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Abstract: We study the problem of optimally managing an inventory with unknown demand trend. Our
formulation leads to a stochastic control problem under partial observation, in which a Brownian motion
with non-observable drift can be singularly controlled in both an upward and downward direction. We
first derive the equivalent separated problem under full information, with state-space components given
by the Brownian motion and the filtering estimate of its unknown drift, and we then completely solve
this latter problem. Our approach uses the transition amongst three different but equivalent problem
formulations, links between two-dimensional bounded-variation stochastic control problems and games
of optimal stopping, and probabilistic methods in combination with refined viscosity theory arguments.
‘We show substantial regularity of (a transformed version of) the value function, we construct an optimal
control rule, and we show that the free boundaries delineating (transformed) action and inaction regions
are bounded globally Lipschitz continuous functions. To our knowledge this is the first time that such
a problem has been solved in the literature.

MSC2020 subject classifications: Primary 93E20, 93E11, 91A55, 49J40, 90B05.
Keywords and phrases: bounded-variation stochastic control, partial observation, inventory manage-
ment, Dynkin games, free boundaries.

1. Introduction

In real-world situations, decision makers are usually faced with the uncertainty of noise or volatility in the
dynamics of an underlying stochastic process. However, in many occasions they are also faced with uncertainty
in their estimation of the drift of this monitored stochastic process. In other words, decision makers might not
know the exact growth characteristics of the future value of the underlying process. They may find themselves
observing the evolution of its value, but cannot perfectly distinguish whether the cause of its variations is
due to the drift or the stochastic driver of the process. Through their observations, they can update their
beliefs about the drift, however due to the aforementioned inability of distinguishing the cause of variations,
the information acquired by observations is inevitably noisy. Such an uncertainty about the drift therefore
adds a structural risk component to decision making, in addition to the noise from the stochastic driver of
the underlying process. Such scenaria have already received attention in the mathematical economic/financial
literature, such as [13] for investment timing, [8] for asset trading, [18] for optimal liquidation, [16] for contract
theory, and [12] and [14] for dividend payments.

In this paper, we consider the optimal management of inventory when the demand is stochastic and par-
tially observed. There exists an enormous literature on optimal inventory management (see, e.g. [40] for an
overview and the significance of inventory control in operations and profitability of companies). The optimal
singular /impulsive control literature of stochastic inventory systems has so far assumed that the dynamics of
the inventory is fully known to decision makers, see e.g. [1], [6], [7], [22], [23], [24] [37], [38] [39], amongst many
others. Some of the most celebrated results are the optimality of (constant) threshold strategies determining
(a) base-stock policies — maintaining inventory above a fixed shortage level — and (b) restrictions on the size
of inventory, in order to manage storage-related costs. In this paper, we generalise the existing literature on
the singular control of inventories by assuming that the demand rate or the mean of the random demand for
the product is unknown to decision makers. This can be relevant to companies operating in newly established
markets or producing a novel good, for which there is limited knowledge about the demand trend. In particu-
lar, we will show in this paper how the aforementioned optimal strategies are no longer triggered by constant
thresholds, but by functions of the decision maker’s learning process of the unknown demand rate. We further
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note that our analysis and results in this paper can also contribute to applications way beyond the inventory
management literature; for instance, to cash balance management problems (see, e.g. [19]), when the drift of
the cash process is unknown to managers.

The model and general results. We consider decision makers who can observe in real time the evolution
of the (random) inventory level S; = x + ut + nBy, which represents the production minus the stochastic
demand for the product at time ¢ (see [22], [37] for the first such models, and e.g. [39] for a detailed description
of Brownian inventory systems). The inventory has a deterministic “net demand” rate p, which is unknown
to decision makers, and a stochastic part modelling the volatility associated to demand via a standard one-
dimensional Brownian motion B and a constant volatility parameter 17 > 0. The decision makers can control
the inventory via a bounded-variation process P, = P;" — P, where P are increasing processes that provide
the minimal decomposition of P and define the total amount of increase/decrease of the inventory process up
to time t. The controlled inventory level is therefore given by

Xt:St+Pt:x+ut+nBt+Pt+—Pt_ forallt>0.

Note that, a positive value of X naturally models the current excess inventory level, while the absolute value
of a negative X models the backlog in production.

Both levels of excess inventory and backorder bare (non-necessarily symmetric) holding and shortage costs
per unit of time, modelled via a suitable convex function C'(X) which is based on the level of X. On one hand,
if the holding costs and expenses/investments into more storage space C'(X) to accommodate an increasing
inventory X become too costly, the decision maker can unload part of the excess inventory in various ways (e.g.
start promotions, send to outlets, donate, ship to another facility, or destroy) at a cost K~ proportional to the
inventory volume that is unloaded. On the other hand, when shortage costs, loss of dissatisfied customers and
penalties for delayed shipments C'(X) due to undesirable levels of backlog X, become too costly, the decision
maker can place an inventory replenishment order to raise the inventory level. This would come at a cost KT
proportional to the inventory volume that is ordered.

Overall, the aforementioned holding and shortage costs C'(X) need to be controlled but the proportional
costs K* of controlling the inventory create a trade off. The decision maker thus needs to find the right
balance between letting the storage system evolve freely according to the realised demand and the timings of
controlling it, so that the overall cost is minimised. The question we therefore study in the sequel is “What
is the optimal inventory management strategy that minimises the total expected (discounted) future holding,
shortage and control costs, when the demand rate is unknown?”.

As in most of the aforementioned literature, we allow the rate of reduction dP~ and increase dP% to be
unbounded and allow them to reduce or increase, respectively, the level of X instantaneously. In mathematical
terms, the aforementioned question is formulated as a bounded-variation stochastic control problem of a
linearly controlled one-dimensional diffusion with the novelty of a random (non-observable) drift p. To the
best of our knowledge, this is the first time that the complete solution to a bounded-variation problem under
partial observation is derived. Given that the drift of X is unknown to the decision maker, the analysis of
this question becomes considerably harder than in standard versions of the aforementioned problem with full
information (see, e.g. [22]). In order to model this additional uncertainty, we assume that the random variable
w € {po, 1}, for some pg, 1 € R such that po < pp. The decision makers can only observe the overall
evolution of S, whose natural filtration modelling the information available to them up to time ¢, is denoted
by F;, while they just have a prior belief m := P(1u = ;) € (0,1) on the value of p at time ¢ = 0. Their belief
on the drift is however continuously updated as new information is revealed and their belief process takes the
form TI; := P(u = py | FY), according to standard filtering techniques (for a survey, see e.g. [32]). Naturally,
the decisions whether to act/control the system or not, are not based solely on the position of the Brownian
(inventory) system X, as in standard problems where the drift is known (see, e.g. [22]). These decisions are now
adapted dynamically according to the current belief on the drift u of the system, thus they depend strongly on
the learning process II of the decision maker. However, under this filtering estimate of the drift, the dynamics
of the problem becomes essentially two-dimensional and diffusive, which results in an associated variational
formulation with partial differential equations (PDEs). Therefore, obtaining explicit solutions is not possible in
general. Nevertheless, using our methodology that combines various different techniques (as we outline later),
we manage to solve the problem and provide the complete characterisation of the optimal control strategy.

Given the convexity of C, when the (inventory) level X is relatively high (resp., low) resulting in a large
holding (resp., shortage) marginal cost C’(X), the decision maker has an incentive to exert control P~ (resp.,
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PT) to decrease (resp., increase) the level of X. The decision maker must find an optimal control strategy
P*T and P*~ that minimises the overall expected future holding and shortage costs counterbalanced with
the proportional costs K* per unit of control exerted. Indeed, we successfully prove in this paper, that
such an optimal strategy P*t and P*~ exists and is explicitly characterised by two boundaries, each one
associated with one of the control processes P**. These boundaries then split the space in three distinct but
connected regions: (a) An action region that is divided into two parts, namely the areas above or below these
boundaries, prescribing that when X is either relatively large or small, the decision maker should intervene
by decreasing or increasing X, respectively, and bring X inside the area which is between the two boundaries;
and (b) an intermediate waiting (inaction) region for relatively intermediate values of X, which is precisely
the aforementioned area between the two boundaries.

To the best of our knowledge, the study and complete characterisation of these boundaries which define
the solution of a bounded-variation stochastic control problem under partial information on the dynamics of
the underlying diffusion, has also never been addressed in the literature. We prove that the aforementioned
boundaries triggered by X are monotone functions of the belief process II and can be completely characterised
in terms of monotone Lipschitz continuous curves solving a system of nonlinear integral equations. The depen-
dence of the optimal boundaries on the belief variable II is in contrast to the full information cases, where the
decision makers must intervene whenever X breaches some constant thresholds, irrespective of its past evolu-
tion (see, e.g. [22]). In fact, we also prove that our boundaries are bounded by these (constant) thresholds of
the full information cases. This further shows that our model extends and complements the existing literature
on bounded-variation stochastic control problems in the case when there is uncertainty about the drift of the
underlying process.

Our contributions, approach and an overview of the mathematical analysis. Our contribution
in this paper is twofold. From the point of view of its application, even though the literature on the optimal
management of inventory is extremely rich (see, e.g. papers cited before), there is no model where the demand
is assumed to be partially observed and lump-sum as well as singularly continuous actions on the inventory
are allowed. To the best of our knowledge, this makes our paper a pioneer in this class of problems, which is
our first main contribution. From the mathematical theory perspective, the development of methods to tackle
optimal control problems with absolutely continuous (regular) controls and partial observation has an extensive
history, see e.g. [2], [27], [28], and [30]. However, the literature on the characterisation of the optimal policy in
singular stochastic control problems with partial observation is limited, and actually deals only with monotone
controls. We firstly refer to [33] that studies singular control problems with partial information via the study
of their associated backward stochastic differential equations (BSDEs) leading to general maximum principles;
[12] that solves the optimal dividend problem under partial information on the drift of the revenue process of
a firm that can default, creating also an absorption state; [14] that studies a dynamic model of a firm whose
shareholders learn about its profitability, face costs of external financing and costs of holding cash; and [4] that
considers the debt-reduction problem of a government that has partial information on the underlying business
conditions. Contrary to the aforementioned papers with monotone controllers, we allow the decision maker to
both decrease and increase the underlying process by using controls of bounded-variation. Thus, our paper is
expanding the traditional bounded-variation control theory towards the direction of partial information, by
providing a methodology for dealing with such problems, achieving the complete characterisation of the free
boundaries that define the optimal control, and achieving also notable value function regularity properties.
This is our second main contribution, on which we elaborate in the remaining of this section.

By relying on classical filtering theory (see [32]) we first determine an equivalent problem under full in-
formation, the so-called “separated problem”. This is a genuine two-dimensional bounded-variation singular
stochastic control problem, with state-space described by the level of the inventory and the decision maker’s
belief on the demand rate. Given the two-dimensional nature of the problem, the traditional “guess and verify”
approach is not effective. Indeed, this would require at first the construction of an explicit solution to a PDE
with (gradient) boundary conditions, which in general cannot be obtained.

We instead use a more direct approach that allows for a thorough study of the regularity and structure of
the problem’s value function V', and eventually leads to the complete characterisation of the optimal control
strategy. To be more precise, we begin with connecting our two-dimensional bounded-variation stochastic
control problem to a suitable zero-sum optimal stopping game (Dynkin game), such that V,, = v where v
denotes the value of the game with underlying two-dimensional, uncontrolled, degenerate diffusion (S, II)
taking values in R x (0, 1). The players in this game can be thought of as the two forces who wish to either
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increase or decrease marginally the level of the process X. By studying the game, we are able to characterise
the optimal stopping strategy of each player via two free boundary functions a4 (7) for = € (0, 1), which are
monotone and bounded.

