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1 Introduction

In the past decades, the ever-increasing amount of data has undoubtedly revolutionised
empirical research. For example, in medicine, gene expression data allow scientists
to acquire knowledge about the behaviour of cancer cells (Sørlie et al., 2001); in
ecology, movement data help to study animals in the wild (Gurarie et al., 2016); and in
marketing, social media data provide insights into consumer behaviour (Erevelles et al.,
2016). These are some examples to illustrate how new types of data, and the increase
in their magnitude, enable scientists and practitioners in several disciplines to extend
their knowledge. However, vast amounts of raw data alone do not provide cutting-
edge insights. For that purpose, statistical methods enable to draw conclusions from
large data, for example when trying to classify breast carcinomas based on thousands
of gene expression patterns (Sørlie et al., 2001). Statistical tools thus help to acquire
knowledge from ever-growing data sets. This applies to different disciplines, and sports
is no exception.

In sports, the combination of abundant data and statistical tools enables new in-
sights in a variety of fields. Large data sets in sports often cover summary statistics
on the performance of teams sampled every minute or even more frequently, such as
the number of shots on goal and the running distance in football. These types of data
allow managers, for example, to analyse drivers of injuries (Rossi et al., 2018), to im-
prove their scouting (Barron et al., 2018), and to investigate opponents’ strategies
(Diquigiovanni and Scarpa, 2018). Aside from football, the analysis of strategies and
tactics has been investigated in different sports, such as in basketball (Franks et al.,
2015), but also in individual sports such as marathon running (Bartolucci and Mur-
phy , 2015). In addition to the analysis of teams’ strategies, several studies focussed on
modelling and predicting outcomes of single matches (see, e.g., Karlis and Ntzoufras,
2003; Koopman and Lit, 2015) and outcomes of international tournaments such as
world cups (Groll et al., 2015). Moreover, abundant sports data do not only allow
managers to deepen their insights into (e.g.) opponents’ strategies and strength, but
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also enable to create novel measures thereof, for example in basketball (Cervone et al.,
2016). Finally, large data of different sports combined provide cross-sport comparisons
of teams and leagues, which is potentially of great interest for teams, managers, and
fans (Lopez et al., 2018).

Although teams and managers benefit from exponentially growing data in sports,
the use of such data is not restricted to them. The insights provided in studies as sum-
marised above are often more general, as they reveal insights into human behaviour,
especially on decision making. The study of decision making remains an ongoing
area of research in different disciplines, such as economics, psychology, and sociol-
ogy. Specifically, in these disciplines, scientists are interested in how humans form
decisions, and whether decisions are rational and unbiased. To tackle these questions,
sports data offer great opportunities, as athletes’ behaviour and decisions are relatively
easy to quantify, frequently sampled, and incentives of teams and athletes are well un-
derstood (Kahn, 2000). The subsequent paragraph briefly summarises previous studies
investigating human decision making by analysing data from sports.

In economics, most models assume that humans maximise their utility. The cor-
responding assumption for firms is to maximise their expected profit. Since data on
decisions and strategies of companies are not available, Romer (2006) considered data
on plays in the National Football League to test the assumption of profit maximisation.
Moreover, as there are often interactions between players in sports, those interactions
provide further settings for investigating decision making. For example, Brown (2011)
analyses athletes’ performance when competing with a superstar. However, not only
players are involved in interactions in sports, but also referees, who should make un-
biased decisions. Challenging situations for referees, e.g. supportive crowds favouring
the home team, allow for the analysis of potential biases in referees’ judgements and
corresponding causes (see Dohmen and Sauermann, 2016, for a review). Further inter-
actions in sports occur between managers. According to economic theory, managers
are expected to make unbiased predictions about the future, as markets are assumed
to be efficient. This theory is tested empirically by Massey and Thaler (2013), who
investigate managers’ decisions in the National Football League draft. Furthermore,
performance statistics of athletes can be paired with data on salaries and prize money,
which are freely available for several sports. This renders sports suitable for labour
market research. Corresponding research questions include, for example, the investiga-
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tion of race discrimination in salaries (see Kahn, 2000, for a review). The business side
of sports provides further settings for analysing behaviour and decision making. For
match scheduling, teams are interested in the behaviour of spectators when analysing
the determinants of attendance (see Villar and Guerrero, 2009, for a review). Such
data-driven insights can aid teams’ decision making, e.g. when deciding on the kickoff
time of matches. To maximise profits generated by tickets sold, dynamic pricing sys-
tem allow for varying ticket prices across (e.g.) weekdays and weather conditions. The
application of statistical methods can help here to understand how demand is affected
if ticket prices vary (see, e.g., Paul and Weinbach, 2013a).

All topics briefly summarised above have in common that the combination of large
sports data sets and statistical tools allows for insights into human behaviour. How-
ever, in recent years, sports data have become not only larger but also more complex.
New technologies allow to measure a great number of details within matches, thus
leading to high-dimensional data sets which often comprise hundreds of variables. In
addition, time series data covering athletes’ performance often exhibit state-switching
dynamics. The analysis of decision making based on sports data thus requires the
careful consideration of these complex structures when formulating statistical models.
This thesis contributes to answering several research questions related to the analy-
sis of decision making based on sports data. The magnitude and complexity of such
data allows much more detailed inference than was previously possible. To explicitly
account for complex structures, the thesis develops several versatile statistical mod-
elling frameworks, which are flexible enough such that they can be applied to various
settings and are not limited to specific sports. Through the development of new sta-
tistical methods tailored to the specific complex structures to be modelled, the thesis
further paves the way for future empirical work in sports.

The problems studied can be grouped into two categories. First, this thesis considers
betting market data to better understand bettors’ behaviour, which is then used to
detect fraud in betting markets. Second, the thesis investigates in-game data to
evaluate athletes’ performance during matches. These analyses reveal insights into
human behaviour, such as the performance in high-pressure situations. The main topics
covered in this thesis — betting fraud detection and evaluation of in-game performance
— are further explained and motivated in Sections 1.1 and 1.2, respectively.
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1.1 Betting fraud detection

Betting markets have grown considerably in the past decade, with the total gross
revenue by bookmakers in 2016 being estimated as 30 billion euro (IRIS, 2017). With
highly liquid betting markets, substantial amounts of money can be won if outcomes
of matches are manipulated. In recent years, several match fixing incidents occurred in
different sports, which makes match fixing a growing threat to the integrity of sports.
Sports with fixed matches include football (Federbet, 2015), tennis (Gunn and Rees,
2008), and cricket (Jewell and Reade, 2014), to name but a few. Since protecting the
integrity of sports is of societal relevance, betting fraud detection systems exist for
different sports, e.g. for football (offered by Sportradar), and for tennis (offered by the
Tennis Integrity Unit). Such fraud detection systems aim at detecting fixed matches
in sports in a data-driven way by monitoring odds movements from bookmakers all
over the world. However, in the past, existing betting fraud detection systems failed
to detect fixed matches ex-ante, rendering the development of reliable fraud detection
systems an active area of research. The growing threat of match fixing to the integrity
of sports thus increases the demand for reliable fraud detection systems.

Existing fraud detection systems usually focus on odds movement only, thus ne-
glecting the potential additional information offered by betting volumes. In highly
liquid betting markets, very high betting volumes are required to observe odds move-
ments. In such cases, fixed matches in large markets are potentially missed by fraud
detection systems due to negligible odds movements. Chapter 2 presents an approach
to model betting volumes, considering data obtained from the online betting exchange
Betfair for the English Premier League. Since such data were not accessible previously,
little is known about a suitable modelling framework and thus about drivers of betting
volumes. From a statistical point of view, many challenges arise when modelling bet-
ting volumes, as there is substantial heteroscedasticity, and some covariates may have
non-linear effects. To explicitly account for these complex patterns, we consider gen-
eralised additive models for location, scale and shape (GAMLSS) for modelling betting
volumes.

Betting fraud detection based on betting volumes and betting odds requires the
consideration of market efficiency. As proposed by Fama (1970), market efficiency im-
plies that financial markets comprise all information available, leading to the absence
of potential strategies to “beat the market” in the long run. Moreover, aside from
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the objective of fraud detection, a test of market efficiency in betting markets is much
simpler to perform than in stock markets, as bets have a precise deadline after which
their value becomes observable. For the case of fraud detection, if betting markets
are inefficient, extreme betting volumes may then be driven by bettors who exploit the
market inefficiency to make substantial profits. Thus, in the presence of market ineffi-
ciencies it may be impossible to disentangle whether high betting volumes arise from
market inefficiencies or fraud. Whereas previous studies have investigated entire sea-
sons to detect betting market inefficiencies, it may be that inefficiencies occur only
temporary, for example at the beginning of a season as there is only little information
available about the teams. To fill the gap in the literature on temporary inefficien-
cies, Chapter 3 investigates short-term betting market inefficiencies. Specifically, we
analyse the betting market of the German Bundesliga and consider the beginning of a
season where the teams’ actual strength is difficult to evaluate for bookmakers.

To avoid match fixing, existing literature and fraud detection systems (such as the
one by Sportradar described above) primarily focus on the analysis of betting odds
provided by bookmakers. In Chapter 4, we suggest to make use of both betting
volumes and odds to identify potential fixed matches, as odds movement is unlikely
to observe in highly liquid betting markets. For that purpose, we make use of the
approach presented in Chapter 2 — modelling betting volumes using GAMLSS — to
identify outliers, and hence potential fixed matches. In addition to the volumes, we
derive betting odds by employing a GAMLSS with bivariate Poisson response to model
the number of goals scored by both teams. We then flag suspicious matches using both
the derived odds and outliers in betting volumes. As a case study for the approach,
we analyse the Italian Serie B as in that case there are several matches where it has
been proven that they were fixed.

1.2 Evaluation of in-game performance

Humans are evaluated in quite a few situations in everyday life. Example situations
include schools where pupils are graded, selection panels where members decide who
to hire, and also sports, where managers and fans evaluate the performance of players
frequently. As discussed above, a distinction between sports and several other settings
(such as selection panels) is that the performance of players in sports can often be
measured fairly accurately. In basketball, for example, coaches can consult the propor-
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tion of successful free throws, whereas in most industries no simple summary statistics
exist on the performance of job applicants. Data on the performance of athletes can
thus aid decision making of teams and managers. Such data are in fact beneficial not
only to teams and managers. Data on performance allow for insights into human be-
haviour, as they can reveal pitfalls in performance evaluation in general, such as the
tendency of humans to over-interpret streaks of success and failure. As an illustra-
tion, consider the following realisations from independent Bernoulli trials, where (for
illustration) the ones can be interpreted as ‘success’ and the zeros as ‘failure’:

1 1 1 1 1 0 0 0 1 0 1 1 1 1 1 0 1 0 1 0.

As there are two streaks in this sequence with five successes in a row, humans might
(falsely) interpret these streaks as evidence for success being more likely followed
by another success than by failure. Previous studies have indeed provided evidence
that humans tend to misinterpret randomness by over-interpreting streaks of success
and failure in such sequences (see, e.g., Bar-Hillel and Wagenaar , 1991). The over-
interpretation of streaks in such sequences has even been used as a primary example
in behavioural economics and psychology for how humans form beliefs and expecta-
tions (Kahneman, 2011; Tversky and Kahneman, 1971, 1974). Since — aside from
settings like casino games — the data-generating process is usually not known in prac-
tice, proper statistical methods are needed to infer whether those sequences as shown
above are realisations of an i.i.d. process or whether there indeed exists serial corre-
lation in performance. Inference on the existence of such streaks can have important
consequences on decision making when evaluating performance (Miller and Sanjurjo,
2018).

In human performance, and in particular in sports, the concept of the “hot hand”
refers to the idea that humans indeed show serial correlation in their performance. Re-
search and debates on the existence of the hot hand started with the seminal paper by
Gilovich et al. (1985), who analysed free throws in basketball and found no evidence
for a hot hand effect. Since then, the hot hand has often been labelled a cognitive
illusion. For the analysis of a hot hand effect, several previous studies considered hid-
den Markov models (HMMs), where the underlying state process serves for a player’s
form. However, existing studies exhibit some caveats, as they often consider settings
with interactions between opponents, thus rendering the analysis of a hot hand ef-
fect difficult. For example, when analysing the hot hand of batters in baseball, the
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performance of the pitcher is also important but difficult to account for. Aside from
caveats of the data, most studies which consider HMMs select two or three states,
which may be too coarse for modelling a player’s form. In Chapter 5, we aim to
overcome these caveats by considering a setting without any interaction between op-
ponents, namely professional darts. For the modelling framework, we consider HMMs
with a continuous-valued state process to allow for gradual changes in a player’s form.

Whereas sports with no interactions between opponents — and hence with at
most a few covariates — seem most suitable for the analysis of a hot hand effect,
there are also settings where many covariates affect the outcome. When facing such
situations, suitable variable selection procedures guide the choice of covariates. For
standard regression models, several approaches exist for variable selection, such as the
inclusion of covariates based on p-values. Modern regularisation methods such as the
LASSO (Tibshirani , 1996) and boosting (Friedman, 2001) even allow for automated
variable selection. Whereas such regularisation methods exist for regression models, the
standard approach for variable selection in HMMs is to consult information criteria such
as AIC and BIC (Zucchini et al., 2016). Chapter 6 presents a regularisation approach
in HMMs by considering the LASSO, thus allowing for implicit variable selection. To
illustrate the usefulness of this method, as a case study we investigate a potential hot
hand effect of penalty-takers in football with about 650 covariates in total.

Concepts similar to the hot hand are “momentum” and “momentum shifts”. These
terms are frequently used by sports commentators and fans in situations where an
event — such as a shot hitting the woodwork in a football match — seems to change
the dynamics of the match, e.g. in a sense that the supposed underdog suddenly seems
to dominate the match. As introduced above, research on the hot hand revealed that
humans tend to misinterpret randomness, such that it is to be expected that perceived
momentum shifts to some extent are cognitive illusions. Chapter 7 covers an analysis
of potential momentum shifts within football matches. Specifically, we consider HMMs
to model minute-by-minute in-game statistics that are potentially subjected to switches
in underlying states. Within these HMMs, we formulate multivariate state-dependent
distributions using copulas to fully address the given data structure.

A further topic related to performance evaluation is the effect of pressure on human
performance. Understanding how humans cope with pressure situations is relevant in
various areas of society, such as disaster management, workplace management, and
sports. The effect of pressure on human performance is thus a further research question
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relevant in different disciplines, and easiest to investigate in sports, as performance in
other settings (such as disaster management) is difficult to quantify. However, previous
studies on the performance under pressure provided mixed results, potentially as a
consequence of neglecting interaction effects between players. Chapter 8 presents an
analysis of pressure on human performance in professional darts. As for the analysis
of the hot hand in Chapter 5, professional darts provides a near-ideal setting with
no direct interaction between players. For the analysis, we consider generalised linear
mixed models to account for the longitudinal data structure.

Driven by the increasing amount of data, teams in different sports are interested
in analysing data to investigate opponent teams’ strategies. There is a long history of
analysing opponents to gain an advantage on the field. Baseball was the first sport
where data on performance of players and teams were tracked and analysed. However,
nowadays sports data cover not only summary statistics based on complete matches,
but also detailed data on in-game dynamics. Chapter 9 covers the analysis of a
comprehensive play-by-play data set of the National Football League (NFL), focusing
on the prediction of plays. As previous studies do not account for the time series
structure of such data, Chapter 9 considers HMMs for the prediction of plays, thus
exploiting the data strucuture at hand.



2 The demand for English Premier
League football betting

2.1 Introduction

Sports betting is a rapidly growing market with worldwide turnover of 58 billion euro
in 2015 as estimated by the European Gaming and Betting Association. This value
exceeds the gross domestic product of countries like Panama and Costa Rica, and such
official numbers ignore illegal betting. Although the market size is huge and growing,
surprisingly little is known about the demand for sports betting, as existing studies
mostly focus on inefficiencies of betting markets or match fixing. One reason for this
research gap is connected to the unavailability of corresponding data sets.

While access to betting volume data was not given until now, such data helps to
acquire knowledge about betting markets, which is of crucial importance for various
reasons. First, to deepen the insights into the economic impact of single sports events,
it is crucial to include sports betting into corresponding analyses. So far, existing
analyses mostly focus on ticket sales, TV contracts, and merchandise, thus neglecting
the economic value of sports betting (Roberts et al., 2016). The data considered
in this chapter suggest that the economic importance of sports betting is potentially
superior with respect to total revenue. The economic importance of sports competition,
hence, tends to be underestimated to date. Second, even though revenue of betting
exchanges or bookmakers does not benefit the clubs directly, they profit from increased
betting indirectly, e.g. with respect to (shirt) sponsorship engagements of betting
companies. Several bookmakers act as a shirt sponsor of a Premier League club. In
the season 2016/17, ten out of twenty teams had a shirt sponsorship contract with a
company from the gambling industry. Thus, the rise of the betting industry generates
an important economic effect on the teams in the Premier League, leading to millions
of additional pounds earned through sponsorship deals.

Focusing on sports betting puts economic importance of matches into perspective
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and allows for comparisons between teams within a certain league as well as across
leagues. Furthermore, analyses of the demand for bets can also improve the under-
standing of demand for sports contests in general. Even though there is an ever-growing
literature on drivers for attendance1, some ambiguities remain, especially with respect
to the impact of outcome uncertainty.2 The ambiguities with respect to demand for
sporting contests and the role of uncertainty of outcome may be related to empirical
issues, such as censored data due to sellouts of stadiums, unavailable data on TV or
online stream audience, and problems with respect to the inclusion of ticket prices.
Data on betting demand reduces these issues as demand is not censored, and exact
numbers on demand and prices are available. Corresponding results can thus provide
valuable information on determinants of demand for sports events in general.

To the best of our knowledge, the studies by Humphreys et al. (2013) and Paul
and Weinbach (2010) are rare examples that analyse demand for bets. While Paul
and Weinbach (2010) investigate the number of bets placed on NBA and NHL games,
the study by Humphreys et al. (2013) is the only that parses volumes of dollars bet.
Both studies find that determinants of demand for bets are comparable to the deter-
minants that affect fan behaviour, such as teams’ quality, TV coverage, time of day,
and outcome uncertainty. Given the scarce literature on the determinants of betting
volumes in relation to a fast-growing sports betting market, this chapter closes several
gaps in the literature. First, this is the first analysis focussing on any European mar-
ket. While US betting is dominated by point spread betting, European betting refers
mainly to betting on the result (home win, draw, away win). In terms of betting odds,
European betting can exhibit heavy underdogs and favourites, whereas in US betting
bookmakers set the spread such that both teams usually have the same odds. Second,
this is the first analysis of football, which is the premier European sport with the En-
glish Premier League being the economically most relevant league. Third, to the best
of our knowledge, this is the first research on betting volumes considering data from
a betting exchange. Forth, it is the first analysis of a high-turnover betting platform.
On average, bettors wager 2.7 million pounds per Premier League match.3 Our results

1For an overview on determinants of demand for sporting contests see e.g. Borland and MacDonald (2003) or Villar
and Guerrero (2009).

2There is extensive literature on the concept of uncertainty of outcome or competitive balance of sporting contests.
Although the underlying idea of competitive balance seems straightforward, its effect on fan interest remains unclear, as
existing empirical studies provide mixed results (see e.g. Benz et al., 2009; Borland and MacDonald , 2003; Forrest et al.,
2005; Szymanski , 2003).

3By comparison: the data considered by Humphreys et al. (2013) show a mean of $20,584 per NCAA basketball
match.
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confirm that the strength of participating teams is a major determinant for the de-
mand of bets. In addition, the day of the week, economic factors, and the uncertainty
of outcome affect demand significantly.

This chapter is organised as follows: Section 2.2 provides a literature review on
sports betting in general. Section 2.3 covers the empirical analysis on drivers of betting
volumes in the English Premier League.

2.2 Literature review

Sports betting has drawn huge academic interest in the past and still does today.
Major research interests refer to the way bookmakers set their prices, whether odds
are biased, and — as of late — what affects demand for bets. Part of academic re-
search on determinants of betting behaviour deals with general motives of bettors.
While early studies generally describe bettors as investors whose single interest is to
maximise profits, Samuelson (1952) is the first to challenge this assumption. Later,
Conlisk (1993) shows that, in theory, gambling provides utility in itself. The impor-
tance of consumption motives are empirically shown by Paul and Weinbach (2013b).

More detailed research on the determinants of betting behaviour has long time been
limited due to little information available. Gramm et al. (2007) investigate drivers of
betting volumes in horse racing. They find that the day of the week is important and
that the strength of the teams raises betting volumes. Paul and Weinbach (2010)
analyse factors influencing betting on NBA and NHL games during the 2008/2009
regular season, considering the number of bets placed as response variable. They find
that betting behaviour is similar to fan behaviour as the strength of the teams is found
to be positively related to the number of bets, and that games which are thought
of as more high-scoring attract a higher number of bets. In addition, bettors are
further seen to dislike heavily lopsided contests as opposed to televised games, which
attract more betting action. Paul and Weinbach (2013b) find similar results. In their
study of the NBA seasons from 2004/05 to 2006/07 they confirm the positive effects
of TV coverage and of teams’ strength, respectively. They further find an increased
number of bets for weekend games and for games where the most popular teams are
participating. Humphreys et al. (2013) are the first (and to date only) to analyse
the amount of dollars. They investigate determinants of betting volumes of NCAA
men’s basketball games. Similar to previous research, they find that bettors’ behaviour
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resemble fan behaviour as the strength of the teams, the uncertainty of outcome, and
TV coverage affect betting volumes.

2.3 Empirical analysis

Our data provide betting information on all matches of the English Premier League
from seasons 2009/10 to 2015/16. The data was taken from the online betting ex-
change betfair.com. Betfair is the world’s leading sports betting exchange with
about five million customers worldwide.4 Their revenue exceeded £1,500 million in
2016.5

Customers at Betfair have two alternatives to bet. They can either bet on an
event occurring (backing the event) or an event not occurring (laying the event).6

Traditional betting refers to the former alternative of backing events. Betfair itself
both acts as a traditional bookmaker by setting fixed betting odds and as a betting
exchange. At the betting exchange, they match back and lay bets at stated odds
and withhold a certain percentage of profits to generate earnings. A bet comes off
only in case that a back (lay) bet can be matched to at least one lay (back) bet.
The following analysis considers bets placed at the exchange market as information on
“traditional” bets placed on betfair.com is unavailable. The corresponding business
model differs from that of traditional bookmakers by mainly working as an intermediary
between bettors. In contrast to traditional bookmakers, the Betfair exchange platform
realises profits independent from the game outcome since they do not wager their own
money but charge a commission on winning bets. As they do not take any risk, their
commission can be lower compared to other betting platforms, resulting in potentially
favourable odds to bettors. Since there is no risk in being the intermediary, betting
exchanges do not limit individual wagers.

Customers can either offer bets at individual odds (when placing lay bets) or choose
between different odds (when placing back bets). Odds offered at a particular time are
identical to all bettors in the market and are fixed once a bet is matched. However —
as discussed above — a bet comes off only if another bettor lays or backs, respectively,

4The (unrestricted) use of Betfair is not allowed in every country due to national gambling laws or taxes. Betfair is
currently legal in 47 countries (several countries have different jurisdiction for different states) and illegal in 30 countries.
In all remaining countries placing bets at Betfair is a grey area, since it is neither explicitly illegal nor legal.

5https://www.paddypowerbetfair.com/~/media/Files/P/Paddy-Power-Betfair/documents/
annual-report-2016.pdf

6Appendix A.1 provides further explanations on back and lay bets.

betfair.com
betfair.com
https://www.paddypowerbetfair.com/~/media/Files/P/Paddy-Power-Betfair/documents/annual-report-2016.pdf
https://www.paddypowerbetfair.com/~/media/Files/P/Paddy-Power-Betfair/documents/annual-report-2016.pdf
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the odds offered. Our data cover the sum of wagers and the number of matched bets
per match for 2,660 Premier League matches (380 matches per season). However, we
restrict our analysis to bets that are placed before the start of a match since in-game
betting volumes are changing in accordance to game dynamics which are difficult to
cover as time stamps for all bets would be required.

Table 2.1: Matched volume broken down to different betting types.

betting type empirical proportion

match outcome 0.62
over/under 2.5 goals 0.10
correct score 0.06
over/under 1.5 goals 0.02
over/under 3.5 goals 0.02
half time/full time 0.02
Asian handicap 0.02
over/under 4.5 goals 0.02
over/under 0.5 goals 0.01
other 0.10

More than 200 different types of pre-game bets exist for the majority of matches,
e.g. bets on the result (home win, draw, away win), the correct score, the number of
goals, or a combined bet of the winner of the first half and the winner of the match,
to name but a few. Whereas North American sports betting mostly offers point spread
betting, our data include a variety of different betting types. Point spread betting
in European football betting markets is typically called “(Asian) Handicap” betting,
which is also included in our data. Table 2.1 summarises the most prominent types
of bets found in the data, with only two percent of the matched volume referring
to “Asian Handicap” bets. However, about 78% of pre-game bets in our sample are
placed on the following types of bets: match outcome (home win, draw, away win),
over/under 2.5 goals, and the correct score.

We consider the number of matched (back and lay) bets (numberbets) and the
amount of British pounds bet (poundsbet) per match (added up over all betting
types) as potential response variables. Figure 2.1 shows the amount of pounds bet
and the number of matched bets, respectively. Both empirical distributions are similarly
skewed to the right. Hence, we use the logarithm of both variables in the subsequent
regressions. As both the volume of pounds bet and the number of matched bets
reflect demand for bets, we assume that these two variables are highly correlated.
Figure 2.2 confirms this assumption. The corresponding correlation coefficient is 0.9.
Bettors place on average more than 32,500 bets per game, corresponding to an average
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Figure 2.1: Histograms of pounds bet (left panel) and number of matched bets (right panel).

volume of more than 2.7 million pounds and an average wager of about 78 pounds per
bet7, thus indicating a huge economic importance of sports betting.8

Similar to Paul and Weinbach (2010) and Humphreys et al. (2013), we fit two
models with the number of matched bets (numberbets) and the amount of money bet
(poundsbet) as response variables, respectively. To analyse and comprehend bettors’
behaviour, we focus on covariates which have been suggested to affect demand for
bets. In both models, we include covariates reflecting the strength of the home and
away team, respectively. In addition, we account for temporal factors, such as the
season, the day of the week, and the matchday.

Figure 2.3 shows the empirical proportions of matches taken place on the different
weekdays. Most matches (56.5%) take place on Saturdays. Whereas both Paul and
Weinbach (2010) and Humphreys et al. (2013) consider information on the month, we
use the matchday instead. This enables us to model the seasonal dynamics in more
detail. We assume that demand for bets is higher for matches played at the beginning
and at the end of a season. Therefore, we also include the square of the matchday in
our model.

Over the years, gambling laws and restrictions have changed in several countries.
7Compared to Humphreys et al. (2013), this value seems fairly high. A potential explanation may arise from the fact

that Betfair sets no upper limit with respective to wagers per bet while traditional bookmakers cap bets.
8As discussed in the introduction, the gambling industry with its worldwide turnover of 58 billion euro (2015) is of huge

economic importance. To get an idea of how much money is placed at Betfair, Table A1 in Appendix A.2 displays the
average betting volumes per team. Bettors place on average over £5 million on matches at which Manchester United
participates. Even the club with the lowest average betting volume in our sample, namely Cardiff City, attracts on average
more than £1.6 million every match.
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Figure 2.2: Scatter plot of pounds bet and number of matched bets.
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Figure 2.4: Boxplots for the betting volume (left panel) and the average number of bets (right panel) per season.

The number of potential bettors are thus subject to fluctuations over time. Further-
more, demand for bets may be affected by a (global) time trend. Figure 2.4 shows
that the median number of matched bets increased from 2009 to 2015, whereas the
median of the total amount of money bet decreased. The average wager decreased
from 102 pounds in 2009 to 64 pounds in 2015. We therefore include dummy variables
for the different seasons in our analysis.

We further consider a match’s uncertainty of outcome, which may have two op-
posing effects on betting action. On the one hand, (un)certainty reflects the financial
attractiveness of a bet. The higher the perceived certainty of a match outcome, the
more likely the bet on this outcome will succeed. Hence, bettors may choose to place a
bet on this outcome. On the other hand, uncertainty may positively affect the decision
to place a bet, because these matches are perceived as more “exciting”. We include
the uncertainty of the match outcome (certainty) by using betting odds. Since bettors
who place bets at Betfair can choose between different odds, it seems inappropriate to
use Betfair odds. Hence, we make use of another popular bookmaker, namely bwin.
We measure the match uncertainty as the absolute difference between the winning
probabilities of the two teams, which we derive from their respective betting odds.

Another potential determinant of demand for sporting contests refers to the quality.
Better teams attract on average more fans than teams of lower quality (see e.g. Borland
and MacDonald , 2003). As the results provided by Paul and Weinbach (2010) and
Humphreys et al. (2013) suggest that the same is true for demand for sports betting, we
include the sum of teams’ ranks before the match9 and the market values of both teams

9As a team’s standing prior to the first match is not available, in those cases we refer to the teams’ final standing in
the previous season. The rank of promoted teams are calculated by the teams’ final ranks in the Championship plus 20
(since 20 teams participate in the Premier League).
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as covariates in the regression. A further covariate affecting the demand for sports
betting refers to TV transmissions. The studies mentioned above find a significant
and positive effect of TV coverage on betting volumes. However, we omit this variable
since Betfair customers — on the contrary to customers of betting platforms analysed
in the two studies discussed above — are residents from different countries. Since
Premier League matches are partly broadcast in these countries and we are not able
to connect betting volumes to countries, it is not possible to analyse the effect of TV
coverage on betting volumes for the data at hand. In addition, the availability of online
streams could blur the effect of live TV coverage. The internet offers (often illegal)
streams for all games covered in our data set. Hence, the effect of TV coverage and
online streaming is not investigated.

The availability of substitutes is a further relevant determinant of demand. A po-
tential substitute for placing bets on a certain match is placing bets on other matches.
Even though it is possible to bet on future matches, we focus on the number of matches
taking place in the Premier League at the same time (substitutes) and expect a neg-
ative effect of that covariate on betting action.

The decision to place a bet may also be affected by a team’s status as being pro-
moted to the Premier League for various reasons. First, promoted teams are often of
lower strength than teams that have played in the first division for several seasons.
This may reduce the interest in matches with promoted teams. Second, it is more chal-
lenging to predict the winning probabilities of promoted teams since no or only few
observations are available for matches of these teams against other Premier League
teams. Bettors, just like bookmakers, may therefore under- or overestimate winning
probabilities of promoted teams which may result in financially more attractive bets
(Deutscher et al., 2018). Third, fans of recently promoted teams might be euphoric
about the promotion of “their” team, which potentially results in higher betting vol-
umes. Since the data at hand does not allow to distinguish between these potential
explanations empirically we simply include dummy variables indicating whether one or
both teams were promoted to the Premier League prior to the season (onepromoted
and bothpromoted).

Table 2.2 shows descriptive statistics for the variables considered in our analy-
sis. The information on the variables was taken from www.www.worldfootball.net,
www.transfermarkt.com, and www.football-data.co.uk. On average, about 2.7
million pounds are bet per Premier League match. Minimum values of poundsbet and

www.www.worldfootball.net
www.transfermarkt.com
www.football-data.co.uk
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Table 2.2: Descriptive statistics.

mean st. dev. min. max.

poundsbet (mill.) 2.723 2.245 0.222 14.85
numberbets (thou.) 32.55 22.82 6.646 205.6
pounds per bet 78.24 29.01 25.24 249.4

matchday 19.50 10.97 1 38
matchday2 500.6 441.1 1 1444
Monday 0.055 – 0 1
Tuesday 0.053 – 0 1
Wednesday 0.076 – 0 1
Thursday 0.008 – 0 1
Friday 0.005 – 0 1
Saturday 0.565 – 0 1
Sunday 0.238 – 0 1

mvrelhome 1 0.709 0.124 2.785
mvrelaway 1 0.709 0.124 2.785

certainty 0.307 0.206 0 0.802
certainty2 0.137 0.151 0 0.643
sumranks 21.39 8.147 3 42
substitutes 2.522 2.424 0 9
onepromoted 0.244 0 1
bothpromoted 0.014 0 1

of numberbets refer to the match of Aston Villa against Swansea (season 2015/16).
The highest betting volume refers to the match Manchester United against Arsenal
FC in 2010/11, whereas most bets were placed on the match Manchester City versus
Manchester United in 2011/12. The data include both rather balanced and unbalanced
matches. Manchester City against Crystal Palace (2013/14) represents the most un-
balanced game in the period observed. The mean market value of a Premier League
team is 192.9 million euro (Min: Norwich in 2011/12, Max: Chelsea in 2013/14). As
the mean market value increased over the years, we use the relative market value per
team and season in the subsequent analysis (mvrelhome and mvrelaway). Table 2.3
displays the correlation coefficients for the main covariates.

Table 2.3: Correlation matrix of main covariates.

match. mvh mva cert. sumra. subst. onepr. bothpr.
matchday 1

mvrelhome -0.0002 1
mvrelaway 0.0002 -0.053 1

certainty 0.017 0.549 -0.075 1
sumranks -0.021 -0.459 -0.459 -0.223 1

substitutes 0.085 -0.145 -0.294 -0.013 0.210 1
onepromoted -0.007 -0.199 -0.199 -0.030 0.239 0.090 1

bothpromoted 0.012 -0.103 -0.103 -0.069 0.106 0.071 -0.064 1
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2.3.1 Methodology
The empirical analysis focuses on determinants of betting volumes in sports betting.
We consider the number of matched bets (numberbets) per match and the sum of
wagers (poundsbet) placed on a match, respectively, as response variables in equation
(2.1). Due to the positive skewness of both response variables (cf. Figure 2.1), they
enter the model (2.1) in logarithmic form. Several covariates are included in a linear
and a quadratic form to account for potential diminishing/increasing marginal effects.
In the first part of the analysis, we present the results of a classical linear model. In the
second part (see Section 2.3.3), we use GAMLSS to consider potential non-linear effects
of non-categorical covariates. Furthermore, the GAMLSS framework allows to model
several parameters of the assumed distribution of the response variable simultaneously
instead of considering only the mean (Rigby and Stasinopoulos, 2005), which in our
case is beneficial due to the presence of heteroscedasticity.

