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Summary

In this thesis, we investigate two-dimensional singular stochastic control problems
motivated by different applications in economics and finance. The main interest is
to characterize the optimal control in the problems, and in particular to characterize
the corresponding free-boundaries. We investigate three different settings, in which
the two-dimensional nature is driven by various aspects. In Section 2, we propose
and solve a dividend problem with capital injections in a finite time horizon setting.
The surplus process of a firm is assumed to follow a stochastic dynamic, and due
to the finite time horizon, the time itself becomes a state variable. In Section 3,
we study a control problem regarding the inventory of a firm. We assume that
the demand of a good follows some stochastic dynamics. In addition, we assume
that drift and volatility parameters are Markov modulated, representing different
scenarios of the economy. Finally, in Section 4, we study a control problem with
interconnected dynamics. This problem is motivated by different applications as, for
example, the inflation control. We consider X to be a process with some stochastic
dynamics (e.g. the inflation rate), in which the drift can be controlled. In this model,
the process X and the drift are state variables, which are interconnected.

In all these applications, we characterize the free-boundaries by combining and
extending different techniques. In particular, in Section 2, we extend a result by
El Karoui and Karatzas [40], which connects a singular stochastic control prob-
lem with a problem of optimal stopping. Hence, we can study the time-dependent
free-boundary of the optimal stopping problem. Moreover, the optimal dividend
strategy can be expressed as a solution to a Skorokhod reflection problem at the
free-boundary. In Section 3, an application of the dynamic programming princi-
ple is used to derive a system of non-linear equations characterizing the constant
free-boundaries. This system is solved numerically to provide a comparative static
analysis. Finally, in Section 4, we derive the structure of the value function by em-
ploying the connection of the singular stochastic control problem to a Dynkin game
of stopping. Moreover, by characterizing the value function as a viscosity solution
to the corresponding dynamic programming equation, we can derive a second-order
smooth-fit property as well as a necessary system of non-linear functional equations
for the free-boundaries. Furthermore, in a particular modification of the model,
these functional equations can be used to derive a system of first-order ordinary
differential equations, which is explicitly computable.
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1 Introduction

In many real-world situations, an agent is confronted with an optimization problem
of a certain performance criterion by adjusting the dynamics of the so-called state
process via the so-called control variable. The state processes can be either modelled
as a deterministic or as a stochastic process. Such control problems arise in many
different areas as Finance, Economics, Physics, Engineering and Biology among
others. For example, the state process may describe the evolution of a stock price
(Finance), changes in demand of a good (Economics), or the movement of a certain
particle (Physics).

There are two classical approaches to solve optimal control problems, namely
the mazimum principle and the dynamic programming approach. The maximum
principle was developed by L.S. Pontryagin, see Pontryagin et al. [80] in order to
solve deterministic problems. Later, it was also extended to the stochastic case,
see for example Chapter 3 in Yong and Zhou [97]. It states necessary conditions for
optimality, more precisely that an optimal control has to solve a two-point boundary
value problem, the Hamiltonian system, along the optimal state trajectory together
with a maximum condition on the Hamzltonian. In the stochastic case, the Hamilto-
nian system becomes a forward-backward stochastic differential equation. Moreover,
the necessary conditions of the maximum principle are also sufficient for the control
problem under additional convexity assumptions, see [97].

The second approach to solve optimal control problems is the dynamic program-
ming principle, which was developed by R. Bellman in the 1950’s, see Bellman [10).
He shows that in order to solve a particular control problem, one can examine a fam-
ily of optimal control problems which differ in the initial values of their state process.
The aim is to find a connection between those control problems which, under suffi-
cient regularity conditions, leads to a (non-linear) partial differential equation (PDE)
for the value function of the control problem in the case of a multi-dimensional state
process. In case of a one-dimensional state space, it reads as an ordinary differential
equation (ODE). This is the so-called Hamilton-Jacobi-Bellman (HJB) equation (or
just Bellman equation in the deterministic case). More precisely, the HIJB equa-
tion is a first-order PDE (ODE) in the deterministic case and a second-order PDE
(ODE) in the stochastic case. In case a classical solution to the HJB equation ex-
ists, it can be used to obtain an optimal (feedback) control for the control problem.
This method is known as the verification technique or guess-and-verify-approach, see
Chapter 4 in [97]. However, it must be mentioned that the necessary existence of a
classical solution to the HJB equation is often all but trivial to establish.

In 1983, Crandall and Lions, see [30], used the notion of wviscosity solution, intro-
duced by Evans in 1980, see [42], to study HJB equations arising in control problems.
For a more recent introduction to viscosity solutions, see Fleming and Soner [49).
Roughly speaking, the viscosity solution solves the HJB only in a generalized sense.
Therefore, it does not need to be smooth. Nevertheless, this is flexible enough to
allow for existence, stability under uniform limits, and uniqueness. The limitation
of the viscosity approach is that it usually only provides information about optimal
controls if one is able to upgrade the regularity of the value function to a degree



allowing for a verification theorem. In Section [4] we use this approach to solve a
two-dimensional control problem with interconnected dynamics.

In this thesis, two classes of continuous-time stochastic control problems are ex-
amined: Singular stochastic control (SSC) problems and problems with controls of
bounded-velocity. In SSC problems, the control affects the state process instanta-
neously. Moreover, the control variable denotes the cumulative amount of actions
up to a certain point in time. Mathematically, the control process belongs to the
set of processes with bounded variation. Furthermore, in a Markovian setting, the
corresponding HJB equation becomes a second-order PDE (ODE) with a local gra-
dient constraint, and as such it is related to a free-boundary problem. The optimal
strategy is usually described by two regions, which split the state space: the waiting
and the action region. As long as the state process lies inside the waiting region,
no control is exerted. In the action region, it is optimal to exert as much control as
needed in order to bring the controlled state process back to the waiting region. In
mathematical terms, the optimal control in this particular setting is related to the
solution of Skorokhod reflection problem, see Skorokhod [90]. To construct a solution
of the Skorokhod reflection problem, it is essential to understand the geometry of the
state space and, in particular, to specify properties like monotonicity, continuity or
locally Lipschitz continuity of the free-boundary between the action and the waiting
region.

One way to obtain these important regularity properties consists of exploiting a
characteristic feature of SSC problems, namely, the link to optimal stopping (OS)
problems, see El Karoui and Karatzas [40], [41], Karatzas and Shreve [58], among
others. Typically, the gradient of the value function of a SSC in the direction of
the controlled variable can be expressed as the value function of an OS problem. In
particular, the waiting region in a SSC problem coincides with the waiting region of
the associated OS problem, where the underlying process is uncontrolled. Therefore,
to study the geometry of the waiting region in a SCC problem, one can use the
literature and methodology available for OS problems. As a matter of fact, such a
connection SSC-OS serves as (one of) the main tools to tackle the SSC problems in
Section 2]and Section[d In Section[2] the link SSC-OS enables us to solve an optimal
dividend problem with capital injections by constructing the optimal control as a
solution to the corresponding Skorokhod reflection problem. While in Section |4} the
link SSC-OS is one of the key elements that is needed to determine the geometry of
the state space and the properties of the value function in a two-dimensional SSC
problem with interconnected dynamics. These properties allow us later to upgrade
the regularity of the value function in such a way that we can derive necessary
equations for the free-boundaries.

In Section [3| beside to singular controls, we consider controls with bounded-
velocity. This class of models dates back to V.E. Bene§ in 1973, see [I1]. In such a
setting, the controls are assumed to have trajectories that are absolutely continuous
(w.r.t. the Lebesgue measure). In contrast to SSC problems, the control acts only
with a rate on the state variable, but not instantaneously. Therefore, the HJB equa-
tion in bounded-velocity control problems has no longer a local gradient constraint
and, furthermore, one can not establish an exploitable connection to a correspond-



ing OS problem. In Section |3| we solve the considered optimal control problem for
both controls of singular and of bounded-velocity type and we provide a comparison
across the resulting optimal policies.

The focus of the thesis lies on two-dimensional SSC problems motivated by var-
ious economic applications. Despite that there is a comprehensive literature on
one-dimensional SSC, the literature on multi-dimensional settings is still limited.
One explanation might be that, as mentioned above, in case of multi-dimensional
control problems the HJB equation takes the form of a second-order PDE with local
gradient constraint, for which explicit solutions are typically not available. As a
consequence, the guess-and-verify approach can not be employed in order to solve
the control problem, unless specific degenerate settings are investigated (see [2],
[33], [34], [70], [71], and [74] as well as the references in the next subsections). In
the mentioned papers, the authors can guess the geometry of the state space and,
by imposing suitable smoothness on a candidate value function, they perform a
verification theorem to provide the optimal solution.

In this thesis, we propose three different two-dimensional SSC problems for which
we are able to provide a detailed description of the value functions and the free-
boundaries splitting the state spaces. The two-dimensional nature of the problem is
due to the presence of a finite time horizon in the considered optimization problem
in Section 2, due to the problem’s coefficients that are Markov-modulated in Section
and due to a two-dimensional degenerate state variable in Section 4 Basing on
the different two-dimensional nature of the problems, we use different approaches to
tackle the problems.

We now continue with a more detailed view on the problems treated in this
dissertation. In particular, we introduce the studied model, describe the solution
approach and discuss the contribution to the literature for each Section.

An Optimal Dividend Problem with Capital Injections over a
Finite Horizo [Section 2]

The literature on optimal dividend problems started in 1957 with the work of de
Finetti [36]. He proposes, for the first time in the literature, to measure an insurance
portfolio by the discounted value of its future dividends’ payments. Since then, the
literature in Mathematics and Actuarial Mathematics experienced many scientific
contributions on the optimal dividend problem, which has been typically modeled
as a stochastic control problem subject to different specifications of the control
processes and the surplus dynamics (see, among many others, the early works by
Jeanblanc-Piqué and Shiryaev [51], Shreve et al. [89], the more recent works by
Akyildirim et al. [I], De Angelis and Ekstrom [32] and Jiang and Pistorius [53], the
review by Avanzi [5], and the book by Schmidli [87]).

Starting from the observation that ruin occurs almost surely when the fund’s
manager pays dividends by following the optimal strategy of de Finetti’s problem, in
Dickson and Waters [37], the authors proposed several modifications to the original

!Parts of this Introduction and of Section [2| are already published in a joint work with Giorgio
Ferrari, see [47].



formulation of the optimal dividend problem. In particular, Dickson and Waters
[37] suggest a model in which the shareholders are obliged to inject capital in order
to avoid bankruptcy. This is the so-called optimal dividend problem with capital
mjections.

The literature on the optimal dividend problem with capital injections is not as
rich as that on the classical de Finetti’s problem. Kulenko and Schmidli [65] study
an optimal dividend problem with capital injections in which the surplus process
is reflected at the origin and evolves according to a classical Cramér-Lundberg risk
model on (0,00). Schmidli [86] solves an optimal dividend problem with capital
injections and taxes in a diffusive setting. In Lokka and Zervos [69], the shareholders
can choose the capital injections’ policy and, in absence of any interventions, the
surplus process follows a Brownian motion with drift. Other works in which the
surplus process evolves as a general one-dimensional diffusion are the ones by Ferrari
[46], Zhu and Yang [96], and Shreve et al. [89]. Optimal dividends and capital
injections in a jump-diffusion setting are determined by Avanzi et al. [6]. In all
these papers, the optimal dividend problem with capital injections is formulated as
a SSC problem for a reflected process (i.e. a so-called reflected follower problem)
over an infinite time horizon. Given the stationarity of the setting, in these works
it is shown that (apart from a possible initial lump sum payment) it is optimal to
pay just enough dividends in order to keep the surplus process in the interval [0, ],
for some constant b > 0, endogenously determined.

In Section [2, we propose and solve, for the first time in the literature, an optimal
dividend problem with capital injections over a finite time horizon T € (0, c0). This
horizon might be seen as a pre-specified future date at which the fund is liquidated.

As it is common in the literature, in absence of any interventions, the surplus
process evolves as a Brownian motion with drift x and volatility o (see [1], [32] and
[69], among many others). This dynamics for the fund’s value can be obtained as a
suitable (weak) limit of a classical dynamics a la Cramér-Lundberg (see Appendix
D.3 in Schmidli [87] for details). We assume that, after time-dependent transaction
costs/taxes have been paid, shareholders receive a time-dependent instantaneous net
proportion of leakages f from the surplus. Moreover, shareholders are forced to inject
capital whenever the surplus attempts to become negative. By injecting capital,
they incur a time-dependent marginal administration cost m. Finally, a surplus-
dependent liquidation reward g is obtained at liquidation time 7'. Notice that, under
suitable requirements on f, m and g (see Remark , injecting capital at the origin
turns out to be optimal within the class of dividends/capital injections that keeps
the surplus non-negative at any time with probability one (see also Kulenko and
Schmidli [65], Scheer and Schmidli [85] and Schmidli [86]).

Within this setting, the fund’s manager takes the point of view of the sharehold-
ers and thus aims at solving

V(t,z) = s%pE{ i f(t+s) dDj _/0 : m(t+s) dI” +g(T, X7 _,(x))|, (1.1)

0

for any initial time ¢ € [0, 7] and any initial value of the fund x € Ry. In (1.1) the
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fund’s value evolves as
XP@)=a+pus+oW,—D,+ 1P s>0,

and the optimization is performed over a suitable class of non-decreasing processes
D. The quantity D, represents the cumulative amount of dividends paid to share-
holders up to time s, whereas I” is the cumulative amount of capital injected by
the shareholders up to time s. We take I” as the minimal non-decreasing process
which ensures that X stays non-negative, and it is flat off {¢ > 0: XP = 0}.

If we attempt to tackle problem (1.1) via a dynamic programming approach, the
HJB equation for V' takes the form of a parabolic PDE with gradient constraint (i.e.
a variational inequality), and with a Neumann boundary condition at x = 0 (the
latter is due to the fact that the state process X is reflected at the origin through
the capital injections process). Proving that a solution to this PDE problem has
enough regularity to characterize an optimal control is far from trivial.

Starting from the observation that the optimal dividend problem with capital in-
jections is actually a reflected follower problem (see, e.g., Baldursson [7], El
Karoui and Karatzas [39] and Karatzas and Shreve [59] as early contributions) with
costly reflection at the origin, and inspired by the results of El Karoui and Karatzas
[40], we solve without relying on PDE methods. Instead, we relate to a
(still complex but) more tractable optimization problem; i.e., to an optimal stopping
problem with absorption at the origin and with value function u (cf. (2.6)).

If the optimal stopping time for this problem is given in terms of a continuous and
strictly positive time-dependent boundary b(-) (cf. the structural Assumption [2.5)),
it follows that V, = u, and the optimal dividends’ payments strategy D* is triggered
by b (see Theorem [2.6). In fact, if the optimization starts at time ¢t € [0,77, the
couple (D*, IP") keeps the optimally controlled fund’s value X?" non-negative and
below the time-dependent critical level b(s +t) at any instant in time s € [0,7 — ¢].
This result is obtained via an almost exclusively probabilistic study in which we
suitably integrate in the space variable two different representations of the value
function w of the auxiliary optimal stopping problem. It is worth noticing that al-
though we borrow arguments from the study in El Karoui and Karatzas [40] on the
connection between reflected follower problems and questions of optimal stopping
(see also Karatzas and Shreve [59]), differently to El Karoui and Karatzas [40], in
our performance criterion ([1.1)) we have a cost of reflection which requires a careful
and not immediate adaptation of the ideas and results of El Karoui and Karatzas
[40].

We then show that the structural Assumption which is needed to establish the
relation between and the optimal stopping problem, does indeed hold in a
canonical formulation of the optimal dividend problem with capital injections. In-
deed, the marginal benefits and costs are constants discounted at a constant rate,
and the liquidation value at time 7" is proportional to the terminal value of the fund.
In particular, we show that the optimal dividend strategy is given in terms of an
optimal boundary b that is decreasing, continuous, bounded, and null at terminal
time.



Optimal Production Under Regime Switchin [Section 3]

The literature dealing with optimal production problems in continuous-time is very
comprehensive. For example, Bensoussan et al. [14], Sethi and Thompson [88] and
Khmelnitsky et al. [62] consider the demand of a product to be constant. Fleming
et al. [48] consider the demand as a continuous-time Markov chain with a finite
state space and Cadenillas et al. [19] investigate a cumulative demand that evolves
as a drifted Brownian motion or as a geometric Brownian motion. Moreover, in
both cases the drift and the variance parameters are modulated by a continuous-
time Markov chain representing the regime of the economy. Among these, only [14]
imposes the realistic assumption that the production rate is non-negative.

This motivated us to study a production problem with a non-negative production
rate and in which the demand process follows a stochastic dynamic. We assume
that a manager of a firm is faced with the problem of controlling the inventory of
a certain product under regime switching. An exogenous given finite-state Markov
chain € = {€,,¢ > 0} describes the current regime of the economy. The demandf]| of
the product evolves as

dD; = pe, dt + o, dW;.

The objective of the manager is to maintain the inventory level as close as possible to
a fixed target value depending on the state of the economy. In order to increase the
inventory of the good, and thus to control it, the manager chooses a non-negative
production strategy P to increase the inventory of the good, whose dynamic is given
by

dX; = dP, — dD;.

In this setting, the manager aims at solving
V(x,i) = ir};fIE [/ e a. (X, —1.)° ds +/ e k., dPS} (1.2)
0 0

for an initial inventory level  and an initial regime i. We develop two versions of
the model. In the first one, there is no upper bound for the production rate and the
model is expressed as a singular stochastic control problem with regime switching.
In the second one, an upper bound for the rate of production is introduced, and
we consider a classical bounded-velocity stochastic control problem with regime
switching in the spirit of V.E. Benes [I1]. To obtain explicit solutions, we concentrate
on the case with two regimes. One regime may stand for a recessionary period, in
which the demand is very low, and a second one that represents an expansionary
period with high demand.

Applying dynamic programming to Problem (1.2)), we show that the HIJB equa-
tion solved by V takes the form of a system of second-order ODEs with gradient
constraints in the case of singular controls, and we perform a guess-and-verify ap-
proach. Moreover, we derive an analytical representation for V' and show that in

2This project started during a research visit at the University of Edmonton under the super-
vision of Abel Cadenillas.
3 A possible negative demand can be seen as an oversupply of the good.



both versions that the optimal control is triggered by constant boundaries b; for
each state. In fact, in the case of singular controls the optimal production is such
that the inventory level X stays always above the boundaries b; and in the case of
bounded-velocity controls the rate of production is maximal as long as the inventory
is below the level b;.

Furthermore, we are able to derive a system of non-linear equations for the
boundaries and the coefficients in the analytical representation. Unfortunately, this
system can only be solved numerically. Based on the numerical solutions, we provide
a comparative statics analysis of the free-boundaries with respect to some model
parameters. In particular, we are able to show that unexpectedly the boundaries
in the two versions show different behavior with respect to demand uncertainty o;,
which depends on the state. Indeed, the boundaries are decreasing with respect to
o; in the SSC but not in the bounded-velocity control case. Moreover, we show that
the boundaries in the bounded-velocity case are larger than in the singular case.
Finally, if the upper bound for the bounded-velocity control diverges to infinity, we
show that the value function and the free-boundaries of the first case converges to
the value function and the boundaries of the singular control case.

A singular stochastic control problem with interconnected dy-
namic [Section4]

In this Section, we study a singular stochastic control problem with interconnected
dynamics. A purely controlled process Y, given by

Vi=y+& &, yeR,

affects the drift component of a diffusive process X. The process X follows the
dynamics
dXt :oth—QXt dt+7} th, XO =X,

hence it evolves as an Ornstein-Uhlenbeck process for 6§ > 0 and as a drifted Brow-
nian Motion for 6 = 0.

The objective of a decision maker is to minimize a total expected cost functional,
which consists of a time-integral over running costs plus proportional costs arising
from adjusting the drift component Y. The problem is modeled as a Markovian two-
dimensional degenerate singular stochastic control problem with controls of bounded
variation. Our model can be seen as a generalization of the bounded-velocity con-
trol of a scalar Brownian motion, introduced by V.E. Bene$ in 1974 [11], which has
stimulated a subsequent large literature allowing for different specifications of the
performance criterion and incorporating also other features like discretionary stop-
ping and partial observation (see [4], [12], [54], [55], [56], [73], among many others).
In whose formulation, the drift is chosen from a bounded set, e.g. [—1, 1], and the
resulting optimal control results to be of the so-called bang-bang type (see [11], [54],

4Parts of this introduction and of Section M| are already published in two joint works with
Giorgio Ferrari and Salvatore Federico, see [44] and [45].
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[55], [56], among others, or Section |3|of this thesis). In opposite to them, our control
and hence the drift is unlimited, and the resulting optimal control is of singular type.

The fact that the two state processes are coupled makes this problem quite
involved and a guess-and-verify approach seems not to be applicable. The closest
papers from the literature to our problem are Federico and Pham [43] and Chiarolla
and Haussmann|26]. In fact, from a mathematical point of view, our model can
be seen in between that of [26] (see also Chiarolla and Haussmann [25] for a finite
time horizon version) and that of [43] (see also Merhi and Zervos [74]). On the one
hand, we propose a degenerate version of the fully non-degenerate two-dimensional
bounded-variation stochastic control of [20]; on the other hand, the problem of [43]
can be obtained from our when the dynamics of the two components of the state
process decouple. It is exactly the degeneracy of our state process that makes the
determination of the structure of the value function possible in our problem, and it
is the coupling between X and Y that makes our analysis much more involved than
that in [43].

To the best of our knowledge, the only other paper dealing with a degenerate
two-dimensional singular stochastic control problem where the dynamics of the two
components of the state process are coupled are Koch and Vargiolu [64] and Pierre,
Villeneuve and Warin [8T]. In [8I] the authors consider a dividend and investment
problem for a cash constrained firm, and both a viscosity solution approach and a
verification technique are employed to get qualitative properties of the value func-
tion. It is important to notice that, in contrast to our model, the problem in [81] is
not convex, thus making it hard to prove any regularity of the value function further
than its continuity. In [64] the authors study a two-dimensional singular stochas-
tic control problem with interconnected dynamics and a finite fuel constraint, in
which the control is assumed to be monotone. This problem, motivated by irre-
versible installation of solar panels, is solved explicitly and it turns out that the
free-boundary can be characterized by a first-order ODE completed by a boundary
condition, which is implied by the finite fuel constraint. Their problem is similar to
our model in the case § > 0, as we also consider a mean-reverting state process (in
[64] the price solar electricity) with drift affected by the purely controlled process (in
[64] the amount of installed solar panels). However, in contrast to them, our control
is not assumed to be monotone, and no finite fuel condition is imposed, which leads
to several additional difficulties.

Therefore, in order to tackle our problem, we choose a direct approach instead
of a guess-and-verify approach. First of all, we show for both formulations that the
value function is differentiable with (locally) Lipschitz derivatives. Moreover, by
exploiting a suitable approximation procedure, we can use a result of [26] to show
that the derivative V, is the value function of a related Dynkin game of optimal
stopping. This fact, combined with the convexity of the value function V', provides
first information about the state space of the problem. In particular, we show the
existence of two monotone curves (free-boundaries) dividing the state space into
three connected regions (continuation and action regions). Next, we show that V'
is a viscosity solution to the corresponding HJB equation (an ODE with gradient
constraints). Moreover, from this result we show that V is also a classical solution in
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the continuation region (the region between the two monotone curves). Furthermore,
we improve the regularity of V' by proving a second-order smooth fit property for
the mixed derivative. Together with the structure of V', this allows us to derive a
necessary system of non-linear functional equations for the free-boundaries, which
coincides, in the case of decoupled dynamics, with that of Proposition 5.5 in [43].
In [43], due to the decoupled dynamics, this system can be derived by an analytical
approach, while, in our setting, we employ the local-time-space calculus of Peskir [76]
and properties of one-dimensional regular diffusions (see Borodin and Salminen [17]).
Since our system is highly complex, a statement about uniqueness of the solution
is far from trivial. In addition, we show that V,,, # 0 at the free-boundaries, so
that, by an application of the implicit function theorem, we can show that the free-
boundaries are locally Lipschitz. In the case where X evolves as a drifted Brownian
Motion, this property allows us to differentiate the system of necessary equations
for the free-boundaries and to derive a system of (explicitly computable) first-order
ODEs. Moreover, this implies that the free-boundaries are actually continuously
differentiable with locally Lipschitz derivatives (see Theorem [£.30). To the best
of our knowledge, in the context of a fully degenerate two-dimensional singular
stochastic control problem with interconnected dynamics, this result appears here
for the first time. Unfortunately, the question of uniqueness still remains open, since
no initial condition for the system of ODEs is derived, differently from [64], where it
is instead implied by the finite fuel condition. Finally, we also discuss the structure
of the optimal control rule.



2 An Optimal Dividend Problem with Capital In-
jections over a Finite Horizon

2.1 Problem Formulation

In this section we introduce the optimal dividend problem that is the object of
our study. Let (Q, F,F := (F;)i>0,P) be a complete filtered probability space rich
enough to accommodate an F-Brownian motion W := (W,);>o. We assume that
the filtration F satisfies the usual conditions. We assume that the fund’s value is
described by the one-dimensional process

XP(@)=a+pus+oW,— D+ 1P, s>0,

where > 0 is the initial value of the fund, u € R, o > 0, and W is an F-standard

Brownian motion. For any s > 0, D, represents the cumulative amount of dividends

paid to shareholders up to time s, whereas I” is the cumulative amount of capital

injected by the shareholders up to time s in order to avoid bankruptcy of the fund.
Define the (nonempty) set

A= {V QA xRy = Ry - F —adapted s.t. s — v5(w) is a.s.
non-decreasing and left-continuous, and vy = 0 a.s.}.

For fixed x > 0, we assume that the fund’s manager can pick a dividends’ distribution
strategy among the processes D € A and such that a.s.

Dy, — D, < XP(z) for all s > 0; (2.1)

that is, bankruptcy can not be obtained with a single lump sum dividend’s pay-
ment. For any such dividend policy D, the capital injections process I” is given
as the minimal cumulative amount of capital needed to ensure that X (x) stays
non-negative, and which is flat off {¢ > 0 : XP(z) = 0}. In particular, for z > 0, we
take the couple (X (), I”) as the unique solution to the (discontinuous) Skorokhod
reflection problem (see, e.g., Chaleyat-Maurel et al. [23] and Ma [72]):

€ A XP@)=az4pus+oW,—Ds+1IP, s>0,

XP(z) >0 as. for any s > 0,

Find(XP(z), IP) s.t. / (2.2)
AIP

XD c=0 a.s.,

D.= ISD+ - 1;3 =2XP (z) Vse{s>0:AIP >0}
Here, (IP)¢ denotes the continuous part of I”. Notice that, given (2.1)), the process

IP =0V sup (D, — (v +us+oW,)), t>0, IP=0,

0<s<t

5This Section is already published in a joint work with Giorgio Ferrari, see [47].
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2.1 Problem Formulation

uniquely solves and t — IP is continuous (see, e.g., Propositions 2 and 3 in
[23], or Theorem 3.1 and Corollary 3.2 in [59]). As a consequence, the last condition
in (2.2)) is not binding, since AIP =0 a.s. for all ¢ > 0.

Given a time horizon T € (0,00) representing, e.g., a finite liquidation time,
the fund’s manager takes the point of view of the shareholders, and is faced with
the problem of choosing a dividends’ distribution strategy D maximizing the per-
formance criterion

J(t,z; D) :]E{ Titf(tJrs) dD, — /Ttm(t—i—s) dIP +g(T, XE ,(z))|, (2.3)

0

for (t,z) € [0,T] x R, given and fixed. That is, the fund’s manager aims at solving

V(t,z) .= sup J(t,x;D), (t,x)€[0,T]xR,. (2.4)
DeD(t,x)

Here, for any (¢,z) € [0,7] x Ry, D(t,x) denotes the class of dividend payments
belonging to A and satisfying (2.1)), when the surplus process X? starts from level
x and the optimization runs up to time 7" —¢. In the following, any D € D(¢,x) will
be called admissible for (t,z) € [0,T] x R.

In the reward functional the term E| UT_tf(t + s) dDy| is the total ex-
pected cash-flow from dividends. The function f might be seen as a time-dependent
instantaneous net proportion of leakages from the surplus received by the share-
holders after time-dependent transaction costs/taxes have been paid. The term
E[ OT_tm(t + s) dIP] gives the total expected costs of capital injections, and m
is a time-dependent marginal administration cost for capital injections. Finally,
E [¢(T, X ,(z))] is a liquidation value.

The functions f, m, and g satisfy the following conditions.

Assumption 2.1. f : [0,7] - Ry,m : [0,7] — Ry, g9 : [0,7] x Ry — R, are
continuous, f and m are continuously differentiable with respect to t, and g is con-
tinuously differentiable with respect to x. Moreover,

(1) 92(T,x) = f(T) for any x € (0, 00),
(i) m(t) > f(t) for anyt € [0,T).

Remark 2.2. Requirement (i) ensures that the marginal liquidation value is at
least as high as the marginal profits from dividends. This will ensure that the value
function of the optimal stopping problem considered below is not discontinuous at
terminal time. From an economic point of view, it means that the additional profit
of an unit is at least as high as paying this unit as dividends, which is a plausible
assumption.

Condition (iz) means that the marginal costs for capital injections are bigger than
the marginal profits from dividends. Notice that in the case in which m < f the value
function might be infinite, as it shown in the next example. Take f(s) =7, m(s) = &
for all s € [0,T], and n > k. For arbitrary 5 > 0 consider the admissible strategy
D, = Bs, and notice that TSD = SUPg<,<s(—T—pu—0oB,+Pu)V0. Then _/f? < Bs+Ys,

11



2.1 Problem Formulation

with Yy := supy<,<,(—7 — pu — 0B,) V 0, and using that g > 0 we obtain for the
sub-optimal strategy D

V(t,2) > Bn(T — ) — Bi(T — t) — KE[¥r_]
= B(T —t)(n — k) — KE[Y7_,].

However, the latter expression can be made arbitrarily large by increasing 5 if n > k.
On the other hand, by taking m(t) = f(t) = ™", is has been recently shown in
Ferrari [46] for a problem with 7" = +o00 (see Theorem 3.8 therein) that an optimal
control may not exist, but only an e-optimal control does exist.
In order to avoid pathological situations as the ones described above, here we
assume Assumption [2.1}(ii).

Remark 2.3. Notice that our formulation is general enough to accommodate also a
problem in which profits and costs are discounted at a deterministic time-dependent
discount rate (7s)s>0. Indeed, if we consider the optimal dividend problem with
capital injections

T—t T—t
V(t’x) = Sup ]E|:/ e ft +s rodo f(t + S) dDS _ / e_ft+s roda fl\l(t + S) dISD
0 0

DeD(t,x)

T A~
T g, X%’_xa:))} ,

then, for any (¢,z) € [0,7] x R} we can set
Ft) = e horeda 7)) m(t) = e ot (1), gt x) = e b TG, 2),

and V(t,z) == e~ Jo rada V(t,z) is of the form (2.4).
In Section we will consider a problem with constant marginal profits and

costs discounted at a constant rate r > 0 (see . (2.78) and (2.79) in Section
7).

Remark 2.4. Notice that in our model shareholders are forced to inject capital
whenever the surplus process attempts to become negative; that is, the capital
injection process is not a control variable of their, and shareholders do not choose
when and how to invest in the company.

Injecting capital at the origin, under the condition that bankruptcy is not al-
lowed, can be shown to be optimal in the canonical formulation of the optimal
dividend problem of Section in which marginal costs and profits are constants
discounted at a constant interest rate. Indeed, in such a case, due to discounting,
shareholders will inject capital as late as possible in order to minimize the total
costs of capital injections. See also Kulenko and Schmidli [65] and Schmidli [86] for
a similar result in stationary problems. More in general, the policy “inject capital
at the origin” is optimal when m is decreasing and mincjo ) m(t) > g.(T, x) for all
xr € R,. Under these conditions, shareholders postpone injection of capital, and
inject only as much capital as necessary since any additional capital injection can
not be compensated by the reward at terminal time.

12



2.2 The Main Result

The dynamic programming equation for V' takes the form of a parabolic partial
differential equation (PDE) with gradient constraint, and with a Neumann boundary
condition at x = 0 (the latter is due to the fact that the state process X is reflected
at the origin through the capital injections process). Indeed, it reads

1
max {&V + 50289“‘/ + pd,V, f — &;V} =0, on [0,7) x (0,00),

with boundary conditions 9,V (0,t) = m(t) for all ¢t € [0,T], and V(T,z) = g(T, x)
for any = € (0,00). Proving that such a PDE problem admits a solution that has
enough regularity to characterize an optimal control is far from being trivial. Hence,
a direct guess and verify approach will not work at this point.

In order to solve the optimal dividend problem (2.4) we then follow a different
approach, and we relate to an optimal stopping problem with absorbing con-
dition at * = 0. This is obtained by borrowing arguments from the study of El
Karoui and Karatzas in [40] on the connection between reflected follower problems
and questions of optimal stopping (see also Baldursson [7] and Karatzas and Shreve
[59]). However, differently to [40], in our performance criterion (2.3) we also have a
cost of reflection which requires a careful and not immediate adaptation of the ideas
and results of [40].

