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Abstract

We study harmonic functions associated to systems of stochastic differential equations of the
formdX! = Aj(X,_)dZ} +-- -+ Ay (X,—)dZd,i € {1, ...,d}, where Z] are independent
one-dimensional symmetric stable processes of order a; € (0,2), j € {I,...,d}. In this
article we prove Holder regularity of bounded harmonic functions with respect to solutions
to such systems.
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1 Introduction

The consideration of stochastic processes with jumps and anisotropic behavior is natural
and reasonable since such objects arise in several natural and financial models. In certain
circumstances Lévy processes with jumps are more suitable to capture empirical facts that
diffusion models do. See for instance [14] for examples of financial models with jumps.

In the nineteen fifties, De Giorgi [15] and Nash [29] independently prove an a-priori
Holder estimate for weak solutions u to second order equations of the form

div(A(x)Vu(x)) =0

for uniformly elliptic and measurable coefficients A. In [28], Moser proves Holder continuity
of weak solutions and gives a proof of an elliptic Harnack inequality for weak solutions to this
equation. This article provides a new technique of how to derive an a-priori Holder estimate
from the Harnack inequality. For a large class of local operators, the Holder continuity can be
derived from the Harnack inequality, see for instance [19]. For a comprehensive introduction
into Harnack inequalities, we refer the reader e.g. to [20].

The corresponding case of operators in non-divergence form is treated in by Krylov and
Safonov in [23]. The authors develop a technique for proving Holder regularity and the
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Harnack inequality for harmonic functions corresponding to non-divergence form elliptic
operators. They take a probabilistic point of view and make use of the martingale problem
to prove regularity estimates for harmonic functions. The main tool is a support theorem,
which gives information about the topological support for solutions to the martingale problem
associated to the corresponding operator. This technique is also used in [6] to prove similar
results for nonlocal operators of the form

Lf(x) = / Lf(x+h)— f(x) = Lgn<pyh - Vi)lalx, hydh (1.1)
RA\{0}

under suitable assumptions on the function a. In [4] Bass and Chen follow the same ideas to
prove Holder regularity for harmonic functions associated to solutions of systems of stochastic
differential equations driven by Lévy processes with highly singular Lévy measures. In this
work we extend the results obtained by Bass and Chen to a larger class of driving Lévy
processes.

A one-dimensional Lévy process (Y;);>0 is called symmetric stable processes of order &
(0,2) if its characteristic function is given by

EelsY = 6" £ e R.

The Lévy measure of such a process is given by v(dh) = cy|h|_1_V dh, where ¢, =

1+
2T (H2) /[r (5]
Letd € INandd > 2. We assume that Z;, i =1,...,d,areindependent one-dimensional

symmetric stable processes of order «; € (0, 2) and define Z = (Z;);>0 = z!, ..., Zfl),zo.
The Lévy-measure of this process is supported on the coordinate axes and is given by

d
v(dw):Z dek 1_[5{0}(dwj)

140
i \ il £k

Therefore v(A) = 0 for every set A C RY, which has an empty intersection with the
coordinate axes. The generator L of Z is given for f € Cg (R?) by the formula

d
C
L = + hey) — — Lqp1<nd h)—*_dh. 1.2
J(x) kgzl/;R\{o}(f(x ex) — f(x) = Lygn<1y 0k f(x) )|h|1+°‘k (1.2)

For a deeper discussion on Lévy processes and their generators we refer the reader to [30].
Let xo € R? and A : RY — R4*? a matrix-valued function. We consider the system of
stochastic differential equations

d
dXj =Y Ayj(X,)dZ],

= (1.3)

Xf) = x(i),

where X;_ = il}l} X is the left hand limit.
This system has been studied systematically inthecase o) = ap = --- =g = o € (0,2)

by Bass and Chen in the articles [3] and [4]. With the help of the martingale problem, Bass
and Chen prove in [3] that for each xog € R? there exists a unique weak solution (X =
xh ..., X;’)tzo, P*0) to (1.3). Furthermore the authors prove that the family {X, P*, x €
R9} forms a conservative strong Markov process on IR¢ whose semigroup maps bounded
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Regularity of solutions to anisotropic nonlocal equations 1137

continuous functions to bounded continuous functions (see Theorem 1.1, [3]). Consequently
it follows that

Lf(x) = Z f (f (x +aj(0h) — fx) = hl =y VF(x) - “’(x))|h|1+a

coincides on Cg (R?) with the generator for any weak solution to (1.3), where a (x) denotes
the j’ " column of the matrix A(x). In [4] the authors prove Holder regularity of harmonic func-
tions with respect to £ and give a counter example which shows that the Harnack inequality
for harmonic functions is not satisfied.

In this paper we do not study unique solvability of (1.3) but prove an a-priori regular-
ity estimate for harmonic functions if unique solutions to the system exist. The following
assumptions will be needed throughout the paper.

Assumption (i) Foreveryx € R4 the matrix A(x) is non-degenerate, thatis det(A(x)) # 0.
(ii) The functions x +— A;;(x) and x > Ai;l(x) are continuous and bounded for all 1 <
i,j<dandx e RY.
(iii) For any xo € R?, there exists a unique solution to the martingale problem for

Lfx)= Z/ (f(x+aj()h) = fO) =Ly V&) -a;(x)——dh  (1.4)

|h|1+a

started at x(. The operator £ coincides on Cg(IRd ) with the generator for the weak solution to (1.3).

For a comprehensive introduction into the martingale problem we refer the reader to [16].

