (5) emfl <2m} o { (3)).
Wilto) = {(O ) () € Rl > 2|y|} o{(0)}

These cones are illustrated in Figure [2.2d.  In the left chart the green dashed
lines show parts of the boundary of the stable cone, while the red dashed lines
represent a part of the boundary of the unstable cone. The green (red) lines
display all points on the boundary of the stable (unstable) cone with norm 0.5.
Since the cones are symmetric it suffices to study one half-cone each. They
are plotted in the right diagram of Figure [2.2 (green, red). For comparison
the stable and unstable subspaces ®V, (blue) and ®V,, (yellow) of the ift-system
EED) for T=TR are additionally presented in the right figure.

Xz

Solving <(

We see that the stable subspace Ry lies inside the stable cone 'V, and BV,
is a subset of 'V,,. This underlines the theory, since A is diagonal, cf. Corollary
(5. 1.3

Further, we notice that the width of the boundary of the stable cone decreases
in backward time while the width of the boundary of the unstable cone decreases
in forward time.

This implies the questions:
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0.4

0.21

Y o
-0.21 4
0.5 0 05 0 t

X

Figure 5.2: Stable (green) and unstable (red) cone of the ft-system (5.57). In
the right graph only one half of each cone is plotted. In addition, we displayed

in the right figure one half of each stable (blue) and unstable (yellow) subspace
of the ift-system (B.57) on I = R.

e How fast decreases the width of the boundaries of 'V, and of
I
V. ?

e How does the decay of the width of the boundaries depend on
the system?

For a first answer we compare the cones of system (B.57) with the ones of

()= %) ()= () 538

t € 1=10,7|. The D-hyperbolicity of system (B.58) (w.r.t. the identity norm)
follows straight away, since the generating matrices of (558) and (B5T7) only
differ by the factor 2. In Figure [5.3 we plotted in the left the cones of system

(B57) and in the right the cones of system (B.58)).

For an exact comparison of the decay of the width of the boundaries we create
a table, where we note the angles of the cones at different times. Therefore,
denote by 7'517u(t) the angle of the stable and unstable t-cone of system (B5.57)
and by 72,,(t) the angle of the t-cones of system (5.58). In Table[51 the angles
of the cones of system (B.57) and (B58]) are presented for 8 different times.

The stable t,-cone "Vy(ty) as well as the unstable t_-cone "V, (t_) are the
same for both systems. However, we see in Figure that the width of the
cones of system (B.58)) decays faster than the width of the cones of system
(E5T). Tableldd yields that the angle of the (un)stable t-cones of system (5.58))
decays in backward (forward) time twice as fast as the angle of the (un)stable
t-cones of system (LET). By definition of the angle the same properties hold
for the width.
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0.

5

-0.5 g

1

2
t

Figure 5.3: Stable (green) and unstable (red) cone of system (5.57) (left) and
of system (B.58)) (right).

387

t=0lt=x|t=2]t=T[t=3r =20 [t=30 ¢ =n
! 1.9a 2.8a 4.2a 9.2a 0.257 | 0477 | 0.597 | 0.707
T2 0 0 0 0 0.0557 | 0.257 0.47 0.70m
721 0.30r | 0.217 | 0.147 | 0.0707 | 2.3a 1.0a 7.1a 4.8a
721 0.307 | 0.147 | 0.0707 | 0.0147w 0 0 0 0

Table 5.1: Angle of the stable and unstable t-cones of system (557) (7. ,(t))
and of (558) (72,(t)) rounded to mantissa size two, where a = 7107

The matrix functions defining systems (5.57) and (5.58)) differ by the factor
2. Hence, their eigenvalues differ by the factor 2 as well. Thus, we expect that
the decay of the width of the stable and unstable cones depends on the eigen-
values of the matrix defining the autonomous system. The width of 'V,(t,)
and the width of 'V, (¢_) just depends on the relations of the eigenvalues, since
the angles and thus the width of each of this cones is the same for both systems
(57) and (G58).

Form these observations we deduce our first conjectures that turn
out to be wrong in general:

e The decay of the width of the cones depends on the eigenvalues
of the matrix defining the autonomous system.

e The width of 'V,(t,) and the width of 'V, (¢_) just depend on
the relations of these eigenvalues.

In Section we analyze the behavior of the width of the cones. We prove
in Lemma [5.6.5] that the angle of the cones of system (5.58)) decays twice as fast
as the angle of the cones of system (B.57)) in the right time direction. Further
we show that the decay is d-times faster if the defining matrix differ by the
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5 Explicit Representations of (Un)Stable Subspaces and Cones

factor d. Before we start with the theoretical part, we have a look at a few
more examples. The next one shows that the stable and unstable subspaces of
an ift-system do not have to lie in the exact center of the cones of a shortened
ft-system.

Example 5.5.2. Consider the system

(5) B (é —q4> @) - @) 0E R (5.59)

fort €el=1[t_,t.]. Let T be the identity. Then the symmetric strain tensor

sms-3(( )+ (")~ 4

has the eigenvalues \; := L VITT - gnd Ay 1= Vi ”225+qQ < 0 and is in-
definite and nondegenerate for everyt €l and g € Ny. The strain acceleration
tensor 1s

9 4
— - Tg — 2
M=M(t)=SA+A S-(_g 32+q2)'

34+q%+4/( 34+q )2-256—742

The eigenvalues are > 0 and the matriz M 1is positive
definite for allt € I and g € Ny. Thzs means that system ([5.59) is D-hyperbolic

q

‘ 1 ‘ ‘
on 1. The matriz A has as an eigenvector to the eigenvalue 1 and 5

0

as an eigenvector to —4. Then the solution operator is given by

1 q 6tfs 0 1 q et—s g(et—s . 6_4(t_8))
(I)(tv S) - (0 _5) ( 0 64(ts)) (O _5%) - ( 0 ° e—4(t—s) ’
Next we solve <<x) .S <:1:)> =0, i.e.
Yy Y

2 2 2 16+ ¢

0=a2+quy— 42 =2 +quy+ Lo2 — Ly2 g2 = <x+gy) — 72
4 4 2 4

Bringing 16+q y? to the other side, taking the square root and solving the equa-

tion for x we get x = VAL & ”216+qy. This leads by (£.24), (B.25) to

etofl Q(etofl _ 674(15071)) T 0
Vilto) = { ( 0 > o—4(to—1) Y € R*c1x <y < cr p U ol
to q(,to __ 74(150)
1 (e (e —e N\ [z 9 0
Viu(to) = { ( 0 —A(to) ) (y) € Rilexr <y < clx} U { <0)}

for every ty € 1 with ¢; == —2—— and ¢y := 2

—q+1/16+¢2 —q—/16+¢%

ot
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We have two purposes. We like to show that the stable and unstable sub-
spaces do not lie in the exact center of the stable and unstable cone, respectively.
Additionally, we are interested in the decay of the width of the boundaries.

For the first aim let T = [0,1] and ¢ = 1. In Figure one half-cone of
the stable cone 'V, (green) and unstable cone 'V, (red) are illustrated by their
boundaries up to a size of norm 1. The stable subspace "V, of the ift-system
(G59) for I =R is colored in blue while the unstable subspace ®V, is yellow.
In the right part of Figure the cones and subspaces are projected to the
x — y-plane. Thus, we see where the subspaces of (B.59) are located inside the
cones.

Figure 5.4: One half of the stable 'V (green) and unstable 'V, (red) cone of
system (5.59) with ¢ = 1 together with one half of the stable ®V; (blue) and
unstable ®V,, (yellow) subspace of the same system for I = R are illustrated.
The right picture is a projection to the x — y-plane of the left figure.

In contrast to the first example (B5T) (Figure [2) the subspaces of the ex-
pended ift-system are not located in the exact center of the cones. This can
easily be seen, since they are not orthogonal towards each other.

For analyzing the decay of the width of the cones of system ([B.59) for dif-
ferent q let T = [0,7] as in example (5.57). Denote by 7¢,,(t) the angle of the
t-cones of system (09), where ¢ € {0,1,2,3,4,5,6,10}. Note that system
(B:59) with ¢ = 0 equals system (B.5T). In Table[2.2 the angles 7¢,,(-) are each
presented for 6 different times and are rounded to mantissa size two. Denote
by Aapprox an approzimation of A from

qu,u(to)ek(tl_to) > 7d,(t1), to,t1 € Lt < ty.

Therefore, we approzimate In(7d,(t)) = M\t + d with the MATLAB-function
polyfit fort from 0 in 200 steps up to w. In the last column the approzimated
growth or decay rate Aapprox s notated with mantissa size four.
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to=0t=2 | t=22 [t=20t=27 |ty =7 || Aapprox
0.2957 | 0.143m | 0.06597 | 2.31a | 1.05a | 0.481a || —4.996
0.3007 | 0.143m | 0.06587 | 2.29am | 1.04a | 0.472a || —4.999
0.3127 | 0.1457 | 0.06507 | 2.22a | 1.0la | 0.457a || —5.007
0.3287 | 0.1457 | 0.06337 | 2.12a | 0.965a | 0.437a || —5.018
0.3457 | 0.143w | 0.06077 | 1.99a | 0.906a | 0.408a || —5.031
0.3617 | 0.1407 | 0.05757 | 1.84a | 0.840a | 0.376a || —5.043

0.3757 | 0.1357 | 0.05407 | 1.70a | 0.775a | 0.352a || —5.054

ﬁ\lm ﬁ\]cn Q\L :\]w 2\][\3 Q\L ﬁ\]o

71011 0.4147 | 0.1117 | 0.04107 | 1.24a | 0.563a | 0.251a || —5.088
0 1.92a | 4.21a 9.23a | 0.2517 | 0.4717 | 0.7057 || 4.951
! 1.90a | 4.17a 9.15a | 0.2457 | 0.4617 | 0.7007 || 4.948
2 || 1.85a | 4.06a 8.90a | 0.2297 | 0.4367 | 0.6887 || 4.940
2 || 1.76a | 3.87a | 8.48a | 0.2097 | 0.4027 | 0.6727 || 4.932
|| 1.66a | 3.63a 7.96a | 0.1887 | 0.3667 | 0.6557 || 4.924
|| 1.54a | 3.37a 7.39a | 0.1687 | 0.3327 | 0.6407 || 4.919
75 || 1.42a | 3.11a | 6.82a | 0.151x | 0.3017 | 0.6267 | 4.915
00 1.03a | 2.27a | 4.97a | 0.1047 | 0.2107 | 0.5877 || 4.912

Table 5.2: Angles of the stable and unstable cones 77 of system (5.59) on
I =[0,7] for ¢ € {0,1,2,3,4,5,6,10} and approximated growth and decay
rate Aapprox-

We see that the angle of the unstable t_-cones increases for greater q and
that the angle of the stable t, -cone decreases. Further, we see that the approz-
imated decay rate is increasing in absolute value and that the approximated
growth rate 1s decreasing when q increases.

This example shows that our conjecture that the decay of the width of the
cones depends on the eigenvalues of the defining matrix (A) is generally not
correct, otherwise the approximated decay rates would have been the same
for all ¢. Thus, we conjecture that the decay of the width depends on the
eigenvalues of the symmetric part (S := 1(A+ A”)) of the matrix (A) defining
the autonomous system, since they are quite close to the eigenvalues of the
defining matrix (A), but they differ a little bit for different ¢. Having a look
at the first column of Table we see that the angle of "V, (¢_) varies for q €
{0,1,2,3,4,5,6,10}. Our first idea about these angles needs to be improved
as well.

Our revised conjectures are:

e The decay of the width depends on the eigenvalues of the sym-
metric part (S := (A + A”T)) of the matrix (A) defining the
autonomous system.

e The width of 'V, (t_) and the width of 'V,(t,) depend on the
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relation of the eigenvalues of the symmetric part.

In Lemma B.6.1] we prove this conjectures. Next, we study an nonau-
tonomous ft-system. We construct a nonautonomous ft-system by rotating
the autonomous system (557)). We expect that the decay of the width stays
the same, since a rotation leads to a similar strain tensor and thus, the eigen-
values are invariant under this transformation.

_ (cos(t) —sin(t) (1 0
Example 5.5.3. Let D = (sin(t) cos(t) and A = 0 —4) Further, let

u(t) be a solution of equation ([B.50) fort € I =[0,x]. Then v(t) = D(t)u(t)
is a solution of the nonautonomous system
o(t) = D(t)ult) + D()u(t) = [D(t) + D(t) AJu(t) = [D(t) + D(H)AID (t)v(t)

(
_ (cos?(t) — 4sin®(t) 551n(t) cos(t) — .
— (5 sin(t) cos(t) + 1 sin*(t) — 4 cos?(t )) (t)

I
o
—~
<+
~—
<
—~
~+
~—

ort €l. Lett,s €1 then the solution operator is
J
d(t,s) = D(t)eMeA =) D(s)T
_ (c(t)e(s)e' ™ +s(t)s(s)e ) c(t)s(s)e’ " — s(t)e(s)e )
= \s(t)e(9)e!= — e(t)s()e™0) s(t)s(s)e!~* + c()e(s)e =

with ¢ = cos and s = sin. For the strain tensor we get for every t € I

S(t) = 3[A(t) + AT(t)] = 3[D(t) + D) AID™(t) + D()[DT(t) + AT (t) D" (1)]
[ D(H)DT(t) + D(6)D () + D(t)[A+ AT]DT(1)]
D(t)[5] A+AT] '(t) = D(t)SD™ (1)
(cos 4sm (t) 5sin(t) cos(t) ) ’

5sin(t) cos(t sin?(t) — 4 cos?(t)

N[—= D=

since for every differentiable DT = D=1 holds
D(t)DY(t) + D(t)D*(t) = 0. (5.61)

Thus S(t) and S are similar for all t € 1. This means the eigenvalues are the
same and we obtain that S(t) is indefinite and nondegenerate for all t € 1.
With equation (B.61)) the strain acceleration tensor satisfies for every t € 1

(t)SDT(t)D(t) D (t) + D(t)SAD” (t)
(t)DT(t)D(t)SD™ (t) + D(t)ATS DT (t)
= D(t)SDY(t) + D(t)SD™(t) — D(t)SDY(t) — D(t)SD™(t)

D(t)[SA+ ATS|D*(t)
= D(t)MD*(t).

121



5 Explicit Representations of (Un)Stable Subspaces and Cones

This establishes that M (t) is positive definite for everyt € 1. Thus, the rotated
system (5.60) is still D-hyperbolic w.r.t. the identity norm. The stable cone 'V,
and the unstable cone 'V, of system (5.60) are plotted in Figure[53. The right
panel shows one half-cone of each cone together with one half of each stable
RV, and unstable subspace *V, of the extended ift-system (5.60) on I = R.
The boundaries and the subspaces for all timest € I = [0, ] are plotted up to
a vector-length of 0.5.

Figure 5.5: Stable (green) and unstable (red) cone of system (5.60). In the
right panel one half-cone of each cone is plotted and together with one half of
the stable (blue) and unstable (black) subspace of (5.60) for I = R.

We observe that the cones of this system rotate around the (0,0, t)-azis and the
subspaces are still included in the exact center. For the original and rotated
systems the angle and the position of the stable t, -cone and unstable t_-cone
are identical. As well, the decay of the angles stays the same only the position
of the t-cones (t #£ty, t #t_) differs.

As conjectured the decay of the angles does not change by rotating the
system, which is a nonautonomous similarity transformation. Next, we study

discrete time systems and start with the invertible case.

Example 5.5.4. Consider the systems

(i) = (é o) (o) =4 (5l
(;

2(
(
(
(
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for alln € 1T =1[0,8]z and let T" be the identity. Then the symmetric strain
tensor

3 0
0 3> , of system (5.62)),
T

15 0
0 15) . of system (B.63)

16

1s indefinite and nondegenerate for all n € 1. The matrix

3 8) : of system (5.62)),

Mn) = ATSA-5 =8 5
5 2) . of system (5.63)

0 (%)

is positive definite. Thus, the given systems (5.62) and (5.63) are D-hyperbolic
and Corollary [5. 3.3 applies. The solution operator is

on-m
0 @) of system (5.62)
O(n,m) =A""" = 2
gn—m 0

nem | »  of system (B63).
0 (3)

Ly Al o sustem ©52,
Tyl for system (GG3).
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This leads for every ng €I to
Vi(no)

{£ c ]RZKAS_l_nOf, SAS_l_mf)

0}u { (g) } . forng €[0,7]z,

<
{A§€R2}<§,S§><O}U{<8>}, for ng =8,
= {A™7T¢ € R?|(€,5¢) <0} U {(8)}

2710—7 0 0

B 0 0_5n07> (;) € R?||z] < %|y|} U { <0>} . for (5.62),
n 4”077 0 0

0 0.25"0—7> <z> € R?|lzl < ilyl} U { <0> } for (B.63),

V. (no)
o] > ;m} g { (8) } for GD)

2m0 0 T c R
0 0.5™ Y
4no 0 T 0
€ R?||z| > 1 U , .

In the Figure these cones are illustrated. For a clearer picture we only
plotted one half-cone each. In the left part of Figure the cones of system
(B62) are presented and in the right part we plotted the cones of system (5.63))
for comparison. The green (red) lines show the boundaries of the (un)stable
cone at each time 0,1,2,...,8 up to a vector length of 0.5. The dashed lines
Wllustrate the decrease of the angle between the boundaries. We observe that

Figure 5.6: One of the stable 'V, (green) and one of the unstable "V, (red)
half-cone of system (5.62)) in the left and of system (5.63]) on the right.

the decrease of the angle of the cones of system (B.G3)) is faster then the one
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of the angle of the cones of system (L.62). We expect that the decrease of the
right cones is twice as fast as of the left cones. For accurate data we calculate
the angles for all times and present them with mantissa size three in Table[5.3.
There, 7'517u denotes the angle of the stable and unstable cone of system (5.62)
and Tﬁu of system (5.63). Further, we denote by Aapprox an approximation of
A from

71 (ng)ermTmo) > 72 u(n1),no,n1 € Ling <y, i € {1,2}.

S,u

Therefore, we approzimate In(7},(n)) = An + d with the MATLAB-function

s

polyfit forn € [0,8]z and ln(Té(n)) = An+d forn € [1,8]z and In(72(n)) =

S

An+d forn € [0,7]z. We see that the angles of both systems are different for

1 2 1 2

‘ t ‘ Ts ‘ Ts ‘ Tu ‘ Ty ‘
0 1.94-107° 0 7.05-1071 | 8.44-107¢
1 7.77-107°19.49-107 | 2951071 | 1.56 - 107!
2 3.11-107% | 1.52-1077 | 7.92-1072 | 9.95- 1073
3 1.24-107% 1 243-107°11.99-1072 | 6.22-107*
4 4.97-107% 1 3.89-107° [ 4.97-1072% | 3.89-107°
) 1.99-1072(6.22-107% [ 1.24-1073 | 2.43-107°
6 7.92-107219.95-107% | 3.11-107* | 1.52- 107"
7 2.95-1071 [ 1.56 - 107 | 7.77-107° | 9.49-107°
8 7.05-1071 | 8.44-1071 | 1.94-107° 0
Aapprox 1.34 2.68 —1.34 —2.68

Table 5.3: The angle of the stable and unstable cone of system (5.62) (7'31“)
and of system (5.63) (77,).

all times, but the decay and growth rate of system (5.63) is twice the decay and
growth rate of system (5.62).

In Lemma [5.6.1] we show, that the angles of the stable and unstable cone
depend on Sr. For continuous systems we obtain by (8.16]) that (z(-), Sp()z())
is equivalent to the gradient of the solution z(-) € RF. Therefore, it does not
make a difference whether we take one or two infinitesimal time steps. On the
contrary (z(-), Sr(-)z(-)) displays for discrete systems the change of the length
of z(-) in one step and obviously it does play a role if we take one or two steps.

For an illustration we show this behavior for a solution z(-) pictured in
Figure 5.7 of a dynamical system defined on I = [1,9]. We see that ||z(2)| >
|x(1)]|, whereas [|z(n + 2)|| < [|[z(n)|| for all n € I. This means that z(1) €
'V2(1) and x(1) ¢ "V}(1), where "V.}?(1) denotes the stable cone of the “one
step/two steps moving” system. Thus 'V2(1) € "V}(1). Generally, the angle
of the stable cone increases if the number of steps increases. This explains why
the angle of the stable cone at time n = 8 of system (0.62)) is smaller than the
corresponding angle of system (5.63]).
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2(2)
2 $E4) *
2756)
x(8)
o | a(1)
1L (3)
2(5)
x(7)
2(9)

Figure 5.7: An example for illustrating that the angle of a systems changes if
the system goes two steps instead of one step at the same time.

Finally, we turn our attention to noninvertible discrete systems.
Example 5.5.5. Consider the system

= =B 5.64
(i) = (0 ) Gim) =2 Gl 00
forn € 1=10,3]7 and let T be the identity. Then the symmetric strain tensor

S=_8(n)= <g _01) of system (B.64)) is indefinite and nondegenerate for all

n € 1. The matric M = M(n) = BTSB — S = 8 8

Thus, the given system (B.62)) is D-hyperbolic and Corollary[5.3.3 applies. The
solution operator is for m,n € 1 with n > m given by

nem on—m )
®(n,m) =B _( 0 0).

Solving <<§) S <§)) =0 we get V/3|z| = |y|. Hence, we have

s positive definite.

(e (.59 <0 = { (1) € ®2|Valal <1},
(e ®Y(e:59 > 0 = { (1) € ®2|Valal > 1},
{¢ e R?|(B'¢, SB€) < 0} = {(;’j) e R?|V3|2z| < 0} =0
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foralli e 7, and

{®(ny,ny —1)¢ € RkEM € RF, ®(ny,ny —1)¢ = B(ny,n)p,

= ¢ Tin(§, s — 1) : (£, 5€) < 0}
{(5)ex

e ot () -1) =2((5)).

xER:\/§|x\<O}

|
=

The range R(®(ny,ny — 1)) = R(B) = {(i) € R?
ng € Iy

Yy = O} yields for all

R(@(0s,ms — D) = {€ € RJaTo(ona) =) = { () e Ry 20},

N(®(ny,n9)) = N(B™) =N (<2n+0_n0 8)) = {(”;) € Rz = 0} .

By Corollaryl2.3.3 and the above statements the cones satisfy for all ng € Iy =

n_,ny —2|z, n €1
)extrrafu{ ()
Wingy —1) = {(z) e R?|V3|z| < |y|}U{(z) € R?2
)

€ R?|V3|z| < |y|} u{(
V,(no) = {(‘yc) e Rz = 0} ,
Wolny) = {B”l‘” (5) e R?|V3|z| > |y|} U { (8) } .

In Figure these cones are illustrated. The fixed point 0 is marked for each
time by a black ball.

o O
N———
——

Estimates for the Width of (Un)Stable Cones in
2-Dimensional Systems

For cones, the width and its change in time are of interest. For linear systems
the width depends on the eigenvalues of the symmetric part of the defining
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5 Explicit Representations of (Un)Stable Subspaces and Cones

Figure 5.8: The stable (green) and unstable (red) cones of system (5.64)).

matrix. The width of stable cones is decreasing in backward time in relation
to the negative eigenvalues, while the width of unstable cones is decreasing in
forward time in relation to the positive eigenvalues. In this section we con-
centrate the study on 2-dimensional systems. In Section B.7] we present and
prove estimates of the width of the (un)stable cone in 3 or higher dimensional
systems (finite dimensional). The angle and the width of a cone is only de-
fined for connected cones. In this thesis we restrict the study of the width of
(un)stable cones to invertible systems. In Corollary and Corollary
we proved that these cones are open connected double-cones. Note that the
results of the unstable cones in discrete invertible M-hyperbolic systems also
apply to noninvertible M-hyperbolic (regular) systems. The following lemma
characterizes the zero strain set of a linear system, which leads with Corollary
and Corollary to the boundaries of the stable and unstable cones.
A similar statement for continuous systems can be found in [45, Proposition
29]. Additionally, this lemma yields the width of the stable and unstable cones
for invertible systems.
First make the assumptions:

(A1) Let T€ {R,Z}, t- € T,I=[t_,t;]r and T =TT > 0. Assume

(AO0)| and that system (2.8]), generated by (Z7), for T =R,
that the system (2.0)), generated by (2.8)), for T =%

is D-hyperbolic on I w.r.t. ||-||.

I, forT=7%7, t,—1, forT =7,

~ I for T=R, _ _ t for T=R
(A2) Let]I::{ ’ o Tty=1= { i o ’
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5.6 Estimates for the Width of (Un)Stable Cones in 2-Dimensional Systems

and t_ :=1_.

(A3) Assume |(A2) and let k = 2. Let A;(t) > 0 > Ao(t) be the eigenvalues of
Sr(t) and U(t) = (vi(t) v2(t)) be an orthogonal matrix, where v;(t) are
eigenvectors to A\;(t) for i € {1,2}, for all t € L.

By Definition B.2.8 the matrix Sr(t) is symmetric for all ¢ € I. Thus, the
assumption that for Sp(¢) and all ¢ € T an orthogonal basis of eigenvalues
exists is trivial.

Lemma 5.6.1. Let k = 2. Assume|(A1)| and |[(A3), Then the zero I'-strain
set is for every t € 1

o -<(un (D) (o0 ()
{x RN € Rz = Av/Pa()n(t) )vg(t))} . (5.65)

Let (Z8) be invertible. Then the width d(ty) of the stable t, -cone "V(t,) for
continuous systems s

Aoty
St T =R),
(t) \/|>\2 ()] + A(t) ( )

the width dy(t, — 1) of the stable t, — 1-cone "V, (t, — 1) for discrete systems
i8

o= \/|Az<t+4lki§h;3<)t|+ S

and the width d,(t_) of the unstable t_-cone 'V, (t_) is

\/|)\2 4A|1+ i (TEARZY). (5.67)

The width ds(t) of the stable t-cone is fort € 1

a(t, DU (D) (@) . avo( %’?’)
a(t, DU (%) @(t,awa( j;‘)

where Ay == A o(t).

ds(t) = . (5.68)

2
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5 Explicit Representations of (Un)Stable Subspaces and Cones

The width d,(t) of the unstable t-cone is fort € 1

Bt 1 )U() (V |A2|> Bt ¢ Ut ) <

AL

du(t) - \/)\7_
O(t,t_)U(t) ( \)ﬁ')

/)
O(t,t)U(t) (_ A)

Proof. For clarity we do not explicitly mention the dependency on t. Let
¢ € Zr C R% Then there exist constants a,b € R such that £ = av; + b,
holds. Since U is an orthogonal matrix we have (v, ve) = 0, (v;,v;) = 1 for
i€ {1,2} and

=

2 2112

(5.69)

where Ay 5 == A a(t-).

0 = (&, Sr&) = (avy + bvy, Sravy + Srbvy)
= <CM)1, Spal)1> + <(1/U1, Spb’l}2> + <b’U2, SFG,’U1> + <b1)2, Spb1)2>
= a*(vy, \v1) + ab(vy, Agva) + ab{vy, A\v1) + b%(va, Avs)
= (1,2>\1 + b2)\2
follows. This leads to a = +/|\2|c and b = +/A;c, where ¢ € Ry. Thus, by
Definition B.2.8 equation (5.65)) is true.

