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Abstract

A general analytical theory of temporal relaxation processes in isolated quantum systems with many
degrees of freedom is elaborated, which unifies and substantially amends several previous
approximations. Specifically, the Fourier transform of the initial energy distribution is found to play a
key role, which is furthermore equivalent to the so-called survival probability in case of a pure initial
state. The main prerequisite is the absence of any notable transport currents, caused for instance by
some initially unbalanced local densities of particles, energy, and so on. In particular, such a
transportless relaxation scenario naturally arises when both the system Hamiltonian and the initial
non-equilibrium state do not exhibit any spatial inhomogeneities on macroscopic scales. A further
requirement is that the relaxation must not be notably influenced by any approximate (but not exact)
constant of motion or metastable state. The theoretical predictions are compared with various
experimental and numerical results from the literature.

1. Introduction and overview

Relaxation processes in systems with many degrees of freedom play a key role in a large variety of different
physical contexts [ 1-7]. Quite often, an essential feature of the pertinent non-equilibrium initial states are some
unbalanced local densities of particles, energy, etc, giving rise to transport currents during the relaxation towards
equilibrium. Paradigmatic examples are compound systems, parts of which are initially hotter than others, ora
simple gas in a box, streaming through a little hole into an empty second box. As a consequence, the temporal
relaxation crucially depends on the system size, and may become arbitrarily slow for sufficiently large systems.

In the present work, the focus is on the complementary class of equilibration processes, which do not entail
any such transport currents. In the simplest case, one may think of systems without any spatial inhomogeneities
on the macroscopic scale, for instance a fluid or solid with spatially constant densities of all particle species,
energy, and so on. (Inhomogeneities on the microscopic (atomic) scale are obviously still admitted; they are
outside the realm to which concepts like ‘densities’ and associated ‘transport currents’ are applicable, see also
section 5.) The non-equilibrium character of an initial state could then for instance manifest itself in a non-
thermal velocity distribution. Another concrete experimental example, to which we will actually apply our
theory in section 6, is the excitation of an ‘electron gas’ by a laser pulse, resulting in a system state, which is
spatially homogeneous but exhibits strong deviations from the usual Fermi—Dirac statistics at equilibrium.
Further pertinent examples, which are often considered in numerical investigations, and which will also be
compared with our present theory later on, are so-called quantum quenches, where the initial state is given by
the ground state (or some other eigenstate or thermal equilibrium state) of a Hamiltonian, which is different
from the Hamiltonian that governs the actual relaxation dynamics. Still focusing on spatially homogeneous
Hamiltonians and states, also other types of handmade’ non-equilibrium initial conditions are commonly
explored in the literature, e.g. so-called Néel states (antiferromagnetic order) in the context of various spin
models. In all these cases of transportless equilibration, it is reasonable to expect (and will be confirmed later on)
that the temporal relaxation is practically independent of the system size, and that the typical time scales will be
much faster than for transport governed equilibration. As yet another striking feature, we will find that
transportless relaxation is usually not exponential in time.
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The general issues of equilibration and thermalization in isolated many-body quantum systems have
stimulated during recent years a steadily growing amount of analytical, numerical, as well as experimental
activity, reviewed, e.g. in [1-7]. (In doing so, also open systems (interacting and possibly entangled with an
environment) can be treated by considering the environment (thermal bath, particle reservoir etc) and the actual
system of interest as an isolated compound system.) Strictly speaking, the relaxation of such an isolated system
towards a steady long-time limit is immediately ruled out by the unitary time evolution and, in particular, by the
well-know quantum revival effects [8]. Nevertheless, ‘practical equilibration’ (almost steady expectation values
for the vast majority of all sufficiently large times) has been rigorously established in [9—13] under quite general
conditions.

In section 2, the essential points of those previous results on equilibration will be made plausible once again
by means of a new, less rigorous, but much simpler and intuitive reasoning. It should be emphasized that the
issue of equilibration is related to, but different from the issue of thermalization, i.e. the question whether or not
the above mentioned (almost) steady expectation values in the long-time limit agree with the textbook
predictions of equilibrium statistical mechanics. The latter issue of thermalization does not play any role
throughout this paper: all results are valid independently of whether or not the considered system thermalizes.

In section 3, the previous rigorous approach to transportless equilibration from [14, 15] is revisited in terms
of an alternative, non-rigorous but physically much simpler line of reasoning, while in sections 4 and 5 its main
preconditions are worked out in considerable more detail than before. A representative comparison of this
theory with experimental observations is provided by section 6.

Section 7 represents the actual core of the paper, and the formal approach adopted in this section is
substantially more elaborate than in the previous sections 2 and 3. Technically speaking, the crucial idea is to
skillfully ‘rearrange’ the systems’s very dense energy eigenvalues and to ‘redistribute’ the possibly quite
heterogeneous populations of the corresponding eigenstates, yielding an effective description in terms of an
auxiliary Hamiltonian with approximately equally populated eigenstates. The main result is a unification and
substantial amendment of the earlier findings in [14—17], formally summarized by the compact final
equation (74). The decisive quantity, which governs the temporal relaxation via the last term in equation (74),
will furthermore be identified in section 7 with the Fourier transform of the system’s initial energy distribution,
and in case the system is in a pure state, also with the so-called survival probability of the initial state. These
analytical predictions are compared with previously published numerical simulations in section 8.

Even when focusing solely on analytical investigations, previous studies related to relaxation time scales and
the like are still quite numerous, and pointing out in each case the similarities and differences to our present
approach goes beyond the scope of this paper. A first major issue in this context, addressed e.g. in [11, 18], is the
derivation of general upper bounds for some suitably defined relaxation time. While in some specifically tailored
examples, the relaxation may indeed become extremely slow [19], those upper bounds are still not quantitatively
comparable to the actually observed time scales in more realistic situations. On the other hand, extremely fast
time scales have been predicted, e.g. in [19, 20]. Finally, investigations of particular classes of models,
observables, or initial conditions are provided, among others, in [21, 22]. One important step forward of our
present work is that not only an estimate of some characteristic time scale, but also a detailed description of the
entire temporal relaxation behavior is provided and quantitatively verified against experimental and
numerical data.

2. Equilibration and thermalization

We consider an isolated system, modeled by a Hamiltonian

H =) E,|n)(nl (1)

and an initial state p(0) (pure or mixed and in general far from equilibrium), which evolves in time according to

p(t) = Up(O)U] )
with propagator
U, = e /A, 3)
Hence, the expectation value
(A), = Tr(pA) @
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of any given observable A in the time evolved state p(t) follows as

(A)piy = D B Elt/p  (0) A, (5)

m,n

where p,,, () == (m|p(t)|n), Ay == (n|A|m), and where, depending on the specific problem under considera-
tion, the indices n and m run from 1 to infinity or to some finite upper limit. In particular,

p, = (nlp(0)|n) = p,,(0) (6)

represents the population of the nth energy level, i.e. the probability that the system is found in the energy
eigenstate |n) when averaging over many repetitions of the measurement and—in the case of a mixed state—
over the statistical ensemble described by p(0).

The main examples we have in mind are macroscopic systems with, say, f =~ 10°* degrees of freedom. While
such many-body quantum systems are generically non-integrable, so-called integrable systems are still admitted
in most of what follows. Likewise, compound systems, consisting of a subsystem of actual interest and a much
larger environmental bath, are also included as special cases.

Equation (5) represents the completely general and formally exact solution of the dynamics, exhibiting the
usual symmetry properties of quantum mechanics under time inversion. Moreover, the right hand side is a
quasi-periodic function of t, giving rise to the well-known quantum revival effects [8]: (A),(,) must return very
close to (A}, for certain, very rare times .

The problem of equilibration amounts to the question whether, in which sense, and under what conditions
the expectation value (5) approaches some constant (time-independent) value for large . Unless this expectation
value is constant right from the beginning, which is not the case under generic (non-equilibrium) circumstances,
the above mentioned revivals immediately exclude equilibration in the strict sense that (5) converges towards
some well defined limit for t — co. On the other hand, ‘practical equilibration’ in the sense that (5) becomes
virtually indistinguishable from a constant value for the overwhelming majority of all sufficiently large thas been
demonstrated, for instance, in [9—13] under quite weak conditions on H, p(0), and A. In particular, equilibration
in this sense still admits transient initial relaxation processes and is compatible with the above mentioned time
inversion symmetry and quantum revival properties.

For the rigorous derivation of these results and the detailed requirements on H, p(0), and A, we refer to the
above mentioned literature. Here, we confine ourselves to a complementary, predominantly heuristic
discussion of the essential points:

Averaging (5) over all times ¢ > 0yields the result (A), , where the so-called diagonal ensemble is defined as

Paia = Y by In) (1l = p,,,(0)[n) (nl, 7)

and where we exploited (6) in the last step'. Given the system equilibrates at all (in the above specified sense), it
follows that (5) must remain extremely close to (A),, for the vast majority of all sufficiently large times t.

Intuitively, the essential mechanism is expected to be a ‘dephasing’ [9, 23, 24] of the oscillating summands on
the right hand side of (5): there must be sufficiently many different ‘frequencies’ [E,, — E,,] //z which notably
contribute to the sum, resulting in an approximate cancellation for most sufficiently large ¢, provided H, p(0),
and A satisfy certain ‘minimal’ conditions:

To begin with, some of the oscillating summands in (5) may assume arbitrary large amplitudes by suitably
tailoring the A,,,,,’s, even for otherwise quite harmless p(0) and H, thus prohibiting equilibration in any
meaningful sense. To exclude such pathologies, a convenient minimal requirement on A turns out to be that it
must represent an experimental device with a finite range A 4 of possible measurement outcomes, where A 4 is
given by the difference between the largest and smallest eigenvalues of A. Furthermore, the resolution limit A of
the considered device must be limited to experimentally reasonable values compared to its working range A 4.
Quantitatively, all measurements known to the present author yield less than 20 significant figures, implying that
the resolution limit §A must be lower bounded by 10~2°A 4. Maybe some day 100 or 1000 significant figures will
become feasible, but it seems reasonable that a theory which does not go very much beyond this will do. Note
that similar restrictions also apply to numerical experiments by computer simulations. We finally remark that
the same or some equivalent assumption on A is, at least implicitly, taken for granted in all pertinent works in
this context, and it is obvious that considering only such observables will be sufficient for all practical purposes.

Similarly, with respect to p(0) it is quite plausible that if two (or more) level populations p,, in (6) with non-
degenerate energies E,, are not very small (compared to ), p, = 1) then non-negligible Rabi oscillations may
arise in (5), which prohibit equilibration in any reasonable sense”, even for otherwise quite harmless A and H. In

If H exhibits degeneracies, we tacitly choose the eigenvectors |#) so that p,,,,(0) is diagonal within every eigenspace. Regarding the existence
of the time average for infinite dimensional Hilbert spaces see [12].

% Thisis particularly obvious if p(0) is a pure state and hence |p,,,,(0) > = p,,,,,(0) p,,,,(0).
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other words, all level populations must satisfy the condition p,,<1 apart from possibly one exception. More
generally, if H exhibits degenerate eigenvalues E,,, then analogous conditions must be fulfilled by the populations
of the energy eigenspaces in order to rule out any non-negligible ‘coherent oscillations’ on the right hand side of
(5). For similar reasons, not too many of the ‘energy gaps’ E,, — E,, in (5) may coincide, or if they coincide, they
must contribute with sufficiently small weights. In view of the usually very dense and irregular energy spectra,
the above (or some equivalent) requirements are commonly taken for granted under all experimentally relevant
conditions.

