
Dissertation

On the long-time behavior of the
three-dimensional Dirac–Maxwell equation

with zero magnetic field

zur Erlangung des akademischen Grades

Doktor der Mathematik (Dr. math.)

vorgelegt der Fakultät für Mathematik der Universität Bielefeld von

Cai Constantin Cloos

Eingereicht am 2. September 2020.

Die Annahme der Dissertation wurde empfohlen von

Prof. Dr. Sebastian Herr (Universität Bielefeld),
Prof. Dr. Mihaela Ifrim (University of Wisconsin–Madison).

Verteidigt am 3. Dezember 2020.



Contents

1 Introduction 1
1.1 Notation and preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . 2
1.2 The Dirac–Maxwell system and the scalar toy model . . . . . . . . . . 7
1.3 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12

2 Bootstrap argument and weighted estimates 18
2.1 Local well-posedness . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20
2.2 Weighted energy estimates . . . . . . . . . . . . . . . . . . . . . . . . . 29

2.2.1 Control of 〈D〉Nψ± . . . . . . . . . . . . . . . . . . . . . . . . . 33
2.2.2 Preliminary estimates for controlling xw± and 〈x〉2w± . . . . . . 33
2.2.3 Control of xw± . . . . . . . . . . . . . . . . . . . . . . . . . . . 47
2.2.4 Control of 〈x〉2w± . . . . . . . . . . . . . . . . . . . . . . . . . . 50

3 Testing solutions by wave packets 61
3.1 Approximation by wave packets . . . . . . . . . . . . . . . . . . . . . . 66
3.2 Asymptotic expansion . . . . . . . . . . . . . . . . . . . . . . . . . . . 73
3.3 Control of 〈ξ〉8[ψ±(t)]̂ (ξ) and proof of the main result . . . . . . . . . . 85

4 Asymptotic completeness 93
4.1 Nonlinear estimates . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 96
4.2 Inhomogeneous estimates . . . . . . . . . . . . . . . . . . . . . . . . . . 99

5 Outlook: Nonzero magnetic field 103
5.1 HN -estimate for Aj . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 105
5.2 Approaches how to control II inh . . . . . . . . . . . . . . . . . . . . . . 106

5.2.1 Young’s convolution inequality in Lorentz spaces . . . . . . . . . 106
5.2.2 Strichartz estimate . . . . . . . . . . . . . . . . . . . . . . . . . 108
5.2.3 Klainerman–Sobolev inequality . . . . . . . . . . . . . . . . . . 109

5.3 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 117

References 118

Acknowledgements 125
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1 Introduction

The aim of this work is to advance the understanding for the long-time behavior of
solutions to the Dirac–Maxwell system in three space dimensions. In quantum electro-
dynamics (QED), the Dirac–Maxwell system (cf. e.g. [11, 12, 86]) arises by coupling
Dirac’s equation with Maxwell’s equations and it models the interaction between an
electromagnetic field and a charged fermionic field (e.g. an electron).

The Dirac equation was first stated in Dirac’s seminal paper [32] in the 1920s
for modeling four-component spinor fields ψ and describing the states of relativistic
spin-1/2-particles (e.g. electrons), see also Thaller [95] (and references therein) for
more details on the Dirac equation. Maxwell’s equations go back to the work of
Maxwell [75] in the 1860s as a model to describe the electromagnetic field determined
by the electromagnetic potential (A0, A).

In mathematical research of nonlinear dispersive and wave equations, there is the
following hierarchy of general questions for a given Cauchy problem:

a) Is the Cauchy problem locally well-posed for a certain class of initial data?

b) Is the Cauchy problem globally well-posed?

c) What does the long-time behavior of global solutions look like?

In this thesis, we consider a simplified version of Dirac–Maxwell which arises from
dropping the magnetic potential A or the magnetic field ∇ × A (cf. Section 1.2 for
details). In some Cauchy problems, global nonlinear solutions behave for large times
like linear solutions. This phenomenon is called scattering.

The Dirac–Maxwell equation with zero magnetic field is scattering critical in the
sense that the spatial L2-norm of the nonlinearity decays like t−1 where t is the time
variable, cf. estimate (72) on page 31. We establish a modified scattering result by
showing that solutions decay pointwise like linear solutions but behave asymptotically
only like linear solutions multiplied with a correction factor that oscillates logarithmi-
cally in time. We refer the reader to Theorem 1.1 on page 12 for a rigorous formulation
of our main result.

The oscillating correction factor arises from an asymptotic differential equation for
the solution. This equation can be derived by spatial methods (see e.g. Lindblad–Soffer
[69] for the one-dimensional cubic Schrödinger equation) or by Fourier methods (see
e.g. Hayashi–Naumkin [51] and Kato–Pusateri [59]). We use Ifrim and Tataru’s method
of testing solutions by wave packets (see e.g. [57]) which interpolates between these
two approaches by localizing solutions in space and frequency at a time-dependent
scale related to the uncertainty principle.

We also address the asymptotic completeness problem: Provided a sufficiently
regular asymptotic state, we construct a solution to the Dirac–Maxwell equation with
zero magnetic field which converges to the asymptotic state in a suitable norm as time
goes to infinity, see Theorem 4.1 on page 94 for a precise formulation of the asymptotic
completeness result.

The question of generalizing our modified scattering result to Dirac–Maxwell with
nonzero magnetic field remains open. However, we present some attempts on how our
method might be applied to nonzero Aj. In fact, the Aj exhibit a hidden null-structure
so that there is some hope that they do not affect the modified scattering behavior
and our result would then carry over to Dirac–Maxwell with nonzero magnetic field.
We refer to Section 5 for details.
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1.1 Notation and preliminaries

This section is devoted to fixing notation and collecting some central definitions and
frequently used propositions. General references for this subsection are [45, 46, 4].

A . B means A ≤ CB for some universal constant C. We write A .p B to
highlight the dependence of C on some parameter p. A ≈ B means A . B and
B . A. For integers k, l, we write k � l if k ≤ l − 4, k ∼ l if k − 4 ≤ l ≤ k + 4 and
k ≺ l if k ≤ l + 4.

For x ∈ R, we denote by
x+ = max{x, 0}

the positive part of x and x+, x− stand for arbitrary real numbers y > x, y < x,
respectively.

We use the Kronecker delta notation

δi,j =

{
1 if i = j,

0 if i 6= j,

where i, j are usually integers.
Throughout this thesis, | · | is the Euclidean norm on Cd, d ∈ N, and Br(x) always

denotes the Euclidean ball in R3 with center x ∈ R3 and radius r > 0, i.e.

Br(x) = {y ∈ R3 : |y − x| < r}.

Lp spaces

For a Lebesgue-measurable set Ω ⊆ Rn and p ∈ [1,∞], we consider the function space

Lp(Ω,Cd) = {f : Ω→ Cd | f measurable and ‖f‖Lp(Ω,Cd) <∞},

where

‖f‖p
Lp(Ω,Cd)

=

∫
Ω

|f(x)|p dx, p ∈ [1,∞),

‖f‖L∞(Ω,Cd) = ess sup
ω∈Ω

|f(ω)| = inf
{
B > 0: λ(x ∈ Ω: |f(x)| > B) = 0

}
and λ is the Lebesgue measure on Ω. For any p, q, r ∈ [1,∞] and any measurable
f, g : Ω→ Cd, ϕ : Ω→ C, we have

‖ϕf‖Lp(Ω,Cd) ≤ ‖ϕ‖Lq(Ω,C)‖f‖Lr(Ω,Cd),
1

p
=

1

q
+

1

r
, (Hölder’s inequality)

‖f + g‖Lp(Ω,Cd) ≤ ‖f‖Lp(Ω,Cd) + ‖g‖Lp(Ω,Cd), (Minkowski’s inequality)

‖f‖Lp(Ω,Cd) = sup
g∈Lp′ (Ω,Cd) : ‖g‖

Lp
′
(Ω,Cd)

≤1

∣∣∣ ∫
Ω

〈f(x), g(x)〉Cd dx
∣∣∣, (Duality)

where p′ denotes the dual Hölder exponent of p, i.e.

1 =
1

p
+

1

p′
.

After identifying functions which only differ on a null set, Lp(Ω,Cd) becomes a Banach
space and a Hilbert space in the case p = 2.
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We also work with mixed-norm spaces LptL
q
x(Ω1 × Ω2,Cd) defined via

‖f‖LptLqx(Ω1×Ω2,Cd) =
(∫

Ω1

(∫
Ω2

|f(t, x)|q dx
)p/q

dt
)1/p

,

where Ω1 ⊆ Rn1 and Ω2 ⊆ Rn2 are Lebesgue-measurable and p, q ∈ [1,∞] with the
obvious modifications when p = ∞ or q = ∞. In the same way, we also define
e.g. LptH

s
x(Ω1 × Rn,Cd), where Hs is the Bessel-potential space of order s ∈ R, see

below for more details. We write f(t) for the mapping x 7→ f(t, x), i.e.

f(t)(x) := f(t, x).

We have

‖f‖LptLqx ≤ ‖f‖LqxLpt , 1 ≤ q ≤ p ≤ ∞. (Generalized Minkowski’s inequality)

The convolution of ϕ ∈ Lp(Rn,C) and f ∈ Lp′(Rn,Cd) is

ϕ ∗ f(x) =

∫
Rn
ϕ(y)f(x− y) dy, x ∈ Ω.

We have

‖ϕ ∗ f‖Lp(Rn,Cd) ≤ ‖ϕ‖Lq(Rn,C)‖f‖Lr(Rn,Cd), 1 +
1

p
=

1

q
+

1

r
. (Young’s inequality)

For 1 ≤ p <∞ and 1 ≤ q ≤ ∞, we define the Lorentz space Lp,q(Rn,Cd) by

Lp,q(Ω,Cd) = {f : Ω→ Cd | f measurable and ‖f‖Lp,q(Ω,Cd) <∞},

where

‖f‖q
Lp,q(Ω,Cd)

=

∫ ∞
0

(
t1/p inf

{
s > 0: λ

(
x ∈ Ω: |f(x)| > s

)
≤ t
})q

t−1 dt, q ∈ [1,∞),

‖f‖Lp,∞(Ω,Cd) = sup
t>0

t1/p inf
{
s > 0: λ

(
x ∈ Ω: |f(x)| > s

)
≤ t
}
.

We have
‖ · ‖Lp,p(Ω,Cd) = ‖ · ‖Lp(Ω,Cd).

As shown in [82, Thm. 3.4], Hölder’s inequality can be generalized to

‖ϕf‖Lp,q(Ω,Cd) . ‖ϕ‖Lp1,q1 (Ω,C)‖f‖Lp2,q2 (Ω,Cd), p, p1, p2 ∈ (1,∞), q, q1, q2 ∈ [1,∞],

1

p
=

1

p1

+
1

p2

,
1

q
≤ 1

q1

+
1

q2

,

(Lorentz-type Hölder)

The interpolation theory for Lorentz spaces (cf. Bergh–Löfström [10] for details) yields

‖f‖Lp,q(Ω,Cd) . ‖f‖ϑLp1 (Ω,Cd)‖f‖
1−ϑ
Lp2 (Ω,Cd)

, ϑ ∈ (0, 1),
1

p
=

ϑ

p1

+
1− ϑ
p2

.

(Interpolation)
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For the following generalizations of Young’s inequality, we refer to Grafakos [45,
Thm. 1.4.25] and O’Neil [82, Thm. 2.6, Thm. 3.6]:

‖ϕ ∗ f‖Lp(Rn,Cd) . ‖ϕ‖Lp1,∞(Rn,C)‖f‖Lp2 (Rn,Cd), p, p1, p2 ∈ (1,∞),

1 +
1

p
=

1

p1

+
1

p2

, (Weak-type Young)

‖ϕ ∗ f‖Lp,q(Rn,Cd) . ‖ϕ‖Lp1,q1 (Rn,C)‖f‖Lp2,q2 (Rn,Cd), p, p1, p2 ∈ (1,∞), q, q1, q2 ∈ [1,∞],

1 +
1

p
=

1

p1

+
1

p2

,
1

q
≤ 1

q1

+
1

q2

,

(Lorentz-type Young I)

‖ϕ ∗ f‖L∞(Rn,Cd) . ‖ϕ‖Lp1,q1 (Rn,C)‖f‖Lp2,q2 (Rn,Cd), p, p1, p2 ∈ (1,∞), q, q1, q2 ∈ [1,∞],

1 =
1

p1

+
1

p2

, 1 ≤ 1

q1

+
1

q2

.

(Lorentz-type Young II)

Schwartz space and Fourier transform

The Schwartz space S(Rn,Cd) is defined by

S(Rn,Cd) =
{
f ∈ C∞(Rn,Cd) : sup

x∈Rn
|xα∂βf(x)| <∞ ∀α, β ∈ Nn

0

}
,

where

xα =
n∏
j=1

x
αj
j , ∂β = ∂β1

1 · · · ∂βnn .

S(Rn,Cd) is dense in Lp(Rn,Cd) for any p ∈ [1,∞).
The Fourier transform of f ∈ L1(Rn,Cd) is

f̂(ξ) =

∫
Rn
e−ix·ξf(x) dx, ξ ∈ Rn, (1)

where

x · ξ =
n∑
j=1

xjξj

is the dot product on Rn. The Fourier transform is a homeomorphism on S(Rn,Cd)
with inverse

f̌(x) = (2π)−n
∫
Rn
eix·ξf(ξ) dξ.

For any f, g ∈ S(Rn,Cd) and ϕ ∈ S(Rn,C), we have

ϕ̂ ∗ f(ξ) = ϕ̂(ξ)f̂(ξ), ϕ̂f(ξ) = (2π)−n
(
ϕ̂ ∗ f̂

)
(ξ),∫

Rn

〈
f(x), g(x)

〉
Cd dx = (2π)−n

∫
Rn

〈
f̂(ξ), ĝ(ξ)

〉
Cd dξ, (Parseval)

‖f‖L2(Rn,Cd) = (2π)−n/2‖f̂‖L2(Rn,Cd), (Plancherel)

‖f̂‖Lp′ (Rn,Cd) ≤ (2π)n/p
′‖f‖Lp(Rn,Cd), p ∈ [1, 2],

1

p
+

1

p′
= 1. (Hausdorff–Young)
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Let S ′(Rn,Cd) be the space of tempered distributions, i.e.

S ′(Rn,Cd) = {u : S(Rn,Cd)→ C | u linear and continuous}.

For defining the continuity of u ∈ S ′(Rn,Cd) on S(Rn,Cd), we equip S(Rn,Cd) with
the topology induced by the seminorms

%α,β(f) = sup
x∈Rn
|xα∂βf(x)|, f ∈ S(Rn,Cd), α, β ∈ Nn

0 .

We denote
〈u, f〉 = u(f), u ∈ S ′(Rn,Cd), f ∈ S(Rn,Cd).

We can identify any g ∈ Lp(Rn,Cd), p ∈ [1,∞], by Lg ∈ S ′(Rn,Cd) via

〈Lg, f〉 =

∫
Rn
g(x)f(x) dx.

The Fourier transform for u ∈ S ′(Rn,Cd) is defined by

〈û, f〉 = 〈u, f̂〉, f ∈ S(Rn,Cd).

In particular, we can identify the Coulomb potential

V : R3 → C, V (x) = |x|−1

as a tempered distribution with Fourier transform

V̂ (ξ) = 4π|ξ|−2.

For u ∈ S ′(Rn,Cd) and z ∈ C with Re z > −n, we denote

[(−∆)z/2u]̂ = |ξ|zû.

In particular, for n = 3, we have

V̂ û = 4π[(−∆−1)u]̂

and
V ∗ u = 4π(−∆)−1u.

Remark. Standard textbooks like Grafakos [45, 46] usually focus on the case d = 1.
The d-dimensional case is relevant for this thesis because of the C4-valued Dirac spinors
and the R4-valued electromagnetic potential. The statements mentioned so far are
immediate consequences of the scalar case. For instance, the Fourier transform of
f = (f1, . . . fd) ∈ S(Rn,Cd) is

f̂ =
(
f̂1, . . . f̂d

)
and we can apply the scalar arguments for each component of f . In fact, the results
even remain true after replacing Cd with a Hilbert space and many of them even for
Banach spaces, see e.g. Amann [2, 3], Zimmermann [102] and Schmeißer [87] for more
details. For the subsequent statements, we will give references for the vector-valued
version as long as it is not an immediate consequence of the scalar case.
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Fourier multipliers and Sobolev spaces

Let m : Rn → Cd×d be measurable. By | · |, we also denote the Euclidean norm on
Cd×d ∼= Cd2

. We define the Fourier multiplier m(D) by

[m(D)f ]̂ = mf̂, f ∈ S(Rn,Cd).

For m ∈ Ck(Rn r {0},Cd), k = max{κ ∈ N : κ ≤ n/2}+ 1, |∂αm(ξ)| .α |ξ|−|α|, ξ 6= 0,
α ∈ Nd

0, |α| ≤ k, we have

‖m(D)f‖Lp(Rn,Cd) .p ‖f‖Lp(Rn,Cd), p ∈ (1,∞), (Hörmander–Mikhlin)

cf. e.g. Grafakos [45, Thm. 6.2.7] for d = 1 and Zimmermann [102, Prop. 3] for a more
general UMD space-valued version.

Let
〈ξ〉 =

(
1 + |ξ|2

)1/2
, ξ ∈ Rn.

We define the Bessel potential space Hs,p(Rn,Cd), s ∈ R, p ∈ (1,∞), as the set of
all u ∈ S ′(Rn,Cd) such that 〈D〉su can be identified as an element of Lp(Rn,Cd) with
norm

‖u‖Hs,p(Rn,Cd) = ‖〈D〉su‖Lp(Rn,Cd).

For p = 2, we denote
Hs(Rn,Cd) = Hs,2(Rn,Cd).

S(Rn,Cd) is dense in Hs,p(Rn,Cd) and Hs,p(Rn,Cd) is the completion of S(Rn,Cd)
with respect to ‖ · ‖Hs,p(Rn,Cd). For s ∈ N, the Bessel potential space Hs,p(Rn,Cd)
coincides with the Sobolev space W s,p(Rn,Cd) given by

W s,p(Rn,Cd) = {f ∈ Lp(Rn,Cd) : ∂αf ∈ Lp(Rn,Cd) ∀α ∈ Nn
0 , |α| ≤ s}

and
‖f‖p

W s,p(Rn,Cd)
=
∑
|α|≤s

‖∂αf‖p
Lp(Rn,Cd)

.

More precisely, the norms ‖·‖Hs,p(Rn,Cd) and ‖·‖W s,p(Rn,Cd) are equivalent. Analogously,

we introduce the homogeneous Sobolev space Ḣs,p(Rn,Cd) by replacing 〈D〉s with |D|s,
i.e.

‖u‖Ḣs,p(Rn,Cd) = ‖|D|su‖Lp(Rn,Cd).

For p =∞, we also consider W s,∞(Rn,Cd) with

‖f‖W s,∞(Rn,Cd) = max
|α|≤s
‖∂αf‖L∞(Rn,Cd).

For p ∈ (1,∞), 0 < s < n
p

and 1
p
− 1

q
= s

n
, we have

Hs,p(Rn,Cd) ↪→ Lq(Rn,Cd), (Sobolev’s embedding theorem I)

i.e.
Hs,p(Rn,Cd) ⊆ Lq(Rn,Cd), ‖ · ‖Lq(Rn,Cd) . ‖ · ‖Hs,p(Rn,Cd).

If s = n
p

and n
s
< q <∞, then

Hs,p(Rn,Cd) ↪→ Lq(Rn,Cd). (Sobolev’s embedding theorem II)
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If s > n
p
, then any f ∈ Hs,p(Rn,Cd) coincides almost everywhere with a bounded and

continuous function and

Hs,p(Rn,Cd) ↪→ L∞(Rn,Cd), (Sobolev’s embedding theorem III)

cf. e.g. Grafakos [46, Thm. 1.3.5] for d = 1 and Arendt [5, Thm. 5.1] for a Banach
space-valued version.

Let χ ∈ C∞c (Rn r {0}, [0,∞)) be a radial function such that for

χj(ξ) = χ(2−jξ), j ∈ Z,

we have

suppχj ⊆ {ξ ∈ Rn : 2j−1 ≤ |ξ| ≤ 2j+1},
∑
j∈Z

χj(ξ) = 1 ∀ ξ 6= 0.

The Littlewood-Paley-Projector Pj is defined by

P̂ju = χju, u ∈ S ′(Rn,Cd).

Note that ∑
j∈Z

Pju = u,

χ̌ = 2jnχ̌(2j·),
Pj = P̃jPj = PjP̃j, P̃j = Pj−1 + Pj + Pj+1.

We also write

χ̃(ξ) = χ(2−1ξ) + χ(ξ) + χ(2ξ), χ̃j(ξ) = χ̃(2−jξ)

which implies
P̃ju = χ̃j ∗ u.

For any f ∈ S(Rn,Cd), we have

‖Pjf‖Lq(Rn,Cd) .p,q 2j(
n
p
−n
q

)‖Pjf‖Lp(Rn,Cd), 1 ≤ p ≤ q ≤ ∞, (Bernstein’s inequality)

cf. e.g. Lemarié-Rieusset [66, Prop. 3.2].

1.2 The Dirac–Maxwell system and the scalar toy model

In this section, we mainly follow D’Ancona–Foschi–Selberg [25] and Bournaveas [13].
The three-dimensional Dirac–Maxwell system is

γµDµψ + ψ = 0, (2)

∇ · E = ρ, ∇ ·B = 0, ∇× E + ∂tB = 0, ∇×B − ∂tE = J. (3)

Dirac’s equation (2) describes the Dirac spinor

ψ : R× R3 → C4
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and
Jµ = 〈γ0γµψ, ψ〉C4 = ψγµψ, µ = 0, 1, 2, 3,

is the Dirac four-current density, where

ψ = ψ†γ0

is the Dirac adjoint and ψ† the Hermitian adjoint of ψ. In particular,

ρ := J0 = |ψ|2

is the charge density and
J := (J1, J2, J3)

is the three-current density. By

E = (E1, E2, E3) : R× R3 → R3,

we denote the electric field and

B = (B1, B2, B3) : R× R3 → R3

is the magnetic field. We use the Einstein summation convention that repeated Greek
indices are summed over µ = 0, 1, 2, 3 and repeated Roman indices are summed over
j = 1, 2, 3. The 4× 4-Dirac matrices γ0, γ1, γ2, γ3 are given by

γ0 =

(
I2 0
0 −I2

)
, γj =

(
0 σj

−σj 0

)
, j = 1, 2, 3

with Pauli matrices

σ1 =

(
0 1
1 0

)
, σ2 =

(
0 −i
i 0

)
, σ3 =

(
1 0
0 −1

)
.

They satisfy the anti-commutation relation

γµγν + γνγµ = 2gµνI4

with Minkowski metric
(gµν) = diag(1,−1,−1,−1).

The second and third equation of (3) are equivalent to the existence of a four-potential

(A0, A1, A2, A3) : R× R3 → R4, A := (A1, A2, A3),

such that

B = ∇× A, E = ∇A0 − ∂tA. (4)

Dirac’s equation (2) and Maxwell’s equations (3) are coupled via

Dµ = D(A0,A)
µ = −i∂µ − Aµ. (5)

In the sequel, indices are raised and lowered with respect to the Minkowski metric, i.e.

γµ = gµνγν , ∂µ = gµν∂ν etc.,
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where we set

∂0 = ∂t, ∂j = ∂xj .

After plugging in (4) in (3), we obtain

Jµ = ∂µ∂νAν − ∂ν∂νAµ.

Plugging in (5) in (2) leads to

−iγµ∂µψ + ψ = γµAµψ.

Therefore, the Dirac–Maxwell system (2)–(3) is equivalent to

−iγµ∂µψ + ψ = γµAµψ, (6)

∂µ∂νAν − ∂ν∂νAµ = Jµ. (7)

The initial data are usually denoted by

ψ±(0) = ψ±0 , A(0) = a, ∂tA(0) = ȧ.

Conservation of charge and gauge invariance

Note that (7) implies ∂µJ
µ = 0 and

∂t

∫
R3

J0(t) dx = −
∫
R3

∂jJ
j(t) dx = 0 (8)

which means conservation of charge since

‖ψ(t)‖2
L2(R3) =

∫
R3

J0(t) dx.

The Dirac–Maxwell system is invariant under gauge transformations

ψ 7→ eiϕψ, Aµ 7→ Aµ + ∂µϕ

for any ϕ : R×R3 → R. This means, if (ψ,Aµ) solve (2)–(3) (or equivalently (6)–(7)),
then also

(
eiϕψ,Aµ + ∂µϕ

)
, where

D(Aν+∂νϕ)
µ

(
eiϕψ

)
= eiϕD(A0,A)

µ ψ.

Since the observables ρ, J, E,B are invariant under those gauge transformations, so-
lutions (ψ,Aµ) and

(
eiϕψ,Aµ + ∂µϕ

)
are physically equivalent. Therefore, we get an

equivalence class of solutions and we can choose a representative by adding a feasible
gauge condition. One possible choice is

∂jAj = 0. (Coulomb gauge)

Then, equation (7) can be transformed to

J0 = ∆A0, J j = �Aj − ∂j∂tA0.
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Therefore, the Dirac–Maxwell system under the Coulomb gauge condition reads

− iγµ∂µψ + ψ = γµAµψ, (9)

∆A0 = |ψ|2, (10)

�Aj = ψγjψ + ∂j∂tA0, (11)

∂jAj = 0. (12)

Regarding Bournaveas’ approach in [13], we can simplify (11) as follows: Let

curl = ∇× .

By decomposing A into its divergence-free part −curl ∆−1 curlA and its rotation-free
part ∇∆−1∂jAj, equation (11) and the Coulomb gauge condition (12) yield

�A = −curl ∆−1 curl (J +∇∂tA0)

= −curl ∆−1 curl J. (13)

We can diagonalize (9) by decomposing ψ into

ψ = ψ+ + ψ−, ψ± = Π±(D)ψ,

with projections Π± defined by

Π±(D) =
1

2

(
I4 ± 〈D〉−1γ0(−iγj∂j + I4)

)
. (14)

The properties of the Dirac matrices γµ lead to

Π±(D)(−iγ0γj∂j + γ0) = ±〈D〉Π±(D) (15)

and left-multiplying (9) with γ0 gives

Π±(D)(A0ψ + γ0γjAjψ) = (−i∂t ± 〈D〉)ψ±. (16)

By (13) and (16), we conclude that the Dirac–Maxwell system (9)–(12) is equivalent
to

(−i∂t ± 〈D〉)ψ± = Π±(D)(A0ψ + γ0γjAjψ), (17)

∆A0 = |ψ|2, (18)

�A = −curl ∆−1 curl
(
(ψγjψ)j=1,2,3

)
, (19)

∂jAj = 0. (20)

Another frequently used gauge is

∂µAµ = 0. (Lorenz gauge)

Dirac–Maxwell under the Lorenz gauge condition becomes

− iγµ∂µψ + ψ = γµAµψ, (21)

�Aµ = −ψγµψ, (22)

∂µAµ = 0. (23)
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Scalar toy model

The systems (17)–(20) and (21)–(23) are closely related to the scalar semi-relativistic
Hartree-type equation

−i∂tu+ 〈D〉u = c
(
V ∗ |u|2

)
u, (24)

where c ∈ R, u : R × R3 → C, V (x) = |x|−1 is the Coulomb potential in R3 and ∗
denotes convolution with respect to the R3-variable. In astrophysics (Chandrasekhar
theory), equation (24) serves as a model to describe the dynamics and gravitational
collapse of boson stars. Therefore, it is often referred to as the boson star equa-
tion, see e.g. Lieb–Yau [68], Elgart–Schlein [34], Fröhlich–Jonsson–Lenzmann [42] and
Michelangeli–Schlein [76] for details. As already detected by Chadam and Glassey [18],
the semi-relativistic equation (24) serves as a toy model for the Dirac–Maxwell system:

For the Coulomb gauge version (17)–(20), note that

A0 = ∆−1|ψ|2 = −(4π)−1(V ∗ |ψ|2).

Hence, after dropping the Aj, i.e.
A = 0,

the system (17)–(20) becomes(
− i∂t ± 〈D〉

)
ψ±(t) = −(4π)−1Π±(D)

[(
V ∗ |ψ(t)|2

)
ψ(t)

]
(25)

which is a vector-valued version of (24).
For the Lorenz gauge version (21)–(23), assume that the magnetic field B vanishes,

i.e.
∇× A = 0

which implies

A = ∇φ (26)

for some φ : R× R3 → R. Let

Ψ(t, x) = e−iφ(t,x)ψ(t, x).

Then,

∂tΨ = −i∂tφΨ + e−iφ∂tψ

= −i∂tφΨ + e−iφ
(
− γ0γj∂jψ − iγ0ψ + iγ0γµAµψ

)
= −γ0γj∂jΨ− iγ0Ψ + i(A0 − ∂tφ)Ψ + iγ0γj(Aj − ∂jφ)Ψ, (27)

where we used (21) and (γ0)2 = I4. From (26) and (23), we obtain

∆φ = −∂jAj
= ∂tA0

and (22) implies

∂tφ = ∆−1
(
∆A0 − |ψ|2

)
= A0 + (4π)−1

(
V ∗ |Ψ|2

)
. (28)
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Plugging in (28) and (26) in (27) gives

∂tΨ = −γ0γj∂jΨ− iγ0Ψ− i(4π)−1
(
V ∗ |Ψ|2

)
Ψ

or equivalently
−iγ0γµ∂µΨ + γ0Ψ = −(4π)−1

(
V ∗ |Ψ|2

)
Ψ.

The diagonalization property (15) leads to

(−i∂t ± 〈D〉)Ψ± = −(4π)−1Π±(D)
[(
V ∗ |Ψ|2

)
Ψ
]
, (29)

where
Ψ± = Π±(D)Ψ.

1.3 Results

We consider the Cauchy problem{(
− i∂t ± 〈D〉

)
ψ±(t) = cΠ±(D)

[(
V ∗ |ψ(t)|2

)
ψ(t)

]
,

ψ±(0) = ψ±0 ,
(30)

where c ∈ R. For c = −(4π)−1, we obtain problem (25) for Dirac–Maxwell in the
Coulomb gauge after dropping the Aj as well as problem (29) for the Dirac spinor of
Dirac–Maxwell in the Lorenz gauge provided a zero magnetic field B = ∇× A.

Our main result is:

Theorem 1.1. Let N ≥ 103, ε ∈ (0, 1/16). There is δ0 > 0 such that for any
δ ∈ (0, δ0] and ψ±0 ∈ HN(R3,C4) with∥∥ψ±0 ∥∥HN (R3,C4)

+
∥∥〈·〉2ψ±0 ∥∥H2(R3,C4)

+
∥∥〈ξ〉9ψ̂±0 (ξ)

∥∥
L∞ξ (R3,C4)

≤ δ,

the Cauchy problem (30) is globally well-posed and its solution ψ = ψ+ + ψ− satisfies∣∣e±it(1−|x/t|2)1/2

ψ±(t, x)− t−3/2eic log(t)(V ∗|〈ξ•〉5/2W̃ |2)(x/t)〈ξx/t〉5/2W̃±(x/t)
∣∣

. δt2ε−7/4〈ξx/t〉3/2, (31)∥∥〈ξ〉(e±it〈ξ〉ψ̂±(t)(ξ)− (2π)3/2eic log(t)B±(ξ)W±(ξ)
)∥∥

L∞ξ (R3,C4)
. δ〈t〉2ε−1/4, (32)∣∣〈ξ〉8(e±it〈ξ〉ψ̂±(t)(ξ)− (2π)3/2eic log(t)B±(ξ)W±(ξ)

)∣∣ . δ〈t〉2ε−1/8 for 〈ξ〉 ≤ 〈t〉1/56, (33)∣∣〈ξ〉8e±it〈ξ〉ψ̂±(t)(ξ)
∣∣ . δ〈t〉2ε−1/8 for 〈ξ〉 ≥ 〈t〉1/56, (34)

where

〈ξv〉 = (1− |v|2)−1/2, v ∈ B1(0),

B±(ξ) =

∫
R3

∣∣∣ ξ〈ξ〉 ∓ σ

〈σ〉

∣∣∣−1(∣∣W+(σ)
∣∣2 +

∣∣W−(−σ)
∣∣2) dσ (35)

for some asymptotic state

W̃ =

(
W̃+

W̃−

)
: R3 → C4 × C4
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with supp W̃ ⊆ B1(0) and

W =

(
W+

W−

)
: R3 → C4 × C4, W (ξ) = W̃ (±〈ξ〉−1ξ).

We have W ∈ 〈·〉−8L∞(R3,C4 × C4) and∥∥〈ξ〉8W±∥∥
L∞(R3,C4)

≤ δ, (36)∥∥W±∥∥
L2(R3,C4)

=
∥∥ψ±0 ∥∥L2(R3,C4)

. (37)

Estimate (31) characterizes the modified scattering property of ψ on the spatial
side while estimates (32)–(34) describe the asymptotic behavior on the Fourier side.
The factor e±it〈ξ〉 in front of [ψ±(t)]̂ (ξ) is the symbol of the inverse linear propagator
for (30). In the case of scattering, e±it〈ξ〉[ψ±(t)]̂ (ξ) would behave like W . Our modified
scattering behavior in frequency is characterized by the oscillating correction factor
eic log(t)B±(ξ) where B arises from A0 = −(4π)−1

(
V ∗ |ψ|2

)
. Concerning the spatial

asymptotics, the factors e±it(1−|x/t|
2)1/2

and eic log(t)(V ∗|〈ξ•〉5/2W̃ |2)(x/t) correspond to e±it〈D〉

and eic log(t)B±(D), respectively, after localizing on rays x = tv.
Since

ψ = ψ+ + ψ−,

we get in particular[
eit〈ξ〉Π+(ξ) + e−it〈ξ〉Π−(ξ)

]
ψ̂(t)(ξ) = eic log(t)B+(ξ)W+(ξ) + eic log(t)B−(ξ)W−(ξ)

+O〈·〉−1L∞(R3,C4)

(
δ〈t〉2ε−1/8

)
and analogously for (32) and (33).

By time reversal, one can derive an analogous result for t→ −∞. Throughout this
thesis, we will focus on t ≥ 0 for simplicity.

The choice N = 103 comes from the proof of Lemma 3.13 and it is the lowest
integer such that our method ensures the 〈t〉2ε−1/8-decay in (33) and (34). One might
show a similar result for N ≥ 52 with a 〈t〉−ε-decay for ε ∈ (0, 1/261], see also the
remarks after Lemma 3.13 for a deeper discussion.

In Section 2.1, we also establish a local well-posedness result (see Theorem 2.2) in
a function space being suitable for the proof of Theorem 1.1. Furthermore, we derive
an asymptotic completeness result in Section 4, cf. Theorem 4.1.

Previous work

In the 1960s, Gross [48] proved local well-posedness for the three-dimensional Dirac–
Maxwell system in a suitable function space. Bournaveas [13] obtained a local result
for initial data (ψ0, a, ȧ) ∈ Hs+1/2(R3,C4) ×Hs+1(R3,R3) ×Hs(R3,R3), s > 0, using
null-form estimates established by Klainerman and Machedon [61], see also [62, 63,
7] for applications to Klein–Gordon–Maxwell, Yang–Mills and Dirac–Klein–Gordon.
Masmoudi and Nakanishi [73] improved Bournaveas’ result to s = 0. Null-structure
arguments have also been used by D’Ancona, Foschi and Selberg to show first almost
optimal local well-posedness for the Dirac–Klein–Gordon system [24] and then local
well-posedness for Dirac–Maxwell [25] with almost optimal (due to scaling) initial
data ψ0 ∈ Hs(R3,C4), a ∈ |D|−1Hs−1/2(R3,R3) and ȧ ∈ Hs−1/2(R3,R3), s > 0.
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Recently, Selberg and Tesfahun [89] also derived an ill-posedness result for initial data
ψ ∈ Hs(R3,C4), s < 0, and lower dimensions.

In one space dimension, Chadam [16] derived global well-posedness in a suitable
function space which was improved by Delgado [27]. Chadam and Glassey [17] showed
that one-dimensional global solutions do not scatter to linear solutions. We refer the
reader to Bachelot [6], Huh [55], Okamoto [80], You–Zhang [99] for recent results in
one space dimension. The case of zero magnetic field was first considered by Chadam
and Glassey [18] proving global well-posedness in two space dimensions for smooth
data with compact support. D’Ancona and Selberg [26] established a global result for
the two-dimensional Dirac–Maxwell system provided ψ0 ∈ L2(R2,C2) and (a, ȧ) in a
suitable Sobolev space by extending Grünrock and Pecher’s corresponding result [47]
on the two-dimensional Dirac–Klein–Gordon system. In higher dimensions d ≥ 4,
Gavrus and Oh [43] proved almost optimal global well-posedness and scattering for ini-
tial data ψ0 ∈ Hs(R3,C4), a ∈ Hs+1/2(R3,R3) and ȧ ∈ Hs−1/2(R3,R3), s > 0, inspired
by the work of Krieger–Sterbenz–Tataru [65] and Oh–Tataru [79, 77, 78] for Klein–
Gordon–Maxwell in four space dimensions. Independently, Krieger and Lührmann [64]
established a similar result for Klein–Gordon–Maxwell.

Global results for the Dirac–Maxwell system in three space dimensions are only
available under very strong decay and regularity assumptions. After early results of
Chadam [15] for cut-off versions on a fixed bounded space-time region and of Choquet-
Bruhat [22] for a zero-charge spinor field, Georgiev [44] showed global well-posedness
under the assumption that 28 derivatives of the initial data are small in a weighted
L∞(R3)-norm. Flato, Simon and Taflin [39, 40, 41] established global well-posedness
and modified scattering for small C∞(R3) initial data being images of asymptotic
data through a modified wave operator. Psarelli [83] showed global well-posedness
and sharper decay estimates for the electromagnetic field A in the case of compactly
supported initial data requiring four derivatives for the spinor ψ and three derivatives
for the electromagnetic field in the L2(R3)-norm.

There are several other directions which are of (current) research interest for
the Dirac–Maxwell system and related problems. Bechouche–Mauser–Selberg [8] and
Masmoudi–Nakanishi [73] obtained independently results for the nonrelativistic limit of
the Dirac–Maxwell system and the latter two authors additionally for Klein–Gordon–
Maxwell and Poisson–Schrödinger. Masmoudi and Nakanishi [74] also showed an un-
conditional uniqueness result for Dirac–Maxwell and Klein–Gordon–Maxwell. Fur-
thermore, Lisi [70] and Esteban–Georgiev–Séré [36, 35] derived stationary soliton-like
solutions for Dirac–Maxwell. See also [1, 85, 19, 33, 101, 100, 14, 23] for further de-
velopments and [91, 92, 54, 28, 31, 30, 29] for results on semi-classical ground states.

Global well-posedness for the scalar toy model (24) was shown by Lenzmann [67]
for small initial data u0 ∈ Hs(R3), s ≥ 1/2. The local result was improved by Herr and
Lenzmann [52] to the almost optimal case s > 1/4 or s > 0 for radial data. Cho and
Ozawa [21] derived nonexistence of scattering and Pusateri [84, Thm. 1.1] obtained the
following modified scattering result by performing asymptotic analysis in the Fourier
space: ∥∥∥〈ξ〉10

(
eit〈ξ〉û(t)(ξ)− (2π)3/2e−icB(t,ξ)W (ξ)

)∥∥∥
L∞ξ (R3)

. 〈t〉−ε

for 0 < ε < 1/1000, initial data

‖u0‖H1000(R3) + ‖〈·〉2u0‖H2(R3) + ‖〈·〉10û0‖L∞(R3) ≤ δ,
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δ > 0 sufficiently small and some asymptotic state W , where

B(t, ξ) =

∫ t

0

∫
R3

∣∣∣ ξ〈ξ〉 − σ

〈σ〉

∣∣∣−1∣∣û(t′)(σ)
∣∣2 dσ χ

(
ξ(t′)−1/300

)
(t′ + 1)−1 dt′

is the oscillating phase correction term for some smooth cut-off χ on R3.1 Furthermore,
Cho, Hwang and Yang [20] used Pusateri’s method to prove modified scattering for
three-dimensional fractional Schrödinger equations with Hartree-type nonlinearity, i.e.

i∂tu+ |D|α =
(
V ∗ |u|2

)
u, α ∈ (1.7, 2), V (x) = |x|−1.

In this thesis, we apply the method of testing solutions by wave packets to obtain
a similar modified scattering result for the Cauchy problem (30) of Dirac–Maxwell
with zero magnetic field. This method was first used by Ifrim and Tataru [58] for
two-dimensional water wave problems (as a continuation of their joint work with
Hunter [56]), see also [57] for a demonstration of that method on the one-dimensional
cubic nonlinear Schrödinger equation and [49, 50, 81, 71] for further applications. The
method of testing solutions by wave packets is based on localizing in both space and
frequency at a time dependent scale related to the uncertainty principle. As a by-
product, we can derive a refined version of Pusateri’s result for the scalar toy model
in the sense that B(t, ξ) is replaced with log(t)B(ξ), where

B(ξ) =

∫
R3

∣∣∣ ξ〈ξ〉 − σ

〈σ〉

∣∣∣−1∣∣W (σ)
∣∣2 dσ

does no longer depend on t or u.
A closely related problem is

−iγµ∂µψ + ψ =
(
V ∗ 〈ψ, γ0ψ〉C4

)
ψ (38)

which arises from (9)–(12) after dropping the Aj and replacing the A0-contribution
V ∗ |ψ|2 with V ∗ 〈ψ, γ0ψ〉C4 . In contrast to |ψ|2, the expression 〈ψ, γ0ψ〉C4 exhibits a
hidden null-structure. In the case of the Yukawa potential

V (x) = |x|−1e−µx, µ > 0,

Yang [97] and Tesfahun [94] proved independently global well-posedness and scattering
for small initial data in Hs(R3), s > 0, which is almost optimal. There are some further
related scattering results, e.g. by Machihara and Tsutaya [72] for the potential

V (x) = |x|−γ, s > γ/6 + 1/2, 2 < γ < 3

and by Yang [98] for smooth potentials V on R3 r {0} such that

∣∣∂αξ V̂ (ξ)
∣∣ . {|ξ|−γ1−|α|, |ξ| ≤ 1,

|ξ|−γ2−|α|, |ξ| > 1,

γ1 ∈ [0, 1), γ2 ∈ (3/2, 3).

Note that the Yukawa potential fulfills these conditions with γ1 = 0 and γ2 = 2 while
the Coulomb potential requires γ1 = γ2 = 2.

1In his paper [84], Pusateri works with the Fourier transform f̂(ξ) = (2π)−3/2
∫
R3 e

−ix·ξf(x) dx,
f ∈ L1(R3,C). For the sake of consistency, we have adjusted his result to our definition (1) of the
Fourier transform.
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Main ideas

The aim of this work is two-fold. As already mentioned, we refine Pusateri’s result for
the scalar toy model [84, Thm. 1.1] and carry it over to the vector-valued version (30).
We expect that our result in Theorem 1.1 can be transferred to the Dirac–Maxwell
system (17)–(20). This would give a more explicit result compared to the work of Flato,
Simon and Taflin [41] who consider the Dirac–Maxwell system in the Lorenz gauge,
see (21)–(23). They obtained an implicitly defined modified scattering term depending
on all Aµ while we expect again an oscillating correction term of the form log(t)B(ξ)
with B from (35) depending only on A0. We refer the reader to Section 5 for some
ideas in that direction.

We work with the norm∥∥ψ±∥∥
XT

:= sup
t∈[0,T ]

[
〈t〉−ε

∥∥ψ±(t)
∥∥
HN (R3,C4)

+ 〈t〉−ε
∥∥xw±(t, x)

∥∥
H2
x(R3,C4)

+ 〈t〉−2ε
∥∥〈x〉2w±(t, x)

∥∥
H2
x(R3,C4)

+
∥∥〈ξ〉8ψ̂±(t)(ξ)

∥∥
L∞ξ (R3,C4)

]
for ε ∈ (0, 1/16). By the standard contraction mapping principle, we first construct a
local solution. We get a global solution bounded in XT for any T > 0 by the following
bootstrap argument: Let 0 < δ < δ̃ be sufficiently small and∥∥ψ±0 ∥∥HN (R3,C4)

+
∥∥〈x〉2ψ±0 (x)

∥∥
H2
x(R3,C4)

+
∥∥〈ξ〉9ψ̂±0 (ξ)

∥∥
L∞ξ (R3,C4)

≤ δ.

Under the a priori assumption ∥∥ψ±∥∥
XT
≤ δ̃,

we will conclude ∥∥ψ±∥∥
XT
. δ + δ̃3.

The weighted norm
∥∥〈x〉2w±(t, x)

∥∥
H2
x(R3,C4)

plays a crucial role in our whole construc-

tion since it enables us to control the remainders in the asymptotic expansions (cf. Sec-
tion 3 for more details). On the Fourier side, 〈x〉2 produces the operator 1−∆ξ which
hits

e±it〈ξ〉ψ̂±(t)(ξ) = ψ̂±0 (ξ) + i

∫ t

0

I(t′, ξ) dt′,

where

I(t′, ξ) = ce±0it′〈ξ〉Π±0(ξ)
[(
V ∗ |ψ(t′)|2

)
ψ(t′)

]̂
(ξ)

= 4πc
∑

±1,±2,±3∈{+,−}

Π±0(ξ)

∫
R3

∫
R3

eit
′(±0〈ξ〉∓1〈σ〉±2〈σ−η〉∓3〈ξ−η〉)

· |η|−2
〈
ŵ±1(t′)(σ), ŵ±2(t′)(σ − η)

〉
C4ŵ±3(t′)(ξ − η) dσ dη.