Let system (2.8) be invertible. By Corollary 5.3.2/5.3.5 the sets 'V, (t)
and "V, (t) are connected double-cones for all ¢+ € I and by Lemma 5411 they
are nontrivial. It follows that the half-cones of 'V,(¢) and 'V, (t), t € I are
nontrivial connected cones and the width of all cones is defined, see Definition
.11l To calculate them we need for each cone two linear independent vectors
on the boundary of one half-cone. The sums of the pairwise linear independent
vectors

’171 = ‘)\2‘1)1 + v/ )\11)2 € Z[*,
172 = — ‘)\2‘1)1 + v/ )\11)2 € Z[*,
’173 =/ |>\2|’U1 — \/ )\1'02 c ZF
are U1 + Uy = 2v/A\jvg =: cvy and ¥y + U3 = 24/|\o|v1 =: dv;. Additionally,
(cvy, Srevy) = (v, Aga) = ¢* g < 0,
<dU1, S[‘d’U1> = d2<’01, )\1’01) = d2)\1 >0
hold. This means
Uy (ty) + Oo(ty) € Vi(ty) for T =R,
Oty — 1)+ 0oty — 1) € 'Vy(ty — 1) for T = Z,
oy (t-) +o3(t) € "V (t.) for T € {R, 7},
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5.6 Estimates for the Width of (Un)Stable Cones in 2-Dimensional Systems

i.e. v1(t) and Dy(t) as well as 01(¢t_) and 03(¢t_) are linear independent vectors
on the boundary of a half cone of "V;(#) respectively 'V, (t_). By Definition
.11l by the invertibility of ® and by the invariance of the cones the width
dsu(t) of 'V, (t) satisfies (B.68) and (5.69) for all + € I. Further, the width
ds(ty) of "Vi(ty) for T = R fulfills

v (aey) e (Vi)

e (RN e R

Note that ||-||, and the standard inner product (-,-) are invariant under or-

every x,y € R. Thus, we get

'iiiii' (i) | 5 )

2112

holds for
2

thogonal transformations and that equation

el 1CREDLL 0%
NN t+ NG
4|)\2 t)]
[Ao(t )] + Au(ts)
Analogously, we obtain (5.66) and (5.67). 0O

Lemma [(.6.1] characterizes the width of the stable and unstable t-cones
with the help of the solution operator. Additionally, we derive by the following
lemma upper bounds of the width of the t-cones, even if we do not have an
exact representation of the solution operator.

Lemma 5.6.2. Let k = 2 and assume|(A1)| and [(A3)| Let the given system
be invertible. Further let wyo(f) € 0"V, (t) be linear independent with

w (F) + wa(t) € 'Vi(7)

and let wyo(t_) € "V, (t_) be linear independent with

wy(t-) + wa(t-) € Vo (to).
Further let vy(ty) € "Vi(Ty), va(ty) € Vi (te) with ||vs(te)]ly = 1 = [Jva(t1)]l,
and with corresponding exponential rates a(ty), B(t+) > 0, see Definition[].1.5
and Definition [{.1.5, such that

wyp(ts) = vs(te) + 1t )vu(ts)
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5 Explicit Representations of (Un)Stable Subspaces and Cones

holds with constants c¢;(t+),co(t+) € R. Then the width ds(t) of the stable
t-cone "V, (t) and the width d,(t) of the unstable t-cone "V, (t) satisfy with

O(tx) == a(ts) + B(tz)
dy(t) < Cley(t) — ea(B)]e DD for all t € T, (5.70)
dy(t) < Cley(t) — ca(t)|e ) forall t €1, (5.71)
where C' > 0 is a constant.

Proof. For clarity of presentation we leave out the dependency on ¢. By Lemma
system (2.0]) is M-hyperbolic. Further, by Lemma 2.4 and Definition
the estimates (B.10) and (3.15) are satisfied for vy, v, more precisely v,
and their corresponding exponential rates «, 8 > 0 fulfill

12 (t, Dvsllp > e Jlugllp > Cre 0 [fugl, = Cre, (5.72)
|2t Dvally < e [luullp < Coe 0 |fu,[l, = Coe (5.73)

for all ¢ € T and for constants Ci2 > 0, since a11~n0rms in R* are equivalent
and ||vs ][, =1 by the above conditions. Fix ¢ € I and define

dy(t) = [ (L, 1) (vs + c1vu)l,,
da(t) == [ (L, 1) (vs + cavu) |l -

Then the width d,(t) of the stable t-cone satisfies by Definition 1]

du(t) = || () (v + crvn) e — Bt B) (v + Cav)

@i (0) B0,
1 1
<||®(t, ) (vs + cwu)m — Ot (v + CQU“)m 2
1
=|(c, —cQ)é(t,f)vum )
C D(t,t)vy,
Sékl - 02‘%'

The estimates (5.72), (5.73) and § := o + /5 lead to
2
ds(t) < (%) ey — cple 00D,

Analogously, we obtain the approximation of the width d,(t), t € I of the
unstable ¢-cone 'V, (t) with the help of v, ,(t_). O

Remark 5.6.3. If all assumptions of Lemma 262 are satisfied and T is the
identity we get that (5.10) and (BX1) are satisfied with C = 1, i.e. the width
ds(t) and d,(t) fulfills

dy(t) < |er(B) — ea(®)]e DD for allt €1,

dy(t) < |er(t2) — ea(t)|e ) for all t € 1.
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If T is the identity we find a relation between the width d;,(¢+) of the
(un)stable Zi-cone 'V, (f+) and the width d,,(t) of the (un)stable t-cone
H\@u(t) for all t € I resp. t € I. More precisely, the smaller the width of
the stable and unstable t.-cones the smaller the width of the other stable and
unstable cones.

Lemma 5.6.4. Let k =2 and assume|(Al)| and|(A3)| for I' =1. Let ([2.0) be

vertible. Then

vi(t) € "V, (t), va(t) € "Vi(t) (5.74)

forallt 1.

Let vi(t) € "V, (1), va(t—) € "Vi(t-). Denote the corresponding exponential
rates of va(ty) € "V, (t1) by a(ty) and of vi(ty) € 'V, (ty) by B(t+) > 0. Then
the width dy(t) and d,(t) of the stable and unstable t-cones "Vi(t) and 'V, (t)
Fulfill

(D] s .
dy(t) < 4[1+ me"s@(t’t)ds(f) forallt €1,
Ai(?)

A2 (1)
()

du(t) < (/1 + e 0= g (1) for all t €1

with §(tx) = a(tz) + B(tz) and ds(t) from Lemma [Z61.

Proof. For the eigenvectors vy 5(t) of the I-strain tensor Sp(t), t € I, we have
by the orthonormality of v; o

(Vi(t), Se(t)vr(t)) = (vi(t), A(t)vi(t)) = M
(va(t), Sr(t)va(t)) = (va(t), Aa(B)v2(t)) = Ag

~—

(t) >0,
(t) <O0.

Corollary 532 yields vy (t) € "V, () and vy(t) € 'V, (t) for all ¢ € I. Define the
linear independent vectors

Then equation (5.65) implies

wia(f) € Z(t) = 0'Vi(1),
wLQ(t_) c Z(t_) = GHVu(t_)
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by Corollary £5.3.21 and Corollary 5.3.5] and by the fact that exactly two linear
independent vectors lie in Zr(f.). Further, we have by (5.74)

wi (t) + ws(f) = 201 (1) € "Vi(1),
wy(t_) +wy(t_) = 2uy(t_) € "V, (t_).

Lemma [5.6.2 yields that the width satisfies for all ¢ € T

d(t) < Mei@\fﬁt\ — |>‘2 f) 422(1)] oS (DE—t|
a A (t) EHGIES )\1

where 0(%) := a(t) + (). Lemma .61 implies that

4 a(t)]
ds(t) = | —=——".
®) A2 (E)] + N\
Thus, we obtain
|Az(ﬂ| =
du(t) = |1+ 22300t (),
M) ¢
The approximation for the unstable cone follows analogously. O

In Example (B.5.0] we saw numerically that the decay of the angle of the
stable and unstable cone of (5.58)) is two times as fast as the decay of the
angle of the stable and unstable cone of (5.57)). This statement is proved in
the following.

Lemma 5.6.5. Letty € R and I = [t_,t,]. Assume that
z(t) = Ax(t),t €1 (5.75)

is D-hyperbolic on T = [t_,t,] with invertible matriz A € R**? and denote by
dy ,(t) the width of the stable/unstable t-cone. Further, denote the width of the
stable/unstable t-cone of

(t) = pAz(t),t € I, u € Rso (5.76)

by di (). Then we have for all r € |0, %]

di(ty —r) = dy(ty —pr),
di(t_ +r)=d.(t_ + pr).

Proof. In this proof we skip the dependency on t. Let A be an eigenvalue of
S = A and v a corresponding eigenvector then we have

S, = pAv = pdv,
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where S, is the strain tensor of (5.76]). Thus, v is an eigenvector of S and S,,.
This implies that the matrix U with orthonormal eigenvectors of S as columns
and the matrix U, with orthonormal eigenvectors of S, as columns satisfy
U = U,. Additionally, we obtain if and only if A; and A, are the eigenvalues of
S then pA; and pA; are the eigenvalues of S,,. Denote the solution operator of
system (B.75) by ®(-,-) and the solution operator of system (5.7G) by ®,(-, ).
Fix r € [0, t*;t*]qy. Then we find the following relation between the two
operators

D, (ty — 1ty ) = etAeTr) = A=) — (¢, — pr ).
By Lemma [5.6.1] we have for the width of the stable cones

dy(ty —r)

Pty — 1t )U, (m) D, (ty —rt)U, (“ W2|)
i

[\

Vid )
D, (ty —rty)U, C{)@) ) ‘

Oty — pr, t U1t @) Oty — pr, t)U/ <_\\//_>|?

=

Hfb(h—w,m)U\/ﬁ Ji—f‘) 2 ch(t+ pr, t U/ (_\\//_F) Al
Oty — pr,t)U \/\Kjf' O(ty, — pr,t, U (‘\\//_P)
i H<1>(t+—w“,t+)U Ji—f') 2 ) H (ty — pr,t U (‘\/A‘_?ﬂ) 2
=d(ty —pr). 2
O

The defining matrices of system (5.57) and (5.58) are A = ((1) _O 4) and

A= (g _08>’ respectively. For the angle 71(+) of the stable cone of system

(5.57) and for the angle 72(-) of the stable cone of system (£.58) we obtain the

relation
2 — (d2(ty — 1))
T2(ty —r) = arccos ( ( S(2+ r) )
2 — (di(t, — 2r))°
= arccos ( ( 8(2+ r) ) =7, (ty —2r)
for r € |0, t*;t*]. Thus, the angle of the stable cone of system (5.58)) decreases

two times as fast as the angle of the stable cone of system (5.57]).
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Next we check how close the upper bounds of the width given by Lemma
[(.6.4] are compared to the exact width of the stable cones of (5.57) and (B.58).

Example 5.6.6. Consider systems (5.51) and (558) fort € I =1[0,7]. Let T
be the identity. Then we get by Lemma [5.6.1] for both systems that the width
ds = dg(ty) of the stable t -cone satisfies

jﬂ = \if for system (5.57),
2;{ =, /&8 = /8 = 5, for system (5.58).

Next we verify the assumptions of Lemmal[5.6.4. We prove that the eigenvectors
of the strain tensor lie inside the infinite time subspaces, i.e. the eigenvectors lie
in the stable cone with the infinite time exponential rates. The stable subspace

of system (B.57) and (B58) for [ =R is £ (((1))) and the unstable subspace

is L (((1))) The eigenvectors of

d, =

1 0
., of system (B.57),
0 —4
S = )
0 _s)’ of system (.58

are <?) to the negative eigenvalue and (1) to the positive eigenvalue. Thus,

0
the eigenvectors of S of system (B.BT) fulfill the estimates (3.9) and (B.10)

with the exponential rates oy := 1 and By := 4, while the eigenvectors of S of

E58) fulfill B9) and BI0) with ay := 2 and Py := 8. Lemma[5.6.7] applies
and yields that the width dL(t) of the stable t-cone of system (B.5T) satisfies

4 4
dl t) < \/:e_(4+1)(7r_t)_ — 46—5(7r—t)’
1) < 1+ +

and the width d?(t) of the stable t-cone of system (5.58)) satisfies

/ 8 4 2
d2 1+ e*(8+2)(7r )y~ 4 675(7r7t) )

With this approzimated width (dapprox(+)) we find approzimations &' VEPProx of
the boundaries 0'V,. For our systems (5.57) and (5.58) we have

o= (%)

dapprOX(t
ONVEPPIOX (1) 1= {)\ ( ) ’)\ € R, (dapprox(t))” + 22 = 1} :

AeRx¢mf+@},

In Figure we plot the boundaries 0"V, of the stable cone and their approzx-
imation O"VEPP'% at norm 1, projected onto the t — x1 plane.
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p) H 27
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Figure 5.9: In the top the boundaries 0'V; of the stable half-cone (green) and
their approximation 0"V#P* (blue) at norm 1 are projected onto the ¢ — z;
plane. The bottom parts show the decay of the width of the boundaries and
of the width of their approximation by a logarithmic scale in backward time.
On the left panel we illustrate the stable cone for system (5.57) and on the

right panel for system (5.58)).

These are shown on the left for system (B.51) and on the right for system
(B58). The approximation 6HVSappr°X looks quite good for both systems except
for times close to m, where the width of the cones is much smaller than the
approzimated width. In the bottom part of Figure we see by a logarithmic
scale that the width of the cones as well as the distant of the exact boundaries
and their approrimation decays towards 0 in backward time.

(Un)Stable Cones in 3- or Higher Dimensional D-
Hyperbolic Systems

In this section we study two different autonomous 3 dimensional systems. We
calculate and plot the stable and unstable cones and will see that the width of
the cones decreases in one time direction each. Finally we finish this chapter
with an analysis of the width of the stable and unstable cone in three or
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5 Explicit Representations of (Un)Stable Subspaces and Cones

higher finite dimensional D-hyperbolic systems, where we prove the decrease
and obtain bounds for the width.

For this purpose the boundaries of the cones are of relevance. Corollary
and Corollary B.3.5lmotivate to invest in the study of the zero I'-strain set
Zr(-). Analogously to Lemma [5.6.1], we obtain the following characterization
of the zero I'-strain set.

Lemma 5.7.1. Assume|(A1)| and|(A2). Then the zero T'-strain set of (2.7)/
23) is fork>2 andt €l

Zp(t) = {U(t)zlz € R¥: ) " afAi(t) = 0},

i=1

where \;(t) are the eigenvalues of Sr(t), vi(t) the associated eigenvectors such
that U(t) = (vi(t) - - - vg(t)) is orthogonal.

The next Lemma implies a explicit representation of the boundaries of the
stable and unstable cone.

Lemma 5.7.2. Assume|(Al)| and|(A2). Then

ZF(a aI[ (E) ZF( ) aﬂvu(t—)v (577)
OV, (t_) = ®(to,t_)Zp(t), to € 1. (5.78)

Additionally, if ([2.6]) is invertible we obtain
'V, (to) = ®(to, 1) Zp(t) (5.79)
for all ty € I.

Proof. Let A\ (t) be the eigenvalues of Sp(t) and v;(t) the associated eigenvec-
tors such that U(t) = (v1(t) - - - vg(t)) is orthogonal for all t € I. Let ¢ € T and
x € Zp(t) \ {0}. Then there exist a;, i € {1,...,k} such that

k
x = Z a;v;(t)
i=1

and by Lemma (.70 we have

0= (z, Sr(t) Za2>\

Since x # 0 there exists j € {1,...,k} with a; # 0. W.l.o.g. let A\; > 0. Thus,
for every neighborhood U of x there exists an € > 0 such hat

Yi = Z a;v;(t) + (a; £ e)v;(t) € U.

i=1,ij

138



5.7 (Un)Stable Cones in 3- or Higher Dimensional D-Hyperbolic Systems

W.lo.g. let a; > 0. Then for ¢ < a; we get

k
(ye, Sr(thy=) = D @A) + (a; £ )N (1)

i=1,i#j

k
D aini(t) + (£2ea; + %) (t)
i=1

= (£2ea; +*))\;(t)
(Y4, Sr(t)y+) = (2ea; +£%)A; > 0,
(y_, Sr(t)y_) = (=2ea; + e*)\; < (=2 + 2)\;(t) = —e°),(t) < 0.

By Corollary £.3.2] and £.3.5] it follows that

y- € Vi), yr € Valto)
and, thus,
x € V,(1), v € IV, (t).

This proves (5.77). The invariance of 8"V, and 9'V; leads to (5.78) and (5.79).
U

With this information we are able to plot the boundaries of the (un)stable
cones of 3 dimensional systems.

Example 5.7.3. Consider the system

1 0 0
t=(0 -2 0 |z=: Ax (5.80)
0 0 -4

forT=10,3]. Let T be the identity. It is easily seen that this is a D-hyperbolic
system with solution operator

et=s 0 0
d(t,s)=| 0 e 29 0
0 0 674(1575)

By calculating

D(tg,3)Z(3) = {€ € R*|(®(3, t0)E, AD(3,10)€) = 0},
D(tg,0)Z(0) = {& € R*[(B(0, )€, AD(0,10)¢) = 0}

for all ty € T we obtain the boundaries of "V, (ty) and 'V, (t,), respectively. The
eigenvalues of A are 1,—2 and —4. Hence, the stable subspace of the infinite

system generated by the associated eigenvectors (O 1 O)T,(O 0 1)T must lie

139



5 Explicit Representations of (Un)Stable Subspaces and Cones

inside "Vi(to) for all ty € 1, cf. Corollary[Z1.3. This leads to the fact, that the
stable cone "V,(ty) is infinite in the two directions of the two eigenvectors, see
Figure[5.11. Analogously, we see that the unstable cone "V, (ty) is infinite in the
direction of the eigenvector (1 0 O)T belonging to the eigenvalue 1. Figure
shows the boundaries 0"V, (to) of system ([5.80) for different times to and
the unstable subspace of the infinite system. The lightest red cone illustrates the
boundary 8"V, (0). The darkest red cone represents the boundary of the unstable
cone at time 0.8. We see that this cone is close to the unstable subspace, marked
in black. The other cones from light to dark red illustrate the boundaries of
Wute) at tg = 0.2, ty = 0.4 and ty = 0.6, respectively. In the right panel
of Figure the cones are projected to the xy — x3-plane. We see that they
are elliptic, which is caused by the different negative eigenvalues of S (—2 and

_4).

0.5

0 05
T2 os 05 0 0.5

11 T 08 06 04 02 0 0.2 0.4 0.6 0.8

T2

Figure 5.10: The boundaries of the unstable cone 'V, (light to dark red) at
time 0 up to 0.8 in 0.2 steps and the infinite subspace (black).

Analogously, Figure [5.11 shows that the boundaries of "V,(ty) converge in
backward time (to “\, t_ ) to the stable subspace of the infinite system, marked in
light green-back. The boundary of "Vi(3) is plotted in the darkest green, while
the boundary of 'V,(2.2) is illustrated in the lightest green. The three cones
between, from dark to light, represent the boundaries of HVs(to) at to = 2.8,
to = 2.6 and tg = 2.4.

Since the stable and unstable subspace are generally not orthogonal towards
each other we study a second example.

Example 5.7.4. Consider the modified system

1 1 0 )
t=(0 -2 0 |z=: Ax (5.81)
0 0 -4

140



5.7 (Un)Stable Cones in 3- or Higher Dimensional D-Hyperbolic Systems

Figure 5.11: The boundaries of the stable cones 'V, (dark to light green) at
time 3 down to 2.2 in —0.2 steps and the infinite subspace (light green-black).

for T =10,3] and let T be the identity. This system is also D-hyperbolic. The
eigenvectors of A are (1 0 O)T, (1 -3 O)T and (0 0 1)T corresponding
to the eigenvalues 1, —2 and —4, respectively. To see the difference between the
stable cones of system (B.80) and (5.81)) we illustrate in Figure[5.12 the cones
of (B8] at the same times (3,2.8,2.6,2.4 and 2.2) and in the same colors as
in Figure 511

Lemma ensures that the boundary of the stable and unstable cone
converge against the stable and unstable subspace of the infinite system if
the subspace lies inside the cone. More precisely, we show that the width of
the cones decreases exponentially fast in one time direction. The width of the
stable cone decreases in backward time whereas the width of the unstable cone
decreases in forward time. First we introduce exponential rates of subspaces.

Lemma 5.7.5. Let T € {R,Z}, ty € I, 1 = [t_,t|r be a compact interval
and let T' =TT > 0. Assume

(AO)| and that (2.0), generated by 7)), for T =R,
that systems (2.0)), generated by (2.8), for T =7

is M-hyperbolic on 1 w.r.t. ||-||p and invertible. Let S C 'V, (ty) and U C
HVu(t+) be subspaces. Then there exist exponential rates o, 3 > 0 such that
19 (to, 1 )osllp = €7 gl

5.82
1@ (to, t4)vullp < e o .
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5 Explicit Representations of (Un)Stable Subspaces and Cones

Figure 5.12: The boundaries of the stable cones 'V, (dark to light green) at
time 3 down to 2.2 in —0.2 steps and the infinite subspace (light green-black).

hold for allty € T and vy € S, v, € U.

Proof. By Theorem B2.4] we find a family of projectors P : I — R*** with
S C R(P(ty)) and U C N(P(t;)) such that (28] is M-hyperbolic on I with
this family of projectors. Hence, there exist exponential rates o, 8 > 0 such
that

”(I)(th t—f—)vsnr > g+t HUSHF’
1D (to, t4 )vullp < €710 oy |

hold for all ¢ty € I and vy € S C R(P(ty)), vy € U C N(P(ty)). O

Note, that for every D-hyperbolic invertible system the same holds, i.e. for
every subspace of the cones there exists an exponential rate in the sense of

(6.82).

Lemma 5.7.6. Assume[(A1)| and that system ([2.0) with k = 3 is invertible.
Let S C "V, (t4) be a subspace of mazimal dimensionr € {1,2} with exponential
rate o and let v}, ..., v7 € S be a basis. Further let v}, ... vk € W, (t;)
be a basis of a subspace U C "V, (ty) with exponential rate § which satisfies
U® S =RF. Then the distance of the stable cone "V(ty), to € 1, satisfies

dy(ty) < Ce 0lt+—t) (5.83)

with 06 = a+ f.
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5.7 (Un)Stable Cones in 3- or Higher Dimensional D-Hyperbolic Systems

Proof. For clarity we do not always mention the dependency on t, explicitly.
By Corollary (.3.2/ 5.3.5] one of the two cases

{HVS(LF) is a connected cone, case (i)

'V,(t,) has two connected half-cones, case (ii)

is true. Set

Wi(ty), case (i
ARTEES I Y
half-cone of "V(t,), case (ii)

and denote by X;, i € {1,...,¢} the connected components of 9%V, (t,)NAdS?,
where S! is the unit sphere in R*. Note that the subspace S C 'V,(t, ) satisfies

=1, ifl=1,

5.84
=2, ife=2 (5.84)

dim(.S) {
Let
T € 05 Vi(ty) N oSt
then we find A\;, u; € R, i€ {1,...,r}, j € {1,...,k —r} such that

r k—r
T = E \ivs + g [,
i=1 j=1

Define v, := Y. 7_\' € S C "V, (¢;) and v, := ;‘?;{’/,Ljvi c U C V,(ty).
Since S has the exponential rate o the estimate

1@ (to, t)vslly > 7 [fug| (5.85)
holds by (B15) for all ¢y € I. For v, we get by (B.10) for every to € I
1@ (to, ta)vally < ePE 7% oy (5.86)

First we prove for £ = 1 and every Z,§ € &; that there exists a constant C' > 0
such that

H D(to,t)x  P(to,t4)y
[ (to, t4)xlly (| (to, t1)7ll

holds for all ¢y € I, where § := a + 5. Let £ = 1. Then we obtain by (5.84)

< Cedtr—t) (5.87)

2

k—1
— 1 y
T=Mol+ Y
j=1
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5 Explicit Representations of (Un)Stable Subspaces and Cones

with v, = A\jv! and v, = Zf;ll vl For every § € OpVi(ty) NS there exist
Xl,ﬂj € R*, je{l,...,k— 1} such that

N

1
g=Nus+ ) il
j=1

Set y = %g = v, + %25;11 [vl =: vs + U,. Let ty € I. Then we get

for the distance between the normed ®(ty,t,)Z € 0 Vi(ty) and the normed
D(to,t1)y € I Vi(to)

) _‘ 100, 2 )2, 20 @(ty, 11 )yl
(t0>t+)j (I)(t()vt-i—)y

P
< _
w@wmw% [®{t, )il
(0. ) (0 — )l
[@(0. 4 )o.]l

(to,t)T  B(to,t)y D(ly, 1,)7 B ®(to, t4)y

It
(o, )Tl [[®(to, t4)ll,

2

2

Using (5.89)) and (5.86) and the equivalence of || - ||z and || - || then there exist
constants C' > 0, C'(z,y) > 0 such that the distance satisfies

(to,t4)T D(to, t4)y

|- ) - @0t @ = )l
[P(to t)all, 19k, )5,

- 19 (to, T4 )vs|lp
(Vg — D) HF e~ Plt+—to)

<C

- sl eC+=t)
< C(z,g)e )

< Ce0(t+—to)

with 0 = o+ f and C := max {C(z,y)|z,y € (OcVi(t1) N0S*)} (exists since
OcVi(ty) NAS* is compact). This shows estimate (5.87) for ¢ = 1.
Next we prove for ¢ = 2 that we find for every z € &}, i € {1,2} a g € &,
j # i and a C > 0 such that (5:87) holds for all t; € I. Let ¢ = 2. First we
construct a special j € R* and show that ¢ € GHCVS(tJF) N OS!. Then we prove
that z and ¥y lie in different connecting components of 6%1/5(t+) N oSt
Equation (5.24) yields that for v, € 'V,(¢,) a s > 0 exists such that

(vs, Srvg) = —s.

By (5:25) we obtain (®(t_, ¢4 )vy, Sr(ty)®(t—,t4)v,) > 0 and with Lemma
5.2.2 (v, Sr(t4)vy) > 0 is satisfied. This means there exists a u > 0 such that

(Vy, Sr(ty)vy) = u.
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5.7 (Un)Stable Cones in 3- or Higher Dimensional D-Hyperbolic Systems

The symmetry of (-,-) and S leads since 7 € 9V, (t,) C 0"Vi(ty) to

0 = (&, Srz) = (vs, Srvs) + 2(vs, Srvy) + (Vy, Srvy)
= —s+ 2(vs, Srv,) + u. (5.88)

For y :=y(\) :== X (vs + =2v,), A € R we see using (5.88)

2
(y, Sry) = X*(vs, Srvs) + )‘22_78@3, Srvu) + N <__$)

2
5 s s
=\ (—s — aZ(vS, Sruy) + Eu)
s s
e )

U U
=0.

This implies y € d"'Vi(t,). Set A € R such that § := y(\) € 9L Vi(ty) and
17l = 1, ie. § € OpVi(ty) NOS!. Next we show, that Z and ¢ lie in different
connecting components. Since v, ¢ S and 7 > 0 we observe that the vectors
T = v, + v, and § = v, — 2v, lie on different sides of the two dimensional
subspace S, see (0.84]). This means every path between & and y goes through
S. Further, we have SNO"V,(t,) C "V, (t;)Nd"V,(ty) = {0}, since "V, (t,)\ {0}
is by Corollary [(5.3.2)/ open. Thus, there does not exist a path between
7 and g which lies in 9% V(t,) N oS € 0"V, (t,) \ {0}. Hence, Z and 7 lie in
different connecting components.

