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1 Introduction

The aim of this work is to advance the understanding for the long-time behavior of
solutions to the Dirac—-Maxwell system in three space dimensions. In quantum electro-
dynamics (QED), the Dirac—-Maxwell system (cf. e.g. [11], [12], R6]) arises by coupling
Dirac’s equation with Maxwell’s equations and it models the interaction between an
electromagnetic field and a charged fermionic field (e.g. an electron).

The Dirac equation was first stated in Dirac’s seminal paper [32] in the 1920s
for modeling four-component spinor fields @ and describing the states of relativistic
spin-1/2-particles (e.g. electrons), see also Thaller [95] (and references therein) for
more details on the Dirac equation. Maxwell’s equations go back to the work of
Maxwell [75] in the 1860s as a model to describe the electromagnetic field determined
by the electromagnetic potential (Ag, A).

In mathematical research of nonlinear dispersive and wave equations, there is the
following hierarchy of general questions for a given Cauchy problem:

a) Is the Cauchy problem locally well-posed for a certain class of initial data?
b) Is the Cauchy problem globally well-posed?
¢) What does the long-time behavior of global solutions look like?

In this thesis, we consider a simplified version of Dirac-Maxwell which arises from
dropping the magnetic potential A or the magnetic field V x A (cf. Section for
details). In some Cauchy problems, global nonlinear solutions behave for large times
like linear solutions. This phenomenon is called scattering.

The Dirac—-Maxwell equation with zero magnetic field is scattering critical in the
sense that the spatial L?-norm of the nonlinearity decays like ¢t~ where ¢ is the time
variable, cf. estimate on page . We establish a modified scattering result by
showing that solutions decay pointwise like linear solutions but behave asymptotically
only like linear solutions multiplied with a correction factor that oscillates logarithmi-
cally in time. We refer the reader to Theorem on page [12|for a rigorous formulation
of our main result.

The oscillating correction factor arises from an asymptotic differential equation for
the solution. This equation can be derived by spatial methods (see e.g. Lindblad—Soffer
[69] for the one-dimensional cubic Schrodinger equation) or by Fourier methods (see
e.g. Hayashi-Naumkin [51] and Kato—Pusateri [59]). We use Ifrim and Tataru’s method
of testing solutions by wave packets (see e.g. [57]) which interpolates between these
two approaches by localizing solutions in space and frequency at a time-dependent
scale related to the uncertainty principle.

We also address the asymptotic completeness problem: Provided a sufficiently
regular asymptotic state, we construct a solution to the Dirac-Maxwell equation with
zero magnetic field which converges to the asymptotic state in a suitable norm as time
goes to infinity, see Theorem 4.1 on page 94| for a precise formulation of the asymptotic
completeness result.

The question of generalizing our modified scattering result to Dirac-Maxwell with
nonzero magnetic field remains open. However, we present some attempts on how our
method might be applied to nonzero A;. In fact, the A; exhibit a hidden null-structure
so that there is some hope that they do not affect the modified scattering behavior
and our result would then carry over to Dirac-Maxwell with nonzero magnetic field.
We refer to Section B for details.



2 1 INTRODUCTION

1.1 Notation and preliminaries

This section is devoted to fixing notation and collecting some central definitions and
frequently used propositions. General references for this subsection are [45] [46), [4].

A < B means A < CB for some universal constant C. We write A <, B to
highlight the dependence of C' on some parameter p. A ~ B means A < B and
B < A. For integers k, [, we write k < [ it k <[l —4, k~1lifk—4<[<k+4and
E<lifk<l+4.

For x € R, we denote by

" = max{z, 0}

the positive part of z and x4, x— stand for arbitrary real numbers y > z, y < =,
respectively.
We use the Kronecker delta notation

1 ife=y,
0ij = ey
0 ifi#j,
where 7, 7 are usually integers.
Throughout this thesis, | - | is the Euclidean norm on C%, d € N, and B, (z) always
denotes the Euclidean ball in R? with center 2 € R? and radius » > 0, i.e.

B.(z)={y eR*: |y — x| <r}.
LP? spaces
For a Lebesgue-measurable set 2 C R™ and p € [1, o], we consider the function space
LP(Q,C%) = {f: Q — C*| f measurable and || f||1»(q,ca) < o0},

where

1y e = [ 1@ do, e [Lo0)

|| oo (,cay = esssgp |f(w)] =inf {B > 0: A(z € Q: |f(z)| > B) =0}

we

and A is the Lebesgue measure on Q. For any p,q,r € [1,00] and any measurable
f,9: 92— C4 p: Q— C, we have

11 1 L .
HSOf”LP(Q,Cd) < HQDHL‘I(Q,(C)HfHL"(Q,(Cd)7 ]—9 = 5 + - (Holder’s inequality)
1f + 9lle@cey < N fllr,cay + 19l Lr,cay, (Minkowski’s inequality)
flmeen = sw [ (r6@).gla))csda). (Duality)
geL? (Q,C9): ||g]| <1'JQ

L? (Q,cdy=
where p’ denotes the dual Hélder exponent of p, i.e.
1 1
1 - - —l— —/
p p
After identifying functions which only differ on a null set, LP(£2, C?) becomes a Banach
space and a Hilbert space in the case p = 2.
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We also work with mixed-norm spaces LYL%(Q; x €y, C?) defined via

p/q 1/p
£l 22 L2 (0 x0,0) = (/ ( |f(t,x)|qu> dt) ,
o NJo,

where 7 C R™ and 2y C R™ are Lebesgue-measurable and p, ¢ € [1, 00] with the
obvious modifications when p = oo or ¢ = oo. In the same way, we also define
e.g. LYHS(; x R™,C%), where H® is the Bessel-potential space of order s € R, see
below for more details. We write f(t) for the mapping x — f(t, z), i.e

f)(z) = f(t,2).
We have

[fllzree <[ fllpazr, 1< q¢<p< oo, (Generalized Minkowski’s inequality)

The convolution of ¢ € LP(R",C) and f € L” (R",CY) is

orf@ = [ s@fe-pa. zen

We have
1 1

1 . .
o * fllzr@n,cay < ll@lla@n )| fllor@ncay, 1+ ’ = p + = (Young’s inequality)

For 1 <p<ooand 1< g < oo, we define the Lorentz space LP4(R", C%) by
LP(Q,C% = {f: Q — C*| f measurable and || f|| zr.a(q,ca) < 0},

where

Hf”qu(ch :/ (tl/Pinf{s >0: Mz € Q: |f(z)] >s) < t})qfl dt, qe€[l,00),
0

[ £l oo .00y = Stlig tl/pinf{s >0: Az € Q: |f(z)] >s) <t}

We have
| llzorcty = Il - lzr,coy-

As shown in [82) Thm. 3.4], Holder’s inequality can be generalized to

lefllracay S ll@llzoa o | fllzre@cey, pip1,p2 € (1,00),  ¢,q1,2 € [1,00],

1 1 1 1 1 1
= —, — S + —
p 1 P2 9 q1 42

(Lorentz-type Holder)

)

The interpolation theory for Lorentz spaces (cf. Bergh—Lofstrom [10] for details) yields

1 9 1—9
NS , ve(0,1), —-=—+ .
1l ra@.cay S NI ze ey | msa,co) 0.1, ==—"+—

(Interpolation)
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For the following generalizations of Young’s inequality, we refer to Grafakos [45,
Thm. 1.4.25] and O’Neil [82, Thm. 2.6, Thm. 3.6]:

||80 * fHLP(R",(Cd) 5 ||90||LP1’°°(R",<C)||f||LP2(]R",(Cd)7 p,p1, P2 € (1700),

1 1 1
1+ - =—+ —, (Weak-type Young)
p D1 D2

||SO * f||LP*‘1(R",Cd) 5 ||SOHLP1"11(R”,(C)||f||Lp2vq2(R",(Cd)7 D,P1,D2 € (]-7 00)7 q,91,492 € [17 00]7
1 1 1 1 1 1
1+—-=—4+— -<—4—
p p1 P2 q g1 42
(Lorentz-type Young I)
HSO * fHLOO(R“,Cd) S HSDHLPI"H(R",C)HfHLP2vq2(]R",(Cd)7 D,P1,D2 € (1700), q,q1,q2 € [1700],
1 1 1 1
l=—+4+—, 1< =4 =
pP1 P2 q1 q2
(Lorentz-type Young II)

Schwartz space and Fourier transform

The Schwartz space S(R™, C?) is defined by

S(R",C%) = {f € C*(R",C%: sup |2°0°f(x)| < coVa,B € Ny},

zeR™

where
n

o =L, o7 =00

Jj=1

S(R", C?) is dense in LP(R", CY) for any p € [1,00).
The Fourier transform of f € L'(R™, C?) is

fo= [ et@ar cer 0

where
T-E=) wg
j=1

is the dot product on R”. The Fourier transform is a homeomorphism on S(R™, C%)
with inverse

fo = o [ e

For any f,g € S(R",C%) and ¢ € S(R",C), we have

P 1) =BOF ), f©) =m)™(@*)©),
[ (). g@))eu e = (2m) / RUGKG)S (Parseval)
11l z2gn cay = 2) ™2 fll 2 e oy (Plancherel)

~ , 1 1
||f||Lp’(Rn,<cd) < (27T)n/p ||f||LP(R“,Cd)7 p€ll,2], ]—) + 27 =L (Hausdorff-Young)
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Let 8'(R™, C%) be the space of tempered distributions, i.e.
S'(R",C%) = {u: S(R",C?) — C| u linear and continuous}.

For defining the continuity of u € &'(R",C%) on S(R™, C%), we equip S(R", C?) with
the topology induced by the seminorms

0ap(f) = sup [2°0°f(z)], feSR"CY), a,feN

PISING

We denote
(u, f) = u(f), ueSR",CY, fecSR",CY.

We can identify any g € LP(R",C?%), p € [1, 0], by L, € §'(R",C?) via

(Lg, [) = /n g(z)f(z)dx.

The Fourier transform for u € §'(R", C?) is defined by

-~

@ f)=(u,f), [feSR"CY.
In particular, we can identify the Coulomb potential
V:R* = C, V(z)=l|z"
as a tempered distribution with Fourier transform

V(€)= amle| .
For u € §'(R",C%) and z € C with Rez > —n, we denote
(=2)2u]”= ¢
In particular, for n = 3, we have
Vi = 4r[(—A u]”

and
Vs u = dr(—A) .

Remark. Standard textbooks like Grafakos [45], [46] usually focus on the case d = 1.
The d-dimensional case is relevant for this thesis because of the C*-valued Dirac spinors
and the R*valued electromagnetic potential. The statements mentioned so far are
immediate consequences of the scalar case. For instance, the Fourier transform of
f=(f,... fi)€SR",CYis L R

= (fly--‘fd)

and we can apply the scalar arguments for each component of f. In fact, the results
even remain true after replacing C? with a Hilbert space and many of them even for
Banach spaces, see e.g. Amann [2), 3], Zimmermann [102] and Schmeifler [87] for more
details. For the subsequent statements, we will give references for the vector-valued
version as long as it is not an immediate consequence of the scalar case.
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Fourier multipliers and Sobolev spaces

Let m: R" — C%9 be measurable. By |- |, we also denote the Euclidean norm on
C¥xd =~ C% | We define the Fourier multiplier m(D) by

m(D)f"=mf, feSR"C?).

For m € C¥(R™ \ {0},C%), k = max{x € N: k <n/2} + 1, [0°m(&)| <o |79, € £ 0,
a € Nd, |a| < k, we have

||m(D)f||Lp(Rn’(Cd) <p ||f||Lp(Rn7(cd), p € (1,00), (Hérmander—Mikhlin)

cf. e.g. Grafakos |45, Thm. 6.2.7] for d = 1 and Zimmermann [102, Prop. 3| for a more
general UM D space-valued version.

Let L2
€ =QQ+[P)", ¢eRr™
We define the Bessel potential space H¥P(R",C%), s € R, p € (1,00), as the set of
all u € §'(R™,C?) such that (D)*u can be identified as an element of LP(R", C%) with

norm

||U’ Hsp(Rn,Cd) = H<D>SU||LP(R”,(C‘1)'

For p = 2, we denote

H*(R",C") = H**(R",C").
S(R",C%) is dense in H*?(R",C%) and H*P(R",CY) is the completion of S(R", C?)
with respect to || - ||gsp»mn,cay. For s € N, the Bessel potential space HsP(R™, C?)
coincides with the Sobolev space W*P(R"™, C?) given by

WeP(R",C%) = {f € LPF(R",C%): 0°f € LP(R",C*) Ya € N}, |a| < s}

and

Hf”gvs,p(Rn,(Cd) = Z ||aaf‘|ip(Rn,(Cd)'

jal<s

More precisely, the norms ||- || gs.p@n cay and ||« || ys»@n cay are equivalent. Analogously,
we introduce the homogeneous Sobolev space H*P(R™, C?) by replacing (D)® with |D|*,

1.e.

[|ul Hsp(Rn,Cd) — |||D|Su||LP(]Rn7<Cd)-

For p = 0o, we also consider W (R" C%) with

HfHWS’OO(]R",(Cd) = | Ei)s( HaafHLoo(Rn,(cd).

a

For p€ (1,00),0<s < Zand : —1 =2 we have
p p q n
H*P(R",C%) — LY(R"™ C%), (Sobolev’s embedding theorem I)
i.e.
H*P(R",C%) C LYR™,CY), |- pa@ncay S 1| - [monc@n coy-

Ifs:gand%<q<oo,then

H*P(R",C%) — LY(R"™ C*%). (Sobolev’s embedding theorem II)
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If s > %, then any f € H*P(R", C?) coincides almost everywhere with a bounded and
continuous function and

H*P(R™, C%) — L®(R",C%), (Sobolev’s embedding theorem IIT)

cf. e.g. Grafakos [46, Thm. 1.3.5] for d = 1 and Arendt [5, Thm. 5.1] for a Banach
space-valued version.
Let x € C(R™ \ {0}, [0, 00)) be a radial function such that for

xi(€) =x(277¢), jez,

we have

suppx; € {S €R™: 271 < ¢ <2} Y x(§) =1VE#£0.

JEL
The Littlewood-Paley-Projector P; is defined by
Pu = xju, u€ S (R",CY.

Note that

JEL
X =2"x(27),
Pj= PPy = PiP;, Pj=Pi 1+ P+ P

We also write

X(€) = x(2778) + x(&) +x(26),  X;(8) = x(27%¢)

which implies

13

<
<
Il
=<1
.
*
IS

For any f € S(R",C?), we have
1P f | ogrn oty Spg 227N P; fll oo cny, 1 <p < g < oo, (Bernstein's inequality)

cf. e.g. Lemarié-Rieusset [66, Prop. 3.2].

1.2 The Dirac-Maxwell system and the scalar toy model

In this section, we mainly follow D’Ancona-Foschi-Selberg [25] and Bournaveas [13].
The three-dimensional Dirac-Maxwell system is

'YHD;L¢+1/):07 (2)
V.-E=p, V-B=0, VXE+8B=0, VxB—8E=.J (3)

Dirac’s equation describes the Dirac spinor

¥: R xR®— C*
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and B
JH = <’YOW”¢, w>(C4 = lZW”?/Ja w = Oa 17 27 37

is the Dirac four-current density, where

P =ghy°
is the Dirac adjoint and ¥ the Hermitian adjoint of ¢. In particular,
p=J =y
is the charge density and
J = (J"J* T

is the three-current density. By
E=(E' E* E*: R xR®— R?
we denote the electric field and
B = (B, By, B3): R x R* - R?

is the magnetic field. We use the Einstein summation convention that repeated Greek
indices are summed over 4 = 0,1, 2,3 and repeated Roman indices are summed over
j =1,2,3. The 4 x 4-Dirac matrices 7°,~v,72,+% are given by

L 0 : 0 o’
0— 2 J — . ':
Y _(O _[2)7 Y _<_O_j 0)7 J 17273

with Pauli matrices
0 1 0 — : 1 0
1 2 _ 3 _
() =0 d) -G
They satisfy the anti-commutation relation
YA+ = 29"

with Minkowski metric
<g/ﬂ/) = dlag(17 _17 _17 _1)

The second and third equation of are equivalent to the existence of a four-potential
(Ag, A1, Ay, A3): R x R®* = RY A= (A}, Ay, A3),
such that
B=V x A, FE=VA,—- 0A. (4)
Dirac’s equation and Maxwell’s equations are coupled via
- ()

In the sequel, indices are raised and lowered with respect to the Minkowski metric, i.e.

— pAoA) — ;9

D, = D ,— A

Y =9g""", O =4g"0, etc,
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where we set

Oy = O,  0j = Oy
After plugging in in , we obtain
JHt=0"9" A, — 0,0" A",
Plugging in in leads to
—i O+ = A,
Therefore, the Dirac—-Maxwell system f is equivalent to

iy 0 + b = Y A, (6)
oY A, — 0,0 AP = J*, (7)

The initial data are usually denoted by
vH0) =5, A0)=a, 8A0)=a.

Conservation of charge and gauge invariance

Note that implies 9,J* = 0 and

0, /R P de = — [ 0,0t da = 0 (8)

R3

which means conservation of charge since

(0 ey = [ I°(6)d,
R3
The Dirac—Maxwell system is invariant under gauge transformations
Y e, Ay A+ 00

for any ¢: R x R® — R. This means, if (¢, 4,,) solve (2)—(3) (or equivalently (6)—(7)),
then also (ei‘%b, A, + ﬁugo), where

DELAquBusO) (eiww) — ewD,(LAO’A)W

Since the observables p, J, E/, B are invariant under those gauge transformations, so-
lutions (¢, A,) and (ew@/), A+ 8Mgp) are physically equivalent. Therefore, we get an
equivalence class of solutions and we can choose a representative by adding a feasible
gauge condition. One possible choice is

DA =0. (Coulomb gauge)
Then, equation can be transformed to

JO=AAy, J=0A; - 0;0,A0.
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Therefore, the Dirac-Maxwell system under the Coulomb gauge condition reads

— 'O + ¥ =AY, (9)
AAg = W|2a (10)
OA; = ¥y7e + 0,0, Ao, (11)
A =0. (12)

Regarding Bournaveas’ approach in [13], we can simplify as follows: Let
curl =V x .

By decomposing A into its divergence-free part —curl A=! curl A and its rotation-free
part VA™'9;A;, equation and the Coulomb gauge condition yield

OA = —curl A~ curl (J + V9, Ap)
= —curl A~ tcurl J. (13)

We can diagonalize @ by decomposing v into
Y=yt +97, YT =TF(D)y,
with projections II* defined by

[1*(D) = %(14 + (D)1 (=ir?0; + Lu)). (14)

The properties of the Dirac matrices v* lead to
(D) (=747 0; +1") = £(D)IT*(D) (15)
and left-multiplying (9)) with +° gives
(D) (Aot + 977 Ajpp) = (—i0; £ (D)™ (16)

By and , we conclude that the Dirac—-Maxwell system @— is equivalent
to

(—i0; = (D))v* = IT*(D) (Ao + "7/ Aj0), (17)
AAAO = WP’ (18>
OA = —curl A" curl (774) j=1,23). (19)
dA; =0. (20)
Another frequently used gauge is

o"A, =0. (Lorenz gauge)

Dirac-Maxwell under the Lorenz gauge condition becomes
- i’YM u¢ + ¢ = 'YMA/ADa (21)
OA* = —ytep, (22)

oA, = 0. (23)



1.2 The Dirac-Maxwell system and the scalar toy model 11

Scalar toy model

The systems — and — are closely related to the scalar semi-relativistic
Hartree-type equation

—i0pu + (Dyu = c(V * [u]*)u, (24)

where ¢ € R, u: R x R® — C, V(z) = |z|7! is the Coulomb potential in R? and =
denotes convolution with respect to the R3-variable. In astrophysics (Chandrasekhar
theory), equation serves as a model to describe the dynamics and gravitational
collapse of boson stars. Therefore, it is often referred to as the boson star equa-
tion, see e.g. Lieb-Yau [68], Elgart—Schlein [34], Frohlich—Jonsson-Lenzmann [42] and
Michelangeli-Schlein [76] for details. As already detected by Chadam and Glassey [18],
the semi-relativistic equation serves as a toy model for the Dirac—-Maxwell system:
For the Coulomb gauge version —, note that

Ao = A7 = —(4m) TV = []).

Hence, after dropping the A;, i.e.
A=0,

the system f becomes
(=10, £ (D)) Y*(t) = —(4m) " IHD) [(V * [(1)[*) v (t)] (25)

which is a vector-valued version of .
For the Lorenz gauge version 7, assume that the magnetic field B vanishes,
ie.

VxA=0

which implies
A=Vo¢ (26)
for some ¢: R x R® — R. Let

(t,x) = e G2 (t, x).

Then,
OV = —i0ipW + e o)
= —i0, V¥ + e (=AY 0jp — iy + iy A)
= =YV — iy +i(Ay — 0,0)V + i7"y (A — 0;0) 0, (27)
where we used and (7°)? = I;. From and (23), we obtain
Ap = — A
= 815140

and implies
3tgz5 - A_I(AAO - W)|2)
= Ao+ (47) 7 (V * |¥]?). (28)
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Plugging in and in gives
O = =970, 0 — iU — i(4m) " (V * U)W

or equivalently
—iy0 "0, U + A°U = —(4m) T (V % [U]?) 0.

The diagonalization property leads to
(—i0, £ (D))U* = —(4m) " '"IH(D) [(V * |¥*) V], (29)
where

Ut = I1%(D)U.

1.3 Results
We consider the Cauchy problem

{(— i0, £ (D))= (1) = cITE(D)[(V  [v(8) [2)(8)]
¥E(0) = ¥,

where ¢ € R. For ¢ = —(47)~!, we obtain problem for Dirac-Maxwell in the
Coulomb gauge after dropping the A; as well as problem for the Dirac spinor of
Dirac-Maxwell in the Lorenz gauge provided a zero magnetic field B =V x A.

Our main result is:

(30)

Theorem 1.1. Let N > 103, ¢ € (0,1/16). There is o > 0 such that for any
§ € (0,00) and v € HY(R3,C*) with

16 v o ey + 1Y 00 Nz ey + 16600 ()| oo o oy < 0

the Cauchy problem is globally well-posed and its solution 1) =™ + 1~ satisfies

wt(1—|x 2y1/2 — iclo * .5/2~2x 1
| OIS R E (¢, @) — 732t loBWWVHGPEWIED (¢ NP (2 /)|

S ot e (31)
() (= OU=(0)(€) — (2m)* P EOF OWE(©)) | g 0y S 300>, (32)
€ (=T @)(€) — (2mpP2e O OW= ()| S 80 for (€) < (Y, (33)
()% OY=(E)(€)] S (8= for (€) > (1), (34)
where
(&) =1~ ve Bi0),
B0 = [ 575 (W@l + woof) do (35)

for some asymptotic state
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with supp W C By(0) and

W = (%3 TR Cx €Y, W(E) = W (EH(E)7LE).

We have W € (-)78L>°(R3,C* x C*) and

W sy < & (30
19 s = 1 &)

Estimate characterizes the modified scattering property of ¢ on the spatial
side while estimates — describe the asymptotic behavior on the Fourier side.
The factor e**€ in front of [)*(£)](€) is the symbol of the inverse linear propagator
for (30). In the case of scattering, e**© [)%(¢)](£) would behave like W. Our modified
scattering behavior in frequency is characterized by the oscillating correction factor

el where B arises from Ay = —(47)~"(V  [¢[?). Concerning the spatial

tit(1—|o/t]2)1/? iclog(t)(V+l(€) 2 W) a/t) correspond to eHP)

asymptotics, the factors e and e
and efclos®B=(D ), respectively, after localizing on rays = = tv.
Since
b=yt T,
we get in particular

—

[T () + e MO (] (1) (€) = e OFOWH () 4 x5 ()
+ Opy-1100(R3,0) (5<t>25_1/8)

and analogously for and .

By time reversal, one can derive an analogous result for ¢ — —oo. Throughout this
thesis, we will focus on ¢t > 0 for simplicity.

The choice N = 103 comes from the proof of Lemma [3.13| and it is the lowest
integer such that our method ensures the (t)>~1/5-decay in and . One might
show a similar result for N > 52 with a () °-decay for ¢ € (0,1/261], see also the
remarks after Lemma for a deeper discussion.

In Section , we also establish a local well-posedness result (see Theorem in
a function space being suitable for the proof of Theorem [I.1} Furthermore, we derive
an asymptotic completeness result in Section [ cf. Theorem [4.1]

Previous work

In the 1960s, Gross [48] proved local well-posedness for the three-dimensional Dirac—
Maxwell system in a suitable function space. Bournaveas [13] obtained a local result
for initial data (1, a,a) € H*FY2(R3, CY) x H*TL(R? R3) x H*(R3 R?), s > 0, using
null-form estimates established by Klainerman and Machedon [61], see also [62, [63]
7] for applications to Klein-Gordon—-Maxwell, Yang—Mills and Dirac—Klein—Gordon.
Masmoudi and Nakanishi [73] improved Bournaveas’ result to s = 0. Null-structure
arguments have also been used by D’Ancona, Foschi and Selberg to show first almost
optimal local well-posedness for the Dirac-Klein-Gordon system [24] and then local
well-posedness for Dirac-Maxwell [25] with almost optimal (due to scaling) initial
data ¥y € H*(R3 C*%), a € |[D|7'H*"Y3(R3 R?) and a € H*'/2(R3 R3), s > 0.
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Recently, Selberg and Tesfahun [89] also derived an ill-posedness result for initial data
Y € H¥(R3,C*), s < 0, and lower dimensions.

In one space dimension, Chadam [16] derived global well-posedness in a suitable
function space which was improved by Delgado [27]. Chadam and Glassey [17] showed
that one-dimensional global solutions do not scatter to linear solutions. We refer the
reader to Bachelot [6], Huh [55], Okamoto [80], You—Zhang [99] for recent results in
one space dimension. The case of zero magnetic field was first considered by Chadam
and Glassey [18] proving global well-posedness in two space dimensions for smooth
data with compact support. D’Ancona and Selberg [26] established a global result for
the two-dimensional Dirac-Maxwell system provided 1y € L*(R? C?) and (a,a) in a
suitable Sobolev space by extending Griinrock and Pecher’s corresponding result [47]
on the two-dimensional Dirac-Klein—-Gordon system. In higher dimensions d > 4,
Gavrus and Oh [43] proved almost optimal global well-posedness and scattering for ini-
tial data 1o € H*(R3,C*), a € H**'/2(R3 R?) and & € H*"'/?(R3,R3), s > 0, inspired
by the work of Krieger—Sterbenz—Tataru [65] and Oh-Tataru [79, [77, [78] for Klein—
Gordon—Maxwell in four space dimensions. Independently, Krieger and Lithrmann [64]
established a similar result for Klein-Gordon—-Maxwell.