In particular, introducing a problem of optimal stopping with absorption at the
origin, we show that a proper integration of the value function of the latter leads to
the value function of the optimal control problem (2.4)). This result is stated in the
next section, and then proved in Section [2.3]

2.2 The Main Result

Let S(x) :=inf{s > 0: 2+ pus+ oW, =0}, > 0, and for any s > 0, introduce the
absorbed drifted Brownian motion

A(r) = {x+,us+aW5, s < S(z), (2.5)

A, s > S(x),

where A is a cemetery state isolated from R (i.e. A <0).
Introducing the convention g,(7,A) := 0, for (t,x) € [0,T] x Ry, consider the
optimal stopping problem

u(t,r) == ?up }E [f(t + T) L fra@=t)as(2)} + Mt + S(2)) Lr>s0))
T7€[0,7—t

+ go (T, x4+ (T — t) + oWr_y) 1{7:T—t<5(x)}] (2.6)
2.6
= s1(1p )E [f(t + 7)1, (@50 Lir<r—ty + m(t + (7)) LA, (2)<0}

TeT (T—t

+ Gz (T7 AT—t(l‘)) :H-{T:T—t}} )

where 7 (T — t) denotes the set of all F-stopping times with values in [0,7 — ¢] a.s.
Problem ({2.6)) is an optimal stopping problem for the absorbed process A.
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2.2 The Main Result

To establish the relation between and we need the following structural
assumption, which will be standing in this section and in Section Its validity
has to be verified on a case by case basis. In particular, it holds in the optimal
dividend problem considered in Section [2.4]

Assumption 2.5. Assume that the continuation region of the stopping problem
15 given by
C:={(t,x) €[0,T) x (0,00) : u(t,z) > f(t)}
={(t,z) € [0,T) x (0,00) : x < b(t)}, (2.7)
and that its stopping region by
S:={(t,z) € [0,T) x (0,00) : u(t,z) < f(t)} U ({T} x (0,00))
={(t,x) € [0,T) x (0,00) : z > b(t)} U ({T} X (0,00)),

for a continuous function b : [0,T) — (0,00). We refer to the function b as to the
optimal stopping boundary of problem (2.6). Further, assume that the stopping time

T (t,x) =1inf{s € [0,T —t) : As(x) > b(t+ )} N(T — 1) (2.8)

(with the usual convention inf ) = +o00) is optimal; that is,
u(t,z) =FE [f(t + 75(t, 2)) L (t,0) < (T—t)7S(2)} + Mt + S(2)) Lire(t,2)>5(2)}
+ 9x (T, T + ,u(T - t) + UWT—t)]l{‘r*(t,x):T—t<S(gc)}] . (29)

For any (¢,z) € [0, T] xR, and with b the optimal stopping boundary of problem
[2.6) (cf. Assumption [2.5), we define the processes I*(t,z) and D*(¢,z) through the
system

Di(t,z) := max {O, nax (x4 pub + oWy + I;(t, ) — b(t + 9))} :
- (2.10)
I (t,x) := max {0, max (—x—pb— oWy + D2, ZL‘))} :
for any s € [0, T —t|, and with initial values Dj(t,x) = I(t,z) = 0 a.s. The existence
and uniqueness of the solution to system can be proved by an application of
Tarski’s fixed point theorem following arguments as those employed by Karatzas in
the proof of Proposition 7 in Section 8 of [57]. It can be easily shown from and
the positivity of b that D* satisfies , and, consequently, that I* has continuous
paths. The latter property of I* implies that ¢ — Dy is continuous apart for a
possible initial jump at time zero of amplitude (z — b(t))". We can now state the
following result.

Theorem 2.6. Let Assumption hold. Then, the process D* defined through
(2.10) provides the optimal dividends’ distribution policy, and the value function V
of (2.4) is such that

b(t)
V(t,x) =V(t,b(t)) —/ u(t,y) dy, (t,x) €[0,T] x R,. (2.11)
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2.3  On the Proof of Theorem

Assume further that limpur b(t) =: b(T) < co. Then

Tt Tt
V(t,b(t)) = —u i f'(t+s)s ds+ i f'(t + s)b(t + s) ds

+9(T,0(T)) + F(T) (T = 1) + f()b(t) — F(T)B(T). (2.12)

Consistently with the result of El Karoui and Karatzas in [40] (see also Karatzas
and Shreve [59]), we find that also in our problem with costly reflection at the origin
the value of an optimal stopping problem (namely, problem ({2.6))) gives the marginal
value of the value function . The optimal stopping boundary b thus triggers
the timing at which it is optimal to pay an additional unit of dividends. Moreover,
once the optimal stopping value function u and its corresponding free-boundary
b are known, and provide a complete characterization of the optimal
dividend problem’s value function V. Notice that the condition b(T") < oo is satisfied
in the case study of Section where we actually prove that b(T') = 0. The proof
of Theorem is quite lengthy and technical, and it is relegated to Section [2.3]

2.3 On the Proof of Theorem [2.6

This section is entirely devoted to the proof of Theorem [2.6] This is done through
a series of intermediate results which are proved by employing mostly probabilistic
arguments. Assumption will be standing throughout this section.

2.3.1 On a Representation of the Optimal Stopping Value Function

Here we derive an alternative representation for the value function of the optimal
stopping problem (2.6)), by borrowing ideas from El Karoui and Karatzas [40], Sec-
tion 3. In the following we set g.(T, A) = 0.

The idea that we adopt here is to rewrite the optimal stopping problem in
terms of the function b of Assumption To accomplish that, for given (¢,z) €
[0, 7] x R, define the payoff associated to the admissible stopping rule “never stop"
as

G(t, ZE) =E [m(t + S(l’))ﬂ{g(z)gT_t} + QT(T, AT_t<JZ>)] s (213)

where we have used that g,(T, Ar_(2))Lir—t<s@)y = 92(T, Ar—i(x)) because of (2.5)
and the fact that ¢,(7,A) = 0.

Also, introduce the function g : [0, 7] x Ry x R, — R (depending parametrically
on t) as

s 9:(T,y), a<gq,
a,q,y;t) == 2.14
g(a, q,y;t) {m@+®7a2q7 (2.14)

and notice that v := u — GG admits the representation

U(t, .CE) = Es_l(ljg)_t)]E [(f(t + T) - f](T — t, S(x), AT_t(ZL'); t)) :[I‘{T<S(1‘)/\T7t}}i| . (2.15)

Clearly, the stopping time 7* defined by (2.8)) is also optimal for v since G is
independent of 7 € T (T —t). Therefore, we can expect that v can be expressed
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2.3  On the Proof of Theorem

in terms of the optimal stopping boundary b. Following [40], we obtain such a
representation for v by means of the theory of dual previsible projections (“balayée
prévisible"), as it is shown in the following. From now on, (t,z) € [0,7] x R, will
be given and fixed.

We define the process (C)acp,r) such that for any a € [0,7 — ]

aNS(z)ANT—t
Colt,2) = —/ F(t+0)do (2.16)
0

+ AT A+ S@) = 9(T = t, (@), Ar—e(2); 1) | Ljo<r—tn5(x)<a}

as well as the stopping time
oo(t,z) :=1nf{0 € [, T —t) : Ap(z) > b(t +0)} N (T — 1), (2.17)

with the convention inf () = +oo. The process C.(t,z) is absolutely continuous on
0,7 —t) A S(z) with a possible jump at (T — ) A S(x), and « — o,(t,z) is a.s.
non-decreasing and right-continuous.

Since the stopping time oy(¢,z) is optimal for u(t,z) by Assumption [2.5, and
therefore also for v(t,z) = (u — G)(¢, ), by using we can write from (2.15))

v(t, ) = E [Cr_y(t,z) — Coye)(t,2)] = E [@,t(t, x)} , (2.18)

where we have introduced

Ca(t, :E) = Oga(t’x)(t, ZL") — Cgo(t7x)(t,$), o€ [O,T — t]. (2.19)

The process C. (t,z) is of bounded variation, since it is the composition of the
process of bounded variation C'(¢, ) and of the non-decreasing process o.(¢, ), but it
is not F-adapted. However, being v an excessive function, it is also the potential of an
adapted, non-decreasing process ©.(t, z) (cf. Section IV.4 in the book of Blumenthal
and Getoor [16]), which is the dual predictable (or previsible) projection of C.(t,z)
(see, e.g., Theorem 21.1 in Chapter VI of the book by Rogers and Williams [83] for
further details on the dual predictable projection). In the following we provide the
explicit representation of ©.(¢,z). This is obtained by employing the methodology
of El Karoui and Karatzas in [4], Section 7.

Theorem 2.7. The dual predictable projection O(t,x) of C~’(t,x) exists, is non-
decreasing and it is given by

Oa(t, z) = / —f'(t + 0) L, ()>biero)y dO
0
+ [f(T A+ S(x))) —g(T —t,5(x), Ar—i(x); t)] Liasr,(2)>b(1)} L{o<T—tAS(@)<a}
anS(z)
= / _f/(t + 9)1{$+1L9+UW9>b(t+9)} do (220)
0

+ [f(T A(t+S(x))) — g(T —t,S(x), Ar—4(x); t)] Liar ,(2)>b(1)} L{o<T—tAS(2)<a}

for any a € [0,T —¢].
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2.3  On the Proof of Theorem

Theorem can be proved by carefully adapting to our case the techniques
presented in Section 7 of [41] (see also, Section 3 of [40]). In particular, differently
to Section 7 of [41], here we deal with an absorbed drifted Brownian motion as a
state variable of the optimal stopping problem ({2.6) (instead of a Brownian motion).
However, all the arguments and proofs of Section 7 of [4I] carry over also to our
setting with random time horizon (7" —t) A S(z) (up to which the process A is in
fact a drifted Brownian motion) upon using representation of v (in which the
function § takes care of the random time horizon (7' —t) A S(z)) together with

and (2.19).

A consequence of Theorem [2.7]is the next result.
Corollary 2.8. It holds that

(i) [F(TA(t+S(@)) = §(T —t,5(), Ar—4(2); )] Liag_@)>biryy = 0 a.s,

(is) {t €[0,T): f'(t) <0} 2 S;
Proof. (i) On the set {Ap_(z) > b(T)} we obtain by the definition of g (see (2.14)))
that
FTA (E+S(2)) = §(T — £, S(x), Ap_o(@):t) = F(T) — gu(T, Ar_y(z)).  (2.21)

Since ©.(t,x) is non-decreasing, the last term in (2.21) has to be positive, thus
implying f(T) — g.(T, Ar—+(x)) > 0 on {Ar_+(x) > b(T)}. However, by Assumption
2.1}(1) one has f(T) < g,(T, z) for all z € (0,00). Hence the claim follows.

(i1) Since a — O, (¢, z) is a.s. non-decreasing, it follows from (i) above and
that f'(t40)1a,@)>br0y < 0a.s. fora.e. § € [0,7—t]. But f'(-), A.(z) and b(t+-)
are continuous up to (7' —t) A S(x), and therefore the latter actually holds a.s. for
all € [0, —t]. Hence, {t € [0,T): f'(t) <0} D S. O

Remark 2.9. As a byproduct of Corollary 2.8}(i) (see in particular (2.21))), As-
sumption 2.1}(i), and of the fact that Ay_,(z) has a transition probability that is
absolutely continuous with respect to the Lebesgue measure on R (cf. (A.4)), one

has (f(T) — g.(T, y))]l{y>b(T)} =0 for y > 0.

We can now obtain an alternative representation of the value function u of prob-
lem (2.6).

Theorem 2.10. For any (t,x) € [0,T] X R, one has
(T—t)AS(z)
u(t, r) = E{/ —f'(t 4+ 0) 1oy potowy>nitrayy df
0
+m(t+ 5() Ls@<r-o + 9:(T, Ar—i(x)) ] (2.22)

Proof. Since by Theorem ©(t,z) is the dual predictable projection of 5(25,36),
from (2.18) we can write for any (¢,x) € [0,T] x R

o(t,z) = E [5T,t(t, a:)] = E[Or_(t,2)]. (2.23)
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Due to (2.20) and Corollary 2.8}(i), (2.23) gives

(T—t)AS(z)
'U(t, .T) =E / —f/(t -+ 9)1{$+M9+0W925(t+9)} do| . (224)
0

Here we have also used that the joint law of S(x) and of the drifted Brownian motion
is absolutely continuous with respect to the Lebesgue measure in R? (cf. (A.2)) to

replace Lizip040wy>be+0)} With Ly 040w,>be+0)) inside the expectation in (2.20)).
However, since by definition v = u — G, we obtain from ([2.24)) and (2.13]) the

alternative representation

(T—t)AS(2)
u(t,z) =v(t,z) + G(t,x) = E[/ —f'(t+ )L porowyb(ete)y dO
0

it + S Listyer— + 9a(T, Ar-ie)|

]

Remark 2.11. Notice that representation coincides with that one might ob-
tain by an application of Itd’s formula if u were C12([0,T') x (0,00))NC([0, T] x R,),
and satisfies (as it is customary in optimal stopping problems) the free-boundary
problem
dpu+ 20?02 u+ pd,u =0, 0<ax<b(t), tel0,T)
u=rf, x>b(t), t€0,T)
w(T,x) = g.(T, ), x>0
u(t,0) = m(t), te€0,7].

Indeed, in such a case an application of Dynkin’s formula gives

E [u(t + (T —t) NS(x), Zir—t)rs(x) (13))}

(T—t)AS(z)
/ F(t+0) 1 zy@y=biereyy 40|
0

(2.25)

=u(t,z) +E

where we have set Z,(z) := z + us + oWy, s > 0, to simplify exposition. Hence,
using (2.25)) we have from the latter

u(t,z) =E {m(t + 5(2)) Us@y<r—ty + go(T' @ + p(T = 1) + oWr—t) Lis(a)>r-1)
(T—t)AS(z)
- / f'(t+ 01z @)>b0+0)) dQ} =E {m(t + 5(2)) Us@)<r—1
0
(T—t)AS(x)
+ 92T, Ar—4(2)) Lis@y>r-1) — / F' (4 0)Lzy(@)2b0+0)) dO
0
=F [m(t + S(2)) Lis@)y<r—1y + 92(T, Ar—i(7))

(T—t)AS(z)
— / F(t+0) 1 zy(@)>b(e+0)) d9]7
0
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2.3  On the Proof of Theorem

where in the last step we have used that ¢,(T, Ap_i(2))L{s@)>7—13 = G2(T, Ar—(2))
because of (2.5) and the fact that g,(7, A) = 0.

Remark 2.12. Notice that the representation (2.22)) immediately gives an integral
equation for the optimal stopping boundary b. Indeed, since holds for any
(t,z) € [0,T] x Ry, by taking = = b(t), t < T, on both sides of (2.22), and by
recalling that u(t,b(t)) = f(t), we find that b solves

(T—=t)AS(b(1))
fit)=E {/ — [ (t + 0) L) po+owy>b(t+0)y O
0
+m(t + S0(1))) Lsewy<r—ty + gu(T, AT (b(2))) |- (2.26)

By adapting arguments as those in Section 25 of Peskir and Shiryaev [77], based on
the superharmonic characterization of u, one might then prove that b is the unique
solution to (2.26)) among a suitable class of continuous and positive functions.

The next result follows from (2.22)) by expressing the expected value as an inte-
gral with respect to the probability densities of the involved processes and random
variables. Its proof can be found in the Appendix for the sake of completeness.

Corollary 2.13. The function u(t,-) is continuously differentiable on (0, 00) for all
tel0,7).

In the next section we will suitably integrate the two alternative representations
of u (2.9) and ([2.22) with respect to the space variable, and we will show that such
integrations give the value function (2.4) of the optimal dividend problem. As a
byproduct, we will also obtain the optimal dividend strategy D*.

2.3.2 Integrating the Optimal Stopping Value Function

In the next two propositions we integrate with respect to the space variable the two
representations of u given by and (2.22). The proofs will employ pathwise
arguments. However, in order to simplify exposition, we will not stress the w-
dependence of the involved random variables and processes.

Proposition 2.14. Let b the optimal stopping boundary of problem ({2.6), recall

I°(z) = max{—z — pf — oWy} v0, s>0,

0<6<s
and define
Ry (z) =2+ ps+ oW+ I'(z), s>0. (2.27)

Then for any (t,x) € [0,T] x Ry one has

b(t)
/ u(t,y) dy = N(t,b(t)) — N(t, z), (2.28)
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2.3  On the Proof of Theorem

where
N(t, ) ::E[—/O (Ru(@) = bt + )+ 5) ds—/o (it + ) dI(z)
+ g(T, RTt(x))] ) (2.29)

Proof. To prove (2.28) we use representation (2.22)) of the value function of the
optimal stopping problem (2.6]). Using Fubini-Tonelli’s Theorem we obtain

b(t) b(t) (T=t)AS(y) .
/ U’(ta y) dy = / E |:/ _f (t + S)ﬂ{y+us+0W52b(t+s)} ds
T T 0

+ m(t + S(Z/))H{S(y)ngt} + gx(T, ATt(y»} dy

(T—-t) b(t)
=K [ — / f’(t -+ S) (/ 1{y+us+0W52b(t+s)}ﬂ{sgs(y)} dy) ds (2.30)
0 X

b(t) b(t)
+ / m(t + S(y))Lisy<r—n dy + / 92(T, Ar—+(y)) dy]-

In the following we investigate separately the three summands of the last term on

the right-hand side of (2.30)).
Recalling S(z) = inf{u > 0: x + pu + oW, = 0} it is clear that

S(y)>se M, <y (2.31)

for any (s,y) € Ry x (0,00), where we have defined

M, = Orggtgxs(—uﬁ —aWy), s>0. (2.32)
We can then rewrite in terms of and obtain
Ry(z) = (xV M)+ ps+ oW, s>0. (2.33)
By using we find

bE)V [b(t+s)—ps—o W

b(t)
/ Lyt pstow,>b(t+s)} Lsy)>sp dy = / Lis@)=sy dy

\ [b(t—i—s) —;J,S—O'WS]

bO)V [b(t-+s)—ps—o W,
= / Linr<yy dy
Vv [b(t—i—s)—ps—aWs]

[(
= [(b(t) V M) V (b(t + 5) — ps — oWy) — (x V M) V (b(t + s) — pus — o W,)]
= [([(6(t) vV My) + ps + oW Vbt + 5)) — ([(z V M) + ps + oW Vbt + s5))]
= [(Rs(b(t)) V b(t + 5)) — (Rs(z) Vb(t + 5))]
= [(Ro(b(t)) = b(t +5)) " = (Ro(x) = bt +5)) 7] (2.34)
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2.3  On the Proof of Theorem

For the third summand of the last term of the right-hand side of (2.30)) we have,
due to the fact that ¢,.(7,A) =0,

() 0
/ 9:(T, Ar—(y))dy = / 9T,y + (T —t) + oWr_e) Liseysr—ndy
b(t)
_ / Go(T,y + 1T — 1) + oWr_)Lpaty epdy  (2.35)

b(t)VMr_y
=/ 9T,y + (T —t) + o Wr_y)dy

VMr_y

= g(T, Rr—(b(1))) — 9(T', Rr—4(x)),
where in the last step we use (2.33)). To prove that

b(t)
j/ m(t + S(y))Lisq)<r—ndy

_ /0 it + $)dIx) — /0 it + $)dI0(b(t)) (2.36)

we have to distinguish two cases. In the following we let (t,z) € [0,7] x R, be given
and fixed, and we prove (2.36) by taking x < b(t). The arguments are exactly the
same if b(t) < = by reversing the roles of = and b(t).

Case 1. Here we take x € {y € Ry : S(y) > T — t}; that is, the initial point
x > 0 is such that the drifted Brownian motion is not reaching 0 before the time
horizon. This implies that R,(z) in equals x + pus + oW, and so I?(z) = 0 for
all s € [0,7 — t]. Hence, we can write

b(t) T—t
[t S smer-ndy =0 = [ mit+ di2a)
x 0

_ / T_;n(t + §)dI0(b(1)), (2.37)

where we have used that S(y) > S(z) > T —t for any y > x and {x} has zero
Lebesgue measure to obtain the first equality, and the fact that 0 = I?(z) >
I9(b(t)) > 0 since = < b(t).

Case 2. Here we take z € {y € R, : S(y) < T — t}; i.e., the drifted Brownian
motion reaches 0 before the time horizon. Define

z:=inf{y e Ry : S(y) > T —t}, (2.38)

with the usual convention inf ) = +o00. In the sequel we assume that z < +o0o, since
otherwise there is no need for the following analysis to be performed. Note that,
by continuity in time and in the initial datum of the paths of the drifted Brownian
motion, we have S(z) < T — t. Furthermore, it holds for all y € [z, 2] that (cf.
(2.32))

y+I0(y) = M,, Vs> S(y), (2.39)
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2.3  On the Proof of Theorem

I’(y) =0, Vs<S(y). (2.40)

Using (2.39)), (2.40)), (2.31)), and the change of variable formula in Section 4 of
Chapter 0 of the book by Revuz and Yor [82] (see also equation (4.7) in Baldursson
and Karatzas [8]) we obtain

ZAb(t) ZNb(t)
/ m(t + S(y)Lisy<r-ndy = / m(t + S(y))dy

S(zAb(t)) S(nb(t)
= / m(t+ s)dM, = / m(t + s) (dI)(x) — dIJ(z A b(1)))  (2.41)
S(=) S5(=)

_ /0 ot + s) (d10(@) — dI%(= A b(E))
- /OTt m(t + s)dI%(z) — /OTt m(t + s)dI2(z A b(t)).

For the integral fsz(?(t) m(t+S(y))L{sy)<r—ty dy we can use the result of Case 1 due
to the definition of z (2.38)). Then, combining (2.37) and (2.41)) leads to (2.36).
U

By (2.34), (2.35) and (2.36)), and recalling (2.29) and (2.30) we obtain (2.28). [

Proposition 2.15. Let (D*, I*) be the solution to system (2.10). Then, for any
(t,x) € [0,T] x Ry one has

b(t)
/ u(t,y) dy = M(t,b(t)) — M(t,x), (2.42)

where b is the optimal stopping boundary of problem (2.6) and

M(t, 2) ;:E[ ) dDM () — / ot ) dI ()
+9(T, X7, (2))] - (2.43)

Proof. For this proof we use instead the representation of u (cf. (2.9)))

u(t,z) =E [ @+ 75t 2) L (ta)<r—tas@)y + m(t + S(2)Lirt2)>5()}

+ G2(T, Ar—4 (7)) L7 (t,x):T—t<S(x)}} '

The proof is quite long and technical and it is organized in four steps. Moreover,
in order to simplify exposition from now we set ¢ = 0. Indeed, all the following
arguments remain valid if ¢ € (0, 7] by obvious modifications.

If 2 > b(0), then (242) clearly holds. Indeed, [ u(0,y) dy = —(x — b(0))£(0)
since 77(0,y) = 0 for any y > b(0). Also, from (2.43) M(0,b(0)) — M(0,z) =
M(0,b(0)) = [(z —b(0)) f(0) + M(0,b(0))], since D*(0,z) has an initial jump of size
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2.3  On the Proof of Theorem

(z—b(0)) which is such that X2 (z) = b(0). Hence, in the following we prove (2.42)
assuming that z < b(0).

Step 1. Here we take x € {y € Ry : 7(0,y) < S(y)}; that is, the initial point
x > 0 is such that either the drifted Brownian motion reaches the boundary before
hitting the origin, or the time horizon arises before hitting the origin. Define the
process (Lg)s>o such that

L= ggggxs{uﬁ + oWy —b(0)}, 0<s<T.

Then we have that for all y € [z, b(0)]

{7°(0,y) < s} = {Ls > —y}, (2.44)
{77(0,y) =T} = {Lr < —y}, (2.45)
N _J0, 0<s<7%0,y),
Dx(0,y) = {y+LS’ P (0.y) < 5 < S(y). (2.46)
and
XD (y) = {y+us+aWs, 0<s<7%0,y),
s+ oW, Ly (0) < 5 % S(0)

and in particular (cf. (2.10)) 12(0,y) = 12(0,b(0)) =
Moreover, it follows by deﬁnltlon of 7%(0,x), S(x
[,b(0)] we have

0 for any s € [0,7%(0, y)].
) and XP"(z) that for all y €

0=7"(0,6(0)) < 7%(0,y) <70, x),

7(0,y) < 77(0,2) < S(z) < S(y), (2.47)

and
on {7%(0,z2) < T}: XP'(y)=XP"(x), Vs>710,2). (2.48)

With these results at hand, we now show that for all € [0,5(0)] such that
7*(0,2) < S(z) it holds that

/ P (0,9 (e (039 <5001 19 = / #(5) dD;(0,b(0) /f ) dD3(0,2), (2.49)

b(0) . N
/ 92(T,y + uT + oWr) L0, =7<s0)y W = 9(T, X7 (b(0))) — (T, X7 (z)) (2.50)
and
b(0) T T
| mS@) e apssondy = [ mls) diz0.0) ~ [ m(s) I 0,00). 251)
T 0 0

We start with (2.49). By (2.48) we have that dD}(0,z2) = dDZ%(0,6(0)) for all
7(0,2) < s <T. By (2.46)), and since 7*(0,5(0)) = 0 one also has

D*(0,b(0)) = b(0) + L, Vs € [0, S(b(0))]. (2.52)
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Hence the right-hand side of (2.49)) rewrites as

7*(0,2)
/ £(s) dD*(0,b(0 / £(s) dD*(0,z) = / £(s) dD*(0,5(0))
<0m) (2.53)

7*(0,x)
[ s apem = [ s apowon = [ sy an,

where we have used that dD%(0,2) = 0 for all s € [0,7%(0,z)] by (2.46). However,
by using a change of variable formula as in Baldursson and Karatzas [8], equation
(4.7), we obtain

b(0) b(0) 7*(0,z)
[ 10 omesindy = [ f Oy = [ fs) L (259
T T 0

where we have used (2.47) in the first step, and the fact that L. is the left continuous

inverse of 7(0,y) Cf - in the last equality. Combining (2.53) and (2.54)

equation - holds
Next we show ({2.50]). Using ({2.52)) and again (2.48) we obtain for the right-hand

side of ([2.50) that

9(T, X7 (b(0))) — 9(T, X7 (z))
= [9(T,puT + oWr = Ly) — (T, x + pT + oWr)] Liz+ 0.2)=1}-

Also, (2.45) and ([2.47)) yields

5(0) b(0)
/ 9T,y 4 pT + oWr) L0 )=1) dy = / Go(T,y + T + oWr)liy< 1y dy

Hence, we obtain ([2.50]).
Finally, for (2.51)) there is nothing to show. In fact, the left-hand side is equal 0
by (2.47), while the right-hand side is zero since the processes I*(0,2) = I*(0, 5(0))

coincide (cf. (2.48))).

Step 2. Take z € {y e R, : 7(0,y) > S(y), 7(0,q) < S(q) Yq € (y,b(0))}.
For a realization like that, such an z is such that the drifted Brownian motion
touches the origin before hitting the boundary, but it does not cross the origin. This
in particular implies that (0, 2z) = 0 for all s < 7%(0, ). Hence the same arguments

employed in Step 1 hold true, and (2.49)) — (2.51)) follow.

Step 3. Here we take 2 € {y € Ry : 77(0,y) > S(y)}; that is, the drifted
Brownian motion hits the origin before reaching the boundary.
Define

= inf {y € [0,6(0)] : 7(0,y) < S(y)} (2.55)

which exists finite since y — 7%(0,y) — S(y) is decreasing and 7%(0,5(0)) = 0 and
S(0) =0 a.s. We want to prove that
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/Zm<s<y>>ﬂ{ﬁ(o7y>>s<y)} dy = / m(s) dI*(0,z) — / m(s) dI7(0,2),  (2.56)

z T T
/ f(T*<Oﬂy)>1{7*(0,y)<5(y)}dy = /0 f(S) dD:<07 Z) _/0 f(S) dD:(O,SL’), (257)

and

/mgAT4w+#T“+0W%ﬂHﬂmw=ﬂ$w»dy
= [9(T, X7 (2)) — g(T, X7 (2))] . (2.58)
Recall the process (Mj)s>o of (2.32) such that
M = max (—pb — oWy), s>0,

0<h<s
and (cf. (Z31))
{M; >z} ={S(x) <s} Vs>0.
For all y € [z,2) and s € [0,7*(0,y)] we have

0, 0<t<S(y)

2.59
M, -y, S(y) <s<7(0,y), (2:59)

I;(()?y) = (Ms - y)+ = {

and

. Y+ ps + oWy, 0<s<S(y
X£<y>={ )

- = (yV M)+ us+ocWs. (2.60
wus + oWy + My, S(y) < s <70,y), (v JFusto (2.60)

Also, it follows by (2.60) and (2.59)) that for all y € [z, 2)

X7 (y) = X7 (2) Vs > S(2). (2.61)

Moreover, recall that
S(z) < S(y) < S(z), (2.62)
7(0,9) > S(y), (2.63)

With these observations at hand we can now show ([2.56)-(2.58)).

By we have that dI7(0,z) = dI*(0,z) for all s > S(z). Further, we have
that 17(0,2) = 0 for all s < S(z). Therefore, by I:(0,2) = I*(0,x) = 0 for
s < S(z), and the right-hand side of rewrites as

T T S(z)
m(s) dI;(0,z) — m(s) dI;(0,z) = m(s) [dI;(0,z) —dI;(0,z
/0<>s<>/0<><>/3($)<>[<><>}
5(z) S(z)
- / m(s) dI*(0,z) = / m(s) dM,, (2.64)
S(x) S(x)
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Here we have used (2.59) with y = x.
On the other hand, for the left-hand side of (2.56]), we use the change of variable
formula of Section 4 in Chapter 0 of Revuz and Yor [82]. This leads to
z z S(z)
[ SO e dy = [misw)ay= [ misavi 265
T x S(z
where we use (2.63), the fact that {z} is a Lebesgue zero set, and that M is the
right-continuous inverse of S (see (2.31))). Combining (2.64) and (2.65)) proves (2.56]).

Equation (2.57) follows by observing that (2.61)—(2.62)) imply that the processes
D*(0, z) and D*(0,x) coincide, and the left-hand side equals 0 by definition. Notice

that for such an argument particular care has to be put when considering z of
as a starting point for the drifted Brownian motion. In particular, if the realization
of the Brownian motion is such that 7(0,2) < S(z), then by definition of z, the
drifted Brownian motion only touches the boundary at time 7%(0, z), but does not
cross it. Hence, we still have D*(0,z) = 0 for all s < S(z), which implies and
therefore still D*(0,2) = D*(0,x). In turn, this gives again that holds also
for such a particular realization of the Brownian motion.

Finally, to prove equation ([2.58)) remember that x € {y € R, : 7%(0,y) > S(y)}.
By definition of z we obtain 7*(0,y) > S(y) for all y € [z,2) and the left-hand
side of equals zero. By the processes XP"(z) = XP"(x) coincides for
all s > S(z), and S(z) < T a.s. by Lemma in the Appendix. Therefore, the
right-hand side of equals zero as well.

Step 4. Forz € {y € Ry : 7(0,y) < S(v)}, follows by the results
of Step 1. If, instead, x € {y € Ry : 7%(0,y) > S(y)}, then we can integrate u
separately in the intervals [z,z]| and [z,0(0)]. When integrating u in the interval
[z, z] we use the results of Step 3. On the other hand, integrating u over [z, b(0)]
we have to distinguish two cases. Now, if z belongs to {y € Ry : 7%(0,y) <
S(y)}, then we can still apply the results of Step 1 to conclude. If z belongs to
{y € Ry : 77(0,y) > S(y), 7™(0,q) < S(q) Yq € (y,b(0))}, we can employ the results
of Step 2 to obtain the claim. Thus, in any case, holds. O

We now prove that the two functions N and M of (2.29) and (2.43)), respectively,
are such that N = M. To accomplish that we preliminary notice that by their
definitions and strong Markov property, one has that the processes

SAT* (t,x)
N(t 45 AT*(t, ), Rore ) () — / m(t+0) dI%z), 0<s<T—t (2.66
0
and
SAT* (t,x)
M(t+sAT*(t, ), RS/\T*(M)(x))—/ m(t+0) di;(t,x), 0<s<T—t, (2.67)
0

are F-martingales for any (¢, z) € [0, T] x R,. Moreover, by (2.28) one has N(¢,z) =

N(t,b(1) = [*Pu(t,y) dy and, due to @:42), M(t,x) = M(t,b(t)) — [* u(t,y) dy.
Hence,

U(t) .= M(t,x) — N(t,x), te€l0,T],
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is independent of the x variable. We now prove that one actually has ¥ = 0 and
therefore N = M.

Theorem 2.16. It holds V(t) = 0 for all t € [0, T]. Therefore, N = M on [0,T] x
R, .

Proof. Since (N — M) is independent of z, it suffices to show that (N —M)(¢,x) =0
at some x for any ¢t < T. To accomplish that we show W'(t) = 0 for any t < T, since

by (2.28) and (2.42)) we already know that
U(T) = N(T,z) = M(T,z) = g(T,z) — g(T', ) = 0.