Given H, p(0), and A satisfy the above ‘minimal requirements’, there are no further obvious reasons which
may prevent equilibration via a ‘dephasing’ of the summands on the right hand side of (5). One thus expects that,
after initial transients have died out, the system behaves practically indistinguishable from the steady state (7);
deviations are either unresolvably small (below the resolution limit 6A) or unimaginably rare in time. All this has
been rigorously confirmed, e.g. in [9-13].

As an aside we note that the preparation of an initial condition p(0) with a distinct non-equilibrium
expectation value of A at time t = 0 must actually amount to a quite special selection of the terms p,,,,,(0)A,,,,, (in
particular of their complex phases) on the right hand side of (5) [23]. This issue is in fact also quite closely related
to a variety of so-called typicality concepts and results, see [25-27].

In the rest of the paper we always tacitly focus on systems, for which the above ‘minimal conditions’ are
tulfilled, and hence equilibration can be taken for granted. For the sake of simplicity, we will further restrict
ourselves to the generic case that the energy differences E,, — E, are non-zero and mutually different for all
pairs m = n,and that

p, <1 (8)

is fulfilled for all level populations in (6), i.e. we neglect the above mentioned generalization that there may be
one exceptional index n which violates (8). Similarly, also our above restriction on the energy differences
E,, — E, couldin principle still be lifted to some degree, as shownin[11, 12].

The natural next question is whether the system exhibits thermalization, that is, whether the long-time
average (A),, (see above (7)) is well approximated by the pertinent microcanonical expectation value, as
predicted by equilibrium statistical mechanics. Throughout the present paper, this issue of whether the system
thermalizes or not will be largely irrelevant. In particular, so-called integrable systems and systems exhibiting
many-body localization, which are commonly expected to exhibit equilibration but not thermalization
[1-3, 6, 28], are still admitted.

3. Typical temporal relaxation

Taking for granted equilibration as specified above, the main focus of this section is on the detailed temporal
relaxation of the expectation value (5) from its initial value at time t = 0 towards the (apparent) long-time limit
(A)y,, (seeabove (7).

Similarly as in section 2, while a mathematically rigorous derivation of the subsequent results is provided in
[14, 15], the following line of reasoning amounts to a much shorter, less rigorous, but physically more instructive
alternative derivation.

To begin with, we assume that only some large but finite number D of the energy levels E,, exhibit non-
negligible populations p,, = p,,,,(0) (see (6)) and, without loss of generality, we label them so thatn € {1,...,D}
for all those E,,. Accordingly, all other p,,,,(0)’s are approximated as being strictly zero. For a more detailed,
quantitative justification of this approximation we refer to appendix A. The Cauchy—Schwarz inequality
[0l < Do Py then implies that only m, n < D actually matter in (1), (5), (7), L.e.

D
H =3 E,|n)(nl, ()
n=1
D .
(Apy = > ellEEt/p  (0) A, (10)
myn=1
Piia = an |n) (n] = me(O)In ) (nl. (11)

Note that if the number D of non-negligible level populations were notlarge, then equilibration as discussed in
section 2 may not be expected in the first place. On the other hand, (10) can be shown to approximate (5) very
well under quite general conditions (see also appendix A).

The examples of foremost interest are isolated many-body systems with a macroscopically well defined
energy, i.e. all relevant energies E;, ..., Epare confined to some microcanonical energy window [E — AE, E] of

4
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microscopically large but macroscopically small width AE. Henceforth it is taken for granted that the considered
system is of this type.

The summands with m = nin (10) can be readily rewritten by means of the diagonal ensemble from (11) as
(A),,,» yielding

<A>p(t) == <A>/7dia + Z/emn Amns (12)
ey = elEn—Eunlt/% (13)
Amn = pmn(O)Anmy (14)

where the symbol Y~ indicates asum overallm, n € {1, ..., D} with m = n. Since D s large, the number
D(D — 1) of those summands is even much larger.

For any given ¢, those very numerous e,,,,’s are distributed on the complex unit circle according to (13). All of
them start out frome,,,, = 1fort = 0, and subsequently spread out along the unit circle as fincreases. Hence,
their distribution on the unit circle will be highly non-uniform (strongly peaked around unity) for small £, while
they are expected to become roughly speaking uniformly distributed as t — co. More precisely, since the
number of e,,,,,’s is large but finite, their collective motion on the unit circle must be quasi-periodic, i.e.
occasional ‘recurrences’ and other appreciable deviations from a uniform distribution necessarily must occur
for certain, arbitrary large times t, but they are expected to be extremely rare and thus safely negligible for all
practical purposes.

Turning to (14), one readily concludes from the Cauchy-Schwarz inequality that |A,,,,| < ||Al, where
||A||indicates the operator norm of A (largest eigenvalue in modulus). Likewise, one sees that |, (0)| <
lp(0)] < 1,ie.allthea,,, s are distributed inside a circle of radius ||A || in the complex plane.

Note that the matrix elements A,,, = (n|A|m) in (14) are independent of the energy eigenvalues E,,, while
thee,,,,’sin (13) are independent of the corresponding energy eigenvectors |n). Furthermore, only indices m and
nwith macroscopically small differences E,, — E,,, (see below (11)) and with m = n actually matter in (12). In
the absence of any a priori reasons to the contrary, one thus expects that the quantitative values of the matrix
elements A,,,,, will not be ‘correlated” in any specific way with the e,,,,,’s, see also [3, 21, 29]. Put differently, how
should the observable A ‘feel” for example whether or not a given pair of eigenvectors |n) and |m) belongs to a
small energy differences E, — E,, in (13) without any a priori knowledge about the Hamiltonian Hin (9)? After
all, without such extra knowledge, the |n)’s are orthogonal to each other but for the rest may be arranged in any
way within the high dimensional Hilbert space under consideration.

Similar considerations as for the A,,,,, apply to the matrix elements p,,,,,(0) in (14).

All these arguments suggest that both the e,,,,,’s and the a,,,,,’s may be roughly speaking viewed as two large
sets of pseudorandom numbers, which are essentially independent of each other, implying the approximation

Z,emn Amn Zlemn E’amn
DID-1) DMD-1 DD-1)

15)

Indeed, since D(D — 1) is the number of summands in each of the three sums in (15), the left hand side amounts
to the correlation of the e,,,,,’s and the a,,,,, s, which, for statistically independent random numbersand D — oo,
is known to converge (with probability — 1) towards the product of the two mean values on the right hand side.
Qualitatively, somewhat similar ideas have also been developed in [24], but the quantitative details were quite
different.

Concerning the above justification of (15), our first side remark is that the e,,,,,’s and the a,,,,, s are actually
only required to be uncorrelated, which is strictly speaking a weaker condition than being independent. Second,
we note that the e,,,,,’s need not be uniformly distributed on the unit circle’. Third, focusing on the a,,,,,’s alone, it
is not necessary that they are uncorrelated or independent from each other, and likewise for thee,,,,,’s.

This heuristic approximation in (15) will be the key ingredient of our subsequent line of reasoning. Further
arguments in support of it are: (i) it amounts to an exact identity for t = 0. (ii) Likewise, upon averaging over all
times ¢ > 0 and taking for granted that all energies E,, are non-degenerate (see above (8)), one can show that (15)
becomes an exact identity.

The first sum on the right hand side of (15) can be rewritten by means of (13) as

Z/emn: i ei[E,,fEmJt//i _ i e0
n =1

myn=1

=DM — D, (16)

? Alsoin probability theory, two random variables may well be statistically independent (or uncorrelated), no matter how each of the two
single variables is distributed. One (or both) of them may even be non-random (corresponding to a delta-distribution), in which case the
independence property is always trivially fulfilled.
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1 & 1 .
o) = 5 ngle‘E"t/ﬁ = BTr{e‘Ht/f”}. (17)
Likewise, the last sum in (15) can be rewritten by means of (14) as
D D
Yl = mznzl Prun(0) A — ; Pun(0) Ay (18)
and with (10), (11) it follows that
Z/amn = <A>p(0) - <A>/)dia' 19)
Upon introducing (15)—(19) into (12), we finally obtain as our first main result the approximation
Aoty = (A)p, T FOIA)p0) — (A)p, 1> (20)
where F(t) :== (D|¢(t)[> — 1)/(D — 1).Since D >> 1 thisyields the very accurate approximation
F() = 6O, @1

where ¢() is given by (17) and therefore may be interpreted as the Fourier transform of the spectral density of H.

The key ingredient for the derivation of (20) was the heuristic approximation (15). While it makes the
derivation short and physically instructive, a more rigorous justification of (15) seems very difficult. On the other
hand, the very same formula (20) can also be rigorously obtained by means of a technically very different, more
arduous and less instructive approach, see [ 14, 15], using averages over unitary transformations, under which
the locality properties of a given Hamiltonian are in general not preserved (see also sections 4 and 5).

Upon comparison with (17) we see that F(f) in (21) quantifies the above discussed distribution of the e,,,,,’s on
the complex unit circle. In particular, one readily finds that F(0) = 1and 0 < F(t) < 1 forall . Moreover, the
following properties of F(f) were derived previously in [14]: (i) F(f) remains negligibly small for the vast majority
of all sufficiently large times ¢, provided the maximal degeneracy of the energies E;, ..., Ep is much smaller than
D (see also above (8)). The extremely rare exceptional £’s are inherited from the above mentioned quasi-periodic
motion of the e,,;,,’s on the unit circle. Our main result (20) thus captures at least qualitatively correctly the decay
from the initial expectation value (A),, ) towards the long-time average (A),, ,and also the well-known
quantum revivals at arbitrarily large but exceedingly rare times [8]. (i) Denoting by (2(E) the number of energies
E, below E, by kg and S(E) := kg In 2(E) Boltzmann’s constant and entropy, respectively, and by T := 1/5'(E)
the corresponding formal temperature, one can often approximate the sum in (15) by an integral over a suitably
smoothened level density, yielding the approximation

E(t)=1/[1 + (t T/ %)’]. (22)

As may have been expected, the above mentioned quasi-periodicities of F(t) and the concomitant quantum
revivals get lost within such a continuum approximation. We also note that T'and S(E) can be identified with the
usual temperature and entropy of the thermalized system (at energy E), provided the system does approach
thermal equilibrium for large times (see end of section 2).

In the opposite case of a non-thermal long-time limit, T'and S(E) are usually still well defined formal
quantities, but without an immediate physical meaning. Rather, they may be viewed as the equilibrium
temperature and entropy of some auxiliary initial state p, . (0), which does exhibit thermalization, and whose
energy expectation value Tr{ p, . (0)H} is identical to the ‘true’ system energy E := Tr{p(0)H}. In particular,
sucha p,  (0) always exists (for instance the microcanonical ensemble), and hence (22) remains valid even for
non-thermalizing initial states p(0). The only prerequisite is that the thermal equilibrium properties of H are ‘as
usual’, i.e. the density of states is very high and grows very fast with E.

A further implication of (17) and (21) is that F(—t) = F(¢) for all . Hence, the fundamental symmetry
properties of quantum mechanics under time inversion mentioned below (5) are still maintained by (20).
Remarkably, the time inversion symmetry of (20) even persists in cases where it is broken in the microscopic
quantum dynamics, e.g. due to an external magnetic field. This is reminiscent of the second law of
thermodynamics, which also remains valid for systems with a magnetic field and thus with broken microscopic
time inversion symmetry.

4. Exceptional cases

In this section, we collect the main a priori reasons announced above (15), which may invalidate the
approximation (15) and hence our main result (20).

