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Abstract

In a horizontal differentiated duopoly we compare Nash aadkelberg
equilibria in which the firms endogeneously choose to belaava price or
quantity setter. Using the utility function introduced byxD (1979) we
generalize the model of Boyer and Moreaux (1987) and shotwittieal-
ways more profitable to strategically set the price (qugniitthe goods
are complements (substitutes). For every degree of pratifietentiation,
consumer surplus and total welfare are maximal in the stanBartrand
equilibrium, followed by the price Stackelberg, the qugrBtackelberg and
the Cournot equilibrium. In contrast to Boyer and Moreauxskew that
there is no unique ranking of prices, quantities and profitb®leader and
follower depending on the degree of product differentiatamd the type of
competition. Furthermore, we show that the price (quanttackelberg
equilibrium is bounded by the Bertrand and the mixed Nasliibgum in
which firm 1 sets the price (quantity) and firm 2 the quantityog).

JEL classification numbers: C72; D43; L13

Keywords: Stackelberg equilibrium; Cournot; Bertrand; strategycspa

1 Introduction

The Stackelberg game is a standard model in oligopoly thednch is one of
the most intensively discussed topics in industrial ecansrand based on the
pioneering works of Cournot (1838) and Betrand (1883). inftrmer, the firms
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fBSP Campus Hamburg, Germany, dennis.heitmann@bsp-camamisurg.de



simultaneously choose quantities while in the latter [griaee the strategic vari-
ables. Despite these classical simultaneous move ganeengithel of Stackelberg
(1934) describes a situation with asymmetric informatiomvhich one firm, the

leader, decides first. After observing this, the followeoa$e its own optimal
strategy. There is a huge volume of these models for homogesres well as for
horizontal differentiated goods (see e.g. Amir and Jin @00astidar (2004),
Kreps and Scheinkman (1983), Vives (1985) and Vives (2005)3 well estab-

lished that for the goods being perfect substitutes and thes fbeing quantity
setters, the leader is better off than the follower becausetoss-effect is posi-
tive. In case of Bertrand competition the opposite holds.

In most of the literature on industrial organization thetgy space is exo-
geneously given whereas the implications of endogenealgtbrmined strategy
spaces is rarely discussed. Based on a horizontally diffieted duopoly model
by Dixit (1979), Singh and Vives (1984) considered a modekiich the strat-
egy space (price or quantity) is endogeneously chosen. irhe &re allowed to
offer two types of binding contracts to the consumers, ij@i@ or quantity con-
tract in the first stage and in the second stage, the markg, stee firms compete
simultaneously contingent on the type of contract. Theystbthat it is a dom-
inant strategy for a firm to strategically set the quantityidg) if the goods are
substitutes (complements). Boyer and Moreaux (1987) feearesl the endoge-
neously determined strategy spaces into the leader-felovodel and compared
consumer, producer and total surplus with the values forNtagh equilibrium
of the corresponding simultaneous move game. Using a vetyiagive demand
structuré they showed that it is always more profitable to be a quanpitice)
setter if the goods are substitutes (complements). Comgetotal and consumer
surplus they proved that price competition is dominant fodegrees of product
differentiation. Furthermore, they derive a unique ragkmhthe leader’s and fol-
lower’s prices, quantities and profits depending on the bffm@mpetition and the
products being complements or substitiftes.

The purpose of this paper is to provide these comparisona foore gen-
eral demand structure introduced by Dixit (1979) with défet cross-effects and
reservation prices for the goods. It is shown that some ofeBayd Moreaux’s
results are still valid in this more general framework, wtothers are not.

1In this setting the degree of product differentiation argkreation prices are perfectly corre-
lated.
2For further details see Boyer and Moreaux (1987) Propasitioand 2.



2 The sequential-move game with endogeneous strat-
egy space

Consider an economy with a monopolistic sector and two fimash one pro-
ducing a horizontal differentiated good, and a competitiuenerairesector as
introduced by Dixit (1979). Following Singh and Vives (198&hd Boyer and
Moreaux (1987) each firm selects whether to behave as a propeamtity setter.
Additionally, it is assumed that the firms move sequentidiiiym 1 is the leader
and firm 2 the follower. In particular, this is a Stackelbezfing with endogenous
strategy spaces. Contingent on the strategy space dediseprice or quantity
is chosen optimally. The game structure and some notati@swammarized in
figure 5.1. For instance, if firm 1 sets a price and firm 2 setsamtify thenr™
(@9, pP9) denotes firi's profit (quantity, price).