The most difficult cases arise when derivatives ∂ξk hit eit
′(±0〈ξ〉∓1〈σ〉±2〈σ−η〉∓3〈ξ−η〉): We

have

d

dξk
eit
′(±0〈ξ〉∓1〈σ〉±2〈σ−η〉∓3〈ξ−η〉) = it′

(
±0

ξk
〈ξ〉
∓3

ξk − ηk
〈ξ − η〉

)
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and we need to recover the loss of t′. For the case ±0 = ±3, as already mentioned in
Pusateri’s paper [84], the essential idea is to use that∣∣∣ ξk〈ξ〉 − ξk − ηk

〈ξ − η〉

∣∣∣ . |η|
which cancels part of the singularity coming from the Fourier transform |η|−2 of the
Coulomb potential. For the case ±0 = ∓3, we can argue similarly by using∣∣Π+(ξ)Π−(ξ − η)

∣∣ . |η|.
In one case, two derivatives ∂ξk hit e±0it′〈ξ〉. Here, we also integrate by parts in time
to gain a second factor t′.

Testing solutions by wave packets means that we first localize ψ±(t, x) along rays
x = tv, v ∈ B1(0), at a t−1/2-scale related to the uncertainty principle. Then, a sta-

tionary phase argument suggests that the spatial Fourier transform ψ̂(t)(ξ) is localized
around ±ξv = ±(1− |v|2)−1/2v. Let

Υ±(t, v) : = 1B1(0)(v)

∫
R3

Ω±v (t, x)ψ±(t, x) dx,

where the wave packet Ω±v (t, x) localizes x around tv at a t1/2-scale (we refer the reader
to Section 3 for a rigorous construction of the wave packets). By Parseval’s identity,
we obtain

Υ±
(
t,±〈η〉−1η

)
= (2π)−3

∫
R3

[
Ω±±〈η〉−1η(t)

]̂
(ξ)ψ̂±(t)(ξ) dξ,

where
[
Ω±±〈η〉−1η(t)

]̂
(ξ) localizes ξ around ±ξ±〈η〉−1η = η. We will show that Υ±(t, v)

and Υ±(t,±〈η〉−1η) behave like

t3/2〈ξv〉−5/2e∓3πi/4∓it(1−|v|2)1/2

ψ±(t, tv)

and
e±it〈η〉ψ̂(t)(η),

respectively, up to error terms which can be controlled by the weighted energy esti-
mates. In the next step, we derive the approximate ODE

∂tΥ
±(t, v) = ict−1

(
V ∗ |〈ξ•〉5/2Υ(t)|2

)
(v)Υ±(t, v) + error(t, v).

By using the weighted energy estimates, we can show that the error term decays
faster than t−1 and solving the ODE for Υ will lead to the modified scattering result
presented in Theorem 1.1.

The remainder of this thesis is organized as follows: In the next section, we first
prove the existence of a local solution ψ in a normed space adapted to XT . Then,
we work out the bootstrap argument for ‖ψ(t)‖HN (R3,C4) and the weighted energy
terms ‖xw±(t)‖H2

x(R3,C4),
∥∥〈x〉2w±(t)

∥∥
H2
x(R3,C4)

. In Section 3, we construct the wave

packets Ω±v and calculate their spatial Fourier transforms. After that, we finish the
bootstrap argument and prove the modified scattering result of Theorem 1.1 by using
the method of testing solutions by wave packets. As a by-product, we get a general-
ization of Pusateri’s result [84, Thm. 1.1] for the scalar toy model. Section 4 treats
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the asymptotic completeness problem. For suitable asymptotic states, we construct
solutions which behave like the asymptotic states as time goes to infinity. In the last
section, we sketch how our modified scattering result might be carried over to the
general system (17)–(20). In fact, we expect that the Aj are of lower order because of
a hidden null-structure so that only A0 effects the modified scattering factor.

2 Bootstrap argument and weighted estimates

Vector field and profile

Weighted norms play a fundamental role in the derivation of the modified scatter-
ing result. Since x-weights do not commute with the linear propagator e∓it〈D〉, we
introduce the vector field L± = (L±1 , L

±
2 , L

±
3 ) defined by

L±j = e∓it〈D〉xje
±it〈D〉

= xj ± it〈D〉−1∂j. (39)

We have

xe±it〈D〉 = e±it〈D〉L±

and (
− i∂t ± 〈D〉

)
L± = L±

(
− i∂t ± 〈D〉

)
.

We define the profile of ψ± by

w±(t) = e±it〈D〉ψ±(t). (40)

Since e±it〈D〉 is the inverse linear propagator, the profile would converge to an asymp-
totic state W in the case of scattering. For our modified scattering result, this will
only be true up to a correction factor that oscillates logarithmically in time. Note that

i∂ξj ŵ
±(t)(ξ) = e±it〈ξ〉

[
L±j ψ

±(t)
]̂

(ξ). (41)

Bootstrap argument

Given a local solution on [0, T ] (as mentioned before, we focus on t ≥ 0 for simplicity),
we follow the strategy of Pusateri [84] and define∥∥ψ±∥∥

XT
:= sup

t∈[0,T ]

[
〈t〉−ε

∥∥ψ±(t)
∥∥
HN (R3,C4)

+ 〈t〉−ε
∥∥xw±(t, x)

∥∥
H2
x(R3,C4)

+ 〈t〉−2ε
∥∥〈x〉2w±(t, x)

∥∥
H2
x(R3,C4)

+
∥∥〈ξ〉8ψ̂±(t)(ξ)

∥∥
L∞ξ (R3,C4)

]
(42)

for ε ∈ (0, 1/16). We will obtain a global solution bounded in XT for any T > 0 by
the following bootstrap argument: Let 0 < δ < δ̃ be sufficiently small and∥∥ψ±0 ∥∥HN (R3,C4)

+
∥∥〈x〉2ψ±0 (x)

∥∥
H2
x(R3,C4)

+
∥∥〈ξ〉9ψ̂±0 (ξ)

∥∥
L∞ξ (R3,C4)

≤ δ. (43)
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Under the a priori assumption ∥∥ψ±∥∥
XT
≤ δ̃, (44)

we will conclude that ∥∥ψ±∥∥
XT
. δ + δ̃3. (45)

Lemma 2.1 (Estimates for Π±). Let ξ, η ∈ R3 and α ∈ N3
0. Then,∣∣∂αξ Π±(ξ)

∣∣ . 〈ξ〉−|α|, (46)∣∣Π±(ξ)Π∓(ξ − η)
∣∣ . 〈ξ − η〉−1|η|. (47)

Proof. By definition (14) of Π±(D), we have

Π±(ξ) =
1

2

(
I4 ± 〈ξ〉−1γ0(γjξj + I4)

)
which implies (46) since

|∂αξ 〈ξ〉−1| . 〈ξ〉−1−|α|, |∂αξ [〈ξ〉−1ξ]| . 〈ξ〉−|α|.
A direct computation shows that

4Π±(ξ)Π∓(ξ − η) =
(
1− 〈ξ − η〉−1〈ξ〉

)
I4

±
(
〈ξ〉−1 − 〈ξ − η〉−1

)
γ0(γjξj + I4)

+ 〈ξ − η〉−1
(
± I4 + 〈ξ〉−1γ0(γjξj + I4)

)
γ0γjηj. (48)

For the first term on the right hand side of (48), note that∣∣1− 〈ξ − η〉−1〈ξ〉
∣∣ = 〈ξ − η〉−1|〈ξ − η〉 − 〈ξ〉|

and

|〈ξ − η〉 − 〈ξ〉| =
∣∣|ξ − η|2 − |ξ|2∣∣
〈ξ − η〉+ 〈ξ〉

≤
∣∣|ξ − η| − |ξ|∣∣

≤ |η|
which implies ∣∣1− 〈ξ − η〉−1〈ξ〉

∣∣ ≤ 〈ξ − η〉−1|η|.
For the second and third term, we observe that∣∣〈ξ〉−1 − 〈ξ − η〉−1

∣∣ =

∣∣〈ξ − η〉 − 〈ξ〉∣∣
〈ξ〉〈ξ − η〉

≤ |η|
〈ξ〉〈ξ − η〉

. (49)

Since ∣∣γ0
(
γjξj + I4

)∣∣ . 〈ξ〉, ∣∣γ0γjηj
∣∣ . |η|,

we obtain (47).

Remark. Estimate (47) is related to the null-structure of Π±(D). In the literature,
one typically finds the following version of (47):∣∣Π±0(ξ)Π∓0(σ)

∣∣ . |∠(±1ξ, σ)|+ 〈ξ〉−1 + 〈σ〉−1, ξ, σ ∈ R3, ±0,±1 ∈ {+,−},
where ∠(±1ξ, σ) denotes the angle between ±1ξ and σ, see e.g. Bejenaru–Herr [9,
Lemma 2.1].



20 2 BOOTSTRAP ARGUMENT AND WEIGHTED ESTIMATES

2.1 Local well-posedness

To initiate our bootstrap argument, we show existence and uniqueness of local solutions
ψ ∈ C

(
[0, T ′], HN(R3,C4)

)
with

〈·〉2w ∈ C
(
[0, T ′], H2(R3,C4)

)
, (50)

〈·〉8ψ̂ ∈ C
(
[0, T ′], L∞(R3,C4)

)
, (51)

where T ′ > 0 will be chosen sufficiently small and w±(t) – as always – denotes the
profile e±it〈D〉ψ±(t).

Theorem 2.2 (Local well-posedness). Let N ≥ 103 and ε ∈ (0, 1/16). There is δ0 > 0
such that for any δ ∈ (0, δ0] and ψ±0 ∈ HN(R3,C4) with∥∥ψ±0 ∥∥HN (R3,C4)

+
∥∥〈·〉2ψ±0 ∥∥H2(R3,C4)

+
∥∥〈ξ〉9ψ̂±0 (ξ)

∥∥
L∞ξ (R3,C4)

≤ δ,

the Cauchy problem (30) has a unique local solution ψ ∈ C
(
[0, T ′], HN(R3,C4)

)
for

some T ′ > 0 which satisfies (50) and (51).

We prove Theorem 2.2 by the standard contraction mapping principle. Let

YT ′,R =
{
ψ ∈ L∞t HN

x

(
[0, T ′]× R3,C4

)
: ‖ψ‖YT ′ ≤ R

}
,

where

‖ψ‖YT ′ = ‖ψ‖L∞t HN
x ([0,T ′]×R3,C4) + ‖〈·〉8ψ̂‖L∞t L∞ξ ([0,T ′]×R3,C4)

and R > 0 will be chosen later. The Duhamel equation for ψ = ψ+ + ψ− is

ψ±(t) = e∓it〈D〉ψ±0 + ic

∫ t

0

e∓i(t−t
′)〈D〉Π±(D)

[(
V ∗ |ψ|2

)
ψ
]
(t′) dt′. (52)

We first show that

G(ψ)(t) =
∑

±0∈{+,−}

(
e∓0it〈D〉ψ±0

0 + ic

∫ t

0

e∓0i(t−t′)〈D〉Π±0(D)
[(
V ∗ |ψ(t′)|2

)
ψ(t′)

]
dt′
)

=: G+(ψ)(t) +G−(ψ)(t), ψ ∈ YT ′,R

is a contraction mapping on YT ′,R so that there exists a unique solution ψ ∈ YT ′,R.
Secondly, for that solution ψ, we will conclude that∑

±0∈{+,−}

‖〈·〉2e±0it〈D〉ψ±0‖L∞t H2
x([0,T ′]×R3,C4) . δ.

The latter norm is not included in ‖ · ‖YT ′ for technical reasons (cf. proof of esti-
mate (62)).

The proof of Theorem 2.2 will be a consequence of the subsequent Lemmas 2.3–2.5:

Lemma 2.3. Assume that s > 3/2 and let ψ, ψ̃ ∈ YT ′,R. Then,∥∥G(ψ)
∥∥
L∞t H

s
x([0,T ′]×R3,C4)

. δ + T ′R3, (53)∥∥G(ψ)−G(ψ̃)
∥∥
L∞t H

s
x([0,T ′]×R3,C4)

. T ′R2‖ψ − ψ̃‖YT ′ . (54)
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Proof. Because of
∥∥G±(ψ)(t)

∥∥
Hs(R3,C4)

= (2π)−3/2
∥∥〈ξ〉se±it〈ξ〉[G±(ψ)(t)]̂ (ξ)

∥∥
L2
ξ(R3,C4)

,

we have∥∥G±(ψ)(t)
∥∥
Hs(R3,C4)

.
∥∥ψ0

±∥∥
Hs(R3,C4)

+

∫ t

0

∥∥∥〈ξ〉s ∫
R3

e±it
′〈ξ〉Π±(ξ)|η|−2 ̂|ψ(t′)|2(η)ψ̂(t′)(ξ − η) dη

∥∥∥
L2
ξ(R3,C4)

dt′

.
∥∥ψ0

±∥∥
Hs(R3,C4)

+

∫ t

0

∥∥∥∫
R3

〈η〉s−2 ̂|ψ(t′)|2(η)ψ̂(t′)(ξ − η) dη
∥∥∥
L2
ξ(R3,C4)

dt′

+

∫ t

0

∥∥∥∫
R3

|η|−2 ̂|ψ(t′)|2(η)〈ξ − η〉sψ̂(t′)(ξ − η) dη
∥∥∥
L2
ξ(R3,C4)

dt′

.
∥∥ψ0

±∥∥
Hs(R3,C4)

+

∫ t

0

∥∥〈ξ〉s−2 ̂|ψ(t′)|2(ξ)
∥∥
L1
ξ(R3,C)

∥∥ψ(t′)
∥∥
L2(R3,C4)

dt′

+

∫ t

0

∥∥|ξ|−2 ̂|ψ(t′)|2(ξ)
∥∥
L1
ξ(R3,C)

∥∥〈ξ〉sψ̂(t′)(ξ)
∥∥
L2
ξ(R3,C4)

dt′. (55)

Since ∥∥〈ξ〉s−2 ̂|ψ(t′)|2(ξ)
∥∥
L1
ξ(R3,C)

.
∥∥〈ξ〉s ̂|ψ(t′)|2(ξ)

∥∥
L2
ξ(R3,C)

.
∥∥ψ(t′)

∥∥
Hs(R3,C4)

∥∥ψ(t′)
∥∥
L∞(R3,C4)

.
∥∥ψ(t′)

∥∥
Hs(R3,C4)

∥∥ψ(t′)
∥∥
H3/2+(R3,C4)

(56)

and ∥∥|ξ|−2 ̂|ψ(t′)|2(ξ)
∥∥
L1
ξ(R3,C)

≤
(∫

B1(0)

|ξ|−2 dξ
)∥∥̂|ψ(t′)|2(ξ)

∥∥
L∞ξ (R3,C)

+
(∫

B1(0)c
|ξ|−4 dξ

)1/2 ∥∥̂|ψ(t′)|2(ξ)
∥∥
L2
ξ(R3,C)

.
∥∥ψ(t′)

∥∥2

L2(R3,C4)
+
∥∥ψ(t′)

∥∥2

L4(R3,C4)

.
∥∥ψ(t′)

∥∥2

H3/4(R3,C4)
, (57)

we get (53). For deriving estimate (54), we replace G±(ψ) in (55), (56) and (57) with
G±(ψ)−G±(ψ̃) to obtain

̂|ψ(t′)|2(η)ψ̂(t′)(ξ − η)− ̂|ψ̃(t′)|2(η)̂̃ψ(t′)(ξ − η)

=
(̂|ψ(t′)|2(η)− ̂|ψ̃(t′)|2(η)

)
ψ̂(t′)(ξ − η)

)
+ ̂|ψ̃(t′)|2(η)

(
ψ̂(t′)(ξ − η)− ̂̃ψ(t′)(ξ − η)

)
.

Then,∥∥G±(ψ)(t)−G±(ψ̃)
∥∥
Hs(R3,C4)

.
∫ t

0

∥∥ψ(t′)− ψ̃(t′)
∥∥
Hs(R3,C4)

(∥∥ψ(t′)
∥∥
Hs(R3,C4)

+
∥∥ψ̃(t′)

∥∥
Hs(R3,C4)

)∥∥ψ(t′)
∥∥
L2(R3,C4)

dt′

+

∫ t

0

∥∥ψ̃(t′)
∥∥2

Hs(R3,C4)

∥∥ψ(t′)− ψ̃(t′)
∥∥
L2(R3,C4)

dt′

+

∫ t

0

∥∥|ξ|−2
(̂|ψ(t′)|2(ξ)− ̂|ψ̃(t′)|2(ξ)

)∥∥
L1
ξ(R3,C)

∥∥ψ(t′)
∥∥
Hs(R3,C4)

dt′

+

∫ t

0

∥∥|ξ|−2 ̂|ψ̃(t′)|2(ξ)
∥∥
L1
ξ(R3,C)

∥∥ψ(t′)− ψ̃(t′)
∥∥
Hs
ξ (R3,C4)

dt′
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and ∥∥|ξ|−2
(̂|ψ(t′)|2(ξ)− ̂|ψ̃(t′)|2(ξ)

)∥∥
L1
ξ(R3,C)

.
∥∥ψ(t′)− ψ̃(t′)

∥∥
H3/4(R3,C4)

(∥∥ψ(t′)
∥∥
H3/4(R3,C4)

+
∥∥ψ̃(t′)

∥∥
H3/4(R3,C4)

)
which leads to estimate (54).

Remark. As a consequence of that proof, we can conclude local well-posedness in
Hs(R3,C4) for s > 3/2. We expect that with some extra work, this might be improved
to s > 1/4 and s > 0 for radial data by following the work of Herr and Lenzmann [52]
with some slight modifications.

For the proofs of the next two lemmas, we follow the strategy of Cho, Hwang and
Yang [20, Thm. 5.2.1 and Lemma 5.2.2] with some modifications.

Lemma 2.4. Let ψ, ψ̃ ∈ YT ′,R. Then,∥∥〈·〉8Ĝ(ψ)
∥∥
L∞t L

∞
ξ ([0,T ′]×R3,C4)

. δ + T ′R3, (58)∥∥〈·〉8(Ĝ(ψ)− Ĝ(ψ̃)
)∥∥

L∞t L
∞
ξ ([0,T ′]×R3,C4)

. T ′R2‖ψ − ψ̃‖YT ′ . (59)

Proof. Since
∥∥〈ξ〉8[G±(ψ)(t)]̂ (ξ)

∥∥
L∞ξ (R3,C4)

=
∥∥〈ξ〉8e±it〈ξ〉[G±(ψ)(t)]̂ (ξ)

∥∥
L∞ξ (R3,C4)

, we

have∥∥〈ξ〉8[G±(ψ)(t)]̂ (ξ)
∥∥
L∞ξ (R3,C4)

.
∥∥〈ξ〉8ψ̂0(ξ)

∥∥
L∞ξ (R3,C4)

+

∫ t

0

∥∥∥〈ξ〉8 ∫
R3

e±it
′〈ξ〉Π±(ξ)|η|−2 ̂|ψ(t′)|2(η)ψ̂(t′)(ξ − η) dη

∥∥∥
L∞ξ (R3,C4)

dt′

.
∥∥〈ξ〉8ψ̂0(ξ)

∥∥
L∞ξ (R3,C4)

+

∫ t

0

∥∥∥∫
R3

|η|6 ̂|ψ(t′)|2(η)ψ̂(t′)(ξ − η) dη
∥∥∥
L∞ξ (R3,C4)

dt′

+

∫ t

0

∥∥∥∫
R3

|η|−2 ̂|ψ(t′)|2(η)〈ξ − η〉8ψ̂(t′)(ξ − η) dη
∥∥∥
L∞ξ (R3,C4)

dt′

.
∥∥〈ξ〉8ψ̂0(ξ)

∥∥
L∞ξ (R3,C4)

+

∫ t

0

∥∥ψ(t′)
∥∥2

H6(R3,C4)

∥∥ψ(t′)
∥∥
L2(R3,C4)

dt′

+

∫ t

0

∥∥|ξ|−2 ̂|ψ(t′)|2(ξ)
∥∥
L1
ξ(R3,C)

∥∥〈ξ〉8ψ̂(t′)(ξ)
∥∥
L∞ξ (R3,C4)

dt′. (60)

Because of∥∥|ξ|−2 ̂|ψ(t′)|2(ξ)
∥∥
L1
ξ(R3,C)

≤
(∫

B1(0)

|ξ|−2 dξ
)∥∥̂|ψ(t′)|2(ξ)

∥∥
L∞ξ (R3,C)

+
(∫

B1(0)c
|ξ|−4 dξ

)1/2 ∥∥̂|ψ(t′)|2(ξ)
∥∥
L2
ξ(R3,C)

.
∥∥ψ(t′)

∥∥2

L2(R3,C4)
+
∥∥ψ(t′)

∥∥2

L4(R3,C4)

.
∥∥ψ(t′)

∥∥2

H3/4(R3,C4)
, (61)
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we get (58). For estimate (59), replace G±(ψ) in (60) and (61) with G±(ψ) − G±(ψ̃)
and note that

̂|ψ(t′)|2(η)ψ̂(t′)(ξ − η)− ̂|ψ̃(t′)|2(η)̂̃ψ(t′)(ξ − η)

=
(̂|ψ(t′)|2(η)− ̂|ψ̃(t′)|2(η)

)
ψ̂(t′)(ξ − η)

)
+ ̂|ψ̃(t′)|2(η)

(
ψ̂(t′)(ξ − η)− ̂̃ψ(t′)(ξ − η)

)
.

Then,∥∥〈ξ〉8([G±(ψ)(t)]̂ (ξ)− [G±(ψ̃)(t)]̂ (ξ)
)∥∥

L∞ξ (R3,C4)

.
∫ t

0

∥∥ψ(t′)− ψ̃(t′)
∥∥
H6(R3,C4)

(∥∥ψ(t′)
∥∥
H6(R3,C4)

+
∥∥ψ̃(t′)

∥∥
H6(R3,C4)

)∥∥ψ(t′)
∥∥
L2(R3,C4)

dt′

+

∫ t

0

∥∥ψ̃(t′)
∥∥2

H6(R3,C4)

∥∥ψ(t′)− ψ̃(t′)
∥∥
L2(R3,C4)

dt′

+

∫ t

0

∥∥|ξ|−2
(̂|ψ(t′)|2(ξ)− ̂|ψ̃(t′)|2(ξ)

)∥∥
L1
ξ(R3,C)

∥∥〈ξ〉8ψ̂(t′)(ξ)
∥∥
L∞ξ (R3,C4)

dt′

+

∫ t

0

∥∥|ξ|−2 ̂|ψ̃(t′)|2(ξ)
∥∥
L1
ξ(R3,C)

∥∥〈ξ〉8(ψ̂(t′)(ξ)− ̂̃ψ(t′)(ξ)
∥∥
L∞ξ (R3,C4)

dt′

and ∥∥|ξ|−2
(̂|ψ(t′)|2(ξ)− ̂|ψ̃(t′)|2(ξ)

)∥∥
L1
ξ(R3,C)

.
∥∥ψ(t′)− ψ̃(t′)

∥∥
H3/4(R3,C4)

(∥∥ψ(t′)
∥∥
H3/4(R3,C4)

+
∥∥ψ̃(t′)

∥∥
H3/4(R3,C4)

)
which leads to estimate (59).

Lemma 2.5. The solution ψ = ψ+ + ψ− ∈ YT ′,R also satisfies

‖〈·〉2w±‖L∞t H2
x([0,T ′]×R3,C4) . δ. (62)

Proof. Since

〈x〉2w± = w± +
3∑
j=1

x2
jw
±

and
‖w±‖H2 = ‖ψ±‖H2 ,

it suffices to consider x2
jw
±. We first treat xjw

±. Note that

xjw
±(t) = e±it〈D〉

(
± it〈D〉−1∂j + xj

)
ψ±(t)

and ∥∥e±it〈D〉(± it〈D〉−1∂j
)
ψ±(t)

∥∥
H2(R3,C4)

≤ t
∥∥ψ(t)

∥∥
H2(R3,C4)

≤ T ′R.

For e±it〈D〉xjψ
±(t), we introduce

kn(x) = e−|x|
2/n
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and consider∥∥kn(x)xjψ
±(t, x)

∥∥2

L2
x(R3,C4)

=

∫
R3

〈
x2
jkn(x)2ψ±(t, x), ψ±(t, x)

〉
C4 dx.

Since

|kn(x)xj| . n1/2,

we have ∥∥kn(x)xjψ
±(t, x)

∥∥
L2
x(R3,C4)

. n1/2R. (63)

Note that

∂t
∥∥kn(x)xjψ

±(t, x)
∥∥2

L2
x(R3,C4)

= 2Re

∫
R3

〈
x2
jkn(x)2ψ±(t, x), ∂tψ

±(t, x)
〉
C4 dx

= 2Im

∫
R3

〈
x2
jkn(x)2ψ±(t, x),∓〈D〉ψ±(t, x)

〉
C4

+
〈
x2
jkn(x)2ψ±(t, x),Π±(D)

[(
V ∗ |ψ(t)|2

)
ψ(t)

]
(x)
〉
C4 dx

=: I±n (t) + II±n (t).

From Parseval’s identity, we get

I±n (t) = ∓Im

∫
R3

〈
x2
jkn(x)2ψ±(t, x), 〈D〉ψ±(t, x)

〉
C4 dx

∓ Im

∫
R3

〈
〈D〉

(
x2
jk

2
nψ
±(t)

)
(x), ψ±(t, x)

〉
C4 dx

= Im

∫
R3

〈
ψ±(t, x),

[
x2
jkn(x)2,∓〈D〉

]
ψ±(t, x)

〉
C4 dx,

where
[X, Y ] = XY − Y X

denotes the commutator of operators X and Y . Similarly,

I±n (t) = 2Im

∫
R3

〈
xjkn(x)ψ±(t, x),

[
xjkn(x),∓〈D〉−1

]
〈D〉2ψ±(t, x)

〉
C4 dx

∓ 2Im

∫
R3

〈
〈D〉−1

(
xjknψ

±(t)
)
(x),

[
xjkn(x), 〈D〉2

]
ψ±(t, x)

〉
C4 dx

=: I±,1n (t) + I±,2n (t).

Let K denote the kernel of 〈D〉−1. Then,[
xjkn(x),∓〈D〉−1

]
〈D〉2ψ±(t, x) = ∓

∫
R3

xjkn(x)K(x− y)〈D〉2ψ(t, y) dy

±
∫
R3

K(x− y)yjkn(y)〈D〉2ψ±(t, y) dy

= ∓
∫
R3

K(x− y)
(
xjkn(x)− yjkn(y)

)
〈D〉2ψ±(t, y) dy.
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Hence,∣∣∣[|x|kn(x),∓〈D〉−1
]
〈D〉2ψ±(t, x)

∣∣∣ . ∫
R3

|K(x− y)| |x− y| |〈D〉2ψ±(t, y)| dy.

Since
|K(z)| . |z|−2

1B2(0)(z) + e−|z|/21B2(0)c(z),

cf. e.g. Grafakos [46, Prop. 1.2.5], we obtain∣∣I±,1n (t)
∣∣ . ∥∥knxjψ±(t)

∥∥
L2(R3,C4)

∥∥ψ±(t)
∥∥
H2(R3,C4)

.

For I±,2n , note that[
xjkn(x), 〈D〉2

]
ψ±(t, x) = ∆

(
xjkn(x)

)
ψ±(t, x) + 2∇

(
xjkn(x)

)
· ∇ψ±(t, x)

and therefore, ∣∣I±,2n (t)
∣∣ . ∥∥knxjψ±(t)

∥∥
H−1(R3,C4)

∥∥ψ±(t)
∥∥
H1(R3,C4)

.

For II±n (t), we observe that∣∣II±n (t)
∣∣ ≤ ∥∥knxjψ±(t)

∥∥
L2(R3,C4)

∥∥knxjΠ±(D)
[(
V ∗ |ψ(t)|2

)
ψ(t)

]∥∥
L2(R3,C4)

.
∥∥knxjψ±(t)

∥∥
L2(R3,C4)

∥∥xj(V ∗ |ψ(t)|2
)∥∥

L∞(R3,C)

∥∥ψ(t)
∥∥
L2(R3,C4)

.

For |x| ≥ 2|y| or 2|x| ≤ |y|, we have

|xj| |x− y|−1 . 1.

For |y|/2 ≤ |x| ≤ 2|y|, note that

|xj|kn(x) ≤ 2|y|k4n(y).

Therefore,∥∥xj(V ∗ |ψ(t)|2
)
(x)
∥∥
L∞x (R3,C)

.
∥∥ψ(t)

∥∥2

L2(R3,C4)
+
∥∥∥∫

R3

k4n(y)|x− y|−1|y| |ψ(t, y)|2 dy
∥∥∥
L∞x (R3,C)

.
∥∥ψ(t)

∥∥2

L2(R3,C4)
+
∥∥k4nx|ψ(t)|2

∥∥
L3/2,1(R3,C)

.
∥∥ψ(t)

∥∥2

L2(R3,C4)
+
∥∥k4nxψ(t)

∥∥
L2(R3,C4)

∥∥ψ(t)
∥∥
L6(R3,C4)

.
∥∥ψ(t)

∥∥2

L2(R3,C4)
+
∥∥xψ(t, x)

∥∥
L2(R3,C4)

∥∥ψ(t)
∥∥
H1(R3,C4)

and we obtain∣∣II±n (t)
∣∣ . ∥∥knxψ±(t)

∥∥
L2(R3,C4)

·
(∥∥k4nxψ(t)

∥∥
L2(R3,C4)

∥∥ψ(t)
∥∥
H1(R3,C4)

∥∥ψ(t)
∥∥
L2(R3,C4)

+
∥∥ψ(t)

∥∥3

L2(R3,C4)

)
.

We conclude that

∂t
∥∥knxψ±(t)

∥∥2

L2(R3,C4)
.
∥∥knxψ±(t)

∥∥
L2(R3,C4)

∥∥ψ(t)
∥∥
H2(R3,C4)

·
(

1 +
∥∥k4nxψ(t)

∥∥
L2(R3,C4)

∥∥ψ(t)
∥∥
L2(R3,C4)

+
∥∥ψ(t)

∥∥2

L2
x(R3,C4)

)
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and therefore,∥∥knxψ±(t)
∥∥2

L2
x(R3,C4))

.
∥∥xψ±0 ∥∥2

L2(R3,C4)
+

∫ t

0

∥∥knxψ±(t′)
∥∥
L2(R3,C4)

∥∥ψ(t′)
∥∥
H2(R3,C4)

·
(

1 +
∥∥k4nxψ(t′)

∥∥
L2(R3,C4)

∥∥ψ(t′)
∥∥
L2(R3,C4)

+
∥∥ψ(t′)

∥∥2

L2(R3,C4)

)
dt′

. δ2 + T ′R
∥∥knxψ±∥∥L∞t L2

x([0,T ′]×R3,C4)

(
1 +

∥∥k4nxψ
±∥∥

L∞t L
2
x([0,T ′]×R3,C4)

R +R2
)
. (64)

In the case
R
∥∥k4nxψ

±∥∥
L∞t L

2
x([0,T ′]×R3,C4)

≤ 1 +R2,

we get ∥∥knxψ±(t)
∥∥2

L2
x(R3,C4))

. δ2 + T ′R(1 +R2)
∥∥knxψ±∥∥L∞t L2

x([0,T ′]×R3,C4)

from (64). Without loss of generality, we may assume∥∥knxψ±∥∥L∞t L2
x([0,T ′]×R3,C4)

& δ.

Then, ∥∥knxψ±∥∥L∞t L2
x([0,T ′]×R3,C4)

. δ + T ′R(1 +R2)

and choosing T ′ > 0 such that

T ′R(1 +R2) ≤ δ

leads to ∥∥knxψ±∥∥L∞t L2
x([0,T ′]×R3,C4)

. δ.

Now, suppose that
R
∥∥k4nxψ

±∥∥
L∞t L

2
x([0,T ′]×R3,C4)

≥ 1 +R2.

Here, we obtain∥∥knxψ±(t)
∥∥2

L2
x(R3,C4))

. δ2 + T ′R2
∥∥k4nxψ

±∥∥2

L∞t L
2
x([0,T ′]×R3,C4)

(65)

from (64), where we used the monotonicity of (kn). Hence,∥∥knxψ±∥∥L∞t L2
x([0,T ′]×R3,C4)

≤ Cδ + C(T ′)1/2R
∥∥k4nxψ

∥∥
L∞t L

2
x([0,T ′]×R3,C4)

.

Choose T ′ > 0 such that

C(T ′)1/2R ≤ 1

4
.

Then, iterating (65) yields

∥∥knxψ±∥∥L∞t L2
x([0,T ′]×R3,C4)

≤ Cδ
n∑
k=0

4−k + 4−n
∥∥k4nnxψ

∥∥
L∞t L

2
x([0,T ′]×R3,C4)

. δ + n1/24−n/2

. δ
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for sufficiently large n ∈ N, where we used (63) in the second step. Fatou’s lemma
implies ∥∥xψ±∥∥

L∞t L
2
x([0,T ′]×R3,C4)

. δ.

The same calculations with ∆ψ±(t) instead of ψ±(t) (and applying Leibniz’ rule for
II±n ) lead to∥∥knx∆ψ±(t)

∥∥2

L2(R3,C4)

.
∥∥x∆ψ±0

∥∥2

L2(R3,C4)

+

∫ t

0

∥∥knx∆ψ±(t′)
∥∥
L2
x(R3,C4)

∥∥ψ(t′)
∥∥
H4(R3,C4)

·
(

1 +
∥∥k4nx∆ψ(t′)

∥∥
L2(R3,C4)

∥∥ψ(t′)
∥∥
H2(R3,C4)

+
∥∥ψ(t′)

∥∥2

H2(R3,C4)

)
dt′

.
∥∥xψ±0 ∥∥2

H2(R3,C4)

+

∫ t

0

∥∥knx∆ψ±(t′)
∥∥
L2(R3,C4)

∥∥ψ(t′)
∥∥
H4(R3,C4)

·
(

1 +
∥∥k4nx∆ψ(t′)

∥∥
L2(R3,C4)

∥∥ψ(t′)
∥∥
H2(R3,C4)

+
∥∥ψ(t′)

∥∥2

H2(R3,C4)

)
dt′

. δ2 + T ′R
∥∥knx∆ψ±

∥∥
L∞t L

2
x([0,T ′]×R3,C4)

(
1 +

∥∥k4nx∆ψ
∥∥
L∞t L

2
x([0,T ′]×R3,C4)

R +R2
)

and ∥∥x∆ψ±
∥∥
L∞t L

2
x([0,T ′]×R3,C4)

. δ.

Because of∥∥xψ(t)
∥∥
H2(R3,C4)

≤
∥∥xψ(t)

∥∥
L2(R3,C4)

+
∥∥x∆ψ(t)

∥∥
L2(R3,C4)

+
∥∥∆(x)ψ(t)

∥∥
L2(R3,C4)

+
∥∥∇(x) · ∇ψ(t)

∥∥
L2(R3,C4)

.
∥∥xψ(t)

∥∥
L2(R3,C4)

+
∥∥x∆ψ(t)

∥∥
L2(R3,C4)

+
(∥∥ψ(t)

∥∥
L2(R3,C4)

+
∥∥ψ(t)

∥∥
L∞(R3,C4)

)
+
∥∥ψ(t)

∥∥
H1(R3,C4)

.
∥∥xψ(t)

∥∥
L2(R3,C4)

+
∥∥x∆ψ(t)

∥∥
L2(R3,C4)

+
∥∥ψ(t)

∥∥
H2(R3,C4)

,

we can conclude that ∥∥xψ(t)
∥∥
H2(R3,C4)

. δ.

Now, consider x2
jw
±. We have

x2
jw
±(t) = e±it〈D〉

(
± it〈D〉−1∂j + xj

)2
ψ±(t)

= e±it〈D〉
(
− t2〈D〉−2∂2

j ± it〈D〉−1∂jxj ± itxj〈D〉−1∂j + x2
j

)
ψ±(t).

Since ∥∥t2〈D〉−2∂2
jψ
±(t)

∥∥
H2(R3,C4)

≤ (T ′)2
∥∥ψ±(t)

∥∥
H2(R3,C4)

and ∥∥it〈D〉−1∂jxjψ
±(t)

∥∥
H2(R3,C4)

≤ T ′
∥∥xψ±(t)

∥∥
H2(R3,C4)

,
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it remains to control (±itxj〈D〉−1∂j + x2
j)ψ

±(t). For the first part, note that

xj
(
〈D〉−1∂jψ(t)

)
=
(
〈D〉−3∂2

j + 〈D〉−1 + 〈D〉−1∂jxj
)
ψ±(t),

whence∥∥itxj〈D〉−1∂jψ
±(t)

∥∥
H2(R3,C4)

. T ′
(∥∥ψ±(t)

∥∥
H1(R3,C4)

+
∥∥xjψ±(t)

∥∥
H2(R3,C4)

)
.

Finally, consider x2
jψ
±(t). We only need to replace x with |x|2 in the calculations for

xψ(t) to obtain∥∥kn| · |2ψ±(t)
∥∥2

L2(R3,C4)

.
∥∥| · |2ψ±0 ∥∥2

L2(R3,C4)

+

∫ t

0

∥∥kn| · |2ψ±(t′)
∥∥
L2(R3,C4)

∥∥ψ(t′)
∥∥
H2(R3,C4)

·
(

1 +
∥∥k4n| · |2ψ(t′)

∥∥
L2(R3,C4)

∥∥ψ(t′)
∥∥
L2(R3,C4)

+
∥∥ψ(t′)

∥∥2

L2(R3,C4)

)
dt′

. δ2 + T ′R
∥∥kn| · |2ψ∥∥L∞t L2

x([0,T ′]×R3,C4)

(
1 +

∥∥k4n| · |2ψ
∥∥
L∞t L

2
x([0,T ′]×R3,C4)

R +R2
)

and∥∥kn| · |2∆ψ±(t)
∥∥2

L2(R3,C4)

.
∥∥| · |2∆ψ±0

∥∥2

L2(R3,C4)

+

∫ t

0

∥∥kn| · |2∆ψ±(t′)
∥∥
L2(R3,C4)

∥∥ψ(t′)
∥∥
H4(R3,C4)

·
(

1 +
∥∥k4n| · |2∆ψ(t′)

∥∥
L2(R3,C4)

∥∥ψ(t′)
∥∥
H2(R3,C4)

+
∥∥ψ(t′)

∥∥2

H2(R3,C4)

)
dt′

.
∥∥| · |2ψ±0 ∥∥2

H2(R3,C4)

+

∫ t

0

∥∥kn| · |2∆ψ±(t′)
∥∥
L2(R3,C4)

∥∥ψ(t′)
∥∥
H4(R3,C4)

·
(

1 +
∥∥k4n | · |2∆ψ(t′)

∥∥
L2(R3,C4)

∥∥ψ(t′)
∥∥
H2(R3,C4)

+
∥∥ψ(t′)

∥∥2

H2(R3,C4)

)
dt′

. δ2 + T ′R
∥∥kn| · |2∆ψ

∥∥
L∞t L

2
x([0,T ′]×R3,C4)

·
(

1 +
∥∥k4n| · |2∆ψ

∥∥
L∞t L

2
x([0,T ′]×R3,C4)

R +R2
)

which leads to∥∥kn| · |2ψ±∥∥L∞t L2
x([0,T ′]×R3,C4)

≤ Cδ + CT ′R2
∥∥k4n| · |2ψ

∥∥
L∞t L

2
x([0,T ′]×R3,C4)

and∥∥kn| · |2∆ψ±
∥∥
L∞t L

2
x([0,T ′]×R3,C4)

≤ Cδ + CT ′R2
∥∥k4n| · |2∆ψ

∥∥
L∞t L

2
x([0,T ′]×R3,C4)

. (66)

Choose T ′ > 0 such that

CT ′R2 ≤ 1

8
.
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Then, iterating (66) yields

∥∥kn| · |2ψ±∥∥L∞t L2
x([0,T ′]×R3,C4)

≤ Cδ
n∑
k=0

8−k + 8−n
∥∥k4nn| · |2ψ

∥∥
L∞t L

2
x([0,T ′]×R3,C4)

. δ + n2−n

. δ

and

∥∥kn| · |2∆ψ±
∥∥
L∞t L

2
x([0,T ′]×R3,C4)

≤ Cδ
n∑
k=0

8−k + 8−n
∥∥k4nn| · |2∆ψ

∥∥
L∞t L

2
x([0,T ′]×R3,C4)

. δ + n2−n

. δ

for sufficiently large n , where we used∥∥kn | · |2ψ±(t)
∥∥
L2(R3,C4)

. n
∥∥ψ±(t)

∥∥
L2(R3,C4)

and ∥∥kn | · |2∆ψ±(t)
∥∥
L2(R3,C4)

. n
∥∥ψ±(t)

∥∥
H2(R3,C4)

in the second steps. Fatou’s lemma implies∥∥| · |2ψ∥∥
L∞t L

2
x([0,T ′]×R3,C4)

. δ

and ∥∥| · |2∆ψ
∥∥
L∞t L

2
x([0,T ′]×R3,C4)

. δ.

Since ∥∥| · |2ψ(t)
∥∥
H2(R3,C4)

≤
∥∥| · |2ψ(t)

∥∥
L2(R3,C4)

+
∥∥| · |2∆ψ(t)

∥∥
L2(R3,C4)

+
∥∥∆| · |2 ψ(t)

∥∥
L2(R3,C4)

+
∥∥∇| · |2 · ∇ψ(t)

∥∥
L2(R3,C4)

.
∥∥| · |2ψ(t)

∥∥
L2(R3,C4)

+
∥∥| · |2∆ψ(t)

∥∥
L2(R3,C4)

+
∥∥ψ(t)

∥∥
L2(R3,C4)

+
∥∥xψ(t)

∥∥
H1(R3,C4)

,

we conclude (62).

2.2 Weighted energy estimates

From the local theory (cf. estimates (53), (58) and (62)), it follows that ‖ψ‖XT ′ ≤ δ̃
implies

‖ψ‖XT ′ . δ + δ̃3

and therefore,

‖ψ(t)‖HN (R3,C4) + ‖xw±(t)‖H2(R3,C4) + ‖〈x〉2ψ(t)‖H2
x(R3,C4) + ‖〈ξ〉8ψ̂±(t)(ξ)‖L∞ξ (R3,C4)

. δ + δ̃3 (67)
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whenever t ≤ T ′. For (45), we need to show that provided a priori assumption (44),

‖ψ(t)‖HN (R3,C4) . (δ + δ̃3)〈t〉ε,
‖xw±(t)‖H2(R3,C4) . (δ + δ̃3)〈t〉ε,
‖〈x〉2ψ(t)‖H2

x(R3,C4) . (δ + δ̃3)〈t〉2ε,

‖〈ξ〉8ψ̂±(t)(ξ)‖L∞ξ (R3,C4) . (δ + δ̃3)

for any t ∈ [0, T ]. Because of (67), it remains to prove that

‖ψ(t)‖HN (R3,C4) . (δ + δ̃3)tε,

‖xw±(t)‖H2(R3,C4) . (δ + δ̃3)tε,

‖〈x〉2ψ(t)‖H2
x(R3,C4) . (δ + δ̃3)t2ε,

‖〈ξ〉8ψ̂±(t)(ξ)‖L∞ξ (R3,C4) . (δ + δ̃3)

hold true for

t & 1. (68)

Lemma 2.6 (Refined linear decay). Let f ∈ HN(R3,C4) and t ∈ R. Then,∥∥e∓it〈D〉f∥∥
L∞(R3,C4)

. 〈t〉−3/2
∥∥〈ξ〉6f̂(ξ)

∥∥
L∞ξ (R3,C4)

+ 〈t〉−31/20
[∥∥〈x〉2f(x)

∥∥
L2
x(R3,C4)

+
∥∥f∥∥

H50(R3,C4)

]
. (69)

In particular, for ψ± satisfying a priori assumption (44), we have∥∥ψ±(t)
∥∥
W 2,p(R3,C4)

. δ̃〈t〉−3/2+3/p (70)

for any p ∈ [2,∞].

Proof. For (69), we can carry over Pusateri’s proof in [84, Section B.1]. Statement (70),
which is also mentioned in Pusateri’s paper without proof, can be seen as follows: By
definition (40) of the profile w± and estimate (69), we obtain∥∥ψ±(t)

∥∥
W 2,∞(R3,C4)

=
∑

α∈N3
0: |α|≤2

∥∥e∓it〈D〉∂αw±(t)
∥∥
L∞(R3,C4)

.
∑

α∈N3
0: |α|≤2

(
〈t〉−3/2

∥∥〈ξ〉6[∂αxw±(t)]̂ (ξ)
∥∥
L∞ξ (R3,C4)

+ 〈t〉−31/20
[∥∥〈x〉2∂αxw±(t, x)

∥∥
L2
x(R3,C4)

+
∥∥∂αxw±(t)

∥∥
H50(R3,C4)

])
. 〈t〉−3/2

∥∥〈ξ〉8ŵ±(t)(ξ)
∥∥
L∞ξ (R3,C4)

+ 〈t〉−31/20
[∥∥〈x〉2w±(t)

∥∥
H2(R3,C4)

+ ‖w±(t)‖H52(R3,C4)

]
(71)
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and estimate (70) follows for p =∞ by a priori assumption (44). For the case p = 2,
note that ‖〈ξ〉−2‖L2

ξ(R3,C) . 1 and therefore,

∥∥ψ±(t)
∥∥
H2(R3,C4)

.
∥∥〈ξ〉4ψ̂±(t)(ξ)

∥∥
L∞ξ (R3,C4)

. δ̃,

where we used a priori assumption (44) in the second step. By interpolation, we
get (70) for any p ∈ [2,∞].