Global results for the Dirac-Maxwell system in three space dimensions are only
available under very strong decay and regularity assumptions. After early results of
Chadam [I5] for cut-off versions on a fixed bounded space-time region and of Choquet-
Bruhat [22] for a zero-charge spinor field, Georgiev [44] showed global well-posedness
under the assumption that 28 derivatives of the initial data are small in a weighted
L>(R3)-norm. Flato, Simon and Taflin |39, 40, 41] established global well-posedness
and modified scattering for small C*°(R3) initial data being images of asymptotic
data through a modified wave operator. Psarelli [83] showed global well-posedness
and sharper decay estimates for the electromagnetic field A in the case of compactly
supported initial data requiring four derivatives for the spinor ¢/ and three derivatives
for the electromagnetic field in the L?(R?)-norm.

There are several other directions which are of (current) research interest for
the Dirac-Maxwell system and related problems. Bechouche-Mauser—Selberg [8] and
Masmoudi—Nakanishi [73] obtained independently results for the nonrelativistic limit of
the Dirac-Maxwell system and the latter two authors additionally for Klein—Gordon—
Maxwell and Poisson-Schrédinger. Masmoudi and Nakanishi [74] also showed an un-
conditional uniqueness result for Dirac-Maxwell and Klein—-Gordon-Maxwell. Fur-
thermore, Lisi [70] and Esteban—Georgiev—Séré [36, [35] derived stationary soliton-like
solutions for Dirac-Maxwell. See also [1,, 85 19], 33| 10T, 100}, [14] 23] for further de-
velopments and [91], 02] 541 28], 311, 30}, 29] for results on semi-classical ground states.

Global well-posedness for the scalar toy model was shown by Lenzmann [67]
for small initial data ug € H*(R?), s > 1/2. The local result was improved by Herr and
Lenzmann [52] to the almost optimal case s > 1/4 or s > 0 for radial data. Cho and
Ozawa [21] derived nonexistence of scattering and Pusateri [84, Thm. 1.1] obtained the
following modified scattering result by performing asymptotic analysis in the Fourier
space:

—

(e (@ute) - @m2eE oW ()

for 0 < e < 1/1000, initial data

< ()¢
)HL?(H@) S ()

([ wol| rraooo(ray + || ()2 uo | 2 ey + [1{-) o || Lo me) < 6,
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0 > 0 sufficiently small and some asymptotic state W, where

st.9= [ [

is the oscillating phase correction term for some smooth cut-off xy on R3 |I| Furthermore,
Cho, Hwang and Yang [20] used Pusateri’s method to prove modified scattering for
three-dimensional fractional Schrédinger equations with Hartree-type nonlinearity, i.e.

%_%‘_1‘@)(0)‘2d0)(<§(t/)1/300)(t/+1>1 d¢

iu+ |D|I* = (V*|uf)u, ac€(17,2), V(z)=|z|"".

In this thesis, we apply the method of testing solutions by wave packets to obtain
a similar modified scattering result for the Cauchy problem of Dirac-Maxwell
with zero magnetic field. This method was first used by Ifrim and Tataru [58] for
two-dimensional water wave problems (as a continuation of their joint work with
Hunter [56]), see also [57] for a demonstration of that method on the one-dimensional
cubic nonlinear Schrédinger equation and [49, 50, 81, [71] for further applications. The
method of testing solutions by wave packets is based on localizing in both space and
frequency at a time dependent scale related to the uncertainty principle. As a by-
product, we can derive a refined version of Pusateri’s result for the scalar toy model
in the sense that B(t, &) is replaced with log(¢)B(§), where

B<s>=/Rg S

— ——| |W(o)| do
& (o) ‘ | |

does no longer depend on ¢ or w.

A closely related problem is

—i O+ = (V * (1, 7")ca ) (38)

which arises from @f after dropping the A; and replacing the Ag-contribution
V k|92 with V % (1, 4%9)ca. In contrast to |1|?, the expression (1), 7°1))cs exhibits a
hidden null-structure. In the case of the Yukawa potential

V(z) = |z["le™, >0,

Yang [97] and Tesfahun [94] proved independently global well-posedness and scattering
for small initial data in H*(R3), s > 0, which is almost optimal. There are some further
related scattering results, e.g. by Machihara and Tsutaya [72] for the potential

Viz)=|z|77, s>~/6+1/2,2<y<3
and by Yang [98] for smooth potentials ¥ on R? \ {0} such that

~ ,5‘—71—\047 ’5‘ <1,
oV <
Vel s {!ﬂ‘”‘“’", €] > 1,

§é! € {Ou 1)? V2 < (3/273>

Note that the Yukawa potential fulfills these conditions with v, = 0 and v, = 2 while
the Coulomb potential requires v, = v = 2.

UIn his paper [84], Pusateri works with the Fourier transform f(&) = (2r)~3/2 Jps €7 f () da,
f € LY(R3,C). For the sake of consistency, we have adjusted his result to our definition of the
Fourier transform.
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Main ideas

The aim of this work is two-fold. As already mentioned, we refine Pusateri’s result for
the scalar toy model [84] Thm. 1.1] and carry it over to the vector-valued version (30)).
We expect that our result in Theorem can be transferred to the Dirac-Maxwell
system —. This would give a more explicit result compared to the work of Flato,
Simon and Taflin [41] who consider the Dirac-Maxwell system in the Lorenz gauge,
see —. They obtained an implicitly defined modified scattering term depending
on all A, while we expect again an oscillating correction term of the form log(¢)B(¢)
with B from depending only on A;. We refer the reader to Section |5| for some
ideas in that direction.
We work with the norm

[ 1= 22 [0 1Ol + 00 e
4072w ) oo

+ ||<5>8@(5)||L2°<R3£4)]

for € € (0,1/16). By the standard contraction mapping principle, we first construct a
local solution. We get a global solution bounded in Xr for any 7' > 0 by the following
bootstrap argument: Let 0 < § < ¢ be sufficiently small and

196 | o ey 11248 (@) | g ey + 1060 ()] oo ey <

Under the a priori assumption
N .
lo* 5, <9
we will conclude

[, S 6+0°

The weighted norm H (z)?w* plays a crucial role in our whole construc-

x) HH%(RS,@)
tion since it enables us to control the remainders in the asymptotic expansions (cf. Sec-
tion [3| for more details). On the Fourier side, (x)? produces the operator 1 — A which

hits .
it wi<>@>::w§«a+—¢/“f@cs>df
0
where

Hﬂfwzwhwﬁﬂh<)KV*w<mﬁ¢uﬂ%®

= 4w Hio // it’ (£0(€) F1(o)E2(o—n)F3({—n))
+1,4, i3€{+ - R /RS

AW E () (o), w2 () (0 = 7)) WS () (€ — 1) dor .

The most difficult cases arise when derivatives 9, hit e (Fol&)Fi(o)E2lo=mFale=n); We
have

Ao ) lo—nyFale—n) _ it/( by Sk G 77k>
dép, € "=
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and we need to recover the loss of . For the case ¢ = +3, as already mentioned in
Pusateri’s paper [84], the essential idea is to use that

fk &c — Tk

}@_@—n)

which cancels part of the singularity coming from the Fourier transform |n|~2 of the
Coulomb potential. For the case +¢ = F3, we can argue similarly by using

[T (O (£ — )| < Inl-

In one case, two derivatives O, hit eo'€)  Here, we also integrate by parts in time
to gain a second factor ¢'.

Testing solutions by wave packets means that we first localize ¢* (¢, z) along rays
r = tv, v € By(0), at a t~"/2-scale related to the uncertainty princg)le. Then, a sta-

)Sln!

tionary phase argument suggests that the spatial Fourier transform () () is localized
around £¢, = £(1 — [v]?)71/20. Let

() = Unolo) [ B v (ko)
R3
where the wave packet QX (¢, z) localizes o around tv at a t'/2-scale (we refer the reader
to Section [3| for a rigorous construction of the wave packets). By Parseval’s identity,
we obtain

—

T (k) ) = (2 [ T OTTE0(6) d
where [Qim,ln(tﬂ/\(f) localizes & around +&4 -1, = 7. We will show that T*(¢,v)
and T*(t, +(n)~'n) behave like

t3/2<€v>—5/26:F37ri/4:1:it(1—|v|2)1/2djﬂ:(t7 tv)

and -

ey (t) (),
respectively, up to error terms which can be controlled by the weighted energy esti-
mates. In the next step, we derive the approximate ODE

HYE(t,v) = ict (V= |<§.>5/2T(t)|2) (v)YE(t,v) + error(t,v).

By using the weighted energy estimates, we can show that the error term decays
faster than t~! and solving the ODE for T will lead to the modified scattering result
presented in Theorem [I.1]

The remainder of this thesis is organized as follows: In the next section, we first
prove the existence of a local solution 1 in a normed space adapted to Xp. Then,
we work out the bootstrap argument for [[¢(t)|| g~ s csy and the weighted energy
terms [|zw® (t) | mz(re c4), ||(a:>2wi(t)“H%(R37C4). In Section , we construct the wave
packets F and calculate their spatial Fourier transforms. After that, we finish the
bootstrap argument and prove the modified scattering result of Theorem by using
the method of testing solutions by wave packets. As a by-product, we get a general-
ization of Pusateri’s result [84, Thm. 1.1] for the scalar toy model. Section {4 treats
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the asymptotic completeness problem. For suitable asymptotic states, we construct
solutions which behave like the asymptotic states as time goes to infinity. In the last
section, we sketch how our modified scattering result might be carried over to the
general system (17)—(20). In fact, we expect that the A; are of lower order because of
a hidden null-structure so that only Aq effects the modified scattering factor.

2 Bootstrap argument and weighted estimates

Vector field and profile

Weighted norms play a fundamental role in the derivation of the modified scatter-

ing result. Since a-weights do not commute with the linear propagator eT*”) we
introduce the vector field L* = (L7, Ly, Ls) defined by

It — eﬂFit(D>xjeiit<D)

j
= x; £ it(D)'0;. (39)

We have

retit(D) _ ,xit(D) &
and

(=0 + (D)) L* = L*(—id, + (D)).

We define the profile of ¥/* by

w(t) = e P (0). (40)
Since e*P) is the inverse linear propagator, the profile would converge to an asymp-

totic state W in the case of scattering. For our modified scattering result, this will
only be true up to a correction factor that oscillates logarithmically in time. Note that

0, wE(1)(€) = 1O [LE* ()] (6). (41)

Bootstrap argument

Given a local solution on [0, 7] (as mentioned before, we focus on ¢t > 0 for simplicity),
we follow the strategy of Pusateri [84] and define

[ 1= 2 [0 e+ O ) e
4072w ) s

R AEOIE3] [N )

for ¢ € (0,1/16). We will obtain a global solution bounded in X7 for any 7' > 0 by
the following bootstrap argument: Let 0 < 6 < § be sufficiently small and

Hl/JSEHHN(R?’,C“) + H<x>21/’3:($)| H2(3,Cty T H<§> 1/’3(5)||L§°(R3,<c4) <0 (43)



Under the a priori assumption
15, <9,
we will conclude that
95, 5 6+ 6%
Lemma 2.1 (Estimates for IT*). Let £,n € R® and o € N3. Then,
OFIEE(E)] < (€)1,
[ITHOTIF(E —n)| S € —n)~"nl.

Proof. By definition of II*(D), we have
1 )
=€) = 5(14 £ (V& + 1)

which implies since
2@ S © 7L jogie) el S (&7
A direct computation shows that
AT —n) = (1= (=) &) s
+ (&) = €=V (G + L)

+ =) (£ L+ 0E + 1))y ;.

For the first term on the right hand side of , note that
1= —m)7HE| = (€ —mHE—n) — (©)]

and
(€ —n)— (©)] = "fg‘_il) — |
< 1€ —nl - l¢|
< |n|

which implies

1= —n)"HO| < & —n)"nl.

For the second and third term, we observe that

I T R o]
O == = Ty
7]
=E-n
Since . A
V(& + )| S ). 0] S Il
we obtain .

19

(48)

(49)

]

Remark. Estimate is related to the null-structure of II*(D). In the literature,

one typically finds the following version of :

[T (I (0)] S |4(F1&0)[ + () + (o), o eR’, +o,41 € {+, -},
where Z(+:&,0) denotes the angle between +:£ and o, see e.g. Bejenaru—Herr [9,

Lemma 2.1].
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2.1 Local well-posedness

To initiate our bootstrap argument, we show existence and uniqueness of local solutions
v € C([0,T"], HN(R?, C*)) with

()*w e c([0,T], H*(R? CY)), (50)
(%0 e c([0,T"), L*(R?,CY)), (51)

where T" > 0 will be chosen sufficiently small and w*(t) — as always — denotes the
profile e PhypE ().

Theorem 2.2 (Local well-posedness). Let N > 103 and e € (0,1/16). There is g > 0
such that for any § € (0,68 and T € HN (R, C*) with
- 2+ 9+
“¢O HHN(R3,(C4) + H() @Do HHQ(]R3,C4) + H<€> % (5)“L§°(R3,C4) S 5a

the Cauchy problem has a unique local solution 1) € C([O,T’],HN(R3,(C4)) for
some T" > 0 which satisfies and .

We prove Theorem by the standard contraction mapping principle. Let
Yrp={v € LFH ([0,T'] x R*,CY): [[Yly,, < R},
where
11l vy = 19l Leo v (0,7 xR3 4y + H<'>8?ZHL$L?([0,T/]xR3,<c4)

and R > 0 will be chosen later. The Duhamel equation for ¢ = ¢t + ¢~ is

t
PE(t) = eTHPNE +ic / T (D) [(V * |9]?) v () dF'. (52)
0
We first show that

Gt = D (TP e /0 e OPTE(D) [(V « (t) ) o(1)] at')

+oe{+,—}

= G ()t) + G (W)(t), ¢ E€Yrnr

is a contraction mapping on Y7/ p so that there exists a unique solution v € Y7 g.
Secondly, for that solution v, we will conclude that

D e PR e o e o) S 6.
iOE{J"v—}

The latter norm is not included in || - [|y,, for technical reasons (cf. proof of esti-

mate ((62])).
The proof of Theorem will be a consequence of the subsequent Lemmas 2.50

Lemma 2.3. Assume that s > 3/2 and let w,"g[; € Y r. Then,
GO e S 9+ TR 53
HG(w) - G<1;)HL§°H§([O,T’]><R3,C4) 5 T/RQHw - 7v;HYT/' (54>
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Proof. Because of ||Gi(¢)(t)HHS(R37C4) = (27?)’3/2“<§>s€ﬂt<£>[Gi(@b)(t)r(g)HLg(Rs,@;)a

we have
1G] e s ey
S [0 e asen + / [t [ e On @R e - dr e
t —_—
+ s—2 / / - /
S e N R RO OIESEY
t
-2 / / !
# [ L @R = T - ma], a
S o + | M a0
/ HEI2BEMEE 1y e 1€ PN ey (55)
Since
(& PO pqus o S N1 OO s
SW”WMW@W)HWW@>
SN s o) [ | e s (56)
and

llg2lw)P \»L1R3@><<[g<o>'5' 46 IR0 o

1

+ </191(o)c €]77d€ ) HW’ (t) HLZ’(Rd C)

S o + ||w<t'>HL4(R3,@>
SEE sz ey (57)

we get . For deriving estimate , we replace G*(¢) in , and with
G*(¢) — G*(1)) to obtain

FEPEEE ) - | DD (€ — )
|

= ([OOR) — [BERM)EENE — ) + D) @EYE —n) — DE)E —n)).
Then,
IG=(0)(t) — G=()

Ol
0 = 5 e (190 e+ 10 s ) 0 o
+/WWﬂHZm@wa—¢wmmwﬂﬂﬂ
/H\é! ([BEIR(E) — ()2 N sl

/ 1€~ 2|¢ t)] HL1 (R C)W 1H)||H§(R3,<C4)CW
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and
1€l (BOENT(E) — 0PN |y
5 Hiﬁ(t/) - 1/;(15,)HH3/4(R3’C4) <H¢(t/)HH3/4(R3,C4) + le(t/)HH3/4(R37(C4)>
which leads to estimate (54)). O

Remark. As a consequence of that proof, we can conclude local well-posedness in
H*(R3,C*) for s > 3/2. We expect that with some extra work, this might be improved
to s > 1/4 and s > 0 for radial data by following the work of Herr and Lenzmann [52]
with some slight modifications.

For the proofs of the next two lemmas, we follow the strategy of Cho, Hwang and
Yang [20, Thm. 5.2.1 and Lemma 5.2.2] with some modifications.

Lemma 2.4. Let ¢, 1) € Y r. Then,

H<'>8 HL"OL"O([OT’]XR3C4) 0+ TR, (58)
H()g(@ - G 77Z) “L?OLEO([O,T’]XR3,(C4) 5 T/R2||¢ - 7vZ~)||YT/‘ (59)
PTOOf. Since H<£>8[Gi<w)(t>r(£)HLZ"(R3,C4) = || €>8€iit<§>[Gi<w)<t)r(§)||LEO(R3’(C4)7 we
have
1 1G* @) OO e s
S ||<£>8¢0(£)HL20(R37C4)
o[ e [ e oot s mu@e - man|,_ o
ST [ | [ PR - maa] o
w [ [ e - v - a0
< ||<f>%<g>um mocn T / 1) 2o g o [ s oy
[ el 0.0 1 TN s e (60)
Because of
e T gy < ( 161796 IO
(499 WOl
S I zagms c + 19 eea o
SE sz oy (61)
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we get (B8). For estimate (59)), replace G*(¢) in and with GE(v) — G*()
and note that

—
o = -

()2 (E) (€ = n) — [D(E) () () (€ — n)
— (|2 (n) = [DE)Pm) D) (€ = m) + |9 2(m) (D) (€ = n) — D) (E = m)).
Then,

1* (IGH@)MOITE) = GO | e s e
S 1) = 0 sty (1A oty + I o A o
+/W¢fmwwwww—wwmmmwf
+ [ N (TR = DR 0.0l € TEE

[ e 2T 0016 GEHE) — TN e

and
1€l (|¢ t)[2(€) — W(t’) )IILl (R3,C)
suww—wwwmﬁmwxu W ety 1B g o)
which leads to estimate (59). O

Lemma 2.5. The solution ¢ = ¢ + ¢~ € Y g also satisfies
1) 2w | Lo 20,173 o) S 6 (62)
Proof. Since

3
) wt = wt + E ziwr
Jj=1

and
w2 = (19| e,
it suffices to consider 23w*. We first treat z;w®. Note that
ziwE(t) = eiit<D>( +it(D)'0; + x;) Y (t)
and

e (£ it (D) ' 0) v (O yaqas oy < VO] oo ey
<TR.

For e* D) 1% (t), we introduce

2

ky(z) = e~ 12%/m
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and consider

[ () s e = [ (bl 2), 0 (0,2

Since
[ ()5 S /2,
we have
||kn (z)r 05 (t, @ HL2 (B3 1) < n'?R. (63)
Note that

O ||k () (2)z ™ (t, HL2 (R3,C4)

= QRe/ <:U2-k (z)2=(t, 1), 8t¢i(t,x)>(c4 dx

— QIm/ (@5kn ()™ (8, 2), F(DYY™(t, 1)) s

+ (@3 ka ()0 (t,2), I (D) [(V * [ (6) ) (8)] (2)) oo do
= IE(t) + Hﬁf(t).

From Parseval's identity, we get
~ +Im / (2 ()20 (£, 2), (DY (2, 2)) oy
+Im / (D) (2K20% (1) (2), 0% (1,2) ) oy da

1 [ (@), [, F D)0 () do

RB

where

(X,Y]=XY -YX

denotes the commutator of operators X and Y. Similarly,
I%(t) = 2Im / (b (@)6 (1, 2), [2ka(e), (D) (DY (2, 2)) s da
:|:21m/ < 1 xj knE(t )(x), [.Tjkn(x)7<D>2}¢i(t7I)>C4 dz
— [il( )+[i2<t

Let K denote the kernel of (D). Then,
), (D) WD (t) = F [ asb@)K (@ = ) (D)t )y

+ [ K(z—y)yika(y)(D)*¢* (L, y) dy

R3

=7 | K(x—y) (k@) = yika(y)) (D)*0*(t,y) dy.

RS
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Hence,
el ). (D)D) £ [ 1o =)l o = ol KDY (1.9}l .

Since
K (2)| S 1217 Lpy0)(2) + €721 g, 00 (2),

cf. e.g. Grafakos [40, Prop. 1.2.5], we obtain
1 O] S [z =] e, o [ O)| poges ooy
For 1?2 note that
(2K, (2), (D)’ ]0*(t, 2) = A(2ika(z)) VT (8, 2) + 2V (2k, (2)) - VY& (L, 2)
and therefore,
|]7':::72 (t)‘ 5 “knxj¢i<t) HH*l(R:“,C‘l) ||¢i(t) HHl(]R?’,(C‘l)'
For IT£(t), we observe that
“[I'r:::(t)‘ S Hknxjwi(t)HL2(R37@4)|‘knx]Hi(D) [(V * |77Z)(t)|2)w(t)i| “LQ(R3,C4)
S ”knxj¢i(t)"L2(R3,c4)Hxﬂ' (V * [o(1)) ”LOO(R3,(C)||w(t)HL2(]R3,(C4)‘
For |z| > 2|y| or 2|z| < |y|, we have
2] |z —y| 7P S L.
For |y|/2 < |z| < 2|y|, note that
|21k () < 2lylkan(y).
Therefore,
5 (V5 [ (D) (@)]] e s
S 0 agocn + || [ Rl = ol e )Py
’ R3 L
SN2 s ety + Ean GO P a2 g 0
S/ ||¢(t> HiQ(R?’,C‘l) + Hk4nm¢<t> HL2(R3,(C4) Hw(t)H[ﬁ(Rs?((yl)
S ||1/}(t>HiQ(R3,(C4) + wa(t’x>HL2(R3,C4)Hw(t)HHl(R3,C4)
and we obtain

[1IE )| S || knay™

2 (R3,C)

O] -

(im0 g o 1O s g e 1O | o oty + 1O )
We conclude that
Onl[net (O Fagas cty S IR (O)] g o 1O s ey

(1 R (8] g o 1O | o oy + 1O g o))
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and therefore,

| k™ (t) H; (R3,C4))

t
S o P+ It e o 10 s

‘ (1 + ||k4n$d}(t/) HLZ(R3,(C4) H¢(ﬂ HL2(R3,C4) + Hw(t/) ||i2(R3,C4)) dt/
S 0 + T,RHk”‘rwi||L§°L%([O,T’]><R3,(C4) (1 + Hk‘lnmpiHLgOLg([o,T']xR?’,C‘l)R - RQ)’ (64)

In the case
R“k4”x¢iHL?"L?E([O,T’]XR3,C4) <1+ R

we get

Hknxwi(t)“ig(n@,czl)) SO+ T'R(1+ R2)HknmwiHL;’OL;%([O,T’]XR3,C4)

from . Without loss of generality, we may assume

||knmbiHLgOLg([o,quRB,@) = 0.
Then,

Hknmbi “LgoLg([o,T']xR?’,(C‘l) SO+ T'R(1+ R?)

and choosing 7" > 0 such that
T'R(14+ R*) <6
leads to
||kn‘r¢iHL;’OLZ;([O,T’}XR?’,(C‘l) SO

Now, suppose that
+ 2
R||kanzt) HLg@Lg([o,T/]xRS,@) > 1+ R

Here, we obtain

}lknx@bi(t)HQL%(R?)7C4)) S 5 + T,R2Hk4n$¢i (65)

2
|‘Lt°°L§([O,T’}><R3,C4)
from (|64]), where we used the monotonicity of (k,). Hence,

”k”x¢iHL;’OLE([O,T’]XRL”,C‘l) <Co+ C(T,)I/ZR“k4nx¢||L§0Lg([

Choose T" > 0 such that

0,77]xR3,C4)"

C(T/)1/2R S

A~ =

Then, iterating yields

||kna“7bi HL?‘)LE([O,T’}XM,C‘*) <9 Z 47+ 47”Hk‘*"”xw”L?L%([&T’]XR%‘*)
k=0

S 5+n1/24—n/2
S6
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for sufficiently large n € N, where we used in the second step. Fatou’s lemma
implies

< 0.

de]i HL?"L%([QT’} XR3,C4) ~

The same calculations with Ay®(¢) instead of ¢*(¢) (and applying Leibniz’ rule for
IT#) lead to

H k'nwai (t) ||22(R3,C4)

S ”xAz/’Oi”;(Raw)

t
[ 0 e 1) e

(U Woan D) | s o 1 s oy + 1 s )
< ot e o
T P )
(14 Rane DB g o 1) g oy + 1) [z o) A
S 0 T R| e A0 e ey (1 Ioan@ A e s 0o B+ )

and

< 6.

HLgOLg([o,T/]xRB,@) ~

|zAy*
Because of

||xw(t)HH2(R3,<C4) < wa<t>HL2(R3,C4) + Hwa<t>HL2(R3,(C4)
A ) o ey + [T - T g e
S wat)Hm(RS,Ol) + “xA¢<t)“L2(R3,C4)

(1O e ey + IO egaoeny) + 190 g g o
S wat)Hm(RS,Ol) + HxA¢<t>HL2(R3,(C4) + H@Z’(t)Hm(R?’,@)’

we can conclude that
wa(t)HHQ(R37(C4) 5 0.

Now, consider z3w*. We have

wwt () = 1O (£ it(D) 719, + o) " E (1)
_ eiit(D)( _ t2<D>723j2 +it(D) ' 0,x;  itx; (D)0 + x?)wi(t)-

Since
Ht2<D>72a_y2¢i (t) HHQ(R3,C4) S (T/)2 ‘}¢i(t) ||H2(R3,(C4)

and
“it<D>_18jxj@/)i ) S T/HZL‘@ZJ:‘:

1 Cl -
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it remains to control (itx;(D)~'9; + x3)y*(t). For the first part, note that

2 ((D)7105(1) = ({D)7°0; + (D)~" + (D) ™'y ) v (1),

whence
it ()03 (0) s ey 5 T (O ey + 100 s o)

Finally, consider 27¢*(t). We only need to replace z with |z|* in the calculations for
x(t) to obtain

Hk:n| ’ |2¢i<t>Hi2(R3,C4)
5 H| ’ |277Z)(:]|:Hi12(R3,(C4)
t
+ /0 Hkn’ ’ |2wi<t/)HL2 R3 (C4 ||1/1(t/)HH2(R3 (C4)
(0 Il PO e sy + IR 2 )

S 0 + T/R”k”’ ' |2¢HL;@L§([O,T']xR3,C4) <1 + Hk4n| ' ‘2¢HL;>OL5([0,T'}xR3,C4)R + R2)

and
[Fenl - AL 2 s e
< H| |2A1/J0 ||L2 (R3,C4)

T A Py s
(1 Rand - PASE | o o 10O gz ey + 1O e oy )
5 H| ’ | ,lvz)[) HHz(R3,C4)
t
[ Wl PAGH Ol s O e

(0 POV e 90 sty ) )
ST P

|

which leads to

|xR3,C4)

R+Rﬁ

2([0,T"] xR3,C4

<0+ CT'RQHIMH : |2wl|Lf°L?