2.3.2 Linear model
Equation (2.1) shows the model formulation including all covariates mentioned above.
In the following, y represents either the number of matched bets or pounds bet on
a match. For notational simplicity, we omit the indexes corresponding to teams,
matchdays, and seasons, leading to the following form of our model:

log(y) = β0 +β1matchday+β2matchday2 +β3Monday+β4Tuesday

+β5Wednesday+β6T hursday+β7Friday+β8Saturday

+β9mvrelhome+β10mvrelhome2 +β11mvrelaway

+β12mvrelaway2 +β13certainty+β14certainty2

+β15sumranks+β16substitutes+β17onepromoted

+β18bothpromoted +u

(2.1)

Table 2.4 displays the results for the response variables poundsbet and numberbets,
respectively. The R2 is fairly large for both models, indicating that the chosen variables
explain a considerable variation of demand for bets. Since a Breusch-Pagan test rejects
the null hypothesis of homoscedasticity, we use heteroscedasticity-consistent standard
errors in our analysis. Almost all variables are statistically significant on a 5% level.

Due to the high correlation between poundsbet and numberbets, the results of the
fitted models are fairly similar. However, a single difference remains: whereas there
is an increasing marginal effect estimated of certainty on poundsbet, the effect on
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Table 2.4: Regression results.

response variable:

log(poundsbet) log(numberbets)

matchday 0.012 0.009
[0.006; 0.018] [0.004; 0.013]

matchday2 −0.0004 −0.0002
[−0.001; −0.0003] [−0.0003; −0.0001]

Monday 0.483 0.414
[0.407; 0.559] [0.362; 0.465]

Tuesday 0.022 0.022
[−0.056; 0.100] [−0.031; 0.075]

Wednesday −0.197 −0.158
[−0.265; −0.129] [−0.205; −0.112]

Thursday 0.168 0.087
[−0.014; 0.350] [−0.036; 0.211]

Friday 0.252 0.165
[0.019; 0.485] [0.007; 0.323]

Saturday −0.194 −0.202
[−0.237; −0.151] [−0.231; −0.173]

mvrelhome 0.479 0.455
[0.362; 0.596] [0.376; 0.535]

mvrelhome2 −0.068 −0.078
[−0.108; −0.028] [−0.105; −0.051]

mvrelaway 0.746 0.567
[0.628; 0.865] [0.487; 0.647]

mvrelaway2 −0.133 −0.105
[−0.173; −0.093] [−0.132; −0.077]

certainty 0.377 0.227
[0.085; 0.669] [0.029; 0.425]

certainty2 0.728 0.099
[0.305; 1.151] [−0.188; 0.386]

sumranks −0.009 −0.008
[−0.011; −0.006] [−0.010; −0.006]

substitutes −0.166 −0.130
[−0.173; −0.158] [−0.135; −0.125]

onepromoted 0.118 0.076
[0.075; 0.162] [0.046; 0.105]

bothpromoted 0.205 0.152
[0.062; 0.347] [0.055; 0.249]

constant 0.344 9.782
[0.185; 0.503] [9.674; 9.890]

season dummy variables yes yes

observations 2,660 2,660
R2 0.770 0.814

Note: 95% CIs are shown in brackets.
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numberbets is rather linear. However, both variables are positively affected by an
increased certainty of outcome, i.e. lopsided matches tend to increase the betting
volume and the number of bets placed. This contradicts the results of Paul and
Weinbach (2010) and Humphreys et al. (2013) who find that bettors tend to prefer
uncertain over lopsided matches. The contradictory result of NCAA bets (as provided
by Humphreys et al., 2013) may be explained by the number of “points” scored per
game. Football represents a “low-scoring” sports, i.e. a single goal can decide a match.
In a basketball match, the favourite has far more possibilities to score. Therefore, small
differences in ex-ante winning probabilities may be more decisive in basketball than in
football matches.

Table 2.4 also shows that matchday has a non-linear (inverted U-shaped) effect on
the response variables. The turning point for poundsbet is 15, while it is estimated as
21.5 for numberbets. Potential explanations for these results are discussed in Section
2.3.3. With respect to the weekdays, our results suggest that highest demand exists
on average for matches played on Fridays and lowest demand for matches played
on Wednesdays and Saturdays.10 The negative coefficient for matches played on
Saturdays is potentially caused by the fairly high number of substitutes at that time,
i.e. matches played in other popular football leagues. According to our results, the
higher the number of substitutes, the lower is, on average, the demand. Accordingly,
the demand for matches played on a Monday is fairly high, as there are only few
matches played in other European football leagues on Mondays. In addition, the
quality of the match significantly affects the demand for bets. The better both teams
are ranked in the standings prior to a match (sumranks) and the higher the relative
market value of the home (mvrelhome) and away team (mvrelaway), the higher is on
average the demand for bets. In addition, the betting volume is (significantly) higher
on average if promoted teams participate (see Table 2.4).

2.3.3 Flexible approach
Our models include several covariates in both linear and quadratic form (see Eq. 2.1).
To investigate whether effects of a higher order might be appropriate, we consider
GAMLSS, which allows for smooth functional effects of non-categorical covariates
(Rigby and Stasinopoulos, 2005). Estimating smooth functional effects enables us to

10The reference category is Sunday.
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examine the relationship between response and covariates in more detail. Furthermore,
the GAMLSS framework allows to simultaneously model several parameters of the
distribution of the response variable (e.g. mean and variance) instead of modelling
only the mean as in a classical linear regression model. Due to our heteroscedastic
data, we can potentially improve the model fit by additionally modelling the standard
deviation of the betting volumes. Specifically, we apply the semi-parametric additive
formulation of GAMLSS (see Rigby and Stasinopoulos, 2005), which is given by

gk(θθθ k) = ηηηk = Xkβββ k +
Jk

∑
j=1

h jk(x jk), (2.2)

where θθθ k is a parameter of the distribution assumed for the response variable Y, gk(·)
is a known link function, Xk is an n× J′k design matrix, βββ k is a vector of regression
coefficients of length J′k, and the h jk are unknown smooth functions.

Another advantage of the GAMLSS framework is that several distributions for the
response variable are allowed, which do not have to be part of the exponential family.
Due to our skewed betting volumes (cf. Figure 2.1) we initially considered several
different right-skewed distributions for our response variable Y, with the result that a
log-normal distribution fits best to our data. Thus, the covariates are linked to the
mean µµµ (= θθθ 1) and the standard deviation σσσ (= θθθ 2), of the distribution of Y, leading
to the following special case of (2.2):

µµµ = ηηη1 = X1βββ 1 +
J1

∑
j=1

h j1(x j1) (2.3)

log(σσσ) = ηηη2 = X2βββ 2 +
J2

∑
j=1

h j2(x j2). (2.4)

The covariates described in Section 2.3 enter the model in (2.3) and (2.4) as follows:
the dummy variables considered in the linear model (2.1), i.e. dummy variables for
the season, the weekday, and the promoted teams are included in the linear parts
both in (2.3) and (2.4). We further consider smooth functional effects for the non-
categorical covariates, i.e. for the uncertainty of outcome measured by the difference
in winning probabilities (certainty), for the market values of the home and away team
(mvrelhome, mvrelaway), respectively, for the matchday (matchday), and for the sum
of the teams’ ranks in the league standings (sumranks). Thus, both predictors for µµµ
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and log(σσσ) are of the following form11:

η = x′βββ +h1(matchday)+h2(mvrelhome)+h3(mvrelaway)

+h4(certainty)+h5(sumranks)
(2.5)

The column vector x contains a one for the intercept as well as the above mentioned
and in (2.1) included dummy variables. The smooth functional effects hm are esti-
mated using P-Splines (Eilers and Marx , 1996) with 20 initial knots of equal space.
The smoothing parameter is selected by using a local BIC criterion as the number of
observations is fairly large (see Stasinopoulos et al., 2017). The model is fitted us-
ing the package gamlss (Rigby and Stasinopoulos, 2005) which is available for the
statistical software R (R Core Team, 2019).

As the estimated smooth functional effects are similar for both response variables,
we present only those for the response variable poundsbet. The estimated effects of
the dummy variables are fairly close to the ones of the linear model (cf. Table 2.4).
Figures 2.5 and 2.6 show the smooth functional effects of the fitted model. For the ef-
fects on the mean (Figure 2.5), the effect of sumranks, certainty, and mvrelhome are
linear functions with negative slopes. Surprisingly, the marginal effect of the (relative)
market value for the away team diminishes, whereas the marginal effect for the market
value of the home team is linear. For the matchday, a more flexible smooth function
is estimated. The estimated effect suggests that the effect of matchday varies con-
siderably. There is a local maximum at matchday 20, which refers to matches played
between December 28 and January 4. Hence, the high demand for bets in that period
may be explained by public holidays worldwide in most countries. Demand for sport-
ing contests is positively affected by holidays which tends to be true for sports betting,
too. In some countries employees also receive a Christmas bonus at this time of the
year which may increase demand for bets as additional money is spendable. The mean
of the betting volume decreases after its maximum and increases again at the end of
a season. These effects are hard to accommodate within a linear model. The sub-
stantial increase in the betting volumes at the end of the season may refer to the fact
that at this time there are often matches which are of crucial importance for some of
the teams, e.g. with respect to championship, qualification for the European compe-
titions, and relegation. This great importance of some of the matches may positively

11We drop the observation-specific indexes here for simplicity.
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affect demand for bets.
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Figure 2.5: Estimated smooth functional effects from model (2.5) on the mean including
point-wise confidence intervals.
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Figure 2.6: Estimated smooth functional effects from model (2.5) on the standard deviation
including point-wise confidence intervals.

Modelling the standard deviation as a function of matchday and certainty did not
improve the model fit according to the AIC. Thus, there is no systematic trend for the
standard deviation with respect to matchday and certainty. The estimated smooth
functional effects for mvrelhome, mvrelaway, and sumranks on the standard deviation
are the only ones which improved the model fit. All effects seem to be rather linear,
indicating that the standard deviation in betting volumes tends to be lower for teams
with a higher (relative) market value (cf. Figure 2.6). Considering the flexible class of
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GAMLSS for modelling betting volumes as proposed in this subsection improves the
AIC substantially compared to the simple linear model presented above (∆AIC = 251).

2.4 Final remarks

Our results indicate that determinants of demand for sports betting are similar to
those for sporting events. Match quality, uncertainty of outcome, and time and eco-
nomic factors significantly affect bettors’ behaviour, confirming previous results on
betting demand (Humphreys et al., 2013; Paul and Weinbach, 2010). However, Bet-
fair customers wagering on Premier League matches prefer (ex-ante) lopsided matches
whereas bettors of NBA, NHL (Paul and Weinbach, 2010), and NCAA basketball
(Humphreys et al., 2013) matches rather enjoy wagering on close games.

Limitations of our study are given by, first, missing controls for live TV coverage of
games, which has shown to influence betting (Humphreys et al., 2013). In addition, by
not including TV coverage, our approach might suffer from an omitted variable bias,
since the information on TV coverage may correlate with other covariates in our model.
TV stations might prefer to cover matches of high-quality teams or matches with a
high ex-ante uncertainty of outcome. Thereby, the coefficients corresponding to the
covariates mvrelhome/mvrelaway and certainty would be biased. However, betting at
Betfair is possible from (almost) all over the world and information on bettors’ origin is
unavailable. Given that live TV coverage of games differs between countries, it is not
feasible for us to link TV coverage to betting behaviour. Second, this chapter considers
a single data source, namely Betfair, for the estimation of betting market turnover.
While this restriction is caused by the lack of additional data, Betfair is among the
largest betting exchanges worldwide. Since betting odds do not vary substantially
between betting platforms, we assume similar betting behaviour at other bookmakers.
Third, this chapter considers pre-game betting only and does not account for in-game
betting, which draws large interest from bettors as well. However, in-game betting
critically depends on the dynamics of the game such as early goals. To account for the
wide range of potential in-game dynamics, statistical models which account for the
time series structure of in-game betting data are required. Fourth, we restricted our
analysis to betting volumes aggregated over all betting types. Further research could
focus on the betting volumes corresponding to particular bets, such as a home win or
the exact number of goals scored. Followed by that point, the effect of some variables,
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e.g. the uncertainty of outcome of the match, might differ across betting types.
By deepening the comprehension of determinants of betting volumes it is possible to

identify unusual deviations between expected and actual betting volumes. Whereas the
usual procedure of fraud detection systems such as Sportradar is to compare fair and
actual betting odds to detect fixed matches (see Forrest and McHale, 2015), further
insights can be achieved by additionally analysing betting volumes. Since in liquid
betting markets very high betting volumes are required to observe odds movements,
some fixed matches might be missed in large markets due to only little odds movements.
Thus, analysing betting volumes in combination with betting odds can serve as a
starting point to detect match fixing (Ötting et al., 2018b).

Considering betting volumes from a single betting platform as was done in this
chapter gives an idea of the economic importance of a match. The growing number of
online bookmakers paired with the large black market for illegal betting suggests that
the economic importance of a match is no longer to the participating teams only, but
additionally includes the business covering sports betting. It surely does not wonder
that team sponsoring by bookmakers has become the rule.



3 Betting market inefficiencies are short-
lived in German professional football

3.1 Introduction

Since the publication of Fama’s now seminal paper, financial markets are assumed to
“digest” all available information and are thus considered efficient (Fama, 1970). This
assumption implies the complete absence of strategies to “beat the market”, i.e. to
generate returns exceeding the returns of popular stock indices. Transferred to sports
betting, market efficiency implies that betting odds reflect all relevant information on a
particular game’s outcome. According to Thaler and Ziemba (1988), betting markets
are weak efficient if no strategies exist to generate positive expected returns.

Whereas previous studies typically restrict themselves to identify market inefficien-
cies in entire seasons, we argue in this chapter that inefficiencies do exist, but are of
temporary nature only. Thus, we focus on periods of a season where the teams’ actual
strength is difficult to evaluate. We use the specifics of European team sports leagues,
where due to promotion and relegation the composition of the teams in a particular
division changes between consecutive seasons to document the temporary existence of
market inefficiencies. Since teams that have recently been promoted to the top divi-
sion are hard to assess in terms of their strength, winning probabilities are difficult to
determine for two reasons. First, recent performance is only observed against teams
from lower divisions. Second, recently promoted teams typically modify the compo-
sition of their rosters considerably due to access to more financial resources. These
roster changes, in turn, are difficult to evaluate as the newly signed players have to
settle and to adapt to their teammates and the team style of play. We argue that a
promoted team’s strength is revealed after the start of the season, following a reason-
able number of appearances. This argument is even more important as in European
football — unlike the situation in the North American Major Leagues — no official
preseason exists. Instead, teams play friendlies against other teams, typically from
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different leagues and countries.
When predicting betting odds, bookmakers have to rely on rather vague information

on the actual strength of recently promoted teams. Since the commission rates retained
by bookmakers typically do not vary by much between games, we hypothesise that
strategies exploiting this lack of information on the strength of recently promoted
teams are likely to exist. We assume this betting market inefficiency to be short-lived,
since bookmakers collect more reliable information on the teams’ strength after the
start of the season and process this information efficiently. Analysing betting odds from
14 consecutive seasons of the first division in German football (the Bundesliga), we
find positive returns when betting on recently promoted teams at the beginning of the
season. This effect disappears around mid-season, suggesting that market inefficiency
is a temporary phenomenon.

This chapter is organised as follows: in Section 3.2, we briefly review the literature
on biases in betting odds. Section 3.3 starts with the exploratory analysis of the
returns on investment when betting on recently promoted teams. In addition, a logistic
regression model is fitted to the data.

3.2 Biases in betting odds

Taking the assumption of efficient markets as starting point, a number of empirical
studies have provided evidence for the existence of different biases in betting odds, in
particular the favourite longshot bias, the home bias, and the sentiment bias.

The favourite longshot bias, which suggests higher returns when betting on
favourites than on longshots, has been analysed using betting data from different
sports. Ottaviani and Sørensen (2008) summarise several potential explanations for
this bias, arguing that bettors who are willing to take risks accept a lower expected
payout when betting on longshots. Using football betting odds, Forrest and Simmons
(2008) provide evidence to support the notion of a favourite longshot bias. Other stud-
ies, e.g. Cain et al. (2003), however, find a reverse favourite longshot bias, implying
higher returns when betting on longshots than on favourites. This result is also docu-
mented for Major League Baseball betting (see e.g. Woodland and Woodland , 1994,
2003).

A further extensively studied bias is the home bias, implying higher returns when
betting on the home as opposed to the away team. Buraimo et al. (2010) for example
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find that referees in the German Bundesliga and in the English Premier League tend
to favour home teams by showing, on average, fewer yellow and red cards to players
of the home team. Using the same methodology, Buraimo et al. (2012) find similar
results for the first division in Spain and for the Champions League. Pollard (2008)
summarises further potential reasons for the existence of a home advantage, such as
travel and crowd effects. In an efficient betting market, the home advantage should
be priced into betting odds, i.e. bettors should not expect higher returns when placing
bets on the home team. However, the evidence regarding the existence of a home bias
in betting markets is rather mixed. Using data from the Spanish first division, Forrest
and Simmons (2008) confirm that betting on the home team significantly increases
the probability of winning a bet, whereas (e.g.) Franck et al. (2011) fail to find such
an effect for the English Premier League.

Further studies have focused on the sentiment bias, the existence of which requires
the presence of bettors’ sentiment. From a theoretical point of view, popular teams
draw increased attention from bettors, which should result in lower expected returns
compared to when betting on less popular teams. Analysing betting data from the
first divisions in Italy, England, Germany, Spain, and France, Feddersen et al. (2017)
provide evidence for the sentiment bias. However, as in the case of the favourite
longshot bias, the evidence is not clear-cut, as other studies indicate an opposite effect
(see, e.g., Forrest and Simmons, 2008; Franck et al., 2011).

The studies summarised above have in common that they analyse data covering one
or more full seasons to document inefficiencies for a specific season or sport. However,
it may well be the case that some biases occur only temporarily. Accordingly, Borghesi
(2007) as well as Davis and Krieger (2017) have analysed data distinguishing between
different phases of a season. They argue that at the start of a season typically little
information is available about the teams’ strength. In addition, Davis and Krieger
(2017) argue that in pre-season matches in the NBA and NFL, most teams refrain
from using their best players. Thus, the winning probabilities of underdogs may be
underestimated by bookmakers. By developing a specific betting strategy for these
pre-season matches, Davis and Krieger (2017) find positive returns when betting on
underdogs in particular matches. We argue in a similar direction by assuming that
potential inefficiencies occur only temporarily, e.g. at the beginning of a season, as
there is less information available on the teams’ strength. This is especially the case
for recently promoted teams in an open league system, such as the German Bundesliga.
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Due to the lack of reliable information on the actual strength of promoted teams, it may
be the case that these teams are underrated and have, on average, inappropriate high
betting odds. If this holds true, it should be possible to realise positive returns when
betting on promoted teams. During the season, as more information becomes available
to improve the efficiency of betting odds, such positive returns should disappear. To
test this assumption, we use betting odds for matches played in the German Bundesliga
during the seasons 2002/03 until 2015/16.

3.3 Evidence from the German Bundesliga

The data considered in our analysis cover all matches of the German Bundesliga dur-
ing the seasons 2002/03 until 2015/16, totalling in 4,218 matches. Information on the
matches was taken from the website www.football-data.co.uk and includes betting
odds on each possible game outcome according to the bookmaker www.bet365.com.1

However, for four matches the information on betting odds is missing. The betting
odds are stated in the European standard decimal format. As an illustration, suppose
Bayern Munich plays Borussia Dortmund and is quoted at 1.70 to win, betting success-
fully one euro would result in a payout of 1.70 euro (70 cents profit plus 1 euro return
to stake). Since bookmakers cover the uncertainty of match outcomes by adding mar-
gins to all odds, the reported odds do not reflect the actual probabilities of match
outcomes. Accordingly, one has to correct for the bookmaker commission to calculate
the implicit probabilities for all possible game outcomes. Using the odds on a home
win, draw, and away win (denoted by oh,od, and oa, respectively), the probability of
a home win ph is then estimated as:

p̂h =
1/oh

1/oh +1/od +1/oa
.

The implicit probabilities p̂d and p̂a are calculated accordingly. Correcting for the ob-
served average overround of 105%, the implicit winning probability for Bayern Munich
in the example above is 56.02%. In the following, we refer to these implicit probabilities
as bookprob.

Our analysis starts with an exploratory analysis of the returns on investment (ROIs)
1www.football-data.co.uk also reports betting odds from other bookmakers that are highly correlated in our sam-

ple. We refer to www.bet365.com data in the following as it has the highest coverage for the period considered. For the
available periods, pairwise correlations between www.bet365.com and all other bookmakers are at least 0.96.

www.football-data.co.uk
www.bet365.com
www.football-data.co.uk
www.bet365.com
www.bet365.com
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Figure 3.1: ROIs when betting on recently promoted teams in the Bundesliga (2002/03 – 2015/16).

when betting on recently promoted teams. The ROI describes the profits out of a
given investment, i.e.

ROI = payout−wager
wager .

A positive ROI is equivalent to profits while a negative ROI describes losses. For all
ROIs reported in this chapter, we have chosen a wager of 1 euro per bet. Figure 3.1
displays the aggregated ROIs for the seasons considered. It suggests that betting on
recently promoted teams is highly profitable at the beginning of a season, but after
the first half of a season, the ROIs become negative and remain so until the season
ends. The early positive returns are consistent with our theoretical argument developed
above, because predicting winning probabilities for recently promoted teams is appar-
ently a particularly challenging task at the beginning of a season when there is little
information available on the strength of promoted teams. As during the season more
information becomes available, predicting the winning probabilities becomes easier and
more accurate, implying that early-season market inefficiencies should disappear.

Due to a potential home bias mentioned above, we further distinguish between
recently promoted teams playing at home and playing away. It appears that positive
ROIs are observed for recently promoted teams when playing away until matchday 30
(see Figure 3.2). At the same time, we find negative returns only for recently promoted
teams playing at home, no matter until which matchday we aggregate our payout.2

2Since positive returns from betting on promoted teams disappear after the winter break, we checked whether betting
against promoted teams after the winter break yields positive ROIs. Betting against promoted teams leads to small
positive returns for home games only.
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Figure 3.2: ROIs when betting on recently promoted teams playing at home (left panel) and away (right panel)
(2002/03 – 2015/16).

Due to the home bias found in other studies, one might have expected the returns for
home and away teams in Figure 3.2 to be the other way round. The most plausible
explanation for this phenomenon is a psychological one: due to the euphoria around
teams that have recently been promoted to the Bundesliga, the players are likely to
experience particularly high levels of pressure. This pressure is likely to be higher when
playing at home than when playing away, suggesting a better performance on the road
than on the home pitch (at least as expected by bookmakers).

To document the robustness of these effects, we fit a logistic regression model. For
all matches included in our data set, we focus on bets on the match outcome. Thus,
for every match we have two rows in the data: one row for the bet on the home team
and one for the bet on the away team. Due to our focus on promoted teams, we
delete all 64 matches between two promoted teams, yielding 8,436 observations. The
response variable in our analysis is the binary variable outcome indicating whether the
bet was won (outcome = 1) or not (outcome = 0). This approach has been considered
in several previous studies on biases in betting odds (see, e.g., Forrest and Simmons,
2008; Franck et al., 2011).

Since we are particularly interested in the performance of recently promoted teams,
we include a dummy variable in our model indicating whether a team has just been
promoted (promoted). Depending on the outcome of the promotion playoff between
the team finished 16th in the first division and the team finished 3rd in the second di-
vision, we observe either two or three promoted teams per season. Since we expect
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potential profits especially at the beginning of a season — when less reliable informa-
tion is available about promoted teams — we also include the matchday in our model
(matchday). In line with existing studies, we control for a potential home bias by
including a dummy variable indicating whether a team plays at home (home). To ac-
count for a potential sentiment bias, we consider the covariate diffattendance which
covers the difference in the mean home attendance of the two teams in the previ-
ous season (this information was taken from www.worldfootball.net). Table 3.1
displays the summary statistics, both for the response and the covariates.

Table 3.1: Summary statistics on the response and the covariates.

mean st. dev. min. max.

outcome 0.376 – 0 1
promoted 0.134 – 0 1
home 0.5 – 0 1
bookprob 0.371 0.167 0.019 0.916
matchday 17.49 9.811 1 34
diffattendance 0 24.30 −70.53 70.53

As our response variable outcome is binary, we fit a logistic regression model. To
adequately address the potential biases in betting odds mentioned above, the following
covariates are included in the model formulation: bookprob, home, promoted, and
diffattendance. Since we expect a positive effect for recently promoted teams only for
the first few matchdays, we also include an interaction term promoted ·matchday. In
addition, to account for a home bias of promoted teams, we also include an interaction
term between home and promoted. The probability Pr(outcomei = 1) is combined with
the linear predictor ηi through the logit link function:

logit
(
Pr(outcomei = 1)

)
= ηi.

The linear predictor includes all covariates and interaction terms considered:

ηi =β0 +β1bookprobi +β2homei +β3promotedi +β4homei · promotedi+

β5matchdayi +β6promotedi ·matchdayi +β7di f f attendancei.

Finally, our observations are likely to be correlated. As discussed above, every match is
represented in the data by two rows: if the home team wins, the away team cannot win
and vice versa. Hence, we extend our logistic regression by adding a random intercept
for each match to account for correlated observations.

www.worldfootball.net
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Table 3.2: Regression results for the German Bundesliga.

response variable:

outcome

bookprob 4.452
[4.043; 4.866]

promoted 0.424
[0.088; 0.755]

home 0.095
[−0.023; 0.213]

matchday 0.004
[−0.001; 0.009]

promoted · matchday −0.017
[−0.032; −0.002]

home · promoted −0.327
[−0.617; −0.036]

diffattendance 0.002
[−0.001; 0.004]

constant −2.330
[−2.505; −2.157]

observations 8,436
Pseudo R2 0.159

Note: 95% CIs are shown in brackets.

Table 3.2 displays the results. To interpret the estimated effects of the covariates
home, promoted, and matchday, one has to carefully consider the interaction terms.
It appears that betting on recently promoted teams (promoted = 1) that did not play
at home (home = 0) increases the odds of winning a bet significantly. According
to our fitted model, the odds for winning a bet can be increased until matchday 24
following this betting strategy. This estimated effect is much smaller for recently
promoted teams playing at home: betting on these teams also increases the odds for
winning a bet significantly, but according to the coefficients of the interaction terms
promoted ·matchday and home · promoted, the odds are increased until matchday 2
only. Figure 3.3 shows the probabilities for winning a bet — as predicted under the
fitted model — when betting on recently promoted teams playing away (diffattendance
is set to its mean, i.e. 0, in this figure). We see that for matchdays 5, 10, and 15 the
estimated probabilities lie above the diagonal (solid black line in Figure 3.3). Hence,
according to our model, betting on recently promoted teams in away matches at the
beginning of a season leads to higher winning probabilities than is to be expected from
the implied odds provided by bookmakers.3 At the end of a season, the estimated
probabilities for these teams tend to move more and more towards the diagonal, i.e.
the initial large difference between the estimated probabilities as implied by our fitted

3Indeed, according to Figure 3.3, small returns (8% ROI) are possible when betting on recently promoted teams
playing on away ground with implicit winning probabilities of less than 15%. This is in-line with the existing literature on
the reverse favourite-longshot bias (see e.g. Woodland and Woodland , 1994, 2003 and Gandar et al., 2002).
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model and the probabilities stated by bookmakers disappears. For teams which were
not recently promoted (promoted = 0) we find no such effect. Finally, we find no
sentiment bias in the German Bundesliga, as the estimated effect for diffattendance is
not statistically significant.
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Figure 3.3: Estimated probabilities for betting on recently promoted teams playing on away ground.

3.4 Concluding remarks

Considering data on betting odds from 14 consecutive seasons of the first division
in German professional football, we find evidence that bookmakers have difficulties
to predict the strength of recently promoted teams. Our results concerning the pro-
moted teams are, first, consistent with the exploratory analysis and, second, consis-
tent with our theoretical considerations above: bookmakers systematically underrate
the strength of recently promoted teams, potentially overestimating the teams’ need
for acclimatisation to tougher competition. While promoted teams play their home
games in the same stadium as in the season before, their away games usually take
place in larger stadiums and accordingly in front of larger crowds. According to our
results, bookmakers overestimate the positive effect of home fans on hosts’ results
when facing a recently promoted team. From a bettor’s point of view, this market
inefficiency allows to generate temporary positive ROIs by betting on away wins of pro-
moted teams at the beginning of a season. With more and more information on the
promoted teams’ strength becoming available during a season the market inefficiency
disappears.
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It is perhaps surprising to observe market inefficiencies in the German Bundesliga,
as it is permanently covered by the media, providing detailed information on player
transfers. Moreover, the media covers teams’ performance in friendly matches and in
training camps prior to the season. For further research, data from lower divisions is
of interest as they include both recently promoted and relegated teams. In addition, it
may be the case that market inefficiencies are even stronger in leagues that are covered
by the media to a lesser extent.



4 Integrating multiple data sources in
match-fixing warning systems

4.1 Introduction

The substantial growth of betting markets has led to an increased interest in automated
corruption detection systems, in particular such that are data driven, hence exploiting
the availability of comprehensive data such as bookmakers’ odds. Corresponding re-
search that involves data analysis includes basketball (Wolfers, 2006), sumo wrestling
(Duggan and Levitt, 2002), and football (Reade and Akie, 2013), to name but a few.
For football, Forrest (2012) reports recent match fixing scandals in Europe and over-
seas. Unfortunately, most ex-post detected fixed matches were not indicated ex-ante
by fraud detection systems. Thus, the development of reliable fraud detection systems
remains an active area of research. Beneficiaries of such systems include bookmak-
ers, as they would lose customers if match fixing occurs on a regular basis, but also
spectators interested in fair competitions, which can also be of economic interest as
sponsors do not want to finance sports linked to illegal activity.

Match fixing is used to manipulate the outcome of a certain match to make profits
on the betting market. To prevent match fixing, many of the major European foot-
ball leagues rely on the fraud detection system developed by Sportradar. Sportradar’s
system compares bookmakers’ betting odds to the probabilities as estimated by a sta-
tistical model (Forrest and McHale, 2015). Because most of the relevant information
for estimating match-related probabilities is publicly available, for a match that has
not been fixed the probability of any particular outcome stated by bookmakers should
be very close to that derived from an adequate statistical model based on all avail-
able information (Reade and Akie, 2013). Here we argue that focusing on odds only
and hence ignoring the betting volumes neglects the importance of market liquidity.
High liquidity can potentially result in inflexible odds — i.e. the odds do not adapt as
quickly when high volume bets are placed as for markets with a low liquidity — even
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for high-volume single bets related to match fixing. Thus, in liquid betting markets it
can be very difficult to detect match fixes via odds deviation only. Vice versa, in low
liquidity markets singular bets can lead to a large deviation between odds and winning
probabilities suggested by a statistical model. Since it is clear that there is relevant
information contained in the bets placed on an outcome, we suggest to take into ac-
count both betting odds and betting volumes when trying to flag suspicious matches.
More specifically, we model both odds and volumes using flexible semi-parametric re-
gression models, and present an approach how these separate models can together be
used to flag suspicious matches.

As a case study, we consider the Italian Serie B from season 2009/10 through
2015/16, modelling betting volumes and odds observed on the betting exchange plat-
form Betfair. Such betting exchanges increase incentives to fix matches since they
enhance financial opportunities for match fixing due to (e.g.) the absence of limits for
wagers and anonymous betting (Forrest et al., 2008). However, since we analyse data
from only one betting platform, this chapter is to be regarded as a simple case study
of how betting volumes and odds together can be used to detect fixed matches, rather
than expecting that all fixed matches are indeed correctly identified.

The main problem in assessing the suitability of any given fraud detection system
is that it is generally not known which matches have indeed been fixed, such that
studies cannot present accuracy measures such as true and false positive rates. Here
we attempt to approximate these rates, exploiting the fact that in case of the Italian
Serie B there are several matches where it has been proven that they were fixed. In
doing so, we challenge the accuracy of detection systems solely relying on betting
odds.

This chapter is organised as follows. Section 4.2 describes the data and models for
analysing betting volumes and betting odds. In addition, some special characteristics
of betting exchanges are explained. Section 4.3 presents the results, including true and
false positive rates for both procedures, i.e. for matches flagged via betting volumes
and odds, respectively; as well as for a approach combining both models.

4.2 Building models for betting volumes and odds

We use two separate regression models, for betting volumes and odds, respectively,
to detect outliers and hence uncover potential match fixing. For betting volumes, we
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analyse the residuals of predicted values to find outliers, while in case of the odds we
compare the odds as predicted by the model to the actual betting odds. Data on
betting volumes and odds were downloaded from the online betting exchange platform
Betfair (www.betfair.com). For football, bets can be placed on several events, e.g.
the match outcome, the number of goals, the player scoring the first goal, or even
the team being awarded the first throw-in. Liquidity is predominately allocated to the
former two betting types. For match fixers, this means that these main types of bets
are most attractive, since placing high volume bets on less popular events would be
more suspicious. In the more liquid markets, potential manipulations are more likely to
remain undetected, since the odds do not adapt as quickly when high volume bets are
placed. Thus, in this work, we focus on the most popular types of bets, namely the
match outcome (home win, draw, away win) and the total number of goals (specifically
the bets “over/under 1.5 goals”, “over/under 2.5 goals”, and “over/under 3.5 goals”,
respectively).

4.2.1 Modelling betting volumes
Customers at betting exchanges such as Betfair bet against each other rather than
bookmakers. Moreover, customers can either bet on a certain event (backing the
event) or against it (laying the event); a more detailed description of the betting
process on such betting exchange platforms is provided in Appendix A.1. For a match
that has been fixed, say with a predetermined event of at least three goals, this implies
opportunities for profits for two strategies, either backing the event “over 2.5 goals”
or laying the event “under 2.5 goals”. To account for this, we add up the betting
volumes in the “over 2.5 goals” and “under 2.5 goals” market. We focus on four types
of events, in each case considering the total volume from the back and lay market,
respectively:

• match outcome (home win, draw, away win);

• over and under 1.5 goals (OU1.5);

• over and under 2.5 goals (OU2.5);

• over and under 3.5 goals (OU3.5).

