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MULTIDIMENSIONAL SINGULAR CONTROL AND RELATED
SKOROKHOD PROBLEM: SUFFICIENT CONDITIONS FOR THE
CHARACTERIZATION OF OPTIMAL CONTROLS

JODI DIANETTI AND GIORGIO FERRARI

ABSTRACT. We characterize the optimal control for a class of singular stochastic control
problems as the unique solution to a related Skorokhod reflection problem. The considered
optimization problems concern the minimization of a discounted cost functional over an in-
finite time-horizon through a process of bounded variation affecting an It6-diffusion. The
setting is multidimensional, the dynamics of the state and the costs are convex, the volatility
matrix can be constant or linear in the state. We prove that the optimal control acts only
when the underlying diffusion attempts to exit the so-called waiting region, and that the
direction of this action is prescribed by the derivative of the value function. Our approach is
based on the study of a suitable monotonicity property of the derivative of the value function
through its interpretation as the value of an optimal stopping game. Such a monotonic-
ity allows to construct nearly optimal policies which reflect the underlying diffusion at the
boundary of approximating waiting regions. The limit of this approximation scheme then
provides the desired characterization. Our result applies to a relevant class of linear-quadratic
models, among others. Furthermore, it allows to construct the optimal control in degenerate
and non degenerate settings considered in the literature, where this important aspect was
only partially addressed.

Keywords: Dynkin games, reflected diffusion, singular stochastic control, Skorokhod prob-
lem, variational inequalities.

AMS subject classification: 93E20, 60G17, 91A55, 49J40.

1. INTRODUCTION

This paper considers the problem of characterizing optimal policies for singular stochastic
control problems in multidimensional settings. More precisely, we consider the problem of
controlling, through a one-dimensional cadlag (i.e., right-continuous with left limits) process
v with locally bounded variation, the first component of a multidimensional diffusion with
initial condition xz. Namely, the controller can affect a state process X%Y which evolves
according to the equation

(1.1) dXy" = b(X,")dt + o(X[)dWy + erduy, >0, X5V =,

for a multidimensional Brownian motion W, a suitable convex Lipschitz function b, and a
volatility matrix o, which is either constant or linear in the state. The aim of the controller
is to minimize the expected discounted cost

oo
(1.2) J(x;v) = E[/ e PP h(X V) dt + /[ | e_ptd\v|t} )
0 0,00

for a given convex function h and a suitable discount factor p > 0. Here, |v| denotes the
total variation of the process v. The value function V of the problem is defined, at any given
initial condition z, as the minimum of J(z;v) over the choice of controls v. Also, a control
v is said to be optimal for x if J(z;v) = V(z). Existence of optimal controls can be proved
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2 DIANETTI AND FERRARI

in very general frameworks using different probabilistic compactification methods (see, e.g.,
[ ’ ’ ) ) ])

Natural questions that immediately arise are whether it is possible to characterize V', and
how one should act on the system in order to obtain the minimal cost V. As a matter of fact,
the Markovian nature of the problem together with mild regularity and growth conditions on
b and h, allows to employ the dynamic-programming approach. This leads to the characteri-
zation of the value function as a solution (in a suitable sense) to the Hamilton-Jacobi-Bellman
equation

1.3 max{pV — bDV —tr(co ' D?*V)/2 — h,|V,,| — 1} = 0.
1

This equation provides key insights on the way the controller should act on the system in order
to minimize the cost of her actions. Indeed, when V is sufficiently regular, an application of
[t6’s formula suggests that the controller should make the state process not leaving the set
W = {|V,,| < 1}, usually referred to as the waiting region. In fact, in many examples (see,
e.g., [23, 32, 44, 45, 50, 57, 62], among others) it is possible to construct the optimal control
as the solution to a related Skorokhod reflection problem; that is, the optimal control can be
characterized as that process v, with minimal total variation, which is able to keep the process
X% inside the closure of the waiting region W, by reflecting it in a direction prescribed by the
gradient of the value function. However, in multidimensional settings, such a characterization
often remains a conjecture (see the discussion in Chapter 6 in [58], Remark 5.2 in [¢], and also
[15, 16, 26, 27]), and many questions about the properties of optimal controls remain open,
representing a strong limitation to the theory.

We now discuss more in detail the problem of the characterization of optimal rules. When
the state process is one dimensional, optimal controls can be explicitly constructed as Sko-
rokhod reflections in a general class of models in [1, 22, 38, 39, 50, (1], among others. Also,
in the (non necessarily Markovian) one dimensional case, a similar characterization of op-
timal controls has been achieved in [2, 3, 4], without relying on the dynamic-programming
approach. When the dimension of the problem becomes larger than one, the difficulty of
characterizing optimal controls drastically increases. Indeed, classical results on the existence
of solutions to the Skorokhod reflection problem in the multidimensional domain W require
some regularity of the boundary of WW and of the direction of reflection, which are, in most of
the cases, unknown. When the value function V' is convex, this difficulty is overcome in some
specific settings. A celebrated example is presented in [57], where the problem of controlling
a two-dimensional Brownian motion with a two-dimensional process of bounded variation is
considered. There, the authors show that the boundary of the waiting region (the so-called
free boundary) is of class C2, and they are therefore able to construct the optimal policy as
a solution to the associated Skorokhod problem. The problem of the characterization is also
encountered in [15, 16, 26, 27], where the construction of the optimal control can be pro-
vided only by requiring additional properties on the boundary of the waiting region. Another
example is exhibited in [22], in which the case of controlling a multidimensional Brownian
motion with a multidimensional control is considered in the case of a radial running cost
h(z) = |z|?>. We also refer to [14], where the construction of the optimal policy is provided
in a two-dimensional context in which the drift is non-zero. To the best of our knowledge, in
the case of a convex V, the most general multidimensional setting in which this characteri-
zation is shown is presented in [15], and in its finite time-horizon counterpart [9]. There, the
problem of controlling a multidimensional Brownian motion with a multidimensional control
is considered for a convex running cost. Remarkably, in [15] (and in [9]) the author presents
an approach which allows to construct the unique optimal policy as a solution to the related
Skorokhod problem bypassing the problems related to the regularity of the free boundary. In
non-convex settings, the number of contributions are even rarer. The suitable regularity of
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the boundary of W is shown, in two-dimensional settings, in [32] and in [23], while a multidi-
mensional case is considered in [62], via a connection with Dynkin games. We also mention
that the construction of multidimensional reflected diffusions in polyhedral domains has been
recently studied in [19, 31, 33], in the context of games with singular controls. To conclude,
despite many decades of research in the field, the nature of optimal controls is, in general, far
from being completely understood, and this motivates our study.

In this paper, we provide sufficient conditions for the characterization of the optimal policy
of the singular control problem specified by (1.1) and (1.2) as the solution to the related
Skorokhod reflection problem. Despite in our setting the control is one dimensional, the mul-
tidimensional nature of the problem arises from the fact that the components of the state
process are interconnected; in particular, the action of the controller on the first component
of the state process can affect all the other components. We will show the claimed charac-
terization under two main classes of assumptions in which the volatility matrix is constant
or linearly dependent on the state. In both cases additional monotonicity assumptions are
enforced to the running cost h and to the drift b. These structural conditions are satisfied
in a relevant class of linear-quadratic models, and in some specific settings considered in the
literature for which the problem of constructing the optimal control remained partially open
(see [15, 16, 26, 27]). The strategy of our proof is inspired by [15] and can be resumed in
three main steps.

(1) We first derive important monotonicity properties on V,,. This is done by identifying
V., as the value of a related Dynkin game, through a variational formulation in the
spirit of [15].

(2) We construct solutions v° to a family of Skorokhod problems in domains W. approz-
imating WW. Here the monotonicity of V,, plays a crucial role in order to show the
regularity of W.. The controls v° are e-optimal for (1.2); i.e. J(z;70%) < V(z) +e.

(3) We find a control v such that v — v, as ¢ — 0. This implies that v is optimal for
x, and, thanks to the properties of v°, that v solves the Skorokhod problem on the
original domain W. This then provides the desired characterization of the optimal
policy o.

As a consequence of our result, some works (in particular [15] and [62]) in the literature on
singular control can be revisited, and the characterization of optimal controls can provided
under slightly different assumptions. Also, our approach allows to treat the singular control
problems with degenerate diffusion matrix studied in [26, 27]. The results apply to problems
with monotone controls, and to the case in which increasing the underlying diffusion has a
different cost than decreasing it. The approach presented in this paper seems to be suitable
to treat also singular control problems in the finite time-horizon.

Clearly, our results relate to stochastic differential equations (SDEs, in short) with reflect-
ing boundary conditions, also known as Skorokhod reflection problems for SDEs. In this field,
existence and uniqueness of strong solutions to reflected SDEs in convex time-independent
domains with normal reflection was first shown in the seminal [60]. These results were then

generalized to non-convex smooth domains with smooth oblique reflection in [1&], and sub-
sequently refined in [55]. Existence of strong solutions in a class of non-smooth domains
has been proved in [24], and therefore generalized to the time-dependent case in [19]. This

list is, however, far from being exhaustive, and we therefore refer the interested reader to
[12, 13, 20, 21, 53, 59] and to the references therein. From this point of view, our results
provide existence and uniqueness of a (strong) solution to a Skorokhod problem in which the
domain is given by the noncoincidence set W of the solution of the variational inequality with
gradient constraint (1.3), and in which the reflection direction is prescribed its gradient.

An essential tool for our analysis is the connection between optimal stopping and singular
stochastic control theory. This connection is known since the seminal [5], where the authors
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observed that the derivative of the value function of a singular control problem identifies with
the value of an optimal stopping problem. Since then, this connections has been elaborated
through different approaches (see [0, &, 12], among others), until the more recent interpretation
given in [17]. When the control is assumed to be of locally bounded variation, and the system
has dynamics with independent components, with one of them being controlled, the space
derivative of the value function of the control problem coincides with the value of a zero-sum
game of stopping; i.e., a Dynkin game (cf. [7, 15, 16, 32, 43]). This connection was described
in a multi-dimensional setting with interconnected dynamics in [15] and [16] by employing a
variational formulation of the problem. In this paper, we employ essentially the formulation
and the techniques elaborated in [15], however extending their arguments to fit our convex
setting.

The rest of this paper is organised as follows. In Section 2 we formulate the problem, we
enforce some structural conditions, and we state the main result of this paper. The proof of
the main result for a constant volatility is presented in Section 3, while the proof for a linear
volatility is discussed in Section 4. Extensions and examples are provided in Section 5, while
Appendix A and Appendix B are devoted to some auxiliary technical results.

1.1. Notation. For d € N with d > 1, an open set B C R%, o = (a1, ...,aq) € N? and
a funciton f : B — R, we denote by D®f := D{'..Dj"f the weak derivative of f, where
D;f = fy, := 0f/0x;, and we set |a| := a3 + ... + ag. For £ € N, ¢ € [1,00], and a measure
space (E,&,m), we define the spaces:
e LY(E) := {measurable f : E — R s.t. || fllLe(m) < oo}, where || fllom) := [ |f|?%dm
if ¢ < oo, and || f||po () = esssupp f for ¢ = oo;
e CY(B):={f: B — R with continuous f-order derivatives} and
C>®(B) := {f : B — R with compact support, s.t. f € C*(B) for each ¢ € N};
o CYN(B) == {f : B = Rwith |[f]ge(p) < oo}, where ||fllcos) = sup,eplf(2)],
1fllLip () = supsyen [f (W) = f(@)|/ly — 2|, and || fllcen(p) = X jaj<e 1D fllcom) +
Plal=e 1D fllLip (B);
e W44(B) := {f € L9(B) with 1 fllweamy < o0},
WEA(B) := {f | f € W54(D) for each bounded open set D C B}, and WS (B) as the

loc
closure of C2°(B) in the norm || - HWZ;q(B), where HfHWz;q(B) = Zlalﬁf 1D flLa(B)-

For 2 € R? we denote by z" the transpose of 2. The vector e; € R? indicates the i-th element
of the canonical basis of R? and, for z € R? and R > 0, set Br(x) := {y € R?||y — z| < R}.
Finally, in this paper C indicates a generic positive constant, which may change from line to
line.