Firm 1

guantity setting

price settin quantity setting quantity setting

price settin

(P, 5P) (g, %) (m®, 15°) (g, %)
(ahP,abP) ClaNeiay (ag".a3") (a7, a3")
(P}P, pP) (pPY, P59 (p3®, p3*) (p%, p3Y

Figure 1: The game structure and notation.

The utility function of the representative consumer is assdi to be quadratic
and strictly concave and given by

2 2 2
+ 2yt +

Bai + 2yt + B0y Zi GG,

i=

u(d1,02) = 101+ Q202 — >

with ai, B € Ry, i=1,2, 182 — y? > 0 (concavity condition) and;B;—ajy>0
(positive market size). In order to ensure these conditiatiention is restricted

. a1 af3 .
toye (—vBiBomin{ /Bifp, 42, L) —1.
Moreover, utility maximization of the representative comer gives rise to a
linear demand structure

Gi(pi,pj) =a—bipi+cpj, i,j=1,2, i#]j, (1)



oo Cifj—ajy B _
with g = BB 0, bj = B 0 andc =

inverse demand system is

Wy—yz' The corresponding

Bi(gi,0;) =ai—Ba—yq;, i,j=12 1i#]j. (2)

The degree of product differentiation is determinedybyhe goods are comple-
ments, independent or substitutes according to wheytl%f). Demand for good
I is downward sloping in its own price and increasing (dedrggsn the com-

petitor’s price if the goods are substitutes (complemenile goods are perfect

substitutes whenever, = a and 1 = B2 = y. Moreover, foray = az = 115

Br=pB2= 17—102 andy = —ﬁ, the demand structure is equal to the one studied

by Boyer and Moreaux (1987).

Firms have constant marginal costs,c, > 0. W.o.l.g. it is assumed that
prices are net of marginal costsThen, profit of firmi are given byr = pig.
Following Singh and Vives (1984), the firms can offer two eiiéint types of con-
tracts with the consumers: a price and a quantity contrdd. firm chooses to
offer the price contract, then the firm will have to supplyttamount which the
consumers demand at a predetermined price independettly obmpetitor’s ac-
tion. If a firm chooses to offer the quantity contract, thea firm has to supply a
predetermined quantity independently of the competitacison. Moreover, still
following Singh and Vives (1984), it is assumed that the €@ssociated with
changing the type of contract are extremely high such thaisfinake the deci-
sion about the type contract once and then stick to it. Heeaeh firm faces a
problem two-stages: first the firms decide about the type ofraot offered to
the consumers, and afterwards they compete contingenteanctiosen types of
contract.

In case of pure quantity competition equation (2) is usedHerprofit maxi-
mization of the firms, whereas equation (1) is used in casei@& price competi-
tion. If one firmi acts as price setter and firrchooses a quantity, a third system
is introduced, which simply can be derived by using equatid) and (2):

Gi(p,g) =", 1o it @)
n ; —Qi I?J =44 I J
pi(pi,qy) = 2P

bj ’

W.o.l.g. firm 1 is the Stackelberg leader and before decidbmmut its strategy
space and (based on this) about its optimal contract offerélte consumers, he

3Sincec; > 0 one may replace; anda; by a; — ¢; anda; — bjmy +comp, i, j=1,2,i#],
respectively.



anticipates all possible reactions of the follower. In patar, the leader deter-
mines the follower’s best responses (optimal quantity dimagl price) for both
scenarios: Price or quantity setting of the leader. Foraimst, if the leader sets
a price and the follower reacts by setting a quantity, thenfétlower’s best re-
sponse is

* . - . a+Cp—0
0>(p1) :=arg $§JX— O2p2(pP1,02) = arg 5?2%"]2—@

Sincers, (p1, d2) = G 2 2= is strictly concave iy, the first order condition,

q
o () _ gl %) — 0, impliesqj(p1) = 25, The remaining best responses of the
follower are derived analogously:

Price Setting

2B,

a1 —a1y+ypL

Follower Price Setting Quantity Setting
Leader
p5(p1) = az;bczpl G(py) = 2R

axB1—yai1+ypy
2(B1B—V?)

ax—y

ps(an) = 25

Table 1: The follower’s best responses.