We analyse pre-game data, i.e. bets placed before the start of a match. In the Serie B,
462 matches are played per season. Betting volumes are occasionally unavailable for

www.betfair.com
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some betting types, such that we have four or less observations per match, resulting
in a total of 11,915 observations from 3,219 matches.

When modelling betting volumes as a function of covariates, several features need
to be taken into account: 1) the betting volumes are highly right-skewed, 2) for some
covariates it is anything but clear if their effects are linear (e.g. matchday), and 3)
there is substantial heteroscedasticity. To address these patterns, we make use of
the flexible class of GAMLSS (Rigby and Stasinopoulos, 2005). GAMLSS extend
generalised additive models (GAM; see Hastie and Tibshirani , 1990), allowing not
only the conditional mean, but also other possible parameters of the distribution of a
response variable Y = (Y1, . . . ,Yn), e.g. the scale or the shape, to be modelled. These
distributional parameters can be modelled via smooth functional effects of covariates.
More specifically, we apply the semi-parametric additive formulation of GAMLSS,

gk(θθθ k) = ηηηk = Xkβββ k +
Jk

∑
j=1

f jk(x jk), (4.1)

where θθθ k = (θk,1, . . . ,θk,n) is a parameter of the distribution assumed for the response
variable Y (one value for each observation), gk(·) is a known link function, Xk is the
n×J′k design matrix, βββ k is a vector of regression coefficients of length J′k, and the f jk

are smooth functions to be estimated. In (4.1), both gk and the f jk are evaluated
component-wise, e.g. f jk(x jk) =

(
f jk(x jki), . . . , f jk(x jkn)

)
. Depending on the distri-

butional family assumed for Y, several parameters θθθ k and hence several regression
equations of the form (4.1) may be considered. Being able to model several param-
eters of the distribution assumed for the response Y relaxes the exponential family
assumption of classical GAMs, hence for GAMLSS a larger class of distributions can
be assumed.

Due to the highly right-skewed distribution of the betting volumes as well as the
presence of some outliers, we use a log-normal distribution for our response. Betting
volumes are likely to depend on the strength of teams, the uncertainty of the match
outcome, and also temporal factors such as matchday (matchday) and day of the
week (day) (see, e.g., Humphreys et al., 2013; Paul and Weinbach, 2010). As a
(crude) proxy for the strength of teams we use their market values (mvhome and
mvaway, respectively) according to www.transfermarkt.com. The market value
varies per team and season. The uncertainty of the outcome of a match is taken into
account via the implied probabilities of betting odds. Specifically, average betting odds

www.transfermarkt.com
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from up to 52 bookmakers on home and away wins are taken for each match from
www.football-data.co.uk and adjusted for the bookmakers’ margin. As a measure
for the uncertainty of a match, we then use the absolute value of the difference between
the average probability of a home win and away win (certainty). Finally, to account
for the different betting type selections, dummy variables are included with the match
outcome selection as reference category (selections). Table 4.1 summarises all non-
categorical covariates considered for the betting volume model.

Table 4.1: Descriptive statistics for the covariates for the betting volume model.

mean st. dev. min. max.

volume (in £103) 22.63 62.26 0.005 3,383
matchday – – 1 42
mvhome (in 106 euro) 17.49 10.57 4.4 70.93
mvaway (in 106 euro) 17.50 10.64 4.4 70.93
certainty 0.196 0.138 0 0.833

Due to the log-normal distribution assumed for the betting volumes Y, the co-
variates are linked to the mean µµµ (= θθθ 1) as well as the standard deviation σσσ (= θθθ 2),
leading to the following special case of (4.1):

µµµ = ηηη1 = X1βββ 1 +
J1

∑
j=1

f j1(x j1) (4.2)

log(σσσ) = ηηη2 = X2βββ 2 +
J2

∑
j=1

f j2(x j2). (4.3)

Thus, in this model, g1 is the identity link function, while g2 is the log link function.
Some of the variables discussed above enter the model in (4.2) and (4.3) in the linear
part, while for the non-categorical covariates smooth functional effects are estimated.
To allow for a different effect of certainty on the betting volume for the different betting
types, interactions between these variables are also taken into the model. Since we
have up to four observations per match contained in our data, the observations coming
from the same match may be correlated. Thus, we add a random intercept γm for each
match m, m = 1, . . . ,n. Furthermore, accounting for the up to four observations per
match corresponding to the different betting types, b = 1, . . . ,4, the predictors of the

www.football-data.co.uk
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parameters µmb and σmb then are of the following form:

ηmb = x′mbβββ + γm + f1(matchdaym)+ f2(mvhomem)

+ f3(mvawaym)+ f4(certaintym)+ f5(certaintym) ·OU1.5mb

+ f6(certaintym) ·OU2.5mb + f7(certaintym) ·OU3.5mb,

(4.4)

where γm is the match-specific random effect, the xmb is a column vector containing the
dummies related to the variables selection and day as well as a one for the intercept,
and the fl are smooth functions. The purpose of our regression analysis is to minimise
the prediction error. It will thus be fitted using past data only. Furthermore, variable
selection is rather challenging as multiple distributional parameters are modelled via
additive predictors. These two points motivate the use of a boosting approach, which
performs variable selection during the estimation process and yields more stable pre-
dictions due to a reduced estimator variance (see Mayr et al., 2012a). We thus fit the
model using gradient boosting with early stopping. The early-stopping algorithm uses
cross-validation to calculate the predictive risk (here: the negative log-likelihood) for
values of mstop = (mstop,1,mstop,2) from a grid of reasonable values. We then use the
mstop that minimises the predictive risk. For each season, all base learners are selected
when applying early stopping. In Appendix B.1, we provide a more detailed description
of the GAMLSS boosting algorithm.

Figure 4.1 shows the estimated partial smooth functional effects of the selected
P-spline base learners for a single season (2015/16), for µ and log(σ), respectively.
According to the estimated effect of the covariate matchday, betting volumes increase
in the first half of a season, reaching a maximum around matchday 20. During the
second half of a season, betting volumes tend to decrease. The other estimated effects
shown in Figure 4.1a indicate that higher quality teams tend to attract more money,
that matches with seemingly more certain outcome attract higher volumes, and that
bettors’ preferences regarding the uncertainty of the match outcome do not vary much
across the different betting types. To facilitate interpretation of the estimated smooth
functional interaction effects, for each interaction term we display its sum with the
effect of certainty for the reference category (see Equation 4.4).

Figure 4.1b shows the estimated smooth functional effects on the standard de-
viation. The standard deviation of the betting volumes increases for end-of-season
matches. This may be due to the fact that there is more variation in the importance
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(a) Estimated partial non-parametric effects on µ̂ .
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(b) Estimated partial non-parametric effects on log(σ̂).

Figure 4.1: Estimated partial non-parametric effects for the model specified in (4.4), fitted to data from season
2009/10 to 2014/15 — (a) shows the effects on µ̂ , and (b) on log(σ̂).
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of corresponding matches, e.g. with respect to promotion or relegation. In addition,
the standard deviation in the betting volumes increases with increasing market values.
For the variable certainty, we find that lopsided matches tend to increase the standard
deviation for all betting types.

effects on µ̂ effects on log(σ̂)
estimate estimate

over/under 1.5 -3.224 0.325
over/under 2.5 -1.919 0.143
over/under 3.5 -3.649 0.379

Monday 1.573 -0.410
Wednesday 1.083 -0.109

Thursday 0.232 -0.108
Friday 0.930 -0.263

Saturday -0.192 -0.084
Sunday 0.681 -0.116

Table 4.2: Estimated effects of the dummy variables on the mean (left) and the standard deviation (right) in the
betting volume model, fitted to data from season 2009/10 to 2014/15.

Table 4.2 gives the estimated effects of the dummy variables, i.e. the dummies
regarding the type of bet and the day of the week. The reference category for the
type of bet is the match outcome (home win, draw or away win) while Tuesday is the
reference day. On average, bets on the match outcome attract higher betting volumes
than over/under bets on the number of goals. In addition, we find that betting volumes
vary across the week. The estimated negative coefficient for Saturday matches is most
likely caused by substitutes, i.e. matches played concurrently in other popular football
leagues, such as the German Bundesliga or the English Premier League. This is in
agreement with the relatively large coefficient estimated for Monday games, as there
are only few concurrent matches played in other European football leagues on that
day.

For outlier detection in any given season, we estimate the model using the data from
all previous seasons, then predicting µ̂ and σ̂ for each match of the season considered.
For the season 2009/10, where we do not have any data from previous seasons, we
calculate the in-sample predictions. With these predicted parameters we calculate
the quantile residuals, which are standard normally distributed if the model is correct
(Dunn and Smyth, 1996). The QQ-Plot in Figure 4.2 is based on the quantile residuals
for the model for season 2015/16, i.e. the model fitted to all data previous to that
season, indicating a satisfactory goodness of fit. Especially the large positive quantile
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Figure 4.2: QQ-Plot of the quantile residuals for the model fitted to data from season 2009/10 to 2014/15.

residuals — e.g. a quantile residual of 3.03 for the match Albinoleffe vs. Piacenza
in 2010, for which it is known that it was manipulated — are of particular interest
to us, since they correspond to betting volumes that are much higher than expected
under the fitted model. In some cases, such large residuals may be related to match
fixing, and in general we simply flag such matches as suspicious. The corresponding
observations are further investigated in Section 4.3.

4.2.2 Modelling betting odds
The precise estimation of match outcome probabilities is effectively the bookmakers’
business model. Research in this area mostly focuses on testing the efficiency of
betting markets (see e.g. Deutscher et al., 2018; Forrest and Simmons, 2008) and
on modelling specific game events, especially goals (see e.g. Dixon and Coles, 1997;
Groll et al., 2015; Maher , 1982). For the latter, a Poisson distribution is usually
assumed for the number of goals scored during a match. However, modelling home
and away goals separately as independent Poisson variables would neglect any potential
correlation between these random variables. Bivariate Poisson distributions overcome
this limitation by explicitly modelling the correlation of two Poisson random variables,
in our case home and away goals. We consider the model proposed by Karlis and
Ntzoufras (2003), where, if Zk, k = 1,2,3, are independent Poisson random variables
with parameters λk > 0, then Y1 = Z1+Z3 and Y2 = Z2+Z3 follow the bivariate Poisson
distribution:
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where the marginal distributions of Y1 and Y2 are univariate Poisson with E(Y1) =

λ1+λ3 and E(Y2) = λ2+λ3, respectively. The parameter λ3 measures the covariance
of Y1 and Y2. For football, λ1 and λ2 represent the scoring rates of the home and
the away team, respectively. Karlis and Ntzoufras (2003) allow all parameters in their
bivariate Poisson model to depend on covariates. In recent years, the approach has
been extended; for example, McHale and Scarf (2011) model the dependence between
home and away goals via copulas, thus allowing also for negative correlation. They do
not use their model for forecasting, but their findings imply that the dependence of
home and away goals varies with the ability of the teams.

The GAMLSS seems well-suited to model goal-scoring rates, since the effects of
non-categorical covariates, such as the teams’ market value or the matchday, are here
also likely to be non-linear. While the seminal paper by Rigby and Stasinopoulos
(2005) on GAMLSS covers univariate distributions only, Klein et al. (2015) extended
the GAMLSS framework to allow also for multivariate outcomes.

Table 4.3: Descriptive statistics on the covariates for the scored goals model.

mean st. dev. min. max.

home goals (y1) 1.389 1.133 0 6
away goals (y2) 1.052 1.028 0 6
mvhome (in 106 euro) 16.24 10.17 1.130 70.93
mvaway (in 106 euro) 16.29 10.19 1.130 70.93
avgp4hteam 1.312 0.676 0 3
avgp4ateam 1.373 0.686 0 3
matchday – – 1 42

We consider the following covariates for modelling goal-scoring rates: market val-
ues of the home and away team (mvhome and mvaway), their respective average
points in the previous four matches, i.e. a moving average over the last four matches,
(avgp4hteam and avgp4ateam), the matchday (matchday), and dummy variables indi-
cating whether a team was recently promoted (promhome and promaway) or recently
relegated (relhome and relaway) (cf. Groll et al., 2015; Reade and Akie, 2013). As
for the betting volume model, the market values vary per team and season. Table
4.3 summarises the response variables as well as the non-categorical covariates. Our
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model for the goal-scoring rates hence is

log(λλλ k) = ηηηλk
=x′kβββ k + f1k(mvhome)+ f2k(mvaway)+ f3k(matchday)

+ f4k(avgp4hteam)+ f5k(avgp4ateam),
(4.6)

where the column vector xk comprises the four dummy variables (promhome,
promaway, relhome, and relaway). The purpose of such models, which we fit using
past data only, is again to minimise prediction error for future matches. Furthermore,
variable selection is again involved in this setting due to now three parameters that
are modelled via additive predictors. Thus, we again use gradient boosting to fit the
model and to conduct variable selection.

Gradient boosting for GAMLSS with multivariate distribution of the response vari-
able is similar to the univariate case described in Appendix B.1. In our setting, the
aim is to find estimates for the additive predictors η̂λk

, k = 1,2,3, that optimise the
loss function ρ , which in this case is the negative (log-)likelihood of the bivariate Pois-
son distribution. As for the univariate case, in each iteration the algorithm is updating
the best-fitting base learner for each additive predictor until the respective stopping
iteration is reached. For our purpose, i.e. modelling the number of goals in football,
the negative log-likelihood of the bivariate Poisson distribution and the partial deriva-
tives with respect to λ1, λ2, and λ3 are implemented as a new families object in
the gamboostLSS (version 2.0-0) package (Hofner et al., 2017). The derivatives are
presented in Appendix B.1. For a more detailed description of the boosting algorithm
with focus on the bivariate case, see Groll et al. (2018).

As for the betting volume model, we apply early stopping in the boosting-based es-
timation procedure, i.e. the early-stopping algorithm uses cross-validation to calculate
the predictive risk for values of mstop = (mstop,1,mstop,2,mstop,3) from a grid of reason-
able values. We apply the early-stopping algorithm for each of the seven season-specific
models separately, resulting in different optimal stopping values. Finally, probabilities
for the match outcome and for the over/under bets are obtained from the bivariate
Poisson distribution with estimated rate parameters λ̂1, λ̂2, and λ̂3.

The number of base learners selected by the boosting algorithm varies by season.
Table 4.4 summarises the selected base learners for each model. Market values are
almost always selected for all three distribution parameters, whereas the covariates
indicating whether a team was promoted or relegated are rarely selected. Figure 4.3
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09/10 10/11 11/12 12/13 13/14 14/15 15/16
mvhome λ1,λ2 λ1,λ2 λ1,λ2,λ3 λ1,λ2,λ3 λ1,λ2,λ3 λ1,λ2,λ3 λ1,λ2,λ3
mvaway λ1,λ2,λ3 λ1,λ2,λ3 λ1,λ2,λ3 λ1,λ2,λ3 λ1,λ2,λ3 λ1,λ2,λ3 λ1,λ2,λ3

matchday λ2,λ3 λ2,λ3 λ1,λ2,λ3 λ2,λ3 λ1,λ2,λ3 λ2,λ3 λ2,λ3
avgp4hteam λ2,λ3 λ2 λ1,λ2,λ3 λ2,λ3 λ1,λ2,λ3 λ2 λ2
avgp4ateam λ2,λ3 λ1,λ2,λ3 λ1 λ2,λ3 λ1,λ2,λ3 λ1,λ2,λ3 λ1,λ2,λ3

promhome – – λ1 λ2 – – λ2
promaway – – λ1 – λ1,λ2,λ3 λ2,λ3 λ3

relhome – – – – – – –
relaway – – – λ2 λ2 λ2 λ2

Table 4.4: Overview of selected base learners for all seasons.

displays the estimated effects of the selected P-spline base learners for a single season
(2015/16), for λ1,λ2, and λ3, respectively. Regarding λ1, the market value of the
home team has a diminishing marginal positive effect, which is intuitively plausible.
Unsurprisingly, the effect of the market value of the away team is negative, i.e. higher
market values of the away team lead, on average, to less goals of the home team.
The effect of the average points in the previous four matches of the away team is
also as expected. Interestingly, the average performance during the last four matches
of the home team is not selected, as it does not affect, according to this model, the
number of goals scored by the home team. Regarding λ2, the estimated effects for
the market values follow the same logic as for λ1, i.e. higher market values lead, on
average, to more goals and higher market values of the opposition lead, on average, to
fewer goals. However, while the points of the home team over the last four matches
were not selected for λ1, the points avgp4ateam of the away team are chosen for λ2.
We consider this to be an intuitive finding: for away teams, the current form and
hence the level of confidence is potentially more relevant than for home teams. The
estimated effects of the variable matchday indicate more goals on average in end-of-
season matches for the away team, although the effect size is rather small. For the
covariance between the home and away goals, i.e. λ3, four P-spline base learners are
selected. According to the estimated effects, higher market values are linked to a lower
covariance. The fact that the market values, i.e. the overall strengths of teams, affect
the dependence between home and away goals is in agreement with the findings of
McHale and Scarf (2011). In addition, the covariance changes during a season with
highest covariance for end of season matches, where games are more often either hard-
fought competitions (likely with less goals on both sides) or irrelevant (and hence with
potentially less effort spent on defending and hence more goals on both sides). The
higher the points in the last four matches of the away team, the lower, on average, the
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covariance between the home and away goals. Again, this could be due to the level of
confidence exhibited by the away team.
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Figure 4.3: Estimated partial non-parametric effects on λ̂1 (top row), λ̂2 (middle row) and λ̂3 (bottom row) for the
model fitted to data from season 2009/10 to 2014/15.

When predicting betting odds, it is crucial to compare the out-of-sample predic-
tion accuracy of the model-based odds to the odds stated at the bookmaker/betting
exchange, in our case Betfair. In comparing the odds we are able to detect outliers,
which we flag as suspicious matches. If the odds derived from the bivariate Poisson
GAMLSS model would have poor predictive power, this comparison and flagging of
outliers would be pointless. We analyse the odds separately for all betting types. For
comparing the prediction performance of the odds, we follow Rue and Salvesen (2000)
by using pseudo-likelihood statistics, which are equivalent to the geometric means of
the probabilities for the actual results. Hence, larger pseudo-likelihood statistics imply
higher prediction power. Since no data is available for the “under 1.5 goals” selec-
tion at Betfair, we omit this betting type. Table 4.5 displays the pseudo-likelihoods
for the Betfair and the model odds, respectively. For each season, the model odds
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were derived from the models fitted to all seasons from season 2007/08 until the pre-
vious one. For each betting type except the over/under 2.5 goals, the Betfair odds
have a slightly better prediction accuracy, but overall we consider the performance of
our model to be satisfactory. Clearly, the predictive power could be further improved
if more covariate information was available, or if the odds were updated dynamically
throughout a season, rather than using the model fitted up to the previous season in
the out-of-sample prediction.

home draw away U1.5 O1.5 U2.5 O2.5 U3.5 O3.5
Betfair 0.454 0.311 0.275 – 0.702 0.568 0.443 0.772 0.236
Model 0.442 0.295 0.268 – 0.668 0.576 0.424 0.771 0.229

Table 4.5: Pseudo-likelihood statistics: Betfair and Poisson-Model odds separated by the different betting types.

4.3 Detection of match fixing

For the seasons from 2009/10 to 2015/16, 24 Serie B matches have been proven to be
fixed. This section presents how many of these fixed matches are identified by outlier
detection using the betting volume and the odds model, respectively. Furthermore,
a procedure to detect fixed matches using both models is presented. Note that the
relevant betting type for the proven fixed matches is unknown. For example, a fixed
match ending in a 2-2 draw could be either fixed as a draw, for some number of total
scored goals, e.g. over 3.5 goals, or both. Hence, if our models flag a match for at
least one betting type as suspicious and this match has effectively been proven to be
fixed, we group this match into the “correctly predicted” class.

4.3.1 Classification results based on betting volumes
For the betting volumes, quantile residuals are used to detect matches that may have
been fixed. To find an optimal cut-off value for the classification based on betting
volumes, and to further investigate the accuracy of this classifier, a receiver operat-
ing characteristic (ROC) curve is considered (solid line in Figure 4.4). In addition,
we make use of Youden’s index, which is defined as sensitivity+ specificity− 1 (see
Youden, 1950). The maximum of this index corresponds to an optimal cut-off value.
Furthermore, as we only have very few proven fixed matches in our data, we also cal-
culate the positive and negative predicted values (PPV and NPV, respectively) which
are defined as number of true positives/number of positives predicted and number of
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false positives/number of negatives predicted, respectively. The corresponding results
are displayed in Table A3 in Appendix B.2.

For the quantile residuals of the betting volumes, the maximum Youden index is
0.41, corresponding to an optimal cut-off value for the quantile residuals of 0.754. This
leads to the identification of 1,103 suspicious matches, out of which 18 are known to
have been fixed. The confusion matrix in Table 4.6 (first values) summarises the
classification results obtained from the betting volume model. These results imply a
true positive rate of 18

24 = 75% and a false positive rate of 1085
3195 ≈ 33.96%. Arguably,

a false positive rate of about a third may be too high for the corresponding warning
system to be useful in practice.

4.3.2 Classification results based on betting odds
When comparing Betfair’s closing odds with our estimated odds, lower odds at Betfair
imply that an event is more likely to occur than stated by our estimated odds. To
measure this deviance, for each betting type we divide the model-based odds by the
corresponding Betfair odds. Matches which exceed the empirical β quantile of this
ratio are flagged as suspicious. As for the betting volumes, we make use of a ROC
curve to find the optimal cut-off, i.e. the optimal β quantile for flagging matches
as suspicious. Figure 4.4 (dotted line) shows the corresponding ROC curve. The
maximum of the Youden index for the classification based on betting odds is 0.33,
equivalent to an optimal cut-off quantile of β = 0.86 for the odds fraction. Given
this optimal cut-off, our procedure results in 1,621 matches being flagged, from which
20 are actually known to have been fixed. This corresponds to a true positive rate
of 20

24 ≈ 83.3%, which is slightly higher compared to the betting volume model, but
is also accompanies by a much higher false positive rate of 1601

3195 ≈ 50.1%. Table
4.6 displays the corresponding values for the confusion matrix (values in the middle).
The classification results for the betting odds approach via the PPV can be found
in Table A3 in Appendix B.2. Comparing the results of the two procedures for their
particular optimal cut-off, we find that the betting volume-based detection leads to a
lower false positive rate, whereas the true positive rate of the odds model is slightly
higher. However, it should be noted here that both confusion matrices depend on the
corresponding cut-off values used for outlier detection. To investigate the influence of
the cut-off values applied, the ROC curves (see Figure 4.4) show the true and false
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positive rates for all possible thresholds. For the quantile residuals, the cut-off values
range between −7.3 and 5.6, and from 0 to 1 for the quantile of the odds ratio. The
lower the cut-off values, the more matches are flagged, leading to a higher true positive
rate for both models, at the cost of a much increased false positive rate. The area
under curve (AUC) for the betting volume model is about 0.72 and for the odds model
0.60. Given that the optimal AUC value is 1 and a value of 0.5 represents a random
guess, the classification via betting volumes is more accurate according to the AUC.
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Figure 4.4: ROC curves for all possible cut-off values for the betting volume model (solid) and the odds model
(dotted). The diagonal (grey) represents a random guess.

4.3.3 Combining the classification based on volumes and odds
We combine the two approaches described above as follows. First, we define a two
dimensional grid containing all combinations of possible cut-off values for the betting
volume and the odds model, respectively. Second, for each pair of cut-off values, we
flag all matches as suspicious for which the corresponding observations are greater than
at least one of the cut-off values, i.e. matches which are flagged by at least one model.
For the third step, we again make use of both Youden’s index and the PPV to find an
optimal pair of cut-off values for both models. The results for the classification based
on the PPV can again be found in Appendix B.2. The maximum of Youden’s index for
the combined approach is 0.44, and thus higher than for either of the two approaches
when considered separately. The corresponding optimal cut-off values are 0.75 for the
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quantile residuals from the betting volume model and 0.99 for the quantiles of the
odds fraction. Using these cut-off values, a true positive rate of 79.2% is achieved at
the expense of 35.5% false positives. Table 4.6 summarises the classification results.
Thus, compared to detecting fixed matches via betting volumes only, combining both
approaches slightly improves the true positive rate, whereas the false positive rate
remains roughly the same. Compared to the detection relying on odds solely, the true
positive rate is slightly lower, but the false positive rate is considerably lower. However,
it is worth noting here that this comparison is based on the particular optimal cut-off
values for the respective approach.

actual: fixed actual: normal sum
predicted: fixed 18 / 20 / 19 1,085 / 1,601 / 1,133 1,103 / 1,621 / 1,152

predicted: normal 6 / 4 / 5 2,110 / 1,594 / 2,062 2,116 / 1,598 / 2,067
sum 24 3,195 3,219

Table 4.6: Confusion matrix for flagged matches due to betting volumes / betting odds / combined approach based
on cut-off values chosen via the Youden index.

4.3.4 Discussion of the results
It is worth noting that — for the respective optimal cut-off values — not all fixed
matches found by comparing the odds are also found by the betting volume model,
and vice versa. In other words, some fixed matches are correctly classified by one model
only. Specifically, there are 14 matches which were identified by both models, whereas
four matches are correctly identified only by the volume-based outlier detection, and
six other matches only via the odds. Thus, the overall detection rate is improved by
analysing betting volumes as well — notably those from only a single betting platform
— suggesting that using betting volumes in addition to betting odds helps to detect
fixed matches. However, both approaches and especially the detection of fixed matches
via betting odds leads to a high false positive rate. When combining both approaches
using the corresponding optimal pair of cut-off values, the accuracy is comparable to
that of the betting volume model only, with a slightly higher true positive rate. Table
A2 in Appendix A.3 details the 24 fixed matches contained in our data, together with
the largest quantile residual and odds ratio quantile, respectively, across the different
betting types.

There are some possible explanations why a fixed match is flagged by only one of
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the models. For example, in highly liquid markets, betting activity by match fixers has
little effect on betting odds, such that odds do not adapt as quickly when high volume
bets are placed, and is hence unlikely to end up being classified as suspicious. In less
liquid markets the impact of singular bets in terms of a shift in betting odds is typically
more substantial. Since we have data only for one betting platform, it is also possible
that match fixers place their bets with other bookmakers. In such a case, we do not
observe unusual betting volumes at Betfair, but may still find a deviation from fair
betting odds at Betfair: if match fixers place heavy bets with other bookmakers, the
odds at these bookmakers start to drop, and Betfair follows with lower odds, because
otherwise there would be possibilities for arbitrage.

Although we make use of optimal cut-off values, when using the suggested com-
bination of betting volume model and odds model, then practical considerations will
guide the choice of the optimal cut-off values. The fraud detection system developed
by Sportradar takes into account the expertise of journalists and other experts who
assess whether there may be unmodelled but genuine factors that could explain suspi-
cious odds, e.g. key players being injured, or very one-sided matches where it is likely
that key players will be rested. If a fraud detection system does involve such expert
elicitation, several false positive matches could be eliminated by taking the opinions of
these experts into account. In such a setting, lower cut-off values for all approaches
considered may be adequate.

4.4 Conclusions

Using betting odds and betting volumes from seven consecutive seasons in the second
division in professional Italian soccer, we demonstrated how statistical modelling can
support match-fixing warning systems. We extended the usual procedure of fraud
detection systems — which consists of comparing estimated betting odds to the odds
stated by bookmakers — by an outlier analysis of betting volumes. The data basis
considered does have some caveats, most notably the uncertainty on which other
matches additionally to the 24 known ones have been fixed. Nevertheless, our results
clearly indicate that modelling betting volumes in addition to betting odds improves
the accuracy of detecting fixed soccer matches.

Although for the respective optimal cut-off values a substantial amount of matches
are flagged by the different approaches, there are still fixed matches which were not
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captured by our models, which to some extent is likely due to restrictions of our
analysis. First, we focus on pre-game betting only and do not account for in-game
betting. Second, we use data from only one betting platform, Betfair, for the analysis of
the betting volumes. This restriction is simply a consequence of the lack of additional
data. For the betting odds, the limitation to only one betting platform is of no major
importance, since betting odds do not vary substantially between betting platforms. In
any case, it is remarkable that modelling betting volumes still yields a true positive rate
of approximately 75% (yet at the same time 33.96% false positives) when considering
only pre-game betting data from Betfair. Furthermore, it is worth noting that some
of the false positives as returned by our analysis may in fact be true positives, i.e.
matches that were fixed but (as of yet) are not known to have been fixed.

The main objective of our work was to demonstrate the potential usefulness of
extending early-warning systems to also incorporate information on betting volumes.
We thus focused primarily on a comparison of the two warning systems, corresponding
to the outlier detections conducted under the two separate models. However, as
we believe that such systems would in most cases lead to a detailed check of a given
match already if only one of the two approaches flags a match, the presented approach
of combining the two models is adequate for practitioners. Furthermore, the high
false positive rate of the detection based solely on odds is reduced by the combined
approach, whereas at the same time the true positive rate remains at about the same
level. However, as discussed above, these results are based on the respective optimal
cut-off values, whereas the choice of cut-off values in practice might rather depend on
other factors, such as if other expert knowledge can be taken into account.

Clearly, the accuracy and hence the usefulness of the model-based outlier detection
crucially depends on the predictive performance of the model. Thus, future research
could focus on further refining the model formulations developed in this work, e.g. by
incorporating additional covariates, or by allowing models to be dynamically updated
throughout a season. For the betting volume model, one could also consider a mul-
tilevel model and allow effects for covariates such as the weekday to vary across the
several betting types. Furthermore, it would also be of interest to develop statistical
models for betting taking place during games. For such in-game betting, odds strongly
depend on the dynamics of the game, e.g. early goals, ball possession or running dis-
tance (cf. Schauberger et al., 2018). Dynamic and effectively latent factors such as
the momentum of the match could be accounted for using time series regression mod-
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els such as Markov-switching GAMLSS (cf. Adam et al., 2017). The wide range of
potentially relevant game dynamics, together with the natural time series structure
of live-betting data, renders outlier detection based on dynamically adjusted odds a
challenging task.



5 The hot hand in professional darts

5.1 Introduction

In sports, the concept of the “hot hand” refers to the idea that athletes may enter a
state in which they experience exceptional success. For example, in basketball, players
are commonly referred to as being “in the zone” or “on fire” when they hit several shots
in a row. Although empirical analyses of the hot hand phenomenon tend to focus on
sports due to the corresponding data being relatively easily accessible, the notion of the
hot hand does in fact apply to much more general settings in which streaks may occur,
including human performance in general (Gilden and Wilson, 1995a), artistic, cultural,
and scientific careers (Liu et al., 2018), the performance of hedge funds (Edwards and
Caglayan, 2001; Hendricks et al., 1993; Jagannathan et al., 2010), enduring rivalries
in international relations (Colaresi and Thompson, 2002; Gartzke and Simon, 1999),
and even gambling activities, against all odds (Xu and Harvey , 2014). However,
when perceiving such dynamics, people tend to over-interpret streaks of success and
failure, respectively (Bar-Hillel and Wagenaar , 1991). This phenomenon has been
studied intensively by behavioural economists and psychologists (see, e.g., Tversky and
Kahneman, 1971, 1974), and is regarded as a cognitive illusion that has been considered
as a primary example for how humans form beliefs and expectations (Kahneman, 2011;
Thaler and Sunstein, 2009). Especially in gambling settings it has been demonstrated
that people strongly believe in the “streakiness” of their performances, while at the
same time also acting according to the gambler’s fallacy, such that after a streak of
identical outcomes an increase in betting volume against the streak is observed despite
an i.i.d. random process generating the outcome (Croson and Sundali , 2005). Such
apparent irrationality underlines the importance of being able to precisely quantify a
potential hot hand effect in settings where its existence is highly disputed, e.g. in
professional sports. In general, a profound knowledge regarding the existence and
magnitude of streakiness in performances can aid general decision-making (Miller and
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Sanjurjo, 2018).
In their seminal paper, Gilovich et al. (1985) analysed basketball free-throw data to

find no support for a hot hand, hence coining the notion of the “hot hand fallacy”. The
alleged fallacy has been attributed in particular to a potential memory bias, with notable
streaks in performances being more memorable than outcomes that are perceived as
random, but also to general misconceptions regarding chance, with laypeople expecting
randomness to lead to performances that are more balanced in terms of successes and
failures than is actually the case. Since the landmark paper by Gilovich et al. (1985),
there has been mixed evidence regarding the hot hand in sports, with some papers
claiming to have found indications of a hot hand phenomenon and others disputing its
existence. Bar-Eli et al. (2006) review the literature on the hot hand in sports, including
analyses of data from basketball, baseball, golf, tennis, volleyball and bowling. They
summarise 24 studies, from which only 11 studies provide evidence for a hot hand
effect. Perhaps due to the availability of increasingly large data sets, most of the more
recent studies have found evidence for a hot hand effect (see Green and Zwiebel , 2017;
Miller and Sanjurjo, 2018; Raab et al., 2012; Shea, 2014), whereas only some studies
dispute its existence by providing mixed results (see Elmore and Urbaczewski , 2018;
Wetzels et al., 2016).

Two types of approaches have been used to investigate such potential hot hand
patterns, namely 1) analyses of the serial correlation of shot outcomes (see, e.g.,
Dorsey-Palmateer and Smith, 2004; Gilovich et al., 1985; Miller and Sanjurjo, 2014),
and 2) such that use a latent variable to describe the form of a player (see, e.g.,
Albert, 1993; Green and Zwiebel , 2017; Sun, 2004; Wetzels et al., 2016), where the
hot hand is understood as serial correlation in shot probabilities. While there is no
consensus in the literature regarding the definition of the hot hand, Stone (2012) and
Miller and Sanjurjo (2018) show that direct analyses of the correlation in outcomes,
as per 1) above, may vastly underestimate the correlation in shot probabilities. For
example, a correlation of ρp = 0.4 in shot probabilities can co-occur with a very much
lower correlation of ρr = 0.057 in shot realisations (Miller and Sanjurjo, 2014; Stone,
2012). In other words, if a genuine hot hand process is driven by autocorrelation in
success probabilities (i.e. in players’ forms) — which may very well be the case — then
this can easily go undetected if the focus lies on the (much weaker) serial correlation
of outcomes. Stone (2012) and Arkes (2013) thus conclude that it is preferable to
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analyse correlation in shot probabilities, as per 2) above. Hence, in this chapter, we
focus on approach 2), which we believe is also more aligned with the way terminology
related to the hot hand concept (e.g. “on fire”, “in the zone”) is commonly applied —
as argued by Stone (2012), it seems most natural to measure players’ form by their
time-varying success probabilities, rather than (noisy) shot outcomes.