Then, via a change of measure, the original two-dimensional controlled process (X, II) is transformed into
(X, ®) with decoupled dynamics that takes values in R x (0, c0). Under these new (z, ¢)—coordinates, we show
that the transformed control value function V' (x, ¢), game value function o(x, ¢), and associated free boundary
functions b4 () inherit all properties proved for V (x, 7), v(x, 7) and a4 (7). Using these properties, and proving
local semiconcavity of V, allow us to show via fine techniques from viscosity theory that V € C1(R x (0, 0)).
Because of the degeneracy of the process (X, ®) (in which X and ® are driven by the same Brownian motion),
in order to derive further regularity of the control problem’s value function it is useful to derive the intrinsic
parabolic formulation of the problem (see also [25] and [12]). This is achieved by passing yet to another
transformation (X,Y’) of our state process taking values in R2. In these new coordinates we prove that the
transformed control value function ‘7(x, y) is also continuously differentiable and it is furthermore such that
‘7m admits a continuous extension to the closure of the associated inaction region (where a linear parabolic
PDE holds). This regularity is then employed in order to prove a verification theorem identifying an optimal
control rule. This keeps for almost all times the diffusion (X, ®) within the closure of the inaction region
{(z,¢) : by(¢) < x <b_(p)}, according to a Skorokhod reflection.

In order to obtain finer regularity and a characterisation of the free boundaries triggering the optimal control
rule, we continue our analysis in the (x, y)—coordinates. Here, by introducing a new transformed Dynkin game
with value ¥(z,y), we are able to show that the (z,)-inaction region transforms into an open set of R2
which is delineated by two strictly increasing curves x = c4 (y). By exploiting the structure of transformation
linking the (z,¢)-plane to the (x,y)-plane, we then obtain an easy proof of the fact that cy are Lipschitz-
continuous functions, with Lipschitz constant L = 1. Such a result is of particular independent interest,
given the importance of Lipschitz regularity in obstacle problems (see the introduction of [10] for a detailed
account on this and its related literature). Moreover, we believe that the simple argument of our proof can
be applied also to other singular control/optimal stopping problems with partial observation, thus providing
an alternative — to the more technical approach developed in [10] — for obtaining the Lipschitz regularity of
the optimal stopping boundaries. The Lipschitz property of ci is then employed to show via probabilistic
techniques & la [11] that the Dynkin game’s value function is continuously differentiable in R?; that is, a global
smooth-fit property holds. The latter fact is finally useful in proving that v, € LS (R?) and in obtaining a
system of nonlinear integral equations solved by c4.

Overall, notwithstanding the degeneracy of the associated PDE in the variational formulation of the original
control problem, by using our probabilistic methodology in combination with viscosity theory arguments and
switching between three equivalent formulations (under change of variables): (a) we achieve a notable global
regularity of the value function V', namely V € C*(R x (0,00)), and we deduce that its transformed version
Vis actually C%! in the closure of its inaction region; (b) we use these properties in order to construct an
optimal control strategy in terms of the belief-dependent process t — by (®P;); (¢) we obtain global Lipschitz
continuity of the free boundaries c4 arising in the transformed problem 17, which are then characterised via
nonlinear integral equations.

Note that, using our methodology as described above, we manage to obtain the minimal (necessary) reg-
ularity in order to construct an optimal control strategy and verify its optimality. As in multi-dimensional
settings proving regularity properties of the control value function can be very challenging, having a method-
ology that takes a different route can be very helpful in studying similar problems with singular controls under
partial observation. Moreover, it is worth observing that backtracking all the involved change of variables, the
characterisation of ¢4 effectively turns into a characterisation of the free boundaries by and consequently of
ay in the original (x,m)—coordinates.

Structure of the paper. The rest of this paper is organised as follows. In Section 2, we present the model,
formulate the control problem, and then derive the separated problem V. The first related optimal stopping
game is derived in Section 3, while Section 4 introduces the first useful change of coordinates. Section 5 then
studies the regularity of the (transformed) control problem’s value function V, and Section 6 presents the
verification theorem and the construction of an optimal control. Finally, in Section 7: we introduce the last
change of variables; we obtain the Lipschitz-continuity of the corresponding free boundaries c; we prove the
smooth-fit property of the transformed Dynkin game’s value function 7; and we derive the integral equations
for c4.
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2. Problem Formulation and the Separated Problem

On a complete probability space (€2, F,P), we define a one-dimensional Brownian motion (B;):>¢ whose
P-augmented natural filtration is denoted by (FF):>o. Moreover, we define a random variable p which is
independent of the Brownian motion B and can take two possible real values, namely p € {ug, i1}, where
o, 1 € R. Without loss of generality, we assume henceforth that i > pg and that

7= P(u = ) € (0,1).

In absence of any intervention, the underlying (stochastic inventory) process S; as observed by the decision
maker, follows the dynamics
dS; = pudt +ndB;, Sop=x €R,

for some n > 0. Recall that the drift p of the process S is not observable by the decision maker, who can
only monitor the evolution of the process S itself. In light of this observation, the decision maker select their
control strategy P based solely on their observation of the process S. By denoting the natural filtration of any
process Y by FY := (FY);>0, we can therefore define the set of admissible controls

A = {P:QxR" = Rsuch that t — P, is right-continuous, (locally) of bounded variation
and P is F — adapted}.

To be more precise, we consider the minimal decomposition of the bounded-variation control P € A to be
P,=P - P/,

where Pt and P~ are then nondecreasing, right-continuous F°-adapted processes. From now on, we set
P =0 as. for any P € A. Hence, the reference (controlled inventory) process is given by

XtP = St + Pt7 (21)

where P € A, and such that X* = x. Note that, when P = 0, the inventory process is uncontrolled and takes
the form X% = S.

Given the aforementioned setting, the decision maker’s goal is to minimise the overall (discounted) cost of
holding, shortage and controlling the inventory process. In mathematical terms, the bounded-variation control
problem of the decision maker is given by

inf E [ / e P (C(XP)dt+ KHdP + K—dP) |, (2.2)
PcA 0

where E denotes the expectation under the probability measure P, p > 0 is the decision maker’s discount rate
of future costs, K+, K~ > 0 are the marginal costs per unit of control exerted on X, and C : R — Rt is a
holding and shortage cost function which satisfies the following standing assumption.

Assumption 2.1. There exists constants p > 1, ag, a1, a9 > 0 such that the following hold true:
(i) for every x € R
0<C(z) < ao(l + |z/7);
(ii) for every z,z’ € R,
() — C(a')| < an (14 Cz) + C@)) 7 |z — o'
(iti) for every x,x’ € R and X € (0,1),

0 < AC(2) + (1= N)C@E) — COx + (1= Na') < asA(l — A1+ C(x) + C@) =3 e — o/ 2,

Notice that Assumption 2.1.(¢i¢) above implies that C is convex and locally semiconcave. Hence, by [5,
Corollary 3.3.8], we have that C' € C.FP(R; RT). A classical quadratic holding cost C(z) = (z — ), for some
target level T € R, clearly satisfies Assumption 2.1.

Given the feature of a non-observable u, Problem (2.2) is not Markovian and cannot be therefore tackled
via a dynamic programming approach. In the following, we will derive a new equivalent Markovian problem
under full information, the so-called “separated problem”. This will be then solved by exploiting its connection
to a zero-sum game of optimal stopping and by a careful analysis of the regularity of its value function.
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2.1. The separated problem

In order to derive the equivalent problem under full information, we use standard arguments from filtering
theory (see, e.g., [32, Section 4.2]) and we define the “belief” process

;= P(p = | ), t>0,

according to which, decision makers update their beliefs on the (true) value of the drift u based on the arrival
of new information via the observation of the process S. Then, the dynamics of X and II can be written as

(2.3)

dIl; =~ (1 — II;)dW;, Iy =7 € (0,1),

where the innovation process W, given by
Ho
dW, = — — ( + ’yHt) dt, forallt >0,
n

is an F°-Brownian motion on (Q, F,P) according to Lévy’s characterisation theorem (see, e.g., [32, Theorem
4.1]), and
v = ) > 0.
n
It can be verified that the pair (X II) is an F°-adapted (time-homogeneous strong) Markov process on
(Q, F,P) as a unique strong solution of the system of stochastic differential equations in (2.3) (see, e.g. [35,
Chapter V]). In (2.3), the (unknown/non-observable) drift p of X in the original model is replaced with its
filtering estimate E[u|F;]. Moreover, the belief (learning) process II = (II;);>¢ involved in the filtering is
a bounded martingale on [0,1] such that II,, € {0,1}, due to the fact that all information eventually gets
revealed at time ¢ = oo.
Then, for (X7, 1I) as in (2.3), with (z,7) € O :=R x (0,1), we define the full-information problem

V(z,m) = };IelaE {/ e Pt (C(ti)dt + KTdPt + K*dPt_) , (2.4)
0

where all the processes involved are now F°-adapted. Hence, Problem (2.4) is a two-dimensional Markovian
singular stochastic control problem with controls of bounded variation. Moreover, by uniqueness of the strong
solution to the belief equation, a control P* is optimal for (2.2) if and only if it is optimal for (2.4), and the
values in (2.2) and (2.4) coincide.

Note that, in light of the dynamics of (X, II) in (2.3), a high value of II close to 1 would imply that the
decision maker has a strong belief in a high drift 4, while a low II close to 0 would imply, on the contrary, a
strong belief in a low drift ;o scenario.

Remark 2.2 (Full information cases). In the formulation (2.2), the case of prior beliefm := P(u = u1) € {0,1}
implies the certainty of the decision maker regarding whether u = pg or u = p1. Hence, in this case, there is
no uncertainty about the value of the drift u, which is not a random variable any more. Respectively, in the
formulation (2.4), the case of prior belief Iy = w € {0, 1} yields that the belief process I1 will actually remain
constant through time, due to its dynamics which imply that Il = 7 for all t > 0. Therefore, we equivalently
have that such values of w € {0,1} correspond to the full information cases.

In these cases, the optimal control problem becomes a standard one-dimensional bounded-variation stochastic
control problem, for which an early study can be found in [22]. The optimal control strategy in such a case is
triggered by two constant boundaries within which the process X is kept (via a Skorokhod reflection,).

Given the convexity of C as in Assumption 2.1, and the linear structure of P — X* in (2.3), by following
standard arguments based on Komlés’ theorem (see, e.g., [20, Proposition 3.4]) the next result can be shown.

Proposition 2.3. There exists an optimal control P* for (2.4). Moreover, this is unique (up to indistinguisha-
bility) if C is strictly convex.
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3. The First Related Optimal Stopping Game

We now derive a zero-sum optimal stopping game (Dynkin game) related to V', and we provide preliminary
properties of its value function and of the geometry of its state space. In this section, the uncontrolled process
X9 with P, = 0 for all ¢+ > 0 becomes involved in the analysis, so we recall from (2.3) that (XP,II;)i>0 =
(St It )>0 is the two-dimensional strong Markov process solving

AX0 = (@Il + po(1 — IL))dt + ndW,, XQ =z € R, 31)
dHt = ’}/Ht(l — Ht)th, HO =T E (0, 1), '
Proposition 3.1. Consider the process (X}, 11;)>¢ defined in (3.1) and define
TAC
v(z, ) ;= infsup E¢z {/ e PO (XD)dt — K+€7PT1{T<U} + K e 1iru0y s (3.2)
o T 0

where the optimisation is taken over the set of FW -stopping times and E(z,x) denotes the expectation conditioned
on (X§,y) = (xz,7) € O. Consider also the control value function V(z,n) defined in (2.4). Then, we have
the following properties:

(i) x— V(x,m) is differentiable and v(x,7) = Vy(x, ).