To begin with, we note that (n|[H, A]|m) = (E, — E,;) Anm> where [H, A] is the commutator between the
Hamiltonian (9) and the observable A. If A is a conserved quantity it satisfies [H, A] = 0, implying thatA,,,, = 0
whenever E, = E,,. If we now slightly perturb the Hamiltonian under consideration, one can infer from

6
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ordinary perturbation theory (for extremely small perturbations) or more sophisticated non-perturbative
methods [30] (for moderately small perturbations) that the new matrix elements A,,,,, in the basis of the
perturbed Hamiltonian are non-negligible only for relatively small E, — E,,.. With reference to the new, slightly
perturbed system, the observable A may thus be called ‘almost conserved’, still exhibiting a significant
correlation between the energy differences E,, — E,,, and the magnitude of the matrix elements A,,,,,. Hence, also
thee,,,’sin (13) and the a,,,,,’s in (14) will be correlated and the argument below (15) breaks down. One thus
expects that the temporal relaxation of such an almost conserved quantity will be slower than predicted by (20).

Important examples are the energies of two weakly coupled subsystems (of an isolated compound system),
or the total momentum of an isolated system, such as a simple gas in a box, which is not conserved due to
momentum exchange with the system boundaries (and similarly for the total angular momentum). All these
observables then amount to almost conserved quantities since they represent ‘volume’ properties (extensive
quantities), which only can change through ‘surface’ effects (exchange of energy, momentum etc via ‘particle-
wall interactions’). Our present theory only applies if such quantities assume their equilibrium value right from
the beginning (e.g. the total momentum must be zero), or if they can be approximated as being strictly conserved
(e.g. the weak coupling between subsystems is ‘switched off’). Put differently, this is a first instance where we see
that macroscopic transport in the sense of section 1 must be excluded.

An analogous breakdown of (15) and hence of (20) is expected if p(0) is an ‘almost conserved’ quantity.

Next, let us replace the original H from (9) by the transformed Hamiltonian

Hy:=UH U, (23)

where Uis an arbitrary but fixed unitary transformation. In other words, the eigenvalues of Hy; are still given by
E,, while the eigenvectors are now Ul|n) instead of |n). Accordingly, the original definition p,,,(0) := (m|p(0)|n)
in (10)~(19) must be replaced by p,,,,(0) := (m| UTp(0) U|n), and analogously for the definitions of A,,,,, and of
Pia in (11). In the final result (20), the initial value (A),, o) as well as the function F(#) are not affected by such a
unitary transformation, while the quantitative value of the long-time average (A), may in general change.
Similarly, thee,,,,’s in (13) are independent of U, while the a,,,,,’s in (14) are typically ‘redistributed’ in a very
complicated way. Therefore, (15) is expected to be satisfied in very good approximation for most U’s. A more
detailed verification of this expectation is provided in [14, 15]. The key point is that this finding is independent of
whether (15) was satisfied by the original Hamiltonian H in (9) or not.

In conclusion, (20) cannot be correct if the temporal relaxation, encapsulated by the Uindependent function
E(1), is notably different for the ‘true’ Hamiltonian H than for most other Hamiltonians Hy,.

One readily sees that the latter criterion, in particular, also excludes the previously discussed cases when A or
p(0) is an almost conserved quantity.

5. Restriction to transportless relaxation

A pivotal feature of almost all physical systems of interest is that they can be very well described in terms of some
‘elementary constituents’ (atoms, molecules, quasiparticles etc), which are reasonably localized in space and
whose interaction is of short range. Formally, the model Hamiltonian H is thus composed solely of so-called
local operators. Only in such cases it makes sense to ask for the amount of energy, charge, particles etc within
some subdomain of the system: if the considered volume is not too small then the interaction with the rest of the
system is weak and can be approximately ignored (surface effects are small compared to volume contributions).
In other words, local densities are reasonably well defined concepts. Since they are usually ‘local descendants’ of
some globally conserved quantities (energy, charge, particle numbers etc) their content within a given volume
can only change via transport currents through the boundaries of that volume.

As discussed in section 2, all those local densities will equilibrate towards certain (approximately) steady
values after sufficiently long times. If all local densities for a given initial state p(0) agree (at every point in space
and in sufficiently good approximation) with the corresponding equilibrium values, then p(0) is called a
macroscopically homogeneous initial state. The word homogeneous’ refers to the fact that the densities after
equilibration are indeed spatially homogeneous in many examples of interest. For simplicity, we tacitly focus on
such situations in the following discussion. However, analogous conclusions remain valid even when the
equilibrated densities are actually inhomogeneous. (It is only the naming which becomes ‘wrong’, not the
argument.) The word ‘macroscopic’ refers to the fact that the very concept of a density or a transport current
breaks down on microscopic length scales. (For instance, the number of atoms within a small volume should be
well approximated by the corresponding particle density times the volume. If the volume is so small that it only
contains a few atoms, this is no longer true. Put differently, the microscopically discrete particles are no longer
well described by a continuum approximation in terms of densities and concomitant currents.)

In real systems, the equilibration of initial inhomogeneities via the above mentioned transport currents takes
an increasingly long-time over increasingly large distances. On the other hand, the function F(¢) from (17) and
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(21), which governs the temporal relaxation in (20), is independent of the initial state and thus of the distance
between possible inhomogeneities. Moreover, the characteristic time scale, predicted, e.g. by (22) is very short
(% /kg T ~ 26 fsatroom temperature). In other words, (20) must be invalid for initial conditions which give
rise to significant spatial inhomogeneities on macroscopic scales.

The underlying a priori reason (see section 4) is as follows. In contrast to H (see above), most transformed
Hamiltonians Hyyin (23) can no longer be interpreted as a description of certain basic constituents (atoms etc)
which are spatially well localized and exhibit short range interactions, nor can they any longer be rewritten as
(sums of) local operators. Hence, local densities and transport currents are not any more well defined, and the
very same initial conditions p(0), which entailed spatial inhomogeneities when dealing with H, are no longer
expected to equilibrate particularly slowly when Hy; governs the dynamics. Hence the ‘exclusion criterion’ at the
end of section 4 applies to such a system Hamiltonian H.

Itis interesting to consider the same thing from yet another viewpoint. Namely, one readily sees from the
discussion below (23) that instead of replacing H by Hy; (while leaving p(0) and A unchanged), one could as well
keep H unchanged and replace p(0) and A by p;;(0) :== UTp(0)U and Ay := UTAU, respectively. In other
words, only the initial state and the specific observable under consideration are changed, whereas local densities
etcare represented by the same operators before and after the transformation, and, in particular, still remain
perfectly well defined concepts even in the transformed setup. For any given such invariant operator B, one can
show along the lines of [26] that the initial expectation value (B),, (o) is practically indistinguishable from the
pertinent equilibrium value (B),, for most U’s. In particular, B may quantify the amount of energy (or charge
etc) within a macroscopically small but microscopically still not too small volume V, and thus B/ V accounts for
the corresponding density at the location of that volume. The same remains true simultaneously for several
different observables By, .., Bk, where K may be sufficiently large to specify the entire spatial dependence of the
densities within any experimentally resolvable resolution. As a consequence, most p(0)’s must be
(approximately) homogeneous and hence their relaxation (under H) is not expected to be particularly slow.

In conclusion, systems with short range interactions in combination with initial conditions, which give rise
to non-negligible spatial inhomogeneities on macroscopic scales, must be excluded in (20). Put differently, the
total energy, (angular) momentum, particle numbers etc within any macroscopic part of the system must
remain constant during the entire relaxation process. Accordingly, the relaxation process must not entail any
significant transport currents, caused by some unbalanced local densities.

For instance, such a transportless relaxation scenario often arises quite naturally when the system
Hamiltonian and the initial non-equilibrium state do not exhibit any spatial inhomogeneities on macroscopic
scales. Strictly speaking, one also has to exclude the possibility of spontaneous symmetry breaking during
relaxation, initial states with non-vanishing total momentum (resulting in transport through system
boundaries), etc, see also section 4.

In case of notable spatial inhomogeneities, it may still be possible to approximately partition the system into
sufficiently small, non-interacting subsystems and then describe the relaxation within each of them by (20).
Essentially, this is tantamount to the well established concept of local equilibration. Usually, this local
equilibration is much faster than the subsequent, global equilibration of the small subsystems relatively to each
other. The latter, slow processes are no longer covered by our theory (20). In turn, the clear-cut separation of the
two time scales usually admits some Markovian approximation for the slow processes, resulting in an
exponential decay, whose timescale still depends on many details of the system. For similar reasons, also
correlation and entanglement properties of spatially well separated regions are beyond the realm of our present
theory; very roughly speaking, they may be viewed as being governed by transport of information, whose
propagation speed is limited, e.g. by Lieb-Robinson bounds [2, 31].

Closely related further generalizations of the above local equilibration paradigm are the concepts of hindered
equilibrium, quasi-equilibrium, metastability, and, above all, prethermalization [1, 32—36]. The first three
concepts play a crucial role for instance in chemical reactions with long-lived intermediates, or in quantum
systems exhibiting ‘glassy behavior’ [37, 38], while the concept of prethermalization refers, e.g. to a fast but only
partial thermalization of a certain subset of modes, (quasi-) particles’, or other generalized degrees of
freedom [14].

More formally, the latter cases have their origin in certain almost conserved quantities of the pertinent
Hamiltonian H, which significantly slow down some intermediate steps of the temporal relaxation, while the
same is no longer true for most of the transformed Hamiltonians Hy, within the framework discussed at the end
of section 4.

As already mentioned, analogous conclusions remain valid even when the equilibrated densities are actually
inhomogeneous, provided all of them are (approximately) equal to the initial densities. The only indispensable
prerequisite is the absence of transport during relaxation. This case is of particular interest when the system is

4 . . . o
In general, quasiparticles are expected to become a meaningful concept only after prethermalization [33].
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composed of a small subsystem of actual interest and a bath. Usually the bath can be considered as equilibrated
right from the beginning, hence the decisive question is whether all densities in the small subsystem remain
(practically) unchanged during the equilibration process. In particular, if the subsystem is so small that no
meaningful local densities can be defined, then the above considerations no longer imply that some initial
conditions must be excluded a priori. In turn, if the subsystem is not small and all transport currents are still
excluded, one expects a largely similar relaxation behavior in the presence and in the absence of the bath.

6. Comparison with experiments

As recognized in the preceding section 5, an indispensable prerequisite of our present theory is that the initial
non-equilibrium state must be spatially homogeneous. Though most published experiments on equilibration
and thermalization admittedly do not fulfill this requirement, there still exists a considerable number which do
fulfill it.

A variety of such experimental (as well as numerical) data from the literature have been demonstrated
already in [14, 15] to agree remarkably well with the theoretical predictions in (20) and (22). It is worth
mentioning that most of those data have not been quantitatively explained by any other analytical theory so far.

Note that the relevant time scale 72 /kg T in (22) is approximately 26 fs at room temperature. In many cases,
such extremely fast processes may be experimentally difficult to observe, or they have simply not been looked for
until now. In particular, spatially inhomogeneous initial conditions usually exhibit a much slower relaxation,
but they are not covered by our present theory. On the other hand, for systems at extremely low temperatures,
such as atomic Bose gases, the relevant time scale /z /kg T will be more easily accessible, hence these are
promising candidates for a comparison with our present theory [14, 15]. Finally, the relaxation dynamics near a
quantum critical point is known to be governed by the very same time scale /2 / kg T under very general
conditions, i.e. independently of any further microscopic details of the system [39].