In addition to such conceptual issues regarding the representation of the hot hand in
the data-generating process, Miller and Sanjurjo (2018) highlight a subtle selection bias
that may sneak into analyses of sequential data, which provides a further challenge to
the findings of Gilovich et al. (1985). Aside from mathematical fallacies, which would
already seem to explain many failed attempts to prove the existence of the hot hand, we
note that many of the existing studies considered data, e.g. from baseball or basketball,
which we believe are hardly suitable for analysing streakiness in performances. For
example, when analysing hitting streaks of a batter in baseball, other factors such
as the performance of the pitcher are also important but hard to account for. The
same applies to basketball, as there are also several factors affecting the probability
of a player to make a shot, e.g. the position (of a field goal attempt) or the effort of
the defence. In particular, an adjustment of the defensive strategy to stronger focus
on a player during a hot hand streak can conceal a possible hot hand phenomenon
(Bocskocsky et al., 2014).

To overcome these caveats, here we investigate whether there is a hot hand effect
in professional darts, a setting with a high level of standardisation of individual throws.
In professional darts, well-trained players repeatedly throw at the dartboard from the
exact same position and effectively without any interaction between competitors, mak-
ing the course of play highly standardised. In the existing literature, there are very few
contributions that consider darts data, and almost all of these are restricted to labora-
tory settings. For example, Van Raalte et al. (1995) analyse the effect of positive and
negative self-talk on throwing performances, considering the throwing sequences of 60
individuals, each of length 15. The hot hand effect has previously been investigated
using darts data by Gilden and Wilson (1995b); analysing only 24 throwing sequences
of eight volunteers, they find no evidence for a hot hand effect. Here we consider a
much larger data set, with n = 167,492 throws in total, which allows for comprehen-
sive inference regarding the existence and the magnitude of the hot hand effect. Using
state-space models, we evaluate serial dependence in a latent state process, which can
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be interpreted as a player’s varying form, in line with approaches of type 2) above.

5.2 Data

A dartboard is divided into 20 numbered slices (1 to 20 points) and the centre of the
board, the latter with an outer circle (the single bull; 25 points) and an inner circle
(the bullseye; 50 points). Each of the 20 slices is further divided into three segments,
the singles, doubles and triples, respectively, with the latter two resulting in twice or
triple the slice number being awarded as points. All matches in our analysis are played
by two players in the 501 up format. In this format, both players start with 501 points
and make their turns one after another. Within each turn, a player throws three darts
in quick succession, with the value of the segment hit by each dart being reduced from
the current score. The first player to reach exactly 0 points wins a “leg”. The last dart
used to reduce the score to 0 must hit a double or the bullseye (“double out”). To win
the match, a player must be the first to win a pre-specified number of legs (typically
between 7 and 15).1 If a player wins the match, he advances to the next round of the
tournament.

Data was extracted from http://live.dartsdata.com/, covering all professional
darts tournaments organised by the Professional Darts Corporation (PDC) between
April 2017 and January 2018. In our analysis, we include all players who played at
least 50 legs during the time period considered. This leads to a total of 8,310 legs and
167,492 dart throws (from 833 matches played across 25 tournaments).

At the beginning of a leg, players consistently aim at high numbers to quickly reduce
their points. The maximum score in a single throw is 60 as in a triple 20 (T20), which
players usually aim at, but the data indicate the triples of the numbers 11–19 (T11 to
T19), and bullseye (Bull), to be targeted in the initial phase of a leg as well. In fact,
Tibshirani et al. (2011) showed that T20 is not necessarily the best segment to aim
at, depending on the precision of a player’s throws. In addition, when the score before
the last throw of a turn is slightly above or around 180, then with that throw players
commonly try to avoid “bogey numbers”, i.e. scores below 170 points which cannot
be reduced to 0 within a player’s turn. For example, if the score is 182 points before
the third dart of a turn, then aiming at T20 but hitting the single 20 would reduce the

1In some matches, a player must win a pre-specified number of “sets”, where each set is played as best of five legs.
Whether the match is played in sets or in legs is not relevant for our analysis.
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score to 162 points, which is a bogey number. Hence, with 182 points left, instead
of aiming at the T20, players may aim at T12, since if they fail and hit the single
12, the score reduces to 170 points which can still be checked out with three darts
during the next turn. Thus, in the initial phase of a leg we regard any throw to land in
the set H = {T11,T12,T13,T14,T15,T16,T17,T18,T19,T20,Bull} as success. The
corresponding empirical proportions of throws hitting the elements of H are displayed
in Table 5.1. Since a leg is won once a player reaches exactly 0 points, players do not
always target H towards the end of legs, but rather numbers that make it easier for
them to reduce to 0. To retain a high level of standardisation and comparability across
throws, we thus truncate our time series data, excluding throws where the remaining
score was less than c = 180 points.

We consider binary time series {yp,l
t }t=1,...,Tp,l , indicating the throwing success of

player p within his l–th leg in the data set, with

yp,l
t =

1 if the t–th throw lands in H;
0 otherwise,

where the Tp,l–th throw is the last throw of player p in his l–th leg with the player’s
remaining score still greater than or equal to c= 180. The final data set then comprises
n = 167,492 throws by P = 73 players. To illustrate the structure as well as typical
patterns of the data, we display Gary Anderson’s throwing success histories throughout
his first 10 legs in the data:

001 011 011
111 110 0
000 111 101
010 000 101 01
000 110 101
111 000 010 0
110 100 101
100 010 010 00
101 010 000 1
110 100 101

Each row corresponds to one leg — truncated when the score fell below 180 — and
gaps between blocks of three successive dart throws indicate a break in Anderson’s
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play due to the opponent taking his turn. Next we formulate a model that enables
us to potentially reveal any unusual streakiness in the data, i.e. a possible hot hand
effect.

Table 5.1: Absolute frequencies and proportions for the different outcomes of H in our data set.

outcome frequency proportion
T11 1 0.00001
T12 3 0.00002
T13 1 0.00001
T14 0 0
T15 6 0.00004
T16 4 0.00002
T17 546 0.003
T18 1,709 0.010
T19 9,897 0.059
T20 53,509 0.319
Bull 108 0.0006

5.3 Modelling the hot hand in darts

5.3.1 State-space model of the hot hand
We aim at explicitly incorporating any potential hot hand phenomenon into a statistical
model for throwing success. As discussed in Section 1, it seems desirable to focus on
potential serial correlation in success probabilities. Conceptually, a corresponding hot
hand phenomenon naturally translates into a latent, serially correlated state process,
which for any player considered measures his varying form. For average values of
the state process, we would observe normal throwing success, whereas for high (low)
values of the state process, we would observe unusually high (low) percentages of
successful attempts. Figuratively speaking, the state process serves as a proxy for the
player’s “hotness” — alternatively, it can simply be regarded as the player’s varying
form. The magnitude of the serial correlation in the state process then indicates the
strength of any potential hot hand effect. A similar approach was indeed used by
Wetzels et al. (2016) and by Green and Zwiebel (2017), who use discrete-state hidden
Markov models to measure the form. While there is some appeal in a discrete-state
model formulation, most notably mathematical convenience and ease of interpretation
(with cold vs. normal vs. hot states), we doubt that players traverse through only
finitely many states, and advocate a continuously varying underlying state variable
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instead, thus allowing for gradual changes in a player’s form. Specifically, dropping
the superscripts p and l for notational simplicity, we consider models of the following
form:

yt ∼ Bern(πt), logit(πt) = ηt(st), st = ht(st−1)+ εt , (5.1)

where {yt}t=1,...,T is the observed binary sequence indicating throwing success, and
{st}t=1,...,T is the unobserved continuous-valued state process indicating a player’s
varying form. We thus model throwing success using a logistic regression model in
which the predictor ηt(st) for the success probability πt depends, among other things,
on the current form as measured by st . The unobserved form process {st} is modelled
using an autoregressive process.

st−1... st st+1 ...

yt−1 yt yt+1 (throwing history)

(player’s form)

Figure 5.1: Dependence structure of the modelling framework used to investigate a potential hot hand effect. The
throwing history {yt} is an observed binary sequence indicating whether or not individual throws were successful,
while the player’s form {st} is an unobserved continuous-valued variable which drives the player’s time-varying
success probabilities.

Model (5.1) is a special case of a state-space model (SSM), with the dependence
structure illustrated in Figure 5.1. Under this model, the outcomes of the throws are
conditionally independent, given the player’s form process. However, if there is serial
correlation in the form process st , then this will induce serial correlation also in the
throwing performance. This model formulation is thus in line with the suggestion by
Stone (2012) to focus on autocorrelation of success probabilities. Crucially, the model
includes the possibility to be reduced to the nested special case of uncorrelated success
probabilities, and hence independent observations, corresponding to absence of any hot
hand phenomenon. Before we dicuss how to conduct maximum likelihood estimation
within these type of models, we first present the models considered in the empirical
analysis, i.e. the exact forms of ηt(st) and of ht that we use to analyse the darts data.
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5.3.2 Model specifications
For our hot hand analysis, we formulate three different models, which are all special
cases of the general formulation stated in equation (5.1). We start with formulating a
benchmark model (Model 1) which corresponds to the absence of any hot hand effect.
To account for differences between the players, this model includes player-specific
intercepts β0,p in the predictor, which indicate the individual players’ proportions of
throwing success (on the logit scale). In principle, a player’s overall performance
level may change over his career, but since our data covers less than one year of
tournaments, it is reasonable to assume this quantity to be constant for each player
over the observation period considered. Furthermore, we include a categorical covariate
Dt , Dt ∈{1,2,3}, indicating the position of the dart thrown at time t within the player’s
current turn (first, second or third). This categorical covariate is included since the
relative frequency of hitting H, i.e. of throwing success in the early stages of a leg,
does in fact differ notably across the three throws within a player’s turn, with the
empirical proportions of hitting H in our data found to be 0.355,0.409 and 0.420 for
the first, second and third throw, respectively. The substantial improvement after the
first throw within a player’s turn is partly due to the necessary re-calibration at the
start of a turn (but see further discussion below). Hence, the predictor in Model 1, a
basic logistic regression model, is given by

logit(πt) = β0,p +β1I{Dt=2}+β2I{Dt=3},

with I{·} denoting the indicator function, and β0,p player p’s baseline level for the first
dart within any given turn. In Model 2, a state variable {st} is included to account for
potential serial correlation in success probabilities (i.e. a hot hand effect). We assume
{st} to follow an autoregressive process of order 1,

logit(πt) = β0,p +β1I{Dt=2}+β2I{Dt=3}+ st ;

st = φst−1 +σεt ,

with εt
iid∼ N(0,1). Effectively this is a Bernoulli model for throwing success in which

the success probability fluctuates around the players’ baseline levels — β0,p, β0,p+β1

and β0,p +β2 for within-turn throws one, two and three, respectively — according to
the autoregressive process {st}. The process {st} can be interpreted as a player’s time-
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varying form. Thus, at the time of an individual throw, the success probability of hitting
H depends on the general ability of the player, on the position of the throw within a
turn, and on the current (underlying) form as modelled by the state process. Within
this model formulation, a hot hand is defined as autocorrelation in the state process, i.e.
in the current form. For φ = 0 , the model reduces to a model without autocorrelation
in the underlying form (i.e. absence of a hot hand), which is similar to Model 1, but
includes an additional stochastic component in players’ abilities. Otherwise, if there is
autocorrelation in the underlying form, i.e. if φ > 0, then this would provide evidence
in favour of a hot hand effect in the form of positively correlated success probabilities.
For the beginning of a new leg, we explicitly account for the result of the last leg, by
assuming s1 ∼N(µδwon,σδ ) if the last leg was won, and s1 ∼N(µδlost,σδ ) if the last leg
was lost, i.e. we assume that a player’s form in a new leg may depend on the result of
the last leg, as expressed by the mean of the initial distribution. It should be noted here
that by pooling the data of different players, the parameters β1,β2,φ ,σ ,µδwon,µδlost

and σδ are assumed to be equal across players, whereas the ability (as measured by
β0,p) varies between players. In Chapter 5.5 we discuss how these assumptions could
be modified.

To consider the structure of a darts match in more detail, we further distinguish
between transitions within a player’s turn to throw three darts (e.g. between first and
second, or between second and third throw) and those across the player’s turns (e.g.
between third and fourth throw). This extension is considered in Model 3 and accounts
for the fact that there is a short break in a player’s action between his turns, with the
next turn starting with an empty board, whereas within a single turn the three darts
are thrown in very quick succession — it thus seems plausible that any possible hot
hand effect may show different time series dynamics within turns than across turns.
Specifically, within Model 3 we assume a periodic autoregressive process of order 1
(PAR(1); Franses and Paap, 2004) to describe a player’s time-varying form:

logit(πt) = β0,p +β1I{Dt=2}+β2I{Dt=3}+ st ,

st =

φast−1 +σaεt if t mod 3 = 1;

φwst−1 +σwεt otherwise.

Despite distinguishing between transitions within and across turns, this model still
allows for longer term hot hand effects that last through the whole leg. Before we
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present the results of the different models in Chapter 5.4, in the next section we first
discuss how to conduct maximum likelihood estimation within the general formulation
given in Eq. (5.1).

5.3.3 Maximum likelihood estimation
The likelihood of a model as in (5.1) involves analytically intractable integration over
the possible realisations of st , t = 1, . . . ,T . We use a combination of numerical inte-
gration and recursive computing, as first suggested by Kitagawa (1987), to obtain an
arbitrarily fine approximation of this multiple integral. Specifically, we finely discretise
the state space, defining a range of possible values [b0,bm] and splitting this range
into m intervals Bi = (bi−1,bi), i = 1, . . . ,m, of length (bm−b0)/m. The likelihood of
a single throwing history can then be approximated as follows:

LT =
∫
· · ·
∫

p(y1, . . . ,yT ,s1, . . . ,sT )dsT . . .ds1

≈
m

∑
i1=1

. . .
m

∑
iT=1

Pr(s1 ∈ Bi1)Pr(y1|s1 = b?i1)
T

∏
t=2

Pr(st ∈ Bit |st−1 = b?it−1
)Pr(yt |st = b?it),

(5.2)

with b?i denoting the midpoint of Bi. This is just one of several possible ways in which
the multiple integral can be approximated (see, e.g., Zucchini et al., 2016, Chapter
11). In practice, we simply require that m be sufficiently large. With the specification
as logistic regression model as in (5.1), we have that

Pr(yt |st = b?it) =
{

logit−1(
ηt(b?it)

)}yt
·
{

1− logit−1(
ηt(b?it)

)}1−yt
.

The approximate probability of the state process transitioning from interval Bit−1 to
interval Bit , Pr(st ∈ Bit |st−1 = b?it−1

), follows immediately from the specification of ht

and the distribution of the noise, εt .
The computational cost of evaluating the right hand side of Equation (5.2) is of

order O(T mT ). However, the discretisation of the state space effectively transforms
the SSM into a HMM, with a large but finite number of states, such that we can apply
the corresponding efficient machinery. In particular, for this approximating HMM, the
forward algorithm can be applied to calculate its likelihood at a cost of order O(T m2)

only (Zucchini et al., 2016, Chapter 11). More specifically, defining δδδ = (δ1, . . . ,δm)
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with δi = Pr(s1 ∈ Bi), i = 1, . . . ,m, the transition probability matrix (t.p.m) ΓΓΓ = (γi j)

with γi j = Pr(st ∈ B j|st−1 = b?i ), i, j = 1, . . . ,m, and m×m diagonal matrix P(yt) with
i–th diagonal entry equal to Pr(yt |st = b?i ), the right hand side of Equation (5.2) can
be calculated as

LT ≈ δδδP(y1)ΓΓΓP(y2) . . .ΓΓΓP(yT−1)ΓΓΓP(yT )1, (5.3)

with column vector 1 = (1, . . . ,1)′ ∈ Rm. Equation (5.3) applies to a single leg played
by one player. Assuming independence of the individual leg’s throwing histories, the
likelihood of the full data set is obtained as

L =
73

∏
p=1

Lp

∏
lp=1

δδδP(yp,lp
1 )ΓΓΓP(yp,lp

2 ) . . .ΓΓΓP(yp,lp
Tp,l

)1. (5.4)

We estimate the model parameters by numerically maximising the approximate likeli-
hood, subject to the usual technical issues as detailed in Zucchini et al. (2016).

5.4 Results

For Model 1, the benchmark model corresponding to the absence of a hot hand
effect, the estimated player-specific baseline levels for the first within-turn throws,
β0,1, . . . ,β0,73, range from −1.021 to −0.295, corresponding to throwing success prob-
abilities ranging from 0.265 to 0.427. The coefficients β1 and β2, which correspond
to the increase of throwing success probabilities after the first throw within a player’s
turn (on the logistic scale), are estimated as 0.228 and 0.276, respectively. From the
first to the second within-turn throw, there is thus a strong increase in the chance of
success, followed by a further, smaller increase from the second to the third throw.

Table 5.2: Parameter estimates with 95% confidence intervals for Model 2.

parameter estimate 95% CI
φ 0.494 [0.438; 0.550]
σ 0.659 [0.565; 0.768]
β1 0.248 [0.221; 0.274]
β2 0.297 [0.269; 0.325]

µδwon -0.051 [-0.102; 0.001]
µδlost

-0.068 [-0.117; -0.019]
σδ 0.701 [0.659; 0.745]

Model 2, which unlike Model 1 can capture a potential hot hand effect, was fit-
ted using m = 150 and −b0 = bm = 2.5 in the likelihood approximation, monitoring
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the likely ranges of the process {st} to ensure the range considered is sufficiently wide
given the parameter estimates. Table 5.2 displays the parameter estimates (except the
player-specific intercepts) including 95% confidence intervals based on the observed
Fisher information. Crucially, the estimate φ̂ = 0.493 seems to support the hot hand
hypothesis, indicating considerable serial correlation in players’ forms, with the asso-
ciated confidence interval not containing 0. The AIC clearly favours the state-space
formulation, Model 2, over the benchmark model assuming independent throws, Model
1 (∆AIC = 550). However, the state-space model as it stands makes the implicit as-
sumption that observations are regularly sampled, here such that the sampling unit is
one throw. This fails to acknowledge the actual structure of a player’s sequence of
throws, with blocks of three darts being thrown in quick succession, with breaks of a
couple of seconds between blocks (due to the opponent taking his turn).

Table 5.3: Parameter estimates with 95% confidence intervals for Model 3.

parameter estimate 95% CI
φw 0.727 [0.642; 0.811]
φa 0.058 [-0.010; 0.125]
σw 0.461 [0.350; 0.607]
σa 0.789 [0.699; 0.892]
β1 0.270 [0.242; 0.297]
β2 0.331 [0.302; 0.360]

µδwon -0.025 [-0.069; 0.019]
µδlost

-0.043 [-0.084; -0.001]
σδ 0.691 [0.648; 0.736]

To better reflect the grouping of darts, Model 3 distinguishes between transitions
within a player’s turn to throw three darts and those across the player’s turns. For
the (approximate) likelihood of Model 3, the t.p.m. ΓΓΓ is then not constant across
time anymore, but equal to either a within-turn t.p.m. ΓΓΓ

(w) or an across-turn t.p.m.
ΓΓΓ
(a). For Model 3, which is clearly favoured over Model 2 by the AIC (∆AIC = 242),

the parameter estimates as well as the associated confidence intervals are displayed
in Table 5.3. The estimate of the persistence parameter of the AR(1) process active
within a player’s turn, φ̂w = 0.727 (95% CI: [0.642; 0.811]), corresponds to fairly
strong serial correlation. However, the estimate φ̂a = 0.058 indicates only minimal
persistence in the players’ forms across turns. In fact, when at time t a player begins
a new set of three darts within a leg, then the underlying form variable is drawn
from an N(0.058st−1,0.7892) distribution, which is notably close to the two possible
initial distributions of the AR(1) process (N(−0.025,0.6912) and N(−0.043,0.6912),



5.4 Results 69

respectively) which determine the form at the start of a leg. We cannot rule out that
there may be a weak carry-over effect across turns — our results show no conclusive
evidence in this regard, with the 95% confidence interval for φa only just containing the
0. We thus find strong evidence of serial correlation within turns, whereas the evidence
regarding potential carry-over effects across turns is inconclusive — the relevance of
these findings with regard to the hot hand effect will be discussed in Section 5.

Table 5.4: Overview of Models 1–3.

no. param. AIC state process description
Model 1 75 223,200 – player-specific intercepts and

dummy variables for the throw
within a player’s turn

Model 2 79 222,651 AR(1) Model 1 + AR(1) state process for
the form

Model 3 81 222,400 PAR(1) Model 1 + PAR(1) state process,
distinguishing transitions within
and across a player’s turn

Table 5.5: Relative frequencies of the eight possible throwing success histories within a player’s turn. The second
column gives the proportions found in the data, while columns 3–5 give the proportions as predicted under the
various models fitted, for data structured exactly as the real data.

sequence emp. prop. Model 1 Model 2 Model 3
0 0 0 0.252 0.222 0.239 0.250
0 0 1 0.151 0.159 0.153 0.150
0 1 0 0.130 0.152 0.139 0.136
0 1 1 0.114 0.111 0.113 0.110
1 0 0 0.103 0.121 0.114 0.108
1 0 1 0.080 0.088 0.082 0.082
1 1 0 0.086 0.084 0.083 0.082
1 1 1 0.084 0.063 0.075 0.083

Table 5.4 provides an overview of the three models fitted, detailing the number of
parameters, the AIC values, the type of state process (if any) and a short description.
To check the goodness of fit and the adequacy of our models, and also to obtain a
more detailed picture of the (short-term) serial correlation implied by Models 2 and 3,
in Table 5.5 we compare the empirical relative frequencies of the eight possible throw-
ing success sequences within players’ turns — 000, 001, 010, 011, 100, 101, 110, and
111 — to the corresponding frequencies as expected under the three different models
that were fitted. We restricted this comparison to the first two turns of players within
each leg, and used Monte Carlo simulation to obtain the model-based frequencies of
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the eight sequences. The benchmark model (Model 1), which corresponds to com-
plete absence of any hot hand pattern, clearly underestimates the proportion of 000
and 111 sequences, with deviations of up to 0.03. This indicates correlation in throw-
ing performances within a turn. Model 2 better reflects the cumulation of 000 and 111
sequences, with a maximum deviation of 0.013. Finally, Model 3, which is favoured by
the AIC, almost perfectly captures the proportion of 000 and 111 sequences, with the
main mismatch in proportions (0.006) found for 010 sequences. While Table 5.5 deals
with outcomes within turns, Table 5.6 provides similar summary statistics correspond-
ing to outcomes across turns. Considering the first two turns by a player within a leg,
the table displays the empirical and model-derived proportions of the 16 possible pairs,
(a,b) ∈ {0,1,2,3}2, corresponding to the number of successes within two consecutive
turns; for example, the pair (1,3) indicates that the number of successful throws in
the first and second turn are 1 and 3, respectively. We find that Model 3 is clearly su-
perior to Model 2 in terms of capturing the observed proportions of pairs of turns with
very different success (e.g. (0,3) and (2,0)). This is due to Model 2 assuming the pa-
rameter φ to be constant across time, such that the corresponding estimate represents
a compromise between within-turn and across-turn correlation found in the data. As
a consequence, the former is underestimated, while the latter is overestimated, such
that the model predicts pairs of turns with very different success rates to occur less
often than is actually the case. In other words, Model 2 overestimates the magnitude
of a potential hot hand effect across turns. On the other hand, comparing the empiri-
cal proportions of the pairs (0,0) and (3,3) to the model-derived proportions, we find
that Model 1, representing absence of a hot hand effect, underestimates persistence
in success rates not only within turns, as shown in Table 5.5, but also across turns.
Overall, Model 3 thus comes closest to capturing both within-turn and across-turn
correlation in performances. For the observed and expected frequencies shown in Ta-
ble 5.6, a corresponding χ2 goodness-of-fit test rejects the null hypothesis at the 1%
level for Model 1 (χ2 = 507.1,df = 15) and for Model 2 (χ2 = 130.2,df = 15 ), while
for Model 3 the test fails to reject the null hypothesis (χ2 = 29.80,df = 15).

To further investigate typical patterns of the hidden process {st}, we calculate,
under Model 3, the most likely trajectory of the latent state (i.e. form) for each player
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Table 5.6: Relative frequencies of the 16 possible combinations of numbers of success during the first two turns.
The second column gives the proportions found in the data, while columns 3–5 give the proportions as predicted
under the various models fitted, for data structured exactly as the real data.

pair emp. prop. Model 1 Model 2 Model 3
(0,0) 0.067 0.051 0.063 0.064
(0,1) 0.097 0.096 0.100 0.098
(0,2) 0.072 0.062 0.063 0.067
(0,3) 0.022 0.013 0.016 0.021
(1,0) 0.092 0.096 0.098 0.100
(1,1) 0.150 0.186 0.166 0.155
(1,2) 0.110 0.122 0.114 0.109
(1,3) 0.032 0.027 0.031 0.034
(2,0) 0.067 0.062 0.060 0.066
(2,1) 0.106 0.122 0.110 0.105
(2,2) 0.079 0.082 0.081 0.076
(2,3) 0.026 0.018 0.024 0.025
(3,0) 0.020 0.013 0.015 0.019
(3,1) 0.031 0.027 0.029 0.030
(3,2) 0.023 0.018 0.023 0.023
(3,3) 0.007 0.004 0.007 0.007

and leg. Specifically, again dropping the superscripts p and l, we seek

(s∗1, . . . ,s
∗
T ) = argmax

s1,...,sT

Pr(s1, . . . ,sT |y1, . . . ,yT ),

i.e. the most likely state sequence, given the observations. After discretising the state
space into m intervals, maximising this probability is equivalent to finding the optimal
of mT possible state sequences. This can be achieved at computational cost O(T m2)

using the Viterbi algorithm. We then calculate the corresponding trajectories π∗
1 , . . . ,π

∗
T

of the most likely success probabilities to have given rise to the observed throwing
success histories, taking into account also the player-specific abilities and the dummy
variables. Figure 5.2 displays the decoded sequences for six players from the data set.
Since there are only 23 = 8 different possible sequences of observations within a player’s
turn, and since players start each turn almost unaffected by previous performances
(cf. φ̂a = 0.058), there is only limited variation in the most likely sequences. The
actual sequences may of course differ from these most likely sequences. The player-
specific intercepts for within-turn throw one measure the difference in the players’
abilities; in Figure 5.2, the corresponding success probabilities range from 0.283 (Zoran
Lerchbacher) to 0.420 (Michael van Gerwen). The probability of hitting H increases
after the first throw within a turn due to the two dummy variables. We also see
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confirmed that the form is not retained across turns.
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Figure 5.2: Decoded most likely sequences of throwing success probabilities according to Model 3, for > 100 legs
played by each of six players from the data set. The horizontal dashed lines indicate the player-specific intercepts
for the respective player’s within-turn throw one, and the vertical dashed lines denote the transition between a
players’ turn of three darts each.
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5.5 Discussion

Our results indicate that within a player’s turn, involving three darts thrown in quick
succession, there is strong correlation in the latent state process. However, short
breaks, which in the given setting result from the opponent taking his turn, effectively
result in a fresh start of the process describing the player’s form. From a purely
statistical point of view, if the hot hand phenomenon is understood as the presence of
serial correlation in individuals’ forms, then our findings would seem to provide strong
evidence in favour of the hot hand. However, some strategic aspects in darts need to
be considered when interpreting our results with regard to a potential hot hand effect.
In particular, depending on the exact position of a turn’s first dart within or close to
a triple segment, this dart can potentially be used as a “marker”. Darts two and three
within the same turn can then be aimed at the marker and may be deflected into
the target — the marker thus effectively increases the target area. The coefficients
β̂1 and β̂2, which indicate systematic differences in the success probabilities of the
second and third throw within a turn, relative to the first throw, do in fact indicate
that the success probability for hitting H increases during a player’s turn (see Tables
5.2 and 5.3). However, the corresponding dummy variables do not incorporate any
information on whether or not the first dart is a marker dart — if it is, then the success
probability may increase even further than indicated by β̂1 and β̂2. Similarly, the first
dart may also end up blocking a target area, thus decreasing the success probability of
subsequent throws. Within our modelling approach, these effects seem to have been
captured by the within-turn serial correlation induced by the latent autoregressive
process. In other words, while we conceptualised the latent state process as a proxy
variable measuring a player’s time-varying form, it seems likely that within turns this
process actually accommodates other not directly observed effects, namely such related
to marker or blocker darts. The strong serial correlation within a player’s turn, hence,
may be partially tied to the effect of marker darts rather than a hot hand effect.
Since our data does not contain corresponding information that would allow us to
disentangle these two possible causes, there is no definitive conclusion whether the
strong serial correlation within turns provides evidence of a hot hand effect, or rather
is a consequence of marker darts. In any case, it is at least questionable whether
serial correlation within a sequence of only three darts, thrown in quick succession, is
what sports commentators, fans and athletes have in mind when referring to the hot
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hand. In conclusion, while we find strong serial correlation for within-hand throws, the
persistence parameter measuring potential correlation across turns was estimated to
be very small, such that overall we do not find conclusive evidence for a hot hand.

Further research specifically on the hot hand in darts could focus on explicitly ad-
dressing player heterogeneity. In addition to the baseline level of πt , the parameters
φw, φa, σw and σa, and hence the magnitude of the hot hand effect, may vary across
players. This could reveal that for some players the hot hand effect lasts longer than
for others, and potentially also across turns. Modelling this individual variability could
be achieved using covariates or, if no suitable covariates are available to explain the
heterogeneity, via random effects. However, fitting state-space models such as those
presented here already involves a high computational cost, with the numerical max-
imisation taking several days on a usual desktop computer. This would be further
increased when incorporating random effects due to the required integration over pos-
sible values of the random effects. Possible parameter estimation approaches moving
forward with random effects include: (i) using the Laplace approximation to evaluate
the marginal likelihood via the template model builder package in R, (ii) an approxi-
mate Bayesian inference approach using an integrated nested Laplace approximation
or (iii) using MCMC in a Bayesian framework, where the realisations of the random
effects are sampled alongside the other model parameters. While the focus of our anal-
yses was on the hot hand hypothesis, darts does in fact provide an excellent setting
for studying several other performance-related hypotheses, due to the highly standard-
ised actions and the absence of interactions between opponents. For example, darts
data have recently been used to investigate how individuals perform in high-pressure
situations (see Klein Teeselink et al., 2020; Ötting et al., 2020a).

The modelling framework developed in the present chapter, with a continuous-
valued latent process representing a player’s time-varying form, can easily be tailored
to other sports — or in fact any sequential performance measures — for further
investigations into the existence and magnitude of the hot hand. A caveat of the
existing study is the binary nature of the observations, which corresponds to a rather
noisy measure of the actual form. In sports such as archery and shooting, performance
can be measured more precisely by considering the continuous-valued distance between
a shot and the middle of the target. While these sports easily lend themselves to a time
series analysis due to the structured way in which actions take place, there are many
other sports of interest where time intervals between actions are irregular, including
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immensely popular sports such as football, American football, rugby or basketball.
With the attention given to these, it would be of interest to transfer our modelling
approach also to corresponding settings with irregular time intervals between actions.
Conceptually, this can relatively easily be achieved by replacing the AR(1) process used
in this work to represent the latent form of a player by its continuous-time analogue,
the Ornstein-Uhlenbeck process. Via discretising the state space, the tools available
for continuous-time HMMs can then be applied for making inference (Jackson et al.,
2003). However, given that evidence from the most recent literature points to a small
hot hand effect (see, e.g., Green and Zwiebel , 2017; Miller and Sanjurjo, 2018), we
believe sports settings with no direct interaction between opponents — e.g. archery,
shooting, or free throws in basketball in an experimental setting as in Gilovich et al.
(1985) — to be best suited for analyses related to the hot hand, as otherwise it can
be difficult to disentangle hot hand patterns from potential confounding factors.
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6 A regularised hidden Markov model for
analysing the ‘hot shoe’ in football

6.1 Introduction

In sports, the performance of players is frequently discussed by fans and journalists.
An often discussed phenomenon in several sports is the “hot hand”, meaning that
players may enter a state where they experience extraordinary success. For example,
the former German football player Gerd Müller potentially was in a “hot” state when
scoring 11 penalties in a row between 1975 and 1976. However, with 3 penalties
missed in a row earlier in 1971, he potentially was in a “cold” state when taking these
penalty kicks.

Academic research on the hot hand started by Gilovich et al. (1985). In their seminal
paper, they analysed basketball free-throw data and provided no evidence for the hot
hand, arguing that people tend to belief in the hot hand due to memory bias. In the
past decade, however, some studies provided evidence for the hot hand while others
failed to find such an effect (see Bar-Eli et al., 2006, for a review). The existence of
a hot hand effect thus remains an open question.

In our analysis, we investigate a potential “hot shoe” effect of penalty takers in
the German Bundesliga. Our data set comprises all penalties taken in the Bundesliga
from the first season (1963/64) until season 2016/17, totaling in n = 3,482 observa-
tions. Specifically, to explicitly account for the underlying (latent) form of a player,
we consider HMMs to investigate a potential hot shoe effect. Using HMMs to investi-
gate the hot hand was first done by Albert (1993) for an analysis in baseball, but also
more recently by Green and Zwiebel (2017) who also analyse data from baseball and
by Ötting et al. (2020b) who analyse data from darts.