Notation

Let A be the matrix-valued function from (1.3). Let D be a Borel set. Throughout the paper
@ (D) denotes the modulus of continuity of A and we write A (D) for the upper bound of A
on D. We set apin ;= min{ay, ..., oy} and amax = max{ay, ..., aq}. Fori € IN we write
¢; for positive constants and additionally ¢; = ¢;(-) if we want to highlight all the quantities
the constant depends on.

In order to deal with the anisotropy of the process we consider a corresponding scale of
cubes.

Definition 1.1 Letr € (0, 1] and ay, ..., ag € (0, 2). For k > 0, we define

d
Mf(x) = X (xi _ (]a,ﬂtmax/oti)7 Xi + (kram.dx/ot,-)) )
i=1
For brevity we write M, (x) instead of M rl (x).

Note that M is increasing in k and 7. For z € R¢ and r € (0, 1], the set M, (z) is a ball with
radius r and center z in the metric space (R4, d), where

dx,y) = SUP {|xk — g |/ omax i<y, ¥) + Ty =13, W)}
kel ...,
This metric is useful for local considerations only, that is studies of balls with radii less or
equal than one. The advantage of using these sets is the fact that they reflect the different
jump intensities of the process Z and compensate them in an appropriate way, see for instance
Proposition 2.4.
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1138 J. Chaker

The purpose of this paper is to prove the following result.

Theorem 1.2 Letr € (0,11, s > 0 and xo € RY. Suppose h is bounded in R? and harmonic
in M™% (xo) with respect to X. Then there exist ¢; = c1(A(M!*(x0)), @ (M5 (x0))) > 0
and B = B(A(MF(x0)), @ (M +5(x0))) > 0, independent of h and r, such that

e =yl \*
() —h)] < e | - suplh(2)| - for %,y € My(x0).
R

@'max /@min

We want to emphasize, that in the case oy = - - - = &y the set M, (xo) reduces to a cube

with radius r and hence this result coincides with [4, Theorem 2.9], when one chooses cubes
instead of balls.

Let us briefly discuss selected related results in the literature.

As previously mentioned, in [6] the authors study operators of the form (1.1) for coeffi-
cients @ : RY x RY — R which are assumed to be symmetric in the second variable and
satisfy a(x, h) < |h|~?=*forallx, h € R?, wherea € (0, 2). Using probabilistic techniques
they prove a Harnack inequality and derive Holder regularity estimates for bounded harmonic
functions. The results of this work have been extended to more general kernels by several
authors. For instance, in [5] the authors establish a Holder estimate for harmonic functions
to operators of the form (1.1), where they replace the jump measure a(x, h) dh by a family
of measures n(x, dk), which is not required to have a density with respect to the Lebesgue
meaure. Furthermore, [32] extends the method of [6] to prove the Harnack inequality for
more general classes of Markov processes. In [7] the authors construct and study the heat
kernel a class of highly anisotropic integro-differential operators, where the Lévy measure
does not have to be absolutely continuous with respect to the Lebesgue measure.

This article studies regularity for operators in non-divergence form given by (1.4). Holder
regularity results have intensively been studied for linear and nonlinear nonlocal equations
governed by operators in non-divergence form. [31] provides a purely analytic proof of Holder
continuity for harmonic functions with respect to a class of integro differential equations given
by (1.1), where no symmetry on the kernel a is assumed. In [9], the authors study viscosity
solutions to fully nonlinear integro-differential equations and prove a nonlocal version of
the Aleksandrov-Bakelman-Pucci estimate, a Harnack inequality and a Holder estimate.
There are many more important results concerning Holder estimates and Harnack inequalities
for integro-differential equations in non-divergence form including [1,8,10,22,27] and [33].
Holder regularity estimates have also been intensely studied for operators in divergence
form. We would like to mention two works, where the corresponding jump intensities are
similar to the ones we study in this article. In [12] and [13] the authors study nonlocal elliptic
resp. parabolic equations for families of operators which can be of the form (1.2). They
prove a weak Harnack inequality and Holder regularity estimates for weak solutions to the
corresponding equations.

Let us give a short survey to known results related to systems of stochastic differential
equations given by (1.3). We first discuss some results in the case &1 = - - - = ay4. In [3] the
authors prove unique weak solvability for (1.3). [4] shows Holder regularity estimates for
bounded harmonic functions. Furthermore, in [26] the authors prove the strong Feller property
for the corresponding semigroup for (1.3). Sharp lower bounds for the transition densities
for the process Z; = z!, ..., th) are studied in [17] and sharp upper bounds in [21].

The existence of a unique solution to the martingale problem for (1.3) in the case of
different orders of differentiability, i.e. oy # o for i # j, is shown in [11] under the
additional assumption that the matrix A is diagonal. [24] also studies the system (1.3) in the
case of diagonal matrices A. The authors prove sharp two-sided estimates of the corresponding
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Regularity of solutions to anisotropic nonlocal equations 1139

transition density p (¢, x, y) and prove Holder and gradient estimates for the function x >
pA(t, x,y). In [18] the authors study the existence of densities for solutions (1.3) with
Holder continuous coefficients. They allow for a wide class of Lévy processes including
the anisotropic processes Z; with different orders of differentiability. In [25] the authors
study systems of the form (1.3) where Z!, ..., Z¢ are independent one-dimensional Lévy
processes with characteristic exponents ¥r1, . . ., 4. Under scaling conditions and regularity
properties on the characteristic function they prove semigroup properties for solutions.