(ii) x — V(x,7) is conver and therefore x — v(x, ) is nondecreasing.
(iwi) 7 — v(x, ) is nondecreasing.

(i) (x,m) > v(z,7) is continuous on R x (0, 1).
Proof. In this proof, whenever we need to stress the dependence of the state process on its starting point, we
denote by (X%"™) TI™") the unique strong solution to (3.1) starting at (2, 7') € O at time zero. We prove
separately the four parts.

Proof of (i). Thanks to Proposition 2.3, it suffices to apply [29, Theorem 3.2] upon setting G = 0,
t
H(w,t,x):= e*PtC’(x + nWi(w) +/ (s (w) + po(1 — Hs(w)))ds), (w,t,x) € A xRy xR,
0

ve=e PLKT, v=e PK~, t>0,
and noticing that the proof in [29] can be easily adapted to our infinite-time horizon discounted setting.

Proof of (ii). Denote by (XTi(®™) II7) the unique strong solution to (2.3) when (X/”,IIy) = (z, ). The
convexity of V (z,m) with respect to x, can be easily shown by exploiting the convexity of C(x) and the linear
structure of (z, P) — X7:@™) for any P € A and (x,7) € O. The nondecreasing property of v(-,7) then
follows from the fact that v = V,, from part (7).

Proof of (iii). Notice that

t
X =2+ W, —|—/ (paIls + po(1 — 1)) ds, ¢ >0, (3.3)
0

and that m — II™ is nondecreasing due to standard comparison theorems for strong solutions to one-dimensional
stochastic differential equations [26, Chapter 5.2]. Then, the claim follows from (3.2) and Assumption 2.1
according to which z — C’(x) is nondecreasing.

Proof of (iv). By [29, Theorem 3.1] and Proposition 2.3 we know that, for any (z,n) € O, (3.2) admits a
saddle point. Take (z,m,) — (z,7) as n 1 oo, and let (7*,0*) and (7., 07) realize the saddle-points for (z, )
and (2, 7,), respectively. Then, we have

TN,
o(z, ) — (e, ™) < E[/ e Pt (C/(Xto;(m,w)) . C/(Xto;(mn,m))) dt]
0

E[/Ooept
0

IN

C/(XtOQ("L'vTr)) _ C/(Xtm(wnyﬂ'n))‘ dt:| .
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Without loss of generality, we can take (x,,m,) C (x —¢e,x 4+ ¢€) X (r — e, 7 + ¢€), for a suitable £ > 0 and for
n sufficiently large. Then, by Assumption 2.1.(i¢) and standard estimates using Assumption 2.1.(2), (3.3) and
the fact that IT is bounded in [0, 1], we can invoke the dominated convergence theorem and obtain

limsup(v(z, ) — v(@p, 7)) < 0.
n— oo

Arguing symmetrically, now with the couple of stopping times (7.5, 0*), we also find

lim sup(v(xy, 7,) — v(z, 7)) < 0.
n—oo

Combining the last two inequalities, we obtain the desired continuity claim. O

In the rest of this section, we focus on the study of the optimal stopping game v presented in (3.2), due
to its connection to our stochastic control problem (cf. Proposition 3.1). To that end, we define below the
so-called continuation (waiting) region

Cr={(z,m)€0: —K' <v(z,7) <K}, (3.4)
and the stopping region S; := S; T U S, ™, whose components are given by
Siti={(z,m)€0: v(@,m)<-K"}, & ={(z,71)€0: v(z,7)>K }. (3.5)

In light of the continuity of v in Proposition 3.1.(iv), we conclude that the continuation region C; is an open
set, while the two components of the stopping regions 81T are both closed sets. We can therefore define the
free boundaries

ap(n):=sup{z €R: v(z,n) < —K'} and a_(7):=inf{zeR: v(z,7)>K }. (3.6)

Here, and throughout the rest of this paper, we use the convention sup® = —oo and inf () = +o0o0. Then, by
using the fact that v is nondecreasing with respect to x (see Proposition 3.1.(4¢)), we can obtain the structure
of the continuation and stopping regions, which take the form

Ci={(z,m) €0 ay(nr) <z <a_(m)}, (3.7
Sf={(z,m)€0: z<ayr(r)} and Sy ={(z,7)€O0: z>a_(m)}. (3.8)

Clearly, the continuity of v further implies that the free boundaries a4 are strictly separated, namely
a+(m) <a—_(w) forall T € (0,1).

We now prove some preliminary properties of the free boundaries 7 — a4 (7).
Proposition 3.2. The free boundaries ax defined in (3.6) satisfy the following properties:
(i) ax(-) are nonincreasing on (0,1).

(i1) ai(-) is left-continuous and a_(-) is right-continuous on (0,1).
(#ii) There exist constants x% € R, such that

h <ap(m) <a_(m)<zr, Vwe(0,1). (3.9)

Moreover, letting (C")~! be the generalised inverse of C', we have ay(w) < (C')~Y(—pK™) and a_(m) >
(C"YHpK™) for all e (0,1).
Proof. We prove separately the four parts.
Proof of (1). This is a consequence of the definitions of a4 (+) in (3.6) and the fact that v(x, -) is nondecreasing
for any x € R; cf. Proposition 3.1.(4i%).
Proof of (ii). This follows from part (i) above and the closedness of the sets S; .
Proof of (iii). The fact that ay(7) < (C")"}(—pK™) and a_(7) > (C")~1(pK~) follows by noticing that
SfC{reR: 2<(C) Y(—pKH)}and S; C{z €R: 2> (C") " pK™)}.
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In order to show the other bounds, we proceed as follows. Since p1 > po and II; > 0, we have P, ry-a.s.,
for any t > 0, that

t t
XtO =x+nWy+ / (mHS + po(l — HS))ds =x+ Wy + pot + / (11 — po)Ilgds
0 0

> x + Wy + pot =: X?.
Similarly, using that II; < 1, we get that
0
X) <z +nWe+ it = X,.

Therefore, the latter two estimates yield that X ? < X0 < Y? for all ¢ > 0. Combining these inequalities
with the fact that C’(+) is nondecreasing due to Assumption 2.1 and the definition (3.2) of the value function
v(x, ), we conclude that

vo(z) <w(z,m) <wvi(x), forall (z,7)e0, (3.10)

where we have introduced the one-dimensional optimal stopping games

TNAO
’Uo(l‘) := inf sup E / e’PtO’(X?)dt — K+€7PT]_{.,.<U} + K7€7p01{7>0}
o€T reT 0 ]

and

TACT
vi(x) := inf sup E / e*”tC’/(Y?)dt — K e P oy + K e 150y
o€T reT 0 _

Because both vg(-) and vy (+) are nondecreasing on R, standard techniques allow to show that there exists finite
x* , 27 such that

{zeR: z>2*}={zxeR: y(z)> K}
and
{reR: <ot} ={zeR: v(z)<-K"}.

Hence, combining the latter two regions together with the inequalities in (3.10), we eventually get that

{zeR: 2>z} C{(z,m) € O: v(z,m) > K } =8 (3.11)
and

{zeR: z<ai} C{(z,m) €0 v(z,m) <K} =8, (3.12)
Hence, ST # 0 and the claim follows from (3.11)-(3.12). O

Recall that, the higher the value of 7, the stronger the decision makers’ belief is about p begin equal to
t1, which is the highest possible value (recall that py > po). Taking this into account, we notice from the
monotonicity (nonincreasing) of the free boundary functions a4 (7) in Proposition 3.2.(¢) that: The more the
decision maker’s belief tends towards u1 (higher inventory level on average), the more cautious they need to be,
thus they tend to intervene (by unloading part of excess inventory) more often to make sure that the inventory
level X is kept below the optimal threshold a_(7), despite its strong tendency to go up, so that the overall
(holding and control) costs are minimised. On the other hand, they are more willing to delay interventions
(by placing replenishment orders) to increase the inventory level X, by optimally setting a lower “base-stock”
level a () as their belief grows towards p1 (higher inventory level on average). This reflects the fact that the
inventory level X will not breach this lower boundary too often under their belief that y = p; and eventually
achieves the minimisation of the overall (shortage and control) costs.
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= C)\O i

Figure 1: An illustrative drawing of the free boundaries a; and a_ satisfying Proposition 3.2. In the picture,
a:=(C")"YpK~) and B := (C') "} (—pKT).

4. A Decoupling Change of Measure

In order to provide further results about the optimal control problem (2.4) and the associated Dynkin game
(3.2), it is convenient to decouple the dynamics of the controlled inventory process X and the belief process
II. This can be achieved via a transformation of state space and a change of measure, as we explain in the
following subsections.

4.1. Transformation of process II to .

We first recall from (2.3) (see also (3.1)), that for any prior belief Iy = 7 € (0,1), we have II; € (0,1) for all
t € (0,00). Hence, we define the process

1

P = ———
t 1_Ht’

t>0,

whose dynamics are given via It6’s formula by

m
APy =TI @yt + 4 @AWy = 7P (4Tt + AWS), Do = o= T

(4.1)

Note that, the process ® is known as the “likelihood ratio process” in the literature of filtering theory (see,
e.g. [25]).

4.2. Change of measure from P to Qr, for some fired T > 0.

We begin by defining the exponential martingale

T 1 T
CT = exp _7/ IT,dWs — 7/ ’72H§d8 )
0 2 0
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and the measure Qr ~ P on (2, Fr) by
aQr _,
ap
Then, the process

t
Wr = W; —i—’y/ II,ds, te[0,T],
0
is a Brownian motion in [0, 7] under Qr, and the dynamics of ® in (4.1) simplifies to
do; = ’Y(I)tth*a te (O7T]7 Qo = o, (42)

hence @ is an exponential martingale under Q.
Consequently, applying the same change of measure to the process X from (2.3), we get that

dX} = podt +ndW; +dP;" —dP7, te[0,T], XL == (4.3)

In order to change the measure also in the cost criterion of our value function in (2.4), we further define

the process
14D

14+

which can be verified via It6’s formula to satisfy

Ztl

, te€]0,T],

Zy =1/, foreveryt e [0,T].

Hence, denoting by EQT the expectation under Qr, we have that

T
E [ / e P (C(X])dt+ KtdPt + K—dPt)}
0

— 1 Qr g —pt P +p+ g
=15 E [(1+<I>T)/O e (C(Xt )dt + KTdP + K dPt) . (4.4)

Since the process (14 ®;);>( defines a nonnegative martingale under Qr, by [15, Theorem 57] (and the example
after the theorem) we can write

EQr {(1 + &) /OT e"tC(XtP)dt} =E% UOT e "1+ @t)C(Xf)dt} ,

as well as - -
EQT {(1 + @T)/ epthti} = EQr {/ e "Y1+ @t)dPti}
0 0

Hence, combining together the above expressions of the expectations E?7 we get that (4.4) can be expressed
in the form of

T
E[ / e=rt (C(Xf)dt + K+apt + K‘dPt)}
0

1 T
— Qr —pt P + + - —
=1 ,F [/O e (1+<I>t)(C(Xt )dt + KTdP + K—dP; )} (4.5)

4.83. Passing to the limit as T — oo and to the new measure Q.

We firstly notice that passing to the limit as T — oo cannot be performed directly to the latter expression
in (4.5), since the measure Q7 changes with T. Nevertheless, notice that the right-hand side of (4.5) only
depends on the law of the processes involved. Given that we are only interested in the value function (2.4) and
eventually in the optimal feedback control P* (cf. Proposition 2.3) — which do not depend on the laws — we
can introduce a new auxiliary problem.
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To that end, we define a new filtered probability space (2, F,F, Q) supporting a Brownian motion (W;):>o
and the strong solution to the controlled stochastic differential equation

{dxf = podt +9dW, +dP; —dP,, X, =uz,
dgt = 76ttha 60 = Q= ﬁa
fr P=P - P € A, where
A = {P:QxR" — R such that ¢ — P, is right-continuous, (locally) of bounded variation
and P is F — adapted}.