Then take 0 < x; < x9,tp € [0,7) and € > 0 such that ¢, + ¢ < T given
and fixed, consider the rectangular domain R := (ty — £,tp + €) X (x1,22) such
that c/(R) C C (where C has been defined in (2.7)). Also, denote by OyR :=
OR\ ({to — €} x (x1,22)). Then consider the problem

(P) hi(t,x) = Lh(t,z), (t,z) € R,
h(t,x) = (N — M)(t,x), (t,x) € R,
where L is the second-order differential operator that acting on ¢ € C2([0,T] x R)
gives
dp 1,0
<£¢)(t7x) = M%(taw) + 50- @(tvl’% (t,l’) S [O7T] x R.

By reversing time, ¢t — T — t, Problem (P) corresponds to a classical initial
value problem with uniformly elliptic operator (notice that o? > 0) and parabolic
boundary dyR. Since N — M is continuous, and all the coefficients in the first equa-
tion of (P) are smooth (actually constant), by classical theory of partial differential
equations of parabolic type (see, e.g., Chapter V in the book by Lieberman [67])
problem (P) admits an unique solution h that is continuous, with continuous deriva-

tives hy, hy, hye. Moreover, by the Feynman-Kac’s formula, such a solution admits
the representation

h(t,x) = B[N = M)(t +7(t, 2), Zza) ()],

where

T(t,x) :==inf{s € [0,T — 1) : (t +5,Z5(x)) € R} N (T — 1),

and Zs(z) = © + ps + oW, s > 0. Notice that we have 7(¢t,x) < 7*(t,z) as.,
since cl(R) C C. Also, the integral terms in (2.66) and (2.67) are equal since
dIf(z) = dI;(t,z) = 0 for any 6 < 7(t,z) < 7*(t,z). Hence by the martingale

property of (2.66)) and (2.67) we have
h(t,x) = (N — M)(t,z) in R,
and, by arbitrariness of R,

U(t) = (N — M)(t,z) = h(t,z) in C.
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Therefore, since ¥ = N — M is independent of z, continuous in ¢ and solves the first
equation of (P) in C, we obtain ¥/(¢) = 0 for any ¢t < T. Hence ¥(t) = 0 for any
t < T since U(T') = 0, and thus N(t,z) — M(t,z) = 0 for any ¢ < T and for any

€ (0,00).
O]

In the following we show that the function N is an upper bound for the value
function V of (2.4)). We first prove the following result.

Theorem 2.17. For any (t,x) € Ry x [0,T)] the process

N, := N(t+ s, Ry(x /mt—l—u) dI’(z), 0<s<T—t, (2.68)

15 an F-supermartingale.

Proof. It is enough to show that E[N@} < E[NT] for all bounded F-stopping times
0,7 such that 0 > 7 (see Karatzas and Shreve [60], Chapter 1, Problem 3.26).

By the strong Markov property and the definition of N (2.29), we get that for
any bounded F-stopping time p one has

E[M]:E[N(Hp, /mt+s ) dI%(z )}

e[~ [ Fur IR — b+ ) ds

_ /OTt m(t+s) dI?(z) + Q(RT—t<x))}

= N(t,x) + E [/p f'(t+ s)(Rs(x) — b(t + s))+ds] =: N(t,z) + A,

for any (¢,z) € [0,7] x R. Hence, taking 0,7 such that ' —t > 6 > 7 we get from
the latter that E[Ng] = N(t,2) + Ag < N(t,z) + A, = E[N ], where the inequality
is due to the fact that f* < 0 on S (cf. Corollary 2.8(ii)). This proves the claimed
supermartingale property. O

To proceed further, we need the following properties of the function N of (2.29).
Its proof is relegated to the Appendix.

Lemma 2.18. The function N € C?([0,T) x (0,00)) N C°([0,T] x Ry).

Thanks to Lemma/2.18] an application of 1t6’s formula allows us to obtain the fol-
lowing (unique) Doob-Meyer decomposition of the F-supermartingale N (cf. (2.68))).

Corollary 2.19. The F-supermartingale N of (2.68) is such that for all (t,x) €
[0,7] x Ry and s € [0,T — t]

N(t+ s, Ry(z /mt+9)d19()

= N(t,z)+ U/Su(t + 6, Ryg(x)) dWy + 114(t, x), (2.69)

where I1.(t, x) is a continuous, non-increasing and F-adapted process.
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2.3  On the Proof of Theorem

Proof. By the Doob-Meyer decomposition, the F-supermartingale in can be
(uniquely) written as the sum of an F-martingale and a continuous, F-adapted non-
increasing process (Il;)s>0. Applying the martingale representation theorem to the
martingale part of N , yields the decomposition

NS = N(t,x) +/ qbg de + Hs(t,l’),

0
for some ¢ € L*(Q2 x [0,T],P ® dt). Finally, an application of 1t6’s lemma shows
that ¢g = ou(t + 0, Ry(z)) a.s. O
Theorem 2.20. For any process D € D(t,x) and any (t,x) € [0,T] x Ry, the

process

OuDit2) = [ J(t+0) dDy— / m(t+6) dIP + N(t + 5, XP(2)),  (2.70)
[0,5] 0
s € [0, T —t], is such that
E[Qs(D;t,x)] < N(t,z), foranys e [0,T —t. (2.71)
Proof. The proof is organized in 3 steps.
Step 1. For D = 0, the proof is given by Theorem [2.17]

Step 2. Let Dy := fos 2y du, s > 0, where z is a bounded, non-negative, [F-
progressively measurable process. To show (2.71)) we use Girsanov’s Theorem and
we rewrite the state process XP(z) = x + us + oW, + Dy — IP as a new drifted
Brownian motion reflected at the origin. We therefore introduce the exponential

martingale
S u 1 S
Zszexp</ Z—qu——/ deu), s >0,
0 O 202 J,

and we obtain that under the measure P = Z7P, the process

WS::WS——/ Zudu, s> 0,
0

g

is an [F- Brownian motion.

We can now rewrite the process @ of (2.70) under P as

Qs(D;t,x) = f(t+0) dDy —/sm(t—i-@) dIP + N(t + s, Ry(z)),  (2.72)
[0,5] 0

for any s € [0,T — t], where under P

XP(z) =z + ps + oW, + IP =: R,(x).

Here 17 is flat off {s > 0 : Ry(z) = 0} and reflects the drifted Brownian motion at
the origin. By employing (12.69)), equation ({2.72)) reads as

Qs(D;t,z) = N(t,z) + o /0 u(t + u, Ry(2))dW, + I,(t, z), (2.73)
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2.3  On the Proof of Theorem

for s € [0,T — t], where we have set

~

I, (t, @) := T4(t, z) + /03 (f(t +0) —u(t + G,Rg(x)))zpde, s €0, T —t].

Since I is non-increasing due to the fact that v > f and IL(¢,x) is non-increasing,
we can take expectations in (2.73]) so to obtain

E[Qs(D;t,z)] < N(t,z), Vse€[0,T—t].

Step 3. Since any arbitrary D € D(t,z) can be approximated by an increasing
sequence (D"),en of absolutely continuous processes as the ones considered in Step
2 (see El Karoui and Karatzas [39], Lemmata 5.4, 5.5 and Proposition 5.6), we have
foralln e N

E[Qs(D";t,z)] < N(t,z).

Applying monotone and dominated convergence theorem, this property holds for
Q(D;t,z) as well, for any D € D(t,z). O

By Theorem and the definition of @ as in (2.70) we immediately obtain

V(t,z) = sup J(t,x;D)= sup E[Qr_«(D;t,x)] < N(t,x). (2.74)
DeD(t,x) DeD(t,r)

Moreover, by definition (2.43)) one has

M(t,z) = J(t,z; D*(t,z)) < V(t,x). (2.75)

With all these results at hand, we can now finally prove Theorem

Proof of Theorem [2.6, By combining (2.74)), (2.75)), and Theorem we obtain
the series of inequalities

N(t,2) > Vi(t,2) > M(t,z) = N(t,x)
which proves the claim that V' = M, and the optimality of D*. It just remains to
prove (2.12)). To accomplish that we adapt and expand arguments as those used by

El Karoui and Karatzas in the proof of Corollary 4.2 in [40].
Observe that optimality of D* implies that for all x > b(t)

V(t,b(t)) + f(t)(x —b(t)) =V (t, x). (2.76)
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2.3  On the Proof of Theorem

Using (2.29) and the fact that V = N as proved above, we then find from (22.76])
V(t,b(t) = V(t,z) = f(t)(x —b(t))
Tt Tt
:]E{— 't +8)(Rs(z) —b(t+s))t ds — / m(t +s) dI%(z)
0 0

+g@ﬂ%4mﬁ—fUM$—Mﬂﬂ

T—t

:]E[— S [(Rs(x) —b(t+8)t — (:c—b(t))] ds

- /0 it 8) dI) + g(T, Ryoi(a)) — f(T)(a b(t))} :

Recall (2.27)), and observe that under the condition b(T") < co we can write

Epanhxwﬂ=mﬂwmwﬂq([M“@%@wm@ﬂmmm»m}

(T)

b(T)
- ( / 9:(T, y)dy) ﬂ{RT—t(x)<b(T)}:| = g(T,b(T))

Rr_¢(z)

b(T)
+E[f (T)(Rr—¢(x) = 0(T)) Lips_ (2)>b(r)y — ( / ( )gx(Tv ?J)d@/) ﬂ{RT_t<x><b<T>}]’
Rp_(x

where the last equality follows from Remark Therefore, we obtain that

T—t

V(t,b(t) = E { — [ )| (Rulw) = bt + )~ (2= b(e))] ds

0

—14_ma+ﬁd@u»+MﬂMT»+faprmm—MT»mm%mM@n

b(T)
— f(T)(z = b(t)) — ( / 9:(T, y)dy> ﬂ{RT_t<z><b<T>}] :
Rp_¢(z)

Notice now that I2(x) — 0, Ry(z) — oo, and (Rs(x) — b(t + s))* — (x — b(t)) —
ps + oWy — b(t + s) + b(t) a.s. for any s > 0 when = 1 oo (cf. (2.27)). Then,
letting = — oo in the last expression for V(¢,b(t)), and invoking the monotone and
dominated convergence theorems, we find (after evaluating the expectations and
rearranging terms)

T—t

V(t,b(t)) = ]E{— fit+s) <us oW, —b(t+s) + b(t)) ds

+wuwaw+f@MMT—w+wwt—wﬂ+w@ﬁ

= —pu o f'(t+s)s ds+ o f'(t+ s)b(t + s) ds
+g(T0(T)) + fF(T)u(T = 1) + f()b(t) — F(T)B(T).
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2.4 A Case Study with Discounted Constant Marginal Profits and Costs

Remark 2.21. As a byproduct of the fact that V = N and of Lemma we
have that V € C2([0,T) x (0,00)) N C°([0,T] x Ry). Moreover, from (2.11) and
(2.6) we have that V satisfies the Neumann boundary condition V,(t,0) = m(t) for
all t € [0, 7.

Remark 2.22. The pathwise approach followed in this section seems to suggest
that some of the intermediate results needed to prove Theorem remain valid
also in a more general setting in which profits and costs in are discounted at a
stochastic rate. We leave the analysis of this interesting problem for future work.

2.4 A Case Study with Discounted Constant Marginal Profits
and Costs

In this section we consider the optimal dividend problem with capital injections

~

T—t Tt
V(t,z):= sup E { / ne™" dD, — / ke dIY +ne”"TTIXE ()
0 0

DeD(t,x)

="V (t, ), (2.77)

where we have defined

T—t T—t
V(t,z):= sup E {/ ne ") dD, —/ ke ") qrb
0 0

DeD(t,x)
+ ne T XE (z)] . (2.78)

It is clear from (2.78)) and ({2.3) that such a problem can be accommodated in our
general setting (2.4) by taking (cf. Assumption

ft) =ne™, mt)=re ™ g(t,z)=ne "z, (2.79)

for some r > 1 (see also Remark [2.3)).

InV of the coefficient x can be seen as a constant proportional administra-
tion cost for capital injections. On the other hand, if we immagine that transaction
costs or taxes have to be paid on dividends, the coefficient 17 measures a constant
net proportion of leakages from the surplus received by the shareholders.

Remark 2.23. Problem is perhaps the most common formulation of the
optimal dividend problem with capital injections (see, e.g., Kulenko and Schmidli
[65], Lokka and Zervos [69], Zhu and Yang [96] and references therein). However, to
the best of our knowledge, no previous work has considered such a problem in the
case of a finite time horizon, whereas problem has been extensively studied
when T' = +o0 (see, e.g., Ferrari [46] and references therein). In particular, it has
been shown, e.g., in [46] that in the case T' = +oo the optimal dividend strategy
is triggered by a boundary b, > 0 that can be characterized as the solution to a
non-linear algebraic equation (see Proposition 3.2 in [46]). In Proposition 3.6 of [46]
such a trigger value is also shown to be the optimal stopping boundary of problem
below (when the optimization is performed over all the F-stopping times).
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2.4 A Case Study with Discounted Constant Marginal Profits and Costs

Thanks to Theorem [2.6] we know that, whenever Assumption [2.5]is satisfied, the
optimal control D* for problem (2.78)) is triggered by the optimal stopping boundary
b of the optimal stopping problem

u(t,r) = s Bl nLpesy + e kT )|
TET(T—t)

= sup E[G_T.TUH{AT(QC)>O}+6_TS(I)H1{AT($)§0}]‘ (2.80)
TET (T—t)

In the following we study the optimal stopping problem (2.80) and verify the
requirements of Assumption

Moreover, by taking the sub-optimal stopping time 7 = 0 in (2.80)) clearly gives
u(t,z) > n for (t,x) € [0,7] x (0,00). Therefore, we can define the continuation

and the stopping region of problem (2.80)) as
C:={(t,z) €[0,T)x(0,00) : u(t,z) >n}, S :={(t,z) € [0,T]x(0,00) : u(t,z) = n}.

Also, notice that we have u(t,x) < k for (¢t,x) € [0,T] x Ry since n < k.

Since the reward process ¢, := e ""nljcg()y + 6"’5(1)/@]1{25@)} is upper semi-
continuous in expectation along stopping times (thanks to the fact that n < k),
Theorem 2.9 in Kobylanski and Quenez [63] ensures that the first time the value
process (i.e. the Snell envelope of the reward process) equals the reward process is
optimal. In our Markovian setting we thus have that the stopping time

m(t,x) :==inf{s € [0,T —t) : (t +s,As(x)) € S} A (T — 1), (2.81)

for (t,x) € [0,T] x R,, is optimal. Further, defining Z,(z) := x + pus + oW, s > 0,
the process

e T EDNS@D (4 (s ATH(E, 2) AS(2)), Zisneransiay (2)), s € [0, T —1], (2.82)

is an F-martingale (cf. Proposition 1.6 and Remark 1.7 in Kobylanski and Quenez
[63]).
The next proposition proves some preliminary properties of w.

Proposition 2.24. The value function u of satisfies the following:
(i) uw(T,x) =n for any x > 0 and u(t,0) = k for any t € [0,T];
(i1) t — u(t,z) is non-increasing for any x > 0;

(iii) x — u(t,x) is non-increasing for any t € [0,T).

Proof. We prove each item separately.

(i) The first property easily follows from definition (2.80)).

(ii) The second property is due to the fact that 7 (7 — -) shrinks and the expected
value on the right-hand side of (2.80)) is independent of ¢ € [0, T.
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2.4 A Case Study with Discounted Constant Marginal Profits and Costs

(iii) Fix t € [0,T], z2 > x; > 0 and notice that S(x2) > S(z1). Then, from (12.80))
we can write

u(t, xg) —u(t,x1)
[ rS(x2) rS(x1)

< sup Elemnlircs@)y — € N r<s@)y € Kl{r>5(2a)}) — € “1{r>s<x1>}]

TET(T—t)

— sup E H{S($1)§T<S($2)} (6_”77 . e_TS(m)Ii) + <e—rS($2) _ e—rS(m)) HH{TZS(M)}]
reT(T—t) L

< s B[S0 (0 - m) (00, <oy + (75 - e50) ”"ﬂ{fzsm)}} =0
Te€T(T—t)

where we have used that n < x in the last step. O

Since z — u(t, z) is non-increasing for each t € [0, T, setting
b(t) ;== inf{x > 0:u(t,x) <n}, tel0,T], (2.83)
it is clear that
C={(t,x) €[0,T) x (0,00) : 2z <b(t)}, S={(t,x) €[0,T] x (0,00) : & > b(t)}.
Moreover, the optimal stopping time of reads
T(t,x) == 1inf{s € [0, T —t) : As(x) > b(t+s)} A (T —1). (2.84)

In the following we will refer to b as to the free-boundary. The next theorem
proves preliminary properties of b.

Proposition 2.25. The free-boundary b is such that
(i) t — b(t) is non-increasing;

(i) One has b(t) > 0 for all t € [0,T). Moreover, there ezists b, > 0 such that
b(t) < b for any t € [0,T].

Proof. We prove each item separately.

(i) The claimed monotonicity of b immediately follows from (ii) of Proposition

224

(ii) To show that b(t) > 0 for any t € [0,7) it is enough to observe that u(t,0) =
k>mnforalltel0,T).

To prove b(t) < oo notice that u(t,z) < ux(x) for all (t,z) € [0,T] x Ry, where

rS(x)

Uso(z) :=SupE [ne ™" Lircs(y + ke P L5y ] -

7>0

Hence, setting by, := inf{z > 0 : uy(x) = n} (which exists finite, e.g., by Proposition
3.2 in Ferrari [46]; see also Remark above), we have b(t) < by, for all t € [0,T].
[
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2.4 A Case Study with Discounted Constant Marginal Profits and Costs

The proof of the next proposition is quite lenghty, and it is therefore postponed
in the Appendix in order to simplify the exposition.

Proposition 2.26. The function (t,x) — u(t, x) is lower semicontinuous on [0,T") X
(0, 00).

The lower semicontinuity of u implies that the martingale of has right-
continuous sample paths, and that the stopping region is closed. The latter fact in
turn plays an important role when proving continuity of the free-boundary, as it is
shown in the next proposition.

Proposition 2.27. The free-boundary b is such that t — b(t) is continuous on
[0,T). Moreover, b(T') := limyr b(t) = 0.

Proof. We prove the two properties separately.

Here we show that b is continuous, and this proof is divided in two parts. We start
with the right-continuity. Note that, by lower semicontinuity of u (cf. Proposition
[2.26)), the stopping region S is closed. Then fix an arbitrary point ¢ € [0,7), take
any sequence (,),>1 such that t,, | ¢, and notice that (¢,,b(t,)) € S, by definition.
Setting b(t+) := limy,, b(t,) (which exists due to Proposition [2.25}(i)), we have
(tn, b(tn)) — (t,0(t+)), and since S is closed (¢,b(t+)) € S. Therefore, it holds
b(t+) > b(t) by definition of b. However, b(-) is non-increasing, and therefore
b(t) = b(t+).

Next we show left-continuity for all ¢ € (0,7") and for this we adapt to our
setting ideas as those in the proof of Proposition 4.2 in De Angelis and Ekstrom
[32]. Suppose that b makes a jump at some ¢ € (0,7). By Proposition [2.25}(i)
we have limy, 1+ b(t,) := b(t—) > b(t). We employ a contradiction scheme to show
b(t—) = b(t), and we assume b(t—) > b(t). Let x := w, recall Zs(x) =
x+ ps+ oW, s >0, and define

—inf{s > 0: Z,(z) ¢ (b(t—),b(t)} Ae

for ¢ € (0,t). Then noticing that 7. < 7*(t —e,2) AS(x), by the martingale property

of (2.82) we can write

ult —&,7) = E [ u z-:+n,zn<x>>]
[e () Loz + €Ut — e + 7, Zs. (x))]l{TEQ}}
[6 771]-{7'5 =¢} +e o %]]'{Tg<6}j|

<E
<e "n+ kP (1. <¢),

where the last step follows from the fact that v < k, and that Z,_(z) > b(t) on the
set {7. = }. Since e n+ kP(7. < &) =n(1 —re) + ko(e) as € | 0, we have found a
contradiction to u(t,z) > n. Therefore, b(t—) = b(t) and b is continuous on [0, 7).
To prove the claimed limit, notice that if b(7") := limy7 b(¢) > 0, then any point
(T,x) with = € (0,b6(T)) belongs to C. However, we know that (T,z) € S for all
x > 0, and we thus reach a contradiction. O
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2.4 A Case Study with Discounted Constant Marginal Profits and Costs

Thanks to the previous results all the requirements of Assumption are sat-
isfied for problem . Hence Theorem holds, and one has that V' of
and u of are such that V, = u on [0,7] x R,. In particular, by and
Theorem 2.6 we can write

. . b(t)
V(t,2) = V(t,b(1)) — " / ult,y) dy,

xT

where by (2.12), (2.79), and the fact that b(T) = 0 we have

T
V(t,b(t)) = nb(t) + %(1 — ey — r77/ e " Ip(u)du.
t

Moreover, the optimal dividend distributions’ policy D* given through (2.10)) is
triggered by the free-boundary b whose properties have been derived in Theorem
2.27]

2.4.1 A Comparative Statics Analysis.

We conclude by providing the monotonicity of the free-boundary with respect to
some of the problem’s parameters. In the following, for any given and fixed ¢t € [0, T,
we write b(t; -) in order to stress the dependence of the free-boundary point b(t) with
respect to a given parameter. Similarly, we write u(t, z;-) when we need to consider
the dependence of u(t,z), (t,z) € [0,T] x R,, with respect to a given problem’s
parameter.

Proposition 2.28. Let t € [0,T] be given and fized. It holds that
(i) Kk b(t; k) is non-decreasing;
(ii) n+— b(t;n) is non-increasing;

(iii) r — b(t;r) is non-increasing;

(iv) p— b(t; 1) is non-increasing.

Proof. Recalling that

U(t7 ZE) = sup E[B_TTT]I]-{T<S(1’)} + 6_T5($)/{1]-{T25(x)} ) (tu l’) S [07 T] X R-I—a

TET(T—t)
one can easily show that

(1) kK u(t,z; k) is non-decreasing,

2) 1 ult,zim) = 1 = supserr_y B [n(e Lpesmy — 1) + ¢S ORT gy | s
non-increasing,

(3) 7+ u(t,z;r) is non-increasing.

36



2.4 A Case Study with Discounted Constant Marginal Profits and Costs

Moreover, let s > p1y and denote by S(z; ps2) (resp. S(z; py)) the hitting time of
the origin of the drifted Brownian Motion with drift uy (resp. p1). Since S(z; p2) >
S(x; 1) a.s. we obtain

u(t, o /~L2> - U(t, x; Ml) < sup E |:€_TT77 (]]'{T<S($;M2)} - ]]-{T<S(.Z’;,U,1)})
TeT(T—t)

+ £ (e s gy — €T L s S(ayn)) ]

= s E[e_m—nIL{S(I’M)ST<S($§N2)} - KG_TS(JE;M)1{5(x7#2)>728(:0,/11)}
TET (T—t)
+ K]]'{TES(I;MQ)} (6_7"5(17#2) _ e—T‘S(a:;ul))i|

= Swp K [E{S(x,m)§7<s(z;m)} (67”77 - 645(1;”1)’%)
TET (T—t)

+ 1> S(wsp0)} (eer(x;uQ) — eiTS(’”;”l)) }

<0.
Given the previous monotonicity properties of u, we can now prove items (i)-(iv).
(i) Taking ko > r; and using (1) and we have
b(t; ko) :=1inf{z > 0 : u(t,z;ke) < n} >inf{z > 0: u(t,z; k1) < n} = b(t; K1).
(ii) Taking n2 > n; and using (2) and we have
b(t;me) == 1inf{z > 0 : u(t,x;n2)—m2 <0} < inf{x > 0: u(t,z;m)—m < 0} = b(t;n1).
(iii) Taking ro > r; and using (3) and we have

b(t; o) == inf{z > 0 :u(t, ;) <0} < infle > 0 u(t,5m) <0} =b(tm).

(iv) Taking pe > py and that u(t, z; pe) — u(t, z;pu1) < 0 and (2.83) we have

b(t; uo) :=1inf{x > 0 : u(t, z; u2) < n} <inf{x > 0:u(t,z; ) < n} =0b(t; ).

]

The last proposition allows us to draw some economic implications. Increasing
the parameters ), r, and u, leads, at each time ¢, to an earlier dividends’ distribution.
This result is quite intuitive since an higher interest rate r lowers future profits due
to discounting, an higher 7 increases the marginal value of dividends, and an higher
i increases the surplus’ trend and lowers the probability of bankruptcy, hence of
capital injections. On the other hand, an increase of x postpones the dividends’
distribution since capital injections become more expensive, and the fund’s manager
thus acts in a more cautious way.

Proving the monotonicity of the free-boundary with respect to the surplus’
volatility o seems not to be feasible by following the arguments of the proof of
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Proposition One should then rely on a careful numerical analysis of the dy-
namic programming equation associated to the optimal dividend problem, and we
believe that such a study falls outside the scopes of this work. However, we con-
jecture that an increase of ¢ should postpone the dividends’ distribution. Indeed,
the larger o is, the higher becomes the risk of the need of costly capital injections.
As a consequence, the fund’s manager wants to wait longer before distributing an
additional unit of dividends. Such a monotonicity of the free-boundary with respect
to o has been recently proved by Ferrari in Proposition 4.1 of [46] in the case of a
stationary optimal dividend problem with capital injections.

2.5 Conclusion

In this part of the thesis, we proposed and solved a dividend problem with capital
injections over a finite time horizon. Mathematically, it is formulated as a two-
dimensional singular stochastic control problem. Because the problem reads as a
reflected follower problem with costly reflection at the origin, we were able to extend
the model of El Karoui and Karatzas [40] by including costs for reflection. More
precisely, we related the singular stochastic control problem to a more tractable
optimal stopping problem with absorption at the origin. The main result is the
following: If one is able to prove that the time-dependent free-boundary of the opti-
mal stopping problem is continuous and non-negative, it turns out that the optimal
dividend strategy is triggered by the free-boundary. In particular, it is optimal to
pay dividends if the surplus process X is above the free-boundary. This result is
derived by almost exclusively probabilistic arguments. Afterwards, we investigated
a common formulation of the optimal dividend problem with capital injections. In
this formulation, we were able to show that the free-boundary of the related opti-
mal stopping problem is continuous, non-increasing and non-negative. Hence, our
main result was applicable and characterized the optimal dividend strategy of the
control problem by the free-boundary of the optimal stopping problem. Moreover,
we studied the dependence of the free-boundary on some model parameters.
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3 Optimal Production under Regime Switchin

3.1 Problem Formulation

We assume a firm that faces an uncertainty concerning the demand of its product,
which is modeled by a Brownian motion W and a continuous-time Markov chain €
with finite-state space. The Brownian motion W describes random fluctuations in
the demand, while the Markov chain e describes uncertain long-term conditions. For
instance, one regime may represent a recessionary period with a low demand rate
for the product and the other regime may represent an expansionary period with
a high demand rate. For example, one regime may represent a high demand rate
for a medical item when there is an epidemic and the other regime may represent
a low demand rate for the same medical item in times without an epidemic. At
every point in time, the management of the firm has full information about these
two sources of uncertainty.

Formally, we consider a complete probability space (Q,F,P), rich enough to
accommodate a standard Brownian motion W = {W;, t > 0} and a continuous-
time Markov chain € = {¢;,¢ > 0} with state space S = {1,--- N}, N > 2. We
assume that € and W are independent and that the Markov chain € has a strongly
irreducible generator ) = [¢i; [nxn, Where ¢; = —\; < 0 and Z]ES ¢;; = 0 for
every i € S. We denote by F = {F,,t > 0} the P-augmentation of the filtration
{E(W’E), t > 0} generated by the Brownian motion and the Markov chain.

We assume that the cumulative demand process D = {D;,t > 0} satisfies the
stochastic differential equation

th = e, dt -+ O¢, th,

where the parameter u; represents the current drift of the demand and o; > 0 the
current volatility of the demand for each state 7 € S.
Given a production strategy P, the inventory of a good X = {X,¢ > 0} is given
by
dXt = —th+dPt: — e, dt—O'et th+dR7 X[] = .

The management of the firm faces the problem of choosing a production strategy
P such that the inventory is close to an exogenously given target value Z;, depending
on the state of the economy, with proportional costs for production. Hence, the
manager wants to minimize the cost functional

J(z,i;P) .= E { / e ag, (X, — T.,)%dt + / e_‘”ketht},
0 0

for (z,7) € R x S. That is, the manger aims at solving

V(x,i) = Fl)IelfA J(x,5; P), (z,i) e RxS. (3.1)

6This project started during a research visit at the University of Edmonton under the super-
vision of Abel Cadenillas.
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3.2 The Singular Stochastic Control Case

The set A denotes the set of all admissible production strategies of the firm.

In this section, we consider two different admissible sets. For both, we assume
that the production rate is non-negative. Hence, the production is irreversible mean-
ing that the inventory decreases only because of the demand. The differences be-
tween both cases lies in the upper bound for the production rate. At first, we
consider a model in which the production rate is unbounded from above. Then,
becomes a singular stochastic control problem with regime switching. In the
second formulation, we consider an upper bound for the production rate and
becomes a bounded-velocity control problem with regime switching. In both cases,
we apply the dynamic programming method to obtain an analytical solution for the
optimal production control and the value function.

From an economic point of view, the first case implies the possibility of an
immediate production of any amount of a good. This is a critical assumption, which
does not hold in many applications. Hence, we compare the solution with the case
of a bounded production rate at the end of this section.

3.2 The Singular Stochastic Control Case

In this section, we study the case of an unbounded production rate. The set of
admissible strategies is defined by the (non-empty) set

Ay = {P QO xR, — R, : F—adapted s.t.t — P, is a.s. non-decreasing,
left-continuous and Py = 0 and s.t. J(z,i; P) < oo.}

Under these conditions, Problem (3.1) reads as follows.

Problem 3.1. The management aims at choosing the optimal production policy
P € Ay, which solves the problem

V(z,i) = inf J(z,i; P)

Pec Ay

= inf E[ / e B (X, —TI.)%ds + / e“ssk:esdPS]
0 0

Pe Ay
We now provide a preliminary growth property of the value function.

Lemma 3.2. The set of admissible strategies Ay is non-empty and for all (z,1) €
R x S we have V(z,i) < C(1 + 2?) for some constant C > 0.

Proof. Taking the no-production strategy P° = 0. First, we observe that by stan-
dard estimates, one obtains that J(x,i; PY) < C(1 + x?) for some constant C' > 0.
Hence, P° is admissible and we get

0 < V(z,i) < J(z,3; P*) < C(1 +2?).
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3.2 The Singular Stochastic Control Case

Remark 3.3. For each admissible strategy P € Ay, we observe that
/ e %a (Xs — I.,)%ds < J(x,i; P) < oo.
0

Since a; > 0 for all © € S, we also obtain that

lim E [e"X7] =0. (3.2)

T—o0

The last equation becomes important in the proof of the verification theorem [3.5

We observe that Problem [3.1]is a stochastic singular control problem with regime
switching. We define by A” := {t > 0: P,; # P;} the set of times where P € Ay has
a discontinuity. The set A¥ is countable because P jumps only a countable number
of times during the interval [0,00). Moreover, we denote by P?¢ the discontinuous
part of P, that is, P/ := Y7 _ ., .o\ (Ps+ — P,) and by P° the continuous part of P,
that is, Pf:= P, — P

3.2.1 Verification Theorem

By the dynamic programming principle, we expect that V' identifies with a suitable
solution to the Hamilton-Jacobi-Bellman equation

min { (£ — §)v(z,) + oy(x — L;)%, V(i) + ki) = 0, (3.3)

for any (z,i) € R x S§. L denotes the infinitesimal generator of (X, ¢€) acting on
functions g¢(-,i) € C*(R) and, for a given i € S, it yields

i#jeS

Equation (3.3) can be derived, assuming that an optimal control exists, by in-
vestigating the two possible actions at each time: (i) do not produce for a small
amount of time, and continue optimally; (ii) adjust the inventory by a lump sum
increase, and continue optimally. In Theorem |3.5] we proof that a solution to ,
under some conditions, identifies with the value function of Problem

We note that, due to (3.4), hte HJB equation leads to a system of N
variational inequalities with state-dependent gradient constraints, which are coupled
through the transition rates g;;.

From , we can define, for each solution v to the HJB equation and regime
t € §, the continuation region

C'(i) :={z eR: (L—8)v(x,i) +os(x —L;)* =0, k; +0'(z,i) > 0}
and the intervention region
3°(i) = {z € R: (L = 6)v(z,i) + ay(x — L;)* > 0, ki +v'(z,1) =0} .

The regions C¥(i) and ¥¥(7) provides a partion of R.
For a solution v to (3.3)), one can construct a control PY, which holds the inven-
tory inside the continuation region.
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3.2 The Singular Stochastic Control Case

Definition 3.4. An F-adapted, non-negative, and non-decreasing control process
P? is associated with the function v above if

t t
(i) X i=a2-— / e, ds — / o, AW + P,
0 0

(i) X" € C(¢), forevery te(0,00), P—a.s., (3.5)

(ZZZ) / ﬂ{XfUEC(eS)} dPSU = 0, P—a.s.
0

It turns out, see Theorem [3.5] that the associated control will identify the optimal
control for Problem [3.1] if one can construct a suitable solution to the HJB equation.
Moreover, C(i) identifies the region in which the firm is not producing. The region
Y¥(7) instead identifies the region, in which production is the optimal.