Structure of the article

This article is organized as follows. In Sect. 2 we provide definitions and auxiliary results.
We constitute sufficient preparation and study the behavior of the solution to the system. In
Sect. 3 we study the topological support of the solution to the martingale problem associated
to the system of stochastic differential equations. The aim of this section is to prove a support
theorem. Sect. 4 contains the proof of Theorem 1.2.

2 Definitions and auxiliary results

In this section we provide important definitions and prove auxiliary results associated to the
solution of the system (1.3).

Let A™ (x) denote the transpose of the matrix A(x) and (a;. )t thejth row of (A7 (x))~!.
For a Borel set D, we denote the first entrance time of the process X in D by Tp := inf{t >
0: X; € D} and the first exit time of X of D by tp :=inf{t > 0: X, ¢ D}.

Let us first recall the definition of harmonicity with respect to a Markov process.

Definition 2.1 A bounded function z : RY — R is called harmonic with respect to X in a
domain D C R if for every bounded open set U with U € D

h (X,MU) is a P*-martingale for every x € U.

For R = M (y) we use the notation R= M3 (). The next Proposition is a pure geometrical
statement and not related to the system of stochastic differential equations. We skip the proof
and refer the reader to [2, Proposition V.7.2], which can be easily adjusted to our case.

Proposition 2.2 Letr € (0,1],9 € (0, 1) and xo € RY. If A C M,(xqg) and |A| < q, then
there exists a set D C M, (xq) such that

(1) D is the union of rectangles 1’3\, such that the interiors of the R; are pairwise disjoint,
(2) 1Al = 1D N My (x0)| and
3) foreachi, |ANR;| > q|R;|.

Following the ideas of the proof of [6, Proposition 2.3], we next prove a Lévy system type
formula.

Proposition 2.3 Suppose D and E are two Borel sets with dist(D, E) > 0. Then

Z Lix,_ep.x,cE) — /

s<t 0

' L 1ag (X))~ e
K \(As ay ) )
ILD(XS)/I;E XA dhy | ] |6{X§}(dh]) ds
k=1 $ J#k

is a P*-martingale for each x.
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1140 J. Chaker

Proof Let f € C,?(]Rd) with f =0on D and f = 1 on E. Moreover set

t
/= f(Xt)—f(Xo)—fO Lf(X)ds.

By Assumption (iii) for each x € R? the probability measure P* is a solution to the martingale
problem for £. Since the stochastic integral with respect to a martingale is itself a martingale,

t
f 1p(X,_)dM{
0

is a P*-martingale. Rewriting f(X;) — f(Xo) = ng(f(Xs) — f(X;5-)) leads to

t
D Ap (X ) (f(Xy) = f(Xe) —/0 Ip(Xs)Lf(Xs)ds

s<t

is a P*-martingale. Since X # X_ for only countably many values of s,

t
Z (Ip(Xs-)(f(Xy) — f(Xs5-))) —/0 Tp (X)L f(Xs)ds (2.1
s<t
is also a P*-martingale. Let w = (wy, ..., wg) and u = (uy, ..., ugy). By definition of f,

for x € D we have f(x) =0and V f(x) = 0. Hence

£F() = Z / Sl a @ dh

Coy
= E flx+ AT (x)w) | | Sy (dw;) | | dwy
k=1 /]Rd\{()} ]t Jj#k

d —1y1+e,
[(ag ()7 ey,
ZZ/ Sw) TTa l_[(S{x.}(duj) duy.
_ " J
R\ {0} lu — x| ik

Note, that ¢y, / |h|'T is integrable over 4 in the complement of any neighborhood of the
origin for any k € {1, ..., d}. Since D and E have a positive distance from each other, the
sum in (2.1) is finite. Hence

D Ap(X ) ME(X,) — LE (X))

s<t

I(a T(X )T
/]lD(X)/Z — Xkl = di [ T8y @hp | | ds
s j#k

is a P*-martingale, which is equivalent to our assertion. O

The next Proposition gives the behavior of the expected first exit time of the solution to (1.3)
out of the set M, (-). This Proposition highlights the advantage of M, (-) and shows that the
scaling of the cube in the different directions with respect to the jump intensity compensates
the different jump intensities in the different directions.
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Regularity of solutions to anisotropic nonlocal equations 1141

Proposition 2.4 Let x € R? and r € (0,1]. Then there exists a constant ¢; =
c1(A(My(x)),d) > 0 such that for all z € M, (x)

E? [TM,(X)] < ¢y romsx,

Proof First note

E* [tu, (1) ] [ min inf{t > 0 X ¢ (y; — romax/oi) -y, p@ma/ei b}}
d
< 7 Z [mf{t >0:X) ¢ (yi— plema/oi) Ly, r(amaX/ai))}] 2.2)
Ay
= - ZEZ [Ti].
Let j € {1, ..., d} be fixed but arbitrary. The aim is to show that there exists ¢, > 0 such

that
E*(Y)) < corome, (2.3)

Since we reduced the problem to a one-dimensional one, we may suppose by scaling r = 1.
Let

— inf {|A(x)ej| ‘xe Ml(x)} .
By Assumption (i), we have « > 0. There exists a c3 € (0, 1) with
P{@3s € [0,1] : AZA{' € R\ [-3/k,3/k]) > c3.

