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Abstract

In this paper we introduce and analyze an iteratively re-weighted algorithm, that allows
to approximate the weak solution of the p-Poisson problem for 1 < p < 2 by itera-
tively solving a sequence of linear elliptic problems. The algorithm can be interpreted
as a relaxed Kacanov iteration, as so-called in the specific literature of the numerical
solution of quasi-linear equations. The main contribution of the paper is proving that
the algorithm converges at least with an algebraic rate.

Mathematics Subject Classification 35J70 - 65L60

1 Introduction

In this paper we approach the numerical solution of the p-Poisson problem

—div(|Vu|P2Vu) = f inQ,
u=0 onodL2, (1.1)

where Q@ C R? is open and bounded and 1 < p < oo. The solution might be scalar
or vector-valued.!

L All our results also hold for the p-Poisson system, where the functions are vector-valued. To this end
sometimes RY has to be replaced by RV xd
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2 L. Diening et al.

Nonlinear problems of this type appear in many applications, e.g. non-Newtonian
fluid theory [21], turbulent flow of a gas in porous media, glaciology or plastic
modeling. Moreover, the p-Laplacian has a similar model character for nonlin-
ear problems as the ordinary Laplace operator for linear problems; see [22] for an
introduction.

Asusual we are looking for the weak solution of (1.1). In particular, we are searching
for a function u € WOl "P(Q) such that

/|W|P—2w VEdx = (f,£) VEe W, (@), (1.2)
Q

where in the most general case [ € (WO1 P (Q))*. It is well-known that the solution is

unique and coincides with the minimizer of the energy J : W(}‘p () — R defined
by

TJ) = %f |Vu|P dx — (f, v). (1.3)

Due to the nonlinearity of the problem it is harder to obtain efficient numerical
solutions of this problem with a guaranteed performance. Our goal is to construct
solutions of (1.2) by means of a numerically accessible algorithm. In particular,
we construct an iterative algorithm that approximates solutions of (1.2), where in
each step only a linear elliptic problem has to be solved. Primarily, we focus here
on the iteration on the infinite dimensional space Wol‘p (2). However, the same
algorithm will immediately apply also to discretized versions of the p-Poisson
problem, e.g., by means of finite elements or wavelets. This approach would coin-
cide with the one adopted, for instance, in [5] of first finding an iteration on the
infinite-dimensional solution space and then discretizing in space. We will consider
in subsequent work the effect of the discretization and its adaptation to error
estimators.

In this paper we also restrict ourselves to the case p € (1,2], since we are in
particular interested in relatively small values of p, also because the case of p > 2 is
already addressed to a certain extent in [5]. We will see, e.g., in Example 20 that our
algorithm actually only works properly for the range of p € (1, 2].

Coming from the weak formulation (1.2) one can interpret the problem as a weighted
Poisson problem

/ap_2Vu VEdx = (f,E) VEe Wy (Q) (1.4)
Q

for the given f, where a : 2 — R and a = |Vu|. This suggests to iteratively calculate
for a given function v, the new iterate v,y as the solution of
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A Relaxed Kacanov iteration for the p-poisson problem 3

/Ww*wm VEdx = (f.£) VE e WIHQ).
Q

The advantage of this step is that the calculation of v,4; only requires solving a
linear problem. This allows invoking relatively standard appraoches to discretize this
step and solve it numerically with guaranteed performances. The problem with this
approach, however, is that the weighted Poisson problem is only well posed if a is
bounded from above and from below away from zero. However, the weight |V v, |? 2
may be degenerating, at points where |Vu| = 0 or |Vu| = oco.

To overcome this problem we will use a relaxation arguments. Therefore, we intro-
duce in our algorithm two relaxation parameters €_, €4 € (0, co) with e_ < e that
ensure that the weight is truncated properly from below and above. In particular, we
replace a by its truncation

€_VaAey :=max{e_, min{a, €1 }}.

Note that this is just the (pointwise) closest point projection of a to the truncation
interval [e_, e4]. The limits e_ \( 0 and €4 ' oo will recover the unrelaxed or
original problem. We also write € := [¢_, €4 ] and interpret € both as a pair {e_, €.}
and as the truncation interval [e_, €1 ]. We will write € — [0, oo] as a short version
of e \(Oand ey " co. We will see later, see Corollary 15, that for f in the Lorentz
space L%1(Q) the lower parameter €_ is the crucial one.

According to these considerations we propose the following algorithm:

Algorithm: The relaxed p-Kacanov algorithm

Data: Given f € (W,'"(Q))%, vo € W, *();
Result: Approximate solution of the p-Poisson problem (1.2);
Initialize: g9 = [€0,—, €0,+] C (0, 00), n = 0;
while desired accuracy is not achieved yet do
| Define a, :=¢e, - V |[Vu,| A&y +
end

Calculate v, by means of

/(8”’— VIVU| A En )P Vg1 - VEdx = (f.E)  VE € Wy (Q);
Q

Choose new relaxation interval €,4+1 D €5}
Increase n by 1;

Since 0 < €, < €,,4+ < oo the equation for v, in the algorithm is always well
defined, since it is uniformly elliptic (with constant depending on €,).

This algorithm is not completely new in the realm of quasi-linear equations. Such
an iterative linearization approach is in fact called the Ka¢anov method in [17,18] and
we refer to those papers for additional references related to the history of this method
for solving numerically quasi-linear equations. It was also proposed and analyzed
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4 L. Diening et al.

to solve total variation minimization problems in image processing, which can be
formally related to the 1-Laplace differential operator in [6,27].

Unfortunately, the results obtained in these aforementioned papers cannot be
applied straightforwardly to justify the convergence of the Kacanov iteration for equa-
tions involving the p-Laplace operator. In particular, to obtain quantitative estimates
of convergence with precise rates, as we do in this paper, one needs to employ sev-
eral finer tools, which have been explored in, e.g., [2,11,12,24], precisely to handle
singularities in nonlinear differential operators such as the p-Laplacian. In particular,
the theory of N-functions, Orlicz spaces [19], shifted N-functions [11] and Lipschitz
truncations, see [13] and [4] have been used systematically in the analysis of such
nonlinear operators, allowing the development of a potential theory analogous to the
one known of linear equations.

Besides these tools from nonlinear potential theory, the variational formulation
of the algorithm, as introduced first in [6], and further used to analyze other related
iteratively re-weighted least squares algorithms [10,16], offers the right framework
for the analysis also of the p-Kacanov iteration.

Taking inspiration from [6,10], in Sect. 2 we provide the variational derivation of
this algorithm based on the alternating minimization of a relaxed energy with two
parameters.

If we apply the algorithm with fixed relaxation parameter € independent on #, i.e.
0 < e~ < €4 < 00, then our iterates v, converge to the unique minimizer u, of
another one-parameter relaxed energy J.. We study this limit in Sect. 4 and present
(linear) exponential rates of convergence.

In Sect. 3 we study how the minimizers u. of the relaxed energy J. converge to
the minimizer u of the original problem. This convergence can also be interpreted as
a limit in the sense of I"-convergence [3,9]. Differently, e.g., from [6], we use a novel
argument based on the Lipschitz truncation technique to establish a recovery sequence
for the I' — lim sup. In particular, thanks to the finer tools mentioned above, we can go
beyond a pure compactness argument as provided by the I'-limit and derive precise
rates of convergence depending on €.

Finally, in Sect. 5 we combine the estimates of the two previous sections to deduce
an overall error analysis with algebraic rates.

2 Variational formulation of the algorithm

In this section we show that the algorithm can be deduced from an alternating min-
imization of a relaxed energy. Recall that 1 < p < 2 throughout this article. Since
the case p = 2 is just the standard Laplace problem, it suffices in the following to
consider the case 1 < p < 2 only.

Let us introduce some standard notation. We use W17 () and Wé P () for the
Sobolev space without and with zero boundary values. We use ¢ for a generic positive
constant whose value may change from line to line. We use f < g for f < cg. We
alsowrite f ~ g for f < gand g < f.

