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Abstract

We study the higher Holder regularity of local weak solutions to a class of nonlinear nonlo-
cal elliptic equations with kernels that satisfy a mild continuity assumption. An interesting
feature of our main result is that the obtained regularity is better than one might expect when
considering corresponding results for local elliptic equations in divergence form with con-
tinuous coefficients. Therefore, in some sense our result can be considered to be of purely
nonlocal type, following the trend of various such purely nonlocal phenomena observed in
recent years. Our approach can be summarized as follows. First, we use certain test func-
tions that involve discrete fractional derivatives in order to obtain higher Holder regularity
for homogeneous equations driven by a locally translation invariant kernel, while the global
behaviour of the kernel is allowed to be more general. This enables us to deduce the desired
regularity in the general case by an approximation argument.

Mathematics Subject Classification 35R09 - 35B65 - 35D30 - 47G20

1 Introduction
1.1 Basic setting and main result

In this work, we study the higher Holder regularity of solutions to nonlinear nonlocal equa-
tions of the form
Lu=finQCR" (1)

driven by a kernel that potentially exhibits a very irregular behaviour. More precisely, by
modifying an approach introduced in [2], we prove that so-called local weak solutions to such
equations are locally Holder continuous with some explicitly determined Holder exponent.
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Here s € (0, 1), 2 C R" is a domain (= open set), f : R” — R is a given function and

L%u(x) :=2 lim %Q(w(}c) —u(y)dy, xeQ,

e—0 R"\ B, (x) |X —

is a nonlocal operator. Throughout the paper, for simplicity we assume that n > 2s. Fur-
thermore, the function A : R" x R"” — R is measurable and we assume that there exists a
constant A > 1 such that

2 < A(x,y) < A for almost all x, y € R". ?2)
Moreover, we require A to be symmetric, i.e.
A(x,y) = A(y, x) for almost all x, y € R". 3)

We call such a function A a kernel coefficient. We define Ly(A) as the class of all such
measurable kernel coefficients A that satisfy the conditions (2) and (3). Moreover, in our
main results ® : R — R is assumed to be a continuous function satisfying ®(0) = 0 and
the following Lipschitz continuity and monotonicity assumptions, namely

D) — ()| < Alt —t'|foralls,t’ e R “)

and
(@) — () (t =) =27 ¢ — 1) forallt,1 € R, Q)

where for simplicity we use the same constant & > 1 as in (2). In particular, if ®(¢) = t,

then the operator Lf reduces to a linear nonlocal operator which is widely considered in

the literature. The above conditions are for example satisfied by any C! function ® with

®(0) = 0 such that the image of the first derivative ®' of ® is contained in LAl
Define the fractional Sobolev space

_ 2
WSZ(Q) —{MELZ(Q)’// [u(x) —u(y)] dy<oo}

|)C _ y|n+2v

and denote by WI (Q) the set of all functions u € L () that belong to W* () for any
relatively compact open subset Q' of €2. In addition, we define the tail space

lu(y)]
L%S(Rn) = {M S L}oc(Rn) ’ /n W}Wdy < OO} .

We remark that for any function u € Lés (R™), the quantity

/ lu(y)l dy
R\ B (xo) 10 — yI"+%

is finite for all R > 0, xo € R". For all measurable functions u, ¢ : R" — R, we define

b= [ [ R0 —u et - p0)dyds
n Jn |x _ y|n+2s ?

provided that the above expression is well-defined and finite. This is for example the case
ifu e W;OLZ(Q) NL) (R") and ¢ € W2(2), where by W2?(Q2) we denote the set of all
functions that belong to W*2(£2) and are compactly supported in 2.

In the literature, various types of weak solutions with varying generality are considered.
In this paper, we adopt the following very general notion of local weak solutions which is
for example used in [1] and [2].
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2n_
Definition Let f € L/"'? (). We say that u e WISO’CZ(SZ) N Lés (R™) is a local weak solution

loc
of the equation qu = fin Q, if

EYw,0) = (f. 012 Vo € W(Q). (6)

We remark that the right-hand side of (6) is finite by the fractional Sobolev embedding (cf. [9,
Theorem 6.5]). It is noteworthy that the above notion of local weak solutions contains most
other notions of weak solutions considered in the literature, such as the ones considered in
e.g. [8] or [22].

In our first main result, we are going to impose an additional continuity assumption on A.
Namely, we assume that there exists some small ¢ > 0 such that

}}im sup |A(x+h,y+h)— A(x,y)| =0 forany compactset K C Q. (7)
—>U x,ye
\x—lefa

In particular, the condition (7) is satisfied if A is either continuous close to the diagonal in
Q x Q or if A belongs to the following subclass of L£o(X) which plays an important role in
our proof of the desired regularity.

Definition Let Q be a domain and & > 1. We say that a kernel coefficient Ay € Lo())
belongs to the class £ (X, 2), if there exists a measurable function a : R” — R such that
Ao(x,y) =a(x —y)forall x,y € Q.

A kernel coefficient that belongs to the class £ (X, €2) can be thought of being translation
invariant, but only inside of 2. We also call such a kernel coefficient locally translation
invariant. We note that the condition (7) is also satisfied by some more general choices of
kernel coefficients, for example if

Ax,y) = A'(x, »)Ao(x, y),

where A’ € L (A%) is continuous near the diagonal in  x €2 and A( belongs to the class
L1 (k% , ), but is not required to satisfy any continuity or smoothness assumption. Moreover,
we stress that the condition given by (7) only restricts the behaviour of A close to the diagonal
in Q x Q, while away from the diagonal in 2 x €2 and outside of 2 x € a more general
behaviour is possible.

We are now in the position to state our main results.

Theorem 1.1 Let Q@ C R”" be a domain, s € (0,1), A > 1 and f € L?oC(Q) for some
q > 2% Consider a kernel coefficient A € Lo(A) that satisfies the condition (7) for some
& > 0 and suppose that ® satisfies (4) and (5) with respect to . Moreover, assume that
u € Wlso’f(Q) N L;s (R™) is a local weak solution of the equation qu = f in Q. Then for
any 0 < o < min {2s -z 1}, we have u € Cj, ().

Furthermore, for all R > 0, xg € Q such that Bg(xg) € Q2 and any o € (0, 1), we have

[t]ce By g (xo)) = £<R_%||u||L2(BR(X0)) + st/ L)'z
R R\ Bg(xo) 1X0 — Y[

(8)
2s—12
+ R | fllLaBr(xo)) )

where C = C(n, s, A, a,q,0,¢) > 0and

e o sup |u(x) — u(y)l

(B, = —_—.

(Borlo) x,y€B; g (x0) |X - )’|°‘
XF#y
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If we focus on obtaining Holder regularity for some fixed exponent 0 < o < min {25 — ool 1,
then we can slightly weaken the assumption on A as follows. Roughly speaking, in this case
it is enough to require that A is locally close enough to being translation invariant, while
the condition (7) essentially means that A is locally arbitrarily close to being translation
invariant. This slight “room for error” is typical when one uses approximation techniques in
order to obtain regularity results, see for example [5].

Theorem 1.2 Let Q@ C R” be a domain, s € (0,1), A > 1 and f € L7OC(§2) for some
q > 2% Consider a kernel coefficient A € Lo(L) and suppose that O satisfies (4) and (5)
with respect to A. Fix some 0 < o < min {25 -1 } Then there exists some small enough
8§ =8(a,n,s,A,q) > 0, such that if for any z € Q, there exists some small enough radius

r, > 0 and some A, € L' (X, B, (2)) such that
1A = AzllLo(B,. ()% B, (2)) = 8,

then for any local weak solution u € WZSO’CZ(Q) N L%s (R™) of the equation Liu = fin
Q, we have u € CJ (). Moreover, for all R > 0, xo € Q such that Bg(xo) €
and any o € (0,1), u satisfies the estimate (8) with respect to « and some constant

C=C(n,s, A a,q,0,{r;};eq) > 0.

Remark 1.3 In order to provide some context, let us briefly consider the local elliptic equation
in divergence form of the type
div(BVu) =0 in €, )

where the matrix of coefficients B = {b;;}} j=1 is assumed to be uniformly elliptic and
bounded. The equation (9) can in some sense be thought of as a local analogue of the nonlocal
equation (1) corresponding to the limit case s = 1. A classical regularity result states that
if the coefficients b;; are continuous, then weak solutions u € WIIG’CZ(Q) of the equation (9)
are locally Holder continuous for any exponent « € (0, 1), see for example [13, Corollary
5.18]. Heuristically, one might therefore expect that the optimal regularity in the setting
of nonlocal equations with continuous kernel coefficient should not exceed C* regularity.
Nevertheless, Theorem 1.1 in particular shows that weak solutions to nonlocal equations of
the type L%u = 0in § are locally C* for any 0 < o < min {2s, 1} whenever A € Lo(1) is
continuous, exceeding C* regularity. In particular, in the case whens > 1/2, weak solutions to
homogeneous nonlocal equations with continuous kernel coefficients enjoy the same amount
of Holder regularity as weak solutions to corresponding local equations with continuous
coefficients, despite the fact that the order of such nonlocal equations is lower.

Such at first sight unexpected additional regularity is however not untypical in the context
of nonlocal equations and has been observed in various previous works in the context of
Sobolev regularity. For example, in [18] and [24] it is shown that already in the setting of a
general kernel coefficient A € L£o(X), weak solutions to nonlocal equations of the type (1)
are slightly higher differentiable than initially assumed along the scale of Sobolev spaces,
which is a phenomenon not shared by local elliptic equations of the type (9) with coefficients
that are merely measurable.

Another result in this direction was recently proved in [21], where the authors in particular
show that if A € Ly(A) is Holder continuous with some arbitrary Holder exponent and
®(t) = t, then weak solutions of the equation LYu = 0 in R" belong to W,,,” (R") for
any @ < min{2s,1} and any 2 < p < oo, while for local equations of the type (9)
with corresponding Holder continuous coefficients no comparable gain in differentiability
is achievable. In particular, by the Sobolev embedding this result implies that such weak
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solutions belong to Cf (R") for any 0 < & < min {2s, 1}, which is consistent with our

main result. Our main result shows that this amount of higher Holder regularity is also
enjoyed by local weak solutions of possibly nonlinear equations driven by kernel coefficients
of class Ly (1) that satisfy the continuity assumption (7).