The independence of the one-dimensional processes implies that with probability zero at
least two of the Z'’s make a jump at the same time. This leads to

.3 )
P{@3s €[0,1]: AZ] > = and AZ. =0fori € {1,...,d}\ {j}) > c3. (2.4)
K
Our aim is to show that the probability of the process X for leaving M (x) in the j" coordinate
after time m is bounded in the following way
P*(Y; > m) < (1 —k;)" forall m € IN.

Suppose there exists s € [0, 1] such that AZJ > ;, AZ’ =0fori e {l,...,d}\ {j},and
Xs— € Mi(x). Then
IAX]| = 1AZ]| |A(Xs=)(ej)] > 3.
Note, that we leave M (x) by this jump. By (2.4)
PAY; <) =3 & P(Yj > 1) < (1 —c3).

Let {6; : t > 0} denote the shift operators for X. Now assume P*(Y; > m) < (1 —c3)". By
the Markov property

PX(Y; >m+1) <P(Y; >m;Yjob, >1)
= E[PYn(Y; > 1); Y, > m]
< —=c3)P(Y; > m)

<1 —cymt
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1142 J. Chaker

Assertion (2.3) follows by

E*[Y;] :/ PAY; > 0dt < Y P >m)< Y (1—c3)" =,
0

m=0 m=0
where we used the fact that the sum on the right hand side is a geometric sum. Thus the
assertion follows by (2.2) and (2.3). ]
We close this section by giving an estimate for leaving a rectangle with a comparatively
big jump.

Proposition2.5 Ler x € RY, r € (0,1] and R > 2r. There exists a constant ¢ =
c1(A(RY), d) > 0, such that for all 7 € M, (x)

Omax

P Xy, ) € MR(Y) < 1 (%)

Proof Let
C] = R\ [xj _ Ramax/aj’ X + Ramax/aj]

andforl < j <dletk; = sup, g |(a; (x)~! |ce; - By Proposition 2.3 and optional stopping
we get for ¢ = Z} 1((2k; 28,4/ ca;) < 8d sup,cr |(a?(x))_1|

P2 (X ¢ Mg( )) 2 '/‘f/\er(»)/ |((l (X)) |Cou 8;vir(dhi) | dhid
" R(Xx)) =1L~ i i ias
1T M) |h — XJ |+ il#lj (X J

IATM, (x) k:
< E* / / — _dh;ds
0 ; ¢ hj— xJie

d

Ez ffArM,_ (x)
<E’ 2
0 .:

kA
/ J ———dhds
cj lhj — (xj + romex/ejy| e =

2%;
= E* [t A TMr(JC))] Z RClmaX/O‘j _ ram’lx/a/)aj

2k; (&)
o ((R/Z)amax/aj )CK Ramax

< ]Ez[l N TM, (x))] Z ]Ez[l‘ A TMr(X»]'

Using the monotone convergence on the right and dominated convergence on the left, we
have for t — oo

]PJ (XI‘ATMV(X) ¢ MR(X)) =

¥\ @¥max
RO‘ E (T, (x)) < €203 <R> ,

where c3 is the constant showing up in the estimate E*(tpy, (x)) < c3r® of Proposition 2.4. O
3 The support theorem
In this section we prove the main ingredient for the proof of the Holder regularity estimate

for harmonic functions. The so-called support theorem states that sets of positive Lebesgue
measure are hit with positive probability.
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Regularity of solutions to anisotropic nonlocal equations 1143

This theorem was first proved in [23] for the diffusion case. In the article [4], Bass and
Chen prove the support theorem in the context of pure jump processes with singular and
anisotropic kernels. They consider the system (1.3) in the case o; = « forall i € {1, ..., d}
and use the technique by Krylov and Safonov to prove Holder regularity with the help of the
support theorem.

The idea we use to prove the support theorem is similar in spirit to the one in [4].

The following Lemma is a statement about the topological support of the law of the
stopped process. It gives the existence of a bounded stopping time 7 such that with positive
probability the stopped process stays in a small ball around its starting point up to time 7T,
makes a jump along the k™ coordinate axis and stays afterwards in a small ball.

Lemma3.1 Letr € (0,11, x0 € R4, k € {1,...,d}, vk = A(xp)ex, y € (0, p&max/min) gy >
0 and & € [—r%max/%min pOmax/0min] There exists a constant ¢; > 0 = c1(y,to, &, 1,
A(Mrz(xo))), w(Mrz(xo))) > 0 and a stopping time T < ty, such that

P sup | Xy —xo| <y and sup |Xs— (xo+&Ew)| <y ]| >ci. 3.1
s<T T<s<ty
Proof Let
d

lAllo =1V | D sup |Aj)l
i,j:lXEMrz(x())

We assume & € [0, 7*max/min], The case & € [—r%max/%min_ (] can be proven similar. Let us
first suppose § > v /(3||All) and let B € (0, §), which will be chosen later. We decompose
the process Z} in the following way:

Zi =Y AZnzinpy Zi=Z - 7.
s<t
Let (X,) >0 be the solution to
dX, = Aij(X,)dZ]. X = x},
j=1
The continuity of A allows us to finda § < y/(6]|All0), such that

Y
sup sup |A;j(x) — Ajj(xo)| < —. '
i l—xol<s Y 12d 3.2)

Consider

C= [Suplys—yol 55},

S<Ip

D= {2" has precisely one jump before time 7o with jump size in [, & + §],
AZI = 0foralls < g and all j k},

E:{Zﬁ,:Oforallsftoandi: 1,...,d}.
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1144 J. Chaker

Since A is bounded, we can find ¢» > 0, such that
[¥x] =3 [77],
Note, that 8 € (0, £) C (0, rmax/@min) = (0, 1). Therefore, we get

o 7. B cq.h?
Ero [xl, x’]t < Z]Exo [z’ =0 Z/ (/_ﬁ IZT{Wdh> dt < c3tdp*=om.