Next we show estimate (5.87). Fix to € I. Then we get for the distance
between the normed ®(ty,t,)z and ®(to, 1, )y as in the case £ =1

H O(to, )T APB(to, t)y(1)
s @, t)zlly MNP (to, t1)T(1)]],
' ®(tg, 1, )T D(to, 4 )y(1)
|( to,t+)vs]\2 | (to, t4)vsll,
1 (to, ) (vs + v = (v = 204)
- D (2o, 4 )vs |,
_ (1+ 2) [|®(to, t4)vul,
D (to, 4 )vs |y
(1+2) | P(to, t4)vullr
- [@(to, t4)vs
5 [[vullp e P )

H tOutJr)i‘ (I)<t07t+>g
19(to, ezl [1(t0, )71l

2

2

= 0 o e
< C(z)e —0(t+—to)
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5 Explicit Representations of (Un)Stable Subspaces and Cones

for constants C,C/(z) > 0 with C' := max {C(z)|z € (8'Vi(t4+) N IS)} and
0=a+p.

Finally we proof (5.83). Note that by Definition @ T Tthe distance of 'V, (t.)
equals the distance of ¢, Vi(ty) for all ¢, € I. Fix to € T and denote by X;(t),
i € {1,2} the connecting components of J5V,(t) N OS* for all t € I. For £ =1
the distance of 'V,(t,) satisfies by (5.87) and the invertibility of ®(-,-)

4,(t) = max{lle — yll la. y € Xi(to)}
< max{Ce W,y € X, (t)} = Ce ),

Let £ = 2. Then we obtain by (5.87)

dp (X1 (to), Xa(to)) = max{min{||z1 — 2|, [z2 € Xo(to)}z1 € Xi(to)}
< max{||z — y(z)|, |z € Xi(to) and y(Z) as defined before}
< max{Ce°t+=)|z € X|(ty)}
— (e (tr—to)

and directly
A (Xa(to), Xy (to)) < Ce0t+—10),
Thus, the distance of HVs(tJr) satisfies

dy(to) = max{dy (X (to), Xa(to)), dr(Xa(to), Xy(to))} < Ce o+t
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Chapter 6

Fiber Bundles in Finite and
Infinite Time

In dynamical systems, stable and unstable manifolds of a hyperbolic trajectory
are important sources for understanding underlying dynamics. Fiber bundles
are the nonautonomous equivalent of hyperbolic manifolds in the autonomous
case. Their study is important to understand the local behavior of nonlinear
systems. In many areas of science and engineering invariant manifolds help
formulating problems and finding special solutions. In [I33] the benefit of
invariant manifolds theory for various examples is discussed.

In this chapter we study finite and infinite time fiber bundles. We present
three different ways to define finite time fiber bundles (ft-fiber bundles) and
analyze the advantage and disadvantage between these concepts. To study
homoclinic trajectories, which is our purpose later, the stable and unstable
fiber bundle need to intersect. We analyze this property for the three concepts
and find in this way an adequate analogon to the infinite time fiber bundles.
In the last section we prove that roughly speaking the (un)stable cone of a
linearization locally approximates the (un)stable (ft-)fiber bundles of the orig-
inal system. This enables the numerical computation of the fiber bundles,
which will be focused on in Section We start this chapter by defining the
invariant infinite time fiber bundles. The definition of invariant fiber bundles
for ODE models can be found in [I13]. Note that invariant fiber bundles of
difference equations are similarly defined, see [7].

Definition 6.0.1. Stable and unstable global fiber bundles of a trajectory
z(+) of equation (2.2) /[23) are defined as

{(z,t) e RF x R : sgrinoo |lo(z, s,t) — Z(s)|| = 0} (cont.)

WJ:

WZ .= {(z0,to)R* x 7Z : 3 solution x : 7 — RF : x(ty) = «
im ||z (t) — z(2)]| = 0} (disk.)
——00

and global t-fibers are W7, (t) := {x € R" : (x,1) € W7, }.



6 Fiber Bundles in Finite and Infinite Time

Local fiber bundles w.r.t. a neighborhood U(-) C RF of Z(-) are defined

as

oWE:={(z,t) e WF: ¢(z,s,t) € U(s) Vs >t}
oW2 = {(z,t) e W : p(x,s,t) € U(s) Vs <t}

and local t-fibers are yW7,(t) == {x € R" : (x,t) € yWT,}.

Monotonically (Un)Stable Ft-Fiber Bundles

In the literature we find, for example, in [45, Definition 35| a definition of
stable and unstable fiber bundles for planar nonautonomous finite time differ-
ential equations, which requires a strictly monotonic convergence of solutions
in forward or backward time towards the reference trajectory. This definition
can be extended to higher dimensional differential equations. Hence, we call
these sets monotonically (un)stable ft-fiber bundles. Note, that these sets do
not have a manifold structure. However, they are some kind of analogon to the
infinite time fiber bundles and, hence, we call them ft-fiber bundles. Thus, if
we speak of ft-fiber bundles we do not mean that they satisfy respective topo-
logical structure, we only want to point out that they have analog properties
as the infinite time fiber bundles.

In Section and we introduce two more sets, the monotonically e-
(un)stable ft-fiber bundle and respectively the e-(un)stable ft-fiber bundle. We
point out the differences between these concepts and analyze which one of the
three definitions is the best suited analogon to the infinite time fiber bundle
for our purpose, the study of homoclinic trajectories.

Definition 6.1.1. Let 7 : I — R” be a solution of [22) with I a compact
interval and tg € 1. Then the set

_ d
IMZ(tg) := {xo € Rk\& lo(xo, t,to) — Z|| < 0 for allt € H} U{z(to)}

is called the monotonically stable to-ft-fiber of © on I w.r.t. the chosen
norm and

IMZ(ty) := {xo € Rk‘ le(xo, t,to) — Z|| > 0 for allt € H} U{z(to)}

is called the monotonically unstable to-ft-fiber of T on I w.r.t. the chosen
norm. Further the sets

M2, = {0, to) € RS x Ty € TME, (1)}

are called the monotonically stable and unstable ft-fiber bundles of
on I w.r.t. the chosen norm.
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6.1 Monotonically (Un)Stable Ft-Fiber Bundles

Next we show that for linear systems the stable and unstable cone, defined
for a differentiable norm as in (£.12)) and ([{I3)), coincide with the fiber bundles,

defined as above, united with zero.

Lemma 6.1.2. Let || - || be an arbitrary differentiable norm in R¥, T C R
a compact interval and ty € 1. Further let "'Vi(to), "Vi(to) be the stable and
unstable to-cone w.r.t. the chosen norm || - || of an M-hyperbolic system on 1
with solution operator ®(-,-) and exponential rates a,, f > 0. Then we have

Wilto) = {€ € R¥|&||@(t, t0)¢]| < 0 for all t € T} U{0} ="M (to), (6.1)
Wa(to) = {€ € RF L@ (L, t0)€]| > 0 for all t € T} U{0} ="M(ty), (6.2)

where "M, ., (to) are the monotonically stable and unstable ft-fiber bundles of
the given system.

Proof. For € € 'V,(ty) the inequality ||®(t, )]l < || P (s, to)€]]e™ holds for
all t, s € I with t > s. Thus, we obtain for all t € I

d d
0> 1Bt 0)€e] = ' S0t ) + |B(t, to)€llac™.  (63)

The inequality is trivial for & = 0. For £ # 0 we have || ®(¢t, t)¢|lae™ > 0 for
all t € I. By (6.3) the estimate < ||®(¢,£0)¢]| < 0 holds for all ¢ € I, since
e® > 0. This leads to

Wilto) € {€ € RF|&[|D(t,t)¢|| < 0 for all t € T} U {0} = "M (t).

Next we show "M (ty) € 'V,(to). By definition of "V,(t,) it follows that 0 €
W, (ty) for all ty € I. Let & € "MP(ty) \ {0} then there exists an r € R with
r > 0 such that

d
max — ||D(¢, ¢ =—-r
o (1, o) = .
since I is a compact interval. Choose v small enough such that

® <
max ||t to)¢lov <

holds then we get

d d
llete teler] = e (1ot el + 2 w)ela)

d
< at —
< e (e 1000 1€ + max[2(t t)¢ )
<e*(=r+r)=0
for all t € I. Hence, the inequality
(2, t0)€lle™ < [|D(s, t0)& [l

holds for all £, s € I with ¢t > s. This leads to ¢ € "V,(ty) and (G.I)) is proved.
Analogously, we can show (6.2]). O
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6 Fiber Bundles in Finite and Infinite Time

Remark 6.1.3. Assume[(AO0). Let T' =TT > 0 and let system Z7) be D-
hyperbolic on the compact interval I C R w.r.t. the I'-norm. Denote by ®(-, )
the solution operator then we have

Wilto) = {€ € RF(D(t,t0)&, Sr(t)D(t, t0)€) < 0 for all t € I} U {0},
Walto) = {€ € RF(®(t, )€, Sr(t)D(t, t0)E) > 0 for all t € I} U{0}.

Indeed, since a I'-norm is differentiable the statements follow from equa-

tions (61)), (62) and equation (BI06). Without using equations (6.1]) and (G.2)
we already showed (see equations (0.24)), (5.25))

Wi(to) = {€ € RF(D(t, t0)&, Sr(ts)P(t4,t0)E) < 0} U{0},
Wo(to) = {¢e RF(D(t_, o), Sr(t_)P(t_, t0)€) > 0} u{0}.
Since our system is D-hyperbolic M. (t) is positive definite for all t € 1 and

we get by Corollary 522 for all &, € "V, (to) \ {0}, & € "V (to) \ {0} and
tel=[t_t,]

D(t,t0)Es = P(L, t4)P(ty, t0)&s € {€ € RF(E, Sr(t)€) < 0},
D(t, t0)&u = P(t,t-)D(t_, t0)&y € {€ € R*(E, Sr(t)€) > 0.

In the following we study an example of a solution of an infinite time au-
tonomous hyperbolic dynamical system, which lies on the infinite time stable
manifold. We show that a finite part of this solution lies on the finite time
monotonically unstable ft-fiber bundle, defined in Definition [6.I.1l One hy-
perbolic system that has the properties described in the following example is
generated by the differential equation

d Ul —U2 + 098U1
— = . 6.4
dt (uz) ( ui — uy (6.4)

Example 6.1.4. Consider a hyperbolic autonomous dynamical system on R,
which has a fixed point & and a nontrivial solution x(-) with tlim x(t) =&, i.e.
—00

x(t) € WE(t). Denote by o the solution operator. Lett_,t,,s_, s, € R with
e >t >8y>s_, tL —1t_ =54 —s_.

The solution x(-) curvess as presented in Figure 6.1l

For T = [t_,t.] we observe that x(ty) € "ME(ty) for all ty € 1, while for
I=[s_,sy] we get x(ty) € "ME(ty) for all ty € 1.

Thus, we see that a finite part of an infinite solution can lie on the mono-
tonically unstable ft-fiber although the infinite solution lies on the stable fiber.

To avoid this or at least to reduce the possibility of such a case we introduce
the variable € > 0 and require a addional condition. The new bundles are
called monotonically e-(un)stable ft-fiber bundles and are introduced in the
next section.
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6.2 Monotonically e-(Un)Stable Ft-Fiber Bundles

Figure 6.1: A fixed point ¢ (black) and a solution z(-) which converges to the
fixed point (presented in green). In the right an e-ball is drawn around £ and
the solution point z(¢) on the border is marked by a blue cross.

Monotonically e-(Un)Stable Ft-Fiber Bundles

In this section we introduce a second way to define ft-fiber bundles, the so
called monotonically e-(un)stable ft-fiber bundles. We find similarities to the
monotonically (un)stable ft-fiber bundles. Additionally to the continuous time
case, we define the monotonically e-(un)stable ft-fibers for discrete time sys-
tems as well.

In the following let Be(y) := {z € R*| ||z — yl|, < &} denote the open &-ball
around y € R* with radius ¢ € Rxy.

Definition 6.2.1. Let 7 : T — R¥ be a solution of [Z2) and € > 0. Then the

set

i} d
Mmr ::{(xo,to) cRFx1I &Hgo(xo,t, to) —z(t)|| <0 for allt €1,

oot to) € Be<:z<t+>>} U{(E(to), )t € T}

1s called the monotonically e-stable ft-fiber bundle of x on 1 w.r.t. the
chosen differentiable norm and

_ d
IMe ::{(xo,to) c R" x H‘&Hgo(xo,t, to) — z(t)|| > 0 for allt €1,

o0, t_,to) € Be(:z(t))} U {@(to), to)lto € I}

15 called the monotonically e-unstable ft-fiber bundle of x on 1 w.r.t. the
chosen differentiable norm.

TMZE(t) = {xo e Rk‘(xo,t) € EME}, IME(t) = {:co e Rk‘(:co,t) € HEMf}

are the monotonically e-stable and monotonically e-unstable ft-t-fibers.
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6 Fiber Bundles in Finite and Infinite Time

The almost stable and unstable cones with the explicit form given in (£.10),
(4.I1)) represent ft-fiber bundles of a linearized system. The construction helps
to define the ft-fiber bundles of a nonautonomous nonlinear difference equation.
First we need a kernel function for I = [n_,n ]z and a solution 7 : I — R of

2.3)
JTE RFXxT—TU{n, +1},

(g ’I’LO) N mlIl{TL € [n07n+]Z|S0(€,n, TLO) — i‘(n) = 0}’ lf lt eXiStS,
| ne+1, otherwise.

This function yields the earliest time at which a vector £ is mapped onto the
solution Z, i.e. the earliest time at which ¢ lies in the kernel of ¢(&, -, o) — Z(+).

Definition 6.2.2. Let 7 : T — RF be a solution of [Z3) and € > 0. Then the
set

Mz ::{(g,no) e RF xI|3u € o Tore(&, o) with 1 := ,Tin(§,10) and
n = wﬂir(ﬂaﬁ) : ”(,0(,&,77,, 7_7') - i<n)" < ”(p(u7mvﬁ) - :E(m)”
for all n,m € [, iz,n > m and (€, ny,mo) € Bo((ny)), }

1s called the monotonically e-stable ft-fiber bundle of x on 1 w.r.t. the
chosen norm and

Iy ::{(g, no) € RE x I|, Toin (€, 10) = n and I € ,Towe(€,10) N Bo(@(n_)) :
o mn )= 2| > (e, m,n) = 2(m)| for all n,m € Ln > m}
U {(z(t), to)|to € I}

1s called the monotonically e-unstable ft-fiber bundle of x on 1 w.r.t. the
chosen norm.

IMZ(n) = {ZEQ € Rk’(xo,n) € EME} , LM (n) = {xo € Rk’(xo,n) € HEMZ”}
are called the monotonically e-stable and e-unstable ft-n-fibers.

The following example shows the main advantage of monotonically e-stable
and e-unstable ft-fiber bundles over monotonically stable and unstable ft-fiber

bundles.

Example 6.2.3. Consider the setting in Evample[6.1.4] and in FigurelG. 1. Let
e>0andl:=[r_,r.]. Then a solution y(-) with y(t) € LME(t), t € 1 satisfies
y(ry) € B.(§), i.e. the boundary point x(ry) of x(-) lies in the e-ball around the
fized point €. A solution z(-) with z(t) € LME(t), t € T satisfies y(r_) € B.(£),
i.e. the boundary point x(r_) of x(-) lies in the e-ball around the fized point &.
For ry := ty the given solution x(-) satisfies x(t,) € B:(§), cf. the right part
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of Figure [6. This leads to x(ty) € "ME(ty) for allty € I. For ry := sy the
solution z(-) shown in the right half of Figure satisfies

(s-) & B(§).
Thus, for 1= [s_,s.] we have
w(to) € "My(to), w(to) ¢ :M(to)
for all ty € 1.

This shows that Definition prevents or at least reduces the risk that
finite parts of a stable infinite time solution lie on the unstable finite time fiber.

A disadvantage of Definition in contrast to Definition is that not
all finite time parts of a monotonically stable infinite time solution lie in the
monotonically e-stable ft-fiber although they lie on the monotonically stable
ft-fiber. This fact illustrates the following example.

Example 6.2.4. Consider a hyperbolic autonomous dynamical system on I =
R, which has a fized point £ and two nontrivial solutions y(-), z(-) which
monotonically converges towards the fized point & as presented in Figure [6.2,
where t_,t.,s_, s, € R with

t+>t_>$+>$_, t+—t_:S+—$_.

Figure 6.2: A fixed point £ in an e-ball (black) and solutions y(-) (left) and
z(+) (right) (presented in green) which converges towards the fixed point.

153



6 Fiber Bundles in Finite and Infinite Time

For T = [t_,t,] we have y(to) € *ME(to) for all ty € 1, while for T = [s_, s,]
we have

y(te) € IME(ty),  w(te) & LM (ty)
for all ty € 1.

Thus, Definition [6.2.1] may yields less solutions which are stable in infi-
nite time than Definition 6.1l The differential equation (6.4]) generates a
dynamical system with the required properties of example [6.2.4l

Both ft-fiber bundles (monotonically and monotonically €) have one disad-
vantage in common. If a infinite stable solution ends in the e-ball the finite time
parts may not line in the ft-fibers. An illustration is presented the following
example.

Example 6.2.5. Consider the setting of Example [6.2.] The solution z(-)
intersects three times the boundary of the e-ball. The intersections are marked
with an cross at time t in blue, at s in red and at v in magenta. For 1 =
[s —1,t+ 1] we see

2(to) & "M:(to), 2(to) & - M:(to)

for all ty € L, although x(t,) € B.(§). The finite solution does not monotoni-
cally converge towards the fized point &.

We analyze convergence properties of solutions on the continuous stable
infinite fiber bundles. Therefore, let £ be a fixed point of a continuous infinite
time dynamical system and Z(-) be a solution with Z(t) € W&(t) for all ¢ €
R. The solution # convergences towards the fixed point & but in general not
monotonically. It satisfies

lim z(t) = €.

t—o00
This means we find a T € R such that & ||z(t) —&|| < 0 for all ¢t > T. An
adaption to a finite time interval (if I is sufficiently large and 7' € T\ {t.})
leads to the existence of a T' € T\ {t;} such that < ||z(¢) — &| < 0 for all
tel, t >T. Thus, we do not require monotonic convergence on the whole
interval I. Hence, we should demand monotonic convergence inside an e-ball
around ¢ for all forward defined times from the time at which the solution last
intersects with the boundary of the e-ball. Important is that we do not require
monotonicity for all times, at which the solution lies inside the e-ball. This
means for the solution z(-) illustrated in the right panel of Figure [6.2] that we
require monotonicity for all times ¢ € I, t > ¢ (z(¢) is marked by a blue cross)
and not for times t € I with r < ¢t < s. Ft-fiber bundles with these properties
are defined in the next section and are called e-(un)stable ft-fiber bundles.
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6.3 e-(Un)Stable Ft-Fiber Bundles

e-(Un)Stable Ft-Fiber Bundles

A third way to define ft-fiber bundles is presented in this section. In contrast
to the other two definitions a monotonically decrease or growth of the whole
solution is not required for solutions on these ft-fiber bundles, which are called
the e-(un)stable ft-fiber bundles. As mentioned in the last section for the
definition we need the last and first time at which a solution intersects with
the boundary of the e-ball.

Therefore, we introduce two functions, which yield the first and last time
at which an orbit intersects with the boundary of an e-ball around a given
trajectory. Let € > 0 then define

GBI RE X RF x T = TU {ty + 1},

(M 7 t_) — t++17 if @(MatJrva ¢B€(90(j7t+7£>)7
o min {f cl|t > 1, p(u,t,t) € B.(p(z,t, 1)Vt €1, t > f} , else,

I ypmax . k k
LB RE x RF — TU (¢ — 1},

’ max {¢ € I|p(p,t,t_) € B.((z,t,t )Vt € Lt <i}, else.

For the solution z(-), illustrated in the right panel of Figure [6.2] the first
function yields B2 (z(t),£,t) = tforallt € Tif ¢ € L. In the following lemmas
we summarize some basic properties, as the symmetry, of these functions.

Lemma 6.3.1. Let T € {R,Z}, t+ € T andl = [t_,t, |1 be a compact interval.
Let ¢ > 0 and ¢ be the solution operator of (2.1) then

By, t0) = BE (Y, @, t), B (a,y) = LBE(y, )
hold for all x,y € R* and t, € L.
Proof. Let x,y € R* and t, € I. Assume p(x,t,,t5) & B-(p(y,t.,ty)) then
€< ||Q0(l‘, t-l—atO) - Sp(yat-l-a t0)||2 = ||()0(y7 t+7t0) - QO(I‘, bty tO)HZ ’

ie p(y,ty, to) &€ B-(p(z,ty,t)). Thus, ];B?‘i“(x,y,to) = LB;mn(y,x,to) holds.
Next assume @(z,t4, %) € B:(¢(y,t4, 1)) then
]}pBénin<x7 Y, tO) = min {£ S I[‘tA > tOv @('Ta t7 tO) € Be(QO(y, t7 tO))Vt € I[ut > g}
= min {7§ € H’£ > Lo, QO(y,t, tO) € BE(QO("Eata tO))\V/t € Hat > f}
= ];B;nin(ya z, tO)

follows. Analogously, we get E[pB?‘aX(x, y) = E[pB?‘aX(y, x). O
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6 Fiber Bundles in Finite and Infinite Time

Lemma 6.3.2. Let I be a compact interval and z : T — R* be a solution of
Z2)/@23) and let € > 0. For each x € RF

GBI, Z (1), 1) < LB (12, 1), (ta), ta)

is satisfied for all t1,ty €1, ty > ty.
Proof. Let v € R¥, T € {R,Z}, t € T and t1,ty € I := [t_,t |y, to > t;. If
ty+ 1= B (2,Z(t), t1) ¢ I then
@(@(xu t27t1>7t+7t2> = @(xv s tl) ¢ B€<j<t+))
Thus ty + 1 = B2 (¢(x, ta, 1), T(t2), 12) ¢ L. Assume B (2, Z(ty), t1) € 1
then
iB?nn(%f(tl),tl)
=min{t € I|{ > ¢, o(z,t,11) € Be(z(t)) for all t € I,¢ > 1}
<{t €l|t > ty,(x,t,t1) € B-(2(t)) for all t € I, ¢ > ¢}
={t e I[}f > to, p((x,ta,t1),t,t) € Bo(z(t)) for all t € I,¢ > t}
:?pBémn(@(l’a ta, 1), Z(t2), ta).
U

With the help of the latter studied functions we are able to define the
e-stable and e-unstable ft-fiber bundles. We start with the continuous case.

Definition 6.3.3. Let I = [t_,t,] and e > 0. Let Z : 1 — R* be a solution of
@2). Then the set

we ::{(:co,to) € R* x I|i := _BM™ (@(xo, t—, to), T(t_),t_) € I and

d .
< plan.t.to) ~ 3(2)]| < 0 for all t € Lt > t} (3 (te), o)t € T}

is called the e-stable ft-fiber bundle of x on I w.r.t. the chosen differen-
tiable norm. The e-unstable ft-fiber bundle of * on I w.r.t. the chosen
differentiable norm is defined as

Twez ::{(xo,to) cRF x1

E = ];B;nax(sp($0’t_’to)’ {i‘(t_)) €l and

d -
T (o, t,t0) — Z(t)]| > 0 for allt € I, < t} U {(Z(to), to)[to € I}.

The sets

W (t) = {wo € R¥|(wo,1) € W]},
WE(t) = {wo € R¥|(wo,t) € LW}

are the e-stable and e-unstable ft-t-fibers.
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Analogously to the continuous time case, we define the e-stable and e-
unstable ft-fiber bundles.

Definition 6.3.4. Let I := [n_,ny]z with ny € Z and ¢ < 0. Further, let
z:1— R” be a solution of [23). Then the set
Hesst ::{(ganO) € Rk x I EIM € w%re(ganO) with n 1= wﬂnin(ganO)a
n = T (, ) and i = ];B;nin(ﬂ, z(n),n) € L:

foralln,meﬂ,ﬁ2n>m>ﬁ}

15 called the e-stable ft-fiber bundle of x on I w.r.t. the chosen norm. The
e-unstable ft-fiber bundle of x on I w.r.t. the chosen norm is defined as

Iy ::{(g, no) € RY x 1|, Truin(€,10) = n_ and 3p € ,Tove(€, 10) with
i = LB (1, 7(n_)) €T
(e, nyn) —2(n)[| > llo(p, myn-) —z(m)|
foralln,melm<n< ﬂ} U {(f(n),n)}n el}.

The sets

ng(n) = {x € ]Rk|(x,n) € EWE} ,
TWZ(n) = {:c € R¥|(z,n) € EW;’?}

are called the e-stable and e-unstable ft-n-fiber.

Characteristics of the Ft-Fiber Bundles

In this section we analyze the characteristics of the ft-fiber bundles defined in
Definition [6.T.1], Definition [6.2.T, and Definition [6.3.3] [6.3.4l In particular
we study their invariance properties and we verify whether the stable and
unstable fibers intersect. These facts enable us to determine an adequate
analogon of the infinite time fiber bundles for finite time systems.

Remark 6.4.1. The ft-fiber bundles "MZ(ty), LMZ(ty) and JWZ(ty) of an in-
vertible system are open sets for allt € 1. The ft-fiber bundles "M?Z (to), L MZ (t,)
and “WZ(ty) of any dynamical system are open for all t € 1.

Indeed, the monotonically ft-fiber bundles "MZ ,(to) are open for allt € I C
R, see [43, Remark 36].

To prove that EMf(to), to € I of an invertible system is open it is sufficient
to prove that for each xo € M (ty) a § > 0 ewists such that

o(t+.to) Bs(wo) C Bo(&(t)).
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6 Fiber Bundles in Finite and Infinite Time

Let to € T and vy € EM?(ty). By the continuity of ¢ we find for every Bs(x)
a 61 > 0 such that p(t1,to)Bs(xo) C Bs, (p(x0,t4,t0)). Thus, for § sufficiently
small we obtain

¢<t+7 t0)35<l’0) C Bs, (@(x(]v ty, to)) - B€<j<t+))'

For noninvertible systems there exist a to € I and a Z(ty) # € € LM (ty) with
oTE (& to) = to. With these points the sets are not open. Since for every tg
and each & € LMZ (to) we have , T2 (,t0) ¢ 1 the set M2 (ty) of any dynamical
system is open. Analogously, we obtain that "WZ(to), to € T of an invertible
system and "WZ(to), to € T of any dynamical system are open.

The ft-fibers have invariance properties. For ')/ 7. we refer to [45, Theorem
37). The following lemma shows that M7, (t) are “invariant” sets for all ¢ € I,
e > 0. In Lemma [6.4.3] we prove the same invariance properties for EWEU,
e>0.