As a consequence, the nonlinearity of (30) is scattering critical in the sense that∥∥(V ∗ |ψ(t)|2
)
ψ(t)

∥∥
L2(R3,C4)

≤
∥∥V ∗ |ψ(t)|2

∥∥
L∞(R3,C)

∥∥ψ(t)
∥∥
L2(R3,C4)

.
∥∥V ∥∥

L3,∞(R3,C)

∥∥|ψ(t)|2
∥∥
L3/2,1(R3,C)

δ

.
∥∥ψ(t)

∥∥
L2(R3,C4)

∥∥ψ(t)
∥∥
L6(R3,C4)

δ

. δ2δ̃〈t〉−1, (72)

where we used Lorentz-type Young’s inequality in the second step, interpolation in the
third step and estimate (70) in the last step.

Lemma 2.7 (Estimates for Plψ). Let ψ± ∈ C
(
[0, T ], HN(R3,C4)

)
satisfy a priori

assumption (44). Then, for any l ∈ Z and t ∈ [0, T ], we have∥∥Pl|ψ(t)|2
∥∥
L∞(R3,C)

. 23lδ̃2, (73)∥∥Pl|ψ(t)|2
∥∥
L∞(R3,C)

. 2−2l+ δ̃2〈t〉−3, (74)∥∥Pl|ψ(t)|2
∥∥
L2(R3,C)

. 23l/22−9l+/2δ̃2, (75)∥∥Plw±(t)
∥∥
L2(R3,C4)

=
∥∥Plψ±(t)

∥∥
L2(R3,C4)

. 23l/22−8l+ δ̃. (76)

Proof. By Bernstein’s and Hölder’s inequality,∥∥Pl|ψ(t)|2
∥∥
L∞(R3,C)

. 23l‖ψ(t)‖2
L2(R3,C4)

and estimate (70) implies (73). On the other hand, Bernstein’s inequality and decay
estimate (70) also give∥∥Pl|ψ(t)|2

∥∥
L∞(R3,C)

. 2−2l+
∥∥|ψ(t)|2

∥∥
W 2,∞(R3,C)

. 2−2l+ δ̃2〈t〉−3.

By Plancherel’s identity,∥∥Pl|ψ(t)|2
∥∥2

L2(R3,C)
= (2π)−3

∫
R3

χl(ξ)
2
∣∣ψ̂(t) ∗ ψ̂(t)(ξ)

∣∣2 dξ

.
∫
R3

χl(ξ)
2
∥∥〈·〉8ψ̂(t)

∥∥4

L∞(R3,C4)

(∫
R3

〈η〉−8〈ξ − η〉−8 dη
)2

dξ

. 2−9l+ δ̃4

∫
R3

χl(ξ)
2
(∫

R3

〈ξ〉9/2〈η〉−8〈ξ − η〉−8 dη
)2

dξ,
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where we used a priori assumption (44) in the last step. For |ξ| ≥ 2|η|, note that

〈ξ〉9/2〈η〉−8〈ξ − η〉−8 . 〈η〉−8.

Now, let |ξ| ≤ 2|η|. Then,

〈ξ〉9/2〈η〉−8〈ξ − η〉−8 . 〈η〉−7/2.

Since
∫
R3〈η〉−7/2 dη . 1, we conclude that∥∥Pl|ψ(t)|2

∥∥2

L2(R3,C)
. 2−9l+ δ̃4

∫
R3

χl(ξ)
2 dξ

. 2−9l+2−3lδ̃4

which implies (75). Finally, Plancherel’s identity leads to∥∥Plw±(t)
∥∥
L2(R3,C4)

= (2π)−3/2
∥∥χl(ξ)ŵ±(t)(ξ)

∥∥
L2
ξ(R3,C4)

. 23l/22−8l+
∥∥〈ξ〉8ŵ±(t)(ξ)

∥∥
L∞ξ (R3,C4)

.

Since
∣∣ŵ±(t)(ξ)

∣∣ =
∣∣ψ̂±(t)(ξ)

∣∣, we obtain (76) from a priori assumption (44).

In the Fourier space, the Duhamel formula for the profile w± reads

ŵ±0(t)(ξ) = ψ̂±0
0 (ξ) + ic

∫ t

0

e±0it′〈ξ〉Π±0(ξ)
[(
V ∗ |ψ(t′)|2

)
ψ(t′)

]̂
(ξ) dt′

= ψ̂±0
0 (ξ) + ic

∫ t

0

I±0(t′, ξ) dξ,

where

I±0(t′, ξ) = e±0it′〈ξ〉Π±0(ξ)

∫
R3

V̂ (η)
[
|ψ(t′)|2

]̂
(η)ψ̂(t′)(ξ − η) dη

= 4πe±0it′〈ξ〉Π±0(ξ)
∑

±1,±2,±3∈{+,−}

∫
R3

∫
R3

|η|−2
〈
ψ̂±1(t′)(σ), ψ̂±2(t′)(σ − η)

〉
C4

· ψ̂±3(t′)(ξ − η) dσ dη.

Let

I±0,±1,±2,±3(t′, ξ) = Π±0(ξ)

∫
R3

∫
R3

eit
′ϕ±0,±1,±2,±3 (ξ,η,σ)|η|−2

·
〈
ŵ±1(t′)(σ), ŵ±2(t′)(σ − η)

〉
C4ŵ±3(t′)(ξ − η) dσ dη, (77)

where

ϕ±0,±1,±2,±3(ξ, η, σ) = ±0〈ξ〉 ∓1 〈σ〉 ±2 〈σ − η〉 ∓3 〈ξ − η〉. (78)

Then,

I±0(t′, ξ) = 4π
∑

±1,±2,±3∈{+,−}

I±0,±1,±2,±3(t′, ξ)

and

ŵ±0(t)(ξ) = ψ̂±0
0 (ξ) + i4πc

∑
±1,±2,±3∈{+,−}

∫ t

0

I±0,±1,±2,±3(t′, ξ) dt′. (79)
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2.2.1 Control of 〈D〉Nψ±

Lemma 2.8. Let ψ± ∈ C
(
[0, T ], HN(R3,C4)

)
satisfy a priori assumption (44). Then,∥∥ψ±(t)

∥∥
HN (R3,C4)

. δ + 〈t〉εδ̃3 (80)

for any t ∈ [0, T ].

Proof. By Duhamel equation (52) and estimate (46), we have

∥∥ψ±(t)
∥∥
HN (R3,C4)

.
∥∥ψ±0 ∥∥HN (R3,C4)

+

∫ t

0

∥∥(V ∗ |ψ(t′)|2
)
ψ(t′)

∥∥
HN (R3,C4)

dt′. (81)

The initial data assumption (43) implies∥∥ψ±0 ∥∥HN (R3,C4)
≤ δ.

It remains to control the second term on the right hand side of (81). We have∥∥(V ∗ |ψ(t′)|2
)
ψ(t′)

∥∥
HN (R3,C4)

.
∥∥V ∗ |ψ(t′)|2

∥∥
L∞(R3,C)

∥∥ψ(t′)
∥∥
HN (R3,C4)

+
∥∥V ∗ |ψ(t′)|2

∥∥
HN,6(R3,C)

∥∥ψ(t′)
∥∥
L3(R3,C4)

. (82)

For the first term of (82), Lorentz-type Young’s inequality and interpolation give∥∥V ∗ |ψ(t′)|2
∥∥
L∞(R3,C)

.
∥∥V ∥∥

L3,∞(R3,C)

∥∥|ψ(t′)|2
∥∥
L3/2,1(R3,C)

.
∥∥ψ(t′)

∥∥
L2(R3,C4)

∥∥ψ(t′)
∥∥
L6(R3,C4)

. δ̃2〈t′〉−1,

where we used estimate (70) in the last step. For the second term in (82), weak Young’s
inequality leads to∥∥V ∗ |ψ(t′)|2

∥∥
HN,6(R3,C)

.
∥∥|ψ(t′)|2

∥∥
HN,6/5(R3,C)

.
∥∥ψ(t′)

∥∥
HN (R3,C4)

∥∥ψ(t′)
∥∥
L3(R3,C4)

. δ̃2〈t′〉ε−1/2,

where we used a priori assumption (44) and estimate (70) in the last step. Together
with (82) and estimates (44), (70), we obtain∥∥(V ∗ |ψ(t′)|2

)
ψ(t′)

∥∥
HN (R3,C4)

. δ̃3〈t′〉ε−1

so that the second term on the right hand side of (81) is bounded by δ̃3〈t〉ε.

2.2.2 Preliminary estimates for controlling xw± and 〈x〉2w±

For estimating the weighted terms ‖xw±(t, x)‖H2
x(R3,C4) and ‖〈x〉2w±(t, x)‖H2

x(R3,C4),
we need the following multiplier estimate which is proved is Pusateri’s paper [84,
Lemma B.1] for the C-valued case. For the sake of completeness, we show the corre-
sponding C4-valued version:
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Lemma 2.9. Let m ∈ L1(R3 × R3,C4×4) and C > 0 such that∥∥∥∫
R3

∫
R3

eix·ξeiy·ηm(ξ, η) dξ dη
∥∥∥
L1

(x,y)
(R3×R3,C4×4)

≤ C (83)

or let m ∈ L1(R3 × R3,C) and C > 0 such that∥∥∥∫
R3

∫
R3

eix·ξeiy·ηm(ξ, η) dξ dη
∥∥∥
L1

(x,y)
(R3×R3,C)

≤ C. (84)

Then, ∣∣∣ ∫
R3

∫
R3

〈
ĝ(η)m(ξ, η)f̂(ξ), ĥ(ξ + η)

〉
C4

dξ dη
∣∣∣

≤ C‖f‖Lp(R3,C4)‖g‖Lq(R3,C)‖h‖Lr(R3,C4) (85)

for any f ∈ Lp(R3,C4), g ∈ Lq(R3,C), h ∈ Lr(R3,C4) and p, q, r ∈ [1,∞] provided
1/p+ 1/q + 1/r = 1. Moreover,∥∥∥∫

R3

ĝ(η)m(ξ, η)f̂(ξ − η) dη
∥∥∥
L2
ξ(R3,C4)

≤ C‖f‖Lp(R3,C4)‖g‖Lq(R3,C) (86)

for any p, q ∈ [1,∞] provided 1/p+ 1/q = 1/2.

Proof. We essentially follow the arguments in Pusateri’s paper [84, Lemma B.1] for
the scalar case. For m ∈ L1(R3 × R3,C), we can define

R3 × R3 3 (ξ, η) 7→ m(ξ, η)I4 ∈ C4×4

and (84) immediately implies (83). So, it suffices to consider m ∈ L1(R3 × R3,C4×4)
satisfying (83). We have∣∣∣ ∫

R3×R3

〈
ĝ(η)m(ξ, η)f̂(ξ), ĥ(ξ + η)

〉
C4

d(ξ, η)
∣∣∣

=
∣∣∣ ∫

R3×R3

∫
R3×R3×R3

〈
e−ix·ξe−iy·ηeiz·(ξ+η)g(y)m(ξ, η)f(x), h(z)

〉
C4

d(x, y, z) d(ξ, η)
∣∣∣

=
∣∣∣ ∫

R3×R3×R3

〈∫
R3×R3

ei(z−x)·ξei(z−y)·ηm(ξ, η) d(ξ, η) g(y)f(x), h(z)
〉
C4

d(x, y, z)
∣∣∣

and assumption (83) leads to∣∣∣ ∫
R3×R3

〈
ĝ(η)m(ξ, η)f̂(ξ), ĥ(ξ + η)

〉
C4

d(ξ, η)
∣∣∣

≤ C ess sup
x,y∈R3

∫
R3

∣∣g(z − y)f(z − x)
∣∣ ∣∣h(z)

∣∣ dz
≤ C‖f‖Lp(R3,C4)‖g‖Lq(R3,C)‖h‖Lr(R3,C4).

By duality and Plancherel’s identity,∥∥∥∫
R3

ĝ(η)m(ξ, η)f̂(ξ − η) dη
∥∥∥
L2
ξ(R3,C4)

= sup
‖ĥ‖L2(R3,C4)≤1

∣∣∣ ∫
R3

〈∫
R3

ĝ(η)m(ξ, η)f̂(ξ − η) dη, ĥ(ξ)
〉
C4

dξ
∣∣∣

= sup
‖h‖L2(R3,C4)≤(2π)−3/2

∣∣∣ ∫
R3×R3

〈
ĝ(η)m̃(ξ, η)f̂(ξ), ĥ(ξ + η)

〉
C4

d(ξ, η)
∣∣∣, (87)
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where
m̃(ξ, η) = m(ξ + η, η).

Since ∥∥∥∫
R3×R3

eix·ξeiy·ηm̃(ξ, η) d(ξ, η)
∥∥∥
L1

(x,y)
(R3×R3,C4×4)

=
∥∥∥∫

R3×R3

eix·(ξ−η)eiy·ηm(ξ, η) d(ξ, η)
∥∥∥
L1

(x,y)
(R3×R3,C4×4)

=
∥∥∥∫

R3×R3

eix·ξei(y−x)·ηm(ξ, η) d(ξ, η)
∥∥∥
L1

(x,y)
(R3×R3,C4×4)

=
∥∥∥∫

R3×R3

eix·ξeiy·ηm(ξ, η) d(ξ, η)
∥∥∥
L1

(x,y)
(R3×R3,C4×4)

≤ C,

estimate (86) follows from (87) and (85).

Lemma 2.10. The assumption (83) of Lemma 2.9 is satisfied with C . C̃ whenever
m ∈ C4

(
(R3 r {0})× (R3 r {0}),C4×4

)
fulfills∣∣∂αξ ∂βηm(ξ, η)

∣∣
≤ C̃2−k|α|2−l|β|χ̃k(ξ)χ̃l(η) ∀ ξ, η ∈ R3 r {0}, α, β ∈ N3

0, |α|, |β| ≤ 4 (88)

for some k, l ∈ Z. Analogously for the assumption (84) of Lemma 2.9.

Proof. Let n1, n2 ∈ {2, 4}. Integration by parts leads to∣∣∣ ∫
R3×R3

eix·ξeiy·ηm(ξ, η) d(ξ, η)
∣∣∣ . ∫

R3×R3

|x|−n1|y|−n2 max
|α|=n1,|β|=n2

∣∣∂αξ ∂βηm(ξ, η)
∣∣ d(ξ, η)

and from (88), we obtain∣∣∣ ∫
R3×R3

eix·ξeiy·ηm(ξ, η) d(ξ, η)
∣∣∣ . C̃|x|−n1 |y|−n22−n1k2−n2l

∫
R3×R3

χ̃k(ξ)χ̃l(η) d(ξ, η)

. C̃2(3−n1)k2(3−n2)l|x|−n1|y|−n2 . (89)

We first consider the L1
(x,y)-norm on B2−k(0)×B2−l(0). Estimate (89) with n1 = n2 = 2

gives ∫
B

2−k (0)×B
2−l (0)

∣∣∣ ∫
R3×R3

eix·ξeiy·ηm(ξ, η) d(ξ, η)
∣∣∣ d(x, y)

. C̃2k2l
∫
B

2−k (0)×B
2−l (0)

|x|−2|y|−2 d(x, y)

. C̃. (90)

For the L1
(x,y)-norm on B2−k(0)×B2−l(0)c, we use estimate (89) with n1 = 2 and n2 = 4

to get ∫
B

2−k (0)×B
2−l (0)c

∣∣∣ ∫
R3×R3

eix·ξeiy·ηm(ξ, η) d(ξ, η)
∣∣∣ d(x, y)

. C̃2k2−l
∫
B

2−k (0)×B
2−l (0)c

|x|−2|y|−4 d(x, y)

. C̃. (91)
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Analogously, estimate (89) with n1 = 4 and n2 = 2 leads to∫
B

2−k (0)c×B
2−l (0)

∣∣∣ ∫
R3×R3

eix·ξeiy·ηm(ξ, η) d(ξ, η)
∣∣∣χk′(x)χl′(y) d(x, y) . C̃ (92)

and estimate (89) with n1 = n2 = 4 yields∫
B

2−k (0)c×B
2−l (0)c

∣∣∣ ∫
R3×R3

eix·ξeiy·ηm(ξ, η) d(ξ, η)
∣∣∣χk′(x)χl′(y) d(x, y) . C̃. (93)

By (90)–(93), we can conclude estimate (88).

Lemma 2.11. Assume that ψ± ∈ C
(
[0, T ], HN(R3,C4)

)
satisfies a priori assump-

tion (44) and ml,l12 ∈ L1(R3 × R3,C4×4), ml,l12 ∈ L1(R3 × R3,C) fulfill (83), (84),
respectively, with C . 2−nl122−l

+
, l, l12 ∈ Z, n ∈ {0, 1} and∣∣ml,l12(ξ, η)
∣∣ . 2−nl122−l

+

χl(ξ)χl12(η). (94)

Let

I(t, ξ) = eiφ(t,ξ)
∑

l,l12,l3∈Z

∫
R3

χl(ξ)
[
Pl12|ψ(t)|2

]̂
(η)ml,l12(ξ, η)

[
Pl3ψ

±(t)
]̂

(ξ − η) dη

for some real-valued phase function φ. Then,∥∥〈ξ〉2I(t, ξ)
∥∥
L2
ξ(R3,C4)

. δ̃3〈t〉ε+n−3.

Proof. Denote

Il,l12,l3 = eiφ(t,ξ)

∫
R3

χl(ξ)
[
Pl12|ψ(t)|2

]̂
(η)ml,l12(ξ, η)

[
Pl3ψ

±(t)
]̂

(ξ − η) dη.

From (86), we obtain∥∥〈ξ〉2Il,l12,l3(t, ξ)
∥∥
L2
ξ(R3,C4)

. 2l
+

2−nl12
∥∥Pl12|ψ(t)|2

∥∥
L∞(R3,C)

∥∥Pl3ψ±(t)
∥∥
L2(R3,C4)

. δ̃32l
+

2−nl12 min
{

23l12 , 2−2l+12〈t〉−3
}

23l3/22−8l+3 , (95)

where we used estimates (73), (74) and (76) in the second step. On the other hand,
estimate (94), Hölder’s inequality and Hausdorff–Young’s inequality yield∥∥〈ξ〉2Il,l12,l3(t, ξ)

∥∥
L2
ξ(R3,C4)

. 2l
+

2−nl12
∥∥χl∥∥L2(R3,C)

∥∥Pl12|ψ(t)|2
∥∥
L2(R3,C)

∥∥Pl3ψ±(t)
∥∥
L2(R3,C4)

. δ̃32l
+

23l/22(3/2−n)l122−9l+12/223l3/22−8l+3 , (96)

where we used estimates (75) and (76) in the second step.
In order to get nonzero contributions, at least one of the following four cases must

hold:

a) l ∼ l3 � l12,

b) l� l3 ∼ l12, 2l ≤ 〈t〉−2,

c) l� l3 ∼ l12, 2l ≥ 〈t〉−2,

d) l12 ∼ l� l3.
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a) Estimate (95) gives∑
l∼l3�l12

∥∥〈ξ〉2Il,l12,l3(t, ξ)
∥∥
L2
ξ(R3,C4)

. δ̃3
∑

l∼l3�l12

2−nl12 min
{

23l12 , 2−2l+12〈t〉−3
}

23l/22−7l+

. δ̃3
( ∑

2l12≤〈t〉−1

2(3−n)l12 +
∑

2l12≥〈t〉−1

2−nl122−2l+12〈t〉−3
)

. δ̃3〈t〉ε+n−3.

b) By estimate (96), we have∑
l�l3∼l12, 2l≤〈t〉−2

∥∥〈ξ〉2Il,l12,l3(t, ξ)
∥∥
L2
ξ(R3,C4)

. δ̃3
∑

l�l3∼l12, 2l≤〈t〉−2

23l/22(3/2−n)l122−9l+12/223l3/22−8l+3

. δ̃3
∑

2l≤〈t〉−2

23l/2

. δ̃3〈t〉−3.

c) Estimate (95) implies∑
l�l3∼l12, 2l≥〈t〉−2

∥∥〈ξ〉2Il,l12,l3(t, ξ)
∥∥
L2
ξ(R3,C4)

. δ̃3
∑

l�l3∼l12, 2l≥〈t〉−2

2l
+

2−nl12 min
{

23l12 , 2−2l+12〈t〉−3
}

23l3/22−8l+3

. δ̃3
∑

2l12≤〈t〉−1

2(3−n)l12

∑
〈t〉−2≤2l≤〈t〉−1

1 + δ̃3
∑

2l12≥〈t〉−1

2−nl122−l
+
12〈t〉−3

∑
2l≥〈t〉−2

2−l
+

. δ̃3〈t〉ε+n−3.

d) By estimate (95), we have∑
l12∼l�l3

∥∥〈ξ〉2Il,l12,l3(t, ξ)
∥∥
L2
ξ(R3,C4)

. δ̃3
∑

l12∼l�l3

2l
+

2−nl min
{

23l, 2−2l+〈t〉−3
}

23l3/22−8l+3

. δ̃3
( ∑

2l≤〈t〉−1

2(3−n)l +
∑

2l≥〈t〉−1

2−nl2−l
+〈t〉−3

)∑
l3

23l3/22−8l+3

. δ̃3〈t〉ε+n−3.

Lemma 2.12 (Estimate for ±0 = ∓3). Let ψ± ∈ C
(
[0, T ], HN(R3,C4)

)
satisfy a

priori assumption (44) and ml,l12 ∈ L1(R3 × R3,C4×4), ml,l12 ∈ L1(R3 × R3,C) ful-
fill (83), (84), respectively, with C . 2−n0l12, l, l12 ∈ Z, n0 ∈ {1, 2}, and∣∣ml,l12(ξ, η)

∣∣ . 2−n0l12χ̃l(ξ)χ̃l12(η). (97)
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Assume that

I±0,±1,±2(t′, ξ)

=
∑

(l,l1)∈I±1,±2

∑
l12∈−N

∑
l3∈Z

∫
R3

∫
R3

(t′)neit
′ϕ±0,±1,±2,∓0 (ξ,η,σ)χl(ξ)χl12(η)χl3(ξ − η)χl1(σ)

·
〈

ŵ±1(t′)(σ), ŵ±2(t′)(σ − η)
〉
C4
ml,l12(ξ, η)ŵ∓0(t′)(ξ − η) dσ dη

for some n ∈ N, ϕ±0,±1,±2,∓0 from (78) and

I±1,±2 =

{
Z2 if ±1 = ±2,

{(l, l1) ∈ Z2 : l ≥ 4, l1 6∼ l} if ±1 = ∓2.

Then, ∥∥∥〈ξ〉2 ∫ t

0

I±0,±1,±2(t′, ξ) dt′
∥∥∥
L2
ξ(R3,C4)

. nδ̃3〈t〉ε+n−3+n0 .

Proof. Since

eit
′ϕ±0,±1,±2,∓0 (ξ,η,σ) = ∂t′

eit
′ϕ±0,±1,±2,∓0 (ξ,η,σ)

iϕ±0,±1,±2,∓0(ξ, η, σ)
,

integration by parts in t′ leads to∫ t

0

I(t′, ξ) dt′ =
5∑
j=1

∑
(l,l1)∈I±1,±2

∑
l12∈−N

∑
l3∈Z

Ij;l,l1,l12,l3(t, ξ),

where

I1;l,l1,l12,l3(t, ξ) = tn
∫
R3

∫
R3

eitϕ
±0,±1,±2,∓0 (ξ,η,σ)

iϕ±0,±1,±2,∓0(ξ, η, σ)
χl(ξ)χl12(η)χl1(σ)χl3(ξ − η)

·
〈

ŵ±1(t)(σ), ŵ±2(t)(σ − η)
〉
C4
ml,l12(ξ, η)ŵ∓0(t)(ξ − η) dσ dη,

I2;l,l1,l12,l3(t, ξ) =

∫ t

0

n(t′)n−1

∫
R3

∫
R3

eit
′ϕ±0,±1,±2,∓0 (ξ,η,σ)

iϕ±0,±1,±1,∓0(ξ, η, σ)
χl(ξ)χl12(η)χl1(σ)χl3(ξ − η)

·
〈

ŵ±1(t′)(σ), ŵ±2(t′)(σ − η)
〉
C4
ml,l12(ξ, η)ŵ∓0(t′)(ξ − η) dσ dη dt′,

I3;l,l1,l12,l3(t, ξ) =

∫ t

0

(t′)n
∫
R3

∫
R3

eit
′ϕ±0,±1,±2,∓0 (ξ,η,σ)

iϕ±0,±1,±2,∓0(ξ, η, σ)
χl(ξ)χl12(η)χl1(σ)χl3(ξ − η)

·
〈
∂t′ŵ±1(t′)(σ), ŵ±2(t′)(σ − η)

〉
C4
ml,l12(ξ, η)ŵ∓0(t′)(ξ − η) dσ dη dt′,

I4;l,l1,l12,l3(t, ξ) =

∫ t

0

(t′)n
∫
R3

∫
R3

eit
′ϕ±0,±1,±2,∓0 (ξ,η,σ)

iϕ±0,±1,±2,∓0(ξ, η, σ)
χl(ξ)χl12(η)χl1(σ)χl3(ξ − η)

·
〈

ŵ±1(t′)(σ), ∂t′ŵ±2(t′)(σ − η)
〉
C4
ml,l12(ξ, η)ŵ∓0(t′)(ξ − η) dσ dη dt′,

I5;l,l1,l12,l3(t, ξ) =

∫ t

0

(t′)n
∫
R3

∫
R3

eit
′ϕ±0,±1,±2,∓0 (ξ,η,σ)

iϕ±0,±1,±2,∓0(ξ, η, σ)
χl(ξ)χl12(η)χl1(σ)χl3(ξ − η)

·
〈

ŵ±1(t′)(σ), ŵ±2(t′)(σ − η)
〉
C4
ml,l12(ξ, η)∂t′ŵ∓0(t′)(ξ − η) dσ dη dt′.
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Consider ξ, η, σ ∈ R3 with χl(ξ), χl12(η), χl1(σ) 6= 0 for l12 ∈ −N and (l, l1) ∈ I±1,±2 ,
i.e. in particular

|η| ≤ 2l12+1 ≤ 1 (98)

and additionally for the case ±1 = ∓2, we also have

|ξ| ≥ 2l−1 ≥ 8, (99)

|σ| ≤ 2l1+1 ≤ 2l−3 ≤ |ξ|
2

if l1 � l, (100)

|ξ| ≤ σ

2
if l1 � l. (101)

For ±1 = ±2, we observe that∣∣ϕ±0,±1,±1,∓0(ξ, η, σ)
∣∣ ≥ 〈ξ〉+ 〈ξ − η〉 −

∣∣〈σ〉 − 〈σ − η〉∣∣
≥ 〈ξ〉+ 〈ξ − η〉 − |η|
≥ 〈ξ〉,

where we used estimate (98) in the last step. For ±1 = ∓2 and l1 � l, note that∣∣ϕ±0,±1,∓1,∓0(ξ, η, σ)
∣∣ ≥ 〈ξ〉+ 〈ξ − η〉 − 〈σ〉 − 〈σ − η〉
≥ 2|ξ| − 2|η| − 2|σ| − 2

≥ |ξ| − 4

≥ |ξ|
2

& 〈ξ〉,

where we used (98), (100) in the third step and (99) in the last two steps. In the
l1 � l-case, we get analogously∣∣ϕ±0,±1,∓1,∓0(ξ, η, σ)

∣∣ ≥ 〈σ〉+ 〈σ − η〉 − 〈ξ〉 − 〈ξ − η〉
≥ |σ| − 4

≥ 31|σ|
32

& 〈σ〉
& 〈ξ〉,

where we used (98), (101) in the second step and (99), (101) in the last three steps.
Hence, for any of the cases mentioned above, we have∣∣ϕ±0,±1,±2,∓0(ξ, η, σ)

∣∣ & 〈ξ〉. (102)

From Bernstein’s inequality, Hölder’s inequality, a priori assumption (44) and esti-
mate (70), we obtain∥∥Pl12

〈
Pl1ψ

±1(t), ψ±2(t)
〉
C4

∥∥
L2(R3,C)

. 2(3/p−3/2)l12
∥∥〈Pl1ψ±1(t), ψ±2(t)

〉
C4

∥∥
Lp(R3,C)

. 2(3/p−3/2)l12
∥∥Pl1ψ±1(t)

∥∥
Lq(R3,C4)

∥∥ψ±2(t)
∥∥
L2(R3,C4)

. 2(3/p−3/2)l122(3/2−3/q)l12−l
+
1

∥∥Pl1ψ±1(t)
∥∥
H1(R3,C4)

·
∥∥ψ±2(t)

∥∥
L2(R3,C4)

. 2(3/2−ε/4)l122εl1/42−l
+
1 δ̃2, (103)



40 2 BOOTSTRAP ARGUMENT AND WEIGHTED ESTIMATES

where we set p = 3/(3− ε/4) and 1/q = 1/p− 1/2 in the last step. Similarly,∥∥Pl12

〈
Pl1ψ

±1(t), ψ±2(t)
〉
C4

∥∥
L∞(R3,C)

. 23l12/p
∥∥〈Pl1ψ±1(t), ψ±2(t)

〉
C4

∥∥
Lp(R3,C)

. 23l12/p
∥∥Pl1ψ±1(t)

∥∥
Lq(R3,C4)

∥∥ψ±2(t)
∥∥
L2(R3,C4)

. 23l12/p2(3/2−3/q)l12−l
+
1

∥∥Pl1ψ±1(t)
∥∥
H1(R3,C4)

·
∥∥ψ±2(t)

∥∥
L2(R3,C4)

. 2(3−ε/4)l122εl1/42−l
+
1 δ̃2 (104)

by choosing again p = 3/(3− ε/4) and 1/q = 1/p− 1/2. Furthermore,∥∥Pl12

〈
Pl1ψ

±1(t), ψ±2(t)
〉
C4

∥∥
L∞(R3,C)

. 2(ε/2−2)l+12

∥∥〈D〉2−ε/2〈Pl1ψ±1(t), ψ±2(t)
〉
C4

∥∥
L∞(R3,C)

. 2(ε/2−2)l+122−εl
+
1 /2
∥∥〈D〉2Pl1ψ±1(t)

∥∥
L∞(R3,C4)

∥∥〈D〉2−ε/2ψ±2(t)
∥∥
L∞(R3,C4)

. 2(ε/2−2)l+122−εl
+
1 /223l1/p

∥∥〈D〉2Pl1ψ±1(t)
∥∥
Lp(R3,C4)

∥∥〈D〉2−ε/2ψ±2(t)
∥∥
L∞(R3,C4)

. 2(ε/2−2)l+122−εl
+
1 /22εl1/4〈t〉ε/4−3δ̃2, (105)

where we choose p = 12/ε in the last step.
In order to get nonzero contributions, at least one of the following four cases must

be fulfilled:

a) l ∼ l3 � l12,

b) l� l3 ∼ l12, 2l ≤ 〈t〉−2,

c) l� l3 ∼ l12, 2l ≥ 〈t〉−2,

d) l12 ∼ l� l3.

Estimate for I1;l,l1,l12,l3: Denote

〈ξ〉2I1;l,l1,l12,l3(t, ξ) = tn
∫
R3

∫
R3

〈ξ〉2e±0it〈ξ〉

iϕ±0,±1,±2,∓0(ξ, η, σ)
χl(ξ)χl12(η)χl1(σ)χl3(ξ − η)

·
〈
ψ̂±1(t)(σ), ψ̂±2(t)(σ − η)

〉
C4
ml,l12(ξ, η)ψ̂∓0(t)(ξ − η) dσ dη.

From estimates (97), (102), Hölder’s inequality and Hausdorff–Young’s inequality,∥∥〈ξ〉2I1;l,l1,l12,l3(t, ξ)
∥∥
L2
ξ(R3,C4)

. tn2l
+

2−n0l12
∥∥χl∥∥L2(R3,C)

·
∥∥Pl12

〈
Pl1ψ

±1(t), ψ±2(t)
〉
C4

∥∥
L2(R3,C)

∥∥Pl3ψ∓0(t)
∥∥
L2(R3,C4)

. tn2l
+

2−n0l1223l/2
∥∥Pl12

〈
Pl1ψ

±1(t), ψ±2(t)
〉
C4

∥∥
L2(R3,C)

·
∥∥Pl3ψ∓0(t)

∥∥
L2(R3,C4)

. (106)

Furthermore, estimates (97), (102) and Lemma 2.9 give∥∥〈ξ〉2I1;l,l1,l12,l3(t, ξ)
∥∥
L2
ξ(R3,C4)

. tn2l
+

2−n0l12
∥∥Pl12

〈
Pl1ψ

±1(t), ψ±2(t)
〉
C4

∥∥
L∞(R3,C)

·
∥∥Pl3ψ∓0(t)

∥∥
L2(R3,C4)

. (107)
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a) From (107), (104), (105) and (76), we conclude∑
l12∈−N

∑
(l,l1)∈I±1,±2 , l3∈Z, l∼l3�l12

∥∥〈ξ〉2I1,l,l1,l12,l3(t, ξ)
∥∥
L2
ξ(R3,C4)

. δ̃3tn
∑
l12∈−N

∑
(l,l1)∈I±1,±2 , l3∈Z, l∼l3�l12

2l
+

2−n0l122εl1/42−εl
+
1 /2

·min
{

2(3−ε/4)l12 , 〈t〉ε/4−3
}

23l3/22−8l+3

. δ̃3tn
∑
l1∈Z

2εl1/42−εl
+
1 /2
( ∑

2l12≤〈t〉−1

2(3−n0−ε/4)l12 +
∑

2l12≥〈t〉−1

2−n0l12〈t〉ε/4−3
)

·
∑
l∈Z

23l/22−7l+

. δ̃3tn−3+n0−1+ε/4.

b) Estimates (106), (103) and (76) lead to∑
l12∈−N

∑
(l,l1)∈I±1,±2 , l3∈Z, l�l3∼l12, 2l≤〈t〉−2

∥∥〈ξ〉2I1,l,l1,l12,l3(t, ξ)
∥∥
L2
ξ(R3,C4)

. δ̃3tn
∑
l12∈−N

∑
(l,l1)∈I±1,±2 , l3∈Z, l�l3∼l12, 2l≤〈t〉−2

2l
+

2(3/2−n0−ε/4)l1223l/22−l
+
1 2εl1/423l3/22−8l+3

. δ̃3tn
∑
l1∈Z

2−l
+
1 2εl1/4

∑
l12∈−N

2(3−n0−ε/4)l12

∑
2l≤〈t〉−2

23l/2

. δ̃3tn−3.

c) By estimates (107), (104), (105) and (76),∑
l12∈−N

∑
(l,l1)∈I±1,±2 , l3∈Z, l�l3∼l12, 2l≥〈t〉−2

∥∥〈ξ〉2I1,l,l1,l12,l3(t, ξ)
∥∥
L2
ξ(R3,C4)

. δ̃3tn
∑
l12∈−N

∑
(l,l1)∈I±1,±2 , l3∈Z, l�l3∼l12, 2l≥〈t〉−2

2l
+

2−n0l122εl1/42−εl
+
1 /2

·min
{

2(3−ε/4)l12 , 〈t〉ε/4−3
}

23l3/22−8l+3

. δ̃3tn
∑

2l12≤〈t〉−1

2(3−n0−ε/4)l12

∑
〈t〉−2≤2l≤〈t〉−1

1 + δ̃3tn
∑

2l12≥〈t〉−1

2−n0l12〈t〉ε/4−3
∑

2l≥〈t〉−2

2−7l+

. δ̃3tn−3+n0+ε.

d) We use estimates (107), (104), (105) and (76) to obtain∑
l12∈−N

∑
(l,l1)∈I±1,±2 , l3∈Z, l12∼l�l3

∥∥〈ξ〉2I1,l,l1,l12,l3(t, ξ)
∥∥
L2
ξ(R3,C4)

. δ̃3tn
∑
l12∈−N

∑
(l,l1)∈I±1,±2 , l3∈Z, l12∼l�l3

2−n0l122εl1/42−εl
+
1 /2 min

{
2(3−ε/4)l12 , 〈t〉ε/4−3

}
23l3/2

. δ̃3tn
∑
l1∈Z

2εl1/42−εl
+
1 /2

∑
l3∈−N

23l3/2
( ∑

2l≤〈t〉−1

2(3−n0−ε/4)l +
∑

2l≥〈t〉−1

2−n0l〈t〉ε/4−3
)

. δ̃3tn−3+n0+ε/4.



42 2 BOOTSTRAP ARGUMENT AND WEIGHTED ESTIMATES

Estimate for I2;l,l1,l12,l3: Since

〈ξ〉2I2;l,l1,l12,l3(t, ξ)

=

∫ t

0

n(t′)n−1

∫
R3

∫
R3

〈ξ〉2e±0it′〈ξ〉

iϕ±0,±1,±1,∓0(ξ, η, σ)
χl(ξ)χl12(η)χl1(σ)χl3(ξ − η)

·
〈
ψ̂±1(t′)(σ), ψ̂±2(t′)(σ − η)

〉
C4
ml,l12(ξ, η)ψ̂∓0(t′)(ξ − η) dσ dη dt′

=

∫ t

0

n(t′)−1I1;l,l1,l12,l3(t′, ξ) dt′,

the estimates for I1;l,l1,l12,l3 imply

∥∥〈ξ〉2I2;l,l1,l12,l3(t, ξ)
∥∥
L2(R3,C4)

.
∫ t

0

n(t′)−1δ̃3(t′)n−1+ε dt′

. nδ̃3tn−3+n0+ε.

Estimates for I3;l,l1,l12,l3 and I4;l,l1,l12,l3: By symmetry, it suffices to consider
I3;l,l1,l12,l3 . Note that

〈ξ〉2I3;l,l1,l12,l3(t, ξ)

=

∫ t

0

(t′)n
∫
R3

∫
R3

〈ξ〉2eit′(±0〈ξ〉∓1〈σ〉)

iϕ±0,±1,±1,∓0(ξ, η, σ)
χl(ξ)χl12(η)χl1(σ)χl3(ξ − η)

·
〈
∂t′ŵ±1(t′)(σ), ψ̂±2(t′)(σ − η)

〉
C4
ml,l12(ξ, η)ψ̂∓0(t′)(ξ − η) dσ dη dt′

=:

∫ t

0

Ĩ3;l,l1,l12,l3(t′, ξ) dt′

and

∂tw
± = −i∂tψ± + 〈D〉ψ±

= Π±(D)
[
(V ∗ |ψ|2)ψ

]
. (108)

With the same arguments as in (106) and (107), we get∥∥Ĩ3;l,l1,l12,l3(t′, ξ)
∥∥
L2
ξ(R3,C4)

. (t′)n2l
+

2−n0l1223l/2
∥∥∥Pl12

〈
Pl1Π±1(D)

[
(V ∗ |ψ(t′)|2)ψ(t′)

]
, ψ±2(t′)

〉
C4

∥∥∥
L2(R3,C)

·
∥∥Pl3ψ∓0(t′)

∥∥
L2(R3,C4)

(109)

and∥∥Ĩ3;l,l1,l12,l3(t′, ξ)
∥∥
L2
ξ(R3,C4)

. (t′)n2l
+

2−n0l12

∥∥∥Pl12

〈
Pl1Π±1(D)

[
(V ∗ |ψ(t′)|2)ψ(t′)

]
, ψ±2(t′)

〉
C4

∥∥∥
L∞(R3,C)

·
∥∥Pl3ψ∓0(t′)

∥∥
L2(R3,C4)

. (110)
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Similarly to estimates (103)–(105), we observe that∥∥∥Pl12

〈
Pl1Π±1(D)

[
(V ∗ |ψ(t′)|2)ψ(t′)

]
, ψ±2(t′)

〉
C4

∥∥∥
L2(R3,C)

. 2(3/p−3/2)l12

∥∥∥Pl1Π±1(D)
[
(V ∗ |ψ(t′)|2)ψ(t′)

]∥∥∥
Lq(R3,C4)

∥∥ψ±2(t′)
∥∥
L2(R3,C4)

. 2(3/p−3/2)l122(3/2−3/q)l12−l
+
1

∥∥ψ(t′)
∥∥
H1(R3,C4)

∥∥ψ(t′)
∥∥
L2(R3,C4)

∥∥ψ(t′)
∥∥
L6(R3,C4)

·
∥∥ψ±2(t′)

∥∥
L2(R3,C4)

. 2(3/2−ε/4)l122εl1/42−l
+
1 〈t′〉−1δ̃4 (111)

and ∥∥∥Pl12

〈
Pl1Π±1(D)

[
(V ∗ |ψ(t′)|2)ψ(t′)

]
, ψ±2(t′)

〉
C4

∥∥∥
L∞(R3,C)

. 23l12/p
∥∥∥Pl1Π±1(D)

[
(V ∗ |ψ(t′)|2)ψ(t′)

]∥∥∥
Lq(R3,C4)

∥∥ψ±2(t′)
∥∥
L2(R3,C4)

. 2(3−ε/4)l122εl1/42−l
+
1 〈t′〉−1δ̃4 (112)

by choosing p = 3/(3− ε/4) and 1/q = 1/p− 1/2. Furthermore,∥∥∥Pl12

〈
Pl1Π±1(D)

[
(V ∗ |ψ(t′)|2)ψ(t′)

]
, ψ±2(t′)

〉
C4

∥∥∥
L∞(R3,C)

. 2(ε/2−2)l+122−εl
+
1 /2
∥∥∥Pl1Π±1(D)

[
(V ∗ |ψ(t′)|2)ψ(t′)

]∥∥∥
W 2,∞(R3,C4)

·
∥∥ψ±2(t′)

∥∥
W 2,∞(R3,C4)

. 2(ε/2−2)l+122−εl
+
1 /223l1/p

∥∥ψ(t′)
∥∥
H2(R3,C4)

∥∥ψ(t′)
∥∥
W 2,6(R3,C4)

∥∥ψ(t′)
∥∥
W 2,p(R3,C4)

·
∥∥ψ±2(t′)

∥∥
W 2,∞(R3,C4)

. 2(ε/2−2)l+122−εl
+
1 /22εl1/4〈t′〉ε/4−4δ̃4, (113)

where p = 12/ε.

a) By estimates (110), (112), (113) and (76), we have∑
l12∈−N

∑
(l,l1)∈I±1,±2 , l3∈Z, l∼l3�l12

∥∥Ĩ3,l,l1,l12,l3(t′, ξ)
∥∥
L2
ξ(R3,C4)

. δ̃5(t′)n
∑
l12∈−N

∑
(l,l1)∈I±1,±2 , l3∈Z, l∼l3�l12

2l
+

2−n0l122εl1/42−εl
+
1 /2

·min
{

2(3−ε/4)l12〈t′〉−1, 〈t′〉ε/4−4
}

23l3/22−8l+3

. δ̃5(t′)n−1
∑
l1∈Z

2εl1/42−εl
+
1 /2
( ∑

2l12≤〈t′〉−1

2(3−n0−ε/4)l12 +
∑

2l12≥〈t′〉−1

2−n0l12〈t′〉ε/4−3
)

·
∑
l∈Z

23l/22−7l+

. δ̃5(t′)n−4+n0+ε/4.
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b) We use estimates (109), (111) and (76) to obtain∑
l12∈−N

∑
(l,l1)∈I±1,±2 , l3∈Z, l�l3∼l12, 2l≤〈t′〉−2

∥∥Ĩ3,l,l1,l12,l3(t′, ξ)
∥∥
L2
ξ(R3,C4)

. δ̃5(t′)n
∑
l12∈−N

∑
(l,l1)∈I±1,±2 , l3∈Z, l�l3∼l12, 2l≤〈t′〉−2

2l
+

2(3/2−n0−ε/4)l1223l/22−l
+
1 2εl1/4〈t′〉−1

· 23l3/22−8l+3

. δ̃5(t′)n−1
∑
l1∈Z

2−l
+
1 2εl1/4

∑
l12∈−N

2(3−n0−ε/4)l12

∑
2l≤〈t′〉−2

23l/2

. δ̃5(t′)n−4.

c) Estimates (110), (112), (113) and (76) give∑
l12∈−N

∑
(l,l1)∈I±1,±2 , l3∈Z, l�l3∼l12, 2l≥〈t′〉−2

∥∥Ĩ3,l,l1,l12,l3(t′, ξ)
∥∥
L2
ξ(R3,C4)

. δ̃5(t′)n
∑
l12∈−N

∑
(l,l1)∈I±1,±2 , l3∈Z, l�l3∼l12, 2l≥〈t′〉−2

2l
+

2−n0l122εl1/42−εl
+
1 /2

·min
{

2(3−ε/4)l12〈t′〉−1, 〈t′〉ε/4−4
}

23l3/22−8l+3

. δ̃5(t′)n−1
∑

2l12≤〈t′〉−1

2(3−n0−ε/4)l12

∑
〈t′〉−2≤2l≤〈t′〉−1

1

+ δ̃5(t′)n−1
∑

2l12≥〈t′〉−1

2−n0l12〈t′〉ε/4−3
∑

2l≥〈t′〉−2

2−7l+

. δ̃5(t′)n−4+n0+ε.

d) We use estimates (110), (112), (113) and (76) to get∑
l12∈−N

∑
(l,l1)∈I±1,±2 , l3∈Z, l12∼l�l3

∥∥Ĩ3,l,l1,l12,l3(t′, ξ)
∥∥
L2
ξ(R3,C4)

. δ̃5(t′)n
∑
l12∈−N

∑
(l,l1)∈I±1,±2 , l3∈Z, l12∼l�l3

2−n0l122εl1/42−εl
+
1 /2

·min
{

2(3−ε/4)l12〈t′〉−1, 〈t′〉ε/4−4
}

23l3/2

. δ̃5(t′)n−1
∑
l1∈Z

2εl1/42−εl
+
1 /2

∑
l3∈−N

23l3/2
( ∑

2l≤〈t〉−1

2(3−n0−ε/4)l +
∑

2l≥〈t〉−1

2−n0l〈t′〉ε/4−3
)

. δ̃5(t′)n−4+n0+ε/4.