Next, we present a verification theorem that provides sufficient conditions under
which a solution to the HJB equation (3.3 identifies with the value function of
Problem

Theorem 3.5. Let v(-,i) € C*(R\ N;), i € S, where N; are finite subsets of R,
be a conver function on R with quadratic growth. Suppose that v satisfies the HJB
equation (3.3)) for all (x,i) € R x S. Then, for all admissible strategies P € Ay it
holds that

v(x,i) < J(x,1; P).

Moreover, if the associated stochastic control P fulfills

lim E [e"*v(X7,,er)] =0,

T—oo

then
v(x,i) = J(x,i; PY).

Therefore, v coincides with the value function V of Problem and the control
process PY is the optimal production policy.

Proof. Consider an admissible control P and the corresponding semimartingale
t t
X, ==z —/ fle dS —/ o, AWy + Pf + Ptd.
0 0

Let v(-,7), i« € S, be a solution to the HJB equation (3.3) and define f(-,-,17),
i €8, by f(t,z,i) = e °v(z,i). Following a procedure similar to Sotomayor and
Cadenillas [94], we get, by applying Itd’s formula for Markov modulated processes
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3.2 The Singular Stochastic Control Case

(see also Bjork [15]),

2
+ fo(t, Xe, €r)oe, AWy + fo(t, Xy, &) dPY

+ (f(ta Xy, &) — f(t, X, 6t>> Tiieny

1
df (t, Xy, &) = (‘UZ fua(t, Xe, €) — e, fo(t, Xy &) + fir(t, X, Gt)) dt

+ <_)\6tf(t7 Xt7 et) + Z Qthf<t; Xt,j)) dt + thf
JFe

= 67& (,E — p) U(Xt, Et)dt — O¢ eiét/l)x(Xt, Et) th
+ eiétvz(Xt, 6t> dptc + 67& ('U(Xt+, Gt) — 'U(Xt, Et)) [{tGA} + thf,

where the process M/ = {Mtf,t > 0} is a square integrable martingale when f(-,-,17),
i € S, is bounded (see equation (5) in [I5]). We observe that v(-,i), i € S, and
vz(+,4), 1 € S, are not necessarily bounded. However, we assume that v(-,i), i € S,
is convex. Let a and b be real numbers satisfying —oo < a < Xg =2 < b < 400
and define 7, ;== inf{t > 0: X; = a}, 7, :=inf{t > 0: X; = b} and 7 := 7, A 7,
Then, for every time ¢t € [0, 00), we have

tAT

e "X iy €inr) = v(Xo, €0) + / ™ (L = 8) v(Xs, e5)ds
0

tAT tAT
_/ 0656_5svx(Xs,es)dWS—l—/ e_‘ssvx(Xs,es)dPsc
0 0

+ Y e (WX 6) —0(Xes€)) + M, — M

0<s<tAT,seEA

Taking conditional expectations, we have

tAT
E [e 7" u(X iy, €inr)] = v(2,7) + E [ / e (L —d)v(X,, es>ds}
0
tAT tAT
_E [ / o e 0 (X.. es)dws} +E { / 05 (X, es>dp;]
0 0

+ E Z e (U(Xs+7€s) _U(XS7€S))

0<s<tAT,sEA

+E [Mg;w . Mg”] . (3.6)

The HJB equation guarantees that (£ —d)v(X,, €5) > —a (X, — Z.,)2
Moreover, v'(x,i) > —k; for x € R (recall equation (3.3)) and the mean value
theorem implies that v(yi, 1) — v(y2,7) > —ki(y1 — y2) for every yi,y2 € R, y1 > v,
and for every ¢ € §. Hence, replacing ¢ = ¢, y1 = X; and yo = X;,, we obtain
v( Xy, &) —v(Xy, ) > —ke,(Xey — Xy). By observing that X;+ — X; = P+ — P, we
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3.2 The Singular Stochastic Control Case

get from equation (3.6)), that

tAT
B [e*‘s(tAT)U(X(MT)hGt/\f)} > v(z,i) — E {/ 065658U1(XS,63)CZW3}
0

tAT
~E [/ e‘sskesdPﬁ} —E
0

tAT
+E [Mth - Mﬂ _E U e a, (X, — LS)st}
0

> ek, (P — P

0<s<tAT,s€EA

tAT tAT
—v(z,i) — E { / aese‘ssvx(XS,eS)dWs] —E { / e‘;SkESdPS}
0 0
tAT
4 E [Mtfm— M ] _E { / e%a, (X, — IES)2dS} . (3.7)
0

We note that v(Xj,€,) and v, (X, €,) are bounded when s € [0,¢ A 7]. Then,
{MtJ;\T, t > 0} is a square integrable martingale and, hence, E [MtJ;\T — M(ﬂ =0, for
any t > 0. Furthermore, o2 e~ %(v,(Xj, €;))? is bounded when s € [0, A 7], and

tAT
E [/ Oe, e‘ésvm(Xs,es)dWs} = 0.
0

Letting a | —oo and b 1 400, we get 7, = +00 and 7, — +o00. Then, 7 — o0

and (3.7)) leads to

tAT
v(z,7) <E[ev(Xi+,6)] +E [/ e‘éskesdps}
0

tAT
+E [ / e o (X, — LS)?ds] : (3.8)
0

Since P is assumed to be admissible, we can combine (3.2) and the quadratic
growth of v to obtain

EIOI.}E [6_6tU(Xt+, et)} <E [e“st(l + Xt%r)} = 0.

Taking t — oo, we get from (3.8))

U(:}:, Z) <E {/ 6_6Skesdps} +E {/ 6_58a65 (Xs - Ies)QdS}
0 0

= J(z,i; P).

Taking now the associated control P, see Definition , the inequality in (3.7)
and therefore also in (3.8) becomes an equality. Hence

tAT
v(z,i) =E [e0(X +,&)] + E {/ e_‘ssk:esdPs”}
0

tAT
+E { / e a. (X, — IES)%ZS] : (3.9)
0
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By assumption, P fulfills

lim E [e ™ v(X7,, er)] = 0.

T—oo +

Taking ¢t — oo, we obtain from (3.9) that

v(z,i) =E {/ e B (XP' — 1. )ds +/ e_éskesdpf}
0 0

= J(x,i; P).

3.2.2 Construction of the Solution

In this section, we construct a candidate value function v that solves the HJB
equation (3.3)).

To construct such a solution, we conjecture, as stated in Theorem that v is a
convex function with quadratic growth. We define b; := sup{z € R: v,(z,i) < —k;}
for each ¢ € S. Inspired by the HJB equation , we expect v to solve

%O‘? Voo (7,7) — iV (2,4) — Sv(2,4) + oi(z — T;)? = Njv(x,4) — Z qij v(z,7)
J#
for all i € S and x € [b;,00). For all i € S and = € (—o0,b;), we expect v (due to
the conjectured convexity) to satisfy v,(z,i) = —k;.
For simplicity, we assume in the remainder of this section that the economy shifts
only between two regimes, i.e., S = {1,2}. Under this assumption, the generator of

€ is given by
(M A
(3

The relation between b; and b, depends on the relations among the different
parameters. We only consider the case b; < by. The case by > by, can be treated
similar. Due to our conjectures, we consider three possibilities for the initial level x
of the inventory: x € (—00,by), € [b1,bs), and x € [y, 00).

For the construction, we need the following lemma, which we adapt from Remark
2.1 in Guo [50] (see also Lemma 3.1 in [94]).

Lemma 3.6. Fori € S, consider the real function ¢;(2) = —022%/2 — 1,2+ (\; +0)
where [i; is a function of p;. Since o1, 0o, A1 and g are positive, the equation
01(2) Pa(z) = M A2 has four real roots such that z; < z9 < 0 < 23 < z4.

We start with the case z € (bg, 00). By (3.3]) we expect v to solve the system of
differential equations

1
0=—-M\+9)v(z,1) — pyvg(z, 1) + iafvm(x, 1) + \o(z,2) + ar(z — 1),
(3.10)
1
0=—(A2+9)v(x,2) — povg(z,2) + 50%111;90(:0, 2) + Aov(w, 1) + ao(z — In)?.
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3.2 The Singular Stochastic Control Case

This system is a system of two second-order ODEs and, according to Lemma |3.6
its solution is given by

v(z,1) = A en(@=be) 4 A, er2(@—b2) | Ay e1(r=b2) 4 A, era(@—b2)
+ Ry(z — by)? + Si(x — by) + T,

v(z,2) = B en@=b2) 4 B ev(r=b) Bs e@=b2) 4 B eva(z—b2)
+ RQ(J? — b2)2 + SQ(LL’ — bg) + TQ,

where A; are constants for each j =1,2,3,4 and

91 () Ao
B; = A =—"—A;. 3.11
’ At Tyl ( )
The real values 77 < 72 < 0 < 3 < 74 above are the real roots of the characteristic
equation ¢1(7)¢3(7) = A2, where

1
Ol(7) = —5 0t Ty + (N +9),  i=12

Furthermore, R;, S; and T; are the solution of the system

(3.12)

By Theorem we conjecture that v(-,7) admits quadratic growth. Thus, we
set B3 = By = A3 = A, = 0. Hence, the solution of the system (3.10)) simplifies to

U(ZE, 1) = Al 671($_b2) + AQ 6V2(m_b2) + Rl(ZE — bg)2 + Sl(l’ — bz) + T17 (313)
U(ZL‘, 2) = B1 e"{l($—b2) + B2 6’Y2(x_b2) + RQ(ZE - b2)2 + SQ(I’ - bg) -+ TQ. (314)

Next, we consider z € (by,bs]. We expect v(x,2) to satisfy v,(z,2) = —ko.
Therefore, we define v(z,2) := —ko(z — by) + D5 for a constant Dy € R. Moreover,
v(x, 1) should satisfy

1
_()‘1 + 6)0(1'7 1) - ,ulvac(xa 1) + 50%1}381’(‘%‘7 1) + /\112(17, 2) + Oél(l' - Il)2 = 0.

Solving this ODE, we obtain
v(x,1) = Ay @) f 4,200 L R (e — )2 4+ Sy (x — b)) +T1,  (3.15)
U(ZE, 2) = —kfg(l' - bg) + DQ, (316)
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where 71 < 0 < 4, are the real roots of the equation
20~ L 5 ~
A7) = =507 Ty + (M +8)=0.

Furthermore, Rl, 5‘1 and T, 1 are the solution of the system
0 = —()\1 + (S)ﬁq + Qq,

0=—-(M+ 5)51 — 2M1R1 — Mko + 204 (by — 7o),
0= —(>\1 + 5)T1 — ulgl -+ O'%Rl + )\1D2 + Ckl(bg — 11)2.

Finally, for = € (—o0, b;], we expect v to satisfy v,(z,i) = —k;. Therefore, we
set

v(x,1) := —ki(x — by) + Dy, (3.17)

v(x,2) := —ky(x — by) + Dy (3.18)

for some constant D; € R.

It remains to find the free-boundaries b; and b, and the coefficients and constants
in the equations (3.13)-(3.14),(3.15)-(3.16) and (3.17)-(3.18)). Therefore, we impose
the smooth-fit conditions. Thus, we expect v to solve the system of equations

v(by—,i) = wv(be+,1) for both i =1, 2,

U(bl_v 1) = U(b1+7 1)7

U (b1+,1) = —ky,

Ua:(b2+7 2) = _k27 (319)
’Ux(bQ , 1) = Ux(bz—h 1),

Ver(bi+,1) = 0 for both 7 = 1, 2.

If our candidate value function v satisfy system (3.19)), it follows that v(-,7) €
C?(R\ bs—;), which is also required in Theorem [3.5]

Remark 3.7. Note that the system is a non-linear system of eight equations
and eight unknowns. In the general case, we can neither provide existence nor
uniqueness of the solution. We investigate later a concrete example, in which we
solve the system numerically to provide the values of the free-boundaries and the
coefficients.

3.2.3 Verification of the Solution

In this subsection, we prove that our candidate value function v coincides with the
true value function of Problem B.11

To prove this, we need to verify our conjectures as well as the conditions of
Theorem [3.5l Therefore, we first sho that we can upgrade the regularity of our
candidate value function. Denote in the following the n-th derivative with respect
to z, n > 3, by v (z,1).
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Lemma 3.8. Let b, i = 1,2, A;, j = 1,2, A;, j = 1,2, and D;, i = 1,2, be the
solution of the system of equations (3.19)). Let B;, j = 1,2, be defined by (3.11)).
Then, the function v defined by

—ki(z —b1) + Dy . ) e (—00,by),
U(l’, 1) = Ay eil(m_bﬂ + A, 6Zf2(m_b2) + Ry (LU — b2)2 + 5 (LU — bg) + T T e [bl, bg),
A1 671(x_b2) =+ A2 672(30_1)2) + R1 (l‘ — b2)2 + Sl (CL‘ — bz) + T1 xT € [bg, OO),
and
o(e,2) = | Rel® ~ba) + Do x € (~00,by),
T By en(@=b2) 4 B, er2(r=b2) 4 Ro(z —b9)? + So(x — b)) + T« € [bg,00),

is such that v(-,1) € C°(R\ {b1,bo}) NC*(R\ {b:}) N C*(R) and v(-,2) € C°(R\
{b2}) N C*(R). Moreover, for fized i € {1,2} and x > b;, we have

1
— (N + 8)vga(, 1) — pv® (1) + 50f0(4)(a:, i) + Nvge (2,3 — ) + 204 = 0. (3.20)

Proof. First, note that by construction and system , it follows that v(-,2) €
C®(R\ {by}) N C*(R). The regularity of v(-,1) can be shown as follows. By con-
struction and system (3.19), v(-,1) € C°(R\ {b1,b2}) N C*(R\ {b2}) N C*(R) and
solves, for x > by,

1
_(/\1 + 5) U(ZL’, 1) — M1 'Uz(xv 1) + 5 0-% U:mc<x’ 1) + >‘1 U(ZL’, 2) + al(x - Il)2 =0.
Hence, we can rewrite this equation and obtain
2
Vg2, 1) = = (M +0)v(x, 1) + pvg(z, 1) = \o(z,2) x> by
1

Since v(-,2) € C*(R) and v(-,1) € C*R) by (3.19), we obtain that v(-,1) €
C*((by,00)) by differentiating the last equation. Hence, we obtain that v(-,1) €
C®(R\ {b1,b2}) NCHR\ {b;}) N C?*(R). Furthermore, fixing i € {1,2} and x > b;,
we know that

1

Therefore, the proven regularity allows us to differentiate this equation two times
with respect to x, and we get

1
— (i 4 O e (2,7) — pv® (2, 4) + 50%2)(4)(% i) + A\ivge (2,3 — i) + 2a; = 0.

]

The proven regularity allows us to apply Itd’s formula for Markov-modulated
processes, as in the proof of Theorem , to vgz(-,4). This allows us to prove
convexity of the candidate for value function, see Theorem [3.10]

Before verifying that our candidate solution coincides with the true value function
of Problem we check that the associate control PV fulfills the assumption of the
Verification Theorem [3.5]
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Lemma 3.9. For the constructed candidate value function v, the associated control
PY given by Definition 15 such that

lim E [e™*Tv(XF, = 0.

Jim E [e™"o(X7}, er)]

Proof. First, notice that, given the structure of our candidate value function v, P
solves the Skorokhod reflection problem

e X" >0, P—a.s. for each t > 0,

° fot H{X””>b5t} dP" =0 P — a.s. for each t > 0.

In particular, P" is the minimal effort needed to hold the inventory process X, given
the current state ¢ € S, above the free-boundary b; (see for example Karatzas and
Schreve [60] and Skorokhod [90] for classical references). Moreover, we note that
the candidate value function v is bounded from below by some constant C'. Hence,
it holds that
Jim E le " To(Xp, er)] > Jim eTC =0.

Therefore, we only have to show the opposite direction. Since v has quadratic growth
by construction, it is enough to show that

lim E [e"Tu(Xf] )] < Jim Cre B [14 (X7)°] =0,

T—o00

where C} > 0 is a constant. Define i := max;es |1;], 0 := max;es 0; and

P, :=sup (by — a:)+ +/ Le, du+/ o, dW,,.
0 0

s<t

The process P is a non-decreasing process such that ti > by for all t > 0. In
particular, since by > b; by assumption, and PV is the solution to the Skorokhod
reflection problem above (hence it is the minimal process to keep the inventory above
be, < by), it holds that X" < X for all t > 0. Moreover,

_ s t s t
X =24 (by—2)" +sup (/ Lhe, du — / fe, du+ / O, AW, — / Oc, qu)
s<t 0 0 0 0

<z 4 (by— )" + it + 26 sup |[W|.

s<t

Hence, for some constant Cy > 0, we have that
\ 2
e TE [(X;f”ﬂ < TR [bf + (Xﬁ) ]

<e T <b§ +Cy (z+ (b —2)" + /?LT)2 + 4520, FE

(i!?‘WS’ﬂ)

<e 7 <bf +Ch (x4 (b —2)" + ﬁT)Q +165°C,E UWT|2]> ’
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where the last inequality follows by Doob’s maximal inequality. Since E [|[Wr|?] =
T2, it follows, by taking 7" — oo, that
lim e TR [(Xﬁuy] =0.

T—o0

Hence,
. _ v . _ vy 2
lim E [e 5TU(X£+,€T)} < 711_{1;0 CieTE [1 + (XT ) } =0.

T—o00

[]

Theorem 3.10. Let b, i = 1,2, A;, j = 1,2, A;, j = 1,2, and Dy, i = 1,2, be
the solution of the system of equations (3.19)). Let B;, j = 1,2, be defined by (3.11)).
Then, the function v given by

—ki(z —b1) + Dy z € (—00,b1),
o]

Avl e (z—b2) + 2{2 eV2(z—b2) + Rl (SL‘ — b2)2 + 5’1 (SU — b2) + Tl S [bl, bg),
A1 e”l(x’bQ) =+ AQ 672(367172) + Ry (:E — b2)2 + Sl (:E — bz) +T1y x¢€ [bz, OO),

and

(1‘ 2) ': —k2($ — bz) + Doy S (—OO, bz),
T Bren®h) 4 By en2(@b2) 4 Ro(x — bo)? + Sa(x —bo) + T x € [, 00),

1s the value function V' of Problem and the optimal production policy is given
by PY, described by Definition

Proof. To prove that the function v defined above coincides with the value function
of Problem it is enough to show that it satisfies the conditions of Theorem
Note that v(+,7) is of quadratic growth by construction. We start showing that v is
convex. We know already that v,,(z,7) =0 for all < b; and i € {1,2}.

By Lemma we know that v(-,7) € C*(R\ {b;}). Hence, for fixed i € {1,2}
and x > b;, we can apply Ito’s formula for Markov modulated processes and obtain,
as in the proof of Theorem for vy, (+,7) that

B[ talXr )] = el ) 4 B | [ (L) (Xeves) ]

where 7 := inf{t > 0: X; <b.,}. We obtain that
(L —6) vau( X5 €) = =20, Vs <T.

Hence,

Vg (2, 1) [ S, ds+ 6_5%“(){7,67)} ) (3.21)
<b

Since vg(z,1) = 0 for all z ; by construction, implies, together with
the fact that a; > 0, that v, (x ,i) > 0 for all ¢ € {1,2} and = > b;. Moreover,
Uzz(x,4) = 0 for all z < b; by construction. This proves the convexity of v(-,7) for
i=1,2

Next, we show that the candidate value function v satisfies the HJB equation
(3.3). By construction and system (3.19), we have that v,(x,7) = —k; for all z < b,
and (£ —0)v(z,i) = 0 for all x > b;. Therefore, we need to show that for i € {1,2}
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3.2 The Singular Stochastic Control Case

1) ve(x,1) > —kiy, x> b,
i) (L—0)v(z, i) +ai(x—T;)* >0, z<b.

Item i) follows from the convexity and equation three and four of system (3.19)).
Now we show item ii). Define

g(x,i) == (L — 0)v(x,i) + a;(x — I;)>.
From Lemma [3.8, we obtain that
9(-,1) € CUR)NC*H R\ {b1}), g(-2) € CAR)NC¥(R\ {b2}).

Moreover, by construction we have that g(z,i) = 0 for all z > b; and i € S. We
want to show that g(z,47) > 0 for all  <b; and ¢ € {1, 2}.
Let € [by,by). We have v(x,2) = —ko(x — by) + Ds. Hence,

9(2,2) = paky — (6 + Xo)[—ka(z — by) + Dy] + Mpv(w, 1) + oz — I3)?,
Gz(2,2) = (0 + Ao)ka + Aovg(x, 1) + 200(x — 1),

and, due to the convexity,
G2z (T, 2) = AoUge (2, 1) + 200 > 0.

We want to show that g(z,2) > 0. Since g(by—,2) = g(ba+,2) = 0, it is enough
to show that g(z,2) is decreasing, i.e., g,(x,2) < 0. Since g,.(x,2) > 0, we have
that g,(x,2) is increasing. Hence, g,(z,2) < g,(bo—,2). Thus, it is enough to show
that

0 Z gz(bg—, 2) = ]{?2(6 + )\2) + )\QUQE(bQ—, ].) + 20[2([E - IQ) (322)

We investigate Agv,(be—,1). By construction of v and the continuity of v,, we
obtain that

4 4 1/
)‘21)%(62_7 1) = )\va(bz—i—, 1) = )\2 [Sl + Z’YIAJ = )\2 [Sl + Z ’YZ@BI]
i=1 i=1 2

4
1
= A51 + Z%Bi[—gag%z + p2vi + (A2 + 0)]
=1

4 4 4
1 2§ ' 3 § : 2 2 :
= )\251 — 502 — Y Bl + 125 - Vi Bz + ()\2 -+ (5) ’- ’Ysz

1
= )\251 — §U%U(3)(bg+, 2) -+ 125 (’Uxx(bg—i-, 2) — 2R2)
+ ()\2 + (5) (’Ux<l72+, 2) — SQ)
< oSy — 2012 Rs — ka(Na +8) — (Aa + 6)Ss, (3.23)

where the last step follows from the fact that v,,(by+,2) = 0 by the smooth-fit con-
ditions and v® (by+,2) > 0. The fact that v (by+,2) > 0 follows from convexity.
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3.2 The Singular Stochastic Control Case

Assume, in the opposite, v® (by+,2) < 0. This implies, since vy, (bo+,2) = 0, that
Vzz(bo + €,2) < 0 for € small enough, which contradicts convexity. Hence, using

(3.12), we combine ({3.22) and (3.23) to obtain
gz(bg—, 2) S )\251 — 2M2R2 + 20[2(1)2 - IQ) - (/\2 + 5)52 = 0.

Therefore, we obtain, that
92(7,2) < gu(ba—,2) <0, x>0 (3.24)

and
g(x,2) > g(by—,2) =0, x> by. (3.25)

Finally, we consider x < b;. From the construction of v, we obtain

g(x,1) = pik; — 6v(x, 1) — Nv(z, i) + N\o(x,3 — i) + ay(z — I)?,
gx(l’, ’L) = (5]% + )\zkz - >\ik3—i + 2061(.73 — I),
9o (x,1) = 205 > 0.

Hence, we have

For ¢ = 2, we obtain from (3.24)) that ¢,(bi—,2) = g.(b1+,2) < 0. Hence, by

(3.25), it holds that g(x,2) > g(bi—,2) = g(b1+,2) > 0.
For i = 1, we note that g(z,1) = 0 for all x > b;. Thus, we have g,(z,1) = 0 for
all x > b;. Hence,

1
0= gz<b1+, 1) = 50’%?](3)(b1+, 1) — /Lﬂ]xx(bl—h 1) — ((5 + )\1)Ux(b1+, 1)

+ )\1Ux(61+, 2) + 2061([)1 — Il) (326)

Next, we argue by contradiction that v (b;+,1) > 0. Therefore, assume that
v®) (b1 +,1) < 0. By the fact that v,,(b+, 1) = 0, this implies that v, (b; +¢,1) <0
for € small enough. This contradicts the convexity of v.

Using that v,, (b +, 1) = 0, v® (b +, 1) > 0, and that v,(b,+,7) = —k;, we obtain
from (3.26))

0 Z (6 + )\1)k’1 — )\1]€2 + 2a1(b1 — Il> (327)

Let now z < by. Since g,.(x,1) = 2a; we have that
9z(2,1) < go(b1—,1) = (6 + A )k1 — Mika + 204 (by — Z1) <0,

where the last inequality follows from (3.27). Hence, g(z, 1) is decreasing and by
continuity we have

g(l’, 1) > g(b1—7$) - g(b1+7x) =0.
This implies that v is a solution to the HJB equation (3.3).
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3.2 The Singular Stochastic Control Case

Finally, we show that the associated control PY is admissible. From the con-
struction of PV, it is enough to show that J(z,7; PY) is finite. Arguing as in the
proof of Theorem [3.5) we obtain

t t
v(z,i) =E [eTo(Xrs, er)| +E {/ e a. (X, —1.)° ds] +E {/ e ke dPS”} .
0 0
(3.28)
From Lemma [3.9] we know that

lim E [e ™" v(X7,, er)] = 0.

T—o0

Therefore, taking T'— oo in (3.28)), leads to

oo > v(x, i) = J(x,i; PY).

Hence, v and its associated control PV fulfill all the conditions of Theorem [3.5
and v is indeed the true value function. O

Summarizing our results, we have proven that our candidate value function v
coincides with the true value function of Problem [3.I] Moreover, the associated
control PV is the optimal production strategy.

Therefore, the optimal production policy, given the regime is ¢, works as follows:
(a) do not produce as long as the inventory level is above the threshold b;, and (b)
adjust the inventory by a lump sum production to keep the inventory level above b;
whenever the inventory level falls below b;. We observe that the firm also increase
production just because the regime is changing. This happens whenever the level of
the inventory lies in the interval (by, by) and the regime changes from i = 1 to i = 2.

Remark 3.11. We note that the verification theorem implies that the system (3.19))
has at most one solution such that by < by. If there would be two distinct solutions,
then both leads to the same value function, which is a contradiction.

3.2.4 Comparative Statics and Numerical Examples

In this subsection, we study the influence of some model parameters on the free-
boundaries b;,7 € S, which characterize the optimal production strategy. First, we
present the results that can be obtained analytically and afterwards those which
were derived numerically. To derive the analytical results, we use the link between
SSC and OS for monotone follower problems. Following the technique of switching
paths at appropiate random times, see Karatzas and Shreve [58], we obtain V,(x,7) =
u(z, i), where

u(z,i) =supE [/ e %20 (X" — T ) ds — e k.,
TeT 0

Here, 7 denotes the set of stopping times and X% the inventory process in absence
of any production. As a consequence from V,(x,7) = u(x,1) it follows that

b; = sup{x € R : u(z,i) < —k;}. (3.29)
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3.2 The Singular Stochastic Control Case

Lemma 3.12. For each i € S, the function x — u(x,1) is non-decreasing.

Proof. The claim follows immediately from the fact that z — X2 is non-decreasing.
]

In the following, we denote by b;(a) the free-boundary b;, given the parameter a.
Moreover, we denote by u(x,i;a) the function wu(-,7) with respect to the parameter
a.

Lemma 3.13. For given i € § = {1,2}, the free-boundaries b; have the following
properties:

i) I; — bi(I;) is non-decreasing for every j € S,
ii) p; > bi(pj) is non-decreasing for every j € S,
iii) ki — bi(k;) is non-increasing,

iv) ks_; > bj(ks_;) is non-decreasing.

Proof. We define

(x,) == u(w,i) + ki = supE [ / e 20, (X0~ 1) ds
T€T 0

+ (1 — 6767-) kiﬂ{eT:i} + (kl — 6757}{3_1') ]]‘{67—:371'}] .
One can easily show that
1) I; = u(z,i; ;) is non-increasing for every j € S,

2) ji; ~ u(w,i;p;) is non-increasing for every j € S since p; — X0 = x —
fot fhe, dt — f(f o, dt is non-increasing,

3) ki a(z,i;k;) is non-decreasing,
4) ks_; — u(x,i; ks_;) is non-increasing.
Thus, we can prove each result separately.
i) Taking j € S, I} > I? and using (3.29), Lemma and 1), we have

bi(17) = sup{w : u(x,i;I7) < —k;} <sup{w :u(w,i;1}) < =k} = bi(I}).

7 ‘7 Y J
ii) Taking j € S, p; > p and using (3.29), Lemma and 2), we have

bi(3) := sup{w : u(w,i; 17) < —k;} < sup{w : u(w,i;p)) < —ki} = bi(p]).

iii) Taking k} > k7 and using (3.29), Lemma and 3), we have

bi(k?) = sup{z : 0w, i;k?) < 0} > sup{z : u(x,i;k}) <0} =: b;(k}).
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3.2 The Singular Stochastic Control Case

iv) Taking k3, > k3_, and using (3.29)), Lemma and 4), we have
bi(k:g_i) = sup{x : u(x,1; k:g_z) < 0} < supq{z : u(z,i; k%_z) <0} =: bl(k;%_z)

O

The results so far are obtained analytically. But to study the dependence of the
free-boundaries b; with respect to o; and \;, we have to apply numerical methods
in order to solve system . This is done by using Mathematica. Therefore, we
introduce a benchmark case with the following parameter values:

Regime 1: M1 = 02, o1 = 02, a1 = 02, [1 == 2, kl == 2, )\1 =0.2
Regime 2: Mo = 1, 09 = 02, Qg = 02, ]2 = 2, kQ = 2, /\2 =0.2
and a discount rate of § = 0.2.

In this setting, the two regimes are clearly distinguishable by the drift. In par-
ticular, regime 1 is connected to a regime with lower demand. Hence we call it the
low regime. Regime 2 is connected to a regime with higher demand, called the high
regime.

Considering the above parameters, the solution to system (3.19)) can be obtained
numerically and is given by

Ay = —0.206, Ay = —15.429, A; = —0.308, Ay = 0.0, D; = 5.844, D, = 8.382.
For the free-boundaries, we obtain

by =0,914, by =0.977.

Figure (1| illustrates the value function for both regimes.

1‘ 2 3 4 5
Figure 1: Graphical illustration of the value function for the benchmark case.

Starting from the benchmark case, we study the dependence of b; and by on the
uncertainty parameters o;. The results are presented in Figure

One can see that both free-boundaries are decreasing in the volatility parameters
0;. Hence, a higher uncertainty in the demand lowers in both regimes the value
up to which the firm would produce. Therefore, higher uncertainty leads to less
production. Moreover, if the uncertainty in the high regime is too high in comparison
to the one in the low regime, the role of the two regimes switches (see the empty
area in Figure [2)).

Next, we investigate the dependence of the free-boundaries on A;.
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3.2 The Singular Stochastic Control Case

1.0

Figure 2: Graphical illustration of the dependence of the free-boundaries on o;. The
other parameters are assumed to be the same as in the benchmark case. In the
empty space in the right corner, the roles of state 1 and state 2 switches and b,
becomes bigger than by,. We let this part be empty.

Figure 3: Graphical illustration of the dependence of the free-boundaries on \;. The
other parameters are assumed to be the same as in the benchmark case.

In Figure [3| we see that both free-boundaries are increasing in A;, but decreasing
in Ay. Hence, a higher probability of leaving the low regime increases both free-
boundaries, and leads to more production, because it is more likely to be in the
regime with higher demand. Analogously, if the probability of leaving the high
regime increases, it leads to lower production in both states.

For completeness, we introduce Figure [} which shows the behavior of the free-
boundaries with respect to p;, see Lemma [3.13] More precisely,one see that both
free-boundaries converge to each other if the drift components become equal.
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Figure 4: Graphical illustration of the dependence of the free-boundaries on p;. The
other parameters are assumed to be the same as in the benchmark case.

3.3 The Bounded-Velocity Control Case

In this section we consider the model with bounded production rates. In this case,
the production process P = {P;,t > 0} is represented as dP, = p; dt, where p is
the production rate. Let K;, i € S, be positive real numbers. The set of admissible
strategies is defined by the (non-empty) set

Ap = {p QO xRy — Ry : F—adapted s.t. p(w,t) < Ket}.
We note that for an admissible control p, the inventory is given by

t t
X, == +/ (ps — He,) ds — / o, AW
0 0

for every t € [0, 00).
Under these assumptions, Problem [3.1] reads as follows.

Problem 3.14. The management aims at choosing the optimal production rate
p € Ap, which solves the problem

V(z,i) := inf J(z,i;p)

pE Ap

= inf E [/ e‘ssaes(Xs—Ies)2ds+/ e‘sskespsds].
0 0

pEAp

Remark 3.15. We note that
J(x,i;p) < oo

for all control processes p € Ap. Moreover, as in the SSC case, see Lemma [3.2] it
holds that

0< V(z,i) <C(1+2%) (3.30)

for some constant C' > 0.
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3.3 The Bounded-Velocity Control Case

3.3.1 Verification Theorem

By the dynamic programming principle, we expect V' to identify with a suitable
solution to the Hamilton-Jacobi-Bellman equation

inf {(LP —6)v(x,i) + kip} + as(z —T;)* =0 (3.31)
pe[ovKi]
for any (z,i) € R x §. LP denotes, given a production strategy p, the infinitesimal
generator of (X, €), acting on functions g(-,7) € C*(R), and, for given ¢ € S, it yields
1
Epg($7i) = 201 Gzz + (p - ”Z)Qx - zg X, Z ;SQZJQ x ]
i#]

Since we consider here, in contrast to the SSC case, only controls of bounded-
velocity, the corresponding HJB equation (3.31)) results in a system of N ODEs,
coupled through the transition rates ¢;;, without gradient constrains.