Lemma 6.4.2. Let T € {R,Z}, to € T and I = [t_,ty]r. Assume that
z: 1 — R* is a solution of B2)/@3) and e > 0. Then the monotonically
e-unstable ft-fiber bundle LM? is invariant and the monotonically -stable ft-
fiber bundle Her 15 at least forward invariant w.r.t. t_, i.e. we have for all
ty,to € I, t1 >ty

CME(t) = o(tr, to)-MZ(to), (6.5)
SMZE(t) Doty to )i MI(t)

and if ¢ 1s invertible
M (1) = @(ty, o) MZ (to).- (6.7)

Proof. We show the invariance for the e-stable ft-fibers. For T = R let to,¢; € I
and x(to) € LMZ(t) \ {Z(to)}. Then we have for all ¢ € T

d _ d _
0> 2 lle(a(to),t.to) =2 = 5 llelp(a(to), tr, o). £ t1) — ()]
This implies ¢(x(to), t1,t0) € LMZ(t;) and we get
p(ti,to) M (to) C M (1) (6.8)

Thus (6.6]) is shown. Since ¢ is invertible and (6.8) holds for all ¢y, t; € T we
get (67). By the same arguments we obtain Equation (6.5]).
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6.4 Characteristics of the Ft-Fiber Bundles

For T =7 we get for all t € I

p(t 1) M (t-)

={p(& t,t-) e RM|¢ e LM ()}

={p(¢,t,1-) € R¥|p(&, b4, 1) € B:((t4)) and
(€t 1) = z(0)]| <[l s,t-) — z(s)]|
for all t,s € I, >t > s with £ := , 7,2, (£, ¢-)}

CHEERM o Tam(&t) =t 1= T@u(& 1) s (&t 1) € Be(T(t4)),
3 € o Toe(&ot) (€t 1) = 2B < [l 5,t-) = 2(s)
forallt,s e Lt >t > s}

LM (t).

Further for all #;,t, € I with t; > t, we obtain by Lemma E.1.4

p(tr,to) My (to)
={p(&t1,t0) € R |, Tain(€,t0) =t A T € S Tore(€, t0) N Be((t-)) -
lo(p,t,t=) = Z(t)|| > lle(p, s,t-) — z(s)|| for all t,s € I,t > s}
U {z(to)}
={€ € R, Tuin(&, 1) = t- A 3 € (Tore(€, t1) N Bo(2(22)) -
lo(p,t,t=) —2(t)|| > lle(p, s,t-) — z(s)|| for all t,s € I,t > s}
U{z(to)}
= M; (t1).

Let ¢ be invertible then we have

p(t1, o). M (to)
={p(t1, t0)€ € R¥[ [l0(&, t,t0) — 2(1)]| < [l (&, 5,t0) — 2(s)]|
forallt,s € I,t > s and @(&,t,,ty) € Be(z(ty))} U{z(t1)}

={é e B ||o(.t.t) - 20)| < ol€ 5. 1) - 3(9)|
forall t,s € I,t > s and @(é, ty, 1) € Be(f(tJr))} u{z(t)}
=M (ty).

Note that L M7 is in general not forward invariant, see Example I8

The ft-fiber bundles have the same invariance properties as the monotoni-
cally ft-fiber bundles.

159
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Lemma 6.4.3. Let T € {R,Z}, t+ € T and I := [t_,ty]r and let € > 0.
Further, let x(-) be a trajectory of system (2.2) /(23) then the c-unstable ft-
t-fibers are invariant under o(-,t) for all t € 1 and the e-stable ft-t_-fiber is
forward invariant, i.e.

(t, t )IWZ(t_) C LIWE(t) for all t €1,
o(ty, t0)SWE(ty) = LWE(ty) for all ty,to €1, t > to.

If the system is invertible then the ft-t-fibers are invariant under o(-,t) for all
tel ie.

QO(tl, tQ)HEWsjiu(to) = HEWsi:u(tl) fO?" all tl,to el

Proof. Let ¢ > 0. Let z(-) be a trajectory of ([23]), tx € I. For all t; € I,
t1 > ty we obtain

Pty to) W (o)
={o(z,t1,t0) € R*|oTomin(z, to) = t_ and 3 € ,Tpwe(, to) with
Fim LB, 3(t) €1 oty t) — 2(8)]| > ol 5,t) — a(s)]
forall s,t €I, s <t <t} U{z(t:)}
:{y € ]Rk}@ﬁmn(y, t1) =t_ and I € ,Tpe(y, t1) with
Fim LB, 3(t0) €1 oty t) — 2(8)]| > ol 5,t) — (s)]
forall s,t €I, s <t <t} U{z(t:)}
=W (t).
The forward invariance of the e-stable ft-t_-fiber is given by
ot L)AL
::{cp(x_,t,t_) € ]Rk)t = Tk (v_,t ) and { := f[pB?ﬁn(x_,f(t_),t_) el:
ol t1,8-) = 2] < llp(ar, to, ) — (i)
for all ty,to € I, t >t >ty > f} u{z(t)}
:{x € R¥|Fr_ € ,Tel, t) with t_ := ,Ton(, 1), := , T2 (2, t_) and
t= ]prgﬁn(:p_,f(t_), t_)el:
[z tr,t) = z(t)]| < llp(e—, to, 1) — Z(to)l
for all t,tg €I, £ >t >ty > 5} u{z(t)}

C{x € ]Rk’zl,u € ,Tpre(w,t) With £ := ,Toin(, ), := , 7% (11, 1) and
7. I yomin — .
t:= L,OBE (:u7'r<£>7f> el:
(s tr, ) —2(t)|| < [le(p, o, 7) — 2 (to) |
for all ty,tg € I, £ >t > to > f} u{z(t)}
=W ().
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Let z(-) be a trajectory of (Z2) or of an invertible system (Z3]). For ¢; € I we
have
p(t, to) WY (to)
::{@(:co,tl,to) c Rk‘f = LB™ (o (g, ¢, t9), #(t_),t_) € T and

le(xo, t,to) — Z(t)|| < ||¢(xo, s,t0) — Z(s)|| forallt,s e, t > s> f}
U {z(th)}

—{& € RH[i = LB (p(p(e.to, ). £ o). 2(1).£-) € T and
Iz, to, t1), t,to) — (D) < [l (@, to, t1), 5, t0) — Z(s)]|
for all t,s €1, t>s>f}

U {z(t1)}
:{:p € ]Rk’f = i[aBémn(cp(x,t_,tl),:f(t_),t_) € Il and

|lo(z,t,t1) —Z2(t)]] < ||p(z,s,t1) —z(s)|| forallt,sel, t>s> f}

U{z(t1)}
= Wi(t).

Analogously, we get for the e-unstable ft-fibers ¢(t1, 1)\ WZ(ty) = LW2(t,). O

It is easy to see that the monotonically e-(un)stable ft-t-fibers are subsets
of the e-(un)stable ft-t-fibers and of the monotonically (un)stable ft-t-fibers,
le.

CME () CIWE () for all t €1, (6.9)
CME(t) CTME,(t) for all t € 1L

In the following we analyze where and when the sets 1M 7., and HEWEU coin-
cide. We show in Lemma that the ft-fibers HEWEU and the monotonically
ft-fibers LM 7, coincide in a small neighborhood of the solution z. For linear
D-hyperbolic systems we prove in Lemma that the (monotonically) e-
(un)stable ft-fibers coincide with the e-(un)stable ft-fibers and locally coincide
with the (un)stable cones.

Lemma 6.4.4. LetT € {R,Z}, t1+ € T and1 = [t_,t ]t be a compact interval.
Let z(-) be a solution of system (2.1)) and fiz e > 0. Then there exists an & > 0
such that

M, (t-) N Be(a(t-)) = W, (t-) N Be(a(t-)).

Proof. By (6.9) it follows that the left-hand side of the claim is a subset of the
right-hand side.
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For the other inclusion first note that an & > 0 exists such that
p(t,t-)Be(2(t-)) C Be(z(1)) (6.10)

holds for all ¢ € I, since ¢ is continuous, I is a compact interval and z(t) =
o(z(to),t,t_) for all t € I. Let xg € ngu(t_) N Bs(Z(t-)). Then by equation

(6.I0) we have

o(xo, t,t_) C B(z(t)), for all t € L.

This implies with t_ = ,Tin(20,t-) and all € ,Tpre(xo,t_) that
T pmin = o I ypmax ~ _
B (x,z(t),t_) =t_, B (x,z(t_)) = ty,

which means that the solution corresponding to xy stays in the e-ball for all
times ¢t € . By definition the solutions lies in HEWEU and thus it is monotonically
increasing/ decreasing for all times ¢ € I. Hence, we see

vy € LM, (+) 1 Bo((t.).
]

Next we show that the e-(un)stable ft-fiber of a linear D-hyperbolic system
locally coincides with the (un)stable cone, see Definition ELT.3)/HET.5

Lemma 6.4.5. Assume (A1)l Then for every ¢ > 0, ty € 1 and solution
z:1— RF of @)/ E]) we get

WL (to) = M, (o). (6.11)

Further the sets \W?, (to) and HVs(to)/HVu(to) locally coincide, i.e.

SW2(to)
(o)

Walto) N @yt 10) B (0), (6.12)
W (to) N ®(ty, t_)B.(0). (6.13)

Proof. Let ¢ > 0 and to € I. Assume xo € [WZ(to) \ {Z(to)} and let t,, =
& Tmin (%0, to) then there exists an Tmin € o7Tpre(Yo, 7o) (in the case T = R the
preimage T, is unique and exists to time ¢_) such that

f = EI)Ba(:L‘mina j‘(tmin)a tmin) € H
and

% | D (%, tmin) Tmin — Z(t)[|x <O, for T =R,
10(5, twin) i — 2(5) [ < 1D bin) i — (), For T = Z
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tel t>1, for T = R,
t,sel,i>s>t>t forT=17

with ¢ := o Tt (Tmin, tmin) (in the case T = R we have {= ty). By equation

B.16)/ B.I7) we get
0 > (D(t, toin)Tamin — F(1), Se(E) (B, tyin ) Tmin — F(1))) (6.14)

holds for all

t>1, for T =R,
forallt el, <. .
t—1>t>t, forT=7.
By the D-hyperbolicity of (2.7))/ (2.8) Lemma [5.2.2)/5.2.3]applies and we obtain

equation (6.14) for all ¢ € [tuin, t)r. This leads to

% ||(I>(ta tmin)xmin — "Z‘(t)HF < O, for T = R’
[P (s, tmin) Tmin — Z()[lp < [|P(F, tmin) Tmain — Z(t) |-, for T =7

s €L 125>t >ty for T=2.
By the definition of the monotonically e-stable ft-to-fiber we get zo € LM (o)
and thus

>4 _
- {t el t >t for T = R,

W (to) C M (to)-

With equation (6.9) we get (6.11]).

The statement about the unstable sets follows analogously.

Next we note that z(-) := 0 is a solution of the linear equation (2.7 /(28]
and as a consequence the left-hald sides of the claims (6.12) and (6.I3]) are
well defined. Using (6.11) and the definition of the monotonically e-stable
ft-to-fiber we get for T = R

W (to) =M (to)

d
= {ZL’O € Rk & ”@(t, to)l’o”r <0Oforallte H, ®<t+,t0>x0 S B€<O)}
u {0}
and for T = Z

WL (o) =2 M (to)
={¢ € R*|Fzmin € 6 Tpre(&, to) With toin = o Tmin (€, to),
t = 0T (Tmin, tmin) © [|P(S, tanin) Zanin I < 1P (L, Linin) Trnin ||
for all s,t € It > 8 > t > tum, (t4,10)€ € B-(0) }.

Equation (£12)/ (@I0) prove that the ft-fiber bundles satisfy equation (G12]).
The second claim ([6.13]) follows analogously. O
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6 Fiber Bundles in Finite and Infinite Time

For every finite time solution Z : I — R¥ of ([2.2) or (Z3) and every ¢ > 0
the intersection of the monotonically (e-)stable and the (e-)unstable ft-fiber
bundle is empty, i.e.

IMZATME =0, IMT N IMT = for every solution Z : T — RF, & > 0.

(Un)Stable Ft-Fiber Bundles and
Ft-Hyperbolicity

We determine an adequate analogon of the infinite time fiber bundles for finite
time systems with the help of the studied characteristics in the previous section.
Further we define ft-hyperbolic trajectories and the stable and unstable ft-
fiber bundles of the linearization. These fiber bundles roughly speaking locally
approximate the fiber bundles of the original system, which we prove in the
next section.

Because of the invariance of the monotonically (e-)unstable ft-fiber bundles
and the at least forward invariance of the monotonically (e-)stable ft-fiber
bundles w.r.t. t_ we can not extend the fibers such that they will intersect.
Our purpose later is to find homoclinic trajectories, which lie in the intersection
of the stable and unstable fibers, see Chapter[7l Hence, we are interested in the
intersection of the stable and unstable ft-fibers. Thus, in this thesis we choose
the e-stable and e-unstable ft-fibers (Definition [(.3.3)/[6.34]) as the analogon of
the stable and unstable fibers (Definition [6.0.1]) for finite time systems.

Next we define stable and unstable ft-fiber bundles of a linearization and
ft-hyperbolic solutions. We need the following condition:

(A3) Let f : R* x T — R* of equation (Z.2)) be a continuous function with
continuous derivatives f, and féz).

Roughly speaking a solution  of a nonlinear system is call ft-hyperbolic if the
linearization w.r.t.  is D-hyperbolic.

Definition 6.5.1. Assume|(A3)| Let I C R be a compact interval and I’ =

I'T > 0. A solution z : T — R* of [22) is called ft-hyperbolic (finite time
hyperbolic on 1 w.r.t. ||-||p) if for allt € I the symmetric part

Sp(t) = 3(Tfe(@(t), 1) + (fo(2(t),1)"T)
of fo(z(t),1) is indefinite and
M (t) = SE(t) + SE(6) fo(2(t), 1) + fo(2(t), )T SE(D)

with SE(t) = (SE), (t) + (SE).(t) f(2(t),t) is positive definite for all t € 1.
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Definition 6.5.2. Let I C 7 be a compact interval and T = T'T > 0. A
solution T : T — RF of ([Z3) is called ft-hyperbolic (finite time hyperbolic on
T wrt. | -||r) if for all n € Iy the symmetric matriz

£(n) = ((fa)o(@(0))" T(fa)e((n)) =T

15 indefinite and

is positive definite for all n € 1.

If z : T — RF¥ is an ft-hyperbolic solution of (Z2))/([2.3) then the linearized
=)o, it is noninvertibl
equation @)/ (@) is D-hyperbolic. Let T:={ " (Z3) is noninvertible,

I, otherwise
and let t := ty =1, for @3),
ty, for (22).
We call
lye — {(azo,to) € RF x |(®(F, to)ao, SEEH)B(E, to)ao) < o} (6.15)
U{(0,t) € R* x I}
and
VI = {(®(to, t-)z_, to) € R¥ x I|{z_, SE(t-)z_) > 0} (6.16)

U{(0,t) € RF x T}

the stable and unstable ft-fiber bundle of the linearization. These
sets coincide with the stable and unstable cone of the linearized system, see
Corollary 5.3.2/ B35l By Lemma [6.4.5] this is a well-considered definition.

We show in Section [6.6] roughly speaking that the (un)stable ft-fiber bundle
of the linearization locally approximates the (un)stable ft-fiber bundle of the
original system. For this purpose [83, Theorem 4.13] functions as a basis.
We first show that our monotonically e-(un)stable t_-fiber is equivalent to
a modified version of the domains of finite-time attraction/repulsion of [83]

Definition 4.9].

Lemma 6.5.3. Let T € {R,Z},t. € T, 1= [t_,t,]r,e >0andletz : 1 — R*
be an ft-hyperbolic solution of 2.2)/ ([23). Then the monotonically c-stable
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6 Fiber Bundles in Finite and Infinite Time

and e-unstable ft-t_-fibers of Definition 621/ [6.2.2
({¢ € R¥|L |lp(e,t,t) — 2(t)]| <0 for all t €1,
p(&tyoto) € Be(z(ty)) } U{z(t-)} , for T=R,

M) = S {€ e RF| [o(&,t,t-) —z(t)]| < (&, 5,n-) — 2(s)]|
forallt,sel, i>t>s wz’thf::@ w(&t),
\90(£7t+7t*) €B€<i<t+))} ) fOTT:Z,
({¢ € Rk\st ng(f t,t_) —x(t)]| >0 forallt €1,
(L) = ¢ € B(x }U{x )} , for T =1,
St {SGRkllhpftt) 7()||>||80(€,8t) z(s)||
(| forallt,sel, t >s,& € B(x }U{x )}y, forT=7%

are equivalent to

M; = {5 € R*\ {z(t-)}

sSup Ai(tvsvg) < 07 @(E,h,t_) € Be(x(t-i-))}

(t:8)€(IXT)S,

u{z(t-)},
MY = {g e RF\ {z(t_)} . )ie?fxms AL(t,s,6) >0, £ € Be<:?<t>>}
u{z(t-)},
respectively with
AT (IxIx R, —R, (6.17)
(15, €) > In (Jl(&, ¢,t-) — w(t)H)t - 1Sn (le(€, s, t-) — f(S)H)’

(]I><H><]R’“)¢:: {(t,s,8) eIxIx Rt #s, t,s < T (6, t2)},
(Ix DS ={(t,s) €Ix Tt #s, t,5 < Tk (&)}

Proof. Let & € RF\ {#(t_)}. Set  := ,T,%.(£,t_). Note that { = ¢, for T = R.
Then we have

L&, t,t-) — z(t)|| <0 for all t €1, for T =R,
H90<£7t7t*) - f<t*)” < H90<£7 S7t*) - j<t*)"
forall t,s e I,i >t > s, for T=7

S lle tt) = 5(0)] — (€ st) —2(s)| < Oforall t,s € Li >t > s

SAL(1,5,) = In ([le(&, ¢, ) — f(t)Hi:lsﬂ(H@(f, s,t-)=36)l) _

forallt,sc i >t>s

& sup AQ(t,s,6) <0.
(t,5)€(IXD)%,
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Thus, the stable sets are equivalent. The equivalence of the unstable sets
follows analogously. O

Local Approximation of (Ft-)Fiber Bundles

In infinite time, I € {R,Z}, local stable and unstable fiber bundles W,
(see Def. [6.0.]]) of a hyperbolic fixed point 0 exist and can be represented by
a local graph representation. For discrete invertible systems we refer to |70,
Theorem 3.2|, for noninvertible systems to [58, Theorem and proof 3.8] and
[124] Theorem 4.1] and for continuous systems see |76, Theorem 6.5)]. Further
references are [110, Theorem 4.9], [I12] Theorem 3.2] and [113, Theorem 3.2|.
More precisely, if (24])/(25) has an exponential dichotomy with the family of
projectors P : I — R¥, there exist maps s* : I x U — R* with

st(t,x) =sT(t,P(t)x) e N(P(t)), s (t,x) = s (t,(I— P(t))z) € R(P(t))
such that the fiber bundles of (2.2))/(2.3) satisfy

oW ={(t,x+ s (t,2)) e Ix Rf|z e R(P(t))NU},
oW ={(t,z+ s (t,z)) e Ix R¥|z e N(P(t))NU}.

With this representation we can show that the stable and unstable subspace
of the linearization locally approximate the stable and unstable fibers. In
particular, under smoothness assumptions we have

ToW,(to) = V) (t), ToW,/ (o) = V., (to) (6.18)

for ¢y € I where TyW?,(to) denotes the tangent space of W7, (to) at 0, i.e.
TW?, (to) = {v € R¥[3C € C((=6,6), 52, (1)) : C(0) = 0,{(0) = v},

see [21, p. 3370]. For a proof and more details we refer to [105, Proposition
5.4], [76, Theorem 9|, [124, Theorem and proof 4.2] and [70, Theorem 3.5|.

In the following we show for finite time systems roughly speaking that
the (un)stable cone of the linearization locally approximates the (un)stable
ft-fiber bundle of the original system. More precisely, the boundaries locally
approximate each other. This statement proved in Theorem [6.6.1] holds for
continuous systems as well as for discrete systems. In particular, we show a
result for our ft-fibers, which is analogous to [83, Theorem 4.13]. We use some
of the definitions and techniques presented in [83]. From now onlet T € {R, Z}
and let T C T be a compact interval. First we define the growth rate of a
point by

piRFA{0} x CIxIx R, RY) = R, (z,90) — inf Ayt s z),

(t,s)E(HXH);

I:RFA\{0} x OO xIx R, R") = R, (z,0)—~ sup Aylt,s, ),

(t,s)e(]lx]l);fé
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6 Fiber Bundles in Finite and Infinite Time

with A, := AY, (I x )% defined in_([B_IZD.
Then we have by definition of A, ), see equations (B.26]) -([3.21), for all
X € Gr(1,R¥) and 7 € X \ {0}

XX, ®) = s Aslts,z)= sup A ®) =aAE®),  (6.19)
zeX,||z[=1, zeX[|z||=1
(t,3)€(IXT)2,

AMX, @)= inf Ag(t,s,z)= inf x, ®) = p(z, d). 6.20

Al ) zeX,||z=1, o ) reX,II:vH:1E< )= 4@ ®) (6.20)
(t,5)€(IXT)2,

Let ¢ be the solution operator of of the differential equation (2.2]) /the difference
equation (2Z3]) and ® be the solution operator of the of the linearization along
the zero reference trajectory (2.4)/(23). For analyzing the common properties
of the solution operator ¢ and the solution operator ® we introduce a measure
of their approximation as in [83], equation (44a),(44b)]

m: RZO — RZO (621)
0, v =20,
v sup maX{‘HCQ@) —H<.§L’, (I))|,|ﬁ(37, ()0) —ﬂ(l’, (I))|}7 V7£07

ze By, [01\{0}

where B,[0] := {z € R¥||z|| < v} denotes the close v-ball around 0 with
radius v.

In the following we need that m is continuous at 0. Karrasch yields condi-
tions under which m is continuous at 0 in the discrete and in the continuous
time case. For more information we refer to [83, Lemma 4.10 and Lemma
4.11]. Let 0 be a fixed point of (22)/2.3), €,6 > 0 and EWSU be the ft-fiber
bundles of (2.2])/(2.3) of 0. Then the stable and unstable tangent sets at
a general point z € OLW?, (t), t € I, are defined by

LW, (1) = {v € R3¢ € €1((~4,8), 52, (1)) : C(0) = 2, (0) = v}

where 0. W, denotes the boundary of the ft-fiber bundles HeWsOu An analogous
definition of ([6.22) can be found in [21, p. 3370]. We show that the tangent
set at 0 of the boundary of the ft-fibers of the original system equals the cone
boundary of the linearized (along zero) system.

Theorem 6.6.1. Lete >0, T € {R,Z}, t+ € T andl = [t_, ¢, |1 be a compact
interval. Let T =TT >0 and 0 : T — R* be an ft-hyperbolic solution (w.r.t.
Il of equation Z2)/@3). Assume[(AT)] Let IWP, be the ft-fiber bundles
of equation 22)/23) and let "V2, be the ft-fiber bundles of the linearization
2Z4) /@25). If the function m defined in ([©21)) is continuous at O then the
tangent set at O of the boundary 8H€W2u equals the boundary 81[1/3%, i.e. for all
t € I we have

Typ(t, )W, (1) = D(t, )V, (t). (6.23)
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6.6 Local Approximation of (Ft-)Fiber Bundles

Proof. Lemma yields the existence of an £ > 0 such that
Wault-) N B:(0) = M, (t-) N B:(0)
and by Lemma we obtain
Weu(t-) N Be(0) = M, (t-) N B=(0) = Mg™ 1 B:(0).
This means that we have

SW2(t-) N B=(0) = {& € B=(0)|m(&, ) < 0} U{0}, (6.24)
LR (t-) N B=(0) = {¢ € B=(0)|u(§, ) > 0} U {0} (6.25)

For the stable and unstable ft-fibers of the linearization, see (6.15]) and (6.16)),
we obtain by Lemma 2.2 and (6.19), (6.20)

W2t-) ={¢ e R"\ {0}|3X € Gr(1,R") : £ € X, A(X,®) <0} U{0},
= {¢ e R"\ {0}[z(z, @) < 0} U {0}, (6.26)
Wto) = {¢ € R*\ {0}|p(z, @) > 0} U{0}. (6.27)
First we show that for any
X,Y € Gr(1,RF) with X € "V2(t_), Y C "V2(t_) there exists
a d > 0 such that B;(0)Nn X c W), B;(0)nYy ctwl(t_). (6.28)

Let X,Y € Gr(1,RF) with X ¢ 'V0(t_) and Y € "V2(¢_) then by (6.26) and
([6.27) as well as by the definition of 77 and p we have for all 21,2, € X \ {0},
y1,y2 € Y\ {0}

ﬁ(xh (I)) = H(x27 (I)) < 07 H(yh (I)) = H(y% (I)) > 0.

By the continuity of m there exists a 6 > 0 such that m(v) < —p(z,®) and
m(v) < u(y,®) for each v € [0,6] and z € X \ {0}, y € Y \ {0}. For all
z € Bs[0]N X \ {0}, y € Bs[0]NY \ {0} we have with (621])

—f(z, ‘I’) ( )_ jes ) iz, @),
1y, @) > m(d) = |ply, ) = uly. ¢)]

This implies for all = € B;[0] N X \ {0}, y € Bs[0]NY \ {0}
Az, ¢) <0 and p(y, @) > 0,

which leads by (6.24]) and (6.25]) for § < £ to (6.28)).
Define

Voui= (R VO,(0)) U {0},
Wi = (REVIWE, () L {0},
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6 Fiber Bundles in Finite and Infinite Time

We prove that for any

X,Y € Gr(1,RF) with X C V,, Y C V, there exists a § > 0
such that Bs[0]NX C W;, Bs[0]NY CW,. (6.29)

Therefore, we need the boundary of 'V (t-) wr.t. 7 and p. By the D-
hyperbolicity of the linearization we can apply Corollary (£.3.2] and (£.3.5] as
well as Lemma [5.2.2] and [5.2.3] and we obtain

VIt

= {¢ e R"\ {0} (¢, @) < 0} U{0}

= {5 S Rk“(b(f’ t_)g, SF(E)(I)(ﬂ t—)§> < 0} UN((I)(ﬂ t—))a
Va

= {& e R"\ {0} (¢, @) > 0} U {0}

_ {s ERY| sup [B(t )l — [B(s, )l > o} U {0}

t,s€l, t>s
B {{geﬂw%y@(u)§|yr>0for any t € T} , for T = R,
{€e R¥|||D(t + 1, t)¢||p — |@(t,t-)é|lp > 0 for any t € Iy }, for T = Z,
u{0}
= {e e RE[(@(t,t )¢, Se()(t,t)¢) > 0 for any t € T} U {0}
D {€ e RF|(®(f,t-)€, Sp(H)@(t,-)¢) > 0} U{0} =: V.

Statement (£.19) and Lemma [(.7.2) yield

WOt ) CPprelt, t-)' V(1)
=0yt t-) (V) U Zp (1))
= {Ppre(f, 1) € RF|(€, Sr(B)€) < 0}
={€ e R*|[(®(F,t_)¢, Sp(B)(L,t_)€) < 0}.