There are several potential confounding factors when analysing the outcome of
penalty kicks, such as the score of the match and the abilities of the two involved
players, i.e. the penalty taker and the opposing team’s goal keeper. Accounting for
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these factors leads to a large number of covariates, some of them also exhibiting
a noteworthy amount of correlation/multicollinearity, which makes model fitting and
interpretation of parameters difficult. Hence, sparser models are desirable. To tackle
these problems, variable selection is performed here by applying a LASSO penalisation
approach (see Tibshirani , 1996). Our results suggest two different states, which can be
tied to a cold and a hot state. In addition, the results shed some light on exceptionally
well-performing goalkeepers.

The remainder of the chapter is structured as follows. The data on penalty kicks
from the German Bundesliga is described in Section 6.2. In Section 6.3 the methodol-
ogy considered is presented, namely a LASSO penalisation technique for HMMs. The
proposed approach is further investigated in a short simulation study in Section 6.4
and the results of our hot shoe analysis are presented in Section 6.5.

6.2 Data

The data set considered comprises all penalty kicks taken in the German Bundesliga
from its first season 1963/1964 until the end of the season 2016/2017. Parts of the
data have already been used in Bornkamp et al. (2009). In the analysis, we include all
players who took at least 5 penalty kicks during the time period considered, resulting
in n = 3,482 penalty kicks taken by 310 different players. For these penalty kicks
considered, 327 different goalkeepers were involved. The resulting variable of interest
is a binary variable indicating whether the player scored the penalty or not. Hence,
we consider binary time series {yp,t}t=1,...,Tp, with Tp denoting the total number of
penalties taken by player p, indicating whether player p scored the penalty at attempt
t, i.e.:

yp,t =

1, if the t–th penalty kick is scored;
0, otherwise.

Since several other factors potentially affect the outcome of a penalty kick (such as the
score of the match), we consider further covariates. For the choice of covariates, we
follow Dohmen (2008), who analysed the effect of pressure when taking penalty kicks
and, hence, accounts for several potential confounders. These additional covariates
include a dummy indicating whether the match was played at home, the matchday,
the minute where the penalty was taken, the experience of both the penalty taker and
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the goalkeeper (quantified by the number of years played for a professional team) and
the categorised score difference, with categories more than 2 goals behind, 2 goals
behind, 1 goal behind, 1 goal ahead, 2 goals ahead, or more than 2 goals ahead.
Since the effect of the score might depend on the minute of the match, we further
include interaction terms between the categories of the score difference and the minute.
To consider rule changes for penalty kicks (see Dohmen, 2008, for more details),
we include dummy variables for different time intervals (season 1985/86 and before,
between season 1986/87 and season 1995/96, season 1996/1997, and from season
1997/1998 up to season 2016/2017). Table 6.1 summarises descriptive statistics for
all metric covariates considered as well as for our response variable.

Table 6.1: Descriptive statistics.

mean st. dev. min. max.

successful penalty 0.780 0.414 0 1
matchday – – 1 38
home 0.316 0.465 0 1
experience (penalty taker) 6.323 3.793 0 19
experience (goalkeeper) 5.343 4.187 0 19
minute 51.92 24.91 1 90

Finally, to explicitly account for player-specific characteristics, we include intercepts
for all penalty takers as well as for all goalkeepers considered in our sample. These
parameters can be interpreted as the players’ penalty abilities (i.e., the penalty shooting
skill for the penalty taker and the (negative) penalty saving skill for the goalkeeper).
To illustrate the typical structure of our data, an example time series from our sample
of the famous German attacker Gerd Müller, who played in the Bundesliga for Bayern
Munich from 1964 until 1979, is shown in Figure 6.1. The corresponding part in the
data set is shown in Tables 6.2 and 6.3.
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Figure 6.1: Penalty history over time of the player Gerd Müller for the time period from 1964 until 1979; a
successful penalty is shown in yellow, a failure in black.
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Table 6.2: Part of the data set corresponding to the metric covariates.

player
successful

penalty
matchday home

experience
(penalty taker)

experience
(goalkeeper)

minute · · ·· · ·· · ·

...
...

...
...

...
...

... · · ·
Gerd Müller 1 15 0 1 3 90 · · ·
Gerd Müller 1 25 0 1 3 81 · · ·

...
...

...
...

...
...

... · · ·
Gerd Müller 0 7 0 13 2 37 · · ·
Gerd Müller 0 8 1 13 8 68 · · ·

...
...

...
...

...
...

... . . .

Table 6.3: Part of the data set corresponding to the player- and goalkeeper specific effects.

Hans
Müller

(player)

Gerd
Müller

(player)

Ludwig
Müller

(player)
· · ·· · ·· · ·

Günter
Bernard

(goalkeeper)

Wolfgang
Schnarr

(goalkeeper)
· · ·· · ·· · ·

Dieter
Burdenski

(goalkeeper)

Wolfgang
Kneib

(goalkeeper)
...

...
... · · · ...

... · · · ...
...

0 1 0 · · · 0 1 · · · 0 0
0 1 0 · · · 1 0 · · · 0 0
...

...
... · · · ...

... · · · ...
...

0 1 0 · · · 0 0 · · · 0 1
0 1 0 · · · 0 0 · · · 1 0
...

...
... · · · ...

... · · · ... . . .

6.3 Methods

Figure 6.1 indicates that there are phases in the career of Gerd Müller where he
scored several penalty kicks in a row, e.g. between 1975 and 1976 as discussed in
the introduction. At some parts of his career, however, successful penalty kicks were
occasionally followed by one or more missed penalty kicks. To explicitly account for
such phases we consider HMMs, where the latent state process can be interpreted as
the underlying varying form of a player. Moreover, Stone (2012) argues that HMMs are
more suitable for analysing the hot hand than analysing serial correlation of outcomes,
since the latter mentioned outcomes are only noisy measures of the underlying (latent)
form of a player.

6.3.1 Hidden Markov models
In HMMs, the observations yp,t are assumed to be driven by an underlying state process
sp,t , in a sense that the yp,t are generated by one of N distributions according to the
Markov chain. In our application, the state process sp,t serves for the underlying varying
form of a player. For notational simplicity, we drop the player-specific subscript p in
the following. Switching between the states is taken into account by the transition
probability matrix (t.p.m.) ΓΓΓ = (γi j), with γi j = Pr(st = j|st−1 = i), i, j = 1, . . . ,N.
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We further allow for additional covariates at time t, xt = (x1t , . . . ,xKt)
′, each of which

assumed to have the same effect in each state, whereas the intercept is assumed to
vary across the states, leading to the following linear state-dependent predictor:

η
(st)
t = β

(st)
0 +β1x1t + . . .+βkxKt .

In fact, this is a simple Markov-switching regression model, where only the intercept
varies across the states (see, e.g., Goldfeld and Quandt, 1973). The dependence
structure of the HMM considered is shown in Figure 6.2.

st−1... st st+1 ...

yt−1 yt yt+1

xt+1xtxt−1

Figure 6.2: Dependence structure of the HMM considered. Each observation yt is assumed to be generated by one
of N distributions according to the state process st , which serves for the underlying form of a player. In addition,
covariates xt are assumed to affect yt .

For our response variable yt , indicating whether the penalty attempt t was successful
or not, we assume yt ∼Bern(π(st)

t ) and link π
(st)
t to our state-dependent linear predictor

η
(st)
t using the logit link function, i.e. logit(π(st)

t ) = η
(st)
t . Defining an N ×N diagonal

matrix P(yt) with i–th diagonal element equal to Pr(yt |st = i) and assuming that the
initial distribution δδδ of a player is equal to the stationary distribution, i.e. the solution
to ΓΓΓδδδ = δδδ subject to ∑

N
i=1 δi = 1, the likelihood for a single player p is given by

Lp(ααα) = δδδP(yp,1)ΓΓΓP(yp,2) . . .ΓΓΓP(yp,Tp)1 ,

with column vector 1 = (1, . . . ,1)′ ∈ RN (see Zucchini et al., 2016) and parameter
vector ααα = (γ11,γ12, . . . ,γ1N, . . . ,γNN,β

(1)
0 , . . . ,β

(N)
0 ,β1, . . . ,βk)

′ collecting all unknown
parameters. Specifically, formulating the likelihood as above amounts to running the
forward algorithm, which allows to calculate the likelihood recursively at computational
cost O(T N2) only, thus rendering numerical maximisation of the likelihood feasible
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(Zucchini et al., 2016). To obtain the full likelihood for all 310 players considered
in the sample, we assume independence between the individual players such that the
likelihood is calculated by the product of the individual likelihoods of the players:

L(ααα) =
310

∏
p=1

Lp(ααα) =
310

∏
p=1

δδδP(yp,1)ΓΓΓP(yp,2) . . .ΓΓΓP(yp,Tp)1.

For our analysis of a potential hot shoe effect, we initially select N = 2 states, which
potentially are aligned to a “hot” and a “cold” state, i.e. states with superior and
poor performance, respectively. The parameter vector ααα , hence, reduces to ααα =

(γ11,γ12,γ21,γ22,β
(1)
0 ,β

(2)
0 ,β1, . . . ,βk)

′. The choice of N will be further discussed in
Section 6.5.

Parameter estimation is done by maximising the likelihood numerically using nlm()
in R (R Core Team, 2019). However, if we consider all covariates introduced in
our model formulation from Section 6.2, the model gets rather complex, is hard to
interpret, and multicollinearity issues might occur. Hence, we propose to employ a
penalised likelihood approach based on a LASSO penalty, which is described in the
next subsection.

6.3.2 Variable selection by the LASSO
To obtain a sparse and interpretable model, the estimation of the covariate effects
will be performed by a regularised estimation approach. The idea is to first set up a
model with a rather large number of possibly influential variables (in particular, with
regard to the player-specific ability parameters) and then to regularise the effect of
the single covariates. This way, the variance of the parameter estimator is diminished
and, hence, usually lower prediction error is achieved than with the unregularised
maximum likelihood (ML) estimator. The basic concept of regularisation is to maximise
a penalised version of the likelihood `(ααα) = log(L(ααα)). More precisely, one maximises
the penalised log-likelihood

`pen(ααα) = log(L(ααα))−λ

K

∑
k=1

|βk| , (6.1)

where λ represents a tuning parameter, which controls the strength of the penalisation.
The optimal value for this tuning parameter has to be chosen either by cross-validation
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or suitable model selection criteria. The latter usually constitute a compromise between
the model fit (e.g., in terms of the likelihood) and the complexity of the model.
Frequently used are the AIC or BIC. In the context of LASSO, the effective degrees
of freedom for the AIC and BIC are estimated as the number of non-zero coefficients
(see Zou et al., 2007). Since our longitudinal data structure with multiple short time
series from 310 individuals renders cross-validation rather difficult, we select the tuning
parameter λ in the following by information criteria.

Note that in contrast to the ridge penalty, which penalises the squared coefficients
and shrinks them towards zero (see Hoerl and Kennard , 1970), the LASSO penalty
on the absolute values of the coefficients, first proposed by Tibshirani (1996), can set
coefficients to exactly zero and, hence, enforces variable selection. Another advantage
of the employed penalisation is the way correlated predictors are treated. For example,
if two (or more) predictors are highly correlated, parameter estimates are stabilised by
the penalisation. In such scenarios, the LASSO penalty tends to include only one of
the predictors and only includes a second predictor if it entails additional information
for the response variable. Therefore, if in our case study variables possibly contain
information on the outcome of the penalty, they can be used simultaneously.

To fully incorporate the LASSO penalty in our setting, the non differentiable L1

norm |βk| in Eq. (6.1) is approximated as suggested by Oelker and Tutz (2017).
Specifically, the L1 norm is approximated by

√
(βk + c)2, where c is a small positive

number (say c = 10−5). With the approximation of the penalty, the corresponding
likelihood is still maximised numerically using nlm() in R as denoted above.

In the simulation study from the subsequent section, we also investigate a relaxed
LASSO-type version of our fitting scheme. The relaxed LASSO (Meinshausen, 2007)
is known to often produce sparser models with equal or lower prediction loss than the
regular LASSO. To be more precise, for each value of the tuning parameter λ , in a final
step we fit an (unregularised) model that includes only the variables corresponding to
the non-zero parameters of the preceding LASSO estimates.

6.4 A short simulation study

We consider a simulation scenario similar to our real-data application, with a Bernoulli-
distributed response variable, an underlying two-state Markov chain and 50 covariates,
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47 of which being noise covariates:

yt ∼ Bern(π(st)
t ),

with

logit(π(st)
t ) = η

(st)
t = β

(st)
0 +0.5 · x1t +0.7 · x2t −0.8 · x3t +

47

∑
j=4

0 · x jt .

We further set β
(1)
0 = logit(0.75),β (2)

0 = logit(0.35) and

ΓΓΓ =

(
0.9 0.1

0.1 0.9

)
.

The covariate values were drawn independently from a uniform distribution within the
interval [−2,2]. The interval boundaries as well as the corresponding effects β1,β2,
and β3 were chosen such that reasonable values for the response are obtained (i.e.,
moderate proportions of ones and zeros). We conduct 100 simulation runs, in each run
generating T = 5100 observations yt , t = 1, . . . ,5100, from the model specified above,
with the sample size being about the same size as for the real data application. Out of
these 5100 simulated observations, the first 5000 are used for model fitting, whereas
for the last 100 observations (which are denoted by ytest

t ), the predictive performance
of several different models is compared (see below).

For the choice of the tuning parameter λ , we consider a (logarithmic) grid of length
50, Λ = {5000, . . . ,0.0001}. To compare the performance of the above described
LASSO-type estimation, we consider the following five fitting schemes:

• HMM without penalisation (i.e., with λ = 0)

• LASSO-HMM with λ selected by AIC

• LASSO-HMM with λ selected by BIC

• relaxed-LASSO-HMM with λ selected by AIC

• relaxed-LASSO-HMM with λ selected by BIC

For all five methods considered, we calculate the mean squared error (MSE) of the
coefficients β1, . . . ,β50:
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MSEβββ =
1
50

50

∑
k=1

(β̂k −βk)
2.

We also calculate the MSE for the state-dependent intercepts β
(1)
0 and β

(2)
0 , and for the

entries of the t.p.m., γ11 and γ22, which is done analogously to the MSE for β1, . . . ,β50

shown above. To further compare the predictive performance of the fitting schemes
considered, we predict the distribution for each of the 100 out-of-sample observations,
i.e. the success probabilities π̂

pred
t , and compare these to the 100 remaining simulated

observations ytest
t . For that purpose, we calculate the Brier score and the average

predicted probability, which are given as follows:

B =
1

100

100

∑
t=1

(π̂pred
t − ytest

t )2

A =
1

100

100

∑
t=1

(
π̂

pred
t 1{ytest

t =1}+(1− π̂
pred
t )1{ytest

t =0}

)
,

with 1{.} denoting the indicator function. For the Brier score B, more accurate pre-
dictions correspond to lower values, with the lowest possible value being 0. For the
average predicted probability A, higher values correspond to more precise predictions.
In addition, the average predicted probability can be directly interpreted as the prob-
ability for a correct prediction.

The boxplots showing the MSEs over the 100 simulation runs, and the boxplots
showing the Brier score and the average predicted probability for the predictive per-
formance, are shown in Figures 6.3 and 6.4, respectively. In both figures, the HMM
without penalisation is denoted by “MLE”, the LASSO-HMM with λ selected by AIC
and BIC are denoted by “AIC” and “BIC”, respectively, and the relaxed-LASSO-HMM
with λ selected by AIC and BIC are denoted by “AIC relaxed” and “BIC relaxed”, re-
spectively. For the state-dependent intercepts β

(1)
0 and β

(2)
0 , we see that the median

MSE for the models with λ chosen by the BIC is fairly high compared to all other
models considered. A similar behaviour is observed for the entries of the t.p.m., γ11

and γ22.
The middle row in Figure 6.3 shows the MSE for β1, . . .β50 as well as the corre-

sponding true and false positive rates (denoted by TPR and FPR, respectively). The
simulation results indicate that the non-noise covariates are detected by all models,
whereas especially the LASSO-HMM with λ selected by the AIC detects several noise
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covariates. A fairly low number of noise coefficients is selected by the relaxed-LASSO-
HMM fitting scheme with λ selected by the AIC and by the LASSO-HMM with λ

selected by the BIC. The corresponding medians for the FPR are 0.149 and 0.170, re-
spectively. The most promising results are given by the relaxed-LASSO-HMM with λ

chosen by the BIC. In 84 out of 100 simulations, no noise covariates were selected by
this model.
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Figure 6.3: Boxplots of the MSE, TPR, and FPR obtained in 100 simulation runs. “AIC” and “BIC” denote
the LASSO-HMM fitting scheme with λ chosen by AIC and BIC, respectively. “AIC relaxed” and “BIC relaxed”
denote the relaxed-LASSO-HMM fitting scheme with λ chosen by AIC and BIC, respectively. “MLE” denots the
HMM without penalisation.

The left plot in the middle row of Figure 6.3 shows that the median MSE of the
coefficients β j for the LASSO-HMM with λ selected by the BIC is higher than the
median MSE of all other models considered. This arises since the BIC tends to select
a rather high λ , which can be seen from the median MSE separated for the noise and
non-noise coefficients (last row of Figure 6.3). With the fairly high λ chosen by the
BIC, i.e. with more shrinkage involved, the MSE for the non-noise coefficients is rather
large. At the same time, since only a few covariates are selected with a rather high λ ,
the MSE for the noise coefficients is very low.

For the predictive performance of the methods considered, we see that visually
there is no clear difference in the Brier score between the models, which is shown in
the top panel of Figure 6.4. The result for the average predicted probability — shown
in the bottom panel of Figure 6.4 — confirm that the LASSO-HMM with λ chosen
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by the BIC and the HMM without penalisation perform worse than the other models
considered.

The results of the simulation study are very encouraging, with the LASSO penalty
allowing for variable selection. The performance in terms of MSE, TPR, and FPR
suggest that the LASSO-HMM with λ selected by the BIC performs worst, with the
MSE being higher than for the HMM without penalisation. However, the LASSO-
HMM with λ selected by the AIC as well as the relaxed-LASSO-HMM with λ selected
by AIC and BIC, respectively, (partly substantially) outperform the HMM without
penalisation in terms of MSE. The relaxed-LASSO-HMM with λ selected by the BIC
performs best in terms of MSE, TPR, FPR and the predictive performance. Finally, in
all simulation runs the overall pattern was captured with regard to the true underlying
state-dependent intercepts β

(1)
0 ,β

(2)
0 and diagonal entries of the t.p.m., i.e. γ11 and

γ22. Fitting the LASSO-HMM and the relaxed-LASSO-HMM on the grid containing
50 different tuning parameters λ took on average 47 minutes using a 3.4 GHz Intel©

CoreTM i7 CPU. This is remarkably fast, considering that both the LASSO-HMM and
the relaxed-LASSO-HMM are fitted to the data for each value of λ , leading to 100
fitted models in total.
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Figure 6.4: Boxplots of the Brier score (top panel) and the average predicted probability (bottom panel) obtained
in 100 simulation runs.“AIC” and “BIC” denote the LASSO-HMM fitting scheme with λ chosen by AIC and BIC,
respectively. “AIC relaxed” and “BIC relaxed” denote the relaxed-LASSO-HMM fitting scheme with λ chosen by
AIC and BIC, respectively. “MLE” denots the HMM without penalisation.
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6.5 Results

We now apply our LASSO-HMM approach to the German Bundesliga penalty data.
For the analysis of a potential hot shoe effect, we include all covariates from Section 6.2
into the predictor and choose N = 2 for the number of states, representing potential
hot and cold states, respectively.1 This yields the following linear state-dependent
predictor2:

logit(π(st)
t ) = β

(st)
0 + β1homet + β2minutet + . . .+

β100GerdMuellert + . . .+β656WolfgangKneibt .

Since the simulation study above indicates that the unpenalised maximum likelihood
estimator is not appropriate for such a large number of covariates, we only consider
the LASSO-type fitting schemes for the real data application. Specifically, since the
relaxed-LASSO-HMM with λ selected by the BIC showed the most promising results
in the simulation, we focus on the results obtained by this fitting scheme, but we also
present the results obtained by the two LASSO-HMM fitting schemes.3 The parameter
estimates obtained (on the logit scale) indicate that the baseline level for scoring a
penalty is higher in the model’s state 1 than in state 2 (β̂ (1)

0 = 1.422> β̂
(2)
0 =−14.50).

However, the relevance of these results regarding a potential hot shoe effect is discussed
in Section 5.5. With the t.p.m. estimated as

Γ̂ΓΓ =

(
0.978 0.022

0.680 0.320

)
,

there is high persistence in state 1, whereas state 2 is a transient state, where switch-
ing to state 1 is most likely. In addition, the model is slightly favoured by the AIC
over a single-state model, i.e. a standard logit model without a potential hot shoe ef-
fect (AIChotshoe = 3664, AIClogit = 3670). The stationary distribution as implied by
the estimated t.p.m. is δ̂δδ = (0.969,0.031), i.e., according to the fitted model, players
are in about 96.9% of the time in state 1 and in about 3.1% in state 2. The diag-

1A psychological reason for being hot or cold may be a higher/lower level of self confidence.
2Throughout this chapter, all metric covariates are considered as linear. Since the main interest of this chapter is

to investigate the LASSO penalty in HMMs, future research on the hot shoe could focus also on non-linear effects, for
example for the matchday and the minute.

3The relaxed-LASSO-HMM with optimal λ selected by the AIC yielded a rather unreasonable model, where almost
all of the more than 600 covariates were selected and with partly unrealistically large corresponding estimated covariate
effects, indicating some tendency of overfitting. For this reason, we excluded this model from the analysis.
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onal elements of the t.p.m. for the other fitting schemes are obtained as γ̂11,AIC =

0.989, γ̂22,AIC = 0.386 and γ̂11,BIC = 0.987, γ̂22,BIC = 0.368, respectively. The corre-
sponding state-dependent intercepts are obtained as β̂

(1)
0,AIC =−14.71, β̂

(2)
0,AIC = 1.347

and β̂
(1)
0,BIC = −18.83, β̂

(2)
0,BIC = 1.360, respectively. The results of the other fitting

schemes considered, hence, are fairly similar to those obtained by the relaxed-LASSO-
HMM with λ selected by the BIC.

For the grid of potential tuning parameters λ , Figure 6.5 shows the progress of
the AIC and BIC for the LASSO-HMM, indicating that the AIC selects a lower tun-
ing parameter than the BIC. The corresponding coefficient paths of the LASSO-HMM
approach together with the associated optimal tuning parameters selected by the AIC
and BIC, respectively, are shown in Figure 6.6.4 No covariates are selected by the
LASSO-HMM with λ selected by the BIC, whereas Jean-Marie Pfaff, a former goal-
keeper of Bayern Munich, is selected by the LASSO-HMM with λ selected by the AIC
and by the relaxed-LASSO-HMM based on BIC (see Table 6.4). The negative coef-
ficient implies that the odds for scoring a penalty decrease if Jean-Marie Pfaff is the
goalkeeper of the opponent’s team. The coefficient is substantially larger in magni-
tude for the relaxed-LASSO model, since for this fitting schemes the model is re-fitted
with λ = 0 on the set of selected coefficients from the first model fit (see above).
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Figure 6.5: Paths of AIC and BIC in the LASSO-HMM models. The vertical lines indicate the optimal penalty
parameters λ selected by AIC and BIC, respectively.

4We abstain from showing the coefficient paths plot for the relaxed LASSO-HMM model, because due to the unpe-
nalised re-fit the paths look rather irregular.
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Figure 6.6: Coefficient paths of all covariates considered in the LASSO-HMM models. The dashed lines indicate the
optimal penalty parameters λ selected by AIC and BIC, respectively. For the λ selected by the BIC, no covariates
are selected, whereas for the AIC one covariate is selected (see also Table 6.4).

Table 6.4: Overview of selected players and goalkeepers by all models considered.

BIC AIC
BIC

relaxed

Jean-Marie Pfaff (goalkeeper) 0.000 -0.001 -0.125
Rudolf Kargus (goalkeeper) 0.000 0.000 0.000
...

...
...

...
Manuel Neuer (goalkeeper) 0.000 0.000 0.000
Lothar Matthäus (player) 0.000 0.000 0.000
...

...
...

...
Nuri Sahin (player) 0.000 0.000 0.000

6.6 Discussion

The modelling framework developed in this chapter, a (relaxed-)LASSO-HMM, allows
for implicit variable selection in the state-dependent process of HMMs. The perfor-
mance of the variable selection is first investigated in a simulation study, indicating
that the relaxed-LASSO-HMM with the corresponding tuning parameter selected by
the BIC is the best-performing fitting scheme considered.

For the analysis of a hot shoe effect, we fit both LASSO-HMMs and relaxed-
LASSO-HMMs to data on penalty kicks in the German Bundesliga. Factors potentially
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affecting the performance of penalty-takers, such as the current score of the match,
are included in the predictor. In addition, dummy variables for the penalty-takers as
well as for the goalkeepers are included. Our results suggest two states with different
levels of performance, and shed some light on exceptionally performing players such
as Jean-Marie Pfaff, a former goalkeeper of Bayern Munich, who has been selected by
our fitting schemes.

A clear limitation of the real data application considered is the problem of self
selection. Since the manager (or the team) can decide which player has to take the
penalty, players who have been rather unsuccessful in the past may not take penalty
kicks anymore. However, several teams have demonstrated in the past that they rely
on and trust in a certain player for taking penalty kicks, regardless of the outcome
of the kick. Whereas penalty kicks in football yield to a time series due to the way
in which penalties take place, the corresponding time intervals between actions are
irregular. Although our data cover all attempts in the German Bundesliga, there
are sometimes several month between two attempts. Moreover, some players might
be involved in penalty kicks in matches from other competitions such as the UEFA
Champions League, the UEFA European Cup, or in matches with their national teams.
From this perspective, the time series of Bundesliga penalties could be considered as
partly incomplete for some players.

From a methodological point, the number of states selected (i.e., N = 2) may be
too coarse for modelling the underlying form of a player. Considering a continuously
varying underlying state variable instead may be more realistic, since gradual changes in
a player’s form could then be captured. This could be achieved by considering models
with an underlying continuous state process, where regularised estimation approaches
are a first point for further research. The motivation in this chapter for N = 2 states,
however, was to approximate the potential psychological states in a simple manner for
ease of interpretation, e.g., in the sense of hot (“player is confident”) or cold (“player is
nervous”) states. Moreover, our main focus was to show the usefulness of our method
developed in a rather simple setting with two states. Our results should, hence, be
treated with caution regarding the existence of a potential hot shoe effect. Further
points for future research include regularisation approaches in HMMs where not only
the intercept (as considered here), but also the parameters β j are allowed to depend
on the current state. Regularisation in this model formulation could be taken into
account by applying so-called fused LASSO techniques (see, e.g., Gertheiss and Tutz ,
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2010), where the parameters could either be shrunk to zero or to the same size for all
states considered.

The modelling framework developed here can easily be tailored to other applications,
where implicit variable selection in HMMs is desired. For the application considered in
this chapter, i.e. an analysis of a potential hot hand/hot shoe effect, other sports such
as basketball or hockey could be analysed. Potential covariates — whose corresponding
effects are penalised — in these sports cover the shot type, shot origin, and game score,
to name but a few.



7 A copula-based multivariate hidden
Markov model for modelling momentum
in football

7.1 Introduction

Sports commentators and fans frequently use vocabulary such as “momentum”, “mo-
mentum shift”, or related terms to refer to change points in the dynamics of a match.
Usage of such terms is typically associated with situations during a match where an
event — such as a shot hitting the woodwork in a football match — seems to change
the dynamics of the match, e.g. in a sense that a team which prior to the event had
been pinned back in its own half suddenly seems to dominate the match. A promi-
nent example is the 2005 Champions League final between Milan and Liverpool, within
which Liverpool was trailing by three goals after the first half, but fought back after
half time and eventually won by penalty shootout.

Despite the widespread belief in momentum shifts in sports, it is not always clear
to what extent perceived shifts in the momentum are genuine. From the literature
on the “hot hand” — i.e. research on serial correlation in human performances — it
is well known that most people do not have a good intuition of randomness, and in
particular tend to overinterpret streaks of success and failure, respectively (see, e.g.,
Kahneman, 2011; Thaler and Sunstein, 2009). It is thus to be expected that many
perceived momentum shifts are in fact cognitive illusions in the sense that the observed
shift in a competition’s dynamics is driven by chance only.

Momentum shifts have been investigated in qualitative psychological studies, e.g. by
interviewing athletes, who reported momentum shifts during matches (see, e.g., Jones
and Harwood , 2008; Richardson et al., 1988). Fuelled by the rapidly growing amount
of freely available sports data, quantitative studies have investigated the drivers of ball
possession in football (Lago-Peñas and Dellal , 2010), the detection of main playing
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styles and tactics (Diquigiovanni and Scarpa, 2018; Gonçalves et al., 2017) and the
effects of momentum on risk-taking (Lehman and Hahn, 2013). In some of the existing
studies, e.g. in Lehman and Hahn (2013), momentum is not investigated in a purely
data-driven way, but rather pre-defined as winning several matches in a row.

In this chapter, we analyse potential momentum shifts within football matches.
Specifically, we investigate the potential occurrence of momentum shifts by analysing
minute-by-minute bivariate summary statistics from the German Bundesliga using
HMMs. The corresponding data is described in Section 7.2. Within the HMMs,
we consider copulas to allow for within-state dependence of the variables considered.
The corresponding methodology is presented in Section 7.3. Our results, which are
presented in Section 7.4, suggest states which can be tied to different levels of control
in a match. In addition, we investigate the causes of momentum shifts, e.g. the cur-
rent score of the match. This type of insight could be of great interest to managers,
bookmakers and sports fans.

7.2 Data

We analyse minute-by-minute in-game statistics of Bundesliga matches, taken from
www.whoscored.com, to investigate to what extent momentum shifts in a football
match are genuine, and what kind of events lead to a shift. Since the strength and
tactics differ between the teams, we do not pool data from multiple teams, but consider
data from a single team. Throughout this chapter, we consider data from Borussia
Dortmund. In Appendix C, we present the same analysis for Hannover 96.

As proxy measures for the current momentum within a football match, we consider
the number of shots on goal and the number of ball touches, with both variables
sampled on a minute-by-minute basis. For match m, m = 1, . . . ,34, this results in
a bivariate time series {ymt}t=1,2,...,Tm, with ymt = (ymt1,ymt2) the pair of variables
observed at time t (out of Tm minutes played) during the match.

Due to injury times being added to the regular match length of 90 minutes, the
lengths of the time series considered range from 91 to 100 minutes. The final data
set then comprises n = 3,214 bivariate observations from m = 34 matches of the
season 2017/18. In addition, since the underlying dynamics of a match, from Borussia
Dortmund’s perspective, potentially depend on characteristics of the opponent (such
as the strength of the squad) as well as events in the match (such as goals), the

www.whoscored.com
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following four covariates are considered:

• the market value of the opponent team (taken from www.transfermarkt.com);

• the goal difference in the current score;

• a dummy variable indicating whether the match is played at home or away;

• the current minute of the match.

The first covariate considered is a (crude) proxy for the strength of teams and does
not vary for a team in the given period of time. The difference in the current score
is calculated from Borussia Dortmunds point of view, i.e. positive values refer to a
lead of Dortmund whereas negative values represent that Dortmund is trailing. The
dummy indicating whether the match is played at home is included since several studies
provided evidence for a home field advantage, because of (e.g.) crowd effects and
psychological advantage when playing at home (see, e.g., Pollard , 2008). Finally, to
account for the potential state of exhaustion of players, the minute of the match is
also included. The variables considered are summarised in Table 7.1.
Table 7.1: Descriptive statistics of the variables analysed, ’shots’ and ’ball touches’, as well as the covariates
’market value’ and ’score difference’.

mean st. dev. min. max.

shots 0.150 0.412 0 3
ball touches 6.101 5.036 0 28
market value (in 106 euro) 142.6 127.1 48.80 610.3
score difference 0.253 1.500 −6 5

One example bivariate time series from the data set, corresponding to the in-game
statistics observed for Borussia Dortmund in the match against FC Schalke 04 played
in November 2017 is shown in Figure 7.1. In the media, this match was said to have a
momentum shift, since Borussia Dortmund was in a 4:0 lead at half time, but Schalke
04 scored four goals in the second half such that the match resulted in a draw.

7.3 Modelling momentum

Figure 7.1 underlines that there are periods in the match where Borussia Dortmund’s
number of ball touches and the number of shots on goal are fairly low (e.g. around
minute 75–90), as well as periods with relatively many ball touches and shots on goal

www.transfermarkt.com
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Figure 7.1: Bivariate time series of the number of shots on goal (top) and the ball touches (bottom) of Borussia
Dortmund for one example match from the data set (Borussia Dortmund vs. FC Schalke 04).

(e.g. around minute 15–30). HMMs hence constitute a natural modelling approach
for the minute-by-minute bivariate time series data, as they accommodate the idea of
a match progressing through different phases, with potentially changing momentum.
The states can be interpreted as the underlying momentum, i.e. as potentially different
levels of control of the team considered. In the most simple model formulation with two
states, the states could, for example, be interpreted as either the team considered or the
opponent having a high level of control (i.e. dominating the match). In this section, the
basic HMM model formulation will be introduced (Section 7.3.1) and extended to allow
for within-state dependence using copulas (Section 7.3.2). The latter is desirable since
the potential within-state dependence may lead to a more comprehensive interpretation
of the states regarding the underlying momentum. Finally, for the model formulation
presented in Section 7.3.2, covariates will be included (Section 7.3.3).

7.3.1 A baseline model
HMMs involve two components: an unobserved Markov chain with N possible states,
and an observed state-dependent process, whose observations are assumed to be gen-
erated by one of N distributions as selected by the Markov chain. For the data con-
sidered in this chapter, the observations and the state process are denoted by ymt and
{smt}t=1,2,...,Tm, respectively. Switches between the state are modelled by the transition
probability matrix (t.p.m.) ΓΓΓ = (γi j), where γi j = Pr(smt = j|sm,t−1 = i), i, j = 1, . . . ,N.
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Figure 7.2 shows the model structure as directed graph. For the model formulation of
an HMM to be completed, the number of states N and the class(es) of state-dependent
distribution(s) have to be selected. While choosing state-dependent distribution(s) is
straightforward for univariate time series, it is generally not straightforward to define
a multivariate distribution to allow for within-state dependence of the variables con-
sidered, unless a multivariate normal distribution can be assumed. Hence, for the
vector of observations ymt , in the baseline model formulation we assume that the joint
probability is obtained by the product of the marginal distributions,

f (ymt |smt) =
K

∏
k=1

f (ymtk |smt), (7.1)

with K = 2 here. This assumption (also known as contemporaneous conditional in-
dependence) is often used in practice (see, e.g., DeRuiter et al., 2017; Punzo et al.,
2018; van Beest et al., 2019; Wall and Li , 2009). In Eq. (7.1) f denotes a p.m.f. since
we deal with discrete data, but in principle f could also denote a density without any
further changes in the baseline model formulation. The contemporaneous conditional
independence assumption will be modified in the next subsection.