For a concrete experimental (or numerical) setup at hand, the value of (A), () in (20) is sometimes quite
obvious, but more often its quantitative determination is very difficult by purely theoretical means, and likewise
for the long-time average (A), in (20). On the one hand, to analytically determine those values is not a main
issue of our present work. On the other hand, even the experimental data themselves are often reported in
arbitrary units. Therefore, the quantitative values of (A), o) and (A),, in (20) usually must be taken over from
the experiment (or the numerics), hence the only remaining parameter of the theory is the temperature T'in (22).
Once again, the relevant temperature value, as discussed below (22), is often not available as an experimentally
determined quantity, and hence must be estimated indirectly or treated as yet another fit parameter [14, 15].

In the remainder of this section, we focus on one of the rare examples, for which the pertinent temperature
in (22) is experimentally available. Namely, we consider the pump-probe experiment from [40], where the
electron gas in a graphene monolayer is excited by an ultrashort ‘pump’ laser pulse, and then its re-
thermalization is monitored by a second ‘probe’ pulse, yielding the number of electrons in the conduction band
Ncg, see also figure 1. In other words, the observable A in (20) is chosen so that (A) ) = Ngp(t). Amore
detailed modeling of the actual observable A corresponding to the experimental measurement procedure would
be quite difficult, but fortunately is not needed!

Prior to the pump pulse, the system is at room temperature and (A), ), = Ncp(t) is known to be negligibly
small [40];i.e. Ncp(¥) = Ofort < 0. Attime t = 0, the pump pulse suddenly excites a certain number
(A),0) = Ncp(0) of electrons into the conduction band (hence the discontinuity of the dotted line in figure 1).
Subsequently, these excited electrons generate secondary electron—hole pairs via impact ionization (inverse
Auger scattering) so that (A) ;) = Ngp(t) further increases [40]. If the electron gas were strictly isolated from
the rest of the world (as assumed in our theory), it would approach a new thermal equilibrium with some
temperature 7. Identifying the corresponding long-time average of Ncp(t) with (A), in (20), one can deduce
from figure 6(a) in [41] the estimate

(A) g,/ (Adp0) = 1.5. (24)

In particular, the corresponding electron gas temperature in figure 6(e) of [41] is comparable to the
experimentally relevant value (see below). However, in the actual experiment, there is—besides the dominating
electron—electron interactions—also a relatively weak interaction via electron—phonon scattering with the
atomic ‘background-lattice’ of the graphene layer, resulting in a relatively slow relaxation of the electron-lattice
compound towards a thermal equilibrium state of the total system, which is different from the above mentioned
hypothetical equilibrium of the electron gas alone, and which is not covered by our present theory (the energy of
the electron gas is an almost conserved quantity, see section 4). Experimentally, one observes that the phonon
effects are still approximately negligible for times up to about t = 25 fs, while the electron gas already
approximately thermalizes. Therefore, only times up to ¢ = 25 fs have been included in figure 1. In turn, one can
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Nep® [a.u]

Figure 1. Symbols: experimental pump-probe data from figure 3 in [40], representing the number of electrons Np(f) in the
conduction band of a graphene monolayer (in arbitrary units). Dotted: theoretical prediction (20), (22) for the observable (A),, ) =
Nep(t) with T = 2000 K, complemented by (A), ) = 0fort < 0, (A}, = 20,and (A),, = 30 (see (24) and main text). Solid:
convolution of the dotted line with a Gaussian of standard deviation 5.5 fs, accounting for the finite widths of the pump and probe
laser pulses.

deduce from figure 4 in the Supplemental Material of [40] that the corresponding electron temperature T'in (22)
is approximately 2000 K.

The resulting theoretical prediction is indicated as dotted line in figure 1 and does not agree very well with
the experimental data. The quite obvious reason is that while both laser pulses are extremely short in the
experiment, their duration is still not negligible compared to the relaxation time scale of the electron gas.
Theoretically, we roughly take into account the finite widths of both pulses by convoluting our above prediction
with a Gaussian of standard deviation 5.5 fs. The latter value for the combined widths of both pulses has been
experimentally determined, as detailed in the Supplemental Material of [40] (see last paragraph of page 3
therein). The so obtained solid line in figure 1 agrees very well with the experimental findings, especially in view
of the fact that, apart from the unknown units of the experimental data, there remains no free fit parameter in the
underlying theory.

With respect to the probe pulse, the above convolution with a Gaussian seems an intuitively quite plausible
modeling of the ‘smeared out’ time point t of the experimental measurement. With respect to the pump pulse, it
represents a rather poor ‘effective description’ since our entire theoretical approach becomes strictly speaking
invalid when the duration of the initial perturbation becomes comparable to the relaxation time [14]. One the
other hand, it still seems reasonable to expect that the finite widths of the pump and of the probe pulses will have
roughly comparable effects on the measurement outcome. Alternatively, one may imagine that the probe pulse
is indeed very sharply peaked in time, but the location of the delta-peak is slightly different for spatially different
regions on the graphene monolayer, and that those regions interact only very weakly with each other.

7. Amended theory of transportless relaxation

As already mentioned in section 2, generic many-body systems exhibit an extremely dense energy spectrum: for
amacroscopic system with f >> 1 degrees of freedom, the distance between neighboring energy levels is
exponentially small in f. Hence, even for an initial state p(0) with a macroscopically well defined energy, there is
still an exponentially large number of energy levels E, which a priori may possibly be populated with a non-
negligible probability p,, in (6). Moreover, it seems reasonable to assume that it is impossible to experimentally
realize initial states p(0) with appreciable populations p,, of only a few energy levels. (The opposite case essentially
amounts to a Schrodinger cat and usually rules out equilibration in the sense of section 2 right from the
beginning). Inviewof 3, p, = lit follows that every single p,, must be extremely small (usually exponentially
smallin f), see also (8). All these assumptions are tacitly taken for granted in textbook statistical physics and also
in all what follows.

Even when every single level population p,, is very small, some of them may still be even much smaller than
others (for instance those with energies E,, far outside the microcanonical energy window [E — AE, E]
mentioned below (11)). An important implicit assumption of the approach from section 3 is that some of them
are actually negligible (can be approximated as being strictly zero), while all the others can be treated on an equal
footing. But in practice, the quantitative choice of the threshold between negligible and non-negligible p,,’s is
often somewhat ambiguous. Moreover, all the remaining non-negligible p,,’s are usually still far from being
approximately equally large, hence it is not obvious why the larger ones should not play in some sense a more
important role than the smaller ones. The main objective of this section is to amend the approach from section 3
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along these lines. Accordingly, we no longer work with (9)—(11) but rather return to the original
equations (1)—(7).

7.1. Setting the stage

Our starting point is the following property of the dynamics (5), which is intuitively quite plausible and
rigorously derived in appendix A: consider an arbitrary but fixed p(0) with level populations p,, as defined in (6).
Next we choose a set of ‘auxiliary populations’ p , which satisfy p, > 0and }°, p, = 1, but otherwise may still be
arbitrary. Then there exists a corresponding ‘auxiliary density operator’ p(0) with level populations

Pun(0) = P, (25)
and with the property that
(Ao = (A)so (26)
is satisfied in very good approximation for arbitrary fand A on condition that
DI AR (27)

Taking for granted (27), we thus can and will work with p(¢) instead of p(#) in the following. In particular,
sufficiently small p,,’s can now be safely replaced by strictly vanishing p,’s. Moreover, also the remaining non-
negligible p,,’s may be ‘redistributed’ among the p,’s within the limits imposed by (27). Since every single p,, is
usually still extremely small (see above), quite significant changes of many level populations are still admissible
along these lines. (However, choosing all the non-vanishing p, ’s equallylarge is usually still impossible without
violating (27).) The explicit form of p(t) is provided in appendix A, showing that p(¢) still closely resembles p(t)
if (27) is fulfilled. Moreover, whenever p(f) is a pure state, also p(t) will be pure.

Incidentally, the above approximation (or the more precise version in (A.1)) seems to be a quite interesting
new result on its own, that may also be of use for instance in the context of quantum information.

In a second step we assume that the Hamiltonian which governs the time evolution of p(¢) is not any more
given by (1) but rather by

H:=> E,|n)(n| (28)
n
As aresult, one again finds that (26) remains a very good approximation on condition that
72
< tpax == ———=——» (29)
e max|E, — E,|
nel
where I denotes the set of indices # with non-vanishing level populations f,,
I={n|p >0} (30)

Intuitively, this finding appears quite plausible upon a closer look at the time evolution of p(#) in (5) and the
analogous formula for p(t). A more detailed derivation is provided in appendix B.

7.2.Main idea and assumptions

Very roughly speaking, the key idea is to tailor suitable degeneracies of the modified energies E,’s in (28) so that
the probabilities p, are equally distributed among the different eigenspaces. More precisely, the set Iin (30) must
be partitioned into M disjoint subsets Iy, ..., Iy, with the property that all energies £, withn € I, are equal, say

E.: :E;; foralln € I, (31)
and the concomitant ‘eigenspace populations’
pi=>_P, (32)
nel,

areequal forall 4 = 1, ..., M. Since > neib, = 1 wecan conclude that

M
> p/i =1 (33)
pn=1

and thus
pl’L =1 /M (34)

forallp =1,...,M.
In the above described construction, two further constraints have to be taken into account for reasons that
will become clear shortly: (a) the number of subsets M must be large,
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M> 1. (35)

(b) The energy shifts E, — E, must remain so small that ¢, in (29) is still much larger than the actual relaxation
time scale of the system under consideration.

Since generic level populations p,, and energy level distances are extremely small (see beginning of this
section) and in view of the possibility to ‘redistribute’ the p,,’'s among the p,’s (see below (27)) and to ‘rearrange’
the energy levels (see (29)), it seems reasonable to expect that the above described construction can be
successfully implemented in many cases of interest. One particularly simple possibility is as follows:

Assuming that the system exhibits a macroscopically well defined energy (see above equation (12) and
beginning of this section), there exists a microcanonical energy window W := [E — AE, E], whose width AEis
small on the macroscopic scale, but still so large that we can set p, = 0 for all n with E,2 W (see below
equation (27)). In other words, the set I'in (30) only contains n’s with E,, € W. Similarly as above (9), we can and
will temporally redefine the corresponding indices so thatn € {1, ..., D} forall those E,’s contained in W, and
thusI = {1,...,D}. Moreover, we can assume without loss of generality that those E,;’s are ordered by
magnitude (i.e. E, . , > E,foralln € {1,...,D — 1}).Inasecond step, we define M as the smallest integer
with the property that M > 1 / \/m ,where p_ = max,p,. According to the discussion at the beginning of
this section, f_. will usually be exponentially small in ffor a system with fdegrees of freedom, hence M will be
exponentially large in f. Next, we choose I; := {1, ..., D1}, where D; is the smallest integer with the property that
SPi B, = 1/M. Finally, the latter inequality can be turned into an equality, i.e. Y21, 5, = 1/M, byslightly
reducing some of the p’s withn < D; (and at the same time slightly increasing some with n > D;). By
modifying the p ’s along this line, one readily sees that the original sum on the left hand side of (27) may
increases at most by 2p . Likewise, I, == {D; + 1,..., D,}, where D, is the smallest integer with

Zf;DI+ b, = 1/1\71; then the p,’s are again slightly adjusted so that ZHD;DI+ b, = 1/]\7[; and so on for

L, ..., Iy Altogether, the original sum on the left hand side of (27) thus may increases at most by 2, M,
which is still exponentially small in f. In a third step, we define Dy := land ¢E, := Ep, — Ep,_ for
w=1, ..., M,i.e. 0E,, quantifies the energy variations within the subset I,,. Let us now focus on the set S of all

s with the property that 0E, > AE/\/ﬁ Observing that Dy; = D and Z,IFI:] 0E, = Ep — E; < AE, the

number of elements contained in S, henceforth denoted as |S|, must satisfy | S| < JM.In turn, the complement
S:={1, ..., M}\Scontains M := M — |S|elements. It readily follows that M is still exponentially large in .
The last step consist in redistributing the populations p, ofall subsets I, with 4 € Suniformly among those with
pv € S.By construction, after this redistribution of the f,’s, the ‘new’ value of 3, 1, b is thus equal to 1 /M if

it € S and zero otherwise. Furthermore, the contribution of this final redistribution of the p,’stothelefthand
side in (27) can be upper bounded by 2|S| /M, which is still exponentially small in f. If we now change the labels ;1
sothat S = {1, ..., M}anddefine E/L := Ep,, thenall requirements of our above described construction are
fulfilled. In particular, t,,, in (29) will be exponentially large in f.