2. PROBLEM FORMULATION AND MAIN RESULT
2.1. Singular control and Skorokhod problem. Fix d € N, d > 2, and a d-dimensional
Brownian motion W = (W, ...,W9) on a filtered probability space (2, F,F,P) satisfying the
usual conditions. For each z = (1, ...,24) € R%, let the process X* = (X% .. X% denote
the solution to the stochastic differential equation (SDE, in short)

2.1) AX1" = (ay + BEX0)dt + a(XPT)dWE, >0, XU =,
' dX" = b (X", X0 dt + 6 (X7 dWE, t>0, X' =z, i=2,..,d
Here a1,bi are constants, while the coefficients b* € C(R?) and & € C(R) are deterministic

Lipschitz continuous functions. The drift b(x) := (a1 +biz1, b? (71, 22), .., b%(21,24)) " and the
function & satisfy Assumption 2.1 below. Next, introduce the set of admissible controls as

V := {R-valued F-adapted and cadlag processes with locally bounded variation} ,
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and, for each v € V and x € RY, let the process X%V = (X 1Y . X)) denote the unique
strong solution to the controlled stochastic differential equation

(2.2) dth,z;v = (a1 + b%th:w;v)dt + 5(Xt1,zw)th1 Tdv, t>0, Xéfw .
X = BT X+ 6 (X AW, 120, X% = qy, i =2,...d.
For any given initial condition z € R?, consider the problem of minimizing the expected

discounted cost

(2.3) J(z;0) = ]E[/ e PPh(X[)dt —i—/[ )e_ptd\vt} , vEV,
0 0,00

where |v| denotes the total variation of the process v, h : R? — R is a continuous function,
and p > 0 is a constant discount factor. We will say that the control v € V is optimal if

(2.4) V(x):= ;Iellf; J(z;v) = J(z;0),

and, in the following, we will refer to the function V' as to the value function of the problem,
and to X*" as to the optimal trajectory.
The second integral appearing in (2.3) has to be understood in the Lebesgue-Stieltjes sense,

and it is defined as
o
/ e_ptd]v\t = |v|o +/ e_ptd]v]t,
[0,00) 0

in order to take into account possible jumps of the control at time zero. Moreover, for v € V
we will often write dv = vd|v| to denote the disintegration

t
v = / vsd|v|s, for each t >0, P-a.s.,
0

where |v| denotes the total variation of the signed measure v, and the process v is the Radon-
Nikodym derivative of the signed measure v with respect to |v|. Also, for a control v, the
nondecreasing cadlag processes 1, €~ will denote the minimal decomposition of the signed
measure v; that is, v = ¢+ — &7, and €T < €T and ¢~ < € for any other couple of nonde-
creasing cadlag processes 1, €~ which satisfy v = £+ — £

Finally, recall from [45] the following notion of solution to the Skorokhod problem, which
we adapt to our setting.

Definition 1. Let O be an open subset of R% with closure O, x € O, and set S := 00. Let
v be a continuous vector field on S, with v = eyv and |v(y)| =1 for each y € S.

We say that the process v € V is a solution to the modified Skorokhod problem for the SDE
(2.2) in O starting at x with reflection direction v if

(1) PX" € O,Vt >0 =1;

(2) P-a.s., for each t > 0 one has dv = ~yd|v|, with

t
’"U|t:/0 Lixores, p(xo)=} vl

(8) P-a.s., for each t > 0, a possible jump of the process X*' at time t occurs on some
interval I C S parallel to the vector field v; i.e., such that v(y) is parallel to I for each
y € 1. If XY encounters such an interval I, it instantaneously jumps to its endpoint
in the direction v on I.

Moreover, if v is continuous , then we say that v is a solution to the (classical) Skorokhod
problem for the SDE (2.2) in O starting at x with reflection direction v.
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2.2. Assumptions and main result. The main objective of this paper is to characterize
optimal control policies for Problem (2.4) as solutions to related Skorokhod problems.

We will prove our main result under the following structural conditions, which we enforce
throughout the rest of this paper. We postpone the discussion of some generalizations to
Section 5.

Assumption 2.1. For p > 2 we have:

(1) The running cost h is C*Y(R?), convex, and, for suitable constants K, k1, ko > 0, it
satisfies, for each x,y € R and for all X € [0,1], the conditions

ki|o1]? — kg < h(z) < K(1+ |zfP),
h(y) = h(z)] < K1+ |z[P~ 4 [y[P~ )|y — ],
M) + (1= Nh(x) = h(Az + (1 = A)y) < KA1 = A)(1+ 2P + |y[P~2)|z — gy,
0 < hyyz ().
(2) There exists a constant L > 0 such that, for each z,y € R?, we have
[b(x)] < L(1 +[xl),
b(y) — b(x)| < Lly — =

The functions b' are convex of class C*1(R?). Furthermore, we assume that hy, > 0
and bftl, bilzi, hyz; <0 for eachi=2,...,d, and that Db is globally Lipschitz.
(3) For p* := p(2p—1) and a constant o > 0, either of the two conditions below is

satisfied:

(a) 5(y) = o, y € R, and the discount factor satisfies the relation p > 3p* L.

(b) 5(y) = oy, y € R, and the discount factor satisfies the relation p > 2p*(L +
o?(p* —1)). In this case, we also assume that there ewists x5 > 0 such that
he, (z) < min{0, —bl} for each x with x1 < 2x%, that b*(x1, ;) > 0 for 1,7, > 0
for each i =2,....,d, and that a; > 0.

Natural examples in which the conditions above are satisfied are given —after discussing
generalizations of Assumption 2.1— in Section 5. These include a relevant class of linear-
quadratic singular stochastic control problems (see Example 1 and Subsection 5.4 below).
Notice that the nature of problem (2.4) is genuinely multidimensional, as the components of
the dynamics (2.2) are interconnected.

Remark 2.2 (On the role of Assumption 2.1). We underline that the particular choice of
p > 2 is motivated by quadratic running costs (cf. Example 1 in Section 5). From Condition 2
one can see that quite strong requirements are needed in order to treat models with a general b'.
However, when b* has a simpler form, some conditions on the derivatives bél, bilmi, ha;y hayz;
can be weakened (see Subsections 5.1.1 and 5.1.2). Also, the assumption on hy, in Condition
3b is to enforce that the optimal trajectories live in the set R% = {z € ]Rd] x; >0,i=1,..,d},
whenever the initial condition x € Ri (cf. Lemma 4.1 below). This condition is a natural
substitute, for minimization problems in dimension d > 2, of the classical Inada condition at
0 (see, e.g., equation (2.5) in [30]). The latter, is typically assumed in profit mazimization
problems, and it is satisfied by Cobb-Douglas production functions. Finally, the conditions on
the discount factor p are in place in order to ensure a suitable “integrability” of the optimal
trajectories, which allows to prove some semiconcavity estimates for the value function V' (see
steps 2 and 3 in the proof of Theorem A.1 in Appendix A).

Observe that, when Condition 3a is in place, a generic controlled trajectory X%V v € V,
can reach the whole space with probability P > 0. On the other hand, under Condition 3b, as
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mentioned in Remark 2.2, the natural domain for a controlled trajectory is Ri. This suggest
to define a domain D in the following way

(2.5) D :=R% if Condition 3a holds, D :=R% if Condition 3b holds.

Indeed, it is possible to show that the value function V is finite and it is a convex solution in
W.2%°(D) of the Hamilton-Jacobi-Bellman (HJB, in short) equation

(2.6) max{pV — LV — h,|V;,| =1} =0, a.e. in D,

where LV (z) := b(x)DV (x) + %Z?Zl 72(2;)Vy,z,(x), ® € D, is the generator of the uncon-

trolled SDE (2.1). For completeness, a proof of this result is provided in Appendix A (see

Theorem A.1). During the proof of Theorem A.1, the convergence of a certain penalization

method is studied: This convergence will be a useful tool in many of the proofs in this paper.
Define next the waiting region VW as

(2.7) W= {z € D||Vy,(z)| < 1},

and notice that, by the Wlifo—regularity of V, W is an open subset of D. Also, for each
z € R%1, we define the sets

Di(z) ={yeR|(y,2) € D} and Wi(z) :={y € R|(y,2) € W}.

In the sequel, the closure of W (resp. Wi(z)) in D (resp. D1(z)) will be denoted by W (resp.
Wi(z)). We state here a technical lemma, whose proof is given in Appendix B.

Lemma 2.3. For any x = (x1,2) € D, with z € R, the set Wi(z) is a nonempty open
interval; in particular, VW is nonempty.

Remark 2.4 (Existence and uniqueness of optimal controls). For each T € D, it is possible
to show that, under Assumption 2.1, there exists a unique optimal control v € V. This is a
classical result when the drift is affine. In the case of a convex drift, it essentially follows
from the convexity of J w.r.t. (x,v). The latter in turn follows from the convezity of the drift,
the monotonicity of h, and a comparison principle for SDEs. The argument can be recovered
from the proof of Lemma 3.7 below, which works for any sequence of controls minimizing the
cost functional J. Finally, the uniqueness of the optimal control is a consequence of the strict
convezity of h in the variable x1.

The following is the main result of our paper, characterizing the optimal policies in terms
of the waiting region W and the derivative V,, in the sense of Definition 1.

Theorem 2.5. Let & = (Z1,2) € D, with Z € R¥~1. The following statements hold true:

(1) If & € W, then the optimal control v is the unique solution to the modified Skorokhod
problem for the SDE (2.2) in W starting at & with reflection direction —Vy e1;

(2) If = ¢ W, then the optimal control v can be written as v = ¥ — T1 + W, where ¥
is the metric projection of T1 into the set W1i(2), and w is the unique solution to
the modified Skorokhod problem for the SDE (2.2) in W starting at ij := (i1, 2) with
reflection direction —V, ey.

In Section 3 we provide a proof of Theorem 2.5 under Condition 3a in Assumption 2.1.
The strategy of the proof can be resumed in three main steps:

Step a. In Subsection 3.1 we study an important monotonicity property of V,,, through a
connection with Dynkin games.

Step b. In Subsection 3.2, this property will allow us to construct e-optimal policies as solu-
tions to Skorokhod problems in domains W, approximating W.
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Step c. Finally, in Subsection 3.3 we prove that the e-optimal policies approximate the optimal
policy, and that the latter is a solution to the Skorokhod problem in the original

domain W.

The proof of Theorem 2.5 under Condition 3b in Assumption 2.1 follows similar rationales,
and it is discussed in Section 4. In particular, in Subsections 4.1 a preliminary lemma is
proved, while in Subsection 4.2 we show how to use this lemma in order to repeat (with minor
modifications) the arguments of Section 3.

3. PROOF OF THEOREM 2.5 FOR CONSTANT VOLATILITY

In this section we assume that Condition 3a in Assumption 2.1 holds. To simplify the
notation, the proof is given for d = 2, so that D = R?. The generalization to the case d > 2
is straightforward.

3.1. Step a: A connection to Dynkin games and the monotonicity property. In
this subsection we adopt an approach based on the variational formulation of the problem in
order to show, in the spirit of [15], a connection between the singular control problem (2.4)
and a Dynkin game. This connection will enable us to prove a monotonicity property of V,,,
which will be then fundamental in order to construct e-optimal controls.

3.1.1. The related Dynkin game. We begin by characterizing V,, as a I/Vli;coo—solution to a
two-obstacle problem. The proof of the next result borrows arguments from [15] (see in
particular Theorem 3.9, Proposition 3.10, and Theorem 3.11 therein). However, since in our
case b can be convex, the techniques used in [15] needs to be refined, and used along with
suitable estimates (described more in detail in the proof of Theorem A.1 in Appendix A) on
a penalization method. We provide a detailed proof for the sake of completeness.

Theorem 3.1. The function Vy, is a W/ZQO;SO(RQ)—solution to the equation
(3.1) maz{(p — b)\Vy, — LVy, — b, |V, | =1} =0, a.e. in R?,
where h := hg, + b2, V.

Proof. We organize the proof in two steps.

Step 1. In this step we show that the function V;, is a solution to a variational inequality
with a local operator, and that V,, € VVZQOCOO(R2) Fix B C R? open bounded and consider a
nonnegative localizing function ¢ € C2°(B). Define the sets

K:={UeW:2R?)||U <lae} and K,:={yU|U €K}

loc

We show in the sequel that the function W := V4 is a solution in Ky to the variational
inequality

(3.2) Ap(W,U — W) > (H,U — W)p, for each U € Ky,

where H := hyp — Vy, L3p — DV,, D1, the operator Ag : W'2(B) x W12(B) — R is given by

02 &
Ap(U,U) := ) > (Us;,Us,)p — (bDU,U)p + (p = b}){U,U)p  for each U,U € W"*(B),
i=1

and (-,-)p denotes the scalar product in L?(B).
Let us begin by introducing a family of penalized versions of the HJB equation (2.6). Let
B € C*(R) be a convex nondecreasing function with (r) = 0if r < 0 and S(r) = 2r — 1 if
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r > 1. For each € > 0, let V¢ be defined as in (A.2). As in Step 1 in the proof of Theorem
A.1in Appendix A, V¢ is a C%-solution to the partial differential equation

(3.3) pVE— LV + éﬁ((v;f _l)=h, zeR

It is possible to show (see Step 2 in the proof of Theorem A.1 in Appendix A) that, for each
R > 0, there exists a constant C'g such that

(3.4) sup ||[V*[lw2ie(pg) < Cr.
€€(0,1)

Moreover (as in (A.18) in the proof of Theorem A.1), as € — 0, on each subsequence we have:
(3.5) (VE,DV*) converges to (V, DV') uniformly in Bg;
D?V® converges to D*V weakly in L?(Bg).

We now show that V,,, € K. Since the Wlif—regularity of V,, is already known (cf. Theorem
A.1 in Appendix A), we only need to show that |V,,| < 1 in R%. To this end, take R > 0 and
observe that, by (3.4) and (3.3), we have

(3.6) sup [|8((Vs,)? = Dl 2(sg) < Cre,

e€(0,1)
where the constant C'r > 0 does not depend on €. Moreover, unless to consider a larger Cg,
by the estimate (3.4) and the definition of 3, we also have the pointwise estimate

(3.7) IB((VE)? —1)| <2((VE)*+1) < Cg, on Bg, for each ¢ € (0,1).

Therefore, the limits in (3.5) and the estimates (3.7) allow to invoke the dominated conver-
gence theorem to deduce, thanks to (3.6), that

1B((Var)® = Dllzasny = lim [1B((VE)* = Dllz2(s) = 0-

Since R is arbitrary, we conclude that |V, | < 1 a.e. in R?, and therefore that W € K.