Since both the number of shots on goal and the number of ball touches are count
data, the Poisson distribution would be a standard choice for either of the two variables.
Here, to account for possible over- and underdispersion in the data, a Conway-Maxwell-
Poisson (CMP) distribution is assumed both for the number of shots on goal and the
number of ball touches, with p.m.f.

Pr(X = x) =
1

Z(λ ,ν)
λ x

(x!)ν
,

with Z(λ ,ν) = ∑
∞
k=0 λ k/(k!)ν , λ > 0 and ν ≥ 0 (Conway and Maxwell , 1961). The

CMP distribution contains some well-known discrete distributions:

• for ν = 1, Z(λ ,ν) = eλ , and the CMP distribution simply reduces to the ordinary
Poisson(λ );

• for ν → ∞, Z(λ ,ν)→ 1+λ , and the CMP distribution approaches the Bernoulli
with parameter λ (1+λ )−1;
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• for ν = 0 and 0 < λ < 1, Z(λ ,ν) is a geometric sum

Z(λ ,ν) =
∞

∑
j=0

λ
j =

1
1−λ

and, accordingly, the CMP distribution reduces to the geometric distribution
px = λ x(1−λ );

• for ν = 0 and λ ≥ 1, Z(λ ,ν) does not converge, leading to an undefined distri-
bution.

In general, the normalising constant Z(λ ,ν) does not reduce to such a simple closed-
form expression. Asymptotic results are however available (Gillispie and Green, 2015).

To formulate the likelihood for the baseline model, the i−th diagonal element
of the N × N diagonal matrix P(ymt) consists of the joint probability of the ob-
servations ymt1 and ymt2 given state i, i.e. f (ymt1 |smt = i) · f (ymt2 |smt = i). Since
the Conway-Maxwell-Poisson distribution contains an infinite sum in the normalising
constant, the evaluation of the p.m.f. is not straightforward. Here, the R package
COMPoissonReg was used for this purpose (Sellers et al., 2018). Since stationar-
ity cannot reasonably be assumed in our setting, we estimate the initial distribution
δδδ =

(
Pr(sm1 = 1), . . . ,Pr(sm1 = N)

)
, regarding the parameters of δδδ as N−1 additional

parameters to be estimated. With these quantities defined, the likelihood for a single
match m is given by:

L = δδδP(ym1)ΓΓΓP(ym2) . . .ΓΓΓP(ymTm)1

with column vector 1 = (1, . . . ,1)′ ∈RN (see Zucchini et al., 2016). Calculation of this
matrix product expression amounts to the application of the forward algorithm, which
is a powerful recursive technique for efficiently calculating the likelihood of an HMM
at computational cost O(T N2) only (Zucchini et al., 2016). To obtain the likelihood
for the full data set, we assume independence between the individual matches such
that the likelihood is given by the product of likelihoods for the individual matches:

L =
34

∏
m=1

δδδP(ym1)ΓΓΓP(ym2) . . .ΓΓΓP(ymTm)1 (7.2)

The model formulation presented here could be extended to account for momentum
carry-over effects across matches, but this is not investigated in the present work since
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sm,t−1... sm,t sm,t+1 ...

ym,t−1 ym,t ym,t+1

Figure 7.2: Dependence structure of the HMM considered: each pair of observations ymt is assumed to be gener-
ated by one of N (bivariate) distributions according to the state process smt .

there is usually a time difference of 5-7 days between matches. The model parameters
are estimated by numerical maximum likelihood estimation using the function nlm() in
R (R Core Team, 2019). To avoid local maxima, we carefully selected starting values
for the numerical maximisation by drawing random numbers from uniform distributions
several times and choosing the model with the best likelihood. In addition, to speed
up computation time, we implemented the forward algorithm in C++ using the R-
package Rcpp (Eddelbuettel , 2013). For a model with N = 2 states, it takes less than
a minute to numerically maximise the likelihood on a usual desktop computer.

7.3.2 Modelling within-state dependence using copulas
In the baseline model formulation, we assume contemporaneous conditional indepen-
dence, i.e. that there is no within-state correlation between the two variables consid-
ered. However, when modelling momentum in football, it is of interest to explicitly
model any within-state dependence to draw a comprehensive picture of the dynam-
ics of a match. For example, high ball possession can be linked to both an attacking
phase with lots of shots on goal, but also much less goal-oriented tactics, where the
main aim is simply to control the match by keeping the ball, without much pressure
on goal. The between-variable correlation would likely be very different in those two
scenarios. By estimating the within-state correlation between the two variables, we
are better able to distinguish between such fairly subtle differences in a team’s style of
play.

To modify the contemporaneous conditional independence assumption, a multivari-
ate distribution needs to be assumed to specify the dependence structure between the
variables considered within states. Here, we allow for within-state correlation of our
variables ymt by formulating a bivariate distribution as state-dependent distribution
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using a copula. A copula is a multivariate probability distribution with uniform mar-
gins. As introduced by Sklar (1959), the idea of a copula is to split a multivariate
distribution into its univariate margins and the dependence structure, where the latter
depends on the copula considered. Within the class of HMMs, copulas have previously
been used by Härdle et al. (2015) to model within-state dependence in financial data,
and by Brunel and Pieczynski (2005) and Lanchantin et al. (2011) for image analy-
sis. For our modelling approach, we again consider the Conway-Maxwell-Poisson both
for the number of shots on goal and the number of ball touches as marginal distribu-
tion. With F1(ymt1|smt) and F2(ymt2|smt) denoting the (state-dependent) c.d.f. of the
marginals, the bivariate state-dependent distribution is given by

F(ymt |smt) =C
(
F1(ymt1 |smt),F2(ymt2 |smt)

)
,

where C(., .) is a bivariate copula. When deriving the corresponding p.m.f., differ-
ences are needed rather than derivatives, since the marginals are discrete (see, e.g.,
Nikoloulopoulos, 2013). Thus, the bivariate p.m.f. of ymt given state smt is given by

f (ymt |smt) =C
(
F1(ymt1 |smt),F2(ymt2 |smt)

)
−C
(
F1(ymt1 −1 |smt),F2(ymt2 |smt)

)
−C
(
F1(ymt1 |smt),F2(ymt2 −1 |smt)

)
+C
(
F1(ymt1 −1 |smt),F2(ymt2 −1 |smt)

)
.

(7.3)

The copula C(., .) needs to be selected from the large number of possible copula
functions available in the literature. Here, we focus on copulas that can model positive
and negative dependence. Archimedean copulas (see, e.g., Nelsen, 2006, p. 116 for
an overview) are convenient for this modelling purpose. We consider three different
families of copulas, comparing their fit to the data in Section 7.4: first, the Frank-
copula, which for two marginals u1 and u2 defined as

C(u1,u2) =− 1
θ

log
(

1+
(exp(−θu1)−1)(exp(−θu2)−1)

exp(−θ)−1

)
,

second, the Clayton-copula,

C(u1,u2) =
(

max{u−θ

1 +u−θ

2 −1;0}
)−1/θ

,
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and third, the Ali-Mikhail-Haq (AMH) copula,

C(u1,u2) =
u1u2

1−θ(1−u1)(1−u2)
,

where for each copula considered the dependence parameter is denoted by θ . With
these quantities defined, the diagonal matrix P(ymt) in the HMM likelihood (see Eq.
7.2) changes slightly. The i–th diagonal entry is now equal to f (ymt |smt = i) as defined
in Eq. (7.3) instead of the product of the marginals. The corresponding likelihood is
then again numerically maximised using the function nlm() in R.

7.3.3 A model including covariates
In the previous subsections, the transition probabilities γi j were assumed to be constant
over time. To account for possible events which may lead to state-switching, and
hence to possible momentum shifts, we modify this assumption by explicitly allowing
the transition probabilities γi j to depend on covariates at time t. This is done by linking
γ
(t)
i j to covariates x(t)1 , . . . ,x(t)p using the multinomial logit link:

γ
(t)
i j =

exp(η(t)
i j )

∑
N
k=1 exp(η(t)

ik )

with

η
(t)
i j =

η
(t)
i j = β

(i j)
0 +∑

p
l=1 β

(i j)
l x(t)l if i 6= j;

0 otherwise.

Since the transition probabilities depend on covariates, the t.p.m. ΓΓΓt is not constant
across time anymore, i.e. the Markov chain is non-homogeneous. However, the struc-
ture of the HMM likelihood as stated in Eq. (7.2) is unaffected, such that the likelihood
can still be maximised numerically.

7.4 Results

In this section, the different models presented in Section 7.3 are fitted to data on the
matches of Borussia Dortmund in the 2017/18 Bundesliga season. To further illustrate
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the methodology, in particular for lower-ranked teams, in Appendix C we provide the
results also for Hannover 96.

Baseline model

For the baseline model, we make use of the contemporaneous conditional indepen-
dence assumption, cf. Eq. (7.1), initially focusing on the case of N = 2 states. The
corresponding parameter estimates associated with the number of shots on goal are
λ̂λλ shots = (0.125,0.149), ν̂ννshots = (0.206,0.001), while for the number of ball touches,
they are λ̂λλ touches = (0.971,2.381), ν̂νν touches = (0.102,0.390). It is not straightforward
here to compute the means of the fitted distributions due to the infinite sum in the
normalising constant. MacDonald and Bhamani (2018) discuss several approaches
and suggest to calculate the mean by 1

Z(λ ,ν) ∑
d
k=0 kλ k/(k!)ν using a very large d (say

d = 100). Following this approach, the means of the number of shots on goal are
0.138 and 0.175 for states 1 and 2, respectively. For the ball touches, the means are
4.080 (state 1) and 10.104 (state 2), respectively. Thus, state 2 can be interpreted as
the team considered, Borussia Dortmund, being more dominant, i.e. having a higher
level of control over the match, than when being in state 1. The t.p.m. is estimated
as

Γ̂ΓΓ =

(
0.867 0.133

0.280 0.720

)
,

and the initial distribution as δ̂δδ = (0.258,0.742). According to the t.p.m. of the fitted
model, there is some persistence in both states. Although this is the most simple model
formulation considered here, the fitted model comprises interpretable states which refer
to different levels of control over the match. The model can thus be regarded as a
simple baseline model for capturing momentum shifts. We will now gradually increase
its complexity to more fully capture the in-game dynamics.

Copula-based HMM with N = 2

To capture possible within-state correlation of the variables, a multivariate distribution
needs to be considered. For Poisson marginals, the bivariate Poisson as proposed by
Karlis and Ntzoufras (2003) would be a possible candidate. However, as discussed in
Section 7.3.1, this approach would have two limitations, namely the inability to capture
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overdispersion (and underdispersion), and the restriction to positive between-variable
correlation. Instead we use more flexible CMP distributions for the marginals, stitching
them together using a copula as described in Section 7.3.2.

First, we investigate the consequences of relaxing the contemporaneous condi-
tional independence assumption. To this end, Figure 7.3 displays the estimated state-
dependent distributions of two-state copula-based HMM formulations, using the Frank,
Clayton and AMH copula, respectively. While visually there is no clear difference be-
tween the different copula functions considered, the application of the Clayton copula
led to the highest likelihood of the fitted model. Compared to the baseline model,
the copula-based model shows a clear improvement in the fit (∆AIC = 48;∆BIC = 35).
The fitted state-dependent distributions can again be interpreted as Borussia Dort-
mund exhibiting different levels of control, with state 1 corresponding to situations
where the game is balanced, whereas state 2 refers to a high level of control. As for
the baseline model, there is a fairly high persistence in the states, with the diagonal
elements of the t.p.m. estimated as γ̂11 = 0.852 and γ̂22 = 0.706.
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Figure 7.3: Fitted state-dependent distributions for the baseline two-state HMM for Borussia Dortmund. From left
to right: Frank-, Clayton- and AMH-copula, respectively.
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Choosing the number of states

For the choice of the number of states, it is anything but clear how many states a
given team may exhibit in a football match. To choose an appropriate number of
states, and also a copula, we first consult the AIC and the BIC for the copula-based
HMMs using different numbers of states and the three copulas considered above. The
corresponding results are displayed in Table 7.2. Starting with the choice of the copula,
the Clayton copula is preferred by both AIC and BIC. Hence, from now on, we use the
Clayton copula. Choosing the number of states is not as conclusive: according to the
AIC, the five-state model is preferred, whereas the BIC selects three states. As it is
well-known that the AIC tends to select too many states in a HMM (see Pohle et al.,
2017), a choice of N = 3 seems more appropriate based on these formal criteria. To
make an informed choice based also on interpretability of the resulting model states, in
Figure 7.4 we further inspect the fitted models with three and four states, respectively,
by means of their estimated state-dependent distributions. Figure 7.4 illustrates that
the general patterns of the state-dependent distributions from the three-state model
are also included in the four-state model, whereas the state-dependent distribution
of state 2 in the four-state model seems to refer to an underlying level of control
which is not included in the three-state model. However, at closer inspection of the
distributional shapes in the four-state model, there is a substantial overlap between
the state-dependent distributions of state 2 and state 3, respectively. Hence, given
that the BIC points to the three-state model, and since we do not see meaningful
additional information in a potential fourth state, from now on we focus exclusively on
three-state models.

Copula-based HMM with N = 3

For the Clayton-copula HMM with three states, Table 7.3 displays the estimated pa-
rameters of the marginal distributions as well as the dependence parameter of the
copula. Deriving the corresponding means for the marginal distributions as described
above yields means for the number of shots of 0.226, 0.132 and 0.147 for state 1,
2 and 3, respectively. For the number of ball touches, the corresponding means are
2.032 (state 1), 4.583 (state 2) and 9.732 (state 3). Based on the means and the
corresponding distributional shapes (see top row in Figure 7.4), the different states
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Table 7.2: AIC and BIC for copula-based HMMs with different numbers of states.

Frank Clayton AMH
AIC BIC AIC BIC AIC BIC

2 states 20,954 21,033 20,941 21,020 20,943 21,022
3 states 20,865 21,005 20,839 20,979 20,861 21,001
4 states 20,836 21,049 20,817 21,030 20,831 21,043
5 states 20,814 21,112 20,801 21,098 20,834 21,132

Table 7.3: Parameter estimates for the state-dependent distributions of the Clayton-copula HMM with three states.

state 1 state 2 state 3

shots on goal λ̂ = 0.212, ν̂ = 0.631 λ̂ = 0.117, ν̂ ≈ 0 λ̂ = 0.128, ν̂ = 0.002

ball touches λ̂ = 0.670, ν̂ ≈ 0 λ̂ = 1.093, ν̂ = 0.149 λ̂ = 2.145, ν̂ = 0.352

dependence θ̂ = 1.721 θ̂ = 0.510 θ̂ =−0.048

can be interpreted as Borussia Dortmund showing different levels of control over the
match: low control with counter attacks in state 1, a fairly balanced match in state
2, and high control with lots of ball possession in state 3. In state 3, the estimated
negative dependence between the number of shots and ball touches may result from
two different styles of high-control play: either Borussia Dortmund is controlling and
passing the ball without much pressure on goal, or they go effectively straight for goal,
without much passing. In addition, the t.p.m. is estimated as

Γ̂ΓΓ =

0.471 0.054 0.475

0.006 0.988 0.006

0.195 ≈ 0 0.805

 .

Here, with γ̂22 = 0.988 and γ̂33 = 0.805, there is very high persistence in state 2 (bal-
anced state) and moderately high persistence in state 3 (high-control state). State 1
(low control and counter attacks) is a transient state with γ̂11 = 0.471, where switch-
ing to the high-control state is most likely. Up next we will present the results for the
model including covariates in the state process.

A model including covariates

The models presented so far already provide interesting insights into the dynamics of
football matches, since the state-dependent distributions can be tied to different levels
of control of the team considered. To gain further insights, we incorporate covari-
ates to investigate potential drivers of momentum shifts. According to the AIC, the
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Figure 7.4: State-dependent distributions for the three-state (top row) and four-state (bottom row) Clayton-copula
HMM, respectively.

model including all covariates considered is preferred over the model without covari-
ates (∆AIC = 51); we do not conduct variable selection as we regard this analysis step
as explanatory (rather than an attempt to find the best model).

For ease of interpretation, we suggest to visualise the estimated transition proba-
bilities as functions of covariates, and present the theoretical stationary distributions
of the Markov state process when fixing the covariate values at certain levels. The
theoretical stationary distributions indicate how state occupancy, i.e. how much time
is spent in a state, varies across different values of the covariate considered (Patter-
son et al., 2009). To illustrate these two approaches, we present (i) the transition
probabilities as functions of the covariate minute, and (ii) the stationary distributions
with respect to the score difference. Table A4 in Appendix C displays the estimated
β
(i j)
0 , . . . ,β

(i j)
p and their 95% CIs.

For (i), as displayed in Figure 7.5, the values of the score difference and the market
value of the opponent are set to 0 and 200, respectively, corresponding to situations
where the score is even and the opponent’s strength is about average. In addition,
we focus on home matches only, since the corresponding dummy variable in the linear
predictor does not affect the overall pattern regarding the direction of the effect. The
confidence intervals (indicated by the dashed lines) are obtained based on Monte Carlo
simulation from the approximate multivariate normal distribution of the estimator.
According to the estimated effects, switching from state 1 (low control and counter
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attacks) and state 2 (balanced state) to state 3 (high-control state), respectively,
becomes more likely at the end of matches. In addition, staying in state 3 also becomes
more likely at the end of matches.

The stationary distributions for the score difference are shown in Table 7.4. The
values of the minute and the market value of the opponent are fixed at 80 and 200,
respectively, corresponding to situations in the final stage of a match with the oppo-
nent’s strength being about average. The stationary distributions indicate that there
is a high probability for Borussia Dortmund to be in state 3 (high-control state) either
if they have a clear lead or if they are trailing. In contrast, if they hold only a slen-
der lead, then the probability of being in state 1 (low control and counter attacks) is
highest.

To further investigate typical patterns of momentum shifts according to the state
process {smt}, we calculate the most likely trajectory of the states for each match m.
Specifically, for a given match m, we seek

(s∗m1, . . . ,s
∗
mTm

) = argmax
sm1,...,smTm

Pr(sm1, . . . ,smTm|ym1, . . . ,ymTm),

i.e. the most likely state sequence, given the observations. Maximising this probability
is equivalent to finding the optimal of NTm possible state sequences. This can be
achieved at computational cost O(TmN2) using the Viterbi algorithm (Zucchini et al.,
2016). Figure 7.6 displays the decoded sequences for the match Borussia Dortmund
against Schalke 04 which was already shown in Figure 7.1. We see confirmed that
Borussia Dortmund started the match in the high control state with occasional switches
to the low control state with counter attacks. According to the decoded state sequence,
Borussia Dortmund is predominantly staying in the low control state with counter
attacks after the half time, with occasional changing level of control around minute
70, where they switched to the balanced state. However, at the end of the match,
they mostly stayed in the low control state with counter attacks and conceded two
more goals.

7.5 Discussion

There is wide interest in the dynamics of football matches, and specifically in potential
momentum shifts, in particular by fans and the media. From a managerial perspec-
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Figure 7.5: Transition probabilities as functions of the covariate minute. The dashed lines indicate confidence
intervals (obtained based on Monte Carlo simulation). The values of the score difference and the market value of
the opponent are set to 0 and 200, respectively. Table A4 in Appendix C displays the coefficients of the multinomial
logistic regression underlying this figure.
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Figure 7.6: Decoded most likely state sequence of the match Borussia Dortmund against Schalke 04 according
to the three-state Clayton-copula HMM including covariates. The vertical dashed lines denote goals scored by
Borussia Dortmund (yellow lines) and Schalke 04 (blue lines).

tive, it is important to understand the causes of such shifts, and hence also how to
potentially exert an influence on the match outcome. With data sets on in-game sum-
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Table 7.4: Stationary distributions when fixing the score difference at certain levels. Probabilities were calculated
for each value of the score difference, with the market value of the opponent and the minute of the match fixed at
200 and 80, respectively, corresponding to situations in the final stage of a match against an opponent team of
average strength.

-6 -5 -4 -3 -2 -1 0 1 2 3 4 5
state 1 0.073 0.100 0.134 0.175 0.222 0.280 0.523 0.732 0.705 0.642 0.560 0.475
state 2 0.391 0.364 0.334 0.301 0.267 0.234 0.206 0.175 0.147 0.122 0.098 0.076
state 3 0.535 0.535 0.532 0.524 0.511 0.486 0.271 0.094 0.148 0.236 0.342 0.450

mary statistics becoming freely available, we now have the opportunity to statistically
investigate the corresponding processes. To that end, here we provide a modelling
framework — copula-based multivariate HMMs — which naturally accommodates po-
tential changes in the dynamics of a match by relating the observed in-game match
statistics to latent states. A key strength of the proposed approach is that we not only
partition a given match into different phases but also allow for the investigation into
drivers of how a match unfolds dynamically over time.

In our proof-of-concept case study, we tested the feasibility of our approach by
analysing minute-by-minute data on matches of one particular team, namely Borussia
Dortmund. The underlying states of the fitted model correspond to match phases
where Borussia Dortmund exhibits a low level of control with counter attacks, to phases
where the match is balanced, and to those with high level of control, respectively. In
addition, the estimated effects of the covariates shed some light on what kind of
events may lead to switches between those states. Specifically, we found that Borussia
Dortmund has the highest probability of being in the high-control state when having
a clear lead or when trailing.

Although the states of the fitted models are tied to different levels of control, it
remains unclear whether these are clearly attributed to shifts in the underlying momen-
tum. Specifically, some of the reported effects may arise due to tactical considerations
rather than momentum shifts. For example, for one-goal leads, being in the low con-
trol and counter attacks state may be a tactical consideration rather than a shift in
the underlying momentum. The data considered here does not allow us to disentan-
gle these two possible causes, rendering a definitive conclusion whether the switches
between the states are momentum shifts or tactical considerations impossible. How-
ever, with the states and effects of the covariates considered (cf. Figure 7.5 and Table
7.4) being easy to interpret, they still provide interesting insights to dynamics of foot-
ball matches. In addition, using copula-based HMMs as presented in this chapter



110 A copula-based multivariate hidden Markov model for modelling momentum in football

may be helpful for bookmakers to obtain more precise estimations of betting odds.
For instance, when modelling the time until the next goal during a football match,
bookmakers could take into account the latent dynamics of a match as modelled here.

A clear limitation of the approach as presented here is that we focus on the in-game
dynamics of only one of the two teams involved in a match, when in fact it is clear that
the dynamics of a match result from the combination of both teams’ actions. It seems
conceptually desirable to extend the approach to allow for the joint modelling of both
teams’ in-game statistics. This could be achieved using a bivariate Markov chain to
represent both teams’ underlying states, resulting in N2 combinations of states (see,
e.g., Sherlock et al., 2013). To further improve the realism of these models, it would
be beneficial to also include tracking data, e.g. by considering the distances run per
minute as covariate information.

The modelling framework used in this chapter, i.e. copula-based HMMs for mod-
elling football minute-by-minute data, can easily be transferred to other sports for
further investigations and possible characteristics of momentum shifts. These sports
include, e.g., basketball, where the variables to be modelled comprise, for example, the
number of points/shots, the number of rebounds, and the number of blocks/steals.
More general, sports with two individuals or teams competing against each other and
multiple variables measured on a fine-grained scale are best suitable for analysing mo-
mentum shifts using the modelling framework provided here.



8 Performance under pressure in skill tasks:
An analysis of professional darts

8.1 Introduction

The effect of pressure on human performance is relevant in various areas of the society,
including sports competitions (Hill et al., 2010), political crises (Boin et al., 2016), and
performance-based payment in workplaces (Ariely et al., 2009), to name but a few. A
broad distinction differentiates between effort and skill tasks. Success in effort tasks
is dependent on motivation to perform while skill task outcomes underlie precision of
(often automatic) execution. For effort tasks, such as counting digits (Konow , 2000)
or filling envelopes (Abeler et al., 2011), individuals will typically respond to increased
pressure (e.g. resulting from performance-related payment schemes) by investing more
effort, which given the nature of such tasks will improve their performance (Lazear ,
2000; Paarsch and Shearer , 1999, 2000; Prendergast, 1999). However, the literature
on the impact of pressure on performance in skill tasks, e.g. juggling a football (Ali ,
2011), is inconsistent and effectively divided into two different strands of research.

On the one hand, the existing literature related to potential “choking under pres-
sure” indicates broad agreement that performance in skill tasks declines in high-pressure
or decisive situations. An individual is said to be choking under pressure when their
performance is worse than expected given their capabilities and past performances
(Beilock and Gray , 2007). While there may also be random fluctuations in skill levels,
choking under pressure refers to systematic suboptimal performance in high-pressure
situations. The associated empirical findings — both such that are based on experi-
mental data but also those using field data — consistently confirm a negative impact
of pressure on skill tasks. On the other hand, and to some extent in contrast to the
literature related to choking under pressure, the literature related to the concept of
“social facilitation” refers to potential negative but also potential positive effects of
(social) pressure on performance — depending on circumstances associated with the
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performance. The social facilitation literature explicitly incorporates characteristics of
the task and individuals’ level of expertise into their analyses, and generally states that
the circumstances surrounding performance play an important role regarding the im-
pact of pressure on performance. Existing contributions focusing on potential choking
have largely neglected the corresponding more comprehensive picture drawn by the
social facilitation literature, by simply relating performance decrements to changes in
the execution of actions, or simply distraction, generated either by rewards in case of
success (Ariely et al., 2009; Baumeister , 1984) or potential penalties in case of failure
(Kleine et al., 1988).

Our empirical investigation of individual’s performance in pressure situations is
based on a large data set from a skill task, namely professional darts, comprising
32,274 individual dart throws, for a comprehensive empirical test of performance un-
der pressure. For the professional darts players analysed in this study, playing darts
is a full time job. The top players regularly earn prize money exceeding one million
euro per year. In professional darts, highly skilled players repeatedly throw at the
dartboard from the exact same position effectively without any interaction between
competitors, making the task highly standardised. The amount of data available on
throwing performances not only allows for comprehensive inference on the existence
and the magnitude of any potential effect of pressure on performance, but also enables
to track the variability of the effect across players. The literature on choking would
suggest that performance of professional darts players declines in high-pressure situa-
tions. However, when considering the highly standardised task to be performed and
players’ high level of expertise, we do not expect dart players to choke under pressure.

The chapter is structured as follows. Section 8.2 reviews the literature on perfor-
mance under pressure, and in particular details what we consider to be advantages of
the darts setting with respect to investigating performance under pressure. In Section
8.3, we explain the rules of darts and define what constitutes pressure situations in
darts. Section 8.4 presents the empirical approach and results.
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8.2 Performance under pressure

8.2.1 Terminology
Pressure results from individuals’ ambitions to perform in an optimal way in situations
where high-level performance is in demand (Baumeister , 1984). Performance under
pressure could in principle go either way, i.e. high expectations towards (the own) per-
formance could impact performance in a negative (choking) or a positive (clutch) way
— or not at all. To measure the impact of pressure, performance in pressure situations
is compared to performance in non-pressure situations. Choking under pressure refers
specifically to a negative impact of high performance expectations (Baumeister and
Showers, 1986; Hill et al., 2009) while clutch performance is described as “any perfor-
mance increment or superior performance that occurs under pressure circumstances”
(Otten, 2009, p. 584).

8.2.2 Potential effects of pressure
The impact of pressure on performance crucially depends on the type of task to be
performed. Tasks can be such that performance is determined mostly by effort, or
alternatively tasks can be such that the skill level is the key factor for success. For effort
tasks, pressure situations result in increased effort and hence improved performance
(Rosen, 1986). For skill tasks, performance has been demonstrated to be both impaired
(choking) and increased (clutching) by pressure — or not affected at all. While the
effect of pressure on effort tasks is obvious and well documented, in skill tasks the
potential psychological factors at play are likely more complex, such that we focus on
these tasks in the following.

Choking

Choking under pressure in skill tasks may be related to various drivers. In particular,
different skills may make use of different memory functions, namely explicit and pro-
cedural memory, respectively (Beilock , 2010). Explicit memory enables the intentional
recollection of factual information, while procedural memory works without conscious
awareness and helps at performing tasks. Two classes of attentional theories capture
choking under pressure, distraction theories and explicit monitoring theories (DeCaro



114 Performance under pressure in skill tasks: An analysis of professional darts

et al., 2011; Hill et al., 2010).1 Distraction theories claim high-pressure situations to
harm performance by putting individuals attention to task irrelevant thoughts (Beilock
and Carr , 2001; Lewis and Linder , 1997). Put in a nutshell, individuals concern about
two tasks at once, since the situation-related thoughts add to the task to be performed.
Given the restricted working memory individuals performance declines as focus is drawn
away from the main task (Engle, 2002).

On the other hand, self-focus or explicit monitoring theories explicitly predict that
pressure increases self-consciousness to a point where it harms performance (overat-
tention). It can cause the skilled performer to deviate from routine actions (Markman
et al., 2006). Instead, closer attention is paid to the single processes of performance
and their step-by-step control. This ties in with the concept of skill acquisition: when
initially learning a skill, performance is controlled consciously by explicit knowledge
as actions are executed step-by-step (Anderson, 1982). Over time and through prac-
tice, skills become internalised and usage of conscious control decreases. Pressure can
interfere with this now automated control processes of skilled performers (Wulf and
Su, 2007). Under pressure, actions are no longer executed automatically as attention
is redirected to task execution (DeCaro et al., 2011). The overall sequence of ac-
tions is broken down into step-by-step control as in early stages of learning, resulting
in impaired performance (Masters, 1992). Consequently, individuals consciously mon-
itor and control a skill they would perform automatically in non-pressure situations
(DeCaro et al., 2011; Jackson et al., 2006).

Other potential effects

An alternative strand of literature suggests that ‘pressure’ situations do not inevitably
affect performance in a negative way but may also have a positive impact on task
performance — or no effect at all. The corresponding notion of social facilitation is
one of the oldest paradigms within experimental social psychology (see, e.g., Geen
and Gange, 1977; Zajonc , 1965): “Generally, social facilitation refers to performance
enhancement and impairment effects engendered by the presence of others either as
coactors or, more typically, as observers or an audience” (Blascovich et al., 1999, p.
75). A potential theoretical explanation for the opposing effects of audience is that

1Some authors argue that distraction and explicit monitoring theories are not necessarily mutually exclusive, but rather
complementary (see e.g. Beilock and Carr , 2001; Sanders and Walia, 2012).
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social presence facilitates dominant behaviour (Zajonc , 1965).2 Hence, whether au-
dience facilitates [+] or impairs [−] performance depends on the type of task (simple
[+] vs. complex [−]) and/or individuals’ level of expertise (expert [+] vs. beginner
[−]) (Harkins, 1987). The presence of others increases the individuals’ (physiological)
arousal or drive level which in turn impairs or enhances task performance, respectively
(Zajonc , 1965). A review of 12 years of research following the drive theory suggests
that their propositions are still valid (Geen and Gange, 1977). Nonetheless, alterna-
tives to drive theory have evolved in the following decades. While some non-drive
theories relate audience effects to self-awareness (Bond and Titus, 1983), others refer
to (cognitive) attention focus (Huguet et al., 1999). Though experimental research
uniformly confirms that social presence affects individuals’ performance, it remains un-
clear which mechanism mainly drives behaviour. As the presence of others represents
a particular case of pressure, it hence seems perfectly possible that pressure enhances
performance — depending on the type of task and the individuals’ level of expertise.

8.2.3 Empirical findings for performance under pressure in skill
tasks

As this chapter analyses performance under pressure in a sport-related skill task, this
section is devoted to previous findings from sports.3 Golf putting performance is inves-
tigated in an experimental setting, suggesting performance to be worse when subjects
are put under pressure (Lewis and Linder , 1997). However, in high-pressure situa-
tions participants who are distracted by a secondary task (counting down from 100)
outperform subjects who solely concentrate on the putting task. The latter result is
explained by too much focus on the task execution induced by the additional moti-
vation to perform well in high-pressure conditions. The additional focus disturbs task
execution which normally is performed automatically. There is also further evidence
for diminishing golf putting performance under pressure provided by asking 108 un-
dergraduate students with little or no golf experience to putt a golf ball as close to a
target as possible (Beilock and Carr , 2001). Considering different kinds of interven-
tion methods, pressure-like situations using monetary incentives are created. Results

2Dominant behaviour refers to the kind of response which is more likely: correct or incorrect. In case of, e.g., simple
tasks it is more likely to perform the task correctly while individuals tend to make more mistakes when executing more
complex tasks (Bond and Titus, 1983).

3There are also early non-sport studies (Baumeister , 1984; Heaton and Sigall , 1991).
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generally confirm decreasing performance for high-pressure situations. However, the
authors show putting accuracy to slightly increase under pressure when subjects had
made their practice putts under self-consciousness-raising conditions.

Based on the assumption that pressure increases left-hemispheric activation which
in turn is related to the controlled execution of a task and thereby to performance
decrements, participants of a previous study performed a sport-related motor skill task
in three blocks (in football, tea kwon do, or badminton) (Beckmann et al., 2013).
While the first two trials serve as for the introduction of pressure, the third trial is
performed after participants have squeezed a softball for 30 seconds. Thereby, half
of the participants activated their right hemisphere by squeezing the ball in their left
hand, before again performing the task under pressure. Overall, the findings indicate
performance deterioration when pressure is introduced but that the activation of the
right hemisphere can eliminate this effect, thus preventing choking under pressure.
However, they find no evidence for increased performance under pressure.

