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Abstract

Strong coupling methods for lattice QCD

Wolfgang Unger

——————

Lattice QCD at finite baryon density suffers from the numerical finite density sign

problem. Strong coupling methods, expanding in the inverse gauge coupling, give rise

to alternative representations of the partition function that can make the sign problem

milder. This Habilitation discusses the strong coupling methods developed by the author

and colleagues to study lattice QCD at vanishing and non-vanishing baryon density. The

main results summarized and covered in the attached papers are (1) chiral symmetry

breaking and its restoration at zero temperature for a large number of flavors, (2) the

QCD phase diagram, in particular the location of the chiral/nuclear critical endpoint,

(3) bulk thermodynamics and (4) Hamiltonian formulation and Quantum Monte Carlo

simulations. Most of the results were obtained via a dual formulation for lattice QCD

derived from a strong coupling expansion. All results are limited to the strong coupling

regime, i.e. valid on coarse lattices, where the sign problem is under control.

——————

Gitter QCD bei endlicher Baryondichte leidet am numerischen Vorzeichenproblem.

Starkkopplungsmethoden, die auf der Entwicklung der inversen Eichkopplung basieren,

könne alternative Darstellungen der Zustandsfunktion ergeben, die das Vorzeichnprob-

lem milder machen. Diese Habilitation befasst sich mit den Starkkopplungsmethoden,

die vom Autor in Zusammenarbeit mit Kollegen entwickelt wurden, und fasst Re-

sultate bei verschwindender und nicht-verschwindender Baryondichte zusammen. Die

wichtigsten Resultate, die in den angehängten Publikationen veröffentlicht sind, bein-

halten (1) chirale Symmetriebrechung und Restoration in Abhängigkeit von der Zahl

der Flavors, (2) das QCD Phasendiagram, insbesondere die Verortung des chiralen/nuk-

learen kritischen Endpunkts, (3) Bulk-Thermodynamik (4) Hamiltonsche Formulierung

und Quantum Monte Carlo Simulationen. Die meisten Resultate wurden mittels der

dualen Darstellung der Gitter-QCD erhalten, die durch die Starkkopplungsentwicklung

hergeleitet ist. Alle Resultate sind auf das Regime starker Kopplung beschränkt, also

auf groben Gittern, wo das Vorzeichenproblem unter Kontrolle ist.



Preface

Quantum Chromodynamics (QCD) is the fundamental theory of the strong interactions,

which confine the quarks and gluons into baryons (e.g. protons and neutrons) and

mesons. At high temperatures similar to those in the early universe, a new state of

QCD matter - the quark gluon plasma - exists. This plasma has been observed in heavy

ion collision experiments at RHIC and LHC. However, it is an open question what

features the phase diagram has at non-zero baryon densities, and in particular whether

there exists a chiral critical endpoint.

Since QCD is non-perturbative in this regime - asymptotic freedom that allows for

perturbative methods sets in at much higher energies - lattice gauge theory is the method

of choice: The phenomena such as quark confinement and spontaneous chiral symmetry

breaking, as well as the phase structure at non-zero temperatures and densities can be

investigated only via computer simulations from first principles. The usual simulations

are based on the fermion determinant. However, due to the “sign problem”, no direct

simulations at non-zero baryon density can be performed. Hence, also the question

about the existence of the critical point can not be addressed directly.

The main objective of this Habilitation is to study QCD thermodynamics and to get

insight into the full QCD phase diagram in the µB-T -plane, based on a dual representa-

tion of lattice QCD with staggered fermions in terms of color singlets. This is obtained

by integrating out all gauge degrees of freedom in a systematic “strong coupling expan-

sions”.

The strong coupling regime is the converse of the continuum limit, where weak coupling

expansions can be carried out systematically via Feynman diagrams. In the early days of

lattice QCD, where supercomputers were not yet available, strong coupling and mean-

field methods were developed for pure gauge theory [1]. The inclusion of dynamical

fermions is much more challenging. In the limit of infinite coupling, the pure gauge

sector can be neglected such that the gauge links entering in the Dirac operator factorize

and can be integrated out analytically. The resulting partition function has a very mild

sign problem, thus the full phase diagram can be obtained.

Now, it is important to go beyond the strong coupling limit to make qualitative state-

ments about the phase structure away from the strong coupling limit. For this purpose,

more complicated gauge integrals have to be computed which enter the gauge corrections

of higher order, which are addressed in this Habilitation. Also new strategies to simu-

late lattice QCD in a Hamiltonian formulation via quantum Monte Carlo algorithms is

summarized.
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So far, this kind of simulation has been applied to so-called staggered fermions including

the first order gauge corrections, but as a matter of principle the same formalism can

be applied to Wilson fermions as well, and quantum Monte Carlo simulations could be

performed. Both discretizations (staggered and Wilson) are very different in the limit

of strong coupling, in particular concerning the realization of spin. Future research aims

to compare both discretizations order by order in the strong coupling expansion such

that the physical content can be isolated from the lattice artifacts.

The Habilitation has two parts: the first part is organized in five chapters, the first

chapter serves as introduction to the lattice methods utilized. The second, third and

fourth chapter summarize my research on lattice QCD in the strong coupling regime: the

second chapter pertains the phase diagram in the strong coupling limit, whereas the third

chapter summarizes the progress on the gauge corrections to the strong coupling limit.

The fourth chapter summarizes the research on the Hamiltonian approach to lattice

QCD which naturally arises in the continuous Euclidean time limit. The fifth chapter

provides an outlook for further investigations. The second part of the Habilitation

consists of the reprints of 7 peer-reviewed publications and 11 Proceedings that expand

on the material.
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Chapter 1

Introduction: Lattice QCD in the

strong coupling regime

1.1 The QCD phase diagram

QCD at finite temperature and baryon density applies to various phenomena, such as the

early universe, heavy ion collisions and neutron stars. Most of the work described below

is motivated by the QCD phase diagram. I will shortly outline the historic developments

that led to present-day knowledge on the phase diagram.

The first considerations that there should be a limiting temperature at which bound

states of hadronic matter cease to exist predate the formulation of QCD: in the 1960s

Hagedorn introduced a temperature TH above which hadronic matter is no longer stable,

as an exponential growth in the density of states occurs [2] . After QCD was established

as the fundamental theory for strong interactions [3] and asymptotic freedom was proven

[4,5], it was conjectured that there should be a phase transition from confined hadronic

matter to a new state of matter of quasi-free quarks [6,7], termed the quark-gluon plasma

(QGP).

A criterion for the formation of a QGP was formulated by Matsui and Satz [8]: the J/Ψ,

which is the lightest c̄c bound state, will likely dissolve above the transition temperature

to form open charm mesons after hadronization. The formation of the quark-gluon

plasma in heavy ion collisions has been under investigation at various experiments: first

at the Super Proton Synchrotron (SPS) at CERN, at the Relativistic Heavy Ion Colllider

(RHIC) at the Brookhaven National Laboratory and the Large Hadron Collider, CERN.

Future heavy ion experiments will be carried out at J-PARC (Ibaraki, Japan) and at

NICA (Dubna, Russia) and FAIR (Darmstadt, Germany), which are both currently

1



2 1.1. The QCD phase diagram

Figure 1.1: Left: The conjecture QCD phase diagram. Right top: Au+Au collision
in the STAR detector at the Relativistic Heavy Ion Collider. Right bottom: Illustration

of a heavy ion collision, from the CERN press release at Feb. 10, 2000.

under construction. They will aim for lower temperatures and higher densities to search

for a possible critical end-point.

The first announcement of the QGP (“a new state of matter”) was in 2000 from SPS [9]

in Pb-Pb collisions, followed by the discovery of the QGP at the STAR collaboration

at RHIC in 2005 [10] in Au-Au collisions (see Fig. 1.1, top right). Also the ALICE

collaboration at LHC created the QGP in Pb-Pb collisions and found that it behaves as

a perfect fluid [11]. An estimate of the transition temperature could be obtained from

the chemical freezeout, estimated to happen at Tc.f = 156(2) MeV [12].

An estimate of the deconfinement temperature at vanishing baryon density was pro-

vided by the MIT bag model, which considers hadrons as bags [13] with a constant

energy density B, the bag constant. By equating the pressure of the exterior (physical

QCD vacuum) with the pressure of the interior region, one obtains roughly Tdec = 144

MeV for Nf = 2, with a large uncertainty due to the poor estimate of B. In the same

year, Kenneth Wilson invented the lattice discretization of QCD (LQCD) to show that

it is a confining theory [14], with the linear confinement evident in the quark potential

parameterized by the string tension. However, only Monte Carlo simulations could give

evidence that QCD is indeed confining also beyond the strong coupling regime. Monte

Carlo simulations at finite temperature [15] saw many theoretical refinements and algo-

rithmic improvements, and profited from an exponential increase in computing power

from a few 100 Megaflop to about 100 Petaflop nowadays. For physical quark masses,
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lattice results provided strong evidence that the deconfinment and chiral transition co-

incide and are a crossover rather than a true phase transition. The last decade saw a lot

of progress towards the continuum limit for physical quark masses, and nowadays the

two major collaborations, HotQCD and the BMW [16,17], agree on the chiral transition

temperature Tc = 154(9) MeV.

The situation at non-zero baryon density is much less clear, both experimentally and

from the lattice. We know that there is a first order transition from the hadron gas to

nuclear matter at a value close to the baryon mass, µB ∼ mB, and that this transition is

of a liquid-gas type with a nuclear critical end-point at around TNucl
c ∼ 18 MeV, µNucl

B,c ∼
900 MeV [18]. More exotic phases of QCD matter are conjectured at large chemical

potential, which may be relevant for the physics of neutron stars: the quaryonic phase

[19] and at even higher densities a color superconducting phase [20]. The fluctuations

at the vicinity of a possible chiral critical endpoint [21] could provide a signal that is

sought for at heavy ion collision experiments (in particular with the energy beam scans

at RHIC).

Lattice QCD could provide the curvature of the phase boundary, i.e. the prefactor of the

term (µB/Tc)
2, which has been determined [22,23,24] to κ2 = 0.016(6). However, direct

Monte Carlo simulations at finite chemical potential are hindered by the finite density

sign problem (see Sec.1.2.3). The phase transition for larger values of the chemical

potential is still out of reach, in particular it is still not known whether there exists a

chiral critical end-point and a first order transition extending to low temperatures.

The work discussed in the subsequent chapters unravels the structure of the phase

diagram on the lattice in a regime where the sign problem is under control and the

chiral and nuclear transition can be studied from first principles, with the caveat that

these results are only valid for coarse lattices. The strong coupling methods developed in

the attached publications have the potential to make the connection to the continuum.

1.2 Lattice QCD at finite temperature and baryon density

Many important phenomena such as the hadron spectrum, chiral symmetry breaking, or

the topological features of the QCD vacuum are within the non-perturbative regime of

QCD. This is still the case at temperatures around and at the chiral and deconfinement

phase transition of about 155 MeV and above up to several GeV, as the gauge coupling

is still too large to apply perturbative methods based on asymptotic freedom.

Hence it is necessary to use non-perturbative tools to study QCD thermodynamics

such as the QCD phase diagram and the equation of state. The only non-perturbative
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gauge invariant regulator is the lattice: fermions and gluons are distributed on a 3+1

dimensional hypercubic lattice according to the Dirac operator and the gauge action.

Due to the correspondence of the path integral in Euclidean time with the partition

sum in statistical mechanics

Z =

∫
DU Dψ̄Dψ e−Sg−Sf ←→ Z = Tr

(
e−βĤ

)
, (1.1)

Monte Carlo simulations are applicable to study lattice QCD.

1.2.1 Setup: Staggered fermions and Wilson gauge action

All lattice simulations pursued in the publications and discussed in the subsequent chap-

ters are based on staggered fermions, and for those publications that are concerned with

the incorporation of the gauge action, the Wilson gauge action has been used. This

lattice discretization is unimproved, which is necessary to derive the dual representation

(see Sec. 1.3).

Since staggered fermions are a particular solution to the fermion doubling problem [25],

by diagonalizing the Dirac matrices γµ and by introducing a 2d hypercubic sublattice

on which spin is encoded in so-called staggered phases ηµ [26]. In four dimensions

we have 4 taste partners per flavor, and the 16 degrees of freedom in a 4-dimensional

hypercubic cell corresponds to 4× 4 degrees of freedom in the spin⊗taste basis. We do

not apply rooting, such that one flavor at strong coupling corresponds to 4 flavors in

the continuum. We always consider mass-degenerated flavors. The partition function

for staggered fermions is:

Z =

∫
[Dχ̄χ] e−2m̂qχ̄xχx

[∏

`

∫

SU(N)
DU`

]
e−Sg [U ]−Df [χ̄,χ,U ],

Sg[U ] = − β

2N

∑

x,µ<ν

Tr Ux,µUx+µ,νU
†
x+ν,µU

†
x,ν + h.c.,

Df [χ̄, χ, U ] =
∑

x,µ

ηµ(x)
(
e+µqδµ,0χ̄xUx,µχx+µ − e−µqδµ,0χ̄x+µU

†
x,µχx

)
. (1.2)

The gauge links Uµ(x) are SU(N) elements, DU is the Haar measure and Sg, Df are

respectively the plaquette gauge action and the massless staggered Dirac operator.

Staggered fermions have the advantage that chiral symmetry is not completely broken

by lattice artifacts as for Wilson fermions. In the chiral limit the lattice action is
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V 1/3=N sa

1/T=N t a

Figure 1.2: The lattice discretization at finite temperature.

invariant under the symmetry group UB(1)× U55(1):

χ(x) 7→ eiθB+iε(x)θ55χ(x), ε(x) = (−1)
∑
µ xµ (1.3)

which is due to the even-odd decomposition of the bipartite lattice for staggered fermions,

i.e. even and odd sites can be transformed independently. The symmetry eiθB ∈
UB(1) corresponds to baryon conservation and eiθ55 ∈ U(1)55 is a subgroup of the full

SU(4)L × SU(4)R chiral symmetry for unrooted staggered fermions. In the spin-taste

basis this corresponds to the channel γ5 ⊗ ξ5. At finite quark mass U(1)55 is explicitly

broken.

1.2.2 Temperature and chemical potential on the lattice

The partition function of QCD at finite temperature and density is studied via the

partition function

Z(V, T, µq) = TrV [e−(Ĥ−µqN̂)/T ] =

∫
DADψDψ̄e−SE ,

SE = (V, T, µq) =

∫ 1/T

0
dx0

∫

V
d3xLE(A,ψ, ψ̄, µq) (1.4)

Finite temperature and density requires specific conditions in Euclidean time: fermions

are subject to anti-periodic boundary conditions in the temporal direction to incorporate

Fermi statistics, the temperature T is given by the inverse temporal extent and fermions

that loop around in the temporal direction couple to the quark chemical potential µq.

On the lattice, where T = (Nta(β))−1 and V = (aNσ)3 (see Fig. 1.2), the temporal gauge

links pick up the chemical potential [27] (but also see [28] for alternative assignments):

U0(n) 7→ eaµqU0(n), U0(n)† 7→ e−aµqU †0(n). (1.5)

For details on thermodynamics on the lattice see the review [29]. In the strong coupling

regime, where we usually fix β, the temperature cannot be varied with the lattice spacing.
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Figure 1.3: Limitations on our knowledge about the phase diagram due to the sign
problem.

Instead, we consider anisotropic lattices and vary the ratio ξ = a
at

indirectly via the bare

anisotropy γ. This is discussed in detail in Sec. 2.3.

1.2.3 Finite density sign problem

The finite density sign problem is a long-standing problem, and many approaches have

been attempted. Due to this challenge in numerical simulations, only little is known

about the QCD phase diagram from first principles, see Fig. 1.3. I will shortly review

the numerical sign problem in lattice QCD and the main approaches to circumvent it.

The standard approach of lattice QCD is based on the fermion determinant detD: the

Gaussian integral over the Grassmann-valued fermions is integrated out. This approach

allows to evaluate observables via hybrid Monte Carlo (HMC) [30], which consists of

molecular dynamics followed by a Metropolis accept/reject step. Monte Carlo simula-

tions at finite baryon density are however hindered by the finite density sign problem:

a non-zero chemical potential renders the fermion determinant complex and prohibits a

probability interpretation of the corresponding weight in the partition function. To see

this, consider the Dirac operator which fulfills γ5-Hermiticity at zero-chemical potential,

but it becomes broken at non-zero µ due to the imbalance given in Eq. (1.5):

γ5D(µ)γ5 = D(−µ)† → detD(µ) = det∗D(−µ), (1.6)
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which renders the fermion determinant complex. Without addressing the sign problem,

it is exponentially difficult to study finite density QCD. To see this, consider a partition

function with complex weights w(C) on a given configuration C:

Z =
∑

{C}
w(C), Z|| =

∑

{C}
|w(C)|, w(C) = |w(C)|eiφ(C) (1.7)

with Z|| the so-called phase-quenched partition function which neglects the complex

phase. A measure for the severity of the numerical sign problem is then given by the

difference of the free energy density ∆f between the full theory and the quenched theory:

〈σ〉 ≡
〈
eiφ
〉
||

= e−
V
T

∆f , ∆f = f − f||, 〈O〉 =
〈Oσ〉||
〈σ〉||

. (1.8)

The sign problem is a particular signal-to-noise problem: the observable 〈O〉 will be

drowned in the noise as 〈σ〉 → 0 as the thermodynamic limit V →∞ is approached.

Sign problems occur in many field theories and condensed matter systems. A general

solution to the sign problem for any theory cannot be found [31], but since the sign

problem is representation dependent, for a particular system such as lattice QCD a

solution to the sign problem may be found, or at least ∆f can be made mild enough to

study finite density QCD for sufficiently large volumes.

Many strategies are available to circumvent the sign problem for small values of the

chemical potential. The established indirect methods are: (1) The Taylor expansion

method [32], which computes Taylor coefficients c2n in a series in (µB/T )2n; (2) Simula-

tions at imaginary chemical potential [33,34] which do not suffer from the sign problem

and can be analytically continued towards real chemical potential [35]. (3) The reweight-

ing method [36] which computes observables reweighted to non-zero density and has led

to a first estimate of the position of the critical endpoint on a coarse lattice [37]. In

general, however, reweighting may suffer from the lack of overlap between the sampled

µB = 0 ensemble and the target ensemble at µB > 0.

There are also direct methods that allow to simulate lattice QCD or related models

directly at non-zero chemical potential and are not limited to small µB/T . They can

be roughly classified in three categories: (a) complexified lattice QCD, (b) world-line

methods (which include the strong coupling methods), and (c) alternatives to Monte

Carlo:

(a) Complexification methods such as the complex Langevin approach or the Lefschetz

thimble approach are based on the idea to enlarge the configuration space to
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complex values. The complex Langevin approach is based on a stochastic quan-

tization [38, 39] and explores the full complexified parameter space. Since the

revival of this idea [40] and after its application to lattice QCD [41], there have

been plenty of results and refinements [42]. However, the method suffers from

a possible convergence to the wrong limit [43], and the situation in QCD is still

not settled, in particular in the confined phase. As it stands, complex Langevin

results require crosschecks from alternative methods. A second rather recent ap-

proach is the Lefschetz thimble method [44] which is a high-dimensional analogue

of the saddle point method, obtained by deforming the contour of integration

into a homologically equivalent complex manifolds on which the sign is constant.

This method has only been applied to low-dimensional QCD-like models [45, 46]

but Monte Carlo sampling remains challenging as soon as more than one thimble

contributes [47], which is already the case in 1-dimensional QCD.

(b) World-line methods include dual representations (discussed in detail in the next

section) and other effective theories based on rewriting the partition function in

a different basis. Examples of the latter are the meron cluster [48] and fermion

bag approach [49]; the 3-dim. effective theory [50, 51], which is a joint strong

coupling and hopping parameter expansion that is expressed in terms of Polyakov

loops after integrating out the spatial gauge links; decoupling the gauge links

using Hubbard-Stratonovich transformations [52]; or “Induced QCD” based on an

alternative discretization of Yang Mills Theory [53,54].

(c) An example of numerical simulations without Monte Carlo is the Wang-Landau

method [55] or as its refinement the density of states method [56], which sample

histograms from which thermodynamic observables can be determined.

All these approaches have their shortcomings, and a method that allows to simulate

lattice QCD at finite density fully has not yet been established. There are other QCD-

like theories that are sign-problem free such as 2-color “QCD” [57] or QCD with a

finite isospin chemical potential µI = µd−µu [58,59], which actually corresponds to the

phase-quenched situation: det[D(µu)] det[D(µd)] = |det[D(µu)] det[D(µd)]|. It should

be noted that since the sign problem only occurs in numerical simulations, any analytic

treatment has no sign problem. This is particularly the case within the 3-dim. effective

theory in terms of an SU(3) spin model, which can be studied via linked cluster expansion

and Padé approximants to capture phase transitions [60].

Most of the work discussed in the subsequent chapters utilze the dual representation

which will be introduced in the next section. Dual representations can be combined

with the approaches discussed above, e.g. one can consider reweighting (see Sec. 3.1),
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Taylor expansion, imaginary chemical potential and the Wang-Landau method based on

the dual variables, all these methods discussed in Sec. 4.3. This allows to extend strong

coupling lattice QCD in various directions and/or provides additional crosschecks with

the aforementioned methods.

1.2.4 Lattice gauge theory in the strong coupling regime

Strong coupling expansions (SCE) may give rise to dual representations as discussed in

Sec. 1.3 to solve the finite density sign problem.

The strong coupling expansion of pure Yang-Mills theory has a long history [61,62,63]

and has been carried out in a character expansion, with χr(U) =
∑

αD
r
αα(U) the

character of an irreducible representation r. The characters are constant on a conjugacy

class, e.g. for SU(3):

U = diag(eiθ1 , eiθ2 , e−i(θ1+θ2)), χ3(θ1, θ2) = eiθ1 + eiθ2 + e−i(θ1+θ2), (1.9)

with χ3 the character of the fundamental representation and higher dimensional ir-

reps obtained from product representations. Identities typically used to integrate out

the gauge links are based on the invariance of the Haar measure, DU = DU−1 and

D(UV ) = D(V U) for all V , and the orthogonality/completeness relations for charac-

ters:

∫
DU χr(U)χ∗s(U) = δrs,

∑

r

drχr(UV
−1) = δ(U, V ),

∫
DUχr(UV1)χs(U

−1V2) = d−1
r δrsχr(V1V2). (1.10)

Any class function f can be expanded in characters, with fr its “Fourier”-coefficients:

f(U) =
∑

r

χr(U)fr, fr =

∫
DU χ∗r(U)f(U).

An important example of a class functions is the Boltzmann weight, expanded

in β = 2Nc
g2 :

eβχf (U) =
∑

r

β̃rχr(U), β̃r =

∫
dUχ∗r(U)eβχ(U),

eβS =
∏

p

eβχ(Up) =
∏

p

[
1 + βχ(Up) +

β2

2
χ2(Up) + . . .

]
(1.11)

with β̃r the character coefficients and 0 ≤ βr ≡ β̃r
drβ̃0

≤ 1 the normalized character

coefficients. The fundamental normalized character coefficient is u(β) ≡ βf . Every term
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in Eq. (1.11) can be integrated over U` ≡ Uµ(x), which generates a series expansion

of the partition function Z and observables derived from Z. In a character expansion,

each plaquette appears at most once, which decouples geometric counting from group-

theoretic factors. The strong coupling expansion has finite radius of convergence, even

in a finite volume. Consequences are exponential clustering and the area law of the

Wilson loop. It should be stressed that these limitations pertain to analytic SCE, but

not necessarily for Monte Carlo simulations based on an all-order expansion. [64]

The strong coupling regime of lattice gauge theories may have different properties than

the weak coupling regime. Consider for example the pure gauge theories (no fermions)

with gauge groups Z2, U(1), U(2), U(3), SU(2), SU(3) at zero temperature, which is

extensively discussed in [1]. Pure gauge theory in two dimensions is trivial, as link

integration can be interchanged with plaquette integration,

Z =

∫ ∏

`

DU` e

∑
p
βχ(Up)

=

∫ ∏

p

DUp e

∑
p
βχ(Up)

=

(∫
DU e

∑
p
βχ(U)

)N
,

〈χr(UC)〉 = Z−1

∫ ∏

p

DUp χr(Up1Up′1 . . . Up2 . . .)e
βS = drβ

A
r = dre

A lnβr , (1.12)

and confinement prevails for all values of the gauge coupling: the Wilson loop of contour

C and area A in representation r fulfills the area law. In three dimensions, Z2 gauge

theory is identical to the Ising model and has a transition at β = 0.76 [65], whereas for all

other gauge groups there is no transition and it remains confining. In four dimensions,

whether there is a transition depends on the gauge group: Z2 has a 1st order transition

at β = 0.44, U(1) has a 1st order transition to the Coulomb phase at β = 0.99, U(2)

and U(3) have a first order transition, and SU(2), SU(3) have most likely no transition

but are always confining, with a crossover near β = 2.2 for SU(2), β = 5.6 for SU(3). In

higher dimensions, for all gauge groups the transition is of 1st order.