The most important feature of the algorithm is that it only needs to solve linear sub-
problems, which carry their own energy depending on the weight. Therefore, very
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A Relaxed Kacanov iteration for the p-poisson problem 5

much inspired by the work [6,10] and with appropriate adjustments, we extend the
energy by an additional parameter a : Q — [0, oo) such that the new functional is
quadratic with respect to v. In particular, we define

J(v,a) = f TaP=2|vu? + (% - %) aldx — (f,v).

Q

This energy is well-defined for all v € W(;’p (2) and measurable a : Q — [0, c0)
but might take the value co.

This relaxed energy is convex with respect to (v, a). This follows from the fact that
B(t,a) = %al”zt2 is convex on [0, 00)2, since

-2 -3
2 _ a? (p —2)aP=t

V@ = ((p —2a73 L(p—2)(p - BarH?

is nonnegative definite as aP=2 > 0and det((V2B)(t,a)) = a*?~ %22 —p)(p—1) >

0. Notice that in the latter lower bound we specifically used 1 < p < 2.

Remark 1 1If p > 2, then the relaxed energy J (v, a) is neither bounded from below
nor convex with respect to a. Therefore, the algorithm derived below using the min-
imization with respect to a does not lead to a feasible problem for p > 2. See also
Remark 21.

Note that J (v, a) (for fixed a) is quadratic with respect to v and a minimization
with respect to v leads formally to the elliptic equation

—div(a?72Vv) = 7,

see (1.4) for its weak form.

Unfortunately, the ellipticity of this system degenerates for a(x) — O and a(x) —
0o. To overcome this problem we restrict the minimization with respect to a (for
fixed v) to functions with values within a relaxation interval [e_, 4] C (0, 00), i.e.
€_ < a(x) < e4. This minimization with respect to a (for fixed v) has a simple
solution, namely

argmin J(v,a) =€_ V |Vv| A ey, 2.1
ae_<a<eq

where V denotes the maximum and A the minimum, since

_ 2-p pe
7 (3721908 + (G = Dar) = HEar = Vol

This allows us to define for fixed € = [¢_, 4] C [0, oo] another relaxed energy

TJ) =T w,e—V|VvAer)= min  J(,a). 2.2)

ae_<a<eq
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6 L. Diening et al.

This immediately implies that the relaxed energy J.(v) is monotonically decreasing
with respect to €, i.e., an increasing interval € in terms of inclusion decreases the
energy Je(v).

This new relaxed energy J. somehow “hides” the constrained minimization with
respect to a. We can write ¢ : WO1 P(Q) — R U {oo} explicitly as

&(v)=/K€(|Vv|)dx—<f, v

Q
with k¢ : R>9 — R given by

1.p2.2 1 I\.P
5e_ Tt +(F_7)8— fort <e_

ke(t) = %t” fore_ <t <ey
1.r-22 1 1\.P
5eL Tt +(F_7)8+ fort > e4.

Note that %t" < ke(t) for all + > 0 and %ﬂ’ = lime_ [0,00] ke () for all £ > 0.

Since k(1) = €£—2t2 for large f, we see that J.(v) < oo if and only if v €

W% (). Moreover, lime_[0,00) Je (v) = J(v) for all v € Wy*() and J(v) <
lim inf_ (0,00 Je (v) for all v € W, ().

Based on the above observations it is natural to iteratively minimize 7 (v, a) alter-
nating between v and a. Certainly, we have also to increase the relaxation interval €.
Thus our algorithm reads as follows:

Algorithm: The relaxed p-Kacanov algorithm (variational formulation)
Data: Given f € (Wy'" (Q))*, vo € Wy 2();

Result: Approximate solution of the p-Poisson problem (1.2);
Initialize: g9 = [€0,—, €0,+] C (0, 00), n = 0;

while desired accuracy is not achieved yet do
Calculate a,, by means of

ap == argmin J (v, a);
ae_<La<ey

Calculate v,,41 by means of

Vpt1 i= argmin J (v, ay);
veW,2(Q)

Choose a new relaxation interval &,,41 D €,
Increase n by 1;
end

This is just the algorithm given in the introduction written in different form.
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A Relaxed Kacanov iteration for the p-poisson problem 7

3 Convergence in the relaxation parameter

In this section we show that the minimizers u, of the relaxed energy J. converge to
the minimizer u of J for ¢ — [0, oco] and derive an upper bound for the relaxation
error.

Since J(v) > J(v) and 7 is W(} P () coercive, it follows that 7, is also coercive
in Wol’p(Q). However, J(v) < oo requires v € W01’2(§2), as we have seen above.
Certainly, there is a gap between the space WOl "P(Q) and WOI’Z(Q). To close this gap
we need a finer analysis of the energies, which requires the use of Orlicz spaces. We
state in the following some standard results for these spaces, see for Example [19].

A function ¢ : R>o — R is called an N-function if and only if there is a right-
continuous, positive on the positive real line, and non-decreasing function ¢’ : R>o —
R with ¢'(0) = 0 and lim;_, o ¢'(f) = oo such that ¢(¢t) = fot ¢'(tr)dt. An N-
function is said to satisfy the Aj-condition if and only if there is a constant ¢ > 1
such that ¢ (2t) < c ¢ (t). For an N-function satisfying the Aj-condition we define
the Orlicz space to consist of those functions v € LI]OC(Q) with fQ ¢(Jv)dx < oo. It
becomes a Banach space with the norm || f|4 :=inf {y > 0 : fQ d(v|/y)dx < 1}.
The Orlicz-Sobolev space W14 () then consists of those v € L? such that the weak
derivative Vv isalsoin L?, equipped with the norm ||v lp+IIVvllg. The space W01’¢(Q)
denotes the subspace of those functions from W !¢ (Q) with zero boundary trace, which
coincides with the closure of CSO(Q) in W9 (Q). For example choosing ¢ (¢) := %tl’
we have L?(Q) = LP(RQ) and W, *(Q) = W, " ().

The function k. cannot be an N-function, since . (0) # 0, . However, if we define

Pe(t) = ke(t) — ke (0), (3.1)

then ¢, is actually an N-function. It can be verified that ¢, satisfies the A-condition
with a constant independent of €.

Since ¢ (1) = ef__ztz for large # and € is bounded, we have L% (Q) ~ L3().
However, the constant of the embedding L% (Q) — L2(2) depends on €, so this
equivalence is not of much use. Instead we use the chain of embeddings

L2(Q) < L% (Q) — L’ (), (3.2)

with constants independent of €. This follows from the fact that the Simonenko indices
of ¢ are within [p, 2]. We refer the reader to, e.g., [28, Chapter 2] for the details.

Since ¢ is strictly convex and ¢ (1) = @ (¢) +k¢(0), the energy J. admits a unique
minimizer u, € W(} e (£2) whose Euler-Lagrange equation is

f(s_ VI V| Aeg)P 2 Vue - VEdx = (f,€)  VEe Wy (). (3.3)
Q
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8 L. Diening et al.

At this we used that

/
t
¢’ft( ) _ (e_ Vit Ae)P2. (3.4)
Remark 2 Let us consider the special case e = oo. Then, the derivative of the
truncated function reads ¢.(t) = (- V 1)P~2t. A different modification, namely

(e— + )P~ 2, would lead to the so-called shifted N-function of %ﬂ’ , as introduced
in more generality in [11], which has similar properties as our truncation functions.
However, the version from this paper is more suitable for our energy relaxation, since it
is closer to the original function L¢P on the truncation interval € (the derivatives agree
there). See the Appendix for more information on uniformly convex Orlicz functions
and their shifted verions.

Lemma 3 The functions ¢ and ¢. are uniformly convex Orlicz functions in the sense
of Sect. B from the Appendix. The convexity constants are independent of €.