By Tschebyscheft’s inequality and Doob’s inequality, we get

IA

T 1
pxo |:sup |Xi. — X6| > 8] 52 IEXO [sup (X - X0> ]

s<to s<1p

S4B [(X§0 - xg) ]

caty d 2—amax
_ catodp .

= 52
Choose 8 € (0, &) such that
cstoBPm < i (33)
=24
holds. Then by (3.3), we get
PO(C)=1—-P% (Ysgg |X — X0| > 8) % 3.4)

For Z¥ to have a single jump before time 79, and for that jump’s size to be in the interval
[€, & + 5], then up to time 7y Zk must have

(i) no negative jumps,
(i) no jumps whose size lies in [S, &),
(iii) no jumps whose size lies in (& + §, 00),
(iv) precisely one jump whose size lies in the interval [£, & + §].

We can use the fact, that Z is a compound Poisson process and use the knowledge about
Poisson random measures. The events descriped in (i)-(iv) are the probabilities that Poisson
random variables Py, P>.P3 and Py of parameters A = ceto B~ %, Lo = ceto(B~% — E7%),
A3 = ceto(E+8) "%, and Ay = ceto(§~ — (€ 4+ 5) %), respectively, take the values 0, 0, 0,
and 1, respectively.

So there exists a constant ¢7 = c¢7(oy, tg, 6, &, ) > 0 such that

pro (fk has a single jump before time 7o, and its size is in [£, &€ + 8]) > 7.

For all j # k, the probability that ZJ does not have a jump before time 1y, is the probability
that a Poisson random variable with parameter 2¢ef0 8 ~% is equal to 0. Using the indepence
of Z/ for j =1,...,d, wecan find a cg > 0 such that

PY(AZ! =0foralls <fpandall j # k) > cs.
Thus we obtain

P*(D) = c9

@ Springer



Regularity of solutions to anisotropic nonlocal equations 1145

foracog = co(ay, ..., aq, o, 8, &, B) > 0. Furthermore the Zi’s are independent of the AR
foralli, j € {1,...,d}, so C and D are independent and we obtain

PY(C N D) > co/2.
Similary we obtain
PY(E) > cjp and P*(CNE)=>cy. (3.5)

Let T be the time, when Z* jumps the first time, i.e. Z¥ makes a jump greater then 8. Then
Zs_ = Zs_forall s < T and hence X,_ = X,_ forall s < T. So up to time T, X, does not
move away more than § away from its starting point. Note AX7 = A(X7-)AZ7. By (3.2),
we obtainon C N D

I X7 — (xo +§vi)| < |X7— —xol + |AXT — EA(x0)er))]
=|X7- —xol + |[A(X7-_)AZ7r — § A(x0)er)|
= |X7— —xol + §[(A(X7-) — A(xo))ex| + |A(X7-)(AZr — §er)]

Edy 4 1 14 14
<8+ 48 Al < |——+ S +1) < Z.
- +12d+” ”°°—6 ”A||OO+2+ -2

Appling the strong Markov property at time 7', we get by (3.5)

P sup  |Xs — X7r| <8 | =PXT(CNE)>c.
T<s<T+tg
Note, that | X7 — (xo + )| < y/2 and | Xy — X7| < §forall T < s < ty imply
[Xs — (xo + vl < v
All in all we get by the strong Markov property

PY [ sup [ Xy — xo| <y and sup |Xy— (xo+&v)| <y | > cocin
s<T T<s<ty )

which proves the assertion.
Now suppose & < ¥/(3||Allco)- Then |xo — (xo + &vr)| < y/3. We can choose T = 0
and by (3.5) we get:

P (SUP |Xs — xo| < 5) > cq1,

s>ty

which finishes the proof. O

We need two simple geometrical facts from the field of linear algebra, whose proofs can
be found in [4] (Lemmas 2.4 and 2.5).

Lemma 3.2 Suppose u, v are two vectors in RY, n € (0, 1), and p is the projection of v onto
u. If |p| = n|v|, then

lv—pl <\/1—=n2vl.

Lemma 3.3 Let v be a vector in RY, uy = Aex, and py the projection of v onto uy for
k=1,...,d. Then there exists p = ,o(A(]Rd)) € (0, 1), such that for some k,

[v— prl < plvl.
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For a given time #; > 0 the following lemma shows that solutions stay with positive prob-
ability in an e-tube around a given line segment on [0, #]. The case of ] = -+ - = g was
considered in [4]. We follow their technique.

Lemma3.4 Letr € (0,1], xo € R%, 1 > 0,8 € (0, r¥%max/omin) £ ¢ (0, e/4) and y > O.
Moreover let r : [0, t1] — RY be a line segment of length & starting at xq. Then there exists
c1 = c1(A(M?(x0))), @ (M*(x0))), t1, &, ) > 0, such that

pro <Sup |Xs =¥ )| <eand|Xy — ()] < )/) >cr.