Character expansions with matter fields have been established for Wilson fermions

with heavy quarks [66,67,50,51]. In contrast, a dual representation based on the strong

coupling expansion with staggered fermions is valid for any quark mass, but cannot be

formulated yet via a character expansion (but see Sec. 5.2 for an outlook).

1.3 The dual representation of lattice QCD

I will shortly review dual representations in general and will then specify to the dual-

ization of strong coupling lattice QCD with staggered fermions. Generalizations of this

formulation derived in my work are addressed in the subsequent Chap. 2,3,4.
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1.3.1 Basic idea

The idea of dual representations is old, and in the last decade, many different sign

problems in spin models and lattice field theories have been solved in this way. Some

of the hallmarks in the context of spin models are the O(N) and CP(N − 1) models

[64,68,69], and in the context of lattice field theories are the charged scalar φ4 theory [70],

the Abelian gauge-Higgs model [71,72], the SU(2) principle chiral model [73] and scalar

QCD [74].

The characteristic feature of dual representations is that the original degrees of freedom

are integrated out by introducing discrete variables that encode nearest neighbour inter-

action, e.g. so-called bond variables. These are based on a high temperature or strong

coupling expansion [75,76] or similar Taylor expansions, and can be expressed in terms

of oriented fluxes and/or unoriented occupation numbers (usually called monomers and

dimers). A dual representation is then oftentimes called a world-line representation, or

a dimerization, or is a combination of both. An important feature is that the original

symmetries of the system are translated into constraints such as flux conservation or

restrictions on the allowed occupation numbers.

Typically these constraints are central in Monte Carlo simulations such as in the worm

algorithm, or generalizations thereof, see Sec. 1.4.1. Dual representations are in general

not unique: a model can have several dual representations which may have different

residual sign problems. In some cases, a dual representations can introduce a sign

problem that did not exist in the original formulation. An important example is the

lattice Schwinger model at finite mass. Its dual representation is only sign problem-free

in the massless case [77,78].

The strong coupling methods to be discussed date back to the early 1980s and were

first studied via mean-field theory in a 1/d expansion [79,80,81]. After an exact mapping

of strong coupling LQCD to a dimer system was found [82] (MDP for monomer-dimer-

polymer), it was also studied via Monte Carlo [82,83,84,85]. The mean-field theory was

further refined (in the strong coupling limit [86,87] and beyond strong coupling [88,89])

and also the Monte Carlo simulations have been improved drastically [90,91] due to the

applicability of the worm algorithm, see Sec. 1.4.1.

I will further review the basic steps that lead to the partition function of the dual

representation of lattice QCD in the strong coupling limit, which was already derived

in [82]. In contrast to the standard formulation, the order of integration is interchanged:

First, the gauge links are integrated out, thereafter the Grassmann valued fermion fields.
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x

U μ (x)U +
( x−μ̂)

U μ (x)

U ν (x+μ̂)

U μ
+
( x+ν̂)

U ν
+
( x)

+  β

D F μν
a F μν

a

+  mq

ψ(x+μ)

ψ̄( x )ψ( x)

ψ̄(x−μ) ψ( x ) ψ̄( x )
 

det [D ] tr [U P ]→  M [ ψ̄ ,ψ] , B [ ψ ,ψ ,ψ]

Figure 1.4: The strong coupling limit β = 0 only contains the Dirac operator, not
the Wilson gauge action. Instead of the fermion determinant, the partition function is

expressed in terms of hadronic degrees of freedom.

1.3.2 Link integration

Here I discuss the - by now classical - dual representation of staggered strong coupling

lattice QCD first derived in [82] which also serves as a starting point for all further

developments presented in the subsequent chapters. The formulation presented here is

valid for gauge groups U(Nc) or SU(Nc) to see the general structure with respect to the

number of colors.

In the strong coupling limit g →∞, the lattice gauge coupling β = 2Nc
g2 = 0, hence the

Wilson plaquette action is absent as illustrated in Fig. 1.4. As a result of this limit, link

integration factorizes:

Z =

∫ ∏

x

(
dχxdχ̄xe

2amqχ̄xχx
∏

ν

(
dUν(x)eην(x)(χ̄xUν(x)χx+ν̂−χ̄x+ν̂U

†
ν (x)χx)

))
(1.13)

and the gauge links U ≡ Uν(x) can be integrated out systematically to yield invariants

in the fermion fields Mij = ην(x)χ̄jx+ν̂χi,x:

J0(M,M†) =

∫

G
dUetr[UM†+MU†] =

Nc∑

k=0

{
(Nc − k)!

Nc!k!

(
(ην(x))2χ̄xχxχ̄x+µ̂χx+µ̂

)k
}

+
κ

Nc!

{
(ρν(x)χ̄xχx+ν̂)Nc + (−ρν(x)χ̄x+ν̂χx)Nc

}
,

with κ =

{
0 U(Nc)

1 SU(Nc)
and ρν(x) = ην(x) =

{
e±atµ ν = 0

1 else
. (1.14)

The invariant integration required for the first equation was derived in [92] by employ-

ing the cofactor (as U−1 = U †). Gauge integrals required for the gauge corrections to

the strong coupling limit will be discussed in Sec. 3.1.
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1.3.3 Grassmann integration

It remains to integrate out the staggered fermions χi,x χ̄
i
x within Eq. (1.14). Due to the

anti-commuting nature of the Grassmann variables, appropriate reordering is necessary:

J0(M,M†) =

Nc∑

k=0

{
(Nc − k)!

Nc!k!

(
(ην(x))2MxMx+ν̂

)k
}

(1.15)

+ κ
{
ρν(x)NcB̄xBx+ν̂ + (−ρν(x)χ̄x+ν̂χx)Nc

}
(1.16)

where the effective degrees of freedom are the meson fields M and baryon fields B:

M(x) = χ̄(x)χ(x), B(x) =
1

Nc!
εi1...iNc

χi1(x) . . . χiNc
(x). (1.17)

The Grassmann integration on each lattice site introduces the quark mass dependence

∫ Nc∏

i=1

[dχi,xdχ̄i,x]e2amqχ̄xχx(χ̄xχx)k =
Nc!

mx!
(2amq)

mx (1.18)

with mx the monomer number on that site. Since there are only Nc quarks and Nc

anti-quarks per site available, k+mx = Nc, with k the sum of all dimers attached to x.

1.3.4 Dual partition function

The previous steps allow for an exact rewriting of the staggered partition function in

terms of a discrete system:

ZF (mq, µ) =
∑

{k,n,`}

∏

b=(x,µ)

(Nc − kb)!
Nc!kb!

︸ ︷︷ ︸
meson hoppingsMxMy

∏

x

Nc!

mx!
(2amq)

mx

︸ ︷︷ ︸
chiral condensate χ̄χ

∏

`

w(`, µ)

︸ ︷︷ ︸
baryon hoppings B̄xBy

w(`, aµ) =

(∏

x∈`
Nc!

)−1

σ(`)eNcNtωlaµ

kb ∈ {0, . . . Nc}, mx ∈ {0, . . . Nc}, `b ∈ {0,±1} (1.19)

with ω` the winding number of the baryonic loop ` in temporal direction and Nc = 3 for

QCD. The partition function is subject to the so-called Grassmann constraint resulting

from Eq. (1.18):

mx +
∑

µ̂=±0̂,...±d̂

(
kµ̂(x) +

Nc

2
|`µ̂(x)|

)
= Nc, (1.20)
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Figure 1.5: The resummation of baryonic world-lines with dimer chains that cancel
the negative signs completely. From [91].

which implies that the lattice is a disjoint union of baryons and mesons, baryons form

self-avoiding loops `, and mesons (both dimers and monomers) attached to a site add

up to Nc. The sign σ(C) ∈ {−1,+1} of a configuration C factorizes and depends on the

geometry of the baryonic loops:

σ(C) =
∏

`

σ(`), σ(`) = (−1)1+w(`)+N−(`)
∏

˜̀

ηµ(x). (1.21)

The origin of the residual sign problem is four-fold: a minus is associated with each

fermionic loop (Fermi statistics), for each backward hopping U † in Eq. (1.2) with N−(`)

the total number of backward hoppings per loop `, for each winding w(`) (anti-periodic

boundary conditions), and from the product of staggered phases. Compared to lattice

QCD based on the fermion determinant, the dual representation has a much milder sign

problem: ∆f ' 10−5 for most temperatures and densities, which allows sign reweighting

for sufficiently large volumes, see Chap. 2. This is because there are no fluctuations

from the gauge fields (as they are integrated out), and because baryons are rather heavy

even in the chiral limit. They are non-relativistic, spatial baryon hoppings are hence

suppressed. This makes most of the baryon loops geometries trivial, with σ(`) = 1, see

Sec. 4.1. Further resummations of meson and baryon world lines are possible to cancel

sign completely [84], see Fig. 1.5.

Lattice gauge theory with compact gauge group is always confining in the strong cou-

pling limit, even in the chiral limit: the effective degrees of freedom are hadronic. For

gauge group SU(3) with Nf = 1 flavor, the hadronic degrees of freedom are mesons and

baryons. Beyond the strong coupling limit, as discussed in Chap. 3, the dual partition

function is still in terms of color singlet link states, but those in general are not purely

fermionic and receive contributions from the gauge corrections. Hence the color singlets
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t t

H

T

Figure 1.6: Typical 2-dimensional configurations. Left : the configuration is subject
to the Grassmann constraint. Right: the configuration relaxes the constraint at the

worm head H and tail T to sample to 2-point function.

will no longer correspond to hadronic states and deconfinement can be discussed in this

context.

In the strong coupling regime of lattice QCD, chiral symmetry is spontaneously broken

at low temperatures (see Chap. 2). In addition, chiral symmetry is broken explicitly by

the quark mass, which in terms of dual variables is due to the presence of monomers:

the number of monomers on even sites equals its number on odd sites. In the chiral

limit we expect O(2) critical exponents for the chiral phase transition. This is also the

case away from the strong coupling limit, as long as the lattice spacing is finite.

1.4 Monte Carlo methods for the dual representation

Many lattice models, in particular spin models, can be reformulated in a way that allow

for global updates to improve drastically on critical slowing down: local updates suffer

from a large autocorrelation time, i.e. τ ∼ Lz with L the system size in lattice units

and z a rather large exponent. There are two types of global updates that have much

smaller z: the cluster algorithms [93,94] based on a low temperature expansion, and the

worm algorithms based on a high temperature expansion of the partition function. Since

the strong coupling expansion of lattice QCD in β corresponds to a high temperature

expansion, a worm algorithm is natural in this context. Even at β = 0, the hopping pa-

rameter expansion is well suited for a worm algorithm. The partition function Eq. (1.19)

together with the Grassmann constraint Eq. (1.20) calls for an update that modifies the

bond variables and baryon world lines of the dual representation.
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Figure 1.7: Left: Monte Carlo history of the baryon density, illustrating that the
worm algorithm explores the configuration space much faster. Right: Residual sign
problem of the worm algorithm for strong coupling QCD in the chiral limit, before any

resummation.

1.4.1 Worm algorithm

Strong coupling lattice QCD in the dual formulation has been revisited in the last decade

due to the applicability of the worm algorithm. The previously used MDP algorithm

was found to have severe convergence problems due to the insufficient ergodicity [95].

The worm algorithm could solve these issues, and samples the configuration space con-

siderably faster, see Fig. 1.7 (left). As a consequence, the first study of strong coupling

QCD with the worm algorithm [96] found sizeable corrections to the older results [84].

The basic idea of a worm algorithm is to enlarge the configuration space by relaxing

the constraint on the dual variables by inserting two sources (worm head and tail) and

sample the 2-point correlation functions. Worm algorithms are applicable whenever the

partition function could be written in terms of dual variables that can be interpreted

as world-line or flux representation. The worm algorithm has been invented in [97] and

consists of two types of updates:

Move update: the worm head xH and tail xT are moved to a new site and accepted

depending on a local weight, given by the monomer number mx.

Shift update: the worm head xH is shifted away from the worm tail xT and increments

or decrements the dual degrees of freedom such as the bond occupation numbers

or fluxes, depending on the bond weights.

Shift updates are repeated until both head and tail are at the same position (xH = xT )

and the sources can recombine, which results in a global update. In the context of strong

coupling lattice QCD, the worm head and tail corresponds to additional monomers, and
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during the shift updates, the 2-point function G2(xH , xT ) is sampled. The larger the

volume and the lower the temperature, the longer it takes for these sources to recombine.

The first application of the worm algorithm to lattice gauge theory was for the strong

coupling limit with U(3) gauge group in [90], which was generalized to SU(3) in [96].

Whereas for U(Nc) a mesonic worm that modifies the dimer networks is sufficient, for

SU(Nc) a baryonic worm algorithm is required that creates or annihilates baryonic loops.

The residual sign problem of that algorithm shown in Fig. 1.7 (right), with ∆F ∼ 10−5

is indeed mild enough to study the full µB - T phase diagram, as discussed in Sec. 2.4. In

Sec. 4.1 also some resummations are applied that combine mesonic and baryonic worm

updates and are sign problem-free.

A generalization of the worm algorithm was also developed for the Abelian Gauge-

Higgs model [98], where a surface worm algorithm was constructed. No such strategy is

known for non-Abelian gauge theories.

For Monte Carlo simulations beyond the strong coupling limit, as discussed in Chap. 3,

it is not sufficient to have a worm algorithm to update all dual variables. We also need

an update scheme for the plaquette occupation number introduced in Sec. 3.2. This

requires an additional update which is based on the Metropolis-Hastings algorithm [99].

1.4.2 Remarks on the software development

All Monte Carlo simulations have been carried out with a code library I developed for

spin models and lattice field theories. These libraries are written in C++ and compiled as

shared libraries that can be imported to python. The underlying d-dimensional lattice

can be combined with a statistical model, and with any available Monte Carlo algorithm

for that model (Metropolis, heatbath, cluster, worm). For most models, visualizations

as those shown in between the appendices exit. The source code is available as a git

repository, accessible to all members of the CRC-TR 211. Students in my Emmy Noether

group used this code extensively and on computer clusters, mainly at PC2 in Paderborn.





Chapter 2

The phase diagram in the strong

coupling limit

2.1 Many-flavored QCD and conformality

Chiral Symmetry breaking induces a mass scale, rendering the theory non-conformal.

The transition temperature for chiral symmetry restoration depends on the quark masses

and the number of flavors. It is well known that the transition temperature gets smaller

as the chiral limit is approached, and it also gets smaller with increasing number of

flavors. A larger number of Goldstone modes reduces the chiral transition temperature.

This is also the case at strong coupling [100].

The phase diagram of SU(Nc) gauge theory with Nf fundamental fermions as a function

of Nf has been predicted by Miransky [101]. Based on mean-field in the 1/d expansion

it has been argued that for staggered fermions, chiral symmetry is always broken at zero

temperature even as the number of flavors grows and the chiral limit is taken [102,103].

That this is not the case but that there is a finite Nf c at which chiral symmetry becomes

restored has been discovered by us for the first time in the publication [A1] together

with Ph. de Forcrand and S. Kim. I wrote substantial parts of the paper (discussing the

interpretation intensely with Ph. de Forcrand), wrote the multi-flavor HMC code and

contributed most of the numerical data.

We found that in the strong coupling limit with staggered fermions, chiral symmetry is

restored at zero temperature if the number of flavors is above a critical value Ñf
c

= 13

in the chiral limit (which corresponds to Nf
c = 4Ñ c

f = 52 in the continuum due to taste

partners), contrary to common wisdom. The chiral condensate for various quark masses

is shown in Fig. 2.1 and exhibits a strong first order transition with Nf for small quark

19
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Figure 2.1: The chiral condensate on a 64 volume for various Nf and quark masses:
left : at β = 0, right : at β = 5. Towards the chiral limit, the transition becomes

strongly first order.

masses. We have investigated whether this chirally restored phase is IR-conformal,

which requires the existence of an infrared fixed point. We found numerical evidence by

by measuring the (1) torelon mass, (2) the integrated eigenvalue density of the Dirac

spectrum, which exhibits a spectral gap in the chirally restored phase, and (3) the pion

and ρ masses. Indeed we find conformal behaviour above Nf
c, with the system size L

the only infrared scale. Also we have not observed an additional transition as a function

of β, which leads us to the speculation that the conformal phase persists towards the

continuum limit, see Fig. 2.2. Whereas the details of Nf
c(β) will depend on the fermion

discretization, the qualitative features remain: fermions generically have an ordering

effect on the gauge fields [104].

In the continuum, it is believed that there is a conformal window, which is expected to

start below Nf = 12 and ends at Nf = 16.5 flavors where asymptotic freedom is lost and

the theory is trivial. Various groups have attempted to study this conformal window

via lattice QCD [105,106,107] and the consensus is that QCD with Nf = 12 is likely to

be conformal. These studies are challenging as it is required to take the chiral limit and

to probe the infrared properties of the theory to answer whether there is an infrared

fixed point. The flavor-dependence of the chiral transition and Miransky scaling has

also been investigated via the functional renormalization group [108,109].

The search for a conformal window is motivated by physics beyond the standard model

of particle physics: it is a requirement for certain models to work, in particular techni-

color theories [110,111], which may imply that the Higgs boson is composite.

There have been attempts to explain the Nf -induced chiral restoration at T = 0 ana-

lytically in the strong coupling limit [112, 113], with extensions to other gauge groups,

but no prediction for Nf c.
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Figure 2.2: Two scenarios on the connection of the IR-conformal phase at strong
coupling with the conformal window in the continuum. From [A1].

A dual representation valid for any number of flavors could help to understand chiral

restoration beyond Nf c but is difficult to attain (see Sec. 4.2 for the two-flavor formula-

tion).

2.2 Combinatorial identities

The structure of strong coupling lattice gauge theory can be studied analytically in

low dimensions. In [A2] I derived some identities for the strong coupling limit in one

temporal dimensions, since in the high temperature limit, Z = (Z1)Vs with Z1 the

partition function of one spatial site and Vs the spatial lattice volume. I devised a

group-theoretical approach to determine the SU(3) invariants 〈LnL∗m〉 with arbitrary

n,m ≥ 0 via so-called 3-step Lucas polynomials that can be generalized to other gauge

groups as well:

Cn,m =

∫
dLLnL∗m =

{
C3(|a− b|/3,min(n,m)) for |n−m| mod 3 = 0

0 else

C3(nB, nM ) =
∑

λ`nM ;3

fλ+nBfλ (2.1)

with L = tr[U ], L∗ = tr[U †] the traces of any U,U † ∈ SU(3) along a closed contour such

as a Polyakov loop. The Cn,m invaraints are listed for small n, m in Tab. 2.1, which are

a generalization of the Catalan numbers obtained for the corresponding SU(2) invariants

The same result has been obtained in [114] via Ward identities rather than group theory.

The coefficients Cn,m can be identified in the expansion of the fundamental character
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1 (mesonic) L3 L6 L9 L12

1 (baryonic) 1 1 5 42 462
(LL∗) 1 3 21 210 2574
(LL∗)2 2 11 98 1122 15015
(LL∗)3 6 47 498 6336 91091
(LL∗)4 23 225 2709 37466 571428

Table 2.1: Invariants Cn,m given in Eq. (2.1) for various n, m. In red are the invariants
for n = m which is the sector for U(Nc) gauge group. From [A2].

coefficient u(β) for SU(3), see Sec. 1.2.4, which can be expressed as a Schur polynomial

u(β) =
1

3

∞∑
n=−∞

D
(3,f)
n (2x)

∞∑
n=−∞

D
(3,e)
n (2x)

=
1

0!1!x+ 1
0!2!x

2 + 2
1!2!x

3 + 5
8x

4 + 2×6+1
24 x5 + 77

240x
6 + . . .

1 + 1
1!2
x2 + 1+1

3! x
3 + 2

2!2
x4 + 1

4x
5 + 2×6+1

72 x6 + . . .

(2.2)

In [A2] the 1-dim. partition functions for both Staggered and Wilson fermions are

compared for any number of flavors and colors. The static limit Z = ZVs1 (no spatial

pions and baryons) is the starting point of the hopping parameter expansion for both the

3-dim. effective theory [50] and the dual representation. An explicit result for staggered

fermions, which is an extension of [115,116], is:

ZNf
(µ, T ) =

Nf∑

k=−Nf

Nc−1∏

a=0

a!(2Nf + a)!

(Nf + a− k)!(Nf + a+ k)!
ekµ/T . (2.3)

The special case Nf = 2 is discussed in Sec. 4.2.

2.3 Anisotropic lattices

The standard definition of the temperature T = 1
Nta(β) is not applicable to study the

phase diagram in the strong coupling limit, as for β = 0 the lattice spacing a cannot be

varied with β and the chiral transition turns out to be of the order aT ' 1.5, hence for

any Nt the temperature is in the chirally broken phase. To study the phase boundary,

it is necessary to vary the temperature continuously by introducing a bare anisotropy γ

in the Dirac couplings:

LF =
∑

x

[∑

ν

γδν0ην(x)
(
eatµδν0χ̄(x)Uν(x)χ(x+ ν̂)− e−atµδν0χ̄(x+ ν̂)U †µ(x)χ(x)

)

+ 2m̂χ̄χ(x)
]
, (2.4)
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Figure 2.3: Left : Anisotropy calibration, determining γ0 for given ξ which makes the
lattice physically isotropic. Right : The resulting correction factor ξ

γ2 and its deviation

from the mean-field result. From [A4].

which results in the γ-dependent dual strong coupling partition function

ZF (m̂, atµ, γ) =
∑

{k,n,`}

∏

b=(x,µ)

(Nc − kb)!
Nc!kb!

γ2kbδµ0
∏

x

Nc!

mx!
(2m̂)mx

∏

`

w(`, atµ),

w(`, atµ) = γNcN0(`)

(∏

x∈`
Nc!

)−1

σ(`)eNcNtωlatµ, (2.5)

with atµ the bare chemical potential, N0(`) the number temporal baryon segments in

loop `, and m̂ the bare mass which only for γ = 1 corresponds to amq. The bare

anisotropy γ is related to the physical anisotropy ξ ≡ a
at

Whereas the weak coupling

analysis of Eq. (2.4) yields ξ(γ) = γ, the mean-field analysis at strong coupling yields

ξ(γ) = γ2 [100]. The precise relation in the strong coupling regime is not known a priori,

hence for an unambiguous definition of the temperature it is important to determine

the non-perturbative relationship between the bare anisotropy γ and the renormalized

physical anisotropy ξ. The first study to measure ξ(γ) or equivalently γ(ξ) I have

carried out in [A3] together with my colleagues Ph. de Forcrand and H. Vairinhos (and

a mean-field result provided by P. Romatschke), and in the publication [A4], which also

contains some further applications. I provided the program, performed all simulations

on anisotropic lattices and wrote substantial parts of the publication.

The idea to obtain the relation γ(ξ) is by identifying conserved currents that allow to

instantiate a physically isotropic lattice. It has been realized in [117] that the Grass-

mann constraint Eq. (1.20) implies locally conserved pion current:

jµ(x) = ε(x)

(
kµ(x)− 3

2
|bx,µ| −

3

2d

)
→

∑
±µ̂(jµ(x)− jµ(x− µ̂)) = 0,

Qµ =
∑

x⊥µ
jµ(x), (2.6)
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with ε(x) the parity of site x and Qµ the conserved charges for direction µ. Whereas

the charge vanishes on average 〈Qµ〉 = 0, its variance remains non-zero:
〈
Q2
µ

〉
6= 0 This

allows to define the following calibration procedure via a renormalization condition for

a physically isotropic box:

Nsas = Ntat, ξ =
Nt

Ns
⇔

〈
Q2
t

〉
(γ0)

!
=
〈
Q2
s

〉
(γ0),

as
at

=
Nt

Ns
= ξ(γ0). (2.7)

The determination of γ0 is shown in Fig. 2.3 (left), with multi-histogram reweighting

applied to
〈
Q2

0

〉
and

〈
Q2
s

〉
to pinpoint the intersection point γ0 and the slopes with high

precision. The result of this calibration for various ξ and extrapolation to the thermo-

dynamic limit (see [A4]) is shown in Fig. 2.3 (right). The data has been parameterized

to yield the anisotropy correction factor, converting the mean-field assignment to the

non-perturbative result:

ξ(γ)

γ2
' κ+

1

1 + λγ4
. (2.8)

The condition ξ = 1 for γ = 1 implies λ = κ/(1 − κ). With this fit Ansatz we obtain

κ ' 0.7815. For large ξ, i.e. small at (towards the continuous time limit), ξ = κγ2.

Further analysis of κ is discussed in Sec. 4.1, as it can be directly measured in the

continuous time limit.