Proof The uniform convexity of ¢ follows from % = (p — 1) and Lemma (B.2).
Pt _
de’'t)

= 1. Hence, the claim for ¢, follows again by Lemma (B.2). m]

Now, for t € (e_, €4) we have

Pl
L (1)

(p — 1), while for ¢ € (0, 00) \ [e—, €4+] we

have

Since W& P(Q) is the largest space, see (3.2), which contains both u, and u, it is

natural to consider all energies 7 and J, as functionals on Wol’p (£2) with possible
value oo.
Letusrecall that the goal of this section is to show that u. converges to « in WO1 P(Q).

Since Wé "P(Q) is uniformly convex, strong convergence is a consequence of weak
convergence and norm convergence, or equivalently, in this case, energy convergence
J(ue) — J(u). It is possible to show the weak convergence as well as that of the
energy by means of I'-convergence. Indeed, we will see in Remark 11 that 7. — 7 in
the sense of I'-convergence. However, we will derive in the following much stronger
results that provide us with a precise rate of convergence for the energies. This energy
convergence implies strong convergence of the sequence, see the proof of Corollary 10.

Let us turn to the convergence of the energies J (u¢) — J(u) for e — [0, oo].
Since J. is monotonically decreasing with respect to €, it follows from the minimizing
properties of u and u, that

0< Tue) = TW) < Te(ue) — J (u). (3.5)
Therefore, it suffices to prove the stronger claim
Tc(ue) — Jum) — 0 ase — [0, 00]. 3.6)

In fact, we will later need this stronger estimate in the other sections.
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A Relaxed Kacanov iteration for the p-poisson problem 9

It follows from the minimizing property of u. that
Telue) = T () < Je(u) — T (u).

So it would be natural to estimate J.(u) — J(u) in terms of € and u. However,
the solution u is unfortunately a priori only a Wo’p -function, so J¢(u) might be
infinity. Hence, we cannot assure that this difference is small. This is only possible
if we assume higher regularity of u. In order to treat arbitrary right-hand sides f €
(WO1 "P(Q))* at this point, we have to use a much more subtle argument. For this we
need a result from [13, Subsection 3.5] and [4, Theorem 2.7], which allows to change u
on a small set such that it becomes a Lipschitz function. This technique is known as
the Lipschitz truncation technique. Its origin goes back to [1]. As a tool we need the
Hardy-Littlewood operator, e.g. [25],

(Mg)(x) = sup ][ lgldx = sup gldx
By (x)

r>0 r>0 | Br(x)] B, (x)

where | B, (x)| denote the Lebesgue measure of B, (x).

Theorem 4 [Lipschitz trunction [4,13]] Let v € Wol’p(Q) and for all A > 0 define
O, =0,v) ={xeQ: M(Vv)(x) > A},

Then, there exists an approximation Tyv € Wé "°(Q) of v with the following proper-

ties:

(@) {v #£ T} C O,.

®) ITvlir@) S lvller@)-

© IVTivllLe) S IVUllLe@)-

(d) VTl S Axo, + IVvlxe\0, < A almost everywhere.
© IV =Tv)llLr S IVUllro,)

) vy > vin W&’p(Q) as h — oo.

All our convergence results concerning the relaxation parameter ¢ are based on the
following result, which shows how the energy relaxation depends on the truncation
interval ¢.

Theorem 5 The estimate

Te(ue) — J(u) < el + / |Vul? dx (3.7)
O;.(u)
holds for all A < g4 /cy, where c is the (hidden) constant from Theorem 4 (d).
Proof Let 1 < e4/cy and let Tyu be the Lipschitz truncation of u. Then

IVTul <cih < ey
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10 L. Diening et al.

Using the minimizing property of u, and the equation for u we get

Teu)=-T @ < TG = T = [ (ke(V T~ 519ul?) dx = (7. T = 0
Q

=f(xe(|vnu|)—%|w|/’) dx—/ \Vu|P~2Vu - V(Tyu—u) dx.
Q
Q

Using |[VThu| < &4, ke(t) = %ﬂ’ fort € [e_, e4], ke(t) < 1P forr € [0, ¢_], and

Thu = u outside of O, we get

1

P
%ef on {|VTu| < e_},

K€(|VT)LM|)—%|VM|‘D <30 on (Q\(’)x)ﬂ{|VT;Lu| >e_},

%Wnuv’ on O, N{|VThu| > &_}.

This, the previous estimate and Theorem 4 (e) imply

Telue) = T ) < 19| 3¢’ + / LIV Tul? dx + / \Vul P~V (Tou — u)| dx

O;.(u) O,.(w)
<el / |VTu|P dx + / |[Vul|? dx+ / |V (Tou — u)|? dx
On(w) O5.(w) O5.(w)
<el 4+ / |[Vul|P dx.
O;.(u)
This proves the claim. O

Corollary 6 J.(u.) — J(u) and J(uy) — J(u) as € — [0, o]

Proof Due to (3.5) it suffices to prove J¢ (u.) — J (u). Consider the right-hand side
of (3.7) with A := ¢4 /cy. The first term goes to zero as e — 0. Now consider the
second term. Since O, (1) C {M(Vu) > A} and Vu € LP(S2) we get by the weak L?-
estimate of the maximal operator |O; (u)| < A"’||Vu||§. Therefore |0 (u)] — 0
as &4 — 00, which implies fOA(u) [Vul? dx — 0 as ey — oo. O

Before we continue we need the following natural quantities, see [11].

Definition 7 For P € R we define

¢UPD p 5 p £0

#L(IP]) .
P it P #£0 and V.(P) := 1P
0 if P=0.

Ac(P) =1 P
¢ 0 ifP=0

Moreover, by A := A[g,o0] and V := V|g,o0] We denote the unrelaxed versions.
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A Relaxed Kacanov iteration for the p-poisson problem 11

The following two lemmas are modifications of similar results of [11, Lemma 3]
and [12, Lemma 16]. In fact, they follow from the properties of uniformly convex
Orlicz functions; see Sect. B from the Appendix for more details.

Lemma8 For P, Q € R?

P (1P| V1QI)

P — Q0P = |Ve(P) = Ve(Q)%.
Plvigl LT el R VP = V(O

(Ae(P) —Ac(Q) - (P-Q) =

where the constants can be chosen independently of ¢.

Proof This follows directly from the uniform convexity of ¢, see Lemma 3, Lemma 41
and Lemma 40. O

Lemma 9 The following estimates hold for arbitrary v € W(}’d)f () and u; being the
minimizer of Je:

Je() = Jelue) < /(AE(VU) —Ac(Vue)) - V(v —ug) dx
Q

5f|VE(W>—V€<ws>|2dx
Q

S Te() — Te(ue).
In particular, for the case where ¢ = [0, 00] the statement actually implies also

TJW)—Tw) = [|V(Vv) — V(Vu)|? dx.
Q

Proof This is just Lemma 42 applied to ¢. O
We are now prepared to show the convergence of minimizers u. of J; to u.

Corollary 10 u, — u in Wé’p(Q) as ¢ — [0, 0o].

Proof Due to Corollary 6 we have 7 (ue) —J (1) — Oase — [0, oo]. Now Lemma 9

for the case where € = [0, oo] and v = u, implies V(Vu,) — V(Vu) in L2(Q). It

follows from the shift-change-lema, see Corollary 44 or [12, Corollary 26], that for
all § > O there exists ¢5 > 0 such that

Vi — Vue|? < cs|V(Vue) — V(Vu)|*> + 8| VulP.

This and V(Vu,) — V(Vu) in L2(RQ) implies Vi — Vu in LP($2). O

Remark 11 [T"-convergence] Itis also possible to deduce Je () — J (1) andue — u
in Wol’p (2) by means of I'-convergence: As the underlying topological space we
choose WO1 "7 (Q) equipped with the weak topology. Then the Lipschitz truncation
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12 L. Diening et al.

provides a recovery sequence for v € Wé "P(Q) implying T-lime[0.00) e = J-
Indeed, it follows as in the proof of Theorem 5 that for all v € Wg’p (2)

|Te(Tey jev) = T )| S ¥ + / IVolP dx + |(f. Te, je,v — v)|.