Then, denoting by E the expectation on (€2, F) under P, we have for every 7' > 0, that
T
EQr U e P (14 @) (C(X])dt + KTdP + K~dP)) }
0
— T — —P — —
= E[/ e PH(1 + @t)(C(Xt )dt + KTdP, + K~ dP, )},
0

due to the equivalence in law of the process (X{, ®¢, W/, P;);>0 under Qp and the process (Yf , Dy, W,
P;)¢>0 under Q. Therefore, combining the above equality with (4.5), we eventually get

T
E[ / e rt (C(Xg’)dt+K+dPt+ +KdPt‘)]
0
SR = P -+ -
- —pt + _
_1+<pEUo e (1+<I>t)<O(Xt)dt+K APy + K dPt)} (4.6)

Thanks to (4.6), we can now take limits as 7' — oo and obtain, in view of the definitions (2.4) of the control
value function and (4.1) of the starting value ¢, that

V(z,m)=(1- ﬂ')V(w, ), or equivalently V(x,¢) = (1+ @)V(m, ), (4.7)

™ 14
1—m 14+¢
where we define

oo —

V(2,0) = inf E[ / (1 4+ T (C(F) )yt + K+ + K‘dPt_)} .
PcA 0

Therefore, in order to obtain the value function V(z,7) from (2.4), we could instead solve first the above

problem to get V (z, ) and then use the equality in (4.7). However, in order to simplify the notation, from now

on in the study of V we will simply write (2, F,F, Q,EQ, W, X, ®, P, A) instead of (Q, F,F,Q,E, W, X, ®, P, A).

4.4. The optimal control problem with state-space process (X, ®) under the new measure Q.

Summarising the results from Sections 4.1-4.3, we henceforth focus on the study of the following optimal
control problem

V (z,p) := inf EQ{/ e"’t(l+<I>t)(C(XtP)dt+K+dPt+ +KdP{>} =: gga7x,¢(P). (4.8)
0

under the dynamics

(4.9)

dXF = podt +ndW; +dP; —dP-, X =z€R,
d‘I)t = ’Y(I)tdWh (I)O =y i= ﬁ € (05 OO),

for a standard Brownian motion W. In light of the equality in (4.7), this will lead to the original value function
V(x,m) from (2.4). In the remaining of Section 4, we expand our study — beyond the values of the control
problems — to the relationship between the free boundaries in the two formulations, since these boundaries
will eventually define the optimal control strategy (see Section 6).
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4.5. The optimal stopping game associated to (4.8)—(4.9) under the new measure Q.

The next result is concerned with properties of the value function defined in (4.8) and its connection to an
associated optimal stopping game. The proof is omitted for brevity, since it can be proved by employing
arguments similar to those used in the proof of Propositions 2.3 and 3.1 above.

Proposition 4.1. Consider the problem defined in (4.8)—(4.9).

(i) There exists an optimal control P* solving (4.8). Moreover, P* is unique (up to indistinguishability) if
C is strictly convex. -
(i) x— V(x,p) is convex and differentiable, such that V. (x, ) =0(x, ) on R x (0,00), for

TAT
o(x, ) = inf sup EQ [/ e (14 @) (X))dt — KT (1+ @, )e P11 c 0y
7 0

T

+ K (1+ @g)eipol{7.>g} . (4.10)
Here, the optimisation is taken over the set of FW -stopping times and the state-space process is given by

{dX,? = podt +ndW,, X%=z€eR, @11)

d(I)t = ’}/(I)tth, q)o =@ = ﬁ S (O, OO)

It further follows from the previous analysis, namely Sections 4.1-4.3, that the value function v(x, ) of the
optimal stopping game in (3.2) is connected to the value function v(x, ¢) of the new game introduced above
in (4.10), according to (see also (4.7) for the control value functions) the following equality

'U(w):(lﬂo)v(x, 1f@)- (4.12)

In view of the above relationship, the value function @(-,-) inherits important properties which have already

been proved for v(:,-) in Section 3. In particular, we have directly from Proposition 3.1.(i7) and (iv) the
following result.

Proposition 4.2. The value function © defined in (4.10) satisfies the following properties:

(i) (z,0) — v(x,p) is continuous over R x (0,00);
(ii) x — v(x, ) is nondecreasing.

Following similar steps as in Section 3 to study the new game (4.10), we define below the so-called contin-
uation (waiting) region

Co={(z,0) ER X (0,00): —KT(1+¢) <v(z,0) <K (1+¢)}, (4.13)

and the stopping region Sy := Sa ™ U S, ™, whose components are given by
S5 = {(z,0) ERx (0,00) : 9(z,9) < —K*(1+p)}, (4.14)
Sy ={(z,¢) €R x (0,00) : 17(33,90)2[(_(1—1—@)}. (4.15)

Moreover, in light of the continuity of v in Proposition 4.2.(i), we conclude that the continuation region Cy
is an open set, while the two components of the stopping regions S»* are both closed sets. We can therefore
define the free boundaries

bi(p) :=sup{z eR: B(z,0) < KT (1+¢)}, (4.16)
b_(p):=inf{x eR: T(z,p) > K (1+¢)}. (4.17)

Then, by using the fact that ¥ is nondecreasing with respect to = (see Proposition 4.2.(i7)), we can obtain the
structure of the continuation and stopping regions, which take the form

Co={(z,0) €Rx (0,00): by(p) <z <b_(p)}, (4.18)
St = {(x,gp) ER X (0,00): =< b+(<p)} and S, = {(a;go) €R X (0,00): b_(p) < x} (4.19)
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Clearly, the continuity of ¥ implies that these free boundaries b1 are strictly separated, namely b, (¢) < b_(p)
for all ¢ € (0,00).

Moreover, observe that the relationship in (4.12) together with the definitions (3.4) and (4.13) of C; and
Co, respectively, imply that the latter two regions are equal under the transformation from (z,7)- to (x, @)-
coordinates. To be more precise, for any (z,7) € R x (0,1), define the transformation

T:=(T\,T2) :Rx (0,1) 5 R x (0,00),  (Ty(z,), Ta(z,n)) = (z L)

"1—7

which is invertible and its inverse is given by

T (x,cp):(x,ﬁ), (z,¢) € R x (0, 00).

Hence, T : R x (0,1) — R x (0,00) is a global diffeomorphism, which implies together with the expressions of
(3.4)~(3.5) and (4.13)—(4.15) that B B
Co=T(C;) and Si =T(Si).

Taking this into account together with the expressions (3.7)-(3.8) of C; and Si*, we can further conclude from
the expressions (4.18)—(4.19) of C, and S that

be () = o <1f¢) | (4.20)

Hence, in light of the previously proved results for a4 in Proposition 3.2, we also obtain the following
preliminary properties of the free boundaries ¢ — by (p).

Proposition 4.3. The free boundaries by defined in (4.16)—(4.17) satisfy the following properties:

(i) b+ (-) are nonincreasing on (0, 00).
(i) by (-) is left-continuous and b_(-) is right-continuous on (0,00).
(#ii) by(-) are bounded by x%. as in Proposition 3.2:

zh <bi(p) <b_(p) <z, Vee(000).

Moreover, we have by (p) < (C')~H(—=pK™) and b_(p) > (C")"Y(pK ™) for all ¢ € (0,00).

Notice that the explicit relationship (4.20) between the free boundaries a+ and by that we proved above, is
not only crucial for retrieving the original boundaries a+ from by, but it is also particularly useful in the proof
of Proposition 4.3.(z) and (¢i¢). In fact, proving the monotonicity and boundedness of by by directly working
on the Dynkin game (4.10) is not a straightforward task.

Up this point, we managed to obtain the structure of the optimal stopping strategies and preliminary
properties of the corresponding optimal stopping boundaries associated with these strategies, for both Dynkin
games (3.2) and (4.10) connected to the optimal control problems (2.4) and (4.8), respectively. Moreover,
we managed to obtain some regularity results for the value functions of the latter control problems (see
Propositions 3.1, 4.1 and 4.2). In Sections 5 and 6 below, building on the aforementioned analysis, we show
that the control value function V has the sufficient regularity needed to construct an optimal control strategy.
This will involve the boundaries b..

5. HIB Equation and Regularity of V'

In this section, we introduce the Hamilton-Jacobi-Bellman (HJB) equation (variational inequality) associated
to the control value function V defined in (4.8) and state-space process (X, ®) given by (4.9). First, let
D C R? be an open domain and define the space C*"(D;R) as the space of functions f : D — R which are
k-times continuously differentiable with respect to the first variable and h-times continuously differentiable
with respect to the second variable. When k = h we simply write C*.

We begin our study with the following ex ante regularity result for V. Its proof can be found in the Appendix.
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Proposition 5.1. The control value function V defined in (4.8) is locally semiconcave; that is, for every R > 0
there exists Lr > 0 such that for all X\ € [0,1] and all (z,p), (2, ¢") such that |(z,p)| < R and |(z’,¢")| < R,
we have

AV (@, 0) + (1 =NV (@', ¢") = VM, 0) + (1 = A)(@',¢)) < LRA1 = N|(z, ) = (2", )%

In particular, by [5, Theorem 2.17], we conclude that V is locally Lipschitz.

Given the locally Lipschitz continuity proved in the previous result, we now aim at employing the HJB
equation to investigate further regularity of V. To that end, we define on f € C?(R x (0,00);R) the second
order differential operator

Lf(x,0) = pofo(z, o) + % (1% faa(@,90) + V20 fop (2, ) + 2900 fro (x, ©)) - (5.1)

By the dynamic programming principle, we expect that V solves (in a suitable sense) the HJB equation (in
the form of a variational inequality)

max { (p = L)u(z, ) = (1+ 9)C(@), —ualw, @) = KH(1+9), wolw,9) ~ K- (1+9)f =0, (52)
for (z,¢) € R x (0,00). In particular, we now first show that the value function V of the control problem

defined in (4.8) is a viscosity solution to (5.2). We present the formal definition of the latter notion below.

Definition 5.2. A function u € C°(R x (0,00); R) is called a viscosity solution to (5.2) if it is both a viscosity
subsolution and supersolution, where:

(i) a function u € C°(R x (0,00); R) is called a viscosity subsolution to (5.2) if, for every (x,¢) € R x (0,00)
and every B € C?(R x (0,00); R) such that u — 3 attains a local mazimum at (z,p), it holds

max{(p—ﬁ ( (1+(p)0(.%’), —ﬁx(%@)—KJr(l-*‘tP)? Bm(.%',(p)—K_(l—l—(p)} SO‘

¢) -
(ii) a function u € C°(Rx(0,00);R) is called a viscosity supersolution to (5.2) if, for every (z, p) € Rx (0, 00)
and every B € C%(R x (0,00);R) such that u — B attains a local minimum at (z,¢), it holds

max {(p — L)B(z,¢) = (1 +¢)C(z), —Bu(z,9) = K (1+¢), Bu(z,¢) =K (1+¢)} >0.