Hkn’ ' ’2wi||L§°L§([O,T’}><R3,C4) 2([0,7]xIR3,C4)

and

] - 22305 < OO+ CT'R b - PAG e (66)

||L§°L%([O,T’]><R3,C4) ([0,77]xR3,C*)"

Choose T" > 0 such that .
CT'R?* < 5
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Then, iterating yields

Hkn‘ ’ |2wiHL§OL§([O,T’]XR3,C4) < 0528% + 87”Hk4”n‘ ) |2¢||L§°L§([O,T/]><R3,(C4)
k=0

S<o+n2™"
<o

and

”k |- | A¢i“LwL2 ([0,T']xR3,C4) = S 0528_k + 8_nHk4"n| ’ |2A¢HL;’°L§([O,T’]XR3,C4)
k=0

So+n2™"
SO

for sufficiently large n , where we used

IR T POl 2o ey S 05O oo ey

and
il PAGE O] a0 00 S 7l 55O g o

in the second steps. Fatou’s lemma implies

||| ' |2¢HL§°L%([O,T’]><R3,(C4) S0
and
H| ’ |2A¢HL§°L3([O,T/]xR3,C4) S o
Since
T Pe@ gz ey < M- PEO 2 gga,cry + 1 PAYE oo e
AL P OO 2ggacoy T V117 VOO o e
ST Pe@| oo e + I PAYO 2 s 1)
+ Hw HL2 3 c1) T Hm/’ HHl (R3,C4)’
we conclude ((62]). ]

2.2 Weighted energy estimates
From the local theory (cf. estimates (53), and (62)), it follows that 1Y x,, < 5

implies .
1], <0+ 0°

and therefore,

1) | @s o1y + lew™ ()| m2@s ) + (@)Y ()| m2s ety + ||<§>8@(€)IIL?(R3,C4>
<646° (67)
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whenever ¢t < T’. For , we need to show that provided a priori assumption ({44]),

1 ()|l v gocy S (8 + 8°)(t)°,

low™ (8)]| g coy S (6 + 8%)(t)°,

()2 ()| 2 re oy S (8 + 6%)(8)%,
O™ DOz @y S (545

for any ¢ € [0,7]. Because of ([67), it remains to prove that

5+ %)t

5+ 0%t

5+ 0%)t%,
5+ 0%)

||@/)(t)||HN R3,C1)

()] g2 g o)

o~ o~ o~ o~

S
(2?0 ()] p2re,cty S
S

IGRIEIOI Ol g me,ca)
hold true for
t2 1 (68)
Lemma 2.6 (Refined linear decay). Let f € HY(R3 C*) and t € R. Then,

[ < (0732 (€) 8 f(

fHL°°(]R3,<C4) ~ )HLgo(R3,c4)

O @ paquo oy + 1 lsoscn |- (69)
In particular, for * satisfying a priori assumption , we have
Hwi<t>HW2’P(R3,C4 5 g< > 3/2+3/p (70)
for any p € [2, 00].

Proof. For ([69), we can carry over Pusateri’s proof in [84) Section B.1]. Statement (70),
which is also mentioned in Pusateri’s paper without proof, can be seen as follows: By
definition of the profile w* and estimate ([69)), we obtain

[ Ollomgocn = Do N POWE O e oo
a€eN3: |a|<2
5 (@I OrOl e
a€NS: |a|<2

()72 [[ ()20 (4, 2) | e

+ Hagwi (t) HHSO(R:S,CAL)] )

t) =2 (€)W (t

Y

HLgo (R3,C4)

(072 [ @2 E O gagaa ey + IWE O lmszasen]  (71)
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and estimate follows for p = oo by a priori assumption . For the case p = 2,
note that ”<5>_2||L§(1R3,<C) < 1 and therefore,

0 s ey S 14 DO s e

0,

AN

where we used a priori assumption in the second step. By interpolation, we
get for any p € [2, o0]. H

As a consequence, the nonlinearity of is scattering critical in the sense that

IV R @OP) @) pagga ey < NV * O oo 0 [0 O] 2o o

SV oo oy 1O 721 g3 )9
SO g co 1O poggs e
< 8% (72)

where we used Lorentz-type Young’s inequality in the second step, interpolation in the
third step and estimate in the last step.

Lemma 2.7 (Estimates for P). Let v+ € C([0,T], HN(R? C")) satisfy a priori
assumption (44). Then, for any l € Z and t € [0,T], we have

[PAS O || o s ) < 2%, (73)
1B O P e us oy < 277 0%(1) 2, (74)
1P P s o) S 27227262, (75)
1P O o s o) = 1P O] s o0y S 22722770, (76)
Proof. By Bernstein’s and Holder’s inequality,

1P O] g0y S 202 )

and estimate implies . On the other hand, Bernstein’s inequality and decay
estimate also give

||Pl|’l/}(t)|2HLoo(R37C) 5 27214— H ‘w(t)|2Hw2,oo(R37c)
5 2_2l+5~2<t>_3

By Plancherel’s identity,
PASOR s = m)° [ @200 « GO dg
— 4 _ B 2
f;/@3xxffn<»8w<wanUWﬂﬂ)(j£3@» (g — )t dn) de
< o9t 4 2 9/2/ \—8/¢ . \—8 2
$2 5 [ aer( [ @ e — " an) as
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where we used a priori assumption in the last step. For [£| > 2|n|, note that

=P S )~
Now, let |¢| < 2|n|. Then,

(€ m) e —m) Sy
Since [ns(n)~"/?dn < 1, we conclude that
+
PAOR oo 275" [ e ag
< 9T o-3l§4
which implies . Finally, Plancherel’s identity leads to
(2m) 72| xa(§)wH (1) (€)

5 23l/22—8l+ H <§>8 +

”lei(t) HL?(RS,@)

2 ey =
T
Since {Wi ‘ = ‘@Z)i

E@. O

In the Fourier space, the Duhamel formula for the profile w* reads

—

W (1) (€) = U (€) + ic /0 T OTIR ) [(V o () ) (1) ] (€) dt’

— U (€) +ic / (¢, €) de,
0
where

P(r.€) = =) | V) [ e - ndy
S ST SIS TG O RE G e )

+1,%2,£36{+,—-}

pE () (€ — ) do dy.

Let
R e B I
R3 JR3
(WL () (), wE(#) (0 — 0)) w2 () (€ — ) do dy, (77)
where
ORI (¢ o) = +0(E) Fi1 (o) £ (0 — ) F3 (£ — ). (78)
Then,
o g =4r > TrorrEEy g
+1,%90,+36{+,—}
and

—

SROE) = 06 +idme Y / Poditads( gyay. (79)

+1,%0,£36{+,—}
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2.2.1 Control of (D)N*
Lemma 2.8. Let ¢* € C([0,T], H¥(R?,C*)) satisfy a priori assumption (44). Then,

97 )] gy s oy S 8+ (1)°6° (80)
for any t € [0,T].

Proof. By Duhamel equation and estimate , we have

t
195 O v g cay S 196 | o ooy + /O (V5 1)) | s oy - (81)

The initial data assumption implies

1967 | o ey < 8-

It remains to control the second term on the right hand side of . We have

(V5 1@ S | e ey S IV 5 )P e o | E | e s o
+ HV * ’w(t/)|2||HN,6(R37c) Hw(t/) ||L3(R3,(C4)' (82)

For the first term of , Lorentz-type Young’s inequality and interpolation give

2 2
1V« B e S IV s | )P sy
SN e e [ | pogga e
S o),
where we used estimate in the last step. For the second term in (82)), weak Young’s
inequality leads to
HV * |w<t/)‘2 HHNvG(R3,C) /S || ’¢(t/) ‘2 HHN’6/5(]R3,(C)
SN v o e 1P E e 1
< 82 <t/>571/2’
where we used a priori assumption and estimate in the last step. Together
with and estimates , , we obtain
1V )Y | g g S 4D
so that the second term on the right hand side of is bounded by 43 (t)°. ]

2.2.2 Preliminary estimates for controlling xw®* and (z)?*w*

For estimating the weighted terms ||aw™(t, )| g2re,cy and |[(z)?*w* (¢, 2)|| m2®s,c4),
we need the following multiplier estimate which is proved is Pusateri’s paper [84],
Lemma B.1] for the C-valued case. For the sake of completeness, we show the corre-
sponding C*-valued version:
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Lemma 2.9. Let m € L'(R3 x R3, C*4) and C > 0 such that

ety <C 83
H /Rg /Rge em (&, ) L}, (R3xR3,C4x4) — (83)
or let m € L'(R3 x R3,C) and C > 0 such that
H/ / et Mm(E, m) <C (84)
R3 JR3 L{, ,,(R3xR3,C)
Then,
TGN aed ‘
[ Gammieniio. e +n)_dean
< Cllflo@ecnl9ll Lae o) |All 2 re,c) (85)

for any f € LP(R3 C*), g € LY(R3 C), h € L"(R*,C*) and p,q,r € [1,00] provided
I/p+1/q+1/r =1. Moreover,

H/R3 Fl&—mn)dn

for any p,q € [1,00] provided 1/p+1/q = 1/2.

L2(R3,C4) < CHfHLp R3,C*) HgHLq R3,C) (86)

Proof. We essentially follow the arguments in Pusateri’s paper [84, Lemma B.1] for
the scalar case. For m € L'(R? x R3,C), we can define

R? x R® 3 (£,1) — m(&,n)Iy € CP4

and immediately implies (83). So, it suffices to consider m € L'(R? x R?, C**)
satisfying . We have

[ (amienfie. i+ m), den)
/R . /IR - (= e g (e, ) (), h(z)>c4 (. 2) d(&n)
— ‘ A3XR3XR3 </R3><]R3 ¢TIl (g, ) (€, 1) 9(y) f (), h(z)>c4 d(q;,y,z)’

and assumption (83)) leads to
] [, (ammie.nfo.he+m),_ den)
R3xR3 Cc4

<Cesssup [ |g(z—y)f(z—2)||h(z)]dz
z,yeR3 JR3

< Ol fllze s cyllgllas ol bl or@s co)-
By duality and Plancherel’s identity,

H/RB F(&—n)dny
— sw ( /RS< /Rséi(n)m(f,n)A(é ) dn(E)) e

||h||L2(JR37C4>S1

L2(R3,CY)

= sup
17ll 2 w3 cay < (2) =3/2

[ (gwieniodern) aenl



2.2 Weighted energy estimates 35

where
m(&n) =m(+n,n).

Since

H A3XR3 eS¢, n) d(€, 7])‘

1
L}, ) (R3XR3,CHx4)

= / e =T Mm (¢, 1) d(€, 77)‘
R3 xR3

ng’w(R?’ xR3,C4x4)

| [ et e ate.n)
R3xR3

L}, (R3XR3,C4x4)

= / e e Im (g, m) d(&, n)‘
R3xR3
<C,

estimate follows from and . O]

Lemma 2.10. The assumption of Lemma is satisfied with C' < C whenever
m e C4<(R3 N {0}) X (R?) ~ {0})7 (C4><4> fUlﬁHS

|00 m(&, )|
< Co el WPl Oxln) VEn e RPN {0}, o, B €N, |al, |8 <4 (88)
for some k,l € Z. Analogously for the assumption of Lemma .
Proof. Let ny,ny € {2,4}. Integration by parts leads to

[ e naen|s [ el max  (ogam(en)] den
R3xR3 R3 xR3 ny,|Bl=n

1
L}, ) (R3xR3,Cx4)

and from (88)), we obtain

[ e maten] s Gz [ eu den)
R3xR3 R

3%R3

S Camlkg@ gy (59
We first consider the L%w)-norm on By-«(0) X By-:(0). Estimate (89)) with ny = ny = 2
gives

/ [ e i) i)
BQ,k(O)XBQ,l(O) R3xR3
< G2k / 2] 2|2 d(z. )
B,k

ok (0)x B, _1(0)
<C. (90)
For the L%x’y)—norm on By-#(0) X By-1(0)¢, we use estimate withn; =2 and ny =4

to get
/ng (0) XBQ,Z (0)e

/ et (g, n) d(€, 77)‘ d@.y)

R3xR3

N Czkzl/ |2 2|y[~* d(z, y)
B

50—k (0)xBy—1(0)¢
<C. (91)
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Analogously, estimate (89)) with n; = 4 and ny = 2 leads to
/ [ et denwewdwn ¢ 02
B, _(0)*xB,_;(0 R3xR3

and estimate (89)) with ny = ny = 4 yields

/BQk(O)CXB2l(O)C R3xR3
By f, we can conclude estimate . O

Lemma 2.11. Assume that = € C([0,T], HN(R?,C*)) satisfies a priori assump-

tion and myy,, € L'(R® x R3, C**), my,,, € LY(R? x R*,C) fulfill (83), (84),
respectively, with C' < 929l 1L, eZ, ne {0,1} and

|ml,ll2 (67 77) ‘ S 2—n1122—l+ Xl(f)XhQ (77) (94)

=S m(g,n) d(E. ) |xe (D () A ) S C. (99)

Let

169 =" 3 [ (O [PloOF nmenale.m [P (O] € = )y

Ul12,lI3€7Z

for some real-valued phase function ¢. Then,

K621 )| s ey S B0

Proof. Denote
[l,llz,l?, = ei¢(t,£)/ ( )[thW}( )| ] ( )ml 112(5 77) [Plsw ( )} (é - 77) d77
From , we obtain

H (§>2]l,112,l3 (t, g)HLg(Rg?@) S 21+2—nl12 HPM|¢<2§)|2HL%(R3,C)”Plaiﬂi(t)Hm(Rs,(c‘l)
< 8321+2_nl12 min {23112’ Q—QZE <t>—3}2313/22—81;’ (95)

where we used estimates , and in the second step. On the other hand,
estimate , Holder’s inequality and Hausdorff-Young’s inequality yield

|| <§>21l,l12,l3 (t, f) ||L§(]R3,(C4)

I+ o—nl 2 +
S 27272 | o o | P 1O | 2 ) | Pt (O] ooy
< 532l+23l/22(3/2 n)liz29— 9 2/293l3/29— 8l+ (96)
where we used estimates and in the second step.
In order to get nonzero contributions, at least one of the following four cases must
hold:
a) [~ l3 - l12,
b) l < l3 ~ llg, 21 S <t>_2,
C) l < l3 ~ llg, 2l Z <t>_2,
d) l12 ~ l > l3.
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a) Estimate gives

Z H <§>2Il,l12,l3 (t, é—) HLE(R3764) 5 53 Z 2—7Ll12 min {23112, 2—211_2 <t>—3}23l/22—7l+

I~l3>-112 I~l3>-112
< 53( Z 2(3 n)li2 _|_ Z 2 nl122 2l12< > )
22 <(t 202> (¢

< 53 <t>a+n 3‘

~

b) By estimate (9€]), we have

Z H<§>2Ilall2vl3(t75)“L§(R3,C4)
Izl 28 <(t)—2
< 53 Z 931/29(3/2-n)l2 279@;/22313/2278[;{

IKl3~l2, 2l<< >_2

Z 931/2

2L<(t)—2

SN~
c¢) Estimate (95)) implies

Z ||<€>2[l,l12,l3 (ta 6)”@(@37(@4)

llzn~lig, 20> (t) =2

< 53 Z oltg—nlz i {23z12 9211, <t>—3}23l3/22—81;
l<<l3~l12721>< >*2

I R e A
22 < (¢ (t)-2<2i<(r) 1 212> (1) -1 21>t
< 63< >e+n 3'
d) By estimate (97]), we have

Z H <€>2[l,l12,13 (ta 5) HL?(R?’,C‘l)

lia~I>13
Z oltg—nl i {2317 92" <t>—3}2313/22—8l§'
lia~I>13
553( Z 2(3 n) + Z 2= nl2 l‘L >223l3/22 8[+
2L<(t)—1 20> (t)
g 53<t>€+n 3

]

Lemma 2.12 (Estimate for =g = F3). Let v*= € C([0,T], H¥(R?,C")) satisfy a
priori assumption and myy,, € LY(R3 x R3,C™4), my,,, € L'(R® x R* C) ful-
fill , , respectively, with C < 2702 [ 11, € 7, nyg € {1,2}, and

|ml7112 (57 77)’ SJ 2_n0112>~<l(§)>~(h2 (77) (97)
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Assume that

Iﬁ:o,il,ig (t/ 6)

= > X Z/ /RB (1) e T () xiya (1) X (€ = )X (0)

(Llh)elF1-%2 l1ae—NI3€Z
A(WE @) 0), W () (7 =) muas (€ M)W (#)(€ =) dordy

for some n € N, proFuE2Fo from and

[Ttz — z? if +1 =4,
{(l,ll) €7%: 1 >4, Iy ’/‘ l} ’Lf 4+ = Fo.

Then,

@2 [ s, g ar

0

< n53 <t>€+n73+no )

~Y

L2(R3,C4)

Proof. Since

pit/ o0 E1E2.F0(E0,0)

BB 1,0)

it' pTo. 1.2, Fo(¢,n,0)
e =0

integration by parts in ¢’ leads to

/ (', ) d 225: Z ZZ s (66,

j=1 lll)e]lil 2 l10€—Nli3€Z

where

mpio E1.%2,F0(¢,n,0)
Dy a5 (8, 6) = £ /]RS /R3 iR B o )Xl(f)le(??)Xh(U)Xlg(f —n)
(WD), w0 = 1)) mia(§ )W D)€ =) dodn,
zt’ +0,%1,%2,F0 (&m,0)
]2;l7l17l127l3(t7£) - / /RS/R " )Xl(f)xlm (77)X11 (U)Xl3 ({ - 77)

Bzgpioilil:ﬁ) 5 n,0

(W))W () (0 =) s (€ m)wF(F) (€ — ) dordyd’
zt/ +0,%1,+2, Fo(gm,0)
I3ll1 l12, l3(t 5 / , " /RS/IR ” Xl(g)xllz (n)Xh (U)Xla(f - 77)

s iprotLEaTo(gn, o)

(DR (@) (o), w2 () =) s (M)W (#) (€ — ) dor .
t/ +0,%1,%2, Fo(g,m,0)
a9 = [0 [ [ S @ uamu e )

(W) (0), 0w () (0 =) s (Em)w (F) (€ — ) dordpd.
t/ +0,%1,%2, Fo(gm,0)
I a1 (8, €) = / /RB/R )Xl(f)th(n)Xll(U)Xla(f )

stpioiliQ:FO 5 n,0

A(WE ) (o). W (F) o =) maas (€ M)W (F)(E = ) dody .
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Consider &,7,0 € R® with xi(£), X1, (1), x1, (o) # 0 for i € =N and (I,1;) € I*+*2,
i.e. in particular

n| <2h= <1 (98)
and additionally for the case 1 = F5, we also have
€] > 271 > 8, (99)
lo| <2t < 2i73 < g it | <1, (100)
< i bl (101)

For +1 = 45, we observe that

ot ELT (e 0 o) > (€) + (€ —n) — |{o) — (o —n)|
> (&) + (E—n) —n|
> (£),

where we used estimate in the last step. For +1 = 5 and [; < [, note that
ot TLT(E o) = (&) +(E—n) — (o) — (o —n)
> 2[¢] — 2| — 2Jo] -2
> [§] — 4

I
- 2

=z (&),

where we used , (100) in the third step and in the last two steps. In the
l; > l-case, we get analogously

o EFLF(L ), o)

)

{
o]
31|o|

32
(o)
(&),
where we used , in the second step and , in the last three steps.

Hence, for any of the cases mentioned above, we have

|pFoFrEFo (¢ o)| 2 (€). (102)

From Bernstein’s inequality, Holder’s inequality, a priori assumption and esti-
mate , we obtain

lew <Pllwi1 <t>7 wh (t)>c4 HLQ(R?',(C)

+ (o —n) — () —({—n)

o
o 4

AV ARV

VRV

(3/p—3/2)l12 H <B1wi1 (t), Q/JiZ <t>>(c4 HLP(R3,(C)

Clo=32be | P ()] o es oy [952 O] pags e
2B/p=3/2h2g(3/2=3/Dh g1 || p, s

AR YANRZAN
NN

Ol 11 g2,
+
||¢ 2(t)HL2(R3,C4)
< 2(3/2—6/4)1122811/42—1T52, (103)



40 2 BOOTSTRAP ARGUMENT AND WEIGHTED ESTIMATES

where we set p =3/(3 —¢/4) and 1/g = 1/p — 1/2 in the last step. Similarly,

lelz<Plﬂ/fil(t)>¢i2( >(C4HL°° R3,C) ~ < 23l12/pH<P YH(E), (t>><c4HLP(R37C)
< 23l12/pHP Lt ||L4(R3 o) [ (t)HLQ(Rg’(C4)
< 23h2/p(3/2=8/a)hi =] Hthbil >HH1(R3,C4)
: Hwh(t)“L?(R%C‘*)

< 2(3 5/4)l1225l1/42 ll 52 (104)
by choosing again p = 3/(3 —¢/4) and 1/¢ = 1/p — 1/2. Furthermore,

lew <Pll ¢i1 (t)7 wh <t) ><c4 HL"O (R3,C)

< 2027200 (D)2 B (1), 2 (1)) s

< o(e/2— 2)1122_5l1+/2“<D>2Pll@/)i1(t D>2—a/2w:|:2 (t

oo s
D>2_€/21/):t2 (t

Moo s oo |

< (/22 g<ll /2930 /p| | DY2 Py g1 (

HLP(RB,C4)|| HLOO(R3,(C4)

< e/ 2)1122_ezf/22611/4<t>s/4—3527 (105)

where we choose p = 12/¢ in the last step.
In order to get nonzero contributions, at least one of the following four cases must

be fulfilled:

a) [~ l3 - l12,
b) l < l3 ~ 112, 21 S <t>72
Q) 1<y~ 28> ()2
d) l12 ~ l > l3.

Estimate for I, i,,,1,: Denote

2 ﬂ:olt(f)

<£> [1”1 l12, 13 t 5 =t" /1;{3 /IR;3 ngﬂ:o :|:1 T, $0<€ n,o )Xl(g)Xlu(n)Xh (O.)XZS(é - 77)
(TR 0) 05 B0 =) _ (€ mETo D)€ —n) dod.

From estimates (97), (102), Hélder’s inequality and Hausdorff-Young’s inequality,

H<5>2[1;l,117h2713 (t,§>HL§(R3,<@4) S tn2l+27n0l12HXZHLQ(RS,C)

) HPllz <Pll wil (t)= wiQ (t) >c4 HLQ(R?’,C) leswo (t) HLQ(RS,(C“)
< 12272 By (Pt (0, 4% () el pagus

’ H‘Pl?,d)q:o (t)HL2(R37C4)' (106)
Furthermore, estimates (97), (102)) and Lemma 2.9 give

H <§>2]1;l’l1’l12’l3 (t,8) HLE(R3=C“) S 2! b lem <P11 P+ (1), =2 (t)>(c4 HLOO (R3,C)
BT O] s oy (107)
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a) From (107)), (104), (107)) and (7€), we conclude

> > €€ Tty 10,15 (8, €) ||L§(R3,C4)

li12€—N (l,ll)E]I:tl’:l:2 J3€EZ, I~z 112

SR Y Y ot

l12€—N (l,l1)€ﬂi1’i2 J3€Z, I~l3-112

. min {2(3—5/4)112 ¢ 5/4—3}2313/22—81;

SJ g3tn Z 26l1/42—€l1"_/2( Z 2 (83—no—e/4)l12 4 Z nollg 6/4—3)

lheZ 22 <(t 22 >(t
. § 23l/22—7l+

leZ
$34n—3+ng—1+e/4
< 54 |

b) Estimates (106)), and lead to
Z Z || <€>2ll,l,l1,l12,l3 (ta f) ||LE(R37C4)

lig€—N (L,11)€lF1:%2  13€7, I<iz~l12, 2L < () 2
<3, It o(3/2—no—e/4)l12031/20—1F 0el1 /46313 /20 -8
< O0°t E E 2" 2 27227 2 2 27

Lh2€—N (1) elt1:+2 I3€Z, I<iznlia, 21 <(t) 2

<53tn22 125l1/4 Z 23 no—e/4)l2 Z 23[/2

hWEZ l12o€—N 2l<
< 633,

¢) By estimates (107)), (104), (105) and (76),

Z Z H<€>2[1,l711,l12,13 <t’£)”L§(R3,C4)

l12€=N (I,1;)€lF1:%2  [3€7, I<iz~l12, 20> (t) 2

S_/ S?’tn Z Z 2l+2—nol1225l1/42—glf/2

li2€=N (1,1;)el*1 %2 I3, iz~ 20> (t) 2
. min {2(3—5/4)512 8/4—3}23l3/22—813+

SSStn Z 2(3—n0—a/4)l12 Z 1+53tn Z 9= nollg 8/4 3 Z 9~ 71+

212 <(t)~ ()=2<21<(t) 1 212> (¢ 20>t

< SStnfSJrnoJrE.
d) We use estimates (107)), (104)), (105)) and to obtain
Z Z H<f>211,l,11,112,z3 (tvf)HLg(R3,<c4)

l12€=N (1) €lF1:%2  [3€7, l1a~ >3

< 534 Z Z 27n01122511/427511+/2 min{2(3’s/4)l” <t>€/473}23l3/2
l12€—=N (111)€l*1:%2 [3€Z, l1o~ >3

Sgstn22511/42—alj/2 Z 23l3/2< Z 9(3-no—e/N)l Z 9ol (4 5/4 5)

LhEeZ I3e—N 21< 2l>

5 S3tn_3+n0+6/4.



42 2 BOOTSTRAP ARGUMENT AND WEIGHTED ESTIMATES

Estimate for I, 1,,,,: Since

()2 Lo, 11005 (1, €)
\2 i (€
/ /R3/ )Xl(f)xlu (n)Xh (U)Xlg (5 - 77)

3 ngiO i1 +1 $0 5 n,0

(I E)(0). 05 () (0 =) muann (&I ()€ — ) do dyde
= /Ot n(t) " Dy s (8, €) At

the estimates for Iy, 1,555 iImply
t ~
H <£>212;l,11,l12,13 (tv 5) HL2(R3,(C4) 5 / n(t/)_153(t,)n_l+€ dt’
0

T3 n—3+ng+e
S not :

Estimates for Isg;,,,0, and Iy, 0,,0,: By symmetry, it suffices to consider
I3, 11505 Note that

() I3ty 1125 (£, €)

- , n 2 et (Fo(§)F1(0))
N / /Rg /R?’ zgpio 1,11 :Fo g n, 0_) Xl<€)Xl12 (n)Xh (U)Xl3 (5 — 77)
<at/W:t1 (t’)( ) Q/Ji2 (t/)((j — 77>>(C mig,, (f 77)77@?0( )(5 77) do dn d¢

t
:2/ I3;l,ll,llz,l3<t/7€> dt’
0

and

owE = —i0p* + (D)p*
= I(D)[(V * [¢ )] (108)

With the same arguments as in and (| - we get

HjS;l,ll,lu,lB (t,’ f) HL%(Ri”,C‘l)

5 (t,)n21+2_n0l1223l/2

Pop (PLIEH(D) [V O] 0= (D) e[
HPls"b%) HL2(R3,(C4) (109>

and

Hj:};l,ll,hz,ls (tl? 6) ||L§ (R3,C4)
Poo{ B (D) [V # P 05|, o

: ||PZJ¢ZFO HLQ(R3,C4)' (110)

5 (t/)n2l+ 27110[12
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Similarly to estimates (103))—(105]), we observe that

| Pt P D) [V 5 RO Y] 5 (D)
P (D) [(V (@) ()]