Os+/q (v)

So the properties of the Lipschitz truncation, see Theorem 4 (f), imply that the right-
hand side goes to zero as € — [0, oo]. Hence, T¢, /¢, v is a recovery sequence of v.

Moreover, J. > J, so the standard theory of I"-convergence [3,9] proves u.—u
in Wol’p(Q) and Je(ue) — J(u) fore — [0, oo]. The uniform convexity of Wé’p(Q)
implies ue — u in W(}’P(Q).

To our knowledge this is the first time that the Lipschitz truncation is used to
construct a recovery sequence for the I' —lim sup in a I'-convergence argument related
to energies on Wé’p(Q).

Up to now, we discussed the convergence of u, — u without any additional assump-

tions on the data f € (WO1 "7(Q))* and the domain . If f is more regular and 92
is suitably smooth, then we obtain specific rates for the convergence. The rates of
convergence will follow from the regularity of Vu in terms of the weak-L? spaces
L9-°°(R2), which consists of all functions v such that

lv]l La.oo() := sup ||t X{\v|>t}”Lq(Q) < O0.
t>0
Lemma 12 Let Vu € L9°°(R2) for some q > p. Then,

Jelue) = Ty S &2 + 3977 |Vl q-

Proof First note that M : L9-°°(Q2) — L9-°°(R2) is bounded. This follows for example
by extrapolation theory, see [8, Theorem 1.1]. In particular,

1
MO 7 = A xim vyl gy < IM(Vi)llLaco@) S VUl o g)-

Moreover, let L9 () denote the usual Lorentz space, which consists of functions v
such that

[o/0] [o/0] d
1 t
ol =a [ 1ol > 0 dr =g [ 1 xpaloe S <o
0 0

Since (LS/’I)* =L forl <s < ooand % + % = 1 we obtain

[ v ar < vl s ol
Os.(w)

49
Li=P ()
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A Relaxed Kacanov iteration for the p-poisson problem 13

= IV ey |0 )] T

~ | M”Lq,oo(gz)| ()] 9

SIVulld gy 27477,
where |0, | denotes the Lebesgue measure of O,. Applying Theorem 5 with A :=
&4+ /c yields the statement. O

To exemplify the consequences of Lemma 12 we combine it with the regularity results
of [7,14]:

Theorem 13 ([7], Theorems 1.3 and 1.4) Let @ C R? be convex or let its boundary
aQ € WLV (for example 3Q € C? suffices”) and additionally f € L%1(Q).
Then Vu € L*®(Q).

Theorem 14 ([14], (4.3)) Let Q2 be a polyhedral domain where the inner angle is
/ d
strictly less than 2w and f € L? () and % + % = 1.Then Vu € Lle~OO(Q).

Proof Actually, it is proven in [14] (4.3) that |Vu|g e N %’2(9) (Nikolskii space).

. 1) 2d_ 5o .
Now, one can use the embedding N'2'5(Q) < La-1">°(Q) of Lemma 26 in the
Appendix. O

Corollary 15 Under the assumptions of Theorem 13 we have
Telwe) =T w) S 2.

Proof Since Vu € L°°(S2), we have M (Vu) € L*°(2) and so for A := ¢, /c; and &
large enough, O, (1) = @. Hence, Theorem 5 implies the estimate. O

Corollary 16 Under the assumptions of Theorem 14 we have

—__r_
d-1

Jelue) = Tw) S e” + e,

d
Proof Since Vu € L%’OO(Q), an application of Lemma 12 finishes the pf. O

Remark 17 The choice f = 0 and hence u = 0 gives J. (1) = x(0)|2| =~ &”. This
shows that the estimate in Corollary 15 is sharp.

4 Convergence of the Kacanov-iteration
In this section we study the convergence of the Kacanov-iteration for fixed relax-

ation parameter € = [¢_, 4 ]. In particular, for vy € Wé ’2(52) arbitrary we calculate
recursively v, 41 by

/ (e— VIVUu| Ae)P 2 Vuupy - VEdx = (f . E) YE € WpP(Q).  (4.1)
Q

2 The condition 82 € W2L4~1-1 means that the weak Hessians of the local maps characterizing the
boundary are in the Lorentz space L4-11,
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14 L. Diening et al.

We will show that v, converges to the minimizer u. of the relaxed energy J.. In
particular, we show exponential decay of the energy error 7 (v,) — Je (4 ). The proof
is based on the following estimate, proved below.

Theorem 18 There is a constant cx > 1 such that

Ten) = TeWn1) 2 8 (Je(vn) — Teue))

holds for § := ( )2 P,

This theorem says that in each iteration we reduce the energy by a certain part of the
remaining energy error. This implies

TeWnt1) = Te(e) = (TeWn) = Te () = (Je(Wn) = Te(Wn1))

42
<0 =8 (Te(un) — Te(ue)). “

As a direct consequence we will obtain the following exponential convergence result.

Corollary 19 There is a constant cg > 1 such that

Ten) — Te(ue) < (1 = 8)"(Te(v0) — Te(ue)).
holds for § := %(j—;)z—l’.

Let us get to the proof of Theorem 18.

Proof (Proof of Theorem 18) Using Lemma 9, the equation (3.3) for u,, the equa-
tion (4.1) for v,41, and Young’s inequality (see Remark 32) we get, for arbitrary
y >0,

Te(p) — Te(ue) < f(Ae(an) —Ac(Vug)) - V(v —ug)dx

Vo,
—f¢%Jﬁvwn—WH>vwn—%wu
Q

11 AN 2
<bd [ RS, - vaP s
Q

=:1

"IV n
+y %/—(péf%ﬁ D1V (0 — )P dx .
Q

=11

Let us define
TJe(w,a) =T (v,e_Vaney).
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A Relaxed Kacanov iteration for the p-poisson problem 15

For the first term / we calculate with the equation (4.1) for v, 1

I = %/%wwn — ve1) P dx
Q
= JeWn, IVUul) = Te (Wnt1, Vo))
< JeWn, IV — Tentt, [VUpp1])
= Je(p) — Je(Wp11).

To establish the inequality above, we used the fact that

any1 = -V |Vuppil A ey = argmin J (vy41, a),
ae_<a<eq

and

TeWng1, IVU1]) = T (Wng1, - V [VUu1| Aeg)
< J(nt1,6- V|Vuu| Aey) = Te(vnt1, [Vu)).

-2 Lt -2 . . (t _p .
For the second term /7 we use e/~ < ¢€t() < &P77, implying ¢ET() < (i—f)2 1’¢€T(S),

for any s, ¢ > 0, Lemma 8 and Lemma 9 to get

_ L (Vv | VI Vg
1< J(E)77 / ot LV (v — o) dx

Q
< (2P (Je(un) — Te(ue)).

Putting all estimates together we get

y (1= cy (£5)*7P) (Te(Wn) — Te(e)) < Te(n) = Tear)-

Now, maxy - ¥ (1 — cy(5)*7P) = %(2—;)2_1’ yields the statement. ]

Example 20 (Peak function) Let Q2 := B{(0) and f(x) = — div(%).Then f¢ LY(Q)

but still £ € (Wo''())* C (WP (Q))* . Then the minimizer of 7 is given by
u(x) = 1 — |x|, which look like a peak. Since |Vu| = 1, the factor |Vu|P~2 in the
p-Laplace operator does not appear for the minimizer. So in this case « also minimizes
every Je aslong as e_ < 1 and ey > 1. This follows from

Jew) =T () < J@) < Je(v)
L.¢e
forall v € W™ (€2).
Let us see how our algorithm performs with the starting value vg := 0. It is easy to

see that v, = o, u with

ap:=0 and o4 = (e— Va, Aey)> P, 4.3)
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16 L. Diening et al.