S=1

Proof Note that ¢ is chosen such that B, (xg) C M, (xg). Let p € (0, 1) be such that the
conclusion of Lemma 3.3 holds for all matrices A = A(x) with x € M,z(x). Take y €
(0, A p)such that 5 := ¥ + p < | and n > 2 sufficiently large, such that (p)" < y.
Let vg := ¥ (t1) — ¥ (0) = ¥ (1) — x0, which has length £. By Lemma 3.2, there exists a
ko € {1, ..., d} such thatif pg is the projection of vy onto A(xp)e,, then [vg — pol < p|vol.
Note, that | pg| < |vg| = €. By Lemma 3.1 there exists ¢; > 0 and a stopping time 7o < 1 /n
such that for

Dy :={sup |X, —xol <y""'and sup |X; — (xo+ po)l < y"T'}.

s<Ty To<s<ti/n
the estimate
PY(D) = e
holds. Since y < 1 and y" < y forall n € IN, we have for Ty < s < t1/n

[ (1) — Xs| < [¥ (1) — (x0 + po)| + |(xo + po) — Xl

< lvo — pol + y" ! = p& + y"*! < pt GO
on Dj. Taking s = t;/n, we have

[ (t1) — Xy /0| < PE.
Since p < 1 and | (1) — xo| = |vo| = &, then (3.6) shows that on D,
X € B(xp,28) C B(xo,¢/2) ifTy <s <t1/n.
If0 < s < Tpy, then | Xy — xo| < y"+1 < &, and so we have on D
{Xs,5 €10, 11/n]} C B(xo,28) C B(xo,€/2).

Now let vy := ¥ (t1) — Xy, /n. When Xy, € B(xo, £/2), then by Lemma 3.3, there exists
ky € {1, ..., d}suchthatif p; is the projection of v; onto A(X;, /,)ex, , then [vi—p1| < plvy].
Let T € [t1/n, 2t1 /n] be a stopping time, determined by Lemma 3.1, and

D, = sup | Xs — Xy /nl < y"+l and  sup |Xs — (Xym+pDl < y"+l .
t1/n<s<Ty Ti<s=<2t1/n

By the Markov property at the time #; /n and Lemma 3.1, there exists the same ¢» > 0 such
that

P (D2|]:t]/n) =2
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on the event {X;,/, € B(xo, £/2)} and hence especially on D;. So
P*(Dy N D) > c2P(Dy) > c3.
Lets € [Ty, 2t /n]. Then on D; N Dy
(Y1) — Xs| < 1Y (1) — Xeyn + PO+ (X n + P1) — Xl
< pluil+y" < ppt + " < (3’6 + !
< Pt
In particular, by choosing s = 2¢;/n, we geton D; N D,
V(1) = Xonml < (D).

On D1 N Dy, we have for s € [T1, 21 /n]: |¥ (1) — Xs| < & and |¢ (1) — xo| = &, which
implies

X5 € B(x,2&) C B(x0,¢/2) on Dy N Ds.
In particular,
| X26/n — X0l <2& on Dy N D;.
If s € [t1/n, T1], then | Xy — X4, /n| < & and | Xy, s — x0| < 2§ on Dy N D5, which yields to
X € B(xp,3%) C B(xp,3¢/4) on D;N Ds.

Let v := ¥ (t1) — X2/, and proceed as above to get events D3, ..., Dy for k < n. At the
k stage

k
P (Dg|Fe—tynjm) = ¢2 andso P | (D, | = .
j=1
Forkti/n < Ty <s < (k+ Dt1/n
W) — X < (@) E <&

on the event ﬂl;zl D;. Since | (1) — xo| = &.

k
X, € B(xo,2§) C B(xo,2/2) on [ Dj.
j=1
If kt1 /n < s < Tj, we obtain at the kth stage
k
| Xkt /n — X0l < €/2 on ﬂ D;.
j=1

Thus
1Xs — x0l < X5 — Xkl + 1 Xkt n — Y @O+ W (1) — x0l < " +& +& < 3¢,

and therefore X; € B(xo,3&) C B(xo, 3¢/4). We continue this procedure n times to get
events Dy, ..., Dy. On ();_, Dk, we have

(1) X5 € B(xg, 3&) fors <1y,
Q) Xy =¥ ()] < (P)"E < (p)" <y, and
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n
G POl(\Dj| =4
j=1
For s € [0, #1],
n
3 1
Xs =W ()] < 1Xs —xol + o — ¥()| <36 +& < Jet e=e on (D).
j=1
Hence
n
pro (sup | Xs —¥(s)| <eand | Xy — ¥ (t)] < y) > PO ﬂ Dj| =5 =:cr.
S=I1 .
j=1

m}

We can now prove an important theorem, which will be the main ingredient in the proof of
the Holder regularity. It states that the solution to (1.3) stays with positive probability in a
e-tube around a given continuous function.

Theorem 3.5 Let r € (0,1],x0 € R%, & € (0, r¥ma/omin) 10 > 0 and xy € R?. Let ¢ :
[0, to] = R be continuous with ¢(0) = xq and the image of ¢ contained in M, (xo). Then
there exists ¢ = c1 (A(Mr2 (x0)), LU(Mr3 (x0)), @, &, ty) > O such that

pro <sup | Xs —@(s)| < 8) > cy.