Quantity Setting 03(01) = =55,

Next, the leader uses these best responses (of the folldwelgrive his own
optimal strategy. In particular, this means that the leald¢ermines the optimal
values of the strategic variable (price or quantity) forfallr cases. For instance,
if the follower sets a quantity and the leader would act asepsetter, then the
profit maximizing price is satisfied

pq __ q * o ~ %
pl?=arg £P§)mf (p1,95(p1)) = arg £P§)m1Q1(pla 95(P1))-

As for the follower, sincet(py,5(p1)) = pa(as — baps + cgs(p1)) is strictly

concave iy, the first order conditlonw 0, yieldspP? = %.

the remaining optimal values of the leader are derived goaisly.



Follower

Price Setting Quantity Setting
Leader
: - PP_ 2abptca, _ 2B1Bon—Pidry—a1y? _ \pq
Price Setting P = 2(2@232—&) =L é(éﬁlﬁlz_zyz) L =p;
i i ap _ 2Bai—apy _ Aq
Quantity Setting 0 = m =0,

Table 2: The leaders optimal values.

Table 2 shows that the value of the optimal strategic vagighindependent of
the followers strategy space. This leads to the followirsylte

Proposition 2.1. Independently of the follower’s decision, the optimal psic
quantities and profits of both firms are predetermined by ¢a€lér’s decision:

() If the leader chooses to set a price, then

PPP=pPh gPP=gP and 7PP=7f, =12 (4)

(i) If the leader chooses to set a quantity, then
P, =g and =P =12 (5)

Proof: Solving the leader’s first order conditions imply equatiéh Plugging
these optimal values into the follower’s best replies imgayation (5). O

After the leader has made the initial decision in the firsgstdhe follower acts
as a monopolist on the remaining market. Therefore, pridegaantity setting of
the follower yield the same outcome. Hence, the maximal pobfihe follower
is predetermined by the action of the market leader, wholes tabanticipate the
follower’s best replies to the different types of contracts

Proposition 2.1 implies that only two distinct values of #tetegic variables
are possible depending on the leader’s choice: One is fotake in which firm
1 sets a price, denoted by the upper ingexand a second case in which firm 1



chooses a quantity, denoted by upper indeXhis means:

(0, 13) = (" ;") = (4, 1),
(af,a5) = (af®.a5") = (a}%, 45",
(P, p5) == (PP, p5P) = (p}, pbY),
(g, ) == (g%, %) = (m”, 5P,
(a7, 03) == (a7, 03" = (a7, a3"),
(1, p3) == (P73 = (p}". P2P).

Comparing these two scenarios leads to the following result

Proposition 2.2. For the goods being substitutes (complements) the leapecs,

guantity and corresponding profit are higher under quanfpyice) setting than
under price (quantity) setting. Under quantity (price) dmmship also the fol-
lower’s profit and price are higher than that under price (ai&y) leadership of
firm 1, while its quantity is always lower under quantity leadepsthan under
price leadership.

The leader’s decision on the type of contract solely dependte degree of
product differentiation, i.e. whether the goods are comglets or substitutes.
The comparison of all variables is summarized in Figure 2.2.

Firm 1
price settin quantity setting
> <
Moo= ity =0
< >
.................. S T
o= T if y =
< >
.................. S T
@ = dqa if y = 0
.................. ST
g > o forall'y
.................. SR
pko= P ify =
.................. S T
P < P forall'y

Figure 2: Comparison of case 1 and 2

A direct implication of Proposition 2.2 is that if goods angbstitutes (comple-
ments), then producers’ surplus, i.e. the sum of firms’ @pfg higher in the



guantity (price) leadership than in price (quantity) leatig. Only if goods are
independent, i.ey = 0 (both firms are monopolists), the firms are indifferent to
the strategic variables.

As mentioned above, i1 = a2 = 5, B1 = B2 = 1_—1012 andy = — % then
the current demand structure is equal to that studied in Banyg Moreaux (1987).
Hence, their demand structure is a special case of that by @&79) which is
applied in the current work. Moreover, it is easy to see tbatparameteriza-
tion the reservation prices and the degree of product difiggtion are perfectly
correlated. Therefore, the unique rankings of the leadaTd follower’s prices,
guantities and profits purely depend on the type of compet{jprice or quantity
leadership) and the degree of product differentiation (@ements or substitutes).

Result 1 (Boyer and Moreaux (1987))

(i) Price leader:

p p p p > . . <
p] > p5 andq} < g} for all yandnf{ _ }nf if and only |fy{ N }O.