Remark 1.4 Besides being interesting for its own sake, one of our main motivations is that
Theorem 1.1 also has some interesting potential applications concerning the Sobolev regu-
larity of solutions to nonlocal equations. A first such application can briefly be summarized
as follows. In [22], in the main result it is assumed that A is globally translation invariant,
i.e. that A belongs to the class £ (1, R"). However, this assumption is only used in order to
ensure that the Holder estimate (8) from Theorem 1.1 is valid, which up to this point was only
known for translation invariant kernels, cf. [22, Theorem 4.6]. Since otherwise the proofs
in [22] only rely on the properties (2) and (3) of A, from Theorem 1.1 above we conclude
that the statement of [22, Theorem 1.1] is also true for general kernel coefficients A of class
Lo(A) that satisfy the condition (7).

1.2 Approach and previous results

As mentioned, our approach is strongly influenced by an approach introduced in [2], where
a similar result concerning higher Holder regularity is proved for the fractional p-Laplacian
in the superquadratic case when p > 2. Although for simplicity we restrict ourselves to
the quadratic case when p = 2, in contrast to [2] we deal with a nonlinearity already in
the quadratic setting and most importantly, we also treat equations driven by general kernel
coefficients A that satisfy the mild assumption (7), while in [2] only the case when A = 1
is considered. Also, we stress that by combining our techniques with some more techniques
from [2], our approach could be modified in order to treat also nonlinearities with nonlinear
growth of the type ® () ~ P~ However, since the additional difficulties arising from such
a generalization were already dealt with in [2] and we instead want to focus on the difficulties
arising from considering equations with general coefficients, we decided not to pursue this
direction in this work.

Let us briefly summarize our approach, highlighting the differences to the one used in [2].
First, we prove the higher Holder regularity for homogeneous equations driven by a locally
translation invariant kernel coefficient, see Sect. 3. As in [2], the main idea in this case is
to test the equation with certain monotone power functions of discrete fractional derivatives
leading to an incremental higher integrability and differentiability result on the scale of certain
Besov-type spaces. However, in our setting we also need to carefully use the local translation
invariance and the bounds imposed on A, and also the assumptions (4) and (5) imposed on ®
in order to overcome the difficulties that arise due to the presence of the general kernel and
the general type of nonlinearity. Moreover, we remark that restricting ourselves to equations
with linear growth has the advantage that the proof of this incremental higher regularity
result simplifies quite substantially in some other respects. The obtained incremental gain in
regularity is then iterated, in order for the desired Holder regularity to follow by embedding.

In Sect. 4, we then treat the general case of inhomogeneous equations driven by a kernel
coefficient satisfying the condition (7) by an approximation argument. In the corresponding
approximation argument applied in [2], the solution is approximated by a solution of a corre-
sponding equation with zero right-hand side, while the nonlocal operator driving the equation
is left unchanged. In order to be able to treat equations with a general kernel coefficient A
of class Lo()) that satisfies only the continuity assumption (7), in addition to freezing the
right-hand side, we also need to locally replace A by a corresponding locally translation
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invariant kernel coefficient, which is possible in view of the assumption (7). Since by the
first part of the proof the desired Holder regularity is already known for solutions to equa-
tions with locally translation invariant kernel coefficients, we can then transfer this regularity
from the approximate solution to the solution itself. In other words, in some sense we locally
freeze the coefficient, in order to transfer the regularity from an equation for which the higher
regularity can be proved directly to an equation driven by a less regular kernel. This strategy
can be thought of as a nonlocal counterpart of corresponding techniques widely used in the
study of higher regularity for local elliptic equations, although we stress that in our nonlocal
setting we have to overcome a number of additional difficulties which are not present in the
local setting in order to execute such an approximation argument successfully. Moreover,
we believe that just like in the local setting, the approximation techniques developed in this
paper are flexible enough in order to be adaptable to also proving other higher regularity
results for nonlocal equations similar to (1).

Regarding other related regularity results, in [12] a similar result is proved in the linear

x_yl) for some

case when ®(¢) = ¢, where A is required to be locally close enough to b (‘va

even function b : §"~! — R that is bounded between two positive constants, which is
contained in our assumption on A in Theorem 1.2. More results concerning higher Holder
regularity for various types of nonlocal equations are for instance contained in [5,6,11,23]
and [14]. Furthermore, results regarding basic Holder regularity for nonlocal equations are
proved for example in [8,15,19,25], while results concerning Sobolev regularity can be found
for example in [1,7,10,18,21,22,24]. Finally, for some regularity results concerning nonlocal
equations similar to (1) in the more general setting of measure data, we refer to [17].

2 Preliminaries

2.1 Some notation

Let us fix some notation which we use throughout the paper. By C, ¢, C; and ¢;, i € Ny, we

always denote positive constants, while dependences on parameters of the constants will be
shown in parentheses. As usual, by

By(x0) :i={x e R" | |x —xo| <7}, B,(x0):={x e R" | |x —xo| <r}

we denote the open and closed ball with center xg € R” and radius r > 0, respectively.
Moreover, if E C R” is measurable, then by |E| we denote the n-dimensional Lebesgue-
measure of E. If 0 < |E| < oo, then for any u € L'(E) we define

ug ::]gu(x)dx = |Tl;|/Eu(x)dx.

Next, for any p € (1, o0) we define the function J, : R — R by
Jp(t) = |t|P 721
Moreover, for any measurable function ¢ : R” — R and any & € R", we define
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Yn(x) ==Y +h), Sy (x) = yn(x) — ¥ (x),
8 (x) = Sp (G (x)) = Yau () + ¥ (x) — 29 (x).

2.2 The nonlocal tail

In this section, for convenience we state and proof the following two simple results concerning
the nonlocal tail of a function which we use frequently throughout the paper.

Lemma2.1 Lets € (0,1) and 0 < r < R. Then for any x € B, and any u € L;S(R”), we

have
/ lu ()| dy<< R )"”X/ LIS
Re\Bg X — Y[ T \R—r rRe\Bg |Y["F%

Proof The claim follows directly from the observation that for any x € B, and any y €
R"™ \ Bg, we have

| x| r R
Iyl =l =yl+xl=lx =yl 1+ sk =yl|\1+5— )= Ix =yl
|x — | R—r R—r
O

Lemma22 Lets € (0,1), r > 0 and xo € Bj such that B,(xo) C By. Then for any
u e Léx (R™), we have

lu(y)| (42 lu(y)l
— 0y < 29 ullp gy + dy ).
A"\Br(m) Ixo — y|n+Zs (B1) R\ B, |y|n+2s

Proof Since by assumption xo € B|_,, with the help of Lemma 2.1 we obtain

lu(y)l / lu(y)| / lu(y)l
L 2 gy DLy
/JR"\B,(m) lxo — y|"*2s BI\B, (xo) X0 — ¥[8 Re\B, X0 — y|"+2

—(n+2s) —(n+2s) |u ()]
< g1+ [ dy,
L'(By1) R\ B, |y|n+2x

which finishes the proof. O

2.3 The fractional Sobolev space W2

First of all, for notational convenience for any domain 2 C R” we define the seminorm
associated to the space W*2(£2) by

1/2
. lu(x) — u(y)?
[M]W.y,Z(Q) = (/g‘2 o mdydx .

so that we have
WS(Q) = {u € LA(Q) | [ulys2q) < 00}
Moreover, we define the space
Wy (@) == {u e W2RY) |u=0inR"\ Q}.
The following Poincaré-type inequality associated to the space W*-2 will frequently be used

throughout the paper.
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24 Page8of37 S. Nowak

Lemma 2.3 (fractional Friedrichs-Poincaré inequality) Lets € (0, 1) and consider a bounded
domain Q@ C R"*. Forany u € WS’Z(Q), we have

_ 2
/|u(x)|2dx<C|S2| / f ) =¥ ) (10)
n n y|n+2s

where C = C(n,s) > 0.

Proof Since u € W ‘Z(Q) C WS2(R") and n > 2s, applying Holder’s inequality and then
the fractional Sobolev inequality (cf. [9, Theorem 6.5]) leads to

n—=2s

/Iu(x)lzdxslﬂlzf (/ |u(x)|n%dx> ’
Q

2 lu(x) — u(y)|?
< C|Q|» /n/‘n PpepTE=E ———— = —dydx,

where C = C(n, s) > 0. This finishes the proof. o

2.4 Besov-type spaces

Next, let us introduce some function spaces of Besov-type. In order to do so, for g € [1, c0)
and any function u € L9(R") we define the quantities

Spu
[M]Nféﬂl(Rn) = \ZTLPO G L‘I(]R”)7 0<p=1
and
é,zlu
sty = DR | Tuip i@ e

This enables us to define the two Besov-type spaces

NEARY) = {ueM(Rm[u] <oo}, 0<p<1

NE R
and

AR = {u e LIR™) | [u] < oo}, 0<p <2

B (R
The following embedding result can be found in [4, Lemma 2.3].

Lemma24 Let B € (0,1) and g € [1, 00). Then we have the continuous embedding
BLI (R > NEIR).
More precisely, for every u € Boﬂéq (R™) we have
C
[M]Nﬂ‘I(Rn) =1_ ﬁ[u]Bﬁq(R")’
where C = C(n, q) > 0.

We also need the following embedding result, cf. [2, Theorem 2.8].
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Lemma 25 Letq € [1,00) and B € (0, 1) such that Bq > n. Ifu € /\/&q (R™), then for any
a € (0,8 —n/q) we have u € CJ, .(R"). More precisely, for every u € ./\/Zi’q (R™) we have

) — ) - e
Ty = C ( u N n ) u n Baq s
eyern X —yl T ] pBa geny (uel| Lo @)

XFEY
where C = C(n, q,«, B) > 0.

Finally, the following result can be found in [1, Proposition 2.6].

Proposition 2.6 Lers € (0, 1).

e Let0 < r < R. For any function € W(‘)Y’Z(Br), we have
sup
|h]>0

sy |[* R\"[ R\
- <C| — s
L2(R") - (r > R—r [W]W&Z(BR)
where C = C(n,s) > 0.

|l
e Let 2 C R" be an open set and Y € WIXO’S(Q). Then for any R > 0 such that Bg € Q2
and any 0 < hy < dist(Bg, 02)/2, we have

sy ||
|72|s

2
= C||W||W:’2(BR+IIO)7

|;1|>0
where C = C(n, s, R, hg) > 0.

L%(Bg)

2.5 Some elementary inequalities

The proof of the following elementary inequality can be found in [2, Lemma A.3].

Lemma 2.7 Forall X,Y € R and any p > 1, we have
1
1XIP71X = Py [ = X - v
where C = C(p) > 0.

Next, we prove two elementary inequalities which involve the function J), defined in Sect. 2.1
and are based on the monotonicity property (5) of ®.