7.3. Derivation of the main result
In order to explain the main ideas, we temporarily focus on pure states p(f) (for mixed states see section 7.6).
Hence, also p(¢) is pure (see below (27)), i.e. there exist certain (normalized) vectors |4/ (¢)) and |1)(#)) so that

p(t) = [Y®) (V(®)], (36)

pt) = () (P(0)]. (37)

Since the dynamics of p() is governed by the Hamiltonian H from (1) and that of (¢) by H from (28), it follows
that

[v (1)) = e H/ 7 [4)(0)), (38)
(1)) = e/ 71(0)), (39)

see also (2) and (3). Exploiting (37), the level populations in (25) can be rewritten as
f’n = leals (40)

where ¢, := (n|1(0)). Since P, = Ounless n € I(see (30)) it follows that
[9(0) = culn). (41)

nel
In passing we note that a pure state like in (36) may still exhibit a small population p,, of every single energy
level, as required throughout our present approach. In particular, the diagonal ensemble in (7), which governs
the long-time behavior (after equilibration) will then exhibit a small purity Tr{ pﬁia} notwithstanding the fact
that we are dealing with a pure state, i.e. Tr{[p(0)]*} = 1.
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Taking for granted that the construction from the previous subsection has been successfully implemented,
the approximation

{Apy = (DOIAIDD) (42)
will thus be fulfilled very well for all t < #,,.x. Furthermore, it follows from (32) and (40) that the vectors
1
[Wy) = —= > culn) (43)
Rtne&
satisfy
(W) = Eu (44)
and that (41) can be rewritten as
M
[9(0) = > B} 1)) (45)
p=1
Moreover, we can infer from (28) and (31) that
Hly,,) = Eyli)),) (46)
and with (39) and (45) that
M
D) = > el e B ). (47)
pn=1
Exploiting (42), we finally arrive at
M ' ’
Ay = D BB g (04, (48)
wr=1
Ay = (UlAl), (49)
£, (0) = (VPO ) = pp), (50)

where the last relation follows from (37) and (45). In particular, piw (0)isawell defined M x M density matrix
(Hermitian, positive, of unit trace).

The right hand side of (48) is formally identical to that of (10). But now all level populations are equal (see
(34)), i.e. we got rid of the shortcomings mentioned at the beginning of section 7.

At this point, the assumption (a) from (35) is needed. Namely, due to this assumption and the formal
equivalence of (48) with (10), the heuristic considerations from section 3 or the more rigorous treatment in
[14, 15] can be adopted to arrive at the counterpart of (20), namely

(A)py = <A>pfﬁa + GO{A)p0) — <A>pfm]) (51)
G(t) = MIx(H)P = 1)/(M - 1), (52)
X(t) = Z elfut/?, (53)
p 1

p'(0) = Z oo, 1) (Wil (54)

Hr=1

M
Pa = 20 Bl 107 (- (55)

pn=1
Exploiting (35) once more, one can infer from (52), similarly as in (21), the very accurate approximation
G@t) =[x (56)
Upon comparison of x(¢) in (53) with ¢(¢) in (17), the main properties of G(¢) in (56) readily follow from
those of F(¢) in (21), see above (22): (i) G(0) = 1. (i1) 0 < G(¢) < 1 forall«. (iii) G(f) remains negligibly small for
the vast majority of all sufficiently large times t. In the latter statement we took (35) for granted and we assumed

without loss of generality that the E[L in (31) were chosen so that E;i = E, forall i = v.
Setting t = 01in (51), the above property (i) implies that

(A)po) = (A)p()- (57)

More precisely, (57) is an approximation of the same quality as (51) itself. Next we make use of the assumption
(b) below (35) that (A) () approaches its approximately constant long-time limit already for times ¢ much
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smaller than #,,,, in (29). On the one hand, for (most of) those times ¢ the result (51) is still valid and the function
G(t) therein must assume values close to zero. On the other hand, we know from section 2 that (A),,; stays very
closeto (A),, formostt’sbeyond the initial relaxation time span. We thus can conclude that in very good
approximation

<A>p:ﬁa = <A>Pdia' (58)
By introducing (57) and (58) into (51) we arrive at the main new result of our paper, namely
<A>p(t) = <A>pdia + G(t)[<A>p(0) - <A>pdia]- (59)

7.4. Discussion of G(t)
A first set of basic qualitative features of G(¢) are the properties (i)—(iii) mentioned below (56). The remainder of
this subsection is devoted to recasting G(f) from (56) and (53) into physically more illuminating and practically
more convenient forms.

By utilizing the approximation (34) and the definition (32) we can conclude with (53) that

M

x®) =523 p et/ (60)

p=1nel,

Observing (31) and that the set I is the disjoint union of the subsets I}, .., I, (see above (31)) implies

x(1) = Zﬁneiﬁnt//ﬁ. 61)

nel

Since p, = 0 for ngZ1I (see (30)) we arrive at

X(®) =" pelft/h 4 6, (62)
8= 3 (B, — p)et/n. (63)

By similar (but simpler) calculations as in appendix B (especially around (B.26)) in combination with our
assumption (29) one finds that the E,’s in (62) can be very well approximated by the E,’s. Furthermore, § from
(63) can be safely neglected in (62) due to our assumption (27). Exploiting (25), we thus obtain as a first main
result of this subsection

X(@) =D pp(0)eErt/% = Tr{p(0)eift/%}, (64)

This is the announced amendment of (17), quantitatively accounting for our previous expectation that larger
level populations p,,,,(0) should somehow play a more important role than smaller ones.
Next we rewrite (64) in the equivalent form

X = [ p) e, (65)

p(E) =3 p,,(0) 6(E — E,). (66)

The function p(E) thus quantifies the detailed population of all the energy levels, and x(#) is its Fourier
transform’. Usually, the energies E, are extremely dense and the sum of delta functions in (66) can be replaced by
areasonably smoothened approximation without any notable change of x(#) in (65) during the entire initial
relaxation time period, see also appendices A and B. In other words, p(E) may be viewed as the smoothened
(coarse grained) energy distribution of the system. While this distribution is hardly ever available in experiments,
it often is in numerical simulations, as exemplified in section 8.

The same approximation as for F(t) in (22) is readily recovered for G(¢) via (56) and (65) if the p,,,,(0) in (66)
are (approximately) equally large for all E, below some threshold energy E and (practically) negligible for all
E,, > E, and provided that the Hamiltonian H exhibits reasonable thermodynamic properties (well defined
entropy S(E) and (positive, intensive) temperature T := 1/5’(E)). The same result

G@t) =1/[1 + (t ks T/ %) (67)

still applies if only energies E,, within a microcanonical energy window [E — AE, E] contribute, as long as its
width AEis much larger than the thermal energy kg T', as it is usually the case. More precisely, it is only the coarse
grained p(E) (see below (66)) that must closely resemble the one which would be obtained for strictly equally
large p,,,(0)’sforall E, € [E — AE, E]. Theactual p,,,(0)’s (before coarse graining) may thus still exhibit quite

5 Likewise, G(f) in (56) may be viewed as the Fourier transform of p,(E) := f dE' p(E — E")p(E") (self-convolution of p(E)).
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considerable ‘fine grained’ variations. In other words, the approximation (67) is found to remain valid under
substantially weaker premises than its predecessor in (22).

Instead of such a microcanonical distribution, one might also consider a canonical distribution, i.e. the
Pnn(0)’s are (approximately) proportional to exp { —E,, /kg T'}. Similarly as in (22), a straightforward calculation
then yields

G(t) = exp{—(t ks T//)*dE(T) /d(ks T)}. (68)

Note that dE(T)/dT is the system’s specific heat and dE(T)/d(kg T) is a dimensionless number which is typically
comparable in order of magnitude to the number fof the system’s degrees of freedom. However, it must be
emphasized that there is no reasonable argument of why the far from equilibrium initial state p(0) at time t = 0
should exhibit a canonical energy distribution in the basis of the Hamiltonian H which governs the relaxation
dynamics of the isolated system for ¢ > 0.

For systems at thermal equilibrium, the so-called equivalence of ensembles is often taken for granted under
quite general conditions. However, no such equivalence is to be expected for the temporal relaxation of far from
equilibrium initial states, as exemplified by the very different findings (67) and (68).

More generally speaking, the above examples illustrate the fact that the function G(f) depends on the details
of the initial energy distribution, but does not depends on any further properties of the initial condition.

Taking into account (1), (36), and (38), one can rewrite (64) as

X () = (¥ ®¥(0), (69)
i.e. x(t) represents the overlap between the time evolved state and the initial state. Similarly, (56) takes the form
G = (O O)F, (70)

i.e. G(f) may be viewed as a survival probability (of the initial state) or return probability (of the time evolved
state), sometimes also denoted as (quantum) fidelity.
Mathematically speaking, (38) and (69) immediately imply that

X () = (Wt + 9 () (71)

for any, arbitrary but fixed reference time point s € R. Physically speaking, this observation is quite remarkable:
the crucial function G(¢) in (59) can be recovered from the overlap decay in (71) with respect to any time evolved
state |1 (s)) of the system, even if the reference time s is chosen very ‘late’ and thus one might have expected that
the system has already equilibrated in any meaningful sense, and, in particular, has ‘forgotten’ the initial
disequilibrium conditions.

7.5. Summary and discussion

The main result of this section consists in the approximation (59) for the temporal relaxation, where G(¢) in (56)
follows from either of the equivalent forms (64), (65), or (69). They encapsulate the details of how the function
G(t) in (59) decays from its initial value G(0) = 1 towards G(¢) ~ 0 for (most) sufficiently large #. In particular,
upon rewriting (59) as

<A>p(t) - <A>ﬂd-
——— = G@), (72)
<A>P(O) - <A>Pdia

taking for granted the assumptions underlying this result (see below), and observing that G() in (70) is
independent of A, we can conclude that, for any given p(0), the left hand side in (72) exhibits for all observables A
the same temporal relaxation behavior.

Provided that the additional information required in (64), (65), or (69) is available, this result (59) represents
asignificant step beyond the previously known approximation (20), wherein F(t) follows from (17) and (21).

In particular, to determine F(f) one usually needs to explicitly specify some appropriate energy window (see
above equation (12)). In addition, in order to evaluate (17) and (21), one must determine the eigenvalues of the
Hamiltonian. In contrast, G(f) can be determined via (70) without explicitly specifying some energy window and
without diagonalizing the Hamiltonian.