(i) Quantity leader:

p{ < pa andqf > g3 for all yandnf{ z } ) if an only if y{ i }O.

The following examples show that these rankings do not hotdte more
general demand structure used Here.
Example 1(quantity leader)Seta; = 3, = 1.

1. Prices: Fo, = 1 anda = 3 itis pf > pJ v y.

2. Quantities: Fop; = 1 anda, = 2 itisqj < g3 v y.

3. Profits: (a) FoB, = 1 anday = 2itis 78 < 1 v .

(b) ForB=1anday = Jitis i > 5 v y.

Example 2(price leader) Seta; = 31 = 1.

1. Prices: Fo3; = 4 anday = 2itis p) < ph v .

4There are a lot of possible calibrations. The particulanpaater calibrations in these exam-
ples are chosen because the rankings hold for all degreesdiqt differentiatiory.



2. Quantities: Fop, =1 anday = 1 itis o} > b V' y.
3. Profits: (a) FoB, = Y/aanda, = 1/2itis 1§ > 185 V' y.
(b) ForB; =4 anday = 2itis 1 < 15V y.

The examples suggest that the ordering of the market sieeghe reservation
prices of the horizontal differentiated good, is crucial foe profits of the two
duopolists. In particular, in Example 2.3 (a) firm 1 can beipteted as an estab-
lished firm whereas firm 2 represents a start-up facing a loasarvation price
due to the fact that consumers are not willing to pay as mutegsdo for the hor-
izontal differentiated good offered by the established fir(a, = 0.5 < a; = 1).
Furthermore, the consumers’ sensitivity to small pricengjes can be measured
by the absolute value of the slope of the (direct) demandiomcThe steeper the
slope, the more sensitive is the consumers’ demand to sheatiges in the price.
In 2.3 (a) this means that the consumers’ demand for the-sgaproduct’ is more
sensitive than their demand for the ‘established produrcthis case the profit of
firm 2 is lower than firm 1’s profit. Vice versa in 2.3 (b): therstap evolves
and firm 2’s market size increases due to more acceptance arietability of
its product. This comes along with a lower sensitivity of demsumers’ demand
behaviour related to firm 2. Therefore, the former start-up # now makes more
profit than the etablished firm 1.

The last result in this section compares the consumers’aatidurplus under
price and quantity leadershp:

Proposition 2.3. Total and consumers’ surplus are always higher under price
leadership than under quantity leadership, regardlesefgoods being comple-
ments or substitutes. Only if the goods are independenttqu@ompetition is as
good as price competition in terms of total and consumerlsigtp

This result confirms and generalizes the result of Boyer andelsux (1987)
who showed that consumers’ and total surplus are higherryraee leadership
than under quantity leadership independently of the go@isgbsubstitutes or
complements. Singh and Vives (1984) show, that that theognal true in their
simultaneous move game: price competition dominates gya@mpetition in
terms of consumers’ and total surplus.

SHere total surplus is equivalent to welfare, i.e. the sumrofits and consumer surplus.



3 Comparison between sequential and simultaneous
move game

The previous section has shown that some but not all of thdtsesf Boyer and
Moreaux (1987) can be confirmed in the current model. In paldr, the pre-
vious section compared the two possible Stackelberg egiailigiven bypip, qiIO
and 7" in case of price leadership amd, g and 7" under quantity leadership.
Still following Boyer and Moreaux (1987) this section prdgs a comparison of
these Stackelberg equilibria and the Nash equilibria oltigerlying simultane-
ous move games as introduced by Singh and Vives (1984). foner¢he analysis
again must distinguish between four different cases: betlysantities, both set
prices and two cases in which firimsets the price and firnmy sets the quantity.
Following Singh and Vives (1984) it is:

Type of Competition Optimal Values
p_BB_ 2aibj+cay _ 2aiBB—aiV’-Biajy
I T dbbj—c2 T 4B Bi—v? )

Price Competition
BB_ ppB— Bj (Zaiﬁiﬁj—ﬁaj V—UiVZ)
q| - Ip| - 4B|2Bj2_5ﬁﬂj V2+V4 )

mB= pPBgPBfori,j=12 i#].

pcC — Bi(2aiBi—ajy)
L 4GB —v*

(Bertrand Competition)

Quantity Competition
CC _  20iB—ajy

(Cournot Competition) R TR
mC= pCfChori,j=12 i#].