Next, we present a verification theorem that provides sufficient conditions under
which a solution to the HJB equation identifies with the value function of
Problem [3.141

Theorem 3.16. Let v(-,i) € C*(R\ N;), i € S, where N; are finite subsets of R be
a solution to the HJB equation (3.31)) for all (z,i) € R x S. Moreover, assume that
v 18 convex with quadratic growth, so

lu(z,i)| < C(1+27).
Then, the control p defined by

pr =arg inf {(LP —§)v(x, i)+ kip},
p€[0,Ke,]
t € [0,00), is the optimal control for Problem|3.14] Moreover, it holds that v(x,i) =
J(x,i;p) and v is equal to the value function V' of Problem m

Proof. Consider an admissible control p = (p)pejo,o0)y. Let v(-,7), © € S be a
solution of the HJB equation and define the function f(-,-,4), ¢ € S by
f(t, i) = e *v(x,4). Following a procedure similar to Sotmayor and Cadenillas
[94], an application of Itd’s formula for Markov modulated processes (see also [15]),
leads to

af (t, Xy, €;) = (1

2 etfmc@ Xt> Et) + (pt - Mﬁt)foc(ta Xt7 et) + ft(t, Xt7 et)) dt

- fm(ta Xta ft)o-ethVt + (Aetf(t7 Xtu Et) + Z qEzjf(tv Xtaj)) dt + thf
etF#JES

= e (L2 = 8) v(Xy, &)dt — oo e vy (Xy, €)dW, + dM] .

Here, the process M7/ = {Mtf,t > (0} is a square integrable martingale when f(-, -, ),
i € S, is bounded (see equation (5) in [15]).
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3.3 The Bounded-Velocity Control Case

We observe that v(-,4) and v,(-,7) are not necessarily bounded. Let a and b be
real numbers such that —oo < a < Xy =2 < b < 400 and define 7, := inf{t > 0 :
Xy =a}, :=inf{t > 0: X, =b} and 7 := 7, A 7,. Then, for every ¢t € [0,00), we
get

tAT
ey (X oy eunr) = 0(Xo, e0) + / e (L7 — §)u(X, e)ds
tAT 0
- / o€ vy (X, €)dW, + M, — M.

0

Taking expectations, we have
tAT
E [e"s(“\T)v(Xt,\T, einr)] =v(z, i)+ E {/ e 0% (LP — 6) v(Xs, es)ds]
0
tAT
~E [ / e %0, ( X, es)dWS} +E [Mtf — M/ } . (3.32)
0

We note that v(Xj, €,), v.(Xs, €5) and o e v,(X,, €,) are bounded for every s €
[0,¢ A 7]. Therefore, {M, .t >0} is a square integrable martingale and

tAT
E U aese_ésv’(Xs,es)dWS] =0.
0

Then, using equation (3.31)) and taking a | —oo and b 1 oo, which implies 7 — oo,
we get from (3.32) that

t
v(z,i) <E [ef‘Stv(Xt,et)} +E [/ e P, (X, —IES)st]
0
t
+E [/ e_éskespsds] . (3.33)
0
Let now K := maxjes K;, & := maX;es 0; and p := mini € Sy;. Then, it holds that
t t
Xt:x—l—/ (ps — fhe,) ds—/ o, AW,
0 0
<+ (K — p)t+ &sup |[Wy.
- s<t
By the quadratic growth condition of v, we obtain that
E e (X, )] SE[eC 1+ X7)]
<e%C (1 + ((x + (K — p)t)* + 6°E

(
(

(ii?'ws')2])>

J1)* +40°E [W7]))
)t)? 4 45°t) ) 400 0.

<eC (140 ((=

+ K—H
:e*‘stC(l—l—Cl((w—l— K—p
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Taking ¢t — oo in (3.33]), we observe from the last inequality that

v(z,i) <E [/ e P (X, — I.,)ds +/ 6_55k65p5ds} = J(x,i;p).
0 0

In particular, the inequality in (3.33) becomes an equality for p = p. Hence v(zx,i) =
J(,i;p) = V(x,1).
O

3.3.2 Construction of the Solution

In this section we construct a candidate value function that satisfies the HJB equa-
tion (3.31)).
We note that for ¢t € [0, 00),

Ket lf U1<Xt76t)
€

(AVAWAN

:Z (3.34)

Hence, the candidate for optimal control p has the form p, = (X, &) for t € [0, 00),
where ¢(+,7), i € S, is a measurable function defined by

(2,1) = K, if  wvy(x,i) < —k,
ALY =Y 0 i Vg (i) > —k;,

for z € R. Hence, the candidate optimal control is of so-called bang-bang-type and
it switches, given the regime i € S, between the extreme values 0 (no production)
and K; (maximal production).

For simplicity, we assume, as in the SSC case, that the economy shifts only
between two regimes, that is, S = {1,2}. Under this assumption, we have that

(MM
- (0 A
By (3.30), we conjecture that v is convex and admits quadratic growth. We define
b; := sup{z € R : v,(x,7) < k;}. The relation between b; and by depends on the
relations among the different parameters. We only consider the case b; < by. The
case by > by can be treated similar. we expect the candidate value function v to
solve, for z € (—o0,b;),
1

iafvm(x, i) 4+ (K — i) vg (m, 1) — (N + 6) v(z, i)+ A\v(x, 3—i) +ay(x —T)* + Kik; = 0

and, for z € [b;,00),

1
éafvm(a@, i) — pive (2, 1) — (N + 0) v(w, 1) + \v(z, 3 — i) + ai(w — T;)* + Kik; = 0.

Due to our conjectures, we consider three possibilities for the initial level of the
inventory: = € (—o00,b1), x € [b1,by), and = € [by, 00).
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3.3 The Bounded-Velocity Control Case

When z € [by, 00), equation (3.31) leads to the following system of differential
equations:

1
_()‘1 + 6) U<$7 1) — M1 Uz(x7 1) + 50—% ’ngv(flf, 1) + AI’U('r72) + 041(1' - II)Q = 07
(3.35)
1
—(Ao+ ) v(z,2) — pavg(x,2) + 3 a% Vg (2,2) + Ao v(x, 1) + gz — I2)2 =0.

Consider the characteristic equation for (3.35)), ¢1(7)@3(7) = A2, where

1 .
i (7) = —501272+MW+(>\¢+5)7 1=1,2.

Lemma 3.6 proves that ¢1(y) ¢3(7) = A\ s has 4 real roots: 71 < 72 < 0 < 93 < 7.
Then, the solution to the system of differential equations (3.35)) is
v(z,1) = A en(@=b2) 4 g, er2(@—b2) 4 A, e1(r=b2) 4 4, eral@—b2)
+ Rl(l' — b2)2 + 51(.73 — bg) =+ Tl,
v(z,2) = By en@=b2) 4 B enla=b) 4 B oew@=b) L B erl@—b)
+ R2($ - 52)2 + 52(510 - b2) + T,

where, for each 7 =1,2,3,4,

o1 (v5) A2
_ A= 24 .
TR (3.36)

Furthermore, R;, S; and T; are the solution to the system

0=—(\+9)R1 + M\ Ry+ oy,

0=—(A +9)S1 — 2t Ry + M\1S2 + 24 (by — Z4),
0=—(A\+8)T1 — 1Sy + U%R1 + M1 + aq(be — 11)2;
0=—(A\+ )Ry + ARy + an,

0=—(Aa+9)Ss — 2ua Ry + AoS1 + 202(by — Iy),
0=—(\g+ 8Ty — paSs + 03 Ry + XoTy + aa(by — T)*.

Recall that we conjecture that v(-,7) admits quadratic growth. Thus, we set By =
By = A3 = Ay = 0. Hence, the solution of the system ({3.35) simplifies to

'U(fﬂ, 1) = A1 671(9:71)2) + A2 672(171)2) -+ Rl (l’ — b2)2 + Sl (1} — bQ) + Tl, (337)
U(LC, 2) = Bl eﬂ/l(xibg) + B2 6’\/2(171)2) -+ RQ(CL’ — b2>2 + SQ(SC — bg) + T2. (338)

Nest, we consider x € [ by, by), Now, the HIB equation (3.31]) reads as
1
0=—-\1+dv(x,1) — pgvp(z, 1)+ B 02 Vg (@, 1) + A v(z,2) + ay(z — Th)?,
L o (3.39)
0=—MA2+9)v(x,2) + (K3 — p2)vg(x,2) + 50‘21}3327(;5, 2) + Aqv(z, 1)
+ Koko + ag(l‘ - 12)2.
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Consider the characteristic equation for the system (3.39), ¢3(%) #3(5) = MiAs,

where

- I, -
$1(7) = =5 017 +m A+ ( +9),

- L 5. -
63(7) 1= =5 037" + (12 = K2) 7+ (Ao +9).

From Lemma [3.6] ¢2(7) ¢3(7) = A1\ has 4 real roots: 71 < F2 < 0 < 3 < .
Then, we find that the solution to the system of equations ([3.39) is

v(x,1) = Ay @b o g, o) 4 4 GAseb) o 4 oAale—bi)

+ Rl(ZL’ — b1)2 + 51(1’ — bl) + Tl, (340)
v(x,2) = él enl@=by) | EQ gi2(@=b) | §3 gisl@=b) | §4 oTa(@=b1)
+R2(l‘—b1)2+§2($—bl)+fg, (341)

where, for each 7 =1,2,3,4,

= _ () 7 _ e g
By == Aj_gb%j) A;. (3.42)

Furthermore, RZ-, S’z and TZ are the solution of the system

0=—(\ +0)Ry + MR+,

0=—(\+06)S1 — 2Ry + \.Sy + 204 (by — T1),

0=—-(\+ 5)T1 — M1§1 + U%fﬂ + )\1T2 + ay(by — Il)ga

0=—(A\a+ )Ry + ARy + g,

0=—(Aa+0)Ss + 2(Ky — p12) Ry 4+ \aS1 + 200(by — T),

0=—(N2+ 5)T2 + (Ky — NQ)SQ + USRQ + A2T1 + Koky + an(by — 12)2~

Finally, for € (—o0, b1), the function v is assumed to solve the system

1
0=—(A\1+9)v(z, 1)+ (K1 — p1) vz(x, 1) + 3 0% Ve (2, 1) + Ay v(2, 2)

+ Kik1 + a1(z — Th)2,
k1 + 2 (3.43)

1
0=—Ne+9)v(x,2) + (Ko — p2) vg(x,2) + 5 03 Vge(,2) + A v(z, 1)
+ Koks + Oég(l' — 12)2.

Consider the characteristic equation for (3.43)), ¢3(9) ¢3(%) = A1\, where

A~ 1 L 5
6/(9) = =5 oY = (Ki = ) 7 + (X +9).

From Lemma &3 (Ad3(%) = A A2 has 4 real roots: 41 < 4y < 0 < A3 < 4. Then,
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3.3 The Bounded-Velocity Control Case

the solution to the system of differential equations is given by:
v(x,1) = Apen@=b) 4 g, ehleb) 4 A\ge%("’“ﬂ_bl) 1 Ayehala=by)
+ §1($ — b))+ §1(l’ —b1) + fl,
v(z,2) = Bieh@b) o B hla—b) | Booise=b) 4 B Aala—bi)
+ ﬁig(l’ — b))+ §2<5C —by) + Ty,
where, for each 7 =1,2,3,4,

~ Qﬁ’(%) —~ Ay~
’ AT () (3.44)

Furthermore, Ei, § and T\ are the solution of the system
= —(A\ 4 0)Ry + MRy + an,
— (A +0)Sy + 2(Ky — p1) Ry + M S + 201 (by — To),
—(M + 0T + (K1 — 1)) + 02Ry + M To + Kiky + a1 (by — 1),
—(Ag+ 6)Ry + \aRy + as,
—(A2+ 0)Ss + 2(Kz — o) Ra + XS + 20a(by — T),
— (Mo 4+ 0)To + (Ko — 112)Ss + 02Ro + MoTy + Koks + an(by — Tp)>.
Recall that we are conjecturing that the function v admits quadratic growth.
Hence, we set Ay = Ay = By = By = 0. Therefore,
v(x,1) = AgeBE) 4 Ay M@0 4 Bz — b))+ Sy(z— by) + T4, (3.45)
v(w,2) = ByePE) 4 By L Ro(w — b)) 4 Sy(w — b)) +Tp  (3.46)

is the solution for the system (3.43), where (3.44) is satisfied for j = 1, 2.
In order to find the thresholds b; and by, and the coefficients in the functions

(3.37)-(3.38), (3.40)-(3.41) and (3.45)-(3.46), we impose the smooth-fit condition.
Thus, we expect v to solve, for each ¢ = 1, 2, the system

v(b;—, 1) = wv(bi+,1),
U(bg_i—, Z) = U(b3_i+, 2)7
Ux<bz+,’b) == —]{Zi,

Vp(b3—i—, 1) = vp(bs_i+,1).

The solution of the system (3.47) provides the values for by, b, and the values
for AJ, j=172, AJ, j=1,2,3,4, and A j = 3,4. The values for the corresponding

B, B, and B, can be found from (536, (.42), and (5.49)

Remark 3.17. Note that system (3.47)) is a non-linear system of ten equations and
ten unknowns. As in the singular stochastic control case, we can neither provide
existence nor uniqueness of the solution. Therefore, we will solve this system nu-
merically to provide the existence of a solution and to study comparative statics for
the free-boundaries b; and bs.
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3.3 The Bounded-Velocity Control Case

3.3.3 Verification of the Solution

In this subsection, we prove that our candidate value function v coincides with the
true value function V' of Problem [3.14] First, we investigate the regularity of the
candidate for the value function.

Lemma 3.18. Let A;, j = 1,2, A;, 7 =1,2,3,4, and A\j, 7 = 3,4, be the solution of
the system of equations (3.47)). Let B;, j =1,2, B;, 7 =1,2,3,4, and Ej, 7 =3,4,
be defined by (3.30), (3.42)) and (3.44). Suppose that by < by and that v,,(b;,i) > 0.
Then, the function v given by

Ageh@=b) 4 4ye¥@b) 4 By(z — b1)? + Si(w — b))+ Ttz € (—o00,by),

(2.1) Ay en@=b) 1 Ay eMe(z=b) 1 Ay e¥s(@=b1) 4 A4, cFale—b1)
v(z,1) = . 2 :
+R1($—b1)2+51($—b1)+T1 T € [bl,bg),
Apen(e=b2) 4 Ay emr2(@=b2) L R (1 —by)2 + Si(x—by)+T1 x € [ba,0),
and
Ege%(x*bl) + Byehale—b1) 4 1%2(:1: —b1)? + §2(ac —b1) + T, =xc (—00,b1),
v(z,2) = By e(@=b) 4 By i2e=b) 4 By eale=b) 4 By efale—b)

+R2($—b1)2+§2(x—b1)+fz x € [by,ba),
By en@=b2) 4 By en(@=b2) 4 Ro(z —by)2+ So(x —by) +Tp @ € [ba, 0),

is such that v(-,i) € C®(R\ {b1,bo}) NCHR\ {b;}) N C*(R).

Proof. By construction and the smooth-fit conditions, see (3.47)), the candidate the
value function v is such that v(-,7) € C®(R \ {b1,b2}) N C*(R). Remember that the
candidate for value function solves the HJB equations, e.g., for x € [by, 00), v solves

1
0=—-N\+d0)v(z, 1) —pv'(z,1) + 3 0% vz (2,1) + M v(2,2) + ar(z — T1)?,

(3.48)
1
0= _<)‘2 + 5) v(r,2) — p2 'Uz(x7 2) + 92 J% Uz (T, 2) + A2 U($7 1) 4+ az(z — 1.2)27
for x € [by,by), v solves
1
0=—-N+9)v(z,1) — pvg(x, 1)+ 5 0% ez (2,1) + M v(,2) + ar (x — 1),
L, (3.49)
0=—(Na+9)v(z,2) + (Ko — p2) vz(x,2) + 592 Vg (2,2) + Ao v(z, 1)
+ Kok + as(z — Ip)?,
and for x € (—o0,by), v solves
1
0=—(A\1+9)v(z, 1)+ (K1 — p1) vg(x, 1) + 3 02 Vg, 1) + A v(z, 2)
+ Kiki + ai(z —11)?,
thi + enle = 0o) (3.50)

1
0=—MN2+9)v(x,2) + (K2 — p2) vg(x,2) + 3 O'% Ve (2,2) + Ao v(x, 1)
+ Koko + OéQ(CL‘ — 12)2.
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3.3 The Bounded-Velocity Control Case

Using v,(be,2) = —ko. we obtain from the second equation in and (13.49

that v(-,2) € C%*((by,00)) and further, differentiating the first equation in ([3.48
and (3.49), that v(-,1) € C*((by,00)). A similar argument holds at the other
free-boundary. Using that v,(b;,1) = —k;, combining the first equation in (3.49)
and gives that v(-,1) € C*((—o0,by)) and further, differentiating the sec-
ond equation in and (3.50), that v(-,2) € C*((—o0,bs)). Hence, v(-,i) €
C¥(R\ {b1,b2}) NCHR\ {b:}) NC*(R).

]
Theorem 3.19. Let A;, j = 1,2, ﬁj, 7=1,2,3,4, and gj, g = 3,4, be the solution
of the system of equations {D Let B;, j = 1,2, B;, j = 1,2,3,4, and B;,
Jj = 3,4, be defined by (3.36), (3.42) and (3.44). Suppose that by < by and that
Vez(biyi) > 0. Then, the function v given by
Agehs@b)  4ye¥@b) 4 By(z —b1)? + Si(w — b)) +T1  x € (—00,by),
Ay en@=b) 1 Ay eMe(z=b) 1 Ay eMs@=b1) 4 A, Fale—b1)

v(z,1) = - z Z
( ) +R1($—b1)2+51(w—b1)+T1 T € [bl,bg),
Ay 671(3371)2) + Ao 6’Y2(x7b2) + Rl(x — b2)2 + 51(1' — bg) +17 x€ [bg, OO),
and
Egeﬁﬁ(m_bl) + B\4€fy4(w—b1) + EQ(.T — b1)2 + §2(IE — bl) + T\Q T € (—OO, bl),
o(,2) = El enlz=bi) EQ ele(z—b1) | EJ es(@—=b1) §4 eYa(z—b1)

+Rg(x—b1)2+§2(x—b1)+fg T € [bl,bg),
By 671(3‘“71)2) + By 672(‘7671)2) + Rg(m — b2>2 =+ SQ(.%' — bg) +Ty x€ [bg, OO)7

is the value function V' of Problem (3.14). Furthermore, p defined by

. | Ki if =i and X;€ (—o00,b),
Pr=190 if =1 and X;€[b;,0),

18 the optimal production rate policy for Problem [3.1/]

Proof. To prove that the candidate value function v defined above is the true value
function of Problem [3.14] it is enough to show that it satisfies all the conditions of
Theorem and the conjectures we made in Section

First, we show that v is convex. Given the regularity of v, see Lemma [3.1§, we
can apply It0’s formula, for given i € S and x # b;, as in the proof of Theorem [3.16]
t0 €750, (X% ¢,). Then, we get that

E [ ts (Xr. )] :vm,nm{/ (L = 8) v (X, ds|
0

where 7 is a stopping time. In the following, we denote the n-th derivative with
respect to x of v(™(x,7). Since v solves the Hamilton-Jacobi-Bellmann equation,
the regularity of v implies

1

3 o2 v (x,3) + (K — ) v (2,9) — (6 + X)vaw(2,7) + No(z,3 — i) = =204
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3.3 The Bounded-Velocity Control Case

when x < b; and

1

S ot v (@, 0) = v (@, ) = (04 N)vea(w,7) + Aiv(,3 — i) = 20

when = > b;.
Taking 7 := inf{t > 0 : (X, &) € {(b1,1),(b2,2)}}, we obtain, for i € {1,2} and
xr > bz‘7

Vpe(,1) = E [2 / e, ds + e v (b1, Do ) 1y
0
—oT
+e Um(b2>2)1{()(32',&):(17272)}} )

We recall that we assume v,,(b;,i) > 0 and o; > 0, i € S. Hence, vz (x,7) > 0
(in particular v,.(x,7) > 0) and v(-,4) is convex. Since v is convex, it follows
immediately by construction that v solves (3.31)), e.g., v solves

inf {(LF — &) v(x,q) + kip} + as(z — I;)* = 0.
Moreover, the quadratic growth condition is also fulfilled by construction. Hence,
by Theorem v identifies with the true value function and p is the optimal
control. O

Remark 3.20. The assumption that v, (b;,7) > 0 is crucial for the proof. In the
SSC case, according to the smooth-fit conditions, see , we have that v,,(b;, 1) =
0. While in the bounded case, it is a priori not clear whether the condition holds.
Therefore, at this point the assumption is not restrictive since a violation of it would
imply that v(-,7) is not convex, thus our construction would not be applicable.
We can show numerically, that the assumption holds for various parameter values.
Unfortunately, because of the complex structure of , it seems not possible to
prove a priori that a solution to fulfilling the above assumption exists.

Summarizing our results, we have proven that our candidate value function v
coincides with the true value function of Problem [3.14 Moreover, the optimal
control is given by . Therefore, the optimal production policy, given the
regime i, works as follows: (a) do not produce when the inventory level is above the
threshold b;, and (b) produce with the maximum rate K; whenever the inventory
level falls below b;. We observe that the firm should also increase production because
the regime is changing. This happens when the level of the inventory lies in the
interval (by,by) and the regime changes from i = 1 to ¢ = 2.

3.3.4 Comparative Statics and Numerical Examples

In this subsection, we study the influence of some parameters on the free-boundaries
b;. In contrast to the SSC case, our analysis is completely numerical, since there
is no link between our classical bounded-velocity stochastic control problem and an
OS problem. The numerical results are computed by using Mathematica.
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3.3 The Bounded-Velocity Control Case

Therefore, we basically consider the same benchmark case with the following
parameter values:

State 1: H1 = 027 g1 = 02, o = 02, ]1 = 2, kfl = 2, )\1 = 02, K1 = 1,
State 2: Mo = 17 09 = 02, Oy = 02, Ig = 2, k?Q = 2, )\2 = 027 K2 = ].,
and a discount rate of 6 = 0.2.

Again, we call state 1 the low regime and state 2 the high regime.
We obtain the following solution to the system (3.47)):

Ay = —14,267, A, = 0,001, A; = —0.002, A, = —1,085, A3 = —0,006,

Ay =0,000, Ay = —0,138, Ay = —14,465, by = 0,976, by = 1,201.

To verify that this solution leads to the true value function, we have to show
that v,,(b;,7) > 0 holds true. Computing these expressions gives

Vpa (b1, 1) = 0.055,  vy(bs, 2) = 0.100.

Therefore, the candidate value function v is indeed the true value function. Figure
Bl visualizes the value function.

Figure 5: Graphical illustration of the value function for the benchmark case.

13 1.20
12 115

1.10
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1.00

0.95

Figure 6: Graphical illustration of the dependence of the free-boundaries on p;. The
other parameters are assumed to be the same as in the benchmark case..

In a first step, we study the dependence of the free-boundaries on y;. Figure [0]
visualize that both free-boundaries increases if one of the drift components increases.
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3.3 The Bounded-Velocity Control Case

Moreover, as expected, for the same drift the free-boundaries are equal. This result
is plausible, since a rise of y; increases the expected future demand causing the firm
to compensate by expanding the production.

Next, we investigate the dependence of the free-boundaries on A;.

Figure 7: Graphical illustration of the dependence of the free-boundaries on \;. The
other parameters are assumed to be the same as in the benchmark case.

Figure [7]illustrates that both free-boundaries are increasing in A; and decreasing
in A\y. Hence, we obtain the same results as in the SSC case. The reason for this
behavior is quite clear. If the probability of leaving the low regime is increasing,
both free-boundaries increase because more time is spend in the high regime. If
instead the probability of leaving the high regime is increasing, more time is spend
in the low regime, thus production decreases.

Next, we study the dependence of the free-boundaries on o;.

Figure 8: Graphical illustration of the dependence of the free-boundaries on o;. The
other parameters are assumed to be the same as in the benchmark case.

Figure [§] presents our results showing an interesting effect. On the one hand,
both free-boundaries are decreasing in o; as in the SSC case, On the other hand,
they are increasing in g9. This means that a higher uncertainty in the low regime
causes the firm to reduce the production, but a higher uncertainty in the high regime
leads to more production. This is different in comparison to the SSC case.

Finally, we investigate the dependence of the free-boundaries on k;. In the SSC
case, see Lemma , we see that k; — b;(k;) is non-increasing while k3_; — b;(ks—;)
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3.4 Comparison Between Different Models

is non-decreasing. Figure [0 shows the numerical results of the dependence of free-
boundaries on k; in the bounded-velocity control case. One can see that, at least
in this parameter setting, the free-boundaries evolve in the same way as in the SSC
case.

1.2 1.6
1.5

14

1.0
o by 1P * by
9 .
0.9 by 1.2 by
08 1.1
1.0 fg‘_,_ﬂ_»f”"

0.7 [ —

: 5 ¥ ¢

Figure 9: Graphical illustration of the dependence of the free-boundaries on k;. The
other parameters are assumed to be the same as in the benchmark case.

3.4 Comparison Between Different Models

3.4.1 Comparison Between the Singular and the Bounded-Velocity Con-
trol Cases

In this section we compare the two different cases investigated so far starting with
the two benchmark cases. We note that, apart from the additional parameters
K, = K5 =1, the benchmark cases coincide.

In the following, we denote by bY the free-boundaries of the SSC case and by
bB the free-boundaries of the bounded-velocity case. For the benchmark cases, we
obtain that

bP =0,976 > 0,914 = by and bF =1.201 > 0,977 = bY.

Hence, the firm starts earlier to produce in the bounded-velocity control case com-
pared to the SSC case. This is reasonable, because in the SSC case the firm can
produce instantaneously any amount of the good, hence it can tolerate a lower in-
ventory level. While in the bounded-velocity control case it can happen that the
inventory level decreases even though that the production is maximal.

Next, we denote by Vp the value function of the bounded-velocity control case
and by Vi the value function of the SSC case. If K is increasing, one expects that
the value functions of the bounded-velocity control case converges from above to the
value function of the SSC case. This is due to the fact that the bounded-velocity
controls are also admissible in the SSC case. This is illustrated in Figure [10] where
the relative distance between the value functions is shown with respect to several
values for K;. For simplicity, we assume that K; = Ky, = K.

A similar result can be obtained for the free-boundaries, see Figure
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VB (x, 1)-Vy (x, 1)
Vu (x, 1)

0.05F
0.04F K=1
0.03- — K=2

0.02+ — K=3

-04 -0.2 0.2 0.4 0.6 0.8 1.0

Figure 10: Graphical illustration of the relative change of the value functions in the
different settings for certain values of K;. The other parameters are assumed to be
the same as in the benchmark case.
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Figure 11: Graphical illustration of the absolute difference of the free-boundaries in
the different settings for several values of K. The other parameters are assumed to
be the same as in the benchmark case.

3.4.2 The Singular Stochastic Control Case: A Comparison with the
Single Regime Case

The problem of a single regime can be solved rather easily and therefore the deatls
are omitted. In particular, the free-boundary b in this problem can be calculated
explicitly:
—0(k — 32) +2p§ +2al
2 ’

where 7; is the negative solution of $027* — iy — 6 = 0. Denoting by b, the free-
boundary for the single regime case with the parameter values of the low regime
(L=020=020=02 a=02 I =2and k = 2) and by b, the free-boundary
for the single regime case with the parameter values of the high regime (u = 1.0,
0=026=02 a=02 I=2andk = 2), Figure shows the corresponding
values of the free-boundaries of the single regime and the two regime case.

One can see that the free-boundaries in the case with regime switching lie between
the ones of the corresponding single regime cases. To some extend, this can be
understood as an average effect. For example, if we extend the single regime model

b:
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Figure 12: Graphical illustration of the different free-boundaries of the one regime

and the two regime model. The parameters are assumed to be the same as in the
benchmark case.

(in the low regime) with a second regime (the high regime), the firm reacts to the
new possibility of a higher demand rate by increasing the level above which the
inventory is supposed to be maintained.

3.4.3 The Bounded-Velocity Control Case: A Comparison with the Sin-
gle Regime Case

If there is no regime switching, the free-boundary b can be calculated explicitly:

b:

_ 2Kamye — 20710 — 20720 — 2Iayiy0 + k17207 — 4oy yap
2071720 ’

where 7 is the positive solution of $02y? + (K — p)y — & = 0 and 7, is the negative
solution of 10742 — puy — 6 = 0.

Again, we consider the low regime (with parameter values p = 0.2, 0 = 0.2,
d=02 a=02,1=2k=2and K = 1) and the high regime (with parameter
values p=1,0=02,0=02,a =02, =2, k=2 and K = 1). Denoting by b
the free-boundary for the single regime case with the parameter values of the low
regime and by b,s the free-boundary for the single regime case with the parameter
values of the high regime, the same average effect as in the SSC case occurs, see

Figure [13]

3.5 Conclusion

In this part of the thesis, we derived an analytical solution for the optimal production
problem of a firm when it is confronted with an uncertain demand for its product.
Mathematically, the demand uncertainty is modeled by two components; a Brownian
motion capturing random short-term fluctuations in the economy and a continuous-
time Markov chain determining the uncertain long-term conditions. We investigated
two scenarios. One, in which a firm can immediately produce any amount of a good
and one in which the production is expressed by a non-negative rate bounded from
above. From a mathematical point of view, the first case is modeled as a SSC
problem, while the second one is modeled as a classical stochastic control problem
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Figure 13: Graphical illustration of the different free-boundaries of the no regime
and the two regime model. The parameters are assumed to be the same as in the
benchmark case.

with bounded-velocity controls. For both scenarios, we find an analytical solution
for the value function using a guess-and-verify approach. Moreover, the optimal
production strategy is characterized by constant free-boundaries. In particular, the
firm starts to produce when the inventory falls below these free-boundaries. The
values of the free-boundaries are derived numerically. In the scope of a comparative
static analysis we studied the dependence of the free-boundaries on some model
parameters. The most remarkable result is that, in a particular benchmark case,
the free-boundaries of the two scenarios show a different behavior with respect to the
uncertainty parameter in the high regime. More precisely, the free-boundaries are
decreasing in the SSC case, but increasing in the case of bounded-velocity controls.
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4 A Singular Stochastic Control Problem with In-
terconnected Dynamics

4.1 Problem Formulation

Let (Q,F,F := (F)i>0,P) be a complete filtered probability space rich enough to
accommodate an F-Brownian motion W := (W,);>0. We assume that the filtration
[F satisfies the usual conditions.

Introducing the (nonempty) set

A:={£: QxR — R: (&)>0 is F-adapted and such that ¢ — & is a.s.
cadlag and (locally) of finite variation}, (4.1)

for any £ € A, we denote by £+ and £ the two non-decreasing F-adapted cadlag
processes providing the minimal decomposition of &; i.e. £ =& — ¢~ and the (ran-
dom) Borel-measures induced on [0, 00) by £ and £~ have disjoint supports. In the
following, for any & € A, we set & = 0 a.s. and we denote by |¢], := &+ &, t >0,
its total variation.

For £ € A, (z,y) € R? and a > 0, we consider the purely controlled dynamics

Y/ =y & —¢, t>0,  YYi=y, (4.2)

as well as the diffusive

{ de’y’g = (C(}/;yf — 9X;C7y7£) dt + 77 th7 t > 07 (4 3)

Xga€ — $7

where 1 > 0 is the volatility, @ > 0 measures the strength of interaction, and ¢ > 0.
If > 0, the process X*¥< evolves as an Ornstein Uhlenbeck process with mean
reversion speed 6, in the case # = 0 it evolves as a drifted Brownian Motion; the
unique strong solution to is given by
e — {xeet ~|—te’9ta [5ePYpe ds +ne ® [ e dW,, >0, (4.4)
T4 o fj Y2 ds + W, 6 =0.

Remark 4.1. The assumption o > 0 is not necessary for the following analysis; all
results, up to small modifications, can be obtained with the same methods also for
a < 0. In order to simplify the exposition, we only consider a > 0.

This model can capture different practical problems. For example, in the case
of an Ornstein Uhlenbeck process, see [44], one can say that Y%¢ describes the
evolution of the key interest rate, purely controlled by a central bank, and X*¥%
gives the value of inflation. Another reasonable application for our model might be
the problem of controlling the CO, emissions of a company. X%¥¢ describes the

"This section is already published in two joint works with Giorgio Ferrari and Salvatore Fed-
erico, see [44] and [45].
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total CO emissions and Y¥¢ the number of production units that do not employ
fossil fuel. This number can adjusted by the manager and affects negatively (o < 0)
the equilibrium value of COy emissions of the firm. For # = 0, one can think about
the problem of controlling the position of a satellite, which is disturbed by random
fluctuations and can be adjusted by controlling its velocity. Alternatively, X*¥:<
might describe a random demand of a product, whose instantaneous trend Y¥¢ can
be affected via production (see, e.g., the review [95]).