The underlying key idea and main requirements essentially amount to the following three steps: to begin
with, all extremely small level populations p,, are neglected. The remaining, non-negligible p,’s are then
distributed into subsets I, with approximately equal net populations 3, 1, - Moreover, all energies E,,
belonging to the same subset must be very close to each other. In the end, the initially neglected p,,’s are
redistributed among the subsets, and also the non-negligible p,,’s may still be slightly adjusted, the main aim
being to further equalize the subset populations.

Once such arearrangement of the energy eigenvalues and redistribution of the level populations is
accomplished, the same arguments as in section 3 or in [ 14, 15] can be adopted to arrive at (59). In so far as these
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arguments are non-rigorous (no error bounds or systematic improvements or are available), the result (59) may
be viewed as an approximative proposition of the same character.

The remaining requirements are largely the same as in sections 4 and 5. The basic reason is that the
prediction (59) is essentially a modification of (20), it is not expected to cover previously excluded cases.

In passing we note that when focusing for a given pure state (36) on the particular observable
A = |1(0)) (¥0(0)], then the expectation value on the left hand side of (59) coincides exactly with the
survival probability in (70). On the right hand side of (59), one readily find that (A) ,) = 1and (A), =
> pn2 < max,p,. Since p,< 1 for all n (see (8) and beginning of section 7), our result (59) thus reproduces the
exact result very well in this special case. The latter exact result apparently goes back to Torres-Herrera, Vyas,
and Santos (see [16, 17] and further references therein), hence our present work may be viewed as a
generalization of theirs.

7.6. Mixed states
So far, our main result (59) has only be justified for pure states (see section 7.3). Turning to mixed states, we
recall that any given density operator p can be written in the form

]
p = wjlj) (Wl (73)

j=1

for some suitably chosen set of pure (normalized) states |1/;) and weights w; > 0 with Zle w; = 1.In general,
the vectors |¢);) need not be pairwise orthogonal and not even linearly independent, hence there usually exist
many different ‘representations’ (73) of the same density operator p. The same properties remain true when the
density operator and the pure states in (73) acquire a time dependence via the pertinent Liouville-von Neumann
and Schrodinger equations, respectively. Such a time dependence is henceforth tacitly assumed in (73), while
arguments ¢ are still omitted.

Taking for granted that every pure state [¢);) in (73) satisfies the requirements from section 7.5, the
approximation (59) will be valid for each of them. Next we observe that all expectation values appearing in (59)
are linear functionals of p. But in general, also G(#) on the right hand side is a non-trivial (nonlinear) functional
of paccording to (56) and (64). It follows that (59) cannot be valid in full generality (the left hand side is linear
and the right hand side nonlinear in p). However, under the extra assumption that G(¢) is (approximately)
identical for all |¢/;) with non-negligible weights w; in (73), one readily concludes that also their linear
combination in (73) will satisfy (59), where the symbols pand p;;, in (59) now refer to the actual density operator
pontheleft hand side of (73), and likewise for the p’s appearing in (64)—(66). It seems reasonable to expect that
such approximately identical G(¢)’s may arise—at least for one of the many possible representations (73) of the
same p—in many cases of interest.

In fact, if the initial state p(0) is of low purity (‘strongly mixed’), i.e. Tr{[p(0)]?} < 1, itis rigorously shown
in appendix C that our main result (59) still amounts to a very good approximation, where G(¥) is again given by
(56) and (64). In other words, (59) is known to apply both for pure and strongly mixed states. Once again, it is
therefore quite plausible that the same result will remain (approximately) correct also in the intermediate case,
i.e. when the purity Tr{[p(0)]*} is neither unity nor close to zero, see also end of appendix C. However,
providing a more rigorous demonstration or criterion appears to be a very daunting task.

8. Comparison with numerics

As already mentioned at the beginning of section 6, the spatial homogeneity requirement of our present theory
considerably restricts the number of suitable experimental and numerical examples in the literature, with which
it might be compared. Moreover, our amended theoretical prediction (59) requires information about the
function G(¢) in (56) and thus either about the level populations in (64)—(66) or about the overlaps in (69), which
is not available in most experiments up to now. However, it is noteworthy that the overlap of two quantum
many-body states has recently been successfully measured for ultra-cold bosonic atoms in optical lattices [42],
hence a direct comparison of our theory with experiments may become feasible in the future. With respect to
numerical results, the latter information should in principle be accessible quite often, but in practice it is
provided as published data in a relatively small number of cases. In the following, we compare our theory with
two such examples, for which all the necessary data are available.

Our first example is the extended Hubbard model for 8 strongly correlated fermions on a one-dimensional
lattice with 24 sites, whose thermalization after a quantum quench has been numerically explored by Rigol in
[43]. Figure 2 exemplifies a representative non-integrable case with nearest-neighbor hopping and interaction
parameters 7 = V = 1and next-nearest-neighbor hopping and interaction parameters 7/ = V' = 0.32,
corresponding to the data from figures 2(g) and 7(a) in [43]. The numerical findings are compared in figure 2
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Figure 2. Symbols: numerical data from figure 2(g) in [43] for the density-density structure factor Ni(f) of a one-dimensional
fermionic model system (for more details see main text and [43]). Solid: theoretical prediction from (59), where G(f) was evaluated
according to (56) and (64) by employing the numerically determined values of E,, and p,,,,(0) from [43], see figure 7(a) therein (the
original data were kindly provided by Marcos Rigol). Dashed: theoretical prediction from (20) and (22) (or from (59) and (67)),
adopting the estimate T = 3 provided by [43]. Both in (20) and (56), the quantitative values of (A),,) and (A),. have been fitted to
the numerical data. Following [43], the units have been chosen so thatky = 7 = 1.
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Figure 3. (a) Numerical results for the spin—spin correlation C*(t), adopted from the top right plot in figure 8 of [16]. The considered
system is a one-dimensional spin-1/2 model with 16 spins, coupling ], anisotropy parameter A, ratio between nearest-neighbor and
next-nearest-neighbor coupling A, and 2 = 1. The system is isotropic for A = 1 and anisotropic otherwise. The case A = 0, A = 0
corresponds to the integrable XXZ model, while the model is non-integrable for A = 0, A = 0. (b) The corresponding numerical
results for the survival probability G(¢) in (70), adopted from the top right plot in figure 5 of [ 16].

with the amended theory from (56), (59), and (64), as well as with its predecessor from (20) and (22), or,
equivalently, the approximation from (59) and (67). In view of the still quite notable numerical finite size
fluctuations (8 Bosons on 24 sites), whose magnitude can be estimated from the non-stationarity of the
numerical data beyond the actual relaxation time span in figure 2 (see also figure 2(g) in [43]), it is impossible to
decide which of the two theoretical curves exhibit a better agreement. Within these numerical finite size effects
(which are beyond the theory) both curves agree reasonably well with the data. We also may recall that the only
fit parameters of the theory are the initial value (A), ) and the long-time average (A),, . As already mentioned in
section 6, the quantitative determination of those two values for the quite elaborate observable at hand (a
dimensionless descendant of the density-density structure factor [43]) is not a main objective of our

present work.

Our second example is the spin-chain model, numerically explored by Torres-Herrera, Vyas, and Santos in
[16], see figure 3. Specifically, the relaxation of an initial state, consisting of 8 alternating pairs of parallel spins is
observed via the correlation C*(¢) of two neighboring spins in the middle of the chain [16], for which the initial
expectation value is known to be C*(0) = 0.25. The two examples in figure 3 with A = 0 correspond to
integrable systems, which are in general not expected to thermalize in the long-time limit, while the three
examples with A = 0 are non-integrable, hence C*(¢) should approach the thermal long-time limit zero. This
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expected long-time behavior is reasonably but not extremely well fulfilled by the numerical results for the two
integrable and the three non-integrable cases in figure 3(a). In fact, temporal ‘oscillations’ comparable to those of
the cross- and star-symbols in figure 3(a) for t € [1, 2] are found to persist in all five cases up to (practically)
arbitrarily large times # (not shown). Similarly as in the previous example in figure 2, these persistent oscillations
are probably due to the still relatively small system size (16 spins). In other words, it seems reasonable to expect
that the behavior of C*(¢) for much larger systems may still deviate by 0.05 (or even more) from the
corresponding results in figure 3(a). Analogously, the numerically obtained results from [16] for the survival
probability G(¢) in (70) are reproduced in figure 3(b). Apparently, the numerical finite size effects for this
quantity G(¢) are considerably weaker than for the quantity C*(¢) depicted in figure 3(a).

To connect these numerical results with our present theory, C*(#) in figure 3(a) must identified with (A),,
in equation (59), while G(¢) in figure 3(b) coincides with G(#) in (59). Still, the theory does not imply any
prediction regarding either of these two quantities themselves. Rather, it predicts that the two quantities should
be related to each other according to (59). In doing so, the initial value (A), ) appearing in (59) is known to be
C*(0) = 0.25 (see above). Moreover, the long-time limit (A),, appearing in (59) must be estimated from the
long-time behavior of C*(#) in figure 3(a). In view of the above mentioned finite size effects of the numerical data
for C*(¢) in figure 3(a), the agreement between this theoretical prediction of equation (59) and the numerical
findings in figure 3 is quite satisfying.

9. Conclusions

The main result of this paper is the following approximation for the temporal relaxation of a (pure or mixed)
state p(r), whose dynamics is governed by a Hamiltonian with energy eigenvalues E, and eigenstates |n):

2

Tr{p(HA} = Te{p(OA} | 3 (nlp(0) n)e=t/% | | (74)

n

where the observable A has been tacitly ‘rescaled’ so that the long-time average of the left hand side is zero.

The first main prerequisite for (74) is that the system must equilibrate at all, i.e. the left hand side of (74) must
remain very close to a constant value (here assumed to be zero) for the vast majority of all sufficiently large times
t, where ‘very close’ is meant in comparison with the full range of possible measurement outcomes of A. To
guarantee the latter equilibration property, we have taken for granted a set of sufficient conditions, which are
already rather weak, and which could still be considerably weakened in principle. Most importantly, it is
required that there are no degenerate energies and energy gaps (i.e. the energy differences E,, — E, are non-zero
and mutually different for all pairs m = n), and that all level populations (n|p (0) |n) are small (cf (6) and (8)). On
the other hand, it is not required that the system exhibits thermalization, i.e. the long-time average in (74) may
still be different from the pertinent thermal equilibrium value.

The second main prerequisite for (74) is the absence of any notable macroscopic transport currents, caused,
e.g. by some initially unbalanced local densities. Such a transportless relaxation can usually be taken for granted
ifboth the system Hamiltonian and the initial state are spatially homogeneous on macroscopic scales. A more
detailed discussion of further possible prerequisites for (74) is provided by sections 4 and 5 (see also sections 7.2
and 7.6). In fact, formulating conditions, which are strictly sufficient for (74) but not too restrictive for practical
purposes, remains an open problem. In this respect, the situation is somewhat similar as in density functional
theory, random matrix theory, and other ‘non-systematic’, but practically very successful approximations.

The most striking property of (74) is that the considered observable A does not matter in the last factor,
which encapsulates the entire time dependence of the relaxation. Generically, this factor is unity for t = 0 and
very close to zero for practically all sufficiently late times. Specifically for a pure initial state |/ (0)), the last factor
in (74) can be identified with | (1 (¢) |1 (0)) |? (survival probability). On the one hand, (74) may thus be viewed as
a (very substantial) generalization of previous results by Torres-Herrera, Vyas, and Santos [16, 17]. On the other
hand, also the earlier results from [14, 15] are recovered as a special case, namely when all level populations
(n|p(0)|n) can be approximated as being either strictly zero, or equal to some (small but finite) constant value.