PR 2abj+ajc _ 2mBBi—ay’—a;By
Firmi: pP¢ = b 3 —  4BP, 3
qBC — bibi-¢® jsc_ 20Bfa;fy oy
: by M B(4BB—3v2)
Price vs. Quantity Setter ¢ = pCBoCB .,
2avbi+ajc—aj—, B—or 3 —
o . .. ogc A b (20i8—aiy) (BB —V?)
(firm i price, firmj quantity) Firm j: P; Wb, 32 BB -32)
BC _ p.pnBC _ 20iB—aiy
q1 - b] p] - 4Bijl3j—3V2’

njBC :ijquBCfori7j:1727 I%J

Table 3: The optimal values of the simultaneous move game.

10



The comparison of these equilibrium values of the simulbasenove game
and the equilibrium values of the Stackelberg game confirmgBand More-
aux’s result that the equilibrium prices and quantitieshef tackelberg game are
bounded from above and below by the equilibrium prices arahtities of the
simultaneous move game, respectively. In particular,

Proposition 3.1.
1. Under price leadership in the Stackelberg game the fatigwolds

pPP<pl < pf¢ and F<qf<af® vy, (6)

(>)

) () ) ) (<)
P2 < pb < P3¢ and g < b < B for y>'0, ()

mC<me<m and 158 2 '] 2 m5C  for y(i) 0. (8)
2. Quantity leadership implies

qf¢<af<af® and §®<p < pf (9)

ps¢ i~ Py i~ psB and &° Y a3 i~ g58 for y(é) 0, (10)

<< mvy and TlgB(?Tlg(? ¢ for y(é)o. (11)

This result partially confirms Boyer and Moreaux (1987) uneleaker condi-
tions in which no correlations between cross-effects anketaize exist (com-
pare Proposition V in Boyer and Moreaux (1987)). Moreovirge the leader’s
profit is larger than the profit in the simultaneous move gacoenpare equation
(8) and (11)), the advantage of being the leader (compar#tetsituation in the
simultaneous move game) is also reflected the leader’s .prafiurther impli-
cation of Proposition 3.1 is that if the goods are substttemplements), then
the producers’ surplus is higher in the Stackelberg gamempdce (quantity)
leadership than in the Bertrand (Cournot) equilibrium @& gimultaneous move
game. For an illustration of Proposition 3.1 consider thHivang example.

Example 3. Considera; = a, = 4, By = B> = 2. This implies that[% = % >
0 measures the degree of product differentiation. For thrsrpetrization the
equations (6), (7) and (8) yield the following figures 3, 4 &f

11
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Figure 3. Quantity and price of firm 1.
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Figure 4: Quantity and price of firm 2.
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Figure 5: Profits of firm 1 and 2.
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Finally, the last result compares total and consumers’lgsrip the Stackel-
berg game with those in the simultaneous move games. Logpelgking it is
shown that consumers’ and total surplus are increasingeémtimber of price-
setting firms.

Proposition 3.2. Total and consumer surplus are always highest in the Bedran
equilibrium and lowest in the Cournot equilibrium. In betme Stackelberg equi-
librium under price leadership dominates quantity leadéps

This generalizes the results of Boyer and Moreaux (1987) tatal and con-
sumer surplus increase in the number of price-setting firfd®reover, both,
Proposition 3.2 and the result of Vives (1985), imply thatgitaneous Bertrand
competition is optimal in terms of welfare and consumer kigp

4 Concluding Remarks

In this paper the model by Boyer and Moreaux (1987) is gerzedlby using a
less restrictive utility function introduced by Dixit (19Y. The implications of this
more general utility function are twofold: First, the derdarfor the two goods as
a function of prices do not coincide and second, the crdesitsfare different. In
contrast to Boyer and Moreaux (1987) it is shown that thedeagbrice (quantity)
in the price Stackelberg model is not necessarily highard€tpthan the follower’s
one. In contrast to Boyer and Moreaux (1987), the orderingiok, quantity and
profit of the different simultaneous move (Cournot, Berttamixed) and leader-
follower games by Boyer and Moreaux (1987) are verified oolyfirm 1. For
firm 2 these orderings depend on both: the market size anditbesrof the goods
(substitutes or complements). Last, it is shown that pretérgy of at least one
firm is preferable in terms of welfare and consumers’ surphdependently of
the game structure (simultaneous or sequential). Or lgepalaking: consumers’
and total surplus are increasing in the number of pricergetirms.