Lq(R3,C4) Hwh (t/> HLZ(R3,(C4)

93/p=3/2)l12

AN

< 20/p=8/Ahag @23 (1) | s g oy 1) | o oy 198 | oo
) ||¢i2 (t,) HL2(R3,C4)

< 93/2-¢/lhiageh fAgt} (158 (111)
and
|7 (P D) [V 5 0 o) = O
< 2| B (D) [V @ PR] | o 520
(112)

< 9(B—¢/)h2 2511/424{ (t’>’154

~Y

by choosing p =3/(3 —¢/4) and 1/q¢ = 1/p — 1/2. Furthermore,

| Pt P D) [V 5 P YE] = |,
£ 1 —£+
< ole/2- 29—l /2thr[il D)[(V = [u(t")? )@Dt sz,m(m@)
) H@Z)h (t/)HWQ»OO(R3,(C4)
< 2 a2 ()| s o 19 s o 1 s e
' Hwh (t )HW27°°(R3,(C4)

< < 9(e/2-2)l 9~ El+/22811/4<t/>€/4_454, (113)

where p = 12/e.
a) By estimates (110), (112), (113) and (76, we have

> S 13 100 1055 (25 €) HL@(W,C‘*)

l12€=N (L,l1)elt1:%2 [3€Z, I~z =112

EOEDY >

l12€—N (1,11)el*1:%2 I3€7, I~z >112

. min {2(3—6/4)112 <t/>_1

5 t/)n—l Z 2€l1/42—6li~_/2< Z 2(3—no—a/4)l12 + Z

2—n0l12 <tl>€/4—3>
hez 2ha < (1)1 22> (1)1

. Z 231/22—'””L

leZ

2l+ 2—n0l12 28l1/42—8l1+/2

t/>s/4—4}23z3/22—8l;

< 55 (t/)n—4+ng +e/4 )

Y
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b) We use estimates ([L09)), and to obtain
Z Z Hif)‘,lvlhlmls (t',¢) HLg (R3,C4)

li2€=N (Ll1)elF %2 [3€Z, Iz~ 20 < (#) 2

5 S5(t/)n Z Z 2l+2(3/2—n0—6/4)l1223[/22—l1+28[1/4<t/>—1

li2€—N (1,11)elF1:%2 137, I<iz~l1a, 20 < ()2
. 23l3/22—8l;

5 t/)n—lz2—li‘r28l1/4 Z 2(3—no—6/4)l12 Z 23l/2

LEZ li2e—N 20<(t)—2

c) Estimates (110)), (112)), (113) and give

Z Z 2,101 410,05 (', €) HL?(R?’,C“)

li2€—N (1,1;)elF1-E2 137, I<iz~l1a, 20> (1) 2

5 S5(tl)n Z Z 2l+2—n0l1228l1/42—8l1+/2

li2€=N (L,l1)el*1:%2 [3€Z, I<iz~li, 21> (t) 2
. _ _ _ _Qit
. min {2(3 e/4)l12 <t/> 1’ <t/>5/4 4}23l3/22 813

5 55(tl)n—1 Z 2(3—n0—6/4)l12 Z 1

2h2 () —1 (t)y—2<2l<(t) 1
+ SS(t/>n—1 Z 2—n0l12 <t/>a/4—3 Z 2—7l+
21122<t/>71 2l2<t/>_2
< 55 (t/)n74+no+s'

d) We use estimates (110]), (112]), (113)) and to get

Z Z ||I~37lvl17512»l3 (t',€) HLE(W,@)

l12€=N (L,l1)el*1:%2  [3€Z, l1a~>13

S 55(t1)n Z Z 2—nol122€l1/42—6li~_/2

li12€—N (l,l1)€]li1’i2 JASEZ l1a2~I>>13
. min {2(3—6/4)112 <t/>_1, t/ 6/4—4}2313/2

5 S5(t/)n—1226l1/42—€lf/2 Z 23[3/2( Z 23 no—e/4)l + Z 2—nol 6/4 3)

hezZ l3e—-N 20 (¢ 21> ()1

< 55 (t/)nf4+no+s/4'

~Y

Estimate for Is;, 1,,.45: By (108,

oy eFoit’ ((E)+(&—n)
I57l,11,112,l3 (t f / /]R3 /ka Z(pio;tl +2,F0 (5 n,o )Xl<£>Xl12(n)Xll (U)Xls(£ - 77)

(FRE@), =)0 =) mia(&n)
TP ( = ) [(V o+ [() ) o ()] (€ = ) dordn e
= j5§l,l17112,l3 (tlv f) dt’
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With the same arguments as in ) and .
Hj5;l,l171127l3 (t/, f) HLE(R37@4) g (t/)n2l+2_n0l1223l/2||Pl12<Pl1¢i1 (t/), ¢i2 (t,)>(c4 HL2(R37(C)

[BamE @) [« ]|

. (114)

and
st €y S 01220 Pa Pt (0,550 s
P [V )Py
While estimates — are still applicable, we replace with

| Patree (D) [(vV o))
S|V )Py t)
S 278 )] o ooy ) gz s oy 19 s ey
< 53yl (116)
a) By estimates (115)), (104), (105) and (116),

Z Z ij),l,h,ll%lii (t/7€)HL§(R37@4)

li2€—N (1,1;)€l*+1:%2  [3€7, I~z 112

< SS(t/)n Z Z 21+2—n011225z1/42—511+/2 min {2(3—5/4)@, <t/>a/4—3}

l12€=N (L,l)el*1:%2  [3€Z, I~z >112

oy (115)

L2(R3,CY)

2 g

X 2—2l; <t/>_1
5 SS(t/)n—IZQSZ1/42—ElT/2< Z 2(3 no—e/4)li2 + Z nollg 6/4 3)

L eZ 2l12 < (¢1)—1 2h12> ()~
. E 28[/42—l+

lEZ
< 55 (t/)n—4+n0 +e/4 )

b) We use estimates , and to obtain
Z Z HfE),l,l1,l12,l3 (t/, 5) HL?(RS,C4)

l12€=N (I,11)elF1:%2 [3€7, I<iz~l12, 20 < (#) 2

< 55(t/>n Z Z ol 2(3/27n075/4)112231/2271{2511/4

l12€=N (I,1;)€l*F1:%2 [3€7, I<iz~l12, 20 <(#) 2

923 (t'>_1

N

<5 t/)n—122—51+2551/4 Z 9(3/2-no—¢/4)l2 Z 931/2

LhEZ l12o€e—N 2l§<t’>—2
5

n2

AN

t’ n— 121126 N 9(3/2=no—e/4) 11225 <y~ 231/2 §~55(t1)n—4’ ng = 1,
t/ n— 1Zl126 N (5/2 no—e/4)li2 Z L) 2l/2 5 55<t/)n_2, nyg = 2.

AN
0')1 0«:1 /‘\
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c) Estimates (115]), (104)), (105) and (116]) lead to

Z Z ||I~5,l,l1,l12,l3 (t,7 5) HL?(RL”,C“)

l12€—-N (l,ll)eﬂil’i2 JSEZ IKI3~l2, 2l2<t'>_2

S y

li€=N (Ll1)el*1:F2 [3€Z, I<iz~lia, 21> (#) 2
: 3—e/4)l INe/4=3\ =213 41\ —1
~m1n{2( MMhz (el }27%s (1)

5 55(t/)n_1 Z 2(3—'(1,0—5/4)[12 Z 1

2l12 S(ﬂ)‘l <t’>72§21§(t’)71
+ 5‘5 (t/)n_l Z 2—n0l12 <t/>a/4—3 Z 2_l+
2l122<t/>—1 le(t/)72

< 55 (t/)n—4+no+a.

~

d) In order to obtain a factor 23%/4 we refine estimate (115) as follows: From
Lemma [2.9] we have

Hff),l,h,hz,la (t/’ 5) HLE (R3,C4) 5 (t/>n2l+2_n0h2 HPZ12 <Pll ¢:|:1 (t,)7 w:ﬁ:z (t/>>(c4 HLA‘/E(R31C)
. ‘PlgH$0 (D) ((V * |¢(t,)|2)¢(t,)) ‘ L4/(2=¢)(R3,C4)

< ()2 270 Py (P (), 072 el o
23N (Vo [ ()Y () || o s o
5 (t/)n2l+2_n0l1223613/4||Pl12<Pllq7Z):t1 (t/), ¢:|:2 (t,)

>(C4 ||L4/€(R3,(C)

g o 1) | o e
S 53 (t/)n712l+ 27n0l12 236[3/4

NP (P O )l )
where we used Bernstein’s inequality in the second step. Similarly to and ,
we get
o P (1), 6% ()l s
< 207902 (P (1), 2 (1)) ca |l povoermr o

< 9(3—¢€)l2 HPl177Z}i1 (t/) ‘}ng/(G,s)(R37C4) “¢i2 (t/) HLQ(R37C4)

< 9(3=e)lz 2611/42—211+ ||¢:|:1 (t’

+
L2 e 1972 )| o
5 822(3—6)1122511/42_2l1~_ (118)

and

1202 (P (), 052D )l s g = PO O] s o [
< 9=20f 2551/4Hwil

>HL°°(R3 (C4
N —3/2
HL3/5(]R3 (C4 5( > /
5 52<t,>_3+82_2l+26l1/4. (119)



2.2 Weighted energy estimates 47

Finally, by estimates (117]), (118) and (119)),

Z Z Hff),l,l171127l3 (t/’g)HLg(R3£4)

l12€—N (1,1;)€lF1:%2 [3€Z, 112~ 13

S S5(t/)n—1 Z Z 2—'rl()l12235l3/42€l1/42—2[1+ min {2(3—6/4”12’ <t/>6—3}
li2€=N (111)€lF1:+2 13€Z, l1o~I>13

5 55(t/)n—1226l1/42—2l1~_ Z 236l3/4( Z 23 no—e/4)l + Z 2= ’nol >

heZ l3e—-N 20< (¢t 20> ()~

< 55 (t/>n74+n0+5 )

~Y

2.2.3 Control of xw*

Lemma 2.13. Let ¢* € C([0,T], HN(R?,C*)) satisfy a priori assumption (44)). For
any t € [0,T], we have

wa (t,x HH2 (85 C4) S <6+ 6%(t)". (120)

Proof. Because of Plancherel’s identity, we need to control H( ngi H L2(E3,C1)’
Duhamel equation for wt gives

—

Do (1)(€) = De v (&) +idme Y / Dg 05125 (¢ gy (121)

+1,%2,236{+,—}

with /#o-+1#2%5 coming from (77). For the first term on the right hand side of (121]),
note that

1466 ()| e ey = 22006 @) | g o
< (27r)3/2(5,

where we used the initial data assumption in the last step. For the second term,
we have

8 Iio :tl ig ig (t 5

_angﬂ:o / / it' pTo. 1. %2, i3(§ng| | _92
R3 JR3

(R E)(0).wE ([{) (0 =))W ({)(€ —n)dodn
pasg [ [ ey
A(WEE)0),wE () (0 =) _ D wH(E)(E — ) dodn

() [ [ g [y
R3 JR3
(wH (@) (o), w2 ()0 = m))_ wH(E)(E — ) dody
3
=y LR ), (122)

j=1
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Let
Ly= e = ) Lyt (123)
+1,406{+,—}

Then,
S rtmEEE g = 3 W),

+1,%2,£3€{+,—} +3€{+,—}
Estimate for I,ifg’i:‘: By plugging in the definitions of w and of p, we

observe that

B9 =01 [ [ O (G0 ), K)o = )

s () (€ — ) dody
= (4m) 719, TTH (£)e™ ™ O [ (V e [0 () ?) w2 ()] (9).

By using estimate (46)), we conclude that
1T, ) ey 1V # 0GPV s s o
< (DD )] s oo
IV ] o o ) 197 s
S DT P o 1472 @] e
V@l o o [0 O o oy (124)
By Lorentz-type Young’s inequality, interpolation and
DI (@) = 2r) 7 (|- |7 [p (1)),
we obtain
Y Ted ™ (. Ol oo eny S NN oo ey 197 () o
WP oo e o ™ Ol g oo ey
SN e e 0O raguo e [0 O 2o e
1) s 98 e 19752 s
SO (125)

where the last step follows from a priori assumption , decay estimate ((70)) and

||¢:|:3 (t/)HHl(R:”,C‘l) SJ ||<€>3 ig(t/)(g)”L?(RZ&’sz)'
Estimate for I, ,::g’isz Plugging in the definitions of w and of ¢ yields
Ry =g [ [ e o ey (@) o), o) - )
R3 JR3 c4

: %@)(5 —n)dodn
= (4m) T TIF(E) e O [(V x [ip(¢)]?) ™ Phaow™®s (¢)](€).  (126)
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By estimate (46|, we have
H<§>2[ljfg¢3(t/’ §)||L2 R3,C4 S H (V * W(t/)|2)6$3it,<D>kai3(t/)HH2 R3,C4)"
¢ (R3,C%) (R3,C*)

Analogously to estimate and (| -, we get
H<s>21,f,s¢3<tcs>HLg<R3,@> S ||<V* ) )

S D IDI2 o (t) ) e Pl (#)]| o s o)

+ ||V [ () ||L°° (R3,C) kaw HHl(]R3 c4)
S ”W’ ) HLOO(R3<C kaw ”L2 (R3 <c4)

+ ”V *[u(t)[? ||L°° (R3,C) kaw HHl(]R3 ct)

< o) HLoo(RS,@)kaWiS HL2 (R3,C4)

1) aqge ) 19O | oo ooy 0w

5 53<t/>€_1,

= x)HHg(R?»,@)

where we used Lorentz-type Young’s inequality and interpolation in the fourth step
and a priori assumption and estimate in the last step.

Estimate for I,fg’i‘”‘: By definitions of w and of ¢, we have

<z7<?>< ) w<t'>< —n>>c4w/is@><s—n> do dy
=) / il ( =0 (% £ ?;)eio“’@ ()P (n)
JE(E)(E —n)dn. (127)

Dyadic decomposition in &, n and & — 7 leads to

B = 3 i / £ait'© [Py () ()

Lo, l3€Z R3
i (€, m) [Py (¢) (€ —n) dy
+9,+
= > L (89,
Ll12,l3€Z

where

+o0,%3 _ -2 g_k Nk — gk -
mEE (€ ) = [ (io o B Q)xmxlm(n). (128)

For the case ¢ = =3, we are in the same situation as in Pusateri’s paper [84] for
the scalar toy model so that we essentially adopt his argument. For any a, 3 € N3, we
have

208 (€, 1)] S min{lnl~HE — m) L Inl P (€ ()2 121
5&,,6’ 2—l122—l+Xl(€)>~<l12 (n)Z—l|a\2—l12\,8|‘
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Therefore, Lemma is applicable with C' < 2712271" and from Lemma [2.11] we
obtain

I O ety S 84

Finally, we consider the case £ = F3. Since

we have
Lt 8) = it / IFER I (E = m)micgiy (€ m)e ™ O [B [(t)*] (n)
R
[Py )] —n)dn.
For the multiplier
Mgt (€ m) o= T (I (€ — m)mi 770 (€, m),

we obtain

(02N, (6m)] S min{|n] (€ = m) 7, Il 1xu(€) Xy (m)2 1101271217
Sa 2—l12 2—l+Xl (6)5&12 (77)2—l|a|2—l12\,3| 7

see also (46) and (47). Hence, Lemma remains applicable with C' < 27122!" and
Lemma [2.11] gives

YT ™ (# | pqao oy S 8D
]

Remark. In the case +¢ = T3, we could also use Lemma for (I,1;) € TFv*z,
lig € N, I3 € Z. We will pursue this idea for the estimates of (z)?w*(¢,z), where we
need to gain a factor ().

2.2.4 Control of (x)?*w*

Lemma 2.14. Let* € C([O, T), HN(R3, C4)) satisfy a priori assumption (44). Then,
H<3§'>2 :l: HH2 ]Rd(czl) N5+53< > (129)

for any t € [0,T].

Proof. Obviously,

Hwi(t)HHZ(R3,<C4) = ”¢i(t)“H2(R3,C4)

<S8+ 8%,
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where we used estimate in the last step. It remains to consider the H2(R3, C*)-
norm of |z|>w*(¢,z) which is the inverse Fourier transform of —Ag[w*(¢)[(€). By
Duhamel equation , we have

agkw/io(\t)(f):agk@(f)ﬂ'zlm > /82kfi°’i1’i2’i3(t’,§)dt’ (130)

+1,+2, :|:3€{+ }

with [*o+1%2%5 coming from . For the first term on the right hand side of ([130)),
note that
1€)?08 0 (Ol oo ey = @212 (@) s o
< (2m)3/2s,

where we used the initial data assumption in the last step. For the second term,
we write

agk [io +19,%92,%3 t é— Z 8£k]-i’?,i1,ig,i3 (t/, f),

where the [ ,;t ;?’il’iz’i3 are coming from (122). As in ([123)), we also denote

Z agk Iio j:l ig j:3 t £ Z 8£k ]-:t() j:g t/ )

+1,+26{+,-}

I:l:o ,:|:3

Estimate for O, We calculate

e Li7 = (1',€)

= X g [ [ ey
+1,t26{+,—} R3 JR3
A(WE @) o), wE () (0 =) wH(E)(E — ) dody
FY e [ [ ey
+1,t06{+,—} R? JRS
A(WEE) ), wE () (0 =) _ D (F)(E — 1) dodny

d it! oo E1,E0,E . _
+ Z aﬁknio(f)/%g,/md_gk[et@ 0 F1E2.E3 (¢ g, Mn’ 2

+1 ,:|:2€{+,*}
< — —

W 7) (o), WEF) o — ) ) WE(E)E — ) dody
- >R
Since

f;it DT, €) = (4m) RO T () O [(V s [ (1) [P) s (1) (€)
and, by (46 ,

|9z, (€)] < (€)%,
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Lorentz-type Young’s inequality and interpolation lead to
HEPTEE.0)gecn  V # W) ) s
I s 1) g 1952
SO
For [,f;’f?’, we have
338 (1,€) = (4m) 710 IR0 (€)e= ™ | (Ve [0 (1) )™ Pl (#) [ (¢)
and by the same arguments as in and , we obtain
[KSm i (t,’é)HLE(Ri”,C“) SV (o) [P) e Pl (t,)HHl(R:”,C‘l)
N “¢(t,)||L4(]R3,(C4)||¢(t/)HL12(R3,<C4)Hwkwi3(t,7x>HL%(R3,C4)

+ “¢(t,)||L2(IR3,<C4)H1/}<t,)HLG(R3,C4)”kai3 (t/’x)HHg{.(R?’,(C‘l)
S 53 <t/>571.

Finally,

[;fg:3i3 (t’, €)= 8§knio (&) /R3 Z't/‘m*2 ( +, % +4 ?; : ?;)eit’(io(g>:p3(gn>) [|¢(t/)|2}/\<77)

—

- wEs(t)(€ —n) dn.

In the case £ = =3, we use the same arguments as for (127)) to get
+o,+ % -
|| <§>21k,i),3 O(tla 5) HL%(R‘“’,C‘*) 5 (53<t/>5 1'

However, in the case case +¢ = F3, we cannot carry over the method for ((127)) since
Lemma [2.9|is no longer applicable for the multiplier

(£,m) = O TTE(OTTFO(E — m)my 3770 (€, m).

Instead, we apply Lemma [2.12] Note that

it o0 1.2, o
HRCUEND S B B2 e ORI Y
RS JR

Ll,li2,l3€Z

(WD), ) =) T (61)
W (1) (€ — ) dodn
T4, 4o,
= Z [k,g,?);ll,zljlj,?g(tlaﬁ),
Ll1,l12,l3€Z

where

mki,?,llg(£7 7]) = Zl:o’i’?]‘iQ (% + fg : Z];

)»zl@)xmm)agknio (©).
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Since mf?l fulfills the conditions of Lemma [2.12| with n = 1 and ny = 2 (cf. also

Lemma [2.10)), we have

io,ihiz,:l:o
/ > 2 D Idmiiiantho)

L) clt1.+2 [1o€—-NI3€Z

Hence, it remains to consider

ﬂ:o7ﬁ:1,ﬂ:2FFo 5)
k71737l»l17112 l3

+1,t26{+,—} “(L,l1)€Z2 112€Ng I3€Z

i ,E1, ,
Y > > Lt >f))- (131)

(t, l1)€Z2 l12€—NI3€Z

We start with the first term in ((131]). Note that

ﬂ:oihizFFo /5)
k,1,3,l,ll7ll2,ls )

+1,+26{+,—} (I,l1)€Z2 112€Ny I3€7Z

=3 % [ e @ (e - [T )

1ls€Z 112€Ng
klzm(f 77)10%( ) —n)dn

Z Z ]ki?zalzm,zgt £).

l l3€Z l12€Ng

Since
k,z,zm(g M| S €)™ X)X (0)
S 2721, () (132)
and
0807 mict 1, (6| Sayp 2727227127 (€) 74y, (), (133)

Lemma is applicable with C' < 277727212 and we obtain
4 +
H<§> Ik,(lJ,B,l,lqu HL2 (R3,C4) ~ t2l 2llQHPMW | HLOO (R3,C) Hst%(t/)HL%Ri”,C‘*)
< 53<t/>—22—l+2—2l1223l3/22—8l; (134)

where we used estimates and in the second step. On the other hand, esti-
mate ([132), Holder’s inequality and Hausdorff—Young’s inequality give

H k13ll12,l3 /’€>HL§(R3,C4)

02272 0 g ) Pl | ™ )
< ggt,2z+231/22—112/22—911+2/22313/22—813*’ (135)

where we used estimates (75 and in the second step.
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a) Estimate (134]) implies

Z ||<5>2112t7?,3;l,112,13(t'7g)HLg(RB,@)553(15’)—2 Z 9—2l12931/29 91+

I~l3-112>0 I~l3-112>0
5 53(15’)*2 Z 9—2h2 22:31/224)1+
112€Ng leZ
S

b) By estimate ({135)), we have
+
Z || <§>21k,i),3;l,l12,l3 (t,7 g) HL?(RZ”,(C“)

Izl 112>0, 2L < () —2
< 5315’ Z 231/221122725112/2
Iz, 112>0, 20 < () —2
< S3t/ Z 23l/2
2l§<t/>_2
SJ 53<t/>_2.

c) Estimate (134]) gives

Z H<5>2[1i?,3;z,112,13 (', g)HLg(R:‘,C‘*)

I<l3~li2,112>0, 2l2<t’>72
< 53<t’>_2 Z 91t 9—2l129313/29 -85
I<lz~liz, 112>0,2> () —2

§S3<t/>72 Z 272l12 Z 271+

112€Ng 20> ()2, 1<l

< 5"3 <t/> —2+e'

Y

d) By estimate (134)), we get
N — _ _ _ gt
3 H<€>2[2?(1)’33l’l127l3(t/75)”L§(R3,(C4) UM (2 S S S e STl

lia~I>13,112>0 l12~I>13,112>0

SS?’(t’)’Q Z 272122313/22781;

2l12eNy I3€Z
< 63 <t/>_2.
We continue with the second term in (131]). Let
it (€)= Il mict (€ m).
Then,
st 0= > > /Rs /R3 e () xas (M) X1s (€ — M)y, (€. m)

I,01,l3€Z 112€—N

[n I (0 = I (@) (H(E) (o), ()0 =) |

¥ (t)(§ —n)dodn

. 7o+ /
= Ik:,(l),3;l1,l12,l3 (t 75)
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We take p=6/¢c and 1/g =1/2 — 1/p. Since
|05 [l T ()17 (0 = )] | S Il 71,
Hormander—Mikhlin’s multiplier theorem gives

Pl DI (B 0, 0% )l ) S 1P (B, 60 sy (136)

Because of
|8? mk‘ll12 5 n | ~o,fS 2l+2 1122 l\a|2 lulﬁ'X (6)5&12(77)7 (137)
we obtain
H <€> Ilzt/g ?%lllm I3 HL?(RS,(C‘l) S t/21+2il12 HP112 <Pllw<t/)7 w(t/)>c4 HLP(R?),(C)
: ||P13¢¥0 (t/) “LQ(R3,C4) (138)
from Lemmata , and estimate . Furthermore,
M TRttt 2o ey S 272722 Py (P ), ()l oo

NP | ooy (139)

by using estimate ({137]), Bernstein’s inequality and Hoélder’s inequality. Similarly,

1P {Pa o (), 6 (V) s oy S 227202 [0 ()] o s o 1P| o s o)
< 52 3/278/2)112“)*3/2’ (140)
H]3112<Pllw(t/ >C4HLP R3,C) ~~ < 2" QZIQHw HWQ’P(R3,(C4)
S (522—2l12 <t >a/2—3 (141)
and
1P, (Pt (), 0 E))eall paqgay S 22 (KR ), ()l o

< §22%h2/2, (142)

HPla@ﬁo (t/)HLq(RS,@) 9(3/2-3/q) lBHPlglﬁo t/)HL2(R3,C4)

9(3/2+2)l3 2—8z; ‘ (143)

AN N N
S

a) Estimates ((138)), (140), (141) and (143) lead to

+9,%
Z H<§>2Ik?311l12 I3 t/7§)||L§(R3,C4)
I~l3>=l12,112<—1
<& Y ool min {202/l () =32 9 2 (11)=/2-3) 9(3/24 a8

I~l3=l12,l12<~1

< 5315/( Z 2(1/2—5/2)112<t/>—3/2 + Z 2—l12<t/>5/2—3> 22(3/2+5/2)132—7z;
2112§<t’>_1 1/222l122<t/>_1 I3E€EZ

< g3<t/>6/2_1.

Y
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b) By estimates (L39)), and (76), we have
Z H< [];tg;:llllglg

/
£, 5) ||L§(R3,(c4)
llznlia<—1,2t<(¢")~2

5/ 832(/_/ Z 23l/22l12/22313/22—8l;
I<lg~lia<—1,21< ()2

2l§<t'>_2
5 53<t/>—2
c) Estimates (138), (140)), (141)) and (143)) give

Z H( ]’z‘:?.;)tllhglg

I<lg~l1a<—1, 20> (t/)—2

tla f) HL%(Ri”,(C‘l)

5 S3t/ Z 27112 min{2(3/2*€/2)112 <t/>73/2’ <t/>€/273}2(3/2+5)l3
I<l3~l12<—1, 21> (1) 2

S S?:t/ Z 2(1/2—5/2)l12 <t/>_3/2 Z 1

2hz < (/)1 1/2>21> (/)2

+ S?)t/ Z 27l12 <t/>6/273 Z 1
2l12 > (/)1 1/2>21> (1) 2

5 53<t/>571
d) By estimates (138)), (140), (141)) and (143]), we have
+0,41
Z ||< [kg3ll12 l3 t/’€>HL§(R3,(C4)

—12>l12~ >3

S gSt/ Z 9L min{2(3/275/2)l<t/>73/2’ <t/>s/273}2(3/2+s/2)l3/2
—12>l12~I>13

< 5315’( Z o(1/2—¢/2)l ()" 3/2 Z 2—l<t/>e/2—3>
20 ()~ 1/2>20> (/)1
< 53< >5/2 L

Estimate for 0, I}, £ots; We calculate

(%kfljfgd:a(t/’g) _ agkﬂio(f) /}R3 /R3 6it/(i0<£>:':3<£_n>)|T]|_2<77?(t\,)<0'),@?(t\,)(o' _ 77)>C4
Qe w (#)(€ — ) do dy
Hio /Rg/l;{g it' (£0(&)Fs(€—n) ‘77’ 2< (t/)< )7w(t/)< 77)>(C4

82 Wi?’( (€ —n)dodn
Hio /H@/Rg zt’ (F0(&)F3(E—n) }|7]| 2< (t )(a),@(a—n»@

—

- OgwHs(1)(€ — ) dodn

_ E : :tozts
]k:2]
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Note that ],ztg’f?’ = ],zt(l”zi?’ has already been treated above. For I,ztg ;ES, we can use the

same arguments as for (126]) in the previous proof just by replacing J¢, w¥3(t’) with
8§2kwi3 (), i.e

46 12357 () aqgs ey S 1 e s o 1 o 18975 () s

F O 2w el oo o) 1725 Oz ey

S S3<t/>28—1.