This implies

(V2 \ {0}) U (Vo \ {0}) U {€ € R¥[m(¢, ®) = 0}
—R*
:@u (V*\ {o})
CVIt)u (Ve {0})
=0Vt U (V) \{0}) U (Ve {0}).
Thus,

{€ e R*|n(¢, @) = 0} c IV (1)
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6.6 Local Approximation of (Ft-)Fiber Bundles

Analogously, we get
{¢ e RF|u(&, @) =0} Cc O'V)(t-).
These statements yield together with (6.24), (6.25), (6.26), (627) and the

continuity of 7z and p

I[\/0 t_
]Ivo

) ={€ € R*\ {0}]m(¢, @) <0} u {0},
(t-) ={¢ € R*\ {0}|u(&, @) > 0} U {0},
£(0) € {€ € B:[0] \ {0}[7(E, ) < 0} U{0},
=(0) € {€ € BJ0]\ {0}l ») > 0} U {0}

W) N
Wo() 0

NB
B
and hence
v, = (RF\TV00)) u{o}
= {¢ e R\ {0}[z(¢, @) > 0} U {0},
V, = (IR’“ \ TVt )) U {0}
= {£ e R"\ {0}|u(¢,®) < 0} U {0},
W, N B0] := ((Rk IWo(t_) N BE—(O)> U {0}) N B.[0]

D {¢§ € B0] \ {0}|z(&, ) > 0} U {0}. (6.30)
W, N B0] = ((]R’f Wo(t_) N Bg(())) U {0}) N B.[0]
D {¢€ € B0]\ {0}|u(&, ) < 0} U{0}. (6.31)

Let X,Y € Gr(1,R*) with X C V,, Y C V,. Then analogously to the prove of
([6:2])) there exists a ¢ > 0 such that for all x € Bs[0]NX\{0}, y € B;s[0]nY\{0}
the following holds

I
=
b
=
V
=
=

which imply
A, ) >0, p(y, ) <0.
This leads with (6.30) and (631]) and § < € to

Bs[0]Nn X C Wy, Bs[0]NY C W,
i.e. (6.29) is proved.

Our next step is to prove

IV, (1) = Tydl W, (t). (6.32)

£ S, u
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Let X € Gr(1,R*) with X € 9"V, (¢-) and assume

X ¢ TootW2(t_).

Define

Tou:={X € Gr(1,R")|X C TodLW?,(t-)},

T, :={X € Gr(1,R")[36 > 0: X N Bs[0] C W, },

T!,={X € Gr(1,R")|36 > 0: X N B,[0] C IW?,(t_)}.
Then

T, UT VT, = R
is satisfied. For X we obtain w.l.o.g.
X C T?, with dp(X, T¢,) = p, (6.33)

where

) S u

d(X,Y) = inf {||z —yll, | € X,y € Y with [lzlly =1=|yl,}.

dr(X,T?,) .—inf{dXY|Y€Gr(1 R"), Y c T?,} b€ {i,a},

Let X; € Gr(1, R¥) with
X1 € Vsy and d( Xy, X) < p. (6.34)
Then by (6.33) we have
X, cTi, (6.35)
Statement (6.34)), ([6.29) and the definition of 772 yield
X, CTy,,
which is a contradiction to (6.35) and ,thus,
PV () € Tyl W2, (1)

holds.
Conversely, let Y € Gr(1,R¥) with Y C TooiW?,(¢-) and assume Y ¢

IVO,(t-). Then Y C 'V, ,(t-) or Y C V,,. The statements (6.28) and (6.29)

yield a contradiction. Thus,
OV (t-) D Tod W, (t-)

holds and (6.32)) is shown.
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Finally, we prove claim (6.23). Let = € ®(t,t_)0'V?,(t_) then there exists

y e PVI(L) = T2, (1) (6.36)
with
x=®(t,t)y. (6.37)
Further by (6.36) and (6.22) there exists a function ¢ € CH((—0,6),0:W2,(t-))
with ((0) = 0 and ¢(0) = y. The function
p(t,t-)C € CH((=6,6), (t,t-) 0., (t-))
satisfies p(((0),t,t_) = ¢(0,t,t_) = 0 and since P is the linearization of ¢ we
get with (6.37])
C o0, 1,12) = B(1,1)C(0) = D1,y = 2
This implies x € Typ(t, t_)agWgu(t_), which leads to
B(t, )Vt ) C Top(t,t )OS, (1),

Conversely, let x € Typ(t, t_)alanu(t_). Then there exists a function

¢ € CH(—6,8),p(t,t_)O-W?2,(t-)) with ¢(0) = 0 and ¢(0) = . Since ¢ €
CHI x T x R¥, R¥) there exists a function v € C'((—9, 5),8H6W£u(t_)) with
v(0) = 0 such that {(p) = ¢(v(p),t,t_) holds for all p € (—4,d). Then
0= ¢(v(0),t,t_) = (0) is still true and we get by the definition of a tangent

set (622) and equation (6.32)) that

r={(0) = Se0), 1)

= O(t,1)0(0) € B(t, 1 )T W), (t-) = ®(t, 1 )I'VL, ().
This leads to
D(t, 1)V, (1) D Top(t, t)0i W2, (t-)

and our claim (6.23)) is shown. O

An Algorithm to Calculate Fiber Bundles

In this section we numerically approximate the fiber bundles we introduced
and studied in the last sections. More precisely, we approximate fiber bundles
of infinite and finite time systems for both invertible and noninvertible sys-
tems. Numerical tools for their computation in invertible infinite time systems
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6 Fiber Bundles in Finite and Infinite Time

are often based on continuation techniques, see for example [106, Subchapter
6.2], [68], [91] or [92]. If the system is noninvertible, stable sets cannot be
computed via backward iteration. To avoid this problem, the authors of [48]
proposed a refined approach — the so called search circle algorithm — for com-
puting stable sets without applying the inverse mapping for 2-dimensional
autonomous infinite time systems.

The method that we introduce here generalizes these ideas to the nonau-
tonomous case where 0 is a hyperbolic fixed point. Another algorithm that
works for invertible and noninvertible, autonomous and nonautonomous 2 or 3
dimensional systems is the contour algorithm. Hiils introduced this algorithm
in [74] for discrete time systems and additionally, applied it to continuous time
systems in [75].

Most of these techniques also apply for finite time systems. Before we study
algorithms for finite time systems, we present a generalization of the search
circle algorithm for infinite time system as in [54], Subsection 5.2].

Consider

r(n+1) = f(z(n),n) =: fu(z(n)), f.(0)=0, 2(n) € R?for all n € Z.

The algorithm chooses the first point on the tangent space of the stable
fiber, which is a good linear approximation of the fiber. This subspace can
formally be expressed as the stable subspace of an exponential dichotomy,
which the variational equation

Ups1 = Dfr(0)u,, n€Z

possesses due to our hyperbolicity assumption, see (6.18). Indeed, these sub-
spaces are numerically accessible for at least discrete invertible systems, see
Corollary £.0.1]

One step of the algorithm works as follows. Assume we already have an
approximation of the (n + 1)-th fiber, given by the set of points M"*1 .=
{pitt .., p?:fl} that are marked in blue in Figure Further assume that
the points pf,...,p" on the n-th fiber have also been computed (
data in Figure[6.3). We search for the next point p]', | on a circular segment ~
shown in Figure[6.3l Therefore, its boundary points pl ; and pZ,, , are mapped
by f.. If the angle av of the circular segment is chosen appropriately, f,(pl...)
and f,(pZ4) lie on different sides of the (n + 1)-th fiber and thus, f,(7) has
a common intersection with this fiber. For its approximation, we first detect
the neighboring points p{/', p!i)| € M™™" and then calculate the point of

intersection between the line segment pﬁzlpﬁgﬁt and f, () using bisection. Its

preimage under f, is the next point p!,; on the n-th fiber. In case f,(v) lies
beyond the (n 4 1)-th fiber, the continuation of the n-th fiber stops and we
proceed with the (n — 1)-th fiber. Note that the first fibers that we compute
in this way are rather short, but expanding dynamics on the stable fibers — in
backward time — lead to an increase of length if n decreases.
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,fn(’}/)
n(P0a) fn/<p;>l+1)
f (pend)/ P
fiber at time n + 1 ’/” Pright
*———o
. n+1 n+1
n+1 € pfn_‘_l—l p£n+1
'/p’l—’—}:z f”(pgtart)

0
Jo

fiber at time n

n
b start

Figure 6.3: Approximation of stable fiber bundles.

Figure illustrates this increase of length for our artificial example from
Section Bl In the left diagram the stable fibers are extremely close to each
other. To reveal the differences we rotate the highlighted area of the left picture
and show its zoom in the right part of Figure [6.4l The bottom stable fiber
(darkest shade of green) in Figure is the first computed one and belongs
to time 70h. Since this is the first fiber we approximate we start with a small
part of the stable subspace of the linearization. Then by using our algorithm
we computed the rest of the plotted fibers; the last computed one is the 65-th
fiber at the top (lightest shade of green). Particularly, the shades of green
from dark to light show the order, in which stable fibers are calculated by our
algorithm.

We finally note that details on the choice of the search angle o and on
techniques for step size control have a similar implementation in autonomous
systems and can be found in [48)].

The computation of unstable fiber bundles is not so involved. We can
choose points on the tangent space and iterate them in forward time, jumping
in this way from fiber to fiber (neglecting small approximation errors).

In Figure the stable and unstable fibers of the trivial solution of the
model from Section 8] are shown. The stable fibers (green) are computed with
the algorithm from above while the unstable fibers (red) are approximated by
forward iteration. The diagram visualizes the fiber bundles on the time interval
[—30h, 30A].

175



6 Fiber Bundles in Finite and Infinite Time
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Figure 6.4: Computation of stable fibers for (83]), (84]) with h = 0.04.
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Figure 6.5: Stable and unstable fiber bundles of (83]), (84]) with h = 0.04.

In the following we approximate 2-dimensional finite time dynamical sys-
tems. Analogously to the infinite time case, we compute the stable and unsta-
ble fibers via iteration if the given system is invertible. By Theorem the
stable and unstable cones of the linearization locally approximate the stable
and unstable fibers. Thus, all points in the cones which are at least ¢ close to
the ft-hyperbolic solution are a good first approximation. By iterating these
sets we get approximations of the stable and unstable fibers for all times in the
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6.7 An Algorithm to Calculate Fiber Bundles

given interval. Hence, the length of the fibers increase in the respective time
direction as in the infinite time case. In contrast to infinite time systems we
can not extend the time interval such that our algorithm provids sufficiently
long fibers. For the infinite time system (8.3]) we approximated the fiber bun-
dles on [=70h, 70h] and plotted them only on the time interval [—30h, 30h| for
h = 0.04. In Figure these fibers are illustrated and we see that they are
sufficiently long. For comparison we plotted in Figure the boundary of the
stable and unstable fibers of the finite time system ([Z.9), which we study in
Chapter [l In the left top picture the increase of the length of the stable fibers
is visualized. In the right top part the stable and unstable fibers, approximated
by iteration, are presented. As expected, the fibers are not one dimensional as
the ones of the infinite time system. At the bottom of Figure the stable
and unstable fibers are plotted for the times 1.9 (left) and 0.7 (right). It is
easily seen that the length of the stable fibers at times close to 2.5 and of the
unstable fibers at times close to —2.5 is very short, while in the middle of the
interval both fibers, the stable and unstable ones are of a proper length.

2
2
T2 0 T2 0
0
2 2 0
2 o -2 0 -1
0 5 2 1 ’ 2 2
t
) 2
151
T 1
05!
0,
0.5
0.5 ‘ 2 15 4 05 0 05
2 15 1 05 0 05
T I

Figure 6.6: Stable (green) and unstable (red) fibers of (7.9) computed via
iteration; at the bottom left at time 1.9 and at the bottom right at time 0.7.
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6 Fiber Bundles in Finite and Infinite Time

This is not the case for all finite time systems. If the interval is to short then the
fibers may not grow fast enough. Thus, we may only be able to approximate
the fibers in a small neighborhood of the solution. Hence, we probably do
not get the information we are interested in, for example, if the stable and
unstable fibers intersect. Another drawback of finite time fiber bundles is that
they are generally not invariant or at least forward invariant. More precisely,
for noninvertible systems they are not invariant. If the system is invertible
we already found a way to approximate the fiber bundles. If the system is
not invertible we would like to approximate the fibers by a similar algorithm
as described before for noninvertible, infinite time systems. The problem is
that we need forward invariance of the boundaries for the algorithm to work.
Assume the boundary of the stable fibers are forward invariant then, we can
apply the algorithm onto each of the two boundary curves. If the boundary
of the stable fiber bundle is not forward invariant we get an approximation of
the fibers by defining a new forward invariant set, which includes the fibers.
Let

A

WZ = {(z9,n0) € RF x H’n —HBmm(:co, (no),no) € I, n:= T2 (20, n0) :

(20, n2,m0) — Z(n2)|| < [|o(0, 1, 120) — T (1)

for all ny,ne € [,n > ny > ny > n}

£

be the forward e-stable ft-fiber bundle of a solution z : T — R* of ([2.3)

for an € > 0. For this set we easily see that
Tyi/z —~ 13z
e T W
Further, these sets are forward invariant, i.e.
I+ - I+ -
(p(n%nl)ews (nl) - eWs (712)

holds for all ny,ny € I, ng > ny by the following. Let nqy,ne € I, ny > ny and
let z € W:”(nl) then i =" B, Z(n1),n1) € T and

lp(z,n,n1) = 2(n)|| < |lo(z,m,n) —2(m)|

holds for all n,m € 1, ﬁ>n>m>ﬁwithﬁ:

= ,T&.(z,ny). Further, by
Lemma [6.3.2] we have n HBmm( (x,n9,n1),Z(n2),n

2) € 1. Hence,

H‘p((p(xvn%nl)vnvnﬁ - f(”’)” < |’(p((p(x7n27n1>7mvn2) - j(m)|’

holds for all m > n > m > n > n. Last we prove that either n < ny or
o Tk (o(x,ng,n1),n2) = n holds. Let 1 > ny. Then

ny < n=min{n € [ny,ny]z|e(zr,n,n) = 0}

:min{n € [n27n+]Z’90(90(x7n27n1)7n7 n2) = 0} = @Kir(l‘anQ)'
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6.7 An Algorithm to Calculate Fiber Bundles

Thus, ¢(x,n2,n1) € in(nQ)

Note that Contour techniques also apply to finite time systems. In [55] an
algorithm is introduced and applied to various examples of 2 and 3 dimensional
systems. The stable fibers considered there coincide with our forward invari-

ant set HaVAVf . Thus, we can apply the contour algorithm to approximate the
forward e-stable ft-fiber bundle. The obtained approximation is a superset of
the original stable ft-fiber bundle and, thus, an approximation for the original
stable ft-fiber bundle.
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Chapter 7

(In)Finite Time Homoclinic
Trajectories

Systems that describe phenomena with chaotic properties often exhibit homo-
clinic orbits. Examples for chaotic behavior are electrical circuits [127], lasers
in nonlinear optics [41], bursting phenomena in mathematical biology [I] and
chemical reactions with chaotic oscillations in the reactant concentrations [56].
Further references to examples are mentioned in [89]. All these examples show
homoclinic dynamics and, thus, the analysis of homoclinic orbits is of great
interest.

In this chapter we study homoclinic trajectories of continuous and discrete,
finite and infinite time systems. These trajectories lie in the intersection of
stable and unstable fiber bundles. In finite time the intersection is generally
more than a point or curve. Thus, we define the homoclinic tube, which is
the union of all homoclinic trajectories. We present a way to numerically
approximate this tube and prove that the distant of the boundaries decays to
the middle of the finite time interval if the distant remains sufficiently small for
all times. Further, we prove in Section [7.3]that homoclinic orbits of continuous
time systems induce homoclinic orbits of a system, discretized by a one-step
method. Therefore, we analyze the h-flow of a dynamical system in Section
7.2

Most results for infinite time systems that are presented in this chapter
originate from the publication [54].

The following definition of homoclinic trajectories can be found for discrete
infinite time systems in [73] and for a similar definition in continuous infinite
time we refer to [19].

Definition 7.0.1. Two bounded trajectories xz(-) and y(-) of the system (2.1])
for1:=T € {R,Z} are homoclinic toward each other if

Jim [lo(t) = y(0)] = 0. (7.1)
teT



7 (In)Finite Time Homoclinic Trajectories

If y(t) =0 for all t € T is a (trivial) trajectory (equilibrium) of (2.1I) and
if z(-) is homoclinic toward y(-) then (T has the form lim; ,+. ||z(¢)| =
0. Unless stated otherwise, homoclinic always means homoclinic toward the
equilibrium 0. A homoclinic trajectory is also called a homoclinic orbit.
Studying the definition of the stable and unstable fiber bundle (Def. [6.0.1]) we
observe that equation () is equivalent to

x(t) e W2(t)NnWr(t) for all t € T. (7.2)

This means that every homoclinic orbit lies in the intersection of the stable
and unstable fiber bundle.

To obtain an adequate definition for “homoclinic” trajectories in finite time
we transfer the properties of an infinite time trajectory to the finite time case.
The condition (Z.I]) only works for infinite time trajectories. For finite time
systems we cannot take lim; ,1.,. Hence, it is only meaningful to assume that
the trajectories are close to each other at the boundary times ¢,. This leads
to the condition

le(ts) —y(to)lly <e, (7.3)

for a fixed € > 0.

To point out the dependency of € we define e-homoclinic trajectories for
finite time system. The condition (7.3) does not yield (.2) for our ft-fiber
bundles. Thus, in finite time we have to examine (7.2) explicitly. In contrast
to infinite time systems, fibers in finite time are fat objects. Hence, the inter-
section of the stable and unstable ft-fiber bundle normally includes more than
one e-homoclinic trajectory. Therefore, we define the intersection of the stable
and unstable ft-fibers as the e-homoclinic tube. This tube is the union of all
e-homoclinic trajectories.

Definition 7.0.2. Let T € {R,Z} and I = [t_,ty]r be a compact interval
with t € T. Two different trajectories x(-) and y(-) of system (2] are e-
homoclinic towards each other (form an e-homoclinic trajectory pair)

if
z(t) € 'Wrt)NIWY(t) forat €L (7.4)

Trajectories which are e-homoclinic towards the hyperbolic fized point 0 are
called e-homoclinic trajectories.
Let z(-) be a trajectory. The e-homoclinic t-tube

TE(t) = W) N W)

is the set of all trajectories of [2.2)) or ([23) at time t € I which are e-
homoclinic towards z(-). The e-homoclinic tube is defined by

T = {(20,t0) € R x Iz € T (o)} .
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Remark 7.0.3. o For invertible systems an e-homoclinic trajectory pair
satisfies ((LA) for allt € 1, see Corollary [7.0.4.

o Caused by the monotonicity of \W¥,() a solution z(-) € IW¥(-)NWY(:)
has to leave the e-ball around y(-). This means, the only trivial e-
homoclinic trajectory pair (z(-),y(-)) satisfies y(-) = z(-). Indeed, from
z(t) — y(t)|l, <€ for all t €T follows IW¥,(t) = LMY, (t) and thus, the
intersection s

V() NW(E) = MY () N ML) = {y)
o The e-homoclinic tube may consists of two tubes, since the fibers extent

to two sides.

As mentioned before we want that an e-homoclinic trajectory pair satisfies
([3). This is not explicitly required in the Definition [7.0.2l However, (Z.3)
follows from ([7.4]).

Lemma 7.0.4. Let (z(-), y(-)) form an e-homoclinic trajectory pair of system

22)/ 23) then ||x(ty) —y(te)|l, < € is satisfied.

Proof. By Definition [0.2 we have x(t) € [W¥(t) NLW¥(t) for a t € I. Then
the definitions of the t-fibers lead to z(ty) € B.(y(ty)). Thus, we have

le(te) —y(t2)ll, <e. O

Lemma 7.0.5. The definition of an e-homoclinic trajectory pair is symmetric,
i.e. if (z(+),y()) is an e-homoclinic trajectory pair then (y(-),z(-)) is one as
well.

Proof. Let (x(-),y(-)) be an e-homoclinic trajectory pair. We show that if
z(to) € WY (to) NI (to)

for a tg € I then
y(to) € W (to) N Wy (to).

Let z(to) € LW¥(to) \ {0} and £ = i[aBémn(:p(t_), y(t_),t_). Then we have

L) —y(t)|| <0 forall t € I,¢ >, in continuous time,
|lz(t) —y(t)] < ||x(s) —y(s)|| forallt,s € I,t>s >t in discrete time.

By the symmetry of the estimates and the symmetry of ,B™"(-, -, ) (Lemma
G630 for all ¢ € T we have y(t,) € [W?(ty). Analogously, we can prove that
from z(to) € LW¥(to) the statement y(to) € LW=(ty) follows. O
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7 (In)Finite Time Homoclinic Trajectories

Corollary 7.0.6. Let ¢ > 0. If z(-), y(-) are two different trajectories of an
invertible systems (2.2)/(2.3) such that there ezist to,t; € 1 with

(to) € Wi(to), a(tr) € W(t)
then we get for allt € 1
w(t) € W) NIW(t).

If (+), y(+) are two different trajectories of a (non)invertible system ([2.3]) such
that there exists ny € T with

w(t-) € WH(t-),  w(ng) € W (no)
then we get for all n € 1
w(n) € WY (n) N W (n).

Proof. Let [22)/@3) be invertible and x(t,) € LW¥(to), x(t) € LW¥(t,) for
any tg,t; € [. Then we have for all t € I by the invariance of the fiber bundles

(Lemma [6.4.3))

z(t) = p(x(to), t, o) € @(t, o)W (to) = IWE(t),

which prove the first statement.
Let (22))/(Z3) be noninvertible and z(t_) € 1W¥(t_), z(ng) € 1W¥(ny) for
any ng € I. Then we have for all n € 1

2(n) = @(a(t_),n,t_) € pln, t)LWI(t_) C LW¥(n),
z(n) = p(x(no),n, no) € w(n, no)HaWy(no) = Heng(n)v

which prove the second statement. O

In the following we need the Banach space of bounded functions which is
defined for © € N as

i

X' = {u() € C'(R, ]Rk) ull, = Zi?}%{) Hu(j)(t)Hoo < oo}

For infinite time systems the way the stable and unstable fibers intersect is of
interest. If they intersect transversally than homoclinic orbits are preserved
under a small perturbation of the system. For tangential intersections homo-
clinic orbits generally vanish if the system is perturbed. Thus, we analyze
whether the intersection is transversal or tangential. First we have a look
at the definition of a infinite time transversal orbit and an illustration of the
different types of intersections.
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Definition 7.0.7. A homoclinic orbit z(-) of (22) for 1 =R is called trans-
versal if the following is true.

(T) A function u(-) € X' satisfies
u(t) = fo(2(t), t)u(t), t € R
if and only if u(-) = 0.

Geometrically, transversality means that stable and unstable fiber bundles
intersect transversally along the homoclinic orbit, see Theorem [T.0.10l In Fig-
ure [Tl both types of intersection, transversal (top left) and tangential (bottom
left) are pictured. For each system we also plotted the fiber bundles of two
sufficiently small perturbed systems (second and third coulomb). Note that
in nonautonomous continuous ift-systems the intersection of stable and unsta-
ble fibers at a fixed time does not necessarily have a whole orbit in common.
As mentioned before a transversal intersection is preserved under small per-
turbation whereas a tangential intersection does typically not survive under
perturbation. This can be seen in Figure [[.Il The second and third picture
of the first row still have a homoclinic (blue) point whereas the second and
third picture of the second row do not have a homoclinic point. For stable and
unstable ft-fibers the way of intersection does not play a role for the existence
of e-homoclinic points of a perturbed system. For small perturbations an in-
tersection is always preserved if the fibers are fat sets. In the right panels of
Figure [[.Il two different kinds of intersection are plotted, before and after per-
turbing the system. The fiber bundles are illustrated as fat sets, since this is
in general the case. Figure [[.1] shows that the fibers of the perturbed systems
(fifths and sixths column) intersect for both types of intersection (blue points).

Studying the last row of Figure [Z.I] we claim that

Claim 7.0.8. It is possible to get a nontrivial e-homoclinic tube of an au-
tonomous system although the same system for 1 = R does not have a non-
trivial homoclinic trajectory.

In Section [7.1] we illustrate this statement by an explicit example and we
give numerical tools to approximate an e-homoclinic tube.

Before we summarize alternative characterizations of transversality in The-
orem [Z.0.10l we impose for system (2.2) a few assumptions under which we later
show that homoclinic orbits of (Z2)) induce homoclinic orbits of a discretized
system.

From now on assume I = R or that [ = [t_,¢;] C R is a compact interval.

(A4) Let h > 0 and if I is compact such that %= % € 7Z. Define

h?h
A if1=R,
J =1 = oty . (75)
[n—7n+]Z = [Ta T]Za ifI= [t_,t+].
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7 (In)Finite Time Homoclinic Trajectories

SEeRcs N Nog
oRvNsloXY-Y-

Figure 7.1: Examples of fiber bundles (infinite time left panels, finite time
right panels). Two different kinds of intersection, tangential (bottom) and
transversal (top), of the stable (green) and unstable (red) fiber are plotted.
The fibers are plotted before (1. and 4. column) and after perturbing (2.,
3., 5. and 6. column) the system. All homoclinic points (intersections) are
marked in blue.

Further set

A if] =7,
.,]]1 = { ¢ tooty (76)

[7_7 % - 1]Z7 lf‘zH = [77 T]Z

(A5) f € CHRFxI, RF) satisfies conditions, assuring existence and uniqueness

of global solutions of (2.2)) as well as the following estimates for the
solution operator . For any compact set X C RF there exist constants
C1(K), h1(K) > 0 such that the inequality

[z (2,2, 8)|| < C1(K)
holds for all z € K and |t — s| < hy(K). For n € J; let
oul,1) = (, (n + 1), nh)

be C? smooth w.r.t. h, d > 1. Mixed derivatives (gon):(vl,f) ,0e{0,...,d}
exist and satisfy the uniform Lipschitz condition

< Ci(K) [l = pa

|2 @, m) = ()3 (@, p2)

forall z € I, 0 < g2 < hy(K) and n € J;.

Further, let ’(gpn)g’;)(m, h)” < Cy(K) for all m € Z, r € {0,1}, z € K

and 0 < h < hy (K).

(A6) 0 € RF satisfies f(0,¢) =0 for all t € I.
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Remark 7.0.9. If (22) possesses a (hyperbolic) bounded solution &(+) € X°,
then the transformed system

y=gt), gyt):=fly+&@1),t)— f(&t),1)

has 0 as a t-independent (hyperbolic) equilibrium. Thus, without loss of gener-

ality [(A6)| is fulfilled. Note that|(A5)| is invariant under this transformation.

(A7) 0is (ft-)hyperbolic. Denote the data of the corresponding variational
equation

&= f.(0,)x
by (Ka /87 Psm())
(A8) A nontrivial homoclinic orbit Z(-) of (2.2) exists.

Next we present equivalent statements to (T) from Defintion [Z.0.7

Theorem 7.0.10. Let I = R. Assume|(A5)H(A8)| then the following state-

ments are equivalent

(ac) The homoclinic orbit Z(-) is transversal in the sense of (T).

(be) The variational equation

0= (@ (), (7.7)
has an exponential dichotomy on R.
(cec) The linear operator
L(z) : X' = X°, L(@)u() = a(-) = fo(@(), Ju(")
1s a homeomorphism.

(de) The tangent spaces Tzo)W¢,(0) of the fibers W2 ,(0) at the point Z(0)
satisfy
Ts0) W, (0) & Ty W2(0) = RF.

Proof. (ac)=-(bc): Since Z(-) is a homoclinic orbit w.r.t. the hyperbolic equi-
librium 0, the Roughness-Theorem B.4.Tlapplies and gives an exponential
dichotomy of (7)) that we can extend to R and R~. By assuming (a),
a nontrivial bounded solution cannot exist. Using [104, Prop. 2.1| half
sided dichotomies can be combined into a dichotomy on R.
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7 (In)Finite Time Homoclinic Trajectories

(be)=(cc): Assuming (b.) then N(L(Z)) = {0 € X'} directly follows. On
the other hand by [39, Chapter V.1] we obtain for each r € X° — using
Green’s function — a unique bounded solution in X*! of the inhomogeneous
equation

= fo(Z(),Jutr().