6Examples for (9), (10), and (11) are omitted.
"The rankings of the mixed Nash equilibria and the Stackglbquilibria depend on the exact
parameterization.
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A Proofs and algebraic manipulations

Proof of Proposition 2.2 Simple algebraic calculations lead to the following
differences in prices, quantities and profits of case 1 and 2:

<0

— nf _ TE? — y3 BlaZZV+ Bza%y_ 2B1B10102

o 8P1P2(Prf — V) (2Pab2— V")
o e Y ohs
>0
B
L LTy )
A

<0

20,
A —pP_pd— a1y —202p1
= P2 V24ﬁl<zmﬁz—v21 |

>0
<0
a1y — azp1
Ny, =00 —qf = DA ,
Y e Yo
%
>0

2B1 o002 — P01y — Aoy ‘
4B2(2B12 - V) (B1B2 — V)

Dq, ::qg_quyz

>0
By using this it follows
<0 for y>0 <0 for y>0
Am =0 for y=0 A, { = for y=0
>0 for y<O, >0 for y<O,

14



(<0 for y>0
DAp, =0  for y= Ap, <0 forall v,
(>0 for y<O,

(<0 for y>0
Ay =0 for y=0 Ag, >0 forall .
(>0 for y<O,

Proof of Proposition 2.3 Consumers’ surplusthe idea of the proof is to
show that the difference in consumers’ surpti(y) = u("price leadership'—
u("quantity leadership'; as a function of has a global minimum gt= 0. Since
d(0) = 0 this implies the claim.

Forl € {p,q} define

() i= (o)

p=p), p=p,

Forl = p (I = q), thenuP(y) (uP(y)) describes the consumer’s utility in equilib-
rium as a function of/ if firm 1 acts as price (quantity) setter. Now, by using the
equilibium values it follows

p — 1 o 2 2 2n2

H) 32B1(2B1B2 — v?)?(B1B2— y?) [ 35y’ + 20nazPay” + (1601 Pifi + S0P/
— 40102B2B2Y2 — (2802 + 200363 B2) vV + 16(ai PR3 + aZByB3)

and

1 1
w) T 32(2B1B2— V2)2Be

+16(a2B.B3 + 022312322)} :

5a5y" + 4a102B2y° — (20051 B2 + 120 B5) v

The 'utility-difference-function’ is defined by

d(y) :=uP(y) —ui(y)

¥ 1 s
 32B1B2(2B1B2 — V?)* (B2 — ¥?) (50381 — 30 o) y* + 601021 By
+ (4afB1BS — 2003 B7B2) Y — Ba102B7 RSy + 1605 B3 | (12)

15



The first and second derivatives are equal to

1oy Y 1 B 7 2 2
d'(y) =16 (BB — V22 (2Bif — V)P 3a1a0y” + 11(raf — 5p1a5)y°
— 9P1Boa102y° + (3867 203 — 26818507y + 34B Bran oy’

+(16BFBFaf — 64BPBFa3)y’ — 2467 B3 arazy+ 32B1 B3 a3

and

1
16(B1B2 — ¥*)3(2B182 — ¥°)* {6"1"2V“+ (15a2B; — 33023) Y20+ 66010281 B1)°

+ (53a2B1B2 — 15502B2B,) VP — 216a102B2B2y" + (68a2B2B3 + 3400265 2)Y°
+ 15201 0,83 B3y — (2280251 B3 — 18002 B3B3y + 80010287 B3y

+(96af B B3 — 3205 BYB7 )y — 96a102B7 By + 64 BLhS |-

d’(y) =

Sinced’(0) =0 andd”(0) = 4;532 > 0 it follows thatd(0) = 0 is a local minimum
2

of d(y), i.e. 3¢ > 0s.t.uP(y) > ud(y) Vye (—¢,¢).
Moreover, sincexry, a2, B1, B2 € Randy ', Lemma A.1 (which is stated directly
below this proof) implies

d(y) =0 & uP(y)=ul(y) & y=0,

i.e. y=0isthe onlyroot ofl(y) inI". This implies thayy = 0 is a global minimum
of d(y) which proves the claim.

Total surplusAnalog to the proof for consumers’ surplus. O

The proof of Proposition 2.3 makes use of the following Lemma
Lemma A.1. d(y) > Oforall ye '\ {O}.

Proof of Lemma A.1 Define

h(y) := (5051 —3a7B2) V' + 6a102B1Bo v + (4af B3 — 200351 o) v

—A —A, —As
22 21372
—8a102B7 By v+ 16055135 -
—A, —As

16



Equation (12) implies
d(y)=0fory#0 < h(y)=0.