Lemma28 Letq > landa,b,c,d € R". If ® : R — R satisfies (5), then we have
(®(a—c) = Db —d)) (Jgr1(a—b) = Jyr1(c = d))
> %rl l@=b) = (e =d)(la =b""" + e —d|?™.
Proof Ifa—c = b—d, thenalsoa—b = c—d, so that in this case both sides of the inequality

vanish. Next, we consider the case whena—c # b—d. In view of the monotonicity assumption
(5) imposed on @, we have

(@@—c)—db—d)(@a—b)—(c—d) >r""(a—b)— (c—d)* (1)
Moreover, by [20, page 71], for all x, y € R we have

1 g=1 _ |x|9-1
Ug10) = J1 ) =0 = 3 (5197 + el (v =02 + u(ﬁ — ).
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24 Page 10 of 37 S. Nowak

Since the last term on the right-hand side is non-negative, by choosing y = a — b and
X = ¢ — d we obtain

(Jg+1(a = D) = Jgy1(c —d))((a — b) — (c — d))
> % (la = bl77" + e —d"=") ((a — b) — (c — a)*.
Multiplying the inequality (11) with the one in the previous display leads to
(®(a—c) — (b —d) (Jgri(a—b) — Jyr1(c —d)((a —b) — (c — d))>

> %A—‘ (la = bI9=" + e — 97" ((a — b) — (c — d))*,

so that the claim follows by simplifying the factor ((@ — b) — (¢ — d))* from both sides. O

Lemma29 Letqg > landa,b,c,d € R". If ® : R — R satisfies (5), then we have
(@ —¢) = Db —d) (Jys1(a —b) = Jys1(c — d))

1 q—1 q—1 2

> rol la—bl"7 (@a—0b) —|c—d|'T (¢c—d)| ,

where C = C(A,q) > 0.

Proof If a — ¢ = b — d, then both sides of the inequality vanish. Next, let us consider the
case whena — ¢ # b — d. In view of (5), we have

(@@ —0c) = Db —d)) (Jg+1(a —b) = Jys1(c — d))
=(@@—0) = b —d)((a—c)—(b—d)
x (Jg41(a = b) = Jgr1(c —d)) ((a = b) — (c = d))
x((@a—c)=(b—d)—?
> 27 (Jgs1(a = b) = Jgra(c — d)) (@ = b) = (c — ).

The right-hand side of the above estimate can be further estimated by applying [2, Lemma
A.1] with p = g 4+ 1 and g = 2, which yields

(Jg+1(a = b) = Jyi1(c = d) (@ — b) = (c — d))
2\ g1 | 2
m(m) lla =61 @=b) = le—dl"" = )| .
The claim now follows by combining the last two displays. O

2.6 Some preliminary estimates

The following Caccioppoli-type inequality can be proved in essentially the same way as the
one in [18, Theorem 3.1].

2n
Theorem2.10 LetO <r < R, xg € R", A > 1 and f € L+ (Br(xg)). Moreover, assume
that A € Lo()) and that the Borel function ® : R — R satisfies

|®(1)| < Ar, D)t > 1" VieR. (12)
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Then for any local weak solution u € W5 2(Br(x0)) N Lés (R™) ofou = f in Br(xp), we

have
. 2
/ / |z (x) uiyz)l dydx
B (x0) /By (xo) X — yI"T

< C<R’2S/ u(x)2dx+/ %dy/ |u(x)|dx
Br(x0) R\ Br(xo) X0 = YI"T= 7 g (x)

n+2s

+(/ |f<x>|%dx> " )
Br(xo0)

where C = C(n, s, ,r,R) > 0.

We remark that the assumptions in (12) are clearly implied by the assumptions ®(0) = 0,
(4) and (5) which are used in our main results.

The following result on local boundedness is essentially given by [3, Theorem 3.8], where
the below result is stated under the stronger assumption that u € Wg 2 (Br(x0)) and in setting
of the fractional p-Laplacian, which applied to our setting means that strictly speaking it only
contains the case when ®(¢) = r and A(x, y) = 1. Nevertheless, an inspection of the proof
shows that it remains valid for local weak solutions, see also [2, Theorem 3.2]. Moreover, the
case of a general ® and a general A can easily be treated by noting that the Caccioppoli-type
inequality from [3, Proposition 3.5] remains valid for such a general ® and a general A by
simply applying the bounds imposed on ® and A whenever appropriate in a similar fashion
as in [18, Theorem 3.1]. Therefore, we have the following result.

Theorem2.11 Let R > 0, xo € R, A > 1,0 € (0,1) and f € L1(Bgr(xg)) for some
q > %.Moreover, consider a kernel coefficient A € Lo(\) and assume that the Borel function
® : R — R satisfies (12). Then for any local weak solution u € W*2(Br(x0)) N Léx R™)
of the equation

L{u = f in Br(x),

we have the estimate

1
2
sup  Ju(x)] <C ((f u(x)zdx> + st/ %dy
x€B4 g (x0) Br(x0) R™\By g (xo) 10 — Y|"T

g n
+R% 4 ||f||Lq(BR(x0))),
where C = C(n, s, A, q,0) > 0.

In the case when f = 0 and ®(¢) = ¢, the following result concerning basic Holder regularity
follows from [8, Theorem 1.2]. The case of a general ® can again be treated by replacing the
Caccioppoli inequality given by [8, Theorem 1.4] with the one from [18, Theorem 3.1]. The
result with a general right-hand side can then be proved in essentially the same way as in [2,
section 3.2].

Theorem 2.12 Under the same assumptions and notation as in Theorem 2.11, there exists

some B = B(n,s,r,q,0) € (0,1) such that u € CP(Byr(x0)). Moreover, we have the
estimate
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1
2 lu(y)]
[ulcs g <C <<][ u(x)%lx) + RZX/ ———dy
(Bs r(x0)) Br(x0) R"\ By g (x0) |)C(] - y|n+2s
2s—1
+R" 4 IIfIILq<BR<xo)>>’

where C = C(n, s, A,q,0,B) > 0.

3 Higher Holder regularity for homogeneous equations with locally
translation invariant kernel

3.1 Incremental higher integrability and differentiability

The key ingredient to proving the desired higher Holder regularity for homogeneous equations
with locally translation invariant kernel is provided by the following incremental higher
integrability and differentiability result on the scale of Besov-type spaces. In the case of
the fractional p-Laplacian for p > 2, the below result was proved in [2, Proposition 5.1].
Besides the fact that we treat equations with arbitrary locally translation invariant kernels, it
is also interesting that in our setting of equations with linear growth, we are able to directly
prove both higher integrability and differentiability, while for possibly degenerate equations
as in [2] it is necessary to first obtain a pure higher integrability result (cf. [2, Proposition
4.1]), which is then used in order to also obtain higher differentiability. We remark that this
additional higher differentiability does not seem to have a counterpart in the context of local
equations and is one of the main reasons why in our nonlocal setting we are able to exceed
C* regularity.

Moreover, note that although at this point we work with solutions that are bounded, this
assumption will later be removed by using Theorem 2.11.

Proposition 3.1 Leru € WS2(B;) N Lés (R™) N L*°(By) be a local weak solution of
L%u=0in By, (13)

where A € L1(A, By) and © satisfies (4) and (5). Suppose that

)
ul ooy < 1. /Rn\Bl Sy < 1, (14)

and that for some g > 2, ¥ € R such that0 < (1 +9¢q)/q < 1 and some 0 < hg < 1, we
have

q
8%14
sup = < +00.
O<thl<ho || |n| "¢ Il L4,
Then for any radius 4hg < R < 1 — 2hg, we have
q+1 q
(Sizlu 8,21u
0 S;lph 1425 +19¢q = C 0 S;ph 1+9¢q + 1
IR TR Lot (B <=k TR Lo (B

where C = C(n, s, q, A, hg) > 0.
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Proof Step 1: Discrete differentiation of the equation. Set r := R — 4hy > 0 and fix
some i € R" such that 0 < |h| < ho. Let n € C§°(Bg) be a non-negative Lipschitz cutoff
function satisfying

. . Ci Ci
= 1in B,, =0inR"\ B , |Vn| < = —.
n inB,, n inR"\ Bryry2, 1Vl =< R—r ~ ah
Let us show that the function
Spu 2 Spu |? (Shu 2
= J _— =
o= e (W) U 1T BT

belongs to W=52(Bg). Since ||M||L00(B]) < limplies ||u|| gy < 1 andalso ||up||roBg) <
\h|?’ and therefore ¢ € L (Bg) C L2(BR). Moreover, note that
the function ¢ — J,11(¢) is Lipschitz continuous on the domain ¢ € [—2, 2] with Lipschitz
constant ¢29~!. Therefore, since we have ||, u|| L(Bg) < 2, we obtain

/ / [Jg+1(8pu(x)) — Jq+1(5hu(y))|2dydx < C2/ / [Opu(x) —Shu(y)lzdydx
Bgr J B Br J Bg

|x _ y|n+ZS |x _ y|n+ZS

1, we have ||@||LoBg) <

< 202 ([unlysa g,y + Ul3pen(p,) < 00,

where C; = C2(g) > 0,sothat J, 1 (8,u) € WS-2(Bg). Thus, since the product of a function

belonging to W*2(Bg) and a Lipschitz function also belongs to W* 2(Bg) (cf. [9, Lemma
2

5.3, ¢ = q+1(6hu)|hﬂlﬁ also belongs to W*2(Bg).

Next, consider the function ¢_j (x) := @(x—h). Since both ¢ and ¢_j, belong to WS’Z(BR_;,O)

and are compactly supported in Bg_p,, in view of [2, Lemma 2.11] in particular both ¢

and ¢_j, belong to Wg’z(Bl), so that both ¢ and ¢_j, are admissible test functions in (13).
Therefore, using ¢_, as a test function in (13) along with a change of variables yields

A
/ / ACY ) — u) r () — p_r()dydx
n n |X — |1+ S (15)

A
/ : / ' h(x|ni)zsq>(uh(x> — un () (p(x) — p(y))dydsx,

lx —
where we have set Ay, (x, y) := A(x + h, y + h). Moreover, testing (13) with ¢ yields
Ax, y)
oy P — k@) — e()dydx = 0. (16)
n n | X — |
By subtracting (16) from (15) and dividing by 0 < |k| < ho, we obtain
/ / Ap(, )P up(x) —up(y) — Alx, )P ulx) —u(y))

|hflx — y|r+as

(p(x) —@(y))dydx = 0.