At finite quark mass, the current is no longer conserved as it receives a contribution

−amqψ̄γ5ψ. But it turns out that this contribution cancels, as monomers on even sites

act as sources (εx = 1), and monomers on odd sites act as sinks (εx = −1). Due to the

even/odd decomposition for staggered fermions, on each configuration, the number of

monomers on even sites equals those on odd sites. In [A5] I have shown that for any

bare quark mass m1 = am(ξ = 1), the anisotropy calibration still works. The additional

difficulty addressed there is that the bare quark mass enters the Lagrangian via the

term a3
satm̂ψ̄ψ and a line of constant physics is required to obtain the function ξ(γ, m̂),

with m̂(γ) fixed such that m̂1 = amq for values as given in Fig. 2.4 (right). Possible

conditions are MπL = const. or [mq

〈
ψ̄ψ
〉
]L = const. For simplicity we chose the second

conditions, as it can be expressed in terms of the number of monomers:

a4
smq

〈
ψ̄ψ
〉

= a3
satξm̂(ξ)

〈
ψ̄ψ
〉

= ξ 〈mx〉 = const. (2.9)

Fig. 2.4 (left) shows the function γ(ξ, m̂), where along the grey curves the physical

quark mass is kept constant. These curves were obtained by scanning for γ0 for various

ξ and m̂, with a controlled interpolation, for details see [A5]. Fig. 2.4 (right) shows the

resulting parametrization of the correction factor [ξ/γ2](m̂) required to set aT and aµB

unambiguously also for finite quark masses. From this figure it is also evident that the
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Right: the anisotropy correction factor ξ/γ2 for various masses. From [A5].

continuous time limit ξ → ∞, at → 0 is also defined for finite mq, and κ(m̂) is well

described by the Ansatz

κ(m̂1) =
κ0

1 + c1m̂1 + c2m̂2
1

, m̂1 = m̂(ξ = 1), (2.10)

with κ0 the value determined in the chiral limit, Eq. (2.8).

An extension γ(ξ, β) to finite values of β is addressed in Sec. 3.2. The interpretation

of the locally conserved current as pion current becomes evident in the Hamiltonian

formulation in Sec. 4.2. Anisotropic lattices have been used to study thermodynamics,

and in particular the equation of state above the transition temperature. An analysis

in the standard formulation can be found in [118].

2.4 Thermodynamic observables and phase diagram

From the partition function Eq. (2.5) and with the defintions

Nq = 2NDt +NcNBt, NDt =
∑

x

|k0(x)|, NBt =
∑

x

|b0(x)|, NM =
∑

x

m(x) (2.11)
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the dimensionless thermodynamic observables in terms of dual variables are:

baryon density: a3
sρB = a3

s

T

V

∂ logZ

∂µB

∣∣∣∣
V,T

=
〈Ω〉
N3
σ

= 〈ω〉 (2.12)

chiral condensate: a3
s 〈χ̄χ〉 = a3

s

〈NM 〉
N3
σNta3

sat
=

1

atmq
〈nM 〉 (2.13)

energy density: a3atε = µBρB −
a3at
V

∂ logZ

∂T−1

∣∣∣∣
V,µB

=
ξ

γ

dγ

dξ
〈nq〉 − 〈nM 〉 (2.14)

pressure: a3
satp = − a3

satT
∂ logZ

∂V

∣∣∣∣
T,µB

=
ξ

3γ

dγ

dξ
〈nq〉 (2.15)

(2.16)

interaction measure: ε− 3p = −〈nM 〉
a3
sat

= −mq 〈χ̄χ〉 (2.17)

entropy density: s =
1

T

(
4ε

3
− µBρB

)
(2.18)

The derivative dγ/dξ in the energy-like observables can be related to the slopes
〈
Q2
µ

〉′

of the conserved charges as shown in Fig. 2.3 (left):

1

ξ

dξ

dγ

∣∣∣∣
γ0

=

〈
Q2
t

〉∣∣′
γ0
−
〈
Q2
t

〉∣∣
γ0

〈Q2〉|γ0

, (2.19)

which can be regarded as the strong coupling analogue of the Karsch coefficients [119].

The prefactor for the energy and pressure on isotropic lattices is

1

ξ

dξ

dγ

∣∣∣∣
γ=1

= 2 + 4κ(κ− 1) ' 1.315 (2.20)

In [A3] we investigated the temperature dependence of the energy density over many

orders of magnitude based on simulations for ξ = 2, 3, 4, 5, 6 and found that over a wide

range up to Tc the Stefan-Boltzmann law holds, indicating that the energy density is
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Figure 2.6: The phase diagram in the strong coupling limit and chiral limit. Left: with
the mean-field definitions of the temperature and chemical potential, showing a strong
Nt-dependence of the phase boundary. Right: with the non-perturbative correction,

which results in an unambiguous phase-boundary. From [A4].

dominated by an ideal massless relativistic pion gas. The results are shown in Fig. 2.5,

with the left-hand side providing the energy density at zero temperature for various ξ,

and the right-hand side the temperature dependence of the subtracted energy density.

The deviations at the lowest temperatures may be due to finite size effects, see also [120].

The result of the unambigous definition of the temperature and chemical potential for

any Nt immproves on the phase diagram as shown in Fig. 2.6. Whereas the left-hand

figure uses the mean-field definitions aT ′ = γ2

Nt
aT ′ = γ2

Nt
, aµ′ = γ2atµ, both receive

corrections according to

aT =
ξ

Nt
=

ξ

γ2
[aT ′], aµ = ξatµ =

ξ

γ2
[aµ′], (2.21)

which results in a largely Nt-independent phase boundary. The back-bending of the

phase boundaries for small temperatures corresponding to γ < 1 towards smaller values

of aµ have vanished. For more applications such as the determination of the static baryon

mass, the pion decay constant, the chiral condensate obtained from chiral perturbation

theory in a finite box [121], see [A4].

Together with my colleague J. Kim I also studied the phase diagram at finite quark

mass and applied the anisotropy correction factors [A6], as shown in Fig. 2.7. To obtain

precise results we implemented multi-histogram reweighting in the dual variables. These

results were obtained for Nt = 4, but due to the applied correction ξ/γ2, the first

order lines do again not show any back-bending as it was the case for the mean-field

assignments of aT ′ and aµ′ . The fact that the chiral and nuclear first order transitions
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coincide in the strong coupling limit at zero temperature is well understood due to Pauli

saturation on the lattice. That also the nuclear CEP obtained from finite size scaling

of the baryon susceptibility and the chiral CEP obtained from the chiral susceptibility

match for any quark mass is a numerical finding. Also the first order lines match for

any temperature below the CEP. The line µB/T = 3 roughly indicates the range of

validity of the indirect methods discussed in Sec. 1.2.3. Already at rather small mass

amq = 0.05, corresponding to Mπ ' 0.15MB, the CEP moves outside of the region

available with the indirect methods.

It is however an open question what happens towards the continuum limit: it is possible

that the chiral and nuclear transition at zero temperature are not well separated. Our

finding rules out the possibility that the difference µnuclear
c and µchiral

c grows with the

quark mass. The corresponding results away from the strong coupling limit are reported

in Sec. 3.2.

2.5 Equation of state and nuclear potential at strong cou-

pling

One of the key questions in QCD is on the nature of interactions between either hadrons

(in the confined phase) or quarks and gluons (in the deconfined phase). There are several

observables which give insight into such interactions:
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(1) The QCD equation of state, i.e. the energy density ε and pressure p, and the

interaction measure ε− 3p,

(2) The nuclear equation of state and the nuclear potential.

The QCD equation of state simplifies drastically in the strong coupling limit as it does

not receive any contributions from the gauge action. In fact, the interaction measure

is simply given by the chiral condensate, see Eq. (2.17). In the chiral limit this implies

that the pressure is proportional to the energy density as discussed in Sec. 2.4. At

finite quark mass, the equation of state for all values of the temperatures and chemical

potential, characterized by the energy density and the chiral condensate, is shown in

Fig. 2.8. The equation of state has been analyzed together with my former student

D. Bollweg and is discussed in [A5]. We find that the pressure as calculated according

to Eq. (2.16) also shows a discontinuity across the first order line, as the derivative with

the volume with respect to the grand-canonical potential Ω requires fixed T . This is in

contrast to the expectation in the continuum, where the homogeneity of Ω implies the

equivalence of the definitions for the pressure:

Ω(T, αV, µ) = αΩ(T, V, µ) = −T logZ → p = − ∂Ω

∂V

∣∣∣∣
T,µ

!
=

Ω

V
. (2.22)

Homogeneity and hence the equivalence do not hold on the lattice. We have resolved

this puzzle in the continuous time limit, see Sec. 4.1.

The nuclear potential, which has a long range Yukawa interaction mediated by the

pion, also receives additional contributions for small distances from multi-pions and

heavy mesons such as the ρ. It has been studied on the lattice [122] via the equal-time

Bethe-Salpeter wave function, with ongoing efforts to study nuclear physics from first

principles [123].
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Figure 2.9: Nuclar potential VNN (r) at strong coupling with r = |~r a spatial distance
between two static baryons. Unpublished.

In the dual representation at strong coupling, there is a direct way to study the nuclear

potential by putting two static baryon world-lines into the ensemble at some distance

given by the lattice vector ~r. I have studied VNN together with D. Bollweg to extend

on [96], but this work so far remained unpublished. We applied the Snake algorithm [124]

to build up a static baryon at distance ~r from the origin, and extracted VNN from

∆F = F2 − F0, i.e. F2 has two static baryons. We found it proportional to the pion

cloud surrounding a static baryon, and to the ρ-meson correlator:

aVNN (r) ∼ δa4ε(r) ∼ e−mρr

r
, (2.23)

a4δε(r) =

〈
2k0(r) +Nc|b0(r)| − Nc

4

〉
. (2.24)

The potential shows an attractive force, in agreement with a binding energy per nucleon,

which has already determined in [96] to be [E/A]SC ' 0.26mB in the limit A → ∞,

which is much larger than its continuum value [E/A]cont ' 0.017mB. The nuclear

potential exponentially decays with the distance according to the ρ-meson mass. We

find that the profile is indeed proportional to the pion cloud δε(r) and also to the ρ-

meson correlator, but the proportionality factor differs from a = 2 expected from a

simple overlap of the pion clouds of each individual baryon. We tried to address this

obstacle by measuring ∆E = ∆F +TS directly, given we now have full control over the

anisotropy according to Eq. (2.14), and that both definitions are equivalent for T = 0.

Fig. 2.9 (top) shows a preliminary result of that new strategy, where the proportionality



Chapter 2. The phase diagram in the strong coupling limit 31

turns out to be a = 3.121 rather than a = 2 as expected from the overlap argument

illustrated in Fig. 2.9 (bottom).

The nuclear transition is further discussed in Sec. 4.3.





Chapter 3

Phase Diagram in the strong

coupling regime, β > 0

While the strong coupling limit shares important features with full QCD and is a great

laboratory to study new methods, it is necessary to incorporate gauge corrections and

extend the validity of this effective theory into the strong coupling regime to learn more

about the QCD phase diagram. Lattice QCD in the strong coupling regime should be

considered as a 1-parameter deformation of QCD, and the larger the lattice coupling β

can be made, the finer the corresponding lattices.

The long term questions we want to answer is whether the chiral critical point survives

on finer lattices, and what the nature of the nuclear liquid gas transition is.

3.1 Reweighting approach

The leading order gauge corrections O(β) to the strong coupling limit are obtained by

expanding the Wilson gauge action Eq. (1.2) before integrating out the gauge links. A

formal expression is obtained by changing the order of integration (first gauge links,

then Grassmann-valued fermions) within the QCD partition function:

ZQCD =

∫
dχdχ̄DUe−SG[U ]−SF [U ] =

∫
dχdχ̄ZF

〈
e−SG[U ]

〉
ZF
, ZF =

∫
DUe−SF [U ].

(3.1)

33
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Figure 3.1: Reweighting of a diagram at strong coupling to a diagram with an excited
plaquette. From [B1].

With this the O(β) partition function is

Z(1) =

∫
dχdχ̄ZF 〈−SG[U ]〉ZF , (3.2)

〈−SG[U ]〉ZF =
β

2Nc

∫
DU

∑
P

(
tr[UP + U †P ]

)
e−SF [U ]

ZF
. (3.3)

The challenge in computing Z(1) is to address the SU(Nc) integrals that receive contribu-

tions from the elementary plaquette UP . Link integration no longer factorizes, however

the tr[UP ] can be decomposed before integration:

∫
DU tr[UP ]e−SF [U ] = JabJbcJcdJda, Jij(M,M†) =

∫
DU etr[UM†+MU†] Uij (3.4)

Integrals of the type Jij with two open color indices - as compared to J0 defined in

Eq. (1.14) - have been derived from generating functions

Za,b[K,J ] =

∫

G
DU tr[UK]a tr[U †J ]b (3.5)

for either J = 0 [92] or for G = U(Nc) [125, 126]. My former colleague J. Langelage

addressed the integral for G = SU(3) with staggered fermions by additionally computing

I4,1 =
∫
dUUi1j1Ui2j2Ui3j3Ui4j4U

†
kl and together we reordered the staggered fields to

simplify the integral further, resulting in [B2]

Jij = −
3∑

k=1

3− k
3!(k − 1)!

[MψMφ]k−1φ̄jψj +
1

2
εii2i3εjj2j3 φ̄i2ψj2 φ̄i3ψj3 −

1

3
B̄ψBφφ̄jψi. (3.6)

A more general expression that we obtained via group theory rather recently is discussed

in Sec. 3.3. In terms of the dual variables, neglecting rotation and reflection symmetries,

there are 19 distinct diagrams to be considered, see Fig. 3.1 for an example. The resulting
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Figure 3.2: The staggereed lattice QCD phase diagram in the strong coupling regime
from reweighting in the chiral limit: the chiral tricritical point is invariant under β and
the nuclear critical point remains within the first order surface of the chiral transition.

From [B2].

partition function, valid to O(β), is

Z(β) =
∑

{n,k,`,qP }

∏

x

ŵx
∏

b

ŵb
∏

`

ŵ`
∏

P

ŵP (3.7)

ŵx = wxvx, ŵb = wbk
qb
b , ŵ` = w`

∏

`

wBi(`), ŵP =

(
β

2Nc

)qP
, (3.8)

where the site weights wx 7→ ŵx, bond weights wb 7→ ŵb and baryon loop weights

w` 7→ ŵ` receive modifications compared to the strong coupling limit Eq. (1.19) for sites

and bonds adjacent to an excited plaquette qP = 1. The weights are given in [B2], and

are re-derived for any gauge group in Sec. 3.3. The configurations {n, k, `} must satisfy

at each site x the constraint inherited from Grassmann integration:

nx +
∑

ν̂=±0̂,...,±d̂

(
kν̂(x) +

Nc

2
|`ν̂(x)|

)
= Nc + qx, (3.9)

which is the modified version of Eq. (1.20) with qx = 1 if located at the corner of an

excited plaquette, otherwise qx = 0.

Together with M. Fromm, J. Langelage, Ph. de Forcrand and O. Philipsen I have

developed the reweighting technique to address the leading order gauge corrections for

any observable O from simulations of the strong coupling ensemble:

〈O〉β =
〈Oe−βSg〉0
〈e−βSg〉0

' 〈O tr[Up]〉0
〈tr[Up]〉0

.
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Figure 3.3: Various scenarios on how the strong coupling phase diagram could be
extended towards the continuum, β → ∞, valid for the chiral limit. It is expected
that the nuclear and chiral transition eventually split. It is an open question how the

location of the tricritical point found at β = 0 depends on β. From [B3].

The first results of Monte Carlo simulations on the phase diagram were reported in [B1],

followed by the publication [B2], which can be considered the proof of concept for the

working program on which the research in my Emmy Noether group was based. This

paper illustrates the power of our method to obtain the phase boundary at non-zero

values of the inverse gauge coupling β. The phase boundary for finite β (see Fig. 3.2)

was obtained via finite size scaling of the reweighted chiral susceptibilities. At µB = 0,

the transition temperature aTc decreases according to:

aTc|β=0 = 1.4021(7),
d

dβ
aTc(β)

∣∣∣∣
β=0

= −0.46(1). (3.10)

This is also the case for small chemical potential, aTc(aµB) decreases with increasing

β as the lattice spacing becomes smaller. In contrast, the critical chemical potential

aµcB ' 1.78(1) at zero temperature has no β-dependence. For the ratio, we found

T/µB = 0.787 for β = 0 and T/µB = 0.529 for β = 1, which should be compared to
Tc
mB
' 154MeV

0.93GeV = 0.165 for full QCD [17], as µB is almost equal to the baryon mass

mB. A linear extrapolation beyond β = 1 renders aTc negative for β > 3, but we found

numerical evidence that at an exponential extrapolation

aTc(β)

aTc(β = 0)
≈ exp

(
β

d

dβ
aTc

∣∣∣∣
β=0

)
(3.11)

produces better agreement with Monte Carlo data, see Fig. 3.4, resulting in aTc → 0 as

β →∞. Additional aspects are discussed in [B3], in particular the various scenarios on

how this phase diagram can be extended towards the continuum, see Fig. 3.3. However,

since reweighting cannot be fully trusted across a first order boundary, direct simulations

at non-zero β are necessary, which are discussed in the next section.
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Figure 3.5: Left: Illustration of a 2-dim configuration in terms of the dual variables
at finite β, mq and µB , from [B4]. Right: Severity of the sign problem in the µ - β at

low aT = 0.25, from [B5]. We can extract observables reliably for up to β ' 1.

3.2 Direct sampling based on plaquette occupation num-

bers

Whereas the reweighting result could not answer the question about the β-dependence

of the chiral and nuclear critical point, direct simulations at finite β could in principle

resolve this issue. This required to implement a plaquette update based on the plaquette

and anti-plaquette occupation numbers np, n̄p, which is essentially a Metropolis-Hasting
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Figure 3.6: Left: Scheme for scanning the nuclear transition at fixed temperature
aT = 0.25 for various quark masses and baryon chemical potential, resulting in a
location aµcB(amq) (blue line). Right: Monte Carlo result for the phase boundaries,
and an estimate of the nuclear critical endpoint 1

3aµ
c
B(amq) as a function of the quark

mass for various values of β. From [B5].

algorithm, see Sec. 1.4.1. The mesonic and baryonic Worm algorithms need to be mixed

with plaquette updates sufficiently to have an ergodic algorithm valid for sufficiently

large β. In practice, after the worm closes, a plaquette update is proposed on random

plaquette coordinates p. Typical configurations in terms of monomers, dimers, fermion

world-lines and plaquette excitations as shown in Fig. 3.5 (left) are based on Eq. (3.8),

but now at each plaquette coordinate there can be a non-zero plaquette excitation of

either positive orientation (tr[UP ]) or negative orientation (tr[U †P ]). The crosscheck with

HMC and reweighting for µB = 0 is shown in Fig. 3.4. In practice, such simulations are

limited by the sign problem which already becomes severe for β > 1, see Fig. 3.5 (right):

baryons that are point-like in the strong coupling limit become resolved as fermions split

around plaquettes with non-zero plaquette occupation number. The fermion world-lines

no longer have simple geometries.

Our results on the partition function and its numerical investigation was published

in [B4] together with my colleague J. Kim and my former PhD student G. Gagliardi.

The algorithm was implemented by me, J. Kim helped with carrying out the simulations,

and G. Gagliardi provided some analytic improvements. The phase boundaries were ob-

tained via finite size scaling with MC simulations carried out on large spatial volumes and

Nt = 4, 6. We found that in the chiral limit the chiral transition at small chemical

potential moves to lower temperature, but the nuclear and chiral transition at low tem-

peratures are still on top for moderate values of β, i.e. µnuclear
c ≈ µchiral

c . There is no

evidence for a nuclear phase with the chiral symmetry still broken. Note that a similar

result of the invariance of the critical chemical potential with increasing β was also found

in a mean-field study [88].
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Figure 3.7: The phase diagram for the chiral transition from direct simulations.
Left: According to mean-field definitions of aT an aµB . Right: According to the non-
perturbative determination of aT an aµB via the anisotropy calibration procedure.

From [B6].

Together with J. Kim we also investigated the β-dependence of the nuclear transition

for a large range of quark masses, aiming for an overlap with the 3-dim effective theory

investigated in the group of O. Philipsen in Frankfurt, see Sec. 1.2.3 and Sec. 5.2. We

chose a fixed rather small temperature aT = 1/Nt with Nt = 4, corresponding to an

isotropic lattice, γ = 1, ξ = 1, to simplify the analysis. The strategy to scan for

the first order transition and the critical point aµcB(amq) is shown in Fig. 3.6 (left).

The numerical results obtained from the peak of the baryon susceptibility are shown in

Fig. 3.6 (right), which is an extension of Fig. 2.7 discussed in Sec. 2.4. We found that

the phase boundary only has a very weak β-dependence, and that it is first order up

to the quark mass amc
q ' 0.3 − 0.4, slightly depending on β. At larger quark masses

the nuclear CEP has dropped below aT = 0.25, rendering the nuclear transition to a

crossover.

In Fig. 3.7 the results on the chiral phase transition for various values of β are shown

before (left) and after (right) applying the anisotropy correction factor ξ/γ2. The un-

physical back-bending towards smaller chemical potential with decreasing temperature

has therefore vanished also at finite β. This illustrates the importance of the anisotropy

calibration, as discussed in Sec. 2.3. The same strategy has been successfully applied

by my colleague J. Kim and me also at finite values of β [B6], i.e. we have determined

ξ = ξ(γ, β). Although there are actually two distinct bare anisotropies, γ ≡ γF from

the fermion action, and γG ≡
√
βt/βs from the gauge action, in the strong coupling

regime, as/at ∝ γ2
G, which implies γG = γF . This is no longer the case at weak cou-

pling [128,119].
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3.3 Tensor network representation

The first steps towards a dual representation based on the strong coupling expansion,

valid for all orders in β have been discussed in [B7]: Together with G. Gagliardi I have

generalized the link integration from U(Nc) to SU(Nc), for any q with a = qNc + p the

number of color indices i = (i1, . . . ia), j = (j1, . . . ja) and b = p the number of color

indices k = (k1, . . . kb), l = (l1, . . . lb):

Ia,b
i j,k l =

∫

SU(Nc)
DU U j1

i1
· · ·U ja

ia
U † l1k1

· · ·U † lbkb

∝
∑

(α,β)

∑

π,σ∈Sp
ε⊗qi{α}δ

lπ
i{β}

W̃g
q,p
N (π ◦ σ−1)ε⊗q,j{α}δ

j{β}
kσ

. (3.12)

Here, ε⊗q is a shortcut for the q−fold product of Levi-Civita epsilon tensors and δ lπi , δ jkσ
are the generalized Kronecker deltas where the indices are reordered according to the

permutations π, σ ∈ Sp, and W̃g
q,p
Nc

is our generalization of the Weingarten functions,

with WgpNc
= W̃g

0,p
Nc

the usual Weingarten functions [129], see the Appendix in [B8].

Essentially, these relate the irreducible representations of SU(Nc) with those of the

symmetric group Sp, as both can be expressed by the integer partitions λ. This result

goes beyond previously published expressions for q = 0 [130,131] (which corresponds to

U(Nc)) and q = 1 [132], and was also derived later by Borisenko et al. [133]. Based on

Eq. (3.12), we have evaluated the partition function for pure Yang-Mills theory on the

lattice, see [B7] for details:

ZY.M. =
∑

{np,n̄p}

(β/2N)
∑
p np+n̄p

∏
p np!n̄p!

∏

`

∏

p

∫

SU(Nc)
tr[Up]

np tr[U †p ]n̄p

︸ ︷︷ ︸
W ({np,n̄p})

, (3.13)

W ({np, n̄p}) =
∑

{λ` ` d`}
len(λ`) ≤ Nc

W ({np, n̄p, λ`}) (3.14)

with W ({np, n̄p}, {λ`}) the weight of a plaquette configuration with the links ` = (x, µ)

in the irreducible representation λ` ` d`, which is a partition of the dimer number

d` = min


∑

ν 6=µ
nx,µ,ν + n̄x−ν̂,µ,ν ,

∑

ν 6=µ
nx,µ,ν + n̄x−ν̂,µ,ν


 , (3.15)

see Fig. 3.8 (left), and the number of parts of the partition λ is limited by Nc as explained

in Sec. 2.2. These weights are all positive, in contrast to the Weingarten basis, where half

of the weights are negative. The partition function Eq. (3.14) incorporates λ` as auxiliary
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Figure 3.8: Left : Plaquette occupation numbers n, n̄ participating in link weights.
Right : Graphical picture of the local tensors that are defined via the dual variables

attached to a site, decoupling from nearst neighbors. From [B4,B8]

degrees of freedom, and can be simulated via Monte Carlo in the strong coupling regime,

which requires a non-local evaluation of W ({np, n̄p}, {λ`}). In the Abelian case U(1),

this simplifies to the random surface ensemble that can be simulated also in the weak

coupling regime [134].