Estimate for I5;l,l1,l12,l3: By (108),

I5;l,l1,l12,l3(t, ξ) =

∫ t

0

(t′)n
∫
R3

∫
R3

e±0it′(〈ξ〉+〈ξ−η〉)

iϕ±0,±1,±2,∓0(ξ, η, σ)
χl(ξ)χl12(η)χl1(σ)χl3(ξ − η)

·
〈
ψ̂±1(t′)(σ), ψ̂±2(t′)(σ − η)

〉
C4
ml,l12(ξ, η)

· Π∓0(ξ − η)
[(
V ∗ |ψ(t′)|2

)
ψ(t′)

]̂
(ξ − η) dσ dη dt′

=: Ĩ5;l,l1,l12,l3(t′, ξ) dt′.
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With the same arguments as in (106) and (107),∥∥Ĩ5;l,l1,l12,l3(t′, ξ)
∥∥
L2
ξ(R3,C4)

. (t′)n2l
+

2−n0l1223l/2
∥∥Pl12

〈
Pl1ψ

±1(t′), ψ±2(t′)
〉
C4

∥∥
L2(R3,C)

·
∥∥∥Pl3Π∓0(D)

[
(V ∗ |ψ(t′)|2)ψ(t′)

]∥∥∥
L2(R3,C4)

(114)

and ∥∥Ĩ5;l,l1,l12,l3(t′, ξ)
∥∥
L2
ξ(R3,C4)

. (t′)n2l
+

2−n0l12
∥∥Pl12

〈
Pl1ψ

±1(t′), ψ±2(t′)
〉
C4

∥∥
L∞(R3,C)

·
∥∥∥Pl3Π∓0(D)

[
(V ∗ |ψ(t′)|2)ψ(t′)

]∥∥∥
L2(R3,C4)

. (115)

While estimates (103)–(105) are still applicable, we replace (76) with∥∥∥Pl3Π∓0(D)
[
(V ∗ |ψ(t′)|2)ψ(t′)

)∥∥∥
L2(R3,C4)

. 2−2l+3
∥∥(V ∗ |ψ(t′)|2)ψ(t′)

∥∥
H2(R3,C4)

. 2−2l+3
∥∥ψ(t′)

∥∥
L2(R3,C4)

∥∥ψ(t′)
∥∥
H2(R3,C4)

∥∥ψ(t′)
∥∥
L6(R3,C4)

. δ̃3〈t′〉−12−2l+3 . (116)

a) By estimates (115), (104), (105) and (116),∑
l12∈−N

∑
(l,l1)∈I±1,±2 , l3∈Z, l∼l3�l12

∥∥Ĩ5,l,l1,l12,l3(t′, ξ)
∥∥
L2
ξ(R3,C4)

. δ̃5(t′)n
∑
l12∈−N

∑
(l,l1)∈I±1,±2 , l3∈Z, l∼l3�l12

2l
+

2−n0l122εl1/42−εl
+
1 /2 min

{
2(3−ε/4)l12 , 〈t′〉ε/4−3

}
· 2−2l+3 〈t′〉−1

. δ̃5(t′)n−1
∑
l1∈Z

2εl1/42−εl
+
1 /2
( ∑

2l12≤〈t′〉−1

2(3−n0−ε/4)l12 +
∑

2l12≥〈t′〉−1

2−n0l12〈t′〉ε/4−3
)

·
∑
l∈Z

2εl/42−l
+

. δ̃5(t′)n−4+n0+ε/4.

b) We use estimates (114), (103) and (116) to obtain∑
l12∈−N

∑
(l,l1)∈I±1,±2 , l3∈Z, l�l3∼l12, 2l≤〈t′〉−2

∥∥Ĩ5,l,l1,l12,l3(t′, ξ)
∥∥
L2
ξ(R3,C4)

. δ̃5(t′)n
∑
l12∈−N

∑
(l,l1)∈I±1,±2 , l3∈Z, l�l3∼l12, 2l≤〈t′〉−2

2l
+

2(3/2−n0−ε/4)l1223l/22−l
+
1 2εl1/4

· 2−2l+3 〈t′〉−1

. δ̃5(t′)n−1
∑
l1∈Z

2−l
+
1 2εl1/4

∑
l12∈−N

2(3/2−n0−ε/4)l12

∑
2l≤〈t′〉−2

23l/2

. δ̃5(t′)n−2

.

{
δ̃5(t′)n−1

∑
l12∈−N 2(3/2−n0−ε/4)l12

∑
2l≤〈t′〉−2 23l/2 . δ̃5(t′)n−4, n0 = 1,

δ̃5(t′)n−1
∑

l12∈−N 2(5/2−n0−ε/4)l12
∑

2l≤〈t′〉−2 2l/2 . δ̃5(t′)n−2, n0 = 2.
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c) Estimates (115), (104), (105) and (116) lead to∑
l12∈−N

∑
(l,l1)∈I±1,±2 , l3∈Z, l�l3∼l12, 2l≥〈t′〉−2

∥∥Ĩ5,l,l1,l12,l3(t′, ξ)
∥∥
L2
ξ(R3,C4)

. δ̃5(t′)n
∑
l12∈−N

∑
(l,l1)∈I±1,±2 , l3∈Z, l�l3∼l12, 2l≥〈t′〉−2

2l
+

2−n0l122εl1/42−εl
+
1 /2

·min
{

2(3−ε/4)l12 , 〈t′〉ε/4−3
}

2−2l+3 〈t′〉−1

. δ̃5(t′)n−1
∑

2l12≤〈t′〉−1

2(3−n0−ε/4)l12

∑
〈t′〉−2≤2l≤〈t′〉−1

1

+ δ̃5(t′)n−1
∑

2l12≥〈t′〉−1

2−n0l12〈t′〉ε/4−3
∑

2l≥〈t′〉−2

2−l
+

. δ̃5(t′)n−4+n0+ε.

d) In order to obtain a factor 23εl3/4, we refine estimate (115) as follows: From
Lemma 2.9, we have∥∥Ĩ5,l,l1,l12,l3(t′, ξ)

∥∥
L2
ξ(R3,C4)

. (t′)n2l
+

2−n0l12
∥∥Pl12

〈
Pl1ψ

±1(t′), ψ±2(t′)
〉
C4

∥∥
L4/ε(R3,C)

·
∥∥∥Pl3Π∓0(D)

(
(V ∗ |ψ(t′)|2)ψ(t′)

)∥∥∥
L4/(2−ε)(R3,C4)

. (t′)n2l
+

2−n0l12
∥∥Pl12

〈
Pl1ψ

±1(t′), ψ±2(t′)
〉
C4

∥∥
L4/ε(R3,C)

· 23εl3/4
∥∥(V ∗ |ψ(t′)|2)ψ(t′)

∥∥
L2(R3,C4)

. (t′)n2l
+

2−n0l1223εl3/4
∥∥Pl12

〈
Pl1ψ

±1(t′), ψ±2(t′)
〉
C4

∥∥
L4/ε(R3,C)

·
∥∥ψ(t′)

∥∥2

L2(R3,C4)

∥∥ψ(t′)
∥∥
L6(R3,C4)

. δ̃3(t′)n−12l
+

2−n0l1223εl3/4

·
∥∥Pl12

〈
Pl1ψ

±1(t′), ψ±2(t′)
〉
C4

∥∥
L4/ε(R3,C)

, (117)

where we used Bernstein’s inequality in the second step. Similarly to (104) and (105),
we get ∥∥Pl12

〈
Pl1ψ

±1(t′), ψ±2(t′)
〉
C4

∥∥
L4/ε(R3,C)

. 2(3−ε)l12
∥∥〈Pl1ψ±1(t′), ψ±2(t′)

〉
C4

∥∥
L3/(3−ε/4)(R3,C)

. 2(3−ε)l12
∥∥Pl1ψ±1(t′)

∥∥
L12/(6−ε)(R3,C4)

∥∥ψ±2(t′)
∥∥
L2(R3,C4)

. 2(3−ε)l122εl1/42−2l+1
∥∥ψ±1(t′)

∥∥
H2(R3,C4)

∥∥ψ±2(t′)
∥∥
L2(R3,C4)

. δ̃22(3−ε)l122εl1/42−2l+1 (118)

and∥∥Pl12

〈
Pl1ψ

±1(t′), ψ±2(t′)
〉
C4

∥∥
L4/ε(R3,C)

.
∥∥Pl1ψ±1(t′)

∥∥
L4/ε(R3,C4)

∥∥ψ±2(t′)
∥∥
L∞(R3,C4)

. 2−2l+1 2εl1/4
∥∥ψ±1(t′)

∥∥
L3/ε(R3,C4)

δ̃〈t′〉−3/2

. δ̃2〈t′〉−3+ε2−2l+1 2εl1/4. (119)
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Finally, by estimates (117), (118) and (119),∑
l12∈−N

∑
(l,l1)∈I±1,±2 , l3∈Z, l12∼l�l3

∥∥Ĩ5,l,l1,l12,l3(t′, ξ)
∥∥
L2
ξ(R3,C4)

. δ̃5(t′)n−1
∑
l12∈−N

∑
(l,l1)∈I±1,±2 , l3∈Z, l12∼l�l3

2−n0l1223εl3/42εl1/42−2l+1 min
{

2(3−ε/4)l12 , 〈t′〉ε−3
}

. δ̃5(t′)n−1
∑
l1∈Z

2εl1/42−2l+1
∑
l3∈−N

23εl3/4
( ∑

2l≤〈t〉−1

2(3−n0−ε/4)l +
∑

2l≥〈t〉−1

2−n0l〈t′〉ε−3
)

. δ̃5(t′)n−4+n0+ε.

2.2.3 Control of xw±

Lemma 2.13. Let ψ± ∈ C
(
[0, T ], HN(R3,C4)

)
satisfy a priori assumption (44). For

any t ∈ [0, T ], we have ∥∥xw±(t, x)
∥∥
H2
x(R3,C4)

. δ + δ̃3〈t〉ε. (120)

Proof. Because of Plancherel’s identity, we need to control
∥∥〈ξ〉2∇ξŵ±(t)(ξ)

∥∥
L2
ξ(R3,C4)

.

Duhamel equation (79) for w± gives

∂ξkŵ
±0(t)(ξ) = ∂ξkψ̂

±0
0 (ξ) + i4πc

∑
±1,±2,±3∈{+,−}

∫ t

0

∂ξkI
±0,±1,±2,±3(t′, ξ) dt′ (121)

with I±0,±1,±2,±3 coming from (77). For the first term on the right hand side of (121),
note that ∥∥〈ξ〉2∂ξkψ̂±0

0 (ξ)
∥∥
L2
ξ(R3,C4)

= (2π)3/2
∥∥xkψ±0

0 (x)
∥∥
H2
x(R3,C4)

≤ (2π)3/2δ,

where we used the initial data assumption (43) in the last step. For the second term,
we have

∂ξkI
±0,±1,±2,±3(t′, ξ)

= ∂ξkΠ
±0(ξ)

∫
R3

∫
R3

eit
′ϕ±0,±1,±2,±3 (ξ,η,σ)|η|−2

·
〈

ŵ±1(t′)(σ), ŵ±2(t′)(σ − η)
〉
C4

ŵ±3(t′)(ξ − η) dσ dη

+ Π±0(ξ)

∫
R3

∫
R3

eit
′ϕ±0,±1,±2,±3 (ξ,η,σ)|η|−2

·
〈

ŵ±1(t′)(σ), ŵ±2(t′)(σ − η)
〉
C4
∂ξkŵ

±3(t′)(ξ − η) dσ dη

+ Π±0(ξ)

∫
R3

∫
R3

∂ξk

[
eit
′ϕ±0,±1,±2,±3 (ξ,η,σ)

]
|η|−2

·
〈

ŵ±1(t′)(σ), ŵ±2(t′)(σ − η)
〉
C4

ŵ±3(t′)(ξ − η) dσ dη

=:
3∑
j=1

I±0,±1,±2,±3

k,j (t′, ξ). (122)
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Let

I±0,±3

k,j (t, ξ) :=
∑

±1,±2∈{+,−}

I±0,±1,±2,±3

k,j (t′, ξ). (123)

Then, ∑
±1,±2,±3∈{+,−}

∂ξkI
±0,±1,±2,±3(t′, ξ) =

∑
±3∈{+,−}

I±0,±3

k,j (t′, ξ).

Estimate for I±0,±3

k,1 : By plugging in the definitions (40) of w and (78) of ϕ, we
observe that

I±0,±3

k,1 (t′, ξ) = ∂ξkΠ
±0(ξ)

∫
R3

∫
R3

e±0it′〈ξ〉|η|−2
〈
ψ̂(t′)(σ), ψ̂(t′)(σ − η)

〉
C4

· ψ̂±3(t′)(ξ − η) dσ dη

= (4π)−1∂ξkΠ
±0(ξ)e±0it′〈ξ〉

[(
V ∗ |ψ(t′)|2

)
ψ±3(t′)

]̂
(ξ).

By using estimate (46), we conclude that∥∥〈ξ〉2I±0,±3

k,1 (t′, ξ)
∥∥
L2
ξ(R3,C4)

.
∥∥(V ∗ |ψ(t′)|2

)
ψ±3(t′)

∥∥
H1(R3,C4)

.
∥∥(〈D〉|D|−2|ψ(t′)|2

)
ψ±3(t′)

∥∥
L2(R3,C4)

+
∥∥V ∗ |ψ(t′)|2

∥∥
L∞(R3,C)

∥∥ψ±3(t′)
∥∥
H1(R3,C4)

.
∥∥|D|−1|ψ(t′)|2

∥∥
L∞(R3,C)

∥∥ψ±3(t′)
∥∥
L2(R3,C4)

+
∥∥V ∗ |ψ(t′)|2

∥∥
L∞(R3,C)

∥∥ψ±3(t′)
∥∥
H1(R3,C4)

. (124)

By Lorentz-type Young’s inequality, interpolation and

|D|−1|ψ(t′)|2 = (2π2)−1
(
| · |−2 ∗ |ψ(t′)|2

)
,

we obtain∥∥〈ξ〉2I±0,±3

k,1 (t′, ξ)
∥∥
L2
ξ(R3,C4)

.
∥∥|ψ(t′)|2

∥∥
L3,1(R3,C4)

∥∥ψ±3(t′)
∥∥
L2(R3,C4)

+
∥∥|ψ(t′)|2

∥∥
L3/2,1(R3,C)

∥∥ψ±3(t′)
∥∥
H1(R3,C4)

.
∥∥ψ(t′)

∥∥
L4(R3,C4)

∥∥ψ(t′)
∥∥
L12(R3,C4)

∥∥ψ±3(t′)
∥∥
L2(R3,C4)

+
∥∥ψ(t′)

∥∥
L2(R3,C4)

∥∥ψ(t′)
∥∥
L6(R3,C4)

∥∥ψ±3(t′)
∥∥
H1(R3,C4)

. δ̃3〈t′〉−1, (125)

where the last step follows from a priori assumption (44), decay estimate (70) and∥∥ψ±3(t′)
∥∥
H1(R3,C4)

.
∥∥〈ξ〉3ψ̂±3(t′)(ξ)

∥∥
L∞ξ (R3,C4)

.

Estimate for I±0,±3

k,2 : Plugging in the definitions (40) of w and (78) of ϕ yields

I±0,±3

k,2 (t′, ξ) = Π±0(ξ)

∫
R3

∫
R3

eit
′(±0〈ξ〉∓3〈ξ−η〉)|η|−2

〈
ψ̂(t′)(σ), ψ̂(t′)(σ − η)

〉
C4

· ∂ξkŵ±3(t′)(ξ − η) dσ dη

= (4π)−1Π±0(ξ)e±0it′〈ξ〉
[(
V ∗ |ψ(t′)|2

)
e∓3it′〈D〉xkw

±3(t′)
]̂

(ξ). (126)
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By estimate (46), we have∥∥〈ξ〉2I±0,±3

k,2 (t′, ξ)
∥∥
L2
ξ(R3,C4)

.
∥∥(V ∗ |ψ(t′)|2

)
e∓3it′〈D〉xkw

±3(t′)
∥∥
H2(R3,C4)

.

Analogously to estimate (124) and (125), we get∥∥〈ξ〉2I±0,±3

k,2 (t′, ξ)
∥∥
L2
ξ(R3,C4)

.
∥∥(V ∗ |ψ(t′)|2

)
xkw

±3(t′)
∥∥
H2(R3,C4)

.
∥∥(〈D〉2|D|−2|ψ(t′)|2

)
e∓3it′〈D〉xkw

±3(t′)
∥∥
L2(R3,C4)

+
∥∥V ∗ |ψ(t′)|2

∥∥
L∞(R3,C)

∥∥xkw±3(t′)
∥∥
H1(R3,C4)

.
∥∥|ψ(t′)|2

∥∥
L∞(R3,C)

∥∥xkw±3(t′)
∥∥
L2(R3,C4)

+
∥∥V ∗ |ψ(t′)|2

∥∥
L∞(R3,C)

∥∥xkw±3(t′)
∥∥
H1(R3,C4)

.
∥∥ψ(t′)

∥∥2

L∞(R3,C4)

∥∥xkw±3(t′, x)
∥∥
L2
x(R3,C4)

+
∥∥ψ(t′)

∥∥
L2(R3,C4)

∥∥ψ(t′)
∥∥
L6(R3,C4)

∥∥xkw±3(t′, x)
∥∥
H2
x(R3,C4)

. δ̃3〈t′〉ε−1,

where we used Lorentz-type Young’s inequality and interpolation in the fourth step
and a priori assumption (44) and estimate (70) in the last step.

Estimate for I±0,±3

k,3 : By definitions (40) of w and (78) of ϕ, we have

I±0,±3

k,3 (t′, ξ) = Π±0(ξ)

∫
R3

∫
R3

it′
(
±0

ξk
〈ξ〉
±3

ηk − ξk
〈η − ξ〉

)
e±0it′〈ξ〉|η|−2

·
〈
ψ̂(t′)(σ), ψ̂(t′)(σ − η)

〉
C4
ψ̂±3(t′)(ξ − η) dσ dη

= Π±0(ξ)

∫
R3

it′|η|−2

(
±0

ξk
〈ξ〉
±3

ηk − ξk
〈η − ξ〉

)
e±0it′〈ξ〉

[
|ψ(t′)|2

]̂
(η)

· ψ̂±3(t′)(ξ − η) dη. (127)

Dyadic decomposition in ξ, η and ξ − η leads to

I±0,±3

k,3 (t′, ξ) =
∑

l,l12,l3∈Z

Π±0(ξ)it′
∫
R3

e±0it′〈ξ〉
[
Pl12|ψ(t′)|2

]̂
(η)

·m±0,±3

k,l,l12
(ξ, η)

[
Pl3ψ

±3(t′)
]̂

(ξ − η) dη

=:
∑

l,l12,l3∈Z

I±0,±3

k,3;l,l12,l3
(t′, ξ),

where

m±0,±3

k,l,l12
(ξ, η) = |η|−2

(
±0

ξk
〈ξ〉
±3

ηk − ξk
〈η − ξ〉

)
χl(ξ)χ̃l12(η). (128)

For the case ±0 = ±3, we are in the same situation as in Pusateri’s paper [84] for
the scalar toy model so that we essentially adopt his argument. For any α, β ∈ N3

0, we
have ∣∣∂αξ ∂βηm±0,±0

k,l,l12
(ξ, η)

∣∣ .α,β min{|η|−1〈ξ − η〉−1, |η|−2}χl(ξ)χ̃l(η)2−l|α|2−l12|β|

.α,β 2−l122−l
+

χl(ξ)χ̃l12(η)2−l|α|2−l12|β|.



50 2 BOOTSTRAP ARGUMENT AND WEIGHTED ESTIMATES

Therefore, Lemma 2.10 is applicable with C . 2−l122−l
+

and from Lemma 2.11, we
obtain ∥∥〈ξ〉2I±0,±0

k,3 (t′, ξ)
∥∥
L2
ξ(R3,C4)

. δ̃3〈t′〉ε−1.

Finally, we consider the case ±0 = ∓3. Since

w±(t′) = Π±(D)e±it
′〈D〉ψ(t′),

(Π±)2 = Π±,

we have

I±0,∓0

k,3;l,l12,l3
(t′, ξ) = it′

∫
R3

Π±0(ξ)Π∓0(ξ − η)m±0,∓0

k,l,l12
(ξ, η)e±0it′〈ξ〉

[
Pl12|ψ(t′)|2

]̂
(η)

·
[
Pl3ψ

∓0(t′)
]̂

(ξ − η) dη.

For the multiplier

M±0
k,l,l12

(ξ, η) := Π±0(ξ)Π∓0(ξ − η)m±0,∓0

k,l,l12
(ξ, η),

we obtain∣∣∂αξ ∂βηM±0
k,l,l12

(ξ, η)
∣∣ .α min{|η|−1〈ξ − η〉−1, |η|−2}χl(ξ)χ̃l12(η)2−l|α|2−l12|β|

.α 2−l122−l
+

χl(ξ)χ̃l12(η)2−l|α|2−l12|β|,

see also (46) and (47). Hence, Lemma 2.10 remains applicable with C . 2−l122l
+

and
Lemma 2.11 gives ∥∥〈ξ〉2I±0,∓0

k,3 (t′, ξ)
∥∥
L2
ξ(R3,C4)

. δ̃3〈t′〉ε−1.

Remark. In the case ±0 = ∓3, we could also use Lemma 2.12 for (l, l1) ∈ I±1,±2 ,
l12 ∈ N, l3 ∈ Z. We will pursue this idea for the estimates of 〈x〉2w±(t, x), where we
need to gain a factor (t′)2.

2.2.4 Control of 〈x〉2w±

Lemma 2.14. Let ψ± ∈ C
(
[0, T ], HN(R3,C4)

)
satisfy a priori assumption (44). Then,∥∥〈x〉2w±(t, x)

∥∥
H2
x(R3,C4)

. δ + δ̃3〈t〉2ε (129)

for any t ∈ [0, T ].

Proof. Obviously, ∥∥w±(t)
∥∥
H2(R3,C4)

=
∥∥ψ±(t)

∥∥
H2(R3,C4)

. δ + δ̃3〈t〉ε,
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where we used estimate (80) in the last step. It remains to consider the H2
x(R3,C4)-

norm of |x|2w±(t, x) which is the inverse Fourier transform of −∆ξ[w
±(t)]̂ (ξ). By

Duhamel equation (79), we have

∂2
ξk

ŵ±0(t)(ξ) = ∂2
ξk
ψ̂±0(ξ) + i4πc

∑
±1,±2,±3∈{+,−}

∫ t

0

∂2
ξk
I±0,±1,±2,±3(t′, ξ) dt′ (130)

with I±0,±1,±2,±3 coming from (77). For the first term on the right hand side of (130),
note that ∥∥〈ξ〉2∂2

ξk
ψ̂±0(ξ)

∥∥
L2
ξ(R3,C4)

= (2π)3/2
∥∥|x|2ψ±0

0 (x)
∥∥
H2
x(R3,C4)

≤ (2π)3/2δ,

where we used the initial data assumption (43) in the last step. For the second term,
we write

∂2
ξk
I±0,±1,±2,±3(t′, ξ) =

3∑
j=1

∂ξkI
±0,±1,±2,±3

k,j (t′, ξ),

where the I±0,±1,±2,±3

k,j are coming from (122). As in (123), we also denote

∑
±1,±2∈{+,−}

∂2
ξk
I±0,±1,±2,±3

k (t′, ξ) =:
3∑
j=1

∂ξkI
±0,±3

k,j (t′, ξ).

Estimate for ∂ξkI
±0,±3

k,1 : We calculate

∂ξkI
±0,±3

k,1 (t′, ξ)

=
∑

±1,±2∈{+,−}

∂2
ξk

Π±0(ξ)

∫
R3

∫
R3

eit
′ϕ±0,±1,±2,±3 (ξ,η,σ)|η|−2

·
〈

ŵ±1(t′)(σ), ŵ±2(t′)(σ − η)
〉
C4

ŵ±3(t′)(ξ − η) dσ dη

+
∑

±1,±2∈{+,−}

∂ξkΠ
±0(ξ)

∫
R3

∫
R3

eit
′ϕ±0,±1,±2,±3 (ξ,η,σ)|η|−2

·
〈

ŵ±1(t′)(σ), ŵ±2(t′)(σ − η)
〉
C4
∂ξkŵ

±3(t′)(ξ − η) dσ dη

+
∑

±1,±2∈{+,−}

∂ξkΠ
±0(ξ)

∫
R3

∫
R3

d

dξk

[
eit
′ϕ±0,±1,±2,±3 (ξ,η,σ)

]
|η|−2

·
〈

ŵ±1(t′)(σ), ŵ±2(t′)(σ − η)
〉
C4

ŵ±3(t′)(ξ − η) dσ dη

=:
3∑
j=1

I±0,±3

k,1,j (t′, ξ).

Since
I±0,±3

k,1,1 (t′, ξ) = (4π)−1∂2
ξk

Π±0(ξ)e±0it′〈ξ〉
[(
V ∗ |ψ(t′)|2

)
ψ±3(t′)

]̂
(ξ)

and, by (46),
|∂2
ξk

Π±0(ξ)| . 〈ξ〉−2,
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Lorentz-type Young’s inequality and interpolation lead to∥∥〈ξ〉2I±0,±3

k,1,1 (t′, ξ)
∥∥
L2
ξ(R3,C4)

.
∥∥(V ∗ |ψ(t′)|2

)
ψ±3(t′)

∥∥
L2(R3,C4)

.
∥∥ψ(t′)‖L2(R3,C4)

∥∥ψ(t′)
∥∥
L6(R3,C4)

∥∥ψ±3(t′)
∥∥
L2(R3,C4)

. δ̃3〈t′〉−1.

For I±0,±3

k,1,2 , we have

I±0,±3

k,1,2 (t′, ξ) = (4π)−1∂ξkΠ
±0(ξ)e±0it′〈ξ〉

[(
V ∗ |ψ(t′)|2

)
e∓3it′〈D〉xkw

±3(t′)
]̂

(ξ)

and by the same arguments as in (124) and (125), we obtain∥∥〈ξ〉2I±0,±3

k,1,2 (t′, ξ)
∥∥
L2
ξ(R3,C4)

.
∥∥(V ∗ |ψ(t′)|2

)
e∓3it′〈D〉xkw

±3(t′)
∥∥
H1(R3,C4)

.
∥∥ψ(t′)

∥∥
L4(R3,C4)

∥∥ψ(t′)
∥∥
L12(R3,C4)

∥∥xkw±3(t′, x)
∥∥
L2
x(R3,C4)

+
∥∥ψ(t′)

∥∥
L2(R3,C4)

∥∥ψ(t′)
∥∥
L6(R3,C4)

∥∥xkw±3(t′, x)
∥∥
H1
x(R3,C4)

. δ̃3〈t′〉ε−1.

Finally,

I±0,±3

k,1,3 (t′, ξ) = ∂ξkΠ
±0(ξ)

∫
R3

it′|η|−2

(
±0

ξk
〈ξ〉
±3

ηk − ξk
〈η − ξ〉

)
eit
′(±0〈ξ〉∓3〈ξ−η〉)

[
|ψ(t′)|2

]̂
(η)

· ŵ±3(t′)(ξ − η) dη.

In the case ±0 = ±3, we use the same arguments as for (127) to get∥∥〈ξ〉2I±0,±0

k,1,3 (t′, ξ)
∥∥
L2
ξ(R3,C4)

. δ̃3〈t′〉ε−1.

However, in the case case ±0 = ∓3, we cannot carry over the method for (127) since
Lemma 2.9 is no longer applicable for the multiplier

(ξ, η) 7→ ∂ξkΠ
±0(ξ)Π∓0(ξ − η)m±0,∓0

k,l,l12
(ξ, η).

Instead, we apply Lemma 2.12. Note that

I±0,±1,±2,∓0

k,1,3 (t′, ξ) =
∑

l,l1,l12,l3∈Z

∫
R3

∫
R3

t′eit
′ϕ±0,±1,±2,∓0 (ξ,η,σ)χl(ξ)χl12(η)χl3(ξ − η)χl1(σ)

·
〈

ŵ±1(t′)(σ), ŵ±2(t′)(σ − η)
〉
C4
m±0
k,l,l12

(ξ, η)

· ŵ∓0(t′)(ξ − η) dσ dη

=:
∑

l,l1,l12,l3∈Z

I±0,±1,±2,∓0

k,1,3;l,l1,l12,l3
(t′, ξ),

where

m±0
k,l,l12

(ξ, η) = ±0i|η|−2

(
ξk
〈ξ〉

+
ξk − ηk
〈ξ − η〉

)
χ̃l(ξ)χ̃l12(η)∂ξkΠ

±0(ξ).
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Since m±0
k,l,l12

fulfills the conditions of Lemma 2.12 with n = 1 and n0 = 2 (cf. also
Lemma 2.10), we have∥∥∥〈ξ〉2 ∫ t

0

∑
(l,l1)∈I±1,±2

∑
l12∈−N

∑
l3∈Z

I±0,±1,±2,∓0

k,1,3;l,l1,l12,l3
(t′, ξ) dt′

∥∥∥
L2
ξ(R3,C4)

. δ̃3〈t〉ε.

Hence, it remains to consider∑
±1,±2∈{+,−}

( ∑
(l,l1)∈Z2

∑
l12∈N0

∑
l3∈Z

I±0,±1,±2,∓0

k,1,3;l,l1,l12,l3
(t′, ξ)

+
∑

(l,l1)∈Z2

∑
l12∈−N

∑
l3∈Z

I±0,±1,∓1,∓0

k,1,3;l,l1,l12,l3
(t′, ξ)

)
. (131)

We start with the first term in (131). Note that∑
±1,±2∈{+,−}

∑
(l,l1)∈Z2

∑
l12∈N0

∑
l3∈Z

I±0,±1,±2,∓0

k,1,3;l,l1,l12,l3
(t′, ξ)

=
∑
l,l3∈Z

∑
l12∈N0

∫
R3

t′e±0it′〈ξ〉χl(ξ)χl12(η)χl3(ξ − η)
[
|ψ(t′)|2

]̂
(η)

·m±0
k,l,l12

(ξ, η)ψ̂∓0(t′)(ξ − η) dη

=:
∑
l,l3∈Z

∑
l12∈N0

I±0
k,1,3;l,l12,l3

(t′, ξ).

Since

|m±0
k,l,l12

(ξ, η)| . 〈ξ〉−1|η|−2χ̃l(ξ)χ̃l12(η)

. 2−l
+

2−2l12χ̃l(ξ)χ̃l12(η) (132)

and

|∂αξ ∂βηm
±0
k,l,l12

(ξ, η)| .α,β 2−l
+

2−2l122−l|α|2−l12|β|χ̃l(ξ)χ̃l12(η), (133)

Lemma 2.10 is applicable with C . 2−l
+

2−2l12 and we obtain∥∥〈ξ〉2I±0
k,1,3;l,l12,l3

(t′, ξ)
∥∥
L2
ξ(R3,C4)

. t′2l
+

2−2l12
∥∥Pl12|ψ(t′)|2

∥∥
L∞(R3,C)

∥∥Pl3ψ∓0(t′)
∥∥
L2(R3,C4)

. δ̃3〈t′〉−22−l
+

2−2l1223l3/22−8l+3 , (134)

where we used estimates (74) and (76) in the second step. On the other hand, esti-
mate (132), Hölder’s inequality and Hausdorff–Young’s inequality give∥∥〈ξ〉2I±0

k,1,3;l,l12,l3
(t′, ξ)

∥∥
L2
ξ(R3,C4)

. t′2l
+

2−2l12
∥∥χl∥∥L2(R3,C)

∥∥Pl12|ψ(t′)|2
∥∥
L2(R3,C)

∥∥Pl3ψ∓0(t′)
∥∥
L2(R3,C4)

. δ̃3t′2l
+

23l/22−l12/22−9l+12/223l3/22−8l+3 , (135)

where we used estimates (75) and (76) in the second step.



54 2 BOOTSTRAP ARGUMENT AND WEIGHTED ESTIMATES

a) Estimate (134) implies∑
l∼l3�l12≥0

∥∥〈ξ〉2I±0
k,1,3;l,l12,l3

(t′, ξ)
∥∥
L2
ξ(R3,C4)

. δ̃3〈t′〉−2
∑

l∼l3�l12≥0

2−2l1223l/22−9l+

. δ̃3〈t′〉−2
∑
l12∈N0

2−2l12

∑
l∈Z

23l/22−9l+

. δ̃3〈t′〉−2.

b) By estimate (135), we have∑
l�l3∼l12, l12≥0, 2l≤〈t′〉−2

∥∥〈ξ〉2I±0
k,1,3;l,l12,l3

(t′, ξ)
∥∥
L2
ξ(R3,C4)

. δ̃3t′
∑

l�l3∼l12, l12≥0, 2l≤〈t′〉−2

23l/22l122−25l+12/2

. δ̃3t′
∑

2l≤〈t′〉−2

23l/2

. δ̃3〈t′〉−2.

c) Estimate (134) gives∑
l�l3∼l12, l12≥0, 2l≥〈t′〉−2

∥∥〈ξ〉2I±0
k,1,3;l,l12,l3

(t′, ξ)
∥∥
L2
ξ(R3,C4)

. δ̃3〈t′〉−2
∑

l�l3∼l12, l12≥0, 2l≥〈t′〉−2

2−l
+

2−2l1223l3/22−8l+3

. δ̃3〈t′〉−2
∑
l12∈N0

2−2l12

∑
2l≥〈t′〉−2, l≤l12

2−l
+

. δ̃3〈t′〉−2+ε.

d) By estimate (134), we get∑
l12∼l�l3, l12≥0

∥∥〈ξ〉2I±0
k,1,3;l,l12,l3

(t′, ξ)
∥∥
L2
ξ(R3,C4)

. δ̃3〈t′〉−2
∑

l12∼l�l3, l12≥0

2−l
+

2−2l23l3/22−8l+3

. δ̃3〈t′〉−2
∑

2l12∈N0

2−2l
∑
l3∈Z

23l3/22−8l+3

. δ̃3〈t′〉−2.

We continue with the second term in (131). Let

m̃±0
k,l,l12

(ξ, η) = |η|m±0
k,l,l12

(ξ, η).

Then,

I±0,±1

k,1,3;l,l12,l3
(t′, ξ) =

∑
l,l1,l3∈Z

∑
l12∈−N

∫
R3

∫
R3

t′e±0it′〈ξ〉χl(ξ)χl12(η)χl3(ξ − η)m̃±0
k,l,l12

(ξ, η)

· |η|−1Π∓1(σ − η)Π±1(σ)
〈
ψ̂(t′)(σ), ψ̂(t′)(σ − η)

〉
C4

· ψ̂∓0(t′)(ξ − η) dσ dη

=: I±0,±1

k,1,3;l,l12,l3
(t′, ξ).
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We take p = 6/ε and 1/q = 1/2− 1/p. Since∣∣∂αη [|η|−1Π±1(σ)Π∓1(σ − η)
]∣∣ .α |η|−|α|,

Hörmander–Mikhlin’s multiplier theorem gives∥∥Pl12|D|−1
〈
Pl1ψ

±1(t′), ψ∓1(t′)
〉
C4

∥∥
Lp(R3,C)

.
∥∥Pl12

〈
Pl1ψ(t′), ψ(t′)

〉
C4

∥∥
Lp(R3,C)

. (136)

Because of ∣∣∂αξ ∂βη m̃±0
k,l,l12

(ξ, η)
∣∣ .α,β 2l

+

2−l122−l|α|2−l12|β|χ̃l(ξ)χ̃l12(η), (137)

we obtain∥∥〈ξ〉2I±0,±1

k,k,3;l,l12,l3

∥∥
L2
ξ(R3,C4)

. t′2l
+

2−l12
∥∥Pl12

〈
Pl1ψ(t′), ψ(t′)

〉
C4

∥∥
Lp(R3,C)

·
∥∥Pl3ψ∓0(t′)

∥∥
Lq(R3,C4)

(138)

from Lemmata 2.10, 2.9 and estimate (136). Furthermore,∥∥〈ξ〉2I±0,±1

k,k,3;l,l12,l3

∥∥
L2
ξ(R3,C4)

. t′2l
+

2−l1223l/2
∥∥Pl12

〈
Pl1ψ(t′), ψ(t′)

〉
C4

∥∥
L2(R3,C)

·
∥∥Pl3ψ∓0(t′)

∥∥
L2(R3,C4)

(139)

by using estimate (137), Bernstein’s inequality and Hölder’s inequality. Similarly,∥∥Pl12

〈
Pl1ψ(t′), ψ(t′)

〉
C4

∥∥
Lp(R3,C)

. 2(3/2−3/p)l12
∥∥ψ(t′)

∥∥
L2(R3,C4)

∥∥ψ(t′)
∥∥
L∞(R3,C4)

. δ̃22(3/2−ε/2)l12〈t′〉−3/2, (140)∥∥Pl12

〈
Pl1ψ(t′), ψ(t′)

〉
C4

∥∥
Lp(R3,C)

. 2−2l+12

∥∥ψ(t′)
∥∥2

W 2,p(R3,C4)

. δ̃22−2l+12〈t′〉ε/2−3 (141)

and ∥∥Pl12

〈
Pl1ψ(t′), ψ(t′)

〉
C4

∥∥
L2(R3,C)

. 23l12/2
∥∥〈Pl1ψ(t′), ψ(t′)

〉
C4

∥∥
L1(R3,C)

. δ̃223l12/2, (142)∥∥Pl3ψ∓0(t′)
∥∥
Lq(R3,C4)

. 2(3/2−3/q)l3
∥∥Pl3ψ∓0(t′)

∥∥
L2(R3,C4)

. δ̃2(3/2+ε)l32−8l+3 . (143)

a) Estimates (138), (140), (141) and (143) lead to∑
l∼l3�l12, l12≤−1

∥∥〈ξ〉2I±0,±1

k,1,3;l,l12,l3
(t′, ξ)

∥∥
L2
ξ(R3,C4)

. δ̃3t′
∑

l∼l3�l12, l12≤−1

2l
+

2−l12 min{2(3/2−ε/2)l12〈t′〉−3/2, 2−2l+12〈t′〉ε/2−3}2(3/2+ε)l32−8l+3

. δ̃3t′
( ∑

2l12≤〈t′〉−1

2(1/2−ε/2)l12〈t′〉−3/2 +
∑

1/2≥2l12≥〈t′〉−1

2−l12〈t′〉ε/2−3
)∑
l3∈Z

2(3/2+ε/2)l32−7l+3

. δ̃3〈t′〉ε/2−1.
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b) By estimates (139), (142) and (76), we have∑
l�l3∼l12≤−1, 2l≤〈t′〉−2

∥∥〈ξ〉2I±0,±1

k,1,3;l,l12,l3
(t′, ξ)

∥∥
L2
ξ(R3,C4)

. δ̃3t′
∑

l�l3∼l12≤−1, 2l≤〈t′〉−2

23l/22l12/223l3/22−8l+3

. δ̃3t′
∑

2l≤〈t′〉−2

23l/2

. δ̃3〈t′〉−2.

c) Estimates (138), (140), (141) and (143) give∑
l�l3∼l12≤−1, 2l≥〈t′〉−2

∥∥〈ξ〉2I±0,±1

k,1,3;l,l12,l3
(t′, ξ)

∥∥
L2
ξ(R3,C4)

. δ̃3t′
∑

l�l3∼l12≤−1, 2l≥〈t′〉−2

2−l12 min{2(3/2−ε/2)l12〈t′〉−3/2, 〈t′〉ε/2−3}2(3/2+ε)l3

. δ̃3t′
∑

2l12≤〈t′〉−1

2(1/2−ε/2)l12〈t′〉−3/2
∑

1/2≥2l≥〈t′〉−2

1

+ δ̃3t′
∑

2l12≥〈t′〉−1

2−l12〈t′〉ε/2−3
∑

1/2≥2l≥〈t′〉−2

1

. δ̃3〈t′〉ε−1.

d) By estimates (138), (140), (141) and (143), we have∑
−1≥l12∼l�l3

∥∥〈ξ〉2I±0,±1

k,1,3;l,l12,l3
(t′, ξ)

∥∥
L2
ξ(R3,C4)

. δ̃3t′
∑

−1≥l12∼l�l3

2−l min{2(3/2−ε/2)l〈t′〉−3/2, 〈t′〉ε/2−3}2(3/2+ε/2)l3/2

. δ̃3t′
( ∑

2l≤〈t′〉−1

2(1/2−ε/2)l〈t′〉−3/2 +
∑

1/2≥2l≥〈t′〉−1

2−l〈t′〉ε/2−3
)

. δ̃3〈t′〉ε/2−1.

Estimate for ∂ξkI
±0,±3

k,2 : We calculate

∂ξkI
±0,±3

k,2 (t′, ξ) = ∂ξkΠ
±0(ξ)

∫
R3

∫
R3

eit
′(±0〈ξ〉∓3〈ξ−η〉)|η|−2

〈
ψ̂(t′)(σ), ψ̂(t′)(σ − η)

〉
C4

· ∂ξkŵ±3(t′)(ξ − η) dσ dη

+ Π±0(ξ)

∫
R3

∫
R3

eit
′(±0〈ξ〉∓3〈ξ−η〉)|η|−2

〈
ψ̂(t′)(σ), ψ̂(t′)(σ − η)

〉
C4

· ∂2
ξk

ŵ±3(t′)(ξ − η) dσ dη

+ Π±0(ξ)

∫
R3

∫
R3

∂ξk
[
eit
′(±0〈ξ〉∓3〈ξ−η〉)

]
|η|−2

〈
ψ̂(t′)(σ), ψ̂(t′)(σ − η)

〉
C4

· ∂ξkŵ±3(t′)(ξ − η) dσ dη

=:
3∑
j=1

I±0,±3

k,2,j (t′, ξ).
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Note that I±0,±3

k,2,1 = I±0,±3

k,1,2 has already been treated above. For I±0,±3

k,2,2 , we can use the

same arguments as for (126) in the previous proof just by replacing ∂ξkŵ
±3(t′) with

∂2
ξk

ŵ±3(t′), i.e.∥∥〈ξ〉2I±0,±3

k,2,2 (t′, ξ)
∥∥
L2
ξ(R3,C4)

.
∥∥ψ(t′)

∥∥2

L∞(R3,C4)

∥∥ψ(t′)
∥∥
L6(R3,C4)

∥∥x2
kw
±3(t′)

∥∥
L2
x(R3,C4)

+
∥∥ψ(t′)

∥∥
L2(R3,C4)

∥∥ψ(t′)
∥∥
L6(R3,C4)

∥∥x2
kw
±3(t′)

∥∥
H2
x(R3,C4)

. δ̃3〈t′〉2ε−1.

For I±0,±3

k,2,3 , we write

I±0,±3

k,2,3 (t′, ξ) = it′Π±0(ξ)

∫
R3

χl(ξ)χl12(η)χl3(ξ − η) ̂|ψ(t′)|2(η)

·m±0,∓3

k,l,l12
(ξ, η)∂ξkŵ

±3(t′)(ξ − η) dη

=
∑

l,l12,l3∈Z

it′
∫
R3

χl(ξ)χl12(η)χl3(ξ − η) ̂|ψ(t′)|2(η)

· Π±0(ξ)Π±3(ξ − η)m±0,∓3

k,l,l12
(ξ, η)∂ξkŵ

±3(t′)(ξ − η) dη

=:
∑

l,l12,l3∈Z

I±0,±3

k,2,3;l,l12,l3
(t′, ξ),

where

m±0,∓3

k,l,l12
(ξ, η) = |η|−2

(
±0

ξk
〈ξ〉
∓3

ξk − ηk
〈ξ − η〉

)
χ̃l(ξ)χ̃l12(η).

In the case ±0 = ±3, we can apply Lemma 2.9 with C . 2−l
+

2−l12 since∣∣∂αξ ∂βηm±0,±0

k,l,l12
(ξ, η)

∣∣ .α,β 2−l
+

2−l122−l|α|2−l12|β|χ̃l(ξ)χ̃l12(η),

see also Lemma 2.10. For the case ±0 = ∓3, Lemma 2.9 remains applicable with
C . 2−l

+
2−l12 because of∣∣∂αξ ∂βηΠ±0(ξ)Π∓0(η)m±0,∓0

k,l,l12
(ξ, η)

∣∣ .α,β 2−l
+

2−l122−l|α|2−l12|β|χ̃l(ξ)χ̃l12(η)

and Lemma 2.10. Therefore,∥∥〈ξ〉2I±0,±3

k,2,3;l,l12,l3
(t′, ξ)

∥∥
L2
ξ(R3,C4)

. t′2l
+

2−l12
∥∥Pl12|ψ(t′)|2

∥∥
L∞(R3,C)

·
∥∥Pl3xkw±3(t′)

∥∥
L2(R3,C4)

(144)

and ∥∥〈ξ〉2I±0,±3

k,2,3;l,l12,l3
(t′, ξ)

∥∥
L2
ξ(R3,C4)

. t′2l
+

2−l1223l/2
∥∥Pl12|ψ(t′)|2

∥∥
L2(R3,C)

·
∥∥Pl3xkw±3(t′)

∥∥
L2(R3,C4)

. (145)

From Bernstein’s inequality,∥∥Pl3(xkw±3(t′)
)∥∥

L2(R3,C4)
. 2l3/2

∥∥xkw±3(t′)
∥∥
L3/2(R3,C4)

. 2l3/2
∥∥|x|w±3(t′)

∥∥1/2

L2(R3,C4)

∥∥|x|2w±3(t′)
∥∥1/2

L2(R3,C4)

. δ̃2l3/2〈t′〉3ε/2, (146)
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where the second step comes from the following interpolation argument: Let

R =
‖|x|2w±3(t′)‖L2(R3,C4)

‖|x|w±3(t′)‖L2(R3,C4)

.