The controller is faced with the problem of choosing, for given (z,y) € R? and
p > 0, a process ¢ € A such that the cost functional

I, y:€) :=E{ /0 (X YR dt 1 / T d\ﬂt] (4.5)

0

is minimized; that is, it aims at solving
Viey) =il J(e.y:0),  (ry) R (4.6)
S

In (£.5) and in the following, the integrals with respect to d|¢] and dé* are
intended in the Lebesgue-Stieltjes’ sense; in particular, for ¢ € {|¢],£T,£7}, we set
Jo()d¢ = f[o,s]( -)d(; in order to take into account a possible mass at time zero of
the Borel (random) measure d¢. The function f : R*> — R satisfies the following
standing assumption.

Assumption 4.2. There exists constants p > 1, and Cy, Cy,Cy > 0 such that the
following hold true:

(i) 0 < f(2) < Co(1+|2])", for every = = (x,y) € R;
(ii) for every = = (w,y),2' = (¢',f) € R,
F(2) = FE) < O+ £(2) + F()) 7z = 2
(iii) for every z = (x,y),2' = (2',y') € R? and X € (0,1),
0 < A (EHA-NFE)— FOH1-N)) < CAQ-N (17 +FE) 2 P
(iv) & f,(z,y) is non-decreasing for any y € R.

Remark 4.3. (i) By Assumption [4.2}(iii), f is convex and locally semiconcave;
then, by Corollary 3.3.8 in [22],

f € Cige " (R%R) = Wi (R% R).
(i) A function f satisfying Assumption [4.2]is, for example,
f(xay) = ’fl? - i.’p + |y - ?)‘p’

with p > 2 even for some z,7y € R.

74



4.2 The Related Dynkin Game and Preliminary Properties of the Free-Boundaries

We now provide some preliminary properties of the value function, whose classical
proof exploits the linear structure of the state equations, e.g. for all (z,y), (z,9) €
R? ¢ € Aand t > 0, it holds, by using (4.4), that

(z—2)e "+ 2(y—g)(1—e ), 6>0,

X‘Tvy’g _ Xivgzg —
! ! {(m—fc)—i—oz(y—y)t, 6 =0.

Proposition 4.4. Let Assumption hold and let p > 1 be the constant appearing
wn the assumption. There exist constants Cy, C1, Cy > 0 such that the following hold:

(i) 0<V(z) < 50(1 + |2|P), for every z = (z,y) € R%;
(11) for every z = (z,y),2' = (z/,y') € R?,
V() =V < O+ L] + 1) e = 2
(1ii) for every z = (z,y),7' = («/,y') € R? and X € (0, 1),
0 <AV (2)+(1-NV(2) =V (Ae+(1-1)2) < CoM1=A)(1+|2|+[) P27 |22/,

In particular, by (iii), V' is convex and locally semiconcave, hence, by Corollary 3.5.8
in [22], 4
V e CLPP(R%R) = W2©(R?;R).

loc loc

Proof. Due to (4.2)) and (4.3), the properties of f required in (i), (ii) and (iii) of
Assumption are straightly inherited by V' (see, e.g., the proof of Theorem 2.1 of
[28], that can easily adapted to our infinite time-horizon setting, or that of Theorem

2.1 in [24]). 0

4.2 The Related Dynkin Game and Preliminary Properties
of the Free-Boundaries

In this section, we derive a representation of V,, (the derivative in direction of the
controlled variable). In particular, we identify V,, with the value of a zero-sum game
of optimal stopping (Dynkin ame). This representation allows us to obtain further
properties of V, and to obtain a decomposition of the state space by two curves (the
free-boundaries). Moreover, we derive preliminary properties of these curves. In
order to simplify the notation, in the following we write X*¥, instead of X%¥9, to
identify the solution to for £ = 0.

Theorem 4.5. Let (x,y) € R% Denote by T the set of all F-stopping times, and
for (o,7) € T X T consider the stopping functional

TAO
Woria) = B| [ (50000 ¢ VX )
0

— e_pTKﬂ{TSJ} + €_poKﬂ{T>U}} , (4.7)
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4.2 The Related Dynkin Game and Preliminary Properties of the Free-Boundaries

where V. is the partial derivative of V' with respect to x (which exists continuous by
Proposition . One has that the game has a value, i.e.

inf sup ¥ (o, 7 — sup inf V(0. 7
inf sup (o,752,Y) sup inf (o,752,Y),

and such a value is given by

V,(z,y) = inf sup ¥(o, 7;2,y) = sup inf ¥(o, 7;2,7). (4.8)
o€T reT reT o€T

Moreover, the couple of F-stopping times (7*(x,y),0*(x,y)) := (7*,0%) such that
ot =inf{t >0: V(X" y) > K}, 7 :=inf{t>0: V(X" y) <-K} (4.9)
(with the usual convention inf ) = +o00) forms a saddle-point; that is,
VreT V(o 1x,y) <Vyzr,y) =V(c",7%5z,y) <V(o,7552,y) VoeT.

The proof of Theorem can be obtained by approximating our degenerate
singular stochastic control problem by a fully diffusive setting and applying the
results from Theorems 3.11 and 3.13 in [26]. The details are presented in Appendix
B.1l

Remark 4.6. This game reflects some interesting interpretations. The game is a
two-player zero-sum game, where both players play against each other and have the
possibility to stop the game. Player 1 can choose o and Player 2 7. If Player 1 stops
the game, she pays e ?? K to Player 2 and if Player 2 stops first, she pays e ?" K to
Player 1. As long as the game is running, Player 1 is paying Player 2 a running cost
at a rate f, (XY, y) + aVa(X"Y,y). The optimal strategy of the players can then
be seen as a dynamic equilibrium between acting (and hence paying the linear cost
K) and waiting (which results in the running cost), where 7 is the optimal time to
increase Y and o the optimal time to decrease Y.

It is remarkable that the running cost consists of two parts. The first part
describes an immediate change in the running cost function f of the control problem
if one would act on y. The second part reflects that a changed level of y also modify
the evolution of XY because of the interconnected dynamics. Hence, an indirect
change in the cost arises, which is given through the term oV, (X;" y). Moreover,
the second part implies that the Dynkin game depends on the optimal strategies of
the control problem.

From ({4.9), it follows that —K < V,(z,y) < K for any (z,y) € R?. This suggest
to define the following partition of R?;

={(z,y) eR*: Vy(z,y) = —K},
C:={(z,y) eR?*: — K <V,(z,y) <K}, (4.10)
D= {(z,y) eR*: Vj(z,y) = K}.
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4.2 The Related Dynkin Game and Preliminary Properties of the Free-Boundaries

By continuity of V; (see Proposition , one obtains that the Z and D are closed
sets and C is open. Moreover, defining b; : R — R and by : R — R as

bi(z) :=inf{y € R | Vy(z,y) > —K} =sup{y e R| Vy(z,y) = K}, z€R,

(4.11)
bo(z) :==sup{y € R |V, (z,y) < K} =inf{y e R | V(z,y) = K}, =z €R,
(with the usual conventions inf ) = oo, inf R = —o0, sup () = —oo, supR = o) one

obtain the representation
C={(r,y) €R*: bi(z) <y < bo(z)},
I={(z,y) €eR*: y<hi(r)}, D={(z,y) €R*: y>by(r)}.
The Dynkin game representation allows us to proof easily the following result.
Lemma 4.7. V,(-,y) is non-decreasing for all y € R.

Proof. From the convexity of V' (see Proposition [4.4)), we have that = — V,(z,y)
is non-decreasing and by Assumption (iv) it holds that = — f,(x,y) is non-
decreasing. Hence, by , a > 0 and the linear structure of X;”Y in z, we have
that x — (o, 7;2,y) is non-decreasing for all y € R and 0,7 € 7. The claim

follows then by (4.8]). O

Using the proved monotonicity of V, as well as its continuity, we obtain the
following preliminary properties of b; and bs.

Proposition 4.8. The following hold:
(i) by : R — RU{—00}, by : R — RU {oo};
(ii) by and by are non-increasing;
(117) by(x) < by(x) for all x € R;
(iv) by is left-continuous and by is right-continuous.

Proof. (i) We argue by contradiction. Assume that there exists a g € R such
that by (x¢) = co. By (4.11), we have V,(zg,y) = —K for all y € R and hence

V(x(]a Yy + y/) = V(:UOJ y) - Ky/

for all y,y' € R. Since V' is non-negative and V' (z¢,y) < J(z0,y;0) < oo, we
obtain
Ky < V(xo,y) < J(w,9;0) < 00

for all y,7' € R. Since the right-hand side is independent of 3/, a contradiction
is obtained by choosing v sufficiently large. A similar argument shows that b,
takes values in R U {oo}.

(ii) The claimed monotonicty follows immediately from their definition and Lemma

47
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4.2 The Related Dynkin Game and Preliminary Properties of the Free-Boundaries

(iii) The fact that by(x) < by(x) for all x € R follows from the convexity of V' with
respect to y and the continuity of Vj(z,-) for all x € R.

(iv) We only prove the statement for by, since the argument for by can be proved
analogously. By (ii) above, we have that b(xz) < by(z — €) for all € > 0.
Hence, by(z) < lim0b1(x —€) = by(z—). On the other hand, the sequence
(x —e,b1(x — €))es0 C Z and, since Z is closed, we get that (x,b,(z—)) € Z.
Therefore, by (z) > b;(x—) and combining the two results give by (x) = by(z—).

O

Let us now define

by :=supbi(z), b :=infbi(x), by:=supby(x), by := inf by(x), (4.12)

z€eR z€R z€eR z€R
together with the pseudo-inverses of by and by by
g1(y) :=sup{z € R:b1(x) >y}, go(y) :=inf{z € R:by(x) <y} (4.13)
(again, with the usual conventions inf () = oo, inf R = —o0, supl) = —oo, supR =
00).

The pseudo-inverses will play an important role later on, and we give some
preliminary properties of them.

Proposition 4.9. The following holds:
(1) gi(y) = inf{z e R:Vy(z,y) > =K}, g2(y) =sup{z e R: Vj(z,y) < K};
(ii) the functions g1, g2 are non-increasing;

(iii) 91(y) < g2(y) for any y € R;

(iv) If by < 0o, then go(y) = —oo for all y > by and if by > —oo, then gi(y) = oo
for all y < b;.

Proof. Ttem (i) follows from the definition of g; and g, and (ii) by Proposition
(ii). Claim (iii) is due to (i), Lemma [4.7)and the continuity of V, for all y € R. We

show (iv) by contradiction. Assume that by < oo and suppose that lim, ., g2(y) =
g > —oo. But then, it holds that

Vy(z,y) < K

for all x < g and y € R. Hence by(z) = oo for all x < g and a contradiction is
reached. An analogous argument proves the statement for g;. O
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4.3 The Structure of the Value Function

4.3 The Structure of the Value Function

Up to now, we derived a representation of the derivative V,, of the value function of
the control problem and we decomposed the state space into three connected regions
defined in terms of V},. This regions are separated by non-increasing curves. In this
section, we exploit these results to determine the structure of the value function V.
In particular, we investigate the corresponding HJB equation for our problem.

For any given and fixed y € R, denote by LY the infinitesimal generator associated
to the uncontrolled process X9 Acting on g € C*(R;R) it yields, for z € R,

b (g o d 29" (@) F (ay —02) g/ (2), 0 >0,
(E g)( ) . {%g”(w) +ayg’(:z:), 0—0.

Any solution (-, y) to the second-order ordinary differential equation (ODE)
(£8(,y)(x) — pB(z,y) =0, xR,
can be written as
Bla,y) = Ay)d(z,y) + B(y)p(r,y), =R,

The functions ¥ and ¢ are the strictly increasing and decreasing fundamental so-
lutions to the ODE above and are given by (see page 279 and 280 in [52], among
others)

exp <——9(x‘€y) ) D_p <——“n%y\/%) , 0>0,

U(z,y) = “ ’ (4.14)
exp (% (—ay +/(ay)? + 277[))) ; 0 =0,
and
oo (2580 (=) 020
ez, y ’ ! (4.15)
exp (,7% (—ay (ay)? + 2np)> ,  0=0,
where

_12

Dgs(z) := €’ /00 t_ﬁ_le_é_mdt B <0
TR Jo ’ ’
is the Cylinder function of order 8 and I'(-) is the Euler’'s Gamma function (see,
e.g., Chapter VIII in [9]). Moreover, ¢ and ¢ are strictly convex.
By the dynamic programming principle, we expect that V' identifies with a suit-
able solution of the variational inequality

max { = (o) = K. o) = K. (0= L)(0) = ) | =0, (1.16)
for all (z,y) € R

79



4.3 The Structure of the Value Function

Assuming enough regularity for v for applying 1t6’s formula, can be derived
by investigating the three possible cases for the control: (i) immediately adjust Y by
a lump sum increase with marginal cost K and continue optimally, (ii) immediately
adjust Y by a lump sum decrease with marginal cost K and continue optimally, and
(iii) wait for a small amount of time and continue optimally. A formal derivation of
the dynamic programming can be found in [49]. In principle, since the HIJB involves
an ODE instead of a PDE, it might be possible to follow now a guess-and-verify
approach by imposing certain smoothness assumptions. However, it would be hard
to prove optimality of a candidate value function due to the interaction between X
and Y. Therefore, we use a direct approach as in [43] and show that V' is a viscosity
solution to (4.16). This enables us to determine the structure of V' (see Proposition
below) and to prove certain smoothness properties (cf. Theorem . This
will allow us later to derive necessary equations for the free-boundaries (cf. Theorem
4.26)).

Definition 4.10.

(i) A function v € C°'(R*R) is called a viscosity subsolution to (4.16)) if, for
every (z,y) € R? and every B € C?**(R*%;R) such that v — (3 attains a local
mazimum at (x,y), it holds

max{ By(ay) — K, Bylasy) — K, pBlay) — LY8(,y))(x) — f<x,y>} <.

(ii) A function v € C°(R*R) is called a viscosity supersolution to (4.16)) if, for
every (z,y) € R? and every f € C*'(R?%;R) such that v — 3 attains a local
minimum at (x,y), it holds

max{ Byary) — K, B(ey) — K, pBla.y) — [LY8(,y))(x) - f(w,y)} >0,

(1ii) A function v € C°(R*R) is called a viscosity solution to (4.16)) if it is both a
viscosity subsolution and supersolution.

Following the arguments developed in Theorem 5.1 in Section VIIL.5 of [49], one
can show the following result.

Proposition 4.11. The value function V is a viscosity solution to (4.16)).

Remark 4.12. Recall that by Proposition [1.4}(iii) our value function V' lies in the
class W>°(R% R). Hence, by Lemma 5.4 in Chapter 4 of [97] it is also a strong
solution to (in the sense, e.g., of [20]; see the same reference also for relations
between these notions of solutions); that is, it solves in the pointwise sense
almost everywhere.

We have decided to employ the concept of viscosity solution since our analysis
will later make use of the variational inequality on sets of null Lebesgue

measure (regular lines) (see Proposition and Proposition below). Because
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4.3 The Structure of the Value Function

the viscosity property holds for all (and not merely for a.e.) points of the state
space R?, the concept of viscosity solution is still able to provide information on V
on regular lines.

For later use, notice that the function

V(z,y) = J(x,y,0) = E{/ooo e f(XTY y)dt],  (x,y) € R?, (4.17)

is finite by Assumption [£.2}(i) and standard estimates, and continuously differen-
tiable with respect to y and z, given the assumed regularity of f, and f, in As-

sumption (iii). By Feynman-Kac’s theorem, it follows that V identifies with a
classical particular solution to the inhomogeneous linear ODE

(£ = p)B(Cyl(x) + f(z,y) =0, zeR (4.18)

Recall now the regions C, Z and D from (4.10), and that V, = —K on Z, while
V, = K on D. The next proposition provides the structure of V inside C.

Proposition 4.13. Recall (#.12)) and let y, € (b, by).
(i) The function V(-,y,) is a viscosity solution to

pﬂ(‘xvyo) - [Eyoﬁ('a yo)](x) - f(%, yo) = 07 S (gl(yo)ng(yo))' (4'19)

(ii) V(- 50) € Cr™ ((91(30). 92(0)): R).
(iii) There exist constants A(y,) and B(y,) such that for all x € (91(yo), 92(¥o))

V(@ 0) = AWo)¥(w, yo) + Byo)o(, y0) + V (2, 90),

where the functions ¢ and ¢ have been defined in (4.14),(4.15) and V is as in
(4.17)).

Proof. We prove each item separately.

Proof of (i). We show the subsolution property; that is, we prove that for any

To € (91(%0), 92(¥0)) and 8 € C*((91(¥o), 92(v0)); R) such that V(-,y,) — B(-,y,)
attains a local maximum at z, it holds that

pﬁ(xov yO) - [‘Cyoﬁ(”yo)Kxo) - f(x(ﬂy()) S 0.

First of all, we claim that

(Vi(@o,50), B (o), B"(w0)) € D3V (o, 3o),

where D?YTV (z,,y,) is the superdifferential of V at (x,,y,) of first order with
respect to y and of second order with respect to = (see Section 5 in Chapter 4 of
[97]). This means that we have to show that

lim sup V(x’ y) B V(woa yo) - ‘/y(xm yo)(y - yo) - B/(xo)(iﬁ — xo) — %B//(xo)(x _ xo)Q

<0.
(xyy)*)(moﬂljo) ‘y - yo| + |$ - .TOP

(4.20)
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In order to prove (4.20]), notice first that V(x,,-) is continuously differentiable,
and therefore
lim V(ZE, y) — V(l’, yo) B ‘/y(Iov yo)<y — yo)

Y=Yo |y - y0|

=0 uniformly in z € (z, — 1,2, +1).
(4.21)

Using now Lemma 5.4 in [97], we have that

(5/(330)7 5"(%‘0)) < D§’+V(xo, Yo)

where D27V (x,,v,) denotes the superdifferential of V (-, y,) at z, of second order
(with respect to x); i.e.

Vi(z,Yo) = V(o Yo) — B'(w0) (7 — 2,) — %ﬁll(xO)(x - x0)2

|2

lim sup <0. (422)

T—To |l’ — T

Adding and substracting V' (z,%,) in the numerator of (4.20]), and using (4.21)) and
(4.22), we obtain (4.20)).

Using again Lemma 5.4 in [97], we can then construct a function 3 € C*!(R?; R)
such that V' — [ attains a local maximum in (x,,y,) and

(B\y(l’o, yo>7 Bm"(Io, yo)7 me (51307 yO)) = (Vy(xm 1/0)7 6/($0>7 B”(xo)). (4-23)

Since (x,,Yy,) € C we know that —K < V(x,,y,) < K, and because V is a viscosity

solution to (4.16)), we obtain by (4.23)) that
PB(To; Yo) — [LY°B(+ yo)l(x0) — (o, Yo) <0,

thus completing the proof of the subsolution property. The supersolution property
can be shown in an analogous way and the proof is therefore omitted.

Proof of (ii). Let a,b € R be such that (a,y,), (b,y,) € C and a < b. Introduce
the Dirichlet boundary value problem

{wyo — (@) + f(z, o) z € (a,b),

=0,
a(a,yo) = V(a,4),  q(b,yo) =V (b, yo)-
Since f(-,%0) € Crar " ((91(4): 92(30)); R), by assumption, and V(-,y,) € C([a, 0]; R),
by classical results problem (4.24)) admits a unique classical solution ¢ € C°([a, b]; R)N
CHE((a,b); R). The latter is also a viscosity solution, and by (i) above and stan-
dard uniqueness results for viscosity solutions of linear equations it must coincide

with V(-,y,). Hence, we have that V(-,y,) € C?O’CLip((gl(yo),gz(yo));R) and V (-, y,)
is a classical solution to

[(ﬁyo - p)v(ayo)}(l’) + f(xayo) =0, ze (gl(yo)792(yo))a
given the arbitrariness of (a,b) and the fact that C is open.

(4.24)

Proof of (iii). Since any solution to the homogeneous linear ODE (LY —p)q = 0 is
given by a linear combination of its increasing fundamental solution v and decreasing
fundamental solution ¢, we conclude by (ii) and the superposition principle. O
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We are now able to provide the structure of the value function V.

Proposition 4.14. Define the sets
O ={zeR: b(zx)>—00} Oy:={zeR: byx) < oo}
There exist functions

A, B € WEE((by, ba); R) = CLl®((by,b2);R),  212: 015 = R

loc

such that the value function defined in (1.6) can be written as

~

Ay (e,y) + Bly)e(z,y) + V(a,y) onC,
V(z,y) =4 z1(z) — Ky on T, (4.25)
2(x) + Ky on D,

where C denotes the closure of C,
z1(z) = V(z,bi(x)) + Kby (z), x€ O

and
2o(x) == V(x,bo(z)) — Kbo(z), x € Os.

Proof. We start by deriving the structure of V' within C. Using Lemma [4.13} we
already know the existence of functions A, B : (by, b2) — R such that

V(z,y) = AW)e(z,y) + By)e(z,y) + V(z,y), (v,y)€C. (4.26)

Take now y, € (by, by). Since g1(y) < ga(y) for any y € R (cf. Proposition[d.9-(ii)), we
can find z and Z, x # Z, such that (z,y), (Z,y) € C for any given y € (yo — &, yo+£),
for a suitably small ¢ > 0. Now, by evaluating at the points (z,y) and (Z,y),
we obtain a linear algebraic system that we can solve with respect to A(y) and B(y)
so to obtain

~ -~

(V(z,y) = V(z,y)e(,y) = (V(Z,y) = V(Z,y)p(r,y)
V(,y)e(@,y) — (T, y)e(z,y)

Aly) = L @)

~ ~

(V(‘%a y) - V(*%v y)¢(£,y) - (V(‘Ta y) - V([E, y))¢(j7y)
Yz, y)e(@,y) — (@, y)e(z, y)

The denominators of the last two expressions do not vanish due to the strict mono-
tonicity of 1) and ¢, and to the fact that x # z. Since y, was arbitrary and V,
‘7, Vy, and ‘A/y are continuous with respect to y, we therefore obtain that A and B
belong to W2((by, b); R) = C2EP((by, by); R). The structure of V in the closure
of C, denoted by C, is then obtained by Proposition and by recalling that V' is
continuous on R? and that A, B, and V are also continuous.

Given the definition of 2z; and z,, the structure of V' inside the regions Z and D
follow by (4.10) and the continuity of V. O

B(y) =

. (4.28)
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Remark 4.15. Actually, by (4.27) and (4.28) one has that A and B belong to TW*>
up to by (resp. bg) if b, (resp. be) is finite.

So far, we know that V' € Cﬁ)’f"p(RQ;R) and we know it’s structure. Therefore,
we have already a first-order smooth-fit condition for the value function. Now, the
provide also a second-order smooth-fit principle for the value function V. More

precisely, we show that V), is jointly continuous. Notice that
Vyz(l',y) =0 V(.CL',y) GRQ\E'
The next result shows that one actually has continuity of V. on the whole R2.

Theorem 4.16. One has that
lim  Vy(r,y) =0  V(z,y,) € OC. (4.29)

(z,y)— (zo,Y0)
(z,y)eC

Hence, V,, € C(R*R).

Proof. We prove ([(£.29) only at 9'C := {(z,y) € R* : V,(z,y) = —K}, and we
distinguish two different cases for (z,,y,) € 9'C.

Case (a). Assume that y, = by(z,). Define the function

V(z,y) == Al (z,y) + By)p(a,y) + V(z,y), (z,y) € R (4.30)

where A, B are the functions of Proposition [4.14, Then, one clearly has that V €
C*'(R*R). Moreover, the mixed derivative V,, exists and is continuous. Since
V =V in C, by Lemma we conclude that Vi, > 0 in C. Then by continuity of

Vya, in order to show (4.29)) it is enough to show that

Ve (%0, Yo) < 0.

Assume, by contradiction, Vyx(:co, Y,) > 0. Due to the continuity of V, we can then
find an € > 0 such that

Viye(z,y) > Y(z,y) € Ny, 4., (4.31)

where N, . is a suitable neighborhood of the point (x,,y,) € 9'C. Notice now that

Vy(Zo, Yo) = Vy(T0,9o) = — K, because (z,,,) € 9'C,and V =V in N,_, NC. Then,

by assumption that Vye(Zo, Yo) > 0, we can apply the implicit function theorem to
Vy(7,y) + K, getting the existence of a continuous function g; : (Y, — 9,9, +0) = R,
for a suitable 6 > 0, such that V,(¢:1(y),y) = —K in (y, — 6,y, + ). Moreover,

taking into account the regularity of A, B, we have that g, € W (y, — 0,9, +0) as

3, ( ):_M a.e. in (Yo —0,y, +9).

Via(91(y), )
Hence, by ([.31) and the fact that A, B € W.2>°((by, b2); R) (see also Remark

loc

for the case y, = b;), there exists M. > 0 such that
191(y) — 1P| < Mely — 9l Yy, 9 € (yo — 0,y + 0). (4.32)
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Furthermore, recalling the definition of ¢; in (4.13), g1 and gy coincide in (y,—d, y,+
9). Therefore, gy is continuous in (y, — 0, y, + 0), and this fact immediately implies
that b; - which is non-increasing by Proposition - is actually strictly decreasing
in a neighborhood (z, — 9, z, + ), for a suitable ¥ > 0. Hence, g; = b;' over
bi((z, — 0,2, +v)), and from (4.32)) we find

Me[b1(z) =b1(2)] = (g1 (b1 (%)) = g1 (b1(Z))]| = | =], V2,2 € (yo—0,y,+0). (4.33)

Recalling again that b, is strictly decreasing in (x, — ¥, x, + ¢), hence differentiable
a.e. overthere, from (4.33)), we obtain

1
(@) 2 - Vred, (4.34)

€

where X is a dense set (actually of full Lebesgue measure) in (zo — 9, xo].
Consider now the function (zg — 9, 20| > v — V(2,y,) € Ri. Since b, is strictly
decreasing, we have that the set K := {(x,y,) : © € (xg — ¥, x0]} C Z, and therefore

by Proposition that
Vi(z,y,) = =Ky, + z1(x) Vo € (zg — ¥, x0). (4.35)
Furthermore, defining the function
(o —V,20] = R, x> 21(x) = V(z,bi(2)) + Kbi(2) = V(2,b1(2)) + Kby (),
and applying the chain rule we get that
3 21(z) = Vio(z, b1 (2)) + V, (2, b1 (2)), () + KV (z), Vre€X. (4.36)

Since by definition of b; we have that V,(z,b;(x)) = V,(x,b(z)) = —K, we obtain
from (4.36))

2(z) = Vy(z,b1(x)), VreX.

Using this result together with (4.35) we obtain existence of V,(z,y,) for all x € X
and moreover

Vi(z,y,) = 21(x) = Vo(z,b1(x)) Ve X. (4.37)

Using again the chain rule in (4.37)) we obtain existence of V,,(x,y,) for all z € X
and

Vir (2, 9o) = 21 (1) = Vou (2,01 (2)) + Viy (, b1 (2))V (z) Vo € X. (4.38)
Combining (4.38)) with (4.34) and (4.31)) one obtains

_ g
‘/xx(x7yo) > vaﬂﬁ(x7bl(x)) + Ma

Using now that V' is a viscosity solution to (4.16) (in particular a supersolution)

by Proposition |4.11] that V,, exists for all points = € X, and (4.37) and (4.39)), we
obtain that

Vr e X. (4.39)

f(@,y0) < pV(,y0) — LV (-, y0)] ()
- 1 ,¢

< pV(%, yo) - [Lyov<'7yo)]<x> o 577 M (440)
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4.3 The Structure of the Value Function

for all x € X. Since X is dense in (x, — ¥, z,|, we can take a sequence (2")peny C X
such that 2" 1 z,. Evaluating at x = 2", taking limits as n 1 oo, using the
left-continuity of by, the fact that y, = by(x,), and the fact that V € CV?(R?%;R),
we obtain

f(xm yo) < PV(%,%) - [Lyof/(" yo)](xo) - 577 M (441)

On the other hand, since pV (z,y) — [LYV (-, y)|(x) = pV (z,y) — [LYV (-, y)](z) =
f(z,y) for all (z,y) € C, using that V € C?(R* R) and (x,,y,) € C, we obtain by

continuity of V' that

F(@o,y0) = pV (%0, 40) = [LV (-, yo)] (o). (4.42)

Combining now (4.42)) and (4.41)) leads to ;- < 0. This gives the desired contradic-
tion.

Case (b). Assume now that z, = ¢1(y,) and y, < by(x,), with by(z,) < oo due
to Proposition [£.8}(i). Notice that such a case occurs if the function by has a jump
at z,. Defining the segment ' := {(x,,y) : y € [yo, b1(2,)]}, it follows that T' C 9*C.
Moreover, letting again V' as in (4.30)), we have that V, =V, = —K in T, so that

Vy(x,y)+K = Vy(xay)_%(xmy) :/ Vyz(uay) du, v?/ € [yOabl(xo)]y Ve > x,. (4~43)

Using now that A’, B" are locally Lipschitz by Proposition we can take the
derivative with respect to y in (4.43) (in the Sobolev sense) and we obtain

‘ZJZ/(xay) = / ‘_/yxy(uay) du for a.e. ye [?/oabl(mo)]a T 2 To.

The convexity of V and the fact that V = V in C, yields V,, > 0 (again in the
Sobolev sense) and therefore

0< / Viyey(u,y) du  for a.e. for a.e. y € [y,,b1(,)], T > z,.

Dividing now both sides by (z — z,), letting  — z,, and invoking the mean value
theorem one has B
0 S %my(xmy) for a.e. y e [ym b1($0)].

This implies that V,, is non-decreasing with respect to y € [y,,b1(2,)] and, since
V =V in C and Lemma we get

0 S ‘73137(1‘07 yo) S ‘73117(1‘07 bl(xo))

If we now assume, as in Case (a) above, that V,.(z,,v,) > 0, then we must also
have V,,(x,,b1(x,)) > 0. We are therefore left with the assumption employed in the
contradiction scheme of Case (a), and we can thus apply again the rationale of that
case to obtain a contradiction. This completes the proof. O]

Lemma 4.17. It holds V,,, € L,(R x (by, by); R).

loc

Proof. Notice that ¢y, (x,y) € LS. (R x (b, by);R), Oyaz(T,y) € L2 (R X (by, 52); R)

loc loc

and V., € L2 (R2) by direct calculations, and Ay, B, € W,5((b,, bs); R) by Propo-

loc

sition Hence, V., € LZ.(R % (b, b2); R) by (4.25)). O
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4.4 Further Properties of the Free-Boundaries

4.4 Further Properties of the Free-Boundaries

In this section, we show further properties of the free-boundaries and derive a system
of functional equations characterizing them. These equations are basically derived
by the smooth-fit conditions of the value function, see Theorem For this, we
need the following additional assumptions on f:

Assumption 4.18.

(1) limg ,yoo fulz,y) = F00.
(11) fye exists continuous.
(iii) One of the following holds true:
(a) x— f,(x,y) is strictly increasing for any y € R;
(b) fyz =0 and f(-,y) is strictly convex for any y € R.

Remark 4.19. The functions f discussed in Remark satisfy the previous as-
sumptions.

Proposition 4.20.
(i) Let Assumption[{.18 (i) hold. Then

b= lim bi(x) =00, by = limby(w) = —o0;

hence, by Proposition -(iii), one also has b, = —0o and by = 00.
(i1) Define
G(y) :==sup{z € R: —aVy(z,y) — fy(z,y) —pK =20}, y€eR,

Gy) =inf{z e R: —aVi(z,y) — fy(z,y) + pK <0}, yeR.
Then, for any y € R, we have

91(y) < Gy) < Gy) < 92(y).

Proof. We prove the two claims separately.

Proof of (i). Here we show that lim,| ., b1(z) = co. The fact that lim 4 bo(x) =
—oo can be proved by similar arguments. We argue by contradiction assuming
by := lim,| o b1(z) < co. Take y, > by, so that 7" = 7*(x,y,) = oo for all z € R,
the latter being the stopping time defined in (4.9). Then, take z, < ga(y,) such that
(o, Yo) € C. Clearly, every x < x, belongs to C, and therefore, by the representation
(£.25)), we obtain that it must be B(y,) = 0; indeed, otherwise, by taking limits as
x — —oo and using ([£.15]), we would contradict Proposition Moreover, since
for any y € R one has ¢,(z,y) — 0 when 2 — —oo (cf. (4.14])), we then have by
dominated convergence for 8 > 0

i V(o) = Jim Vel = tim & | [ e 00000 )| = o0 (142
xr —0oQ 0

T——00 T—r—00
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4.4  Further Properties of the Free-Boundaries

and for 0 =0

. o . <5 o . o —pt z,Yo _
xll)r_noo Va(z,y0) = xkr_noo Val(z,90) = xEIPOO]E [/0 e P fo (X5 ,yo)dt] = —o00. (4.45)
Now, setting

0, = inf{t > 0: X" > z,},

for x < x,, we have by monotonicity of f,(-,y) (cf. Assumption [4.2}(iv))

~K < V(o) = WL E| [T (VO ) + ) oK
o 0

< E{/ e Pt <a‘/;6(Xt$’y°7 yo) + fy(xo,yo)> dt + K:|
0

The latter implies

of 4 Tor o)l —QE{ / Vo (X7, o) dt}
p 0

Hence, letting = | —oo, using (4.44) in the case § > 0 or (4.45) for the case 0 = 0,
and invoking the dominated convergence theorem we get a contradiction.