We continue by proving (3.2). Since V¢ is a solution to (3.3), a standard bootstrapping
argument (using Theorem 6.17 at p. 109 in [29]) allows to improve the regularity of V¢ and
to prove that V¢ € C*. Therefore, we can differentiate equation (3.3) with respect to x; in
order to get an equation for V7 . That is,

x1 Y121

2 .
(3.8) [(p = b1) = £IVE, + ZB((Vi)* = DV, Vi, = B, w€RY,

where we have defined h¢ := hy, 4 b2 V. Moreover, by (3.8), the localized function Vy =

Tr1  x2"
V; % is a solution to the equation

T1T1

(39) (o= b1) — £V + 2B (V) ~ DViVi, = BT, z€R?,

where H® := h*) — VZ Ly — DVE D).
Let now U € K. Taking the scalar product of (3.9) with U — Vi, an integration by parts
gives

(310)  AB(VLU - Vi) + SF(VE) — DVEVE

xr1x1?

U-Vi)p=(H"U-V)g.
Moreover, since o > 0, the operator (%2 Z?:1<Umi, Uxi>3)l/2, U € WH2(B), defines a norm
on VVO1 ;2(B), and it is therefore lower semi-continuous with respect to the weak convergence
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in W,(B). By the limits in (3.5), this implies that
02 02
o .
(311) hgl_}(])af? 2<Vd)xl Vz[)xi B2 ? Z W:Bw sz
1= =1
Therefore exploiting the convergences in (3.5) and (3.11), taking the liminf as ¢ — 0 in (3.10),
we obtain

(812)  Ap(W,U — W)+ liminf g<ﬁ’((V§1)2 . A

r1aT1?

U-V5)p>(HU-W)g.

In order to prove (3.2), it thus only remains to show that the scalar product in (3. 12) involving
3’ is nonpositive. Write U as U = U, with U € K. If 2 € R? is such that (V (z))? < (U(x))?,
then B'((Vg (x))* — 1) = 0 since U € K. On the other hand, if (Vg (x))? > (U(x))? then we
have QVi(U -V ) <U? - (V£)2 < 0. Hence, since V¢ is convex and ' nonnegative, in both

cases we deduce that

2 ! e \2 € <
2B (VP ~ DViViL, (U = Vi) <0

1T

Therefore, we conclude that W is a solution to the variational inequality (3.2).

Finally, since o > 0, the I/Vlifo—regularity of V,, follows from Theorem 4.1 at p. 31 in
[28], slightly modified in order to fit problem (3.2) (see Problem 1 at p. 44, combined with
Problems 2 and 5 at p. 29 in [28]).

Step 2. We now prove that V,, is a pointwise solution to (3.1). For B C R? open bounded
and ¢ € C°(B), by Step 1 we have that V,, 1 is a solution to the variational inequality (3.2).
Moreover, thanks to the regularity of V,,, an integration by parts in (3.2) reveals that

(3.13) (Lap, (U = Vi, )¥) g > 0, for each U € K,
where L := [(p — bl) — L]V, — h. For every € > 0, define the sets W. = {|Ve,| < 1—¢}

and, for N > 0 and 0 < 7 < ¢/N, set ¢ := —nﬁﬂw Lijony Define next U := V,, + 1), and
observe that U € K. With this choice of U, the inequality (3.13) rewrites as

0< /BL(U — Vo )?de = —n /R2 L2155 1 pjenyda

which in turn implies that fRQ 12 P21 ]l{|L‘<N}d:L" = 0. Taking limits as N — oo and € — 0,

by monotone convergence theorem, we conclude that fW L2L/12 r = 0; that is, L =0ae in
W.
Finally, defining the two regions

(3.14) I ={x €R?|Vy(z) = -1} and Z;:={zx € R?|V,,(z) =1},
we can repeat the arguments above with zﬂ = —nIAﬁ]l@]l{‘ﬁKN} and Qﬁ = —nffllL]l{‘ﬁKN},
in order to deduce that L < 0 a.e. in Z,UZ_, and thus completing the proof of the theorem. [

Theorem 3.1 allows to provide a probabilistic representation of V,, in terms of a Dynkin
game. Let T be the set of F-stopping times, and, for 7,7 € T, define the functional

T1NT2 R R R
G(JI; 1, 7'2) = E[/O e*Pth(X{;r)dt _ 67pn]l{ﬁ§7'2,7-1<oo} 4 67p721{7'2<n} ,

where h = hy, + b2, Vy, (cf. Theorem 3.1), the process X* denotes the solution to the un-
controlled SDE (2.1), and p := p — b}. Consider the 2-player stochastic differential game of
optimal stopping in which Player 1 (resp. Player 2) is allowed to choose a stopping time 71
(resp. 72) in order to maximize (resp. minimize) the functional G.
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Recalling the definitions of Z_ and Z; given in (3.14), from Theorem 3.1 we obtain the
following verification theorem. Its proof is based on a generalized version of 1t6’s formula (see
Theorem 1 at p. 122 in [46]) which can be applied to the process (e 'V, (X¥));>0 because

Ve € I/Vlifo (R2?) by Theorem 3.1. Since these arguments are standard, we omit the details in

the interest of length.
Theorem 3.2. For each x € R?, the profile strategy (71, T2) given by the stopping times
Tii=inf{t >0| X €Z_} and T:=inf{t >0| X €Z,}
is a saddle point of the Dynkin game, and its corresponding value equals Vi, (x); that is,
G(z;11,72) < Vi (x) = G(x; 71, 72) < G(z;71,72), for each 1,70 € T.
Moreover, we have

(3.15) Ve, (x) = supinf G(x; 71, m2) = inf sup G(z; 11, 72).
T2 T2

T1 T1
3.1.2. The monotonicity property. We now show how Condition 2 in Assumption 2.1 together
with Theorems 3.1 and 3.2 lead to an important monotonicity of V.

Proposition 3.3. We have bilvmlx2 >0 in R2.

Proof. Since bfm < 0 by Condition 2 in Assumption 2.1, it is enough to show that V,, < 0.
Fix an initial condition € R?, take r > 0, and define a new initial condition 2" € R? by
setting 2" 1= x + res. Let X¥ = (X1*" X2%") be the solution to the uncontrolled dynamics
(2.1), with initial condition z". By the structure we assumed on the drift, this perturbation
of the initial condition will affect only the second component of X*'. Indeed, since 2% > x, a

standard comparison principle for SDE (see [37]) gives X}** — X** > 0 for cach t > 0, P-a.s.,
while X" = X%, Hence, since hy, ., < 0, we have

(3.16) hoy (XE) < hgy (XF), for each t > 0, P-a.s.
Moreover, since bil < 0, we can exploit the convexity of V' to obtain
(3.17) b2, (X7) (Vi (XT) = Vo (XT))
= by, (XF) (X = X2 / Viana (X7 + 5(XF — X2)ds
<0, foreacht>0, IP’—a.s.O

Let us now prove that V,(y) > 0, for each y € R?. Fix y € R? and let v be an optimal control
for y. Observe that, for each 6 > 0 we can still employ a comparison principle to deduce that
XYY — X0 — 0 and X2V — X2V > ) for each t > 0, P-a.s. This, since Ay, > 0
and V € C*(R?), in turn implies that

Vy) = V(y — de2)

(3.18) Vi, (y) = lim 5
> Tim J(y;v) — J(y — bez;v)
6—0 )
1 o0 . .
> lim E[/ e PH(h(XP) - h(Xf_‘seQ’v))dt >0,
0—0 0

where we have used that the control v is suboptimal for the initial condition y — des. Hence,

since bim < 0, we obtain that

(3.19) (02 (X7") — b2 (X7)) Ve (XF) <0, for each t > 0, P-as.
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Summing now the inequalities (3.16), (3.17) and (3.19), we find

(3.20) Py (X7 ) 4+ 02, (X7 Wao (XF) < hay (XF) + 02 (XF)Vay (XF),  for each t >0, P-as.;

that is, E(er) < l%(X“”) Therefore, for each stopping time 71, 72 € T, we deduce that
G(z";m1,m2) < G(z;711,T2).

Taking the supremum over 71 € T and the infimum over 7o € T in the latter inequality, we
deduce, in light of (3.15) in Theorem 3.2, that V,, (2") < V,, (z). Hence, we conclude that
V2o < 0 in R2) which completes the proof of the proposition. O

3.2. Step b: Construction of c-optimal policies. For every € > 0 define the sets
Wei={zeR*|V2(z) <l—c}, S.:=0W..

The proof of the following lemma is obtained combining arguments from [15] together with
the monotonicity property shown in Proposition 3.3.

Lemma 3.4. For each ¢ > 0 such that T € W, there exists a solution v € V to the
(classical) Skorokhod problem for the SDE (2.2) in W, starting at T with reflection direction

- 271/“/11’61'

Proof. Fix € > 0 such that z € W;. In order to employ the results of [18] to construct v¢ as
the solution of the Skorokhod problem with reflection along S., we first show that S. is a C?
hypersurface.

To this end, we begin the proof by showing that
(3.21) V2, (x) >0, for each x € W.

Take indeed x € W and 0 > 0 such that Bs(xz) C W. Since V solves the linear equation
pV — LV = h in W, from Theorem 6.17 at p. 109 in [29] it follows that V € C*(W).
Therefore, we can differentiate two times with respect to z7 the HJB equation (2.6), and
obtain an equation for V,

(3'22) (P - 2b%)‘/261961 - ‘CVI1I1 = hxlﬂﬁl + 2b31 ‘/261962 + bilxlvxw in B(S(x)

Since by assumption h,,,, > 0, thanks to Proposition 3.3 we have that hy,,, + 21)31‘/961952 > 0.
By the inequality (3.18) in the proof of Proposition 3.3, and the fact that b2 is convex, we
deduce that bxlngE2 > 0. Therefore, the right hand side of (3.22) is positive. Next, by
the strong maximum principle (see Theorem 3.5 at p. 35 in [29]), V4,2, cannot achieve a
nonpositive local minimum in Bs(z), unless it is constant. If V;, ,, is constant in Bs(z), then
by (3.22) we obtain Vg,z, > 0 as desired. If V,,,, attains its minimum at the boundary

0Bs(x), then by convexity of V' we still have
Virer (y) > min Vg,p >0, for each y € Bs(x),
0Bs(z)

which also proves (3.21)
Next, define v(x) := le( )/|Va, (z)]e1 for each z € Se, and w(y) := |Vi, (y)|? for each

y € W. Notice that /w(y) = |05V (y)|. For R > 0, by compactness of Wf/Q := W,/2 N B,
in light of (3.21) we can ﬁnd a constant ¢ > 0 such that

(3.23) mfwmmz£>0
II!GWE/Q

Therefore, for x € S and R large enough, by (3.23), we have

Vw(z+ Av) = 0V (z + Av) > 8,V (x) + Al /2 = VJw(x) + A /2,
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and hence

(3.24) oo/ w(z) > /2.

It thus follows that dzw # 0 on S.. This implies, by the implicit function theorem, that S. is
a C3-hypersurface.

Now, by (3.24), arguing as in Lemma 2.7 in [15] it is possible to show that the vector —v is
not tangential to Sc, and, by definition of W. and of 7, we observe that the vector —o points
inside W.. Therefore, we can employ a version of Theorem 4.4 in [18] for unbounded domains
in order to find a solution v* € V to the Skorokhod problem for the SDE (2.2) in W, starting
at , with reflection direction —Vg, /|V, |e1. O

We conclude this section with the following lemma. We omit its proof since this can be
established as in the proof of Lemma 2.8 in [15].

Lemma 3.5. For each x € W and € > 0 such that T € W,, let the control v¢ be as in Lemma
3.4. Then J(Z;v°) = V(Z) as e — 0.

3.3. Step c: Characterization of the optimal control. Thanks to the results of Subsec-
tions 3.1 and 3.2 we can now prove Theorem 2.5. We provide a separate proof for each of the
two claims.

3.3.1. Proof of Claim 1. We will first prove Claim 1 for € W, and then, at the end of this
subsection, we will give a proof for a general £ € W. Fix £ € W and a sequence (&,,)neN
converging to zero. To simplify the notation, according to Lemma 3.4 we define the processes

n
X" =X, 0" =0, "= ||, for each n € N.

Bear in mind that the processes v", " and £™ depend on the initial condition Z, and that,
according to Lemma 3.5, the sequence of controls (v"),en is a minimizing sequence; that is,
J(z;v™) = V(Z) as n — 0.

We begin with the following estimate.