Then,∥∥|x|w±3(t′)
∥∥
L3/2(R3,C4)

=
(∫

BR(0)

|yw±3(t′, y)|3/2 dy +

∫
BR(0)c

|y|−3/2
∣∣|y|2w±3(t′, y)

∣∣3/2 dy
)2/3

.
(∥∥1

∥∥
L4(BR(0),C)

∥∥|x|w±3(t′)
∥∥3/2

L2(R3,C4)
+
∥∥|x|−3/2

∥∥
L4(BR(0)c,C)

∥∥|x|2w±3(t′)
∥∥3/2

L2(R3,C4)

)2/3

.
(
R3/4

∥∥|x|w±3(t′)
∥∥3/2

L2(R3,C4)
+R−3/4

∥∥|x|2w±3(t′)
∥∥3/2

L2(R3,C4)

)2/3

.
∥∥|x|w±3(t′)

∥∥1/2

L2(R3,C4)

∥∥|x|2w±3(t′)
∥∥1/2

L2(R3)
.

Furthermore, ∥∥Pl3(xkw±3(t′)
)∥∥

L2(R3,C4)
. 2−2l+3

∥∥xkw±3(t′)
∥∥
H2(R3,C4)

. δ̃2−2l+3 〈t′〉ε. (147)

a) Estimates (144), (73), (74), (146) and (147) give∑
l∼l3�l12

∥∥〈ξ〉2I±0,±3

k,2,3;l,l12,l3
(t′, ξ)

∥∥
L2
ξ(R3,C4)

. t′δ̃3
∑

l∼l3�l12

2l
+

2−l12 min
{

23l12 , 〈t′〉−3
}

min{2l3/2〈t′〉3ε/2, 2−2l+3 〈t′〉ε}

. t′δ̃3
( ∑

2l12≤〈t′〉−1

22l12 +
∑

2l12≥〈t′〉−1

2−l12〈t〉−3
)∑
l3∈Z

min{2l3/2, 2−l
+
3 }〈t′〉3ε/2

. δ̃3〈t′〉3ε/2−1.

b) By estimates (145), (75) and (147), we have∑
l�l3∼l12, 2l≤〈t′〉−2

∥∥〈ξ〉2I±0,±3

k,2,3;l,l12,l3
(t′, ξ)

∥∥
L2
ξ(R3,C4)

. t′δ̃3
∑

l�l3∼l12, 2l≤〈t′〉−2

23l/22l12/22−9l+12/2〈t′〉ε

. δ̃3〈t′〉1+ε
∑

2l≤〈t〉−2

23l/2

. δ̃3〈t′〉ε−2.

c) Estimates (144), (73), (74) and (147) lead to∑
l�l3∼l12, 2l≥〈t′〉−2

∥∥〈ξ〉2I±0,±3

k,2,3;l,l12,l3
(t′, ξ)

∥∥
L2
ξ(R3,C4)

. t′δ̃3
∑

l�l3∼l12, 2l≥〈t′〉−2

2l
+

2−l12 min
{

23l12 , 2−2l+〈t′〉−3
}

2−2l+3 〈t′〉ε
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and therefore, ∑
l�l3∼l12, 2l≥〈t′〉−2

∥∥〈ξ〉2I±0,±3

k,2,3;l,l12,l3
(t′, ξ)

∥∥
L2
ξ(R3,C4)

. δ̃3〈t′〉1+ε
∑

2l12≤〈t′〉−1

22l12

∑
〈t′〉−2≤2l≤〈t′〉−1

1

+ δ̃3〈t′〉1+ε
∑

2l12≥〈t′〉−1

2−l12〈t′〉−3
∑

2l≥〈t′〉−2

2−3l+

. δ̃3〈t′〉3ε/2−1.

d) By estimates (144), (73), (74), (146) and (147), we obtain∑
l12∼l�l3

∥∥〈ξ〉2I±0,±3

k,2,3;l,l12,l3
(t′, ξ)

∥∥
L2
ξ(R3,C4)

. t′δ̃3
∑

l12∼l�l3

2l
+

2−l min
{

23l, 2−2l+〈t′〉−3
}

min{2l3/2, 2−2l3}〈t′〉3ε/2

. δ̃3〈t′〉1+3ε/2
( ∑

2l≤〈t′〉−1

22l +
∑

2l≥〈t′〉−1

2−l〈t′〉−3
)∑
l3∈Z

min{2l3/2, 2−2l+3 }

. δ̃3〈t′〉3ε/2−1.

Estimate for ∂ξkI
±0,±3

k,3 : We have

∂ξkI
±0,±3

k,3 (t′, ξ)

= ∂ξkΠ
±0(ξ)

∫
R3

∫
R3

d

dξk

[
eit
′(±0〈ξ〉∓3〈ξ−η〉)

]
|η|−2

〈
ψ̂(t′)(σ), ψ̂(t′)(σ − η)

〉
C4

· ŵ±3(t′)(ξ − η) dσ dη

+ Π±0(ξ)

∫
R3

∫
R3

d

dξk

[
eit
′(±0〈ξ〉∓3〈ξ−η〉)

]
|η|−2

〈
ψ̂(t′)(σ), ψ̂(t′)(σ − η)

〉
C4

· ∂ξkŵ±3(t′)(ξ − η) dσ dη

+ Π±0(ξ)

∫
R3

∫
R3

( d

dξk

)2[
eit
′(±0〈ξ〉∓3〈ξ−η〉)

]
|η|−2

〈
ψ̂(t′)(σ), ψ̂(t′)(σ − η)

〉
C4

· ŵ±3(t′)(ξ − η) dσ dη

=:
3∑
j=1

I±0,±3

k,3,j (t′, ξ).

Note that I±0,±3

k,3,1 = I±0,±3

k,1,3 and I±0,±3

k,3,2 = I±0,±3

k,2,3 have already been treated above. For

I±0,±3

k,3,3 , we define

M±0,±3

l,l12
(ξ, η) = |η|−2∂ξk

(
±0

ξk
〈ξ〉
∓3

ξk − ηk
〈ξ − η〉

)
χ̃l(ξ)χ̃l12(η),

M̃±0,±3

l,l12
(ξ, η) = |η|−2

(
±0

ξk
〈ξ〉
∓3

ξk − ηk
〈ξ − η〉

)2

χ̃l(ξ)χ̃l12(η).
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Then,

I±0,±3

k,3,3 (t′, ξ) =
∑

l,l12,l3∈Z

it′Π±0(ξ)

∫
R3

e±0it′〈ξ〉χl(ξ)χl12(η)χl3(ξ − η)

· ̂|ψ(t′)|2(η)M±0,±3

l,l12
(ξ, η)ψ̂±3(t′)(ξ − η) dη

−
∑

l,l12,l3∈Z

(t′)2Π±0(ξ)

∫
R3

e±0it′〈ξ〉χl(ξ)χl12(η)χl3(ξ − η)

· ̂|ψ(t′)|2(η)M̃±0,±3

l,l12
(ξ, η)ψ̂±3(t′)(ξ − η) dη

=:
∑

l,l12,l3∈Z

I±0,±3

k,3,3,1;l,l12,l3
(t′, ξ)−

∑
l,l12,l3∈Z

I±0,±3

k,3,3,2;l,l12,l3
(t′, ξ)

=: I±0,±3

k,3,3,1(t′, ξ)− I±0,±3

k,3,3,2(t′, ξ).

Estimate for I±0,±3

k,3,3,1: We first consider the case ±0 = ±3. Since∣∣∂αξ ∂βηM±0,±0

l,l12
(ξ, η)

∣∣ .α,β 2−l
+

2−l122−l|α|2−l12|β|χ̃l(ξ)χ̃l12(η),

Lemmata 2.10 and 2.11 give∥∥〈ξ〉2I±0,±0

k,3,3,1(t′, ξ)
∥∥
L2
ξ(R3,C4)

. δ̃3〈t′〉ε−1.

For the case ±0 = ∓3, note that

I±0,∓0

k,3,3,1;l,l12,l3
(t′, ξ) = it′

∫
R3

Π±0(ξ)Π∓0(ξ − η)e±0it′〈ξ〉χl(ξ)χl12(η)χl3(ξ − η)

· ̂|ψ(t′)|2(η)M±0,∓0

l,l12
(ξ, η)ψ̂∓0(t′)(ξ − η) dη

and ∣∣∂αξ ∂βη [Π±0(ξ)Π∓0(ξ − η)M±0,∓0

l,l12
(ξ, η)

]∣∣ .α,β 2−l
+

2−l122−l|α|2−l12|β|χ̃l(ξ)χ̃l12(η).

Hence, we can apply Lemmas 2.10 and 2.11 to obtain∥∥〈ξ〉2I±0,∓0

k,3,3,1(t′, ξ)
∥∥
L2
ξ(R3,C4)

. δ̃3〈t′〉ε−1.

Estimate for I±0,±3

k,3,3,2: The most challenging term is I±0,±3

k,3,3,2 where we need to gain
two factors of t′. For the case ±0 = ±3, note that∣∣∂αξ ∂βη M̃±0,±0

l,l12
(ξ, η)

∣∣ .α,β 2−2l+ |ξ|−|α||η|−|β|χ̃l(ξ)χ̃l12(η)

and Lemmas 2.10 and 2.11 lead to∥∥〈ξ〉2I±0,±0

k,3,3,2(t′, ξ)
∥∥
L2
ξ(R3,C4)

. δ̃3〈t′〉ε−1.

In the case ±0 = ∓3, we have

I±0,∓0

k,3,3,2;l,l12,l3
(t′, ξ) = it′

∫
R3

e±0it′(〈ξ〉+〈ξ−η〉)χl(ξ)χl12(η)χl3(ξ − η)

· ̂|ψ(t′)|2(η)Π±0(ξ)Π∓0(ξ − η)M̃±0,∓0

l,l12
(ξ, η)ŵ∓0(t′)(ξ − η) dη
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and ∣∣∣∂αξ ∂βη [Π±0(ξ)Π∓0(ξ − η)M̃±0,∓0

l,l12
(ξ, η)

]∣∣∣ .α,β 2−l
+

2−l122−l|α|2−l12|β|χ̃l(ξ)χ̃l12(η).

Hence, we can apply Lemmas 2.10 and 2.12 with n = 2 and n0 = 1 to get∥∥∥〈ξ〉2 ∫ t

0

I±0,∓0

k,3,3,2(t′, ξ) dt′
∥∥∥
L2
ξ(R3,C4)

. δ̃3〈t〉ε.

3 Testing solutions by wave packets

The key innovation of the method of testing solutions by wave packets is to localize
in both space and frequency at a time-dependent scale. In order to get some intuition
for the definition of our wave packets, the following result of Hörmander (cf. [53,
Thm. 7.2.5]) might be helpful:

Proposition 3.1. Let t > 0, ξ ∈ R3, and

û(t)(ξ) = eit〈ξ〉ϕ̂(ξ)

for some ϕ ∈ S(R3). Then,

u(t, x) = U0(t, x) + U1(t, x)ei(t
2−|x|2)1/2

, x ∈ R3,

where U0 ∈ S(R×R3) and U1 is a polyhomogeneous symbol of order −3/2 with support
in {(t, x) ∈ R× R3 : |x| < t}. More precisely, U1(t, x) behaves like

e3πi/4t−3/2
(
1− |x/t|2

)−3/4
∑
j∈N0

t−j
(
1− |x/t|2

)−j/2
pj(t, x)

in the sense that

U1(t, x)− e3πi/4t−3/2
(
1− |x/t|2

)−3/4
N∑
j=0

t−j
(
1− |x/t|2

)−j/2
pj(t, x) ∈ S−3/2−N−1

1,0

for any N ∈ N, where Sm1,0, m ∈ R, denotes the space of symbols a ∈ C∞(R×R3) such
that

|∂αt ∂
β
ξ a(t, x)| .α,β 〈x〉m−|β|, α ∈ N0, β ∈ N3

0

and pj are symbols of order −3/2− j. The leading term is

p0(t, x) = (2π)−3/2
(
1− |x/t|2

)−1/2
ϕ̂
(
− (t2 − |x|2)−1/2x

)
1Bt(0)(x).

The critical frequencies

ξcr(t, x) = (t2 − |x|2)−1/2x, |x| < t,

are obtained by considering the critical points of

φ(t, x, ξ) = x · ξ + t〈ξ〉
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since

u(t, x) = (2π)−3

∫
R3

eix·ξû(t)(ξ) dξ

= (2π)−3

∫
R3

eiφ(t,x,ξ)ϕ̂(ξ) dξ.

Note that there are no critical points for |x| ≥ t which implies fast decay outside the
light cone.

We define our wave packets Ω±v as follows: Let

X ∈ C∞c (R3, [0,∞)) radial, (148)

suppX ⊆ Br1/2/4(0), (149)∫
R3

X (x) dx = 1, (150)

where r > 0 denotes the implicit constant of (68). Then,

Ω±v (t, x) := (1− |v|2)−7/4e±iΦ(t,x)X
(
t−1/2(1− |v|2)−1(x− tv)

)
, v ∈ B1(0),

where

Φ(t, x) = −3π

4
− (t2 − |x|2)1/2, x ∈ Bt(0). (151)

Note that
X
(
t−1/2(1− |v|2)−1(x− tv)

)
6= 0

only if
t1/2(1− |v|2)−1|x/t− v| < r1/2/4

which implies

|x/t| ≤ 1− |v|2

4t1/2
r1/2 + |v|

< 1

for t ≥ r and v ∈ B1(0). Hence, Φ(t, x) is well-defined for

x ∈ suppX
(
t−1/2(1− |v|2)−1(· − tv)

)
and t ≥ r. On the spatial side, Ω±v localizes to rays

x = tv.

The localization on the Fourier side is around frequencies ±ξv, where

ξv = ξcr(t, tv)

= (1− |v|2)−1/2v.

Note that

〈ξv〉 = (1− |v|2)−1/2, (152)

v = 〈ξv〉−1ξv, (153)

ξ〈η〉−1η = η, η ∈ R3. (154)

In the sequel, it always suffices to consider t ≥ r, cf. (68).



63

Lemma 3.2. Let t ≥ r, v ∈ B1(0) and ξ ∈ R3. We have

Ω̂±v (t)(ξ) = (2πt)3/2〈ξv〉−6e∓it〈ξ〉X̃t,v
(
t1/2〈ξv〉−2(ξ ∓ ξv)

)
, (155)

where X̃t,v ∈ S(R3,C) satisfies

sup
ζ∈R3

∣∣〈ζ〉k∂αX̃t,v(ζ)
∣∣ .k,α 1 (156)

for any k ∈ N0 and α ∈ N3
0. Furthermore,∫

R3

X̃t,v(ζ) dζ = 1 +O
(
t−1/2〈ξv〉−2|ξv|

)
. (157)

Proof. We perform a quadratic Taylor approximation for Φ(t, ·) in x = tv. Note that

∂jΦ(t, x) = (t2 − |x|2)−1/2xj

= ξcr(t, x)j,

∂j∂kΦ(t, x) = (t2 − |x|2)−3/2xjxk + (t2 − |x|2)−1/2δj,k,

∂i∂j∂kΦ(t, x) = 3(t2 − |x|2)−5/2xixjxk + (t2 − |x|2)−3/2xi(δi,j + δi,k)

+ (t2 − |x|2)−3/2xjδj,k

for i, j, k = 1, 2, 3. Hence,

Φ(t, tv) = −3π

4
− t(1− |v|2)1/2

= −3π

4
− t〈ξv〉−1, (158)

∂jΦ(t, tv) = ξv,j, (159)

∂k∂kΦ(t, tv) = t−1(1− |v|2)−3/2vjvk + t−1(1− |v|2)−1/2δj,k

= t−1〈ξv〉(ξv,jξv,k + δj,k)

for j, k = 1, 2, 3. The Hessian of Φ(t, ·) in x = tv is consequently

HessxΦ(t, tv) = t−1〈ξv〉

1 + ξ2
v,1 ξv,1ξv,2 ξv,1ξv,3

ξv,1ξv,2 1 + ξ2
v,2 ξv,2ξv,3

ξv,1ξv,3 ξv,2ξv,3 1 + ξ2
v,3


= λ2

t,vHv, (160)

where

λt,v = t−1/2〈ξv〉2 (161)

and

Hv = 〈ξv〉−3

1 + ξ2
v,1 ξv,1ξv,2 ξv,1ξv,3

ξv,1ξv,2 1 + ξ2
v,2 ξv,2ξv,3

ξv,1ξv,3 ξv,2ξv,3 1 + ξ2
v,3

 .

Note that Hv is invertible with

H−1
v = 〈ξv〉

(
(1 + 〈ξv〉2)I3 − 〈ξv〉3Hv

)
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and

detHv = 〈ξv〉−7. (162)

The Fourier transform of Ω±v (t) is

Ω̂±v (t)(ξ) = 〈ξv〉7/2
∫
R3

e−ix·ξe±iΦ(t,x)X
(
λt,v(x− tv)

)
dx

= 〈ξv〉7/2
∫
R3

e±iR(t,x−tv)e−ix·ξe±iΦ(t,tv)e±i∇xΦ(t,tv)·(x−tv)

· e±
i
2

(x−tv)THessxΦ(t,tv)(x−tv)X
(
λt,v(x− tv)

)
dx,

where

R(t, y) =
∑

α∈N3
0, |α|=3

yα

α!
∂αxΦ(t, tv + ϑt,yy)

for some ϑt,y ∈ [0, 1] with |tv + ϑt,yy| < t. The identities (158), (159), (160) and the
substitution z = λt,v(x− tv) give

Ω̂±v (t)(ξ) = 〈ξv〉7/2λ−3
t,v

∫
R3

e±iR(t,λ−1
t,vz)e−iλ

−1
t,vz·ξe−itv·ξe∓3πi/4e∓it〈ξv〉

−1

e±iλ
−1
t,vξv ·z

· e±
i
2
λ−2
t,vz

THessxΦ(t,tv)zX (z) dz

= 〈ξv〉7/2λ−3
t,v e
∓3πi/4e−it(v·ξ±〈ξv〉

−1)

∫
R3

e±iR(t,λ−1
t,vz)e−iλ

−1
t,vz·(ξ∓ξv)

· e±
i
2
zTHvzX (z) dz

= 〈ξv〉7/2λ−3
t,v e
−it(v·ξ±〈ξv〉−1)̂̃Xt,v,0

(
λ−1
t,v (ξ ∓ ξv)

)
, (163)

where

X̃t,v,0(z) = e∓3πi/4e±iR(t,λ−1
t,vz)e±

i
2
zTHvzX (z). (164)

Let

X̃t,v(ζ) = (2π)−3/2〈ξv〉7/2e±
i
2
ζTH−1

v ζ̂̃Xt,v,0(ζ). (165)

Then, X̃t,v ∈ S(R3,C) and (156) follow from (165), (164), (162) and X ∈ S(R3,C).
For (157), we calculate∫

R3

X̃t,v(ζ) dζ

= (2π)−3/2〈ξv〉7/2e∓3πi/4

∫
R3

∫
R3

e±
i
2
ζTH−1

v ζe−iz·ζe±iR(t,λ−1
t,vz)e±

i
2
zTHvzX (z) dz dζ

= (detHv)
−1/2e∓3πi/4

∫
R3

e±iR(t,λ−1
t,vz)e±

i
2
zTHvzX (z)(2π)−3/2

∫
R3

e−iz·ζe±
i
2
ζTH−1

v ζ dζ dz

= (detHv)
−1/2e∓3πi/4

∫
R3

e±iR(t,λ−1
t,vz)e±

i
2
zTHvzX (z)

(
det(±iHv)

)1/2
e∓

i
2
zTHvz dz

=

∫
R3

e±iR(t,λ−1
t,vz)X (z) dz. (166)
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For the remainder, note that

R(t,λ−1
t,v z)

= λ−3
t,v

∑
α∈N3

0, |α|=3

zα

α!
∂αxΦ(t, tv + ϑt,λ−1

t,vz
λ−1
t,v z)

= 3t3/2〈ξv〉−6
∑

α∈N3
0, |α|=3

zα

α!

(
t2 −

∣∣tv + ϑt,λ−1
t,vz
λ−1
t,v z
∣∣2)−5/2(

tvj + ϑt,λ−1
t,vz
λ−1
t,v zj

)α
+ 3t3/2〈ξv〉−6

3∑
j=1

z3
j

(
t2 −

∣∣tv + ϑt,λ−1
t,vz
λ−1
t,v z
∣∣2)−3/2(

tvj + ϑt,λ−1
t,vz
λ−1
t,v zj

)
+ 3t3/2〈ξv〉−6

3∑
j 6=k=1

zjz
2
k

(
t2 −

∣∣tv + ϑt,λ−1
t,vz
λ−1
t,v z
∣∣2)−3/2(

tvj + ϑt,λ−1
t,vz
λ−1
t,v zj

)
= 3t−1/2〈ξv〉−6

∑
α∈N3

0, |α|=3

zα

α!

(
1−

∣∣v + t−1/2(1− |v|2)ϑt,λ−1
t,vz
z
∣∣2)−5/2

·
(
vj + t−1/2(1− |v|2)ϑt,λ−1

t,vz
zj
)α

+ 3t−1/2〈ξv〉−6

3∑
j=1

z3
j

(
1−

∣∣v + t−1/2(1− |v|2)ϑt,λ−1
t,vz
λ−1
t,v z
∣∣2)−3/2

·
(
vj + t−1/2(1− |v|2)ϑt,λ−1

t,vz
λ−1
t,v zj

)
+ 3t−1/2〈ξv〉−6

3∑
j 6=k=1

zjz
2
k

2

(
1−

∣∣v + t−1/2(1− |v|2)ϑt,λ−1
t,vz
λ−1
t,v z
∣∣2)−3/2

·
(
vj + t−1/2(1− |v|2)ϑt,λ−1

t,vz
λ−1
t,v zj

)
and ∑

α∈N3
0, |α|=3

zα

α!

(
1−

∣∣v + t−1/2(1− |v|2)ϑt,λ−1
t,vz
z
∣∣2)−5/2(

vj + t−1/2(1− |v|2)ϑt,λ−1
t,vz
zj
)α

= O
(
〈ξv〉5|v|3

)
= O

(
〈ξv〉2|ξv|3

)
,

zjz
2
k

(
1−

∣∣v + t−1/2(1− |v|2)ϑt,λ−1
t,vz
λ−1
t,v z
∣∣2)−3/2(

vj + t−1/2(1− |v|2)ϑt,λ−1
t,vz
λ−1
t,v zj

)
= O

(
〈ξv〉3|v|

)
= O

(
〈ξv〉2|ξv|

)
, j, k = 1, 2, 3.

Hence,
R(t, λ−1

t,v z) = O
(
t−1/2〈ξv〉−2|ξv|

)
and (157) follows from (166). It remains to derive (155). Because of (163), (164)
and (165), we get

Ω̂±v (t)(ξ) = (2π)3/2λ−3
t,v e
−it(v·ξ±〈ξv〉−1)e∓

i
2
λ−2
t,v (ξ∓ξv)TH−1

v (ξ∓ξv)X̃t,v
(
λ−1
t,v (ξ ∓ ξv)

)
. (167)

From (156), we obtain

|ξ ∓ ξv|
∣∣X̃t,v(λ−1

t,v (ξ ∓ ξv)
)∣∣ . λt,v

= t−1/2〈ξv〉2. (168)
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We have

v · ξ ± 〈ξv〉−1 =
±ξv · ξ + 1

±〈ξv〉

and

±1

2
λ−2
t,v · (ξ ∓ ξv)TH−1

v (ξ ∓ ξv)

= ±1

2
t〈ξv〉−4 · 〈ξv〉

(
|ξ|2 + |ξv|2 + |ξ|2|ξv|2 ∓ 2ξ · ξv − (ξ · ξv)2

)
= ±1

2
t〈ξv〉−3

(
|ξ|2 + |ξv|2 + |ξ|2|ξv|2 − (±ξv · ξ + 1)2 + 1

)
.

Therefore,

it
(
v · ξ ± 〈ξv〉−1

)
± 1

2
λ−2
t,v (ξ ∓ ξv)TH−1

v (ξ ∓ ξv)

= ±1

2
t〈ξv〉−3

(
2〈ξv〉2(±ξv · ξ + 1) + |ξ|2 + |ξv|2 + |ξ|2|ξv|2 − (±ξv · ξ + 1)2 + 1

)
= ±1

2
t〈ξv〉−3

(
2〈ξv〉4 ± 2〈ξv〉2(ξv · (ξ ∓ ξv)) + |ξ|2 + |ξv|2 + |ξ|2|ξv|2

− (〈ξv〉2 ± ξv · (ξ ∓ ξv))2 + 1
)

= ±1

2
t〈ξv〉−3

(
〈ξv〉4 + |ξ|2 + |ξv|2 + |ξ|2|ξv|2 + 1

)
= ±1

2
t〈ξv〉−3

(
2〈ξv〉4 − |ξ|2 + |ξv|2 − |ξ|4 + |ξ|2|ξv|2

)
= ±t〈ξv〉 ± t〈ξv〉−3〈ξ〉2(|ξv|2 − |ξ|2

)
= ±t〈ξ〉 ± t

(
〈ξv〉 − 〈ξ〉

)
± t〈ξv〉−3〈ξ〉2

(
|ξ|+ |ξv|

)(
|ξv| − |ξ|

)
.

Since

∣∣〈ξ〉 − 〈ξv〉∣∣ =

∣∣|ξ|2 − |ξv|2∣∣
〈ξ〉+ 〈ξv〉

≤ |ξ|+ |ξv|
〈ξ〉+ 〈ξv〉

∣∣ξ ∓ ξv∣∣
and ∣∣|ξ| − |ξv|∣∣ ≤ |ξ ∓ ξv|,
we obtain (155) from (167) and (168).

3.1 Approximation by wave packets

We test the solution ψ± against the wave packet Ω±v as follows: Let

Υ±(t, v) : = 1B1(0)(v)

∫
R3

Ω±v (t, x)ψ±(t, x) dx

= 1B1(0)(v)

∫
R3

〈ξv〉7/2X (t−1/2〈ξv〉2(x− tv))w±(t, x) dx, (169)
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where

w±(t, x) = e∓iΦ(t,x)ψ±(t, x), x ∈ Bt(0), (170)

with Φ from (151). Parseval’s identity and (155) give

Υ±
(
t,± 〈η〉−1η

)
= (2π)−3/2

∫
R3

λ−3
t,±〈η〉−1ηX̃t,±〈η〉−1η

(
λ−1
t,±〈η〉−1η(ξ − η)

)
ŵ±(t)(ξ) dξ, (171)

where the profile w± comes from (40) and the scaling factor λt,v from (161).

Lemma 3.3 (Estimate for Υ±). Let t ∈ [r, T ] and ψ± ∈ C
(
[0, T ], HN(R3,C4)

)
satisfy

a priori assumption (44). Then,∥∥〈ξv〉5/2Υ±(t, v)
∥∥
L∞v (R3,C4)

. δ̃, (172)∥∥〈ξv〉3Υ±(t, v)
∥∥
L∞v (R3,C4)

. δ̃t3/4, (173)∥∥〈ξv〉5/2Υ±(t, v)
∥∥
L2
v(R3,C4)

. δ̃, (174)∥∥v〈ξv〉5/2Υ±(t, v)
∥∥
L2
v(R3,C4)

. δ̃, (175)

Proof. By definition (169) of Υ, we have∣∣Υ±(t, v)
∣∣ ≤ 〈ξv〉7/2∥∥X (t−1/2〈ξv〉2y)

∥∥
L1
y(R3,C)

∥∥ψ±(t)
∥∥
L∞(R3,C4)

. 〈ξv〉7/2 t3/2〈ξv〉−6 t−3/2δ̃

= δ̃〈ξv〉−5/2.

From (171), we get∣∣Υ±(t, v)
∣∣ . ∥∥λ−3

t,vX (λ−1
t,v y)

∥∥
L2
y(R3,C)

∥∥ψ±(t)
∥∥
L2(R3,C4)

. λ
−3/2
t,v δ̃

= δ̃t3/4〈ξv〉−3.

Since
ξ〈η〉−1η = η,

the substitution
F : R3 → B1(0), η 7→ 〈η〉−1η

with
detDF (η) = 〈η〉−5

yields ∥∥〈ξv〉5/2Υ±(t, v)
∥∥
L2
v(R3,C4)

=

(∫
R3

∣∣∣〈η〉5/2Υ±
(
t, 〈η〉−1η

)∣∣∣2〈η〉−5 dη

)1/2

=

(∫
R3

∣∣∣ ∫
R3

〈η〉7/2X
(
t−1/2〈η〉2

(
x− 〈η〉−1η

))
w±(t, x) dx

∣∣∣2 dη

)1/2

.
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Substituting
y = t−1/2〈η〉2

(
x− 〈η〉−1η

)
shows ∥∥〈ξv〉5/2Υ±(t, v)

∥∥
L2
v(R3,C4)

=

(∫
R3

∣∣∣ ∫
R3

X (y)w±
(
t, t1/2〈η〉−2y + t〈η〉−1η

)
t3/2〈η〉−5/2 dy

∣∣∣2 dη

)1/2

≤
∫
R3

(∫
R3

∣∣∣ψ±(t, t1/2〈η〉−2y + t〈η〉−1η
)∣∣∣2t3〈η〉−5 dη

)1/2

X (y) dy,

where we used Minkowski’s inequality in the last step. Another substitution

G : R3 → R3, η 7→ t1/2〈η〉−2y + t〈η〉−1η

with
detDG(η) = t3〈η〉−5

(
1− 2t−1/2〈η〉−1η · y

)
leads to ∥∥〈ξv〉5/2Υ±(t, v)

∥∥
L2
v(R3,C4)

≤ 2

∫
R3

(∫
R3

∣∣ψ±(t, z)
∣∣2 dz

)1/2

X (y) dy

= 2
∥∥ψ±(t)

∥∥
L2(R3,C4)

because of ∣∣2t−1/2〈η〉−1η · y
∣∣ ≤ 2r−1/2|y| ≤ 1

2

for any y ∈ suppX and t ≥ r. Now, estimate (174) follows from (70). Estimate (175)
is an immediate consequence of (174) since Υ±(t, v) = 0 for |v| ≥ 1.

We want to approximate both, w± and ŵ±, by Υ±. First, we need:

Lemma 3.4. For any f ∈ S(Rn,Cd) and s ∈ R provided n/2 < s < 1 + n/2, we have

|f(x)− f(y)| .s,n |x− y|s−n/2‖f‖Ḣs(Rn,Cd). (176)

Proof. This result is a homogeneous version of the well-known embeddings between
Hölder and Sobolev spaces (cf. e.g. Evans [37, Thm. 6 in Chapter 5.6.3] for the inho-
mogeneous case). But for the sake of completeness, we present a proof, here. Since

|f(x)− f(y)| = (2π)−n
∣∣∣ ∫

Rn

eix·ξ − eiy·ξ

|ξ|s
|ξ|sf̂(ξ) dξ

∣∣∣
≤ (2π)−n

(∫
Rn

|eix·ξ − eiy·ξ|2

|ξ|2s
dξ
)1/2(∫

Rn
|ξ|2s

∣∣f̂(ξ)
∣∣2 dξ

)1/2

,

we need to show that ∫
Rn

|eix·ξ − eiy·ξ|2

|ξ|2s
dξ .s,n |x− y|2s−n.

Because of ∣∣eix·ξ − eiy·ξ∣∣ ≤ |ξ| |x− y|,
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we have∫
|ξ|≤|x−y|−1

|eix·ξ − eiy·ξ|2

|ξ|2s
dξ ≤

∫
|ξ|≤|x−y|−1

|ξ|2−2s|x− y|2 dξ

= |x− y|2
∫ |x−y|−1

0

∫
Sn−1

|rω|2−2s dσ(ω) rn−1 dr

. |x− y|2
∫ |x−y|−1

0

r1−2s+n dr

.s,n |x− y|2s−n,

where we used s < 1 + n/2 in the last step. On the other hand, the inequality∣∣eix·ξ − eiy·ξ∣∣ ≤ 2

leads to ∫
|ξ|>|x−y|−1

|eix·ξ − eiy·ξ|2

|ξ|2s
dξ .

∫
|ξ|≤|x−y|−1

|ξ|−2s dξ

=

∫ ∞
|x−y|−1

∫
Sn−1

|rω|−2s dσ(ω) rn−1 dr

.
∫ ∞
|x−y|−1

r−2s+n−1 dr

.s,n |x− y|2s−n,

where we used s > n/2 in the last step.

We are now in position to show:

Lemma 3.5 (Approximation of w± and ŵ± by Υ±). Assume that t ∈ [r, T ] and
ψ± ∈ C

(
[0, T ], HN(R3,C4)

)
satisfies a priori assumption (44). For any η ∈ R3 and

v ∈ B1(0), we have∣∣ŵ±(t)(η)− (2π)3/2Υ±(t,±〈η〉−1η)
∣∣ . (δ + δ̃3)t2ε−1/4〈η〉−1, (177)∣∣w±(t, tv)− 〈ξv〉5/2t−3/2Υ±(t, v)
∣∣ . (δ + δ̃3)t2ε−7/4〈ξv〉−1. (178)

Proof. Note that
λt,±〈η〉−1η = t−1/2〈η〉2 =: λ̃t,η

and ∫
R3

λ̃−3
t,η X̃t,±〈η〉−1η

(
λ̃t,η(ξ − η)

)
dξ = 1 +O(t−1/2〈ξv〉−2|ξv|).

We have∣∣ŵ±(t)(η)−Υ±(t,±〈η〉−1η)
∣∣

.
∫
R3

λ̃−3
t,η

∣∣X̃t,±〈η〉−1η

(
λ̃−1
t,η (ξ − η)

)∣∣ ∣∣ŵ±(t)(η)− ŵ±(t)(ξ)
∣∣ dξ

≤
∫
R3

〈η〉−2λ̃−3
t,η

∣∣X̃t,±〈η〉−1η

(
λ̃−1
t,η (ξ − η)

)∣∣ ∣∣〈η〉2ŵ±(t)(η)− 〈ξ〉2ŵ±(t)(ξ)
∣∣ dξ

+

∫
R3

〈η〉−2λ̃−3
t,η

∣∣X̃t,±〈η〉−1η

(
λ̃−1
t,η (ξ − η)

)∣∣ ∣∣〈ξ〉2 − 〈η〉2∣∣∣∣ŵ±(t)(ξ)
∣∣ dξ

=: I±1 (t, η) + I±2 (t, η).
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Estimates (176) and (129) give

I±1 (t, η) .
∫
R3

〈η〉−2|ξ − η|1/2 λ̃−3
t,η

∣∣X̃t,±〈η〉−1η

(
λ̃−1
t,η (ξ − η)

)∣∣ dξ ∥∥〈ξ〉2ŵ±(t)(ξ)
∥∥
Ḣ2
ξ (R3,C4)

. 〈η〉−2λ̃
1/2
t,η (δ + δ̃3)t2ε.

For I±2 (t, η), we first note that∣∣〈ξ〉2 − 〈η〉2∣∣ =
∣∣|ξ| − |η|∣∣ (|ξ|+ |η|)

≤ 2|ξ − η| |ξ|+ |ξ − η|2. (179)

Therefore,

I±2 (t, η) .
∫
R3

〈η〉−2λ̃−3
t,η

∣∣X̃t,±〈η〉−1η

(
λ̃−1
t,η (ξ − η)

)∣∣ |ξ − η| ∣∣〈ξ〉ŵ±(t)(ξ)
∣∣ dξ

+

∫
R3

〈η〉−2λ̃−3
t,η

∣∣X̃t,±〈η〉−1η

(
λ̃−1
t,η (ξ − η)

)∣∣ |ξ − η|2 ∣∣ŵ±(t)(ξ)
∣∣ dξ

=: I±21(t, η) + I±22(t, η).

Let k = 1, 2. For 〈η〉 ≤ t1/4, we have

I2k . λ̃kt,η〈η〉−2
∥∥〈ξ〉ψ̂±(t)(ξ)

∥∥
L∞ξ (R3,C4)

. δ̃t−k/2〈η〉2k−2

≤ δ̃t−1/4〈η〉−1

. δ̃3t2ε−1/4〈η〉−1.

For 〈η〉 ≥ t1/4, note that

I2k . λ̃kt,η〈η〉−2λ̃−3
t,η

∥∥〈ξ〉ψ̂±(t)(ξ)
∥∥
L1
ξ(R3,C4)

. λ̃k−3
t,η 〈η〉−2

∥∥〈ξ〉5ψ̂±(t)(ξ)
∥∥
L∞ξ (R3,C4)

. δ̃t(3−k)/2〈η〉2k−8

≤ δ̃t−1/4〈η〉−1

. δ̃3t2ε−1/4〈η〉−1.

Because of
〈ξv〉5/2t−3/2 = 〈ξv〉−7/2λ3

t,v

and

λ3
t,vt

3

∫
R3

X
(
λt,vt(y − v)

)
dy = 1,

estimate (176) gives∣∣w±(t, tv)− 〈ξv〉5/2t−3/2Υ±(t, v)
∣∣

=
∣∣∣ ∫

R3

λ3
t,vX (λt,v(x− tv))

(
w±(t, tv)− w±(t, x)

)
dx
∣∣∣

=
∣∣∣ ∫

R3

λ3
t,vX (λt,v(x− tv))

(
w±(t, tv)− w±(t, x)

)
dx
∣∣∣

.
∫
R3

|x− tv|1/2λ3
t,vX (λt,v(x− tv)) dx

∥∥w±(t)
∥∥
Ḣ2(R3,C4)

. λ
−1/2
t,v

∥∥w±(t)
∥∥
Ḣ2(R3,C4)

.
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Since

λ
−1/2
t,v = t1/4〈ξv〉−1,

it remains to show that ∥∥w±(t)
∥∥
Ḣ2(R3,C4)

. (δ + δ̃3)t2ε−2. (180)

To see this, we first note that

∂jw
±(t, x) = ∂j

(
e±i(t

2−|x|2)1/2

ψ±(t, x)
)

= e±i(t
2−|x|2)1/2(∓ i(t2 − |x|2)−1/2xj + ∂j

)
ψ±(t, x)

= e±i(t
2−|x|2)1/2

(
∓ i〈ξx/t〉

xj
t

+ ∂j

)
ψ±(t, x).

A first order Taylor approximation on the Fourier side in ξ = ±ξx/t shows

〈ξx/t〉 = 〈ξ〉+∇〈·〉(η) · (ξ ∓ ξx/t)

for some

η = η(ξ, x/t) ∈ {±sξx/t + (1− s)ξ : s ∈ [0, 1]}.

Since

L±j ψ
±(t, x) =

(
xj ± it〈D〉−1∂j

)
ψ±(t, x),

we have

∂jw
±(t, x)

= ∓ie±i(t2−|x|2)1/2
(
t−1〈D〉L±j +

xj
t
〈η(D, x/t)〉−1η(D, x/t) ·

(
±∇− iξx/t

))
ψ±(t, x)

= ∓ie±i(t2−|x|2)1/2
(
t−1〈D〉L±j ±

xj
t
〈η(D, x/t)〉−1η(D, x/t) ·

(
∇∓ i〈ξx/t〉

x

t

))
ψ±(t, x)

= ∓it−1e±i(t
2−|x|2)1/2〈D〉L±j ψ±(t, x)± xj

t
〈η(D, x/t)〉−1η(D, x/t) · ∇w±(t, x). (181)

Analogously,

∂2
jw
±(t, x)

= ∓i∂j
(
t−1e±i(t

2−|x|2)1/2〈D〉L±j ψ±(t, x)± xj
t
〈η(D, x/t)〉−1η(D, x/t) · ∇w±(t, x)

)
= −e±i(t2−|x|2)1/2

t−2
(
〈D〉L±j

)2
ψ±(t, x)

− it−1xj
t
〈η(D, x/t)〉−1η(D, x/t) · ∇

(
e±i(t

2−|x|2)1/2〈D〉L±j ψ±(t, x)
)

± ∂j
(xj
t
〈η(D, x/t)〉−1η(D, x/t) · ∇w±(t, x)

)
= −e±i(t2−|x|2)1/2

t−2〈D〉2(L±j )2ψ±(t, x) + e±i(t
2−|x|2)1/2

t−2∂jL
±
j ψ
±(t, x)

− it−1xj
t
〈η(D, x/t)〉−1η(D, x/t) · ∇

(
e±i(t

2−|x|2)1/2〈D〉L±j ψ±(t, x)
)

±
(xj
t
〈η(D, x/t)〉−1η(D, x/t) · ∇∂jw±(t, x)

)
± ∂j

(xj
t
〈η(D, x/t)〉−1η(D, x/t)

)
· ∇w±(t, x), (182)



72 3 TESTING SOLUTIONS BY WAVE PACKETS

where we used

L±j 〈D〉 =
(
xj ± it〈D〉−1∂j

)
〈D〉

= 〈D〉−1∂j + 〈D〉xj ± it∂j
= 〈D〉−1∂j + 〈D〉L±j (183)

for the first line of the last step. From (181), we obtain∥∥∇w±(t)
∥∥
L2(R3,C4)

≤ t−1
∥∥L±ψ±(t)

∥∥
H1(R3,C4)

+
∥∥∥x
t
〈η(D, x/t)〉−1η(D, x/t) · ∇w±(t)

∥∥∥
L2
x(R3,C4)

≤ t−1
∥∥L±ψ±(t)

∥∥
H1(R3,C4)

+ d
∥∥∇w±(t)

∥∥
L2(R3,C4)

for some d < 1 and therefore,∥∥∇w±(t)
∥∥
L2(R3,C4)

. t−1
∥∥L±ψ±(t)

∥∥
H1(R3,C4)

. (184)

From (182), we conclude that∥∥∆w±(t)
∥∥
L2(R3,C4)

≤ 2t−2
∥∥(L±)2ψ±(t)

∥∥
H2(R3,C4)

+ t−1
∥∥∥x
t
〈η(D, x/t)〉−1η(D, x/t) · ∇

(
e±i(t

2−|x|2)1/2〈D〉L±ψ±(t)
)∥∥∥

L2(R3,C4)

+
∥∥∥x
t
〈η(D, x/t)〉−1η(D, x/t)∆w±(t)

∥∥∥
L2(R3,C4)

+ Ct−1
∥∥∇w±(t)

∥∥
L2(R3,C4)

≤ 2t−2
∥∥(L±)2ψ±(t)

∥∥
H2(R3,C4)

+ t−1
∥∥∥x
t
〈η(D, x/t)〉−1η(D, x/t) · ∇

(
e±i(t

2−|x|2)1/2〈D〉L±ψ±(t)
)∥∥∥

L2(R3,C4)

+ d
∥∥∆w±(t)

∥∥
L2(R3,C4)

+ Ct−2
∥∥L±ψ±(t)

∥∥
H1(R3,C4)

for some C > 0 and d < 1, where we used (184) in the last step. Hence,∥∥∆w±(t)
∥∥
L2(R3,C4)

. t−2
∥∥(L±)2ψ±(t)

∥∥
H2(R3,C4)

+ t−2
∥∥L±ψ±(t)

∥∥
H1(R3,C4)

+ t−1
∥∥∥x
t
〈η(D, x/t)〉−1η(D, x/t) · ∇

(
e±i(t

2−|x|2)1/2〈D〉L±ψ±(t)
)∥∥∥

L2(R3,C4)
.

For the second term, a similar argument to (181) leads to

∇
(
e±i(t

2−|x|2)1/2〈D〉L±ψ±(t)
)

= ∓it−1e±i(t
2−|x|2)1/2(〈D〉L±)2

ψ±(t, x)

± x

t
〈η(D, x/t)〉−1η(D, x/t) · ∇

(
e±i(t

2−|x|2)1/2〈D〉L±ψ±(t)
)
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and from (183), we get∥∥∥x
t
〈η(D, x/t)〉−1η(D, x/t) · ∇

(
e±i(t

2−|x|2)1/2〈D〉L±ψ±(t)
)∥∥∥

L2(R3,C4)

≤ t−1
∥∥(L±)2ψ±(t)

∥∥
H2(R3,C4)

+ t−1
∥∥∇L±ψ±(t)

∥∥
L2(R3,C4)

+
∥∥∥∣∣x
t
〈η(D, x/t)〉−1η(D, x/t)

∣∣2∇(e±i(t2−|x|2)1/2〈D〉L±ψ±(t)
)∥∥∥

L2(R3,C4)

≤ t−1
∥∥(L±)2ψ±(t)

∥∥
H2(R3,C4)

+ t−1
∥∥∇L±ψ±(t)

∥∥
L2(R3,C4)

+ d
∥∥∥x
t
〈η(D, x/t)〉−1η(D, x/t) · ∇

(
e±i(t

2−|x|2)1/2〈D〉L±ψ±(t)
)∥∥∥

L2(R3,C4)

for some d < 1. Therefore,∥∥∥x
t
〈η(D, x/t)〉−1η(D, x/t) · ∇

(
e±i(t

2−|x|2)1/2〈D〉L±ψ±(t)
)∥∥∥

L2(R3,C4)

. t−1
∥∥(L±)2ψ±(t)

∥∥
H2(R3,C4)

+ t−1
∥∥∇L±ψ±(t)

∥∥
L2(R3,C4)

and finally∥∥∆w±(t)
∥∥
L2(R3,C4)

. t−2
∥∥(L±)2ψ±(t)

∥∥
H2(R3,C4)

+ t−2
∥∥L±ψ±(t)

∥∥
H1(R3,C4)

.