+o, .
For 1,755, we write

B39 = #T20) [ (i (s~ mRIE)
i (6 m) O ()€ — )

= it [ u©xals — DEEORE

Ll12,l3€Z
(I (IR (€ — m)micyy? (€,m) Dg,we (1) (€ — n) i
= Z I/;tg?j):lsllgh 5)7

L,l12,I3€Z
where
+o,F3 -2 gk gkz — M\ ~ ~
my 1, (§:m) = [n] (io = Fa —)Xl(§>Xl (n)-
Fbhe © e 2
In the case ¢ = %3, we can apply Lemma with €' < 27172712 gince

+ “llala— ~ ~
|0208m 070 (€m) | Says 27 272270l h2lPlg, (€) 3y, (),

see also Lemma [2.10] For the case +¢ = F3, Lemma remains applicable with
C < 271792712 hecause of

| T ()T ()i 70 (6, )| Sap 27 272271271280 g, (6) %4, ()
and Lemma Therefore,

H< ]lztgiz’)t?lu ls t &) HL2(R3 C4) ~ <t2l+ 112”P12|¢ | HLOO (R3,C)
: HPlgxk’W ||L2(R3,C4) (144)
and
6 5,8l e 272722 B )P
| Pew® (¢ HLQ(R;,,,@). (145)

From Bernstein’s inequality,

EACE < 2 |y

)HL2(R3,<C4) t') HLS/2(R3 C4)

< 2[3/2H|$|W:|:3 Y H1/2 ‘2 :t3 H1/2

R3 <c4)||’$ L2(R3,CY)
5 52l3/2<t/>33/27 (146)
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where the second step comes from the following interpolation argument: Let

w2 ()] 2 s ct)
H |.T’Wi3 (t/) |’L2(R3,C4) '

R:

’ t/) HL3/2(R3,(C4)

3/9 2/3
= (/ |ywi3(t’,y)|3/2dy+/ =22y W (¢, y) [ dy)
Br(0) Br(0)¢

2/3
S (IR oo o= @[ Fotas oy + Nl ™2 e o M= @l ot o))
2/3
S (R llatw= () [t oy + B[l (8 [t o))
S latw )l e o 1229 () | sy
Furthermore,
les (zew™ (1)) ||L2(]R3,(C4) S 27 2Z+kaW HH2 R3,C4)
< 5272 (1. (147)
a) Estimates , , , and give
Z H< ]l;tgi:’)tlSlu I3 ,’€)||L§(R3,C4)
I~z -lia
< ¢53 Z ol 9~hz2 1in {23112’ (t’)_3} min{213/2(t’>38/2, 923 (')°)
I~z >-lio
< t’53< Z 92hz | Z ll?(t)_?’) Zmin{Qlf*/Q, 2_1;}<t/>3g/2
22 < ()1 2l12 > ()~ I3EZ

< S3<t/>35/271.
b) By estimates ((145)), and ((147), we have
+o,%
Z ||<€> Ik33l3112 l3 t,’g)HLg(R3,C4)

llz~lyg, 20 <(t7)—2
< P83 Z 231/22112/22—91{2/2<t/>s
llzrolyg, 28 <(t7) —2

§53<t’)1+5 Z 931/2

2l§<t>_2

SJ 53 <t/>a—2
c) Estimates (144), (73), and ((147) lead to

+9,+
Z H< [kg3lsl12 I3 tl’£)||Lg(R3,C4)
Ilz~lyg, 2> (1) =2

< t/53 Z 2l+2—l12 min {23[12 2—2lJr <t/>_3}2_2l§r <t/>5
Ilgrlyg, 20> (¢) =2
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and therefore,

Z H <€>2]§g:§l3,l12,l3 (t,’ f) HL%(R?’,C‘l)

llzrlin, 20> (') —2

5 53 <t/>1+e Z 22l12 Z 1

2112§<t’>_1 (t’>*2§2l§<t’>*l
_|_ 83 <t/>1+€ Z 2—l12 <t/>—3 Z 2—31+
2l122<t/>_1 212<tl>72

< 53<t/>3€/2_1.

~

d) By estimates , , , and , we obtain
Z ||<§>2I]$§:§El3,l12,l3(t,7§>HL§(R3,C4)

lLa~l>ls
<5 Z 21" o~ min {231’2—25+ <t’>_3} min{212/2, 2-2aY (4/)3/2
lia~I>13
< 53<t/>1+3a/2( Z 92l | Z 2—l<t/>—3> Zmin{213/2,2_2l§}
20yt 2> (¢t I3€Z
< 53<t,>3€/2_1.

~Y

Estimate for 3&112%3’:&3: We have
agkjigis (t,> ’f)
d e — —
=0 (e) [ [ S [ ST 2 (3E0), G(E) e~ )
R3 JR3 d&c Cc4

—

~wE () (§ —n)dodny
4 Hig(f) /]RS /Rs dié-k [6it’(i0<§>¥3<§*ﬁ>)] ’0‘72<w/(t7)(0>’w/(t7)(0 B 77)>(C4

—

- Og,wrs (') (§ —n) dodn
LI (¢) /RS /R3 (%)2[eit’(io<§>¥3<§ﬁ))] ,n,72<@(0)7@(0 _77>>C4

wEs (#)(€ — ) dody
3
=y L5 (t,€).

j=1

+0,+ 40,4+ +0,+ 40,4+
Note that I, 377 = I, V57 and 1,357 = I, 557 have already been treated above. For

+o,+
I.357°, we define

M;S;);ﬂ:g (57 77) = ‘77|_28£k ( o % +s3 fz : Z?)Xl(g)fau (77)7

. 2
NS (6, m) = ]2 ( T % s fg - Z’;) O ().
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Then,

B9 = 30 it [ e Ox@usnE -0
Ll12,l3€7Z

— —

)2 (0) My (€ m) s () (€ — ) dny
— ) () /R 3 e ()Xt (M) X1, (€ — 1)

Ll12,l3€Z

o — o —

() P ) M (€ m)eEs (#)(§ — ) dy
to,4 to,4
= Z [k7§737i;l7l12,l3 <t/’ 5) - Z [k,§,3,g;l,112,l3 (tl7 6)
L,l12,l3€Z Ll12,lI3€7Z
= Lyi(t,€) — Ia3(1, ).

Estimate for Ifctg’;ti We first consider the case ¢ = +3. Since

0207 Mg (€. m)] S 27727272 R ()0, (),
Lemmata and give
+0,% % -
||<5>21k,§,3,§)(t/7§)HL§(R3,<C4) SO

For the case 49 = F3, note that

Iljig:;f(l);l,lu,ls (t/’ g) =it’ /3 L (g)H:FO (5 - n)eiOit,<£>Xl(£)Xl12 (n)Xl3 (5 - 77)
R
)2 () My (€ m)dFo(#) (€ — n) dn
and
|0 07 [T (I (¢ — m M7 (€ m)] | Sap 2727227 M27 025 ()30, ().
Hence, we can apply Lemmas and to obtain
||<5>211i§:;? <t,’5)HL§(R3,<C4) N 53@9571'

Estimate for I ,;Eg,gfg The most challenging term is [ : §3i 5 where we need to gain

two factors of #. For the case ¢ = =3, note that

e “rto,* Y P P —1B8] ~ ~
‘aﬁ 85Ml,l?2 0(5777)‘ Saﬁ 2 & |€| | ‘|TI| w)@(f))ﬂm(ﬁ)

and Lemmas 2.10] and 2.17] lead to
€Lz 55 ¥ )l aqus,coy < 8407
In the case 49 = F3, we have
L3330, (8 €) = it’ / eI (€ ()i (€ = )
R

D)) T (€)TTF (€ — ) MEEDT0 (€, m)wo () (€ — ) dy
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and

0¢0y [IT (I (€ — NG (€,1)]| S 2717272272015 €) R ),
Hence, we can apply Lemmas and with n = 2 and ng = 1 to get

t
e [ iz ar < By

LE(R3,CY)

3 Testing solutions by wave packets

The key innovation of the method of testing solutions by wave packets is to localize
in both space and frequency at a time-dependent scale. In order to get some intuition
for the definition of our wave packets, the following result of Hormander (cf. [53]
Thm. 7.2.5]) might be helpful:

Proposition 3.1. Let t > 0, £ € R?, and

—

u(t)(€) = "3(¢)
for some ¢ € S(R®). Then,
u(t,z) = Up(t, x) + Up(t, a:')ei(tzfmz)m, r € R3,

where Uy € S(RxR3) and U, is a polyhomogeneous symbol of order —3/2 with support
in {(t,r) € R x R3: |z| < t}. More precisely, Uy (t,x) behaves like

637ri/4t—3/2(1 _ |$/t|g>73/4 Z t9(1 - ’x/t|2)7j/2pj(t,$)
Jj€Np

i the sense that
N .
Ul(t,x) _ 3mi/44=3/2 (1 . |x/t]2)_3/4 Zt—j(l _ |$/t|2)_J/2pj(t,x) c Sig/Q—N—l
§=0

for any N € N, where ST, m € R, denotes the space of symbols a € C*(R x R3) such
that
|07 O alt, )]

and p; are symbols of order —3/2 — j. The leading term is

<a,6 <$>m_‘6|, o € No, 6 S Ng

~Y

polt, ) = 2m) 2 (1 = |2/t)?) " °B( = (22 = |]?) " 22) Lp, o) (2).
The critical frequencies
Ealt,w) = (8 — |2) 722, 2] <,
are obtained by considering the critical points of

¢<t,fb,f) =T €+t<£>
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utia) = 20 [ el ae

= (2m) [ emOp(e) de.

Note that there are no critical points for |x| > ¢ which implies fast decay outside the

light cone.
We define our wave packets QF as follows: Let
X € C®(R? [0,00)) radial, (148)
supp X' C B,1/2,4(0), (149)
X(z)dz =1, (150)
R3

where > 0 denotes the implicit constant of . Then,
QF(t,z) = (1 - |v|2)_7/4eii¢(t’m)X(t_1/2(1 — )Nz —tv)), v e Bi(0),

where
N _3_7T 42 212
O(t,z) = 1 (t |z|7)%,  x € B(0). (151)
Note that
X(t_1/2(1 — )Nz —tv)) #£0
only if

tY2(1 — o)) Y/t — v < r'/2/4
which implies
oft) < Ly
<1
for t > r and v € B;(0). Hence, ®(¢, ) is well-defined for
x € supr(t’l/Q(l — o)~ = tv))
and t > r. On the spatial side, QF localizes to rays
T = twv.

The localization on the Fourier side is around frequencies +¢,,, where

gv = gcr(t7 tv)

=(1- |v|2)_1/2v.
Note that
(&) =@ =o', (152)
v= (&) 7%, (153)
Em-1n =1, n€ER (154)

In the sequel, it always suffices to consider ¢ > r, cf. .
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Lemma 3.2. Lett > r, v € B1(0) and £ € R3. We have

QE(0)(6) = (2r1)(6,) 0T O, (1 (6) (€ F &), (155)
where X, € S(R?,C) satisfies
sup (040 4,0 S 1 (156)

for any k € Ny and o € N§. Furthermore,
X0 (Q)dC =1+ O(t72(6,) &), (157)
R3

Proof. We perform a quadratic Taylor approximation for ®(¢,-) in x = tv. Note that

0;0(t,x) = (* — |2*) "
= &ult, );,
00Dt ) = (° — [a*) ™ Pajay, + (¢ — |2 )72,
0,0;0,®(t, v) = 3(t* — |2*) 2wz ay, + (2 — |2)?) " 20:(655 + in)
+ (82— [2]?) 720

for 7,7,k =1,2,3. Hence,

Bt tv) = = — #(1 v]?)1/2
= 2T e, (158)
@@(t,tv) = fv,jy (159)

8k8k<13(t,tv) = t_l(l — |U|2)_3/21)j1)k + t_l(l — |U|2)_1/26j7k
= t_1<£v>(£v,j§v,k + 5j7k)

for j,k =1,2,3. The Hessian of ®(¢,-) in x = tv is consequently

1 + 63,1 51},151},2 61},151),3
Hess, @ (¢, tv) =t (&) | &onboe 1+E, &uobus
Eo1bos  Coobos 1+E24

— 2,0, (160)

where
)\t,v - t71/2<£v>2 (161)

and

1+&, &aboz Eoabes
H, = <£v>73 fv,lév,Q I+ 512;’2 51),251},3
fv,lév,?) 511,251),3 1 + 512;,3

Note that H, is invertible with

Hv_l - <§v>((1 + <€v>2)]3 - <§v>3Hv)
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and
det H, = (&), (162)

The Fourier transform of QF(¢) is

—

GEOE) = (617 [ e (o = ) da

_ <£v>7/2 / eiiR(t,zftv)efiw-éei'i@(t,tv) eiivzé(t,tv)-(xftv)
R3

. e:l:%(:vft'u)THessz@(t,tv)(:rftv)X ()‘t,’u (I . tU)) dl‘,

where
(07

Rity) = > Lm0t tv+ )

a€NS, |a|=3

for some ¥, € [0,1] with |[tv + ¥, ,y| < t. The identities (158), (159), (160) and the
substitution z = A\, (z — tv) give

—

Q:I:(t) (5) _ <§U>7/2>\;§>/ eim(t,xgiz)e—ixggzfe—ity.geq:?,m/z;e:pit(gv>*1eim;,ﬁgv-z
R3

v
.eié)\t,vz Ilessw¢(t7t’l])zx( ) ]
— <£’U>‘/2)\t 36 37Ii/4 *’L’t(’U'&i<£v> 1)/ ii;i(t7At,11)Z)e ’L‘)‘t,i (5 gv)
U € e o

R3
cets e X (2) dz

()TN O TIE, (A€ T ), (163)
where
Ry o2) = FIAGERIN L) 3T HLE ) (164)
Let
B0(0) = (2m)¥2(g) /24 IR, (0. (165)

Then, X, € S(R? C) and (156) follow from (163)), (164), (162) and X € S(R3,C).
For (157)), we calculate

Q)¢

R
- (27T)—3/2<§U>7/26:F37Ti/4/ / ezl:%CTHU_1(€—iz~ce:ti72(t,>\;5z)ezl:%zTHsz(Z) dzd¢
R3 JR3

— (det Hv)—1/2eq:37ri/4/

. —1 i . i —1
ERIALZ) %527 Hoz () (27r) 312 / e Cet5CTHIC 4
R3

R3

= (det H,)~V/2e¥3mi/4 / eim(t”\tiiz)ei%zTH”ZX(@ (det(£iH,)) V2eF3eTHz 4,

R3

= / eERIENL2) X (2) de. (166)
R3
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For the remainder, note that

R(tA,2)
_ z% _
= )‘t,g Z aax d(t, tv + ﬁt,/\tiiz)\tﬂ}z)
aENg,\a|:3
3/2 -6 2% (o _1 g2\ 2 1 \a
= 3t3/2(¢,) > = (t — |to+ 9, At_’izAmz} ) (tv; + Jinrta A )
a€NS, |a|=3 ’

3
4 3t3/2<£v>76 Z 233( }tv + 19“ 1 /\ | ) o (tvj + ﬁty/\t_u)\;}zj)
=1 ’v
3 o\ —3/2
+3092(6,)70 S 22l <t2 — [tv+ 0, o100 2| ) (tv; + 0y a0 %)

_ _ 2% _ 2\ ~%/2
=32t Y J(1— o+ 4721 [u2)9, 5.2 )

: (Uj + til/z(l - |U|2)19t,,\;jzzj)a

5 _3/2
#3726 0 S0 (1 o 1 = P o)
j=1 |
(o TR [0, A7)
12 2% 1/2(1 2 )
+3t72(g,) Z ( vt (L = )0, o102 >
> ,

oy TP = o), oA %)

and
« —5/2 N
Z %(1 - |U +t (1 - |U|2)19t,)\;3zz|2> (v + (1~ |U|2)19t,A;5zzj)
aeN, |aj=3
= 0((&)°I]%)
= 0({&)°1&1%),
—3/2
222 (1= [+ 47201 = 0PV Aa) T (o + 720 = o), A )
= O0((&)°Iv])
:O(<£U>2|€’U|)7 jak: 17273
Hence,

Rt \az) = Ot V&) ?18))

and (157)) follows from (166]). It remains to derive (155). Because of (163)), (164))
and ([165)), we get

%(5) _ (zﬂ)3/2)\;gefit(v-&<sv>—1)6%&;3(sxsv)TH;l(ﬁxm)gt’v()\;,3 (& F 5@))_ (167)
From (|156)), we obtain
1€ F &l |Xw (N (EF &) S Aro
t2E)?, (168)
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We have

1 _ igv f_l' 1
(&)

Ve (6
and
END (€7 6)H (€T E)
= ot{6) ™ (6 (6 + 6 + P16 266 — (€ &)
= (6P + 16N +IERIEP — (46, €+ 1) +1).
Therefore,
it(v-€+ (&) + %At‘ﬁ(i FE&)H(EFE)
= 6 (2AEI L - £+ 1) + [P HIEP + IEPIGE — (6 €+ 17+ 1)
= £(E) (26N £ 2AEN 6 €F6) 6P + 6P + Pl P
(&) & €T &) +1)
= G (6 + I+ + IEPIE + 1)
= o6 (2060 — € + 16l — €l + IEPIN)
(

= H&) ()16 — I¢f?)
= (&) £ t({&) — () £ &) (1€l + 1) (1&] — [€])-

Since
. o ||§|2 - |§v|2‘
© =)= ")
+ |&v
< <’§>' & lewe
and
we obtain from and . O

3.1 Approximation by wave packets

We test the solution 1)+ against the wave packet QF as follows: Let

T+ (t,v) : = 1p, (v / txwit:c

~Inoe) [ ()70 e ) wta)dr, (169)
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where
wE(t, x) = TP E(L 2),  x € By(0), (170)
with & from . Parseval’s identity and give
TE(t, £ (n)~"'n)
= r) [ N i (g€ - ) WEOE A, a7y
where the profile w* comes from ([40)) and the scaling factor A, from (161)).

Lemma 3.3 (Estimate for T*). Let ¢ € [r,T] and ¢* € C([0, T}, HN(R?,C*)) satisfy
a priori assumption (44). Then,

1) 2% (8, )| o s o) S 0 (172)
[(€)3T=(t, v ||Loo P ot/ (173)
H R S (A ”L2 (R3,C4) S 9, (174)

[ (€)1 (8, 0)]| o s o) S (175)

Proof. By definition (169 of T, we have

< Iy IOl s
S (&) P (E) 0%

=b(&,) "

|T5(t,v)|

From , we get
[T 0)] S INSX )| o o) 147 O 2o ooy
SN
= St3/4 <£v>73
Since

Smy=tn =1,

the substitution
F:R® = Bi(0), n= (n)'n

with
det DF(n) = ()"

yields

H<€v>5/2’ri t v ||L2 (R3,C4)

) </Rs (>0 (t, (n)~"n) ‘2<n>‘5 dn) )
- </Rg 43<n>7/2X(t1/2(n>2(w ~ (n)"'n) Jwt (¢, 2) de

) 1/2
dn) .
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Substituting
y=t"2m)*(x — (n)"'n)

shows
&)=t 0) | 2 s o
) 1/2
(L] xwwr o2 o af )
R3 R3

<L

where we used Minkowski’s inequality in the last step. Another substitution

) 1/2
G o) )P ) )y

G:R* SR e t2) 2y +t(n) 'y

with
det DG(n) = t*(n)~> (1 = 2t7*(n) 'n - y)
leads to
1/2
&) 100 ey <2 [ ([ 1020 as) 2w ay
- 2”¢jE (t)HLQ(R3,C4)
because of

e ) 1
2672 () - y| < 202yl < 3

for any y € supp X and t > r. Now, estimate ((174)) follows from (70)). Estimate (175
is an immediate consequence of (174) since Y*(¢,v) = 0 for |v| > 1. O

We want to approximate both, w* and V\//}, by Y*. First, we need:
Lemma 3.4. For any f € S(R",C%) and s € R provided n/2 < s < 1+n/2, we have
F(x) = F@)] Som 2 = 41211 Fll 1o e coy- (176)

Proof. This result is a homogeneous version of the well-known embeddings between
Holder and Sobolev spaces (cf. e.g. Evans [37, Thm. 6 in Chapter 5.6.3] for the inho-
mogeneous case). But for the sake of completeness, we present a proof, here. Since

ezzé —6

1@ =S = ™| | el fie dg]

§<27T)_n</n |e%x£|£|281y£|2 / |§|25|f ‘ d§> 27

we need to show that

eixf _ eiyf 2 3
[ et e

Because of . .
e —eVE| < ¢ |z -y,
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we have

|6ix'5 - 6iy'£|2 2-9s 2
— s d€ < 17 e — y|* d€
el<le—y-t 1€l €l<la—y|?

|lz—y|
= |z — y|2/ / lrw|*~2* do(w) r"tdr
0 S

) lz—y| ! Ly
—2s5+n
<z —y) / r dr
0

<sn |(L‘ o y|23—n

~YSy Y

where we used s < 1+ n/2 in the last step. On the other hand, the inequality
‘em'é — eiy'5| <2

leads to
|eix~§ _ eiyf’Q B
/ — 43 €)™ d¢
>yt €] e <l—yl
/ / lrw|™% do(w) r"dr
‘x yl 1, Jsn—1
< / —25+n 1 dr
lz—y|~!
Ss,n |I’ - y|28_n7
where we used s > n/2 in the last step. ]

We are now in position to show:
Lemma 3.5 (Approximation of w® and wE by T%). Assume that t € [r,T] and
PE e C([O,T],HN(R3,C4)) satisfies a priori assumption (44). For any n € R3 and
v € By(0), we have

W) () — (2022 TE(t, () )| S (6 4 692 VA ), (177)
JwE(t, tv) — (&)*t 3/2Ti V)| (048 E) (178)

Proof. Note that R
/\t,i(m_ln = t71/2<77>2 = >\t,n

and

/RS Ns &ty -1 (Men(€ =) d€ = 1+ O 2(&,) 2 [6).
We have
[w=(0)(n) — T (1, £(n) ")
S /R3 2B -1 (Ao (€ —m) | [WE () () — wE(D)(€)] de

< [ 0753 Bt (;%(5—77))\\<n>2vﬁ®<n>—<§>2w/i®<f>|ds

+/RS< )22 | iyt (€~ m) | €)% — ()2 ]|wE()(€)] de
= [E(t,n) + IE(t,n).



70 3 TESTING SOLUTIONS BY WAVE PACKETS

Estimates ) and - ) give
) < / )72 = 125 | Fa g (i (€ = )] 96 O VEDE e e
< ()P (6+ 8%

For IF(t,n), we first note that
[(€)* = (m?] = [1¢] = Inl| (I€] + Inl)

< 2[¢ —nllg] + 1€ —nl*. (179)
Therefore,
B S [ 07503 s (ale =) € =l w0 (€ de
[ R (R e - m) € -l DO dg
R3

=: I1(t,n) + I(t,7).
Let k = 1,2. For (n) < t'/*, we have
Iy, S S\f,n<77>72H< ¢i
< Stfk/Q <n>2k72

< 83t25—1/4 <77>_1

Oll 2o o 01

For (n) > t'/4 note that
Iy, S V2N 3“ E(t (5)
S )\z]f,;3<77>_2||<5>5¢i(75)(5)
g gt(3_k)/2<n>2k_8

{ ’ L% (R3,C4)

HL;@ (R3,C4)

Because of
()P = (&,)TTPA,
and
306 [ Aty =) dy =1,
RS
estimate ((176|) gives

[wE (¢, tv) — (&) 232 TE(L, v)|

A LX (A(o — 1)) (w (1) — wh(t, 7)) dx’

R3
= ’ / A X (Ao — t0)) (W™ (E, tv) — w*(t, x)) dx’

R3
S [ o=t AL e = t0) de a0 0) e

S A;5/2||wi(t)||ﬂ2(ﬂ£3,c4)'
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Since
)\71/2 _ t1/4<gv>71

t,v

it remains to show that

< <5+ 53)t26_2.