S<Ip
Proof Let ¢ > 0. We define
U:={x ¢ RY:3s € [0, o] such that |x — ¢(s)| < &/2}

and approximate ¢ within U by a polygonal path. Hence we can assume that ¢ is polygonal
by changing € to £/2 in the assertion. We subdivide [0, 79] into n subintervals of the same
length for n > 2 such that

kty (k+ Dy e
)

where L denotes the length of the line segment. Let

e e
Dy = {(k_l)m/s’:lfmm/n [ Xs = @()I < 5 and [Xpo/n — @ (kto/n)] < W} .
Using Lemma 3.4, there exists a constant ¢ > 0 such that
P*(Dy) = 3.
By the strong Markov property at time #y/n we get
P (Da| Fiorn) = c2.
Using the Iteration as in the proof of Lemma 3.4, we get for all k € {1, ..., d}

n
P (Dy| Fk—1y19/n) = ¢2 and P (ﬂ Dk) > .
k=1
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Hence the assertion follows by

n
P (supm — o) < g) > P (ﬂ Dk> > =ci.
k=1

S<ty

We state two corollaries, which follow immediately from Theorem 3.5.

Corollary3.6 Let r € (0,1], & € (0, r%max/0mn/4y k = | — (g/r%max/Gmin) § ¢
(&, remax/emin 12y and x € RY. Moreover let Q = M, (xp), Q' := Mf(xo) and y € R4
such that R = Mf(y) C Q. There exists ¢c; = ¢1(A(Q), @ (Q), &, 8) > 0 such that

P*(Tg <t9) >c1, x€Q.

Proof Note, that

r“max/ai

dlst(3 Q7 aQ/) — |r0‘max/ai — kramax/ai| — |87 > .

7 ¥max /@min

Let x € Q' be arbitrary and ¢ : [0, 0] — R be a polygonal path such that ¢(0) = x and
@(tp) = y and the image of ¢ is contained in Q’. Then the assertion follows by Theorem 3.5
and

P* <sup | Xs —@(s)| < 8) < P*(Tg < 19).

s<t,

[m}

Corollary 3.7 Let r € (0,1], xo € R? and ¢ € (0, r“ma"/"‘mi“/4). For x € M,(xp), we
define R := M (x) such that R C M,(x9) =: M and dist(0R, 0M) > ¢. Then there exists
E=E&@, AM),r,m(M) € (0, 1) such that

PY(Tr < i) = & = &(e).
Sforally € M with dist(y, oM) > ¢.

Proof Follows immediately by Corollary 3.6. O

We now prove the main ingredient for the proof of the Holder regularity. It states, that sets
of positive Lebesgue measure are hit with positive probability.

Theorem 3.8 Let r € (0,1, xo € RY and M := M, (xq). There exists a nondecreasing
Sfunction ¢ : (0, 1) — (0, 1) such that

P*(Tx < i) = @(|AD
forall x € MY?(xo) and all A ¢ M with |A] > 0.
Proof We will follow the proof of Theorem V.7.4 in [2]. Set
0(e) = inf P (T4 < Tupe)) 20 € RY R > 0,y € My (z0), 1A] = el MR (0], A € Mr(20).
and

qo = inf{e : p(e) > 0}.
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For € sufficiently large, we know by Corollary 3.6 ¢(¢) > 0. We suppose go > 0, and we
will obtain our contradiction.
Since go < 1, we can choose 1 > ¢ > qo such that (¢ + ¢2)/2 < go. Moreover let

21_dqr_ Zle(amax/di)
q+1

1/d
n:=(q— qz)/Z, B = ( ) and p =£((1 — ﬂ)ramax/amin/6)’

where £ is defined as in Corollary 3.7.
Letz € R?, R € (0, 11,x € My*(z) and A C Mg(z) such that

Y
Mg (2)]

Without loss of generality, set R = r and z = xo. Hence

q—n< < g and PX(Ty < Tup(o) < p9(@)° (3.7)
P*(Ta < T, x0) < PP(@)".
By Proposition 2.2 there exists a set D C M, (xg) such that
|Al = q|D N My (xo)].

Since |A| > (g — n)|M(x0)],

1D N M, (x0)| > %' o @ =mIM, o)l _ (g + DIM (o)

q 2
Define E = DN M}g (x0). Since

B d pd, Yi emax
(g + DIM; (xo)| (g + D29BTr==" "=
2 B 2

we get |E| > q. By the definition of ¢, we have P* (T < tuy, () = ¢(q).
We will first show

:q,

P’ (Tx < tm,(xy)) = pe(q) forally € E. (3.8)

Lety e 0E,theny € 1/3\, for some R; € R and dist(y, dM,(xg)) > (1 — B)r¥maxmin Define
R as the cube with the same center as R; but sidelength half as long. By Corollary 3.7

P (Trr < i, (x0) = P
By Proposition 2.2 (3) forall R; € R
[ANR;i| = qIR;l
and therefore
P (Tanr, < ™™, o)) = ¢(q) for xo € R;'.

Using the strong Markov property, we have forall y € E

XT *
PY(Ta < T™™,(0) = EY |:IP B (Ta < tRy); Trr < TM,(XO):|

> pp(q)-
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Now we get our contradiction by
PY(Ta < T, (xg)) = P (Te < Ta < T, (xp))
> E* [PXTE(TA < ™M, (xo)); TE < TMr(X())]

> pp( QP [Te < th,x)] = PP(@)*.

4 Proof of Theorem 1.2

In this section we prove our main result.

Proof Let S := My(y) C M,(xo) and A C S such that 3|A| > |S|. Those sets will be
specified later. Set k = 1 — (& /r%max/eminy and §' := Mf(y), where ¢ is chosen such that
6/S\ S| = |S|. Then

6lANS| > |S].