Since p € (1, 2) one can show «,, = 8(_2_p ' by induction and

Te() — Ty pe?™ 7" —1y).
Note that

l,p_ 1 _ r=1 2
Lp— 11 < n@)?  forallr e (0, 1],

Moreover,

lop 1 _ s _
t » t—1

P
221 (In(1))2

-1 ast /1. 4.4)

This estimate with s := (2 — p)" € (0, 1] and ¢ := &* € (0, 1] gives

Je(n) — T ) < 31B1(O)|(p — DIn(e_)*©2 — p)*" (4.5)

is sharp. Indeed, the energy differences J (v,) —J (1) = Je (v,)—J (1) asymptotically
behave like 5B (0)|(p — 1) In(e_)%(2 — p)*" for large n, in view of (4.4).

This shows that it is impossible to get an energy reduction as in (4.2) with § inde-
pendent of €. Indeed, Corollary 19 would imply

Ten) = Te(ue) < (1= 8)"(Te(vo) — Te(ue)) < (1 = 8)" T (vo),

which contradicts the above asymptotic estimate (4.5).
Nevertheless, our asymptotic shows that in this particular case

Te(n) — Je(ue) < ce (1—6)"

with 1 — 8 = (2 — p)? < 1 independent of ¢. Therefore, it remains open if such an
estimate holds in the general case.

Remark 21 Although our considerations are all under the assumption 1 < p < 2 itis
interesting to check how the algorithm performs in the case p > 2 for our Example 20.
Ifp>3ande; = sl_ for some £_ < 1, then it follows from (4.3) that

=D"(p-2)

oap=0 and o, =¢ forn > 1.

Therefore, the Kacanov iteration does not converge as p > 3.
Ifpe2,3)andey = S%, then it follows from (4.3) that

=0 and a, =% """ forn>1

and v, still converges to u.
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A Relaxed Kacanov iteration for the p-poisson problem 17

5 Algebraic rate

As we learned in the last section the Kacanov iteration converges for fixed €, but the rate
depends badly on the choice of the relaxation interval € = [e_, ¢ ]. Furthermore, we
have algebraic convergence of the error e () — J (1) induced by the relaxation. We
will combine these results to deduce an algebraic rate of the full error Je, (v,) — J (1)
in terms of n for a specific predefined choice of ¢,. To achieve our goal we will use
that |Vu| € L2°°(Q2) for some g > p, which is justified by Theorems 13 and 14.

Letus consider a sequence of solutions created by our relaxed p-Kacanov algorithm.
Inparticular, €, = [€,,—, €,,4]1s now an increasing sequence of intervals. Then exactly
as in Theorem 18 we get the following estimate.

Theorem 22 There is a constant cx > 1 such that

Te(Wn) = Te, Wnt1) 2 8n (e, (Vn) — T, (ue,))
holds for 8, == L (::;)2 P,

Since €, C €,41, we have J,, ; < J,. This and Theorem 22 imply

Tenir Wng1) — T ()
< Je, Wng1) — T (w)
= (Je, () = T W) — (T, (Wn) — T€n(0ns1))
< (T, 0n) — T W) = 8n(Te, (0n) — Te, (e,))
= (1 = 8)(Te, (Wn) — T W) + 85 (Te,, (e,) — T ).

Now, Lemma 12 and |Vu| € L9-°°(Q2) ensure the existence of cg > 0 such that

Teue) — T () < cr(e? + 6,977, (5.1)

This and the previous estimate therefore imply

Terit Wn1) = T @) < (1 = 8)(Te, () — T @) + Sucr (el _ +€, 077,
(5.2)

Without the last term 8n+lcR(en _+e€, (q P ) we would get a reduction of the
error Je, (v,) — J(u) by the factor (1 — 8 7). On the other hand this last term is
smallife, - — Oand €, y — 00, so it should not bother too much. Nevertheless, the
reduction factor (1 — §,) tends to 1 if ¢, — — O and €, + — o0. The idea however is
the following: if 8, goes to zero slowly, then the product [7_, (1 — §;) still tends to
zero algebraically.

Let us be more precise. We define another relaxed energy G, by

G = Ty (0) + K1 (7, + 65977 and Goo := T (), (5.3)
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18 L. Diening et al.

where K| > 0 will be determined below. Moreover, choose

a,,3>0withoz+ﬂgﬁ (5.4)
and define
=[n+ D™+ D] (5.5)
Then
b= (22)" = L pehr s Lo (5.6)

In particular, the algorithm with this choice of ¢, reads as follows:
Algorithm: The relaxed p-Kacanov algorithm with algebraic rate
Data: Given f € (Wy'” (Q))*, vo € Wy ();
Result: Approximate solution of the p-Poisson problem (1.2);
Initialize: n = 0; «, B > O such thata + 8 < ﬁ;
while desired accuracy is not achieved yet do

Define €, := [(n + 1)™%, (n + 1)#];

Calculate v,,41 by means of

f (En— V VUL A 80 )P 2V0,p1 - VEdx = (f,E)  VE € Wy X(RQ);
Q

Increase n by 1;
end

We continue to derive a decay estimate for G, — Geo.

Lemma 23 There exists K = K(a, B, p, q) (which appears in the definition of G,)
and some c3 = c3(«, B, p,q) = 1, such that for alln € N

(Gnr1 = Goo) < (1 = 717)(Gn = Goo)-
Proof Define
pni=el el TP = (4 )P 4 (4 1)@PP

Hence it follows by Lemma 27 in the Appendix that there exists ¢c; = c2(«, B, p,q) =
1 with

Pn = Putl Z i Pn- (5.7
In particular, p, satisfies a decay estimate!
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A Relaxed Kacanov iteration for the p-poisson problem 19

On the other hand it follows from Theorem 22 that

Tenn) = Tepiy Wnt1)
2 Jep () — Te, (Vn+1)
= (Sn(jen (vp) — \.76,1 (us,l))

11
P gn T l(je,,(vn) - \75,1 (us,,))
LI S S S 207 SR A Sy o
—CKn+1(e,,(Un_ u Tegnal e, (Ue,) — T ().

We deduce from (5.1), the definition of €, and p,, that
Tewe) — T W) < crel _ + €, ¢ ") = crpn-
This and the previous estimate prove
T n) = Tepiy 1) 2 by (Je, (0n) = T W) — £ g .

Since G, = Je, (vn) + K1 pn, it follows together with (5.7) that

CK

Gnt1 = Gn 2 oy (Jeu (0) = T () + (% - —)ﬁp

We finally fix K: We choose K so large such that

Ki  cr K

Z - cK Z 2 max {cg,ca)’

which is always possible. Combining this with our previous estimates we deduce

1 1
Gnr1 —Gn 2 mm(gn — Gc0).
This proves the theorem with ¢3 = 2 max {cg, ¢3}. O

We are now able to present our convergence result.

Theorem 24 Let Vu € L1°°(Q) for some q > p (as given for example in Theo-
rem 13 or Theorem 14). Then, the sequence (vy,),eN produced by the algorithm above
described satisfies

Ter(Un) = TW) < G — Goo <175 (Go — Goo),

where c3 is the constant of Lemma 23. In particular, the energy error decreases at
least algebraically.
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20 L. Diening et al.

Proof The estimate J, (v,) — J () < G, — Goo is obvious, so it remains to prove the
decay of G, — Gwo. If follows from Lemma 23 that, for n € N,

Gn = Goo <TTiZ (1 = 551) G0 — Goo).

T1(1- o) = exp(zm( ~sim)) <o0 (X i)

< exp < — 1n(n)> = n_%.
3

This proves the lemma. O

Remark 25 We have seen that the choice €, = [(n + 1)™%, (n + 1)#] ensures that the
error decreases at least with an algebraic rate. However, the decay of the relaxed energy
error G, — Goo can never be faster than algebraical with this choice of €,. Hence, this
choice is also very restrictive. From the numerical experiments we performed, we have
seen that it is possible to decrease €, _ and increase €, + much faster and still obtain
convergence. Moreover, the observed convergence is much faster than algebraic and
more of exponential type. We will present the details of such numerical experiments
in a subsequent work. Let us summarize: the algorithm of this section ensures an
algebraic convergence rate, but in practice we expect a better behavior for other,
perhaps adaptive, choices of €,, still to be fully investigated.