Hwi(t)HH%R?’,(C‘l) ~

To see this, we first note that

;wE(t, x) = 0; (eﬂ(ﬁ"mmmwi(t, z))
ﬁ:z‘(t2_\x|2)1/2( T i(t2 _ |1‘|2)_1/2:L”j + a‘)@/)i(t, 1‘)
_ ezti(t2—\:v|2)1/2< <€ /t> + 0, >w:|:(t :L‘)

=€

A first order Taylor approximation on the Fourier side in { = £&,/; shows

(Eest) = (€) + V() ) - (€ F &apr)

for some
n=n(z/t) € {£s& + (1 —-5): s €[0,1]}.
Since
Ljiwi@?x) = (.73]- + it<D>7laj)wi(tvl’>u
we have
;wE(t, x)
= FieF® ) (75—1<D)LjE + = t (D, x/t)) " n(D,z/t) - ( —i&ut) )

= ieH T (P Dy L t< n(D,x/t)) " n(D,x/t) - (V]” (&) ))

= it 1 D) L2 (1 2) & (D, /1) (D, 2 ft) - V(e
Analogously,

O?wi(t, x)

= 0 (#71e=CED) LR (1) + T (D, /1) (D, /1) - Tt

—eH R (D) L) 0 (8, )

— it (D, /0) (D, ft) -V (5 (DY LEgE ()
+0; (%L (D, 2/0) (D, /1) - Vw1, ))

—e M DV LR (t ) + MO0, L (1, )
it L (D, /) (D, w/t) - ¥ (H T (D) LEpE (1))
( < (D, z/t))" (D,x/t)~V8jwi(t,x)>
+0; (L (D, /) (D, /1) ) - Vut(t o),

71

(180)

(181)

(t.2))

(182)
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where we used
L:(D) = (z; £ it(D)"'9;)(D)

: = (D)0, + (D)x; + itd;
= (D)~'0; + (D)L; (183)

for the first line of the last step. From ({181]), we obtain

| Vw*(t) <t H|LEE(t

HL2(R3,<C4) = HHl (R3,C4)

+H n(D, z/t)) " 'n(D, z/t) - Vw* () o e

<L O s ooy + AV O 2o o)

for some d < 1 and therefore,

IV O oo ey S T IEE O 1 s ey (184)
From (|182)), we conclude that
HAwi(t)||L2(R3,(C4)
< 26| (L* 0O o e
- (12 —|xz[2)1/2 £+ )
+ 7| T (D 2/0) (D, t) - v (e (DIL0) | e
+
+H (Do /) (DAL
+ Ot lewi(t>HL2(R3,C4)
< 27 (L0 O o e
- Li(t2—|x[2)1/2 + 4+ )
+ 7| T (D 2/0) (D, 1)V (e (DIL=0) | o
+ dHAwi(t)”B(RS,@)
+ Ct2 [ L5050 1 ooy
for some C' > 0 and d < 1, where we used in the last step. Hence,
HAwi (t) HL2 (R3,C4)
SEPNE O | s ooy + I Ol s o o)
1 _ i(t2—|z|2)1/2 + )
+ |5 (D /) (D, /) 9 (e (DY) | s o

For the second term, a similar argument to (181]) leads to
v (= (D) LR (1))
_ :FZ-t—lej:i(t2—lm\2)l/2 (<D>Lﬂ:)2¢:|:(t7 )
X _ P(12 | 2]2)1/2
£ (D /) (D, /) 0 (H O (D) LEpE )
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and from ((183)), we get

| F D /) 0D, t) - 9 (4 (D) 1201

L2(R3,CY)
(L5205 ( -1 v
< O s ooy + 8 IVESST O oo o
- +i(t2—|x| )1/2 4+ .+
|| (D, 2 /) 0D, )P (e DILFED)| e
(L5205 ( -1 4+
< O s oy + 1 IVESST O 2o o
d” (D, /1))~ '(D, =/t .v( i —[o)? (DY [ )
+d| 0D, a0} (D, i) 9 (e OLEO) o
for some d < 1. Therefore,
| T (D2 /0) (D) - v (SO (D) LR () )
L2(R3,C4)
1T EN\2,E -1 4+
SENE O] fragus oy + ¢ VIO 2o o
and finally
2| (L% )25 ( —2|| 7 £, ,E
HAw ”L2 ]R3<C4)Nt ” (L%)"™( HH?(RS,(C4)+t ”L ¥ (t)HHl(R?’,(C“)'
Because of
L¥YH(t) = aw™(t)
and
(LF)*=(t) = [aPw™(t),
estimate (180f) follows from ((129)). O

3.2 Asymptotic expansion

In the previous section, we have seen that we need to determine the asymptotics of
TH(t, +(£)71€) in order to describe the asymptotics of [w* (£)[(&) = eF X[+ (H)[(E).
We consider the following ODE for T=:

9T (t, v) = / QZ (1, 2) 0= (1, 2) + OE(t, @) v (1, ) da
R3

= [ O (F D0 )+ el D)V = 0P (0)] ()
+ 0,QE(t, 2) Y E(t, ) do
_ /R i (0 (DYE(t, ) 9 (t,2) do
+ [ L DV « [(OR)0(0)]) (o) do
= LE(t,v) + NE(t,0).

For the linear part £*, we use that the wave packet Q¥ is an approximate solution to
the linear equation. More precisely, we have:
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Lemma 3.6 (Estimates for £F). Let t > r and v € B1(0). Then,

L5t 0)] S (6 + 0% eg,) (185)
L5, 0)| S (0+ 671 16,) > (186)
Proof. Parseval’s identity and (155]) give

LE(t,v)

= [ o ite) 50 H o) ag

=) [ (GO T () HE T )
it2(8,) () O B, (1726 A€ F &)
FPPE) P T (16 € R 6) - (576 EFE))
T A(€) /2(6,) 01O X, (112(6) € F 6)) ) DE(B)(€) dé

= n? [ (G B () €T )

FHE) VAL (6 EFE))  (€F6)) wED(E) e

3/2 3
:( /Rg t1/2 6X (t1/2(§U> 2(EF&))

1675 O o (E/2(6) HE T 6) (& F &uy)) WE((€) A

)3/ 3 .
> / 8@(#/2 )7 X (26D 2EF &) (& F €0) ) 6 WHD(©) €.

Note that

() = [&I* = 1€]* + (€)*
= (I&] = €D (16| + 1€1) + (€)°
< 216, — &l fe] + 1€ — €7+ (©)*.
Integration by parts leads to
|£i (t v)’

e B (V) HEF €0)) (6 F o) B, (19" (D(©)) | g

FI206) 7 B (12(6) 7€ F ) 1€ F &l(& F &) 0, (EWED(©)) | g

F206) 7 B (126 73(E F €0)) 16 F &6 F €) D w=(0)(6) |
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Holder’s inequality gives

IE(t,v) <Z||t1/2 N R 131 P ({3 O (o1 e

< z_jt—5/4<5v>—1Hz&,v<s>5j||Lg/5(m}|<5>285j@<5>}|H§(R3£4)

S S EN T P oy

where we used Sobolev’s embedding H'(R?) < L%(R3) in the second step. For esti-
mate ([186)), note that Holder’s inequality also yields

3
Tt 0) D ([0~ R (#7246 2| 72 s |10 0e, 5= (DO s
j=1
3

A

_1<€v>_2 H/?t,v(f)gj HLg/2(R3,C) H <§>Qa§j\;\ HH1/2 R3,C4)
j=1
S e A

~

2 s iy

where we used Sobolev’s embedding H'/?(R3) < L3(R?) in the second step. Similarly,

Ftv<ZHt“2 )75 (8260 OIEI 2o o196, (6= ) | pquo e

Sz Z t75/4<€v>71 H/?t,v(g) |€’£J ||L§(R3,(C) H <:C>VVi <t> HHl(RS’C4)

S; t75/4 <£v>71 ” <'>2Wi (t) HH2(R3,(C4)

and

[i t,v) S Z ”tl/2 - t1/2< o) ‘€|£JHL3 (R3,C) H@gj(|£|wi( )HL3/Q(R3 c4)

S Zt_1<§v>_2H/ft,v(g)|§|§j”[%([k37c)H a€](|§|wi< ||L2 R3 (C4)
j=1
S t_1<§v>_2”<'>wi t)HH2(JR3,<C4)'

For the last term, we have

F o) S Z Htm - t1/2<£v> )|£’2€jHL2/5(R3,C)Haﬁj@(@HLg(RS,C‘*)
S Zt‘9/4<€v>‘°’}l??m EPE | 2 0 =D 1 s
i=1

<N WD g o
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which is fine for in the case (&,) < t'/%. On the other hand,
Iy (t0) S Z #72460) =1 60) PG e 19 W D) e o

< Z ) B OIEPE o .00 5 (O | e e
=1

§ t_1<§11>_2 H <x>wi t) HHQ(Ri",(C‘l)

which is sufficient for (I85]) in the case (£,) > t'/* and for (I86). O

For the nonlinear part, denote
N (t0) =i [ BEE) (VO @) 0 () da
4 2ic / (1, ) (V # Re(r™ (£), 6 (1)) ) () 05 (2, 2)
+ic / QEE ) (ED)[(V * e ®)P) 0] = (V * [0 P) o)) () da

3
=: cZ]\/}i(t, v),
=1

where o
v=(1)

[P = [ + [ .

and in particular

We further decompose A" into

NiE(to) =i / ) [(V WO () = (Vo [0 P) (10)] 6 0, 2) da

+ i((V * |\I/(t)]2)(tv) 1V * |(€s >5/2T<t)|2)<v))ri(t,v)
—I—zt LV s [( &)Y (1)) (0) YE(2, )

where .
T
()

TP = T+ T

and consequently

Lemma 3.7 (Estimate for Ni5). For any t > r and v € B,(0), we have

Wi, 0)] S 0%/ e,) T2,
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Proof. The substitution z = ty leads to
NGl S € [V S 19OR) ) = (V= [9OR) (1)
|QE(E )T ()Y (8, ty) | dy. (187)
For the first factor in the integral, denote
[(V [0 (ty) — (V =+ [T(@)) (tv)]
— ’ / ]u\’1<|\11(t,ty — u)‘2 — |\If(t,tv — u)‘2) du}
R3

_ / o ([t oy — 2D~ [t 10— 2)) dz
R3
=: tQ‘/ I(t,v,y,z) dz‘. (188)
R3
Since
[T = [+ [0
] = Jw*],
we get

Se S [ ettty - 2) = 0 o = )] [0 ey 22

<k 3 / 27y = o ot )] s ) 902
toe{+,—}* 520

S OHE Ty — o2 (189)
For z € By(0)¢ and v € B;(0), we have

2] < |z — v + [v]
< 2|z — v
<2(|z =yl + 1y —vl).

Therefore,

/ I(t,v,y,2)dz
B2 (0)¢

D /B 1272z — ol o (¢, 1y — 2)) — W (¢, to — 2)

+oe{+,—} 7/ B2(0)

(et ty — )] + o=t - 2)]) dz

t2

As before, 3
W (t,t(y — 2)) — W (t,t(v = 2))| S 02|y —o|'/2.
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Holder’s inequality gives

/ I(t,v,y,z) dz‘

By (0)¢

< G2y |1/ (/ 2 — v)?
2 o

iOG{‘F’f}

t2

(ot tly — 20| + et — 2))[) az)
< §t2Et2y |2 Z (/B . 2 — v|2|1/1i°(t,t(v _ Z))|2dz>l/2

+oe{+,—}
) 1/2
—|—5t2€+1/2|y—11!1/2 Z (/ ‘z—y’2|¢i0(t,t<y_Z))sz)
i0€{+,*} B?(O)C
) 1/2
+ 5t2e+1/2|y . v|3/2 Z (/ ’wio(t,t(v — z))’2 dZ)
toel{+,—} B0
) .
j=1

For J; and Js, note that

max{J;(t,v,y), Ja(t,v,y)} S 02y — o2 Y = (& )| o s o

+oe{+,—}
SOy ol 3 [l o) e o
+oe{+,—}
5 82t25’1|y _ 'U’l/Z- (191>

For J3, we have

ot v,y) < SRF2y o2 Z ||2/Ji0<t7ty)HL§(R3,C4)
+toe{+,—}

< 0y — ]2, (192)
For k =1, 3, we obtain

£ /3 Oy — v [QE (¢, ty)vt (¢, ty)| dy
R

S PO ooy [ o= oG R - )

< 5342e+1/2 <£v>7/2 <t1/2 <§v>2> —3—k/2

_ S3t2a—1—k/4<§v>—5/2—k:‘ (193)
The desired estimate follows from ((187)—(193)). O

Lemma 3.8 (Estimate for Nj5). For any t > r and v € B1(0), we have

Wizt 0)] S 0% e,) T2,
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Proof. Since |¥|? = [T |2 + [¢7|? and [T = |[TT|*> + |T~|?, we get

N (o)
S Y[R OR) @) VTR )] - Be)
+oe{+,—}
6 Y | [ =l o) do

+oe{+,—}

o AL e i S ORI

5&; /2 Z /|v—x| 1)‘¢i°tt:ﬁ ‘t 3/2 )5/2Ti°tx ‘dx

+oe{+,—}

SHENTE Y B o —af T wre(t tr) — VG AT )

3
+oe{+—} “F

: (WiO(t,m)} ol A (S el (3 x)|> dz,

where we used (172)) in the first step. Approximation ((178) shows

NGt 0)| S 24 E) T Y / I*(t,v,z)d (194)

+oe{+,—}

where
1=0(t,v,2) = o — af ™ ([0 (6, 1)+ |60 (1, ) ).

From estimates and ((172), we obtain
/ It v, x) de < 5t7372, (195)
Bi(v)
On the other hand, Holder’s inequality gives

/ I*°(t,v,2) dz
Bl(U)C

) 1/2
S( [ oeaP(in ) e rea]) ) L o
Bi(v)e

Since
v —af? < (1+ =),
we get
/B G dw S ([[e)y o ) g cry 17 2| (@) €204t )| 2 o o)
1(v)¢

and the conclusion follows from estimates ({194))—(196]). O
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For N, we can no longer use that [¢*| = |w*|. Instead, we apply estimate (178))
to approximate (7 (t), 9 (t))cs by

<€.>5<67i<1>(t,t.)wr+(t)’ ei@(t,t-)Tf <t)>(c4 — 672i<I>(t,t-) <§.>5<T+(t), Tﬁ(t)>(c4'

Essentially the same decomposition as for A leads to

N () = 2ic | OE(t )| (V + Re(w (1), 47 (1)) (0)

— (V #Re(u*(1) ,w*(t)>c4)(tv)] VE(t,7) da
+ 2ic {(v £ Re(ut (1), ¥ (£)) ) (t0)
— 7 (V % Ree P00 (€ )5 (YH(1), T (1)) ) (v)} TE(t, )
+ 2ict™ (V « Ree (N (T (1), Y (1) ) ) (0) T=(2, )
= 2ci/\/§(t,v).

j=1
Lemma 3.9 (Estimate for N5). For any t > r and v € B1(0), we have
NG (E,0)| S 0%4E,) T2
Proof. The substitution x = ty gives
NG ()] S t3/ |(V s« Re(t (), 9~ () ) (ty) — (V 5 Re{™ (£), 9 (t)) o) (t0) ]
QE(E ty) (¢, ty) \dy. (197)
For the first factor in the integral, we write
[(V 5 Re(urt (8), 0™ (5) o) () — (V 5 Re( (5), 6™ (8)) ) (t0)
= ‘/RS IUI_1<RG<¢+(t,ty —u), Y (t ty — >C4
— Re{y™(t,tv — u), ¢ (t, tv — u)>(c4> du)
ans r%Rd¢Wuay—a»¢1uay—a»U
— Re(y* (t, tv — 2)), v~ (£, t(v >C4) dz‘
/ I(t,v,y,2) dz‘. (198)
R3

=2

Since
(0 (1t = 2),07 (0 = 2)) e — (07 (00 = 2)), 07 (140 = 2))) s

= |ty = 2) =0 (0 = ) (41— )
(W (0 — 2)) 0T (1Y — 2) ¥ (L = 2)))e

= W’Jr tt(y —z)) — 1/J+(t t(v—2) | ||¢ ||L°°(]R3 c1)
HOT O s oy [0 1y = 2)) =97 (10 = 2))]
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estimate (176) and a priori assumption ([44)) yield
(WH(tt(y = 2)), 0 (4t y — 2)))ea — (F(E (0 = 2)), 07 (5 H (v = 2))) s
5 St73/2 (|y - U|1/2H¢+ t, t' HHQ(RS’((}L) + |y - U|1/2H1V(t’ t')HHQ(R37c4)>

< 5t‘3|y - U|1/2(||¢+ (t,- HH2 gs,ca) T Hzp_(t, -)HHQ(R;@))

<oty — 0‘1/2(” 4¢+ ||L°° ®scty T ” B t)(S)HL?(R:‘,C“))
< 8%y — ol
Hence,
t2‘/ I(t,v,y,2)dz §52t_1|y—v|1/2/ 2|7t dz
B2(0) B2(0)
<Oy — |2 (199)
Similarly,

(WH(ttly — 2)) 0™ (Y = 2)) s — Wt = 2)), 07 (HHv = 2))) s
<[Pttty — 2) =T (Lt = 2)| [ (¢ Hy — 2))]
|t v = 2)| [t ty — 2)) =¥ (v = 2))]
SOty — o] 2 (o (1 tly — 2)| + [ (1 20 = 2))]).
For z € By(0)¢ and v € By(0), we have
2| < |z = v] + [
< 2|z —v|
<2(]z =yl + |y — ).

Therefore,

/ I(t,v,y,2)dz
By (0)¢
Sy o [ ol e ol (0 bl = )]+ [ et - 2)]) d
By (0)¢

t2

Holder’s inequality gives

tQ‘/ I(t,v,y, = ‘
B2 (0

/
sy = o 2([femoP(jor ity - )]+ ot et - 2)]) dz)
B2(0)¢
sy — o 2[Rl - 2 az)
B2(0)¢
+St1/2|y—v|1/2( |l alle ety - 2 az)
BQ(O)C

+5t1/2|y—v|3/2</3() \¢‘(t7t(y—2))\2d2>1/2
2(0)¢

= Ji(t,v,y) + Lot v,y) + Ja(t,0,9). (200)

1/2
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For J;, j € {1,2}, note that

Tyt ,9) S8y =023 1) |y e e

+oe{+,—}
SOty —of? Y |leed, )| 12 g oy
+toe{+,—}
< oMy — o]V, (201)

For J3, we have

Jo(tv,y) S 0ty — ol (8 )| o s o)
< 0%y — v (202)

For k € {1,3}, we obtain
t3/ 0%y — ol [ ty)u (¢, ty) | dy
R3

S P e [, Iy = o601 60— )

5 53t1/2<£v>7/2 (t1/2<€v>2)737k/2

_ 537525—1—19/4@1})—5/2—19‘ (203)
The desired estimate follows from ((197)—(203]). O

Lemma 3.10 (Estimate for N35). Let t > r and v € B1(0). Then,
Nos(t,0)| S 6385 754(g,) 772,
Proof. Estimate yields
N3 (t,0)]
< 0(&)

/ [t — 2" Re (U+ (1, 2), ™ (£, 2) ) d2
R3

o t2 ’U - ul—lRe [€—2i<1>(t,tu) <t_3/2 <£u>5/2T+<t, U), t_3/2 <£u>5/2T_<t, u)>c4} du
R3

and therefore,
|N2:S (ta ’U)|
Sae) e [ ol
R3

+ <6—i<1>(t,tu)t—3/2 <§u>5/2'r+(t7 U), lz)_(t, tu) _ 6i<1>(t,tu)t—3/2 <£u>5/2T_(t7 'LL)>

<¢+<t’ tu) - 6_@(MU)t_3/2 <§u>5/2T+ (ta u)7 1/}_ (tv tu)>(c4

ca| du

<3672 [ o=l (Ju ) = )T k)| [0 )

) (t )| | (8 tu) — 6N T (t w) ) du,
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Approximation ((178)) leads to

INE(tv)| < G221/ (g ) =772 / I(t v, ) du, (204)

R3

where

1t 0,0) = o —ul ™ (o7 (& t)] + 267204t w)] ).
From estimates and ((172), we obtain

/ I(t,v,u)du < ot=%2, (205)
Bi(v)

On the other hand, Holder’s inequality gives

/ I(t,v,u)du
Bl(v)c

) 1/2
S([ o= ap( ]+ e T n]) ) L e
Bi(v)e

Since )
o —al* < (1+]a])",
we get
/B( )Iio (t,v,u) ( ¢i° t,tu) ||L3(R3’(C4) +t 3/2” 5/2Ti0 t,u HL2(R3 64))
<G8
and the conclusion follows from estimates (204)—(206)). O
Lemma 3.11 (Estimate for N5°). For any t > r and v € By(0), we have
NG (8, 0)] S 8% 5 4e,) (207)
Proof. Let
M1,y (§:1) = Xa(€)Xuwa (m) 1] 7 (IT(€) — IT(€ = m)).
Note that
- § &=
2[5 ~ (€ )] = (@7 — =m0+ (- = f)  @09)

and
) + R _tlade
|a§ mllm(g 77)‘ Sas 2 Fo- lle(g)Xllg(n)Q lalg l12\6|7
cf. also . Parseval’s identity and Holder’s inequality lead to

Ni(to)] = (@2n)™ ) 12 (&= 1m)xa5(M)Q ()(S)I@/)(t)IQ( )
‘ ‘ Lli2,l3€Z ’ /R3 /]1&3 Xl Xl 4t g
'mzi,zm(f,n)@@ - 1) dndﬁ‘

—

<Cr e 3 | [ @ = @BOPO)

Ll2,l3€Z

-y, (€ M (8)(E —n) dy

L2(R3,CY)
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It remains to show that

3 | [ xOnnae = s OP (6 €~ )

Lli2,l3€7Z
$3.6—2
< §e2,

L?(R3,<C4)
a) First, consider | ~ I3 > l12. Lemmas[2.10] and Holder’s and Bernstein’s inequal-
ity give

| [ x(@nnae = s Oyt (€m0 € -

<279 2712|| P, [u (1) HLOO R3,C) [P (t) HLQ(R?’vCI)

< 53271 972 i {93he 92 (1) 31 03ls/20-8l5 (209)

2(R3,C4)

Hence,

—

S || (€~ i RO m, € matiE - m
Indgrliy /R
553( Z 22112+ Z ~ha(y >

2li2<(¢t 212> (t

L2(R3,CY)

SOy
b) In the case | < I3 ~ I3, 2! < ()72, the inequalities of Hélder, Hausdorff-Young
and Bernstein yield

HLJNQMAS—mem@Gﬁmwmm@mwxxs ) dy

S 2727 x| s o 1P [ )P | s 1P O] s o
< 5391 931/29h2 /29313 /29813

LZ(R3,C4)

and therefore,

> W/xz Pt (€ = )i DIGOE)

I<ls~lya, 21<

: ml,l12 (&, TIW( (€ —

2(R3,C4)

Z 931/2
20<(t

( )

c) In the case | < I3 ~ l12, > (t > , We use again ) to obtain
> H/mm )€ = )i DFOR()
I<ls~lya, 2l<
i (€ B — dn’ P

ST = Y NS A N1 () R N

2h2<(t)—1 (ty=2<2t< ()1 2h12>(ty -1 20> (t) =2
5 53 <t>_2+6.
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d) Finally, for the case l12 ~ [ > I3, estimate (209) gives

— —

S| st = e R m (€ D)€~ )

553( S o2y Z 9-liz (¢ >22313/22—81+

22 <(t)—1 2012 > (¢

L2(R3,C4
lig~I>l13 5( )

Remark. In the previous proof, we essentially used the fact that
[I(€) = (€ = )| < In]

cancels part of the singularity |7|~2 coming from the Fourier transform of the Coulomb
potential. Another way to argue that

/Rg QE(t, o)D) [(V * []?) () (t, )] da
= /R3 QE(t,x) (V * |¢|2)($) [Hi(D)¢i(t)} (z)dx + O(<t>s_5/4<§v>_3)

is replacing I1(D) with T1*(&,) by using the localization of Q£(t) on the Fourier side.

3.3 Control of (£)Sgﬁ(\t) (&) and proof of the main result

In the previous section, we have shown that

O YE(t,v) = cNE(t,v) + 2eN55(t,v)
+O((6 4 6*) min {(£)*H&) T (HFTHE) ). (210)
The error term is uniformly integrable in time leading to an (9((5+(§)3<t>26_1/4<£v)_1)—
error for T*(¢,v). In contrast to Nﬁ(t, v), the contribution szg(t,v) will not affect

the modified scattering behavior because of the oscillatory phase term e~2®®#)  More
precisely, we have:

Lemma 3.12 (Estimate for N35). Let t > r and v € By(0). Then,

| N ] S 64 )0 e (211)
Proof. We have
/t °°N5;<t', v) dt’
:z‘/too(t’)1<V*Re[ —2R() (£ )5 (T M) YTE, v) dt’.

Since

(I)<t7tu> = _?ZTW - t<£u>717
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we get
6—2i<1>(t,tu) _ <5U> ie—2i<1>(t,tu)
20 dt '
Therefore, we integrate by parts to obtain

OONgg(t’, v) dt’

t = —it’1<V « Rele 2P0 (€)5(T >C4}) ) TE(t, )
—z'/too( )2V« Re[e™ t/t’><5.>6< M) VTE( v) dt
+i /t Ty 1<V*Re[ 20 (V6 (9, TH(H) M) ) YE(E, v) dt!
+z'/too( ) 1(V*Re[ SR (e NO(TH (YY) 9T M) ) TE(, v) dt’

[TV Ree T W, T()e]) 02T 0)

The Lorentz-type versions of Young’s and Holder’s inequality yield

[V * Re[e 20 (g, 6@*,Twm@mmwm

SJ H<€°> < ( ) ><c4||L3/2 1 (R3, (C)
,S H<§o> L12/7 H go <T+ t)>(C4HL12 12/5(R3 Q)
+ 1/3 5 + 2/3
S (&)™ (T ( >C4IIL8R3CH XY™ (1) fros
< [[(6)*# (8) HLoo as ey [ (66)2 T ( Hif’Rg e H &Y (0 oo o
<6 (212)

where we used interpolation in the third step as well as (174)), (172]) (and interpolation)
in the last step. For the fourth step, note that

12/7 // —6/7 do(w)r*dr
SQ

For I, estimates (212)) and (172) imply immediately
It v)] S 710%(6) 2.

[Kts;

Similarly,
|1 (¢,0)] S (1) 720%(6,) 2

and therefore,

/ IE(E,0)de'| < 15%E,) .

t
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For I3, If and IF, it suffices to use the following weaker estimate for 0y Y* (¢, v):
Lorentz-type Young’s inequality together with estimates ((174)), (172)) (and interpola-
tion) gives

HV* | >5/2T 5/2T 5/2T

OP[| o g, c) S 146D L O] o el €)LD o o

<4
and
HV * Re[ —2e(tt) .>5<T+<t>> Ti(t)><c4] ||L°°(R3,(C)

N Z I (€)1 (1) HLQ(R3,(C4) I (&)™ (1) HLG(R3,<C4)
+1,+06{+,—}

<62
Applying again ((172)) leads to
Y=, )] S INEE, )| + INE(L o)) + (6 + 81 (g,) 2
S0+ ey R (213)

Hence,

’/tOOIS(/ / S/too(t/)1((5+53)(t/)251<&,>2dt’
SO+ 0%)(&)

For I3 and If, we need to modify (212) slightly: We have

[V Re[e ) @0+ (8. Y (1)) e | o s
ol € (0| g e 1460 T ) 5

S L8(R3,C4) L16(R3,C4)

9/8H
L12/7(B1(0

JeraTo)
< SQtZ&‘ 3/8

Ol o o 01

where the second step follows from ([213)), interpolation of (174)) and (173]) as well as

AR - / =) o) 2 ar
S2

In the same way, we obtain

||V>1<Re[ —20(tt) (f.) < (), 00 (1)

( / (¢, v) d’
t

for k = 3,4. O

O)ealll o o S 98

Hence,

S /oo(t/)1<5 + 53)(15/)2573/8@”)75/2 dv
S t2573/8(§ + S3)<£v>75/2
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Remark. Note that in the proof, we used the trivial estimate
356 0)] S (048 1(E)
in order to derive the stronger estimate (211 via integration by parts.
From and , we conclude that T+ solves the ODE
0T (tv) = Niz(t,0) + O((6 + ) /4(g,) )
=ict ™ (V * [{€)7PT () (0) T (¢, 0) + O((8 +6%)*774(g,) )
which leads to
Tﬁ:(t’v) _ eiclog(t)(V*|(f.)5/2W\2)(v)W:I:(U) + (’)((5 + 53)752&_1/4(&;)_1) (214)

for some asymptotic state
- - W+
:R? 4 = | - .
W —-C* W (W—)
Note that . R
}Wi(v)| = ]Ti(t, v)| +O((6+ 53)1525*1/4(5”)*1)

which also implies .
Wi(v)=0 for|v]>1

and ~ -
(&P WH g ey S 0.
Let
W*R? = C W) = WH(£(6)7%),
W+
- (1)
Then,

(Vo [(&)PWP) (£ (6)7%) = /B o ‘ 4> m’1‘<§$>5/2ﬁ/(a:)

:/Rs i<§> <Z>1 7)n
:/Rg

—1
F ] (Wl + vl ar
By estimates (177) and (214]), we obtain

wE(1)(€) = (2m)*2T* (¢, £(6) 7€) + O((6 + %)) ™)
_ (27T>3/2eiclog(t)8i(§)wi(g) + (’)((5 + 53)2?2571/4(@*1), (215)

where BT has been introduced in .
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Remark. Note that

-1

N5 (t, () 7€) = et ! < /R
—ict1</RS i%_%_
:z'ct_1</Rs é—fF%

| § g
= ict (/RS @ F H
+ OB E) ),

|<sx>5/2r<t,x>\2dx) TE (1 £(6) '€

2

‘<a>5/2r(t, (0)"0)

(o)7® da) T+ (t, i(ﬁ)flf)

Y(t. () 0)| da)rﬂt, +(6)7)

(TN + [FEo) do) = (26 )

where we used ((177) in the last step. Solving the corresponding approximate ODE
leads to

wE()(€)
= (2m)*% exp (ic/o ()1 é—> <g—> (|¢/+\(t)(0)|2 + |@(—U)|2) do dt')

W)
+O((6+ 6> e)™)

which coincides with Pusateri’s result in [84, Thm. 1.1] for the scalar toy model.
In order to complete our bootstrap argument, we show:

Lemma 3.13. Suppose that = € C([0,T], HN(R?)) satisfies a priori assumption (44)
and let t € [r,T|. Then,

—

(&5 W= ()] S 87 for (€) > (1) (216)
and
[GRSIOIG] P (217)

For arbitrary t > r, we have
(©F (WE(0)(€) — (2m) 2 OB O () ) | S ()= 85 for () < (/. (218)

Proof. In Pusateri’s paper [84], estimate was essentially a consequence of his
modified scattering result. Since we derive a stronger result by Ifrim and Tataru’s
method of testing solutions by wave packets, we present a modified proof of .
Estimate (218)) will be a consequence of @ and .