Let R be a collection of N equal sized rectangles as in Definition 1.1 with disjoint interiors
and R C S. Moreover let R to be a covering of S’. For at least one rectangle Q € R

6/ANS'NQl =0l

Let Q' be the rectangle with the same center as Q but each sidelength half as long. By
Corollary 3.6 there exists a ¢ > 0 such that

P (T < t5) = c2, x €M (y). 4.1)
Using Theorem 3.8 and the strong Markov property there exists a constant ¢3 > 0 with

P(Ty < 15) = c3. x € M{"*(y). (4.2)

Let R > 2r. By Proposition 2.5 there exists a ¢4 > 0 such that

o
P (X, # Mr0)) < i () forallz € My(xo).

max

Let

2 1/@tmax 1
3y Y\ 1/otmax log(y)
= (1 —c3), = Al = d = .
4 ( €3) p ( 4dcy ) (2) and f log(p)

By linearity it suffices to suppose 0 < 4 < M on R?. We first consider the case r = 1.
Let M; = M, (x0) and 7; = T)7,. We will show that for all k € IN

osch :=suph —inf h < My*. (4.3)
My My My,

To shorten notation, we set a; = infy;, h and b; = sup M h. Assertion (4.3) will be will be

proved by induction. Let k € IN be arbitrary but fixed. We suppose b; — a; < My' for all
i < k; then we need to show

byt — agp1 < My . (4.4)
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By definition M) C My and therefore in particular ay < h < by on My, . Set
A ={z € Miy1: h(z) < (ar + br)/2}.

Without loss of generality, assume 2|A’| > |Mjy|. If this assumption does not hold, we
consider M — h instead of h. Let A C A’ be compact such that 3|A| > |My|. By (4.2)
there exists a ¢3 > 0 such that PY (T4 < 1) > c3 forall y € My .

Lete > 0and y, z € My such that h(y) > by — € and h(z) < ax4+1 + €.
Since h is harmonic, 4 (X;) is a martingale. We get by optimal stopping

h(y) = h(z) =B (h(X1,) — h(2); t& > Ta)
+ B (h(Xg) — h(2): t < Ta, Xy, € Mi—1)

o0
+ Y B (h(X) —h@): Tk < Ta, X € My—i—1 \ My_;) .
i=1
We will now study these three components on the right hand side seperately. Note /(z) >
ay > ag_;j— foralli e N

(1) In the first component, X enters A C A’ before leaving M;. Hence
p g

) b
EY(h(Xr,) — h(z): To < 70) < B (% Can Ty < m)

b — My
="T"kw(n<rk>§ ZV

(2) In the component X leaves M before entering A. While leaving My, X does not make
a big jump in the following sense: X is at time 75 in Mj_1. Hence in this case (X ) <
bj_1. This yields to

P (T4 < ).

EY (h(Xz) —h(2); ik < Ta, Xo € My—1) < B (by—1 — ag—1: t < Ta, Xz, € Mi—1)
= (bk—1 — ar—D)P*(te < Ta) < My (1 =PV (T4 < w)).

(3) In the third component X, € My_;_1 fori € IN. Therefore h(tx) < bx—;—1.

oo
ZE)' (h(Xz) —h(2); k< Ta, Xop € My—i—1 \ Mi—;)
i—1

T~

=

EY ((br—i—1 — @k—i—1); T < Ta, Xop € My—i—1 \ Mr—;)

o0 k Omax
—i— 4
(br—i—1 = ar—i—DP' (Xg & M) < )My = "ley (pk_,-)
1 i=1

o

1

S pamax i pamux
l=l y —_— p max
c3Myk
< Deayk M pm < %’
where we used
¥max 1 1/0tmax ¥max ¥max
P <~ and ps(z) & P szp
v 2 2 y — poma Y
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Note, that the choice of y = 1 — ¢3 implies ”2—;%3 + $ + % = y. Hence

k—1 k

My My N c3My
TP) Ta<t)+ —A =P Ta <))+ —— 2

IA

h(y) — h(z)
wf Vv—2 1 c3

=My" | (P Ta<w)+—-+ =

2y y 2

2 1 c
SMyk<y2y Gt ;)

_ Myk+1'
We conclude that
byt — agp1 < My ! + 26,

Since ¢ is arbitrary, this proves (4.4) and therefore (4.3). Let x, y € M;(xg) and choose
k € INy such that Mlz)k (x) is the smallest rectangle with y € M ok (X).

Then |x — y| < 2/dp* and therefore

toe (52
log(p)

> fory € Mpk(x).

Hence
< M eU0ellx=y1/ VD) ((ermax log(y)) /(e log(p)))
M|x — y|ogr)/log(p)
= =csMx — y|P.

2Vd

Now let 4 be harmonic on Mr2 (x0). Then A'(x) := h(r®max/*minx) is harmonic on M12 (x0).
Letx, y € M;(xp) and x’, y' € M, (xp) such that

x = (xi/ramax/al e x(/j/ramax/‘xd)’ y = (yi/ramax/al e y‘/i/r‘xmax/ad) € M (xo).
Then |x —y| < p%max/@min|x/ — /| Set X = x’ /r@max/%min and § = y/ /p@max/%min We conclude

Ih(x") — h(y")| = |h(rom/eming)y — p(pomax/omin )| = |1 (%) — B (F)| < 11X = FIP sup |h@)|
ZeR4

’ ,3 / / ﬂ
X ! X =
— Y Gup h() = e (Q> sup h(2)].

rwmax/(xmm 7 ®max /@min 2eR? @max /etmin zeR4
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