Thus L(z) is injective and surjective.
(cc)=(ac): The claim immediately follows, since L(Z) is a homeomorphism.

(ac)< (dc): For a proof we refer to the end of Section [[.2 where we introduce

the discrete equivalent of these statements.
O

We see that every homoclinic orbit which is transversal is also a hyperbolic
trajectory and vice versa. Since Theorem [[.0.10]is not applicable to finite time
systems we assume

(A9) The homoclinic orbit Z(-) is (ft-)hyperbolic.

For the infinite time case this is equivalent to Z(-) is a transversal orbit,
as assumed in [54]. Several of the following results hold true for bounded
(ft-)hyperbolic trajectories that need not to be homoclinic. For this case, we
assume

(A10) Let y(-) be a (ft-)hyperbolic bounded trajectory of (2.2). Denote by
(K, 5,Q%"(-)) the (ft-)dichotomy data of the corresponding variational
equation

= fe(y();-)u

and let SY(t, s) be its solution operator.

Approximation of e-Homoclinic Tubes and Nu-
merical Tools

In this subsection we concentrate on e-homoclinic tubes. We prove Claim [7.0.§],
Le.

it is possible to get a nontrivial e-homoclinic tube of an autonomous system
although the same system for [ = R does not have a nontrivial homoclinic
trajectory,

with the help of an explicit example. Further, we find numerical tools to
approximate this tubes and a theoretical statement about their width. To
actually plot e-homoclinic tubes it is helpful that they are invariant under the
solution operator.
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7.1 Approximation of e-Homoclinic Tubes and Numerical Tools

Lemma 7.1.1. Let z(-) be an ft-hyperbolic trajectory of the invertible ft—
system 2.2)/ 23) and let € > 0. Then the e-homoclinic t-tube

TE () = W) N W)

£
is open and invariant under ¢(-,t).

Proof. By Lemmal[G.Z.3 both, the e-stable "IWZ(¢) and the e-unstable "W ?Z(¢) ft-
t-fibers are invariant under (-, t) for all ¢t € I, i.e. the intersection is invariant.
By Definition 633/ 6.3.4 we see that {W7,(t) are open sets for all ¢ € I. Thus,
the e-homoclinic ¢-tube is open. O

By the continuity of ¢(-,-) we get that the boundary of the tube is invari-
ant. To plot the tube (boundary of the tube) it is sufficient to calculate the
boundary of 'T?(¢_) and plot its image under ¢(t,t_) for all ¢ € I.

To show that Claim [7.0.§is true we first consider the autonomous system

16 1222\ )
T = (-1.6(—33(1)2 +x(2))) =f@), zeR (7.8)

on [ = R. For this system a nontrivial homoclinic orbit exists. With the
Numlab application for Matlab [I02] the manifolds of the hyperbolic fixed point
0 are plotted for the parameters h := 0.01 and [ = 300, where h denote the
step size of the classical Runge-Kutta method and [ the number of steps. The
generated plot is presented in the left of Figure The time independency
of the system induces that the fibers are autonomous. This means that if
the manifolds intersect then they have the whole homoclinic orbit in common,
since the fibers are invariant. Hence, the manifolds intersect tangentially and
the existing homoclinic orbit is tangential. As illustrated in Figure [] (left
bottom panel) the homoclinic orbit vanishes by perturbing the given system
([T8). To prove this we study the perturbed system

. 1.6 (z(1) + x(2)? 9
v (—1.60153 ((—25(1)2(352(2))) = flz), z€ R (7.9)

For comparison we also let Numlab plot the manifolds of the hyperbolic fixed
point 0 of the perturbed system (Z.9) for the same parameters (h = 0.01,
[ = 300). These manifolds are pictured in the right half of Figure Note
that the manifolds do not intersect. Hence, the system (7.9)) does not have a
nontrivial homoclinic trajectory.

In the following example we show that on a finite time interval system
(79) has a nontrivial e-homoclinic tube. This proves Claim [[.0.8 Further we
develop a tool to approximate the tube.
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Figure 7.2: The stable and unstable manifolds of the fixed point 0 of system

([Z8) (left) and (C9) (right).

Example 7.1.2. Consider the finite time autonomous system ([L9) on 1 =
[—2.5,2.5]. We see that 0 is a fized point. Our aim is to find all nontrivial
e-homoclinic trajectories towards 0 for € :== 0.1 and prove that at least one e-
homoclinic orbit exists. First we start with the approximation of the stable and
unstable fiber bundles. Therefore, we compute the stable and unstable cones Vs,
of the linearization with the help of Lemmal26.1. To apply this lemma we show
that 0 is an ft-hyperbolic solution, i.e. f.(0) is D-hyperbolic w.r.t. the euclidean
norm (I' =1). The symmetric part of f.(0) is f,(0) = diag(1.6, —1.6016) itself
(indefinite and nondegenerate) and the acceleration tensor is M = 2f,(0)?
(positive definite). Thus, 0 is an ft-hyperbolic solution and by LemmalZ 6.1 we

have
mgwﬁ):aux—zazzﬁ((vgﬁgé>>u£(<_fggg%)>.

Since these boundaries approzimate the boundaries of the fiber bundles locally,
see Theorem [6.6.1, we take as a first approximation all points in the cones
which are at least € close to 0.

These sets are illustrated in Figure 7.3 in the light green (V4(2.5) N B-(0))
and in light red (V,,(—2.5) N B.(0)). To prove which points

2u(—2.5) € 8 (Vy(—2.5) N B.(0))

(bright red in the top left picture) satisfy

24(2.5) = B(2.5, —2.5)2,(—2.5) € V,(2.5) N B-(0)
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t=-25 t=2.5
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0.1+ 01+
0.05 | 0.05
0 0
-0.05 | -0.05
0.1 -0.1
015 | 015
%2 0.1 0 0.1 02 %%, 0.1 0 0.1 0.2
02 02 .
0.15 | 0.15 | ;-
0.1} 0.1 i
00s | 005 | T N\ oo
O v 0
-0.05 -0.05
01 ¢F -0.1
-0.15 + ..'. -0.15 ¢
vV
02,5 01 0 0.1 02 %o 0.1 0 0.1 0.2
02 0.2
0.15 | 0.15 |
017 0.1+

0.05 | ’ 0.05 -
ol ol

-0.1 -0.1
-0.15 | -0.15 |
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Figure 7.3: Finding all € = 0.1-homoclinic trajectories to the fixed point 0 of

system (7.9)).
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we need the solution operator ®(-,-) of system ([L9). Since the solution operator
is not given explicitly we approximate x,(2.5) with the help of the classical
Runge-Kutta method of order 4, see [108, S.172]. This is a discretization
method, thus, we need a step size
h = é, n = 500.
n

We calculate {®(2.5, —2.5)z|z € (O(Vs(—2.5)NB.(0))NG)}, where G is a
adjusted fine grid. These points are plotted in red in the right middle part of
Figure [7.3. The ones which satisfy x,(2.5) € V4(2.5) N B:(0) are marked with
an x and are also plotted (red) in the panel below. Further, their preimages
at time —2.5 are plotted (red) in the left bottom part. Next we search for all
points

x,(—2.5) € V,(—=2.5) N B.(0)
which satisfy
x,(2.5) = ®(2.5, —2.5)x,(—2.5) € I(Vs(2.5) N B.(0)).

With time reversal and negative step size for the classical Runge-Kutta method
we obtain an approrimation of {®(—2.5,2.5)x|x € ((V5(2.5) N B:(0)) NG)},
illustrated in green in the left middle part of Figure[7.3. The points x which
satisfy

€ V,(~2.5) N B.(0)

are marked by an x and are also plotted (green) in the panel below. Fur-
ther, their images at time 2.5 are shown (green) in the right bottom graphic.
O(-, —2.5)x,(—2.5) is an e-homoclinic trajectory towards 0 if and only if the
point x,(—2.5) lies inside the (by the red and green x) marked set in the left
bottom panel of Figure [Z.3. The boundary points at time 2.5 lie inside the
marked set in the right bottom panel.

The boundary of the ¢ = 0.1-homoclinic tube w.r.t. the fixed point 0 is
illustrated in the top of Figure [7.4. To approximate it we started with the
boundary (green and red points in the right bottom picture of Figure[7.3) of the
e = 0.1-homoclinic t = 2.5-tube. Then we searched the previous points with the
help of the classical Runge-Kutta method and step size —0.01. The boundary of
all e = 0.1-homoclinic orbit points at time 2.5 are the boundary point in green.
The magenta boundary points mirror the boundary of the € = 0.1-homoclinic
tube at time —2.5. For each 0.5-time step the points of the boundary are marked
in different colors from magenta over yellow to green. The left panel of Figure
shows a sector of the orbit tube from the top. The whole tube projected to
the x1-xo-plane is plotted in the right panel of Figure[7..
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9 25

Figure 7.4: All ¢ = 0.1-homoclinic trajectories w.r.t. the fixed point 0 of system

@3).

With the method described above we construct a boundary value problem,
which enables a direct calculation of the boundary of the tube. This ansatz
also applies to noninvertible dynamical systems. Consider

i=f(z,t), re RFtel=[t_ t,]

and assume that 0 is an ft-hyperbolic solution. Let I' = I' > 0 and let
Sr(t) = 3[Tf+(0,¢) + f.(0,£)"T] be the symmetric part of f,(0,¢) for all ¢ € L.
Denote by 'V, ,(t), t € I the stable and unstable t-cones of the linearized
system. We discretize this system by applying a one-step method

Tn41 = fn(xn)an € [O7N]Z

with step size h = % and N € N, N > 0. First define an operator whose

zeros imply trajectories of the one-step method, i.e. F: RIWHDE 5 RNk
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o Ty — fo(on)
F = :
TN TN — JZN71<1’N71>
Let X = (xo - xN)T, fixo, € R be variable and fix; € R be a constant.

Define the operator F; : RIWVHFDk+L _y RINFDEHL 1y

F(X)
F1 (X) = bl ZL‘Q,I‘N,ﬁXQ) s

ﬁX2 proj (

(o, Sr(t-)wo)

with boundary condition

1
bpro j proj

T, _
RF xRF xR = RF, b (2, y, 1) = (YS(t) - ﬁxl) ,

Yt )Ty — p

where Y, (t) forms a basis of (U,,(t))* and U,,(t) C "V..(t) is a vector
space of maximal dimension for all £ € I. This is an adapted version of the
projection boundary condition presented in [72] for the infinite time case. Note
that Y,(t_)Tz — fix; displays the “distance” between z and the ft-hyperbolic
solution 0 at time ¢£_. For an e-homoclinic orbit the “distance” does not need
to be zero. It is variable in the interval (—e¢, ¢), since the boundary point of a

homoclinic orbit z(-) satisfies ||z(t4)| < e.
Further define the following operator F, : RIWHDEHL _y RIN+DE+L by

v F(X)
F2 ( ) = brl)roj(fL'Q,l‘N,ﬁXQ)

fix
? [zoll, — €

Let now fixy € R be a constant.
Then define the operators Fz 4 : RIWHDAHL 5 RIVEDEHL 1y

X F(X) X F(X)
F3 <ﬁX ) = bgrOj(l‘O’ ZEN) ﬁXl) 3 F4 (ﬁX ) = b?)roj(ajo’ l‘N) ﬁXl) ,
' (zn, Sr(ts)zn) ' |zn]l, — €

with the boundary condition

b2

proj

Y,(t )z —p
) k k k 2 R S
R xR*x R — R", bproj(x’y”u) o (Yu(t+)Ty —fixp ) -

If fix, 5 are fixed, then b}, :(,y, fixy) = 02,:(z,y, fix;) for all 2,y € R. This
means that if (z, fixy) is a zeros of Fy with fixed fix; and if (N + 1) solves the

last equation of Fj4 then (x,fix;) is a zero of F3 4 with fixed fix,.
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To get the boundary of an e-homoclinic tube we first need to find a fix; €
(0, ] such that X € RN*V¥ with Fy (X, u) = 0 for a 4 € R lies on the bound-
ary of the e-homoclinic tube. Note that the stable cone is a good approximation
of the stable fiber in a small neighborhood of 0. Thus, it is sufficient to prove
that the boundary point X(N + 1) = zx (at time ¢, ) lies on the boundary of
the intersection of the stable cone and the e-ball around 0, i.e.

(zn, Sr(ty)rn) <0, |lanll, =€

7.10
or (ax, Selts)ow) — 0, oy, < = (7.10)

We change fix; sufficiently small and approximate with the Newton method a
zero of F} with the changed fix;. If the condition (Z.I0) is satisfied for the new
zero we continue with this procedure until the condition is not satisfied. This
leads to a set of trajectories which form one part of the tube boundary. The
boundary of the e-homoclinic tube consists of six segments. The first segment
is the one we just calculated. The other five segments are obtained in a similar
way. We need to find a zero

of F for fix; € [—¢,0),
of Fy for fix; € [—e,¢€],

which satisfy condition (ZI0). Via continuation w.r.t. fix; in the given interval
as long as ((C.I0) is true we get two more curves of the tube boundary. Further
we need a zero

of Fj for fixs € [—¢,0) and fixy € (0, €],
of Fy for fixy € [—¢, €]

which satisfy
(w0, Sp(t-)xo) > 0, [lzoll =€

7.11
or (o, Sr(t_)zo) =0, ||lxo| <e. (7.11)

Via continuation this time w.r.t fix, as long as (Z.I1]) is true we get the rest of
the tube boundary.

We can calculate all six parts of the tube boundary separately or combined.
For the first alternative we need for each function F; 4 one initial trajectory and
for F} 3 two, one for a fixed parameter in [—¢,0) and one for a fixed parameter
in (0,¢]. This means, we need six initial trajectories. Via continuation we
obtain six curves, which together form the boundary of the tube. The second
alternative requires only one initial trajectory. Figure describes a way to
obtain the entire boundary with just one initial trajectory. We start with one
initial trajectory x, one initial parameter fixs and a fixed fix; € (0, ] such that
(z,fixy) is a zero of F; which satisfies (ZI0). This solution and fixed constant
fix; are marked in black in Figure Via continuation as described above
w.r.t. fix; as long as (ZI0) is satisfied we get a curve with boundary points
(2*,fix;). Denote the fixed constants by fix;. The boundary points satisfy
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7 (In)Finite Time Homoclinic Trajectories

(x}, Sraf) =0 and ||ay||, = . Then (+7,fix) is a zero of F3 with constant
fixy; and (v, fix;) is a zero of Fy with constant fix, . Via continuation w.r.t.
fixy we get two more parts of the tube boundary (curves) and for each boundary
point with a initial for an other F; function (with fixed
constant). Continuing this procedure until the curves reach its initial point, we
get the entire boundary via continuation from one initial trajectory. In Figure
we see how to change fix; and fixy such that we get a zero of another F;
function. Further it shows which function F; we have to use.

F
x” x xt
fix, fixy fixy
fixy fix; fix]

Yfix,
z 2T
P (Z fix, ) 5 (Z ﬁXf) %
i, ———— fixg

< zZre +
(Zﬁxg ) fixcy
Figure 7.5: Circle of continuation to approximate the boundary of an e-
homoclinic tube with one initial trajectory .

Finally we apply this method to equation (9.

Example 7.1.11. (part 2)

We apply the continuation algorithm from above, which is based on the
boundary value problems F;, and obtain as illustrated in Figure[7.0 the bound-
ary of the tube. We plotted the boundary at time —2.5 and 2.5 to illustrate
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where the boundary of the tube and the stable and unstable cone coincide. The
boundary value problem requires for the solution points at these times that they
lie in the (un)stable cone and an e-ball.

0.1
) 0 3
-0.1 ¢
-0.1 0 0.1
g
0.1 Vu(=2.5) N B.(0)
T2 Q¢
y(—2.5
Z(—2.5
0.1 e
01 0 01 01 0 04
1 T

Figure 7.6: Calculation of all points of the e-homoclinic tube of system ([Z.9)
with the boundary value problem.

Having another look at Figure we see in the bottom panel that the dis-
tance between the boundaries decreases if the distant to the fixed point increases.
To analyze this in more detail we take three points X1, Xo and X3 on the
boundary of the e-tube at time 2.5. These points are marked in black in Figure

772
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X3
0.1 - / .Aw
0.05 °
X2 o Xl
To O
-0.05
-0.1 L,

-0.1 -0.05 0 0.05 0.1
X1

Figure 7.7: Three reference points of the boundary of the e-homoclinic tube
at time 2.5 (marked in black) of system (7.9)).

We approzimate the corresponding orbits X;(-), Xa(-) and X3(-) with the clas-
sical Runge-Kutta method and step size h = —0.01. First we take the orbit
Xi1(+) and calculating for each 0.01-time step the smallest distance d to the
orbit Xo(-), i.e.

d(tg) :== teglr%II}Z) | X1 (t0) — Xa2(t)||5, to € IN0.017Z.

In Figure the blue dashed line shows this distance. The solid blue line
gives us the distance between the same orbits approximated with a smaller
step size h = —0.001. The green lines illustrates the distance of Xi(-) to the
orbit X3(-) and the black lines of Xs(-) to X3(-). The dashed lines show the
distance between the orbits approximated with step size h = —0.01 while the
solid lines illustrate the distance between the orbits approximated with step size
h = —0.001. In the right part of Figure we computed for each logarithmic
distance graph a linear fit to all points from time —2.3 to —1.8 and a second
fit to all points from time 1.3 to 1.8.

The linear fits provide approximations of the gradients. We observe that the
distance decays exponentially fast to the middle of the interval. In general the
distance does not decays towards the the exact middle of the interval. The
place (time) depends on the exponential rates. The graphs corresponding to
step size h = —0.001 (solid lines) decreases until they reach J, and the graphs
corresponding to step size h = —0.01 (dashed lines) only until they reach J C J;
(in Figure the intervals J and Jy are coordinated for the black graphs).
We expect that the decay does not stop in an interval J of Jy, as the plotted
graphs, if we theoretically calculate the distance between the continuous orbits.
In Figure[7.9 we illustrate the reason why the decay stops. In the left part we
plotted the three orbits X1(-) (blue), Xo(+) (red) and Xs3(-) (green) projected to
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10% —X, to X, with hh = —

1 O A9 with h = —0.001
—X1 to X3 with A = —0.001
—Xs to X3 with h = —0.001
X1 to X2 with h = —0.01
X1 to X3 with h = —0.01
X2 to X3 with h = —0.01

—X1 to X2 with h = —0.001
—X; to X3 with h = —0.001
—X2 to X3 with A = —0.001
—gradient: -1.620651066142369
—gradient: -1.618519874454178
gradient: -1.607576506496571
—gradient: 1.611790217814241
gradient: 1.621077443430743
gradient: 1.629289045538872

to

Figure 7.8: The distance of three different trajectories (®(-,2.5) X4, i = 1,2, 3)
over the time interval.

the x1-xo-plane. The right part shows a section of these orbits (points of the
orbit for times close to 0). Two distances calculated between the discretized
orbits are marked with a black line. The brown lines illustrate the distance
between the continuous orbits, which are shorter than the black lines.

15| » ‘ | -] 1.34 |
1.32 |
s ’ ’ 13|

05| | hoest
1.26 |

‘ ‘ ‘ ‘ 1.24 | ‘
-1.5 -1 -0.5 0 -1.59 -1.585

-1.58 -1.575

T

Figure 7.9: Numerical artifacts are causing that the distance does not expo-
nentially decrease for times close to 0.
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We expect that the approximation of the distances gets more precise the
smaller we choose the step size. Further we await that in the theoretical case
the distance decays exponentially fast towards the middle of the given interval
I. Beyn, Hiils and Schenke studied in [21I] infinite time discrete hyperbolic
dynamical systems. They showed that two finite orbit segments in a small
neighborhood of a hyperbolic orbit converge exponentially fast towards each
other (for ¢ towards some time in the given finite time interval). Inspired by
this publication we study a solution z(-) of a continuous finite time dynamical
system which generates a K-hyperbolic, K € [1, 00), variational equation. We
prove that two solutions of the original system in a small neighborhood of
the solution x(+) converge exponentially fast towards each other (for ¢ towards
some time in the interval).

Theorem 7.1.12. Let 1= [t_,t,], K € [1,00) and T : I — RF be a solution
of equation (22). Further let

u(t) = fo(2(t), t)u(t)

be K-hyperbolic (w.r.t. ||-||) on I with o, 8 > 0. Then there exists an € > 0,
0<a<a,0<p < B and a constant C > 0 such that for all0 < e < & any
two solutions z1, zo of (2.2) with sup ||z12(t) — Z(t)|| < € satisfy

tel

121(8) = 2a(8) || < BeK2C (e 1) 7770
for all t €1T.
Proof. Define d(t) = 2 (t) — z(t) for all ¢ € I. Then d(-) solves
d(t) = 21(t) = (1) = f(21(0), 1) = f(2(t),1)
= /0 (ea(t) + sd(t), D)dsd(t) = A@)d(D).

Next we show that

a(t) = A(t)u(t) (7.12)

has an exponential dichotomy on I with K = % and exponential rates 0 <

a<a0< B < (. For that purpose we use Theorem [3.4.4] and need to show
that

sup A1) — £,(z(1), 0] < 2O

tel
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The modulus of continuity is given by

w(f R, 9)
=sup {stlglo ol (®),t) = faly(@®), O] |2,y : T— R*: sup [[2(t) —y(®)l] < 5} :

Choose & > 0 such that w(f,, R*,¢) < % for all 0 < e <é&. Then by
sup [[25(t) + sd(t) — z(1)[| < ssup [|lz1(t) — 2()]| + (1 = s) sup [|22(¢) — 2(1) |
tel tel tel

<se+(l—s)e=¢, se€]0,1],

we get

sup [|A(t) — fo(2(1), )] < /0 sup [fa(22(t) + sd(t), 1) — fo((t), )] ds

tel
1
s/me&@®
0

= w(f, R, ¢) < M.

This implies an exponential dichotomy (w.r.t. ||-||) of (Z12) on I with K = 352,

0<a<a 0<p<pand an invariant family of projectors Q : I — RF*¥.
Denote the solution operator of (ZI2) by V¥, then the solution d(-) of (7.12)
satisfies

d(t) = Q()d(t) + (I — QE)d(t) = QYW (t, t_)d(t_) + (I— Q(E)W(L,t,)d(t)
= W(t, 0 )Q( () + Ut 1 )(— Q(t))d ().

Combining this with
sup [|d(t)[| = sup ||z (t) — Z(2) + 2(t) — 22(1)]]
tel tel

<sup ||z, (t) = z()[| +sup [[2(t) —2(1)]] < e+ e =2
tel tel

we obtain
Ja(e)] < (0, E2)QU ()| + [(t, £ (T~ QU )(e)
< s QU1 |+ e P (- Qe )d(e )|

5K? _ .
< ——sup||d(t)]| C (e*a(tft_) X efﬁ(trt))
2 ta

< 5eK*C (e‘d(t_t*) + 6_5(t+_t))

with € = max{||Q(t- )|, [T — Q(¢)[[}-
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Corollary 7.1.13. Let I = [t_,t,], K € [1,00) and Z : T — R¥ be a solution
of equation (22). Further let

u(t) = fo(2(t), )u(t)

be M-hyperbolic (w.r.t. ||-|[) on T with o, 3 > 0. Then there exists an & > 0,
0<a<a, 0<p < B and a constant C' > 0 such that for all0 < e < & any
two solutions z1, zo of (2.2) with sup ||z12(t) — Z(t)]| < e satisfy

tel

21 (t) — za(t)|| < 26C(e=31=) 4 =BlE+—0)
forallt €1.

Proof. Using Theorem B.4.1T] instead of Theorem [B.4.4] we obtain the constant
1 instead of SQLQ 0

For K-hyperbolic systems we conclude that the distance of the boundary
of the e-homoclinic tube decreases to the middle of the given interval if the
distance stays sufficiently small for all times within the interval. In our example

([79) this is the case.

Discretization by the h-Flow

In this subsection, we discretize the differential equation (2.2), using the h-
flow. From a numerical point of view, this ansatz is of no practical relevance.
It is introduced for deriving error estimates of one-step methods in the next

subsection.
From now on if not other mentioned assume |(A4)| Further, let (-, ¢, s)
be defined for all ¢, s € I (invertible). We consider the h-flow

on(z,h) == p(x, (n+1)h,nh), n € Iy (7.13)

and note that the resulting dynamical system generated by the difference equa-
tion

Tny1 = On(@n, h),n € J1, z, € R (7.14)
is invertible. An orbit

B oz, h), for J] =7
SOJ( ’ ) {(';¢J1('7h))7 for J 7é Z

that satisfies the boundary condition b(-, ¢, -1(-,h)) = 0) is a zero of the
operator

. Tn+1 — 8071(3:117 h’)7 nc Jl
T:S5 xR — 5y, (I‘J,h))—) ( hb($n7,$n+), lfJ%Z
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that operates on the Banach space of bounded sequences

o {{xz = (@a)ucz : Tn € B, [lvz]) = sup,cy ]| < 00}, if I = 7,
J =

{xJ = (Tp)ney : Tn € ]Rk} , if J # 7Z.
Assuming , the discretized orbit
ys(h) := (Gn(h))nes := (Y(nh))ney (7.15)

is bounded and a zero of Y, where ¢ is the solution operator of (2.2)), if
the boundary condition equals zero. Further, we look at the corresponding
variational equation, b € C!'(R*,R*), that we obtain by differentiating T
w.r.t. the first component

Yo, (G5(h), h) = Sy — S, (7.16)

Ur —> < Upt+1 — (‘Pn>r<gn<h>v h>un7 n < “Ul )
! h’(le(gn— ) gn+>un_ + DQb(gn— ) gn+)un+), lf J # Z

Transversality of homoclinic orbits x7(h) in discrete time systems is char-
acterized by one of the equivalent properties given in Theorem [T.2.1] see The-
orem [7.0.10] for the continuous time case and note that all results applied in
the proof have a discrete time counterpart. For the equivalence of (aa) and
(da) we particularly refer to [70, Lemma 3.7] .

Theorem 7.2.1. Let I = R. Assume|(A5)H(A8)| and let h > 0. Then zz(h)

is a homoclinic orbit of (L13). Furthermore, the following statements are
equivalent:

(an) Unt1 = (pn)e(@Tn(h), h)un, uz € Sz < uz=0.
(ba) The variational equation
s = (Pn)e(Fa(h), By, 1 EZ
has an exponential dichotomy on 7.
(ca) Y., (Zz,h) is a homeomorphism.

(da) The tangent spaces Tz, W7, (0, h) of the global stable and unstable O-fibers
WSO,U(O, h) of the h-flow x,11 = @n(xn, h) satisfy

Te,WO(0,h) @ Tz, W2(0, h) = RF.