Encouraged by the improvements concerning the sign problem we applied this group-

theoretic strategy to obtain an all-order strong coupling expansion including staggered

fermions, published in [B8]. This work is a breakthrough towards a dualization of full

QCD. The first step was to simplify Eq. (3.12) further by decoupling the weights to

make them local. We managed to do so by introducing new dual variables, which

we called decoupling operator indices ρ, that are multi-indices describing the group-

theoretic structure of Eq. (3.12):

IqNc+p,p

i j,k l =

Nc−1∏

r=1

r!

(r + q)!

∑

ρ

(P ρ) l
i (P ρ) j

k , (3.16)

(P ρ) l
i =

∑

π

1

p!

fλ√
Dλ,N+q

Mλ
mn(π)ε⊗qi{α}δ

lπ
i{β}

. (3.17)

The orthongonal matrices Mλ are chosen such that χλ(π ◦σ−1) ≡ Tr
(
Mλ(π)Mλ(σ−1)

)
,

with χλ(π ◦ σ−1) the characters of the symmetric group Sp [135] which occurs in W̃g
q,p
Nc

.

The operators P ρ decouple the colour indices i, l and k, j in the integral, and its

computation has been automatized. The decoupling operator index ρ can be cast into
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Figure 3.9: Left : Scheme for the evaluation of the tensor network. Right : Example
of a tensor contraction for two adjacent plaquettes, with bond dimension 2. From [B8].

an integer. We have collected all P ρ connected to a site x into a local tensor:

T
ρx−d···ρxd
x (Dx) ≡ TrDx

[∏

±µ
P ρ

x
µ

]
, Dx = {mx, dx,±µ, nx,µν , n̄x,µν} , (3.18)

with Dx the set of participating dual variables, illustrated in Fig. 3.8 (right). The

resulting dual representation, taking into account ρ as an additional dual variable, has

the form of tensor network:

Z(β, µq, m̂q) =
∑

{np,n̄p}
{k`,f`,mx}

σf
∑

{ρx±µ
∣∣ρxµ=ρx+µ

−µ }

∏

p

β̃np+n̄p

np!n̄p!

∏

`=(x,µ)

eµqδµ,0fx,µ

k`!(k` + |f`|)!
∏

x

(2m̂q)
mx

mx!
T
ρx−d,...,ρ

x
d

x (Dx),

(3.19)

This partition function is valid to any order in β, and we could compute the tensorial

weights up to O(β5), which already has 360525 distinct tensors. Its evaluation requires

tensor network contractions on those sub-lattices where the plaquette occupation num-

bers are non-zero, as shown in Fig. 3.9. The partition function in the strong coupling

limit Eq. (1.19) and the partition function at O(β) Eq. (3.8) can be re-derived from

Eq. (3.19). We have analyzed the result of tensor network contractions for various

gauge groups on 2× 2 and 4× 4 lattices via exact enumeration. Results for SU(3), eval-

uating the chiral condensate, the chiral susceptibility and the average sign, are shown in

Fig. 3.10, comparing the various truncations of Eq. (3.19) at O(βn) with HMC simula-

tions. For β < 1 there are only small deviations, but for β > 1 higher orders are indeed

necessary. The sign problem only mildly depends on β, but the situation will certainly

be different in 3+1 dimensions, where exact enumeration is not feasible.
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We have discussed two methods to perform Monte Carlo simulations of this new dual

representation:

(1) the tensor contractions are re-computed on the fly for connected plaquette surfaces,

whenever these are modified,

(2) the tensors are mapped to vertex weights, which are updated with a worm algo-

rithm, generalizing the worm at strong coupling.

Whereas method (1) is feasible for small β, the computational costs for large β to

evaluate plaquette surfaces grow dramatically as they eventually fill the whole lattice.

The method (2) extends on existing vertex models for which worm algorithms exist,

such as the Schwinger model [136, 137, 138], but the increasing number of vertices for

higher orders in β slows down the evolution of the worm.

Further ideas and new developments to evaluate Eq. (3.19) are outlined in Sec. 5.2.





Chapter 4

Hamiltonian formulation of

strong coupling lattice QCD

The Hamiltonian formulation of lattice QCD was already considered in [139] and has

been used for some analytical computations [140, 141]. In this chapter I present a

Hamiltonian formulation for strong coupling lattice QCD with staggered fermions, which

can also be studied numerically via Quantum Monte Carlo (QMC).

This formulation is based on the Euclidean continuous time limit, which will have

several advantages: (1) the ambiguities arising from the functional dependence of ob-

servables on the anisotropy ξ(γ) as discussed in Sec. 2.4 will be circumvented, (2) there

is no need to perform the continuum extrapolation Nt →∞ (see Sec. 4.1), which will (3)

allow to measure the phase boundaries unambiguously (see Sec. 4.3), and (4) for all tem-

peratures of interest, the Quantum Monte Carlo algorithm is considerably faster than

its discrete version. Moreover, temporal correlation functions as discussed in Sec. 4.4

can be measured with high resolution.

4.1 The Euclidean continuous time limit

The first step towards a Hamiltonian formulation is to consider the continuous time

limit. This idea goes back to [142], where the continuous time limit was derived via the

Trotter-Suzuki decomposition [143] for the Heisenberg quantum anti-ferromagnet. Since

then, continuous time methods have been widely used in condensed matter [144,145].

That the continuous time limit is also well defined in strong coupling lattice QCD

was already discussed in Sec. 2.3. The continuous time limit is a joint limit Nt → ∞,

and at → 0 such that the physical temporal extent β = 1
aT is fixed. This implies that

45
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Figure 4.1: Left : The sign problem vanishes in the continuous time limit Nt → ∞.
Right : all observables have a well-defined continuous time limit. From [C2].

both the bare anisotropy γ and the renormalized anisotropy ξ = as/at diverge. How-

ever, as was pointed out in Eq. (2.8), the ratio ξ/γ2 remains finite: the non-perturbative

functional dependence ξ(γ) has been determined by matching conserved current fluctua-

tions in spatial and temporal direction. Extrapolating to the continuous time limit gives

ξ/γ2 = κ.

Prior to the determination of κ, I have considered the continuous time limit for the

first time in [C1], assuming κ = 1. Together with Ph. de Forcrand I developed the

formalism, I implemented a worm algorithm operating directly in continuous time and

performed the simulations in the µB - T plane to identify the chiral phase boundary,

comparing results for both finite and infinite Nt. The important finding was that baryons

become static in the continuous time limit: they are non-relativistic and the baryon mass

is rather large even in the chiral limit, which leads to a suppression of spatial baryon

hoppings with 1/γ and eventually become absent in the limit γ →∞. As a consequence,

the sign problem completely vanishes in the continuous time limit, as shown in Fig. 4.1

(left). Also multiple spatial dimers on the same bond, corresponding to multiple meson

exchange, become expressed: they are resolved into single spatial dimers as at → 0.

The results subject to various constraints are shown in Fig. 4.1 (right), and they all

approach the same continuous time limit for all observables (here shown for energy and

chiral susceptibility). This holds for all temperatures and chemical potential. Moreover,

we found non-monotonic behaviour in several observables and also in the extrapolation
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of Tc. An extrapolation based on only Nt ≤ 16 would give sizeable deviations, at least

Nt = 64 is required to get Tc correct in three decimal places.

The partition function in the continuous time limit is derived in detail in [C2], and the

final result for gauge group SU(3) expressed via an all-order high temperature expansion

in 1/T (with T the bare temperature) is

ZCT(T , µB) =
∑

{ΛMσ ,ΛBσ }

∑

{ω}|
ΛBσ

eω~xµB/T
∑

n∈2N

1

n!

1

(2T )n

∑

G∈Γ
ΛMσ
n

v
N� (G)
� , (4.1)

N� =
∑

~x∈ΛMσ

∫ 1/T

0
dτ n� (~x, τ), (4.2)

where Γn = {n� (~x, τ), n� (~x, τ)} is the set of all valid configurations on the mesonic

sub-lattice ΛMσ with n ≡ NDs spatial dimers and N� ≤ 2n is the total number of non-

trivial vertices (so-called �-vertices with v� = 2√
3
). The decomposition into a disjoint

spatial mesonic and baryonic sub-volume Λ = N3
s ×Nt = ΛM ∪̇ΛB is a consequence of

the Grassmann constraint Eq. (1.20). The prefactor 1/n! is due to time-ordering. In

Sec. 4.2 this result will be reformulated as a Hamiltonian, where we obtain a meaningful

expression for Γn.

The continuous time worm algorithm discussed in [C1] acts in Euclidean time as a

Poisson process with a space-dependent decay constant λ~x:

P (∆t) = e−λ~x∆t , ∆t ∈ [0, 1], λ~x =
dM (~x)

4T , dM (~x) = 2d−
∑

〈~x,~y〉
|B(~y)|. (4.3)

Here, dM (~x) is the number of non-baryonic neighbors to which a spatial dimer can be

emitted, due to the Grassmann constraint Eq. (1.20). The baryonic loops ` simplify

to be purely temporal, denoted by B(~x), with winding number ω = 1 for baryons

and ω = −1 for anti-baryons. The mesonic continuous time worm is based on the

directed path algorithm introduced for discrete lattices and gauge group U(3) in [90]. In

contrast to discrete time simulations considered in the previous chapters, the baryonic

worm simplifies: since only static baryons survive in the limit, it is sufficient to have a

heatbath for baryons on those sites that have no spatial dimers attached.

The unambiguous identification of the chiral and nuclear phase boundary in the contin-

uous time limit requires to define the temperature and chemical potential non-

perturbatively as discussed for discrete time, see Eq. (2.21). In particular the bare tem-

perature T used in the partition function Eq. (4.2) needs to be renormalized to yield

aT , whereas the chemical potential enters the continuous time partition function via the
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Figure 4.2: Result of the anisotropy correction factor ξ/γ2 and its extrapolation to
ξ → ∞ for different fit Ansätze, see [C2], which have an impact on κ. The best fit

reflects the non-monotonicity as found in the data.

ratio µB/T . I have improved the fit of the anisotropy calibration to yield κ = 0.8017(2),

based on a 3-parameter Ansatz (including also ξ < 1 into the fit) that reflects the sym-

metry of small anisotropy ξ → 0 and large anisotropy ξ →∞, as shown in Fig. 4.2. The

anisotropy calibration can also be implemented directly in the continuous time limit:

this yields κ = 0.7971(3), which is much closer to the result of the improved fit Ansatz

compared to the Ansatz Eq. (2.8)

4.2 The Quantum Hamiltonian

In order to rewrite the partition function Eq. (4.2) in terms of a Hamiltonian

H = H0 + Hi, we make use of a diagrammatic expansion in Hi. After summing over

all configurations Γn of a given order n ∈ 2N in the expansion parameter 1/T , one

integrates over all possible times at which spatial dimers occur. To this aim we replace

the temporal dimers k0(x) by meson occupation number m(x):

k0(x) 7→ m(x) = ε(x)

(
k0(x)− Nc

2

)
+
Nc

2
m(x) ∈ {0, 1, . . . Nc} (4.4)

with ε(x) = ±1 the parity of a site introduced in Eq. (1.3). As a consequence, explained

in detail in [C2], the alternating dimer chains will be replaced by meson occupation

numbers m(x) which are constant on the interval between attached spatial dimers. The

spatial dimers change the meson state by one unit: m(x) 7→ m′(x) = m(x) ± 1. In
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Figure 4.3: Typical configurations at discrete time and continuous time, with spatial
dimers represented meson raising and lowering operators that can occur at any location

in time. From [C2].

fact there is a conservation law: if a quantum number m(x) is raised/lowered by a

spatial dimer, then at the site connected by the spatial dimer the quantum number is

lowered/raised, see Fig. 4.3. This is a direct consequence of its definition in Eq. (4.4):

the parity of the two sites connected by a spatial dimer is opposite. We therefore can

replace the vertices by meson raising and lowering operators Ĵ+, Ĵ−:

ZCT(T , µB, V ) = Trh⊗V
[
e(Ĥ+N̂µB)/T

]
, Ĥ = 1̂+ Ĥi, Ĥi =

1

2

∑

〈~x,~y〉

(
Ĵ+
~x Ĵ
−
~y + Ĵ−~x Ĵ

+
~y

)
,

|h〉 = |m, b〉 =




0

π

2π

3π

B+

B−




, Ĵ+ =




0 0 0 0

1 0 0 0

0 v̂� 0 0

0 0 1 0

0 0

0 0




, Ĵ− = (Ĵ+)T ,

N̂ =
∑

~x

ω̂x, ω̂ =




0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

1 0

0 −1




. (4.5)

This result is valid for Nc = 3 (but has been formulated for arbitrary Nc) and Nf = 1.

Here, N̂ is the baryon number operator and |h〉 is the local Hilbert space at each spatial
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lattice site ~x ∈ V . The block-diagonal structure expresses the fact that the Hilbert

space of hadrons is a direct sum of mesonic states and baryonic states, |h〉 = |m〉 ⊕ |b〉,
which results in the vanishing commutator [Ĥ, N̂ ] = 0. The meson states |m〉 count

pseudoscalars, and we denote them as pions π (despite the fact they are flavorless for

Nf = 1 and they cannot be distinguished from the η or η′ mesons). The pion current is

conserved, but only in the chiral limit, see Sec. 2.3. Since Pauli saturation holds on the

level of the quarks and pions have a fermionic substructure, we cannot have more than

Nc pions per spatial site. If we omitted the additive constant Nc/2 from Eq. (4.4), a

particle-hole symmetry becomes evident. For arbitrary Nc we can identify the following

algebra (see [C2]):

Ĵ1 =

√
Nc

2

(
Ĵ+ + Ĵ−

)
, Ĵ2 =

√
Nc

2i

(
Ĵ+ − Ĵ−

)
, (4.6)

Ĵ3 = i[Ĵ1, Ĵ2] =
Nc

2
[Ĵ+, Ĵ−] Ĵ2 =

Nc(Nc + 2)

4
1 (4.7)

The “spin”-representation is d = Nc + 1-dimensional, with S = Nc/2. For Nc = 1,

Ĵ± = 1
2(σx ± iσy) is expressed in terms of the Pauli matrices, and the continuous

time partition function becomes that of the quantum XY model. By shifting the pion

occupation numbers by its average value m 7→ s = m− Nc
2 we can identify the quantum

state corresponding to this algebra:

Ĵ3

∣∣∣∣
Nc

2
, s

〉
= s

∣∣∣∣
Nc

2
, s

〉
, Ĵ2

∣∣∣∣
Nc

2
, s

〉
=
Nc (Nc + 2)

4

∣∣∣∣
Nc

2
, s

〉
, [Ĵ2, Ĵ3] = 0. (4.8)

This remarkable result is due to the fact that pion occupation numbers on the lattice

are not just bounded from below but also from above. The pion dynamics encoded in

the Hamiltonian is that of a relativistic pion gas as reviewed in Sec. 2.4. The fact that

baryon becomes static is due to its non-relativistic nature. Its restmass is large but

finite, and it has been determined in continuous time in [C2] to be amCT
B = 3.628(22)

which is consistent with the extrapolated value amextrap
B = 3.649(20) (ξ →∞). We will

use this mass to set the temperature and baryon chemical potential in Sec. 4.3.

4.3 Grand-canonical and canonical phase diagram

In this section I will review the results on the phase diagram obtained from Quantum

Monte Carlo in the continuous time limit, described in detail in [C2]. This systematically

improves on the results discussed in Sec. 2.4. Here, we have studied both the chiral

and nuclear transition. To obtain the nuclear transition and both the grand-canonical

phase diagram in the µB - T plane and the canonical phase diagram in the nB - T

plane with a3nB the baryon density (the continuous time counterpart of Eq. (2.12)), we
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density a3n
(1)
B where the mixed phase in the canonical phase diagram begins, the second

maximum denotes the baryon density a3n
(2)
B where the mixed phase ends. Right: Com-

parison of the Wang Landau method with QMC data for the baryon density a3 〈nB〉
and the baryon susceptibility a6Λσ(

〈
n2B
〉
−〈nB〉2), as a function of µB for various tem-

peratures T and on a 63 × CT lattice. The data are in perfect agreement. From [C2].

have introduced a resummation of baryon world-lines with mesonic world-lines, called

polymers (the continuous time analogue of the Karsch-Mütter resummation [84]). This is

advantageous as (1) it allows to both simulate at real and imaginary chemical potential,

(2) we are able to adapt the Wang-Landau method [55] to obtain also the canonical

phase diagram from the density of states at high precision. The Q-polymers are related

to the baryon density:

|Q〉~x = |B+〉~x + |B−〉~x +

Nc∑

m=0

|m〉~x, Q(C) =
∑

~x

q~x(C), (4.9)

where for a given configuration C, the single site weights and total distribution of baryon

number in terms of the polymer number |B| ≤ Q ≤ V are related via:

q~x = |b~x|+m~x ∈ {0, 1}, wQ(µB/T ) = Nc + 1 + 2 cosh
(µB
T

)
, (4.10)

DQBµB/T (Q,B) =

Q∑

P=|B|

(
Q

P+B
2 , P−B2 , Q− P

)
eBµB/T (Nc + 1)Q−P

wq(µB/T )Q
. (4.11)

For some observables we need higher moments of the baryon number. We have measured

the histograms forQ-polymers, HQV,T ,µB(Q), and get the histogram in the baryon number

HBV,T ,µB(B) from the above distributions and higher moments or cumulants given by

some function f(B):

HBV,T ,µB(B) =

V∑

Q=B

DQBµB/T (Q,B)HQV,T ,µB(Q), 〈f(B)〉 = HBV,T ,µB(B) f(B). (4.12)
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mB . Right: The baryon density in the µB - T plane in units of the baryon mass mB .

As for large spatial volumes V , the distributions in Eq. (4.11) involve large numbers. In

practice we use its logarithmic version.

One method to determine the canonical partition sum ZC(T , B) is to obtain the ZGC
for imaginary chemical potential and reweighting for the resulting Fourier coefficient

[146]. In the dual representation it can be determined directly by the Wang-Landau

method, which measures numerically the histogram g(T , Q) up to the target precision

and

ZGC(T , µB) =
V∑

B=−V
ZC(T , B)eBµB/T , ZC(T , B) =

Q∑

P=|B|

(
Q

P+B
2 , P−B2 , Q− P

)
g(T , Q)

(4.13)

This histogram method improves drastically over the usual measurement of higher mo-

ments. We performed simulations at a set of fixed temperatures and reweight the ob-

tained density of states to the critical aµ1st

B , which is characterized by equal probability

of the low and high density phase, see Fig. (4.4) (left).

The QMC simulations allow to determine the chiral and nuclear transition, which also

coincide (as discussed for finite Nt in Sec. 2.4) in the continuous time limit. In Fig. 4.5

the chiral susceptibility and baryon density are shown in the µB - T plane, where we

have used the previously measured baryon mass to rescale into dimensionless ratios.

All results are obtained for the chiral limit (see Sec. 5.2 for the prospects on QMC for

finite quark mass), where the chiral condensate is strictly zero in a finite volume (the

ε-regime). We also determined the chiral condensate via chiral perturbation theory in a

finite box [121], see [A4], [C2]. The second order phase boundary of the chiral transition

is determined via finite size scaling of the chiral susceptibility limL→∞ χ(L, Tc) ∝ Lγ/ν
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(with χ ∝
〈
(ψ̄ψ)2

〉
in the chiral limit) with critical exponents of the 3-dim. O(2) uni-

versality class [147], up to the chiral tricritical point.

With mB ' 938GeV and the pseudo-critical crossover temperature Tpc ' 154MeV [17]

we find that the ratio at strong coupling and in the chiral limit is more than twice as

large:

Tc
mB

∣∣∣∣
CT−SC

= 0.379(1),
Tpc
mB

∣∣∣∣
cont.

= 0.164(9). (4.14)

The comparison improves for β > 0, as the pseudo-critical transition temperature drops

while the baryon mass is quite insensitive [B2]. The determination of Tc(µB) at finite

chemical potential is straight forward up to the tricritical point (aµTCP
B , aTTCP), beyond

which both the chiral susceptibility χ and the baryon density nB develops a gap, see

Fig. 4.5 (left).

The nuclear liquid gas transition and its critical end-point agrees with the chiral first

order transition and its tricritical point in the strong coupling limit (but see Sec. 3.1 for

β > 0). This phase boundary is measured from the baryon density and its susceptibility,

both by QMC simulations at finite chemical potential, Fig. 4.5 (right), and by the Wang-

Landau method, see Fig. 4.4 (right) for the comparison. Monte Carlo simulations at low

temperatures across the strong first order transition are challenging: for µB < µ1st
B , the

phase is described as an ideal pion gas, for µB > µ1st
B the phase is that of a baryon crystal

(liquid), associated with a large change in entropy. At zero temperature, the baryon

density jumps at aµ1st
B from 〈nB = 0〉 to 〈nB = 1〉 (as it is a quark saturated phase). This

challenge is overcome by the Wang-Landau method: a zero temperature extrapolation

yields aµ1st
B = 1.86(2). The binding energy between baryons in the continuous time limit

is even stronger as for discrete simulations (γ = 1 [96]):

[
mB − µ1st

B

mB

]

CT

' 0.489(6),

[
mB − µ1st

B

mB

]

γ=1

' 0.381(3). (4.15)

The phase boundaries of both the grand-canonical and canonical phase diagram are

shown in Fig. 4.6. In the grand-canonical phase diagram, one can clearly see that the

chiral first order phase boundary and the nuclear transition are on top. In the canonical

phase diagram, a mixed phase of nucleons and nuclei exists, with its low and high density

boundaries n
(1)
B (aT ), n

(2)
B (aT ). The low density boundary a3n

(1)
B tends to zero, whereas

the high density boundary a3n
(2)
B tends to one. A meaningful density of nuclear matter

cannot be assigned at strong coupling.

The nuclear end point is characterized by the vanishing of the mixed phase, resulting

in n
(1)
B = n

(2)
B , at which the density of states becomes flat as the double peak structure
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vanishes. The chiral tricritical point coincides with the nuclear critical endpoint (which

can be made plausible via a percolation analysis, see [C2]), and is located at

aTTCP = 0.78(2), aµTCP
B = 1.53(5), a3nTCPB = 0.43(2). (4.16)

This deviates substantially from the mean field value: T TCP
MF = 0.866, µBTCP

MF = 1.731

[86]. Our results also eliminate systematic uncertainties in previous findings for fixed

Nt [96]. In the chiral limit, the chiral critical point may in principle be within reach with

indirect methods, see Sec. 1.2.3, as µTCP
B /TTCP = 1.96(7), but as discussed in Sec. 2.4,

with increasing mq this ratio increases rapidly.

The dual representation of SC-LQCD is a great laboratory to benchmark other methods

to circumvent the sign problem, such as the Taylor expansion method [32], which might

allow to estimate the location of a possible chiral critical endpoint based on estimate for
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the radius of convergence of the Taylor series of the pressure or the baryon susceptibility.

Whereas the current state of the art is limited to O((µB/T )6) with improved action [148]

and O((µB/T )8) for unimproved action [149], in the dual representation via QMC, using

the histogram methods Eq. (4.12), we were able to determine higher orders of Taylor

coefficients, both for the pressure and the baryon susceptibility up to O((µB/T )12).

These are obtained from the cumulants κ2n in terms of the total baryonic winding

numbers ΩB =
∑

~x ω(~x):

p(T, µB) = p(T, µB = 0) +
∞∑

n=1

c2n

(µB
T

)2n
, χB =

∞∑

n=2

n(n− 1)c2n

(µB
T

)2n−2
,

c2n =
T

V

1

(2n)!

∂2n logZ
∂(µB/T )2n

=
T

(2n)!

κ2n(ΩB)

V
. (4.17)

The cumulants κ2n(ΩB)
V are shown in Fig. 4.7 (left) which oscillate around Tc, developing

n inflection points from which aTc can be estimated, extrapolating into the thermody-

namic limit. From the Taylor coefficients we obtain an estimate for the phase boundary

from the radius of convergence [150], shown in Fig. 4.7 (right):

rα = lim
n→∞

rαn , rαn =

√∣∣∣∣αx
κn
κn+2

∣∣∣∣, αp =
√

(n+ 2)(n+ 1), αχB =
√

(n− 1)n. (4.18)

We find that the actual phase boundary measured via QMC is approximated well already

from rχBn with n = 10.

The finite density phase diagram can be extended in two ways:

(1) Based on the Q-polymer resummation Eq. (4.9) we can simulate also at imaginary
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Figure 4.9: Left: Pion correlators at discrete time for various Nt, showing that the
oscillatory behavior persists for larger Nt, with a well behaved continuous time limit.
Right: Pion correlator at continuous time for various temperatures, for N = 100 bins.

This is sufficient to extract the pole masses Mπ(T ) to high precision. From [C2].

chemical potential, which is interesting in its own right due to the Roberge-Weiss

periodicity [151] and the Roberge-Weiss transition [152]. The result for the strong

coupling, chiral and continuous time limit is shown in Fig. 4.8 (left).