Because of

L±ψ±(t) = xw±(t)

and

(L±)2ψ±(t) = |x|2w±(t),

estimate (180) follows from (129).

3.2 Asymptotic expansion

In the previous section, we have seen that we need to determine the asymptotics of
Υ±(t,±〈ξ〉−1ξ) in order to describe the asymptotics of [w±(t)]̂ (ξ) = e±it〈ξ〉[ψ±(t)]̂ (ξ).
We consider the following ODE for Υ±:

∂tΥ
±(t, v) =

∫
R3

Ω±v (t, x) ∂tψ
±(t, x) + ∂tΩ±v (t, x)ψ±(t, x) dx

=

∫
R3

Ω±v (t, x)
(
∓ i〈D〉ψ±(t, x) + icΠ±(D)

[(
V ∗ |ψ(t)|2

)
ψ(t)

]
(x)
)

+ ∂tΩ±v (t, x)ψ±(t, x) dx

=

∫
R3

−i (−i∂t ± 〈D〉)Ω±v (t, x)ψ±(t, x) dx

+

∫
R3

icΩ±v (t, x) Π±(D)
[(
V ∗ |ψ(t)|2

)
ψ(t)

]
(x) dx

=: L±(t, v) +N±(t, v).

For the linear part L±, we use that the wave packet Ω± is an approximate solution to
the linear equation. More precisely, we have:
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Lemma 3.6 (Estimates for L±). Let t ≥ r and v ∈ B1(0). Then,

|L±(t, v)| . (δ + δ̃3)t2ε−5/4〈ξv〉−1, (185)

|L±(t, v)| . (δ + δ̃3)t2ε−1〈ξv〉−2. (186)

Proof. Parseval’s identity and (155) give

L±(t, v)

=

∫
R3

(
∂t ∓ i〈ξ〉

)
Ω̂±v (t)(ξ) ψ̂±(t)(ξ) dξ

= (2π)3/2

∫
R3

(3

2
t1/2〈ξv〉−6e±it〈ξ〉 X̃t,v

(
t1/2〈ξv〉−2(ξ ∓ ξv)

)
± it3/2〈ξv〉−6〈ξ〉e±it〈ξ〉 X̃t,v

(
t1/2〈ξv〉−2(ξ ∓ ξv)

)
+ t3/2〈ξv〉−6e±it〈ξ〉∇X̃t,v

(
t1/2〈ξv〉−2(ξ ∓ ξv)

)
·
(1

2
t−1/2〈ξv〉−2(ξ ∓ ξv)

)
∓ i〈ξ〉 t3/2〈ξv〉−6e±it〈ξ〉 X̃t,v

(
t1/2〈ξv〉−2(ξ ∓ ξv)

))
ψ̂±(t)(ξ) dξ

= (2π)3/2

∫
R3

(3

2
t1/2〈ξv〉−6 X̃t,v

(
t1/2〈ξv〉−2(ξ ∓ ξv)

)
+
t

2
〈ξv〉−8∇X̃t,v

(
t1/2〈ξv〉−2(ξ ∓ ξv)

)
· (ξ ∓ ξv)

)
ŵ±(t)(ξ) dξ

=
(2π)3/2

2

3∑
j=1

∫
R3

(
t1/2〈ξv〉−6 X̃t,v

(
t1/2〈ξv〉−2(ξ ∓ ξv)

)
+ t〈ξv〉−8 ∂ξj X̃t,v

(
t1/2〈ξv〉−2(ξ ∓ ξv)

)
(ξj ∓ ξv,j)

)
ŵ±(t)(ξ) dξ

=
(2π)3/2

2

3∑
j=1

∫
R3

∂ξj

(
t1/2〈ξv〉−8 X̃t,v

(
t1/2〈ξv〉−2(ξ ∓ ξv)

)
(ξj ∓ ξv,j)

)
〈ξv〉2ŵ±(t)(ξ) dξ.

Note that

〈ξv〉2 = |ξv|2 − |ξ|2 + 〈ξ〉2

=
(
|ξv| − |ξ|

)(
|ξv|+ |ξ|

)
+ 〈ξ〉2

≤ 2|ξv − ξ| |ξ|+ |ξv − ξ|2 + 〈ξ〉2.

Integration by parts leads to∣∣L±(t, v)
∣∣

.
3∑
j=1

∫
R3

∣∣∣t1/2〈ξv〉−8 X̃t,v
(
t1/2〈ξv〉−2(ξ ∓ ξv)

)
(ξj ∓ ξv,j) ∂ξj

(
〈ξ〉2ŵ±(t)(ξ)

)∣∣∣ dξ
+

3∑
j=1

∫
R3

∣∣∣t1/2〈ξv〉−8 X̃t,v
(
t1/2〈ξv〉−2(ξ ∓ ξv)

)
|ξ ∓ ξv|(ξj ∓ ξv,j) ∂ξj

(
|ξ|ŵ±(t)(ξ)

)∣∣∣ dξ
+

3∑
j=1

∫
R3

∣∣∣t1/2〈ξv〉−8 X̃t,v
(
t1/2〈ξv〉−2(ξ ∓ ξv)

)
|ξ ∓ ξv|2(ξj ∓ ξv,j) ∂ξj ŵ±(t)(ξ)

∣∣∣ dξ
=:

3∑
k=1

I±k (t, v).
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Hölder’s inequality gives

I±1 (t, v) .
3∑
j=1

∥∥t1/2〈ξv〉−8X̃t,v(t1/2〈ξv〉−2ξ)ξj
∥∥
L

6/5
ξ (R3,C)

∥∥〈ξ〉2∂ξj ŵ±(t)(ξ)
∥∥
L6
ξ(R3,C4)

.
3∑
j=1

t−5/4〈ξv〉−1
∥∥X̃t,v(ξ)ξj∥∥L6/5

ξ (R3,C)

∥∥〈ξ〉2∂ξj ŵ±(t)(ξ)
∥∥
H1
ξ (R3,C4)

. t−5/4〈ξv〉−1
∥∥〈·〉2w±(t)

∥∥
H2(R3,C4)

,

where we used Sobolev’s embedding H1(R3) ↪→ L6(R3) in the second step. For esti-
mate (186), note that Hölder’s inequality also yields

I±1 (t, v) .
3∑
j=1

∥∥t1/2〈ξv〉−8X̃t,v(t1/2〈ξv〉−2ξ)ξj
∥∥
L

3/2
ξ (R3,C)

∥∥〈ξ〉2∂ξj ŵ±(t)(ξ)
∥∥
L3
ξ(R3,C4)

.
3∑
j=1

t−1〈ξv〉−2
∥∥X̃t,v(ξ)ξj∥∥L3/2

ξ (R3,C)

∥∥〈ξ〉2∂ξj ŵ±(t)(ξ)
∥∥
H

1/2
ξ (R3,C4)

. t−1〈ξv〉−2
∥∥〈·〉3/2w±(t)

∥∥
H2(R3,C4)

,

where we used Sobolev’s embedding H1/2(R3) ↪→ L3(R3) in the second step. Similarly,

I±2 (t, v) .
3∑
j=1

∥∥t1/2〈ξv〉−8X̃t,v(t1/2〈ξv〉−2ξ)|ξ|ξj
∥∥
L2
ξ(R3,C)

∥∥∂ξj(|ξ|ŵ±(t)(ξ)
)∥∥

L2
ξ(R3,C4)

.
3∑
j=1

t−5/4〈ξv〉−1
∥∥X̃t,v(ξ)|ξ|ξj∥∥L2

ξ(R3,C)

∥∥〈x〉w±(t)
∥∥
H1(R3,C4)

. t−5/4〈ξv〉−1
∥∥〈·〉2w±(t)

∥∥
H2(R3,C4)

and

I±2 (t, v) .
3∑
j=1

∥∥t1/2〈ξv〉−8X̃t,v(t1/2〈ξv〉−2ξ)|ξ|ξj
∥∥
L3
ξ(R3,C)

∥∥∂ξj(|ξ|ŵ±(t)(ξ)
)∥∥

L
3/2
ξ (R3,C4)

.
3∑
j=1

t−1〈ξv〉−2
∥∥X̃t,v(ξ)|ξ|ξj∥∥L2

ξ(R3,C)

∥∥〈ξ〉∂ξj(|ξ|ŵ±(t)(ξ)
)∥∥

L2(R3,C4)

. t−1〈ξv〉−2
∥∥〈·〉w±(t)

∥∥
H2(R3,C4)

.

For the last term, we have

I±3 (t, v) .
3∑
j=1

∥∥t1/2〈ξv〉−8X̃t,v(t1/2〈ξv〉−2ξ)|ξ|2ξj
∥∥
L

6/5
ξ (R3,C)

∥∥∂ξj ŵ±(t)(ξ)
∥∥
L6
ξ(R3,C4)

.
3∑
j=1

t−9/4〈ξv〉3
∥∥X̃t,v(ξ)|ξ|2ξj∥∥L2

ξ(R3,C)

∥∥∂ξj ŵ±(t)(ξ)
∥∥
H1(R3,C4)

. t−9/4〈ξv〉3
∥∥〈·〉2w±(t)

∥∥
L2(R3,C4)
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which is fine for (185) in the case 〈ξv〉 ≤ t1/4. On the other hand,

I±3 (t, v) .
3∑
j=1

∥∥t1/2〈ξv〉−8X̃t,v(t1/2〈ξv〉−2ξ)|ξ|2ξj
∥∥
L∞ξ (R3,C)

∥∥∂ξj ŵ±(t)(ξ)
∥∥
L1
ξ(R3,C4)

.
3∑
j=1

t−1〈ξv〉−2
∥∥X̃t,v(ξ)|ξ|2ξj∥∥L∞ξ (R3,C)

∥∥〈ξ〉2∂ξj ŵ±(t)(ξ)
∥∥
L2(R3,C4)

. t−1〈ξv〉−2
∥∥〈x〉w±(t)

∥∥
H2(R3,C4)

which is sufficient for (185) in the case 〈ξv〉 ≥ t1/4 and for (186).

For the nonlinear part, denote

N±(t, v) = ic

∫
R3

Ω±v (t, x)
(
V ∗ |Ψ(t)|2

)
(x)ψ±(t, x) dx

+ 2ic

∫
R3

Ω±v (t, x)
(
V ∗ Re

〈
ψ+(t), ψ−(t)

〉
C4

)
(x)ψ±(t, x) dx

+ ic

∫
R3

Ω±v (t, x)
(

Π±(D)
[(
V ∗ |ψ(t)|2

)
ψ(t)

]
−
(
V ∗ |ψ(t)|2

)
ψ±(t)

)
(x) dx

=: c
3∑
j=1

N±j (t, v),

where

Ψ =

(
ψ+

ψ−

)
and in particular

|Ψ|2 = |ψ+|2 + |ψ−|2.

We further decompose N±1 into

N±1 (t, v) = i

∫
R3

Ω±v (t, x)
[(
V ∗ |Ψ(t)|2

)
(x)−

(
V ∗ |Ψ(t)|2

)
(tv)

]
ψ±(t, x) dx

+ i
((
V ∗ |Ψ(t)|2

)
(tv)− t−1

(
V ∗ |〈ξ•〉5/2Υ(t)|2

)
(v)
)

Υ±(t, v)

+ it−1
(
V ∗ |〈ξ•〉5/2Υ(t)|2

)
(v) Υ±(t, v)

=:
3∑
j=1

N±1j(t, v),

where

Υ =

(
Υ+

Υ−

)
and consequently

|Υ|2 = |Υ+|2 + |Υ−|2.

Lemma 3.7 (Estimate for N±11). For any t ≥ r and v ∈ B1(0), we have

|N±11(t, v)| . δ̃3t2ε−5/4〈ξv〉−7/2.
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Proof. The substitution x = ty leads to

|N±11(t, v)| . t3
∫
R3

∣∣(V ∗ |Ψ(t)|2
)
(ty)−

(
V ∗ |Ψ(t)|2

)
(tv)

∣∣
·
∣∣Ω±v (t, ty)Π±(ξv)ψ(t, ty)

∣∣ dy. (187)

For the first factor in the integral, denote∣∣(V ∗ |Ψ(t)|2
)
(ty)−

(
V ∗ |Ψ(t)|2

)
(tv)

∣∣
=
∣∣∣ ∫

R3

|u|−1
(∣∣Ψ(t, ty − u)

∣∣2 − ∣∣Ψ(t, tv − u)
∣∣2) du

∣∣∣
= t2

∣∣∣ ∫
R3

|z|−1
(∣∣Ψ(t, t(y − z))

∣∣2 − ∣∣Ψ(t, t(v − z))
∣∣2) dz

∣∣∣
=: t2

∣∣∣ ∫
R3

I(t, v, y, z) dz
∣∣∣. (188)

Since

|Ψ|2 = |ψ+|2 + |ψ−|2,
|ψ±| = |w±|,

we get

t2
∣∣∣ ∫

B2(0)

I(t, v, y, z) dz
∣∣∣

. t2
∑

±0∈{+,−}

∫
B2(0)

|z|−1
∣∣w±0(t, t(y − z))− w±0(t, t(v − z))

∣∣ ∥∥ψ±0(t)
∥∥
L∞(R3,C4)

dz

. δ̃t1/2
∑

±0∈{+,−}

∫
B2(0)

|z|−1|y − v|1/2
∥∥wv−z(t, t·)∥∥Ḣ2(R3,C4)

dz

. δ̃2t2ε−1|y − v|1/2. (189)

For z ∈ B2(0)c and v ∈ B1(0), we have

|z| ≤ |z − v|+ |v|
≤ 2|z − v|
≤ 2
(
|z − y|+ |y − v|

)
.

Therefore,

t2
∣∣∣ ∫

B2(0)c
I(t, v, y, z) dz

∣∣∣
. t2

∑
±0∈{+,−}

∫
B2(0)c

|z|−2|z − v|
∣∣w±0(t, t(y − z))− w±0(t, t(v − z))

∣∣
·
(∣∣ψ±0(t, t(y − z))

∣∣+
∣∣ψ±0(t, t(v − z))

∣∣) dz.

As before, ∣∣w±0(t, t(y − z))− w±0(t, t(v − z))
∣∣ . δ̃t2ε−3/2|y − v|1/2.
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Hölder’s inequality gives

t2
∣∣∣ ∫

B2(0)c
I(t, v, y, z) dz

∣∣∣
. δ̃t2ε+1/2|y − v|1/2

∑
±0∈{+,−}

(∫
B2(0)c

|z − v|2

·
(∣∣ψ±0(t, t(y − z))

∣∣+
∣∣ψ±0(t, t(v − z))

∣∣)2

dz
)1/2

≤ δ̃t2ε+1/2|y − v|1/2
∑

±0∈{+,−}

(∫
B2(0)c

|z − v|2
∣∣ψ±0(t, t(v − z))

∣∣2 dz
)1/2

+ δ̃t2ε+1/2|y − v|1/2
∑

±0∈{+,−}

(∫
B2(0)c

|z − y|2
∣∣ψ±0(t, t(y − z))

∣∣2 dz
)1/2

+ δ̃t2ε+1/2|y − v|3/2
∑

±0∈{+,−}

(∫
B2(0)c

∣∣ψ±0(t, t(v − z))
∣∣2 dz

)1/2

=:
3∑
j=1

Jj(t, v, y). (190)

For J1 and J2, note that

max{J1(t, v, y), J2(t, v, y)} . δ̃t2ε+1/2|y − v|1/2
∑

±0∈{+,−}

∥∥yψ±0(t, ty)
∥∥
L2
y(R3,C4)

. δ̃t2ε−2|y − v|1/2
∑

±0∈{+,−}

∥∥xψ±0(t, x)
∥∥
L2
x(R3,C4)

. δ̃2t2ε−1|y − v|1/2. (191)

For J3, we have

J3(t, v, y) . δ̃t2ε+1/2|y − v|3/2
∑

±0∈{+,−}

∥∥ψ±0(t, ty)
∥∥
L2
y(R3,C4)

. δ̃2t2ε−1|y − v|3/2. (192)

For k = 1, 3, we obtain

t3
∫
R3

δ̃2t2ε−1|y − v|k/2
∣∣Ω±v (t, ty)ψ±(t, ty)

∣∣ dy
. δ̃2t2ε+2

∥∥ψ±(t)
∥∥
L∞(R3,C4)

∫
R3

|y − v|k/2〈ξv〉7/2
∣∣X (t1/2〈ξv〉2(y − v)

)∣∣ dy
. δ̃3t2ε+1/2〈ξv〉7/2

(
t1/2〈ξv〉2

)−3−k/2

= δ̃3t2ε−1−k/4〈ξv〉−5/2−k. (193)

The desired estimate follows from (187)–(193).

Lemma 3.8 (Estimate for N±12). For any t ≥ r and v ∈ B1(0), we have

|N±12(t, v)| . δ̃3t2ε−5/4〈ξv〉−7/2.
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Proof. Since |Ψ|2 = |ψ+|2 + |ψ−|2 and |Υ|2 = |Υ+|2 + |Υ−|2, we get

|N±12(t, v)|

.
∑

±0∈{+,−}

∣∣∣(V ∗ |ψ±0(t)|2
)
(tv)− t−1

(
V ∗ |〈ξ•〉5/2Υ±0(t)|2

)
(v)
∣∣∣ · δ̃〈ξv〉−5/2

. δ̃〈ξv〉−5/2
∑

±0∈{+,−}

∣∣∣ ∫
R3

|tv − x|−1|ψ±0(t, x)|2 dx

− t2
∫
R3

|v − x|−1|t−3/2〈ξx〉5/2Υ±0(t, x)|2 dx
∣∣∣

≤ δ̃〈ξv〉−5/2
∑

±0∈{+,−}

t2
∫
R3

|v − x|−1
∣∣∣∣∣ψ±0(t, tx)

∣∣2 − ∣∣t−3/2〈ξx〉5/2Υ±0(t, x)
∣∣2∣∣∣ dx

≤ δ̃〈ξv〉−5/2
∑

±0∈{+,−}

t2
∫
R3

|v − x|−1
∣∣w±0(t, tx)− t−3/2〈ξx〉5/2Υ±0(t, x)

∣∣
·
(∣∣ψ±0(t, tx)

∣∣+
∣∣t−3/2〈ξx〉5/2Υ±0(t, x)

∣∣) dx,

where we used (172) in the first step. Approximation (178) shows

|N±12(t, v)| . δ̃2t2ε+1/4〈ξv〉−7/2
∑

±0∈{+,−}

∫
R3

I±0(t, v, x) dx, (194)

where

I±0(t, v, x) = |v − x|−1
(∣∣ψ±0(t, tx)

∣∣+
∣∣t−3/2〈ξx〉5/2Υ±0(t, x)

∣∣).
From estimates (70) and (172), we obtain∫

B1(v)

I±0(t, v, x) dx . δ̃t−3/2. (195)

On the other hand, Hölder’s inequality gives∫
B1(v)c

I±0(t, v, x) dx

.

(∫
B1(v)c

|v − x|2
(∣∣ψ±0(t, tx)

∣∣+
∣∣t−3/2〈ξx〉5/2Υ±0(t, x)

∣∣)2

dx

)1/2

. (196)

Since

|v − x|2 ≤
(
1 + |x|

)2
,

we get∫
B1(v)c

I±0(t, v, x) dx .
(∥∥〈x〉ψ±0(t, tx)

∥∥
L2
x(R3,C4)

+ t−3/2
∥∥〈x〉〈ξx〉5/2Υ±0(t, x)

∥∥
L2
x(R3,C4)

)
. δ̃t−3/2

and the conclusion follows from estimates (194)–(196).
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For N±2 , we can no longer use that |ψ±| = |w±|. Instead, we apply estimate (178)
to approximate 〈ψ+(t), ψ−(t)〉C4 by

〈ξ•〉5
〈
e−iΦ(t,t·)Υ+(t), eiΦ(t,t·)Υ−(t)

〉
C4 = e−2iΦ(t,t·)〈ξ•〉5〈Υ+(t),Υ−(t)

〉
C4 .

Essentially the same decomposition as for N±1 leads to

N±2 (t, v) = 2ic

∫
R3

Ω±v (t, x)
[(
V ∗ Re

〈
ψ+(t), ψ−(t)

〉
C4

)
(x)

−
(
V ∗ Re

〈
ψ+(t), ψ−(t)

〉
C4

)
(tv)

]
ψ±(t, x) dx

+ 2ic
[(
V ∗ Re

〈
ψ+(t), ψ−(t)

〉
C4

)
(tv)

− t−1
(
V ∗ Re e−2iΦ(t,t·)〈ξ•〉5

〈
Υ+(t),Υ−(t)

〉
C4

)
(v)
]
Υ±(t, x)

+ 2ict−1
(
V ∗ Re e−2iΦ(t,t·)〈ξ•〉5

〈
Υ+(t),Υ−(t)

〉
C4

)
(v)Υ±(t, v)

=: 2c
3∑
j=1

N±2j(t, v).

Lemma 3.9 (Estimate for N±21). For any t ≥ r and v ∈ B1(0), we have

|N±21(t, v)| . δ̃3t−5/4〈ξv〉−7/2.

Proof. The substitution x = ty gives

|N±21(t, v)| . t3
∫
R3

∣∣(V ∗ Re
〈
ψ+(t), ψ−(t)

〉
C4

)
(ty)−

(
V ∗ Re

〈
ψ+(t), ψ−(t)

〉
C4

)
(tv)

∣∣
·
∣∣Ω±v (t, ty)ψ±(t, ty)

∣∣ dy. (197)

For the first factor in the integral, we write∣∣(V ∗ Re
〈
ψ+(t), ψ−(t)

〉
C4

)
(ty)−

(
V ∗ Re

〈
ψ+(t), ψ−(t)

〉
C4

)
(tv)

∣∣
=
∣∣∣ ∫

R3

|u|−1
(

Re
〈
ψ+(t, ty − u), ψ−(t, ty − u)

〉
C4

− Re
〈
ψ+(t, tv − u), ψ−(t, tv − u)

〉
C4

)
du
∣∣∣

= t2
∣∣∣ ∫

R3

|z|−1
(

Re
〈
ψ+(t, t(y − z)), ψ−(t, t(y − z))

〉
C4

− Re
〈
ψ+(t, t(v − z)), ψ−(t, t(v − z))

〉
C4

)
dz
∣∣∣

=: t2
∣∣∣ ∫

R3

I(t, v, y, z) dz
∣∣∣. (198)

Since ∣∣∣〈ψ+(t, t(y − z)), ψ−(t, t(y − z))
〉
C4 −

〈
ψ+(t, t(v − z)), ψ−(t, t(v − z))

〉
C4

∣∣∣
=
∣∣∣〈ψ+(t, t(y − z))− ψ+(t, t(v − z)), ψ−(t, t(y − z))

〉
C4

+
〈
ψ+(t, t(v − z)), ψ−(t, t(y − z))− ψ−(t, t(v − z))

〉
C4

∣∣∣
≤
∣∣ψ+(t, t(y − z))− ψ+(t, t(v − z))

∣∣ ∥∥ψ−(t)‖L∞(R3,C4)

+
∥∥ψ+(t)

∥∥
L∞(R3,C4)

∣∣ψ−(t, t(y − z))− ψ−(t, t(v − z))
∣∣,
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estimate (176) and a priori assumption (44) yield∣∣∣〈ψ+(t, t(y − z)), ψ−(t, t(y − z))
〉
C4 −

〈
ψ+(t, t(v − z)), ψ−(t, t(v − z))

〉
C4

∣∣∣
. δ̃t−3/2

(
|y − v|1/2

∥∥ψ+(t, t·)
∥∥
Ḣ2(R3,C4)

+ |y − v|1/2
∥∥ψ−(t, t·)

∥∥
Ḣ2(R3,C4)

)
. δ̃t−3|y − v|1/2

(∥∥ψ+(t, ·)
∥∥
Ḣ2(R3,C4)

+
∥∥ψ−(t, ·)

∥∥
Ḣ2(R3,C4)

)
≤ δ̃t−3|y − v|1/2

(∥∥〈ξ〉4ψ̂+(t)(ξ)
∥∥
L∞ξ (R3,C4)

+
∥∥〈ξ〉4ψ̂−(t)(ξ)

∥∥
L∞ξ (R3,C4)

)
. δ̃2t−3|y − v|1/2.

Hence,

t2
∣∣∣ ∫

B2(0)

I(t, v, y, z) dz
∣∣∣ . δ̃2t−1|y − v|1/2

∫
B2(0)

|z|−1 dz

. δ̃2t−1|y − v|1/2. (199)

Similarly,∣∣∣〈ψ+(t,t(y − z)), ψ−(t, t(y − z))
〉
C4 −

〈
ψ+(t, t(v − z)), ψ−(t, t(v − z))

〉
C4

∣∣∣
≤
∣∣ψ+(t, t(y − z))− ψ+(t, t(v − z))

∣∣ ∣∣ψ−(t, t(y − z))
∣∣

+
∣∣ψ+(t, t(v − z))

∣∣ ∣∣ψ−(t, t(y − z))− ψ−(t, t(v − z))
∣∣

. δ̃t−3/2|y − v|1/2
(∣∣ψ−(t, t(y − z))

∣∣+
∣∣ψ+(t, t(v − z))

∣∣).
For z ∈ B2(0)c and v ∈ B1(0), we have

|z| ≤ |z − v|+ |v|
≤ 2|z − v|
≤ 2
(
|z − y|+ |y − v|

)
.

Therefore,

t2
∣∣∣ ∫

B2(0)c
I(t, v, y, z) dz

∣∣∣
. δ̃t1/2|y − v|1/2

∫
B2(0)c

|z|−2|z − v|
(∣∣ψ−(t, t(y − z))

∣∣+
∣∣ψ+(t, t(v − z))

∣∣) dz.

Hölder’s inequality gives

t2
∣∣∣ ∫

B2(0)c
I(t, v, y, z) dz

∣∣∣
. δ̃t1/2|y − v|1/2

(∫
B2(0)c

|z − v|2
(∣∣ψ−(t, t(y − z))

∣∣+
∣∣ψ+(t, t(v − z))

∣∣)2

dz
)1/2

≤ δ̃t1/2|y − v|1/2
(∫

B2(0)c
|z − v|2

∣∣ψ+(t, t(v − z))
∣∣2 dz

)1/2

+ δ̃t1/2|y − v|1/2
(∫

B2(0)c
|z − y|2

∣∣ψ−(t, t(y − z))
∣∣2 dz

)1/2

+ δ̃t1/2|y − v|3/2
(∫

B2(0)c

∣∣ψ−(t, t(y − z))
∣∣2 dz

)1/2

=: J1(t, v, y) + J2(t, v, y) + J3(t, v, y). (200)
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For Jj, j ∈ {1, 2}, note that

Jj(t, v, y) . δ̃t1/2|y − v|1/2
∑

±0∈{+,−}

∥∥yψ±0(t, ty)
∥∥
L2
y(R3,C4)

. δ̃t−2|y − v|1/2
∑

±0∈{+,−}

∥∥xψ±0(t, x)
∥∥
L2
x(R3,C4)

. δ̃2t2ε−1|y − v|1/2. (201)

For J3, we have

J3(t, v, y) . δ̃t1/2|y − v|3/2
∥∥ψ−(t, ty)

∥∥
L2
y(R3,C4)

. δ̃2t−1|y − v|3/2. (202)

For k ∈ {1, 3}, we obtain

t3
∫
R3

δ̃2t−1|y − v|k/2
∣∣Ω±v (t, ty)ψ±(t, ty)

∣∣ dy
. δ̃2t2

∥∥ψ(t)
∥∥
L∞(R3,C4)

∫
R3

|y − v|k/2〈ξv〉7/2
∣∣X (t1/2〈ξv〉2(y − v)

)∣∣ dy
. δ̃3t1/2〈ξv〉7/2

(
t1/2〈ξv〉2

)−3−k/2

= δ̃3t2ε−1−k/4〈ξv〉−5/2−k. (203)

The desired estimate follows from (197)–(203).

Lemma 3.10 (Estimate for N±22). Let t ≥ r and v ∈ B1(0). Then,

|N±22(t, v)| . δ̃3t2ε−5/4〈ξv〉−7/2.

Proof. Estimate (172) yields

|N±22(t, v)|

. δ̃〈ξv〉−5/2

∣∣∣∣ ∫
R3

|tv − z|−1Re 〈ψ+(t, z), ψ−(t, z)
〉
C4 dz

− t2
∫
R3

|v − u|−1Re
[
e−2iΦ(t,tu)

〈
t−3/2〈ξu〉5/2Υ+(t, u), t−3/2〈ξu〉5/2Υ−(t, u)

〉
C4

]
du

∣∣∣∣
and therefore,

|N±22(t, v)|

. δ̃〈ξv〉−5/2t2
∫
R3

|v − u|−1

∣∣∣∣〈ψ+(t, tu)− e−iΦ(t,tu)t−3/2〈ξu〉5/2Υ+(t, u), ψ−(t, tu)
〉
C4

+
〈
e−iΦ(t,tu)t−3/2〈ξu〉5/2Υ+(t, u), ψ−(t, tu)− eiΦ(t,tu)t−3/2〈ξu〉5/2Υ−(t, u)

〉
C4

∣∣∣∣ du
≤ δ̃〈ξv〉−5/2t2

∫
R3

|v − u|−1
(∣∣w+(t, tu)− t−3/2〈ξu〉5/2Υ+(t, x)

∣∣ ∣∣ψ−(t, tu)
∣∣

+ t−3/2〈ξu〉5/2
∣∣Υ+(t, u)

∣∣ ∣∣w−(t, tu)− t−3/2〈ξu〉5/2Υ−(t, u)
∣∣) du.
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Approximation (178) leads to

|N±22(t, v)| . δ̃2t2ε+1/4〈ξv〉−7/2

∫
R3

I(t, v, u) du, (204)

where
I(t, v, u) = |v − u|−1

(∣∣ψ−(t, tu)
∣∣+
∣∣t−3/2〈ξu〉5/2Υ+(t, u)

∣∣).
From estimates (70) and (172), we obtain∫

B1(v)

I(t, v, u) du . δ̃t−3/2. (205)

On the other hand, Hölder’s inequality gives∫
B1(v)c

I(t, v, u) du

.

(∫
B1(v)c

|v − u|2
(∣∣ψ−(t, tu)

∣∣+
∣∣t−3/2〈ξu〉5/2Υ+(t, u)

∣∣)2

du

)1/2

. (206)

Since
|v − x|2 ≤

(
1 + |x|

)2
,

we get∫
B1(v)c

I±0(t, v, u) du .
(∥∥〈u〉ψ±0(t, tu)

∥∥
L2
u(R3,C4)

+ t−3/2
∥∥〈u〉〈ξu〉5/2Υ±0(t, u)

∥∥
L2
u(R3,C4)

)
. δ̃t−3/2

and the conclusion follows from estimates (204)–(206).

Lemma 3.11 (Estimate for N±3 ). For any t ≥ r and v ∈ B1(0), we have

|N±3 (t, v)| . δ̃3tε−5/4〈ξv〉−3. (207)

Proof. Let
m±l,l12

(ξ, η) = χ̃l(ξ)χ̃l12(η)|η|−2
(
Π±(ξ)− Π±(ξ − η)

)
.

Note that

±2
[
Π±(ξ)− Π±(ξ − η)

]
=
(
〈ξ〉−1 − 〈ξ − η〉−1

)
γ0 + γ0γj

( ξj
〈ξ〉
− ξj − ηj
〈ξ − η〉

)
(208)

and ∣∣∂αξ ∂βηm±l,l12
(ξ, η)

∣∣ .α,β 2−l
+

2−l12χ̃l(ξ)χ̃l12(η)2−l|α|2−l12|β|,

cf. also (49). Parseval’s identity and Hölder’s inequality lead to∣∣N±3 (t, v)
∣∣ = (2π)−2

∑
l,l12,l3∈Z

∣∣∣ ∫
R3

∫
R3

χl(ξ)χl12(ξ − η)χl3(η)Ω̂v(t)(ξ)|̂ψ(t)|2(η)

·m±l,l12
(ξ, η)ψ̂(t)(ξ − η) dη dξ

∣∣∣
≤ (2π)−2t3/4〈ξv〉−3

∑
l,l12,l3∈Z

∥∥∥∫
R3

χl(ξ)χl12(ξ − η)χl3(η)|̂ψ(t)|2(η)

·m±l,l12
(ξ, η)ψ̂(t)(ξ − η) dη

∥∥∥
L2
ξ(R3,C4)

.
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It remains to show that∑
l,l12,l3∈Z

∥∥∥∫
R3

χl(ξ)χl12(ξ − η)χl3(η)|̂ψ(t)|2(η)m±l,l12
(ξ, η)ψ̂(t)(ξ − η) dη

∥∥∥
L2
ξ(R3,C4)

. δ̃3tε−2.

a) First, consider l ∼ l3 � l12. Lemmas 2.10, 2.9 and Hölder’s and Bernstein’s inequal-
ity give ∥∥∥∫

R3

χl(ξ)χl12(ξ − η)χl3(η)|̂ψ(t)|2(η)m±l,l12
(ξ, η)ψ̂(t)(ξ − η) dη

∥∥∥
L2
ξ(R3,C4)

. 2−l
+

2−l12
∥∥Pl12|ψ(t)|2

∥∥
L∞(R3,C)

∥∥Pl3ψ(t)
∥∥
L2(R3,C4)

. δ̃32−l
+

2−l12 min{23l12 , 2−2l+12〈t〉−3}23l3/22−8l+3 . (209)

Hence,∑
l∼l3�l12

∥∥∥∫
R3

χl(ξ)χl12(ξ − η)χl3(η)|̂ψ(t)|2(η)m±l,l12
(ξ, η)ψ̂(t)(ξ − η) dη

∥∥∥
L2
ξ(R3,C4)

. δ̃3
( ∑

2l12≤〈t〉−1

22l12 +
∑

2l12≥〈t〉−1

2−l12〈t〉−3
)

. δ̃3〈t〉−2.

b) In the case l � l3 ∼ l12, 2l ≤ 〈t〉−2, the inequalities of Hölder, Hausdorff–Young
and Bernstein yield∥∥∥∫

R3

χl(ξ)χl12(ξ − η)χl3(η)|̂ψ(t)|2(η)ml,l12(ξ, η)ψ̂(t)(ξ − η) dη
∥∥∥
L2
ξ(R3,C4)

. 2l
+

2−l12
∥∥χl∥∥L2(R3,C)

∥∥Pl12|ψ(t)|2
∥∥
L2(R3,C)

∥∥Pl3ψ(t)
∥∥
L2(R3,C4)

. δ̃32−l
+

23l/22l12/223l3/22−8l+3

and therefore,∑
l�l3∼l12, 2l≤〈t〉−2

∥∥∥∫
R3

χl(ξ)χl12(ξ − η)χl3(η)|̂ψ(t)|2(η)

·m±l,l12
(ξ, η)ψ̂(t)(ξ − η) dη

∥∥∥
L2
ξ(R3,C4)

. δ̃3
∑

2l≤〈t〉−2

23l/2

. δ̃3〈t〉−3.

c) In the case l� l3 ∼ l12, 2l ≥ 〈t〉−2, we use again (209) to obtain∑
l�l3∼l12, 2l≤〈t〉−2

∥∥∥∫
R3

χl(ξ)χl12(ξ − η)χl3(η)|̂ψ(t)|2(η)

·m±l,l12
(ξ, η)ψ̂(t)(ξ − η) dη

∥∥∥
L2
ξ(R3,C4)

. δ̃3
∑

2l12≤〈t〉−1

22l12

∑
〈t〉−2≤2l≤〈t〉−1

1 + δ̃3
∑

2l12≥〈t〉−1

2−l12〈t〉−3
∑

2l≥〈t〉−2

2−l
+

. δ̃3〈t〉−2+ε.
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d) Finally, for the case l12 ∼ l� l3, estimate (209) gives∑
l12∼l�l3

∥∥∥∫
R3

χl(ξ)χl12(ξ − η)χl3(η)|̂ψ(t)|2(η)m±l,l12
(ξ, η)ψ̂(t)(ξ − η) dη

∥∥∥
L2
ξ(R3,C4)

. δ̃3
( ∑

2l12≤〈t〉−1

22l12 +
∑

2l12≥〈t〉−1

2−l12〈t〉−3
)∑

l3

23l3/22−8l+3

. δ̃3〈t〉−2.

Remark. In the previous proof, we essentially used the fact that

|Π±(ξ)− Π±(ξ − η)| . |η|

cancels part of the singularity |η|−2 coming from the Fourier transform of the Coulomb
potential. Another way to argue that∫

R3

Ω±v (t, x)Π±(D)
[(
V ∗ |ψ|2

)
(x)ψ(t, x)

]
dx

=

∫
R3

Ω±v (t, x)
(
V ∗ |ψ|2

)
(x)
[
Π±(D)ψ±(t)

]
(x) dx+O(〈t〉ε−5/4〈ξv〉−3)

is replacing Π±(D) with Π±(ξv) by using the localization of Ω±v (t) on the Fourier side.

3.3 Control of 〈ξ〉8ψ̂±(t)(ξ) and proof of the main result

In the previous section, we have shown that

∂tΥ
±(t, v) = cN±13(t, v) + 2cN±23(t, v)

+O
(
(δ + δ̃3) min

{
〈t〉2ε−5/4〈ξv〉−1, 〈t〉2ε−1〈ξv〉−2

})
. (210)

The error term is uniformly integrable in time leading to an O
(
(δ+ δ̃)3〈t〉2ε−1/4〈ξv〉−1

)
-

error for Υ±(t, v). In contrast to N±13(t, v), the contribution N±23(t, v) will not affect
the modified scattering behavior because of the oscillatory phase term e−2iΦ(t,t·). More
precisely, we have:

Lemma 3.12 (Estimate for N±23). Let t ≥ r and v ∈ B1(0). Then,∣∣∣ ∫ ∞
t

N±23(t′, v) dt′
∣∣∣ . (δ + δ̃3)〈t〉2ε−3/8〈ξv〉−5/2. (211)

Proof. We have∫ ∞
t

N±23(t′, v) dt′

= i

∫ ∞
t

(t′)−1
(
V ∗ Re

[
e−2iΦ(t′,t′·)〈ξ•〉5

〈
Υ+(t′),Υ−(t′)

〉
C4

])
(v)Υ±(t′, v) dt′.

Since

Φ(t, tu) = −3π

4
− t〈ξu〉−1,



86 3 TESTING SOLUTIONS BY WAVE PACKETS

we get

e−2iΦ(t,tu) =
〈ξu〉
2i

d

dt
e−2iΦ(t,tu).

Therefore, we integrate by parts to obtain∫ ∞
t

N±23(t′, v) dt′

= −it−1
(
V ∗ Re

[
e−2iΦ(t,t·)〈ξ•〉6

〈
Υ+(t),Υ−(t)

〉
C4

])
(v) Υ±(t, v)

− i
∫ ∞
t

(t′)−2
(
V ∗ Re

[
e−2iΦ(t′,t′·)〈ξ•〉6

〈
Υ+(t′),Υ−(t′)

〉
C4

])
(v) Υ±(t′, v) dt′

+ i

∫ ∞
t

(t′)−1
(
V ∗ Re

[
e−2iΦ(t′,t′·)〈ξ•〉6

〈
∂t′Υ

+(t′),Υ−(t′)
〉
C4

])
(v) Υ±(t′, v) dt′

+ i

∫ ∞
t

(t′)−1
(
V ∗ Re

[
e−2iΦ(t′,t′·)〈ξ•〉6

〈
Υ+(t′), ∂′tΥ

−(t′)
〉
C4

])
(v) Υ±(t′, v) dt′

+ i

∫ ∞
t

(t′)−1
(
V ∗ Re

[
e−2iΦ(t′,t′·)〈ξ•〉6

〈
Υ+(t′),Υ−(t′)

〉
C4

])
(v) ∂t′Υ

±(t′, v) dt′

=: I±1 (t, v) +
5∑

k=2

∫ ∞
t

I±k (t′, v) dt′.

The Lorentz-type versions of Young’s and Hölder’s inequality yield∥∥V ∗ Re
[
e−2iΦ(t,t·)〈ξ•〉6

〈
Υ+(t),Υ−(t)

〉
C4

]∥∥
L∞(R3,C)

.
∥∥〈ξ•〉6〈Υ+(t),Υ−(t)

〉
C4

∥∥
L3/2,1(R3,C)

.
∥∥〈ξ•〉∥∥L12/7(B1(0),C)

∥∥〈ξ•〉5〈Υ+(t),Υ−(t)
〉
C4

∥∥
L12,12/5(R3,C)

.
∥∥〈ξ•〉5〈Υ+(t),Υ−(t)

〉
C4

∥∥1/3

L8(R3,C)

∥∥〈ξ•〉5〈Υ+(t),Υ−(t)
〉
C4

∥∥2/3

L16(R3,C)

.
∥∥〈ξ•〉5/2Υ+(t)

∥∥
L∞(R3,C4)

∥∥〈ξ•〉5/2Υ−(t)
∥∥1/3

L8(R3,C4)

∥∥〈ξ•〉5/2Υ−(t)
∥∥2/3

L16(R3,C4)

. δ̃2, (212)

where we used interpolation in the third step as well as (174), (172) (and interpolation)
in the last step. For the fourth step, note that

∥∥〈ξ•〉∥∥12/7

L12/7(B1(0),C)
=

∫ 1

0

∫
S2

(
1− |rω|2

)−6/7
dσ(ω) r2 dr

. 1.

For I±1 , estimates (212) and (172) imply immediately

|I±1 (t, v)| . t−1δ̃3〈ξv〉−5/2.

Similarly,

|I±2 (t′, v)| . (t′)−2δ̃3〈ξv〉−5/2

and therefore, ∣∣∣ ∫ ∞
t

I±2 (t′, v) dt′
∣∣∣ . t−1δ̃3〈ξv〉−5/2.
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For I±3 , I±4 and I±5 , it suffices to use the following weaker estimate for ∂t′Υ
±(t′, v):

Lorentz-type Young’s inequality together with estimates (174), (172) (and interpola-
tion) gives∥∥V ∗ |〈ξ•〉5/2Υ(t)|2

∥∥
L∞(R3,C)

.
∥∥〈ξ•〉5/2Υ(t)

∥∥
L2(R3,C4)

∥∥〈ξ•〉5/2Υ(t)
∥∥
L6(R3,C4)

. δ̃2

and ∥∥V ∗ Re
[
e−2iΦ(t,t·)〈ξ•〉5

〈
Υ+(t),Υ−(t)

〉
C4

]∥∥
L∞(R3,C)

.
∑

±1,±2∈{+,−}

∥∥〈ξ•〉5/2Υ±1(t)
∥∥
L2(R3,C4)

∥∥〈ξ•〉5/2Υ±2(t)
∥∥
L6(R3,C4)

. δ̃2.

Applying again (172) leads to

|∂t′Υ±(t′, v)| . |N±13(t′, v)|+ |N±23(t, v)|+ (δ + δ̃3)t2ε−1〈ξv〉−2

. (δ + δ̃3)t2ε−1〈ξv〉−2. (213)

Hence, ∣∣∣ ∫ ∞
t

I5(t′, v) dt′
∣∣∣ . ∫ ∞

t

(t′)−1(δ + δ̃3)(t′)2ε−1〈ξv〉−2 dt′

. t2ε−1(δ + δ̃3)〈ξv〉−2.

For I±3 and I±4 , we need to modify (212) slightly: We have∥∥V ∗ Re
[
e−2iΦ(t,t·)〈ξ•〉6

〈
∂′tΥ

+(t),Υ−(t)
〉
C4

]∥∥
L∞(R3,C)

.
∥∥〈ξ•〉9/8∥∥L12/7(B1(0),C)

∥∥〈ξ•〉23/8Υ−(t)
∥∥1/3

L8(R3,C4)

∥∥〈ξ•〉23/8Υ−(t)
∥∥2/3

L16(R3,C4)

·
∥∥〈ξ•〉2∂t′Υ+(t)

∥∥
L∞(R3,C4)

. δ̃2t2ε−3/8,

where the second step follows from (213), interpolation of (174) and (173) as well as∥∥〈ξ•〉9/8∥∥12/7

L12/7(B1(0),C)
=

∫ 1

0

∫
S2

(
1− |rω|2

)−13/14
dσ(ω) r2 dr

. 1.

In the same way, we obtain∥∥V ∗ Re
[
e−2iΦ(t,t·)〈ξ•〉6

〈
Υ+(t), ∂′tΥ

−(t)
〉
C4

]∥∥
L∞(R3,C)

. δ̃2t2ε−3/8.

Hence, ∣∣∣ ∫ ∞
t

Ik(t
′, v) dt′

∣∣∣ . ∫ ∞
t

(t′)−1(δ + δ̃3)(t′)2ε−3/8〈ξv〉−5/2 dt′

. t2ε−3/8(δ + δ̃3)〈ξv〉−5/2

for k = 3, 4.
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Remark. Note that in the proof, we used the trivial estimate

|N±23(t, v)| . (δ + δ̃3)t−1〈ξv〉−5/2

in order to derive the stronger estimate (211) via integration by parts.

From (210) and (211), we conclude that Υ± solves the ODE

∂tΥ
±(t, v) = N±13(t, v) +O

(
(δ + δ̃3)t2ε−5/4〈ξv〉−1

)
= ict−1

(
V ∗ |〈ξ•〉5/2Υ(t)|2

)
(v)Υ±(t, v) +O

(
(δ + δ̃3)t2ε−5/4〈ξv〉−1

)
which leads to

Υ±(t, v) = eic log(t)(V ∗|〈ξ•〉5/2W̃ |2)(v)W̃±(v) +O
(
(δ + δ̃3)t2ε−1/4〈ξv〉−1

)
(214)

for some asymptotic state

W̃ : R3 → C4, W̃ =

(
W̃+

W̃−

)
.