Proof of (ii). Fix y € R. Recall that V,(-,y) € C(R;R) by Proposition
Ve (-, y) € C(R;R) by Theorem and V.. (-, y) € L2 (R;R) by direct calcula-
tions on the representation of V' given in Proposition [£.14] Also, it is readily verified
from that —K < V,(-,y) < K on R?. Then, the semiharmonic characteriza-
tion of [78] (see equations (2.27)-(2.29) therein, suitably adjusted to take care of
the integral term appearing in (4.8))), together with the above regularity of V,,(-,y),

allow to obtain by standard means that (V;(-,y), 91(y), g2(y)) solves

(LY = p)Vy(z,y) = —aVa(z,y) — fy(z,y)  on gi(y) <z < ga(y),
(LY = p)Vy(z,y) < —aVi(z,y) — fy(z,y) on a.e. ¥ < g1(y),
(Ey — p)Vy(x,y) > —aVy(z,y) — f,(z,y) on a.e. £ > go(y), (4.46)
—K <Vy(z,y) <K z € R, '
Vi(91(y),y) = =K and Vi (g(y),y) = K,

Vie(91(y),y) =0 and V. (g2(y),y) = 0.

In particular, we have that V,(z,y) = K for any = > g2(y), and therefore from the
third equation in (4.46|) we obtain

—pK > —aV,(z,y) — fy(x,y) = Ax,y), Vo> gl(y).

Since the mapping  — A(x, y) is non-increasing for any given y € R by the convexity
of V and the assumption on f, (cf. Assumption [4.2)), we obtain that

92(y) > G(y) = inf{z € R: —aVi(z,y) — fy(z,y) + pK <0}
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4.4 Further Properties of the Free-Boundaries

To show that go(y) > (a(y), we suppose that there exists some y, such that

92(Y0) = C2(¥o). Then Vi (Ca(yo),wo) = K. Let now 7 := 7%(¢2(10), yo) be the
optimal stopping time for the sup player when the Dynkin game (4.8)) starts at time
zero from the point ((2(yo), ¥o), and for € > 0 define

e = q(G(o), yo) = inf{t > 0: X2W¥ > ¢,(y,) + ¢}

Then by using that f, (-, y,)+aVi(-, y,) is non-decreasing and locally Lipschitz by

Assumption [£.2}(iil) and Proposition [4.4|(iii), we have from ([£.8) for some constant
C(Yo) > 0

T*Age
K = V,(Co(¥o), v0) < E{ / e P (f, + V) (X Welve, y&ds}
0

+E Ke_pqa]l{.,.*>q€} — Ke_pT*]l{T*@s}

<+ aV2) (Gl + 2, 0) 2B [1 = )

+E -Ke_pqg]l{T*>qs} — Ke_pT*]l{T*<q€}_

< % [(fy +aVe) (G(¥o), yo) + eC(yo)}E [1 _ e—pumqe)]

+E [Ke_pq€1{7*>qs} - Ke_pT*]l{T*<qs}} '

Using now that, by definition of (s, it must be (f, + aV,) (G (o), %) = pK, and
rearranging terms, we get that

C(y, « x
0 <ﬁﬂ§ 1—e PN KK e Licgn]. (4.47)
= P { q:}

Notice now that (cf. eq. (4.3) in [31], among others)

E[e"”*]l ) } _ P(C(Yo): ¥0) P(Ca(Yo) + &,¥0) = ¥(Ca(Yo) + €, Yo)P(C2(¥o): Yo)
T (91 (o) Yo) (o (Yo) + €5 Y0) — V(Ca(Yo) + 2, 0)2 (91 (Uo) s o)

and

E[G_p%l ) } _ (91(¥0), o) P(C2(¥o) s ¥o) — ¥ (C2(Yo), Yo) (91 (o) o)
1 (91 (00), Y0) 2 (Ca(Wo) + 2, %0) — ©(Ca(Uo) + £, 110) (91 (40)  ¥o)

Then, because

1 — e—P(Tha) — 1 _ e—pT*]l{T*<qE} — &P sy,

using the last two formulas in (4.47) and performing a first-order Taylor’s expansion
around € = 0 of the terms on the right-hand side of (4.47)), one finds that the first
term on the right-hand side of (4.47) is positive and converges to zero as € | 0 with
order €2, while the second term is negative and converges to zero with order . We
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4.4  Further Properties of the Free-Boundaries

thus reach a contradiction in (4.47) for £ small enough, and therefore it can not exist

Yo at which ¢2(yo) = CG(vo)-
The statement ¢;(y) < (1(y) can be shown analogously.

Moreover, by monotonicity and continuity of z — —aV,(z,y) — f,(x,y) we have
for any y € R that

Gi(y) = sup{z € R: —aVi(z,y) — fy(z,y) — 2pK + pK = 0}
<sup{z € R: —aV,(z,y) — f,(z,y) + pK > 0}
= inf{z € R: —aVi(z,y) — fy(z,y) + pK < 0} = G(y).

From Proposition [£.20} (i), we immediately obtain the following corollary.

Corollary 4.21. Let Assumption[4.18 (i) hold. Then the functions g1, g» defined in
(4.13) are finite.

Proposition 4.22. Let Assumption[{.1§ hold. Then the functions by, by are strictly
decreasing.

Proof. We prove the claim only for b, since analogous arguments apply to prove it
for b,.

Case (a). We assume here that item (a) of Assumption [4.18}(iii) holds, i.e. that
z + f,(z,y) is strictly increasing for any y € R. By Proposition we can
differentiate the first line of with respect to y and get by Proposition [£.13}(i)
that V, solves inside C the equation

LYV, (L 9)](@) — pVy(o,y) = —fy(z,y) — aVe(z,y). (4.48)

By continuity, ([#.48)) also holds on C, i.e.

LV, (¢ 9)l(x) — pVy(z,y) = —fy(z,y) — aVa(z,y) V(z,y) €C.

In particular it holds on 0'C := C N Z. Assume now, by contradiction, that the
boundary by is constant on (x,,x, + ¢), for some z, € R and some £ > 0. Then,
setting y, := b1(x,), we will have Vi.(-, ¥o) = Viu(-,4o) = 0 and V,(-,y,) = —K on
(o, , + €). Hence, we obtain from that

— pK = fy(@,y0) + aVol@,y0), Vo € (70,7, + ),

and thus
- fyﬂc(x790> = a‘/:cm<xayo)a Vr € (3307xo +5>'

But now aVy.(z,y,) > 0 for any = € (z,,z, + ) by convexity of V(-,y,), while,
by assumption, f,, must be strictly positive on a subset of (z,, x, +¢) with positive
measure. Hence a contradiction is reached.
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Case (b). We assume here that item (b) of Assumption [4.18}(iii) holds, i.e. that
fye = 0 and that f(-,y) is strictly convex for any y € R. Arguing exactly as in Case
(a), we obtain that

— pK = f(x,y0) + aVy(2,9,), Y € (20,7, + €).

Hence, we obtain that

PE Sy (@, Yo)

Vel 40) = — o P Vi (5,%0) =0 on (x,,z,+¢€).

On the other hand, by continuity of V (-, y,), it solves (4.19) on (z,, z,+¢). Therefore,
for 6 > 0, we get

(ay, — 0x) [— — T} — pV(x,yo) + f(x,9,) =0, V€ (z,,x,+¢)

and, for 6 =0,

ol =PI = £y 30)| = PV (@31 + Flr,50) =0, Y € (30 +2)

But this implies that f..(-,y,) = 0 on (x,, x,+¢), which contradicts that f is strictly
convex. O

From the result above, it immediately follows the next corollary.

Corollary 4.23. Let Assumption hold. Then the functions gy, g, defined in
(4.13) are continuous.

The next result will be of fundamental importance to show the locally Lipschitz
property of g;, ¢ = 1,2 and, in the next section, to determine a system of differential
equations for those curves.

Proposition 4.24. Let Assumption hold. Then

3 lim  Vj(z,y) #0 VY (x,y,) € OC. (4.49)
(I7y2_> )(xgzyo)
x,y)e

Proof. We provide the proof only for any (z,,y,) € 9°C := C 0D, as the other case
can be treated similarly.

First of all, we notice that the limit in exists since, by Proposition [1.14]
the function V : C — R can be differentiated twice with respect to z and once with
respect to y with continuity up to the boundary 9C.

Case (a). We assume here that item (a) of Assumption [4.18}(iii) holds, i.e. that
xr — fy(x,y) is strictly increasing for any y € R. Suppose, by contradiction, that
for some y, € R one has

lim Viyaz(z,y) = 0. (4.50)
()= (92(Yo)yo)
(zy)eC
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4.4  Further Properties of the Free-Boundaries

Then taking limits as (z,y) — (92(¥0), ¥o) for (z,y) € C in (4.19) we find, using
that V,.(92(%0), ¥o) = 0 by Proposition and that V,(92(v,), v0) = K,

- pK + fy(QQ(yo)a yo) = _avx(QQ(yo)ﬂ yo)' (451)

Since g2(yo) > Ca2(yo) by Proposition and by definition of (5, it must be

—,OK+ fy(l',yo) = _O“/x(xayo) Ve (CQ(yo)aQQ(yo))a

which also implies that —aV,.(z,v,) = fy(z,yo) for any = € (¢2(v0), 92(v,)). We
then conclude as in Step 1 of the proof of Proposition [4.22]

Case (b). We assume here that item (b) of Assumption [4.18}(iii) holds, which
implies that there exists ¢ such that f,(z,y) = ¢(y) for any (z,y) € R?. Suppose
again, with the aim of reaching a contradiction, that for some y, € R one has .
Then taking limits as (z,y) — (92(¥o), ¥o) for (z,y) € C in (4.19) we find, using
that V,.(92(¥o), ¥o) = 0 by Proposition and that V,(92(v0), %) = K,

—pK +q(yo) = —aVa(92(Yo), Yo)-

As before, because g2(y,) > (2(y,) by Proposition and by definition of (,, it
must be

—pK +q(yo) = —aVa(z,96) ¥ 2 € (C2(¥o), 92(¥5));
that is, V' is an affine function of x in that interval. However, using the latter and
(4.19)), we also have for 6 > 0
PE — a(yo)
o

and for 0 =0

pK - q(Qo)yo - pV(l’,yo) = _f(xayo> Vae (CQ(yo)vg2<yo))‘

Hence, we reach a contradiction since f(-,y,) is strictly convex by assumption, while
V(-,y,) is affine. O

(ayo - 0‘7:) - pV(I,yO) = —f(l‘, yo) Vae (QQ(yo)ng(yo))7

Proposition 4.25. Let Assumption hold. Then the functions gy, go are locally
Lipschitz.

Proof. Define the function

V(z,y) = Al (z,y) + By)ple,y) + V(z,y), (v,y) € R, (4.52)

where A, B are the functions of Proposition [4.14, Then, one clearly has that V €
C*(R%R), and V =V in R*NC. Moreover, the mixed derivative V,, exists and is
continuous, and standard differentiation yield

Vyo (@) = Ay()¥e(@,9) + By()pa(z,y) + (Ay)¥ye(2,y) + B)eye(@,y)) + Vyal(z, ).

Since A, and B, are locally Lipschitz by Proposition and ¥ and ¢ are smooth
(cf. (4.14) and (4.15))), we deduce that V,,(z,-) is locally Lipschitz.
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Let now y, € R. Then, for any given z, € R such that (z,,y,) € C, we know by
Proposition that Ve (20, yo) # 0, while V. (2,,,) = 0 by Theorem . By
the implicit function theorem (see, e.g., the Corollary at p. 256 in [29] or Theorem
3.1 in [75]) we therefore gain that for any i = 1,2 there exists a unique continuous
function g; : (Yo — 6,y +0) — (x, — 0,2, + ¢'), for suitable 4,0" > 0, such that
Vie(Gi(y),y) = 0 in (y, — 6, Yo + 0). Also, the aforementioned properties of V., and

Voo imply that there exists C(y,) > 0 such that

19i(v2) — Gi(y1)] < C(Wo)ly2 — 1], Vy1,¥2 € (Yo — 9, Yo +0).

Recalling now that V,.(g;(y),y) = 0, we can identify g; = g;, i = 1,2, in (y, —
9, Yo + 0) and therefore g; is locally Lipschitz therein. Given the arbitrariness of the
point (x,,y,) the proof is complete. ]

4.5 A System of Equations for the Free-Boundaries

Before proving the main result of this section (i.e. Theorem below), we need to
introduce some of the characteristics of the process X*¥. For an arbitrary z, € R,
and for any given and fixed y € R, the scale function density of the process X*V is
defined, for x € R, as

exp —fi%dz}, 0>0

Se(z,y) = 4.53
€xp _2CVZZJI} ) 0= 07 ( )
7
while the density of the speed measure is
2
mq(x,y) = ———, xR 4.54
(@) Sz (2, y) 454

Note that we set g = 0 in the case § = 0. This simplifies our calculations in Section
[4.6] For later use we also denote by p the transition density of X*¥ with respect to
the speed measure; then, letting A — Py(z, A,y), A € B(R), ¢t > 0 and y € R, be
the probability of starting at time 0 from level x € R and reaching the set A € B(R)
in ¢ units of time, we have (cf., e.g., p. 13 in [17])

R@sz/hwmawaww.
A

The density p can be taken positive, jointly continuous in all variables and symmetric
(i.e. p(t,z,z,y) = p(t,z,x,y)). Furthermore, our analysis will involve the Green
function G that, for given and fixed y € R, is defined as (see again [I7], p. 19)

o0 —1 <
Glazg) = [ e pltszgpr = 41 VTSNS R (5
0 wo(z, y)(z,y)  for x> z,

where w denotes the positive constant (normalized) Wronskian between ¢ and ¢

given by
%(% Z)90<x7 Z) _ (px(xv Z>¢(SE7 Z)
S, (z, 2) '

w =
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4.5 A System of Equations for the Free-Boundaries

Theorem 4.26. Let Assumption hold and for any (x,y) € R? define

The free-boundaries g, and g, as in (£13), and the coefficients A, B € W2 ™(R;R)

loc
solve the following system of functional and ordinary differential equations

_ [ Yolgr().y) o Yalg2(y).9)
0‘/5,1@) v ymy) &= Kog o K S .y 7

P A H et (o) de 1P 0@ 0a(02(y). )
0_/91@) ol 9)H{z y)ma{zy) @ KSx(gl(y%y) KSx(gz(y),y)’ (4.58)

and
AW)e(919) ) + B (@)pe(01(9),y) + Ve (91(9), ) (4.50)
+ AWy (91(1),y) + By)ye(91(y),y)] = 0

A()(92(9),9) + B'(0)¢(02(9),9) + Vial2(9)9) (4.60)

+[AW) Yy (92(9), y) + BW)eye(92(y), y)] = 0.

Proof. Fix (x,y) € R?, and, for n € N, set 7, := inf{t > 0: |X;"Y| > n}, n € \.
Propositions and guarantee that V,, and V, are continuous functions on
R% Moreover, by Lemma we have that V., € L2 (R?). Such a regular-
ity of V, allows us to apply the local time-space calculus of [76] to the process
(e7PV,(XZ¥ y))s>0 on the time interval [0,7,]. Taking expectations (so that the
term involving the stochastic integral vanishes) and noticing that P(XZ¥ = ¢,(y)) =
P(X™¥ = go(y)) =0, s > 0, for any (x,y) € R?, we obtain
E [e—m V, (X2, y)}

=Vy(@,y) + E[ /O e [(LY = p)Vy (o )] (X)) Lixrvrg, )y Lixov£ga()) ds}
= Vy(:z:,y) - IE|:/0 e (O“/;C(X?yvy) + fy(X;D’yv y))ﬂ{gl(y)<Xf’y<gz(y)} d8:|
! E[/o pRe T L ixzvcpwy 4 - /0

Rearranging (4.61]) we have

Vy(z,y) = E[e_”” Vy(XZY, y)]

Tn

pKeips]l{X;%y>92(y)} d8:| . (461)

+E[/O e P (aVa( X9, y) + fu (XS, 9)) gy (1)< XY <ga ()} ds}

—]E|:/ pKe_pS]l{(X;v,yvy)ez} dS +/
0 0

T

pKe Ly xow yyepy ds} (4.62)
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4.5 A System of Equations for the Free-Boundaries

We now aim at taking limits as n 1 oo in the right-hand side of the latter. To this
end notice that 7, T oo a.s. when n 1 0o, and therefore lim, 1o, E[e ™™V, (X2¥,y)] = 0
since V, € [—K, K]. Also, recalling (4.4), Proposition [4.4}(ii), and using standard
estimates based on Burkholder-Davis-Gundy’s inequality, one has

E[ [ e vl + 1) ds} < +oo.
0

Hence, thanks to the previous observations we can take limits as n 1 oo, invoke the
dominated convergence theorem, and obtain from (4.62) that

Vy(z,y) =E[/ e PH(XIY, y)lyxav yecy ds}
0

— ]E|i/ pKeips]l{(Xf,y,y)ez} d8:| +]E|:/ pK@i’os]l{(X:»y’y)GD} ds
0 0

= ]1<£L',y) —[2(£L',y)+[3($,y>. (463)

With the help of the Green function (4.55) and Fubini’s theorem, we can now
rewrite each [;, 1 = 1,2, 3, so to find

Ii(x,y) =E[/ e PH (XY, y) L, ()< x2v<ga(y)} ds]
0
=/ e"”(/ H(z,y)Lig () <z<a2}P(8, T, 2, Y)ma(2, y) dZ)dS
0 —00

- / G(Z‘, Z, y)H(Za y)]l{gl(y)<z<gg(y)}mm<za y) dz (464)

1 T
= E@(%y)/ V(2,9)H(2,9) Lig, (y)<z<gav)y M (2, y) dz

1 0
+ Ew(l’7 y) / ()0(27 y)H(Z, y)ﬂ{gl(y)<2<gg(y)}mx<zv y) dZ7

Ly(z,y) = E[/OOO pKe PPl xev ey ds}
= pK /OO e’ /00 (8,2, 2,9) Liz<g (v Ma(2, 1) dz) ds
= pK/ (2, 2,y) Lio<g ' (2,y) dz (4.65)
= —szo Yy / (2, Y) Lz<gi )y ma(z, y) dz

1 o0
+ E/)Kw(%y)/ (2, ) La<qiwyma(2,y) dz,
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4.5 A System of Equations for the Free-Boundaries

and, similarly,
Ii(z;y) = E{/ pKe "1 xew epy ds]
0
1 €T
1 oo
+EpKw(w,y)/ P(2Y) L)y M (2,y) d2.
Now, by plugging (4.64), (4.65), and (4.66) into (4.63)), and then by imposing

that V,(g1(y),y) = —K and V(¢2(y),y) = K, we obtain the two equations

92(y)

—K = %Qz](gl(y)’y)/ (p(z,y)H(z,y)mx(z) dz — [g(gl(y),y) + [3(gl(y)?y)

g1(y)
and
1 92(y)
K= Ew(gz(y),y)/( | V(z,y)H (2, y)ma(2) dz — L{(g2(y), y) + Is(92(y),y)

Finally, rearranging terms and using the fact that (cf. Chapter IT in [17])

¢m(ay)
Sx(’y)

—) / e, y)malz,y) dz

and

@x(ay) — _p/oo @(Z,y)m/(z7y) dZ,

yield and ([£.58).

Equations and involve the coefficients A(y) and B(y) through the
function H since V,(z,y) = A(y)v.(x,y) + B(y)p.(z,y) + ‘Zc(w, y), for any g;(y) <
xr < g2(y), by . In order to obtain equations for A and B, we use together
with the second-order smooth-fit principle V. (91(v),v) = Viyz(92(y),y) = 0, and we
find that, given the boundary functions ¢g; and ¢g», A and B solve the system of

ODEs (4.59) and (4.60). O

Remark 4.27. Notice that equations and are consistent with those
obtained in Proposition 5.5 of [43]; in particular, one obtains, as a special case, those
in Proposition 5.5 of [43] by taking o = 0 in ours (4.57)) and (4.58)). However, the
nature of our equations is different. While the equations in [43] are algebraic, ours
and are functional. Indeed, from and we see that A and
B depend on the whole boundaries g; and g» (and not only on the points ¢;(y) and
g2(y), for a fixed y € R), so that, once those coefficients are substituted into the
expression for V., they give rise to a functional nature of and @ .

In contrast to the lengthy analytic approach followed in [43], Equations (4.57) and
are derived via simple and handy probabilistic means using It6’s formula and
properties of linear regular diffusions. We believe that this different approach has
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4.6 A System of Differential Equations for the Free-Boundaries

also a methodological value. Indeed, if we would have tried to derive equations for
the free-boundaries imposing the continuity of V, and V,,, at the points (¢1(y), y) and
(92(v),vy), y € R, we would have ended up with a system of complex and unhandy
(algebraic and differential) equations from which it would have been difficult to
observe their consistency with Proposition 5.5 of [43]. In the spirit of [3] (see also
[84]), we also would like to mention that and can be seen as optimality
conditions in terms of an integral representation based on the minimal y-harmonic
mappings ¢ and ¢ for the underlying diffusion X*¥. As such, those equations
could have been alternatively derived by applying the analytic representation of
y-potentials obtained in Corollary 4.5 of [66].

In Theorem we provide equations for the free-boundaries ¢g; and g, and for
the coefficients A, and B, but we don’t prove uniqueness of the solution to (4.57)),
([£.58), and ({£.60). We admit that we do not know how to establish such a
uniqueness claim. The results so far holding both for § = 0 and 6 > 0. In the next
section, we will restrict our analyis only to the case # = 0. Due to the more simpler

structure of ¢ and ¢ (see (4.14), (4.15)), we can extend the results of Theorem [4.26]

4.6 A System of Differential Equations for the Free-Boundaries

In this section we derive, for the case # = 0, a first-order system of nonlinear
differential equations for the free-boundaries g; and gs, i.e. we will be able to write

91 () = Gi(a1(y), 92(v), v),
95(y) = Ga(g1(y), 92(v), v),

for some explicitly determined maps G, G, whose regularity will allow also to
establish a C1MP regularity for g1, g.. To the best of our knowledge, for a two-
dimensional degenerate singular stochastic control problem with interconnected dy-
namics as ours, a similar result appears here for the first time.

For a comment on the complexity in the case § > 0, see Remark

From (£.57), (4.58), (4.59) and (4.60)), we obtain the following result.

Theorem 4.28. Let Assumption hold and let 6 = 0. Recall (4.14), (4.15),
(4.25). Let Moreover, for z € R let

Az) ==/ 22+ 2012, (4.67)

—z+ /22 + 2pn?
P >

r(z) = . 0, (4.68)
U]
N % IR P
ro(2) = — 7722 T <, (4.69)

and fory e R, 1,5 =1,2, j #1,

92(y) ~
) = — 7722 e (£ (s )+ (1)) du+ K () (e_m (an)g1(y) 4 =75 (ay)gz(y)).

91(y)
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4.6 A System of Differential Equations for the Free-Boundaries

Then, we obtain that

—Z\(a —Z )\« @
A ra(ay)PA(ay) () <e 2Aeg) y)gz(@/)) N Z)ZA,Q(y) (2(9) — 01(»))
Yy)=— 3
8 . « v
ap sinh? (292 (ga(y) = 91(9) ) = (X2 (9:(0) - ) )
(4.70)
2 Mo BB o
B) T1(ay)n2>\(ay) Y2 (y) (6772 (ay)g2(y) on? ( y)gl(y)> _2)( 17/7)271(11) (92(y) . 91(y))
8 . (e} v
o sinh? (22 (g5(y) — 91(9) ) = (22 (92(0) - ) )
(4.71)
2
oy 2 M(g1(y), 92(),y)
Aly) = 25" Ln(ay)(gz(w—gl(y)) — o2 (an)(92(0)—91(1) (4.72)
2
oy T 2%gi(y) N(g1(y), 92(¥),y)
Bly) = 2,°" Lm(aym(y)—gl W) — era(an)(o2(w)—91() |’ (4.73)
where

M (1, 22,y) = ra(ay) (€21 V,, (22, y) — €22V, (21, y))

+ aA(y)ry(ay)ra(ay) <€T1(ay)x2+rz(ay)“ (ro(ay)as + 1) — erevmtralone (v (qy)z, + 1))
+aB(y)r(ay)ry(ay)e™ V) (@) — ;)

and

N(x1,22,9) = r1(ay) (€072 V,, (21, y) — €OV, (22,1))

+aB(y)ry(ay)ri(ay) (e’”(ay’”"+’“2(“y)“ (raay)zy + 1) — e Cvztr022 (1) () 2y + 1))

— aA(y)ri (ay)ri (ay)e TR (@) — ),
Proof. Exploiting, given g; and ¢, (4.25]), one has from (4.57) and (4.58) that A

and B solve the linear system

Aly) {a /ggg(y)w(z,y)wx(z,y)mx(z,y) dZ} + B(y) {a/g

1(y)

_ ¢x(gl(y)ay) ¢x(92(y),y) . 92(v) . . aA B _ i
-k s [ e (hen +atn)me)

92(y)
w(za y)@x(’% y)mx(z, y) dZ:|

1(y)

(4.74)

92(v) 92(y)
Aly) {a /91@ (s a2, ) 2, 9) dz] 1 B(y) {a /gl(y) (21 )pa (2, y)mal2,y) dz]
_ x|y | ele).n)] [V s o (e o () i
‘K[sm<gl<y>,y>+Sz<g2<y>,y>] /m) o) (ol )+ aliley) Jmatp) de

(4.75)
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4.6 A System of Differential Equations for the Free-Boundaries

By using expressions for 1, ¢, S, and m, (cf. (4.14), (4.15)), (4.53) and (4.54))
one can explicitly evaluate the integrals appearing on the left-hand sides of
and (£.75). Then, solving the latter two equations with respect to A and B one
finds after some simple but tedious algebra and (4.71). Notice indeed that
the denominator appearing in and is nonzero since g; # g, and one has
sinh®*(z) — 22 > 0 for any z # 0.

In order to find (4.72) and (4.73)) we solve ) and ([4.60]) with respect to A'(y)
and B'(y), and use (4.14])), (4.15)), (4.67), ([4.68]) and (4.69). O

Remark 4.29. In the case of # > 0, the uncontrolled process is of Ornstein-
Uhlenbeck type and this made it not possible to determine explicit expressions
for A(y) and B(y) as in (4.70)) and above. Indeed, the complex form of the
functions 1 and ¢ associated to the Ornstein-Uhlenbeck process does not allow to
conclude that the determinant of the coefficients’ matrix arising when one tries to

solve (4.74) and (4.75)) with respect to A(y) and B(y) is nonzero.

We have now found explicit, given ¢; and g¢o, formulas for A, B, A" and B’.
Exploiting the connection between them, we obtain the following result for the
function ¢g; and gs.

Theorem 4.30. Let D := {(x1,22,y) € R® : 21 # 25} X R.
There exist explicitly computablfl functions G; € cY LZp(D R), i = 1,2 such that

loc

Gi(91(y), 92(y), y)

g1 (?J)
{95(?/) = Ga(g1(), 92 (), y)- (4.76)

In particular, g; € CoFP(R;R) fori =1,2.

loc

Proof. Recall Proposition and (4.56). In particular, for any (z,y) such that
01(y) < 2 < go(y) - Le. for any (z,y) € C — we have by (1.23)

Va(z,y) = AW)ea(z,y) + By)es(z,y) + Valz,y),

with A, B belonging to W;>>°(R; R). Defining then the function

H(z,y) = fy(z,y) + a(AW)¢a(z,y) + B@)ea(z,y) + Valz,y)), (z,y) € R,

one has H = H on C.
Introduce now &, : D — R defined as

(I) x17x27 / w z y Z y)mx(z y) d
x2
- Kp/ Y(z,y)ma(z,y) dz — Kp/ U(z,y)my(z,y) dz
8Cf. Remark
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4.6 A System of Differential Equations for the Free-Boundaries

Do, 22 y) = / o)z y)ma (=) de

1
o]

+ Kp /Oo ez, y)ma(2,y) dz + Kp/ p(z,y)ma(z,y) dz.

T2 1

Observing that (cf. Chapter II in [17])

= ¢ z7y mm Z?y dZ? = _p Z?y mx Z’y dz’
one can readily see that, by (4.57)-(4.58)), for any y € R one has

D1(g1(y), 92(y),y) =0 and  Pa(g1(y), 92(y),y) = 0. (4.77)

Thanks to Assumption and Proposition one has that H € C’l’Lip(RQ; R).

loc
Hence, for any ¢ = 1,2, the map (21, z3) — ®;(21, x2,y) belongs to C*(D; R) for each
y € R and the map y — ®;(xy1, 75, y) belongs to CLIP(D; R) for each (21, 2,) € R2.

Recalling Proposition we can take the total derivative on both terms appearing
in (4.77) we obtain for a.e. y € R that

G (01(v):92(0),y) TH0 () 92W). 9\ (9 G (91(v), 92(y). y)
5 (01(), 9:(0)9) G2 (1), 92(),v)) \9a(v) B2 (91(), 92(y), )

=A(q1 (;,),gz (¥),v)

(4.78)
The determinant of the matrix A, denoted by |A|, is given by

[Al(g1(¥), 92(), v) =(H(91(v), ) + Kp) (H(92(y), y) — Kp)ma(91(y), y)ma(92(y), y)-
(V90,9201 1)) — Vo) ele)y). (479)

We now aim at showing that |A|(g1(y), g2(y),y) does not vanish for any y € R
under Assumption [£.18}(iii). On the one hand, if item (a) of that assumption holds,
ie. z +— f,(z,y) is strictly increasing, then we have that x — H(x,y) is such as
well. Since H = H on C and g2(y) > (2(y) > Gi(y) > g1(y) by Proposition [4.20] (ii),
we have

H(g1(y),y) + Kp <0, H(ga(y),y) — Kp>0,
and
V(g2(y), v)e(91(y), ) — L(91(y), y)e(92(y), y) > 0;

therefore, |A|(g1(v), 92(y),y) < 0. On the other hand, if item (b) of Assumption
[4.18}(ili) holds, i.e. if f,, = 0 and f(-,y) is strictly convex for any y € R, we can
argue by contradiction as in Case (b) of the proof of Corollary [£.23] To this end,
suppose, for example, that H(g1(y,), %) + Kp = H(91(%), yo) + Kp = 0, for some
Yo € R. Denoting f,(x,y) = q(y) it then follows that

—pK + Q(yo) = _avx<x7yo) Vze (gl(yo)7C1(yo))7
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4.6 A System of Differential Equations for the Free-Boundaries

by definition of ¢; (cf. Proposition ; that is, V' is an affine function of x in that
interval. However, using the latter and (4.19)), we also have

—pV(z,yo) = = f(2,90) Y € (91(¥), (1(1)),

PK —q(yo)
ayo(————)
and we reach a contradiction since f is strictly convex in z by assumption while V' is
affine. The same argument also implies that H(g1(Y,), ¥o) + Kp # 0. We have then
proved that in any case one has |A|(g1(y), 92(v), y) # 0 under Assumption [4.18}(iii).

We can therefore invert the matrix A appearing in (4.78)) and obtain that for a.e.
yelR

( 0Py 0Py Dy OD,
p - BE BB 000
' [Al(g1(v): 92(y), ) R
(4.80)
0y 91 _ 9%y 9%y
(o) = [axl dy ~ om ay](gl(y),m(y)’y) . Colar). ax(o). )
( [Al(91(¥), 92(y), ) R
Observe now that, given the aforementioned regularity of gf]?, 1,7 =1,2, and of
00 j—1,2, we have G; € C’I%’(I;ip(D;R); hence, g; € Cﬁ)’gjip(R;R). ]

Oy

Remark 4.31. Notice that the right-hand sides of (4.80]) are indeed functions only
of (g1(y), g2(y),y). To see that, it is enough to feed (4.70) and (4.71), and (4.72)
and (4.73) in the right-hand sides of (4.80)), upon noticing that for any i,j = 1,2,

g%’; depend on A(y), B(y), while, for any i = 1,2, %‘zi depend on A'(y), B'(y).

Remark 4.32. i) In the proof of Proposition 5.6 of [43] (see page 2213 therein;
see also Step 4 in the proof of Lemma 7 in [74] and the proof of Proposition 6
in [34]), a system of ODEs for the free-boundaries is determined with the aim
of proving that the free-boundaries belong to C! and are strictly monotone.
In our problem, proving strict monotonicity of ¢g; and g would require to
establish a strict sign for Gy and G (cf. (4.80)). However, the interaction
between our dynamics — and the consequent dependency of ¢, ¢, and m, on
y — makes the partial derivatives 22 appearing in (4.80) much more complex

Jy
than the analogous quantities in [43] or [74], and this in turn makes it unclear

that G; < 0, ¢ = 1.2 (although expected).

ii) System provides a system of ODEs for the free-boundaries g; and go.
For a full characterization of the g;s, one need to provide boundary conditions.
So far, it is not clear how to identify those. A possible idea might be to think
about the parameter a (the strength of interaction) as a variable. If one can
derive a system of ODEs in «, the case a = 0 could be used as a boundary
condition, since in this case the values for the boundaries are unique, see [43].
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4.7 A Discussion on Theorem |4.30| and on the Optimal Con-
trol

4.7.1 On Theorem m

Given the full degeneracy of our setting, the fact that the free-boundaries g;, i = 1, 2,
belong to the class Cllo’flp(R; R) is, to the best of our knowledge, a remarkable result.
Indeed, the lack of uniform ellipticity of the diffusion coefficient makes it already
difficult to obtain a preliminary (locally) Lipschitz property of g;s by invoking results
from PDE theory (|21] and [79], among others) or techniques as those in [91], [92],
and [93]. Also the probabilistic approach developed in [35] is not directly applicable
since our free-boundaries are associated to a Dynkin game rather than to an optimal
stopping problem.