(2) Based on the Nf = 2 Hamiltonian formulation we can extend the phase diagram into

finite isospin chemical potential. First steps of the formulation were considered

in [C3] for gauge theory U(2) and in [C2] for gauge group SU(3). Here, the cor-

responding Hamiltonian has a 92-dimensional Hilbert space per site, preliminary

results exist so far for 1-dim QCD, see Fig. 4.8 (right).

4.4 Meson pole masses

The 2-point correlation function is sampled during worm evolution, see Sec. 1.4.1. To-

gether with my former PhD student M. Klegrewe we have studied temporal correlation

functions, from which we can extract the ground state energy corresponding to the me-

son pole mass [C4, C2] We were able to determine its dependence on temperature and

baryon chemical potential. M. Klegrewe helped to implement the measurements of the

correlators into the Quantum Monte Carlo code and performed most of the simulations

and data analyis.

The definition of the temporal correlators at zero momentum ~p = 0 for staggered

fermions χ̄, χ, based on the local single-time-slice operators [153] is:

CS(τ) =
∑

~x

CS(~x, τ), CS(~x, τ) = 〈χ̄~0,0χ~0,0χ̄~x,τχ~x,τ 〉gS~x,τ , (4.19)
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where the spin S of the meson is given by the kernel operators ΓS in terms of phase

factors gS~x,τ ∈ {±1}. We only consider operators diagonal in spin-taste space: ΓS ⊗ ΓT

with ΓT = ΓS
∗

and do not consider any flavor structure as Nf = 1 (but see the Appendix

in [C2] for Nf = 2). In every mesonic correlator specified by ΓS , there is a non-oscillating

part and oscillating part with additional phase factor (−1)τ , which is due to the even-

odd decomposition for staggered fermions. This parity partner has opposite spin, parity

and taste content. Thus the non-oscillating and oscillating part correspond to different

physical states. Of particular interest is the pion πPS which is the Goldstone boson

for the residual chiral symmetry, Eq. (1.3). Throughout the worm evolution, monomer

two-point correlation functions are accumulated whenever head and tail are at opposite

parities. This book-keeping also works in the continuous time limit (see [C4] for details):

CS(~xH − ~xT , τH − τT ) = CS(~x, τ) = Nc
H(CS(~x, τ))

Z
(4.20)

O(CS(~x, τ)) → H(CS(~x, τ)) + f(T )gS~x,τ δxT ,x1δxH ,x2 , (4.21)

with Z the number of worm updates and H the histogram for the 2-point function

incremented during worm updates. Summing over the correlators yields immediately

the corresponding susceptibilities:

a6χCT
S =

T
N3
s

∑

~x

∫ 1/T

0
dτ CS(~x, τ). (4.22)
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The non-oscillating and oscillating parts of the correlators are related to the correspond-

ing meson masses:

CNO(τ) = ANO cosh(atMNO(τ −Nt/2)), CO(τ) = AO cosh(atMO(τ −Nt/2). (4.23)

It is advantageous to consider the linear combinations

COdd(τ) = CNO + CO, CEven(τ) = CNO − CO, (4.24)

as it can be measured in the continuous time limit, where we can distinguish even and

odd τ via emission and absorption events, see Fig. 4.3. In Fig. 4.9 the discrete time

correlators (left) and the continuous time correlators for various temperature (right) are

shown for the pion with gπ~x = (−1)x+y+z.

Even in the continuous time limit, it is necessary to discretize the temporal correlators

due to memory limitations and finite statistics. The histograms depend on the bin size

∆τ = 1
T N , with N the number of bins. In principle one could measure the continuous

time correlators without introducing a binning [154], but in practice this seems not

necessary as our measurements for N = 100, 200, 400 lead to almost identical results.

The groundstate masses are meson pole masses: E0(~p = 0) = M , extracted via the

dimensionless quantity M/T by multi-state fits (see [C2] for details) and converted via

aM = κT M/T with κ as determined in Sec. 4.1. The errors for pole masses extracted

from CT-correlators are much smaller than those from corresponding DT-correlators,

and uncertainties about 3% in the extrapolation are circumvented.

As a function of the temperature, Fig. 4.10 (left), the pion becomes massless below Tc

in the thermodynamic limit and heavy at the chiral transition. The pion and all other

mesons do not acquire a thermal mass, rather, they all tend to the same high temperature

value aM = 0.411(1). We suspect that this is an artifact of the strong coupling limit:

even at high temperatures, in the chirally restored phase, the quarks are still confined

into mesons. Hence, they do not experience the anti-periodic boundary conditions [155]

and will not receive contributions from the lowest Matsubara frequencies πT above

Tc. The extension to finite chemical potential µB is straight forward, the temperature

dependence of the pole masses for various chemical potentials below µBTCP is shown in

Fig. 4.10 (right): as Tc drops with increasing chemical potential, the pole masses have

a correspondingly modified temperature dependence.



Chapter 5

Summary and Outlook

5.1 Summary

In the previous chapters and within the publications attached, I have illustrated that the

strong coupling regime of lattice QCD is a promising approach to study finite density

lattice QCD in a regime where the finite density sign problem is under control. This was

achieved by a dual formulation that was extended to finite inverse gauge coupling β via

the strong coupling expansion for staggered fermions in Chap. 3, and to the Euclidean

continuous time limit that could be studied via Quantum Monte Carlo in Chap. 4. Many

techniques to circumvent the sign problem could be combined with the dual formulation

which makes it a powerful tool that can benchmark results obtained from other methods.

In the publications, new methods were proposed and various results obtained: the

grand-canonical and canonical phase diagram, bulk thermodynamics, and the evaluation

of the baryon mass and nuclear interactions. These results cannot yet be compared to

full lattice QCD, but the diagrammatic nature gives additional insights that standard

HMC cannot give. For unambiguous results on anisotropic lattices that are needed

for thermodynamics in the strong coupling regime, a lot of effort was put into the

renormalization of the temperature and baryon chemical potential.

It was expected from the start that the sign problem is the greatest challenge within

dual formulations beyond the strong coupling limit. Every method that has been pro-

posed by using some sort of dual variables to solve sign problems only does so for very

specific models, such as bosonic matter fields, Abelian gauge groups [98], or low di-

mensions. There is no generic solution to the sign problem, and every method has its

caveats. For QCD at finite baryon density, there is no feasible method yet that works

for any quark mass and any value of β.

59
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In our approach, it was expected that as soon as the plaquette surfaces (world-sheets)

would grow sufficiently to allow for non-trivial geometries, the sign problem is reintro-

duced. At what value of β this would occur could not be known a priori, but required

Monte Carlo simulations including the higher order gauge corrections. It turned out

that in the plaquette occupation number basis we were using, the sign problem already

became severe for β > 1. Hence the splitting of the nuclear and chiral first order lines,

if it occurs at all, has not yet been observed.

Despite these numerical limitations, we were able to write down the partition function

of the dual representation to arbitrary orders in β by computing the intricate group-

theoretical weights. Invariant integration over SU(N), i.e. over class functions obtained

from the expansion of the staggered Dirac operator and the Wilson gauge action resulted

in tensorial weights that compose a tensor network. We introduced operators (we called

them decoupling operators) that could map the permutations of color indices on each link

connected to a site into multi-indices that defines the tensors. The weights are still local,

but can no longer be decompose into site weight and link weight beyond O(β2). These

findings, published in [B8], are valid to any order in β and we have explicitly computed

all tensorial weights up toO(β6). On small volumes, where exact enumeration is feasible,

we have checked that up to this order we have agreement with hybrid Monte Carlo data

for all observables considered (chiral condensate and susceptibility, average plaquette

and Polyakov loop). In theory, even higher orders can be addressed, in practice the

list of tensors rapidly increases with the order in β and limits the applicability of the

worm algorithm. Our strategy has a lot of potential for the future developments. At

the moment we explore machine learning techniques to simplify the large list of vertices

to a smaller list of weights suitable for a worm algorithm.

Other groups have made some progress in the last years that however were not applica-

ble to full QCD yet: The group at Universität Graz led by C. Gattringer has developed

a formulation in terms of Abelian color cycles [156] and Abelian color fluxes [157], which

is however only sign problem-free for gauge group SU(2) and requires a larger set of dual

variables. O. Borisenko and colleagues have also considered invariant SU(N) integra-

tion [133] and recently obtained results for the Polyakov effective theory based on Wilson

fermions [158,159]. The group of O. Philipsen in Frankfurt that pioneered the so-called

3-dim. effective theory based on Wilson fermions [50] are now computing observables

analytically via a linked cluster expansion. We have an ongoing collaboration to extend

the range of validity for both effective theories to establish an overlap in quark mass

and temperature. A recent review of the strong coupling methods including results of

the 3-dim. effective theory is [160].
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5.2 Future research

All publications discussed here make use the staggered fermion discretization, which

has some limitations besides the sign problem: so far, all results are valid for unrooted

staggered fermions, which in the continuum corresponds to 4 flavors (Nf = 1 at strong

coupling) or 8 flavors (Nf = 2 at strong coupling). There is no direct way to imple-

ment rooting in the dual representation as this is applied to the fermion determinant

and would yield non-local interactions. Hence it is natural to also consider the dual

representation for Wilson fermions, which can be done at least in this respect: (1) The

dual representation in terms of a tensor network can equally be evaluated for Wilson

fermions. (2) The density of states used to obtain the canonical phase diagram could be

also applied to the results in the 3-dim. effective theory used by the group of O. Philipsen.

To extend our tensor network approach [B8] to much larger values of β . 6, we

attempted to incorporate the character expansion for staggered fermions. This is highly

non-trivial (in contrast to pure Yang Mills theory or Wilson fermions). We managed to

incorporate the fundamental and adjoint characters (which is not yet published but is

contained in the PhD thesis of my former student G. Gagliardi).

With my former student T. Kaya I have explored alternative monomer updates that

could lead to the Hamiltonian formulation at finite quark masses. That this limit is well

defined has been discussed in [C2]. The Hamiltonian formulation is then planned to be

extended to Nf = 2 and to study the T − µB − µI phase diagram in 3+1 dimensions.





References

Articles reviewed in Chapter 2

[A1] Philippe de Forcrand, Seyong Kim, and Wolfgang Unger. Conformality in many-

flavour lattice QCD at strong coupling. JHEP, 02:051, 2013.

Link to reprint: Sec. A.1.

[A2] Wolfgang Unger. Combinatorics of Lattice QCD at Strong Coupling. PoS, LAT-

TICE2014:192, 2014.

Link to reprint: Sec. A.2.

[A3] Philippe de Forcrand, Paul Romatschke, Wolfgang Unger, and Helvio Vairinhos.

Thermodynamics of strongly-coupled lattice QCD in the chiral limit. PoS, LAT-

TICE2016:086, 2017.

Link to reprint: Sec. A.3.

[A4] Philippe de Forcrand, Wolfgang Unger, and Helvio Vairinhos. Strong-Coupling

Lattice QCD on Anisotropic Lattices. Phys. Rev., D97(3):034512, 2018.

Link to reprint: Sec. A.4.

[A5] W. Unger, Dennis Bollweg, and Marc Klegrewe. Thermodynamics at Strong Cou-

pling on Anisotropic Lattices. PoS, LATTICE2018:181, 2018.

Link to reprint: Sec. A.5.

[A6] Jangho Kim and Wolfgang Unger. Quark Mass Dependence of the QCD Critical

End Point in the Strong Coupling Limit. PoS, LATTICE2016:035, 2016.

Link to reprint: Sec. A.6.

63



64 Articles reviewed in Chapter 3

Articles reviewed in Chapter 3

[B1] Wolfgang Unger. The Phase Diagram of Lattice QCD in the Strong Coupling Limit

and Away from It. Acta Phys. Polon. Supp., 7(1):127–136, 2014.

Link to reprint: Sec. B.1.

[B2] Philippe de Forcrand, Jens Langelage, Owe Philipsen, and Wolfgang Unger. Lattice

QCD Phase Diagram In and Away from the Strong Coupling Limit. Phys. Rev.

Lett., 113(15):152002, 2014.

Link to reprint: Sec. B.2.

[B3] Philippe de Forcrand, Owe Philipsen, and Wolfgang Unger. QCD phase diagram

from the lattice at strong coupling. PoS, CPOD2014:073, 2015.

Link to reprint: Sec. B.3.

[B4] Giuseppe Gagliardi, Jangho Kim, and Wolfgang Unger. Dual Formulation and

Phase Diagram of Lattice QCD in the Strong Coupling Regime. EPJ Web Conf.,

175:07047, 2018.

Link to reprint: Sec. B.4.

[B5] Jangho Kim, Owe Philipsen, and Wolfgang Unger. On the β- and Quark Mass

Dependence of the Nuclear Transition in the Strong Coupling Regime. PoS, LAT-

TICE2019:064, 2019.

Link to reprint: Sec. B.5.

[B6] Jangho Kim, Marc Klegrewe, and Wolfgang Unger. Gauge Corrections to Strong

Coupling Lattice QCD on Anisotropic Lattices. In 37th International Symposium

on Lattice Field Theory, 2019.

Link to reprint: Sec. B.6.

[B7] Giuseppe Gagliardi and Wolfgang Unger. Towards a Dual Representation of Lattice

QCD. PoS, LATTICE2018:224, 2018.

Link to reprint: Sec. B.7.

[B8] Giuseppe Gagliardi and Wolfgang Unger. New dual representation for staggered

lattice QCD. Phys. Rev. D, 101(3):034509, 2020.

Link to reprint: Sec. B.8.



Bibliography 65

Articles reviewed in Chapter 4

[C1] Wolfgang Unger and Philippe de Forcrand. Continuous Time Monte Carlo for

Lattice QCD in the Strong Coupling Limit. PoS, LATTICE2011:218, 2011.

Link to reprint: Sec. C.1.

[C2] Marc Klegrewe and Wolfgang Unger. Strong Coupling Lattice QCD in the Con-

tinuous Time Limit. Phys. Rev. D, 102(3):034505, 2020.

Link to reprint: Sec. C.2.

[C3] Wolfgang Unger and Philippe de Forcrand. New algorithms and new results for

strong coupling LQCD. PoS, LATTICE2012:194, 2012.

Link to reprint: Sec. C.3.

[C4] Marc Klegrewe and Wolfgang Unger. Temporal Correlators in the Continuous Time

Formulation of Strong Coupling Lattice QCD. PoS, LATTICE2018:182, 2018.

Link to reprint: Sec. C.4.

Further References

[1] Jean-Michel Drouffe and Jean-Bernard Zuber. Strong Coupling and Mean Field

Methods in Lattice Gauge Theories. Phys. Rept., 102:1, 1983.

[2] R. Hagedorn. Statistical thermodynamics of strong interactions at high-energies.

Nuovo Cim. Suppl., 3:147–186, 1965.

[3] H. Fritzsch, Murray Gell-Mann, and H. Leutwyler. Advantages of the Color Octet

Gluon Picture. Phys. Lett. B, 47:365–368, 1973.

[4] David J. Gross and Frank Wilczek. Ultraviolet Behavior of Nonabelian Gauge The-

ories. Phys. Rev. Lett., 30:1343–1346, 1973.

[5] H. David Politzer. Reliable Perturbative Results for Strong Interactions? Phys. Rev.

Lett., 30:1346–1349, 1973.

[6] N. Cabibbo and G. Parisi. Exponential Hadronic Spectrum and Quark Liberation.

Phys. Lett. B, 59:67–69, 1975.

[7] John C. Collins and M. J. Perry. Superdense Matter: Neutrons Or Asymptotically

Free Quarks? Phys. Rev. Lett., 34:1353, 1975.

[8] T. Matsui and H. Satz. J/ψ Suppression by Quark-Gluon Plasma Formation. Phys.

Lett. B, 178:416–422, 1986.



66 Bibliography

[9] Ulrich W. Heinz and Maurice Jacob. Evidence for a new state of matter: An As-

sessment of the results from the CERN lead beam program. 1 2000.

[10] John Adams et al. Experimental and theoretical challenges in the search for the

quark gluon plasma: The STAR Collaboration’s critical assessment of the evidence

from RHIC collisions. Nucl. Phys. A, 757:102–183, 2005.

[11] K Aamodt et al. Elliptic flow of charged particles in Pb-Pb collisions at 2.76 TeV.

Phys. Rev. Lett., 105:252302, 2010.

[12] Anton Andronic, Peter Braun-Munzinger, Krzysztof Redlich, and Johanna Stachel.

Decoding the phase structure of QCD via particle production at high energy. Nature,

561(7723):321–330, 2018.

[13] A. Chodos, R. L. Jaffe, K. Johnson, Charles B. Thorn, and V. F. Weisskopf. A

New Extended Model of Hadrons. Phys. Rev. D, 9:3471–3495, 1974.

[14] Kenneth G. Wilson. Confinement of Quarks. Phys. Rev. D, 10:2445–2459, 1974.

[15] Larry D. McLerran and Benjamin Svetitsky. A Monte Carlo Study of SU(2) Yang-

Mills Theory at Finite Temperature. Phys. Lett. B, 98:195, 1981.

[16] Szabolcs Borsanyi, Zoltan Fodor, Christian Hoelbling, Sandor D Katz, Stefan Krieg,

Claudia Ratti, and Kalman K. Szabo. Is there still any Tc mystery in lattice QCD?

Results with physical masses in the continuum limit III. JHEP, 09:073, 2010.

[17] A. Bazavov et al. The chiral and deconfinement aspects of the QCD transition.

Phys. Rev. D, 85:054503, 2012.

[18] A. I. Ivanytskyi, K. A. Bugaev, V. V. Sagun, L. V. Bravina, and E. E. Zabrodin.

Influence of flow constraints on the properties of the critical endpoint of symmetric

nuclear matter. Phys. Rev. C, 97(6):064905, 2018.

[19] Larry McLerran and Robert D. Pisarski. Phases of cold, dense quarks at large N(c).

Nucl. Phys. A, 796:83–100, 2007.

[20] Mark G. Alford, Andreas Schmitt, Krishna Rajagopal, and Thomas Schäfer. Color
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[130] Benôıt Collins and Piotr Śniady. Integration with Respect to the Haar Measure

on Unitary, Orthogonal and Symplectic Group. Communications in Mathematical

Physics, 264(3):773–795, Jun 2006.

[131] Benôıt Collins and Sho Matsumoto. Weingarten calculus via orthogonality rela-

tions: new applications, 2017.

[132] Jean-Bernard Zuber. Revisiting SU(n) integrals. Journal of Physics A: Mathe-

matical and Theoretical, 50(1):015203, nov 2016.

[133] O. Borisenko, S. Voloshyn, and V. Chelnokov. SU(N) polynomial integrals and

some applications. 2018.

[134] Tomasz Korzec and Ulli Wolff. Simulating the Random Surface representation of

Abelian Gauge Theories. PoS, LATTICE2013:038, 2014.



Bibliography 75

[135] K. M. R. Audenaert. 2006.

[136] Manfred Salmhofer. Equivalence of the strongly coupled lattice Schwinger model

and the eight vertex model. Nucl. Phys. B, 362:641–648, 1991.

[137] K. Scharnhorst. The Exact equivalence of the two flavor strong coupling lattice

Schwinger model with Wilson fermions to a vertex model. Nucl. Phys. B, 479:727–

745, 1996.

[138] Urs Wenger. Efficient simulation of relativistic fermions via vertex models. Phys.

Rev., D80:071503, 2009.

[139] John B. Kogut and Leonard Susskind. Hamiltonian Formulation of Wilson’s Lat-

tice Gauge Theories. Phys. Rev. D, 11:395–408, 1975.

[140] Xiang-Qian Luo, Qi-Zhou Chen, Guo-cai Xu, and Jun-Qin Jiang. Improved Hamil-

tonians for lattice gauge theory with fermions. Phys. Rev. D, 50:501–508, 1994.

[141] Eric B. Gregory, Shuo-Hong Guo, Helmut Kroger, and Xiang-Qian Luo. Hamilto-

nian lattice QCD at finite chemical potential. Phys. Rev. D, 62:054508, 2000.

[142] B. B. Beard and U. J. Wiese. Simulations of discrete quantum systems in contin-

uous Euclidean time. Phys. Rev. Lett., 77:5130–5133, 1996.

[143] M. Suzuki. Generalized Trotter’s Formula and Systematic Approximants of Expo-

nential Operators and Inner Derivations with Applications to Many Body Problems.

Commun. Math. Phys., 51:183–190, 1976.

[144] Emanuel Gull, Andrew J. Millis, Alexand er I. Lichtenstein, Alexey N. Rubtsov,

Matthias Troyer, and Philipp Werner. Continuous-time Monte Carlo methods for

quantum impurity models. Reviews of Modern Physics, 83(2):349–404, Apr 2011.

[145] Lode Pollet. Recent developments in quantum monte carlo simulations with ap-

plications for cold gases. Reports on Progress in Physics, 75(9):094501, aug 2012.

[146] Philippe de Forcrand and Slavo Kratochvila. Finite density QCD with a canonical

approach. Nucl. Phys. Proc. Suppl., 153:62–67, 2006. [,62(2006)].

[147] Massimo Campostrini, Martin Hasenbusch, Andrea Pelissetto, Paolo Rossi, and

Ettore Vicari. Critical behavior of the three-dimensional XY universality class. Phys.

Rev. B, 63:214503, May 2001.

[148] A. Bazavov, H.-T. Ding, P. Hegde, O. Kaczmarek, F. Karsch, E. Laermann,

Y. Maezawa, Swagato Mukherjee, H. Ohno, P. Petreczky, H. Sandmeyer, P. Stein-

brecher, C. Schmidt, S. Sharma, W. Soeldner, and M. Wagner. Qcd equation of

state to O(µ6
B) from lattice qcd. Phys. Rev. D, 95:054504, Mar 2017.



76 Bibliography

[149] Saumen Datta, Rajiv V. Gavai, and Sourendu Gupta. Quark number susceptibil-

ities and equation of state at finite chemical potential in staggered qcd with Nt = 8.

Phys. Rev. D, 95:054512, Mar 2017.

[150] Frithjof Karsch, Bernd-Jochen Schaefer, Mathias Wagner, and Jochen Wambach.

Towards finite density QCD with Taylor expansions. Phys. Lett. B, 698:256–264,

2011.

[151] Andre Roberge and Nathan Weiss. Gauge Theories With Imaginary Chemical

Potential and the Phases of QCD. Nucl. Phys., B275:734–745, 1986.

[152] Christopher Czaban, Francesca Cuteri, Owe Philipsen, Christopher Pinke, and

Alessandro Sciarra. Roberge-Weiss transition in Nf = 2 QCD with Wilson fermions

and Nτ = 6. Phys. Rev., D93(5):054507, 2016.

[153] Thomas DeGrand and Carleton E. Detar. Lattice methods for quantum chromo-

dynamics. 2006.

[154] Bernd A. Berg and Robert C. Harris. From data to probability densities without

histograms. Computer Physics Communications, 179(6):443–448, Sep 2008.

[155] G. Boyd, Sourendu Gupta, F. Karsch, and E. Laermann. Spatial and temporal

hadron correlators below and above the chiral phase transition. Z. Phys. C, 64:331–

338, 1994.

[156] Christof Gattringer and Kurt Langfeld. Approaches to the sign problem in lattice

field theory. Int. J. Mod. Phys., A31(22):1643007, 2016.

[157] Carlotta Marchis and Christof Gattringer. Dual representation of lattice QCD

with worldlines and worldsheets of abelian color fluxes. Phys. Rev. D, 97(3):034508,

2018.

[158] O. Borisenko, V. Chelnokov, and S. Voloshyn. Dual formulations of Polyakov loop

lattice models. Phys. Rev. D, 102(1):014502, 2020.

[159] Oleg Borisenko, Volodymyr Chelnokov, Emanuele Mendicelli, and Alessandro

Papa. Dual simulation of a Polyakov loop model at finite baryon density: Phase

diagram and local observables. Nucl. Phys. B, 965:115332, 2021.

[160] Owe Philipsen. Strong coupling methods in QCD thermodynamics. 4 2021.



Appendix A

Reprint of articles reviewed in Chapter 2

A.1 Conformality in many-flavour lattice QCD at strong-

coupling [A1]

77



J
H
E
P
0
2
(
2
0
1
3
)
0
5
1

Published for SISSA by Springer

Received: August 20, 2012

Revised: January 7, 2013

Accepted: January 9, 2013

Published: February 8, 2013

Conformality in many-flavour lattice QCD at strong

coupling

Ph. de Forcrand,a,b S. Kimc and W. Ungera,d

aInstitut für Theoretische Physik, ETH Zürich,
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1 Introduction

The possibility that the Higgs boson could be a composite bound-state in a high-energy

Technicolor theory [1–3] has generated considerable interest, especially in the lattice com-

munity. In particular, the requirement that the Technicolor theory be “walking” [4–6], in

order to accommodate stringent bounds on flavor-changing neutral currents, has been the

driving motivation behind several large-scale computer simulation efforts to determine the

possible combinations of gauge groups and fermion contents leading to a conformal window.