Note that ∣∣W̃±(v)
∣∣ =

∣∣Υ±(t, v)
∣∣+O

(
(δ + δ̃3)t2ε−1/4〈ξv〉−1

)
which also implies

W̃ (v) = 0 for |v| ≥ 1

and ∥∥〈ξ•〉5/2W̃±∥∥
L∞(R3,C4)

. δ̃.

Let

W± : R3 → C4, W±(ξ) = W̃±(± 〈ξ〉−1ξ
)
,

W =

(
W+

W−

)
.

Then,(
V ∗ |〈ξ•〉5/2W̃ |2

)(
± 〈ξ〉−1ξ

)
=

∫
B1(0)

∣∣∣± ξ

〈ξ〉
− x
∣∣∣−1∣∣〈ξx〉5/2W̃ (x)

∣∣2 dx

=

∫
R3

∣∣∣± ξ

〈ξ〉
− σ

〈σ〉

∣∣∣−1∣∣〈σ〉5/2W̃(〈σ〉−1σ
)∣∣2 〈σ〉−5 dσ

=

∫
R3

∣∣∣ ξ〈ξ〉 ∓ σ

〈σ〉

∣∣∣−1(∣∣W+(σ)
∣∣2 +

∣∣W−(−σ)
∣∣2) dσ.

By estimates (177) and (214), we obtain

ŵ±(t)(ξ) = (2π)3/2Υ±
(
t,±〈ξ〉−1ξ

)
+O

(
(δ + δ̃3)t2ε−1/4〈ξ〉−1

)
= (2π)3/2eic log(t)B±(ξ)W±(ξ) +O

(
(δ + δ̃3)t2ε−1/4〈ξ〉−1

)
, (215)

where B± has been introduced in (35).
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Remark. Note that

N±13(t,±〈ξ〉−1ξ) = ict−1

(∫
R3

∣∣∣∣± ξ

〈ξ〉
− x
∣∣∣∣−1 ∣∣〈ξx〉5/2Υ(t, x)

∣∣2 dx

)
Υ±
(
t,±〈ξ〉−1ξ

)
= ict−1

(∫
R3

∣∣∣∣± ξ

〈ξ〉
− σ

〈σ〉

∣∣∣∣−1 ∣∣∣〈σ〉5/2Υ
(
t, 〈σ〉−1σ

)∣∣∣2〈σ〉−5 dσ
)

Υ±
(
t,±〈ξ〉−1ξ

)
= ict−1

(∫
R3

∣∣∣∣ ξ〈ξ〉 ∓ σ

〈σ〉

∣∣∣∣−1 ∣∣∣Υ(t, 〈σ〉−1σ
)∣∣∣2 dσ

)
Υ±(t,±〈ξ〉−1ξ

)
= ict−1

(∫
R3

∣∣∣∣ ξ〈ξ〉 ∓ σ

〈σ〉

∣∣∣∣−1 (∣∣ψ̂+(t)(σ)
∣∣2 +

∣∣ψ̂−(t)(−σ)
∣∣2) dσ

)
Υ±
(
t,±〈ξ〉−1ξ

)
+O(δ̃3t2ε−5/4〈ξ〉−1),

where we used (177) in the last step. Solving the corresponding approximate ODE
leads to

ŵ±(t)(ξ)

= (2π)3/2 exp
(
ic

∫ t

0

(t′)−1

∫
R3

∣∣∣∣ ξ〈ξ〉 ∓ σ

〈σ〉

∣∣∣∣−1 (
|ψ̂+(t)(σ)|2 + |ψ̂−(t)(−σ)|2

)
dσ dt′

)
·W±(ξ)

+O
(
(δ + δ̃3)t2ε−1/4〈ξ〉−1

)
which coincides with Pusateri’s result in [84, Thm. 1.1] for the scalar toy model.

In order to complete our bootstrap argument, we show:

Lemma 3.13. Suppose that ψ± ∈ C
(
[0, T ], HN(R3)

)
satisfies a priori assumption (44)

and let t ∈ [r, T ]. Then,∣∣〈ξ〉8ŵ±(t)(ξ)
∣∣ . δ〈t〉−1/56 for 〈ξ〉 ≥ 〈t〉1/56 (216)

and ∥∥〈ξ〉8ŵ±(t)(ξ)
∥∥
L∞ξ (R3,C4)

. δ + δ̃3. (217)

For arbitrary t ≥ r, we have∣∣∣〈ξ〉8(ŵ±(t)(ξ)− (2π)3/2eic log(t)B±(ξ)W±(ξ)
)∣∣∣ . 〈t〉2ε−1/8δ for 〈ξ〉 ≤ 〈t〉1/56. (218)

Proof. In Pusateri’s paper [84], estimate (217) was essentially a consequence of his
modified scattering result. Since we derive a stronger result by Ifrim and Tataru’s
method of testing solutions by wave packets, we present a modified proof of (217).
Estimate (218) will be a consequence of (216) and (215).

Let 〈ξ〉 ≥ 〈t〉1/56. Duhamel’s equation (79) gives

〈ξ〉8ŵ±0(t)(ξ) = 〈ξ〉8ψ̂±0(t)(ξ) + i4πc
∑

±1,±2,±3∈{+,−}

∫ t

0

〈ξ〉8I±0,±1,±2,±3(t′, ξ) dt′.
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Dyadic decomposition in η yields

I±0,±1,±2,±3(t′, ξ) = Π±0(ξ)e±0it〈ξ〉
∑
l∈Z

∫
R3

∫
R3

〈
ψ̂±1(t′)(σ), ψ̂±2(t′)(σ − η)

〉
C4

· ψ̂±3(t′)(ξ − η)χl(η)|η|−2 dσ dη

=: Π±0(ξ)e±0it〈ξ〉
∑
l∈Z

I±0,±1,±2,±3

l (t′, ξ).

For 2l ≤ 〈t〉−9/8, we obtain∣∣∣ ∫ t

0

〈ξ〉8I±0,±1,±2,±3

l (t′, ξ) dt′
∣∣∣

.
∣∣∣ ∫ t

0

∫
R3

∫
R3

〈
〈σ〉8ψ̂±1(t′)(σ), 〈σ − η〉8ψ̂±2(t′)(σ − η)

〉
C4

· 〈ξ − η〉8ψ̂±3(t′)(ξ − η)χl(η)|η|−2 dσ dη dt′
∣∣∣

≤
∥∥| · |−2χl

∥∥
L1(R3,C)

·
∫ t

0

∥∥〈〈D〉8ψ±1(t′), 〈D〉8ψ±2(t′)
〉
C4

∥∥
L1(R3,C)

∥∥〈ξ〉8ψ̂±3(t′)(ξ)
∥∥
L∞ξ (R3,C4)

dt′

. 2l
∫ t

0

∥∥ψ±1(t′)
∥∥
H8(R3,C4)

∥∥ψ±2(t′)
∥∥
H8(R3,C4)

δ̃ dt′

. 2l〈t〉1+2εδ̃3, (219)

where we used Hölder’s inequality and Hausdorff–Young’s inequality in the second
step and a priori assumption (44) in the third and fourth step. Therefore,

∑
l∈Z, 2l≤〈t〉−9/8

∣∣∣ ∫ t

0

〈ξ〉8I±0,±1,±2,±3

l (t′, ξ) dt′
∣∣∣ . 〈t〉2ε−1/8δ̃3. (220)

For 2l ≥ 〈t〉−9/8, we have∣∣∣ ∫ t

0

〈ξ〉8I±0,±1,±2,±3

l (t′, ξ) dt′
∣∣∣

. 〈ξ〉−95
∣∣∣ ∫ t

0

〈ξ〉NI±0,±1,±2,±3

l (t′, ξ) dt′
∣∣∣

. 〈ξ〉−95
∣∣∣ ∫ t

0

∫
R3

∫
R3

〈ξ〉N
〈
ψ̂±1(t′)(σ), ψ̂±2(t′)(σ − η)

〉
C4

· ψ̂±3(t′)(ξ − η)χl(η)|η|−2 dσ dη dt′
∣∣∣

≤ 〈ξ〉−95
∥∥| · |−2χl

∥∥
L2(R3,C)

∫ t

0

∥∥ψ(t′)
∥∥2

HN (R3,C4)

∥∥ψ(t′)
∥∥
L2(R3,C4)

dt′

. 〈ξ〉−952−l/2〈t〉1+2εδ̃3

. 〈t〉−95/562−l/2〈t〉1+2εδ̃3

. 2−l/2〈t〉2ε−39/56δ̃3, (221)
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where we used Hölder’s and Hausdorff–Young’s inequality in the third step and a priori
assumption (44) in the fourth and fifth step.

Therefore, ∑
l∈Z, 2l≥〈t〉−9/8

∣∣∣ ∫ t

0

〈ξ〉8I±0,±1,±2,±3

l (t′, ξ) dt′
∣∣∣ . 〈t〉9/16〈t〉2ε−39/56δ̃3

= 〈t〉2ε−15/112δ̃3. (222)

Hence, for 〈ξ〉 ≥ 〈t〉1/56, we have∣∣〈ξ〉8ŵ±(t)(ξ)
∣∣ . 〈ξ〉−1‖〈·〉9ψ̂±0 ‖L∞(R3,C4) + 〈t〉2ε−1/8δ̃3

. 〈t〉−1/56δ + 〈t〉2ε−1/8δ̃3. (223)

Now, let 〈ξ〉 ≤ 〈t〉1/56. Our result (215) implies∣∣〈ξ〉8(ŵ±(t)(ξ)− (2π)3/2Υ±(t,±〈ξ〉−1ξ)
)∣∣ . 〈ξ〉7〈t〉2ε−1/4(δ + δ̃3)

. 〈t〉2ε−1/8(δ + δ̃3). (224)

By (214),∣∣Υ±(t,±〈ξ〉−1ξ)
∣∣ ≤ ∣∣W (v)

∣∣+ C(δ + δ̃3)t2ε−1/4〈ξ〉−1

≤
∣∣Υ±(t/2,±〈ξ〉−1ξ)

∣∣+ 21/4−2εC(δ + δ̃3)t2ε−1/4

≤
∣∣Υ±(t/2,±〈ξ〉−1ξ)

∣∣+ 21/4−2εC(δ + δ̃3)t2ε−1/8〈ξ〉−8.

Hence,∣∣Υ±(2n,±〈ξ〉−1ξ)
∣∣

≤
∣∣Υ±(2n−1,±〈ξ〉−1ξ)

∣∣+ 21/4−2εC(δ + δ̃3)2n(ε−1/8)〈ξ〉−8

≤
∣∣Υ±(2n−2,±〈ξ〉−1ξ)

∣∣+ 21/4−2εC(δ + δ̃3)(2(n−1)(2ε−1/8) + 2n(2ε−1/4))〈ξ〉−8

and iterating this argument leads to

∣∣Υ±(2n,±〈ξ〉−1ξ)
∣∣ ≤ ∣∣Υ±(2−m,±〈ξ〉−1ξ)

∣∣+ 21/4−2εC(δ + δ̃3)
n+m∑
k=0

2k(2ε−1/8)〈ξ〉−8

≤ C12−3m/4〈ξ〉−3 + C2(δ + δ̃3)〈ξ〉−8,

where we used (173) in the last step and set

C2 = C

∞∑
k=0

2k(2ε−1/8) ∈ (0,∞)

which does not depend on n,m. Hence, we can choose m ∈ N arbitrarily large and
conclude ∣∣Υ±(t,±〈ξ〉−1ξ)

∣∣ ≤ C2(δ + δ̃3)〈ξ〉−8 (225)

which together with (224) finishes the bootstrap argument. Since we can choose

δ̃ = δ1/2
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for sufficiently small δ > 0, we may assume that

δ̃3 ≤ δ.

Finally, estimate (218) follows from (215) for arbitrarily large t.

Remarks.

a) From the proof of (218), we obtain

W±(ξ) = lim
t→∞

(2π)−3/2e−ic log(t)B±(ξ)ŵ±(t)(ξ)1B〈t〉1/56 (0)(〈ξ〉),

where the limit is taken in 〈·〉−8L∞(R3,C4) as well as

W±(ξ) = lim
t→∞

(2π)−3/2e−ic log(t)B±(ξ)ŵ±(t)(ξ)

in 〈·〉−1L∞(R3,C4). In particular,∥∥〈ξ〉8W±(ξ)
∥∥
L∞ξ (R3,C4)

= (2π)−3/2 lim
t→∞

∥∥〈ξ〉8ŵ±(t)(ξ)1B〈t〉1/56 (0)(〈ξ〉)
∥∥
L∞ξ (R3,C4)

and ∥∥〈ξ〉W±(ξ)
∥∥
L∞ξ (R3,C4)

= (2π)−3/2 lim
t→∞

∥∥〈ξ〉ŵ±(t)(ξ)
∥∥
L∞ξ (R3,C4)

which implies (36). Since
〈·〉−8 ∈ L2(R3,C4)

and ∣∣eic log(t)B±(ξ)ŵ±(t)(ξ)
∣∣ =

∣∣ψ̂±(t)(ξ)
∣∣,

estimate (218) also shows (37) which finishes the proof of (32)–(34). Since esti-
mate (31) is an immediate consequence of (178) and (214), the proof of Theo-
rem 1.1 is complete.

b) N = 103 is the lowest integer such that – with our arguments – estimate (223)
holds true with a 〈t〉2ε−1/8-decay. One might derive a modified scattering result
with weaker decay for N ≥ 52. Indeed, the same arguments as in the proof
of Lemma 3.13 lead to a 〈t〉−ε-decay, ε ∈ (0, 1/261], as follows: First, let 〈ξ〉 ≥
〈t〉1/29. By replacing 〈t〉−9/8 with 〈t〉−1−3ε in (219)–(222) and 〈ξ〉−95 in (221) with
〈ξ〉−44, we get the following substitutes for (219)–(222):∣∣∣ ∫ t

0

〈ξ〉8I±0,±1,±2,±3

l (t′, ξ) dt′
∣∣∣ . 2l〈t〉1+2εδ̃3, 2l ≤ 〈t〉−1−3ε,∑

l∈Z, 2l≤〈t〉−1−3ε

∣∣∣ ∫ t

0

〈ξ〉8I±0,±1,±2,±3

l (t′, ξ) dt′
∣∣∣ . 〈t〉−εδ̃3,

∣∣∣ ∫ t

0

〈ξ〉8I±0,±1,±2,±3

l (t′, ξ) dt′
∣∣∣ . 〈t〉−44/292−l/2〈t〉1+2εδ̃3

. 2−l/2〈t〉−15/29+2ε, 2l ≤ 〈t〉−1−3ε,∑
l∈Z, 2l≥〈t〉−1−3ε

∣∣∣ ∫ t

0

〈ξ〉8I±0,±1,±2,±3

l (t′, ξ) dt′
∣∣∣ . 〈t〉−1/58+7ε/2δ̃3

. 〈t〉−εδ̃3,
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where we need ε ∈ (0, 1/261] in the last step. Then, we have∣∣〈ξ〉8ŵ±(t)(ξ)
∣∣ . 〈t〉−1/29δ + 〈t〉−εδ̃3, 〈ξ〉 ≥ 〈t〉1/29,∣∣〈ξ〉8(ŵ±(t)(ξ)−Υ±(t,±〈ξ〉−1ξ)
)∣∣ . 〈ξ〉7〈t〉2ε−1/4(δ + δ̃3)

. 〈t〉2ε−1/116(δ + δ̃3)

. 〈t〉−ε, 〈ξ〉 ≤ 〈t〉1/29, (226)∣∣Υ±(t,±〈ξ〉−1ξ)
∣∣ . (δ + δ̃3)〈ξ〉−8.

Note that step (226) is true for ε ∈ (0, 3/116] and in particular for ε ∈ (0, 1/261].

c) For going below N = 52 and ‖〈ξ〉8ψ̂(t)(ξ)‖L∞ξ (R3,C4), we would need an improve-

ment of the refined decay estimate (69), cf. also (71).

d) Up to some slight modifications, our analysis carries over to the scalar toy model,
so that we in fact improved Pusateri’s result in [84]. Recall the nonlinearity

c
(
V ∗ |u|2

)
u

in the scalar toy model. With the notation of Section 2, this corresponds to
±0 = ±1 = ±2 = ±3, where we did not need to use the null structure of
Π±(D). In the case ±1 6= ±2, null structure of Π±1Π±2 was only needed when
±0 6= ±3. This means, our method is also applicable to the scalar toy model
with nonlinearities (

V ∗ u2
)
u,

(
V ∗ u2

)
u

whereas nonlinearities (
V ∗ (u1u2)

)
u, u1, u2 ∈ {u, u}

would be problematic. One might try a more careful integration by parts to
overcome the need of null-structure.

4 Asymptotic completeness

Given a suitable asymptotic state W : R3 → C4, we want to find a unique solution to
the Cauchy problem{

−i∂tψ± ± 〈D〉ψ± = cΠ±(D)
[(
V ∗ |ψ|2

)
ψ
]
,

lim
t→∞

∥∥ψ(t)− ψW (t)
∥∥
H1(R3,C4)

= 0,
(227)

where

Π±(D)
[
ψW (t)

]
(x) = t−3/2e∓i(t

2−|x|2)1/2

eic log(t)(V ∗|W |2)(x/t)W (x/t), (228)

ψW = Π+(D)ψW + Π−(D)ψW .

In the sequel, we write
ψ±W = Π±(D)ψW .

We also denote

ψ±∇W (t, x) = t−3/2e∓i(t
2−|x|2)1/2

eic log(t)(V ∗|W |2)(x/t)∇W (x/t)

and analogously ψ±∆W etc.
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Theorem 4.1. Let W ∈ H2(R3,C4) satisfy

suppW ⊆ B1(0).

There is CW ∈ (0, 1) such that if

‖|ξv|W (v)‖L2
v(R3,C4)∩L∞v (R3,C4) + ‖W‖H2(R3,C4) ≤ CW

then (227) admits a unique solution ψ ∈ C
(
[0,∞), H1(R3,C4)

)
.

Remark. Our choice of ψW comes from the asymptotic result (31) on the spatial side.
One might also think of using the corresponding result (32)–(34) on the Fourier side.
However, while working with the Fourier transform is easier for the linear part, it
would become very delicate for the nonlinear part, cf. Section 4.2.

Obviously,

‖ψ±W (t)‖L∞(R3,C4) = t−3/2‖W‖L∞(R3,C4)

. t−3/2‖W‖H2(R3,C4)

. t−3/2CW

and

‖ψ±W (t)‖L2(R3,C4) = t−3/2‖W (x/t)‖L2
x(R3,C4)

≤ CW .

Furthermore,

∇xψ
±
W (t, x) = ±i(t2 − |x|2)−1/2xψ±W (t, x) + t−1ψ∇W (t, x)

− ict−1 log(t)
(
4π∇x∆

−2
x |W (t)|2

)
(x/t)ψ±W (t, x)

= ±i
(

1−
∣∣∣x
t

∣∣∣2)−1/2x

t
ψ±W (t, x)

+OL2(R3,C4)(CW t
−1 log(t)) ∩ OL∞(R3,C4)(CW t

−5/2 log(t)),

where we used∥∥|D|−1|W (t)|2
∥∥
L∞(R3,C)

= (2π2)−1
∥∥| · |−2 ∗ |W (t)|2

∥∥
L∞(R3,C)

.
∥∥| · |−2

∥∥
L3/2,∞(R3,C)

∥∥|W (t)|2
∥∥
L3,1(R3,C)

. ‖W (t)‖L4(R3,C4)‖W (t)‖L12(R3,C4)

. C2
W .

Therefore,

‖∇ψ±W (t)‖L∞(R3,C4) . t−3/2‖|ξv|W (v)‖L∞v (R3,C4) + CWRt
−5/2 log(t)

. CW t
−3/2

and

‖∇ψ±W (t)‖L2(R3,C4) . ‖|ξv|W (v)‖L2
v(R3,C4)

≤ CW
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which implies
‖ψW (t)‖W 1,∞(R3,C4) . CW t

−3/2

and
‖ψW (t)‖H1(R3,C4) . CW .

By interpolation, we obtain

‖ψW (t)‖W 1,p(R3,C4) . CW t
−3/2−3/p, p ∈ [2,∞]. (229)

We define f(ψW ) = f+(ψW ) + f−(ψW ) by

f±(ψW ) = −i∂tψ±W ± 〈D〉ψ
±
W − cΠ

±(D)
[(
V ∗ |ψW |2

)
ψW
]

and ψdif = ψ+
dif + ψ−dif by

ψ±dif = ψ± − ψ±W .
Then, Cauchy problem (227) is equivalent to{

−i∂tψ±dif ± 〈D〉ψ
±
dif = N±(ψW , ψdif )− f±(ψW ),

lim
t→∞

∥∥ψ±dif(t)
∥∥
H1(R3,C4)

= 0,
(230)

where

N±(ψW , ψdif )

= cΠ±(D)
[(
V ∗ |ψ|2

)
ψ
]
− cΠ±(D)

[(
V ∗ |ψW |2

)
ψW
]

= cΠ±(D)
[(
V ∗ |ψdif |2

)
ψdif +

(
V ∗ |ψW|2

)
ψdif + 2

(
V ∗ Re〈ψdif , ψW 〉C4

)
ψdif

+
(
V ∗ |ψdif |2

)
ψW + 2

(
V ∗ Re〈ψdif , ψW

〉
C4

)
ψW

]
. (231)

In the sequel, we omit the dependence on the asymptotic data ψW and write

f± = f±(ψW ), N±(ψdif) = N±(ψW , ψdif).

We solve problem (230) by the standard contraction mapping principle in the Banach
space Z induced via the norm

‖u‖Z = sup
T≥0
〈T 〉1/2‖u‖L∞t H1

x([T,2T ]×R3,C4).

More precisely, let H = H+ +H− and

H±(ψdif)(t) =

∫ ∞
t

e∓i(t−t
′)〈D〉(N±(ψdif(t

′)) + f±(t′)
)

dt′

=: H±N(ψdif)(t) +H±inh(f±)(t).

We consider the closed ball

ZR =
{
u ∈ Z : ‖u‖Z ≤ R

}
for some

R ∈ (CW , 1)

to be chosen later. In order to show that H is a contraction mapping on ZR and prove
Theorem 4.1, we discuss the nonlinear part N±(ψdif) and the inhomogeneous part f±

separately.
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4.1 Nonlinear estimates

Lemma 4.2. Let u1, u2 ∈ ZR and HN = H+
N +H−N . Then,

‖HN(u1)‖Z ≤
R

2
, (232)

‖HN(u1)−HN(u2)‖Z ≤
1

2
‖u1 − u2‖Z . (233)

Proof. We treat the terms of (231) separately. For the last term, note that∥∥e∓i(t−t′)〈D〉Π±(D)
[(
V ∗ Re〈u1(t′), ψW (t′)〉C4

)
ψW (t′)

]∥∥
H1(R3,C4)

.
∥∥V ∗ Re〈u1(t′), ψW (t′)〉C4

∥∥
W 1,6(R3,C)

∥∥ψW (t′)
∥∥
W 1,3(R3,C4)

.
∥∥Re〈u1(t′), ψW (t′)〉C4

∥∥
W 1,6/5(R3,C)

∥∥ψW (t′)
∥∥
W 1,3(R3,C4)

.
∥∥u1(t′)

∥∥
H1(R3,C4)

∥∥ψW (t′)
∥∥2

W 1,3(R3,C4)

. 〈t′〉−3/2RC2
W ,

where we used weak Young’s inequality in the second step and estimate (229) in the
last step. Similarly,∥∥e∓i(t−t′)〈D〉Π±(D)

[(
V ∗ |u1(t′)|2

)
ψW (t′)

]∥∥
H1(R3,C4)

.
∥∥V ∗ |u1(t′)|2

∥∥
W 1,6(R3,C)

∥∥ψW (t′)
∥∥
W 1,3(R3,C4)

.
∥∥|u1(t′)|2

∥∥
W 1,6/5(R3,C)

∥∥ψW (t′)
∥∥
W 1,3(R3,C4)

.
∥∥u1(t′)

∥∥
H1(R3,C4)

∥∥u1(t′)
∥∥
L3(R3,C4)

∥∥ψW (t′)
∥∥
W 1,3(R3,C4)

.
∥∥u1(t′)

∥∥2

H1(R3,C4)

∥∥ψW (t′)
∥∥
W 1,3(R3,C4)

. 〈t′〉−3/2R2CW ,

where we used Sobolev’s embedding H1/2(R3) ↪→ L3(R3) in the fourth step, and∥∥e∓i(t−t′)〈D〉Π±(D)
[(
V ∗ |ψW (t′)|2

)
u1(t′)

]∥∥
H1(R3,C4)

.
∥∥V ∗ |ψW (t′)|2

∥∥
W 1,∞(R3,C)

∥∥u1(t′)
∥∥
H1(R3,C4)

.
∥∥ψW (t′)

∥∥
H1(R3,C4)

∥∥ψW (t′)
∥∥
W 1,6(R3,C4)

∥∥u1(t′)
∥∥
H1(R3,C4)

. 〈t′〉−3/2RC2
W .

For the first term of (231), we have∥∥e∓i(t−t′)〈D〉Π±(D)
[(
V ∗ |u1(t′)|2

)
u1(t′)

]∥∥
H1(R3,C4)

.
∥∥∥〈ξ〉∫

R3

|η|−2 ̂|u1(t′)|2(η)û1(t′)(ξ − η) dη
∥∥∥
L2
ξ(R3,C4)

.
∥∥∥∫

R3

〈η〉−1 ̂|u1(t′)|2(η)û1(t′)(ξ − η) dη
∥∥∥
L2
ξ(R3,C4)

+
∥∥∥∫

R3

|η|−2 ̂|u1(t′)|2(η)〈ξ − η〉û1(t′)(ξ − η) dη
∥∥∥
L2
ξ(R3,C4)

.
∥∥〈ξ〉−1 ̂|u1(t′)|2(ξ)

∥∥
L1
ξ(R3,C)

∥∥u1(t′)
∥∥
L2(R3,C4)

+
∥∥∥∫

R3

|ξ|−2 ̂|u1(t′)|2(ξ)
∥∥∥
L1
ξ(R3,C)

∥∥u1(t′)
∥∥
H1(R3,C4)
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and therefore,∥∥e∓i(t−t′)〈D〉Π±(D)
[(
V ∗ |u1(t′)|2

)
u1(t′)

]∥∥
H1(R3,C4)

.
∥∥〈ξ〉 ̂|u1(t′)|2(ξ)

∥∥
L2
ξ(R3,C)

∥∥u1(t′)
∥∥
L2(R3,C4)

+
∥∥u1(t′)

∥∥2

L2(R3,C4)∩L4(R3,C4)

∥∥u1(t′)
∥∥
H1(R3,C4)

.
∥∥u1(t′)

∥∥3

H1(R3,C4)

. 〈t′〉−3/2R3,

where we used Sobolev’s embedding H3/4(R3) ↪→ L4(R3,C4) in the second step. Sim-
ilarly, ∥∥e∓i(t−t′)〈D〉Π±(D)

[(
V ∗ Re〈u1(t′), ψW (t′)〉C4

)
u1(t′)

]∥∥
H1(R3,C4)

.
∥∥∥〈ξ〉∫

R3

|η|−2
[
Re〈u1(t′), ψW (t′)〉C4

]̂
(η)û1(t′)(ξ − η) dη

∥∥∥
L2
ξ(R3,C4)

.
∥∥∥∫

R3

〈η〉−1
[
Re〈u1(t′), ψW (t′)〉C4

]̂
(η)û1(t′)(ξ − η) dη

∥∥∥
L2
ξ(R3,C4)

+
∥∥∥∫

R3

|η|−2
[
Re〈u1(t′), ψW (t′)〉C4

]̂
(η)〈ξ − η〉û1(t′)(ξ − η) dη

∥∥∥
L2
ξ(R3,C4)

.
∥∥〈ξ〉−1

[
Re〈u1(t′), ψW (t′)〉C4

]̂
(ξ)
∥∥
L1
ξ(R3,C)

∥∥u1(t′)
∥∥
L2(R3,C4)

+
∥∥∥∫

R3

|ξ|−2
[
Re〈u1(t′), ψW (t′)〉C4

]̂
(ξ)
∥∥∥
L1
ξ(R3,C)

∥∥u1(t′)
∥∥
H1(R3,C4)

which leads to∥∥e∓i(t−t′)〈D〉Π±(D)
[(
V ∗ Re〈u1(t′), ψW (t′)〉C4

)
u1(t′)

]∥∥
H1(R3,C4)

.β
∥∥〈ξ〉[〈u1(t′), ψW (t′)〉C4

]̂
(ξ)
∥∥
L2
ξ(R3,C)

∥∥u1(t′)
∥∥
L2(R3,C4)

+
(∫
|ξ|≥1

|ξ|−4 dξ
)1/2∥∥[〈u1(t′), ψW (t′)〉C4

]̂
(ξ)
∥∥
L2
ξ(R3,C)

∥∥u1(t′)
∥∥
H1(R3,C4)

+
(∫
|ξ|<1

|ξ|−6/(2+β) dξ
)(2+β)/3∥∥[〈u1(t′), ψW (t′)〉C4

]̂
(ξ)
∥∥
L

3/(1−β)
ξ (R3,C)

∥∥u1(t′)
∥∥
H1(R3,C4)

.β
∥∥u1(t′)

∥∥
H1(R3,C4)

∥∥ψW (t′)
∥∥
W 1,∞(R3,C4)

∥∥u1(t′)
∥∥
L2(R3,C4)

+
∥∥u1(t′)

∥∥
L2(R3,C4)

∥∥ψW (t′)
∥∥
L∞(R3,C4)

∥∥u1(t′)
∥∥
H1(R3,C4)

+
∥∥〈u1(t′), ψW (t′)〉C4

∥∥
L3/(2+β)(R3,C)

∥∥u1(t′)
∥∥
H1(R3,C4)

.β
∥∥u1(t′)

∥∥
H1(R3,C4)

∥∥ψW (t′)
∥∥
W 1,∞(R3,C4)

∥∥u1(t′)
∥∥
L2(R3,C4)

+
∥∥u1(t′)

∥∥
L2(R3,C4)

∥∥ψW (t′)
∥∥
L6/(1+2β)(R3,C4)

∥∥u1(t′)
∥∥
H1(R3,C4)

.β 〈t′〉−2+βR2CW ,

where we can choose β ∈ (0, 1] (here it suffices to take β = 1/2). By assumption,
CW ≤ R. Therefore,∥∥HN(u1)

∥∥
Z
≤ C sup

T≥0
〈T 〉1/2

∥∥∥∫ ∞
t

〈t′〉−3/2R3 dt′
∥∥∥
L∞t [T,2T ]

≤ CR3.
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Choosing R ∈ (0, 1) (and CW ∈ (0, 1)) such that CR2 ≤ 1/2 leads to (232). For
estimate (233), we first note that

H±(u1)(t)−H±(u2)(t) =

∫ ∞
t

ei(t−t
′)〈D〉(N±(u1(t′))−N±(u2(t′))

)
dt′

and

N±(u1(t′))−N±(u2(t′)) = cΠ±(D)
[(
V ∗ |u1(t′)|2

)(
u1(t′)− u2(t′)

)
+
(
V ∗

(
|u1(t′)|2 − |u2(t′)|2

))
u2(t′)

+
(
V ∗ |ψW (t′)|2

)(
u1(t′)− u2(t′)

)
+ 2
(
V ∗ Re〈u1(t′), ψW (t′)〉C4

)(
u1(t′)− u2(t′)

)
+ 2
(
V ∗ Re〈u1(t′)− u2(t′), ψW (t′)〉C4

)
u2(t′)

+
(
V ∗

(
|u1(t′)|2 − |u2(t′)|2

))
ψW (t′)

+ 2
(
V ∗ Re〈u1(t′)− u2(t′), ψW (t′)〉C4

)
ψW (t′)

]
as well as

|u1(t′)|2 − |u2(t′)|2 =
〈
u1(t′)− u2(t′)), u1(t′)

〉
C4 +

〈
u2(t′), u1(t′)− u2(t′)

〉
C4 .

Hence, the same arguments as for (232) show that∥∥e∓i(t−t′)〈D〉Π±(D)
[(
V ∗ Re〈u1(t′)− u2(t′), ψW (t′)〉C4

)
ψW (t′)

]∥∥
H1(R3,C4)

.
∥∥u1(t′)− u2(t′)

∥∥
H1(R3,C4)

∥∥ψW (t′)
∥∥2

W 1,3(R3,C4)

. 〈t′〉−3/2C2
W‖u1 − u2‖Z ,∥∥e∓i(t−t′)〈D〉Π±(D)

[(
V ∗

(
|u1(t′)|2 − u2(t′)|2

))
ψW (t′)

]∥∥
H1(R3,C4)

.
∥∥u1(t′)− u2(t′)

∥∥
H1(R3,C4)

2∑
j=1

∥∥uj(t′)∥∥H1(R3,C4)

∥∥ψW (t′)
∥∥
W 1,3(R3,C4)

. 〈t′〉−3/2RCW‖u1 − u2‖Z ,∥∥e∓i(t−t′)〈D〉Π±(D)
[(
V ∗ |ψW (t′)|2

)(
u1(t′)− u2(t′)

)]∥∥
H1(R3,C4)

.
∥∥ψW (t′)

∥∥
H1(R3,C4)

∥∥ψW (t′)
∥∥
W 1,6(R3,C4)

∥∥u1(t′)− u2(t′)
∥∥
H1(R3,C4)

. 〈t′〉−3/2C2
W‖u1 − u2‖Z ,∥∥e∓i(t−t′)〈D〉Π±(D)

[(
V ∗ |u1(t′)|2

)(
u1(t′)− u2(t′)

)]∥∥
H1(R3,C4)

.
∥∥〈ξ〉 ̂|u1(t′)|2(ξ)

∥∥
L2
ξ(R3,C)

∥∥u1(t′)− u2(t′)
∥∥
L2(R3,C4)

+
∥∥u1(t′)

∥∥2

L2(R3,C4)∩L4(R3,C4)

∥∥u1(t′)− u2(t′)
∥∥
H1(R3,C4)

.
∥∥u1(t′)

∥∥2

H1(R3,C4)

∥∥u1(t′)− u2(t′)
∥∥
H1(R3,C4)

. 〈t′〉−3/2R2‖u1 − u2‖Z ,
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∥∥e∓i(t−t′)〈D〉Π±(D)
[(
V ∗

(
|u1(t′)|2 − |u2(t′)|2

))
u2(t′)

]∥∥
H1(R3,C4)

.
∥∥〈ξ〉[〈u1(t′)− u2(t′), u1(t′)

〉
C4 +

〈
u2(t′), u1(t′)− u2(t′)

〉
C4

]̂
(ξ)
∥∥
L2
ξ(R3,C)

·
∥∥u2(t′)

∥∥
L2(R3,C4)

+
∥∥u1(t′)− u2(t′)

∥∥
L2(R3,C4)∩L4(R3,C4)

2∑
j=1

∥∥uj(t′)∥∥L2(R3,C4)∩L4(R3,C4)

∥∥u2(t′)
∥∥
H1(R3,C4)

.
(∥∥u1(t′)

∥∥
H1(R3,C4)

+
∥∥u2(t′)

∥∥
H1(R3,C4)

)2∥∥u1(t′)− u2(t′)
∥∥
H1(R3,C4)

. 〈t′〉−3/2R2‖u1 − u2‖Z ,∥∥e∓i(t−t′)〈D〉Π±(D)
[(
V ∗ Re〈u1(t′), ψW (t′)〉C4

)(
u1(t′)− u2(t′)

)]∥∥
H1(R3,C4)

.
∥∥u1(t′)

∥∥
H1(R3,C)

∥∥ψW (t′)
∥∥
W 1,∞(R3,C4)

∥∥u1(t′)− u2(t′)
∥∥
L2(R3,C4)

+
∥∥u1(t′)

∥∥
L2(R3,C4)

∥∥ψW (t′)
∥∥
L3(R3,C4)

∥∥u1(t′)− u2(t′)
∥∥
H1(R3,C4)

. 〈t′〉−3/2RCW‖u1 − u2‖Z ,∥∥e∓i(t−t′)〈D〉Π±(D)
[(
V ∗ Re〈u1(t′)− u2(t′), ψW (t′)〉C4

)
u2(t′)

]∥∥
H1(R3,C4)

.
∥∥u1(t′)− u2(t′)

∥∥
H1(R3,C)

∥∥ψW (t′)
∥∥
W 1,∞(R3,C4)

∥∥u2(t′)
∥∥
L2(R3,C4)

+
∥∥u1(t′)− u2(t′)

∥∥
L2(R3,C4)

∥∥ψW (t′)
∥∥
L3(R3,C4)

∥∥u2(t′)
∥∥
H1(R3,C4)

. 〈t′〉−3/2RCW‖u1 − u2‖Z .

Therefore, ∥∥HN(u1)−HN(u2)
∥∥
Z
≤ CR2‖u1 − u2‖Z

and choosing R ∈ (0, 1) such that CR2 ≤ 1/2 leads to (233).

4.2 Inhomogeneous estimates

We shall first replace
Π±(D)

[(
V ∗ |ψW |2

)
ψW
]

with (
V ∗ |ψW |2

)
ψ±W .

One might try to exploit the identity

f = f+ + f−

= −i∂tψ+
W + 〈D〉ψ+

W − i∂tψ
−
W − 〈D〉ψ

−
W − c

(
V ∗ |ψW |2

)
ψW

= −i∂tψ+
W + 〈D〉ψ+

W − c
(
V ∗ |ψW |2

)
ψ+
W

− i∂tψ−W − 〈D〉ψ
−
W − c

(
V ∗ |ψW |2

)
ψ−W ,

where we used Π+(D) + Π−(D) = I4 in the second step. However, we need to consider
f+ and f− separately since the linear propagator e−i(t−t

′)〈D〉 hits f+ while the linear
propagator ei(t−t

′)〈D〉 hits f−. Let

ψ±err = Π±(D)
[(
V ∗ |ψW |2

)
ψW
]
−
(
V ∗ |ψW |2

)
ψ±W .

We use the same idea as in the proof of Lemma 3.11.
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Lemma 4.3. Let % > 0. For any t′ ≥ 0, it holds that∥∥ψ±err(t
′)
∥∥
H1(R3,C4)

.% C
3
W 〈t′〉%−2. (234)

Proof. It suffices to consider % ∈ (0, 3). We have∥∥ψ±err(t
′)
∥∥
H2(R3,C4)

= 4π
∥∥∥〈ξ〉2 ∫

R3

|η|−2
[
|ψW (t′)|2

]̂
(η)
(
Π±(ξ)− Π±(ξ − η)

)
ψ̂W (t′)(ξ − η) dη

∥∥∥
L2
ξ(R3,C4)

.

Let

m±l,l12
(ξ, η) = χ̃l(ξ)χ̃l12(η)〈ξ〉|η|−2

(
Π±(ξ)− Π±(ξ − η)

)
.

Then, ∣∣∂αξ ∂βηm±l,l12
(ξ, η)

∣∣ .α,β 2−l12χ̃l(ξ)χ̃l12(η)2−l|α|2−l12|β|

and∥∥ψ±err(t
′)
∥∥
H2(R3,C4)

.
∑

l,l12,l3∈Z

∥∥∥∫
R3

χl(ξ)χl12(ξ − η)χl3(η)
[
|ψW (t′)|2

]̂
(η)

·m±l,l12
(ξ, η)ψ̂W (t′)(ξ − η) dη

∥∥∥
L2
ξ(R3,C4)

.

a) First, consider l ∼ l3 � l12. Lemmas 2.10, 2.9 and Bernstein’s estimate together
with (229) give∥∥∥∫

R3

χl(ξ)χl12(ξ − η)χl3(η)
[
|ψW (t′)|2

]̂
(η)m±l,l12

(ξ, η)ψ̂W (t′)(ξ − η) dη
∥∥∥
L2
ξ(R3,C4)

. 2−l12
∥∥Pl12|ψW (t′)|2

∥∥
L12/%(R3,C)

∥∥Pl3ψW (t′)
∥∥
L12/(6−%)(R3,C4)

. C3
W2−l12 min{2(3−%/4)l12 , 2−l

+
12〈t′〉%/2−3}2%l3/42−l

+
3 . (235)

Hence,∑
l∼l3�l12

∥∥∥∫
R3

χl(ξ)χl12(ξ − η)χl3(η)
[
|ψW (t′)|2

]̂
(η)m±l,l12

(ξ, η)ψ̂W (t′)(ξ − η) dη
∥∥∥
L2
ξ(R3,C4)

.% C
3
W

( ∑
2l12≤〈t′〉−1

2(2−%/4)l12 +
∑

2l12≥〈t′〉−1

2−l12〈t′〉%/2−3
)

. C3
W 〈t′〉%/2−2.

b) In the case l � l3 ∼ l12, 2l ≤ 〈t′〉−2, the inequalities of Hölder and Bernstein in
combination with (229) yield∥∥∥∫

R3

χl(ξ)χl12(ξ − η)χl3(η)
[
|ψW (t′)|2

]̂
(η)m±l,l12

(ξ, η)ψ̂W (t′)(ξ − η) dη
∥∥∥
L2
ξ(R3,C4)

. 2−l12
∥∥χl∥∥L2(R3,C)

∥∥Pl12|ψW (t′)|2
∥∥
L2(R3,C)

∥∥Pl3ψW (t′)
∥∥
L2(R3,C4)

. C3
W23l/22l12/22−l

+
3
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and therefore,∑
l�l3∼l12, 2l≤〈t′〉−2

∥∥∥∫
R3

χl(ξ)χl12(ξ − η)χl3(η)
[
|ψW (t′)|2

]̂
(η)

·m±l,l12
(ξ, η)ψ̂W (t′)(ξ − η) dη

∥∥∥
L2
ξ(R3,C4)

. C3
W

∑
2l≤〈t′〉−2

23l/2

. C3
W 〈t′〉−3.

c) In the case l� l3 ∼ l12, 2l ≥ 〈t′〉−2, we use again (235) to obtain∑
l�l3∼l12, 2l≤〈t′〉−2

∥∥∥∫
R3

χl(ξ)χl12(ξ − η)χl3(η)
[
|ψW (t′)|2

]̂
(η)

·m±l,l12
(ξ, η)ψ̂W (t′)(ξ − η) dη

∥∥∥
L2
ξ(R3,C4)

.% C
3
W

∑
2l12≤〈t′〉−1

2(2−%/4)l12

∑
〈t′〉−2≤2l≤〈t′〉−1

1 + C3
W

∑
2l12≥〈t′〉−1

2−l12〈t′〉%/2−3
∑

2l≥〈t′〉−2

2−l
+

. C3
W 〈t′〉%−2.

d) Finally, for the case l12 ∼ l� l3, estimate (235) leads to∑
l12∼l�l3

∥∥∥∫
R3

χl(ξ)χl12(ξ − η)χl3(η)
[
|ψW (t′)|2

]̂
(η)m±l,l12

(ξ, η)ψ̂W (t′)(ξ − η) dη
∥∥∥
L2
ξ(R3,C4)

. C3
W

( ∑
2l12≤〈t′〉−1

2(2−%/4)l12 +
∑

2l12≥〈t′〉−1

2−l12〈t′〉%/2−3
)∑

l3

2%l3/42−l
+
3

.% C
3
W 〈t′〉%/2−2.

For the next step, we calculate

−i∂tψ±W (t, tv)

= −i d

dt
ψ±W (t, tv) + it−1∇vψ

±
W (t, tv) · v

=
(3i

2
t−1 ∓ (1− |v|2)1/2 + ct−1

(
V ∗ |〈ξ•〉5/2W |2

)
(v) + it−1v · ∇v

)
ψ±W (t, tv) (236)

which has to coincide with ±〈D〉ψ±(t, tv) up to OH1(R3,C4)(CW t
−3/2)-error terms. For

the nonlocal operator 〈D〉, we perform a Taylor approximation on the Fourier side as
follows:

〈ξ〉 = 〈ξv〉 ± 〈ξv〉−1ξv · (ξ ∓ ξv) +R±(v, ξ)

= (1− |v|2)−1/2 ± v · (ξ ∓ (1− |v|2)−1/2v) +R±(v, ξ)

= (1− |v|2)−1/2 ± 1

2
v · ξ ± 1

2
ξ · v − (1− |v|2)−1/2|v|2 +R±(v, ξ)

= (1− |v|2)1/2 ± 1

2
v · ξ ± 1

2
ξ · v +R±(v, ξ)

=:M±(v, ξ) +R±(v, ξ),
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where the remainder is

R±(v, ξ) =
1

2
(ξ ∓ ξv)THess 〈·〉 (±ξv + ϑ±(ξ ∓ ξv))(ξ ∓ ξv) (237)

for some ϑ± ∈ [0, 1]. Note that

∂α〈·〉(η) . 〈η〉1−|α|. (238)

M±(v, ξ) corresponds to the operator M±(v,D) defined by

M±(v,D)ψ±W (t, tv) = (1− |v|2)1/2ψ±W (t, tv)∓ i

2
v · ∇xψ

±
W (t, tv)

∓ i

2
∇x ·

(
v ψ±W (t, tv)

)
ψ±W (t, tv)

=
(

(1− |v|2)1/2 ∓ i

2
t−1v · ∇v

∓ i

2
t−1(∇v · v)∓ i

2
t−1v · ∇v

)
ψ±W (t, tv)

=
(

(1− |v|2)1/2 ∓ it−1v · ∇v ∓
3

2
it−1

)
ψ±W (t, tv)

and from (236), we obtain

−i∂tψ±W (t, tv)±M±(v,D)ψ±(t, tv) = ct−1
(
V ∗ |〈ξ•〉5/2W |2

)
(v)ψ±W (t, tv).