Lemma 3.6. Let p’ :== (2p — 1)/2. We have

(3.25) S“p/ e P EIX, ") + B X P])dE < O(L+ |z]).
0

n

Proof. Denoting by X* the solution to (2.1), a standard use of Gronwall’s inequality and of
Burkholder-Davis-Gundy’s inequality leads to the classical estimate

E[| X7 P] < C’epit(l +|z|P) for each t > 0,

where L is the Lipschitz constant of b and C' > 0 is a generic constant. Therefore, since the
control constantly equal to zero is not necessarily optimal for z, from the latter estimate and
the growth rate of h we obtain

v <E| [T e <o [T e el
0 0
<c / e~e=PDI(1 1 (zP)dt < C(1 + [[?),
0

where we have used that, by Condition 3a in Assumption 2.1, p > p L. Therefore, since v™ is
a minimizing sequence, for all n big enough we find the estimate

"“/ e PE[|IX] " Pdt — ky < J(F;0") < C(1+[EP),
0
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from which

(3.26) / e PR[|IX"
0

Pldt < C(1+ |zP).
Next, using again Gronwall’s inequality and Burkhdlder-Davis-Gundy’s inequality, we find
E[| X" "] < Ce? Lt(l +|Z[”" + pi + pr /(;tEHX;’n‘pl]dS>, for each t > 0,
where p; is a suitable (deterministic) polynomial in ¢, not depending on n. Therefore
(3.27) /0 h e PR)XF"Pdt < C /0 b W LDt (1 4 |Z|P + py)dt
+ C/OO P L=p(1=p /Py, /t e PP IPSE| X P dsdt
0

<C’/ P L— P+ |z + py)dt
o’

+C/ P(=p'/p)lt t(/ e‘psEHXSl’”\p]ds> dt.
0

After noticing that Condition 3a in Assumption 2.1 implies p’L —p < 0 and p'L—p(1—p/p) <
0, using (3.26) in (3.27), we conclude that

sup/ e PR[|IX]" Pt < C(1 + |zP),
n Jo

which, together with (3.26), completes the proof of the lemma. O
Lemma 3.7. Let v € V be the unique optimal control for x. We have that
X' = X" and " =0, P®dt-a.e inQx[0,00), asn— oo.

Proof. The proof employs arguments as those in the proof of Theorem 8 in [52], that however
need to be suitably adapted in order to accommodate our more general convex setting.
We organize the proof in two steps.

Step 1. Arguing by contradiction, in this step we prove that the sequence X™ is Cauchy w.r.t.
the convergence in the measure P ® e~*!dt; that is, for each § > 0 we have

oo
(3.28) E[/O e_”t]l{th_X;n»}dt} — 0, asn,m — oo.
Indeed, suppose that for a subsequence (not relabelled), one has
(o)
(3.29) E[/O ept]l{thXtm%}dt} > 09 >0, foreachn,m €N,

for a certain constant oy > 0.
Fix A € (0,1). We begin by defining the processes
ynm = XTI and 20 = AX" + (1 — AN X™,  for each n,m € N.
We first need to show that

(3.30) Y, <z, for each t >0, P-a.s.
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Since the drift b' is affine, we have Yin™ = ZLnm Moreover, since b? is convex, we find

t
(3.31) ZEM™ = Ty + / (A2 (X)) + (1 = V(X)) dt + o W7
0
t
> To + / b2 (zLmm Z2Znm)dt 4 o W2
0

t
=Ty + / (Y™, ZE M dt + oW,
0

while Ytzm’m = T+ fg B2(Y™™, YE™)ds + oWZ2. This, by the comparison principle for
SDE (see [37]), implies that Yt2;n,m < Zf;"’m, for each ¢t > 0, P-a.s., and (3.30) follows.
Next, in light of (3.30), by the monotonicity of h in xzo we find

(3.32) A (Z;0") + (1= N)J(Z;0™) — J(Z; W™ 4+ (1 = A)o™)

= 5| [ e ) + (1= ) - 7t
0
+ / e PHNED + (1 — N)dEP — d]Ao™ + (1 — A)vm|t)]
[0,00)

> E[ | e + (- nacem - h(Z?’m))dt] |
0

as we have that [Av™ + (1 —X)v™|; < AP+ (1—X)EM, and that e~?t is positive and decreasing.
Then, using (3.29), for M > 0 we observe that

o0
—pt
E[/O e P ]I{X?—X{">6}]l{|X{‘§M,|XthM}dt]

> (50—E|:/0 e_pt]l{|th>M}dt] —E|:/O e_pt]l{Xtm|>M}dt]

Moreover, the estimate in Lemma 3.6 and an application of Chebyshev’s inequality yield

o C(1+ |z]P
E[/O e ”t]l{thbM}dt} < (]WJ’H’ for each n € N,

so that we can find M big enough such that
fe’e) 3 50
E |:/O e pt]l{|X,;n—X£m|>5}ﬂ{|X£n|§M7 X;’n|§M}dt:| Z 5, for each n,mec N.

Combining the latter inequality with (3.32), we obtain
(3.33) A (Z;0") + (1= N)J(z;0™) — J(Z; 2" 4+ (1 — A)v™)

o0
2 5(60,M)E[ / e P xp—xp s oy L{ixp < | xpm<arydt
0

do
> 5(60,M)§7
where, by strict convexity of i in the variable x1, we have
8(s0,0) = Inf {AA(z) + (1 = Nh(y) — h(Az + (1 = N)y)| [z — y| > do, |z|, |[y| < M} > 0.
On the other hand, by Lemma 3.5, J(&;v™) converges to V(z) as n — oo. Therefore, from
(3.33), we can find n € N such that

8
V(z) > 6(60’M)ZO + J(Z; A" 4+ (1 = A)o™), for each n,m > n,

which contradicts the definition of V', completing the proof of (3.28).
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Step 2. By the previous step, there exists a limit process X and, unless to consider a subse-
quence, we can assume that

(3.34) X' = X, P®dtae in Qx[0,00), asn— oo.

Next, defining the process vy := th o fg bt (Xi)ds—ath, using the estimate from Lemma
3.6 and (3.34) we find

t
|vf—vt|§|Xt1’"—Xt1|—|—L/ X1 — XNds -0 P®dtae. in Qx [0,00),
0

which implies that

(3.35) vy = v P®dtae. in Q x [0,00), as n — oco.
We also observe that, by using Lemma 3.5 in [10], we can assume the processes X! and v to
be right-continuous. Also, denoting with £ the total variation of v, from (3.35) we easily find
(3.36) & <liminf¢ for each t > 0.

n

Next, exploiting the limits in (3.34), the Lipschitz continuity of b?> and the estimate from
Lemma 3.6, we can see that the process X? is continuous and it solves the SDE dX? =
V(XL XP)dt + odWE, t >0, X2_ = T5. This, together with the definition of v, implies that

(3.37) X = X%,

Finally, thanks to the limits in (3.34), (3.35) and (3.36), to the identity (3.37), and to
the continuity of h, we invoke Fatou’s lemma and, with an integration by parts (see, e.g.,
Corollary 2 at p. 68 in [51]), we find

(3.38) J(T;0v) = E[/Oo e PLh(XTY)dt + p/oo e_pt&dt]
0 0

< lim infE[/ e P h(X[)dt + ,0/ e_ptffdt} = liminf J(z;0") = V(Z),

where we have used that the sequence (v"),¢cn is minimizing for Z, according to Lemma 3.5.
Thus, the process v has locally bounded variation, and v € V. Also, from (3.38) we deduce
that the control v is optimal for Z, and, by uniqueness of optimal controls (see Remark 2.4),
we conclude that v = o and X = X%, completing the proof of the lemma. O

The proofs of the next two propositions follow by employing arguments similar to those
employed in Sections 2.3 and 2.4 in [15] (we provide details here in order to recall these
arguments in the sequel).

Proposition 3.8. We have that (X" € W, Vt > 0] = 1.

Proof. By Lemma 3.7, X' — X', P ® dt-a.e. in Q x [0,00), and, by Lemma 3.4, P[X]* €
W,t>0] =1, as W., CW for each n € N. Therefore, it is clear that X e W, P® dt-ae.
in  x [0,00), which, by right-continuity, implies that P[X;" € W,t > 0] = 1. O

Proposition 3.9. We have dv = 7d|v| with
t
|0y = /0 ]I{Xffes,—Vxl(Xff):%}dms’ for each t >0, P-a.s.

Proof. Take R > 0 such that Z € Bg and define 7 := inf{t € [0,00)| X3 ¢ Bgr}. For each
€ >0, let V¢ be as in (A.2). As in the Step 1 in the proof of Theorem A.1 in Appendix A,
V¢ is a convex C?-solution to (A.3). By It&’s formula for semimartingales (see, e.g., Theorem
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33 at p. 81 in [54]), applied on the process (e *Ve(X{"))¢>0 on the time interval [0, 75], we
find

o TR _ _
Ele 7V (X27)] = VE@HE[ / LY — pVE)(XED)dt + / PV (X5 ),d]o],
) 0 [0,7r)

Y ) - VAR = VA (il - o) |
0<t<7‘R

By the convexity of V¢, the last sum above is nonnegative. Also, since the function 5 in (A.3)
in nonnegative, we have pV¢ — LV® < h a.e. in R%. Hence from the latter equality we

TR BT _ B
(3.39) Va(:i)gE[ /O P R(XT)dt — /[0 VO )'ytd|v|t].
TR

Therefore, taking first limits in (3.39) as ¢ — 0 (using (A.18) and the dominated conver-
gence theorem), and then letting R — oo (using the monotone convergence theorem and the
dominated convergence theorem), we obtain

(3.40) v <B| [T e [ e, (8 e
0 [0,00)
Next, by the optimality of v, we have that V(z) = J(&;v), and, from (3.40), it follows that
(3.41) E[/ e‘pt(l+Vx1(Xf_;”)7t)d|ﬁ|t] <0.
[0,00)

This in turn implies, using 0 <1 — |V, | < 14V, for all ¥ € R with |y| = 1, that

o< /[OOO) 1= [V (Xl | < 5] /[OOO) V(X ol <0,

From the latter chain of inequalities we deduce that the support of the random measure d|o|
is P-a.s. contained in the set {(w,t) € Q x [0,00)]| X7 (w) € W, 31(w) = =V, (X" (w))},
which completes the proof of the proposition. O

The proof of the next proposition also follows by employing the arguments in [15]. Details
are provided in Appendix B for the sake of completeness.

Proposition 3.10. We have that, P-a.s., a possible jump of the process X%V at time t > 0
occurs on some interval I C OW parallel to the vector field —Vy, e1, i.e., such that —Vy, (z)er
is parallel to I for each x € I. If XTY encounters such an interval I, it instantaneously jumps
to its endpoint in the direction —Vy e on I.

Combining then the Propositions 3.8, 3.9 and 3.10, we see that, for £ € W, the optimal
control ¥ € V is a solution to the modified Skorokhod problem for the SDE (2.2) in W starting
at = with reflection direction —V,, e;.

Take next Z € W. By definition, there exists a sequence (z*)eny C W such that 2* — 7 as
k — oo. For each k, let w* be the optimal control for z*, and consider the controls z* —z +w*,
which consist in following the policy w* after an initial jump from Z to z*. Using the fact that
zF € W, from Proposition 3.8 we have that P[ka;wk € W,t > 0] = 1. Observe, moreover,
that X*'w" = x@@'—2+w® and that |J(z;2F — 7 + wF) — J(2F;wF)| = |z — 2F|. By the
continuity of V', we now see that

V(z) = liinV(xk) = lilgnJ(a:k;w )—hmJ( sk — 74 wh).

Therefore, the sequence of controls (z¥ — Z + w¥)gey is a minimizing sequence for the initial
condition Z. Repeating the proof of Lemma 3.7 with the sequence of controls (z* — Z +w"*)en,
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we see that thk;wk — X7 P® dt-a.e. in © x [0,00). This allows to repeat the arguments
in the proofs of Propositions 3.8, 3.9 and 3.10 in order to conclude that, also for # € W, the
optimal control v € V is a solution to the modified Skorokhod problem for the SDE (2.2) in
W starting at  with reflection direction —Vj, e;.

Finally, through a verification theorem (which can be proved by using It6’s formula as in
the proof of Proposition 3.9), it is easy to show that any solution to the modified Skorokhod
problem for the SDE (2.2) in W starting at Z with reflection direction —Vj, e; is an optimal
control. This, by uniqueness of the optimal control (see Remark 2.4) implies that such a
solution is unique, completing the proof of Claim 1 of Theorem 2.5.

3.3.2. Proof of Claim 2. Fix & = (#1,2) ¢ W and denote again by © the optimal control for
z. Let 1 € R be the metric projection of Z1 into the set Wi(z). The set W1(Z) is a closed
interval (cf. Lemma 2.3), hence the point ¢ is uniquely determined. Set then § := (91, Z) and
observe that y € OW. Let w be the optimal control for §. Notice that, since V,, is pointing
outside W1 (z), we have V,, (§)(Z1 — 1) = |#1 — 71]. Therefore, since (g1 + A\ (T1 —71),2) ¢ W
for each A € (0,1), we get

1
V(z) =V (41,2) +/0 Ve (71 + XMZ1 — 71), 2)(T1 — 91)dA = V(§) + |21 — 1]

This means that V(z) = J(y;w0) + |1 — 91| = J(Z; 1 — g1 + w), which, by uniqueness of the
optimal control, implies that ¥ = Z; — Z; + w. Moreover, since §j € W and w is optimal for
g, by Claim 1 we have that w is the unique solution to the modified Skorokhod problem for
the SDE (2.2) in W starting at § with reflection direction —V, e;. This completes the proof
of Claim 2 and therefore also of Theorem 2.5.

4. ON THE PROOF OF THEOREM 2.5 FOR LINEAR VOLATILITY

In this section we assume that Condition 3b in Assumption 2.1 holds. To simplify the
notation, also this proof is given for d = 2, so that D = R% = {z € R?| 21, z2 > 0}. The
generalization to the case d > 2 is straightforward.