To determine via lattice Monte Carlo simulations whether a given theory is inside the

conformal window is particularly challenging, because it involves a triple difficulty: in order

to identify (or not) an infrared fixed point (IRFP) which is the signature of a theory inside

the conformal window, one must probe the extreme infrared properties of the theory, while

at the same time taking the continuum limit of the lattice discretization, and controlling

the limit when the quarks become massless. This compounded difficulty may explain why,

in spite of considerable efforts, there is no consensus yet on the minimum number Nf
∗

of quark flavors needed for QCD to be inside the conformal window [7]. A numerical

demonstration of walking has been provided only recently, in a toy model, the 2-d O(3)

model at vacuum angle θ ≈ π [8].

Here, we relax the demand that results should be obtained in the continuum limit. On

a coarse lattice, long-distance properties can be studied more economically. While such

properties may differ from those of the corresponding continuum theory, it may still be

instructive to consider the possible existence of an IRFP for a discretized lattice theory.

The phase diagram of SU(Nc) gauge theory with Nf fundamental fermions, as a function

of Nf and the bare gauge coupling, has been predicted in the celebrated ref. [9], which

serves as a guide to understand the results of Monte Carlo simulations performed at finite

– 1 –
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bare coupling. It is important to confront these predictions with uncontroversial numerical

evidence. Therefore, we start our investigation by considering the strong coupling limit,

where the lattice is maximally coarse.

Note that we consider standard staggered fermions, and (away from the strong-coupling

limit) the standard plaquette action. Other discretizations could lead to different results,

since only the continuum limit is universal.

The conventional wisdom for strong coupling QCD with staggered fermions is that

chiral symmetry remains always broken at zero temperature, regardless of the number of

colors and flavors. This belief is based on mean-field analyses performed in some of the

earliest papers on lattice QCD. In particular, it was shown in [10] that at leading order in

a 1/d expansion, the chiral condensate has a value independent of the number of colors Nc

and of the number of staggered fields N̂f = Nf/4, where Nf would be the corresponding

number of degenerate fermion flavors in the weak-coupling limit, but depends only on the

number d of spatial dimensions:

〈ψψ̄〉(T = 0) =

√
2

d

(
1− 1

4d

)
(1.1)

Chiral symmetry may be restored by increasing the temperature T . Following the

approach of [11], where explicit results are provided for a few small values of Nc and N̂f ,

we calculated the chiral restoration temperature aTc and found that it is indeed non-zero

for all N̂f , and independent of Nc to leading order in 1/N̂f :

aTc =
d

4
+

d

32

Nc

N̂f

+O
(

1

N̂f
2

)
(1.2)

Hence chiral symmetry will never be restored at zero temperature, according to the mean-

field analysis. Since mean-field theory is expected to work well when the number of d.o.f.

per site is large (e.g. providing exact results in the Gross-Neveu model for Nf → ∞),

there was no reason to doubt the validity of this finding. Besides, it is in accord with the

intuition that the gauge field is maximally disordered in the strong-coupling limit, and that

this disorder will drive chiral symmetry breaking.

On the other hand, one naively should expect the above disorder to be modified by

dynamical fermions, which have an ordering effect. Indeed, the loop expansion of the

determinant shows that the fermionic effective action induced by dynamical fermions, Seff =

− log det( /D+mq), starts with a positive plaquette coupling ∆β, proportional to 1/m4
q for

heavy quarks, which has been studied numerically in [12]. Clearly, for Nf flavors the

effective action is proportional to Nf , and ∆β grows proportionally. This plaquette term

suppresses fluctuations in the gauge field, which suggests that chiral symmetry restoration

might take place for sufficiently large Nf .

2 Monte Carlo results

The only way to resolve this puzzle is to perform Monte Carlo simulations in the strong

coupling limit of staggered fermions, to detect a possible chiral symmetry restoration for

– 2 –
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Figure 1. The chiral condensate at strong coupling, β = 0, in the (N̂f , amq) plane, for 44 (left)

and 64 (right) lattices.
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Figure 2. The chiral condensate at weaker coupling, β = 5, in the (N̂f , amq) plane, for 44 (left)

and 64 (right) lattices.

sufficiently large N̂f . These simulations are straightforward, using the standard Hybrid

Monte Carlo algorithm. As expected, the effect of increasing N̂f on the chiral condensate

is to reduce its magnitude. But it came as a surprise to find that the chiral condensate

vanishes via a strong first-order transition at N̂f
c ' 13 staggered fields in the chiral limit

(i.e. Nf
c ' 52 continuum fermion flavors). In the broken phase, the chiral condensate

remains almost constant. It vanishes in the chiral limit due to finite-size effects only. In

contrast, in the chirally restored phase the condensate is caused by explicit symmetry

breaking and is proportional to the quark mass. This is illustrated figure 1, where the

condensate is shown as a function of N̂f and bare quark mass (amq). Moreover, this Nf -

driven transition turns out to be a bulk, zero-temperature transition, which can be seen

by the fact that finite-size effects on the phase boundary are small when comparing two

different system sizes 44 and 64, as shown figure 1 (left and right).

One also observes in these figures that the critical number of flavors increases with

the quark mass. This is easy to understand: heavier quarks have a weaker ordering effect,

so that the induced plaquette coupling ∆β decreases if one keeps N̂f fixed. It takes more

flavors to keep the system chirally symmetric. Hence, N̂f
c

increases, and for heavy quarks

should obey N̂f
c ∝ (amq)

4.

One can now go back to the mean-field treatment and trace the origin of its failure.

Two kinds of terms at least are neglected: (i) multiple meson hopping along a given
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Figure 3. The chiral condensate at amq = 0.025 in the (N̂f , β) plane, for 44 (left) and 64 (right)

lattices. The phase transition remains strongly first order at weaker coupling. The contour plot

indicates the qualitative behaviour of the phase boundary, extending to weaker coupling.

link, and (ii) baryon loops. These terms amount to corrections O(N̂f/Nc) and O(N̂f/d
2),

respectively, where N̂f = Nf/4 is the number of staggered fields, and is normally set to

1 in the mean-field treatment. Here, we consider N̂f & 13, and the previously neglected

corrections become dominant. The conventional wisdom that chiral symmetry is always

broken at T = 0 in the strong-coupling limit comes from mistakenly applying the lowest-

order mean-field approximation in a regime where it is invalid.

Having established an N̂f -driven phase transition in the strong-coupling limit, we may

consider its impact on the lattice theory at non-zero lattice gauge coupling β as well. Since

the transition is strongly first order, it has to persist for some range in β at least. Hence

we have compared the strong coupling phase diagram with the phase diagram at weaker

coupling β = 5, illustrated figure 2. We find a similar qualitative behavior, but with N̂f
c

drastically reduced to O(2). Finite-size effects are more pronounced, but the transition

still seems to be a first-order bulk transition.

In fact, we find a smooth variation of the N̂f -driven transition with β at a given small

quark mass amq = 0.025, as shown figure 3. The transition extends to weak coupling, at

least to β = 5, and remains strongly first-order. Thus, it is plausible that this transition,

which separates a chirally broken (small Nf ) and a chirally symmetric (large Nf ) phase,

persists all the way to the β → ∞ continuum limit, where it is to be identified with

the transition at Nf = Nf
∗ between the chirally broken and the IR-conformal, chirally

symmetric phase. In other words, our chirally restored phase may be analytically connected

to the conformal window in the continuum limit, because we do not observe any additional

non-analyticity as β is increased.

This possibility motivates our study of the properties of the strong-coupling chirally

symmetric phase, looking for tests of IR-conformality.

3 Looking for conformality in the chirally symmetric phase

It is natural to ask whether the chirally restored phase is connected to the conformal

window, i.e. whether the chirally restored phase at strong coupling is also IR-conformal.

– 4 –
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Figure 4. Torelon correlator.

And if this is indeed the case, the next obvious question is whether this IR-conformal phase

is trivial, ie. whether the IR fixed point coupling is zero or not. In this section we present

measurements of gluonic and fermionic observables chosen to address these questions: the

torelon mass from which we define a running coupling, the Dirac eigenvalue spectrum, and

the hadron spectrum. Our results support the following conclusion: the strong-coupling

chirally symmetric phase is indeed IR-conformal, and it is non-trivial.

The simulations performed here are all in the chirally symmetric phase at zero plaquette

coupling, with N̂f = 14 and 24 staggered fields, which would correspond, in the weak-

coupling limit, to Nf = 56 and 96 continuum flavors, and with lattices of size 43 × 16,

63 × 16, 83 × 16, 103 × 20 and 123 × 24. The quark mass is set exactly to zero unless

specified otherwise. We will see below that the Dirac operator has a spectral gap in the

symmetric phase, which makes a study of the massless theory within reach of modest

computer resources. Moreover, having one infrared scale, the system size L, rather than

two scales (L and 1/mq) is of great advantage when analyzing the results.

Let us mention the average plaquette values which we measure: ≈ 0.35 and ≈ 0.52 for

N̂f = 14 and 24, respectively (normalized to 1 for the free field). So we are very far from a

plaquette value of 0, corresponding to maximally disordered gauge fields and achieved for

Nf = 0: the ordering effect of the dynamical fermions plays a dominant role in our case,

and the vanishing of the plaquette coupling is not associated with special properties.

3.1 Characterizing the chirally restored phase: (I) The Torelon mass

The “torelon” is a gluonic excitation which is topologically non-trivial: it is excited by any

Wilson loop which wraps around the spatial boundary in one direction, for instance, as

illustrated figure 4,

Ti(t) = Tr
L−1∏

k=0

Ui(~x+ kî, t), (3.1)

where i = 1, 2, 3 is one of the spatial directions and î the unit vector in that direction.1 We

extract the mass of this excitation from the exponential decay of the correlator 〈Ti(0)∗Ti(t)〉.
1We initially adopted periodic boundary conditions in space and anti-periodic in time for the fermion

fields. However, the dynamical fermions drive Ti to negative values in this case, with a Z2 degeneracy

between the two complex Z3 sectors. We occasionally observed tunneling of Ti between these two sectors,

and long metastabilities. For this reason, we changed the spatial boundary conditions to anti-periodic,

which makes 〈Ti〉 real positive.
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Figure 5. The torelon mass mT (L) multiplied by L versus L, left: N̂f = 14, right: N̂f = 24 (for

anti-periodic boundary conditions).

 0.8

 1

 1.2

 1.4

 1.6

 1.8

 2

 2.2

 2.4

 2.6

 2.8

 4  6  8  10  12

L

g(L) vs L, mq=0, apbc

Nf=14 J=0
Nf=24 J=0

Figure 6. The running coupling g(L) defined via the temperature-dependence of the Debye mass,

which is identified with the torelon mass, for N̂f = 14 and 24. For each N̂f , the curve is a fit to a

constant plus (a/L)2 corrections of the 4 largest volumes. The larger N̂f has a smaller coupling.

To suppress excited states, we smear the links within each time-slice before constructing Ti.

This observable has been used for a long time to extract the string tension σ in Yang-Mills

theories [13]: it can be viewed as a loop of gluonic string, whose energy mT (L) grows with

its length as σL. So our initial, naive expectation was to measure a mass mT (L) growing

with L, until perhaps the string would break due to fermion-pair creation.

This is not at all what we observed. The dimensionless quantity which we measure,

amT (L), decreases on larger lattices corresponding to a larger ratio L/a. Clearly, our theory

is not confining. Moreover, as shown figure 5, the combination LmT (L) is approximately

constant as L is increased. So the torelon mass varies as 1/L (actually, for small L it

initially decreases even faster with L as seen in the figure). Thus, there is no intrinsic mass

scale which appears in this channel: the torelon mass is set by the system size L. This

remarkable result is our first evidence that our theory is IR-conformal.

We actually combined the Ti(t), i ∈ {1, 2, 3} into two representations of the cubic

discrete rotation group: the A+
1 (corresponding to a 0+ representation of O(3)) and the

E+ (corresponding to a 2+ representation of O(3)). The mass of the E+ seems to be

slightly smaller, as observed in small-volume analytic Yang-Mills calculations [14].
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Now, by relabelling the spatial direction i as the imaginary time direction, one realizes

that we are measuring the correlation of two time-like Polyakov loops, whose decay rate is

governed by the Debye mass, given perturbatively at lowest order by

mD(T ) = 2gT

√
Nc

3
+
Nf

6
(3.2)

This expression allows us to define a running coupling g(L) via

g(L) ≡ mT (L)L

2

√
Nc
3 +

Nf
6

(3.3)

and we see that, in this scheme, our running coupling seems to go to a non-zero

constant as L increases (although one cannot exclude, of course, that it slowly goes to

zero). Therefore, we have numerical evidence supporting the view that our strong-coupling,

chirally symmetric theory is IR-conformal and non-trivial.

Interestingly, the extracted value of g(L) approaches ∼ 0.95 and ∼ 0.80 for N̂f = 14

and 24 respectively. So the IR fixed-point coupling value decreases as N̂f increases. This

is what one would expect: as N̂f keeps increasing, the ordering effect of the fermions

increases, and all Wilson loops are driven towards 1, their free field value. At the same

time, any definition of a running coupling will approach zero. The theory becomes trivial

for N̂f →∞, even in the strong-coupling limit. We will come back to this point in section 4.

3.2 Characterizing the chirally restored phase: (II) Dirac spectrum

We now turn to fermionic properties, starting with the spectrum of the Dirac operator.

We have analyzed the Dirac eigenvalue spectrum of the configurations in our Monte Carlo

ensembles, using a Lanczos algorithm to obtain an approximation of the whole spectral

density and an Arnoldi method to extract the smallest eigenvalues to high accuracy. The

observable shown in figure 7 is the integrated eigenvalue density, defined as:

∫ λ

0
ρ(λ̄)dλ̄ =

rank(λ)

rank(Dirac matrix)
∈ [0, 1]. (3.4)

This function of λ counts the fraction of eigenvalues smaller than λ. Its derivative is simply

the eigenvalue density ρ(λ). We first compare this observable on quenched configurations

(Nf = 0) and in the chirally symmetric phase (N̂f = 14). In figure 7 (left), 10 curves for

10 configurations are superimposed: variations in the spectrum are very small. We observe

that Nf = 0 and N̂f = 14 spectra are similar in the ultraviolet, but differ in the infrared,

as illustrated in the inset. The Nf = 0 curve starts linearly from the origin, reflecting an

eigenvalue density approximately constant near λ = 0. On the contrary, the integrated

eigenvalue density for N̂f = 14 shows a spectral gap for small eigenvalues, which is of

course consistent with chiral symmetry restoration according to the Banks-Casher relation,

since ρ(0) = 0.

The crucial question is on which scale does this spectral gap depend. To answer this

question, in figure 7 (right) we compare the integrated eigenvalue density at N̂f = 14 for

various lattice volumes, L = 4, 6, 8, 10 and 12. As evidenced in the inset, we find that the

– 7 –



J
H
E
P
0
2
(
2
0
1
3
)
0
5
1

 0

 0.1

 0.2

 0.3

 0.4

 0.5

 0.6

 0.7

 0.8

 0.9

 1

 0  0.5  1  1.5  2  2.5  3

λ a

Integrated eigenvalue density, 10
4
, mq=0

Nf=0  
Nf=14

 0

 0.02

 0.04

 0.06

 0.08

 0.1

 0  0.1  0.2  0.3  0.4

Nf=0  
Nf=14

 0

 2

 4

 6

 8

 10

 12

 0  5  10  15  20  25  30

λ L

Integrated eigenvalue density, rescaling the infrared, mq=0, Nf=14

4
4

6
4

8
4

10
4

12
4

 0

 0.05

 0.1

 0.15

 0.2

 0.25

 0.3

 0.35

 0.4

 0  0.2 0.4 0.6 0.8  1  1.2

4
4

6
4

8
4

10
4

12
4

Figure 7. The integrated eigenvalue density. Left: comparison of Nf = 0 (quenched) with

N̂f = 14 in the chirally restored phase, where only the latter shows a spectral gap. Right: the

rescaled spectral gap, indicating 1/L scaling.
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Figure 8. The anomalous dimension from fits to the spectral gap for N̂f = 14, 24 with periodic

and anti-periodic boundary conditions. Fitted exponents to the three largest volumes are γ∗ ∼ 0.26

for N̂f = 14 and γ∗ ∼ 0.38 for N̂f = 24.

spectral gap scales ∝ 1/L to a good approximation, which is a strong indication that our

theory is IR-conformal:2 there does not seem to be any length scale in the chirally restored

phase other than the box size L.

Actually, small deviations from 1/L scaling allow us, in principle, to extract the anoma-

lous mass dimension γ∗. We make such an attempt in figure 8, where the gap has been

multiplied by L already: deviations from a constant are indicative of anomalous dimension,

provided other corrections O((a/L)2) are negligible. The effect of a finite system size L

on the Dirac spectrum has not been analyzed yet. We have simply considered that the

infrared conformal symmetry is explicitly broken by the infrared scale 1/L, which is the

analogue of an explicit breaking by a quark mass mq. Consequently, we expect the mass

gap to behave as (1/L)1/(1+γ∗). A crude, 2-parameter fit based on our 3 largest volumes

gives γ∗ ∼ 0.26 and 0.38 for N̂f = 14 and 24, respectively. Simulations on larger volumes

should be performed to bring under control the systematic error in these estimates. The

true, infinite volume value of γ∗ seems to be approached from below.

2If one would take the limits L → ∞ first, then mq → 0, the expected spectral density for a conformal

theory would be ρ(λ) ∼ λ(3−γ∗)/(1+γ∗). Here, we take the opposite order of limits.
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Figure 9. Left: meson masses mπ and mρ for various system sizes L, showing a fast decrease of

the masses as L increases, while the mass ratio remains more or less constant. Right: pion mass

as a function of 1/L, with the three largest volumes fitted by the ansatz (1/L)1/(1+γ
∗), yielding

γ∗ ∼ 1.0 and 0.4 for N̂f = 14 and 24, respectively.

3.3 Characterizing the chirally restored phase: (III) Hadron masses

Finally, we turn to hadron masses measured on our N̂f = 14 and N̂f = 24 Monte Carlo

ensembles. Even though the quark mass is zero in these ensembles, we observe non-zero

hadron masses. As expected, parity partners are degenerate since chiral symmetry is

restored. Now, if our theory is IR-conformal, the masses which we measure are exclusively

due to finite-size effects: all masses should go to zero as the lattice size L is increased. This

is what we observe, as shown in figure 9 (left): the “pion” and “rho” masses both decrease

by a factor ∼ 2 as the lattice size is increased from L = 4 to 12. Notice however that the

smallest mass is still > 0.6, which is not very light.

Furthermore, one generally expects that the approach to zero should be the same for

all hadrons, so that mass ratios should remain constant as L → ∞. Note that there may

be exceptions to this “rule”: in the 2d O(3) sigma model near θ = π, the mass of the

O(3) singlet state approaches zero faster than that of the O(3) triplet as θ approaches

π [15]. Here, our figure 9 (left) would show all data points aligned on “rays” going through

the origin if mass ratios were constant. One can see deviations from this behavior, which

perhaps are caused by the not-too-light masses which we measure. Another possible cause

is technical: as L is increased, the groundstate masses in each channel decrease, but so do

also the mass differences between groundstate and excited states. It becomes more difficult

to extract the groundstate mass, and our lattices are likely too short to properly control

this source of systematic error.

Nevertheless, we show in figure 9 (right) the mass of the “pion”, in which we have the

most confidence, as a function of 1/L. Since 1/L breaks the conformal symmetry much like

a quark mass mq would, we expect that the pion mass should scale the same way, namely

as (1/L)1/(1+γ∗), if L is large enough. A 2-parameter fit to our three largest system sizes

gives γ∗ ∼ 1.0 and 0.4 for N̂f = 14 and 24, respectively. As with the estimates of γ∗ from

the Dirac spectrum, simulations on larger volumes are needed to bring the systematic error

under control.
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Figure 10. Left: conjectured phase diagram in the (β,Nf ) plane. A single phase transition line

separates the chirally broken phase from the chirally symmetric, IR-conformal phase. The thick

dotted line indicates trivial theories. Right: alternative scenario, where the trivial theories extend

to the area above Nf = 11Nc/2. It is not favored by our measurements.

4 The conjectured phase diagram

Using both gluonic and fermionic observables, we have presented evidence that the chirally

restored phase at strong coupling is IR-conformal and non-trivial, and speculated about a

connection to the conformal window in the continuum. We now want to propose a phase

diagram sketched in figure 10 (left), as a function of the plaquette coupling β = 6/g2
0 and

of the number of would-be fundamental flavors Nf in the weak-coupling limit β = ∞.

That is, we simply convert the number N̂f of staggered fields to Nf = 4N̂f . Moreover, we

promote Nf to a real, continuous parameter: while Nf must be integer for a well-defined

continuum theory, one may let it take any value in the statistical model defined by the

lattice partition function. Our conjectured phase diagram can be compared with, e.g.,

those of ref. [9, 16]: one can see substantial differences. The essential feature of our phase

diagram is that the β = 0 IR-conformal phase is analytically connected with the weak-

coupling, continuum IR-conformal phase. This is the simplest scenario, supported by our

exploratory scan in β shown figure 3. A single phase transition line Nf
c(β) separates the

region of broken chiral symmetry at small Nf from the chirally symmetric region at large

Nf . The transition is first-order, at least for some range of β starting from zero. Moreover,

the number N̂f
c

of staggered fields which bring enough order to restore chiral symmetry at

β = 0, N̂f
c
(β = 0) = 1/4Nf

c(β = 0) = 13(1), is remarkably close to the expected number

Nf
∗ of continuum quark fields which achieve the same effect.3 This may be more than a

numerical accident. At strong coupling, taste symmetry breaking is maximal, and N̂f = 13

staggered fields can be viewed as N̂f massless fields, plus 3N̂f fields with mass O(a−1).

Only the former have a significant effect toward chiral symmetry restoration.

In the chirally symmetric phase, we see no evidence for a dynamically generated mass

scale of any sort. Then, based on our results for the running coupling figure 6, we conjecture

3Different groups place Nf = 12 above or below Nf
∗.
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Figure 11. The ordering of scales at weak coupling (left) and strong coupling (right), showing

that the range of conformal invariance is larger in the latter case.

that for any finite β and Nf > Nf
c(β), large-Nf lattice QCD is IR-conformal, with a non-

trivial fixed-point coupling g∗ > 0. This value changes continuously with (β,Nf ), reaching

the value zero for β = ∞, Nf > 33/2 and for Nf = ∞ ∀β, as indicated figure 10 (left) by

a thick dotted line. g∗ grows as one moves away from this dotted boundary towards the

phase transition line.

An alternative scenario would be that the running coupling in figure 6 slowly ap-

proaches zero, and g∗ = 0 for Nf > 33/2 for any β in the chirally symmetric phase. This

is sketched in figure 10 (right). If the basin of attraction of the weak coupling trivial fixed

point would extend all the way to the strong coupling limit, one should observe for the

running coupling g2(L) ∼ 1/ log(L/L0), with L0 ∼ O(a). Whether or not this happens

depends on the marginal operators induced by our lattice action. Our numerical results

figure 6 for the running coupling are indeed consistent with this possibility. But we should

also observe in this case an anomalous mass dimension γ∗ = 0, which is not favored by our

other measurements. More careful, large-scale simulations are necessary to settle this issue.

Finally, one may consider the line g∗ = g0, with g0 = (2Nc/β)1/2, where the IR fixed-

point coupling has the same value as the bare coupling, so that the coupling does not run

as a function of the renormalization scale. This line starts at the point (β =∞, Nf = 33/2)

where g∗ = g0 = 0. Its precise location depends on the chosen renormalization scheme. It is

not associated with any kind of singularity of the free energy. There is no phase transition

along this line: simply, on the left (resp. on the right) of that line, the coupling increases

(resp. decreases) from g∗ as one reduces the distance scale. Since there is a lower distance

cutoff a no divergence is observed as one crosses this [scheme-dependent] line.

We have determined the phase diagram in the strong-coupling region only. Studying

the continuum limit is of course much more difficult, due to the large lattices that have to

be used in order to control the finite size effects and the difficult control of lattice artifacts.

We would like to suggest that the strong-coupling limit may represent an advantageous

“poor man’s laboratory” for the study of 4d IR-conformal gauge theories. In particular,

as illustrated figure 11, the range of scales over which conformal invariance applies for a

given computing effort is greatly reduced at weak coupling: there, for a given lattice size

N4, the scales are ordered as follows:

a� 1/Λ� L = Na. (4.1)

where Λ is the scale generated by the asymptotically free gauge dynamics and Yang-Mills

perturbation theory applies at distances . 1/Λ. In contrast, at strong coupling, where the

lattice becomes maximally coarse, there is no small distance where Yang-Mills perturbation
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theory applies, and the hierarchy is:

a ∼ 1/Λ� L = Na. (4.2)

Hence the dynamical range of conformal invariance, characterized by the product LΛ, is

maximized at β = 0 for a given lattice size N = L/a.