A7)
Next, splitting the above integral and taking into account the choice of ¢, we arrive at

L+L+15=0,

where

I :=/ / Ap(x, V)P up(x) —up(y)) — Alx, Y)Pu(x) —u(y))
Br J Bp

|h|1+0q|x_y|n+2s

X (Jg1 (n (x) — w)IN)* = Tyt (wn(y) — u(»)n()?) dydx,
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(B[P — ]

b ;=/ /' Ap(x, V)P (up(x) —un(y)) — Alx, )P (ulx) —u(y))
B% "\BR

X g1 (up(x) — u(x)n(x)>dydx,
N .:_/ / Ap(x, V)@ (up (x) — up(y) — Ax, Y@ x) — u(y))
"\BR J B Rr
2

|h|1+z9q|x _y|n+2s

X Jg1(un(y) — u())n(y)dydx,

where we used that 7 vanishes identically outside of B(g,)/2.

Step 2: Preliminary estimation of the local term /;. Since A € L£;(A, By), we have
A(x,y) =a(x —y) forall x, y € By and some measurable function a : R" — R. Since for
X,y € Bgp we have x + h, y + h € By, it follows that for all x, y € Bg we have

Ap(x,y) =Ax +h,y+h)=a((x+h) —(y+h)) =alx —y) = Ax, y).

Therefore, we can rewrite I as follows

11:/ / ACe, Y)(DP(up(x) —up(y)) — @ ux) —u(y)))
Bg J By

(A0 =y

x (Jg1 (n (x) — uCINE)* = Tyt (un(y) — u(y)n(»)?) dydx.

Let us now concentrate on estimating /;. First of all, we observe that

Jg1 (n () — u (I = Tyt wn(y) — u(y)n()?
_ g1 (un (@) —u(x)) ; Jg+1(un(y) —u(y))) @2+ 1))
n (Jga1(up(x) = u(x)) + Jyp1p(y) — u(y)))
2

(x)* = ().
Therefore, we obtain

(P (up(x) —up(y)) — P (ux) —uy)))
(Tg11 () = )N (xX)* = Jg1@un(y) — u(y)n()?)
=z (@@up(x) —up(y)) — Pux) — u(y)))

2 2
X (Tt (e (¥) — () — Jgr Cup () — u(y)»w

=P @up(x) —up(y)) — P ) —uyN|(upx) —ux)|

n(x)? —n(y)?
.

+ lup(y) —u(|?)

Next, using the Lipschitz bound (4), Young’s inequality and then Lemma 2.8, for the negative
term in the last display we deduce

|@ (up (x) — up(y)) — Px) —uy)|(lup(x) —ulx)|

n(x)? — n(y)?

+ lup(y) — u()?) 5

A
= 5 [@r() = un(y)) = (u(x) —u(y))|

% ([n () — u) T up () — w1 T+ Jun(y) — w1 T un(y) — ()| T
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x (m(x) +n() Inx) —n(y)|

— (lun ) - uC)I + Jup (p) — uM ) In(x) — n(y)?

-Jk‘>,.

+ Ee|(uh(x) —up(»)) — @) — uO)* (Juax) = u @ + Jup(y) —u()|4")
x (n(x)* + (3%
< 4% (I () = @I+ Jup () — u W) In(x) = n()
+ 226 (P (up (x) — up(y)) — P(u(x) — u(y)))
X (Jg1 (up(x) = u(x)) = Jgr1 (un(y) — u()Mx)* +n(y)7),

where ¢ > 0 is arbitrary. By choosing ¢ := combining the last two displays yields

1
222°

I > 1/ / AQx, Y)(P(up(x) —up(y)) — Pulx) —u(y)))
“ 4 ) JBg

|h|1+z9q|x _y|n+2s

X (Jgp1 (up(x) — u(x)) = g1 (n(y) — u))(x)* + n(»)>)dydx
_C/ / Alx,y) ( |uh(x>—u<x)|‘1+l+|uh(y>—u(y)w“)|n<x>—n(y>|2
Br J Bg

|h|1+'9‘1|x _ |n+2s

dydx,

where C3 = C3(}) > 0. By using Lemma 2.9, we can further estimate the first term of the
previous display, which along with the bounds (2) of A leads to

a= a— 2
301 *T S ) 181 ) | n@)? + 0 ()

I > c/ / —dydx
R T Di=n b=y (18)
(18 )19 + 18N In(x) = n(I?
=G T+ 2 dydx,
Br JBg |h| + q|x - |n+ $
where ¢ = ¢(X, ¢) > 0 and C4 = C4()) > 0. Next, for simplicity we write
q—1 q—1
|8pu(x)|"2 Spu(x) [8pue ()12 Spu(y)
|h| 2 || 2
and observe that by using the convexity of the function 7 — 2, we obtain
n(x) +n() n(x) = |’
[ Xn(x) = Yn(»|* =|(X — Y)# + (X + Y)f
1 2 2, 1 2 2
§§|X = Y["In(x) +n(MI” + §|X + Y7 In(x) —nl
<IX = YP@)? + 00 + X+ YD)In@) — ().
Combining (18) with the last display yields
1800 “7 Spu(x) |8pe ()| 8hu(y)
5L >C/ / ﬂ (x) — T iwwg ) wdydx
Br J Bg 2 |h| 2 |X )’|

|5hu(x)|q+] 18ru (NI In(x) — n()I?
- Tog T T+o oy dvdx
Br J Bk || tVe || Ve [x — y[rt=
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|h|1+0’1|x _y|l’l+2A dydx

|8pul T 5hu
=c¢ W’?
|h] 72 Ws:2(Bg)
E) q+1 S q+1 _ 2
—Cs/ / (I hu(]X)lly . hu(ly)l9 )|77(x) n(y2)| dydsx.
Br JBr |h|1*Va |n|1+7e |x — y|t2s

where C5 = Cs5(A,q) > 0. By combining the above estimate for /; with the identity
I + I + Iz = 0, we arrive at

_C4// (18nue @)1+ 185u W) In(x) — ()
Bg JBg

2

q—1 2
|Spu| 2 Spu
|:1+7;q77 < Ce¢(1,1 + | 2| + |13]), (19)
W-2(Bg)

where C¢ = Co(X, ¢) > 0 and

no=[ f (|8hu(x)|q+l+|5hu()’)|q+l)|77(X)—'7()’)|2dydx.
Br J Bgr

|h|1+0q |h|l+z9q |x _y|n+Zs

Our next goal is to estimate the terms /1,1, |I2| and |I3].
Step 3: Estimating the local term /; ;. In order to estimate I |, observe that for any x € Bg
changing variables and integrating in polar coordinates yields

4y dz 2-25
/BR x—ypre=2 = fBM 2 =GR =G (20)

where C7 = C7(n, s) > 0. Since by construction 7 is Lipschitz with Lipschitz constant
along with (20) we obtain

+1 _ 2
f/ [8ru ()77 n(x) — n(y)l dydx
Br J By

411’

|h|l+19q |x _ y|n+25
Cr\? d 8 g+
(< / / y Bpu@I"™
4h0 Br Br |x _ y|n+2s—2 |h|]+0q

Ci\ [ I8pu(x)et!
<C7|— 4
= 7<4h0> /B D

< Cgllul|r= / de
=8 L%®(BR+hg) Br |h|1+z9q

[8pu(x)]?
<C PR dx,
= S/BR D

where we used that R + /o < 1 and ||u|| =) < 1 in order to obtain the last inequality and
Cg = Cg(n, s, q, A, hg) > 0. In the same way we have

8 a+l - 2 b} q
/ / 18I In(x) — (W) dydstg/ |8hu (Y dy.
Br J Bgr Br

|h|1+79q | _y|n+25 |h|1+z9q

so that we obtain

|8pu (x)]*
I <2C —————dx. 21
11 S/I;R ML x (21)
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Step 4: Estimating the nonlocal terms /> and /3. Next, let us estimate the nonlocal terms
I> and I3, which can be treated in the same way. Since ||u|| o (p,) < 1 and (R+r)/2+ho < 1,
by additionally using the bound (4) of ® with r = u;,(x) — u;(y) and ¢’ = 0, for almost
every x € B(r_r),2 and any y € R" \ Bg we have
| Gun () = un ()10 = (1B nig) + 108 (0] 1812017
<A (L+ |up())) [8pu(x)|?
and similarly

| () — u(9) g1 Gru))| < A (1 + ()] [8puole.

By using the upper bound in (2) of A (which trivially also holds for A;) and the fact that
0 < n <1 and then the last two displays, we deduce

B SA/ / (1P up(x) — up (W) + 1P wx) —u(y) \Jq+1(8hu(x))!dydx
B&F "\Br

|h|1+19q|x_y|n+2s

q
52%2/ / 1+ Iuh(ly)|9+ lu(y)D |52hu(x)| dydsx.
BRir " Bp |h| +zq|x_y|n+ s

2

(22)
For any x € B(g4r)/2), we have B(r—,)/2(x) C Bg, which in view of integration in polar
coordinates along with the fact that R — r = 4hg leads to

/ dy < / dy / dz C (R - r>_2‘9
T a2y — —_— = _ = 9
R1\Bg |X — y|nt2s RN\B g_, (1) |* — y|ut2s Rn\BRZ—r |z|n+2s 2

2

= Cio,

where Co = Co(n, s) > Oand C19 = Co(2ho)~%. Using Lemma 2.1, the change of variables
z =y + h and then Lemma 2.2, for any x € B(r4,)/2 we obtain

/ Jun ()| dy<< 2R )”*2“/ O,
rRe\Bg 1X —YI"F2 T T\ R—r rRe\Bg |Y["T%

<(2hg)~ "+ f @,

R\ Bp(h) |h — 2|"+2

B |u(2)]
<Q2hoR) (n+2s) (”u“Ll(Bl) +/R |n+2$dZ

g 12
|u(2)]
"B, |Z|n+2s

<(8hg) =" (||u||Loo<Bl>|Bl| + / dz) <Cu,
R

where C11 = Cy1(n, s, hg) > 0. Here we also used the the fact that R > 4h( and the bounds

imposed on u. The term involving u can be estimated similarly. In fact, by using Lemma 2.1

and Lemma 2.2, for any x € B(g+,)/2 We obtain

lu(y)] —(n42s lu(y)]
———dy <(2ho)~ "+ dy
/Rn\BR |x — y|r+2s Re\Bg Y2

lu(y)l

"B |y|n+25

<(8hg)~ "t <||u||Loo<Bl>|Bl| + /R dy) < Cp,
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where C12 = Cia(n, s, hg) > 0. By combining the above estimates with (22) and the
observation that | /3| can be estimated in the same way, we arrive at