4.1. A preliminary lemma. We first state the following technical result. Define the set
VI = {v e V| X", X} > 0 for each t > 0, P-a.s.}.
Lemma 4.1. We have V(z) = minyeys J(z;v), for each z € R?.

Proof. Let v € V be an optimal control for z € R2, and denote by (£7,£7) its minimal
decomposition. In order to simplify the notation, set X := X%". Assuming that v; = 0 for
each s < 0, define the family of random variables

T = inf{t > 0| (th’g;rl/k _ 5;1/k) € (—oo,z]) x (0,00)}, keN.

Define the filtration F* := (Fi+1/k)e>0 and notice that, for each k > 1, 73 is an F*-stopping
time. Set T := supy, 7k, and observe that, for k < k, we have 7, < 75. This implies that, for
each k> 1, 7= supj~j Tk, so that 7 is an F*-stopping time, and, by right-continuity of the
filtration I, we deduce that 7 is an F-stopping time. Also, such a definition of 7 is such that
the negative part £~ of v acts at time 7; that is, 7 is in the support of the measure £~.

If P[r < o] = 0, then the control £~ never acts when the state process X' lies in the
region (—oco,z%). Since a; > 0 and b2 > 0, this is enough to ensure that X", X>*" >
0 for each ¢t > 0, P-a.s., which in turn implies that v € VY.

Arguing by contradiction, suppose that P[r < oo] > 0. Define the control ¢, := Lyeryor +

Ly>ny (& +min{z} - X1_| O}]I{Ag;>o})’ and the process X := X%?. Define next the stopping
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time 7 := inf{t > 7| X} > 227}, the control ; := Liper 0+ Lysry (X — X! 4o —v;) and
the process X := X%?. Since at time 7 only the negative part £~ of v acts, on {7 < 0o} we
have 7 < 7. Also, by the definition of v, for k such that 7+ 1/k < 7, on {7 < 0o} we have

Urit/k = Uri/k 2 &rpa g 2§k > Snmin 2 05
so that the processes v and v are not indistinguishable. Moreover, v and v are such that, on

{T < oo}, we have

(4.1)

X; = X for t € [0,7) U [7, 00),
Xt < Xt fort € [7’,’7_').

After some manipulations, from (4.1) we deduce that

T

(4.2)  J(z;v) = J(x;0) —i—IE[/ e Ptde; +/ e P Dh(X) (Xt — X;)dt
(7.7)
Bl T(XE - X | - XL - XL [) 4 e (XD - XL | - %] XL|),

for Xy = M X; + (1= X)X € (—00,2x%) x R, and suitable choice of \¢(w) € [0,1]. Since £~
acts at time 7, we have X! — X! < 0. Also, at time 7 the control ¥ can only jump to the
left, giving X! — X1 < 0. Hence, using X! — X! > 0, we obtain

(4.3) (X1 = X1 | — KL - XL|) = e (XL - X) > 0.

Now, if X2 > X1 | then using (4.1) we find

(4.4) X - X7 |- |X; - X1 | > X - X]_>0.

Therefore, plugging (4.3) and (4.4) into (4.2), we obtain the inequality
(45)  J(z;v) = J(z;0) = E[/ e hay (X) (X = XJ) + by (X0) (X7 — Xf)]dt] >0,
where we have also used (4.1), Condition 3b in Assumption 2.1, and that, due to the mono-

tonicity of b2 in the variable z1, via a comparison principle we have X2—-X2<O0forte (r,7).
On the other hand, if X! < X! | from (4.1) we obtain

(46)  |IXI-XL|-|XI-Xl|=Xxl -XL
F—
—Xg_fgw/ bﬂx;_xgmw/
T T

If bl < 0 substituting (4.3) and (4.6) into (4.2), we obtain again (4.5). Similarly, for b1 > 0
we find

(4.7)  J(z;v) = J(x;0) > E[/T

However, both (4.5) and (4.7) contradict the uniqueness of the optimal control v, completing
the proof of the lemma. O

o(X} — XHaw} —/ dg;

(.7)

7

KMAXJ—%MXﬁ—Xb+hm@U@f—X3M4z&

4.2. Sketch of the proof of Theorem 2.5. Since we are interested in characterizing the
optimal control for any given T € Ri, thanks to Lemma 4.1 we can restrict the domain of the
HJB equation to the set Ri. We observe that, upon exploiting the ellipticity of the operator
L in the domain R? (and, in particular, the uniform ellipticity of £ on each ball B C R?),
all the results from Sections 3.1 and 3.2 can be recovered, with minimal adjustments of the
arguments therein.
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For Z € W we can consider the processes X" := X%V " forn € N, with (v"),en
minimizing sequence of solutions to the Skorkokhod problems on domains W, according to
Lemma 3.5 (here W), denotes the closure of W, in R?).

Estimates as those of Lemma 3.6 can now be proved as follows. Denoting by X the solution

o (2.1), by standard results (see, e.g., Theorem 4.1 at p. 59 in [51]) we have E[|X][?] <

Cer CL+a*(=1)t(1 4 |z|P) for each ¢ > 0. Hence, arguing as in the proof of Lemma 3.6 and
using the requirement on p from Condition 3b in Assumption 2.1, we find

oo
(4.8) sup / e PR X1 Pt < C(1+ |7/P).

n Jo
Next, for p’ := (2p—1)/2, we use (4.8) to estimate | X>"|P". We underline that, since W,, C W,
we have X/ > 0 P®dt-a.e. in 2x [0, 00). For each n € N, define the process A" as the solution
to the SDE

dA? = L(1+ | X" + AP)dt + o APdW?2, >0, AR = Zy.

Since X" < Zy + fot L(1 + | X" 4 |X2™))ds + afot 1)(3’"dWS2, by a comparison principle
we obtain )_(2’” < A™. Therefore, using that A} = FE}[zTs + fg L1 + | X" E N ds], with
E; := exp|(L — 02 /2)t + cW}], we find
(4.9)

o0 / e /
I o Ty A T
0 0
o0 Aol / t Ao A 12
< C’/ e P'E [Ef zh +pt/ EY E;P ds]
0 0
1

00 t 1 t
+C / ( / e PSE[|X1m p]ds)qeﬂﬂé)t( / E[(Et/ES)P’q*]ds)’ dt,
0 0 0

where we have also used Holder’s inequality with exponent ¢ = p/p’, ¢* denoting the conju-
gate of q. Exploiting the requirement on p made in Condition 3b in Assumption 2.1, after
elementary computations one can see that

o0 1 t A qL*
(4.10) /0 e_p(l_q)t< /0 E{(Et/ES)P’q*}ds> dt < oo.
Finally, substituting (4.8) and (4.10) in (4.9), we conclude that
sup [ MBIt < O + o),
n
which, combined with (4.8), gives
(4.11) sup /OOO TP (E[IX, ") + EIXPP])dE < C(1+ |zP).
n

Thanks to the estimate (4.11), the arguments of Step 1 in the proof of Lemma 3.7 can be
recovered, so that (up to a subsequence)

(4.12) X' = X, P®dtaec in Qx[0,00), asn— oo,
for an adapted process X. Using again (4.11) and the assumption p > 2, a standard use of
Banach-Saks’ theorem allows to find a subsequence of indexes (n;);en such that the Cesaro
means of (X 17 )jeN converge in L? to the process X'; that is,

_ 1 & .
(4.13) XM= =3 X' 5 X' asm — o0, inL*(Q x [0,T];P@dt), for each T >0,

m “
J=1
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~

Next, defining the process v; = X} — 71 — fg Xlds — fot X1dwy,, and exploiting the L2
convergence in (4.13) and the linearity of the dynamics for the first component, we deduce
that

1 <&
(4.14) o= — ZU"J — v, asm — 0o, inL*Qx[0,T];P®dt), for each T > 0.

m =
Again, by using Lemma 3.5 in [10], we can assume the processes X! and v to be right-
continuous. Next, observe that the processes X>™ can be expressed as

X{" = E[za + [{0A(XD)/Buds], with Ep:=exp (6WP — Gt), t=0.

Hence, taking limits as n — oo in the latter equality (exploiting (4.12) and the uniform
integrability deriving from (4.11)), we deduce that

X7 = E[72+ [ 0*(X,)/Esds], t>0,

so that, thanks also to the very definition of v, we have X = X%?. Overall, from (4.12), (4.14)
and the latter equality, we have
_ 1 & -
(4.15) XM= — ZX”J' — X% and 0™ — v, P®dt-a.e. in Q x [0,00), as m — 0.
m
j=1
It is however worth noticing that X™ is not the solution of the SDE controlled by ™, unless
b? is affine. Similarly to (3.36), using the fact that the sequence of controls v™ is minimizing,
and exploiting the limits in (4.15) and the convexity of h, we find

J(z;v) = E[/ epth(thw)dt—i—p/ ept\v]tdt}
0 0

< limianE[/ e—f’fh(X;”)dter/ €_pt|1_}m’tdt}
m 0 0

1 & 00 - o0
< liminf — E E{/ epth(XtJ)dt—i—p/ ept|v"j|tdt] =V (z),
mom- 0 0
J=1

so that the control v has locally bounded variation and it is optimal. By uniqueness of the
optimal control, we deduce that o = v and X = X%7.

Finally, thanks to the properties of (X", v™), by repeating the arguments leading to Proposi-
tions 3.8, 3.9 and 3.10 (see Appendix B), the optimal control v for Z € W can be characterized
as the unique solution to the modified Skorokhod problem for the SDE (2.2) in W starting at
T with reflection direction —V;, e1. On the other hand, for Z € W, we can repeat the rationale
at the end of Subsection 3.3.1, which yields that the optimal control can be characterized also
for € W, completing the proof of Claim 1 of Theorem 2.5.

When z ¢ W, following the arguments of Subsection 3.3.2, one can characterize the initial
jump of v. This completes the proof of Theorem 2.5 under Condition 3b in Assumption 2.1.

5. COMMENTS, EXTENSIONS AND EXAMPLES
5.1. Refinements of Assumption 2.1. Assumption 2.1 can be improved as follows.

5.1.1. Affine drift. If & is constant, Theorem 2.5 holds also for a drift b(x) := a + bz, for
a vector a € R? and a matrix b € R?*? such that the vector 8 := (0,62,...,6¢)7 € R? is
an eigenvector of b and hy,g > 0. Here the vector (0, b2,..., b7 is the first column of b,
with b} replaced by 0, while hy, g denotes the (-directional derivative of h;,. In this case,
for € R% r > 0 and 2" := x + 73, the solution X*" of (2.1) writes (see, e.g., p. 99 in
[51]) as XF" = e¥a" + P,, where P; does not depend on z". Hence, since the vector 3 is by
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assumption an eigenvector of the matrix b with eigenvalue \, we find X" — X7¥ = ref?p =
re!B, for each t > 0, P-a.s. This easily allows to repeat the arguments in the proof of
Proposition 3.3, so that V,, 3 > 0, while all of the other results in this paper still hold (often
with less technical proofs). Also, in this case, for p = 2 it is sufficient to require that

p>2A(b), A(Db):=max{Re(\)|A eigenvalue of b}.

We refer to Lemma 2.2 and Theorem 2.3 in [15] for more details. Finally, all the results in this
paper apply for a constant volatility matrix & such that 5 " is positive definite, " denoting
the transpose of &.

5.1.2. On Condition 2. A careful look into the proofs of Proposition 3.3 and of Lemma 3.7
reveals that the results in this paper remain valid if the drift coefficients b* in Condition 2 in
Assumption 2.1 satisfy one of the following more general requirements.

(1) Under Condition 3a, for i = 2, ...,d, either of the following is satisfied:

(a) b’: is convex, hy, > 0, and either bﬁcl, b;lx?, hgyz; <0 or bil,'bilxi, hara; 2 0;
(b) b" is concave, h,, <0, and either b}, , —bl ., haye; <001 by, —b5 o) hyyz, > 0.

(2) Under Condition 3b, for i = 2, ..., d, either of the following is satisfied:

(a) b’: is convex, hy, > 0, and b;l, b;lx@_, hayz; < 0;
(b) b* is concave, hy, <0, and b, , —b. ., haye; < 0.

We point out that the conditions to deal with a linear volatility need to be compatible with
the arguments in the proof of Lemma 4.1 and are, for this reason, more restrictive.

5.1.3. On the lower-growth of h. We underline that the lower-growth requirement on A in
Condition 1 can be improved in some particular settings: If the drift is affine and the volatility
is constant, for p < 2 it is sufficient to assume h > —ko. Indeed, in this case, the proof of the
estimate (A.5) in Step 2 in the proof of Theorem A.1 in Appendix A simplifies (in particular,
in (A.6), My = 0) and it can be provided without relying on Lemma 3.6. Also, for any x € R?
and any sequence of minimizing controls (v"),en, we have the estimate

supE[f[O’OO) e Ptdjv"y] < C(1 + |z|P),

which, combined with E[| X" |] < C(1 + |z[P + E[Jv"];])ekt, gives

supIE[f[O’oo) e_(”+z)t]th;vn|dt] < supC(l + |zP + E[ [5° e_pt\v”hdt]) < C(1+ |x|P).