Following the arguments developed in Theorem 5.1 in Section VIIL5 of [21], and using the a priori regularity
obtained in Proposition 5.1, one can show the following classical result.

Proposition 5.3. The value function V defined in (4.8) is a locally Lipschitz continuous viscosity solution to
(5.2).

_ Recall the definition (4.13) of the continuation region Cy of problem v(z, ) in (4.10) and the relationship
Va(z,0) =0(z,¢) on R x (0,00) from Proposition 4.1.(i¢), to observe that

Co={(z,0) ERx (0,00): =K (14¢) <Va(2,0) <K (1+¢)}, (5.3)
This implies that Co identifies also with the so-called “inaction region” of V, as suggested also by the HJB
equation (5.2). Combining the latter fact with Proposition 5.3 clearly implies the following result.

Corollary 5.4. The value function V defined in (4.8) is a locally Lipschitz continuous viscosity solution to

(p—L)u(z,0) — (1+¢)C(x) =0, for all (z,p) € Ca.

The result in Corollary 5.4 will be used in the forthcoming analysis to upgrade the regularity of the value
function in the closure of its inaction region which is the main goal of Section 5. Before reaching this (final) step
of our analysis in this section, we need to further prove that V is actually globally continuously differentiable.
We present this result in the following proposition, which is proved by using once again Proposition 5.3 together
with the properties of V' proved in Proposition 5.1 and in Section 4.5.

Proposition 5.5. The value function V defined in (4.8) satisfies V € C*(R x (0,00);R).
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Proof. In order to prove that V € C* (R x (0, 00); R), we need to prove that both (classical) derivatives V. (z, ¢)
and Vi, (z,¢) of V(z,¢) in the directions = and ¢, respectively, are continuous on R x (0, 00). We therefore
split the proof of the desired claim in the following two steps.

Step 1. Continuity of V.. We already know from Proposition 4.1.(i7) that V,, = ¥ exists and from Proposition

4.2.(i) that (z,p) — v(x,¢) is continuous over R x (0,00). Hence, we conclude that (x,¢) — V,(z,¢) is
continuous on R x (0, c0).

Step 2. Continuity of V. Let us now show that the (classical) derivative V., exists at each (z,,¢,) €
R x (0, 00).

We assume, without loss of generality!, that V is actually concave in a neighborhood Z of (x,,,). Then,
by concavity of V in Z, the right- and left-derivatives of V exist in the o-direction at (z,,,). We denote

these derivatives by V;: (20, po) and V; (20, o), respectively, and due to concavity they satisfy the inequality
Vo (%0, 00) > V:(Jco, ©,)- Then, in order to show that V, exists, it suffices to show that the strict inequality

= =+ . - -
Vo, (o, 00) >V, (%0, o) cannot hold. Aiming for a contradiction, we assume henceforth that V', (2o, ¢o) >

—+
V, (%0, po) does hold true.

It follows from [36, Theorem 23.4] and the fact that V, exists and is continuous (cf. Step 1 above) that
there exist vectors

C = (Vw(xoa @o)agp)a = (Vw(xm 900)77742) € D+V(Z‘o, 4100) such that Ctp < Ny 5

where we denote by DYV (z,,p,) the superdifferential of V at (x,,,). For any (z,¢) € Z, we then define

g(xa 90) = V(xoa @o) + Vw(xoa @o)(x - xo) + 774,0(‘)0 - QOO) A Ccp(‘p - @o)

and notice that V(z,,¢,) = g(z,, ¥,), while we also get by concavity that

Vie, @) <gle,9), V(z,9) el
Next, we consider the sequence of functions (f"),en C C%(R x (0,00); R) defined by

n

F(,0) = 90, 00) + 501+ C) o = o) — Sl = o) VnEN,

\]

Such a sequence satisfies the following collection of properties:

fn(.’lﬁo,@o) :g(‘r(??SOO) = V(CU(”QDO), V’I’L S Na
f™ >V in a neighborhood of (z,,¢,), Vn €N, (5.4)

f;?(l'o, o) = Vx(xm Po)s fg?;c(zm o) =0= ggp(IO? ®o)s fﬁp(%y ¢o) =-n, VneN.
Then, using the viscosity subsolution property (cf. Definition 5.2.(i)) of V at (z,,¢,) yields
0> (p = L) " (20, p0) = (L +9o)Clas) =5 oo,

which gives the desired contradiction. Hence, by arbitrariness of (z,,,), we have that V is differentiable in
the direction ¢.

In view of the aforementioned differentiability in the direction ¢ and the semiconcavity of V' (cf. Proposition
5.1) we conclude from [36, Theorem 25.5] that V., is continuous on R x (0, 00). O

We are now ready to show the final result of this section, namely to upgrade the regularity of the value
function of the control problem to the minimal required regularity for constructing a candidate optimal control
policy and verify its optimality in Section 6.

To this end, we define for any (x,¢) € R x (0, 00) the transformation

T=(T,Ty) R (0,00) 5 B, (Tile,9), Tl 0) = (w0 = Tlog(e). (5.5)

IThis can be done by replacing the (locally) semiconcave V(z, ) by W (z,¢) := V(x,¢) — Col(x — z0, — @o)|? for suitable

Cp > 0 in the subsequent argument.
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which is invertible with inverse given by

~

TN (@,y) = (2,307, (n,y) € B2

Using the latter inverse transformation, we introduce the transformed version ‘A/(x,y) of the value function

V(z, ) defined in (4.8) by
V(z,y) =V(z,en®?), (2,y) € R (5.6)

Moreover, direct calculations yield that
Valz,y) + XA/y(:c,y) =Valz,en™™Y), (z,y) € R (5.7)
Given that T': R x (0,00) — R? is a global diffeomorphism, we have from (5.3) and (5.7) that the open set
Cy={(z,y) eR*: —KT(1+en" V)< (V, +V,)(2,y) < K~ (1 +e1™)} = T(C). (5.8)

Finally, define the second-order linear differential operator on f € C%!(R?;R) by

Lxyf(z,y):= %anm(x, y) + pofe(w,y) + %(uo + p1) fy (2, y) (5.9)

Proposition 5.6. The transformed value function 1% defined in (5.6) satisfies Ve C?1(C3;R), where Cs
denotes the closure of the open set Cs defined in (5.8). In addition, V is a classical solution to

(p— Lxy)u(z,y) = Clz)1+er ™), for all (z,y) € Cs. (5.10)

Proof. First of all, due to Corollary 5.4 and the expression of the transformed value function in (5.6), one can
casily verify that V is a viscosity solution to (5.10) on Cs3 due to (5.8). Then, in light of Proposition 5.5 and
the above smooth transformation, we also obtain that V € C'(R%R).

By a standard localization argument based on the fact that Vis a continuously differentiable viscosity
solution to (5.10) on Cs and results for Dirichlet boundary problems involving partial differential equations of
parabolic type (see [31]), we have that actually V € C2!(Cs;R) and solves (5.10) on Cs in a classical sense.
Hence,

- Sty G
for all (z,y) € Cs. However, since we know that V € C'(R2;R) and since the right-hand side of (5.11) only
involves functions that are continuous on R?, we conclude that VM admits a continuous extension on Cs. This
completes the proof of the claim. O

1 Vio(2,y) = —C(x) 1+ e ) + pV (2,y) — poVa(z,y)

DO =

6. Verification Theorem and Optimal Control

Given the regularity of V obtained in Proposition 5.6 and the relation (5.6) between V with the value function
V defined in (4.8), we are now able to prove a verification theorem. Namely, we provide in this section the
optimal control for V in terms of the boundaries by defined in (4.16)—(4.17). Before we commence the analysis,
recall also the properties of the latter boundaries proved in Proposition 4.3.

6.1. Construction of control p for state-space process (Xﬁ, P).

For any given (z,0) € R x (0,00), we define the admissible control strategy P := Pt — P~ such that the
following couple of properties hold true:

by (@) < XP <b (), Q@dt—ae;

ﬁ*‘z/ 1,5 dﬁj and ]3_:/
t (0,4 {XE<bi(24)} t (0.4

4P~ (6.1)

H{szb—(‘fbs)} s t Z 0.
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In practice, according to the aforementioned strategy, a lump-sum increase or decrease of the inventory
process X may be required, whenever the inventory level X;_ happens to be either strictly below the boundary
b4 (®;) or above the boundary b_(®,), respectlvely The purpose of these jumps of at most one of the controls
PjE at each such ¢ > 0, of size either (by (®;)— Xli) or (Xt]i —b_(®;))T, is to bring immediately the inventory
level X inside the interval [b; (®:), b—(®;)]. Mathematically, these are the actions caused at any time ¢ > 0, by
the jump parts APi = Pi Pi of the controls P*. Then, the strategy prescribes taking action (increase or
decrease the 1nventory) When the inventory process X; approaches, at any time ¢ > 0, either boundary b (®;)
from above or boundary b_(®;) from below. The purpose of these actions now is to make sure (with a minimal
effort) that the inventory level X; is kept inside the interval [b+(<I>t) b_(®,)]. Mathematically, these actions are
caused by the continuous parts of the respective controls P* and are the so-called Skorokhod reflection-type
policies. ~ ~

Given that the dynamics of X and ® are decoupled (cf. (4.9)), the solution triplet (X[, ®;, ﬁt)tzo to the
Skorokhod reflection problem at the boundaries by can be constructed as in [20, Section 4.3]. It further follows
from (6.1) above together with the definitions (4.16)—(4.17) of boundaries by, the region Cy from (4.18) and the
fact that © = V, from Proposition 4.1.(ii), that the nondecreasing processes P* are such that the state-space

process (X P ,®) and the induced (random) measures dP* on R* satisfy:

(XtﬁﬁI)t) € Cy, for Q@ dt-a.e., with Cy as in (4.18);
dP* has support on {t>0:V, (XtP,CDt) <-KT(1+®)}; (6.2)
dP~ has support on {t=0:V, (XtP,<I>t) > K (1+®,)}.

6.2. Transformation of controlled process (Xﬁ, ®) to (Xf’, Yﬁ).

We now use the transformation (5.5) from (z, ¢)- to (z, y)-coordinates, in order to define the controlled process

YP = xP — Tog(®,), t>o0, (6.3)
v

whose dynamics are given via It6-Meyer’s formula by

= 1 ~ o~ 5
ay = 5(#0 +p)dt +dP —dP7, Y =yi=a - glog(go).

Recalling the transformed value function (5.6) and the relation in (5.7), we have

VLYY = V(XP, e XEY0) and V(P YD) + 0, (XP VP = Vo (xP A XTY0) (6
under the dynamics
AXP = podt + ndW, +dP;" —dP-, XI =z€eR, 65)
AV = L(po + m)dt + dPF —dP;7, VP =y =2 — Llog(p) €R. '

Hence, in light of (6.4)—(6.5), we can express the control P defined in Section 6.1 in terms of the state-space
process (X, Y7T) via
(Xtﬁ7 Ytﬁ) € C3, for Q® dt-a.e., where C3 is defined in (5.8);
AP has support on {t>0: (‘71 + ?y) (XP,YP)< —K+ (14 entXe _Ytp))}; (6.6)
dP~ has support on {t>0: (XA/I + ‘A/y)(XtP,YtP) > K- (1+ 3T )))}

6.3. Optimality of control p.

In this section we prove the optimality of the control P defined through (6.1), which is equivalently expressed

by (6.2) in terms of the state-space process (Xﬁ, ®) and by (6.6) in terms of the state-space process (Xﬁ, Yﬁ),
see Sections 6.1-6.2.
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Theorem 6.1 (Verification Theorem). The admissible control P € A defined through (6.1) (see also (6.2) and
(6.6)) is optimal for Problem (4.8). Actually, P is the unique optimal control (up to indistinguishability) if C
is strictly converz.