] + |I3] < C13/

B Rryr
2

|8pu(x)|? |8pu(x)|?
it = € [, S

where C13 = C13(n, s, A, hp) > 0. By combining this estimate with (21) and (19), we find
the estimate )
g—1
Spu| 7§ 5 q
[8pu| ™2 dpu . <Cu [8pu(x)] dx. 23)
Liog |h|1+r9q
|h| 2 WS’Z(BR) Br

where C14 = C14(n, s, q, X, hg) > 0.
Step 5: Conclusion. Let £ € R" \ {0} to be chosen such that |£| < ho. Applying Lemma 2.7
with

+1
X=uGr+h+8—u@+8. ¥ =uk+h—u@, p=""-
leads to
_ 2
seopu |7 o (10l T syu)
3 g = Cis g
|%:|q+l |h| a+l Lq+1(B,) |E|9|h| 2 Lz(Br)
q—1
1) |Spu| 2 Spu
EC15Hn|{<§-$|s (HW ’
|| 2 L2(R)

where C15 = Ci5(g) > 0. Here we also used that = 1 in B, in order to obtain the last
inequality. Next, we observe that by the discrete Leibniz rule (cf. [2, Formula (2.1)]), we can
write

0o (|5hu|%5,,u) = 5 (ma,,m%ahu) - (|5hu|"%lahu)s 8¢,

We arrive at
+1
Sgdpu 1
T a5 149
[E[a+T R] o+ 1l pg+1(p,)
- 2 a1 ) (24)
5e (18T (Spu)n . (18017 S E
<Cie @ T Pa— + Ci6 |§|517+ﬂ 7
|h| 2 LZ(R”) |h| )

L2 (R")

where C1¢ = 2C15. By applying the first part of Proposition 2.6 with

q—1
|8pul 2" (8n1)n
V= 7

|h| 72

for the first term on the right-hand side of (24) we obtain
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a1 n 3 g-1 2
8¢ [ 18pul 2 (Spu)n R R |Spu| 2 Spu
s 1+9¢ SC17 i 1+9¢q n
&1 h| 2" r/ \R=r B2 L

q-1 2
[8pul 2 Spu
<Cig T iisg N )
|| 2 Ws2(Bg)

where C17 = Cy7(n, s) > 0 and Cig = Cig(n, s, ho) > 0. By using that n is Lipschitz and
that & < ho, along with the assumption that ||u|| .~ (p,) < 1 we estimate the second term on
the right-hand side of (24) as follows

2

[€1>0 L2(R")

q—1 2 q—1 2
s (190017 81e) (181" 8hu),
IS =T
L2(R™) LZ(B%HIO)
Spu(x)|at! Spu(x)|?
§C19/ | }Ih|(l+)1|9q dx = C19/ ||Z|l(+19)t|7 dx,
B%nho Br

where C19 = C19(n, hg) > 0. Therefore, we arrive at

o Bl o | Bl
hu| 2 opu pu(x
<Cy |:]+1,q77:| + CZO/ de’
) A w2 Br

2
H Spu
LI+ (B,

25 1+dq
|E|q+1 |h| q+1

where Cyo = Coo(n, s, q, ho) > 0. We now choose & = h and take the supremum over & for
0 < |h| < ho, so that together with (23) we obtain

q+1
S%M Shu
sup 1+25+0¢ =Cy sup [ ’ (25)
0<|h|<hg |h| g+1 La+1(B,) 0<|h|<hg |/’l| q La(Bg)
r

where Cr; = Ca1(n, s, q, ho, 1) > 0. Next, we use the fact that by [2, Lemma 2.6] applied
with B = (1 + ¥¢q)/q < 1, on the right-hand side of (25) we can replace the first-order
difference quotient by a corresponding second-order difference quotient in the following
way

q q
(Shu 8}%“ q
Sup - g <Cxp| sup 150g +||”||L"<BR+ho> ’
O<lhl<ho || |h] =0 |14, O<lrl<ho |[1h) "0 114y )
0

where Cyp = Coa(n, g, ¥, hp) > 0. By combining the last display with (25) and using that
||u||‘{q(BR+ho) < llull{wg,)|B1l < |Bil, we conclude that

2 g+l 2 q
Spu <C Spu {
sup 14+2s5+0q — sup 1+¥g + ’
0<|h|<hgo |h| g+ La+1(B,) 0<|h|<hg |h| 7 Lq(BR+4h0)
where C = C(n, s, q, ¥, ho, A) > 0. Since r = R — 4hy, the proof is finished. O

3.2 Aniteration argument

We now use an iteration argument based on Proposition 3.1 in order to obtain the following
higher Holder regularity result.
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Theorem3.2 Let R > 0, xo € R" and . > 1. Consider a kernel coefficient A €
L1(X, Br(xp)), suppose that ® satisfies (4) and (5) with respect to A and assume that
u € WS2(Bgr(xg)) N LéS(R”) N L*°(Bgr(xg)) is a local weak solution of the equation
qu = 0in Bg(xg). Then for any 0 < o < min {2s, 1}, we have

e ernton < g (111l Bacon + B F sz sp0a00
2s lu()]
+R fRn\BR(Xo) [xo—y["+2s dy) P (26)

where C = C(n, s, A, a) > 0.

Proof If u = 0 a.e., then the assertion is trivially satisfied. Otherwise, set

_n lu(y)|
Mgy, = |lul|LoB + R 2 [u]ysn2 + st/ ———dy > 0.
X0 (Br(x0)) W$2(Bg(x0)) R By (xo) X0 — y[nt2s
Consider the scaled function
ui(x) = u(Rx + xq)
R, xq
and also
1
Aj(x,y) := A(Rx + x0, Ry + x0), @1(t) := i DO (MR xol)-

R,xo

Observe that u| belongs to Ws’z(Bl)ﬂLis (R™NL*(By) and is a weak solution of Li)ll up =
0 in Bj. Moreover, it is easy to verify that A; € £ (A, By) and that ®; satisfies (4) and (5)
with respect to A. Furthermore, by using changes of variables it is straightforward to verify
that u satisfies

()|
lrllzoscay < 1, /Rn\Bl Sy < Tl < 1. @7)

Therefore, the conclusion of Proposition 3.1 is valid with respect to #. Fori € Ny, we define
the sequences

i 9 2si +2s — 1

= i =

ai ’ 24

In particular, we have
lim ¢; =00, lim ¥; =2s. (28)
11— 00 11— 00

We split the further proof into two cases.
Case 1: s < 1/2. Fix 0 < @ < 2s. In view of (28), we can find some large enough i, € N
such that

1 n
o< — 4+, - —. (29)
Giso Jiso
Fori =0, ..., i, define
1 7 7 2i+1
ho 1= , Rii==—4Qi+ Dhy=-— —.
0= Gai: M= g m 4@+ Dho= g =0

‘We note that

7 3
Ro+4ho =2, Ri—1 —4ho = 7. Ri—4ho = Rit1+4ho (i =0,....i0c = 2). 30)
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Since s < 1/2,fori = 0, ...,icc — 1 we have 0 < (1 + ¥iqi)/qi < 1. Therefore, for
i =0,...,ic0c — 1 we can apply Proposition 3.1 to

R=Ri, 9=9i, q=ugqi,
so that along with (30) and the observation that by construction

L+2s+9iqi 1+ 9it19i+1

qi +1 qi+1

we obtain the following estimates

8%141 8;21141
sup — i < (Cy sup +11,
0<|h|<ho |h|Tm O<l|h|<hg || 11I® L2(Brg)
L91(BR, +4hg) /8
wp ||t
494 19i41
0<|h|<ho i _
|h| fi Li+1 (BR,'+1+4}10)
8£u1
SC() sup W +1 ,l=1,.,loo—2,
0<|h|<hg o
Al L9 (BR;+4hg)
and
82u1 52u1
h h
Sup L4y = Co Sup 40— 19ig0—1 +1
0<|h|<hg |h|q,-oc+ oo ) 0<|h|<hg e
L%ico (B34) |h] ool Lo~V (B, +4ny)
where Co = Co(n, s, A, ). Combining the above estimates leads to the estimate
8%141 513141
sup 17” < Cl sup W +1 s (31)
O<lhl<ho || || %icc ™ || i (B3/4) o=lhi=to L2(Byys)
where C1 = C1(n, s, A, @) > 0. By taking into account the relation
1 2
Spuy = 5(52;,141 — Sjuy)
and then using the second part of Proposition 2.6 and then (27), we deduce
2
sup M sup Ot
0<|h|<hg || |RI* L2870 o<lhf<ho || 1B 1112(B, 5
(32)

< <[u1]WS‘2(B7/8+2h0) + [“1]L°°(B7/g+2h0))
< ([ul]WLZ(Bl) + [uilz=s)) < Ca2(n, s, ).

By combining (31) with (32) and setting

B = + i, € (0, 1),

Gino
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we arrive at
8£u1
|h|P

< C3(n,s, A, ). (33)
Lico (B3/4)

0<|h|<ho
In order to proceed, we fix a cutoff function y € C§°(Bsg) with the properties
0<x=<1, x=1linBip [VxI<Ci [Vix|=Ca,

where by VZy we denote the Hessian of x and C4; = C4(n) > 0. In particular, since
0 < B < 1, for any h € R" with |h| > 0 we have

18n x| 187 x|
—— =<C5, —— =<Cs,
nf = > g =
where C5 = Cs5(n) > 0. Together with the identity
$a 1)) = xondjur + 28hu18n X0 + U1} x. (34)
(33) and (27), for 0 < |h| < ho we obtain
8p(uix)
B
|h| Lico (Rn)
- x2n83u _'_‘ Snu 185 Xn 187
- |h|ﬂ Lico (R") |h|ﬁ Lo (R™) |h|ﬁ Lico (R™)
6%u1
<2 |h|P + 18nunll e (Bsjssang) T et t 1T oo (Bs/s+2iy)
L% (Bs/g12n)
Sﬁul
Ecﬁ |]’l|ﬁ +||u1||L°°(B3/4) §C7(n,s, k,a).
Lioo (B34)

Since moreover by (27), for |h| > ho we have

82(u1x)
|h|#

= Cglluillpoo(pyy) = Cs(n, s, ).
Liico (R")

by Lemma 2.4 it follows that

82(u1x)
|h|

< Cio(n,s, r,a).

(i x], paise o, < Colurx] pain o, = Cosup
Noo % (R™) Boo" (RM) >0 -

(35)

Along with Lemma 2.5 with our choice of g and ¢ = ¢;,, (which is applicable in view of

(29)), we obtain

aqjn,tn
Bing

Ajng +n

(||MIX||L¢I,'oo (R")) Bling

[uilce By = U1 x1c (B =Cii ([141)(]/\[;)%(;:/,-Dc &

agjn, tn

<Ci2 (llurllzopss))  Pie < Cln, s,k a).