6 Numerical experiments

We have performed numerous experiments on the basis of the adaptive finite element
method with piecewise linear elements. We developed preliminary versions of error
estimators that capture the effect of the truncation, the adaptivity of the mesh and the
fixpoint iteration. Let v,, denote the iterated solution generated by the algorithm, then
we used the following ad hoc estimators:

— We use
Ne+Wn) = Te, (W) = ey, .00 (0n)
to measure the effect of the upper truncation bound €, 1 and
nZ-n) i= e, n) = T0,60,) (W)
to measure the effect of the lower truncation bound €,, _.

— We use the optimal estimators of [2,12] with the Orlicz function ¢, to estimate
the error due to mesh refinement, i.e. on elements 7" we use the estimators

U%(Un) = fT(¢en,\Vun|)*(hT|f|)dx + ZyCBT hyfy H[Ve,, (an)]]y|2ds
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A Relaxed Kacanov iteration for the p-poisson problem 21

— To measure the error due to the fixpoint iteration (forn > 1)

M) = [o@evu, )" (B LIV @y — )l ) dx,  (6.1)

which is in fact an upper bound for Je (v,) — Je (ue) and Je (vy—1) — Je (us).

We used these estimators to implement a fully adaptive version of our relaxed p-
Kacanov iteration.
Algorithm: Adaptive relaxed p-Kacanov Algorithm
Data: Given f € (W, (Q))*, vo € Wy 2();
Result: Approximate solution of the p-Poisson problem (1.2);
Initialize: g = [1, 1] C (0, 00), n = 0;
while desired accuracy is not achieved yet do
Define a, := €, — V |[VUu| A €43
Calculate v, 41 by means of

/(gn,_ VIVl A &n )P 2V - VEdx = (f,€)  VE € Wy (Q);
Q

Increase total costs by current degrees of freedom;

Calculate and compare the error estimators ’75+ (vn), ’73— (vn), n% (vp) and
7712<a5(vn);

If 175+ (vy) is the largest, do €41 4+ = 1.25 - €, 4

If ng, (vp) 1s the largest, do €41+ := 0.8 - €, 43

If 77}21 (vp) is the largest, do a mesh refinement with Dorfler marking;
Increase n by 1;

end

Let us present three experiments that measure different aspects. We have chosen
quite critical situations and small exponents p in order to see how the algorithm behaves
in particularly bad situations. In particular, we have chosen a quite small exponent p =
% for all of our experiments presented here. (The results of our numerical experiments
behave much nicer for p closer to 2.) The results for larger exponents are in fact much
nicer.

e The bump On Q = [—1, 1]2 choose f and the boundary values of u such that
ulx) = (x%—l) (x22—l). There is only one critical point at (0, 0), where Vu (0, 0) =
0. This example is chosen to see how the algorithm behaves for smooth functions
with isolated extrema.’

e The needle On = [—1, 1]*> choose f and the boundary values of u such that

1 1 _ 1
u(x) = |x|1_5 — 1. In this case Vu(x) = |x|_?ﬁ and A(Vu) = |x| ¥ ﬁ and
1

V(Vu) = |x|~ Iﬁ_l This example is chosen such that V(Vu) € W%LZ*OO(Q)

3 Note that | £ (x)| behaves like |x|P~2. Thus, f € L2 forall p > 1 but f € L? only for p > +/2. This
makes potential troubles with the used error estimator, but since the error estimator is also truncated with €
the effect is manageable.
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Fig.1 The bump

meaning that half a derivative* of V (Vu) is still in the Lorentz space L>°°. This
corresponds to the regularity of a p-harmonic function on a slit domain. It is the
critical regularity that allows optimal estimates for the adaptive finite element
method, while for uniform refinement a rate of O (h!/?) instead of the optimal
one O(h).

e Constant force in slit domain Choose f = 2 on the slit domain Q = (—1, 1)% \
[0,1]% and u = O on its boundary. There is no explicit formula for the exact
solution (different from the linear case of p = 2) for the solution. The reentrant
corner reduces the regularity of the solution.

There is a nice gap between our theory and the numerical experiments that we per-
formed. In fact, our experiments shows a significantly faster convergence rate. This
shows that we are on a good track and have developed a good algorithm.

Figures 1, 2 and 3 show the results of our experiments. The pictures show a log-
log-plot of energy accuracy vs. the computed costs. Let us explain the picture from
Fig. 1 in more detail. The others figures are analogously. The dotted black line is the
most important line and shows the energy difference Je(u,) — J (u), which is the
measure of the error between the computational solution and the exact solution. The
lines € and e_ represent the truncation parameters (e_, € ). The other lines represent
error indicators for (e_, €4) named n?, and 662_, the fixpoint iteration n%(aé (up), and
refinement nﬁ (up). The straight black line costs™! is the optimal convergence rate
(1/costs), where the costs are the accumulative sum of the degrees of freedom for each
step that requires solving a linear system. (Here we have assumed a linear cost for
solving the linear system, which might be possible with a multi grid method.) It is
important that we use the accumulated cost instead of the degrees of freedom, since
only this truly measures the effort, in particular if the number of fixpoint iterations
increases.

Let us explain the numerical results in more detail.

4 This is understood in a heuristic way only: half a derivative of V(Vu) growths like the function x|~
which is in the Lorentz space LZ’OO(Q).
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Fig.3 Constant force in slit domain

— Bump The algorithm converges optimally with respect to the accumulated costs.
The exact solution has a bounded gradient, so the upper truncation bound ¢,,_+ does
not increase much. There is only one critical point at x = 0, where Vu(0) = 0.
Thus, the algorithm decreases the lower truncation bound €, _ quite moderately,
since the error from truncation appears only in a small neighborhood around zero.
All estimators decrease nicely with the optimal rate (1/cost). The number of fix-
point iterations remains bounded, so the cost is proportional to the current number
of degrees of freedom.

— The needle The algorithm converges optimally with respect to the accumulated
costs. The exact solution has unbounded gradient at the isolated point zero. There-
fore, the upper truncation bound €, 4 is increased by the algorithm. This upper
truncation starts quite late, since it is only necessary in set of small measure. The
number of fixpoint iterations remain bounded.

— Constant force in slit domain The gradient of the exact solution is bounded, so
the upper truncation bound €, 4 does not increase much. The energy error still
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decreases very fast. It decreases almost optimally with respect to the accumulated
cost, but the slope seems slightly worse. It is however still much faster, than our
worst-case theory predicts.

Overall, we see that our algorithm converges with a rate, which is optimal in many
cases.
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A Auxiliaries

The following embedding is probably well known. However, since we could not find
a reference for it and we need it for the proof of Theorem 14, we include a short proof

of it. In the following N/ 3.2 denotes the usual Nikolskif space, see e.g. [20].
1 24 o
Lemma26 N'2°(Q) « Li—1"°(Q).

Proof We will not recapitulate the definitions of the occurring spaces. First of all, we
use the identity

1
N22(Q) = B} ()
as stated in [20, Remark 8.4.5], where B;',, q(Q) denotes the standard Besov spaces.

1 3
In [26, Theorems 1 and 2 in 4.3.1] we find the interpolation pair {324,1 (2), 324, 1 ()}
such that

BI (@) = (B (). 351(9))%,00
holds. The embeddings (see [15] respectively [23])
BZ%,I(Q) — L%(Q) and BZ%I(Q) LN L%(Q)
yield

1 3 _4d_ _4d_
(B;1(82), By 1(§2) 1 oo > (L2-T(82), LA (82)1 o

5 We thank W. Sickel for explaining the details to us.
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Finally, by [26, Theorem 2 in 1.18.6] we get

dd_ Jdd_ 24 o
(LAT(), LA ()1 o = LTT(E).