As in the continuous time case the statements in Theorem [7.2.1] are not
equivalent for finite time systems. We want at least that from statement (ba)
statement (ca) follows. Therefore, it is important that the domain of defini-
tion and the range of T,, have the same dimension. This is the reason why
we added for finite time systems to the one-step-method a boundary condi-
tion. To prove that from (ba) the statement (ca) follows we need assumptions
depending on the boundary condition.
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7 (In)Finite Time Homoclinic Trajectories

(A11) Let the images of the projectors Q*(t_), Q“(t.) satisfy R(Q*(t-)) @
R(Q%(t;)) = R* and let the boundary condition b(-,-) satisfies b €
C'(R*,RF) and b := b(y,_,Yn,) = 0. Further, let
B(’gj) =h (le + ngq)(mr, n,)m@s(L)) le(f(n,, n+) + DQb\R(QU(t+))) :

R(Q*(n_)) & R(Q"(n,)) — R*

be invertible. For any compact set X C R* there exist a constant

C(K) > 0 such that

Hba:(xnfaxrur) - bx(ynfayrur)” < C(’C) ||"L‘J] - yJ]H
holds for all z,,,y,, € R¥, n € J.

With these assumptions we obtain that for ft-hyperbolic trajectories yj the
operator T, (yy, k) is a homeomorphism (“(ba) — (ca)”). The proof is similar
to [73, Theorem 4] and [21I, Theorem 6| for infinite autonomous and nonau-
tonomous systems on finite time intervals.

Theorem 7.2.2. Let I = [t_,t,]. Assume [(A4)| |[(A5)| and that y(-) is a

trajectory of ([22)). Then yy(h) is a trajectory of ((I3). Let the variational
equation

Un+1 = (@n)a) (Un(h), B)un, n € I
have an ft-exponential dichotomy with the invariant family of projectors

Q*“(hn) = Q" (h), n € J and solution operator ®(n,m), m,n € J, n > m.
Further assume|(A11)| Then Y, (yy, h) is a homeomorphism.

Proof. By it is sufficient to show that (Z.I0) is bijective. Hence, we have
to prove that for every yj, € Sy, and r € R* there exists a unique solution g
of the boundary value problem

ij(yﬂa h)uJ = (yil) .

Denote by ®(m,n) the inverse of ®(n,m)|gqu ) for all n,m € I, n > m.
The general solution of the linear equation is given by

Up = DP(n,n_)v_ + ®(n,ny)vy + Z G(n,m+ 1)ym
mel
with v_ € R(Q;_(h)) and vy € R(Qy, (h)), where G(-,-) is the Green’s func-
tion, see [105].
To show that the solution is unique we have to prove that v_ and v, are
unique. We insert the general solution into the boundary condition

r :thb(gnfagnJr)[v— + (I)(n—a n-l—)v-l— + Z G(TL_, m + 1)ym]

méelJy

+ hDQb(gnfagnJr)[q)(n—H n—)v— + Uy + Z G(n-i—v m + l)yM]'

melJy
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7.2 Discretization by the h-Flow

Since yy, is fixed and given we define

R =hDib(fn_,Gn,) Y Gnem+ 1)y + hDsb(f_ ) Y Glni,m+ 1)y,

medr med1
Set b = b(Yn_,Yn, ). Then we need to solve
r — R = h[D1b+ Dyb®(ny,n_)]v_ + h[D1b®(n_,ny) + Dby

— h (Db + Dob®(ny,n_) Dyb®(n_,ny)+ Dsb) (“‘)

o (1), *

By [(A11)|the vectors v_ and v, are unique. O

(Ft-)Hyperbolicity as well as transversality of a trajectory in continuous
time carries over to the discrete trajectory generated by the h-flow.

Lemma 7.2.3. (a) Assume|(A4)|[(A5)|and|(A10)|, then gyy(h) is a (ft-)hyper-
bolic bounded trajectory of wn(-, h).

(b) Let J = 7. Assume |[(A5)H(A8)|, then the following statements are equiv-

alent.

(b1) The continuous time orbit z(-) is transversal.

(by) There exists an h > 0 such that Zz(h) is a transversal homoclinic
orbit of the h-flow ¢, (-, h) for all step sizes 0 < h < h.

Proof. Assume|(A4)|[(A5)|and|[(A10)| Denote by ®(-, -) the solution operator
of the variational equation

Unt1 = (#n)a(Gn(h), h)un, 1€y (7.17)
and observe by the following that

®(n,m) = SY(nh,mh), n,m € J. (7.18)
Since SY(+, ) is the solution operator of @ = f,(y(-),-)u we get for s,t € I

C59(t,5) = L(5(0).0S°(15). (7.19)

Further, ¢(y(s),t,s) is a solution of & = f(z,t). Inserting and differentiating
by x yields with ¢(y(s),t,s) = y(t) the equation

Cul(5).1.5) = F5(1), (5 (5). 1. 9). (7.20)
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7 (In)Finite Time Homoclinic Trajectories

Comparing (7.19) and (7.20) we get by the uniqueness of the solution operator
SY(t,s) = 0. (y(s),t,s). (7.21)

Since ®(-,-) is the solution operator of (TI7) we get with (ZI13), (ZI5) and
(21)

B+ 1,m) = (p):(7(h), ) 7o

= @u(y(nh), (n+ 1)h,nh) = S¥((n + 1)h, nh). '
This implies (.I8)) since ®(-,-) and SY(+,-) are both solution operators. Using
the continuous time dichotomy data from [(A10)|, we define

Qy"(h) == Q™" (hn), n€J

and immediately obtain that (ZI7) has an (ft-)exponential dichotomy on J
with data (K, hf3,Q%%(h)). This completes the proof of (a).

For proving (b) assume|(A5)H(A8)} If (b;) holds true, then Theorem [7.0. 10
guarantees that (5.1)) has an exponential dichotomy on R. An application of (a)
combined with the observation that the h-flow preserves homoclinic structures
proves (bs).

To show the implication "(bg)=-(b;)", we assume that (by) is not sat-
isfied, i.e. the orbit Z(-) is not transversal. Then a nontrivial bounded so-
lution u(-) of (BI) exists. As a consequence, we find an h > 0 such that
uz(h) = (u(nh))nez # 0 for all 0 < h < h and w41 (h) = S*((n+1)h, nh)u, (h)
holds for all n € Z, where S%(s,t) is the solution operator of (51I). Applying
the identity

S7((n -+ 1)h,nh) = (9)e(Fa(h), )

for all n € Z (see (.22))) we obtain
Unt1(h) = (pn)z(Zn, W)un(h), n € Z.

Since uz(h) # 0 for all A < h Theorem 721 (ap) applies and thus Zz(h) is
not transversal for all h < h. This violates condition (bs). O

Before we are finally able to prove the last equivalence relation of Theorem
[.0.10l we show that the stable and unstable 0-fiber bundles WQU(O) of the con-
tinuous infinite time system generated by (2.2) coincide with those W, (0, h)
of the system generated by ([LI4]) for h sufficiently small. For finite time sys-
tems this statement is generally not true. We can not guarantee that a function
which is strictly decreasing (increasing) on a discrete interval is also strictly
decreasing (increasing) on the continuous interval no matter how small the
step size h is. This is not dramatical since Lemma [7.2.4] is only needed to fin-
ish the proof of Theorem [Z.0.T0L Hence, the statement W7, (0,h) = W2, (0) is
important for transversal orbits. We showed that we do not have to explicitly
distinguish between transversal and tangentil finite time homoclinic orbits.
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7.2 Discretization by the h-Flow

Lemma 7.2.4. Assume |(A4)], [(A5)| and |(A6) and 0 € 1. Let I = [t_,t,]
and € > 0. Then for every h > 0 we have

SW2,(0)  TW? (0, h),

where TWP (0, h) are the (un)stable 0-fiber bundles of (L) and -W?2,(0) of
(Z2). Let 1=TR. Then there exists a constant h > 0 such that

Weu(0,h) = W, (0)

holds for all 0 < h < h, where W2,(0,h) are the (un)stable 0-fiber bundles of
([C14) and WQU(O) of [22).
Proof. Let T =[t_,t,] with 0 € I. By the invertibilily of the solution operator
we have
Tyx/0 _ k|f ._ T yomin .
€W8 (O) —{gER ‘t_ <pBe (@(&715770)70) el:
d .
Zllel& 0 <0forall t €Lt > ¢}
— k|f._ T yomin .
—{gER ‘t_ @Be (@(&715770)70) el:
le(€,t,0)]| < [lo(€,5,0) for all ¢, s € Lt > s > £}
k|7 .__ I ypmin .
c{¢ € R¥|t = B (p(€,-,0),0) € T :
lp(&, th, 0)[| < [l@(&, sh, 0)|| for all ¢, s € J,t > s > 1}
=-W2u(0, ).

Analogously, the statement holds for the unstable fiber bundles.
Let I =R. Then W?,(0) € W2,(0,h) is true since

{x e R lim_|p(z,5,0)] = o} c {x R lim_[lp(znh,0)] = o}

seR neZ

holds. For proving the other inclusion let x4 € WQU(O, h). For every t € R we
find an n € 7Z such that nh <t < (n + 1)h holds. With and the

mean value theorem we get
sup  [[p(zo0,t,0)]]
nh<t<(n+1)h

= sup llo(¢(x0, nh,0),t,nh) — p(0,t,nh)||
nh<t<(n+1)h

1
= swp || [ utsptan, nh0),tnk)dsp(an, o, 0)|
nh<t<(n+1)h 0

<Chl|l¢(zo, nh, 0)]|. (7.23)
From zo € W?2,(0,h) it follows that lim |¢(z0,nh,0)|]] = 0 holds. With
’ n—1oo,

neZ
(T23) we get lim |¢(z0,t,0)|| = 0 and consequently zq € W2, (0). O
—>xo0, ’
teR
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7 (In)Finite Time Homoclinic Trajectories

Combining these results, we prove the remaining statements of Theorem

[.0.10

Proof of Theorem [7.010, “(a.) < (d.)”. It follows from Lemma [.2.3] (b) that
an h > 0 exists such that (ac) < (aa holds for all A < h). Applying Theorem
[[21] we get (apn) < (da) and finally, Lemma [[2.4] yields (da holds for all
h<h) e (de). O

Corollary 7.2.5. Let Ty be a transversal homoclinic orbit of the map @, (-, h).
Then Tz is a regular solution of the operator L i.e. Y(Zz,h) = 0 and
Y., (Zz, h) is a homeomorphism.

Discretization by a One-Step Method

For a general one-step method, we prove a closeness result for approximate
trajectories in our nonautonomous context. From this, we conclude our main
theorem - the persistence of homoclinic orbits under one-step discretizations.

We still assume

We consider a general one-step method
Tot1 = Yu(Tn,h), z, €RF, nel (7.24)

with step size h > 0. The orbits of (.24]) are zeros of the operator

S Tp41 — wn(xm h>7 n €
T: SJ xR — SJIa (lj?h) = ( hb(xn_7'rn+)7 for J = [nf’nJr]Z

if their boundary points are zeros of the boundary condition b. We assume
consistency of order d as well as smoothness:

(A12) For any compact set K C RF there exist constants Cy(K), ho(K) > 0
such that the consistency estimate of order d € N

”(,0n<.l’, h’) - Q/Jn(% h’)” < CQUC)hdJrl
holds for all n € J;, z € K and 0 < h < hy(K).

(A13) Mixed derivatives of 1, (x, h) up to order 3 exist. For any compact set
K C R* the derivatives are continuous and uniformly bounded by some
constant C'(K) in K x (0, hs(K)], with 0 < hs(K) sufficiently small. Fur-
thermore, 1, (z, h) is C? smooth in h and mixed derivatives (Q/Jn);l}ld) (x,h)
exist and satisfy the uniform Lipschitz estimate ’

@0 @) = )50 @, )| | < Co0) s = g

foralln € Jy, x € K and 0 < 10 < h3(K) with a constant C5(KC) > 0.
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7.3 Discretization by a One-Step Method

The following lemma summarizes closeness estimates between the h-flow
and an one-step method with step size h. Garay proved in [51] closeness
estimates for autonomous infinite time systems which are also satisfied for
finite time systems. With our uniformity Assumptions and
Garay’s approach immediately carries over to the nonautonomous case. For
the readers convenience, a sketch of the proof is presented. For more details
the reader is refert to [53, Lemma 2.3.1].

Lemma 7.3.1. Assume |(A4)|[(A5)| [(A12)| and [(A13)| Then for any com-
pact set K C RF there exist constants C(K), C4(K), ha(K) > 0 such that for
allx € K and 0 < h < hy(KC) with ha(K) < hy25(K) the following statements
hold true:

(i) sup |(n)a(, h) = (L)o@, Bl < Co(K)RI,

nely

(ii) Yn(z, h) = x+hA,(z, h) for alln € J;, where A, (z, h) := fol(d}n)h(x, sh)ds
has the same smoothness properties as 1, except for losing one derivative
with respect to h. Further, for v € {0,1,2} the following estimates are

true:
sup [[(A,) (z, b)|| < C(K), (7.25)
nely
1
—1
sup [ (¥ )z(, h) 7| < T heK) (7.26)

Proof. With Taylor’s formula at h = 0 and [(A13)| we get for all n € Jy
(pn<$L’, h’) - Qﬁn(l’, h’)

1
= /0 (“&i’l{! (nl, sh) — (@, sh))}” —(%(x,())—wn(x,()))g@) dsh?

for all z € K, 0 < h < hy(K). By differentiating this expression w.r.t. x and
using [(A5)| and [(A12)| we get the estimate from (i). The second statement
follows immediately from the mean value theorem. The estimate (Z.28) is a

direct consequence of and with the Banach-Lemma we obtain ([.26])
for sufficiently small h. O

Corollary 7.3.2. Assume[(A4) and|[(A5). Then for any compact set K C RF
there exist constants C1(KC), hy(KC) > 0 such that for all x € K and 0 < h <

1

-1 B —
sup [[(en)s (. )7'| < 75571

holds.
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7 (In)Finite Time Homoclinic Trajectories

Now, we have all tools at hand to prove h?-closeness between orbits of
the continuous time system and orbits of the one-step discretization, see [136,
Theorem 4.3] for a related result in autonomous systems.

Theorem 7.3.3. Assume |(A4)||(A5)| and [(A10)H(A13)| Then there exist
constants hs,d > 0 such that for all 0 < h < hs the operator T(-,h) has a
unique zero gy(h) in a d-neighborhood of yy(h).

Furthermore, gy(h) is a (ft-)hyperbolic bounded trajectory of (L24) that satis-
fies

sup [[9 (h) — Fa ()| = O(RY). (7.27)

nelJ

Proof. Let K C R be compact and sufficiently large. We prove the statements
from above by applying Lemma [A.0.1] with the settings: F =T, Y = S;, A =
RJr, Z = SJ and ’ljo(h) = :Ijj(h), 51 = ¢ and 52 = h5.

We verify the assumptions of Lemma [A.0.1] and first prove that T(-, h) for
0 < h < hj is invertible with uniformly bounded inverse. Since the boundary
conditions of Y, (x5, h) and Y, (g, ) are the same we get by Lemma [[31]
the closeness estimate

T, 1) = T (s, )| = D o) ) = (), )|

nely

< Cy(K)hH! (7.28)

for all 0 < h < hy(K) and 27 € K!. Lemma [I.2.3 (a) yields an exponential
dichotomy of the generated dynamical system (.I7). The exponential rate
is hB3 the invariant family of projector is Q%%(h) := Q%“(hn) and for J =
7 we have a constant K. Denote the corresponding solution operator by
®(n,m), m,n € J;. Further, by Theorem [[.(21] for I = Z and by Theorem
22 for I = [n_, ny]y we see that T, (yy(h), h) is a homeomorphism for all 0 <
h < hy(K). Then the Banach-Lemma and the estimate (7.28)) guarantee the
existence of a possible smaller bound 0 < hs < hy(K) such that T, (g5(h), h)
is a homeomorphism for all 0 < h < hs. Consequently, we obtain for any
Ty, Ty € Sy unique solutions uy, uy € Sy of the inhomogeneous equations

T, (o). Wiy = 75, Lo, (G5(h), hug = 75, (7.29)

Assume J = Z. By [105, Lemma 2.7] we obtain

B
I an (Gah), By (7.30)

14 ehB _14eh
1—eh

Juz ) < Kz lIrall = K

Assume J = [n_,n,]z. Then we have for the norm of the Green’s function

|G (n,m)|| < e
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7.3 Discretization by a One-Step Method

for all n,m € J. For a proof of the estimate see [105]. Let n € J, n # n_ be
fixed then we obtain

Y Gnom+D|< > Gmm) < Y e

meJy mel],m#n_ mel],m#n_
_ Z e—hﬁ\n—m\ + Z e—h3|n—m|
n_<m<n n<m<ny
n—n_1 ny—m
— —hpBi —hBi
=D D e
=0 i=1
1 — (efhﬁ)nfn_ 67h67(1 _ (eth)n+fn)
T 1 ehB * 1 —ehB
14 ehb
< =
< = Calh)
and for n = n_ we have
ny—n—
Z G(n,m+1)|| < Z e~ hBIn—ml| _ Z e~ hBln—ml _ Z e~ hBi
mel meJm#n_ n_<m<ny =1
e (1 — (e MPyren=) 14 e 8
= — < = — .
1 —ehp T 1l—ehf Celh)

Since uy is a solution of the second inhomogeneous equation of (Z29) there
exist v € R(Q;,_(h)), vy € R(Qy,, (h)) such that

Up, = P(n,n_)v_ + ®(n,ny)vy + Z G(n,m+ 1)ry,

mely

holds for all n € J. Studying the boundary condition of Y, (y5(h), h) and
denoting b := b(Y,_, Yn, ) We have just as in the proof of Theorem [.2]]

B(yy) (Z+) =7Tn, —h <D1b Z G(n—,m+ 1)ry,, + Dsb Z G(ny,m+ l)rm> .
mely mely

First define some constants

Cy :=max {||D:b|| , || D2bl| , 1}, (7.31)
Cp-1:= maX{HB_l(ng) 1} (7.32




7 (In)Finite Time Homoclinic Trajectories

Then we get by [(A11)|Cq(h) = ii—:zg >land h <1

|Gl

<||B~"(m)]|

l

Tn, —h <D1b Z G(n_,m+ 1)r,, + Dsb Z G(ny,m+ 1)rm>
Z G(n—,m+1)

meJ; meJy
<Cp-1 <||7”J|| + hCy ( ) ||7“J||>
meJ;

<Cp-1 (14 2hC,Coa(h)) [Iroll
SgCB—lchGUl) H’T’J” . (733)

+ Z G(ny,m+1)

melJy

For the solution uy we obtain by the hyperbolicity and (Z.33), (Z.31]) and (7.32))

[unll < [®(n, n)v-|[ + [[®(n, ny)o ]| + 73]l

Z G(n,m+1)

melJy

< loll + lo [l + Ca(R) 75l
v
Ut

< 6Cp-1GCa(h) [[rsll + Ca(h) 7]

< T7Cp1CyCeq(h) ||
< KCq(h) || Yy (Gs(h), h)uy|| (7.34)

<2

+ Ca(h) ||

for a constant K = 7Cp-1C, and all n € J.
For J = Z and J = [n_,n, ]z we get by an elementary estimate for the
exponential (see [53, Lemma 1.3.1.]) and estimate (Z.30)), (7.34)

_ 14 ehP

Jug|| < Km |y (G3(R), h)ug|| < % |y (G3(R), h)ug | (7.35)

with some constant v > 0 that does neither depend on h nor on rj.

Combining (Z.28)) with (Z38]) for vy := Y, (yy(h), h)ty, the estimate
1731 = |[ T (an(). |
2 ||y ), | = | (0 (), B) = Ty (). )

> wh | = Co(ROR™ s = 5o [T, @s(0), )17

(7.36)

holds for all 0 < h < hs with a possibly smaller hs. Since (.36]) holds true for
all 7y € Sy we conclude

> (7.37)
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7.3 Discretization by a One-Step Method

Next, we verify Assumption (Al of Lemma [A.0.1l Therefore define
o(h):= o and k(h) = ——. (7.38)

Lemma[7.3.1] [(A13)|and the mean value theorem yield with C/(K) := sup {C’(/C), C’(/C)}

T, b) = T (35(0). )| <7.39>
< sup {R | ((An)a(n(h), 1) = (An)a(ns ) neg, | 2 (102 ) = ba(n (R), G (W))][}
< sup {h / 1 <<An>§f><yn<h> + 5 = G, ) oep, || 45 15(R) = @, RCUC) s — zmh)H}
<C(OR gs(h) - 3] (7.40)

for all z; € K¥ and 0 < h < hy(K). Note that for sufficiently small § the

estimate C'(K)hd < k(h) holds. By (Z40)([Z37) and (738) Assumption (AT)

is confirmed for all ||xy — gy(h)|| < 6:

7., ) = T (), ]| < COCIRS < () < () = %h

T:}:J (gﬂ(h'>7 h’)_l

Assumption (A.2) of Lemma [A.0.1] immediately follows from |[(A12)| for
sufficiently small hs, 0 < h < hs:

[T @s), )| = | @), ) = T, 1)
= T 1)~ a0 W
)

< C(K)R < h T 5 = (a(h) — k(h))5.

Thus, Lemma [A.0.1] applies and guarantees the existence of a unique zero

gs(h) of T(-,h) in a d-neighborhood of 7;(h), satisfying the inequality (Z27)

15(h) = G5 < (k) = () | T(as(h). )|
4C,(K)

v

< 2Oy (K)hH = ——p¢ (7.41)
for all 0 < h < hs.

Next, we prove hyperbolicity of this solution.

In order to show that the variational equation, given in terms of the opera-
tor T, (75(h), h), has an exponential dichotomy on J, we apply the Roughness-
Theorem B.42/B.4TT with the settings: A(n) := A, =: (¢n)e(Un(h), h) and
An) i= Ay i= ()(Ga(h), h) and By = A(n) — A(n) = (b)algn(R), ) —
(‘Pn)x(gn(h)a h)> n € J.
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7 (In)Finite Time Homoclinic Trajectories

With (7.40) and (7.41)) it follows

T (G(h). 1) = Ty (). )| | SCOOR () = (A
SC(IC)h&VUC)hd = C(K)hH!
and combining this result with (Z.28) we obtain

15, || = Hlejh — Ay,
= sup 1) (G (), B) = (0 )a(Fn (), R)]
= [Ty (Gs(h), ) — mj( ()R
< HTW(Z]J( ) 1) = Lay(gs(h), D) + 1oy (B3 (R), h) = Yoy (s (R), R

< (C(K) + Cy(K))nt. (7.42)

By Corollary [[.3.2] we observe for h sufficiently small

14311 = sup llGen)a @ (). ) < 7505 (7.43)

and together with ((T42)) this yields the estimate

5 0 A7 > S(1 = hCy(K) > (C(K) + CaK > By || (7.44)
for h sufficiently small. This is the first Assumption ([3.38) of the Roughness-
Theorem For verifying the second Assumption (3.39) and the condi-
tion of the Roughness-Theorem B.4.11] note that (TI7) has an exponential
dichotomy on J with rate k3 and for J = 7Z with constant K. By Taylor
expanding we observe

-1
<-1 TR + ! ) :%Bh+(’)(h2), (7.45)

hB = h3 5 = hB
ez —e M e77 —ehB b —emy

1—e 8 )
2o —oh = Bh+ O(h?), (7.46)

(ii;) = Bh+ O(h?). (7.47)

As a consequence

1E5, || <(C(K) + Co(KK) R
1 1 1 1 -1 (7.48)
ec2 —e¢ e 2 —¢ e — € 2
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7.3 Discretization by a One-Step Method

holds true for A sufficiently small, i.e. the second assumption (B.39) is satisfied.
Minimize hs > 0 such that (.43), (7.44)) and (7T.4])) are satisfied for all 0 <
h < hs.

Next we prove the condition of the Roughness-Theorem B4ATIIl In the
following let Cy > 0 be a generic constant which will increase if necessary.

Assumption yields
[A5 | < C1(K)

for 0 < h < 7y (K) (hs < ha(K) < 2y (K)). Together with (ZZ3) we obtain for
the constants C', C' and Cy from the Roughness-Theorem [3.4.11]

C

2 ([l AR |+ A I Az D™

1 oK) N\
2 <1 —honK) 1= hCl(IC))
Co

= = he o)

IN

and
C=1+2|An|)+ (|45 *+1) C
Co
< (14 2CHK) + (C1(K)? +1
( 1(K)) ( 1(K) )<1_hcl(lc))(n+—n)
1 (1= hCy(K)™ ™) 1
<Col1+ =C
- ( (1- h01</C))<"+—”>> U (1= hCy (K)o
2 Co

< <

- Co(l — hCy(K))n+=n=) = (1 — hCy(K))s=n-)
and

Co

= 7Y <
Cd maX{C, C} = (1 . hCl(’C))(n+_n7)

for all 0 < h < hs. This implies

_ 1 — hCy(K))m+—n=) 1
1 > ( 1 X
(4Cy) " > 1Co > 30 (7.49)

for h sufficiently small. Combined with (7.42]), (7.46) and with (747

|45, = 4| < (€00 + Cutrepne
Y 5 7.50)
< min {1, (4Cd) m, (4Cd) ehB

follows for h sufficiently small. Thus, the condition of the Roughness-Theorem
B.411 is satisfied. Minimize hs; > 0 such that (Z49) and (Z.50) are satisfied
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7 (In)Finite Time Homoclinic Trajectories

for all 0 < h < hs. Theorem B.42)/3. 41T applies and guarantees that the
variational equation, given in terms of Y, (¢5(h), h), has an exponential di-

chotomy on J with rate % and for J = 7Z with constant 2K + 1. Thus, 75(h)
is a (ft-)hyperbolic bounded trajectory of the h-step method ¥y, (-, h) for all
0 < h < hs. O

We exploit this result for analyzing discretized homoclinic orbits. Note that
the application of a one-step method turns the equilibrium 0 into a bounded
trajectory.

Corollary 7.3.4. Assume [(A5)H(AT)] [(A12)|[(A13)| and [(A11)] Choose
hs and § as in Theorem [7.3.3. Then there exists a C' > 0 such that for all
0 < h < hy a unique (ft-)hyperbolic bounded trajectory é]](h) of (C24)) in a
d-neighborhood of the equilibrium 0 of (2.2) exists which satisfies

sup
nejJ

&) 0| < cn (7.51)

The variational equation, belonging to Yo, (éz(R),h), has an (ft-)exponential
dichotomy on J with rate % and for J = 7 with constant 2K + 1.

Further, assume|(A8)|and|(A9)| Then there exists a unique (ft-)hyperbolic
bounded trajectory Ty(h) of (L24)) in a §-neighborhood of the (ft-)hyperbolic (e-
Jhomoclinic orbit Ty(h) (€ > 0) of the h-flow which satisfies

sup || Zn(h) — Z(h)]| < Ch. (7.52)

nelJ

Furthermore, for J = 7 there exists an N € 7" such that

sup [ Zn(h) — &a(h)]| < 3CR (7.53)

+
n€Zy N

holds with 7., :== [N,00) NZ, Z~ := (—o0, —=N| N Z. For J = [n_,n,|y

s () = & ()| < 2007 + 2 (7.54)

15 satisfied.