Therefore, a limit process X such that thwn — X; P® dt-a.e. as n — oo can be found, by
adapting the reasoning in Step 1 in the proof of Lemma 3.7. Also, using Lemma 3.5 in [10],
in the spirit of what has been done in Subsection 4.2, we can exploit the convexity of A and
the fact that b is affine in order to prove that X = X%?_ with v optimal control for the given
x. This allows to recover Lemma 3.7 and to characterize the optimal control v.

5.2. Some remarks. We provide here some extensions to the results contained in this paper.

Remark 5.1 (Asymmetric costs of action). Unless to slightly modify some of the arguments
in this paper, Theorem 2.5 extends to the case in which increasing the first component of the
state process has a different cost than decreasing it; that is, to the cost functional

Tz (T30) :ZE[/ e‘f’th(Xf;”)dter/ e—ﬂtd§j+@/
0 [0,00)

e_ptdgt}, K1, k2 > 0.
[0,00)

In this case, the value function V' solves the HJB equation

max{pV — LV —h,~Vy, — K1,V — kot =0, a.c. in R?
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This can be shown by employing arguments similar to those in the proof of Theorem A.1 in
Appendiz A, by replacing the penalizing term in (A.3) with an “asymmetric” penalization
[B(=Va, — k1) + B(Va, — Kk2)]/e. Most of the arguments in this paper remains essentially
unchanged, and the optimal control can be characterized as the solution to a Skorokhod problem
on the domain Wiy, 5, = {y € R | k1 < Vi, (y) < Ko}

Remark 5.2 (Monotone controls). The approach in this paper allows also to characterize
optimal controls for stochastic singular control problems where the minimization problem is
formulated over the set of monotone controls; that is, when

V(z) = {in);f J(z;&)  with Vy:={{ €V,  nondecreasing}.
€V

In this case, V' solves the HJB equation max{pV — LV — h,—V,, — 1} =0, a.e. in D, and
its derivative Vy, is the value function of an optimal stopping problem (rather than a Dynkin
game). The arguments in this paper can be easily adapted, and the optimal control can be
characterized as the solution to a Skorokhod problem on the domain W, = {y € R%|1 <
Vo, (y)}. We stress that, in this case, the additional requirements on h and b in Condition 3b
in Assumption 2.1 are not anymore needed (see Remark 2.2).

Remark 5.3 (Finite time horizon). A characterization result analogous to Theorem 2.5 could
also be investigated for an optimal control problem over a finite time-horizon. For example,
when d = 2 and b is affine, a connection with Dynkin games is known from [16]. Therefore, it
seems possible to use this connection in order to investigate the monotonicity of the value of
the game (as in Proposition 3.3), and to use this monotonicity in order to construct e-optimal
controls v¢. In this case, building on the results in [9], one can try to study the limit as € — 0
of (v%)es0, in order to provide a characterization of the optimal control.

5.3. Examples. For the sake of illustration, we begin with the following:

Example 1. For d = 2, p large enough, a convex nonincreasing function ¢ and a convex
nondecreasing function f, in light of the discussion in Section 5.1 the optimal control can be
characterized in the following settings:

(1) & as in Condition 3a and
(a) b*(z) = a22 + b%x% + b3xa, h(z) = |z, h(z) = (1 — 22)? with b < 0, h(z) =
(z1+ 1'2) with by > 0;
(b) b*(z) = d(21) + b3wa, h(z) = |21]* + f(@2);
(2) & as in Condition 3b, x5 > 0 and
(a) V() = a® + bizy + bwa, h(w) = |z1 — 27f* + f(22);
(b) V(z) = ¢(z1) + B3w2, h(z) = |x1 — 21 + f(2), h(z) = |21 — 21 + f(22 — 21).

In particular, Ezample 1a represents a relevant class of linear-quadratic stochastic singular
control problems, and it is the main example of this paper.

Example 2. Here we discuss a model of pollution control. In the sequel, x € Ri is the given
and fized initial condition of the state variable. Consider a company that can increase via an
irreversible investment plan § € Vy (cf. Remark 5.2) its production capacity X1L#€ The latter
depreciates at constant rate & > 0 and is randomly fluctuating, e.g. because of technological
uncertainty. Production leads to emissions of pollutants and thus impacts the level of a state
process X>%¢ which summarizes one or more stocks of environmental pollutants (such as the
average concentration of COZ2 in the atmosphere). We assume that such an externality of
production on the stock of pollutants is measured by a positive, convex, increasing, Lipschitz
continuous function ¢ that has bounded second order derivative. Qverall, the dynamics of
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X3¢ 4s given by

dX] "0 = =X dt + oy X TEAW] + dg,
dXt274U§§ — (¢(Xt17$;§> _ X227l’§f)dt + O.QXEJ%detQ.

The company aims at choosing a production plan that minimizes the sum of different costs:
the cost of not meeting a given production level 8; the penalty of leading to a level of pollution
that exceeds some environmental target ¥; the proportional costs of investment. That is,

oo
V(z) = inf E[ / e PH(XE = 0)2 + o(XPE — ) dt + / e—ﬂtdgt].
£eVy 0 [0,00)

Here, c € C'QJ(]R) s a nonnegative, nondecreasing, convex, Lipschitz continuous function such
that c(y) = 0 for y < 0, and with bounded second order derivative. In light of the discussion
in Subsections 5.1 and 5.2, the optimal control for V' can be characterized as the solution to

its related Skorokhod problem.

We next turn our focus to examples of bounded-variation problems treated in the literature
and for which our results apply.

Example 3. We discuss the model studied in [15]. For d = 2, consider the singular control
problem with running cost h(x1,x2) = va? + a3, for v > 0, and drift b(z) = a + bx, for a
constant vector a € R? and a matriz

Observe that the requirements discussed in Subsection 5.1.1, are satisfied by assuming by = 0
and p > 2A(b). Therefore, Theorem 2.5 gives the optimal control as the solution of the related
Skorokhod problem. The same result was obtained in [15] only under the additional assumption
of a global Lipschitz-continuous free boundary.

Example 4. Another example of set up similar to ours has been studied in [62], where a
multidimesional singular control problem with d > 2 and constant drift and volatility is con-
sidered. There, the author shows the C?-reqularity of the value function, allowing for the
characterization of the optimal policy as a solution to the related Skorokhod problem (even
in the case of a state dependent cost of intervention). It is easy to see that, when the drift
b is assumed to be constant, no monotonicity of the running cost h is required in order to
obtain our Theorem 2.5. In comparison with [62], our main result (cf. Theorem 2.5) allows
to characterize the optimal policy even in cases in which the dynamics are interconnected (at

the cost of additional structural conditions on the running cost h).

5.4. An example with degenerate dynamics. A more involved discussion is required to
treat the degenerate singular control problem studied in [27] (see also [20]).

In this subsection, we take d = 2, h satisfying Condition 1 in Assumption 2.1, b(z) =
(b (z),b%(z))" = a + bx, and

0 0 O 0 0
(51) a = <a2> R b= <b% b%) s g = (0 77) R b%, n, p > 0, bg S 0, hxle Z 0.

In order to simplify the analysis of this example, assume p = 2 and b3 < 0 and observe that,
in this case, A\(b) = 0 (see the discussion in Subsection 5.1.1). The analysis of this subsection
can be repeated also for b2 = 0 and for a general p > 1.

Despite in this example the matrix oo " is degenerate, the arguments in this paper can be
employed in order to characterize the optimal control. However, some extra care is needed
in order to prove the regularity of the value function inside the waiting region, which in fact
follows from the properties of the free boundary proved in [27] and [20].



SINGULAR CONTROL PROBLEM AND RELATED SKOROKHOD PROBLEM 25

We begin the discussion by observing that results analogous to the ones contained in Ap-
pendix A hold. In particular, Theorem A.l can be shown by using a suitable perturbation
of the matrix o (see the Appendix A in [27], for more details). The connection with Dynkin
games holds as well (see Theorem 3.1 in [27]), so that the arguments leading to Proposition
3.3 (which make no use of the non-degeneracy of oo ') can be recovered.

5.4.1. Regularity of Vin W. We enforce an additional hypothesis, which is satisfied by h(x) =
lz|? or h(z) = (z1 + 22)%.
Assumption 5.4.
(1) limg, 100 hay (21, 22) = £00 for any 1 € R;
(2) One of the following hold true:
(a) hy, (x1,-) is strictly increasing for any x1 € R;
(b) hayzy =0 and h(z1,-) is strictly convez for any x; € R.
As in Proposition 5.8 in [20] (see otherwise Proposition 4.25 at p. 92 in [56]), under the ad-

ditional Assumption 5.4, there exist two nonincreasing locally Lipschitz continuous functions
g1, g2 : R — R such that

(5.2) T ={zcR?|zy<gi(x1)} and Z, = {x € R?|zy > go(x1)}.

For each x € R?, recall the definition of 71, 7 given in Theorem 3.2 and define the stopping
times

(5.3) A =inf{t>0| X e}, & =inf{t>0| X e}, feR.
The Lipschitz continuity of g1 and of go allows to prove the following lemma.

Lemma 5.5. Under the additional Assumption 5.4, for v € R?, we have

lim7 =7, and lim7 =7, P-a.s.
d—0 d—0

Proof. We only prove the first of the two limits for § — 07, since the same limit for 6§ — 0~
follows by identical arguments, and the second limit can be proved in the same way. We first
observe that, since g; is finite, we have P[7] < oo] = 1. Also, when ¢ > 0, we have, by convexity

of V and by Proposition 3.3, that V,, (z1 + 4, Xf’”del) > Vi (xl,Xf’Héel) >V, (21, X7,
from which we deduce that

(5.4) 7 >7, Pas.

We continue the proof arguing by contradiction. In light of (5.4), suppose that there exists
E € F, with P[E] > 0, such that for each w € E there exists e(w) > 0 and a sequence
(0j(w))jen with 6; > 0 and 0; — 0 as j — oo, for which ?fj (w) > 71 (w) +¢e(w) for each j € N.
Using the representation in (5.2), (dropping the dependence on w to simplify the notation)
this is equivalent to

(5.5) X2" < gi(21) and x2rtoie

T1+s

> g1(z1 + 0;5), for each s € [0,¢], j € N.
Notice that, due to the particular structure of the dynamics, we have

(5.6) X2 = x 20 52 (e —1) /b3, s >0, jEN,

from which we can write

X5 = (X - X3 + X2

T1+s T1+s

= / (az + U3y + B3XZ)dr — n(Wa s — W) + X250 — ;03 (D509 — 1) /02,
0
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From the latter equality, using (5.5), by Lipschitz continuity of g;, and pathwise boundedness
of X?* and of 7, we obtain

(5.7) X%’m > —0;C — sC+n(Wr s — Wx) + gi(x1) — 9, for each s € [0,¢], j € N,

where the constant C' depends on 71 (which is finite, by assumption) and on sup, ¢ X%"'im

but it is independent from s and j. Next, by the law of iterated logarithm (see, e.g., Theorem
9.23 at p. 112 in [41]) we find a sequence (sj)ren converging to zero and k € N (depending
on w) such that

(5.8) (Wai4s, — Wr) > V/sk\/loglog(1/sk) > /si, for each k > k.

Finally, from (5.7) and (5.8), for suitable choice of ¢; and sj, we conclude that
X572 =0,(C + 1)+ /51 = C/3) + 1(w1) > g1 (),

which contradicts (5.5), and therefore completes the proof of the lemma. O
Lemma 5.6. Under the additional Assumption 5.4, we have V € C*(W).

Proof. We split the proof in two steps.
Step 1. Take z € W and ¢ > 0 such that Bl(z) x B%(z) C W, where Bl(z) = {z €
R||z1 — x1| < €} and B2(2) := {m2 € R||22 — 22| < €}. We prove that Vi,u,, Vs, are
locally Lipschitz in B1(z) x B2(z) and that V4, (z1,-) is locally Lipschitz in B2(z) for each
z1 € BL(2).

We begin by observing that, under (5.1), the HJB equation can be regarded a second
order ordinary differential equation (ODE, in short) in the variable x5 € R depending on the
parameter 1 € R. In particular, V solves the equation

(5.9) PV — b Viy — (12 )2)Vipey = h, for a.a. zo € B%(2), for each fixed z1 € Bl(2).

Therefore we have V (x1,-) € C%1(B2(z)), for each z; € Bl(z). Next, for any y;, 21 € BL(z)

we define the function W (xy) := V(y1,x2) — V (21, 22), 79 € B%(z), which satisfies the ODE
pW — BQ(ylv Wy — (772/2)Wx2332 =F mxe Bg(z)v

where F' = h(y1,-) — h(x1, ) + b3 Ve, (21, ) (y1 — 1). Therefore, by employing Schauder interior

estimates (see Theorem 6.2 at p. 90 in [29]), we obtain

HWHC2:1(B§/2(Z)) < C([Wlleo2z)) + [1Fllco (B2 (2)))-

Moreover, by the V[/ifo—regularity of V' (cf. Theorem A.1 in Appendix A), the function F' is
Lipschitz in Bl(2) x B2(z). Thus, the latter estimate implies that

IV Cy1,) = Vi@, oz, < Clyr — 2,

for a constant C' which is independent from y; and z1, as long as they are elements of BL(z).
Hence, the functions V, Vy,, Va,q, are Lipschitz continuous in Bl (z) x B2 /2(z).
We can therefore compute the weak derivative of (5.9) with respect to x1, obtaining, for

each fixed 71 € B1(z), the ODE
(5.10) PVar = b Varmy — (77 /2)Varzgzs = hay + b1V, for aa. xa € BZj(2).