Let (€) > (t)!/°°. Duhamel’s equation (79) gives

5D (E) = O WD E) +idme Y / ()30t = ka (¢ € dt

+1,+2,£36{+,—}
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Dyadic decomposition in 7 yields

JEoE kg (t',€) = Hio it / wil #)( /(\)(a _ 77)> )
R3 R3 C

leZ

—

- pF ()€ —n)xi(n)|n|~* dodn
_ Hio :I:()Zt Z [io +1,%2,%3 (t f)

IEZ

For 2! < (t)79/8 we obtain

| t<s>81f0¢1¢2¢3 .9

0

0)* 95 (#)(0), (o — m)* = (1) ) s

R3 Rs
A — ) PR () (€ —n)xa(m)|n| 2 do dy
< ||| ) |_2XZHL1 (R3,C)
[P0 0 =)l N TN s
S S I T R 2
5 2l <t>1+26837 (219)

where we used Holder’s inequality and Hausdorff-=Young’s inequality in the second
step and a priori assumption in the third and fourth step. Therefore,

Z ‘ / [io +1,42,%3 (t f) dv < >2571/85'3' (220)
/8

lezZ, 2t <(t)—9

For 2! > ()98 we have

| [erisg

< <§>-95\ [ g ar

o | o T .

() (€ = m)xa(n)n| 2

t
e TR O A 3 P T

6) —952—l/2 <t> 1+2553
t) —95/562—l/2 <t>1+2683

_l/2<t>2€_39/5653, (221)

—-95

IN

AR YANRZA
N —~
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where we used Holder’s and Hausdorff—Young’s inequality in the third step and a priori
assumption in the fourth and fifth step.
Therefore,

Z / Iﬂ:o 1,7+, j:3(t 5) dr'| < < >9/16< >2s—39/5653
/8

l€Z,2!>(t)—9
— <t>26 15/11253‘ (222)

Hence, for (£) > (£)1/%% we have

HEBWED(E)] S (&) I )UF | oo sy + ()2 1/56
5 <t>_1/565—‘r <t>2€_1/8(§3. (223)

Now, let (€) < (£)Y/°6. Our result (215) implies

—

[(€)° (wE()(&) — (22T (8, £(6)719)| S ()T (1)* V(9 +6°)
5 <t>25 1/8(5—{—(53) (224)
By (214)),
TEE (O] < W)+ C 5+53)t2e_1/4<§>—1
<|r (t/2 ()| + 2147 C(6 + 05y
< |05 (8/2, (€)1 | + 2442505 + 51 ()

Hence,
[ T5(2", £(6) 19|
|T:|: 2n 1 :l:g 15 ‘_|_21/4 2€C(5+53> (e— 1/8)<£> 8
|Ti 2n 2 :l:f 15 ‘_|_21/4 250(6+53)(2(n 1)(2e—1/8) +2n(25 1/4))<£>
and iterating this argument leads to

n+m
‘Ti(2n’i<£>f ‘ ‘Ti 2 m :l: ‘+21/4 250(5+53) Z (2571/8)<£>78
k=0

< Oy 2734 E) B 4 Co(8 + 5%)(¢) S

where we used ([173]) in the last step and set

=C) 29 € (0,00)
k=0

which does not depend on n, m. Hence, we can choose m € N arbitrarily large and
conclude

Tt £(6) 76| < Cal6 +8%)(6) (225)
which together with (224]) finishes the bootstrap argument. Since we can choose
0 =62
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for sufficiently small § > 0, we may assume that

0% < 4.
Finally, estimate (218]) follows from (215) for arbitrarily large t. O

Remarks.

a)

From the proof of (218)), we obtain

W(€) = lim (2m) /2 osO5" €y (1) E) LB, 150 ((€));

t—o00

where the limit is taken in (-)"8L>(R3,C*) as well as

WE(E) = lim (2m) %2~ <808 ©y(7) ¢)

t—o00

n (-)7'L*>°(R? C*). In particular,

4O W= ()] e sy = (2m) 72 T (SO V1200 (D) | s

t—o00

and -
||<§>Wi (Ol s ey = 2m) 72 i [[()w=(1)(€)

S HLgO(R3,<c4)
which implies ({36} . Since
(7% e L*(R?* C*Y
and
e s OB (1)) = [ ()(E)].

estimate (218]) also shows which finishes the proof of f. Since esti-
mate is an immediate consequence of (|178)) and (214]), the proof of Theo-

rem [I.1] is complete.

N =103 is the lowest integer such that — with our arguments — estimate (223|)
holds true with a (t)2671/8-decay. One might derive a modified scattering result

with weaker decay for N > 52. Indeed, the same arguments as in the proof
of Lemma lead to a (t)~¢ decay, e € (0, 1/261] as follows First, let (£) >

<t>1/29 By replacing (t)~%/% with (¢)~'7% in - and ~9% n - with
(€)™ we get the following substltutes for

t
/ <£>8]lio,i1,iz,i3(t/’§) a¢’ S 2l<t>1+25(53, 2l < <t>71735’
0

Z /Ot<£>8]lio,:|:17:|:2,:|:3<t/’5) dt’ § <t>—8537

1€z, 2l§<t>—1735

t
/ <£>8]lio,i1,i2,i3(t/’§) d¢ S <t>744/29271/2<t>1+2553
0
< 27l/2<t>715/29+25’ 9l < (t)~1-3¢,

t
‘/ <€>8[li0,i1,i2,i3(t/’§) 4t ,S <t>—1/58+7€/2g3

1€z, 21> (t)-1-3¢ 70

< (1)7°0,
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where we need ¢ € (0, 1/261] in the last step. Then, we have

\ O] SO+ ()76 (€)= OV,
(€)% (w(t)(€) — T=(t S ET* 0+
5 <t>25 1/116(5+53)
SO ©<mv, (226)

[T+ S (0 R
Note that step (226]) is true for € € (0,3/116] and in particular for € € (0,1/261].

For going below N = 52 and H(f’)gw/(?)(é‘)H Lz (@3 ,ct), we would need an improve-
ment of the refined decay estimate (69)), cf. also (71)).

Up to some slight modifications, our analysis carries over to the scalar toy model,
so that we in fact improved Pusateri’s result in [84]. Recall the nonlinearity

c(V = [u]*)u

in the scalar toy model. With the notation of Section [2 this corresponds to
+9 = £ = £5 = =+3, where we did not need to use the null structure of
[1%(D). In the case +; # +5, null structure of IIF'I1*2 was only needed when
+¢ # +3. This means, our method is also applicable to the scalar toy model
with nonlinearities
(V * u2)u, (V * U2)u
whereas nonlinearities
(V * (ulug))ﬂ, uy, us € {u,u}

would be problematic. One might try a more careful integration by parts to
overcome the need of null-structure.

Asymptotic completeness

Given a suitable asymptotic state W: R?* — C*, we want to find a unique solution to
the Cauchy problem

where

0 = (D) = e (D)[(V o) 0], .
tli)n;lo ‘}¢(t) - ¢W(t)}|H1(R37@4) = 07
H:I:(D) [¢W(t>] (ZL‘) _ t—3/2€:|:i(t2—|x\2)1/2eiclog(t)(V*|W|2)(a:/t)W(x/t)’ (228)

Yw =Y (D)w + 117 (D) by .

In the sequel, we write

Uiy = I (D).

We also denote

1/2

W (b ) = 32T )2 elosO VAW ) e/ OV (/)

and analogously @ZJXW etc.
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Theorem 4.1. Let W € H?(R3,C*) satisfy
supp W C B4(0).
There is Cy € (0,1) such that if
& W ()| 23 ct)npge w3 1) + IW || 2 (s 1) < Cw
then admits a unique solution ¢ € C([0,00), H'(R3, C*)).
Remark. Our choice of iy, comes from the asymptotic result on the spatial side.
One might also think of using the corresponding result — on the Fourier side.

However, while working with the Fourier transform is easier for the linear part, it
would become very delicate for the nonlinear part, cf. Section [4.2]

Obviously,
1935 ()| oo s, ca) = £ W || oo o3 o)
SE2NW s o
§ t*3/QCW
and
13 () 2 s ey = W (/8] 2 gs 1)
< Cw.
Furthermore,

Vﬂ/}f}v(t, r) = +i(t* — |x|2)_1/2xwﬁv(t,x) + t o (t, )
—ict™ log(t) (4r VA2 W (1) ?) (z/t) iy (L, )

] 12z
= +i(1- [2) i)
+ Opars ety (Ot log(t)) N Opeers cay (Crt "2 log (1)),

where we used

[IDITHW O P[] s o) = @) TH|T 725 W] o s
—2

S 172 oo s 1TV O P s s
S AW @O za@s e [IW () || 12 s o1y
<y

Therefore,

IV ()] oo ecn) S 6220 W (0) || g0 ma,c4) + Cow RE? log(t)
and

IV (O r2@e,ct) S & W (0) || 22 @2 e
< Cw
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which implies
[bw (1)l wroe gs o8y S Cut™?
and
1w ()]s ety S Cwr-

By interpolation, we obtain
low () llwrr@s e S Cwt ™77, p e [2,00]. (229)
We define f(¢w) = f*(¢Yw) + f~(¢w) by
[ (Ww) = —idby £ (D)t — (D) [(V * [ ) vhwy ]

and Yair = Py + Vg by
Vi = VF — Vi
Then, Cauchy problem ([227)) is equivalent to
—i0gi £ (DY = N*(w, ai) — f*(w), (230)
‘ +
tlirg delf(t) HHl(Ri’,(C‘l) = 07

where

N*(Yw, Yaiy)
= eI (D)[(V * [¢*)¢] — eI (D) [(V * [pw]?) vw]
= cI*(D) [(V * |aie)*) Yaie + (V  [w|*) Yaie + 2(V * Re(Waie, Yw ) ca ) Yaie
+ (Vo [haie|*) w4 2(V * Re(Wait, Yw ) ) w ] - (231)

In the sequel, we omit the dependence on the asymptotic data 1y and write
fF=1Ww), N (ar) = N (Yw, tair)-

We solve problem ([230]) by the standard contraction mapping principle in the Banach
space Z induced via the norm

Ul|z = sup UJ| Lo HL([T,2T)xR3,C4)-
[ ()2 ull

T>0
More precisely, let H = H* + H~ and

H wan)(0) = [ T (N () + £(0) e
o HE(a)(t) + HE (F)(0).
We consider the closed ball
Zr={ueZ:|ul|z <R}

for some

R e (Cw,1)

to be chosen later. In order to show that H is a contraction mapping on Zr and prove
Theorem [4.1] we discuss the nonlinear part N*(1g;t) and the inhomogeneous part f*
separately.
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4.1 Nonlinear estimates

Lemma 4.2. Let uy,us € Zg and Hy = Hy + Hy. Then,

1
| H(ur) — 2)|lz < §HU1 — Upl| 7. (233)

Proof. We treat the terms of (231]) separately. For the last term, note that
He:Fi(t—t')(D>H:I:(D) [(V « Re<u1 (t/), ¢W(t/)>c4)@/}w(t/)} {’HI(R37(C4)

S HV * Re(ur (), dw (') cs ||W1a6(IR3,C) wa(t') HW1»3(R3,(C4)

[ Hn (ur)llz < g (232)
Hiy(u

S [ Reun (), dw () et llysosa s oy [ 9w () s o
1 ) s o 100 ) s
< (1) 2RO,
where we used weak Young’s inequality in the second step and estimate in the
last step. Similarly,
e =PI (D) [(V i ()b ()] g o
SV« ’ul(t/)PHWLﬁ(RS,C)HwW(t/)”WLB(RB,C‘l)
S P g0 e o) 19w (@) [y s ey
S Hul(t,)||H1(R3,C4)Hul(t/)HU‘(RiﬁC‘l)“¢W(t/)“wla3(R3,C4)
Sl ) s oy 1w ) s oy
< (#) 2Ry,
where we used Sobolev’s embedding H'/?(R?) < L3(R?) in the fourth step, and
[T C=PIIE(D) [(V# Jow (¢)]7) (1)

N HV * |¢W(t/>|2HW1700(R3,(C)Hul(t,)HHl(R?’,(Cﬁl)

} HHl(R?’,C‘l)

S Ww(t/) HHI(RB’(C4) ||¢W (t/) HW1,6(R37(Z4) Hul (t/) HHl(R?*,(C‘l)
< () PPRCE,.
For the first term of , we have

T YOITE D) [(V # uy (1 ’)|2)U1 O 1 s )

S H / |2 (¢ () (E) (€ — )

L%(R3,(C4)

()~ (#)2 () () (€ = )

L2 (RS 7(C4)

Inl_Qlul(t’)IQ( (€ =y (£)(€ — ) dy

LZ(R3,C%)

3 1|u1(t’ HLl (R3 (C)”ul HLQ(R3,C4)

+]| [ e unte
R3

)],y 10O
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and therefore,

HeﬂFi(t—t’)<D>Hi(D) [(V o Jun (8) ) ua (t)] HHl(R3»C4)
< H |m2(§)”Lg(R3,C)Hul(t,)lle(Rg’@) + HM(t’)H;(Ra,@)mm(m,@)Hul(t,)”Hl(Rs,@)

S Hul (t') HHl(R3,(C4)
S ()R

where we used Sobolev’s embedding H?/*(R?) < L4(R3 C*) in the second step. Sim-
ilarly,

e NP (D) [(V s Re s (1), dow () e s ()] [ 1 g o

$|© [ i Rt vw e e - n di

Lg(R3,<C4)

< H/W "Re(ui (), Yw (') ca] ) ()(€ — ) dy

12 (R3,(C4)

+| /RS"?V? [Re(un (#), tow (#))es ()€ — myur (#) (€ — ) dn
S 107" [Reun®): 0w @1 a1 () e o

+ H /]R3 €|72 [Re<u1(t/);ﬂ)W(t/))C“r(f)

LZ(R3,C%)

L®0) Hul (t') HHl(R?’,(C‘l)
which leads to

| TP (D) [V Re(wr (¢), vow () e )un (¢)] HHI(R?’,C“)

S [16€) [<u1(t/>’¢W(t/)>C4]A(5)||L§(R3,C)H“l(t/)”L?(M,CD
1/2 R /
+( /lg " 617 ) [hun (8. v () X gl () o oy
e (e a) ) ) ow e Ol el

S8 H“1<t/)”H1(R3,C4)HwW(t/>HW1m(R3,C4)Hul(t/>HL2(R3,C4)
+ Hul ) HL2 R3,C*) wa(t/)HLw(R3,C4)Hul(t,)HHl(R?’,(C4)
+ H ur ('), Yw (t') C4HL3/(2+B)(R3,(C)Hul(t/)HHl(Rif,C‘*)
S8 H“l ||H1(R3,<c4)H@DW(t/)lem(Rm‘l)Hul(t/>HL2(R3,C4)
()] g oo 19w (8] om0 () | s s o

<p ()P R*Cyy,

where we can choose 5 € (0,1] (here it suffices to take 5 = 1/2). By assumption,

Cw < R. Therefore,
| Hn(u1)||, < Csup (T)/? / ({t"\32R?
T>0 t

< CR>.

Lgo[T.27]
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Choosing R € (0,1) (and Cy € (0,1)) such that CR* < 1/2 leads to (232)). For
estimate (233)), we first note that

H*(ur)(t) — H* (u)(t) = /t T ettt (N (ur(t) = N*(ua(t))) dt!

and

t')
2 |U2( Bl ))UQ

+ (Vo (Jua () = t)
+ (Vo [ow () P) (ua (t') — ua(t'))
+2(V « Re(uq (¢'), ¢ ( Nea) (') — ua(t))
+ 2<V * R6<U1( /) — U,Q(t,), ww(t,)>c4)U2(t/)
+ (Vo (lua ()P = [ua(t)]?) ) o (2
+2(V « Re(ug (') — ua(t'), Q/’W(t,»C“)@DW(t/)}
as well as
ur (t)? = Jua (') * = (ur(t') — ua(t')), ur (') e + (ua(t'), ur (') — ua(t')) ca-

Hence, the same arguments as for (232)) show that

He:Fi(t_t,KD”_—[i(D) [(V * Re(u1 (t/) - Ug(t/), @ZJW(t/))C‘l)wW(t,)} HHl(R:”,(C‘i)
< ea(#) = w2t | s s oy 1w (O s

< () HCH |l — usl| 2,

Y

[P D) [(V  (Jn (07 = €)Y (] s

< Jlua(t) - u2(t/)HH1(1R3,<C4) Z Huj(t/)HHl(R3,C4)wa(t/>HW1»3(R3,C4)
S )P RO ur — us |,

[T O (DY [(V # [wow (8)) (ur () = w2 ()] 1 o e
S HwW(t/)HHl(]R37(C4)”wW(t/)HWLG(R{(M)Hul(t,) - uQ(t/)HHl(Wv‘C“)

S () POR lw — | 2,

HeﬂFz‘(t—t/)(mHi(D)[(v s |us (¢ |2)( — us(t) )} HHl(R3,(C4)
S H< Hﬂt,\ HL2 (R3,C) ||u1 (t) - ||L2(R3 c4)
+[Jua(? ||L2(R3,<c4)mL4(R3,<c4)H“l ) — u(t HHI(R3,<C4)

‘ul (t,) ||§{1(R3,<C4) Hul (t/) — Uz (t/) HHl(R37C4)

< |
S VPR uy — |2,
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HeﬂFi(t—t/)<D>Hi(D) [(V « (|u1(t')|2 _ |u2(t')|2))u2 Y ] HHl(]R3 o
S ” M(ua(t) — ualt 1(t,)><c4 + (ua (), ur (¢') — ua(t ><c4} HL2 (R3,C)
' HuQ HLQ(R:”,(C‘l)
2
+Jua(t) = u2<t/)HLQ(R3,(C4)OL4(R3,(C4) Z Huj(t,)HL2(R3,(C4)OL4(R3,(C4) HuQ(t,)”Hl(R?’,C“)
j=1

S./ <Hu1(t,)”H1(R3,C4) + HUJQ(t,)HHl(Rs’(m)) Hul(t/) - u2(t/>HH1(R3,(C4)

S )R lur — wallz,

e PIED) [(V 5 Refun (¢), b (¢))ea) (un (1) = uat))] | s o
S ||u1<t/)HH1(]R37(C)wa(t/)uwlvw(Ri‘,C‘l)Hul(t/) - “2(t,)||L2(R3,<c4)
+ Hul(t,)HL2(R3,C4)”¢W(t,)||L3(]R3,(C4)Hul(t,) - uQ(t/>HH1(R3,C4)
S ()P RCOw |Juy — |z,
[T =P (D)[(V # Reun (1) — ua(t'), ow (1) et ua ()] | 1 s e
S ) = u2(t,)HH1(R3,(C)”ww(t/)HWLw(Rf)‘,(C‘l)Huz(t/)||L2(R3,(C4)

+ Hul (t,) — U2 (t/) HL2(R3,C4) “¢W(t/) HL?’(R37(C4) Hu2(t/) HHl(R?’,C‘l)

S ()2 RCw w1 — sz

Therefore,
HHN(UI HN UQ HZ<OR2||U1—U2||Z
and choosing R € (0, 1) such that CR? < 1/2 leads to (233)). O

4.2 Inhomogeneous estimates
We shall first replace
(D) [(V = [vw]?) Yw]
with
(V * oow [*) i
One might try to exploit the identity
f=r+f
= 0y, + (D) — i0byy — (Do — c(V * [Yhw[*) vow
= —i0abyy + (D), — e(V o [ow[*) iy
— 0ty — D)ty — (V= [Yw ) by,
where we used IT7 (D) + 117 (D) = I, in the second step. However, we need to consider
ftand f- separately since the linear propagator e **=*)(P) hits f* while the linear
propagator e/=*){P) hits f~. Let
Ve = D) [(V 5 [ow )] = (Vo [ow ) w55

We use the same idea as in the proof of Lemma |3.11]
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Lemma 4.3. Let o > 0. For any t' > 0, it holds that
||werr HHl R3 (c4 NQ 03 < />Q_ (234)

Proof. 1t suffices to consider g € (0,3). We have

Hwerr >HH2(R3,C4)

= anl(€r [ 1 Iow P @ (T = T = m)dw @i = man| .,
Let
i (€)= K€ () ]2 (IT(6) — TEH(E — ).
Then,
0207 (€ 1) Sap 2 (€T ()220
and
[0 Ol msen S 30 || @t = b o))

Ul12,lI3€7Z

—

mif, (Em)w ()€ —n dn(

L2(R3 c4y

a) First, consider [ ~ I3 > l12. Lemmas [2.10] and Bernstein’s estimate together

with give
R e Ol [ O O M L

2(R3,C1)

52 112HP112|¢W | Hle/g(R:’,@)”PlawW HL12/(679)(R37C4)
< 03,2712 min{26-0/Dhe 9z (y/ye/2=3) gels/Ag—15 (235)

Hence,
S| €€ e e ) PO im0~y
I~l3 112 )
SCh( X 2ees B aten)
2l12§<t/>_1 2l12> tl

< Gl )22,

b) In the case | < I3 ~ [, 2! < (#')72, the inequalities of Hélder and Bernstein in
combination with (229)) yield

H/ Xu(€)xna (€ = m)xas () [[ow ()] (n )mll12(§ TIWW(t’)(

S22 l12HXlHLQ(R37C)HPl12|,¢)W ) ||L2(R3,<C)HPZ3¢W HL?(W#C“)
< 0%231/2?12/22—1;

2(R3,CY)



4.2 Inhomogeneous estimates 101

and therefore,

> | e =R )

Izl 20 <(t) —2

:t —_—
g, €O,
< 03 Z 23l/2
20<(t)

SO

¢) In the case | < I3 ~ l12, 2! > (t')72, we use again (235) to obtain
S @t = v )P
I3~z 2L <(t)
i, (€ ) (0) (€ —n) n‘ P

S VR L D VL D SR st Kl i

2l12 §<tl>71 <tl>72§21§<t/>71 21122<t/> 2l> t/
< Gy (t)e 2.
d) Finally, for the case l12 ~ [ > [3, estimate @ ) leads to

S| (€0l = v ) o ()P (o) 6 ()6 = ) ey
lia~>13

50W< Z 9(2—e/4lz | Z l12 9/2 3) 22@l3/42—l§

22< (1)1 212> (1)~ ls
S Ol (£)7/22.
O

For the next step, we calculate
0 (¢, tv)

= —z‘iz/}#;/(t,tv) + it T Vb (o) v

-—<%f' (L= o) !/2 4 ™ (V £ [(€)PW ) (0) + it "o W, ) i (1 o) (236)

which has to coincide with £(D)¢* (¢, tv) up to Oy (gs ca)(Cwt*/?)-error terms. For
the nonlocal operator (D), we perform a Taylor approximation on the Fourier side as
follows:

(&) = (&) = <§v>_1§v (EF &)+ Ri(”7§)
= (1—P) Pt (EF Q- ]) ) + R*(v,€)

= (1~ o)™ o v — (1= )l + R0, €)
= (1= [ol)"? 50+ €% 560+ R¥(0,)
= M*(v,€) + R*(v,€),



102 4 ASYMPTOTIC COMPLETENESS

where the remainder is

1
R*(0,€) = 5(€ F &) Hess () (46, + 5 EFE)EFE) (287
for some 9= € [0, 1]. Note that
0°(-)(m) < (e, (238)
M=(v, €) corresponds to the operator M~ (v, D) defined by
ME(v, DWW (t, tv) = (1 — |v|)Y20E (t, tv) F %v Vb (o)
)
F 5 Ve (v (t, tv) )i (¢, to)
- ((1 ) E %t_lv .V,
F 3'tfl(v = Lty .y )wi (t,tv)
2 v 2 v w\%
- ((1 )2 Fit -V, T git*)ﬁv(t, tv)
and from ([236)), we obtain

— 0y (t, tv) = MT (v, D)= (¢, tv) = et (V « ]<§.>5/QW\2) (0)Yi (¢, tv).
Since
(V5 W& WE)0) = [ ol et 0 = )]y
— —1 o 2 d
[l oo - )P da
= t(V* [vw (1)) (v),
we conclude that

— 0035 (t, tv) £ MF (v, D)= (¢, tv) = c(V = [P (t)?) (V)55 (¢, to). (239)

Because of (234) and (239)), it remains to show that M* (v, D) coincides with (D) up
to O (rs o1y (Cw Rt%/?)-expressions. Indeed,

((6)—ME(v, €)) U (1)(€)

= R*(v, )¢ (1) ()
_ Zf3/2/ e—i(z-gi(t2,|x|2)1/2)Ri (x/t, €>€iclog(t)(V*|W|2)(g:/t)W(x/t) da
B¢(0)

_ t3/2/ e—it(v~§:t(1—|v|2)1/2)R:|:(U’ g)eiclog(t)(V*IWF)(v)W(U) dv.
By (0)

For the phase
$v,) =v-E+ (1= o),
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note that

Vop(v,€) =EF (1— )"

Because of and , two integrations by parts lead to
[y &) - M ©) )]
SV (T, L+ 1B € W (1. )T T06)

¢

5 t_2|| 1D >,¢)AW t tU HLQ Rd C4 t 210g || 1D wW t t'U ||L2 Rd (c4)
S 7% log(t)*Cw,

L2(R3,C4)

L?(R3,C4)

where we used ¢t~'V, = V,, in the last step. All in all, we have shown that
L= | ey S Con (8)72
which implies
| Hi (F5)lz < CCw.