5 Conclusion

We have shown that for β = 0, contrary to common wisdom, there exists a strongly first-

order, Nf -driven bulk transition to a chirally symmetric phase. In the chiral limit, the

transition occurs for N̂f
c

= 13(1) staggered fields, i.e. Nf
c = 52(4) continuum flavors.

This finding is in contrast to the mean-field prediction, whose failure can be traced back to

approximations relying on Nf being small. Clearly, the conventional, automatic association

of the strong-coupling limit with confinement and chiral symmetry breaking is too naive.

Furthermore, the chirally restored phase extends to weak coupling.

We have also shown numerical evidence that the β = 0 chirally restored phase of

“large-Nf QCD” is IR-conformal, with a non-trivial, Nf -dependent value of the IR fixed-

point coupling. We conclude that the strong-coupling limit is the laboratory of choice to

study a 4d IR-conformal gauge theory. Simulations at large Nf and zero quark mass can

be performed without too much computational effort since a gap appears in the Dirac

spectrum. As Nf increases, the spectral gap increases, the average plaquette approaches

1, and the fixed-point coupling approaches 0. Setting the quark mass to zero eliminates

one IR scale, leaving the system size L as the only remaining one. This greatly simplifies

the analysis of simulation results.

Since we have not observed any evidence for an additional T = 0 phase transition as β

is increased, we speculate that the strong coupling chirally symmetric, IR-conformal phase

is analytically connected with the continuum IR-conformal phase.

One may ask how robust these statements are with respect to the particular discretiza-

tion of the Dirac operator and the gauge action. While the quantitative details of the phase

transition Nf
c(β) will surely change, we think that the qualitative features will remain.

Chiral symmetry breaking at strong coupling, for small Nf , is a general consequence of the

disorder in the gauge field. The ordering effect of fermions also is generic. So we do ex-

pect a bulk transition, generically of first-order, as a function of Nf in the strong-coupling

limit. Actually, such a transition was observed for Wilson fermions in ref. [17, 18]. At

intermediate coupling, additional transitions may appear depending on the lattice action.

Interestingly, a first-order transition to a chirally broken phase as β is reduced has been

observed many times, for various lattice actions [19–23]. These transitions were observed

for some fixed value of Nf . Here, we simply put all these earlier observations together. It is

interesting that this phase transition is consistently of first-order. If the first-order nature

persists all the way to the continuum limit, then walking dynamics will not be observed,

and the transition to the conformal window will be characterized by “jumping dynamics”,

as proposed by Sannino [24].

– 12 –
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One may also wonder what happens to the (β,Nf ) phase diagram as the gauge group

or the fermion content is changed. For 4d compact U(1), the change would not be dra-

matic, because the strong-coupling behavior is much the same as for SU(3): our first-order

transition line would end at (β ≈ 1.01, Nf = 0) on the horizontal axis rather than on the

vertical axis, and the region of triviality would cover the whole chirally symmetric phase,

except for Nf = 0. For SU(2) or SU(3) with adjoint fermions, the change would be more

significant: in the strong-coupling limit, increasing Nf would order the plaquette in the ad-

joint representation, not in the fundamental. Center monopoles would likely condense [25],

and might delay or prevent the restoration of chiral symmetry.

Finally, there are many directions in which to extend this exploratory study. To

buttress the claim that the chirally symmetric phase is IR conformal, more observables, like

the static potential and the Fredenhagen-Marcu order parameter, should be studied. Also,

and to make contact with other numerical studies, a mass deformation could be introduced.

As a first step in this direction, we show in figure 12 the quark mass dependence of the

chiral condensate. This figure shows all the technical difficulties associated with extracting

the anomalous dimension γ∗: Heavier fermions have less ordering effect, which triggers a

phase transition back into the chirally broken phase for some critical fermion mass. Finite-

size effects associated with that transition should not be included in the determination of

γ∗. Moreover, the non-anomalous contributions 〈ψ̄ψ〉 = c1mq + c2m
3
q easily overwhelm the

anomalous m
(3−γ∗)/(1+γ∗)
q . Actually, fits based on the ansatz

〈ψ̄ψ〉 = c1mq + c2m
3−γ∗
1+γ∗
q , (5.1)

or including an m3
q term [26], favor negative values for γ∗, which crucially depend on the

fitting range and the included analytic contributions. We believe that extracting γ∗ from

the Dirac spectrum provides better control of the systematics, as emphasized in [27]. In

any case, larger system sizes are required before reliable estimates of γ∗ can be obtained.

This is beyond the scope of this work. Here, we have argued that such reliable estimates

can be obtained in principle from the L-dependence of the Dirac spectrum and of the

meson spectrum, both measured at zero quark mass.

Acknowledgments

We are grateful for stimulating discussions with P. Damgaard, L. Del Debbio, A. Hasen-

fratz, A. Kovner, A. Patella, K. Rummukainen, F. Sannino, K. Splittorff, B. Svetit-

sky and R. Zwicky. Computations have been carried out on the Brutus cluster at the
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Figure 12. Left: the chiral condensate as a function of the quark mass, showing clearly a linear

relation as appropriate for the chirally symmetric phase. Deviations from linearity can be used to

determine the mass anomalous dimension according to eq. 5.1. Right: the same data, now divided

by (amq) to emphasize deviations from linear behaviour. The fitted values of γ∗ depend on the

fitting range (delimited by the vertical line), but tend to be negative (e.g. γ∗ ∼ −0.5 for L = 10).
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1. Motivation

The QCD phase diagram is conjectured to have a rich phase structure, but only little is known
from lattice QCD due to the sign problem. The available Monte Carlo methods are all limited to
µ/T . 1. Lattice QCD in the strong coupling limit, β = 2Nc

g2 → 0, and in a dual representation
is a model where the sign problem is mild enough to study the full µ-T phase diagram. This
virtue crucially depends on the order of integration. The following three orders are common: (1)
Integrating out fermions first. This results in the fermion determinant detM[U ]. The Monte Carlo
simulation is over gauge fields, β can be varied continuously. However, there is the severe sign
problem at finite µ , and it is expensive to approach the chiral limit. (2) Integrating out spatial
gauge links first then the fermions. The remaining temporal gauge links are mapped on Polyakov
loops to obtain a 3-dim. heavy quark effective theory [1, 2]. This is applicable to Wilson fermions,
where backtracking of fermion world lines is prohibited. The fermion determinant is factorized
into a kinetic and a static part. Corrections to the static limit are treated analytically (expansion in
hopping parameter and gauge action up to some order O(κnu(β )m)). (3) Integrating out all gauge
links first, then the fermions. For staggered fermions, this leads to the Monomer-Dimer-System
[3], which has a mild sign problem, and the chiral limit is cheap. There is no fermion determinant
and it can be studied e.g. via Worm algorithms [4]. For Wilson fermions, results only consist for
the Schwinger model so far [5, 6]. Moreover, incorporating the gauge action requires additional
gauge integrals and introduces plaquette occupation numbers [7].

I will focus here on strategy (3) and explain its combinatorial interpretation. Lattice QCD at
strong coupling (SC-LQCD) shares important features with continuum QCD: it is “confining” in
the sense that only color singlet d.o.f. survive gauge integration, the mesons and baryons. These are
point-like objects in the strong coupling limit, but become extended objects away from the strong
coupling limit and mix with gluons. SC-LQCD also has a (nuclear) liquid gas transition from the
vacuum to a baryonic crystal, where all lattice sites are occupied by baryons. Since the lattice
spacing at strong coupling is maximally coarse, the degrees of freedom are on a hypercubic crystal
and saturation is due to the Pauli principle. For staggered fermions, there is also spontaneous
chiral symmetry breaking and its restoration at some critical temperature aTc. In contrast to Wilson
fermions, there is a remnant chiral symmetry U55(1) ⊂ SUL(N f )× SUR(N f ) that is not broken by
the finite lattice spacing. The ultimate goal is to study the QCD phase diagram and the nuclear
transition away from the strong coupling limit. A first step into that direction, the O(β ) corrections
to the strong coupling phase diagram, has already been undertaken [7].

A dimer/flux representation is possible for both lattice actions, but they differ qualitatively.
For staggered fermions: a partition function in the monomer-dimer representation is valid for any
quark mass; there is an exact chiral symmetry, hence it is adequate to study chiral properties (also,
simulations in the chiral limit are cheap); however, staggered fermions are spinless in the strong
coupling limit. Contrast this with Wilson fermions: the flux representation involves spin, but since
backtracking of fermions is not allowed, (1−γµ)(1+γµ) = 0, it poses a complicated combinatorial
problem and expansion in spatial hadronic hoppings is required. Both discretizations have very
different lattice artifacts. The main motivation for this analysis is the question whether they share
a “physical” content at strong coupling or at O (β ) which could be isolated from lattice artifacts.
The combinatorial perspective may help to shed light on this question.
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2. Gauge Integrals, Invariants and Combinatorics

Combinatorics can give additional insight into lattice QCD, when formulated in a dual, color
singlet representation based on integer variables. The combinatorial paradigm I want to utilize is
the question of how many ways there are to put n balls into k boxes. Many combinatorial problems
reduce to this question, and the answer will depend on the permutation symmetries in the problem,
i.e. whether balls or boxes are distinguishable or not, and which restrictions on the placements are
made (e.g. the 12 canonical answers known as “twelvefold way”). Combinatorial formulae amount
to integer sequences, which are listed in the On-Line Encyclopedia of Integer Sequences [8]. In the
following I quote the A numbers from OEIS for further explanations and proofs.

First consider the SU(Nc) one-link integral [9, 10] which can be evaluated both for staggered
and Wilson fermions:

z(x,µ) =
∫

dUµ(x)etrc[Uµ (x)M†+Uµ (x)†M], (2.1)

(Mstagg.)i j = χ f
i (x)χ̄

f
j (x+ µ̂), (MWilson)i j = ψβ , f

i (x)(1− γµ)αβ ψ̄α, f
j (x+ µ̂), (2.2)

with i, j ∈ {1, . . .Nc}, f ∈ {1, . . .N f } and α , β Dirac indices. In both cases, the link integrals are
gauge invariants, which can be expressed by linear combinations of traces and determinants.

z(x,µ) = ∑
k1,...kNc+1

αk1...kNc+1 det
c
[M]k1 det

c

[
M†]k2 trc

[
MM†]k3

. . . trc
[
(MM†)Nc−1]kNc+1 (2.3)

The prefactors αk1...kNc+1 can be determined via Grassmann identities, e.g. for N f = 1 staggered
fermions (with y = x+ µ̂ and B(x) = 1

Nc! εi1...iNc
χi1(x) . . .χiNc

(x)):

eχ̄yχy =
∫

dχxdχ̄x

∫
dUeχ̄xχx+χ̄xUχy−χ̄yU†χx =

Nc

∑
l=0

αk
Nc!

(Nc− k)!
(χ̄xχxχ̄yχy)

k (2.4)

⇒ z(x,y) =
Nc

∑
k=0

(Nc− k)!
Nc!k!

(MxMy)
k + B̄(x)B(y)+(−1)NcB̄(y)B(x). (2.5)

The prefactors can also be determined via combinatorics (la-
beled balls into labeled boxes, see Fig. 1). This strategy
can be generalized to also apply to N f > 1 and for Wilson
fermions, where meson hoppings (MxMx+µ̂) and baryon hop-
pings B̄(x)B(x+ µ̂) carry flavor and spin. The corresponding
integrals have been determined for Nc ≤ 3 in [10] and are in
agreement with the combinatorial determination.

N c (N c−1)

1

2

1

M 1

M 2

M 3

2

1 2

1 1

1

2

2

2

Figure 1: k = 2 balls (χ̄χ)
into Nc = 3 boxes (mesons).

Another type of gauge integrals are those over the trace of closed loops of gauge links: let

P = ∏
(x,µ)∈C

Uµ(x) = diag
(
eiφ1 , . . .eiφNc−1 ,eiφNc

)
with φNc = −

Nc−1
∑

k=1
φk be any closed loop of gauge

links along contour C (e.g. Polyakov loop, Wilson loop), then, for SU(Nc) there are Nc−1 gauge
invariants, such as L = trc[P] and L∗. Only the mesonic M = LL∗, baryonic B = LNc , and mixed
operators O = M nBm for n,m ∈ N) have non-vanishing expectation values:

〈O(L,L∗ . . .)〉= 1
(2π)Nc−1

∫
dφ1 . . .dφNc−1V (L,L∗, . . .)O(L,L∗, . . .), (2.6)

3
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1 (mesonic) L3 L6 L9 L12

1 (baryonic) 1 1 5 42 462
(LL∗) 1 3 21 210 2574
(LL∗)2 2 11 98 1122 15015
(LL∗)3 6 74 498 6336 91091
(LL∗)4 23 225 2709 37466 571428

L3 L6

(LL*
)
2

2 2
+

2
+

(LL*
)
3

2 2
+

2

+

2
+

L9

2

+

Table 1: List of SU(3) gauge integrals 〈(LL∗)n(L3)m〉, which enumerate the number of restricted
permutations patterns, which is the number representations of bounded height, see Eq. (2.8).

where V (L,L∗ . . .) is obtained from the invariant Haar measure: dµ(φ) = ∏
i> j
|eiφi−eiφ j |2 ∏

i
dφi. The

result for SU(2), where L∗ = L, gives rise to the so-called Catalan numbers (A000108), which play
a prominent role in combinatorics, e.g. as the number of 123-avoiding permutation patterns:

〈
L2n〉= 1

2π

∫ 2π

0
dφ2sin2 φ(2cosφ)2n =

1
2π

∫ 2

−2
dL
√

4−L2L2n =Cn ≡
1

n+1

(
2n
n

)
(2.7)

For SU(3), where tr[P2] = L2− 2L∗2, the various results listed in Tab. 1 can be mapped on repre-
sentations of the permutation group. The invariants of higher moments in L, L∗, which are needed
to express the static limit of Wilson fermions (see below), can be characterized as restricted per-
mutation patterns, which correspond to dimensions of standard young tableaux of bounded height.

mNc(n) = ∑
h(λn)≤Nc

d2
λn
, bNc(n) = dn×Nc , mixNc(nm,nb) = ∑

h(λnm )≤Nc

dnb×Nc,λnm
dλnm

. (2.8)

To compute these invariants in the general case of SU(Nc) or U(Nc) and N f > 1, one needs to
evaluate tr[Pn], where n = 1, . . . ,NcN f . These can be obtained via generalized Lucas polynomials.

The Lucas n-step numbers are F(n)
k =

n
∑

i=1
F(n)

k−i (which is Fibonacci-like for n = 2). Related to SU(3)

are the 3-step Lucas numbers F(3)
k = F(3)

k−1 +F(3)
k−2 +F(3)

k−3 with seeds F(3)
0 = 3, F(3)

1 = 1, F(3)
2 = 3,

from which the following 3-step polynomials F in the variables x, y, z are obtained :

F(3)
n (x,y,z) = tr







x y z
1 0 0
0 1 0




n
 , F̃(3)

n (x,y,z) = tr







x y z
−1 0 0
0 −1 0




n
 . (2.9)

It turns out that the signed verison F̃n is directly related to tr[Pn] = F̃n(P) by identifiying x ≡ L =

tr[P], y≡ L∗ = tr[P†], z≡ D = det[P] (=1 for SU(Nc)). The first orders are

tr[P0] = 3, tr[P1] = L,

tr[P2] = L2−2L∗, tr[P3] = L3−3LL∗+3D,

tr[P4] = L4−4L2L∗+2L∗2 +4LD, tr[P5] = L5−5L3L∗+5LL∗2 +5L2D−5L∗D.

The corresponding versions for arbitrary Nc is obtained by considering the signed Nc×Nc matrix
F̃(x1, . . . ,xNc). I have used the generalized Lucas polynomials to determine the flavor dependence
of the static limit.
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3. Strong Coupling Partition Functions

The final partition functions at strong coupling are obtained after Grassmann integration,
which introduces site weights wx. For staggered fermions:

wx =
∫

∏
c
[dχc,xdχ̄c,x]e2amq χ̄c,xχc,x(χ̄c,xχc,x)

kx =
Nc!
nx!

(2amq)
nx , (3.1)

with monomers nx = Nc − kx, determined by the Grassmann constraint kx = ∑
±µ̂

k±µ̂(x), hence

nx ∈ {0, . . .Nc}, and no monomers at baryonic sites. The well-known staggered partition function
(N f = 1) valid to all orders in the hopping parameter κ = 1

2amq
is

Zstagg.
SC (mq,µ,γ) = ∑

{kb,nx,`}
∏

b=(x,µ)

(Nc− kb)!
Nc!kb!

γ2kbδµ0

︸ ︷︷ ︸
meson hoppingsMxMy

∏
x

Nc!
nx!

(2amq)
nx

︸ ︷︷ ︸
chiral condensateMx

∏̀w(`,µ)
︸ ︷︷ ︸

baryon hoppings B̄xBy

, (3.2)

with kb ∈ {0, . . .Nc}, nx ∈ {0, . . .Nc}, `b ∈ {0,±1}. The weight w(`,µ) and sign σ(`) =±1 for an
oriented loop ` depend on loop geometry. The anisotropy γ = a/at is needed to vary the temperature
continuously at β = 0 [11].
For Wilson fermions, Grassmann integration amounts to spin and flavor conservation. The site
weights (almost) cancel link weights. Only when spatial hoppings of color neutral states occur,
the site weights are non-trivial. The partition function can generally be mapped on a vertex model.
This has been done for the Schwinger model, which maps on a 7-vertex model for N f = 1 [5] and
on a modified 3-state 20-vertex model for N f = 2 [6]. Grassmann integration for Nc > 1 is too
complicated to do by hand but can be automatized using computer algebra. The Wilson fermion
partition function has the general structure

ZWilson
SC (κ,µ) = ∑

{kb,nx,` j}
N({kb, ` j})vCi

i ∏
x

1
(2κ)nx ∏̀

j

w(` j,µ). (3.3)

Ci counts how often vertices of type i occur and N({kb, ` j}) counts multiplicities of loops. There
are various baryonic loops ` j (depending on spin and flavor). The Grassmann constraint allows
mesonic and baryonic world lines to intersect even for N f = 1. The vertex weights vi still need to
be determined in general via Grassmann integration.

In the static limit, i.e. in the absence of spatial fermion hoppings, the strong coupling partition
function is Zstatic

SC = ∏
~x

Z1(~x), where Z1 is the sum over all possible hadronic quantum states |ψ〉.
This describes SC-LQCD in the high temperature and/or high density regime, see Fig. 2. For
staggered fermions, the chiral restoration takes place when the number of spatial dimers reaches
a critical value. The nuclear and chiral transition coincide, because 〈χ̄χ〉 vanishes as a baryonic
crystal forms. The number of hadronic states |ψ〉= |Pu,Pd , . . .PN f ,Qπ+ ,QK+ , . . .〉 is

Z1(µ,T ) =
(

2N f

NcN f

)

Nc

+
Nt Nc/2

∑
n=1

tn(2amq)
2n +2

(
Nc +N f −1

N f −1

)
cosh(µB/T ), (3.4)

where the terms O(2amq) are suppressed at high T (for Nc = 3 in the chiral limit, the prefactors tn
are related to Tribonacci numbers (A000073), a generalization of Fibonacci). The degeneracies of
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Figure 2: At β = 0, both staggered and Wilson fermions become static at large T and/or µ . Left:
The staggered SC phase diagram, it has been measured in [4,7]. Right: Static Wilson fermions
described by monomers/dimers/fluxes, multiplicities are due to spin and Kt .

the mesonic states are given by central polynomial coefficients (see A077042) which number the
possibilities to put n unlabeled balls into k labeled boxes, allowing at most Nc balls in each box.

For Wilson fermions, with Kt = (2κ)Nτ and hopping parameter κ = 1
2d+2amq

, for N f = 1:

Z1(µ,T ) =
2Nc

∑
k=0

T (k)K2k
t +

Nc

∑
k=0

P(k)K(2k+Nc)
t 2cosh(µB/T )+K2Nc

t 2cosh(2µB/T ). (3.5)

The combinatorics of the mesonic sector is given by the so-called tetrahedal numbers (A133826)

T (k) =
k
∑

q=0
dD0q =

(3+min(k,2Nc−k)
3

)
, with D0q the mesonic irreducible representations of SU(Nc), and

product numbers P(k) = (1 + k)(1 + Nc − k). This can be generalized for N f > 1, e.g.

T (k) =
((2N f )

2−1+min(k,2Nc−k)
(2N f )2−1

)
, and Eq. (3.5) contains 2N f + 1 sums ∼ K2k+nNc

t . To conclude, the
quantum number degeneracies of all static states can be listed via combinatorial formulae.

There are two kinds of corrections to the static limit, which can be both addressed systemat-
ically via an expansion: (1) The (spatial) hopping parameter expansion in κs allows to approach
the chiral limit, with the number of spatial mesonic and baryonic hoppings being controlled by the
quark mass. In a finite volume, this expansion always terminates due to the Grassmann constraint!
(2) The expansion in β (the inverse gauge coupling) allows to approach the continuum limit. The
staggered strong coupling partition function is in fact valid for all quark masses (with the chiral
limit being cheapest when addressed with a worm algorithm), whereas the Wilson partition func-
tion is restricted to rather large quark masses. In both lattice discretizations, the gauge action can
be incorporated order by order, which gives rise to higher order link integrals.

The strategy to study both lattice discretizations on a par is to expand around the static limit
by making use of the Hamiltonian formulation that can be derived in the continuous time limit,
Nτ → ∞ [11]. In this limit, the partition function simplifies further as only single meson hoppings
need to be considered. The static lines are the in and out states of the transfer matrix:

Z = Tr[eβH ], H =
1
2 ∑
〈x,y〉

∑
Qi

J+Qi(x)
J−Qi(y)

, J−Qi
= (J+Qi

)†, (3.6)

where the generalized quantum numbers Qi (spin, parity, flavor) are globally conserved, and spatial
dimers represented by J+Qi(x)

J−Qi(y)
raise quantum number Qi at site x and lower them at a neighbor-

ing site y (see [11] for the case of N f = 1,2 for staggered fermions). For both staggered and Wilson

6



Combinatorics of LQCD at Strong Coupling Wolfgang Unger

v1 v1 v1 v 2t 0 t 1

x

y
O (β)

Gauge Flux

Baryonic Quark Flux

Mesonic Quark Flux

B B

(MM )
3

qq

q

g

g(MM )
2

qgqg

Figure 3: Left: Systematic expansion in the spatial hoppings in the Hamiltonian formulation, where
hadrons are emitted/absorbed at events in continuous time, depending on vertex weights vi. Right:
Example of a gauge correction to the SC-limit, hadrons become extended objects.

fermions, the matrices J±Qi
contain vertex weights. They are the crucial input to sample the corre-

sponding partition function with a quantum Monte Carlo algorithm to all orders in κs, e.g. via a
continuous time Worm algorithm. However, whether also for Wilson fermions in four dimensions
all vertex weights are positive to evade the sign problem is still an open question, although due to
the continuous time limit, only a small set of vertices need to be considered. For the simulation of
the Schwinger model with Wilson fermions at strong coupling with the Worm algorithm see [12].

Also the gauge corrections could be included in this Hamiltonian formulation. So far, the
gauge corrections have been studied for finite Nτ = 4 and for N f = 1 staggered fermions. In a
collaboration with J. Langelage, P. de Forcrand and O. Philipsen, we have determined the phase
diagram of SC-LQCD at O(β ) [7], where the gauge action is linearized and a new set of one-
link integrals (those along an excited plaquette) have to be evaluated and new invariants with a
combinatorial interpretation arise. We find that the second order phase boundary in the µ-T plane
is shifted to lower temperatures with increasing β , but that the tricritical point and the first order
transition is invariant at O(β ). In contrast, the critical endpoint of the first order nuclear transition,
which coincides with the chiral transition at β = 0, moves down along the chiral first order line.

Acknowledgement - I would like to thank Philippe de Forcrand and Owe Philipsen for numer-
ous discussions. This works was supported by the Helmholtz International Center for FAIR within
the LOEWE program launched by the State of Hesse.
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Thermodynamics of strongly-coupled lattice QCD in the chiral limit Hélvio Vairinhos

1. Introduction

Consider U(N) or SU(N) lattice QCD with a single staggered fermion flavour, at finite tem-
perature. At low temperatures, the chiral U(1) symmetry of the massless staggered fermion is spon-
taneously broken, to which a single massless Goldstone boson is associated: the pion.

The pion is interacting, but at sufficiently low temperatures the strength of the effective inter-
actions vanishes, i.e. T

Fπ
→ 0, and the pion is effectively free. In such a regime, the physics is that

of an ideal pion gas, whose energy density, ε , satisfies the Stefan-Boltzmann law (SB) for a single
bosonic degree of freedom:

ε(T ) = ε(0)+
π2

30
T 4 (1.1)

Here we summarize our numerical study of the thermal properties of U(3) and SU(3) lattice
QCD with a single staggered fermion, in the chiral limit, where we test the hypothesis of a (near)
ideal pion gas below the critical temperature of the chirally-restoring phase transition.