In many cases of practical interest, the last factor in (74) can be further approximatedas 1/[1 + (t kg T/7%)*],
where T'is the temperature after thermalization, or, if the system does not thermalize, the temperature of a
thermalized auxiliary system with the same (macroscopic) energy as the true system. In general, transportless
relaxation is thus predicted to be non-exponential in time, and the relevant time scale 72 /kg T' to be very small.

In principle, all these predictions may be viewed as approximative propositions due to the non-rigorous line
of reasoning adopted in section 3 or in [14, 15]. On the other hand, they have been validated by showing that they
compare very favorably with various previously published experimental and numerical results for systems,
which satisfy the above mentioned main prerequisites of the theory reasonably well.
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Appendix A

A first main goal of this appendix is to justify the approximation at the beginning of section 3 and the closely
related approximation (26) under the condition (27). More precisely, we consider an arbitrary but fixed density
operator p(0) with level populations p,, = p,,,,(0) (see (6)) and an arbitrary but fixed set of ‘auxiliary populations’
p,»satisfying p, > 0and >_, p, = 1. The above mentioned main goal now consist in demonstrating that there
exists an ‘auxiliary density operator’ p(0) with level populations g,,(0) = p, and with the property that

Aoy — (Ahpr| < Da > Ip, — Bl (A1)

for arbitrary tand A, where the time evolution of both p(0) and p(0) is governed by the Hamiltonian (1), and
where A 4 is the range of the observable A, i.e. the difference between its largest and smallest eigenvalues. Since
any real measurement device corresponding to the observable A has a finite range A 4 as well as a finite
resolution 6A (see also section 2), it follows that the two expectation values on the left hand side of (A.1) are
experimentally indistinguishable if the sum on the right hand side is smaller than (64 /A 4)?. Altogether, this
amounts to the precise quantitative justification of the two above mentioned approximations.

A secondary goal of this appendix is to show that whenever p(f) is a pure state then p(t) will be pure as well.

To begin with, we recall from the beginning of section 2 the relations

(A)piy = Tr{p(n)A}, (A.2)
p(t) = Upp(O)U], (A.3)
U, = e iHI/, (A.4)

The left hand side of (A.4) is understood as usual:
e—th/iz = Z e—iE”t//? |n> <n| (A.5)

Exploiting the cyclic invariance of the trace in (A.2), we can conclude that
(A)pay = Tr{p(0)B}, (A.6)
B = U]AU,. (A7)

For notational simplicity, the dependence of Bin (A.7) on thas been omitted.
Focusing temporarily on the case that p, := p, (0) > 0forall n we define

8, = \P,/D> (A.8)

P:=3 g, |n)(nl, (A.9)
Q=1- Pznza — g)n)(nl, (A.10)
p(0) := Pp(0)P. (A.11)
From these definitions it follows that
Pun(0) = (n|Pp(0)Pln) = ¢%p,,(0) = B, (A.12)

In other words, p(0) indeed exhibits the given level populations f,. Moreover, one readily verifies that (0) is a
non-negative, Hermitian operator of unit trace, i.e. a well-defined density operator.
If p(0) is a pure state, it can be written in the form | ) (¢| for some |@) of the form 3" ¢, |n). By means of (A.9)
and (A.11) it follows that p(0) can be rewritten as |@) (| with |@) = "¢, ¢, |n),i.e.also p(0) is a pure state.
Since the dynamics of 5(0) and of p(0) are governed by the same Hamiltonian H, it follows exactly as in
(A.2)~(A.7) that
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(A)se) = Tr{p(0)B}. (A.13)
Accordingto (A.10) wehave Q 4+ P = land hence
Tr{p(0)B} = Tr{Qp(0)B} + Tr{Pp(0)B}, (A.14)
Tr{Pp(0)B} = Tr{Pp(0)QB} + Tr{Pp(0)PB}. (A.15)
Dueto (A.11), thelast term in (A.15) is equal to Tr{p(0) B}. Together with (A.6) and (A.13) we thus can conclude that
A= (A)pw) = (A)pwy = R + Ry, (A.16)
Ry == Tr{Qp(0)B}, (A.17)
R, := Tr{Pp(0)QB}. (A.18)

Since p(0) is a non-negative Hermitian operator, there exists a Hermitian operator o with the property that
> = p(0). Considering Tr{ Cl'" C,} asascalar product between two arbitrary linear (but not necessarily
Hermitian) operators C; ,, the Cauchy—-Schwarz inequality takes the form | Tr{C, C,} > <
Tr{C, G} Tr{C; C,}. Choosing C, = (Qo)' and C, = o Bwe can infer from (A.17) that

R[> < Tr{Qoo'QNY Tr{B'o'oB). (A.19)

Observing that all operators on the right hand side of (A.19) are Hermitian and exploiting the cyclic invariance of
the trace yields

IRI> < Tr{p(0)Q*} Tr{p(0)B*}. (A.20)
Evaluating the trace by means of the eigenbasis of B results in
Tr{p(0)B%} < |[B*[| Tr{p(0)} = [|B|?*, (A.21)
where || C|| indicates the operator norm of an arbitrary Hermitian operator C (largest eigenvalue in modulus).

From (A.7) we can infer that the eigenvalues and hence the operator norm of A and B are equal. Altogether, we
thus can rewrite (A.20) as

IR < [JAIVS, (A.22)
S := Tr{p(0)Q?}. (A.23)
Evaluating the trace in (A.23) by means of the energy basis |n) and exploiting (A.10) yields
§ =2 (nlp@Qn) =3 p,, (O — g,)*. (A.24)
One readily verifies that (1 — x)? < |1 — x?|foranyx > 0. Recalling that p,,,,(0) = p,, > 0 thus implies
PO = g <1 =gl = Ip, = p,8,] (A.25)
Since p,g nz = p,»see (A.8), we finally can rewrite (A.24) as
S <Y lp, — Bl (A.26)

The treatment of R, in (A.16) is similar and thus only briefly sketched:

|Ry|? = | Tr{(BPo)(0Q)} |
< Tr{BPp(0)PB} Tr{Qp(0)Q}
= Tr{B’p(0)} Tr{Q%p(0)} < [|A|]*S. (A.27)

Introducing (A.22), (A.26), and (A.27) into (A.16) yields

IA] < [R] + [Ro| < 2A]l [YIp, — Bl (A.28)

Obviously, A in (A.16) remains unchanged when adding an arbitrary real constant ¢ to A. Hence, the inequality
(A.28) with ||A + cl||instead of || A|| on the right hand side remains valid for arbitrary c. The minimum over all cis
assumed when the largest and smallest eigenvalues of A + care of opposite sign and equal modulus, yielding

Al < Ax DoIp, — Bl (A.29)

where A 4 is the difference between the largest and smallest eigenvalues of A. Recalling the definition of A in
(A.16), we recover the announced result (A.1).
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So far we have assumed that p,,,,(0) > 0 for all n, see above (A.8). More generally, we may define

pe(0) =

1
1+bf&m)+f§ﬁ§M””} (A.30)

bzzi. (A31)

Onereadily confirmsthat 0 < b < Y%, k=2 = 72/6 and that p (0) is Hermitian, non-negative, and of unit
trace, i.e. a well defined density operator for any € > 0. Analogously, all quantities deriving from p(0) now
become e dependent and acquire an additional index €, in particular p7 := pf (0)and p? := p; (0), while the
preset p, (withoutindex €) are kept fixed. The case of actual interest is thus recovered in the limit € — 0.
Moreover, one can show that the off-diagonal matrix elements p; (0) identically vanish if either p,,=0 or p,, = 0
and thatall other matrix elements 7 (0) converge towards a finite limit for € — 0. In particular, p¢ approaches
P,- Asa consequence, also p° (0) itself approaches a well defined limit, which exhibits the preset level
populations p, .

Forany e > 0one caninfer from (A.30) that p7 := pf (0) > 0foralln,i.e. theresult(A.1)is valid. For
continuity reasons, the same result must still remain valid in the limit € — 0, in which we are actually interested.

Appendix B

This appendix substantiates the statement above (29) in the main text. Before actually recalling this statement
itself, it is necessary to recall the setup and the notation: we consider two arbitrary density operators p(f) and p(t)
with identical initial conditions,

p(0) = p(0), (B.1)

but whose time evolution is governed by different Hamiltonians, namely H from (1) and H from (28), 3
respectively. In other words, the eigenvectors |n) of Hand H must be identical, while the eigenvalues E, and E,,
may be different. The main goal of this appendix is to show that

[(A)py — Qs < |t Aa m:;dﬁn - En|/5 (B.2)

for arbitrary tand A, where A 4 is the difference between the largest and smallest eigenvalues of A, and I'is
defined in (30). Similarly as below (A.1) one sees that this amounts to a detailed quantitative justification of the
statement above (29) in the main text.

Note that there is a slight notational difference between the main text and this appendix: in the main text, one
starts out with (), whose dynamics is governed by H, and whose level populations p, := 3,,(0) define the set I
via (30). Then the Hamiltonian H is replaced by H, but for notational convenience the modified density
operator is still named 7(¢). In the present appendix, the two density operators carry the two different names p(f)
and p(t), respectively. Due to (B.1), their initial level populations are identical, i.e. we have

pn = pnn(o) = ﬁn = pnn(o) (B3)
throughout this appendix (but not in the main text). Accordingly, (30) can be rewritten as
I={n|p, >0} (B.4)

Similarly as in (A.2)—(A.5) one finds for p(t) as specified below (B.1) that

(A)py = Tr{p(t)A}, (B.5)
() = UhpO)iL;, (B.6)
U, = e 1H/ = YUY, (B.7)
Uy = elH=I1/7, (B.8)

The lastidentity in (B.7) relies on the fact that Hand H commute. Together with (A.2)—(A.5) it follows that
p(t) = U, p(t)U,)" and due the cyclic invariance of the trace that

A= (A)pw) — Ay = Tr{p(t)B}, (B.9)
B:=A — (U)AU,. (B.10)
Evaluating the trace in (B.9) by means of the eigenbasis of p(t) yields

Al < lmaXIAwI, (B.11)

lvl=1
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Ay = (YIBlY), (B.12)

where the maximization in (B.11) is over all normalized vectors |1).
For an arbitrary but fixed vector |¢) of unit norm we can rewrite (B.12) with (B.10) as

Ay = (WIAR) — (WARY), (B.13)
[97) = Uly). (B.14)
With the definition
IX) = 1¥') = 1) (B.15)
we can conclude that
(WIAR) = (WIAIY) + db, (B.16)
dy = (Y'|Alx), (B.17)
(WNAI) = (VIAlY) + s, (B.18)
dy = (x|Al¢). (B.19)
By means of (B.16) and (B.18) we can conclude with (B.13) that
Ayl < ldi| + |da. (B.20)
From the definition (B.17) and the Cauchy—Schwarz inequality it follows that
ldil* = 1{XIAID P < (xx) (1A% 1), (B.21)
Since we assumed that |¢)) is normalized, also |1)’) in (B.14) will be normalized and the last factor in (B.21) can be
upper bounded by ||A?|| = ||A|?, where ||A]| is the operator norm of A (see also below (A.21)). Exactly the same

upper bound can be obtained for d, in (B.19). With (B.20) we thus arrive at

1A < 2|l {XIx) - (B.22)

Obviously, A in (B.9) remains unchanged when adding an arbitrary real constant c to A. Exactly as below (A.28)
one thus can conclude that

Ayl < Aay{xlx) - (B.23)

Rewriting [¢) as Y, ¢, |n) with ¢, == (n]¢)), the normalization takes the form }_, |c,|> = 1. Furthermore, we
can infer from (1), (28), (B.8), and (B.14) that

[¢') = eltcy|n), (B.24)
a,:=(E, — E)t/7 (B.25)

and from (B.15) that
<X|X> = Zlcn - eia,,CnIZ = Zlcnlzll - eiu"lz- (B.26)

One readily verifies that |1 — €| = 2|sin(a/2)| < |a|forarbitrary a € R, yielding
(xIxX) < D leal laal? < max|a,|*. (B.27)

By introducing (B.27) into (B.23) we can conclude
Al < Asmaxla,. (B.28)
n

Since this bound is independent of 1)), one finds by means of (B.25), (B.11), and (B.9) that
[{A) 0y — (A)pry| < |t] Ay max |E, — E,,|/ﬁ. (B.29)

Exploiting the definition p,,, (0) := (m|p(0)|n) (see below (5)) and the Cauchy—Schwarz inequality one can
readily show that |p,,, (0)]* < p,,,,(0)p,,(0) = p, p, (seealso (B.3)). It follows that only those summands in (5)
are non-zero for which both m and n are contained in the set I from (B.4). Without loss of generality we thus can
focus on the case that E,, = E, forall ngI. Asa consequence, it is sufficient to maximize in (B.29) overall n € I,
i.e. we recover the announced final result (B.2).