(36)
Finally, rescaling yields the desired estimate, namely (26). This finishes the proof in the case
when s < 1/2.
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Case2: 5 > 1/2. Fix 0 < o < 1. Since in view of (28) we have

lim 2 g5 5 1
i—00 qi
and the expression Lﬂf"" is increasing in i, there exists some i, € N such that
1+ vig; 1+ 9 qi
1+ oidi _ 1&uanyi=:&.wim-—1and4jlifﬁﬁiz 1. (37)
qi Dioo
Next, we choose j~, € N large enough such that
a<1— #.
loo T Joo
Moreover, we choose some ¢ € (0, 1) such that
n
a<l—g— —— (38)
loo + Joo
and let y := 1 — ¢. Furthermore, similar to the previous case, fori = 0, ..., ico + joo W€
define
1 7 7 2i 41

h()'

=——— Ri=——4Qi + Dho =
6410 + Joo) g @it Dho

8 16(ia + joo)
and note that

7 3 . . .
Ro+4hy = g, Rl'oo+joo*1 —4hy = Z, Ri—4ho = Ri;1+4ho (i =0, ..., ico+ joo —2).

(39)
In view of (37), fori =0, ..., ic — 1 we can apply Proposition 3.1 to

R=R;, V=9 q=gq,

which in almost exactly the same way as in Case 1 (cf. (33)) leads to the estimate

3,%141 5%141
sup 2 < sup P < Ci3(n,s, A, ),
O<lhl<ho Liioc (B, _ +4ng) O<lhl<ho Licc (BR; _ +4ng)
. (40)

where we used that by 37) wehave y < 1 < 8 = q% + i . Next, we set ¥ :=y — q*l,
and observe that

1+ 9iqi

STV e 0, 1).

qi

Therefore, for i =iy, ..., ico + joo — 1 We can apply Proposition 3.1 to
R=R;, 9=9; q=gq,

so that along with (39) and the observation that s > 1/2 implies

1425+ 9 2+ Digs qi(y — 1)
> = —_— >y,
g +1 gi +1 gi +1
we obtain the estimates
8%u
sup ottt
0<|h|<ho || 1B1Y

LY+1(BR; |1 +4hg)
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8;%:»:1 .. . .
<Cus sup M +1)],i=tis0s.mrico+ joo— 1,
0<|h|<hg L% (Br, 410)
and
82u, 8%u,
];z ” <Cus sup Z , +1],
0<|h|<hg || 7] Llioo+20 (Baya) 0<|hl|<ho || 7] Llioertioe—1 (B,

so+jso—1+4H0)

where C14 = Ci4(n, s, A, «). Combining these estimates with (40) and recalling that y =
1 — &, we arrive at

< Ci5(n,s, 4, a).
LY%ico+joo (B3/4)

0<|h|<hg

By imitating the arguments used to conclude in case 1 (cf. (35) and (36)), which in particular
involves applying Lemma 2.5 with § = 1 — ¢ and ¢ = ¢, ., (Which is applicable in view
of (38)), we conclude that

[ul]C“(Bl/z) <C= C(l’l, S,)\.,O{)

for a different constant C as the one in (36). The desired estimate (26) now once again simply
follows by rescaling, which finishes the proof. O

4 Higher Holder regularity by approximation

We now use an approximation argument inspired by [2, section 6] and [5] in order to prove
Theorem 1.1 and Theorem 1.2 under full generality. In order to do so, we need the following
definition.

Definition Let 0 < r < R and letu € W*2(Bg) N L} (R"). We say that v € W*2(Bg) N
Lés (R™) is a weak solution of the problem

Lf;v =0 1in B,

v=u a.e.inR" \ B,,

if we have 521’(14, ¢) =0forany ¢ € WS’Q(Br) and v =u a.e. in R" \ B,.

Lemma4.1 Lets € (0,1), A > 1, g > 2"—3 and M > 1. Then for any T > 0, there exists
some small enough § = 5(t,n,s, A, q, M) > 0 such that the following is true. Assume that
® satisfies (4) and (5) wNith respect to A, that A € Lo(A) and that we have f € L4(By).
Moreover, suppose that A is another kernel coefficient of class Lo()\) such that

1A = Al @ixrn <8, 1 llLay <6, @1

and letu € WS2(B;) N Léx (R™) be a local weak solution of

L%u = fin B (42)
that satisfies
lu(y)l
sup |u(x)| +/ dy <M. (43)
xeB, re\B, |y
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Then the unique weak solution v € WS2(B) N Lés (R™) of the problem

@ .
LZU =0 inBys

44
v=u a.e. inR" \ Byg )

satisfies
[lu — vllLooBsyy) < T (45)

Proof First of all, we remark that the existence of a unique weak solution of the problem (44)
belonging to W*2(By) N L;S (R™) can be shown almost exactly as in [16, Theroem 1 and
Remark 3] by using the theory of monotone operators and additionally taking into account
the bounds (4) and (5) imposed on .

We now prove by contradiction. Assume that the conclusion is not true. Then there exist some
T > 0, sequences of kernel coefficients {A,,}5>_; and {Zm}m jof class Lo(2), a sequence of
functions {®,,}°°_, satisfying (4) and (5), and sequences {um}k | C WS 2(B) N ch(R”)

{fm}g—y C L9(By), such that for any m the function u,, is a local weak solution of the
problem

LYty = fn in By, (46)
lu m()’)l
sup |uy (x)] +/ dy <M, 47)
veB re\g, |y"H2s
~ 1 1
Am — Apllie®ixrny < —, | fmllLa) < —, (48)
m m

but for any m the unique weak solution v,, € W* 2(B) N L;s (R™) of

®,, .
Lv, =0 inB
Ay M 7/8 (49)
U = Uy ae. inR" \ By
satisfies
um — vmllLoo(Bs) > T (50)

In view of (2), (5) and using wy, := Uy — vy € W3’2(37/g) as a test function in (49) and
also in (46), we obtain

/ ) (wm|§cx)_ |1jz)-:12(vy))2 dydx
s / / A, .y 0@ = um<|z>>_ _y|iv+”£fx)_vm(y)))2 dyds
- Az( / / A, y) St (0) _rxmfyi)ﬁé"s(x)_wm(y» dydx
_ / n / Ky d>m(vm<x>—&miwy)lifz(x)—wm(y» . dx)
=0

_ A2< / 3 = A, y))(bm(umm_rxmiyﬁilz"sm o)

/ / A (x, q)m(um(x) U (¥)) (Wi (X) — wm(y))dydx>

|x _y|n+25
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— 32 /I;n ./Rn(ANWl(xv V) = Am(x, ) Dy (U (X) — 1ty () (Wi (X) — wm(}’))dydx

x — y|ts

=:1

+ 22 | fn ) wm(x)dx .
By

:=12

By using (4) and (48), we further estimate /; as follows

I S}\3/ / IXm(x,y)—Am(x,y)||ur"(x)_um(y)me(x)_wm(y)|dydx
n Rﬂ

|x _ y|n+2s
~ [m (x) — tm (V)| [wm () — wi (¥)]
<A3|Am — ApllLoo®n xRy /Rn /" = Tx _y|n712s A dydx
E);L/ / it (06) = N0 (06) = w1
Bis16 Y Bis/16 lx — y|r+=

=11

+2A37/‘ / |um(x)||ul)1:n_§f)|dydx
B7/s JR"\By5/16 lx — ¥l

=2
1 w
+2AL/ / Ol
B7/3 JR"\Bis/16 lx — y|rres
=:11.3
In order to proceed, we observe that since n > 2s, we have ¢ > 2% > n—z&-2s , so that Holder’s
inequality and (48) yield
n+2s
2 Zn Cy
[ fin (X)|m+25 d x < CillfmllLas) < o (51)
B

where C; = Ci(n, s, q) > 0. By using the Cauchy-Schwarz inequality, Theorem 2.10, (47)
and (51), for 11,1 we obtain

1 1
2 2 _ 2 7

Iy < / / )~ O < / () — wnO)? dx)

Bis/ie Y Bis/ie |x — yres nJR" lx — y[rt=s

1

n+2s\ 2

—c 2 )1, 2N

=Co | Numll2cp,y + lumllLcs,) s, P y+ - | fin (X) |72 dx
1 1

1
(W (x) — wm(y))2 2
- (/ B TR dx)

1
_ 2 2
< </ (Wi (X) — Wi () dydx)z ’
n R"

|x _ y|n+23

where C; and C3 depend only onn, s, A, g and M. For I; », by using Lemma 2.1, the Cauchy-
Schwarz-inequality, the fractional Friedrichs-Poincaré inequality (Lemma 2.3) and (47), we
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have

U (X)) || Wy, (x
. <C4f / CACHITCO,
B7/8 JR"\Bjs5/16 |yl

_ csf ey () [ () [ x
By

|
— 2 2
W () = wn(¥)” | dx>27

= C5||wm||L2(B7/g)||um||L2(B7/g) = C6 (/ |x — y|n+2s

n JRn

where C4 = 15"125, Cs = Cs5(n,s) > 0 and Cg = Ce(n, s, M) > 0. Similarly, by using
Lemma 2.1, the Cauchy-Schwarz-inequality, Lemma 2.2, Lemma 2.3 and (47), for 11 3 we
obtain

Iis<Cs |Mm(y)||wm(x)|d dx
n+2s y
Byss JR"\Bis/16 Lyl

[t (¥)]
< Crllwmll2p )/
7/8 R\ B1s16 |y|n+25

1
(Wi () — w(M))? )7 ( [t (¥)]
<C / / dydx em | +/ dy
8 ( 2 on [x — y|n+2s LY(By) R\ B, |y|n+25

1
_ 2 2
< Co (/ (Wi (x) — wp (¥)) dydx>2 ’
n R'l

| — y|rtas

where again all the constants depend only on n, s and M. Next, by using Holder’s inequality,
the fractional Sobolev inequality (cf. [9, Theorem 6.5]) and (51), we estimate /> in the
following way

n42s n—2s

2n 2n m 2n
L < </ Ifm(X)I"de> <f Iwm(x)lmdx>
B B

1
— 2 2
Scloi (/ (Wi (X) = Wi (¥)) dydx>2 ,
n Rn

m |x _ y|n+2s

where C19 = Cio(n, s, g) > 0. Putting the above estimates together, we arrive at

1
/ (Wi (x) — wm(y))zdydx : - Ci
nJre =yt m

for some Ci1 = Cii(n,s,A,q, M) > 0. Combining this estimate with the fractional
Friedrichs-Poincaré inequality (Lemma 2.3) leads to