,00
This proves the claim. O

Moreover, in the proof Lemma 23 we used the following algebraic estimate:

Lemma 27 Let y > 0. Then for alln > 1 we have
nY =+ 17 >0 'min{}, 1-277).

Proof Wedefineh : [0, ;] — Rviah(t) := 1—(1—1)”.Notethath’(t) = y (1—1)V !
and h"(t) = y(1 —py)(A —0)¥~ —2. For y > 1 this implies that % is concave, so

ht) > t(@) =2(1 =2
On the other hand, if y € (0, 1), the function 4 is convex. Therefore,
h(t) = h(0) +th'(0) = yt.
This implies A (z) > min{y, 2(1 — 277)}z. Therefore, we get

—(m+1)77 =n"1-(0- nH)y) =n""h(z7)

> n~Y min{y, 2(1 — 2~ ”)}nJrl n7Y~ lmln{y 1—277).

This proves the claim. O

B On uniformly convex Orlicz functions

In this appendix we introduce the concept of uniformly convex Orlicz functions and
their shifted versions. The results presented below are modifications of [11, Lemma 3],
[12,Lemma 16], and [12, Corollary 26]. However, since we use here a slightly different
notion of shifted functions and less regularity for our Orlicz functions, we decided to
include a proof and keep our paper self-contained. Throughout this section we assume
that our Orlicz function satisfies the following assumptions.

Definition 28 Let ¢ be an N-function.® We say that ¢ is uniformly convex if there
exist ¢4, c5 > 0 with

/
C4¢S(S) YOI 8O foralls > 1> 0. (B.1)

6 See the beginning of Sect. 3 for the definition of an N-function.
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The choice ¢t = 0 implies that ¢4 < 1 < ¢s. Moreover, (B.1) implies that ¢’ is strict
increasing.

For any N-function p the complementary (or dual) N-function p* is given by
p*(u) = sup,>o(ut —¢(t)). This is equivalent to (p*)" = (p")~!. Note that (p*)* = p.

Lemma 29 If ¢ is a uniformly convex N-function with constants c4 and cs, then ¢* is
a uniformly convex N-function with constants 1/c5 and 1/c4.

Proof Lets = (¢*)'(u) and t = (¢*)’(v). Then by strict monotonicity of ¢’ and (¢*)’
condition (B.1) is equivalent to

c u < u—v < c u
Yoy @) S @TW=@Tw S S EwW

forallu > v > 0.

Taking the reciprocal proves the uniform convexity of ¢*. The reverse conclusion
follows by duality, i.e. ¢ = (¢™)*. O
Lemma 30 Let ¢ be an N-function, which is piecwise C* on (0, o0). Then ¢ is uni-

formly convex if and only if

c6 < — <ce7  forallt >0 (B.2)

for some cg, c7 > 0. This is in fact the uniform convexity condition in [11].

Proof Note that s N\ ¢ in (B.1) implies (B.2) with ¢ = ¢4 and ¢7 = ¢s5. So assume
now, that (B.2) holds.

If s > 2t,then s — ¢ > 5/2 and the upper bound of (B.1) is obvious with ¢; = 2.
So let us assume ¢ < s < 2t. Then

P'(s) —d'(t) ¢/ () ¢'(s)
e o e (dr < [P 5P de < 5P log(s/n).

Now log(1 +a) < afora > 0and s < 2t imply

/S — /[ / / ’
¢(3_?() <C7Sq§_(ts)%=C7¢t(s) <26‘7¢§S).

This proves the upper bound of (B.1). The lower bound follows by duality: Indeed, it
follows from

@) wu g

(") (u) ~— 'O

with ¢'(s) = u

that ¢* satisfies B.2 with constants 1/c¢7 and 1/cg. Thus, by the already proven ¢*
satisfies the upper estimate of (B.1). By duality, see Lemma 29. we get the lower
estimate of ¢ in (B.1). O
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Lemma 31 Let ¢ be a uniformly convex N-function. Then the functions ¢ and ¢* satisfy
the A;-condition, with constants only depending on c4 and cs.

Proof Using s = At with A > 1 in (B.1) we obtain

A—=1y ,
(1-es - )60 < @' @). (B.3)

ro—1

A0
¢’ (hot) < 2¢’(¢). From this it follows by iteration (also using the monotonicity of ¢”)
that ¢'(2t) < ¢ ¢’(t), where ¢ only depends on Ao and  and therefore only on cq4.
Thus, it follows that

Now, we can choose Ao > 1 such that u = (1 — ¢4 ) > % So, we have

t t
$20) — (1) =2 //2 #Q0ds 28 | ¢/0)ds =22 (80) ~ (1/2)) <240,
t t

Hence, ¢ (21) < (1+2¢)¢ (¢), which proves the claim for ¢. The claim for ¢* follows
by duality with Lemma 29. O

Remark 32 [Young’s inequality] Let ¢ be an N-function such that ¢ and ¢* satisfy
the Aj-condition. Then for every s, t > 0 we have by Young'’s inequality

st < @(s) +P*(1).
This and ¢ () < ¢'(¢) t < ¢(2t) implies that for all s,z > 0

@' (s)t
@' (s)t

8¢ (s) +csp (1),
csp(s) +39 (1),

IN N

where cs depends only on § and the A,-constants.

For each a > 0 we define the shifted N-function ¢, by its derivative

¢l (1) = L), (B.4)
and ¢, (1) = fé ¢, (7) dt. In the notation of Section 3 this is just ¢ with € = (a, 00),
see also Remark 2.

Lemma 33 There holds (¢pa)* = (9™ (a)-

Proof Note that ((¢™)g/(a)) (1) = Wu is the inverse of ¢, (). Thus (¢*) ¢/ (a)

and (¢,)* are conjugate to each other. O
Remark 34 The shifted N-functions have already been originally introduced in [11]
with the modified definition ¢, () = % t. This original version shares almost all
of the properties with the version of this paper. However, our exact formula (¢,)* =
(9*)¢/(a) of Lemma 33 is replaced in [11] by equivalence. This is one of the advantages
of our new definition.
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Given our uniformly convex N-function ¢ we define the stress A and the auxiliary
function V as in Definition 7 by

Definition 35 For P € R? we define

¢/(|P\)P ifP 40
APy = | em PP
0 ifP=0

¢'(IPD :
and V(P) := pr P TP #0
0 if P =0.

Lemma 36 Let ¢ be a uniformly convex N-function with constants c4 and cs. Define
via its derivative by w =,/ @ andlet (t) = fot Y/ (s) ds. Thenr is a uniformly

convex N-function with constants % and 1 + c5. Moreover, V(P) = %P.

Proof For s > t we calculate

[ o= VOO _ VOO 1 P (s)s—¢' (1)t
° s—t s—t \/(P’(S)S—F\/(P/(I)l s—t
_ ¢'(s) P ()—¢' (1) ‘ _.
= + =11 +1I1I.
VO ($)sH/e (01 STE Jd ($)s+A/d (D1

Now, with (B.1)

2 s 2s N
and
< IIT < 528 £ L AAUNEAO
0 S X €5 S \/¢/(S)S+\/¢/(t)l X G5 NG Cs S
Overall, we get %"’/S(S) <I<(1+05) WS(S), which proves the claim. O

Lemma 37 Let ¢ be a uniformly convex N-function. Then ¢, is also uniformly convex
with constants c4 and cs replaced by c4 and c5 + 1.

Proof For s > t define

I = ¢a(“"2:;pa(t) and Il = ¢</1S(S)‘

If s, > a, then ¢/, (s) = ¢'(s) and ¢, (t) = ¢'(¢t). Hence call < I < csll by
assumptions on ¢.

If 5,1 < a, then ¢u(s) = L9 and ¢ (1) = L9, 50 1 = L9 — 7. Since
¢4 < 1 < c5 the claim follows in this case.