Proof. Fix 0 < h < h. It remains to prove the estimate (7.53)) for sufficiently
large |n|, n € Z and (L54). First consider J = Z. With (.51)), (T.52) and
(A8)], see Definition [.0.1] there exist a N := N(h) € Z* such that

sup |2, (h) — &.(h)]

"EZiN
< sup [|Z,(h) = Za(B)|| + sup [[Z,(h) — O] + sup |0 — &, (h)|| < 3Ch.
v/ nEZiN neZ
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7.3 Discretization by a One-Step Method

For J = [n_,n.|z we obtain by the latter arguments

o () = Eu ()| < 50p 120(h) — 2o ()] + [l (1) = O +-sp 0 — Eu(h)|
<2Ch? +e.
0

For J = [n_,n.]z the estimate (Z54) implies that (Z;(h),&5(h)) forms
a (2Ch? + ¢)-homoclinic pair. For the infinite time cases J = 7 we know,
from the previous results, that the tails of the discretized hyperbolic bounded
trajectories Zz(h) and &z(h) of (T24) stay in a common small neighborhood.
In the following we show that these trajectories are indeed homoclinic toward
each other for all 0 < h < hs. This can be achieved by establishing the identity

i [l =& =0

The next lemma states that if two hyperbolic bounded trajectories stay in
a sufficiently small common neighborhood, then they converge towards each
other. Note that a related result for the autonomous case can be found in [105,
Lemma 5.3].

Lemma 7.3.5. Assume that f,, € CL(R*, R¥) forn € Z and let &4 be a bounded
tragectory of the difference equation

Tpt1 = folzn), n €. (7.55)

Further, assume that (f,), is uniformly Lipschitz with constant L in a neigh-
borhood of &7 for all n € Z and that the variational equation

Uny1 = (fn)o(§n)ttn, nE€Z (7.56)

has an exponential dichotomy on 7 with data (K, «, P>"). Fizn; € N and let
xz be a second bounded trajectory of (LhH), satisfying the following estimates
with some constant 0 < B < «:

1@ = &anerll < L0 inf 1 (fa)a (€)M I, (7.57)

! ! ! )_1 (7.58)

— e« + e B —e—a  ex_eB

o — €xhoenll < 275 (

for T e {Z, Z} }.
Then there exists a constant C' > 0 such that the exponential estimate

|20 = &all < Cenml (7.59)

holds for alln € T.
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7 (In)Finite Time Homoclinic Trajectories

Proof. First we define z, := z, — &, for n € T and get with the mean value
theorem

Zng1 = Tpy1 — Eng1 = fn<xn) - fn(fn>
= falzn + &) — fulén) = /0 (fn)z(&n + 52n)ds2,.

By defining B,, = fol( fn)z(&n + s2,)ds we see that z7 is a bounded solution of
Upy1 = Bpu,, neT. (7.60)

To finish the proof, we show that (.60) has an exponential dichotomy on T
with data (2K + 1, 8, Q3").

Assume this dichotomy is already known. Then we get 2z, = Q¥z, for
n €T =%, and z, = @}z, for n € T* = Z since zr is a bounded solution
of (C&0). Denote by ®(-,-) the corresponding solution operator, then

lzall = 19 (n, 70) Q5 20, || < (2K + 1)e 1z, |

for n € T* which completes the proof of (Z.59).

For proving an exponential dichotomy of (.60), we start with (Z.50) that
already has an exponential dichotomy and apply the Roughness-Theorem [3.4.2]
To verify its assumptions, we use the estimate

1Bn — (fa)z(&a)ll < /0 1(fr)z(En + 520) = (fn)2(&n) |l ds
< L/O1 sz lds < %LHan for all n € T.

Then Assumption (3.38) of the Roughness-Theorem [B.4.2 directly follows from

([C57) and (3:39) from (7.58). O

Our next step is to show that discretized infinite time homoclinic trajecto-
ries converge towards each other. For this task, Lemma is applied to the
one-step method (-, k) and the hyperbolic bounded trajectories &7 (h) and
Zz(h).

From Corollary [.3.4] we know that the variational equation, belonging to
T.,(€z(h), h), has an exponential dichotomy on Z with constant 2K + 1 and
dichotomy rate %5 Let K C R* be compact and sufficiently large such that
¢z(h), iz(h) € K”. Then the Lipschitz constant of (¢,), is L := hC(K), see
equation (7.40). The first Assumption (7.57) of Lemma for Ty 1= 75y
follows with (7.26) and (53] for h sufficiently small:

sup || (h) — &u(h)|| < 3Ch! < h™'C(K) 71 (1 — hC(K))

neT*

< L7 i [|(n)eEalh), )7
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7.3 Discretization by a One-Step Method

The second one (7.58) is fulfilled with 3 :=

[SJRey

since

sup (| () — Ex(h)]) < sCnt < "R

2K + 1)C(K)h?
sup V] 3C(2K +1)C(K)

B L—l( L, Lo )1
T2K A1\ _ehB o ehB hB oY

follows from (7.53) and (7.45]) for h sufficiently small. Now we apply Lemma
[7.3.5] and get a constant C5 > 0 such that

[ (h) — En(R)]| < Cse™ 1= (7.61)

for all n € T*.

Summarizing these results we have seen that bounded trajectories in con-
tinuous time lead to bounded trajectories in discrete time, staying close to each
other. This achievement holds for infinite and finite time systems. Further-
more, if the tails of two trajectories of a nonautonomous infinite time system
lie for all future (past) times in a sufficiently small neighborhood, then they
converge exponentially fast towards each other in forward (backward) time.
As a consequence, (e-)homoclinic orbits induce (2Ch? + e-)homoclinic orbits
of the system discretized by a one-step method which are close to themselves.
We summarize this, our main result, in the following theorem.

Theorem 7.3.6. Let Z(-) be a(n) (e-)homoclinic orbit of the continuous time
system (2.2) w.r.t. the fived point 0 and assume that our Assumptions
[(A9)] [(A12)[[(A13)]| and[(A11)| are satisfied. Then we find constants h,C > 0
such that two (ft-)hyperbolic bounded trajectories £;(h) and Z3(h) of the one-
step approximation ([T24)) exist which satisfy

sup [|&,(h) = 0| < Ch?, sup [|Z,(h) — 2, ()| < ChY,
nejJ

nejJ

LMy oo || (B) — én(h)H —0, forl=17,

for all0 < h < h,
T, (h) — fni(h)H <20k te,  ford=[n_,n4lz

i.e. (Zy(h),&1(R)) forms a ((2Ch® + €)-)homoclinic orbit pair of (T2).
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Chapter 8

Applications

In this last chapter we study various examples, which underline our theoret-
ical results. The infinite time statements originate from the publication [54].
First, we construct a 2-dimensional example with an explicitly known homo-
clinic orbit. We compare orbits of a one-step method with the exact ones and
numerically verify our error estimates for various step sizes.

For illustrating transversality of the computed orbits we plot the corre-
sponding stable and unstable fiber bundles of the one-step discretization. We
apply our algorithm from Section [6.7]

Periodic forcing of an autonomous ODE leads to a special class of nonau-
tonomous systems. We construct a model of this type and discuss the underly-
ing autonomous dynamics and their influence on invariant fiber bundles along
a homoclinic orbit.

Finally, a 2-dimensional continuous time model from mathematical biology
is introduced that is nonautonomous due to time variant environmental influ-
ences. For its time discretization we compute a homoclinic orbit as well as
invariant fiber bundles.

For finite time situations we already approximated and potted the e-homoclinic
tube for an 2-dimensional systems, cf. Section [Z.1l

An Artificial Example with Explicitly Known Ho-
moclinic Orbits

We start with the Hamiltonian system

. . )
== (52 ,).
which has the homoclinic orbit
#(t) = 2(1 — 3sech?(t), 6sech®(t)tanh(t))

with respect to the fixed point (2,0), see [20, Section 11.2.2], [57, Section 7.3|.



8 Applications

To construct a nonautonomous example, we first shift the fixed point to
(0,0). This leads us to the new system

=10 = (o ) (5.1)

with corresponding homoclinic orbit
Z(t) = 6(—sech?(t), 2sech?(t)tanh(t)). (8.2)

Next we add a nonautonomous term as follows

io= glnt) = f() + (i;ﬁi; - Egg)
_ < o + 22 + Gsech?(t)z; )

5+ 4y + 2 — 12secl?(0)tanh (1) o

Obviously, (0,0) is for all t € R a fixed point; furthermore, (82) is still a
homoclinic orbit w.r.t. (0,0) of this new system.

For a one-step discretization, we choose Heun’s method with step size h
which has order d = 2 and obtain the discrete time system

Tpa1 = Fp(zy) = :L‘n~|>g (9(xn, tn) + g(xn + hg(Tn, tn), tni1)), n € Z. (8.4)
Tools for the numerical approximation of homoclinic orbits in nonautono-
mous systems have been proposed in [T0L[73]. The key idea lies in introducing
boundary value problems to obtain error controlled orbit segments on a finite
time interval. More precisely, we compute an orbit segment (Z,_,...,Z,,) by
solving the periodic boundary value problem

Tn_+1 — Fn, (xn,) 0
: . (8.5)

Tny — Fn+—1(l‘n+—1)
Tp_ — Tny 0

using Newton’s method with an appropriate initial guess. For the model (8.4)),
we start with the exact orbit (82). Note that the sparse structure of the
derivative allows efficient computations. We solve (8.1 on the time-interval
[—30, 30] with the step size h = 0.03, i.e. no = +1000. Figure R shows the
orbit with time dependence (right) and without it (left).

The middle and lower diagrams in Figure [R.1] illustrate the homoclinic
orbit together with transversally intersecting fibers. In the left middle panel
the orbit projected to the xi-zo-plain and the fiber bundles at time 20h are
presented. The right middle panel pictures the fibers at the next time instance
21h. The lower diagram visualizes transversally intersecting fiber bundles on
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8.1 An Artificial Example with Explicitly Known Homoclinic Orbits

-1.2 -0.8 -0.4 0 0.4 0.8

1.2

Figure 8.1: Homoclinic orbit and transversally intersecting fiber bundles of

®3), Z) with i = 0.04.
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8 Applications

the time interval [—30h, 30h]. The stable fibers (green) are computed with the
algorithm from Section while the unstable fibers (red) are approximated
by forward iteration.

We conclude that this orbit is truly nonautonomous, since two fibers at
different times do not coincide.

Theorem [T.3. 6] states that the maximal error ez (h) := max,ez ||Z, —Z(hn)||
that occurs by approximating the original orbit using an h-step method of order
d is less than Ch?, with some constant C' > 0. Furthermore, the computation
of finite orbit segments by solving (83) introduces a second error. A precise
analysis of this second error, cf. [73, Theorem 5|, reveals that its maxima
occur at the boundary points of the finite interval whereas this error decreases
exponentially fast towards the midpoint. Thus, we avoid secondary errors by
computing a solution of (81 on the time-interval [—30, 30] and determine the
maximal error e(h) := MaX, s 51y, |2, — Z(hn)|| only on the center [—5, 5].
Figure illustrates the numerical output of this procedure for various step
sizes from 0.00005 up to 0.04 in a double logarithmic scale. The slope of the
graph represents the exponent d. In Figure it is 1.9930 in accordance with
Theorem [7.3.6l

10” ‘
107 107 107

Figure 8.2: Maximal error between exact and numerically approximated orbits.

A Periodic Nonautonomous ODE

In 7-periodic ODEs, stable (and unstable) fibers of a fixed point at times ¢ and
t+7,t € R coincide. For an illustration we modify (81) to the 7 = w-periodic
model

(8.6)

= o) = (—(1+O.351n(2t))x2)'

2
xl‘l“xl
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8.3 An example from mathematical biology

Discretizing this system with Heun’s method and step size h = 5 leads to a
30-periodic difference equation of the form

Tn41 = gn(xn)a Jn = Gn+30, N E 7. (87)

This discrete time system exhibits a homoclinic orbit w.r.t. the fixed point
(—1,0), see Figure B3 for an illustration.

Figure 8.3: Homoclinic orbit segment on the time interval [—200h, 200h] N AZ
of (B.6) and the fibers at time (20 + 30n)h, n € [-7,6]N7Z, h = .

We further observe that stable and unstable fibers intersect transversally
at every 30th point along the orbit. Stable and unstable fibers at time 20h are
depicted in Figure B3l For their computation, we apply the algorithm from
Section 6.7

Note that alternatively, autonomous tool for computing homoclinic orbits
from [22] as well as the search circle algorithm, introduced in [48], are directly
applicable to G,, := gpi29 0 ---0g,, n € Z fixed. We do not follow this
route, since this problem typically has a worse condition number than the
nonautonomous equation (8.7]).

An Example from Mathematical Biology

Let us apply our techniques to a more realistic model from mathematical biol-
ogy. The dynamics of the growth of algea and zooplankton, typically Daphnia,
is presented in [116] with the help of a periodically forced predator-prey system.
The authors introduce a 2-dimensional ODE

b = 05A(1—4) —04Z (555) +0.01(10 — A),

dz _ A Z2

(8.8)

225



8 Applications

where (A) describes the amount of edible algea and (Z) the amount of large
herbivorous zooplankton. The growth of zooplankton is influenced by the fish
population and some other environmental terms (). Our first step is to search
for homoclinic structures in the autonomous system (8.8), see [116], Figure 6b],
which can be found for

E :=0.0784372294995495865 . . .

Next we add a time-dependent perturbation to F reflecting time dependent
environmental influences. Choosing

E(t) := 0.0784372294995495865 + exp(—0.2t2)

([R) is a continuous time nonautonomous 2-dimensional ODE of the form

i = g(z,t) with z .= (A Z)T. We start with an analysis of the underlying
dynamics by searching for homoclinic structures. To study this we are looking
at the discretized system. For the one-step discretization z,,,1 = F,(x,) of the
system we take Heun’s method (8.4]). First we compute a bounded trajectory
T, of (84) replacing the fixed point from the autonomous case. For this
task, we solve, as in Section 8] the periodic boundary value problem (8.3]) on
the time-interval [—1750, 1750] with step size h = 0.5, i.e. n = £3500. Using
this bounded solution &f,_ ) the transformed system

Yn+1 = Gn<yn)a Gn<yn) = Fn<yn + jn) - 'i’nJrlu nc [n,, ny — 1] (89>

has (0,0) as an n independent fixed point.

To obtain a homoclinic orbit w.r.t. the fixed point (0,0), see Figure 8.4
(left), we solve the periodic boundary value problem (RH) with G, (-) instead
of F,(-) and initial value

(07 s 707 T, Gn(xn)a Gn+1Gn(xn)a sy Gn+249Gn+248 o Gn(xn)a 07 fety 0)7

—0.081
n = —125, T_125 = ( 0.096 ) .

In the top right diagram of Figurer 4] the stable (green) and unstable
(red) fibers at time 0 are plotted. The stable fiber is approximated with the
algorithm introduced in Section [6.7 The fibers intersect each other transver-
sally in a single point. This is also the case for fibers in the time interval
[—30h, 30h], see the lower diagram in Figure R4l For the original continuous
time system, this is a strong evidence for transversal homoclinic trajectories,

satisfying [(A9)|
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8.3 An example from mathematical biology

Figure 8.4: Homolinic orbit of (89) with ~ = 0.5 (top left) and transversally
intersecting fiber bundles (right and bottom).
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Appendix A

A Lipschitz Inverse Mapping
Theorem

The following quantitative version of the Lipschitz inverse mapping theorem
cf. [130, §3 Lemma 1], [77, Appendix C] is essential for proving Theorem [7.3.3

Lemma A.0.1. Let F: Y x A — Z be a C*, { > 1 mapping from a Banach
space Y X A into some Banach space Z. Assume there exists a function vy :
A =Y such that F,(v(¢),€) are homeomorphisms for all |e| < 62, and there
exist some constants k(¢) > 0, o(e) > 0 such that for all ||[v — vo(e)]| < 01 and
le| < d9 we have

£ (v, ) = Fy(o(e), )
1 (o(), )

k(e) <o(e) < HFv(ﬁo(e),e)*lH_l, (A1)
o(e) — k(e))d;. (A.2)

Then for any |e| < da, F(+,€) has a unique zero 0(e) with ||0(e) — vg(e)|| < 01
that is Ct-smooth w.r.t. €. The following estimates hold for all ||v; — vo(e)|| <
5, i=1,2

(o(e) = w(e) " [1F (Bo(e), )l
(0(e) = () IF (v1, ) = Flua, e)l.






Appendix B

Assumptions, Functions, Sets

Assumptions
(A0) Let the matrix function A of (2.7) / (2.8) satisfy A € CY(I, RF¥*F).

(A1) Let Te {R,Z}, t. € T,I=[t_,t Jr and T =TT > 0. Assume

and that system (2.6]), generated by [2.7), for T =R,
that the system (2.6]), generated by (2.8, for T =7

is D-hyperbolic on I w.r.t. |||

e I forT=1R, _ _ t for T=1R
(A2) Let I := ’ o ’ tJr =1:= + or )
I[l’ fOI'TIZ7 t+—1, fOI‘TIZ’

and t_ = 1_.

(A3) Assume and let k = 2. Let Ay (t) > 0 > Aa(t) be the eigenvalues of
Sr(t) and U(t) = (vi(t) v2(t)) be an orthogonal matrix, where v;(t) are
eigenvectors to \;(t) for i € {1,2}, for all t € L.

(A4) Let h > 0 and if I is compact such that =, % € 7Z. Define

ko h
Jm7J 7, ifI =R,
= Jdp = i
[n—7n+]Z = [%7 %]Za ifI= [t_,t+].
Further set
I 7, if ] =7,
R N [P R LS

(A5) f € CHRFxI,RF) satisfies conditions, assuring existence and uniqueness
of global solutions of (2.2)) as well as the following estimates for the
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(A6)
(A7)

(A8)
(A9)
(A10)

(A11)

solution operator . For any compact set X C RF there exist constants
C1(K), hi(K) > 0 such that the inequality

”(,0;,;(.1’,t, 8)” < Cl<lc)
holds for all z € K and |t — s| < hy(K). For n € J; let
on(x, h) == @(x, (n+ 1)h,nh)

be C? smooth w.r.t. h, d > 1. Mixed derivatives (gpn);l,f) ,0ef0,...,d}
exist and satisfy the uniform Lipschitz condition

|0, ) = (o) 50 @ 1) < €206 it = el
forall z € I, 0 < g2 < hy(K) and n € J;.

Further, let ‘(%)S}}’(x, h)H < Cy(K) for all n € Z, r € {0,1}, x € K
and 0 < h < hy(K).

0 € R” satisfies f(0,¢) =0 for all t € I

0 is (ft-)hyperbolic. Denote the data of the corresponding variational
equation

&= fo(0, )z
by (K, 8, P*"(-)).
A nontrivial homoclinic orbit Z(-) of (2.2) exists.
The homoclinic orbit z(-) is (ft-)hyperbolic.

Let g(-) be a (ft-)hyperbolic bounded trajectory of (2.2)). Denote by
(K, B,Q%"(+)) the (ft-)dichotomy data of the corresponding variational
equation

= fe(y();-)u

and let SY(¢, s) be its solution operator.

Let the images of the projectors Q*(t_), Q“(t;) satisfy R(Q*(t_)) @
R(Q%(t;)) = RF and let the boundary condition b(-,-) satisfies b €
CY(R*,R") and b := b(J,_,Yn,) = 0. Further, let

B(’gj) =h (le -+ ngq)(mr, n,)m@s(L)) le@(n,, n+) -+ DQb‘R(Qu(t+))) .
R(Q*(n-)) ® R(Q"(n4)) — RF

be invertible. For any compact set K C R* there exist a constant

C(K) > 0 such that

‘}bm<$n_7xn+> - bx<yn_7yn+)H < C(IC) HSL’J - yJ”
holds for all x,,,y, € K, n € ]J.
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(A12)

(A13)

For any compact set K C RF there exist constants Co(K), ha(K) > 0
such that the consistency estimate of order d € N

ln(, h) — Un(z, h)| < Co(K)RTH!
holds for all n € J;, z € K and 0 < h < hy(K).

Mixed derivatives of 1, (x, h) up to order 3 exist. For any compact set
K C R* the derivatives are continuous and uniformly bounded by some
constant C'(K) in K x (0, h(K)], with 0 < hg(K) sufficiently small. Fur-
thermore, 1, (z, h) is C% smooth in h and mixed derivatives (Q/Jn)g}ld)(x, h)
exist and satisfy the uniform Lipschitz estimate

@S0 ) = @) (@ 12)| | < Gl = el

forall n € Jy, x € K and 0 < 19 < h3(K) with a constant C5(KC) > 0.
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B Applications

Functions

0Trer : R¥ x T — TU {ny +1}
. ¢ ) c
(S,no) —n = {mln Kernov if Kerno 7& @

ny + 1, otherwise

Ker, = {n € [ng,n:]z|®(n,ne)¢ = 0}
oTmin : RF x T — 1

(€,n0) — 7 :=min{n € [n_,nolz|3z € R* : ®(ng, n)x = £}
cp'E)m:IRk><H«~>]R/LC

(& mo) — {n € Rﬂ@(no,ﬁ),u = ¢ with 7= ¢ Tmin (&, n0) }

Ppre(n, m)U :={& € RF|®(n, m)¢ € U}

JTE RF XTI —=Tu{n, +1}

(fv 77,0) = {

min{n € [ng, ny]z|e(&,n,ng) — z(n) =0}, if it exists
ny + 1, otherwise
LB RF x RF x T —TU {ty +1}

t 1 if ty,t) & Bo(p(z,t4,t
(M’j’a — +‘+ : A - 1 QO(_/L, +7_> ¢ (@(I‘A + _>>
min {f € I|t > ¢, p(p,t,7) € B-(p(z,t, 1))Vt € It >t} , else

I yomax . k k
LB RE x RF - TU {¢_1},

’ max {{ € Ijo(u,t,t_) € B(p(z,t, 1))Vt € Lt < i}, else.

Tensor and Their Properties
S[CA) + A@)'T], for T=R, tel,

SF(t) = {A(t)TFA(t) B F’ for T — Z’ ‘e I[l’
Mp(t) = {Sr(t) + SF(t)A(t) + A(t)TSF(t)a for T = ]R, t e H,

AW Se(t+ DA = Se(t),  for T=7, tel,
Ld e = ), seece
5 37 EOIE = (€0), SeE®) GI5)
% JE@)I12 = 2(A@®)E), E(2) B8
%;7 lE@) 2 = ((t), Mr () G1D)
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le(n + D)IIF = €M =€), Sr(n)E(n) B.17)
(et +2)lp = llgtn + D)
— (e + DIz = €@l )

(€(n), Mr(n)§(n)) B.12)

Sets

Zp(t) = {€ € R*[(¢, Sr(t)¢) = 0}
L(ng) := {& € R*(®(ny — 1,n0), Sr(ng — 1)®(ny — 1,n0)§) < 0}

Cones Continuous

Wi(ty) ={¢€ ]Rk}EIoz > 0: || D(t, to)¢||e™ is decreasing for ¢ € [to, t4]}
W (to) == {¢ € R¥|Fa > 0: || ®(t, t9)&|le™ is decreasing for ¢ € [t_, to]}
WiH(to) == {¢ € R¥|3B8 > 0 : || ®(t, to)¢||e ™ is increasing for ¢ € [to, t4]}
W, (to) :=={¢ € R¥|3B > 0 || 0(t, to)¢|le™”" is increasing for t € [t_,to]}
Wilto) := "V, (to) N 'V (to)
Walto) ="V, (to) NV, (to)

Wilto) = {€ € RP(D(ty,t0)E, Sr(t)®(ty,t0)€) <0y U{0}  (B:24)
Wa(to) = {®(to, t-)¢ € RFI(E, Se(t-)€) > 0} U {0} (©.25)

Cones Discrete

W (ng) :={¢ € ]Rk‘Eloz >0 : || ®(n,n0)&|| €™ is decreasing for n € [ng, ny]z}
WV, (no) 3:{§ € ]Rk}ﬂ/iﬁ € 3 Tpre(&,10), 7 1= 6 Tmin (€, 10),
da > 0: ||P(n, n)us| e is decreasing for n € [7,n0)7 }
Wi (ng) :={¢ € ]Rk}zlﬁ > 0: || ®(n,no)|| e is increasing for n € [ng, nz }
HV; ={¢ € R¥|o T, m0) = 1, Fptn_ € o Tpre(§, 10),
48 >0: H(IJ(n, M) H e~ is increasing for n € [n_,no]z}
="V (to) N1V, (to)
Wouto) ="V (k) NV (1)

S V(no)

B(np + 1, n0)€ € WVi(ng + 1)} (ng € I)
Vi(ny) (invertible)
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I

I

Vs(”Jr)

Ve(no)

I[Vs(no) =

Wo(to) = {®(to, t_

= R(®(ny,ny —1))¢
U {§ € ]Rk|<1>7;n1n<£a

UN(®(ns — 1,10))

Wi(ny) =
Wilno) = HVs(no) = L(ng) U {0} (invertible)

D(ny,ny —

Fibers Continuous

I[M:l? =

I[M:l? =

]IM:E —

3 s

]IME —

£ u

]Iwi —

&€ S

szr —

3 u

)€ € RF(€, Sp(t-)¢) > 0} U {0}
1)L(ny — 1) U {0} (invertible)

)=n<ng NI E oTpe(§ny)
(t, Sr(ny — D)) < 0 for p = P(ny —
= L(ng)UN(®(ny — 1,ng)) (ng € I)
{¢e L(no)lé(no +1,n0)€ € 'W,(ng + 1)} (no€ely)

d
{(:po,to) e R* x H’E (o, t,t0) — Z|| <0 for all t € ]I}
U{(z(to), to)[to € I}
d
{(:po,to) e R* x H’E (o, t,t0) — Z|| > 0 for all t € ]I}

U {(Z(to),t0)[to € I}

{(l’o,to) € Rk x I

lan t,t0) € Ba(t2)) | U {(@ltoh )l € 1)

{({L‘Q,to) € ]Rk x I

lan,t-ta) € Bulale) b U Lot ol € 1)

{(l’o,to) € Rk x I

£ = ];B;nin<go<x07 t*7 t0>7

d
3 lp(zo, t,t0) — 2] < 0 for all ¢ € 1,1

{(l’o,to) € Rk x I

d

£ = E[pBénaX«p(l’o, t,, to),

a llp(xo,t,to) —Z(t)|| >0 forallt € It <

T(t_

>

T(t_

)
ut

d
(o, t.t0) = 2(t)]| < 0 forall ¢ €1,

%Htp(xo,t,to) —z(t)|| > 0 forall t €1,

L,n)u} U{0}
6.47)
6.52)
E43)
(.50)
(o%:31)

,t_) €l and
U{(Z(to), to)|to € I}

) € I and
U{(z(to), to)|to € I}
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Fibers Discrete

L2 =] (€ m0) € RE X T1|3p € Tore(€,m0) with 7=, Tria(€, o) and
=T ()« ll(p, n, ) — 2(n)|| < [lp(p,m,n) — 2(m)|

for all n,m € [n,n|z,n >m and ¢(§,n.,ng) € Bo(T(ny)), }

Iy ::{(g,no) € RFx I

¢ Tmin(€,10) = n— and 3 €  Tpwe(§, 10) N Be(T(n-)) -
lo(,nyn_)—z(n)|| > lle(p,m,n_)—z(m)| for all n,m € I,n > m}
U{(@(to), to)[to € I}
Iy ::{(g,no) € R x 11’3“ € Tove(€,10) With 7 1= , T (€, 10),
= T (p, 1) and 7 := B (u, 2(n),n) € 1
le(p,m,n) = 2(n)|| < llp(p, m,n) — z(m)]|
foralln,meﬂ,ﬁ2n>m>ﬁ}
W ={(€ mo) € RY X I|, Toin(€,m0) = n and Fp € S Tone(€,mo) with
A= BE(u,2(n-)) €1
I,y m) = z(n) || > flo(p, m,no) — z(m)|
foralln,mel,m <n < ﬁ} U {((n),n)|n € I}.
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