Choosing Cy € (0,1) such that CCy < R/4 leads to

(1)l < 5 (240)

Let uq,us € Z. Estimates ) and ({ give
[1H (u1)]|z < R.

Since
H(uy) — H(ug) = Hy(u1) — Hy(ug),

we apply estimate (233)) to obtain

() — Hw)|2 < 5

Therefore, H is a contraction mapping on Zr which finishes the proof of Theorem [4.1]

5 Outlook: Nonzero magnetic field

In the previous sections, we derived modified scattering and asymptotic completeness
for the Dirac—-Maxwell system with zero magnetic field. The oscillating correction
factor was determined by the electric potential Ag(t) = —(4m) ' (V * [4(t)|*) whose
spatial L?-norm decays like t~!. This decay of Ay(t) also played a crucial role for the
weighted energy estimates as a key ingredient in the bootstrap argument. This final
section is devoted to presenting some ideas on how to treat the magnetic potential
(A1, As, A3). We focus on estimates for the H-part of the Xp-norm, cf. . We also



104 5 OUTLOOK: NONZERO MAGNETIC FIELD

point out the necessity of the ¢~!-decay of || A;(t)|| g3 csy in order to control the HN-
norm for solutions of Dirac-Maxwell with nonzero magnetic field and present some
attempts on how to get this desired decay of A;. By exploiting a hidden null-structure
which appears for the A; but not for Ay, one might hope that, in contrast to Ay, the
A; do not affect the asymptotic behavior so that our modified scattering result would
also hold for Dirac-Maxwell with nonzero magnetic field.

We recall that the Dirac-Maxwell system is equivalent to

(—i0; = (D))¢™ =TI (D) (Agtp + "7 Ajp),

AAy = |¢’27
O0A = —curl A~ curl ((E’Yj@b)j:lﬂ,i%)v
A =0,

see —. The Duhamel equation for 1* reads

() = FUOGE 4 / DI (D) Ag(#)(E) + 1 A d.

We have

Ay =AMy
— (4 (V e ).

So for our bootstrap argument, it remains to control
t . / .
| e nwms o) [y ey ar
0

in || - HXT. For the H™-norm, we get

t
Fi(t—t')(D)11E£ 0 d A .(+ / /
| [ [oawoe)
t
S [ 1A sy
t
< [ 1A sy + AR s 8

where the homogeneous part A;-lom solves

DAbem = 0,
A?om(o) = CLj, 8tA?0m(0) = aj,

and the inhomogeneous part A solves

Ak — _CurlA_ICurl(Efka) k=1,2,3’
Ainh(o) =0, 8tAinh(O) =0.
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5.1 HN-estimate for A;

For the homogeneous part, we have

t t
S I ORO s 8 5 [T s e oy 8
t
A3 s 10 s oy 0
t ~
S [ 1A 310

t
—|—/0 ”A?Om(t,)HHN,S(R3,<c4)5<t,>_1 dt’
=: [MOm(t) 4 T1™™(1).

Provided initial data a; € W*!(R? R) and a; € W' (R? R) such that

HaJ'HWZI(RB,C) + HajHWLl(R3,C) <9,
von Wahl’s estimate (cf. [96]) shows
hom -1
1457 @) | e o ) S 507

Hence,

1o (1) < 56(t)°.

For I1"™ the assumption

KDY asll s gus, - 0P s sy < 8

would be sufficient to obtain
t
Im() < “Aj(t,’x)‘}Lf,HiV’3((0,t)xR3,C)</ (1)~ dt')
0

<4,

~Y

5/6

where we used the Strichartz estimate for the wave equation (cf. e.g. [00, Thm. 3]) in
the second step.
For the inhomogeneous part, we denote

t t
/O”A;'nh(t/)w(t/)HHN(RS,Ol)dt’r<v/0 HA;nh(t/>HHNA/(l*f)(RS,C)Hw(t/)HL‘l/(HE)(RS,(C‘l) dt’

t
inh
1A e [ s oy 0
= () + 1™ ().
For I'™ an application of Strichartz’ estimate yields
() < HA;‘nh(t,v x) "Lj/“”)Hﬁ"*/(l*E)((o,t)xR?),C) ”¢(t/7 x) HLj/<3*5>L‘;/<1+E)((o,t)xRS,Ol)

< chrlAflcurl (E(t/)’)/kw@/))kﬁ,zi’r (x) HL;LI/(1+5)H$7,4/(1—E) ((0,4)xR?,C?)

t -
(/ (5(15/)—3/2+3(1+a)/4>4/(3,€) dt’>(3 £)/4
0
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and therefore,

(3+e)/4

t
in 4/(3+¢)
O / () oo, e () | a0z o)) " )
((t> (—3+43¢) /(3—s)+1) (8—e)/4

(3+e)/4

(1)

0
t
< 53( (<t/>573/2+3(175)/4)4/(3+€) dt')
0

3 ((t> (5—3)/(3+a)+1) (3+€)/4<t>5/2

It remains to control 1™,

5.2 Approaches how to control I1™"P

In the previous subsection, we were able to control the homogenous part of A for the
H"-estimate of ¢ under sufficient regularity assumptions for the initial data a,a. For
closing the bootstrap argument of |[1(t)]| g~ s c4), it remains to show

LA () | oo a0 S 0% ()

Then, we would get

t
IIinh(t) 5 (52/ <t/>—1+s dt/
0

S (1) (241)
However, in contrast to the homogeneous part Ai-lom(t’ ) and to Ag(t'), estimate ([241))
for A (') seems to be more delicate. In the following three subsections, we present
different (incomplete) approaches, how one might try to obtain estimate (241)).
5.2.1 Young’s convolution inequality in Lorentz spaces
For Ay(t), we established the required (t)~!-decay as follows: Since

Ao(t) = A (1))
= —(4m) " (V* [p(0)),

the Lorentz space version of Young’s convolution inequality and interpolation lead to
2
[0 e s ) S IVl e o ) 1O | 2 s
SO 2o el Ol o ga,cs)
SO
Let us try to transfer this approach to Aijnh. We have

Ainh(t) —[! (curlA_lcurl (E(t)’Yk@D(t)) k:1,2,3)

= /t |D| " sin ((t — t’)|D|)CurlA_lcu1rl(E(t')v"%/)(t'))k:1 55 At
0 2,
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For the ”simplified expression”

A= [ D 00),
t/4

we would indeed obtain
Hﬁ%ﬁwwmmaSllmw**wwwmwmmﬁf
. // 11720 g 1P s ) 2
< /t :4 19 e 1| s oy A

t
< 52/ <t/>—3/4—5/4 d¢
t
<6 (242)
In fact, it suffices to consider ftt/ , instead of f(f since
AR 2)| S ()72 for o ¢ [1/2,21].

Furthermore, the operator curlA~!curl can essentially be treated like a Fourier mul-
tiplier of size 1. However, the argument for (242) does no longer hold true when the
sin ((t — t')|D|)-multiplier is included. More precisely, let

m(t —t', D) := x<i1(D)sin ((t — t')| D|), (243)

where x<; is a smooth [0, 1]-valued function supported in a ball B(0) of radius R <1
with x =1 on Bg/2(0). Then,
||X§1Ainh (t) ||L00(R3’(CS)

t —e
< //4 Hm(t — D>CUT1A_10UI’1|D|_1(¢<t’)7k¢(t'))k:172,3HLOO(R%?,) dt’
t
t —ee
< / ; [m(t =) 1y o oy 1P @Y EE)) g gl e g oy A
t
S / Hm(t_t/7.>VHL1(R37C)62<t/>—2 ar',
t/4

where the last step can be seen by the same arguments as in the integrals of (242)).
For the multiplier, we have

_ -3
L1(R3,C) - (27.() /IRL3

|m(t —1,-)

/RS e y<1(€) sin ((t — t’)\f]) df‘ dz.

Obviously,

[ L e oa@sn(@—rgyagar< [ [ hate]acas

<1
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On the other hand,

/|x>1 / X<1 ) sin ((t—t |§| df‘dx
| =

dx

.o
<.
<o

/;c|>1 / g7 (el — emirlel) sin (£ — #')r) 2 dr’dx
< X ).

+1,E26{+,—}

elre “x<1(r) sin ((t —t)r ) do(w) r*dr

wslzl 4s sin (( )7’) r? dr‘ dx

/L
//S e do(w) sin (¢~ t)r) r2dr|da
K

/ | etrinlietEa(-t) d,,,‘ dr.

The last expression remains bounded when we are able to improve the |z|~!-decay to
a |z| 73" -decay which is fulfilled for

2] % (t —t')
but not for
2| = (t —t').

We also note that it might suffice to control y<;(D)A™ since 5.1 A™ could be con-
trolled by Klainerman—Sobolev estimate, cf. Subsection [5.2.3]

5.2.2 Strichartz estimate

As discussed in the previous section, it suffices to consider ftt/ , instead of fg . The
approach

t
AT s I e oy 0

S ”Aj(t,’Jj)HL?,LgO((t/4,t)><R3,(C)||¢<t/’I)||L3,HN((t/4,t)><R3,C4)
1/2

bt /
S H( Dt Yt ))k:m,sHLtl,Lg((t/z;,t)xR?»,(cS)(/M (5<t/>€)2> dt’

t
S4\e+1/2
S /MHwt')\»w,@)Hw<t'>||m3,@) at' 5ty
t
S R
t/4
RO
fails since we used the endpoint Strichartz estimate in L?L2° in the second step which
is not valid in three space dimensions (cf. e.g. Klainerman and Machedon [61]). This

endpoint Strichartz estimate can be recovered by working with additional angular
weights (cf. e.g. Sterbenz—Rodnianski [93] and Fang-Wang [38])

Qij:xjai—xiaj, 1<i<y3<3
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and using
HQzﬂb ”L2 (R3,C4) HQUW HL2(R3,C4)
S wa HHl(R3,C4)
SOty

see also Sectionfor a deeper discussion of €2;;. However, this additional factor (¢)°
already destroys our bootstrap argument.

As done in the estimate for 1™ we could try to use a perturbed L;L%-Strichartz
estimate. But while we have the estimates

||¢(t) HWQ,p(RS’(C4 S<t>73/2+3/p7 JAS [27 00]7

S
“¢(t) HHN(R37(C4 5 6<t>
there is no estimate of the form

Hw(t)HHN,p(RS)’(CAL S S( ) 323l (244)

when p € (2,00] and N > 2. If estimate ([244)) was applicable, we would obtain
1T (t)
t
S 1A e IO s oy O
”Ainh (t',x) ||L4/<1*E>L‘;/<1+5>((o,t)xR3,<CS) ”Wt/’ x) ”Lj/@*s)H;V*“/“*f)((o,t)xR3,<c4)

S ”( ]%( ))k=1,2,3"Lf/“”‘E)L‘;“?’*E)((o,t)xRS,CS)

. </ (S(t’>5—3/2+3(1—5)/4)4/(3+5) dt/>(3+g)/4

0

t
s NGO 51e)/4
5 (/ (||w(t)“L2(R3’C4)||¢(t)||L4/(3+g)(R3’C4)) /(3—¢ dt/> 5(<t>(€ 3)/(3+E)+1)( )/

0

e NG
3(/ (') ~3/@ )dt> (1)1
Vo
53<t>&"

A
S

N

where we require estimate (244)) with p = 4/(1 — ) in the third step.

5.2.3 Klainerman—Sobolev inequality
The Klainerman—Sobolev inequality (cf. e.g. Klainerman [60] and Selberg [88]) for
u € §([0,00) x R?) reads

u(t, )| S (L t+l2)) " D [T e,

a€eNgt: |a|<2

where

I = (Ty,...,Ty)
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is an enumeration of the vector fields

at7al7827837
Qij:xjai—xiaj, 1<i<y <3,
on = tﬁj + Zlfjat, ] = 1,2,3,

3
Lo = tat + Z xﬁl
=1

and
Fa:F?l,__F(lXIM’ Oé:<Ck1,...,Oéll)€Ng)1.

We can avoid the presence of Ly which does not behave well with the Dirac propaga-
tor eT*P) by allowing possible future times on the right-hand side (cf. again Klainer-
man [60]). More precisely,

Ju(t, z)]

1/2
SH sw S U ey + 197V o)) (245)

t€[0,2(t2—[z[*)/?] a€eNEt: |a<2
for any u € S([0,00) x R?), where
Q= (Ql,...,QG)
- (QOh QOQ; 9037 Ql?a Ql?n 923)

and
Q=00 ...Q°, aeN;.
We establish the a priori assumption
HAinh

<t>HW2v°°(R3,(C3) 5 8<t>71 (246)

which we want to improve to
A 0]y ) S 2 (247)

For any 1 <1 < 75 < 3, we have
t
QijAmh(t, x) = /0 z; [|D|_1 sin ((t — t')|D|)8,~N(@/)(t’))} (x)dt’

= [ liprsin (e = DN ) () o
where B
N) = —curlA_lcurl(w'ykzp)k:l,m.
Since
z;[| D7 sin ((t — ¢)|D]) N (&(t')] = =|DI7*0; sin ((t — )| D[) N ((¢))
+|D[™ cos ((t = )| D) (t — ¢)|D]9;0:N(¥(t'))
+ D[ sin ((t — ¢')|D|)a; 0N (¥(t'))
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and analogously for z;[|D|™ sin ((t — ¢')|D])9;N(¢(t'))], we obtain

QA (¢, 2) = /0 D] sin (£ — ) D]) [ N (0(#))] () dt

For 7 = 1,2, 3, note that
t
QuA™(t.2) = [ D] sin (¢ = #)| D)0V (w(t)] (o)
0

+ xj/o cos ((t — )| D)) N(&(t)) () dF
and

3 eos (= YD) N ()] = —sin (¢ — YD) 1) DI, N ()
+ cos ((t — )| D])x; N ((t')).

Integration by parts leads to

/Ocos ((t—t')]D\)xjN(w(t’))(x)dt’:/0 |D| " sin ((t — )| D])x;00 N ((t')) () dt’
+ |D| " sin (¢|D]) ;N (o).

Hence,

t
Qo A™(t,7) = / |D| " sin ((t — )| D]) Qo N (0(t)) (z) dt’
0
+ |D| ™" sin (¢| D) ;N (o).
The vector fields €;, 1 < k < j < 3 commute with eT*"). Indeed,
Qg () = (0,0 — 0;) (7 Phw (1))
= Fit(D)10;0,eTHPwE(t) + TP g 0w (1)
+ it(D) 10, 0,e T P)wE(t) — TP 3. 0,wE (1)
= ¢TI wE (1) (248)
and analogously
Qg o Qb= (1) = TP Qi Qpiw™ (t). (249)
For the vector fields €y;, j = 1,2, 3, we have
QojbE(t) = (t0; + 2;0,) (eT"PIw* (1))
= ejF“<D>t3jWi(t) + a:j( F i(D>ejF”<D>Wi(t)) + x; (ejFit(matWi(t))
= B:Fit<D>( + i<D>_18j + Z<D>Ij + i<D>_lajtat 4+ xjﬁt)wi(t)
= TP (£ (D) 10; F i(D)x; + LT0)wh(t) (250)
and
Qo Qo= (t) = TN (F (D)0 F i(D)xy + (LF) ;)
(Fi(D)'0; F i(D)x; + L;Fat)wi(t). (251)
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For interactions of {2;; and €);, note that
[Qag, Qys] = 9775 + 97 Qary — 977 Qs — 97 Q, (252)
and
Qoy Q™ (1) = TP (F i(D) 10y F i(D)ay + L50;) Qyw™ (8). (253)
We now consider the contributions
|2 (L (") (t) HLW o k=123 ac NS, |a| < 2.

For |a| = 0, we obtain immediately

19 YN e ) < PN oo ey [N e ey
< S22 (254)
Let |o| = 1. Leibniz’ rule yields
Qi (0y"Y) = ()" — " (), 1<i<j<3,
Qo; (V") = (Qiﬂ)v’“w + 9y (Qyy), 1< <3
Therefore,

HQU( ) kw HL2 R3,C) ~ “Qijw(t/)HL2(R3,(C4)Hw(t/)HLw(R3,C4)
N wa(t/)HHl(R3,<c4)||¢(t/)HLoo(Réﬂ,@l)
5 52<t/>5—3/2
and
HQOJ( () o (t) )HL2 (R3,C) (HW HLZ(RS,@) + ijw(t,)HHl(Ri",(C‘l)

DD (18 CO1 ey | /I CO1 oy

+oe{+,—}
S (3 + D ILF 0w ()] g cr) ) )2
+oc{+,—}
Since
Qw0 (t) = e IR (D) [y "y A () (2)], (255)
we have
Lo (t) = ez, (150 (D) [1097 4, (1) 1))
and

HLTOat’WiO (t,) ||L2(]R3,(C4) SJ H/}/OV‘HAM (t,)¢(t/) HLQ(R?’,(C‘l) + H’YO’Y‘“‘%‘]‘ (A“(t,)¢(t,)) HL2(R3,(C4)
t/ HVOV“AIL (t/)w(t/> HLQ(R?’,C‘l)
S ) (A6 | e oy + 1177 A5 e o ) I | s
SO (B + A )]y qas o)
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Hence,

HQOJ'( ) kw ||L2(R3 oS < 5 <t/>5 3/2+5 1/2HAmh
5 52<t/>€_3/2,

oo s )

where we used a priori assumption (246|) in the second step. Therefore,

S0 12 @E V) | paggay S ()T (256)

a€eNS: |a|=1

Finally, consider |o| = 2. Similarly to (256)), we would like to obtain

o 1@ ) | paqgo ey S 8 (257)

a€eNS: |a|=2

Then, we would be able to conclude

Z HX>>1 (D)QaAinh<t>HL2(R37(cs)

a€eNS: |a|<2

S [ s (D)DI sin (6= DDV @ED] g O

t
</ 52<t/>2€_3/2dt,

0

< 6% (258)

where xs1 = 1 — x<1 and x<; comes from (243)). However, the contributions in (251])
and turn out to be more delicate and we will only present a sketch of proof how
one might try to handle these terms. We need the restriction on large frequencies
for two reasons. On the one hand, the contribution |D|~! would lead to problems for
small frequencies. On the other hand, we want to use in that (D) behaves like
|D| for large frequencies. From ([249)), we get

”Q’W’Q’W’wi(t/) HLQ(R3,(C4 HQ’WQ"?’ et (t') HLQ(R3,64)
[{z)

()] 72 o3

S
< o(t')%. (259)

By (253]), we have

HQOJ'QOJ'/wi(t/) ||L2(]R3,(C4) S H <x>zwi(t/> HHQ(R?’,(C‘l) + H <x>L;FatWi<t/)HH1(R3,(C4)

+ || LT O, LT 0w ™ (t) (260)

||L2(R3,<c4)‘
The first term in (260)) is obviously bounded by
[ () w=(t') S o)

2 g

For the second term in (260)), note that

LT[V A ()0 ()] =" Ay ) LT () F it "y 0;Au(t) (D)~ o (t)
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and
L;-El'j = .T,']L;E F it'(D)_48j/8j.

Hence,
||xL;:8tWi(t/)“H1(R3,C4)
= |[LT 2 (I (D) "y Au( ) ()
S 7"y A LT W) g1 g o)
+ [t 05 AN (D) S (E)) || s o o
(1" At ) (¢ HHl(R3,(C4)
t/><HA0 HW1°°(R3(C + HVDVUL (t) leoo R3,C4 )”"EW (t') HHl (R3,C4)
+(t) (HAO HW26/<2 o®sc) T 7777 4, (t HW26/<2 ©)(R3,C4 )W HL6/<1+5>(R3,¢:4)
(O (A ey + [0V A s oy ) [E s oy

As before,

)] PRSP

146N lwroqes 0y S 1 oo e 19 oo o

Sj 52 <t/>71
and

146(2")

HW2’6/(2*5)(]R3,(C) f, HVHL311(R3,R)”W}(t,)|2HW2»6/(6*5)700(R3,(C)
S s o 19 | 1o/60-0 g o
S 52<t/>_8/2.

Since we also know that

SOt

wa(t,) HHl(R?’,(C‘l)

Hw(t,) HLG/(1+5)(R3,(C4)

H@ZJ(t/)HHl(RZ{(CAL) S, 5:

we end up with
HJIL;':atW 52< > + S< />1+a| Ainh(t/>
O A |y 6/(2-2) (R3,C3)

S 52< > +5 a/QHAmh

Mines e = [

HW276/(2*5)(R3,C3) (261)

using a priori assumption (246)) in the second step. The second term in (261f) will be
controlled by applying Strichartz’ estimate. For the last term in (260]), note that

&:L;E = L;-Fat + <D>_18j
and

O (1) = PN D)y ( +4(D) [Au(6 ()] + 1 Au(DO(0) + 104 ()(1) ).
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Provided sufficiently large frequencies, one might try to replace (D) with |D| (up to
acceptable error terms). Then, we could use

t
Amh< 2 / ‘D| 1 zt t)|D|N(1/J)(tI> d¢ — 2i/ |D‘71€7i(t7t/)|D\N(w)<t/) dv
{ tJo

—- _Alnh,+ t) — _Amh,— t

where A™* solves the half-wave equation
—i@tAi“h’i + |D’Ainh,i — _i‘DrlN(w)?
and therefore,
||L;E@tL;F8tWi (t,) ||L2 (R3,C%)

SNLFLT (i £ (D) Aot )b (t)|| s o
L;ﬁL;F’YOfYJ(_Zat + ’D‘)Ajal)w t' HLQ(R3,(C4)
{125 LT At (=0, = (DY) o o
+ |77 A W) oo ey

ﬂVWWW@WWWﬂWMWWmmm

(P DI N @) ) | g e
+(t') H’VO“Y“A ()" Au )= ()] fogs o
+S( Tt H’WA M 2 R3(C4)>
()2 [7 " Au(®) (') HL2<R3,C4>H¢ M 2o 1
+—<nwwN< Ol e
+o(t') Y[ " At HZLoo(Ri3 1)
FO(F) T+ [P A HWW@J
S SO A oy + SO A e + 1 (262
where the last step follows from
HAO(t/)HLoo(R37(C) S 52<t/>_1
and
H|D|_1N(w)(t/)HLoo(R3,(c3) 5 ||| ) |_2HL3/2’°°(R3,(C)||N(w)(t/>HL3’1(R3,C3)
S ||1/}<t,) HL4(R3,(C4) ||¢(t/) HLH(R?’,C‘l)
5 52 <tl>72

Applying a priori assumption (246)) in (262)) leads to

||L;F,8tL;F8twi (t,) ||L2(R3,(C4) S 52.
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For the contributions €;:{;, we first note that

1) 705 + (D)) g™ ()| g 1) S 1) W) oo ey
<o),

Because of ([253), it remains to consider ||L]9,Q;w™(t')||L2(@s c1). We have

| L7 0w = || L7 Q0w (1)

Moz @s e
= HL;Fej:it(D)Q ,Hi( )’YO’Y“Au(t/W(t/)HLQ(R;@;)
S {707 0 A (1)
+ {72 Au(t)
|HD| R0 (t
[V ()

)| 2es c

() e )
Qkﬂ/’ HL2 R3,C4)
Pl )HLstc4
Q’W( )) ||L2(1R3 c4)
NN Qs A () Y] s o)
()1 At HLOO(R3 C4) [ Q50 (¢ ||L2(]R3 c1y’

Since
HQkiw HLQ(R3 c) HQkﬁW(t/)HLQ(W,M)
S ||xw(t,)||H1(R3,C4)
SOt
and
110172010514 () P[] oo s oy S NPT HOE) P[] e s
< @ ||L4(R37C4)||¢( Mi2s,cay
S S2<t/>72
as well as
”V * ( )Qkﬂz) ||L°° (R3,C) S H¢ HLG(]R3,(C4)||ij¢(t/)||L2(R3,C4)
§52< >5 1’
we obtain

1L 0w (¢)]] o s oy S 07 () + 6 ™| Qg A (V)| s o)
S A™E) e
A priori assumption (246|) and estimate (256 for the case |o| = 1 imply

< 52 <t/>6.

||L;'FatijWi(t/)HLQ(R;@;) ~
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We can skip the contributions €2y, because they coincide with €2y;€2; up to the
correction terms of (252)) which have already been treated in the case |a| = 1. So, we
can conclude that

Z "Qa(a(tl)'ykw(tl))HLz(RS,C)
a€NS: |a|=2
5 <5<t,>26 + S<t/>6/2 HAinh(t,) ||W1s6/(2*5>(R3,C3)> “¢(t/) HLOO(R37C4)

5 52 <t/>2a—3/2 + 52 <t/>—(3—a)/2 HAinh(t/) HW276/(275> (263)

(R3,C3)"

For the first term of (263]), we can follow estimate (258]). For the second term in (263)),
note that

t
52 <tl>*(3f€)/2HA1nh<t/)||W276/(2_E>(R3’CS) dt’
t/4
~ b e e (G-e)/6,
552(/t/4<t/> 3(3—¢)/(5—¢) dt’) ||A h(t/,x)HLf/(HE)(t/4,t)W12’6/<2_5)(R3,(C3)
IS 82 <t>(72+€)/3”N(¢)(t/7 I) HLf,/(4+5)(t/4,t)WI2’6/(5_E)(R3,C3)
32\ (—2+€)/3 / /
S 83ty !W(’f ’x)||Lt°,‘7(t/4,t)H§(R3,C4)||¢(t ’9“")”Lf/““)(t/47t)L2/<2*€>(R3,«:4)
t €
< 53<t)(_2+5)/3</ (<t/>—1/2—5/2)6/(4+8) dt’) (4+¢)/6
t/4
5 S3<t>(_2+6)/3<t>(1_2€)/6
= 63 ()12, (264)

From estimates (254)), (256)), (263), (264) and (245)), we would be able to conclude

HX>>1Ainh(t)HLoo(R37(c4) S 52 <t>_1

and similarly for |D|A™ and |D|2A™ (in fact derivatives on A" (¢) even cancel the
problematic | D|~-contribution, which was one reason to restrict on large frequencies).
Therefore,

HX>>1Ainh (t) ||W2,00(R37C3) SJ 52 <t>_l :

Remark. We should point out that the calculations in the case || = 2 have not
been completely rigorous, especially in (262)) concerning the error terms arising from
replacing (D) with |D| for large frequencies. However, even if we were able to restrict
on |a| < 1, the operator |D|~! would lead to problems for small frequencies. On the
other hand, we also recall that small frequencies might be controlled by our approach
in Subsection (2.1

5.3 Conclusion

The three approaches in Section are not yet sufficient to get the desired H"-
estimate for 7™, We should also emphasize that the other parts of the Xp-norm
still need to be controlled for the A;, as well. After having shown the (t)~'-decay for
A;(t), a similar proof as done in Section [2f for Ay might produce the corresponding
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estimates for the A;. After closing the bootstrap argument for A;, we would be able
to conclude global well-posedness. It also remains open whether the A; do not affect
the oscillating correction term in contrast to Ag. One might try to exploit the hidden
null-structure in

VY'Y
which is not present in the [t)|?-contribution of Ay, see e.g. D’Ancona—Foschi-Sel-
berg [25], Section 4] for details.
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