If remains to consider s > a > . Then ¢, (s) = ¢'(s) and ¢, (1) = @s, SO

/ ,M / ’ /
A et L= 0@ S@ant gy,

- s—t s—t s—t
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Thus,

1> ¢ ‘S:a ¢s(S)'

On the hand using that a +— “a;t is increasing in a we get

1 < LOHO | d@t 0y P

s—a §s—

~

This proves the claim. O

Remark 38 1f follows from Lemma 37 and 31 that the families {¢4 },>0 and {(¢a)*},>0
satisfy the As-condition with constants independent of a.

Lemma 39 Let ¢ be a uniformly convex N-function with constants c4 and cs. Then for
all P, Q we have

(ca A %)%w — QPP <(A(P)— A(Q) : (P — Q)
< (CSVZ)%W— or,
|A(P) — A(Q)] < (c5+ 1)%|P -0l
Proof We define 0 := 5. P = 2. 6:=P: 0,

F(P,Q) = (A(P) = A(Q): (P — Q) and g(P, Q)= (AP — 0P,

Then
f(P,Q) = (¢'IPDP —¢'(IPDQ) : (IPI1P —10I0)
= ¢'(IPDIP| +¢'(10DIQ] — (¢'(IPDIQI + &'(1Q)|P)o
=: f(IP],10l,6)

and
g(P, Q) = LYLIGD (1P 2 + |02 — 20| PI|QI) =: g(IPI. |QI. 6).

We need to estimate f(|P|,|Ql,0)/g(|P],|Q],6). Both f and g are non-negative
and linear in . Hence = is monotone in 8. In particular, it suffices to control the
cases 0 = 1 and 6 = —1. We begin with the simple case 8§ = —1.

FAPLIOL =1 _ @/qpp+e'qom(rl+ion
2(PI 10l =1) — @IPDaTeN(PIHOD"

Sincea Vb < a+b <2V b), this implies

1
< LUPLIOL=D)
5 S gurlion-n S 2
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Now consider the case & = 1. Without loss of generality we can assume |P| > |Q].

SAPLIQL D @/ (Ph-¢'10D)(PI=IQDUPIVIQD _ @' (PD—¢'(QD)IP]
g(IP[. 1Q1. 1) @ (PIv¢'(1QD)) (1PI-1Q]? ¢ (PH(PI-IQ)

Now, (B.1) implies

g(PL,101.1)

€4 S FqPLIo S 65

Combining the two cases proves the first claim. To prove the second one we assume
again |P| > | Q] and estimate

|A(P) — A(Q)| = |¢'IPDP — ¢’ (10D O| < |¢'(IP]) — &' (1QD|+¢'(1QDIP — Q|

¢'(IP| V12D
< H————=|P - 0|.
(es + D=5 o1 1P~ @

This proves the second claim. O

Lemma 40 Let ¢ be a uniformly convex N-function with constants c4 and cs. Then for
all P, Q € R?

$lo1P — Q) = LKL P — ),
po(1P — Q) = L4 p — o2,

where the constants only depend on c4 and cs.

Proof Theestimatesfollowsfrom%(|Q|+|P — 0] < |P|V|Q| L2(]Q|+|P — Q)),
the Aj-property of ¢ (see Lemma 31) and ¢|’Q|(t) = @o(t). O

Lemma 41 Let ¢ be a uniformly convex N-function with constants c4 and cs and let
A and V be as in Lemma 35. Then for all P, Q € R4

(A(P) — A(Q) - (P — Q) = ¢10/(IP — Q) = [V(P) = V(Q),
IA(P) — A(Q)| =~ ¢{p(IP — Q.

where the constants only depend on c4 and cs.

Proof The first equivalence in the first claim and the second claim follow immediately
from Lemma 39 and 40. It remains to prove the second equivalence of the first claim.
For this we recall ¢ from Lemma 36 and observe that V is induced by ¥ exactly
as A is induced by ¢, see Definition 35. In particular, we have |V (P) — V(Q)| =
1/f|/Q|(|P — Q). This proves

/ p_ 2
[AUYRE Q|)|P—Q|>

IV(P) = V(O = |¥g)(IP — QD}ZZ( 10/ V[P — Q]
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_¢'qelvip -0p
Q| VP = Q]

P — QI = ¢10/(IP — Q)).

This proves the claim. O

Lemma 42 The following estimates hold for arbitrary v € Wé’d’(Q) and u being the
minimizer of J(w) := [ ¢(IVw|) — fwdx:

Tw) — Tw) < / (A(Vv) — A(Va)) - V(v — u) dx
Q

= / |V (Vv) — V(Vu) > dx
Q
ST =T w).
Proof 1t follows by convexity and 7' («) = 0 that
JO) =T < T W0)w—u) = (T W) - T W) —u).

Since J'(w)(§) = fQ A(Vw)VE — f & dx, this proves the first estimate. The equiva-
lence in the claim follows then by Lemma 41. For the last estimate we calculate with
Taylor, J'(«) = 0, Lemma 41 and the uniform A;-condition of the family ¢, that

1
T =70 = [ (6 16=0) - TW)e - wdr
1
=/ /(A(V(u+t(v—u)))—A(Vu))~V(v—u)dxdt
0 Q
1 dt 1 .
zf/ ¢wu|(r|V(v—u>|>—dx>/f G19ul (L1V (v — )}t dx
QJo t QJl
:f¢|vM‘(|Vv—Vu|)dx:/ |V(Vv)—V(Vu)|2dx.
Q Q

This proves the claim. O

The following lemma is a sharper version of Lemma 25 and Lemma 27 of [12].

Lemma 43 (Shift-change) Foralla,b > 0 andt > 0, there holds

16, (1) — o, ()] S bl (la — bl) = ¢} (la — b)), (B.5)
|((@)*) (1) — (¢0)) )| < la — bl (B.6)

Proof We begin with the proof of (B.5). The equivalence in (B.5) follows from
Lemma 40. Thus the claim is symmetric in a and b and we can assume that a < b.
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Ifa < b < t,then ¢, (t) = ¢, (1) = 0 and (B.5) follows. If 7 < a < b, then with
Lemma 41

9’ (a) ¢>’(b)
b

S $alla — bl) +¢' (b)

AR AGIES <1¢'@ — ')l +¢(b>\———

< ¢p(la —b)).

This proves (B.5). It remains to consider the case a < ¢ < b. In this situation we
estimate using the previous two cases

g (1) — o ()| < |plL(t) — ¢j(0)| + |#1 (1) — B ()| S l(la —t]) + ¢ (1b — 1))
< ¢l(la — b)) + ¢, (la — bl).

This proves the remaining case of (B.5). To prove (B.6) we estimate with Lemma 41

and (¢3) = (¢,)""

(()*) (19 (@) — &' (D))
(@)*) (9L (1b — al)) = |b—al.

|((9a)") () = (6)") ()]

IZANRYA)

This proves the claim. O

With Lemma 43 we deduce the following estimates similar to Corollary 26 and Corol-
lary 28 of [12].

Corollary 44 (Shift-change) For all P, Q and all t > O there holds

d1p1(1) < (1 +cs)pyo(t) + 81V (P) — V(Q)I,
o1p (1) < (14 8)¢0|(t) + cs|V(P) — V(Q)I2,
@1p)* (1) < (1 +cs) (o)™ (1) + 8|V (P) — V(Q)?
@1p)* (1) < (1 +8)(d10)* (1) + cs|V(P) — V(Q)I*.

Proof We estimate with Lemma 43, Young’s inequality (see Remark 32) with ¢,
and Lemma 41

t t
¢|p|(t>=/0 ¢(P‘<s)ds<f0 ${p(5) +cdp(IP — Q) ds

=¢p|() +¢p(IP = QD1
= (L +cs)¢p|(t) +é¢p| (1P — Q)
< (1 +c)¢p (1) + 8V (P) — V(Q)I*.
This proves the first inequality. We can exchange 6 and c¢s within the proof to get

the second inequality (see Remark 32). The other estimates follow analogously using

(@10D* = @Hgp0- .
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