Proof. Recall that Ve C?1(C3;R) by Proposition 5.6, where V is the transformed value function in (5.6). By
the Tietze extension theorem, it can be extended to a function V € C*1(R2;R).

Let now (XOA ,YOA) = (z,y) = (z,z — nlog(p) /) € Cs be given and fixed, and define 7,, := inf {t > 0 :
|(XtP,YP )| > n} An, for n € N with state-space process (XP YP) as defined in (6.5). Then, noticing that
(ti, YP) € (,’3, Q-a.s. for all t > 0, and that V=Von Cs we can apply Dynkin’s formula to the process
e PV(XP, P YP ) on the (random) time interval [0, 7,,], obtaining

V(x,y) = EQ [e PTHV(XQ,YJ:)} - EQ[/ T (Lxy — p)V(XT, Yﬁ)ds}

0

—EQ[/: e (V, + Vy)(Xf,Yf)dﬁg}—EQ[ 3 e—f’S(V(Xf,Yf)—V(Xf,Yf))}, (6.7)

0<s<7n

where P¢ denotes the continuous part of P and the final sum is non-zero only for (at most countably many)
times s such that AP, := P, — P,_ # 0. Clearly, AP, = AP} — AP;, where AP := P+ — P* and notice
that

S aPr _
Z e—pS(V(Xf7YSP) _ V(XP YP Z / V + Vy)(Xff + u7Y81i + u)du
0<s<Tp 0<s<7p,
AP;
- ) e / (Ve + V) (XP —wu,YP —u)du.  (6.8)
0<s<7p,
Hence, plugging (6.8) into (6.7) and using (5.10), we obtain
Q{ v ( Xf;,YTI:)} +EQ [ / e (14 en X =Y ))C(Xf)ds}
0
—EQ [/ e " V + V)(Xf,yf)d(ﬁj»c - 1%@)]
0
APt . .
EQ{ e (Vo + V) (XE +u, Y +u)du
0<s<T, 0
N -
- e ? (Ve + V) (X —u,YE - u)du] . (6.9)
0<s<T1, 0

Using now the nonnegativity of V as well as the second and third property of control Pin (6.6), we see that
(6.9) becomes

‘7(x7y)ZEQ[/ (1 e YP))C(XP)d}
0
+EQ{/ efpsK+(1+e,l,<xf—n’°))dﬁs++/ ePSK(1+e7z(X£_K‘P))dﬁS}
0 0

Then, we take limits as n 1 co and we invoke Fatou’s lemma (given the nonnegativity of all the integrands
above) to find that

~

V(xay) > EQ|:/ e p5(1+€n(X Yf))C(XSﬁ)d5:|
0

+EQ [/ e P KT (14 en YD) APk / e P K (14 ejr(XstP))dISs} . (6.10)
0 0
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Sy

Figure 2: An illustrative drawing of the free boundaries by and b_ satisfying Proposition 4.3. In the picture,
a:= (C")"YHpK~) and B := (C')~Y(—pK™). Moreover, the vertical arrows identify the directions of
exercise of the optimal control P defined through (6.1).

Given now that XP_yP = 1 log(®)/~ by definition (6.3), and that (5.6) yields X//\'(x, y) = ‘7(:5, x—nlog(p)/v) =
V(z,¢), we further conclude from (6.10) that for any (z,9) € C2 (as we had assumed (z,y) = (z,7 —
nlog(p)/v) € C3)

V(z,p) > EQ [/ e (1+,)C(xP)ds + / e (14 @,) (K+YdP) + K~dP; )| = T..u(P).  (6.11)
0 0

Combining this inequality with definition (4.8), i.e. V(z,¢) < 7$7¢(ﬁ), we prove that P is an optimal control,
for any (z, ) € Co.

Suppose now that (z, ) is such that = < by (y), so that (z,¢) € Sy . Then, according to (6.1) (see also
(6.2)), and using (6.11), we have that

_ ~ _ . _ b4 () .
Tap(P) =K (14 @) (b4 (p) = ) + Tp, (0),0(P) S V(bi(0), ) — / Va(z,0) = V(z, ).

Proceeding similarly also for (x,¢) such that @ > b_(y), we conclude that P is indeed optimal for any
(z, ) € R O

7. Refined Regularity of the Free Boundaries and their Characterization
In this section we will obtain substantial regularity of the value #(x, ¢) of the Dynkin game (4.10), as well as

an analytical characterisation of its corresponding free boundaries b. Due to Theorem 6.1, this consequently
leads to the complete knowledge of the optimal control rule P.
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7.1. Parabolic formulation and Lipschitz continuity of the free boundaries

In view of a further change of variables, in line with (6.3), we define

Y0 = X0 - glog(CI)t), t>0, (7.1)

with X as in (4.11). Then, by Itd’s formula, we have

dX? = podt + ndWy, X0 =z €eR, (79)
dY? = 3(uo +p)dt, Yy =y:=a— Llog(p) €R, '
and (4.10) rewrites in terms of the new coordinates (z,y) = (X, YY) as
TN
¥(x,y) := inf sup EQ [/ e ! (1 + e%(Xf(«LYt))C'(XE)dt —Kte T (1 + e%(XE*Y’)) lir<oy
[ 0
+ K_e_”g(l + eZ(Xg_Y“)>1{T>U}} =7 (x, e%(m_y)) . (x,y) €R?. (7.3)

In view of the relationship in (7.3), the value function v(-, -) inherits important properties which have already
been proved for o(+, -). To be more precise, we first conclude immediately from Proposition 4.2.(4) the following
result.

Proposition 7.1. The value function (x,y) — v(x,y) defined in (7.3) is continuous over RZ.

Moreover, since o(x,exp{y(z — y)/n}) = Va(z,exp{y(z — y)/n}) by Proposition 4.1.(ii), it follows from

~

(5.7) that ¥(z,y) = Vi(z,y) + Vy(z,y) for all (z,y) € R?, and consequently the open set C3 defined in (5.8)
takes the form

Cs={(x,y) eR?: —KT(1+e7"Y) <0(z,y) < K~ (1+e1@)} = T(Cy). (7.4)

Hence, by also defining the closed sets
Sy ={(z,y) eR*: V(z,y) < -KT(1+ e%@*y))}, (7.5)
Sy = {(z,y) €R?: B(z,y) > K~ (1+er1™¥)}, (7.6)

the global diffeomorphism 7' from (5.5) implies that S§ = T'(S5) as well, where Cy and S5 are the continuation
and stopping regions (4.13)—(4.15) for the Dynkin game ¥ in (4.10). Combining these relationships with the
structure of the latter regions in (4.18)-(4.19) yields that C3 and Ss™ are connected.

In order to obtain the explicit structure of the regions C3 and Ss*, we now define the generalised inverses
of the nonincreasing by (cf. Proposition 4.3) by

by ' (z) :==sup{p € (0,00) : bi(p) >z} and b '(z):=inf{p € (0,00): b_(p) < z}. (7.7)

Since the map ¢ — Th(x, ¢) in (5.5) is decreasing for any given x € R (cf. the functions by are nonincreasing
due to Proposition 4.3.(7)), we have

(@) et & @it et o b <o <)

& z- glog(bil(x)) <y<wz- glog(bf(ﬂﬂ))»

while similar relations hold true for the characterisation of Sét. Then, by defining

it (@) =2 = L log(by! (@) (7.8)

we can obtain the structure of the continuation and stopping regions of ¥, which take the form
Cs = {(z,y) eR*: cZl(z) <y < c ' ()}, (7.9)
S§ ={(z,y) eR*: y>c; ()} and S5 ={(z,y) eR*: y<c'(z)} (7.10)

The proof of the next lemma can be found in the Appendix.
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Lemma 7.2. The functions c;1(~) defined in (7.8) are strictly increasing, while c_T_l(~) is left-continuous and
c=(+) is right-continuous on R.
In light of Lemma 7.2, we may define the functions

ci(y)=inf{r e R: y<c;'(z)} and c_(y):=sup{z €R: y>c'(2)}, yeR. (7.11)
In the following result, we prove that y — c4(y) identify with the optimal free boundaries of the Dynkin game
v in (7.3) and provide some important properties such as their global Lipschitz continuity.
Proposition 7.3. The free boundaries cy defined in (7.11) satisfy the following properties:

i) c+(-) are strictly increasing on R and we have z% < ¢y (y) < c—(y) < x* for all y € R (with z7 as in

; trictly i j R and we h 1< cq < z* Il R (with x% '
Proposition 3.2). Moreover, cy(y) < (C")"(—pK™) and c_(y) > (C")"Y(pK ™) for all y € R;

(ii) c+(-) are Lipschitz-continuous on R with Lipschitz constant L =1, namely

0<er(y) —cx(¥) <y—y, Yy>y.
(i4i) The structure of the continuation and stopping regions for (7.3) take the form

Cs={(z,y) €eR*: ci(y) <z <c_(y)},
S§ ={(z,y) €eR*: z<ci(y)} and S; ={(z,y) eR*: z>c_(y)}.

Proof. We prove separately the three parts.

Proof of (i). The first part of the claim follows from Lemma 7.2, together with the definition (7.11) of c4.
The second and third parts of the claim are due to the fact that 7} as in (5.5) is the identity.

Proof of (ii). Using the definitions (7.8) of ¢3! and the monotonicity of b3' (see proof of Lemma 7.2) we
get

cIl(z) - cgi(@') = (z - Zlog(b;(x))> - <x - Zlog(b;(x’))) >z—a, Vz>a (7.12)

Combining this with definitions (7.11) and part (i), we obtain the desired claim.

Proof of (iii). This is again due to the definitions (7.11) of ¢y, their monotonicity from part (i) and the
expressions of the sets in (7.9) and (7.10). O

7.2. Global C'-regularity of v
For any (x,y) € R? given and fixed, we consider the strong solution to the dynamics in (7.2), denoted by
X2 =2+ pot + W, and Y,V =y + %(,Ul + po)t, t>0,
and we define
(x,y) =nf{t >0 (X)) €SF} and of(z,y) =inf{t >0: (XP7 YY) eSSyt (T.13)

Notice that by [17] and [34], the pair (7*,0*) realises a saddle point for the Dynkin game with value ¥ in
(7.3). In the sequel, we aim at deriving the global C'-regularity of ¥(-,-), following the arguments developed
in [11]. In order to accomplish that, the next result about the regularity (in the probabilistic sense) of (7*,0*)
is needed.

Lemma 7.4. Suppose that (Tyn,Yn)nen= C Cs is such that (n, yn) = (X0, Yo), where y, € R and x, := ¢4 (yo)
(resp., To = c_(Yo)), then 7 (xn,yn) — 0 (resp., *(xpn,yn) — 0), Q-a.s..

Proof. We prove the claim for 7*(x,,y,), since the proof for o*(z,,y,) can be performed analogously. Fix
w € Q and assume (aiming for a contradiction) that

lim sup 7 (2, yn ) (w) =: 6 > 0.

n— oo
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Figure 3: An illustrative drawing of the free boundaries ¢, and c_ satisfying Proposition 7.3. In the picture,
a:=(C")"YpK~) and B := (C') "} (—pKT).