Since Vy,z, is Lipschitz, we have V,, (z1,-) € C3§1(B€2/2(z)), for each #1 € Bl(z). Also, we
can again define a function function W'(xs) := Vg, (y1,22) — Vi, (z1,22), 22 € BEQ/Q(Z), which
satisfies the elliptic equation

1 2 1 2 1
pW* = b%(y1, - )W, — (07 /2)W,

22

=F' ay¢ Bg/Q(z),
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where F! = hm (yl’ ) - hwl (5517 ) + b%(VIQ (ylv ) — Va, ('7717 )) + b%VxIIQ(Qj]-? )(yl - xl)' By
employing again Schauder interior estimates, we obtain

||W1||c2:1(Bg/3(z)) < C(HWIHC’O(Bg/Q(z)) + HFIHC’O$1(B§/2(2)))'

This, by the local Lipschitz continuity of V,, and V,,,, (since we have shown that V4,4,
exists bounded) in the variable xs, implies that

Ve (y1, ) = Ve (21, )l o2 (2, 29) < Clyr — 21l

that is, the functions Vi, Viiz,, Vayzez, are Lipschitz continuous in Bl x Bg/:,)(z).

This allows to compute once more the weak derivative w.r.t. z; in equation (5.10), obtaining
for each fixed x1 € B1(z), the ODE

(5-11) pvxlwl - b2V$1$112 - (772/2)‘/21961332902 = hwlxl + 2b%V11127 for a.a. Z2 € BEQ/S(Z)'

Therefore, since we have shown that V., is Lipschitz, after employing one more time
Schauder interior estimates, we obtain

HV331171H02?1(B5/4(,2)) < C(HVzm\\00(33/3(2))+th1$1 +2b%vﬂnz2”CO%l(Bg/S(z))) <C, x €Bl(2),

for C large enough, not depending on z;. In particular we deduce that V., (x1,-) is Lipschitz

in B? ) ,(2), with Lipschitz constant uniformly bounded for z; € B(2).

Step 2. We now prove that V., (-, 72) is continuous in W!(xs) (see Lemma 2.3), for each
22 € R. This is done by employing a direct computation to find an expression for V.

Fix 2 € W and let h be as in Theorem 3.1. For § > 0, from (5.4) in the proof of Lemma
5.5, we have 70 > 7. Then, from (5.6) and Theorem 3.2, we write

Vi, (2 +0e1) = Vo (2) _ Gla+0eis 7, ) — Glai 7, 7)
o - 0

FONT: 7 (yatoe Ly
:E[/1Az€_pt<h(xt+51)—h(Xt)>dt}
5
0

(5.12)

. 1 AT 1 o iL Z(s’r iL Zé,'r b2 b%t_l bQ drd
—x[ [ K o (Z07) + oy (27 (e )/bs ) drdt

AT

1
+ IE[ / =Pt (hxl (Z07) + hay (Z07 )2 (%3t — 1) /bg) drdt] = M} + M,
0

T1N\T2

where Z07 := XF + (X0 — X7). Next, in order to study M? and Mg, define

~

~ 2
(5.13) H(t,y) = hay (y) + hay (y)b7 (e = 1) /03,y € R

Notice that, by (5.1), Proposition 3.3 (see the discussion in Subsection 5.1.1) and the convexity
of V we have hy,z,, b3hayys U3Varzes Vigrs, > 0, and hence

(5.14) H>0.

Moreover, since p = 2, from Proposition 2.4 in [27], for each ¢, y € R?, and A € [0, 1], we have
(5.15) AV(@) + (1= NV (y) = VG + (1= Ny) < KA1 = N)|g -y,

for some K > 0. Hence, (5.14) and (5.15) together with Condition 1 in Assumption 2.1 give
(5.16) 0<H(y <C.
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By Step 1, the function H(t,-) is continuous in WW. Moreover, since Z%" — X? for P® dt @ dr-
a.a. (w,t,r) € Qx[0,00) % (0,1), as § — 0, we deduce that H (¢, Zf’r) — H(t, X)), Pedt®dr-
a.e. as § — 0. Therefore, thanks to (5.16), by the dominated convergence theorem we have

T1N\T2 R R
(5.17) lim M? = E[ / Pt (hm(X;f”) 4 gy (XT)02 (X — 1) /bg) dt} .
0

6—0t

Also, by Lemma 5.5 we have L Samy) 0, P-a.s. as § — 0. Therefore we can again

T1N\T2,T
employ (5.16) and the dominated convergence theorem to conclude that

(5.18) lim M3 = 0.
0—0
Hence, since we already know that V, , exists a.e., (5.12), (5.17) and (5.18) implies that
T1INT2 R R
(5.19) Vi (z) < E[ / eht (hxl(Xf) gy (XT)2 (B3 — 1) /b%)dt], ae. in W.
0

Also, arguments similar to the one leading to (5.19), allow to estimate Vi, from below,
obtaining

T1NT2 R R
Voo, (2) > IE[ / e (hxl(ng) By (XE)2 (%2 — 1) /bg)dt], a.e.in W,
0
which, together with (5.19), implies that
T1INT2 R R
(5.20)  Viyp(z) = E[ / e Pt (hxl(Xf) o+ By (XE)2 (%2 — 1) /bg)dt], a.e. in W.
0
We can finally study the continuity of V,,,, in the variable z;. From (5.20) we have

T1INT
(5.21) |vx1x1<m+5e1>—vml<x>|s'E[ / e‘”t(H(t,Xé’“"”“)—H(t,Xf))dt]
0

NS
+ ’E[/ S et Xf”el)dt] ’ = N + NS,
FINT:
with H defined in (5.13). Following arguments similar to the ones leading to (5.17) and (5.18),
we can show that limg_,q Nf = 0 and that limg_,q Ng = 0. Therefore, taking limits as 6 — 0
in (5.21), we deduce that V;, 4, is a.e. equal to a function which is continuous the variable z;.

By Step 1, the functions V,,, (21, -) are locally Lipschitz continuous, uniformly in z;. Thus,
by the continuity of V4, (-, x2), we conclude that the function V;,, is jointly continuous in
both variables in W. This completes the proof of the lemma. O

5.4.2. Characterization of the optimal control. In light of Lemma 5.6, under the additional
Assumption 5.4, we can construct the e-optimal policies. Indeed, by employing the compar-
ison principle to the second order ODE (5.11) (regarded as an equation in the variable o,
depending on the parameter x;), one still obtains that V,,;, > 0 in WW. This, together with
the fact that V,, € C1(W) (by Lemma 5.6), allows to show that S. is a C! curve in R? and
that the vector field —e; Vz, /|Vi, | is C on S., and nontangential to S.. All the assumptions
in CASE 2 at p. 557 in [24] (up to the boundedness of W) are then satisfied, and we can
therefore employ (a suitable extension to unbounded domains of) Theorem 5.1 at p. 572 in
[24] in order to find the e-optimal controls as in Lemma 3.4. Finally, all the arguments in
Section 3.3 can be repeated in the case in which oo " is degenerate. Overall, we have proved
the following result.

Theorem 5.7. Consider the degenerate singular control problem described in (5.1), with h
satisfying Condition 1 in Assumption 2.1 and Assumption 5.4. Then, the thesis of Theorem
2.5 holds.
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Concluding, with respect to [27], we require in addition that hy;,,, > 0 and that Assumption
5.4 is satisfied. In this case, Theorem 5.7 applies, and the construction of the optimal control
discussed in Section 7 in [27] can be provided. We underline that in [27] a construction of an
optimal control is given in weak formulation, under a quite strong requirement on the running
cost h. We refer to Proposition 7.3 in [27] for more details.

APPENDIX A. ON THE HJB EQUATION

In this subsection we prove that V is a solution (in the a.e. sense) to the related HJB
equation. The argument of the proof exploits the penalization method introduced in [25] for
bounded domains (see also [36] and the references therein), which we extend to D thanks
to suitable semiconcavity estimates, in the spirit of [10]. Although this result is somehow
classical, we have not been able to find versions that exactly fit our setting, and we therefore
provide its proofs in the following.

Theorem A.1. The value function V is a W/IQOLOO(D)-solutz'on to the equation
(A.1) max{pV — LV — h,|Vy, | —1} =0, a.e. in D.

Proof. We divide the proof in four steps.

Step 1. Let us start by introducing a family of penalized versions of the HIB equation (A.1).
Let § € C*°(R) be a convex nondecreasing function with g(r) =0 if r <0 and g(r) = 2r — 1
if r > 1. For each € > 0, let V¢ be the the value function of the penalized control problem

o
(A.2) V&(z):= inf J.(x;):= inf IE[/ e PHMXTY) + |af | + a2)dt|, =z € D,
aEU: aEU: 0

where U, is the set of E.-valued F-progressively measurable processes, wtih E. := {a =
(a',a?) € R x [0,00) | |ad|r — 2B8(r(r +2)) < a® <1, Vr > 0}. Here, with a slight abuse of
notation, X% denotes the solution to dX;"* = (b(X;'") + e1a})dt + cdWy, t > 0, XF =
We point out that, under Condition 3b in Assumption 2.1, a result analogus to Lemma 4.1
holds. Arguing as in [30] (throught a localization argument), it is possible to show that V¢ is
a C%(D) solution to the partial differential equation

1
(A.3) pVE — LVE + g6((1/;1)2 —1)=h, inD.

Moreover, the family (V¢ )56(071) provides an approximation of V; that is,

(A.4) lir% Ve(xz) =V(x), foreachz e D.
E—

Take indeed z € D. Observe that, for each € > 0, we have V¢(z) > V(z), as a® > 0. Moreover,
as in Theorem 2.2. in [17], one can show that for each § > 0 there exists a Lipschitz admissible
process w € V such that J(z;w) < V(z) + J. Since w is Lipschitz, we have dw; = o} dt, for
some bounded progressively measurable process al. Then, defining a? = pd/2, we can find
£ > 0 such that a := (a!,a?) € U. for each € € (0,£). Moreover, with this choice of o, we
have that J.(z;a) < J(x;w) + /2 < V(z) + 4, for each € € (0,£), completing the proof of
(A.4).

Step 2. In this step we show that, under Condition 3a in Assumption 2.1, for each R > 0,
there exists a constant C'g such that

(A5)  0<AVE@E) + (1 NV(x) = VEQE + (1 — Nz) < CrA(1 — N[z — 2,

for each A\ € [0,1], Z,z € Br and € > 0. By the same arguments leading the convexity of
V' (cf. Remark 2.4), it is possible to show that, for each € > 0, the function V¢ is convex.
Therefore, we only need to prove the last inequality in (A.5). Take Z, x € Bg, A € [0, 1] and
set 2* := AZ + (1 — A\)z. Fix £ > 0, an arbitrary 6 > 0, and let o € U be a -optimal control
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for the problem (A.2) with initial condition z*; that is, J.(z*;a) < VE(2}) 4+ 6. Since « is
not necessarily optimal for x or Z, we have

AVEE) + (1= ANVE(x) = VE@RN) =6
< MNo(Fya) + (1= N Je(z;a) — Jo(2; )

< E[/Ooo e PP (AR(XTY) + (1 — Ah(XPY) — h(XfA;a))dt] .

Setting Z; := AX7 4 (1 — M) X, using Condition 1 in Assumption 2.1 , we continue the
latter chain of estimates to find

(A6)  AVE(@) + (1= NVe(z) = Vi) =0
<E [/OOO e PP (AR(XTY) + (1 — NA(X]TY) — h(Zt))dt]
+E [ /OOO e P (W(Z) — h(XfA;a))dt]
< OAN1— A)E[/OOO e P (14 |XPOP T | X | X Xf;a\th]

+ CIE[/OO e+ |27+ | X 2 - Xf*;a\dt}
0

=: My + Ms.

We will now estimate M; and My separately.
First of all, by a standard use of Gronwall’s inequality, we find

(A.7) | X7 — X7 < Celt|z — al.
When p = 2, from (A.7) and our assumptions on p, we immediately deduce that
(A.8) My < CrA1 = \)|z — =%,

as desired. On the other hand, if p > 2, set p’ := (2p — 1)/2. Defining ¢ := p'/(p — 2) and
denoting by ¢* its conjugate, we can employ Hoélder’s inequality and obtain

1 . , o 1
My < COX(1—\)|z — xy2<EU e(%"(li))q*tdtD ! (E[/ e (| XPP + | X )dtD '
0 0

< OM1 = N (1 + |2 +12P)7 |7 — 22 < CrA1 = N)|z — |2,

where we have used the requirements on p in Condition 3a in Assumption 2.1, and the estimate
(3.26), which holds also for the penalized problem.