In a further study, a throwing task had to be performed by the participants to
analyse novices’ performances (McKay et al., 2012). During the experiment, the
performance expectancy within the experimental group regarding the ability to perform
under pressure is manipulated. The results show a significant performance increase
of the experimental group when pressure is applied, while the performance of the
participants in the control group does not alter before and during pressure situations.

For a hockey dribbling task with 34 experienced participants, performance is found
to be worse in high-pressure situations (Jackson et al., 2006). Results further show
that within high and low-pressure conditions subjects perform better when not concen-
trating explicitly on the task execution. By analysing a hockey dribbling setting with
experienced hockey players, additional evidence for declining performance in pressure
situations is found. However, it is demonstrated that in a high-pressure priming con-
dition, performances are equal to those in a low-pressure situation and better (thus
faster) than in a high-pressure non-priming condition (Ashford and Jackson, 2010).

For basketball novices, decreasing free throw success in pressure situations is shown
(Jackson et al., 2006). This result only applies to those subjects who are asked to
pay close attention to the execution process during the practising phase. Analysing
free throw performances of competitive basketball players instead of novices supports
the results (Wang et al., 2004). Thus, participants suffer a significant decrease in free
throw success when performing in a high-pressure situation induced by the introduction
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of an audience, videotaping, and offering financial rewards for improved performance.
A further study analyses the impact of fear of negative evaluation on performance,

investigating success rates of throwing a basketball from a short distance (Mesagno
et al., 2012).4 The authors find decreasing performance (thus choking) only for par-
ticipants who were anxious about being evaluated negatively. For other subjects no
significant differences in success rates are found.

Outside of experiments, field studies take advantage of the wealth of data on actual
market participants who repeatedly perform almost identical tasks but under varying
degrees of pressure. Pressure in these instances is determined by factors such as the
importance of the competition considered, the current score in the competition, and
the time left to play in a match.

Penalty kicks in football are considered to be a prototype pressure situation, as
they critically affect the match outcome and the expectation to score a goal is very
high. In line with the hypothesis of individuals tending to choke under pressure at skill
tasks, success rates of penalty kicks in professional football are found to decline with
increasing importance of success, i.e. as pressure increases (Dohmen, 2008). However,
contradictory to these results, success rates in penalty shootouts are found to increase
with pressure in the German cup competition confirming clutch performance (Kocher
et al., 2008). In addition, several studies focus on the “last-mover disadvantage”, i.e.
whether teams that go first in a shootout have an advantage over the other team
resulting from higher pressure from trailing (Apesteguia and Palacios-Huerta, 2010;
Arrondel et al., 2019; Kocher et al., 2012). One of these studies finds that last-mover
teams indeed suffer from this kind of pressure (Apesteguia and Palacios-Huerta, 2010),
the other studies refute this finding and speculate the contradictory results to be a
consequence of data issues (Arrondel et al., 2019; Kocher et al., 2012). Potential
reasons for varying success in penalty shootouts between players are that players from
high-status countries a) generally perform worse and b) engage more in escapist self-
regulation strategies than players from low status-countries (Jordet, 2009).

In golf, performance under pressure is analysed for putting (Clark III , 2002a,b).
Analysing the impact of the current leaderboard situation on performance, the au-
thor finds that interim results are irrelevant for performance. In particular players who
are in the lead or close to the lead in the final round do not perform worse than
those who are further behind. Furthermore, players’ performances are constant across

4Shots are taken from five different spots which all are placed at the distance of the free throw line.
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rounds. Between-athlete comparisons may explain this finding, which is not in line
with the widely accepted hypothesis of individuals choking under pressure (Wells and
Skowronski , 2012). Considering also within-golfer comparisons, such findings cannot
be replicated, and corresponding studies instead do find athletes to choke under pres-
sure (Wells and Skowronski , 2012). Relating choking under pressure to golfers’ age,
an inverted U-shaped relationship on the professionals’ tour with performance under
pressure peaking at age 36 is shown (Fried and Tauer , 2011). The success rate at the
final putt of a golf tournament is found to decrease as the value associated with that
shot increases (Hickman and Metz , 2015). Finally, golfer currently with the lead are
found to underperform at the end of close contests (Hickman et al., 2019).

Basketball free throws constitute another scenario that is often investigated to
analyse performance under pressure. Considering data from the National Basketball
Association (NBA), and modelling free throw success rates as a function of the current
score, players are shown to perform much worse when their team is either trailing by
1 or 2 points, or in the lead with 1 point. Attempts are more successful when the
score is tied (which equals less pressure since a miss would end in an overtime and
not a loss) (Worthy et al., 2009). Further evidence for choking under pressure in
professional basketball is reported with performance declining with additional pressure
(Cao et al., 2011). However, the authors show performance to be unaffected by the
crowd size, the tournament round, and whether or not it is a home game for the
player considered. Examining the determinants of choking under pressure, overall
lower free-throw success rates are found for different groups (containing females and
males, and amateurs and professionals) in case of high-pressure situations (Toma,
2017). Analysing the performance of professional basketball players who had been
categorised as “clutch players” by basketball experts is also part of previous research
(Solomonov et al., 2015). Results show that clutch players are indeed able to increase
their performance5 in high-pressure situations such as the final minutes of close games,
while performance of other players is not affected by pressure. Therefore, results
provide evidence that clutch performers actually do exist. However, the analysis further
shows no differences for clutch players’ field goal percentage between low-pressure and
high-pressure situations. It is also reported that professional basketball players who
maintain their performance under pressure earn higher salaries (Deutscher et al., 2013).

While some contradictory results have been reported, overall there still seems to
5Performance is measured by points scored and fouls drawn.
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be fairly strong evidence that professional athletes do choke under pressure, at least
in some scenarios.

8.2.4 Task features of the darts setting
Empirical advantages

Despite the effort that has already gone into studying the impact of pressure on per-
formance, we believe that the setting of professional darts is an important addition to
the existing body of literature. While we do not claim the following features to be
unique to darts — as they effectively also apply to bowling, archery etc. — they are
important to mention as they improve the reliability of any results obtained, compared
to other more complex settings which have regularly been analysed in past research.

First, in darts, players cannot interfere the performance of the opponent directly. To
precisely measure the impact of pressure, analyses need to focus on such performance
that is not affected by others (Baumeister and Steinhilber , 1984). In many other
settings, such as penalty kicks in football, opponents can impact each other’s success.
As a matter of fact missing a penalty shot can be caused by the kicker’s or the
goalkeeper’s performance, respectively, or both. The individualistic nature of darts
reduces variance caused by interference of opponents present in other settings.

Second, subjects in our data are highly trained in the task they perform. Such
experience is obtained from training and previous competition, the latter may or may
not be covered in our sample. Observing experienced professionals vastly reduces the
noise to be expected for inexperienced players with large fluctuations in performance.
The separation of the impact of pressure on performance is hence much clearer in
professional sports settings (compared to lab experience with amateurs).

Third and closely related to the previous point, the task to be performed in a pres-
sure situation is more or less identical to the only task the players perform throughout
the contest. The only difference is given by the specific field the player attempts to
hit. In comparison, penalty shots only account for a very small fraction of actions
a football player need to perform (Feri et al., 2013). In line with our previous argu-
ment, estimating skill levels in pressure situations requires such separation of signal
and (potentially very large) noise. If pressure is closely related to the task at hand
(e.g. a penalty shot) it is hard to separate between pressure generated by the task and
pressure generated by the situation.
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Fourth, all players in darts are repeatedly confronted with high pressure situations.
For penalty kicks or free throws, team managers may rely on the same set of players
when confronted with pressure situations, namely those who they have faith in to deal
with the pressure or are very skilled in the specific task. Such sample selection can be
detrimental to the quality of the results and occurs especially for very specific tasks.

Overall, we believe that professional darts offers a nearly optimal empirical setting to
investigate the impact of pressure on performance. Players repeatedly perform highly
standardised actions, with no interference by an opponent or any teammates involved,
and hardly any relevant external factors.

Characteristics of task / darts players

As already discussed above, the social facilitation literature suggests that the circum-
stances surrounding performance affects the consequences of pressure. These circum-
stances mainly refer to the individuals’ level of expertise and complexity / difficulty of
the task. As our data set includes professional dart players who are highly trained in
throwing darts, we observe individuals of high expertise.

Throwing darts is a skill task which requires high motor skills in order to perform well
(McEwan et al., 2013). There is a high level of standardisation of individual throws as
well as many repetitions of almost identical actions, performed by professionals. Even
though hitting a specific slice of the dartboard requires a high precision of movements,
we assume that throwing a dart at a dartboard is less complex than, e.g., taking a
penalty kick (football), throwing at a basket (basketball), or putting a ball (golf).
The more the task relies on simple, well-rehearsed responses, the smaller the chances
of performance decrements. Hence, we expect performance of dart players to be
unaffected by pressure. In contrast to the literature related to social facilitation,
the choking literature would predict that performance in darts declines as pressure
increases.

8.3 Pressure situations in darts

For readers who may be unfamiliar with the rules of darts, we here provide a short
description. The dartboard consists of 20 different slices, which differ with respect to
their value (ranging from 1 to 20), and the center of the board, which is composed of
two fields, namely the single bull and the bullseye. Each slice is further divided into
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three different parts: two single, one double and one triple field. The bullseye is the
double field of the single bull. Figure 8.1 shows the layout of a standard dartboard,
highlighting the single five segment, the double and triple eight, respectively, and the
single bull together with the bullseye. The inside width of the triple and double fields
is 8mm, whereas the diameter of the bullseye is 12.7mm. A darts match is typically
played by two players. (There are cases of team competitions in darts but these are
not considered in our analysis.) Players are standing 2.37m away from the dartboard
(at the “oche”), the height of which is 1.73m (from the ground to the center of the
bullseye).

triple field

double field

bullseye

single bull

single

Figure 8.1: Dartboard layout.

While there are many possible games in darts, professional darts commonly follow
the 501 up format. To win a corresponding match, a player must be the first to win
a pre-specified number of legs (typically between 7 and 15). Both players start each
leg with 501 points and the opening throws in a new leg alternate between the two
players. The first player to reach exactly zero points wins the leg, with the restriction
that the dart that ultimately reduces the points to zero must hit a double field. For
instance, in case a player throws a dart at the single/double/triple field of segment 20,
20/40/60 points are deducted from the player’s current score.6 The players take turns

6If a player hits a field that reduces his score below zero it is called a bust. The player starts with the number of points
he had before he busted at his following turn.
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to throw three darts in quick succession. At the beginning of a leg, players consistently
aim at high numbers — usually triple 20 or triple 19 — to quickly reduce their points.
The maximum score per dart is 60 (triple 20) and hence 180 for a set of three darts.

Once a player has the possibility to finish a leg (i.e. reach exactly zero points)
with three darts (or less) during his turn, he is in the finish region. If he takes the
opportunity and finishes the leg, this is called a checkout. As the last single dart
has to hit a double field, the highest possible checkout is 170: two darts at triple 20
(2×60 = 120) followed by a dart into the bullseye (50 points). The highest checkout
not requiring a bullseye is 160 (two triple 20 followed by a double 20). For some scores
below 170 there are multiple combinations for a checkout while there are none for
others (e.g. 159 points as there is no three darts combination that leads to exactly
zero points with the last dart hitting a double field7).

We determine the likelihood of a player checking out for any given number of points
left. To do so, we use information on all attempts for the given score to determine
the success rate (see below). The checkout proportions for the individual scores are
shown in Figure 8.2, which in addition indicates whether (at least) 1, 2, or 3 darts
are needed for a checkout. It is important to note that there is a strategic element to
the game, where players sometimes deliberately attempt to set their score to a certain
number for their next turn instead of checking out immediately. If, for example, Player
A has a fairly high number of points to check out, say 160 points, but Player B has
no finish with his next turn, then Player A could set up an easier checkout for his
next turn rather than going straight for a checkout. The occurrence of such strategic
behaviour is corroborated by Figure 8.3, which shows the checkout proportions in the
data for those situations. For scores above 120 the checkout proportion for Player A
is usually higher if Player B has a finish (compared to situations where Player B has
no finish). When having a high score left to finish, players tend to set up an easier
checkout if their opponents have no chance to finish in the next turn. Such strategic
behaviour becomes less relevant for lower scores. For scores below 50, many of which
can be checked out with one dart only, such that setting up a score is less relevant, the
checkout proportions do not differ substantially between situations where the opponent
had a finish and those where he had no finish. We explicitly account for such strategic

7159 points could be reduced to exactly zero points with three darts if the last dart does not need to hit a double field,
e.g. by triple 20 — triple 20 — triple 13. However, since all tournaments in our data are played as “double out”, 159
points can not be reduced to zero within a players’ turn.
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considerations by restricting our sample to those observations where the opponent also
has a finish.
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Figure 8.2: Checkout proportions for the individual scores before a player’s turn. Colours indicate whether for the
given score 1, 2, or 3 darts are needed for a checkout.

For any given turn of a player, the level of pressure is a result from the player’s own
likelihood of finishing within the current turn as well as that of the opponent finishing
within his next turn. Respective probabilities are estimated by the corresponding em-
pirical proportions as described above. Following the literature, the intermediate score
of a match can also generate pressure. We hence also analyse a sub-sample of throws,
which are performed in situations that are very crucial to the outcome of the match.
More specifically, we investigate decider legs, referred to as legs where both players
only need one more leg to win the match. Winning such a leg hence results in winning
the match, whereas losing such a leg would result in losing the match. For example,
in a best-of-19 leg match, a decider match occurs when the score is tied at nine legs
apiece and leg number 19 decides the winner of the match. Pressure in decider legs is
thus higher.

8.4 Empirical analysis

The data — extracted from http://live.dartsdata.com — cover all professional
darts tournaments organised by the Professional Darts Corporation (PDC) between
April 2017 and September 2018. Based on the raw data we reconstruct which player

http://live.dartsdata.com
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makes a throw, the score before each dart, how many legs have been played in the
match, which player had the first throw in any leg considered and, of course, if the
player making a throw checks out. In the data we analyse, each row, i.e. observation,
corresponds to a player’s turn to throw (at most) three darts. From those rows, i.e.
from all sets of three darts played by a player, we consider only those instances where
both the player and the opponent have the chance to check out within the given and
the next turn, respectively. To ensure reliable inference on player-specific effects, we
further reduced the data set to consider only those players who had at least 50 attempts
to check out. The final data set comprises information on the checkout performances
of m = 122 different players, totalling to n = 32,274 observations (checkout yes/no).

8.4.1 Descriptive statistics
Our response variable checkout indicates whether a player managed to check out
(coded as “checkout =1”) or not (“checkout =0”). As detailed above, we measure
the degree of pressure on a player by differentiating between his and the opponents’
chances to finish a leg prior to his turn. The chance of a player checking out is
quantified by the checkout proportions of all finishes from the player’s current score
(checkoutproportion). For the opponent, the corresponding covariate checkoutpro-
portionopp indicates the checkout proportion of the opponent’s current score.8 To
account for the ex-ante heterogeneity of players’ chances to win the match, the com-
petitive balance (cb) indicates the absolute difference in the winning probabilities.
Based on betting odds taken from www.oddsportal.com, and after correcting for the
bookmakers’ margin, cb can take values between 0 and 1. High values of cb imply
that the match is lopsided, whereas the value 0 means that both players have equal
winning probabilities. Finally, as our data contains trained athletes, we are able to fur-
ther control for the experience of the athlete (exper), proxied by the number of years
the player belongs to a professional darts organisation (British Darts Organisation or
PDC).

Table 8.1 summarises all covariates considered. Overall, about 42% of all checkout
attempts are successful. However, the probability to successfully complete a checkout
is highly dependent on the number of points required: the more points are needed,

8In an alternative model specification, we replaced the checkoutproportionopp variable by a dummy indicating whether
or not the opponent had a chance to check out with his next attempt, restricting the sample to 1-dart finishes for compa-
rable checkout proportions. The corresponding results (not shown) were consistent with the ones presented here.

www.oddsportal.com
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Table 8.1: Descriptive statistics for the covariates.

mean st. dev. min. max.

checkout 0.420 – 0 1
checkoutproportion 0.419 0.279 0.027 1
checkoutproportionopp 0.486 0.266 0.027 1
exper 13.15 7.050 0 36
cb 0.363 0.228 0 0.899
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Figure 8.3: Checkout proportions for situations where the opponent had a finish (blue) and those where the oppo-
nent had no finish (yellow). Finishes with at least 100 observations in each category are shown.

the less likely is a checkout (see Figure 8.2).
To investigate the impact of pressure on performance, Figure 8.4 shows the checkout

proportions for different levels of pressure, which are indicated by the colours. Due to
the potential strategic adjustments discussed above, only those observations where the
opponent can also finish are included. For scores above 100, the checkout proportions
seem to increase with increasing likelihood of the opponent checking out, i.e. the more
a player is under pressure. For lower scores there is no such clear trend.

In addition, the pressure as indicated by decider legs is investigated in Figure 8.5 by
comparing the empirical checkout proportions in decider vs. non-decider legs. Since in
only about half of the finishes the checkout proportion is higher in decider legs, there
is no clear pattern indicated by these summary statistics.
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Figure 8.5: Checkout proportions in pressure vs. non-pressure situation as indicated by decider legs. Scores with
at least 10 observations per category are shown.

8.4.2 Modelling checkout performance
The structure of the data considered is longitudinal, as we model the binary response
variable checkout i j, indicating whether or not the i–th player (i= 1, . . . ,m) checked out
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(checkout i j = 1) on the j–th attempt ( j = 1, . . . ,ni). To cover player-specific effects,
and also to account for the fact that each individual player’s observations are likely to
be correlated, we apply generalised linear mixed models where the linear predictor ηi j

contains a vector of fixed effects βββ as well as a vector of zero-mean random effects γγγ i:

ηi j = x′i jβββ +u′
i jγγγ i, i = 1, . . . ,m, j = 1, . . . ,ni,

with xi j = (1,checkoutproportioni j, . . .)
′, and u′

i j the subvector of x′i j with those co-
variates for which we assume individual-specific effects. The logit function links the
binary response variable, checkout i j, to the linear predictor:

logit
(
Pr(checkouti j = 1|γγγ i)

)
= ηi j = x′i jβββ +u′

i jγγγ i.

The linear predictor includes all covariates considered as well as a random intercept
for each player to account for player-specific effects:

ηi j = β0 +β1checkoutproportioni j +β2checkoutproportionoppi j +β3experi+

β4cbi j + γ0i.

The random intercept γ0i displays the player-specific deviation from the average inter-
cept β0 — further individual-specific effects will be considered below. These models
are fitted by maximum likelihood estimation using the package lme4 in R (Bates et al.,
2015; R Core Team, 2019). Table 8.2 displays the results for the corresponding fixed
effects.

Table 8.2: Estimation results for the fixed effects of the turn-level model.

response variable:

checkout

all attempts no deciders deciders

checkoutproportion 5.132 5.128 5.715
[5.019; 5.245] [5.014; 5.242] [4.665; 6.764]

checkoutproportionopp 0.014 0.016 −0.108
[−0.091; 0.118] [−0.089; 0.122] [−0.938; 0.722]

exper 0.005 0.005 0.007
[−0.001; 0.012] [−0.001; 0.012] [−0.028; 0.043]

cb −0.018 −0.014 0.107
[−0.151; 0.114] [−0.147; 0.120] [−0.961; 1.175]

constant −2.799 −2.797 −3.084
[−2.920; −2.678] [−2.918; −2.677] [−3.977; −2.191]

observations 32,274 31,715 559

Note: 95% CIs are shown in brackets.

The estimated coefficients associated with checkoutproportionopp are of main in-
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terest here as they display the impact of the opponent’s chance of checking out during
his next attempt on the player’s chance to check out during his current attempt. To
identify different levels of pressure connected to the intermediate score of the game, we
fitted the model to different samples, distinguishing non-decider legs and decider legs.
Perhaps somewhat surprisingly, evaluating the effect of checkoutproportionopp across
the first two models, the more pressure a player is exposed to, i.e. the more likely the
checkout of the opponent, the higher is the increase in the corresponding odds for a
checkout. However, the corresponding effects are not statistically significant. For the
third model, the effect is also statistically insignificant. Hence, we find no evidence
that pressure impacts performance. This is also supported by a different model formu-
lation where we pooled all attempts and introduced a dummy variable indicating if the
throw occurred in a decider leg. The corresponding coefficient is insignificant, again
providing no evidence for an effect of pressure on performance (results not shown).
The player-specific random intercepts γ̂0i, i.e. the player-specific deviations from the
intercept β̂0, range (on the logistic scale) from −0.217 to 0.398.

To conduct a more fine-grained analysis of the throwing performance, we ran a
second analysis in which we changed the sampling unit to single throws instead of a
complete turn of three throws. When analysing single throws instead of turns in darts,
additional strategic adjustments have to be considered. If players can reduce their
score to 0 with a single dart (e.g. if their score is 32), players often throw a “marker
dart” with their first dart of a turn just outside of the board, such that the second dart
is aimed at the marker and may be deflected into the target. To again account for
such strategic adjustments, we only consider the third dart of a turn, since no marker
darts are thrown with the third throw. The covariate checkoutproportion is then built
from the score-specific checkout proportion of the third dart of a turn. The results of
fitting the model to data of single throws are shown in Table 8.3. As was done also
for the previous analysis based on turns (see Table 8.2), we fitted the model to data
of all attempts, to non-decider legs, and to decider legs separately. The results again
indicate that pressure does not impact performance in professional darts.

Since in the current model formulation we only allow for player heterogeneity in the
baseline throwing performance, we further consider an extension where potential addi-
tional variation in the performance-in-pressure situations across players is investigated.
The corresponding (and again insignificant) results are presented in Appendix D.
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Table 8.3: Estimation results for the fixed effects of the model fitted to data of single throws.

response variable:

checkout

all attempts no deciders deciders

checkoutproportion 4.534 4.562 2.749
[3.930; 5.137] [3.953; 5.170] [−2.319; 7.817]

checkoutproportionopp 0.076 0.084 −0.327
[−0.054; 0.205] [−0.047; 0.215] [−1.322; 0.669]

exper 0.005 0.006 −0.001
[0.0004; 0.011] [0.0005; 0.011] [−0.043; 0.041]

cb 0.150 0.148 0.710
[−0.011; 0.310] [−0.014; 0.309] [−0.579; 2.000]

constant −2.394 −2.408 −1.570
[−2.646; −2.141] [−2.662; −2.153] [−3.611; 0.471]

observations 14,849 14,590 259

Note: 95% CIs are shown in brackets.

8.5 Discussion

We find no evidence that professional darts players are impacted by (high) pressure
situations. While player-specific effects for performance under pressure indicate that
some professional players in our sample may improve, and some may worsen their
performance in pressure situations, the average effect over all players is not statistically
significant. Hence, our results do not corroborate studies supporting the choking
hypothesis which states that overall performance in skill tasks decreases with increasing
pressure.

The difference between our findings and previous studies on performance under
pressure may partly be due to the fact that in our study we consider very highly
skilled individuals who have to deal with the considered type of pressure situations
on a regular basis. Professional darts players are at the very top of their profession
and cannot fluke out of pressure situations, which is possible in team settings where
tasks can be assigned to different team members. In fact, darts players face pressure
situations on a regular basis and hence gain experience in dealing with these. While
throwing darts is the one skill required in the setting considered, in other professions
the set of tasks is much more diverse, often combing the requirement of both, skill
and effort.

The literature on social facilitation offers a possible explanation for the absence
of any choking effect. Social facilitation suggests that the type of task and level
of expertise greatly affect the consequences of audiences or general pressure. As all
players in our data set are professionals, pressure situations should affect performance
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positively. However, we find positive effects only for some but not all players.9 On the
one hand, “ceiling effects by performing a well-learned task” (Blascovich et al., 1999,
p. 75) may lead to such insignificant performance effects. Hence, future research on
darts players should also observe less experienced subjects to circumvent such ceiling
effects. On the other hand, players may differ with respect to personal variables, such
as self-confidence. Thus, pressure may affect performance differently depending on
personal attributes. Further research on performance under pressure would benefit
from including more information on personal characteristics.

Investigating semi-professional players (such as youth players) may further be ben-
eficial with respect to a potential selection bias. Our sample may to some extent
be the result of selection effects of subjects who can withstand pressure and become
professionals, such that only those individuals who do not choke in pressure situa-
tions succeeded in the profession at hand and made it to the top (and hence into our
sample).

The importance of coping with pressure situations has been investigated by in a
qualitative study by interviewing ten international top athletes (Jones, 2002). In this
study, several attributes are stated as important factors for being “mental tough”, such
as to be in control under pressure. In a further study, again several former Olympic
or world championship winning athletes are interviewed as well as sport psychologists
and coaches, finding that mentally tough athletes can not only cope with pressure
situations, but even use it to raise their performance (Jones et al., 2007). An explana-
tion for this is that individuals are either entering a “competition state” or a “threat
state” when forced to pressure situations, where the former helps their performance
and the latter does not (Jones et al., 2009). Thus, to not choke under pressure is not
a conscious decision but rather a state of mind which is reached subconsciously.

Throwing darts arguably is a very specific task, much less complex than other
actions required to perform in under pressure situations. Our finding of individuals
not choking under pressure may be due to this specific task feature. Thus, future
research on performance under pressure should include characteristics of the task and
individuals into their considerations as these drive pressure effects. While the setting
itself would be ideal to test gender differences in performance under pressure in a
specific task, women’s darts does not offer the data necessary to draw comparisons.

9Accordingly, results cannot be attributed to the type of task. Since all of the players are of high expertise and execute
the same task, the type of task should have the same effect on all players.
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Empirical comparisons in line with the research by Gneezy et al. (2003) are thus not
possible at this time. Given the high number of observations for each player, further
research could tackle the question if there is a memory for choking under pressure.
More precisely, one could determine if choking under pressure impacts future choking
under pressure, similar to a hot hand phenomenon particularly concerning pressure
situations (Miller and Sanjurjo, 2018; Ötting et al., 2020b).

Even though the social facilitation literature helps to understand the inconsistent
impact of pressure on individuals’ behaviour, it may be the case that pressure resulting
from, e.g., competing for large monetary rewards or championship titles differs from
pressure due to the presence of others. Whether individuals react to pressure with
enhanced or impaired performance may hence also depend on the kind of pressure they
experience while performing a certain task. It would be interesting to test whether
dart players react differently to pressure situations (due to interim results) when playing
before an audience or no spectators, respectively. However, this scenario would only be
testable in laboratory settings as there are no contests taking place without spectators.
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9 Predicting play calls in the National Foot-
ball League using hidden Markov models

9.1 Introduction

Unpredictability of play calls is widely accepted to be a key ingredient to success in the
NFL. For example, according to several players of the 2017 Dallas Cowboys, being too
predictable regarding their play calling may have been one reason for their elimination
from the playoff contention of the 2017 NFL season. Being unpredictable hence is
desirable, and, vice versa, it is clearly also of interest to be able to accurately predict
the opponent’s next play call. In earlier studies, play call predictions were carried out
by simple arithmetics, such as calculating the relative frequencies of runs and passes of
previous matches (Heiny and Blevins, 2011). Driven by the availability of play-by-play
NFL data, several studies considered statistical models for play call predictions. These
studies can be divided in those where play-by-play data only is considered (see, Heiny
and Blevins, 2011; Teich et al., 2016) and those who consider additional data on the
players on the field, such as the number of offensive players for a certain position and
player ratings (see Joash Fernandes et al., 2020; Lee et al., 2017). The former report
prediction accuracies of about 0.67, whereas the latter provide accuracies of about
0.75.

Most of these studies use basic statistical models, e.g. linear discriminant analysis,
logistic regression, or decision trees, which do not account for the time series structure
of the data at hand. This chapter considers HMMs for modelling and forecasting NFL
play calls. In the recent past, HMMs have been applied in different areas of research
for forecasting, including stock markets (see, e.g., De Angelis and Paas, 2013; Dias
et al., 2015), environmental science (see, e.g., Chambers et al., 2012; Tseng et al.,
2020), and political conflicts (Schrodt, 2006). Within HMMs, the observations are
assumed to be driven by an underlying state variable. In the context of play calling, the
underlying states serve as a proxy for the team’s current propensity to make a pass (as
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opposed to a run). The state sequence is modelled as a Markov chain, thereby inducing
correlation in the observations and hence accounting for the time series structure of
the data. HMMs are fitted to data from seasons 2009 to 2017 to predict the play calls
for season 2018. In practice, these predictions are helpful for defense coordinators to
make adjustments in real time on the field. Offense coordinators may also benefit from
these models, since they allow them to check the predictability of their own play calls.

This chapter is organised as follows: Section 9.2 describes the play-by-play data
and provides exploratory data analysis. Section 9.3 explains HMMs in further detail,
and Section 9.4 presents the results.

9.2 Data

The data for predicting play calls in the NFL were taken from www.kaggle.com,
covering (almost) all plays of regular season matches between 2009 to 2018. In total,
m = 2,526 matches are considered1, each of which is split up into two time series (one
for each team’s offense), totalling in 5,052 time series containing 318,691 plays. The
observed time series {ym,p}p=1,...,Pm indicates whether a run or a pass play has been
called in the p-th play in match m, with

ym,p =

1, if p–th play is a pass;
0, otherwise

and Pm denoting the total number of plays in match m. For all matches considered,
other plays such as field goals and kickoffs, which occur typically at the beginning or
the end of drives, are ignored here. Since the main goal is to predict play calls, we
divide the data into a training and a test data set. The data set for training the models
cover all matches from seasons 2009 – 2017, comprising 2,302 matches and 289,191
plays. The test data cover 224 matches, totalling in 29,500 plays. For the full data
set, about 58.4% of play calls were passes.

Since the play of the offense is likely affected by intermediate information on the
match (such as the current score), several covariates are considered, which have also
been considered by previous studies on predicting play calls summarised above: a
dummy indicating whether the match is played at home (home), the yards to go for a

1The data comprises 2,526 regular-season matches out of 2,560 matches which have taken place in the time period
considered.

www.kaggle.com
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first down (ydstogo), the current down number (down1, down2, down3, and down4),
a dummy indicating whether the formation is shotgun (shotgun), a dummy indicating
whether the play is a no-huddle play (no-huddle), the difference in the intermediate
score (own score minus the opponent’s score) (scorediff ), a dummy indicating whether
the current play is a goal-to-go play (goaltogo), and a dummy indicating whether
the team is starting within 10 yards of their own end zone (yardline90). Table 9.1
summarises the covariates and displays corresponding descriptive statistics (for the full
data set).

Table 9.1: Descriptive statistics of the covariates.

mean st. dev. min. max.

pass (response) 0.584 0.493 0 1
home 0.503 0.500 0 1
ydstogo 8.634 3.931 1 50
down1 0.443 0.497 0 1
down2 0.333 0.471 0 1
down3 0.209 0.407 0 1
down4 0.015 0.121 0 1
shotgun 0.525 0.499 0 1
no-huddle 0.087 0.282 0 1
scorediff −1.458 10.84 −59 59
goaltogo 0.057 0.232 0 1
yardline90 0.033 0.178 0 1

To investigate how play calling varies with different downs and the shotgun forma-
tion, Figure 9.1 shows the empirical proportions for a pass found in the data, separated
for the different downs and the shotgun formation. As indicated by the figure, a pass
becomes more likely with increasing number of downs, and there is a substantial in-
crease in passes observed if the team is in shotgun formation. However, whether a run
or a pass is called is also likely to depend on the yards to go for a first down, which
is shown in Figure 9.2, indicating that a pass becomes more likely the more yards are
needed for a first down. The colours in Figure 9.2 indicate the (categorised) score
difference, suggesting that a pass becomes more likely if teams are trailing.

In addition to the covariates potentially affecting the decision to call a pass or a run,
one example time series from the data set, corresponding to the play calls observed for
the New Orleans Saints in the match against the New York Giants played in November
2015 is shown in Figure 9.3. With 101 points scored in total, this match is one of the
highest scoring NFL games. The plays shown in the figure underline that there are
periods with a fairly high number of passing plays (e.g. around play 20), and those
where more runs are called (e.g. around play 30).
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Figure 9.1: Empirical proportions for a pass found in the data for different downs and the shotgun formation.
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Figure 9.3: Example time series found in the data: the play calls of the New Orleans Saints observed for the match
against the New York Giants played on November 1, 2015.

9.3 Modelling and forecasting play calls

To account for the periods of passes and runs as indicated by Figure 9.3, HMMs
are considered for modelling and forecasting play calls. The underlying states can
be interpreted as the propensity to make a pass (as opposed to a run) of the team
considered. A HMM involves two components, namely an observed state-dependent
process and an unobserved Markov chain with N states, assuming that the observations
are generated by one of N pre-specified state-dependent distributions. The dependence
structure of the HMM considered is shown in Figure 9.4. Here, the observed time series
are the play calls {ym,p}p=1,...,Pm, which are denoted from now on by yp for notational
simplicity. The unobserved state process, modelled by a N-state Markov chain, is
denoted by {sp}p=1,...,Pm. For the state transitions, a transition probability matrix
(t.p.m.) ΓΓΓ = (γi j) is defined, with γi j = Pr(sp = j|sp−1 = i), i.e. the probability of
switching from state i at play p− 1 to state j in play p. For the model formulation
of a HMM to be completed, the number of states N and the class of the state-
dependent distribution have to be selected. Since the play calls are binary, the Bernoulli
distribution is chosen here. The corresponding probabilities of the observation given
state i, i.e. f (yp |sp = i) are comprised in the i−th diagonal element of the N ×N

diagonal matrix P(yp). Since assuming a team to start in its stationary distribution
at the beginning of an American football match is fairly unrealistic, we estimate the
initial distribution δδδ =

(
Pr(sp = 1), . . . ,Pr(sp = N)

)
.

To include the covariates introduced above which may lead to state-switching, we
allow the transition probabilities γi j to depend on covariates at play p. This is done by
linking γ

(p)
i j to covariates (denoted by x(p)

1 , . . . ,x(p)
k ) using the multinomial logit link:

γ
(p)
i j =

exp(η(p)
i j )

∑
N
k=1 exp(η(p)

ik )

with
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η
(p)
i j =

β
(i j)
0 +∑

K
l=1 β

(i j)
l x(p)

l if i 6= j;

0 otherwise.