This means that there exists a subsequence, still labelled by (z,,, y,), such that
XD (w) > ep (Y,0) VneN* Vtel0,§/2]; (7.14)

that is,
1
T + pot + nWi(w) > et (yn + 5(,111 + uo)t) VneN, Vtel0,d/2].

Hence, taking the limit as n — oo and considering that ¢y is continuous (see Proposition 7.3.(it)),
M) > e (v + g (m + po)t) — 20— pot, V€ [0,5/2]
Using now the Lipschitz continuity of ¢4 (see again Proposition 7.3.(i7)), we further obtain
nWi(w) > ¢4 (yo) — %(Hl + p0) Tt — o — pot = _%((Ml +p0)” +po)t, YneN, Vitel0,6/2]. (7.15)

However, by the law of iterated logarithm we know that for every € > 0 there exists a sequence (t,)nen
decreasing to 0 such that a.s. for any n € N one has

Wy, < —(1-— 5)\/2tn log (log (tl))

n
Hence, because 4/2tlog (log (%))/t — oo as t } 0, we have that (7.15) can only happen for w belonging to a
Q-null set and the proof is complete. O

Remark 7.5. From the previous proof one can easily observe that, by replacing the strict inequality with the
large one in (7.14), we can actually prove that 7*(xn, yn) — 0 and 6*(xn,yn) — 0, Q-a.s., where

Pz, y) = imf{t > 0: (XD, V2Y) e nt(SH)},  6*(z,y) == inf{t > 0: (X", V2Y) e Int(S5)}. (7.16)
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We now show that the value function v(z,y) of the Dynkin game (7.3) is smooth across the topological
boundary 9Cs of the continuation region Cs from (7.4) in both directions  and y. The details of the proof of
the following result can be found in the Appendix.

Proposition 7.6 (Smooth-fit). Let y, € R and set x, := c4(yo). Then the value function v defined in (7.3)
satisfies

lim  vy(x,y) = $1Kie%(m"7y°) and lim  vy(z,y) = + T gEed (@o—vo)
(z,y) = (20,v0) n (z,y)—=(0,v0) n
(z,y)€Cs (z,y)€Cs

We are now ready to derive the global C'-regularity of ¥ as well as the local boundedness of its second
derivative in z.

Proposition 7.7. The value function v defined in (7.3) satisfies v € C1(R%R) and 0., € LS (R% R).

loc

Proof. By standard arguments based on the strong Markov property and Dirichlet boundary problems involv-
ing second-order partial differential equations of parabolic type, one can show that v in (7.3) is a classical

C?1_solution to 5
(p— Lxy)ulz,y) — (L+er™¥NC'(x) =0, for all (z,y) € Cs, (7.17)

where Ly y is the second-order differential operator defined in (5.9) and Cs is given by (7.4) (see also Propo-
sition 7.3.(iii)). Also, T € C™ in the interior of 8. Hence, by Proposition 7.6 we have that 7 € C*(R?;R).
Moreover, we have from (7.17) that

1 .. =R 1 N N Y (pe
s (2,y) = pO(2,y) — 5 (11 + 1o)0y(2,y) — pola(z,y) — (L+e7" )0 (@), ¥ (z,y) € Cs.

2 2
Given that 7 € C*(R?;R), the right-hand side of the latter equation only involves functions that are continuous
on R?, hence 7., admits a continuous extension on the closure of Cs, and it is therefore bounded therein.
Therefore, for y € R, we have that U, (-,y) is Lipschitz continuous on [c(y), c—(y)], with Lipschitz constant
K (y) which is locally bounded on R. Combining this with the fact that v,(-,y) is infinitely many times
continuously differentiable, and therefore locally bounded, in the stopping regions S3i, we conclude that U, €
L (R2). O

loc

7.3. Integral equations for the free boundaries

By Proposition 7.7, and by using standard arguments based on the strong Markov property (cf. [17] and [34]),
we have that the value function v defined in (7.3) and the free boundaries ¢4 and c¢_ solve the free-boundary
problem

(Lxy = p)B(@,y) = —(1+ e “)C" (@), cr(y) <z <c_(y), yeR

(Lxy —p)o(z,y) < —(1+en @) (), r<ci(y), yeR

(Lxy —p)0(z,y) > —(1+ en (T (), x>c_(y), yeR

~K+t(1+en @) <Ba,y) S KT +en V), (2,y) € R?

B(z,y) = —KT(1+en™™Y), r<eily), yeR (719
@(m,y):K’(l—l—e%(z_y)), x>c_(y), yeR

Uz (x,y) = $%Kie%(z7y)7 xr=cy(y), y€R

Oy(x,y) = £ KFen 70, r=cs(y), y R

Here Lx y is the second-order differential operator defined in (5.9) and ¥ € C*! inside Cs (cf. Proposition
7.3.(141)). Hence, via the above results and a suitable application of (a week version of) It6’s lemma, we firstly
alm at obtaining an integral representation of ¥. This will then lead to a system of coupled integral equations
solved by the free boundaries ¢y defined in (7.11) (see also Proposition 7.3 for their properties).
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Proposition 7.8. Consider the free boundaries c+ defined in (7.11). Then, for any (z,y) € R?, the value
function v of (7.3) can be written as

~ s Y (x0_y0
v(z,y):E&,y)Uo e P (14 en™ Ys))C'(Xf)ﬂ{c+(yg><xg<c(Yg)}dS}

< s 2(x0_y0 —
+E?w,y)[/0 e p(1+en V) (K ]1{X2>c(Y;J)}—K+1{X5<c+<Y£)})d8} (7.19)

where E?z y) 18 the expectation under P, ) such that (X% Y0 from (7.2) starts at (z,y) € R2.

The previous representation of ¥ in (7.19), which is proved in the Appendix, allows us to determine a system
of integral equations for c4, which is the main aim of this section. Before we present this result, we denote by

1 _(=m)?
\/2726 22 . zeR, meR, v>0,
fie%
2

the density function of a Gaussian random variable with mean m and variance v°.

G(z;m,v) =

Proposition 7.9. The free boundaries c+ defined in (7.11) solve the system of integral equations
+ - ] 2(z-Y? 2
FEZq(cx(y),y) =/ ff‘”’(/ (14 en N C () e, (voycsce. (103G e (y) + p0s,n 8)d2>d8
0 R

& 2(z—YPO _
+/ e“’s</p(1+6"( ) (K ﬂ{zzc_(Yf)}—K+]1{z§c+(Y£)})G(Z;Ci(y)+u0877728)d2)d8~
0 R

Moreover, (c4,c_) is the unique solution pair belonging to the set Dy x D_, where

D; :={g:R—R: g is continuous, strictly increasing, s.t. z’, < g(y) < (C’)_l(—pK+)}
D_:={g:R— R: g is continuous, strictly increasing, s.t. (C")"'(pK~) < g(y) < 2* }.

Proof. Taking x = c4(y) in Proposition 7.8, and employing the value function’s continuity (i.e. v(c+(y),y) =
FK=(1+ exp{y(cx(y) — y)/n}), for any y € R), we find that

o Y y0_ 30
TEFq(es(y),y) = E?ci(y),y)[/o e (14 en X YS))C/(XS)]I{C+(YSO)<X§’<C(YSU)}d3:|

Rl o 0_~/0 _
+ B ) U e *p(1+en ) (KT xose_(voyy — K+]1{X2<c+(¥£>})d8} (7.20)
0

Hence, by noticing that Y° is a deterministic process and that XS’Ci(y) is Gaussian under Q with mean

c+(y) + pos and variance n%s, we easily obtain from (7.20) the desired equations.

The fact that c4 belong to the classes Dy follows from their continuity, monotonicity, and boundedness in
Proposition 7.3.

Finally, in order to prove the uniqueness claim one can proceed as in [9] (see, in particular Lemma 3.15,
Lemma 3.16, Proposition 3.17 and Theorem 3.18 therein). Given that the present setting creates no additional
difficulties, we omit further details of this verification, hence this completes the proof. O

Remark 7.10. The complete characterisation of the boundaries c+ provided by Proposition 7.9 together with
(7.8), yield a complete description of the free boundaries by, at which the optimal control rule P constructed
in (6.1)~(6.2) (see Section 6.1 for details) commands the process (XE,®)i>0 to be reflected.

Indeed, once cy are determined by solving (numerically) the system (7.20), we can use (7.8) to obtain by,
and consequently determine by by inverting (7.7). However, since a numerical treatment of (7.20) is non
trivial and outside the scopes of the present work, we do not address it in this paper.
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Appendix A
A.1. Proof of Proposition 5.1

It follows from (4.9), that ®;, = ¢ M,, where M, := exp{yW; — v?t/2}, for any ¢t > 0 and ¢ > 0.

For any (z,¢) € R x (0,00) given and fixed, one clearly has V(z,¢) < J,,(0). Hence, without loss of
generality, we can restrict the attention to all those controls P € A such that, for some constant k, > 0, we
have

ES [/ODO e 1+ wMt)C(XZ”‘P)dt] < T0(P) < Tuu(0) = EQ [/0“ (1 + M) C(XE )
=(1+¢)E {/0‘” e_ptC(XtI%O)dt] < Ko(1+ @) (1 + |z[P). (A-1)

Here, the second equality follows from a change of measure as in Section 4, X% in the second expectation
evolves as in (4.11), while in the third expectation it evolves as in (3.1), and the last step is due to Assumption
2.1.(7) and standard estimates. In the rest of this proof, we denote by A, the class of admissible controls P
for which (A-1) holds true.

Then, let (z,¢), (z',¢") such that |(x, p)| < R, |(z/,¢’)| < R be given and fixed, and take A\ € [0, 1]. Observe
that, by using the definition (4.8) of V' (and restricting to the class A,) we get

AV (@, 0)+(1 = NV (@', ¢") = V(A= ¢) + (1L = N)(@',¢"))

< sup E® {/ e~ Pt [/\(1 + sDMt)C(Xf;P) +(1-N01+ cp'Mt)C(Xf/;P)
PEA, 0

_ (1+ (AQP“F (1 —)\)L,O/)Mt>C(X/\I+(1 Az P)i|dt

+ /Oo e KT [)\(1 + M)+ (1= N1+ ¢'M) = (T+ Qe+ (1 - A)w’)Mt)}de
0

+ /w e KT [A(l T M)+ (1= N1+ M) = (1+ A+ (1 - A)so’)Mt)}de]-
0

By adding and subtracting (1 — A\)pM (C(X*P) + COAXFF + (1 — )\)Xf/;P)) in the dt-integral appearing in
the last equation, using the semiconcavity property of C' in Assumption 2.1.(iii) together with the solution
X%P of (4.9), as well as the fact that sup(f + g) < sup(f) + sup(g), we obtain

AV (z,0) + (1 =NV (2", ¢") = V(Az, ) + (1 = N)(a",¢))

o0 . rpy =)
< sup EQ {/ e PlagA(1 — ) (1 +OXIPYy+o(x} ’P)> |z — x/|2dt]
0

+ sup €8] [T (\COET) 4 (1= NCEKET) = COXET 4 (1 X7

0
+ / (1= N = ¢ IM (COXET + (1= NXF) = C(Xf’%P))dt].
0
Using again the assumed semiconcavity of C' and Holder’s inequality, we further conclude that
AV(z,0) + (1 =NV (', @) = VA, 0) + (1 = N)(@', ¢"))
2

(1-2)
§a2/\(1—)\)|x—x’|2EQ[ e ”tdt] sup EQ{ e Pt(1+0( xXP) 4 o(x? ))dt]
PeA, 0

. L (1-2)F
+ agA(1 = Nz — 2'|* sup EQ {/ e Pl M, (1 +O(XPPY +o(x7 ’P)> dt}
PeA, 0

o0 . py (1-2)
/ e—ﬂtMt(HC(X?PHC(Xf vP)) dt].