Appendix C

The purpose of this appendix is to show that (59) with G(¢) from (56) and (64) is fulfilled in very good
approximation if p(0) is a mixed state of low purity, that is, if
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P:=Tr{[p(0)]*} < 1. (C.1)

Conceptually, the subsequent considerations are somewhat similar to the explorations of dynamical
typicality in [44—47]. Technically, the calculations are particularly close to those in [47].
To begin with, we denote the eigenvalues and eigenvectors of p(0) by r,, and |, ), respectively, implying

p(0) =1 |0, (@l (C2)

P=Yr<1, (C.3)

n

wherer, > 0and ", 1, = 1. Next, we consider an ensemble of (not necessarily normalized) random vectors
|¢), defined via

lo) = > cn VT l6)> (C4)

where the real and imaginary parts of the ¢,’s are independent, Gaussian distributed random variables of mean
zero and variance 1/2. Indicating averages over the ¢,,’s by the symbol [...],, one readily confirms that

[Cicn]c = 6mm (C.5)
[C;'kckc:nkcn]c = 6jk6mn + 6jn6km (C.6)

for arbitrary indices m, n, j, k. Given any Hermitian operator B, it then follows from (C.4)—(C.6) by means of a
straightforward calculation (see also [47]) that

pg = [{¢|Blp)]. = Tr{p(0)B}, (C.7)
o3 = [((@IBlp) — pp)*le = Tr{[p(0)BF}. (C.8)

By analogous arguments as above (A.19), one can deduce from (C.8) that 03 < Tr{B? [p(0)]*}. Evaluating the
trace by means of the eigenbasis of B and exploiting the definition of the purity Pin (C.1) then yields

og < ||BIP P. (C.9)
Choosing B = 1, it follows from (C.3), (C.7), and (C.9) that [{¢|¢)]. = 1and [({¢|¢) — 1)*]. < P.
Invoking the Chebyshev inequality from probability theory, one thus can conclude that
Prob(|(plg) — 1|<P3) > 1 — P3, (C.10)

where the left hand side denotes the probability that | (¢|¢) — 1|<P3 when randomly sampling vectors | )
according to (C.4). Due to (C.1), the vast majority of all vectors | ) in (C.4) thus have norms very close to unity.
Choosing Basin (A.7), it follows from (A.6) and (C.7) that

(Ao e = (A)po)» (C.11)
where we have introduced
(A = (O IAlp (1)) = Tr{p A}, (C.12)
P, (1) = o) (9D, (C.13)
lp@®) = Ulp), (C.14)

and where the propagator U, is defined in equation (3). Observing that the operator norm of Bin (A.7) is
identical to the operator norm of A, we can infer from (C.9) and the above definitions that

{{A)py = (A)pr 1*1e < [|A]| P. (C.15)

Similarly as below (A.28), the operator norm ||A|| on the right hand side of (C.15) can furthermore be replaced
by A4 /2, where A 4 is the measurement range of the observable A (largest minus smallest eigenvalue). Invoking
Chebyshev’s inequality once more, one thus arrives at

PI‘Ob(|<A>Lp(t) — <A>p(t)| < P;) > 1 — Ps. (C16)

In view of (C.1), the vast majority of all vectors | ) in (C.4) thus exhibit expectation values (A),,,), whose
deviations from the ensemble average (A) ;) are very small compared to full range A 4 over which those
expectation values in principle could vary.

Recalling the definition of p;, in (7) and defining in the same vein the auxiliary observable

Alia =" A, ) (nl, (C.17)
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one can conclude that
(A),, = Tr{p(0)Atia}, (C.18)
The corresponding quantities for the pure state p,,() in (C.13) are defined as
dia ,__ dia
(A)g" = Tr{p A} (C.19)
piia = (nlp,(0)|n) |n) (nl. (C.20)

n

Similarly as in (C.18), it readily follows that
(A)E" = Tr{p, (A%} = (plate|g), (C21)

where we exploited (C.13) and (C.14) in the last step. Upon choosing B = A% one then finds along the very
same line of reasoning as in (C.11)—(C.15) that

[({A)S" = (), 1L < [|A%]| P, (C22)
and by observing that || A% || < ||A||it follows as in (C.16) that
Prob(| (A — (A), | < Azf‘ pé) >1 - P, (C.23)
Similarly as in (69), we define for the pure state | (¢)) in (C.14) the overlap
X, (1) = (p(1)|9(0)). (C.24)
The corresponding quantity for the mixed state p(0) in (C.2) is defined as
X (1) = Tr{pOU]}. (C.25)

In view of (3), this definition is equivalent to (64) in the main text. By exploiting (C.4) and (C.14) one can rewrite
(C.24)as

X () = D7 coen T (Ll B)» (C.26)
mn
12,) = Ullg,). (C27)
Together with (C.4), (C.5), and (C.24), a straightforward calculation then yields the result
[x, (O] = x (). (C.28)
Likewise, the variance
oy =[x, (0 = x(OPL (C.29)
can be evaluated with the help of (C.6) to yield
0% =D it 1{2l B - (C.30)

mn

Rewriting the summands on the right hand side of (C.30) as v,,,, W, With vy, 1= 1, (@l @) b Winn 2= 1l (8,1 B |>
and invoking the Cauchy—Schwarz inequality, one can conclude that

(0P VW, (C.31)
V= Z Vi (C.32)
W = Z Wmn, (C33)

It follows that

V= Zr (Ll @) 1P

= Z T > ALl @) (Bl o) = D 1 (C.34)
m n m

The same result is readily recovered also for W from (C.33). With (C.3) we thus can conclude that Ui < P.Due
to (C.29) and Chebyshev’s inequality it follows that

1 1

Prob(lx ) — x| <P3)>1-— Ps. (C.35)

Finally, by similar arguments as above one can also show that the purity of the diagonal ensemble from
(C.20),
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d
B, = Tr{(p)2), (C.36)
satisfies the relation
[R] <2P. (C.37)

Moreover, one readily infers from (C.20) that

max<n|p¢(0)|n> < P, (C.38)
Since the left hand side of (C.38) is non-negative, one can apply Markov’s inequality to conclude
Prob(max (nlpW(O)ln) < P%) >1-— 2P (C.39)

So far, the random vectors |p) in (C.4) are in general not normalized. But, as mentioned below (C.10), the
vast majority among them is almost of unit length. Hence, if we replace every given | o) in (C.4) by its strictly
normalized counterpart

) = o) (C.40)

Jlelg)

then the ‘new’ expectation values (1| B|¢)) will mostly remain very close to the ‘old’ ones, i.e. to (¢|B|¢) for any
given Hermitian operator B. Essentially, this is a consequence of the relation

(B = LB
{#le)
which follows from (C.40), and of the fact that (| ) is very close to unity for most |¢)’s according to (C.1) and
(C.10). Defining quantities analogous to those in (C.12)—(C.14) for 1) instead of ¢, it follows with (C.1) and
(C.16) that the vast majority of the normalized random vectors |¢)) in (C.40) still satisfy in very good
approximation the relation

) (C.41)

Ay = (A)p)- (C.42)

Likewise, with analogous definitions as in (C.19), (C.20) for ¢ instead of ¢, one can conclude from (C.1) and
(C.23) that most |¢))’s will satisfy

(AYg = (A),,. (C.43)

in very good approximation. Finally, defining () analogously as in (C.24), one sees, similarly as in (C.41), that
Xy(t)isequalto X, (1) /{¢lp) and that (nlpw (0)|n) isequal to <n|p¢ (0)[n) /(plep). Together with (C.1), (C.10),
(C.35),and (C.39), one thus can conclude as before that the relations

Xy (1) = x (1), (C.44)
max (n|p,(0)|n) < 1 (C.45)

will be satisfied in very good approximation for most [1))’s. A more detailed quantitative demonstration that all
four approximations (C.42)—(C.45) will be simultaneously fulfilled very well by most |¢))’s can be worked out
analogously asin [47].

At this point, a subtle notational difference between the main text and this appendix comes into play: in the
main text, the result (59) with G(¢) from (56) was derived under the condition that p(0) is a pure state, see (37),
and hence G(#) can be written in the form (70). In the present appendix, p(0) represents a mixed state of low
purity according to (C.1). In turn, the above mentioned result for pure states in the main text should now be
rewritten for the pure states |t/ (¢)) considered in this appendix as

(Ahyir = (AF + Iy OP LA — (A1, (C.46)

One the other hand, since p(0) in this appendix is a mixed state of low purity according to (C.1), we know that
most |¢))’s simultaneously fulfill (C.42)—(C.45) in very good approximation. If we choose one of those |1)’s in
(C.46), we obtain with (C.42)—(C.45) in very good approximation the result

(A)piy = (A)py, + IXOP{A) )0 — (A)p, ], (C.47)

with x(#) from (C.25). Since the latter equation is equivalent to (64), we thus have proven that (59) in the main
text in fact also holds true for mixed states p(0) of low purity, as announced at the beginning of this appendix.

In the above conclusion, we have tacitly taken for granted one more assumption, namely that there exists at
least one |¢/) which satisfies (C.42)—(C.45) very well, and which at the same time satisfies the preconditions for
(C.46), as discussed in sections 4 and 5. While a rigorous justification of this extra assumption seems to be a quite
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daunting task, it also seems quite reasonable to expect that the assumption will be fulfilled if (and only if) the
mixed state p(0) itself satisfies those preconditions from sections 4 and 5.

Finally, we turn to the case that the mixed state p(0) is not of low purity (but still not a pure state). Insuch a
case, there is no reason to expect that (C.42)—(C.46) will be simultaneously fulfilled for most |1))’s. However, one
may still expect that (C.42)—(C.46) will be simultaneously fulfilled for at least one |1)), at least for some such
p(0)’s. If so, (C.47) and thus (59) in the main text still remain true even when the purity of p(0) is not small.
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