Since the transition probabilities depend on covariates, the t.p.m. as introduced above
is not constant across time, and hence denoted by ΓΓΓ

(p). To formulate the likelihood,
we apply the forward algorithm, which allows to calculate the likelihood recursively at
low computational cost (Zucchini et al., 2016). The likelihood for a single match m is
then given by:

L = δδδP(ym,1)ΓΓΓ
(m,2)P(ym,2) . . .ΓΓΓ

(m,Pm)P(ym,Pm)1

with column vector 1 = (1, . . . ,1)′ ∈ RN (Zucchini et al., 2016). To obtain the like-
lihood for the full data set, we assume independence between the individual matches
such that the likelihood is given by the product of likelihoods for the individual matches:

L =
M

∏
m=1

δδδP(ym,1)ΓΓΓ
(m,2)P(ym,2) . . .ΓΓΓ

(m,Pm)P(ym,Pm)1,

where M denotes the total number of matches. The model parameters are estimated
by numerically maximising the likelihood using nlm() in R (R Core Team, 2019). Sub-
sequently, we predict play calls for the test data using the fitted models. Specifically,
to forecast play calls, the forecast distribution is considered, which is for a single match
given as a ratio of likelihoods (dropping the subscript m for notational simplicity):

Pr(yP+1 = y |y(P)) = δδδP(y1)ΓΓΓ
(2)P(y2) · · ·ΓΓΓ(P)P(yP)ΓΓΓ

(y)P(y)1
δδδP(y1)ΓΓΓ

(2)P(y2) · · ·ΓΓΓ(P)P(yP)1
,

where ΓΓΓ
(y) and y(P) denote the t.p.m. as implied by the new covariates and the vector

of all preceding observations of the match considered, respectively (Zucchini et al.,
2016). The play which is most likely under the forecast distribution is then taken as
the one-step-ahead forecast. To address heterogeneity between teams, the models are
fitted to data of each team individually instead of pooling the data of all teams. The
corresponding results are presented in the next section.
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sp−1... sp sp+1 ...

yp−1 yp yp+1

Figure 9.4: Dependence structure of the HMM considered. Each observation yp is assumed to be generated by one
of N distributions according to the state process sp, which serves for the team’s current propensity to make a pass
(as opposed to a run).

9.4 Results

Before presenting the results on the prediction of play calls, the number of states N and
the covariates have to be selected. As the number of parameters (due to the inclusion
of covariates) increases considerably fast compared to the number of observations per
team, we select N = 2 states here to avoid numerical instability. We apply a forward
selection of the covariates described in Section 9.2 based on the AIC. In addition,
we also include several interactions between the covariates, such as an interaction
between ydstogo and scorediff, which was already indicated by in Figure 9.2. Based
on further explanatory data analysis, the following additional interaction terms are
considered: interactions between the different downs and ydstogo, between shotgun
and ydstogo, between nohudlle and scorediff, and between nohuddle and shotgun. The
AIC-based forward covariate selection is then applied for each team individually, with
the covariates selected being slightly different between the teams.

The play call forecasts are evaluated by the prediction accuracy (i.e. the proportion
of correct predictions), the precision (i.e. the proportion of predicted runs/passes that
were actually correct) and the recall (i.e. the proportion of actual runs/passes that were
identified correctly). The weighted average of the prediction accuracy over all teams is
obtained as 0.715. This is a substantial improvement compared to existing studies that
were also based on play-by-play data only (i.e. without including information on the
players on the field). Moreover, the prediction accuracy obtained here is only slightly
lower than the ones reported by Lee et al. (2017) and Joash Fernandes et al. (2020)
(which are about 75%), notably without taking into account information about the
players on the field.

The prediction accuracy for the individual teams is shown in Figure 9.5, indicating
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that the lowest and highest prediction accuracy are obtained for the Seattle Seahawks
(0.602) and the New England Patriots (0.779), respectively. In addition, the precision
rates for a run range from 0.532 (Green Bay Packers) to 0.763 (Houston Texans),
which can be interpreted as follows: when our model predicts a run for the Houston
Texans (Green Bay Packers), it is correct in about 76.3% (53.2%) of all predicted
runs. The recall rates for a run range from 0.324 (Baltimore Ravens) to 0.886 (Los
Angeles Rams) — in other words, our model correctly predicts 88.6% of all runs for the
Los Angeles Rams. For passing plays, precision and recall range from 0.559 (Seattle
Seahawks) to 0.9 (Los Angeles Rams), and from 0.664 (Los Angeles Rams) to 0.922
(Pittsburgh Steelers), respectively. These summary statistics on the predicted play
calls reveal that there are substantial differences in the predictive power with regard to
the individual teams. Section 9.5 discusses practical implications following from these
summary statistics. It took us on avarage 7 hours to conduct the AIC-based forward
selection for the covariates on a standard desktop computer. However, using the fitted
models to predict play calls takes less than a second for a single match, thus rendering
the approach considered suitable for application in practice.

9.5 Discussion

The use of HMMs to predict play calls in the NFL indicates that the accuracy of the
predictions is increased — compared to similar previous studies — by accounting for
the time series structure of the data. We split the data into a training set (seasons
2009–2017) and a test set (season 2018), and fitted HMMs to the (training) data of
all teams individually, which yields 71.5% correctly predicted out-of-sample play calls.
The prediction accuracy for the individual teams range from 60.2% to 77.9%, with the
highest prediction accuracy obtained for the New England Patriots (see Figure 9.5).

Practitioners have to take into account the variation in the prediction accuracy
across teams and plays. For example, if a pass is predicted for the Los Angeles Rams,
it is fairly likely that the actual play will indeed be a pass (according to our model),
since the corresponding precision is obtained as 90%. On the other hand, if a pass
is predicted for the Seattle Seahawks, this forecast has to be treated with caution,
as the precision is obtained as 55.9%. Additional aspects for practitioners are the
costs of an incorrect decision. For example, if teams want to avoid that a pass is
anticipated although the actual play of the opponent’s offense is a run, then coaches
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Figure 9.5: Prediction accuracy for the individual teams. The number of out-of-sample observations (i.e. of pre-
dicted plays) is shown at the top of the bars.

should carefully consider the corresponding precision rates. Since the models presented
here provide probabilistic forecasts and not only binary classifications, coaches could
consult the forecasts only if the predicted probability exceeds a chosen threshold. In
any case, practitioners should not regard these models as a tool which delivers defense
adjustments for each play automatically, but rather as an additional help to make
better defense and offense plays, respectively.

Further research could focus on including additional covariates to improve the pre-
dictive power, such as the personnel of the team, i.e. the information on how many
running backs/fullbacks, tight ends and wide receiver are on the field. In addition, the
current strength of the team is not captured yet. This could be quantified by, for in-
stance, the player ratings provided by the video game Madden, which was also done
by Lee et al. (2017) and Joash Fernandes et al. (2020). However, it is at least ques-
tionable whether information on players can indeed be used on the field in practice,
since players are substituted fairly frequently during a match. Finally, updating the
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model throughout the 2018 season dynamically, rather than using the model fitted up
to season 2018 in the out-of-sample prediction would further improve the predictive
power.



10 Summary and outlook

This chapter summarises the main results of Chapters 2 – 9 and provides discussions
on further research. Chapters 2 – 4 cover studies on betting markets, including deter-
minants of betting volumes, market inefficiencies, and fraud detection. Section 10.1
summarises the main findings of these chapters and provides an outlook for further
research. Chapters 5 – 9 cover several analyses on the evaluation of in-game per-
formance. Section 10.2 summarises the main findings of these chapters and provides
additional points for further research in this field.

10.1 Betting fraud detection

Several match fixing incidents occurred in the past decade, leading to an increased
demand for fraud detection systems. Whereas existing fraud detection systems focus
primarily on odds movements, this thesis argues that both betting volumes and betting
odds should be monitored. For the former, statistical models have to account for the
complex patterns present in the data, which include heteroscedasticity and non-linear
effects. In Chapter 2 we use the flexible class of GAMLSS to explicitly account for
these patterns. As a case study, we analyse betting volumes of the English Premier
League. The results suggest that the matchday, the weekday, the strength of the teams
(quantified by both teams’ market values), and the uncertainty of outcome affect both
the mean and the standard deviation of betting volumes. Compared to a classical linear
model, the GAMLSS improves the model fit substantially in terms of the AIC. When
using these models for examining betting fraud, the concept of market inefficiencies
becomes important, as extreme betting volumes may arise due to inefficiencies and
fraud, respectively. This renders fraud detection by analysing betting volumes difficult
in the presence of market inefficiencies. The results presented in Chapter 3 suggest
that inefficiencies exist in German betting markets. These inefficiencies occur at the
beginning of a season, as bookmakers have only little information on the strength of
recently promoted teams at that time. However, with more information on teams’
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strength becoming available during the season, the inefficiencies disappear. For the
analysis of match fixing in Chapter 4, the model formulation developed in Chapter 2 is
used to detect fixed matches by identifying outliers in betting volumes. In addition to
the betting volumes, betting odds are predicted using a GAMLSS with bivariate Poisson
response. Considering data from the Italian Serie B, we achieve a true positive rate of
about 75% for the detection of fixed matches, with at the same time only 34% false
positives. These results suggest that monitoring betting volumes and betting odds
can lead to more reliable detection of fixed matches.

The field of betting markets provides several points for further research. The inves-
tigation of in-game betting markets constitutes a natural extension of the pre-game
analysis as presented in Chapters 2 – 4. When analysing the determinants of in-game
betting volumes, the modelling framework has to account for the time series structure
of the data, as in-game volumes are sampled at high frequencies. For the analysis of
inefficiencies in in-game betting markets, betting odds could be investigated after cer-
tain events such as red cards and scored goals. However, as for the analysis of in-game
betting volumes, statistical models accounting for the time series structure are also re-
quired when investigating in-game betting odds. Using both in-game betting odds and
volumes, extending the fraud detection approach presented in Chapter 4 to in-game
betting constitutes a further point for future research. Such fraud detection systems
for in-game betting are highly relevant, as nowadays about 70% of the total betting
volume is generated by in-game bets (Forrest and McHale, 2019).

10.2 Evaluation of in-game performance

Due to increasing amounts of data in sports, managers aim at evaluating the per-
formance of players in an objective manner. However, although it is to be expected
that an increased amount of data is beneficial for this purpose, humans often suc-
cumb to cognitive biases when evaluating performance. For example, when analysing
potential hot hand patterns, humans tend to over-interpret streaks of success and fail-
ure. In academic research on the hot hand, it still remains an open question whether
such an effect exists. In Chapter 5, we developed a state-space modelling framework
for analysing a hot hand effect, and fitted our model to data from professional darts.
Although the corresponding results are inconclusive regarding a hot hand effect, the
modelling framework can be applied to several sports. Whereas this is a first point
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for further research, an additional point is to explicitly address heterogeneity between
players. As sports commentators and journalists often presume that certain players are
more likely to experience streaks, investigating such differences and potential causes
— such as players’ experience — is of great interest. A further point for future re-
search relates to the computational cost of model fitting. Speeding up computation
time could be achieved by implementing the for-loops in C++ using the package Rcpp
(Eddelbuettel , 2013), as the code used for model fitting was purely written in R. In
addition, since the likelihood for the complete data set is given by the product of in-
dividual likelihoods, parallelising the computation of the individual likelihoods would
further speed up the computation time.

When considering HMMs for the analysis of a potential hot hand effect in settings
with a large number of covariates, regularisation approaches as presented in Chapter 6
facilitate variable selection. We incorporated the (relaxed-)LASSO into HMMs, which
has shown to be a computationally fast and accurate approach for variable selection.
However, as Chapter 6 only covers the simple LASSO penalty, further research should
focus on other penalties aligned with the LASSO. These include, for example, penalties
for a group of coefficients (see, e.g., Hastie et al., 2015). Such penalties are useful in
the context of HMMs with covariates for selecting the number of states. Specifically,
if a group of coefficients belonging to a certain state is not selected, it can be removed
from the model, thus leading to a simpler model with fewer states. Moreover, the use
of the LASSO in HMMs is not restricted to the analysis of sports data. Researchers in
many fields can benefit from regularisation methods in HMMs in settings where many
covariates are included in the model.

Chapter 7 covers the development of a modelling framework for analysing in-game
data with a focus on momentum shifts. The framework developed is very flexible, as it
allows to model multivariate in-game data using HMMs in combination with copulas.
The case study presented in Chapter 7 provides insights into the dynamics of football
matches. However, the modelling framework is flexible enough such that it can be
applied to various sports and is not restricted to football data. The application of the
modelling framework to other sports is thus a first point for further research. Moreover,
future research includes a more fine-grained analysis of matches by considering tracking
data. In several sports, modern technologies enable tracking (x,y) coordinates of all
players on the pitch, often sampled at frequencies of at least 1 Hz. For the case of
momentum shifts, data on player movements enable a more detailed analysis, as (e.g.)
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in football it makes a huge difference whether the team considered has much ball
possession in their own half or in the opponent’s half. In addition, tracking data allow
for new response variables, as players’ paths could be modelled to deepen the insights
into momentum shifts. As HMMs do currently not allow for responses that are curves
(such as players’ path), future method development is required to fully address such
high-frequency tracking data. Similar to the LASSO-HMMs discussed above, HMMs
with curves as response may not only be beneficial for the analysis of sports data, but
also for researchers in different fields working with such functional data.

A further phenomenon related to performance evaluation is choking under pressure.
Chapter 8 presents a corresponding analysis of professional darts. The results provide
no evidence for either choking or excelling under pressure. The points for further
research in this field are similar to those for Chapter 5 discussed above. Gender
differences are of interest when analysing performance under pressure, and including
personal characteristics of players might deliver new insights on the determinants of
performance in pressure situations.

A potential benefit for managers in sports when analysing in-game data is to gain an
advantage over the opponent by, e.g., analysing the opponent teams’ tactics. Chapter
9 presents a corresponding study using play-by-play data from the NFL to predict play
calls. As it was done in the previous chapters, the time series structure of the data is
explicitly taken into account here by using HMMs. The model developed achieves a
out-of-sample prediction accuracy of 71.5%. The prediction accuracy is thus increased
compared to previous studies where simple statistical models are used. Similar to the
outlook for Chapter 7, tracking data may improve the prediction accuracy of play
calls. Specifically, by considering such data, we could use the teams’ personnel as
an additional important covariate. In addition, as discussed above in the outlook for
Chapter 7, by using tracking data we could model and predict routes of players instead
of the play (run/pass) only.



Appendices

A Further betting-related information

A.1 Details on Betfair
Betfair offers traditional bookmaking as well as the world’s largest online betting ex-
change. In Chapters 2 and 4, we make use of data from the Betfair betting exchange.
Put simply, Betfair betting exchange is a broker for bets. It merges supply and de-
mand for bets and takes a commission for matching both market sides. Betting volume
hence is generated only when bets are matched. When a match “opens” for betting
on Betfair, there is no volume matched, since at that point nobody has had the oppor-
tunity to place a bet yet. To place a stake on a certain outcome of a match, bettors
have to choose a wager and odds for the bet. Betfair will display this “offer” on its
website for other market participants to place a certain stake against this bet at the
odds the first bettor stated. Accordingly, the betting odds are provided by the bettors
themselves. If a bettor accepts the odds offered and places a stake against it, the bets
match and the matched betting volume increases correspondingly. If an offer remains
unmatched then it does not increase the betting volume.
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A.2 Betting volumes per team (Chapter 2)

Table A1: Mean betting volumes and number of bets per team (2009/10 until 2015/16).

team mean of poundsbet mean of numberbets

Manchester United 5,044,876 55,670
Manchester City 4,351,260 47,261
FC Liverpool 4,328,456 49,583
FC Arsenal 4,271,753 48,420
FC Chelsea 4,234,363 46,646
Tottenham Hotspur 3,298,788 40,945
FC Portsmouth 2,648,104 21,414
Newcastle United 2,549,732 33,242
FC Blackpool 2,477,045 25,640
FC Everton 2,394,599 31,098
Aston Villa 2,351,609 28,994
Leicester City 2,287,525 32,032
West Ham United 2,274,285 28,199
AFC Bournemouth 2,253,632 30,038
Birmingham City 2,209,694 22,162
Blackburn Rovers 2,190,458 22,513
Queens Park Rangers 2,104,151 28,130
Wolverhampton Wanderers 2,017,532 21,013
FC Fulham 1,995,686 23,550
Bolton Wanderers 1,987,743 21,029
FC Southampton 1,980,386 28,332
AFC Sunderland 1,968,522 25,296
Crystal Palace 1,902,075 27,582
Swansea City 1,894,234 26,320
FC Burnley 1,887,839 21,750
Hull City 1,844,026 22,476
West Bromwich Albion 1,843,745 23,735
FC Reading 1,817,930 23,852
Wigan Athletic 1,803,402 20,975
Stoke City 1,801,054 22,783
FC Watford 1,749,590 25,434
Norwich City 1,687,900 23,037
Cardiff City 1,663,929 23,467

A.3 List of fixed matches (Chapter 4)

season home away volume model – odds model –
max. quant. residual max. quantile

2009 1 29 1.32 1.00
2009 8 25 0.43 0.86
2009 13 25 1.04 0.59
2009 16 25 0.76 0.90
2009 25 26 0.86 0.93
2010 1 33 3.03 1.00
2010 3 4 1.78 2.25
2010 4 24 1.20 0.86
2010 4 33 3.73 0.99
2010 28 40 0.26 0.99
2010 40 33 2.12 0.95
2010 40 46 2.02 0.92
2013 5 36 0.81 0.99
2013 13 16 1.95 0.99
2013 15 44 1.08 0.89
2013 26 5 1.53 0.77
2013 29 10 0.21 0.88
2014 11 13 -0.32 0.94
2014 11 24 1.00 0.89
2014 11 42 0.11 0.94
2014 11 44 0.26 0.93
2014 22 11 0.81 0.96
2014 44 11 1.86 0.96
2014 46 11 2.23 0.61

Table A2: Proven fixed matches (anonymised) together with the largest quantile residual (betting volume model)
and the largest quantile of the odds ratio (odds model) across the betting types considered.

B Additional details on Chapter 4

B.1 Gradient boosting GAMLSS
The following brief overview of gradient boosting is based on Mayr et al. (2012a). For a
two-parameter distribution of the response variable, the aim is to find estimates for the
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additive predictors η̂k, k = 1,2, that optimise a loss function ρ , which is the negative
(log-)likelihood of the assumed distribution for the response variable. In addition,
for each additive predictor k and covariate j, j = 1, . . . ,Jk, we specify so-called base
learners gk j(·). A base learner is a regression function which determines the type of
effect that is assumed for a certain covariate, e.g. a linear base learner (which would
lead to gk j(xk j) = βk jxk j) or a P-Spline (Eilers and Marx , 1996) base learner. In our
implementation, one separate base learner is associated with each covariate and for
both additive predictors the same set of base learners is used. The steps detailed in the
following are conducted iteratively for the additive predictors η̂1 and η̂2, updating the
predictor considered before moving on to the next predictor, and skipping η̂k only if
the corresponding maximum number of boosting iterations, mstop,k, has been reached.
When applying gradient boosting, the first step is to compute the negative gradient
vector, which for the m–th boosting iteration is defined as

u[m]
k =

(
− ∂

∂ηk
ρ

(
yi, η̂

[m−1]
1 , η̂

[m−1]
2

))
i=1,...,n

.

In the next step, the base learners gk j(·) are fitted separately to the negative gradient
vector, i.e.

u[m]
k = gk j(xk j)+ εεεk j,

resulting in ĝ[m]
k1 , . . . , ĝ

[m]
kJ . Subsequently, the best base learner in terms of improvement

of the residual sum of squares is selected. We denote the selected base learner by ĝ[m]
k j?.

Finally, the resulting additive predictor η̂
[m]
λk

is updated, such that

η̂
[m]
k = η̂

[m−1]
k +ν · ĝ[m]

k j?,

where 0 < ν ≤ 1 is a step-length tuning parameter, typically chosen as ν = 0.1. In
each iteration only the base learner with the best fit is selected, such that some base
learners may never be updated, leading to automated variable selection. Boosting
in the GAMLSS framework is implemented in the R-Package gamboostLSS (version
2.0-0). For a more detailed description of the boosting algorithm in gamboostLSS as
well as a corresponding tutorial, see Mayr et al. (2012a) and Hofner et al. (2016),
respectively.

We apply early stopping in the boosting-based estimation procedure, which means
that the boosting algorithm does not run until convergence, resulting in more stable



150

predictions. In addition, early stopping reduces the model complexity for the distribu-
tion parameters (Mayr et al., 2012b). In practice, the early-stopping algorithm uses
cross-validation to calculate the predictive risk (here: the negative log-likelihood) for
values of mstop = (mstop,1,mstop,2) from a grid of reasonable values. We then use the
mstop that minimises the predictive risk.

Derivatives for the bivariate Poisson distribution
This paragraph provides the derivatives of the negative log-likelihood of the bivariate
Poisson distribution. For simplicity, all equations are derived for a single bivariate ob-
servation. The implementation of the bivariate Poisson distribution within the R pack-
age gamboostLSS is uploaded to GitHub (https://github.com/marius-oetting/
match-fixing-warning-systems).

The loss function ρ required for gradient boosting is the negative log-likelihood of
the bivariate Poisson distribution (see Eq. 4.5):

ρ(y1,y2,λ1,λ2,λ3) =λ1 +λ2 +λ3 − y1 · log(λ1)+ log(y1!)− y2 · log(λ2)

+ log(y2!)− log

(min(y1,y2)

∑
i=0

(
y1

i

)(
y2

i

)
i!
(

λ3

λ1λ2

)i
)

As detailed in Chapter 4, the parameters λ1,λ2, and λ3 are modelled via additive
predictors ηλ1

,ηλ2
, and ηλ3

, respectively, using the log link function. Replacing thus
λi in the loss function ρ(·) by exp(ηλi

), i = 1,2,3, gives

ρ(y1,y2,λ1,λ2,λ3) =exp(ηλ1
)+ exp(ηλ2

)+ exp(ηλ3
)− y1 ·ηλ1

+ log(y1!)− y2 ·ηλ2

+ log(y2!)− log

(min(y1,y2)

∑
i=0

(
y1

i

)(
y2

i

)
i!
( exp(ηλ3

)

exp(ηλ1
)exp(ηλ2

)

)i
)
.

In the following, the negative derivatives with respect to ηλ1
, ηλ2

, and ηλ3
are pre-

sented.
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https://github.com/marius-oetting/match-fixing-warning-systems
https://github.com/marius-oetting/match-fixing-warning-systems
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B.2 Classification results for cut-off values chosen via the PPV
Since the classification results based on the Youden index as presented in Chapter 4
leads to a high FPR due to the unbalanced data of only a few matches for which a
fix has been proven, we also present the classification based on the positive predicted
values (PPV). For the classification based on betting volumes, applying the PPV, we
choose the cut-off value for the corresponding quantile which maximises the PPV. This
leads to a cut-off value for the quantile of 3.61, implying a PPV of 0.077 and an NPV
of 0.99. Hence, according to this result, if a match is predicted as fixed it is only in
about 7.7% of all cases a proven fixed match. However, the high NPV implies that if
a match is classified as non-fixed, there is a high chance that the corresponding match
is indeed not fixed.

Regarding the classification based on betting odds, when applying the maximum
of the PPV as a measure to find the optimal cut-off, 151 matches are flagged, from
which five are actually fixed proven matches. This yields a PPV of 0.033, i.e. if a
match is predicted as fixed, it is in about 3% a proven fixed match. At the same time,
the corresponding NPV shows — as for the classification based on betting volumes —
a value of 0.99. When comparing the PPV and NPV values of both approaches, the
NPV is the same for both models, whereas the PPV for the classification based on
betting volumes is slightly higher (about 4 percentage points).

For the approach combining odds and volumes, the choice of the cut-off value based
on the PPV leads to a maximum PPV of 0.039, corresponding to an optimal cut-off
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value for the quantile residuals from the betting volume model of 2.00 and 0.99 for
the quantiles of the odds fraction. At the same time, the NPV is 0.99. However,
compared to the classification based only relying on betting volumes, the PPV is lower
whereas the NPV is at about the same level. Compared to the classification relying
on odds solely, the PPV is increased whereas the NPV is also for this classification
procedure on the same level.

Thus, applying the PPV measure to find an optimal cut-off value leads — compared
to the classification based on the Youden index — to less flagged matches and hence to
a slightly higher predictive power for fixed matches. Regarding the latter, the PPV lies
between 0.033 and 0.077, whereas for the classification based on the Youden index the
PPV varies between 0.012 and 0.016. However, at the same time, the NPV is always
about 0.99. Hence, when comparing these measures, there is only a slight difference
in the PPV regarding both approaches. The slightly higher PPV for the PPV-based
approach arises mainly due to flagging only very few matches as fixed compared to
the approach based on Youden’s index (cf. Tables 4.6 and A3, respectively). Thus, as
the PPV-based approach flags less matches, the TPR is considerably lower than for
the classification by the Youden index. However, this also leads to a much decreased
FPR. Hence, as discussed above in Section 4.3.4, practical considerations will guide
the choice of the cut-off values by deciding whether a high number of matches flagged
as fixed is applicable.

Actual: fixed actual: normal sum
predicted: fixed 1 / 5 / 10 12 / 146 / 245 13 / 151 / 255

predicted: normal 23 / 19 / 14 3,183 / 3,049 / 2,950 3,206 / 3,068 / 2,964
sum 24 3,195 3,219

Table A3: Confusion matrix for flagged matches due to betting volumes / betting odds / combined approach based
on cut-off values chosen via the PPV.
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C Additional results for Chapter 7

C.1 Coefficients in the model for Borussia Dortmund

Table A4: Estimates of the coefficients determining the state transition probabilities as functions of covariates, in
the final three-state Clayton copula HMM for the Borussia Dortmund data; 95% confidence intervals in brackets.

1→2 1→3 2→1 2→3 3→1 3→2
intercept -1.447 -7.749 -1.918 -4.922 -1.474 -4.111

[-1.844; -1.049] [-12.14; -3.362] [-2.754; -1.082] [-7.339; -2.505] [-2.147; -0.801] [-6.430; -1.791]
score difference 0.074 1.310 0.812 -4.504 -0.240 -0.410

[-0.207; 0.355] [-0.140; 2.760] [0.197; 1.426] [-7.993; -1.015] [-0.803; 0.324] [-0.952; 0.133]
home 0.099 0.412 1.101 -0.553 -0.228 0.763

[-0.412; 0.610] [-2.051; 2.875] [0.234; 1.968] [-2.233; 1.128] [-1.315; 0.858] [-1.064; 2.590]
market value 0.634 4.403 -1.823 3.211 0.312 0.047

[0.279; 0.989] [1.721; 7.086] [-2.955; -0.690] [1.438; 4.983] [-0.110; 0.733] [-0.830; 0.925]
minute -0.104 6.239 -1.318 4.451 0.278 2.148

[-0.443; 0.235] [2.483; 9.995] [-1.876; -0.760] [1.231; 7.670] [-0.225; 0.780] [0.905; 3.391]

C.2 Additional analysis of Hannover 96 data
For the analysis of Hannover 96, we use the same copula-based HMM model formula-
tion as in Chapter 7 for Borussia Dortmund. The state-dependent distributions for the
fitted baseline model are shown in Figure A1. As for Borussia Dortmund, the choice of
the copula function considered does not seem to change the shape of the distribution
remarkably. Compared to the state-dependent distributions of Borussia Dortmund (see
Figure 7.3), Hannover 96 has less number of ball touches and shots on goal, which is
intuitively plausible. For all copulas considered, state 1 refers to a high level of control,
whereas state 2 can be interpreted as a low level of control.

To select a model for Hannover 96, we again compare the AIC and BIC values for
different number of states and copulas, which are shown in Table A5. For the model
selected by the BIC, i.e. the AMH-copula-based HMM with two states, the transition
probabilities as functions of the covariate minute are shown in Figure A2. As chosen
above for Borussia Dortmund, the values for the score difference and the market value
of the opponent are fixed at 0 and 200, respectively. According to the estimated
effects, staying in state 1 (high level of control) becomes less likely at the end of such
matches, whereas staying in state 2 (low level of control) becomes more likely. The
stationary distributions for given values of the score difference are shown in Table A6.
The values of the minute and the market value of the opponent are again fixed at 80
and 200, respectively. We see that the probability for being in state 1 (high-control
state) increases if Hannover is trailing. If the score is even or if they are leading, it is
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Table A5: AIC and BIC for copula-based HMMs with different numbers of states (Hannover 96).

Frank Clayton AMH
AIC BIC AIC BIC AIC BIC

2 states 18,951 19,030 19,024 19,103 18,949 19,027
3 states 18,949 19,089 18,950 19,090 18,948 19,088
4 states 18,888 19,101 18,911 19,123 18,920 19,132
5 states 18,891 19,789 18,899 19,197 18,886 19,184

more likely that they are in state 2 (low control state) than in state 1, which again is
intuitively plausible.

  shots

0

1

2

3  ba
ll t

ou
ch

es
 

0

5

10

15

20
25

30

0.02

0.04

0.06

0.08

state 1

  shots

0

1

2

3  ba
ll t

ou
ch

es
 

0

5

10

15

20
25

30
0.00

0.05

0.10

0.15

state 2

  shots

0

1

2

3  ba
ll t

ou
ch

es
 

0

5

10

15

20
25

30
0.00

0.05

0.10

0.15

  shots

0

1

2

3  ba
ll t

ou
ch

es
 

0

5

10

15

20
25

30

0.02

0.04

0.06

0.08

0.10

  shots

0

1

2

3  ba
ll t

ou
ch

es
 

0

5

10

15

20
25

30

0.02

0.04

0.06

0.08

0.10

  shots

0

1

2

3  ba
ll t

ou
ch

es
 

0

5

10

15

20
25

30
0.00

0.05

0.10

0.15

Figure A1: Fitted state-dependent distributions for the baseline two-state HMM for Hannover 96. From top to
bottom: Frank-, Clayton- and AMH-copula, respectively.

D Additional results for Chapter 8

In Appendix D, we present the analysis of potential additional variation in the perfor-
mance in pressure situations across players. This is investigated by analysing throwing
performance based on individual throws. While the model presented here provides some
insights regarding player-specific performances under pressure, it should be noted that
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Table A6: Stationary distributions when fixing the score difference at certain levels. Probabilities were calculated
for each value of the score difference, with the market value of the opponent and the minute of the match fixed at
200 and 80, respectively, corresponding to situations in the final stage of a match against an opponent team of
average strength.

-4 -3 -2 -1 0 1 2 3
state 1 0.638 0.642 0.626 0.539 0.320 0.111 0.028 0.006
state 2 0.362 0.358 0.374 0.461 0.680 0.889 0.972 0.994
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Figure A2: Transition probabilities as functions of the covariate minute.

it does not yield an improvement in the AIC compared to the individual-throw model
considered above. To analyse scores which are of about the same difficulty, we con-
sider the scores 2, 8, 16, 22, 32 and 36. The corresponding checkout proportion of
these scores with the third dart of a turn vary between 0.408 and 0.476.1 Consider-
ing these finishes for third throws where the opponent also had a finish accounts for
n = 4,773 single dart throws. A first comparison of the performance under pressure
situation between players is investigated in Figure A3. The colours indicate whether
the opponent also has a remaining score of 2, 8, 16, 22, 32 or 36, thus indicating pres-
sure situations for the player (denoted by oppcanfinish below). Remarkably, there are
substantial differences between the players. To extend the model formulation consid-
ered above, we include additional zero-mean random effects, γ1i, which represent the
player-specific deviations from the fixed effect of oppcanfinish, leading to the following

1The checkout proportion for all scores which can be finished with a single dart vary between 0.231 (34 points) and
0.476 (2 points). To make the throws comparable, we restrict our analysis to the above mentioned scores with checkout
proportion of at least 0.4.
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linear predictor:

ηi j =β0 +β1oppcanfinishi j +β2experi +β3cbi j+

γ0i + γ1ioppcanfinishi j.
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Figure A3: Checkout proportions for situations with 2, 8, 16, 22, 32 or 36 points to checkout before the third throw
of a turn. Colours indicate whether the opponent also had 2, 8, 16, 22, 32 or 36 points left. Checkout proportions
are shown for players with at least 10 observations in the corresponding subsample, i.e. third throws of non-decider
legs with 2, 8, 16, 22, 32 or 36 points left.

As was done also for the previous analyses (see Tables 8.2 and 8.3), we fitted
the model to data of all attempts, to non-decider legs, and to decider legs separately.
The estimated fixed effects are displayed in Table A7. The particular pressure situation
defined above, as indicated by oppcanfinish, i.e. the situations where the opponent also
has 2, 8, 16, 22, 32 or 36 points left, does not have a statistically significant effect on
the checkout performance. The estimated random effects γ̂1i are further investigated
in Table A8, displaying the sum of the estimated fixed effect of oppcanfinish, β̂1, and
the corresponding player-specific random effect γ̂1i. As already indicated by Figure A3,
the checkout performance in pressure situations varies substantially between players,
but the model fit is not improved compared to the models presented above without
additional random effects for the performance under pressure.
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Table A7: Results of the individual-throw model with random slopes.

response variable:

checkout

all attempts no deciders deciders

oppcanfinish 0.025 0.037 −1.244
[−0.155 ; 0.204] [−0.143 ; 0.218] [−3.518 ; 1.031]

exper 0.002 0.002 −0.034
[−0.006 ; 0.009] [−0.005 ; 0.010] [−0.097 ; 0.028]

cb 0.426 0.432 0.440
[0.178 ; 0.673] [0.183 ; 0.681] [−1.826 ; 2.706]

constant −0.473 −0.488 0.202
[−0.619 ; −0.328] [−0.635 ; −0.340] [−0.882 ; 1.286]

observations 4,773 4,698 75

Note: 95% CIs are shown in brackets.

Table A8: Estimated fixed effects of oppcanfinish with the added corresponding random slope.

β̂1 + γ̂1i

player with largest performance improvement 0.161
player with 2nd largest performance improvement 0.147
player with 3rd largest performance improvement 0.136
...

...
player with 3rd largest performance decline -0.128
player with 2nd largest performance decline -0.135
player with largest performance decline -0.139
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