+ o A1 = N — ||z — 2] sup EQ{
0

o
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We now distinguish the cases p € (1,2] and p > 2. If p € (1,2], using that EQ[[;° e ?'M,dt] = 1/p and
Holder’s inequality, we further obtain that

AV (z,0) + (1 =NV (', ¢') = V(Mz, ) + (1= N)(@',¢))

< a1 — M|z — x'|2(p—% n p*l) F A1 = Np — ||z — o/ |EQ U eﬂt/\/ltdt] ’
0

Tl=

00 1—
x sup EQ {/ e_pt/\/lt(l +O(XPP) + O(XT ;P))dt] . (A-2)
PeA, 0

Hence, employing the estimate (A-1) in (A-2), we find for some k > 0 that
)\V((E, SD) + (1 - )‘)V(xlv 90/) - V()\(x, 90) + (]' - A)(mlv 901))
<M1= N)(le = /P + o = ¢lle = @/|(1+ [l + ]2,

which gives the claimed semiconcavity. The case p > 2 can be actually proved using similar arguments as for
p € (1, 2], therefore its precise proof in omitted for brevity. O

A.2. Proof of Lemma 7.2

Due to (7.7) and Proposition 4.3, we have that b;l are nonincreasing, with b;l left-continuous and b~! right-
continuous. Combining the aforementioned properties together with the definition (7.8) yields the desired
properties. U

A.3. Proof of Proposition 7.6

We focus on proving the continuity of ¥, across ¢y, since the other claims can be obtained similarly. To that
end, we firstly simplify the notation by defining (cf. (7.4)—(7.5))

q(z,y) =1+en@Y and @(z,y) = 0(x,y) + K q(z,y) {: 8: iZ]rr ZE Ei: z; 2 i;\ 53 (A-3)
and notice that, for every (z,y) € R? we have
w(z,y)
= sup fnf E° [ / PGP YV (C(XDT) + pK A+ (K 4 K7)e 7 q(X0" V) g ry |
Then, the desired continuity of U, across c4 is equivalent to
Csa(@;%ri}l(zmyo)@w(x,y) =0, for z,:=c4(y,) and y, €R. (A-4)

In the remaining of the proof, we therefore focus on proving (A-4).

Fix (z,y) € C5 and let € > 0 be such that (x + ¢,y) € C3. Denote by 7™ = 7*(z,y) and 7
from (7.13) and (7.16), respectively. Then, define 77 := 7*(x + ¢, y) according to (7.13) and 7 := 7*(x + €, y)
according to (7.16). In view of Proposition 7.3.(¢i7), these take the form

F=inf{t >0: XP"T <y (YY)}, #=imf{t>0: XPT < (YY)D,

T =inf{t >0: XPT < (VY)} and FF=inf{t >0: X7 < (V)
By the regularity of the Brownian motion, we have 77 = 7 and 7* = 7*, and by the continuity of trajectories
of the Brownian motion, we have

liﬁ)l 77 — 7*  which eventually yields that liﬁl Tr =T (A-5)
£ £
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Moreover, Proposition 7.3.(iii) further implies that o* = o*(,y) from (7.13) takes the form

o =inf{t >0: Xto’I > c_(YtO’y)}.

Then, we have

W(x +¢€,y) — w(x, 1 TNt e . e
( yi @0 < EEQ{/O e P (g(XP TR YY) — (XL ) (1T +pK+)dt]
1 TENo*
+ - B [ /0 e (X Y (C1(XTTE) - C’(Xto””))dt]
1 *

Using the Mean-Value Theorem, the above inequality becomes

*

~ o~ T2 No
U)(./L"i‘gayz w(CC,Z/) < EQ|:/ e—ptqz(Aj?}/;O,y)(CI(XE,:E+€) +pK+)dt:|
0

TINo* N
- EQ{ / e Plg(XPT YN O (E5)dt + €7 1resgey (KT +K)qx(®§*)} (A-6)
0
where Af, =5

e (X", XP") and ©2. € (X207, X%, If now the dominated convergence theorem can be
applied, by taking limits and using (A-5) in (A-6), we get

~ ~ T*ANo*
limsup 2 &Y Z @)  gq [/ et (X0, Y,0) (C(XD) + pKﬂdt]
el0 € 0

* *

T NOo
+ EQ UO e Plg(XP7 YOO (XD T At 4 €77 Loy (KT + K)qx(XSf)} .

With similar estimates, we can also get

~ S T No*
hnﬁj)nf ’LU(ZI: +e, yi ’LU(IE, y) > EQ |:/ e—ptqg:(X?,x’ )/tO,y) (O/(Xg,x) + pK+)dt:|
€ 0

T*No*
| [T e O XA+ 7 s (K K Oa(X5)]
0

Hence,

* *

T NOo
Wy (z,y) = EQ [/ e_ptqw(XtO’x,Y;O’y)(C”(X?’x) + pK+)dt
0

* *

T NOo
+E [/ e Plg(XPT, YIV)C (XYt + €7 L (KT 4 K)%(XS’*“’)]’
0

Then, we obtain (A-4) by taking the limit as (x,y) — (xo,¥0), using Lemma 7.4 and noticing that clearly

lim inf ;) (0,40) 07 (2, ) > 0 (cf. (7.5)(7.6)).
In order to complete the proof, it remains to show that the dominated convergence theorem can be indeed

invoked when taking limits in (A-6). We show this only for the term

*

X Ao
EQ [ [ eyt 4 pr
0

in (A-6), as the others can be treated similarly.
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Notice that, since g, (-,y) is positive and increasing, C'(-) is nondecreasing, and AS < X"+ < X" (for
any € < 1, without loss of generality), we can write

*
T NO

P (AL YY) (O(XPEH) + pK ) dt

(=)

* *

ToNO
S/ e_ptqw(Xt()’w+1,Y;O’y)(C/(X?’QH_l)+pK+)dt
0

IN

[e.¢]
%/O e—pt( (X0z+1 Yo,y (’C/ X0x+1 |—|—pK+)d

Now, on one hand, EQ[[;° e #|C"(Xy"*")|dt] < oo due to Assumption 2.1 and standard estimates on the
Brownian motion. On the other hand, by using the definition of ¢(-,-) and (7.1), one has ¢(X* ™!, v ) =
1+ ®f, with ¢ = e7@17¥) Hence,

EQ|:/O 7pt (X0r+1 YOy (|C/(X?,m+1)|+pK+) dt:l
— EQ |:/ e—pt(l + (I)f)OC/(XtO,x-‘rl)’ + pK‘f‘)dt:l ‘ T (wt1-y)
0 et '
- (1 +e77(””+1‘y>)E[/ e PH(|C (x| +10K+)dt} (A-7)
0

where the last equality is due to a change of measure as in Section 4 and X in the last expectation evolves as
n (3.1). But then, standard estimates together with the growth requirements on C' in Assumption 2.1 ensure
that the last expectation in (A-7) is finite, thus completing the proof. O

A.4. Proof of Proposition 7.8

In this proof, we recall the notation ¢(x,y) :=1+ eY@=9)/1 which will be used in the following four steps.

Step 1. Let R > 0 and define 75 := inf{t > 0: |X?| > R or |Y}?| > R} under P, ,. Since v € C*(R*;R)
and U, € LS (R%R) (cf. Proposition 7.7), we can apply a weak version of It6’s lemma (see, e.g., [3], Lemma

8.1 and Theorem 8.5, pp. 183-186) up to the stopping time 7 A T, for some T > 0, to obtain

TrAT

O(z,y) = EQ e "X nrs Yoar) — /O e P (Lx,yo — p)o(X2, Y)ds|. (A-8)

The right-hand side of (A-8) is well defined, since Y is a deterministic process, the transition probability of
XY is absolutely continuous with respect to the Lebesgue measure and (Lx y — p)u is defined up to a set of
zero Lebesgue measure.
Since ¥ solves the free-boundary problem (7.18), we have for almost all (z,y) € R?, that
(ACX,Y - p)ﬁ(m, y) = _Q(aj? y)c/(x)]l{c+(y)<m<c_(y)} + pK+q(x, y)]l{xﬁc+ (v — PK_(I(CU» y)]l{xZC_ (W}

and using again that the transition probability of X° is absolutely continuous with respect to the Lebesgue
measure, the equation in (A-8) becomes

(z,y) = E

TRAT
(.9) [e_p(TRAT) (XQRATaYTORAT)JF/O e Pq(XY, YO)C/(XO)H{C+(YSU)<X2<C(YSU)}d5:|

TRAT TrRNAT
—EQ I:/ e_pSpK+q(Xg, YSO>]1{X}3§c+(Y§0)}d5 — / e_pspK_q(Xg,}/SO)]I{X2>0+(YSO)}dsj| . (A—9)
0 0

(z,y)

Step 2. Using the relationship (7.3) between ¥ and ¥ and the definition (7.2) of (X°,Y?), we obtain

)

|:efp(TR/\T) (1 Jr(I)TRAT)} — (143, [G*P(TR/\T)} (A-10)

EQ

(z,y)

< (Kt VK )EQ

[T DR, V| = G [ (X € P 7o)

(wexp{ (z—v)})
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for 7 := e7(@=¥)/1 /(1 4 7==¥)/1) and where the last step can be justified by performing a change of measure
in the same spirit of Section 4. Clearly, taking limits as R 1 oo and T' 1 co in (A-10) yields

Jim Jim EY ) e/ DD, Y, )] = 00 (A-11)

Step 3. On one hand, notice that using the strong solution (X Y?) to (7.2), we get

TRAT [e’e)
E?m,w{ /O 6”Sq(X.?’Yeo)]l{xssC+<Y£>}d5]SE&,@{ /0 SPSQ(X.?,Y;’)ds}

= / e P* (1 + E?z » [e%(Xg_YSO)Dds = / e P? (1 +en(@WEQ [e”wf%s})ds < 00,
0 ’ 0

since W is a Q-Brownian motion, thus the latter expectation is equal to 1. This clearly implies the finiteness of
the latter expectation in (A-9). On the other hand, by a change of measure as that of Section 4 and Assumption
2.1, we also have

TRAT
E?a:,y) {/0 e Pq(XY, KQ)C'(XE)IL{C+(YSO)<X3<C(y;))}dS]
< E?w,y) [/0 e_pSQ(XS,YSOﬂC/(XngS] =(1+ e%(mfy))E(z,,r) [/0 e_pS|C/(Xg)|ds
< (1+e%<f‘y))E<m,w> U e (1 + IXSP)ds] < o0,
0

for 7 :=en ™% /(1 4+ €7 (*™¥)), where the finiteness of this expectation in the last step follows from standard
estimates on the Brownian motion.

Step 4. Finally, given the finiteness of all the expectations of integrals appearing in (A-9) due to Step 3,
we can apply the monotone convergence theorem to interchange limits as R 1 oo and T 1T oo with these
expectations in (A-9). Therefore, using this fact together with Step 2 we obtain (7.19), which completes the
proof. O
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