Since (
V ∗ |〈ξ•〉5/2W |2

)
(v) =

∫
R3

|y|−1
∣∣t3/2ψW (t, v − ty)

∣∣2 dy

= t

∫
R3

|x|−1|ψW (v − x)|2 dx

= t
(
V ∗ |ψW (t)|2

)
(v),

we conclude that

−i∂tψ±W (t, tv)±M±(v,D)ψ±(t, tv) = c
(
V ∗ |ψW (t)|2

)
(v)ψ±W (t, tv). (239)

Because of (234) and (239), it remains to show thatM±(v,D) coincides with 〈D〉 up
to OH1(R3,C4)(CWRt

−3/2)-expressions. Indeed,(
〈ξ〉−M±(v, ξ)

)
ψ̂±W (t)(ξ)

= R±(v, ξ)ψ̂±W (t)(ξ)

= t−3/2

∫
Bt(0)

e−i(x·ξ±(t2−|x|2)1/2)R±(x/t, ξ)eic log(t)(V ∗|W |2)(x/t)W (x/t) dx

= t3/2
∫
B1(0)

e−it(v·ξ±(1−|v|2)1/2)R±(v, ξ)eic log(t)(V ∗|W |2)(v)W (v) dv.

For the phase
φ(v, ξ) = v · ξ ± (1− |v|2)1/2,
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note that

∇vφ(v, ξ) = ξ ∓ (1− |v|2)−1/2v

= ξ ∓ ξv.

Because of (237) and (238), two integrations by parts lead to∥∥∥〈ξ〉(〈ξ〉 −M(v, ξ)
)
ψ̂±W (t)(ξ)

∥∥∥
L2(R3,C4)

. t−1/2
∥∥∥〈ξ〉[ψ∆W (t, t·)]̂ (tξ)

∥∥∥
L2
ξ(R3,C4)

+ t−1/2 log(t)2
∥∥∥〈ξ〉[ψ|W |2W (t, t·)]̂ (tξ)

∥∥∥
L2
ξ(R3,C4)

. t−2
∥∥〈t−1Dx〉ψ∆W (t, tv)

∥∥
L2
v(R3,C4)

+ t−2 log(t)2
∥∥〈t−1Dx〉ψW (t, tv)

∥∥
L2
v(R3,C4)

. t−2 log(t)2CW ,

where we used t−1∇x = ∇v in the last step. All in all, we have shown that∥∥f±(t′)
∥∥
H1(R3,C4)

. CW (t′)−3/2

which implies

‖H±inh(f±)‖Z ≤ CCW .

Choosing CW ∈ (0, 1) such that CCW ≤ R/4 leads to

‖Hinh(f)‖Z ≤
R

2
. (240)

Let u1, u2 ∈ Z. Estimates (240) and (232) give

‖H(u1)‖Z ≤ R.

Since
H(u1)−H(u2) = HN(u1)−HN(u2),

we apply estimate (233) to obtain

‖H(u1)−H(u2)‖Z ≤
R

2
.

Therefore, H is a contraction mapping on ZR which finishes the proof of Theorem 4.1.

5 Outlook: Nonzero magnetic field

In the previous sections, we derived modified scattering and asymptotic completeness
for the Dirac–Maxwell system with zero magnetic field. The oscillating correction
factor was determined by the electric potential A0(t) = −(4π)−1

(
V ∗ |ψ(t)|2

)
whose

spatial L2-norm decays like t−1. This decay of A0(t) also played a crucial role for the
weighted energy estimates as a key ingredient in the bootstrap argument. This final
section is devoted to presenting some ideas on how to treat the magnetic potential
(A1, A2, A3). We focus on estimates for the HN -part of the XT -norm, cf. (42). We also



104 5 OUTLOOK: NONZERO MAGNETIC FIELD

point out the necessity of the t−1-decay of ‖Aj(t)‖L∞(R3,C4) in order to control the HN -
norm for solutions of Dirac–Maxwell with nonzero magnetic field and present some
attempts on how to get this desired decay of Aj. By exploiting a hidden null-structure
which appears for the Aj but not for A0, one might hope that, in contrast to A0, the
Aj do not affect the asymptotic behavior so that our modified scattering result would
also hold for Dirac–Maxwell with nonzero magnetic field.

We recall that the Dirac–Maxwell system is equivalent to

(−i∂t ± 〈D〉)ψ± = Π±(D)(A0ψ + γ0γjAjψ),

∆A0 = |ψ|2,
�A = −curl ∆−1 curl

(
(ψγjψ)j=1,2,3

)
,

∂jAj = 0,

see (17)–(20). The Duhamel equation for ψ± reads

ψ±(t) = e∓it〈D〉ψ±0 + i

∫ t

0

e∓i(t−t
′)〈D〉Π±(D)

[
A0(t′)ψ(t′) + γ0γjAj(t

′)ψ(t′)
]

dt′.

We have

A0 = ∆−1|ψ|2

= −(4π)−1(V ∗ |ψ|2).

So for our bootstrap argument, it remains to control∫ t

0

e∓i(t−t
′)〈D〉Π±(D)

[
γ0γjAj(t

′)ψ(t′)
]

dt′

in
∥∥ · ∥∥

XT
. For the HN -norm, we get

∥∥∥∫ t

0

e∓i(t−t
′)〈D〉Π±(D)

[
γ0γjAj(t

′)ψ(t′)
]

dt′
∥∥∥
HN (R3,C4)

.
∫ t

0

∥∥Aj(t′)ψ(t′)
∥∥
HN (R3,C4)

dt′

≤
∫ t

0

∥∥Ahom
j (t′)ψ(t′)

∥∥
HN (R3,C)

+
∥∥Ainh

j (t′)ψ(t′)
∥∥
HN (R3,C4)

dt′,

where the homogeneous part Ahom
j solves{

�Ahom
j = 0,

Ahom
j (0) = aj, ∂tA

hom
j (0) = ȧj,

and the inhomogeneous part Ainh
j solves{

�Ainh = −curl∆−1curl
(
ψγkψ

)
k=1,2,3

,

Ainh(0) = 0, ∂tA
inh(0) = 0.
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5.1 HN -estimate for Aj

For the homogeneous part, we have∫ t

0

∥∥Ahom
j (t′)ψ(t′)

∥∥
HN (R3,C4)

dt′ .
∫ t

0

∥∥Ahom
j (t′)

∥∥
L∞(R3,C)

∥∥ψ(t′)
∥∥
HN (R3,C4)

dt′

+

∫ t

0

∥∥Ahom
j (t′)

∥∥
HN,3(R3,C)

∥∥ψ(t′)
∥∥
L6(R3,C4)

dt′

.
∫ t

0

∥∥Ahom
j (t′)

∥∥
L∞(R3,C)

δ̃〈t′〉ε dt′

+

∫ t

0

∥∥Ahom
j (t′)

∥∥
HN,3(R3,C4)

δ̃〈t′〉−1 dt′

=: Ihom(t) + IIhom(t).

Provided initial data aj ∈ W 2,1(R3,R) and ȧj ∈ W 1,1(R3,R) such that∥∥aj∥∥W 2,1(R3,C)
+
∥∥ȧj∥∥W 1,1(R3,C)

≤ δ,

von Wahl’s estimate (cf. [96]) shows∥∥Ahom
j (t′)

∥∥
L∞(R3,C)

. δ〈t〉−1.

Hence,
Ihom(t) . δδ̃〈t〉ε.

For IIhom, the assumption∥∥〈D〉Naj∥∥Ḣ1/3(R3,C)
,
∥∥〈D〉N ȧj∥∥Ḣ−4/3(R3,C)

≤ δ

would be sufficient to obtain

IIhom(t) .
∥∥Aj(t′, x)

∥∥
L6
t′H

N,3
x ((0,t)×R3,C)

(∫ t

0

〈t′〉−6/5 dt′
)5/6

. δ,

where we used the Strichartz estimate for the wave equation (cf. e.g. [90, Thm. 3]) in
the second step.

For the inhomogeneous part, we denote∫ t

0

∥∥Ainh
j (t′)ψ(t′)

∥∥
HN (R3,C4)

dt′ .
∫ t

0

∥∥Ainh
j (t′)

∥∥
HN,4/(1−ε)(R3,C)

∥∥ψ(t′)
∥∥
L4/(1+ε)(R3,C4)

dt′

+

∫ t

0

∥∥Ainh
j (t′)

∥∥
L∞(R3,C)

∥∥ψ(t′)
∥∥
HN (R3,C4)

dt′

=: I inh(t) + II inh(t).

For I inh, an application of Strichartz’ estimate yields

I inh(t) .
∥∥Ainh

j (t′, x)
∥∥
L

4/(1+ε)

t′ H
N,4/(1−ε)
x ((0,t)×R3,C)

∥∥ψ(t′, x)
∥∥
L

4/(3−ε)
t′ L

4/(1+ε)
x ((0,t)×R3,C4)

.
∥∥curl∆−1curl

(
ψ(t′)γkψ(t′)

)
k=1,2,3

(x)
∥∥
L

4/(1+ε)

t′ H
N,4/(1−ε)
x ((0,t)×R3,C3)

·
(∫ t

0

(
δ̃〈t′〉−3/2+3(1+ε)/4

)4/(3−ε)
dt′
)(3−ε)/4
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and therefore,

I inh(t) .
(∫ t

0

(
‖ψ(t′)‖HN

x (R3,C4)‖ψ(t′)‖
L

4/(1−ε)
x (R3,C4)

)4/(3+ε)
dt′
)(3+ε)/4

· δ̃
(
〈t〉(−3+3ε)/(3−ε)+1

)(3−ε)/4

. δ̃3
(∫ t

0

(
〈t′〉ε−3/2+3(1−ε)/4)4/(3+ε)

dt′
)(3+ε)/4

〈t〉ε/2

. δ̃3
(
〈t〉(ε−3)/(3+ε)+1

)(3+ε)/4〈t〉ε/2

. δ̃3〈t〉ε.

It remains to control II inh.

5.2 Approaches how to control II inh

In the previous subsection, we were able to control the homogenous part of A for the
HN -estimate of ψ under sufficient regularity assumptions for the initial data a, ȧ. For
closing the bootstrap argument of ‖ψ(t)‖HN (R3,C4), it remains to show

‖Ainh
j (t′)‖L∞(R3,C) . δ̃2〈t′〉−1.

Then, we would get

II inh(t) . δ̃2

∫ t

0

〈t′〉−1+ε dt′

. 〈t〉ε. (241)

However, in contrast to the homogeneous part Ahom
j (t′) and to A0(t′), estimate (241)

for Ainh
j (t′) seems to be more delicate. In the following three subsections, we present

different (incomplete) approaches, how one might try to obtain estimate (241).

5.2.1 Young’s convolution inequality in Lorentz spaces

For A0(t), we established the required 〈t〉−1-decay as follows: Since

A0(t) = ∆−1|ψ(t)|2

= −(4π)−1
(
V ∗ |ψ(t)|2

)
,

the Lorentz space version of Young’s convolution inequality and interpolation lead to∥∥A0(t)
∥∥
L∞(R3,C)

.
∥∥V ∥∥

L3,∞(R3,C)

∥∥|ψ(t)|2
∥∥
L3/2,1(R3,C)

.
∥∥ψ(t)

∥∥
L2(R3,C4)

∥∥ψ(t)
∥∥
L6(R3,C4)

. δ̃2〈t〉−1.

Let us try to transfer this approach to Ainh
j . We have

Ainh(t) = �−1
(
curl∆−1curl

(
ψ(t)γkψ(t)

)
k=1,2,3

)
=

∫ t

0

|D|−1 sin
(
(t− t′)|D|

)
curl∆−1curl

(
ψ(t′)γkψ(t′)

)
k=1,2,3

dt′.
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For the ”simplified expression”

Ainh
simp(t) :=

∫ t

t/4

|D|−1
(
ψ(t)γkψ(t)

)
k=1,2,3

dt′,

we would indeed obtain∥∥Ainh
simp(t)

∥∥
L∞(R3,C3)

.
∫ t

t/4

∥∥| · |−2 ∗ |ψ(t′)|2
∥∥
L∞(R3,C)

dt′

.
∫ t

t/4

∥∥| · |−2
∥∥
L3/2,∞(R3,C)

∥∥|ψ(t′)|2
∥∥
L3,1(R3,C)

dt′

.
∫ t

t/4

∥∥ψ(t′)
∥∥
L4(R3,C4)

∥∥ψ(t′)
∥∥
L12(R3,C4)

dt′

. δ̃2

∫ t

t/4

〈t′〉−3/4−5/4 dt′

. δ̃2〈t〉−1. (242)

In fact, it suffices to consider
∫ t
t/4

instead of
∫ t

0
since

|Ainh(t, x)| . 〈t〉−2+ for x /∈ [t/2, 2t].

Furthermore, the operator curl∆−1curl can essentially be treated like a Fourier mul-
tiplier of size 1. However, the argument for (242) does no longer hold true when the
sin
(
(t− t′)|D|

)
-multiplier is included. More precisely, let

m(t− t′, D) := χ.1(D) sin
(
(t− t′)|D|

)
, (243)

where χ.1 is a smooth [0, 1]-valued function supported in a ball BR(0) of radius R . 1
with χ = 1 on BR/2(0). Then,∥∥χ.1A

inh(t)
∥∥
L∞(R3,C3)

.
∫ t

t/4

∥∥m(t− t′, D)curl∆−1curl|D|−1
(
ψ(t′)γkψ(t′)

)
k=1,2,3

∥∥
L∞(R3,C3)

dt′

.
∫ t

t/4

∥∥m(t− t′, ·)̌
∥∥
L1(R3,C)

∥∥|D|−1
(
ψ(t′)γkψ(t′)

)
k=1,2,3

∥∥
L∞(R3,C3)

dt′

.
∫ t

t/4

∥∥m(t− t′, ·)̌
∥∥
L1(R3,C)

δ̃2〈t′〉−2 dt′,

where the last step can be seen by the same arguments as in the integrals of (242).
For the multiplier, we have∥∥m(t− t′, ·)̌

∥∥
L1(R3,C)

= (2π)−3

∫
R3

∣∣∣ ∫
R3

eix·ξχ.1(ξ) sin
(
(t− t′)|ξ|

)
dξ
∣∣∣ dx.

Obviously,∫
|x|≤1

∣∣∣ ∫
R3

eix·ξχ.1(ξ) sin
(
(t− t′)|ξ|

)
dξ
∣∣∣ dx ≤ ∫

|x|≤1

∫
R3

∣∣χ.1(ξ)
∣∣ dξ dx

. 1.
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On the other hand,∫
|x|≥1

∣∣∣ ∫
R3

eix·ξχ.1(ξ) sin
(
(t− t′)|ξ|

)
dξ
∣∣∣ dx

=

∫
|x|≥1

∣∣∣ ∫ ∞
0

∫
S2

eirx·ωχ.1(r) sin
(
(t− t′)r

)
dσ(ω) r2 dr

∣∣∣ dx
.
∫
|x|≥1

∣∣∣ ∫ C

0

∫
S2

eirx·ω dσ(ω) sin
(
(t− t′)r

)
r2 dr

∣∣∣ dx
.
∫
|x|≥1

∣∣∣ ∫ C

0

∫ 1

−1

eirs|x| ds sin
(
(t− t′)r

)
r2 dr

∣∣∣ dx
.
∫
|x|≥1

∣∣∣ ∫ C

0

r−1|x|−1
(
eir|x| − e−ir|x|

)
sin
(
(t− t′)r

)
r2 dr

∣∣∣ dx
.

∑
±1,±2∈{+,−}

∫
|x|≥1

∣∣∣ ∫ C

0

|x|−1e±1ir(|x|±2(t−t′)) r dr
∣∣∣ dx.

The last expression remains bounded when we are able to improve the |x|−1-decay to
a |x|−3−-decay which is fulfilled for

|x| 6≈ (t− t′)

but not for
|x| ≈ (t− t′).

We also note that it might suffice to control χ.1(D)Ainh since χ�1A
inh could be con-

trolled by Klainerman–Sobolev estimate, cf. Subsection 5.2.3.

5.2.2 Strichartz estimate

As discussed in the previous section, it suffices to consider
∫ t
t/4

instead of
∫ t

0
. The

approach ∫ t

t/4

∥∥Ainh
j (t′)

∥∥
L∞(R3,C)

∥∥ψ(t′)
∥∥
HN (R3,C4)

dt′

.
∥∥Aj(t′, x)

∥∥
L2
t′L
∞
x ((t/4,t)×R3,C)

∥∥ψ(t′, x)
∥∥
L2
t′H

N ((t/4,t)×R3,C4)

.
∥∥(ψ(t′)γkψ(t′)

)
k=1,2,3

∥∥
L1
t′L

2
x((t/4,t)×R3,C3)

(∫ t

t/4

(
δ̃〈t′〉ε

)2
)1/2

dt′

.
∫ t

t/4

∥∥ψ(t′)
∥∥
L2(R3,C4)

∥∥ψ(t′)
∥∥
L∞(R3,C4)

dt′ δ̃〈t〉ε+1/2

. δ̃3〈t〉ε+1/2

∫ t

t/4

〈t′〉−3/2 dt′

. δ̃3〈t〉ε

fails since we used the endpoint Strichartz estimate in L2
tL
∞
x in the second step which

is not valid in three space dimensions (cf. e.g. Klainerman and Machedon [61]). This
endpoint Strichartz estimate can be recovered by working with additional angular
weights (cf. e.g. Sterbenz–Rodnianski [93] and Fang–Wang [38])

Ωij = xj∂i − xi∂j, 1 ≤ i < j ≤ 3
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and using ∥∥Ωijψ(t)
∥∥
L2(R3,C4)

=
∥∥Ωijw(t)

∥∥
L2(R3,C4)

.
∥∥xw(t)

∥∥
H1(R3,C4)

. δ̃〈t〉ε,

see also Section 5.2.3 for a deeper discussion of Ωij. However, this additional factor 〈t〉ε
already destroys our bootstrap argument.

As done in the estimate for I inh, we could try to use a perturbed L4
tL

4
x-Strichartz

estimate. But while we have the estimates∥∥ψ(t)
∥∥
W 2,p(R3,C4)

. δ̃〈t〉−3/2+3/p, p ∈ [2,∞],∥∥ψ(t)
∥∥
HN (R3,C4)

. δ̃〈t〉ε,

there is no estimate of the form∥∥ψ(t)
∥∥
HN,p(R3,C4)

. δ̃〈t〉ε−3/2+3/p (244)

when p ∈ (2,∞] and N > 2. If estimate (244) was applicable, we would obtain

II inh(t)

.
∫ t

0

∥∥Ainh(t′)
∥∥
L4/(1+ε)(R3,C3)

∥∥ψ(t′)
∥∥
HN,4/(1−ε)(R3,C4)

dt′

.
∥∥Ainh(t′, x)

∥∥
L

4/(1−ε)
t′ L

4/(1+ε)
x ((0,t)×R3,C3)

∥∥ψ(t′, x)
∥∥
L

4/(3+ε)

t′ H
N,4/(1−ε)
x ((0,t)×R3,C4)

.
∥∥(ψ(t′)γkψ(t′)

)
k=1,2,3

∥∥
L

4/(3−ε)
t′ L

4/(3+ε)
x ((0,t)×R3,C3)

·
(∫ t

0

(
δ̃〈t′〉ε−3/2+3(1−ε)/4)4/(3+ε)

dt′
)(3+ε)/4

.
(∫ t

0

(
‖ψ(t)‖L2(R3,C4)‖ψ(t)‖L4/(3+ε)(R3,C4)

)4/(3−ε)
dt′
)(3−ε)/4

δ̃
(
〈t〉(ε−3)/(3+ε)+1

)(3+ε)/4

. δ̃3
(∫ t

0

〈t′〉−3/(3−ε) dt′
)(3−ε)/4

〈t〉ε/2

. δ̃3〈t〉ε,

where we require estimate (244) with p = 4/(1− ε) in the third step.

5.2.3 Klainerman–Sobolev inequality

The Klainerman–Sobolev inequality (cf. e.g. Klainerman [60] and Selberg [88]) for
u ∈ S([0,∞)× R3) reads

|u(t, x)| .
(
1 + t+ |x|

)−1
∑

α∈N11
0 : |α|≤2

∥∥Γαu(t)
∥∥
L2(R3)

,

where

Γ =
(
Γ1, . . . ,Γ11

)
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is an enumeration of the vector fields

∂t, ∂1, ∂2, ∂3,

Ωij = xj∂i − xi∂j, 1 ≤ i < j ≤ 3,

Ω0j = t∂j + xj∂t, j = 1, 2, 3,

L0 = t∂t +
3∑
i=1

xi∂i

and
Γα = Γα1

1 · · ·Γα11
11 , α = (α1, . . . , α11) ∈ N11

0 .

We can avoid the presence of L0 which does not behave well with the Dirac propaga-
tor e∓it〈D〉 by allowing possible future times on the right-hand side (cf. again Klainer-
man [60]). More precisely,

|u(t, x)|

. 〈t〉−1 sup
t′∈[0,2(t2−|x|2)1/2]

( ∑
α∈N11

0 : |α|≤2

∥∥Ωαu(t′)
∥∥2

L2(R3)
+
∥∥Ωα∇u(t′)

∥∥2

L2(R3)

)1/2

(245)

for any u ∈ S([0,∞)× R3), where

Ω =
(
Ω1, . . . ,Ω6

)
=
(
Ω01,Ω02,Ω03,Ω12,Ω13,Ω23

)
and

Ωα = Ωα1
1 . . .Ωα6

6 , α ∈ N6
0.

We establish the a priori assumption∥∥Ainh(t)
∥∥
W 2,∞(R3,C3)

. δ̃〈t〉−1 (246)

which we want to improve to∥∥Ainh(t)
∥∥
W 2,∞(R3,C3)

. δ̃2〈t〉−1. (247)

For any 1 ≤ i < j ≤ 3, we have

ΩijA
inh(t, x) =

∫ t

0

xj
[
|D|−1 sin

(
(t− t′)|D|

)
∂iN(ψ(t′))

]
(x) dt′

−
∫ t

0

xi
[
|D|−1 sin

(
(t− t′)|D|

)
∂jN(ψ(t′))

]
(x) dt′,

where
N(ψ) = −curl∆−1curl

(
ψγkψ

)
k=1,2,3

.

Since

xj
[
|D|−1 sin

(
(t− t′)|D|

)
∂iN(ψ(t′))

]
= −|D|−3∂j sin

(
(t− t′)|D|

)
∂iN(ψ(t′))

+ |D|−1 cos
(
(t− t′)|D|

)
(t− t′)|D|∂j∂iN(ψ(t′))

+ |D|−1 sin
(
(t− t′)|D|

)
xj∂iN(ψ(t′))
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and analogously for xi
[
|D|−1 sin

(
(t− t′)|D|

)
∂jN(ψ(t′))

]
, we obtain

ΩijA
inh(t, x) =

∫ t

0

|D|−1 sin
(
(t− t′)|D|

)[
ΩijN(ψ(t′))

]
(x) dt′.

For j = 1, 2, 3, note that

Ω0jA
inh(t, x) =

∫ t

0

|D|−1 sin
(
(t− t′)|D|

)
t∂jN(ψ(t′))

]
(x) dt′

+ xj

∫ t

0

cos
(
(t− t′)|D|

)
N(ψ(t′))(x) dt′

and

xj
[

cos
(
(t− t′)|D|

)
N(ψ(t′))

]
= − sin

(
(t− t′)|D|

)
(t− t′)|D|−1∂jN(ψ(t′))

+ cos
(
(t− t′)|D|

)
xjN(ψ(t′)).

Integration by parts leads to∫ t

0

cos
(
(t− t′)|D|

)
xjN(ψ(t′))(x) dt′ =

∫ t

0

|D|−1 sin
(
(t− t′)|D|

)
xj∂t′N(ψ(t′))(x) dt′

+ |D|−1 sin
(
t|D|

)
xjN(ψ0).

Hence,

Ω0jA
inh(t, x) =

∫ t

0

|D|−1 sin
(
(t− t′)|D|

)
Ω0jN(ψ(t′))(x) dt′

+ |D|−1 sin
(
t|D|

)
xjN(ψ0).

The vector fields Ωkj, 1 ≤ k < j ≤ 3 commute with e∓it〈D〉. Indeed,

Ωkjψ
±(t) = (xj∂k − xk∂j)

(
e∓it〈D〉w±(t)

)
= ∓it〈D〉−1∂j∂ke

∓it〈D〉w±(t) + e∓it〈D〉xj∂kw
±(t)

± it〈D〉−1∂k∂je
∓it〈D〉w±(t)− e∓it〈D〉xk∂jw±(t)

= e∓it〈D〉Ωkjw
±(t) (248)

and analogously

Ωk′j′Ωkjψ
±(t) = e∓it〈D〉Ωk′j′Ωkjw

±(t). (249)

For the vector fields Ω0j, j = 1, 2, 3, we have

Ω0jψ
±(t) = (t∂j + xj∂t)

(
e∓it〈D〉w±(t)

)
= e∓it〈D〉t∂jw

±(t) + xj
(
∓ i〈D〉e∓it〈D〉w±(t)

)
+ xj

(
e∓it〈D〉∂tw

±(t)
)

= e∓it〈D〉
(
∓ i〈D〉−1∂j ∓ i〈D〉xj ∓ i〈D〉−1∂jt∂t + xj∂t

)
w±(t)

= e∓it〈D〉
(
∓ i〈D〉−1∂j ∓ i〈D〉xj + L∓j ∂t

)
w±(t) (250)

and

Ω0j′Ω0jψ
±(t) = e∓it〈D〉

(
∓ i〈D〉−1∂j′ ∓ i〈D〉xj′ +

(
L∓j′
)
∂t
)(

∓ i〈D〉−1∂j ∓ i〈D〉xj + L∓j ∂t
)
w±(t). (251)
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For interactions of Ωkj and Ω0j′ , note that[
Ωαβ,Ωγδ

]
= gαγΩβδ + gβδΩαγ − gβγΩαδ − gβδΩβγ (252)

and

Ω0j′Ωkjψ
±(t) = e∓it〈D〉

(
∓ i〈D〉−1∂j′ ∓ i〈D〉xj′ + L∓j′∂t

)
Ωkjw

±(t). (253)

We now consider the contributions∥∥Ωα
(
ψ(t′)γkψ(t′)

)∥∥
L2(R3,C)

, k = 1, 2, 3, α ∈ N6
0, |α| ≤ 2.

For |α| = 0, we obtain immediately∥∥ψ(t′)γkψ(t′)
∥∥
L2(R3,C)

≤
∥∥ψ(t′)

∥∥
L2(R3,C4)

∥∥ψ(t′)
∥∥
L∞(R3,C4)

≤ δ̃2〈t′〉−3/2. (254)

Let |α| = 1. Leibniz’ rule yields

Ωij(ψγ
kψ) =

(
Ωijψ

)
γkψ − ψγk

(
Ωijψ

)
, 1 ≤ i < j ≤ 3,

Ω0j(ψγ
kψ) =

(
Ωijψ

)
γkψ + ψγk

(
Ωijψ

)
, 1 ≤ j ≤ 3.

Therefore, ∥∥Ωij

(
ψ(t′)γkψ(t′)

)∥∥
L2(R3,C)

.
∥∥Ωijw(t′)

∥∥
L2(R3,C4)

∥∥ψ(t′)
∥∥
L∞(R3,C4)

.
∥∥xw(t′)

∥∥
Ḣ1(R3,C4)

∥∥ψ(t′)
∥∥
L∞(R3,C4)

. δ̃2〈t′〉ε−3/2

and∥∥Ω0j

(
ψ(t′)γkψ(t′)

)∥∥
L2(R3,C)

.
(∥∥w(t′)

∥∥
L2(R3,C4)

+
∥∥xjw(t′)

∥∥
H1(R3,C4)

+
∑

±0∈{+,−}

∥∥L∓0
j ∂t′w

±0(t′)
∥∥
L2(R3,C4)

)∥∥ψ(t′)
∥∥
L∞(R3,C4)

.
(
δ̃〈t′〉ε +

∑
±0∈{+,−}

∥∥L∓0
j ∂t′w

±0(t′)
∥∥
L2(R3,C4)

)
δ̃〈t′〉−3/2.

Since

∂tw
±0(t) = e±0it〈D〉Π±0(D)

[
γ0γµAµ(t)ψ(t)

]
, (255)

we have

L∓0
j ∂tw

±0(t) = e±0it〈D〉xj

(
Π±0(D)

[
γ0γµAµ(t)ψ(t)

])
and∥∥L∓0

j ∂t′w
±0(t′)

∥∥
L2(R3,C4)

.
∥∥γ0γµAµ(t′)ψ(t′)

∥∥
L2(R3,C4)

+
∥∥γ0γµxj

(
Aµ(t′)ψ(t′)

)∥∥
L2(R3,C4)

. 〈t′〉
∥∥γ0γµAµ(t′)ψ(t′)

∥∥
L2(R3,C4)

. 〈t′〉
(∥∥A0(t′)

∥∥
L∞(R3,C)

+
∥∥γjAj(t′)∥∥L∞(R3,C3)

)∥∥ψ(t′)
∥∥
L2(R3,C4)

. δ̃〈t′〉
(
δ̃2〈t′〉−1 +

∥∥Ainh(t′)
∥∥
L∞(R3,C3)

)
.
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Hence, ∥∥Ω0j

(
ψ(t′)γkψ(t′)

)∥∥
L2(R3,C)

. δ̃2〈t′〉ε−3/2 + δ̃〈t′〉−1/2
∥∥Ainh(t′)

∥∥
L∞(R3,C3)

. δ̃2〈t′〉ε−3/2,

where we used a priori assumption (246) in the second step. Therefore,∑
α∈N6

0 : |α|=1

∥∥Ωα
(
ψ(t′)γkψ(t′)

)∥∥
L2(R3,C)

. δ̃2〈t′〉ε−3/2. (256)

Finally, consider |α| = 2. Similarly to (256), we would like to obtain∑
α∈N6

0 : |α|=2

∥∥Ωα
(
ψ(t′)γkψ(t′)

)∥∥
L2(R3,C)

. δ̃2〈t′〉2ε−3/2. (257)

Then, we would be able to conclude∑
α∈N6

0 : |α|≤2

∥∥χ�1(D)ΩαAinh(t)
∥∥
L2(R3,C3)

.
∫ t

0

∥∥χ�1(D)|D|−1 sin
(
(t− t′)|D|

)
ΩαN(ψ(t′))

∥∥
L2(R3,C3)

dt′

.
∫ t

0

δ̃2〈t′〉2ε−3/2 dt′

. δ̃2, (258)

where χ�1 = 1− χ.1 and χ.1 comes from (243). However, the contributions in (251)
and (253) turn out to be more delicate and we will only present a sketch of proof how
one might try to handle these terms. We need the restriction on large frequencies
for two reasons. On the one hand, the contribution |D|−1 would lead to problems for
small frequencies. On the other hand, we want to use in (262) that 〈D〉 behaves like
|D| for large frequencies. From (249), we get∥∥ΩkjΩk′j′ψ

±(t′)
∥∥
L2(R3,C4)

=
∥∥ΩkjΩk′j′w

±(t′)
∥∥
L2(R3,C4)

.
∥∥〈x〉2w±(t′)

∥∥
H2(R3,C4)

≤ δ̃〈t′〉2ε. (259)

By (253), we have∥∥Ω0jΩ0j′ψ
±(t′)

∥∥
L2(R3,C4)

.
∥∥〈x〉2w±(t′)

∥∥
H2(R3,C4)

+
∥∥〈x〉L∓j ∂tw±(t′)

∥∥
H1(R3,C4)

+
∥∥L∓j′∂tL∓j ∂tw±(t′)

∥∥
L2(R3,C4)

. (260)

The first term in (260) is obviously bounded by∥∥〈x〉2w±(t′)
∥∥
H2(R3,C4)

. δ̃〈t′〉2ε.

For the second term in (260), note that

L∓j
[
γ0γµAµ(t′)ψ(t′)

]
= γ0γµAµ(t′)L∓j ψ(t′)∓ it′γ0γµ∂jAµ(t′) 〈D〉−1ψ(t′)
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and
L∓j′xj = xjL

∓
j′ ∓ it

′〈D〉−4∂j′∂j.

Hence,∥∥xL∓j ∂tw±(t′)
∥∥
H1(R3,C4)

=
∥∥L∓j x(Π±0(D)[γ0γµAµ(t′)ψ(t′)]

)∥∥
H1(R3,C4)

.
∥∥xγ0γµAµ(t′)L∓j ψ(t′)

∥∥
H1(R3,C4)

+
∥∥t′γ0γµ∂jAµ(t′)〈D〉−1ψ(t′)]

)∥∥
H1(R3,C4)

+ 〈t′〉
∥∥γ0γµAµ(t′)ψ(t′)

∥∥
H1(R3,C4)

. 〈t′〉
(∥∥A0(t′)

∥∥
W 1,∞(R3,C)

+
∥∥γ0γjAj(t

′)
∥∥
W 1,∞(R3,C4)

)∥∥xw(t′)
∥∥
H1(R3,C4)

+ 〈t′〉
(∥∥A0(t′)

∥∥
W 2,6/(2−ε)(R3,C)

+
∥∥γ0γjAj(t

′)
∥∥
W 2,6/(2−ε)(R3,C4)

)∥∥ψ(t′)
∥∥
L6/(1+ε)(R3,C4)

+ 〈t′〉
(∥∥A0(t′)

∥∥
W 1,∞(R3,C)

+
∥∥γ0γjAj(t

′)
∥∥
W 1,∞(R3,C4)

)∥∥ψ(t′)
∥∥
H1(R3,C4)

.

As before, ∥∥A0(t′)
∥∥
W 1,∞(R3,C)

.
∥∥ψ(t′)

∥∥
H1(R3,C4)

∥∥ψ(t′)
∥∥
L6(R3,C4)

. δ̃2〈t′〉−1

and ∥∥A0(t′)
∥∥
W 2,6/(2−ε)(R3,C)

.
∥∥V ∥∥

L3,1(R3,R)

∥∥|ψ(t′)|2
∥∥
W 2,6/(6−ε),∞(R3,C)

.
∥∥ψ(t′)

∥∥
H2(R3,C4)

∥∥ψ(t′)
∥∥
L6/(3−ε)(R3,C4)

. δ̃2〈t′〉−ε/2.

Since we also know that ∥∥xw(t′)
∥∥
H1(R3,C4)

. δ̃〈t′〉ε,∥∥ψ(t′)
∥∥
L6/(1+ε)(R3,C4)

. δ̃〈t′〉−1+ε/2,∥∥ψ(t′)
∥∥
H1(R3,C4)

. δ̃,

we end up with∥∥xL∓j ∂tw±(t′)
∥∥
H1(R3,C4)

. δ̃2〈t′〉ε + δ̃〈t′〉1+ε
∥∥Ainh(t′)

∥∥
W 1,∞(R3,C3)

+ δ̃〈t′〉ε/2
∥∥Ainh(t′)

∥∥
W 2,6/(2−ε)(R3,C3)

. δ̃2〈t′〉ε + δ̃〈t′〉ε/2
∥∥Ainh(t′)

∥∥
W 2,6/(2−ε)(R3,C3)

(261)

using a priori assumption (246) in the second step. The second term in (261) will be
controlled by applying Strichartz’ estimate. For the last term in (260), note that

∂tL
∓
j = L∓j ∂t ∓ 〈D〉−1∂j

and

∂2
t w
±(t) = e±it〈D〉Π±(D)γ0γµ

(
± i〈D〉

[
Aµ(t)ψ(t)

]
+ γµAµ(t)∂tψ(t) + γµ∂tAµ(t)ψ(t)

)
.
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Provided sufficiently large frequencies, one might try to replace 〈D〉 with |D| (up to
acceptable error terms). Then, we could use

Ainh(t) h
1

2i

∫ t

0

|D|−1ei(t−t
′)|D|N(ψ)(t′) dt′ − 1

2i

∫ t

0

|D|−1e−i(t−t
′)|D|N(ψ)(t′) dt′

=:
1

2i
Ainh,+(t)− 1

2i
Ainh,−(t),

where Ainh,± solves the half-wave equation

−i∂tAinh,± ± |D|Ainh,± = −i|D|−1N(ψ),

and therefore,

‖L∓j′∂tL
∓
j ∂tw

±(t′)‖L2(R3,C4)

.
∥∥L∓j′L∓j (−i∂t ± 〈D〉)A0(t′)ψ(t′)

∥∥
L2(R3,C4)

+
∥∥L∓j′L∓j γ0γj(−i∂t ± |D|)Aj(t′)ψ(t′)

∥∥
L2(R3,C4)

+
∥∥L∓j′L∓j γ0γµAµ(t′)(−i∂t ± 〈D〉)ψ±(t′)

∥∥
L2(R3,C4)

+
∥∥γ0γµAµ(t′)ψ(t′)

∥∥
L2(R3,C4)

. 〈t′〉2
∥∥V ∗ [(γ0γµAµ(t′)ψ(t′)

)
ψ(t′)

]
ψ(t′)

∥∥
L2(R3,C4)

+ 〈t′〉2
∥∥γ0γj|D|−1N(ψ)(t′)ψ(t′)

∥∥
L2(R3,C4)

+ 〈t′〉2
∥∥γ0γµAµ(t′) γ0γµAµ(t′)ψ±(t′)

∥∥
L2(R3,C4)

+ δ̃
(
δ̃2〈t′〉−1 +

∥∥γjAj(t′)∥∥L∞(R3,C4)

)
. δ̃〈t′〉2

∥∥γ0γµAµ(t′)ψ(t′)
∥∥
L2(R3,C4)

∥∥ψ(t′)
∥∥
L6(R3,C4)

+ δ̃〈t′〉2
∥∥|D|−1N(ψ)(t′)

∥∥
L∞(R3,C3)

+ δ̃〈t′〉2
∥∥γ0γµAµ(t′)

∥∥2

L∞(R3,C4)

+ δ̃
(
δ̃2〈t′〉−1 +

∥∥γjAj(t′)∥∥L∞(R3,C4)

)
. δ̃〈t′〉2

∥∥γjAj(t′)∥∥2

L∞(R3,C4)
+ δ̃〈t′〉

∥∥γjAj(t′)∥∥L∞(R3,C4)
+ δ̃3, (262)

where the last step follows from∥∥A0(t′)
∥∥
L∞(R3,C)

. δ̃2〈t′〉−1

and ∥∥|D|−1N(ψ)(t′)
∥∥
L∞(R3,C3)

.
∥∥| · |−2

∥∥
L3/2,∞(R3,C)

∥∥N(ψ)(t′)
∥∥
L3,1(R3,C3)

.
∥∥ψ(t′)

∥∥
L4(R3,C4)

∥∥ψ(t′)
∥∥
L12(R3,C4)

. δ̃2〈t′〉−2.

Applying a priori assumption (246) in (262) leads to

‖L∓j′∂tL
∓
j ∂tw

±(t′)‖L2(R3,C4) . δ̃2.
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For the contributions Ω0j′Ωkj, we first note that∥∥(〈D〉−1∂j + 〈D〉xj
)
Ωkjw

±(t′)
∥∥
L2(R3,C4)

.
∥∥〈x〉2w±(t′)

∥∥
H2(R3,C4)

. δ̃〈t′〉ε.

Because of (253), it remains to consider ‖L∓j ∂tΩkjw
±(t′)‖L2(R3,C4). We have∥∥L∓j ∂tΩkjw

±(t′)
∥∥
L2(R3,C4)

=
∥∥L∓j Ωkj∂tw

±(t′)
∥∥
L2(R3,C4)

=
∥∥L∓j e±it〈D〉ΩkjΠ

±(D)γ0γµAµ(t′)ψ(t′)
∥∥
L2(R3,C4)

.
∥∥γ0γµxjΩkjAµ(t′)ψ(t′)

∥∥
L2(R3,C4)

+
∥∥γ0γµxjAµ(t′) Ωkjψ(t′)

∥∥
L2(R3,C4)

. 〈t′〉
∥∥|D|−3∂k∂j|ψ(t′)|2 ψ(t′)

∥∥
L2(R3,C4)

+ 〈t′〉
∥∥V ∗ (ψ(t′)Ωkjψ(t′))ψ(t′)

∥∥
L2(R3,C4)

+ 〈t′〉
∥∥γ0γjΩkjAj(t

′)ψ(t′)
∥∥
L2(R3,C4)

+ 〈t′〉
∥∥γ0γµAµ(t′)

∥∥
L∞(R3,C4)

∥∥Ωkjψ(t′)
∥∥
L2(R3,C4)

.

Since ∥∥Ωkjψ(t′)
∥∥
L2(R3,C4)

=
∥∥Ωkjw(t′)

∥∥
L2(R3,C4)

.
∥∥xw(t′)

∥∥
H1(R3,C4)

. δ̃〈t′〉ε

and ∥∥|D|−3∂k∂j|ψ(t′)|2
∥∥
L∞(R3,C)

.
∥∥|D|−1|ψ(t′)|2

∥∥
L∞(R3,C)

.
∥∥ψ(t′)

∥∥
L4(R3,C4)

‖ψ(t′)‖L12(R3,C4)

. δ̃2〈t′〉−2

as well as ∥∥V ∗ (ψ(t′)Ωkjψ(t′))
∥∥
L∞(R3,C)

.
∥∥ψ(t′)

∥∥
L6(R3,C4)

‖Ωkjψ(t′)‖L2(R3,C4)

. δ̃2〈t′〉ε−1,

we obtain∥∥L∓j ∂tΩkjw
±(t′)

∥∥
L2(R3,C4)

. δ̃2〈t′〉ε + δ̃〈t′〉−1/2
∥∥ΩkjA

inh(t′)
∥∥
L2(R3,C3)

+ δ̃〈t′〉
∥∥Ainh(t′)

∥∥
L∞(R3,C3)

.

A priori assumption (246) and estimate (256) for the case |α| = 1 imply∥∥L∓j ∂tΩkjw
±(t′)

∥∥
L2(R3,C4)

. δ̃2〈t′〉ε.
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We can skip the contributions ΩkjΩ0j′ because they coincide with Ω0j′Ωkj up to the
correction terms of (252) which have already been treated in the case |α| = 1. So, we
can conclude that∑

α∈N6
0 : |α|=2

∥∥Ωα
(
ψ(t′)γkψ(t′)

)∥∥
L2(R3,C)

.
(
δ̃〈t′〉2ε + δ̃〈t′〉ε/2

∥∥Ainh(t′)
∥∥
W 1,6/(2−ε)(R3,C3)

)∥∥ψ(t′)
∥∥
L∞(R3,C4)

. δ̃2〈t′〉2ε−3/2 + δ̃2〈t′〉−(3−ε)/2∥∥Ainh(t′)
∥∥
W 2,6/(2−ε)(R3,C3)

. (263)

For the first term of (263), we can follow estimate (258). For the second term in (263),
note that∫ t

t/4

δ̃2〈t′〉−(3−ε)/2∥∥Ainh(t′)
∥∥
W 2,6/(2−ε)(R3,C3)

dt′

. δ̃2
(∫ t

t/4

〈t′〉−3(3−ε)/(5−ε) dt′
)(5−ε)/6∥∥Ainh(t′, x)

∥∥
L

6/(1+ε)

t′ (t/4,t)W
2,6/(2−ε)
x (R3,C3)

. δ̃2〈t〉(−2+ε)/3‖N(ψ)(t′, x)‖
L

6/(4+ε)

t′ (t/4,t)W
2,6/(5−ε)
x (R3,C3)

. δ̃2〈t〉(−2+ε)/3
∥∥ψ(t′, x)

∥∥
L∞
t′ (t/4,t)H2

x(R3,C4)

∥∥ψ(t′, x)
∥∥
L

6/(4+ε)

t′ (t/4,t)L
6/(2−ε)
x (R3,C4)

. δ̃3〈t〉(−2+ε)/3
(∫ t

t/4

(
〈t′〉−1/2−ε/2)6/(4+ε)

dt′
)(4+ε)/6

. δ̃3〈t〉(−2+ε)/3〈t〉(1−2ε)/6

= δ̃3〈t〉−1/2. (264)

From estimates (254), (256), (263), (264) and (245), we would be able to conclude∥∥χ�1A
inh(t)

∥∥
L∞(R3,C4)

. δ̃2〈t〉−1

and similarly for |D|Ainh and |D|2Ainh (in fact derivatives on Ainh(t) even cancel the
problematic |D|−1-contribution, which was one reason to restrict on large frequencies).
Therefore, ∥∥χ�1A

inh(t)
∥∥
W 2,∞(R3,C3)

. δ̃2〈t〉−1.

Remark. We should point out that the calculations in the case |α| = 2 have not
been completely rigorous, especially in (262) concerning the error terms arising from
replacing 〈D〉 with |D| for large frequencies. However, even if we were able to restrict
on |α| ≤ 1, the operator |D|−1 would lead to problems for small frequencies. On the
other hand, we also recall that small frequencies might be controlled by our approach
in Subsection 5.2.1.

5.3 Conclusion

The three approaches in Section 5.2 are not yet sufficient to get the desired HN -
estimate for II inh. We should also emphasize that the other parts of the XT -norm
still need to be controlled for the Aj, as well. After having shown the 〈t〉−1-decay for
Aj(t), a similar proof as done in Section 2 for A0 might produce the corresponding
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estimates for the Aj. After closing the bootstrap argument for Aj, we would be able
to conclude global well-posedness. It also remains open whether the Aj do not affect
the oscillating correction term in contrast to A0. One might try to exploit the hidden
null-structure in

ψγjψ

which is not present in the |ψ|2-contribution of A0, see e.g. D’Ancona–Foschi–Sel-
berg [25, Section 4] for details.
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[53] L. Hörmander. Lectures on nonlinear hyperbolic differential equations. Springer,
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