1
(Wi (x) — W (»))? 2 C11
||wm||L2(B7/8) <Cpz (/ ; m|x ~ y|nf2s dydx <Cip m—00 0. (52)

In other words, we have
mll_)moo ||le — vm||L2(B7/g) =0. (53)
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In view of Theorem 2.11, Theorem 2.12, the fact that u;, = v, a.e.in R" \ B7,g and Lemma
2.2, we have

[vm (Y]
S%p |vm(x)| + [Um]Clg(B3/4) §C13 <||Um||L2(B7/g) + /]‘Q"\ng |yr|nn+2s dy
x€B3/4
[t (¥)]
§C13 <||wm||L2(B7/3) + ||um||L2(B7/g) + A”\ng |y|”+zs dy

e ()]
(w2208, + I ||Loo(3>+f dy).
m (B7/8) m 1 R\ B, |y|n+2s

§C14<

so that in view of (52) and (47) the sequence {vy,},._, is uniformly bounded in B3 /4 and
has uniformly bounded C B seminorms in B34, where B = B(n,s, A, q) > 0. Moreover,
in view of (47) and Theorem 2.12, the sequence {u,,}5_, is also uniformly bounded in
B3 /4 and has uniformly bounded CP? seminorms in B3 /4. In particular, the same is also true
for the sequence {u,, — vi},,_,. Therefore, by the Arzela-Ascoli theorem, by passing to a
subsequence if necessary, we obtain that the sequence {u,, — v, };,_; converges uniformly

in B3 /4 to some function h. Since by (53) up to passing to another subsequence we have

m—0oQ .
Uy — vy — 0 ae.in Byyg,

which by uniqueness of the limit implies that 7 = 0 a.e. in B34, we arrive at
mlgnoo ||Mm - vm||L°°(B3/4) =0. (54)
In particular, for m large enough we have
||um - vm||L°°(B3/4) =T,

which contradicts (50). This finishes the proof. O

Next, we use the above Lemma and Theorem 3.2 in order to prove the desired higher Holder
regularity in the case when A is close enough to a locally translation invariant kernel coeffi-
cient.

Proposition4.2 Lets € (0,1), A > 1,q > % and let ® = min {2s - g, 1}. Then for any
0 < & < O, there exists some small enough 6 = &(e, n, s, A, q) > 0 such that the following
is true. Assume that © satisfies (4) and (5) with respect to A, that A € Lo(A) and that we
have f € L9(By). Moreover, suppose that there exists a kernel coefficient Ac L1(B1,A)
such that ~

[|A — AllLo@nxrry <8, || fllLa) < 9. (55)

Then for any local weak solution u € W52(By) N L%S R™) of

L%u = fin B (56)
that satisfies
lu(y)|
sup [u(0)] < 1, / gy <1, (57)
xeB, revgy V]2

we have u € C®—¢ (El/z) and

[u]CO‘(Bl/Q) = C(l’l, s, A, q)
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Proof We divide the proof into two parts.
Step 1: Regularity at the origin. In this step, our aim is to prove that forany 0 < ¢ < ©
and any 0 < r < 1, there exists some small enough § > 0 such that if A, Z, f and u are as
above, then
sup [u(x) —u(0)| < C;ro* (58)
xX€B,
for some constant C; = Ci(n, s, A, €) > 0. In order to accomplish this, we fix some 0 <
& < ® and observe that it suffices to prove that there exist 0 < p < % and § > O such that if

A, Z, f and u are as above, then for any k € Ny we have

lu(pky) — u(0)]
/R k(©=e)|y|n+2s dy = Mo, (39

"\ By Y

sup |u(x) — u(0)] < 2pK®©=),

B
xXe pk

where My := 1 + fR,,\ B, I)\i% < 00. Indeed, assume that (59) were true. Since for any

k+1

0 < r < 1 there exists some k € Ny such that p < r < pk, by the first inequality in (59)

we would arrive at

2 (k+1)(©—¢) 2 r@—e

sup [u(x) ()] = sup ux) —u(0)] = 20407 = —5—p = o=

X€EB, xeBpk

which would prove (58) with C; = p%
In order to prove (59), we proceed by induction. In the case when k = 0, (59) is true by the
assumptions (57).

Next, suppose that (59) holds up to £ and let us prove that it is also true for k + 1. Let 7 > 0
to be chosen small enough and consider the corresponding § = 6(t, n, s, A, g, M) > 0 given
by Lemma 4.1, where M := 2 + M. Assume that (55) is satisfied with respect to this §.
Furthermore, define

x) = u(0
i) = WSO i) = 0O pph)

and
Ar(x,y) i= AR x, p*y), A(x,y) = Aokx, phy), @) = ﬁ@(p’“@*)r).
We note that A, € Ly(A), ;fk Sy (A, B%) C L1(x, By) and that @, satisfies (4) and (5)
with respect to A. Moreover, wy belongs top WS2(B))N Lés (R™) and is a local weak solution
of Lj:: wg = fx in By, while by (55) we have

[|Ar — ZkHLO"(R"xR") =1|A - X”LW(R”XR”) <4

and

k2s=(©-0) =

Ko
I fllLacy) = p Nflleas o = 1S llLas) =9,

where we have also used that ® < 2s — g and thus & <2s —(©® —¢) — g) > ke > 0.
Moreover, by the induction hypothesis we have

e
il ioqay < 2. /R o iy = Mo (60)
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Therefore, by Lemma 4.1 the unique weak solution vy € WS2(B) N Lés (R™) of
<I> .
L/Tivk =0 in B7/8
Vi = Wk a.e. in R"” \ B7/8
satisfies
||wk _vk||L°°(B3/4) =T (61)
Together with the fact that wy (0) = 0, we obtain that for any x € B3 we have

lwi )| =|wk (x) = v ()] + [k (0) — wr (O)] + [ve (x) — Vi (0)]

O—¢/2 (62)

<2t + [Uk]c(978/2(31/3)|x|
Our next goal is to prove that the right-hand side of the previous estimate is uniformly

bounded by a constant that does not depend on k. In order to do so, we observe that since
Ar € L1(A, By) C L1(A, By/3), by Theorem 3.2 we have

e ()]
[Uk]CQfE/Z(B,B) =< ||Uk||L°°(BZ/3) + [Uk]w.\w2(32/3) +/ s dy |, (63)
R"\By3 |y|

where C» = Ca(n, s, A, ®, ¢) > 0. For the first term of the right-hand side, in view of (61)
and (60) we have

NvkllLoo(Bays) = Nkl (Bya) < vk — Wkllzoe(Byq) + wkllLoe(Byy) < T+ 2.

In order to estimate the tail term, we observe that by the same argument used in order to
obtain (52), we have

vk = will2(p,,5) < €39,

where C3 = C3(n, s, A, g) > 0. Together with the fact that vy = wy in R" \ B7/3, Lemma
2.2 and (60), we deduce

e (y)] lwi (V)] [ve (y) — we ()|
/ n+2s dy = n+2s dy + n+2s dy
R"\By/3 |y| " R"\By/3 |y| - B7/8\B2y3 |y| ’

w
<Cy (||wk||L1(B,) +/ | k(y)ldy +/ [vk (y) — wk(y)ldy)
R’ By

"B |y|n+ZS

[wi ()]
<Cs <||wk||L°°(Bl) +/ s 4+ vk — will 2, ) | < Ce.
rR\B; |Vl

where C¢ = Cg(n, s, A, g, 6) > 0. Finally, for the Sobolev seminorm by Theorem 2.10 and
the above estimates we have

2 [ (I
[Wilws2,5) < C7 | 1kllzo0(py ) + ||Uk||L°°(B3/4)/ Iy 25 dy | = Cs,
R"\B3/4 1Y

where C7 and Cg do not depend on k. By combining the above estimates with (62) and (63),
we obtain that for any x € B3 we have

|lwg ()] < 27 + Colx|O/2, (64)
where again Cy does not depend on k. Next, define

_u(@) —u(©) _ we(px)
Wi1(X) 1= PaaICE R

p®—s :
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By choosing 7 small enough such that 2t < p®, in view of (64), we obtain

w1 (0] < 200°77 + Cop® px|®72 < (1 4+ Colx|P/%)p"? Vx e BL. (65)
3p

In particular, by choosing p small enough such that p < (1 + Cg)’% and recalling that
p < 1/3, we arrive at ||wiy1||r(B,) < 1. By definition of w1 this is equivalent to

sup |u(x) — u(0)] < p*+HO=e),

X€EB
€5 k+1

which proves the first estimate in (59) for k& + 1.
In order to prove the second estimate in (59) for k + 1, we observe that (65) implies

w 1+C O—¢/2
/ el kf,i(zyvﬂdy <p*? / 79%2; dy
Bq\B |y["t= B \B| |y[t=
3 3

dy
<1+ C9)p8/2/ m < Ciop°

2
BB |y
3p

where Cig := (1 4+ Co) fRﬂ\Bl MHQ‘S{% < oo does not depend on k and is finite because

25 +¢/2—® > 2 4+ ¢/2 > 0. Furthermore, by using a change of variables and the first
bound in (60), we obtain

[wr+1 (] —O+2 [wr ()] 2 dy 2
— = dy=p* Ot dy <2p°/ —— < C1p°?,
/1‘3;\3] |y|nt2s Bi\Bys IYI"T B\By 3 [yI"T2

3p

where Cy; := 3"*22|B;| < oco. Moreover, again by a change of variables and the second
bound in (60), we deduce

w1 (] —O+2 [wi ()] 2
7dy = pE I+2s dy < M(),OE/ .
/R”\Bl |y|nt2s re\B, |y
?

Note that in the last two estimates we also used that p < 1 and that e — ® 4 25 > ¢/2. By
combining the last three displays and choosing p small enough such that

(Cro+ C11 + Mo)p'? < My,

we arrive at

[we+1(Y)|
/ 7J:,+23 dy < (Cio+ C11 + Mo)p'* < My,
R\B; |l

which proves the second estimate in (59) for k + 1. Therefore, for

p®

1 2 2 _2
p<mm{§,(1+C9) e, My (Cio0+ C11 + M) 6}, T<3

(59) is true for any k € Ny, which in particular also proves (58) under the assumptions (55)
and (57), where § is chosen as above.