1L.g¢< %: In this casd™ = (—+/B1Be2, 5 B2)-
A) 0 < yer: Since

W (y) = 481 V> + 3As Y2+ 283 y+ Ay
~~ ~~~ ~~~ ~~~
+ + - -
Descarte’s rule (see e.g. David J. Grabiner: Descarte® BuSigns. Another

Construction. In: American Mathematical Monthly, Jg. 10699), S. 854—-855),
implies thatY (y) has exactly one positive root. Since

H (0) = —8a102(B132)% < 0
and

ai

/
h(a2

B2) 230203 — 24037 —6a1B2] <0 (13)

. 20’1[3.5_2 [
- 3
2

this impliesh/(y) < 0 for all y (0, g2 32). Hence,

2
a
h(y) > h(a—;ﬁz) _ B (afB2 — a3py) (3aiB3 — 1207 a3 1By + 1605 37) > O,
N M Y

where

307B2 — 120203 B1 B2 + 160557 = (a1 +X1) (a1 —X1) (a1 +X2) (a1 — X2) > 0

With X1 1= %@%az andx, := %%az, holds because
lim  3a7ps —120{as BB, + 16a3B7 = 1605 B{ > O.
a1—0,a,>0

B)O>yeTl: Since

N(—y) = —4A1y* + 3/ P+ —2Agy+ Ay
Y " —

Descarte’s rule implies th&t(y) has exactly one negative roptSince
h'(0) <0< h(—v/B1B2) = 2B1 3 [2\/ B1B2(a?Bs+ 503 61) + 501026152
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this impliesy € (—+/B12,0). In combination with
H(=v/B1B2) = (B1B2)* [2 BBoa102 + aZ B+ a%Bl] >0 and h(0) >0
this impliesh(y) > 0 for all y € (—/B132,0).

2. % < % < g% In this casd” = (—\/Blﬁz,g—iﬁl). The rest of the proof is

analogue to 1.

3. %% <&< 5%: In this case” = (—/B1B2, g2 B1)-

A)0 <yeTl:Since

W(y) = 4ALy*+ 3R VP + 2Ag v+ Ag
>~ Y >
Descarte’s rule implies thdt (y) has either 2 or no positive roots. hf has no
positive root, ther/(y) < 0 and, henceh(y) > h(g—iﬁl) > 0. If h’ has 2 positive
roots, then there exigt < y» such that

, >0 forye |y,
h(W{ <0 else.

Therefore, there must bg € (y1,2) such thath'”’(ys) = 0 andh'V(ys) < 0. The
solution ofh”’(y) =0is

9011021 % £/ 720 133 — 399 0xf3132)? + 6OCELB P,

> 0.
6(30£B2 —50a5p1)

Vijo =

Since

hiv 9a102P182 + \/720’11 BLB5 — 399 a1a2PB1B2)? + 60003 872
( 6(30%[32 — 505[31) )

= 4\/§\/24af[31[323 —133(a12B152)% + 20003 37B> < O

and

hiv 9a102B12 + \/720’;' B1B3 — 399 a102182)% + 60003 752
( 6(3a2B; —50a31) )

—4v/3\ /2402183 — 13301021 B2)2 + 20003836, > O

18



901021 Bo++/ 7207 BLBS —399 a1 a2 B1 Bo) 2-+60005 B3, Now

we getys = 6(3a7B—503P1)

Qg 9afazP1 B, —3003B7 — \/§0!1\/2401f[313§°’ — 133(a102132)? + 2000533 B> o
¥ ai 1= 6(30!12[32 — 50!22[31)

(14)

impliesys ¢ I'. This impliesy;, y» ¢ ' and, hencey(y) <O forall0O< yeTl. The
rest of the proof is analogue to the 1.A).

B)O>yeTl: Since

NN =BV e+ Ao Ve havt A
- - - + +

Descarte’s rule implies théithas exactly one negative root. In combination with
0<H(0) and h(—/BiBz) = BEB3 [14v/BiBascz + affo+ a3p] > 0
this impliesh(y) > O for all y € (—+/B1B2,0).

4, 5% < %: In this casd” = (—m,g—iﬁl)-

A) 0 < yer: Since

N(y) = 4AL V> + 382 VP + 285 y+ Ay
~~ ~~ ~— =~
Descarte’s rule implies th&k(y) has either 2 or no positive roots. The rest of the
proof is analogue to part 3.A).