We next estimate M. Since the gradient Db is Lipschitz we have the estimate (see, e.g.,
Proposition 1.1.3 at p. 2 in [14])

IAB(7) 4+ (1 = Nb(y) — b(AG + (1 — N)y)| < CAX(1 = N\)|7 —y|?, for each 7, y € R?.
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This, together with the Lipschitz proprerty of b, allows to obtain
(A.9) }XfA?O‘ —Zy| < /Ot |b(X§*;a) — Ab(XT) — (1 — A)b(XT)|ds
< E/Ot (X7 = 2, + A1 = N[5 — x7)ds,
< E/Ot (‘X;’:A;a - Zs|+ A1 = N)|z — x\Qeﬂs)ds,
< OA1—=\)|z — 222 + E/Ot | X2 — Z|ds.
The latter estimate, after employing Gronwall’s inequality, leads to

(A.10) | X75 — 2, < OMN1 = NPl |z — 22,

Defining ¢ := p'/(p — 1) and denoting by ¢* is conjugate, we can again employ Holder’s
inequality and (A.10) in order to obtain

My < ON1L N 2| [T (2 e
0

- 0 / / é
< o1 —A)\z—xP(EU e<3L—/’(1—§”q*tdth <E[/ e P (| X 4+ ‘Zt‘p)dt]>
0 0

< CA1 = N1+ [P +|2P)1|7 — 2> < CrA(L = V|7 — 22,
where we have used the estimate (3.26) and the requirements on p in Condition 3a in As-

sumption 2.1. This, together with (A.8) and (A.6), thanks again to the arbitrariness of ¢,
completes the proof of (A.5).

Step 3. We now prove the estimate (A.5) under Condition 3b in Assumption 2.1. To simplify
the notation, we assume d = 2, the generalization to d > 2 being straightforward. We proceed
from (A.6), and we estimate M; and Mj from above. To this end, define the processes

By := exp[(bl —0?/2)t + W} and E; := exp[(L — 02/2)t + cW2].
We first estimate M. Observe that
(A.11) | X5 — X)) = |3y — 2|y,

which we will use to estimate ]th’j;a — Xf’z;a|. Define the process A as the solution to the
SDE

dA; = L(IX}5 — X259 4 A)dt + o AdWE, t>0, Ag= |Zo — 2a|.

Through a comparison principle, it is easy to check that \th’i;a — Xf’x;a] < Ay, so that, using
(A.11) and the explicit expression for A, we get

(A.12) X7 — XPP| < Clz — 2| By [1 + [IEy/Eds] = C|z — z|P..
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When p = 2, the estimate of M; can be easily deduced from (A.11) and (A.12). For p > 2,
by employing Holder’s inequality with exponent ¢ = p’/(p — 2), we find

(A.13)

E[/Oo e 1+ \Xf”“\p_Q + \X?“V"Q)(EE + Pf)dt]
0

o0 I I é 0 1N x qi*
< C(/ e "'E[1+ | X" + ]Xf’o‘|p]dt> (/ e PU—g) tE[Efq*JrPfq*}dt)
0 0
1

a*

< C(1 +|alP)s (/ ] or PQq*]dt) < Cg < .
0

Here, we have also used (4.11), while the finiteness of the latter integral follows, after some

elementary computations, from the requirements on p in Condition 3b in Assumption 2.1.
Finally, by (A.11), (A.12) and (A.13), we obtain

(A.14) M < CrRA(1 = \)|z — x|
We next estimate M. Since b! is affine, we have Z! — X1#%@_ Similarly to (A.9), one has
¢ t
72— X2 < / (CA(1 = N)| X2F0 — X202 4 LI X2 _ 7, |)ds + a/ (Zy — XT559)dW2.
0 0

Therefore, employing again a comparison principle and using (A.12), we see that

XSQJ:;OC‘Z

. D G
(A15) |Z2—Xx27"| < C/\(l—)\)Et/ | . ds < ON1-N\)|z—z|?
0

s 0 s

S ds.

Also, Holder’s inequality with exponent ¢ = p//(p — 1) yields
(A.16)

o[
0

o Es
1 ~ 1
> —pt z;0|p Za|p’ 1 > —p(1—-1)g*t tEt 2 -
<C e "E[1+| X7 + | X7 ldt) (E e —“PZds Cat
0 0 o FEy
g% 1
1 a*
+!x\p)q( U e P ( Et ) dtD < Cg < o,
0

Again, here we have also employed (4.11) Whlle the finiteness of the latter integral follows,
after some elementary computations, from the requirements on p in Condition 3b in Assump—
tion 2.1. Finally, combining (A.15) and (A.16), we obtain My < CrA(1 — \)|Z — |2, which,
together with (A.14) and (A.6), implies (A.5).

Step 4. From (A.5) we deduce that, for each bounded open set B C D, there exists a constant
Cp > 0 such that

(A.17) sup HVSHWQ;OO(B) < Cp.
€€(0,1)

~ds dt]

This estimate allows, by mean of classical arguments (exploiting Sobolev compact embedding
theorem of W?24(B) into C'(B) for ¢ > 2 + d and the weak compactness of the closed unit
ball in W?22(B)) to improve the convergence in (A.4). Indeed (on each subsequence) we now
have:

(A.18) (VE, DV*) converges to (V, DV) uniformly in B;
D?V® converges to D*V weakly in L*(B).



SINGULAR CONTROL PROBLEM AND RELATED SKOROKHOD PROBLEM 33

Let us now prove that V solves the HJB equation (A.1). First of all observe that, from (A.3)
and (A.17), (unless to take a larger C'z) we have

1

(A.19) Lsve) -1 < C, B,
£

Hence, taking pointwise limits in (A.3) and (A.19), we obtain

pV — LV —h <0, and |V4|—1<0 ae. inD.

Suppose now that the inequality |V,,| — 1 < 0 is strict in Z € D. By continuity of V;,, there
exist n > 0 and a neighborhod N of Z such that |V,, (z)| —1 < —n for each x € N. Therefore,
by uniform convergence in N, for each ¢ small enough we have |V ()| —1 < —n/2, and
therefore, by (A.3), that V¢ — LV — h = 0 in N. Passing again to the limit, this in turn
implies that pV — LV — h =0 in N, completing the proof of the theorem.

O

APPENDIX B. PROOF OF LEMMA 2.3 AND OF PROPOSITION 3.10

B.1. Proof of Lemma 2.3. We give a proof for d = 2, the case d > 2 is analogous. The set
Wi (z) is an open interval, since, by convexity of V', the function V,, (-, 2) is nondecreasing.
We therefore show that the set Wi (z) is nonempty. Suppose that Condition 3a in Assumption
2.1 is in place. Arguing by contradiction, if Wi (z) = 0, then, by the continuity of V,,, we have
Ve, (,2) =1or Vo, (+,2) = —=1. f V,,(+,2) = 1, we have V(x1,2) + ko > V(x1,2) — V(y,2) =
fyxl Ve, (ryz)dr = 1 —y — o0 as y — —oo. Therefore V(z1,z) = oo, contradicting the
finiteness of V' (see Theorem A.l in Appendix A). In the same way, we can not have that
Vi, (-, 2) = —1, which implies Wy (z) # 0.

On the other hand, suppose that Condition 3b in Assumption 2.1. Arguing by contradiction,
we assume that W (z) is empty. From the continuity of V;,, we have V; (-, 2) =1lor V, (-, 2) =
—1. If V3, (-, 2) = —1, then we have V(z1,2) + k2 > V(z1,2) = V(y, 2) = —ffl Vi, (r,2)dr =
y—x1 — 00 as y — oo. Therefore V(x1,2) = oo, contradicting the finiteness of V. We
therefore assume that V, (-, 2) = 1 and we show that this leads anyway to a contradiction.

For a generic z; € R with 0 < z; < 2], let v € V be optimal for the initial condition
x = (z1,2), with dv = vd|v|. By repeating the arguments leading to (3.41) in the proof of
Proposition 3.9, an application of 1t6’s formula leads to

E[/ e PH(1 + Vxl(Xf;U)%)dWh] <0.
[0,00)
This in turn implies, using 0 <1 — |V, | < 14V, u for all u € R with |u| = 1, that
Eflolo(1 +70)] = Ellolo(1 +70Va, (Xp7)] < E [/{ )Cfpt(l + Vi (X ))dlole | <0,
0,00

where the first equality follows from the assumption V,,(-,z) = 1. Also, since |y = 1,
E[|v]o(1 + 70)] > 0, which combined with the latter inequality gives E[|v|o(1 + 10)] = 0. In
other words, a possible jump a time zero must be of negative size. Therefore, since z; < z7,
as in the proof of Lemma 4.1, we deduce that v has no jumps at time zero; that is,

(B.1) PJv]o > 0] = 0.
Next, fix 0 < x1 < y1 < 2} and set x = (z1,2) and y = (y1, 2). Since we are assuming that

Ve, (-, 2) = 1, we have

Y1
(B.2) V(y) —V(z) = / Vi, (r, 2)dr = y1 — 21.

1
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Next, denote by v and w the optimal control for the initial conditions x and y, respectively.
By (B.1), neither v or w has a jump a time zero, so that, using (B.2), we find

Jy;v+a—wy) = J(@o)+ |z —yi| =V(z)+ 1 — 21 = V(y).

This, by uniqueness of the optimal control implies that w = v+ x1 —y1, so that, since z1 < yi,
the control w has a negative jump at time zero, contradicting (B.1).

Therefore also the assumption V, (-, z) = 1 leads to a contradiction, completing the proof
of Lemma 2.3 under Condition 3b in Assumption 2.1.

B.2. Proof of Proposition 3.10. We split the proof in three steps.

Step 1. Let © € OW be such that x € I for some interval I C R?, with I C OW and of the
form

I=1,c:={a+rn|rel0,c},
for some a € R?, with n = V,, (y)e1, for each y € I\ {a}. Denote by H the set of all such z.
Furthermore, assume that I in the above definition is maximal, in the sense that a —rn ¢ oW,

for every r > 0.
Observe that, since 9,V (-) = nDV = |V, (-)|* = 1, then

(B.3) V(a+mn)=V(a)+r, foreachr e [0,c].

We have that
H={J{yecoW|V(y) - V(y—Va,(y)/i) = 1/i}.
i=1
Suppose now that & € H. Then there exists ¢ € R? and ¢ > 0 such that z € Ioc. Let
v® € V be an optimal control for a. By (B.3), we find
J(Z;a— x4+ 0 = J(a;v%) + |la—z| =V(a) + |a — z| = V(x),

which, by the uniqueness of the optimal control, implies that vy = a — z + v{, for any ¢t > 0.
This means exactly that the optimally controlled state starting from z jumps immediately to
a.

Step 2. Let now T € W be generic. We want to prove that X% jumps only at those times ¢
for which X;” € H. We argue by contradiction, and suppose that
Plw € Q s.t. there exists t > 0 s.t. X7 (w) ¢ H and | X7 (w) — X7 (w)| > 0] > 0.
For each € > 0, let
(B.4) Te=inf{t > 0| X ¢ H, | X7 = X[ > €}

Take € > 0 small enough such that P[7. < oo] > 0. Consider a sequence (7x)ren of stop-
ping times exhausting the jumps of X% (see, e.g., Proposition 2.26 at p. 10 in [41], for a
construction of such a sequence), so that

(B.5) Too=inf{7 |k €N, X2V ¢ H, |XZ¥ — XZV| > e}.

Since the jumps of ¥ coincides with the jumps of X%? if X% would have an infinite number
of jumps of size grater than € on some interval [0, 7] with T € (0, c0), then v would not be of
bounded variation on the interval [0,T]. Thus X% has only a finite number of jumps of size
grater than ¢ on each interval [0, 7]. This reveals that 7. in (B.5) is actually the minimum of
a finite number of stopping times, which implies that 7. is itself a stopping time.
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Next, on {7. < oo}, we find

R 1 - = J— 5 =.= .
(B.6)  V(XI")-V(X[)= / DV (7, X727 + MX5P = XPO))N(XZY = X772 )dA
0
1

= / Vi (72, X772 4+ MXEY = X77)) 3, ([0 7. — [0]7—)dA
0

> —|XBY - X2,
where the strict inequality follows from the fact that, by Proposition 3.8, Xff € W but 7.
is such that Xfi ¢ H. Recalling that 7. is a stopping time, define the sequence of stopping
times 7 := (7 + %) AT. By the dynamic programming principle (see, e.g., [35]) we have, for
each k

Tk _ _
(B.7) V(z)=E [/O e Ph(X)dt +/[0 )e_”td|17|t + e—PTkV(Xf,;”)].
3Tk

Therefore, taking limits as k — oo in (B.7), using (B.6) we find

V(z)=E /Ee—ﬂth(X?“)dtJr/ e_ptd|v|t+e_pTEV(Xff)]
0 [077—5]

) / e PLh(XTV)dt + / e Ptd|oly + e T XEY — XTT| + e"’TEV(Xfﬂ)}
LJ0 [0,7¢

>E / e‘pth(Xf;”)dt+/ e—Ptd|@|t+e—PTEV(Xjf;3)] =V (z),
0 [0,7)

which is a contradiction, hence X% jumps only at times ¢ such that Xf_;ﬂ e H.

Step 3. Suppose now that Xffj € H for some ¢t > 0. It remains to prove that, also in this
case, P-a.s. the process X%¥ jumps at time ¢ to the endpoint of the interval I. Now, for any
F-stopping time 7, for P o (X7")"!-a.a. 2 € R?, we have that the control

(B.8) U = Urgt — Ur—, >0,

is optimal for the initial condition XV (see Lemma 2.11 and the discussion at p. 1616 in
[45]). Let now 7! be the first time at which the optimally controlled process X% enters the
set H. Combining (B.8) together with Step 1, we obtain that X%? jumps to the endpoint of
1. By constructing an increasing sequence 73 of hitting times of the set H, which exhausts
the set in which X%? € H, we conclude that P-a.s. the process X%? jumps at time ¢ to the
endpoint of the interval I.
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