Step 2: Regularity in a ball. Next, we show the desired higher Holder regularity in the whole
ball By /. We fix some 0 < ¢ < © and take the corresponding small enough § from step 1.
Fix z € By 2, set L := 2"71(1 4 |By|) and define

—2s

u(x) :=u (% +Z) /L, f:(x):= 2L f (% +Z)
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and

X y ~ ~ (X y 1
AL(x, y) ::A(§+z,5+z), Az(x,y)::A(5+z,§+Z), OL(1) 1= 7 O(LD).

We note that A, € Lo()), /TZ € Ly (A, By) and that & satisfies (4) and (5) with respect to
A. Moreover, u; is a local weak solution of Lffu ;. = fz in By and by (55) we have
1Az — Al Loo@nxin) = ||A — All oo @rxRr) < 8
and
n/q—2s
L

I fzLasy) = N lLaBi @) < N llLasy) < 6.
Additionally, by (57) we have

sup luz(x)| < sup |u(x)| < sup Ju(x)| <1
x€B X€B12(z) xeB;

and together with Lemma 2.2

[tz ()] 27% [u(y)]
n+2s dy = n+2s dy
RrRn\B; |V L Jr\Bipe) 1y — 2l

2" lu(y)l 2"
=7 s Y+ L)

T L Jrmp, Y
2" ()l 2"|By|

<— dy + [lullpoo(py) < 1.
L Jamg, [yl L B

Therefore, we are in the position to apply step 1 to u., which yields

sup |uz(x) —uz(0)] < Cir®%, 0<r<l.
X€B,

By rewriting this estimate in terms of u, for any z € By, we obtain

1
sup |u(x) —u(z)| < C1Lr%, 0<r<-—. (66)
x€B (2) 2

Now fix two points x, y € Bj,2. Then applying (66) withr = @ <1/2andz = (x+y)/2
yields
lu(x) —u(y)| < lu(x) —u@)| + lu(y) —u(z)| <2 sup |u(w) —u(2)]
w€eB(z)

<2CiLr%F <2CiLIx — y|°7",
which proves the desired Holder regularity of u. O

In order to obtain the estimate (8) in our main results with its precise scaling, we now first
prove Theorem 1.2 at scale 1 by using scaling and covering arguments. The general case will
then follow by another scaling argument.

Theorem 4.3 Let . > 1 and f € LY(B)) for some q > 5. Consider a kernel coefficient
A € Lo(X) and suppose that ® satisfies (4) and (5) with respect to A. Fix some 0 < o <

min {2s — g, 1}. Then there exists some small enough § = 8(«, n, s, A, q) > 0, such that if
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for any z € By, there exists some small enough radius r, > 0 and some A, € L'(x, B,.(2))
such that

[|A — Az, ()% B, (2)) < &,

then for any local weak solution u € W*2(B1) N L;S (R™) of the equation qu = fin By,
we have u € C*(By) and

[ulces,) < C<||M||L2(Bl) +A§

where C = C(n,s, A, a,0,q,{r;};ep) > 0.

()]

mg 1y

d)’+||f||L‘1(Bl)>» (67)

Proof Fix a € (0, ®), where as before ® = min {2s — ;l, 1}, set & = ® — « and let

8 =46(e,n,s, X, q) > 0be given by Proposition 4.2. We need to prove that u € Cl(jf (By).
Let§ = &(e,n, 5,4, q) > 0 be the corresponding § given by Proposition 4.2 and fix some
o € (0, 1). Fix some z € B,. Then by assumption, there exists some small enough radius

rz € (0, 1) with B, (z) C B; and some kernel coefficient A, € L1 (A, By, (z)) such that

I|A = AzllLoo(B,, )xB,, (2)) < 6.

Then the kernel coefficient

= _JA(x y) if(x,y) € Br(2) X B, (2)
Alx, y) == .
A(x,y) if(x,y) ¢ By, (z) x B, (2)
also belongs to £ (A, B,_(z)) and satisfies
1A — Al Loo@nxpmy < 8. (68)
In the case when u = 0, the desired Holder regularity trivially holds. Otherwise, set
2s—n/q
lu(y)] Iz
Mo= s i+ [ Ay + 1 I, > 0.
z By (2) z RI\B,. (2) |z — y|n+23 5 (B, (2))

Consider the scaled functions u; € W*2(B;) N Lés (R™) and f; € L9(By) given by

1 2s
n () = u(ex +2), fil) = ’ﬁfmx +2)

z

and also
A(x,y) == Arox + 2,1,y +2), Ar(x,y) 1= A(rox + 2,1,y + 2),
1
D(t) ;= —D(M.,1).
10 73 (M1)

We note that u is a local weak solution of Lfl'ul = f1 in B;. Moreover, observe that

Ay € Lo(A)and Zl € L1(X\, By),while @ satisfies (4) and (5) with respect to A. Furthermore,
by using changes of variables it is easy to verify that #| and f; satisfy

sup Ju1 ()] < 1, / O gy <1, Al <5, (69)
xeB Rrn\B; |y["T4
while (68) implies that _
[|A1 — AqllLoo®n xRy < 8. (70)
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Therefore, in view of (69) and (70) the Nassumptions (55) and (57) from Proposition 4.2 are
verified with respect to ug, f1, A1 and Ay, so that by Proposition 4.2 we obtain

[u1lco-<(p, ) = C1(n, 5,4, q).

By rescaling and then using Theorem 2.11, we arrive at the estimate

C 2 lu(y)]

[Ulco-<(p ST( sup |u(x)| +r Sf T oinids

(Br2(2)) rzO & x€B,. () < R™\ By, (2) |Z - y|n+25
2s—n/q
+ = 5 ||f||L‘i(B,4z(z))>
(71)
C ( —n/2 2 lu()|
<—= (""" Null;25 +r ———-dy

rzo—a z (Bar, (2)) z RM\B,. (2) |z — y|nt2s

2 —
2 "/"||f||m<32,z<z»),

where C; = Co(n, s, A, q, ©,¢) > 0. Since {3,1/4(z)}ze§ is an open covering of B, and

N
B is compact, there exists a finite subcover lB,z[ /4(2i) }

1 of B, and hence of B,. Set

Fmin := _min_r; > 0.
i=1,..., N
Fix x,y € B, withx # y. Then x € B,Zl_/4(z,-) forsomei =1, ..., N.If [x — y| < rmin/4,
then in particular y € Brz,- /2(zi), so that by (71) and Lemma 2.2 we have

[u(x) — u(y)l
|.X,' _ y|®_£ S[M]CG)—S(BrZi/Z(Z))
lu(y)]
SC3(||M|| 2 . +/ ———-dy + | fllLaBa,.
L= (B, (i) RO\, (i) |zj — y|n+2s (Bar; (zi))
§C4<||M||L2(Bl)+/ Md)"*'”f”Lq(B])):
R\B, Y[

where C3 and C4 depend only on n, s, A, g, ®, ¢ and ry;ip. If |[x — y| > rmin/4, then in view
of Theorem 2.11 and Lemma 2.2, we have

BO—¢
Jut) =l _, <i> sup [u(x)|

|x - y|®_£ x€By

lu(y)]
=<Cs | llullr2ep,y + —-dy + | fllLasy)

R\ B, |y|n+2s

()|
<cs (||u|| ) +f dy + 11/ llocn )
L?(By) R\ B, |y|n+25 (B1)

where C5 and C¢ depend only on n, s, A, g, ®, ¢, 0 and ryjy. Recalling that o = @: g,
combining the above estimates now proves the estimate (67) and in particular u € C*(B).
[m}

Proof of Theorem 1.2 Fix some 0 < o < min {2s -z 1} andlet§ = §(a, n, s, A, q) > 0be
given by Theorem4.3. Fix xo € 2and R > Osuchthat Bg(xp) € €2, so thatby assumption for
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any 7' € Br(xp), there is some small enough radius r,» > 0 and some A, € Lo, B, @)
such that

[|A — Az’||L°°(BrZ, (@) By, () = 8.
Consider the functions u; € WS2(By) N L%S (R™) and f € L9(B) given by
ui(x) == u(Rx +x0), fi(x) :== R* f(Rx + x0)
and also
Ai(x,y) := A(Rx + x0, Ry +x0), (A1)z(x,y) := Arz4x(Rx + X0, Ry + x0), z € By,

where A gy, exists for any z € Bj since in this case we have Rz 4+ xo € Bgr(xp). We note
that for any z € By and r; := rg;4,/R > 0, we have (A1), € Lo, B, (z)) and

I|A1 = (A1) llL(B,. (2)xB,. (2)) < 8.

In addition, u is a local weak solution of Lflul = f1 in By. Therefore, by Theorem 4.3
along with some changes of variables, for any o € (0, 1) we obtain the estimate

R [u]ce (B, (xo)) =[U1]co(B,)

1 ()]
§C<||ul||L2(Bl)+/R dy + || fillLa(s))

mg |y

lu(y)l

y|n+2s

=C<R—%||u||Lz B +R2S/
(Br(x0)) e By 0 —

2s—2
+ R4 IIfIILq(BR(xo»)’

which proves the estimate (8). Furthermore, since xo € €2 is arbitrary, we in particular obtain

thatu € C}} (). O
Proof of Theorem 1.1 Fix some 0 < o < min {2s -z 1} and let § = 8(,n,5,1,q) >0

be given by Theorem 1.2. Fix some R > 0 and some xo € 2 with Br(xg) € 2. Since A
satisfies (7) in € with respect to some ¢ > 0, there exists some small enough rs > 0 such
that

sup |[A(x+h,y+h)—Ax,y)| <8 Vhe By (72)

X,yEBR (x0)
lx—yl=<e

Now fix some z € Bpg(xp) and some small enough radius r, € (0, 1) such that r, <
min{e/2,rs} and B, (z) C Bgr(xp). Then for all x,y € B, (z) we have z — y € B, and
Z — X € By, so that (72) implies

sup  |A(x —y+2z,2) — Ax, y)| <6, sup  |A(z,y —x +2z) — A(x, y)| < 4.

Xa.VEBr:(Z) X,,VEBrZ(Z)

Therefore, by additionally taking into account the symmetry of A, we see that the kernel
coefficient defined by

1
A (x,y) = 3 Ax—y+z,20+AQY —x+2,2)
satisfies

1A = AzllLoo(B,, (z)x By, (2)) = &
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and clearly belongs to the class £1 (A, By, (z)). Since z € Bg(xo) is arbitrary, all assumptions
from Theorem 1.2 are satisfied with €2 replaced by Bg(xo). Therefore, by Theorem 1.2 we
see that the estimate (8) holds in any ball Bg(xp) € 2. In addition, since xo € 2 is arbitrary,
we obtain that u € C* (). O

loc
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