B) 0> yeT: Analogue to part 3.B). O

The results stated in Proposition 2.2 follow immediately.

Proof of Proposition 3.1 First, consider the equations (6), (7), and (8). The profit
of firm 1 for the case if firm 2 chooses also price competitiogiven by table 1 :

P(p1) =P (pL,RE°(P1))
= p1 Ga (P2, RY"(P1))
= p1 (a1 —b1pr +cREP(p1))
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with RSP(py) = 2R — “231’20[’312"“"’1 being the best reply. The first order condi-

tion can be written to

onfP _ om® | om IR

ap1 dp1 dp2 dp1
N—— ————
Direct ef fect Strategic ef fect
_ o’ y

4
= + LA
ops | Bibo—y2 2B,
The strategic effect is positive for all feasibfe In the equilibrium of the simul-

taneous Bertrand game on the second stage it holdszfga(tp?B = 0 which
implies that

o’ y
Ip1 (pr") = 2B1 (BB — v?)

As the profit function is concave it follows directly

pPE>0 forall v.

p2e < pf. (15)

The profit of firm 1 for the case if firm 2 chooses quantity cortmet yields

i (p1) 1 =" (p, R (p1))
= p1Ga(pr, RY(n))
a1 — yRY(qa) — pa
B

with Rp(py) = 2281 — 0’2%312;';1%"1 The first order condition can be written to

o omM am IR
opr  dp: dqz dp1
~—— ———
Direct effect Strategic ef fect
_om” yp y
opr B 2(BiB—V?)
The strategic effect is negative for all feasilpleln the equilibrium of the simul-
q
taneous move it holds thggq')il(pﬁc) = 0 which implies that

6nf (95 = _ V2
dpy 1 2B1 (B1B2— ¥?)

=P1

pl <0 forall .
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It follows directly by concavity of the profit function that

pEc > pf (16)

holds. Together with equation (15) this implies inequal@y. The other inequal-
ities follow directly by using simple algebraic maniputats which are omitted
here.

It remains to prove the equations (9), (10), (11). The prdfiirmn 1 for the
case if both firms select quantity competition is given by:

(o) : = m%(ar, RE%qn))
= o1 Pr (g0, R3 ()

with R%(qu) = %27 The first order condition can be written to

orgd  om am IR)
o001 7] gz 0t
~——
Direct effect Strategic ef fect
o
= — 4+ —
~ g 232
The strategic effect is positive for all feasibteln the equilibrium of the simulta-

q
neous Cournot game it holds th%@(q‘fc) = 0 which implies that

4 T‘? V2 cc
aa; (ofC) = ZB >0 forall vy.
Concavity of the profit function implies
o< < of. (17)

The profit of firm 1 for the case if firm 2 chooses price compatityields

P(q1) : = m'®(qu, qu(Ql))
= Pa(01, R2P(on))

with RJP(qy) = 255X, The first order condition can be written to

o om®  omoRP

o O dpz 9
—— ——
Direct ef fect Strategic ef fect
_omt v
oq 28 ™
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Obviously, the strategic effect is negative for all feasijal In the equilibrium of
p
the simultaneous move it holds th%’ﬂ—q?(p(fB) = 0 which implies that

AL v2 c®

F <0 forall .

Q1 %) =
It follows directly by concavity of the profit function that
dz® > of. (18)

Together with equation (17) this implies the second inatuaf equation (6).
The other inequalities follow analogoulsy. O

The explicit algebraic expressions of figures 3, 4 and 5 in Exaple 3:

i 16=4y oo 16-dy o5 16—4dy
17 28—y ™t 16—y P 16-3y2

pq:4—y 0% 8 pCB:2(4—V)(4—V2)
1= P T4ty M 16-3y2

of = 16—4y—y’ cc_16-4y cg_2(8-2y—y’)
27 28—y2) % T 16—y2 2 16—3y2

q_16-4y—y*  cc_ 8 ce_ 48—y~

2=y 0 PP Ty PP T e
_(4-yp Lc_ 32 B _ 8(4—y)*(4—v*)
Té] - 9 1 — 71 N\ 1 — y
8-y (4+y)? 2(16-3y?)?
_(4-y? c__32 5_ 8(8—2y—y°)°
27 8-y 2 T (4+y2 2 (16— 3y2)2
Proof of Proposition 3.2 Analogue to the proof of Proposition 2.3. O
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