It is also worth stressing that Theorem not only provides regularity of the
free-boundaries, but also a system of ODEs. To the best of our knowledge, a similar
result appears here for the first time. Clearly, in order to provide a complete char-
acterization of g;s, should be complemented by boundary conditions. The
determination of those is a non trivial task. As a matter of fact, we have not been
able to identify a relevant value of y for which the values of the free-boundaries can
be determined. The only information available is that the free-boundaries diverge
for large (in absolute value) levels of y; but this is clearly not enough. Even enforc-
ing a finite-fuel constraint like y < Yty’é < 7 a.s. for any ¢ > 0 would not help in
order to obtain boundary conditions. Indeed, differently to the case with monotone
controls (see [64]), here the drift process Y can be pushed back into (y,7) once any
of the boundary points of that interval is reached. Also, it is not clear to us how
to obtain some kind of asymptotic growth of the free-boundaries in order to restrict
the functional class where to look for uniqueness of (4.76).

4.7.2 On The Optimal Control

So far, we investigated the structure of the value function and the properties of
the free-boundaries ¢;s characterizing the state space. A key question now is the
existence and uniqueness of an optimal control. Existence of an optimal control for
problem can be shown relying on (a suitable version of) Komlos’ theorem, by
following arguments similar to those employed in the proof of Proposition 3.4 in
[43] (see also Theorem 3.3 in [61]). In fact, one also has uniqueness of the optimal
control if the running cost function is strictly convex. In this section, we discuss
the structure of the optimal control by relating it to the solution of a Skorokhod
reflection problem at dC, where C is given by (£.10). Moreover, we discuss conditions
under which a solution to the reflection problem exists. First, we introduce the
corresponding Skorokhod reflection problem.

Problem 4.33. Let (z,y) € C be given and fixed. Find a process ¢ € A such

that - = 0 as. and, letting (X7¥, YY)is0 == (X7¥¢,VY)20 and denoting by
(&5, & )i>0 its minimal decomposition, we have

(XM YY) eC forallt>0, P—as.
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and
a?*:/ L cow gmen des, E-:/ Ly gon poyemyds
' (0,4] W 1en ' (0,4] R xer)

Before discussing the existence of a solution to problem (4.33]), we provide a
verification theorem which gives its optimality.

Theorem 4.34. Let (z,y) € R? and suppose that a solution £ =& —& to Problem
exists. Define the process £ := &7 — &7, 1 >0, where

=g ()~ & =8 (v —gy)t, forallt >0,

and with §_ =0 a.s. Then £ is optimal for problem (4.6)). Moreover, if f is strictly
convez, it is the unique optimal control.

Proof. Being the process £* clearly admissible, it is enough to show that
V(z,y) > ]E[ / e PLE(XTYE Y Y dt + / e PKderT + / e—pthg:"} (4.81)
0 0 0

To accomplish that, let (K,),en be an increasing sequence of compact subsets such

that |,y Kn = R?, and for any given n > 1, define the bounded stopping time 7,, :=

inf{t > 0: (X" v¥*) ¢ K,} An. We already know by Proposition that
V e C*1(C;R); moreover, by construction, the process £* is that (X7V* Y7 ) e C
for all ¢ > 0 a.s. Hence, we can apply 1t6’s formula on the (stochastic) time interval
[0, 7] to the process (e PV (XY YP<)),5, take expectations, and obtain (upon
noticing that the expectation of the resulting stochastic integral vanishes due to the
continuity of V)

V(e.y) = E [e-pfnwxgyfi Yf:ﬁ*)] _E [ / LY — PV YN (X dt]

- IE‘[ / VXY dst*‘]
0

—IE[ > et (VI V) - Vg vee) } (4.82)

0<t<m,
Here £%¢ denotes the continuous part of £*. Notice now that
(€7 = VYOI = = FOE )

due to Proposition [4.13}(i) and the fact that V € C*(C;R) by Proposition [4.14]
Therefore,

B [T et oy ey | = -u| [T oo v a. asy
0 0
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Letting Af‘:’i = t*’i - :Li, t > 0, notice now that

65:’-‘— * *
V(XY YPE) = VX YT = 1 g /O V(XU Y2+ u)du
a Tyt Yyt
—]1{55;730}/0 Vy(XP9 Y2 — u)du. (4.84)

Since the support of the (random) measure induced on R, by %" is Z, and that of
(random) the measure induced on R, by £~ is D, and V, = —K onZ and V, = K
on D, we therefore conclude by using (4.84) that

n x x * * * *
E[A e_ptvy(ch’yvg ’)/%yvg ) df;:c + Z e_pt (V(thvy’g ’Y;y’g )_ V(vayag Yya£ )):|

) Ly—
0<t<my,

_ _E { /0 et (K dgit + K dg,f’_)]. (4.85)

Tn * * * * * *
E|:/[; e_ptvy(Xf>y7£ 7}/;%5 ) dé‘:vc _|_ Z e—Pt (V(Xf7y7£ ’}/tyvg )_ V(thryvg ,Y;i’é )):|

0<t<ty

__E [ / et (K dgr* + K dgt*’_>]. (4.86)
0

Then using (4.83) and (4.85)) in (4.82]), we obtain

T

V(fﬂ,y)ZE[ / P FXEIE YIE) df 1 / eI e + / K dft*’],
0 0 0

where the non-negativity of V' has also been employed. Taking now limits as n 1 oo
in the right-hand side of the latter, and invoking the monotone convergence theorem
(due to non-negativity of f and of K) we obtain (4.81]).

Finally, uniqueness of the optimal control can be shown thanks to the strict
convexity of f by arguing as in the proof of Proposition 3.4 in the Appendix A of
[43]. O

The following picture provides an illustrative description of the expected behavior
of the optimal control rule £*. This should be such that the jumps of the two-
dimensional process (X} ’y’§*7}ﬁy’€*)t20 are induced by the optimal control only at
initial time, if the initial data (x,y) lie in the interior of Z or D, or at those times at
which the process meets jumps of the free-boundaries. The size of those interventions
should be such that the process is immediately brought to the closest point on OC,
from where it evolves according to and and in such a way that it is kept

inside the closure of C in a minimal way.
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4.7 A Discussion on Theorem [4.30] and on the Optimal Control

>

D

\ A
cC \~z
\

Question: does a solution to Problem [4.33] exist?

The latter is per se an interesting and not trivial problem, whose solution
in multi-dimensional settings strongly hinges on the smoothness of the reflection
boundary itself; sufficient conditions can be found in the seminal papers [38] and
[68]. Unfortunately, our information on dC do not suffice to apply the results of
the aforementioned works since we are not able to exclude horizontal segments of
the free-boundaries g; and gy (cf. Case (1) and Case (2) in [38]). Indeed, although
we can provide explicit formulas for the maps G and G, appearing in ([£.76)), their
complex expressions makes it hard to show that they are strictly negative (see also

Remark [4.32).

An alternative and more constructive way of obtaining a solution to Problem
is the one followed in [26], where the needed reflected diffusion is constructed
(weakly) by means of a Girsanov’s transformation of probability measures (see Sec-
tion 5 in |26]). The next proposition shows that this is possible also in our problem
when f satisfies suitable additional requirements.

Proposition 4.35. Suppose that there exists C' > 0 such that |f,] < C, and
that fy(x,y) = B(y), for some strictly increasing function § : R — R such that
lim, 1o B(y) = £oo. Then there exists a weak solution (in the sense of weak solu-

tions to SDEs) to Problem [{.535

105



4.7 A Discussion on Theorem 4.30| and on the Optimal Control

Proof. The proof is organized in two steps. For simplicity, we just perform the proof
in the case # > 0, we case # = 0 can be treated similary.

Step 1. We here show that b, > —oco and b; < +oo. Using the convexity of
f(-,y), (4.4), and the assumed requirement on f,, one easily finds for all (z,y) € R?
that

V(x + 67 y) - V(Ia y) < SupE|:/OO e_(p+0)tfx(Xf+€’y7£ y)dt:| < C —- C/-
€ - teA 0 7 o+l

Analogously, for any (z,y) € R?,

V(z,y) = V(z —e,y) S E /Oo (PO (Xx—a,y,f y)dt| > —C.
- = ml ; z t ) =

Hence, by the existence of V,(-,y), we have that |V,| < C".

Since, by assumption, f,(z,y) = S(y), for some strictly increasing function j :
R — R such that lim, ,, . B(y) = £oo, it follows from arguments similar to those
employed to prove (ii) of Proposition that

{(z,y) €eR®: y > by(2)} C {(z,9) €R®: y > 57} (pK — aC")}.

Hence, b, > —o0.
Analogously, one has that

{(wy) eR* 1y <bi(2)} S{(z,y) €R*: y < B (aC" = pK)};

therefore, b; < +o0.

Step 2. We here follow the approach developed in Section 5 of [26] in order to
construct a weak solution (in the sense of weak solutions to SDEs) to Problem [4.33]
Let B := (By);>0 be a standard Brownian motion on the filtered probability space
(Q2,G6,G := (Gi)i>0,Q), where G satisfies the usual hypotheses. The smallest such
filtration is the augmented filtration generated by B, that we denote by F.

Following, e.g., the arguments of Section 4.3 in [43] one can construct a couple of
F-progressively measurable (since F-adapted and right-continuous) processes £* =
(677,67 )i>0 such that

{dXt = X, dt +ndB;, t>0, Xo=uz€R,

Yyi=y+&T -6, 120, Yy =y €eR,
(X, Y*) el forallt>0, Q- as., (4.87)
and
o= / Lyx, voendé™, & = / Ly(x.vp)epyd€ (4.88)
(0,¢] (0,¢]

Since b, > —oo and by < 400, one has that by Vy > Y > b, ANy forallt >0, Q-a.s.
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4.8 Conclusion

It thus follows by Girsanov’s theorem (Corollary 5.2 in Chapter 3.5 of [60]) that
the process

G—y
W, = Bt—i—/ —Y'ds, t>0,
o 7

is a standard Brownian motion on (Q, FZ F8 := (FP);>,P), where F? is the (un-
completed) filtration generated by B, FZ := F2 and P is a probability measure on
(€2, FB) such that

AP T 1 T 2
—| =exp ( — / —aYs*st - —/ a—Q(YS*)Qd5>, T < 0.
dQIrf o N 2Jo n

Hence, P-a.s., (X, Y,*, &5 )i>0 solves (4.2)) and (4.3), and satisfies (4.87)) and (4.88));
that is, it is a (weak) solution to Problem [4.33] O

Remark 4.36. Notice that the result of Proposition is particularly relevant in
the problem of optimal inflation management discussed in the introduction. Indeed,
as a byproduct of Proposition we have that the key interest rate stays bounded
under the optimal monetary policy of the central bank.

In general, the constructive approach of [20] also gives a strong solution to
Problem if one can show show that the free-boundaries b; and by are glob-
ally Lipschitz-continuous, a property that is assumed in [26]. In fact, in such a case,
after constructing pathwise the solution to Problem when a = 0 in the dynam-
ics of X (see, e.g., Section 5 in |26] or Section 4.3 in |43] for such a construction),
one can still introduce back the linear term aY™ via a Girsanov’s transformation.
The Lipschitz property of the free-boundaries does indeed guarantee that the ex-
ponential process needed for the change of measure is an exponential martingale.
Hence, a weak solution to Problem [4.33] exists and a strong solution could then be
obtained via a pathwise uniqueness claim whose proof uses, once more, the global
Lipschitz-continuity of the free boundaries (see Remark 5.2 in [26]).

It is worth noticing that in certain obstacle problems in RY, d > 1, the Lips-
chitz property is the preliminary regularity needed to upgrade - via a bootstrapping
procedure and suitable technical conditions - the regularity of the free boundary to
C'-regularity, for some § € (0,1), and eventually to C>™-regularity (see [21] and
[79], among others, for details; see also [35] for Lipschitz-regularity results related
to optimal stopping boundaries). In multi-dimensional singular stochastic control
problems, Lipschitz regularity of the free boundary has been obtained, e.g., in a
series of early papers by Soner and Shreve ([91], [92], and [93]), via fine PDE tech-
niques, and in the more recent [I8|, via more probabilistic arguments. In all those
works the control process is monotone and the state process is a linearly controlled
Brownian motion. Obtaining global Lipschitz-continuity of the free-boundaries for
the two-dimensional degenerate bounded-variation control problem is a non
trivial task that we leave for future research.

4.8 Conclusion

In this part of the thesis, we studied a two-dimensional singular stochastic control
problem with interconnected dynamics. We considered both, a drifted Brownian
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4.8 Conclusion

motion and an Ornstein-Uhlenbeck process, where the drift components can be ad-
justed. We solved the problem using a direct approach. First, we proved some
preliminary properties of the value function V' such as differentiablility and convex-
ity. Moreover, we related V;, (the derivative of the value function with respect to the
controlled variable) to the value of a Dynkin game of optimal stopping (see Section
. This allowed us to derive preliminary properties of the free-boundaries. Next,
we showed that V' is a viscosity solution to the corresponding HJB equation, which
evolves as an ODE with gradient constraint. This fact enabled us to show that V/
is also a classical solution to the HJB in the continuation region. Furthermore, we
upgraded the regularity of the value function V' by proving a second-order smooth-
fit condition for the mixed derivative V,, and that V,,, # 0 at the free-boundaries.
These properties combined with the structure of V' made it possible to derive a nec-
essary system of non-linear functional equations for the free-boundaries. Moreover,
the fact that V., # 0 at the free-boundaries allowed us to apply the implicit func-
tion theorem and to prove a locally Lipschitz property of the free-boundaries (see
Proposition [£.25)). If X evolves as a drifted Brownian motion, the Lipschitz property
makes it possible to differentiate the system of necessary functional equations and,
thus, to derive an explicitly computable system of first-order ODEs. This result is
the most remarkable one of this section. Unfortunately, so far we can not provide
any initial conditions for the system of ODEs. Hence, the question of uniqueness
still remains open. We let this problem left for future research. Finally, we discussed
the construction of the optimal control, which turns out to be the solution of a Sko-
rokhod reflection problem at the free-boundaries. Under additional assumptions, we
proved that a weak solution to the Skorokhod reflection problem exists, allowing to
construct the optimal control.
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Appendices

A Appendix Section 2

A.1 Proof of Corollary [2.13

Notice that from ([2.22)) we can write for any z > 0 and ¢ € [0, T

T—t
u(t, ) = E[/ — [t + 0) Liasporow,>b(t+0)} L{o<s(z)) dO
0
+m(t +S(@)Lis@y<r—1 + 9o (T, Ar—i(2))

_ /T_t —f(t+ O)P(z + b+ oWy > b(t +6),S(x) > 60) df (A1)

+E[m(t + S(2))Lis@y<r—i3] + E[g2(T, Ar—i(x))],

where Fubini’s theorem and the fact that f’ is deterministic has been used for the
integral term above.

We now investigate the three summands separately. By using Proposition 3.2.1.1
in Jeanblanc et al. [52], and recalling that the stopping boundary b is strictly positive
by Assumption we have

P(x—l—,u@—i—aWa > b(t+6),S(x) > 9>
= ]P’(x—l—u&—l—an > b(t—i—@),igg(x—l—,us—FaWS) > 0)

— P(%@ s O (ﬁs + WS> > —f> (A.2)

g s<6 \ o o

x—b(t-‘r@) He v . b(t+9)+x He
:/\/’(0——’_0)_6—202/\/( s o )
Vo Vo

Here A/(-) denotes the cumulative distribution function of a standard Gaussian
random variable. Note that the last term in ((A.2)) is continuously differentiable with
respect to x for any 6 > 0.

For the second summand in the last expression on the right-hand side of
we first rewrite S(x), for x > 0, as

S(x):inf{SZO:x—l—us—i-oWS:0}:inf{320:gs—l—Ws:—g}
éinf{szO:—ﬁst/M?S:E}
o o

where W is a standard Brownian motion. Hence equation (3.2.3) in Jeanblanc et
al. [52] applies and allows us to write the probability density of S(x) as
dP(S(x) € du) x _(Grhw?
o) = = e 2w, oy > 0. A3
ps) (1) T o (A-3)
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A.2 Proof of Lemma[2.18

For the third summand we notice that the absorbed process Ap_;(x) of
is the drifted Brownian motion started in x and killed at the origin. Denote by
pa(t,x,y) its transition density of moving from x to y in ¢ units of time. Then,
by employing the result of Borodin and Salminen [I7], Section 15 in Appendix 1
(suitably adjusted to our case with o # 1), we obtain

dP(Ar—(z) € dy)
dy

N 27r(7}— t)o2 P <_ (Ml; y)) a 2152 (T - t))
(o) - ()

Feeding (A.2)), (A.3) and (A.4) back into (A.1)) we obtain

T—t z—b(t+0) Ly o _ b(t+0)+x EQ
u(t,x)z/o —f’<t+e>{N(——o ﬂ“ )—e%w( Uﬂ“ )] a6

T—t 00
+ / m(t 4+ u)ps()(u) du + / 9o(T,y)pa (T —t,z,y) dy,
0 0

pa(T —t,x,y) =

and it is easy to see by the dominated convergence theorem that x — wu(t,z) is
continuously differentiable on (0, 00) for any t < 7.

A.2 Proof of Lemma [2.18

By ([2.28) and Corollary the function N of (2.29) is twice-continuously differen-

tiable with respect to z on (0,00). To show that NV is also continuously differentiable
with respect to ¢ on [0,7) we express the expected value on the right-hand side of
as an integral with respect to the probability densities of the involved pro-
cesses. We thus start computing the transition density of the reflected Brownian
motion R of (2.33), which we call pp. By Appendix 1, Chapter 14, in Borodin and
Salminen [17]| (easily adapted to our case with o # 1) we have

g

(u,z,y) = dP(Ru(z) €dy) 1 ex ( H (x_y) _ '“_2u) X
PrR\U,T,Y) : dy /—271_u0_2 p P

202
(z —y)? (z +y)° [ T+ Y+ pu
ISRV I _ P Eefe (2T ET
(exp ( 202u P 202u 20 e V2021 ’

2
where Erfc(z) = [7 \/%e’y? dy for x € R. Hence, by using Fubini’s Theorem,

(2.29) reads as
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A.3 Proof of Proposition [2.26

T—t

N(t,x):E[—/OT_t(RS(x)—b(Hs)) sy ds— [ mit+s) art(e)

0T Ry o) = - /fE[(Ru @) = b)) | ) du
— E[/OTtm(t +5) dlg(a:)} +E[9(T’ RT—t(l‘))]
:_/T(/m( —b(w)" pr(u—t,z,y) dy)f’(ﬂ) du

—E{/ m(u) dI_, )} +/0009(T,y)pR(T—t,w,y) dy. (A.5)

Recalling that m is continuously differentiable by Assumption and using an
integration by parts, we can write

| | () 1) =m0 - [ "1 () a
— m(T)E[L_,(2)] - /t B[ ()] (u) du

m(T)E[0V (0&r— — )] — /t E[0V (0&u—¢ — 2)]m'(u) du,

where we have used that I?(z) = 0V (0§, — ) with & = supy,(—£6 — Wy). Since
(cf. Chapter 3.2.2 in Jeanblanc et al. [52])

P(& < 2) :/\/(2 ?/_fs> —exp <2§Z>N(_ZT_S§S> ,

we get

E [o V (0€u s — x)] - / T(os — o)pelu— 1, 2) d=,

o

where we have defined pg(s, 2) = W. Because p¢(-, 2) and pg(-,z,y) are con-

tinuously differentiable on (0,77, it follows that N(¢,z) as in (A.5)) is continuously
differentiable with respect to ¢, for any ¢ < T'. The continuity of N on [0,7] x R,
also follows from the previous equations.

A.3 Proof of Proposition [2.26

Let (t,z) € [0,T) x (0,00) be given and fixed, and take any sequence (t,,z,) C
[0,7) x (0,00) such that (t,,x,) — (t,x). Then, let 7 := 7*(¢,z) be the optimal
stopping time for u(t¢, x) of (2.84). From (2.80) and the fact that 7% < T — ¢ a.s. we
then find

u(t, x) — u(tn, l‘n) < E [776_7"7'*1{7*<S(5L‘)} + Iie_rs(x)]l{.,.*zs(x)}
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A3

Proof of Proposition [2.26

r(T*AN(T—tn)) rS(

—ne- L A(T—tn)<S(zn)} — KE xn)ﬂ{r*/\(Tftn)ZS(wn)}}

-k [H{T*@tn}{"e_w (Lirzs(a)y = Lrezs@)y)
—rS(x —rS(xn
+ 5 (€T O gy — € s 0)) H
E 1 77‘7’*]1 o 77’(T7tn)]l
+ {r*>T—t,}\ € {r*<S(z)} — Ne {T—t,<S(zn)}
+ K (eer(:E)]l{T*ZS(m)} o eirs(xn)]l{T—thS(acn)}) }:|
S E |:]]-{T*§T—tn}{ne_TT*l{S(xn)§7*<S(ac)}
—rS(x —rS(xn —rS(x
+ K (‘e ) —e ( )‘ 1{7*25(%)\/5(%)} te ( )ﬂ{s(rn)>f*25($)}) }}

T h{f*>Ttn}{”6_r(T_t") (Lir—to<s@y = Lr—ta<s(en)})

rS(z) rS(zn)

+ Rl issy (677 Tprss@y — € 171, >5(@n)})

+ KLgri=se) (€ et

rS(x)

Lirss@y = € L t,>500)))

+rlr—es@y (€7 P Lrss@y — e Lr g, > 501 H
<E [ne7 Ls@n<r<s@y + £ (|65 — e 4 Ligsras@y)]

+E {1{7*>T—tn} {776_”_“) L{S(2,)<T—t<S(@)}

+hlross@) (€ T ms@y — e g2 sw0))

+ Klir—i=s(2)} +'€11{Tt<5(x>}11{r*>5(x>}H :

Rearranging terms and taking limit inferior as n 1 oo on both sides one obtains

lim,, , o u(ty, 2n) > u(t, z) — limy, oo [ne_”* L{S(zn)<re<S(x)}
_|_ K (|€—T’S($) _ 6—7‘S($n)| _|_ ]]_{S(In)>7*zs(x)}) :|

— lim,, o E |:1{T*>Ttn} {HG_T(T_t") L(S(en)<T—tn<S(@)}

( (

+ Kl s@y (€7 L riss@y — ¢ T s> 5@a})

+ wlr—t=s(@)y + Hﬂ{S(x)sT*gT—t<s<x)}H

> u(t,v) = B [Fl5@)=r] —E [Uer(Tt)]l{T—tsm)} + KL i=s()

=u(t,x) — kP (1" = S(x)) — (ne_T(T_t) +K)P(T —t=25(z)).
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A4 TLemma ’m

The last inequality follows by interchanging expectations and limits by the dom-
inated convergence theorem, using that S(z,) — S(x), carefully investigating the
involved limits superior, and observing that {7* > T —t} = {7* = T — t} since
™ e NT —t).

Using now that {T'—t = S(z)} is a P-null set by (A.3), and the fact that
P (7t = S(x)) = 0 since the free-boundary is strictly positive on [0,7), we then
obtain

lim, , u(t,,x,) > u(t,x),

—n—00

which proves the claimed lower semicontinuity of w on [0,7) x (0, c0).

A4 LemmalA.l
Lemma A.1l. Recall that (cf. ([2.55)))
z=inf{y € [0,b(0)] : 77(0,y) < S(y)}-

Then it holds that
S(z) <T a.s.

Proof. In order to simplify exposition, in the following we shall stress the dependence

on w only when strictly necessary. Suppose that there exists a set 2y C  s.t.

P(Qy) > 0, and that for any w € Qy we have S(z) > T. Then take wy € Q,

recall that Zs(z) = x + pus + oW, for any « > 0 and s > 0, and notice that
Z =

ming<s<r Zs(z;wo) = £ := €(wy) > 0. Then, defining z(w,) := z— %, one has
W 7.(5 . W 0\ ’ I 0
oin, s(Zrwo) = L + s + oWs(wg) — 5)=t-5=5>0

Hence, S(z) > T > 7*(0,%), but this contradicts the definition of z since z < z.
Therefore we conclude that S(z) < T a.s. O
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B Appendix Section 4

B.1 Proof of Theorem 4.5

We want to suitably employ the results of Theorems 3.11 and 3.13 of |26]. However,
in contrast to the fully diffusive setting of [20], in our model the process Y is purely
controlled so that the two-dimensional process (X, Y) is degenerate. The idea of the
proof is then to perturb the dynamics of Y (cf. (4.2))) by adding a Brownian motion
B := (B)t>0 with volatility coefficient § > 0, so to be able to apply Theorems 3.11
and 3.13 of |26] for any given and fixed §. The claims of Theorem (in particular
(4.8)) will then follow by an opportune limit procedure as § | 0. We perform the
proof only for the case 6 > 0, as the case 6 = 0 follows by similar arguments.
Suppose that (2, F,F,P) is rich enough to accommodate a second Brownian motion
B := (B;):>0, independent of . Then, given (z,y) € R? 6 > 0, and £ € A (cf.
[1)), we denote by (X&° Y&9) := (X5 V).~ the unique strong solution to

(fll?) - (2 —Oe> C?t) dt + (8 2) (35/1) + ((1)) d&,.  (B.1)

with initial data Xo- = x and Yy- = y. In order to simplify the notation, in the
the rest of this proof we will not stress the dependency on (z,y) of the subsequent
involved processes. In the case £ = 0, we simply write (X?,Y?) := (X7, V") 1z.

Notice that can be easily obtained from equation (2.2) of [26] by taking
c =1, by suitably defining the matrices b and o therein, and by setting x; = y and
r9 = x. Then we define the perturbed optimal control problem

Vo(z,y) = gg;E[ / e f(XF V) dit + K / d|5|t}.

By estimates as those leading to Proposition [4.4]it can be shown that there exist
constants Cy, Cy, Cy (which are independent of 4, for all § sufficiently small) such
that for any A € (0,1), any z := (z,y) € R? and 2’ := (2/,9/) € R?, we have

(i) 0<VO(2) < Co(1+2])",
(il) [VO(z) = V() < Crl+ 2]+ [2))" ]z — 2,

(i) 0 < AVO(2) + (1 — WVO() — VE(Az + (1 — N)2') < CoA(1 — N)(1 + |2] +

)(;n—2 +

) ’2_21‘2

k4 :
where p > 1 is the same of Assumption [£.2] Hence V? is convex and locally semi-
concave, and therefore Vo e I/Vli’coo(RQ;R). In particular, there exists a version of
Vo e CLYP(R2R).

Let (X5, Y )m0 = (X5, V)20. By [@.2), (@.4), and (B.I)) one easily finds for
p € [1,00)

E[(X, V) — (X5, Y < G, Ve € Aand t >0,
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B.1 Proof of Theorem

for some C} that is at most of polynomial growth with respect to . Using now the
latter and Assumption [4.2k(ii), it can be shown that V°(z,y) — V(z,y) as 6 | 0
for each (z,y) € R% Let By := {z € R?: |z|] < N}, for some N > 0. Since items
(i)-(iii) above imply that V° € W2P(By) for any p > 2 and W?P(By) is reflexive,
there exists a sequence 8, | 0 as n 1 oo such that V° converges weakly in W2?(By).
Because V% — V pointwise and weak limits are unique, we have that Vo» — V
weakly in W?P(By). Since the embedding W*P(By) — C'(By) is compact for
p > 2 (2 being the dimension of our space), it follows that

Vo — V locally uniformly in R?, (B.2)

V2 — V, locally uniformly in R?, (B.3)
and

Vy‘s" — V,, locally uniformly in R?. (B.4)

Moreover, by Theorem 3.11 in [26] (easily adjusted to take care of our general
convex function f satisfying Assumption [4.2] and upon noticing that b;; = 0 in our
setting, cf. (B.1))) we have that V,? is the unique (given V;?) solution to the pointwise
variational inequality:

Vo e Wk

Yy loc

R?), Vg>2, —K< Vy5 < K a.e.in R?
( P < —aVP — fy(z,y) ae inI’
(LY — p)V) > —aV) — f,(x,y) ae. in D’
(LY — p)V? = —aV? — f,(z,y) a.e.inC°,

Lo~

(B.5)

where we have set

D= {(@y) eR: Viay) =K}, D={yecR: V(ry =K},

Y

and
Ci={(z,y) eR*: —K< Vy‘s(x,y) <K}.

Define
0 =inf{t > 0: V(X Y)) < —K},

o0 = inf{t > 0: V;(XE,Y;‘S) > K},
™ :=inf{t > 0: V,(Xy,y) < —K},
o :=inf{t > 0:V,(X},y) > K},
as well as, for a given M > 0,
Py inf{t > 0+ [X0]+ ¥ = M},
Ty = 1inf{t > 0: | Xy + |y| > M}.
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B.1 Proof of Theorem

Now, by (B.5)) we know that for each § > 0 given and fixed, Vy‘s is regular enough
to apply a weak version of 1td’s lemma (see, e.g., Theorem 8.5 at p. 185 of [13]) so
that for any stopping time ¢ and some fixed 7" > 0 one obtains

5 T8 ATMACAT 5 s s
Vv, (2,9) =E{—/O e (LY — p) V(X2 YD) ds

+ e—p(Tg{/\T]w/\C/\T) V;j <X65 Y5 >:| ) (BG)

TJW/\TIM/\C/\T7 ’TI(E/[/\T]L{/\C/\T

Given an F-stopping time 7, set ¢ := 0*° A oc* A7 in (B.6), and use that V°
solves a.e. the variational inequality (B.5]) to find

/T?\J ATV ATHO NG* ATAT

Vi(a,y) > E[ e (aV (X0, YD) + £,(X2,Y2)) ds

0
— (78 ATAL AT NG ATAT) 176 0 4
te M VZJ (XT](EI/\TN[/\U*’S/\O'*/\T/\T’ YT](EJ/\TAI/\U*’(S/\O'*/\T/\T)
T]‘f/l/\TM/\cr*’&/\cr*/\T/\T s s 5 5 s
2k [ e P (aVI(XE, YD) + £,(X2, YD) ds (B.7)
0

8
—po*s _ —pT
+ I[{U**‘S<T]‘{/I/\7'M/\U*/\7'/\T}e K I[{7’§7’1‘E/[/\7'M/\(7*a5/\a*/\T]>e K

(T8 ATMAT*AT) Vy& (X‘S 5 )} '

—p
+1 {T8 AT AT AT <o* O ATYE T ATMAT* AT YT]‘?/I ATV ATKAT

Recalling (B.1]), thanks to the estimates (i)-(iii) above, the uniform convergence
of Vo to V, (cf. (B.4)), and the fact that there exists Cp > 0 such that

E[ sup [(X/", Y ") — (X3, 9)|%) < Crél,

0<s<T
with X; := X" and 1 < ¢ < o0, it can be shown that (see Theorem 3.7 in Section 3

of Chapter 3 of Chapter [I3] — in particular p. 322 — and especially Lemma 4.17 in
[27] for a detailed proof in a related but different setting) 707 ATas Ac™% Ad* ATAT —

T ANo* AT AT as n 1 oo, P-a.s. Therefore, taking limits in (B.7)) with 6 = ¢, as
n 1 oo, using the latter convergence of stopping times and (B.2)-(B.3)), one finds
T*NT ANTAT .
V;;(H?, y) > E|:/ e P (CVV:B(X& y) + fy(X87 y)) ds+e "7 K]l{a*<TM/\T/\T}
0
- e_pTK]]‘{TSO'*/\’T[\/[/\T} + e_p(TMAT) Vy (XTM/\Ta y)ﬂ{T]\/[/\O'*/\T<O'*/\T}:| .
Letting now M 1 oo and T' 1 co and invoking the dominated convergence theorem

we obtain

*

Vy(q;,y)ZE{/OU e (aVu(Xay) + £y (Xay)) ds

+ €_pg*K]l{U*<T} — €_pTK]l{T§U*}} , (Bg)
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B.1 Proof of Theorem

for any F-stopping time 7.
Analogously, picking ¢ = 759 A 7* A o, for any F-stopping time o, in , and
taking limits as n 1 oo, and then as M 1 oo and T' 1 oo, yield

Vy(.y) SE{ / T e (VX ) + £y (Xevy) ds

+ eprK]l{o@.*} — ePT*Kﬂ{T*SG}l . (Bg)

Finally, the choice ( = 7% A 7% A 0*%" A 0* leads (after taking limits) to

* *

Vy(x,y) = E{/OU N e " (aVu(Xs,y) + f(Xs,y)) ds

+ e*PU*Kﬂ{U*<T*} —_— epT*KIL{T*SO'*}] . (BlO)

Combining (B.§), (B.9), and (B.10) completes the proof.
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