We choose to perform simulations in the strong coupling limit, β = 0, for there we have access
to Monte Carlo algorithms of the worm type, which are very efficient, even in the chiral limit and
at low temperatures. This allows us to determine the equation of state of lattice QCD with high
precision, at unprecedentedly low temperatures.

2. Thermodynamics of a free massless boson on the lattice

First, it is instructive to understand the behavior of an ideal gas of massless bosons on a lattice.
Lattice corrections to the ideal gas regime of a free massless boson, on a N3

s ×Nt lattice with
anisotropy ξ = a/at , have been studied in [1]. The energy density ε of such a gas is given by:

a4ε(T ) =− ξ 3

N3
s Nt

∑
~ 6=~0

sin2 (π j0/Nt)

b2 +ξ 2 sin2 (π j0/Nt)
, b2 =

3

∑
i=1

sin2 (π ji/Ns) (2.1a)

a4ε(0) =− ξ 3

N3
s

∑
~6=~0

(
b2 +ξ 2 +b

√
b2 +ξ 2

)−1
(2.1b)

where the lattice temperature is given by aT = ξ/Nt . Similar expressions can be obtained for the
pressure p. In particular, they imply that the trace anomaly vanishes on any finite lattice [1]:

∆ε−3∆p = 0 (2.2)

where ∆ε(T ) = ε(T )− ε(0), and ∆p(T ) = p(T )− p(0).
In this system, discretization effects are quite significant (see Fig. 1): from [1], we learn that

lattice corrections are small for Ns ≥ 2Nt and ξ ≥ 2. Actually, the ideal gas behavior is only exact
in the continuous time limit, ξ → ∞.

We keep this in mind when simulating lattice QCD in the regime where the U(1) chiral sym-
metry is spontaneously broken, and the pion is massless. Even though pions are not free (Fπ 6= 0),
their interactions should be negligible in the regime T � Fπ (or in the large N limit), and the picture
of an ideal pion gas should become a good approximation.

1
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Figure 1: Energy density of a free massless boson on the lattice: the finite-size effects induce very large
deviations from the Stefan-Boltzmann limit (dotted line), but are significantly suppressed (less than 10%)
when Ns & 3Nt for ξ = 1, or Ns & 2Nt for ξ ≥ 2.

3. Dimer representation of lattice QCD in the strong coupling limit

The partition function of SU(3) lattice QCD with N f = 1 staggered fermions, at β = 0, is:

Z =
∫

DUDψDψ̄ e2at mq ∑x ψ̄xψx+∑x,µ γδµ0 ηxµ(eat µq ψ̄xUxµ ψx+µ̂−e−at µq ψ̄x+µ̂U†
xµ ψx) (3.1)

where µq is the quark chemical potential, γ is the bare anisotropy, mq is the bare quark mass, at (a)
is the temporal (spatial) lattice spacing, and ηxµ =±1 are the staggered phases.

Analytic integration of the link variables, followed by the integration of the Grassmann vari-
ables, yields the partition sum of a system of monomers, dimers, and baryon loops [2]:

Z = ∑
{n,k,`}

σ(`)

3!|`|

(
∏

x

3!
nx!

)(
∏
x,µ

(3− kxµ)!
3!kxµ !

)
(2atmq)

NM γ2NDt+3N`t e3Nt at µqw` (3.2)

where nx,kxµ ∈ {0,1,2,3} are occupation numbers of monomers and dimers, `xµ ∈ {0,±1} are
occupation numbers of oriented baryonic dimers, and NM,NDt ,N`t denote, respectively, the total
number of monomers, timelike dimers, and timelike baryonic links:

NM = ∑xnx, NDt = ∑xkx0, N`t = ∑x|`x0| (3.3)

w` counts the number of times baryon loops wrap around the thermal direction, and σ(`) =±1 is
a sign which depends on the shape of the baryon loops (and introduces a sign problem).

Due to the Grassmann integration, the configurations which contribute to the partition function
are constrained, on each site, to have either exactly 3 monomers and/or dimers, or be traversed by
a non-self-intersecting oriented baryon loop:

nx +∑±µkxµ
!
= 3, ∑±µ`xµ

!
= 0, ∀x (3.4)

Such constrained configurations can be efficiently sampled using variants of the worm algo-
rithm: a “mesonic worm”, which updates the monomer-dimer sector [3], and a “baryonic worm”,
which updates the baryonic loops and the 3-dimer sector [4, 5].

The partition function for U(3) QCD is obtained from (3.2) by removing the baryons, i.e.
`xµ = 0,∀x,µ . In this case, only the mesonic worm is needed to simulate it.

2
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4. Thermodynamics of lattice QCD in the strong coupling and chiral limits

The energy density and pressure in SU(3) lattice QCD, in the strong coupling limit (β = 0)
and chiral limit (mq = 0), are related to the density of hadrons hopping in the time direction (i.e.
timelike dimers and timelike baryon links):

a3at ∆ε = µBρB−
a3at

V
∂ logZ
∂T−1

∣∣∣∣
V,µB

=
ξ
γ

dγ
dξ
〈2nDt +3n`t〉 (4.1a)

a3at ∆p = a3atT
∂ logZ

∂V

∣∣∣∣
T,µB

=
ξ
3γ

dγ
dξ
〈2nDt +3n`t〉 (4.1b)

where µB is the baryon chemical potential, ρB = 〈w`〉/N3
s is the baryon density, and ξ (γ) = a

at
is

the renormalized anisotropy, which parameterizes the physical anisotropy of the lattice. In order to
obtain the corresponding expressions in U(3) QCD, it suffices to take ρB = 0 and n`t = 0.

Eqs. (4.1a) and (4.1b) imply that the trace anomaly vanishes for any lattice spacing, cf. (2.2).

5. Anisotropy calibration

An accurate determination of the energy density (4.1a), or pressure (4.1b), requires a precise
knowledge of the renormalized anisotropy ξ as a function of the bare anisotropy γ , and also of its
running, dξ/dγ . For this purpose, we use the fluctuations of certain conserved charges, labelled by
spacetime directions, as probes for the calibration of the lattice anisotropy.

In the chiral limit, Grassmann constraints (3.4) imply the existence of conserved currents [6]:

jxµ = πx

(
kxµ −

3
2
|`xµ |−

3
8

)
⇒ ∑

±µ
jxµ = 0, ∀x (5.1)

where πx = (−1)∑µ xµ =±1 is the parity (bipartite color) of the site x. We can also define conserved
charges by integrating the currents along codim-1 hyperslices Sµ perpendicular to the direction µ̂:

Qµ = ∑
x∈Sµ

jxµ (5.2)

Due to parity symmetry,
〈
Qµ
〉
= 0, ∀µ . We consider lattices with the same size Ns in all spatial

directions, and thus compare variations of the timelike charge, Q2
t = Q2

0, and of the average of the
spacelike charges, Q2

s =
1
3 ∑3

i=1 Q2
i .

Our non-perturbative renormalization criterion requires the fluctuations of the conserved charges
to be isotropic when the physical volume is hypercubic (in the thermodynamic limit):

〈
Q2

t
〉
(γnp) =

〈
Q2

s
〉
(γnp) ⇒ aNs

atNt
= ξ (γnp)

Ns

Nt
= 1 (5.3)

where γnp is the nonperturbative, finely tuned value of the bare anisotropy for which fluctuations of
the conserved charges coincide. Using scaling arguments, it is also easy to relate the running of the
renormalized anisotropy to expectation values associated with these conserved charges:

ξ
dγ
dξ

=

〈
Q2
〉

γnp(
d
dγ
〈
Q2

t
〉
− d

dγ 〈Q2
s 〉
)∣∣∣

γnp

(5.4)

3
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its deviation from the mean field prediction (right).

where
〈
Q2
〉

γnp
is the variance at γ = γnp, and the denominator depends only on the difference of

their slopes at γ = γnp. We determine all these quantities by finding the intersection point of the
curves of Q2

t and Q2
s , which are constructed using multi-histogram reweighting (Fig. 2).

We determine γnp for several aspect ratios, Nt
Ns

= ξ ∈ {2,3,4,5,6}, and for different spatial
sizes, in U(3) and SU(3) QCD. In the thermodynamic limit, the functional dependence ξ (γ) ap-
pears to be quadratic for large γ (Fig. 3, left). Mean field arguments also predict a quadratic de-
pendence in the large γ limit: ξ (γ) = γ2 [7], but the non-perturbative prefactor differs from the
mean-field one by ≈ 25% (Fig. 3, right).

6. Energy density vs. temperature

Given the relation between the bare and renormalized anisotropies, and the corresponding
running (Fig. 3), the remaining ingredient for an accurate determination of the energy density (4.1a)
in U(3) QCD is a precise measurement of the density of timelike dimers, nDt .

In order to determine the dependence of the energy density ε on the temperature T , we first
need to accurately subtract from it the T = 0 contribution, ε0. We compute ε0 by taking the ther-
modynamic limit of the density of timelike dimers evaluated on a hypercubic lattice:
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a4ε0(ξ ) = lim
Ns→∞

ξ 2

γ
dγ
dξ
〈2nDt〉

∣∣∣∣
Nt=ξ Ns

(6.1)

We observe that ε0 scales approximately linearly with ξ , for large ξ (Fig. 4, left), similarly to an
ideal gas of massless scalar bosons on the lattice [1], but with a different non-universal prefactor.

At finite temperature, we compute the energy density a4∆ε(Ns,Nt ,ξ ), with the ε0 contribution
subtracted, on N3

s ×Nt lattices, for fixed aT = ξ
Nt

, and for several spatial sizes. We then take the
thermodynamic limit of a4∆ε , assuming O(N−3

s ) corrections.1 We express both energy density and
temperature in units of the critical temperature of the chiral phase transition, which for U(3) is
aTc = 1.466 and for SU(3) is aTc = 1.089.2

The dependence of the energy density on the temperature, in U(3) QCD, is given in Fig. 4
(right). The data points seem to fall on an universal curve, which deviates from SB (dotted line) at
temperatures near Tc, and also at low temperatures. It is qualitatively consistent with the (analytical)
mean field prediction in the large N limit (solid line).3

The surprising deviation from SB at low temperatures may be due to finite size effects: the
data points at the lowest temperatures require large Nt , but are computed for possibly not large
enough values of Ns. Simulations with larger spatial volumes are required for a better control of the
thermodynamical limit. On the other hand, the deviation from SB at high temperatures may be due
to an UV cutoff effect, and simulations with larger values of ξ are required in order to increase Nt ,
at fixed temperature. At intermediate values of the temperature, the energy density is the closest to
SB, with a small discrepancy which may be due to a finite-ξ effect: SB scaling is only expected to
be exact in the ξ → ∞ (continuous time) limit.

1 Inspired by the lessons of the ideal gas of massless scalar bosons on the lattice (Section 2), we take the thermody-
namic limit, Ns→ ∞, by only using lattices for which Ns ≥ 2Nt , in order to minimize the finite-size corrections.

2 In the literature, the values of the critical temperature, namely aTc = 1.8843(1) for U(3) [5] and aTc = 1.402(2)
for SU(3) [8], are determined assuming the mean field relation between the bare and renormalized anisotropy couplings,
i.e. aTc = γ2atTc. Using our non-perturbative method for setting the anisotropy scale, the corresponding values for the
U(3) and SU(3) critical temperatures, aTc = ξ (γ)atTc, deviate from those in the literature by ≈ 25%.

3 In this mean field approach, the critical temperature is not easy to fix. For comparison with the U(3) and SU(3)
data, we set the critical temperature to the U(3) mean field value: aTc = 5/2 [7].
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Figure 5: Comparison of the energy densities in U(3) QCD (blue) and SU(3) QCD (red), as a function of
the temperature, in units of the critical temperatures of the respective chiral phase transitions. The large error
bars in SU(3) QCD, at low temperatures, are due to large fluctuations in the baryonic sign. The mean field
curves are computed analytically in the large N limit, and we set aTc,U(3) = 5/2 and aTc,SU(3) = 5/3 [7].

Using the same approach, we have also computed the energy density as a function of the
temperature in SU(3) lattice QCD. A comparison between the U(3) and SU(3) theories is shown
in Fig. 5. The difference between the two cases is the additional contribution of baryon loops to the
SU(3) theory, which also introduces a sign problem, thus increasing the statistical error, especially
for the large volumes required at low temperatures.

At high temperatures, up to Tc, the SU(3) energy density is consistent with SB, and consistently
higher than that for U(3), which we understand as being due to the thermal excitation of the extra
baryonic modes, which contribute to the total pressure (and energy density).

In conclusion, the ideal pion gas is a reasonably good approximation for the low T regime of
U(3) and SU(3) lattice QCD. Deviations from it, associated with pion interactions and with the
thermal excitation of massive hadrons, can be quantified and deserve further study. The study of
the equation of state can also be extended to the cases of non-zero quark mass and of non-zero
chemical potential.
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Anisotropic lattice spacings are mandatory to reach the high temperatures where chiral symmetry is
restored in the strong-coupling limit of lattice QCD. Here, we propose a simple criterion for the
nonperturbative renormalization of the anisotropy coupling in strongly coupled SUðNcÞ or UðNcÞ lattice
QCD with massless staggered fermions. We then compute the renormalized anisotropy, and the strong-
coupling analogue of Karsch’s coefficients (the running anisotropy), for Nc ¼ 3. We achieve high
precision by combining diagrammatic Monte Carlo and multihistogram reweighting techniques. We
observe that the mean field prediction in the continuous time limit captures the nonperturbative scaling,
but receives a large, previously neglected correction on the unit prefactor. Using our nonperturbative
prescription in place of the mean field result, we observe large corrections of the same magnitude to the
continuous time limit of the static baryon mass and of the location of the phase boundary associated with
chiral symmetry restoration. In particular, the phase boundary, evaluated on different finite lattices, has a
dramatically smaller dependence on the lattice time extent. We also estimate, as a byproduct, the pion
decay constant and the chiral condensate of massless SU(3) QCD in the strong-coupling limit at zero
temperature.

DOI: 10.1103/PhysRevD.97.034512

I. INTRODUCTION

For all practical purposes, the sign problem in lattice
QCD with staggered fermions at finite density has been
solved at strong coupling. By integrating out the gauge
degrees of freedom exactly—which allows replacing
Grassmann integration by a sum over fermionic color
singlets—the sign problem becomes mild enough to
allow for controlled numerical results at moderate vol-
umes, by combining importance sampling and reweight-
ing methods. As a result, the phase diagram of lattice
QCD in the strong-coupling limit [1] and at first order in
the strong-coupling expansion [2] can be completely
mapped.
In practice, however, it is not sufficient to simulate the

strongly coupled theory directly on rectangular lattices
because the critical temperature of chiral symmetry resto-
ration is higher than what can be reached using the smallest

lattice time extent.1 In order to study the thermodynamical
properties of staggered lattice QCD, in particular across the
chiral phase transition, it is therefore necessary to simulate
the theory on anisotropic lattices.
On anisotropic lattices, one assigns independent lattice

spacings to the spatial and temporal directions, respectively,
a and at. The corresponding physical extents of the lattice
can then be varied continuously and independently. A more
useful parametrization of the lattice geometry uses the
spatial lattice spacing, a, and the anisotropy parameter ξ,

ξ ¼ a
at
; ð1Þ

which becomes unity when the lattice is isotropic and
diverges in the continuous time limit at → 0. In this para-
metrization, the lattice temperature is given by

aT ¼ ξ

Nt
; ð2Þ

where Nt is the lattice time extent. Hence, the lattice
temperature can be varied continuously, through ξ.

*forcrand@phys.ethz.ch
†wunger@physik.uni-bielefeld.de
‡helvio.vairinhos@gmail.com

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
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1With staggered fermions, the spacetime lattice is necessarily
bipartite. In particular, on a rectangular lattice it has an even
number of lattice points in each direction. In this case, the lattice
time extent is Nt ≥ 2, hence the lattice temperature is
aT ¼ 1

Nt
≤ 0.5 < aTc.
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In lattice gauge theory, the physical parameters a and ξ
can only be varied implicitly, through independent bare
parameters: the bare gauge coupling β and the bare
anisotropy coupling γ. These bare parameters couple
differently to the spatial and temporal plaquettes in the
Wilson action of SUðNcÞ or UðNcÞ pure lattice gauge
theory in dþ 1 dimensions [3]:

Sg ¼
β

γ

X
x

X
1≤i<j≤d

�
1 −

1

Nc
ReTrðUx;ijÞ

�

þ βγ
X
x

Xd
i¼1

�
1 −

1

Nc
ReTrðUx;i0Þ

�
; ð3Þ

where Ux;μν is the ordered product of link variables around
a plaquette parallel to the μ̂ and ν̂ directions.
For a single flavor of staggered fermions in the strong-

coupling limit (β ¼ 0), the anisotropic lattice action is
given by

Sf ¼ 2atmq

X
x

ψ̄xψx

þ
X
x

Xd
μ¼0

γδμ0ηxμðeatμqδμ0 ψ̄xUxμψxþμ̂

− e−atμqδμ0 ψ̄xþμ̂U
†
xμψxÞ; ð4Þ

where atmq and atμq are the bare quark mass and quark
chemical potential, respectively, and ηxμ ¼ �1 are the
staggered phases. In the case of UðNcÞ, gauge invariance
dictates that color singlets are independent of atμq, hence
we may set atμq to zero without loss of generality.
How a and ξ depend on the bare parameters of the theory

is unknown a priori. This knowledge is, however, essential
for precision measurements on anisotropic lattices, e.g.
bulk thermodynamic quantities, and any uncontrolled
approximation can easily be the main source of systematic
errors.
In the weak gauge coupling regime (β → ∞) of the

SUðNcÞ pure gauge theory Eq. (3), perturbation theory and
the nonrenormalization of the speed of light can be used to
calibrate the anisotropy coupling [4]. In that regime, it is
found that ξpertðγÞ ¼ γ (as expected classically).
Using mean field techniques, the behavior of the

renormalized anisotropy at strong coupling (β ≪ 1) and
at large values of γ is predicted to be quadratic, with unit
prefactor [5]:

ξmfðγÞ ¼ γ2: ð5Þ

In the nonperturbative regime, however, the relation
between bare and renormalized anisotropy couplings can
only be determined numerically. This has been done, for
example, in pure gauge theory [3,6], in lattice QCD with

staggered fermions [7] or Wilson fermions [8]. The non-
perturbative renormalization of the bare parameters
requires fine-tuning, guided by some physical criterion
which controls the recovery of Euclidean symmetry.
In this Letter we present a simple, precise, and non-

perturbative method to calibrate the anisotropy coupling in
lattice QCD with massless staggered fermions, in the limit
of strong gauge coupling.

II. DIAGRAMMATIC REPRESENTATION
OF LATTICE QCD

The partition function of SUðNcÞ or UðNcÞ QCD on a
bipartite Nt × Nd

s lattice, with a single flavor of staggered
fermions, in the strong-coupling limit (β → 0) factorizes
into a product of solvable fermionic one-link integrals:

Z ¼
Z

DψDψ̄ exp

�
2atmq

X
x

ψ̄xψx

�

×
Y
x;μ

Z
dUxμ expðγδμ0ηxμðeatμqδμ0 ψ̄xUxμψxþμ̂

− e−atμqδμ0 ψ̄xþμ̂U
†
xμψxÞÞ: ð6Þ

In the SUðNcÞ case, the group integration of the link
variables, followed by the Grassmann integration of the
fermionic degrees of freedom, yields the partition function
of a monomer-dimer-loop system [9]:

Z ¼
X

fn;k;lg

Y
x

Nc!

nx!

Y
x;μ

ðNc − kxμÞ!
Nc!kxμ!

σðlÞ
Nc!

jlj ð2atmqÞNM

× γ2NDtþNcNlteNcNtatμqwðlÞ: ð7Þ
This partition function is a constrained sum over

integer occupation numbers of monomers and dimers,
nx, kxμ ∈ f0; 1;…; Ncg, and of oriented baryon links,
lxμ ∈ f0;�1g, which combine to form oriented baryon
loops. The global quantities,

NM ¼
X
x

nx; ð8aÞ

NDt ¼
X
x

kx0; ð8bÞ

Nlt ¼
X
x

jlx0j; ð8cÞ

enumerate the monomers, temporal dimers, and temporal
baryon links on the lattice, respectively. σðlÞ ¼ �1 is a
geometric sign associated with the configuration of baryon
loops l; jlj is their length, and wðlÞ is their winding
number around the Euclidean time direction.
The monomers represent fermion condensates, Mnx

x ,
dimers represent meson hoppings, ðMxMxþμ̂Þkxμ , and
baryon links represent baryon hoppings, B̄xBxþμ̂ or
B̄xþμ̂Bx, where Mx is a meson and Bx is a baryon:
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Mx ¼ ψ̄xψx; ð9aÞ

Bx ¼
1

Nc!
εi1…iNc

ψ i1
x …ψ

iNc
x : ð9bÞ

In order for a configuration of occupation numbers to
contribute nontrivially to the partition function Eq. (7), the
Grassmann integrals over the corresponding fermionic
degrees of freedom must be nontrivial on each lattice site.
Due to their Grassmann nature, such configurations must

necessarily represent arrangements of exactly Nc fermions
and Nc antifermions on each lattice site.2 This imposes the
following local constraints on the integer occupation
numbers:

nx þ
X
�μ

�
kxμ þ

Nc

2
jlxμj

�
¼! Nc; ð10aÞ

X
�μ

lxμ ¼! 0: ð10bÞ

Equation (10b) is a local discrete conservation law for
baryon links, which formalizes our statement above that
baryon links in admissible configurations form closed
oriented loops.
In the UðNcÞ case, since lxμ ¼ 0, the partition

function Eq. (7) reduces to a sum over monomer-dimer
configurations:

Z ¼
X
fn;kg

Y
x

Nc!

nx!

Y
x;μ

ðNc − kxμÞ!
Nc!kxμ!

ð2atmqÞNMγ2NDt ; ð11Þ

with the same Grassmann constraint for monomers and
dimers on each site:

nx þ
X
�μ

kxμ ¼! Nc: ð12Þ

Likewise, the UðNcÞ observables are defined in the same
way as the observables (in the mesonic sector) of the
SUðNcÞ theory.

III. CONSERVED CURRENTS
AND CONSERVED CHARGES

Let σx ¼ �1 be the parity of the site x on a bipartite
lattice. From Eq. (10b), it is easy to construct baryonic
currents:

jBxμ ¼ σxlxμ; ð13Þ

which are conserved at every site:

Xd
μ¼0

ðjBxμ − jBx−μ̂;μÞ ¼ 0: ð14Þ

The corresponding conserved charges are integrals of the
baryonic currents Eq. (13) over a codimension-1 lattice
slice Sμ, perpendicular to μ̂:

QB
μ ¼

X
x∈Sμ

jBxμ: ð15Þ

Similarly, by rewriting Eq. (10a) as

X
�μ

�
kxμ þ

Nc

2
jlxμj −

Nc

2d

�
¼ −nx; ð16Þ

it is easy to construct the corresponding (pion) currents:

jxμ ¼ σx

�
kxμ þ

Nc

2
jlxμj −

Nc

2d

�
; ð17Þ

from which a local discrete Gauss’ law for dimers results:

Xd
μ¼0

ðjxμ − jx−μ̂;μÞ ¼ −σxnx: ð18Þ

Thus, monomers are sources of the pion currents. Using
Grassmann variables, the source term on the right-hand
side of Eq. (18) corresponds to −atmqψ̄xγ5ψx. Only in the
chiral limit, i.e. in the absence of monomers, are the pion
currents conserved. In the chiral limit, the corresponding
conserved charges are integrals of the pion currents over a
lattice slice Sμ:

Qμ ¼
X
x∈Sμ

jxμ: ð19Þ

In the UðNcÞ theory, since lxμ ¼ 0, the pion currents
simplify to

jxμ ¼ σx

�
kxμ −

Nc

2d

�
: ð20Þ

IV. NONPERTURBATIVE
ANISOTROPY CALIBRATION

In this section, we show how the conserved pion charges
can be used to calibrate the anisotropy coupling in lattice
QCD with staggered fermions, at zero temperature, in the
strong-coupling limit.
In the strong-coupling limit, the partition functions of

SUðNcÞ and UðNcÞ lattice QCD with staggered fermions
have monomer-dimer-loop representations, Eqs. (7) and
(11), with no dependence on the spatial lattice spacing, a.
In order for the pion charges Qμ to be conserved, we take
the lattice fermions to be massless, atmq ¼ 0. In the

2If the gauge group is SUðNcÞ, the ordering of the Grassmann
variables in such arrangements contributes with the geometric
sign σðlÞ ¼ �1, which introduces a (baryonic) sign problem in
the system. See Eq. (7).
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SUðNcÞ case, we only consider the case of zero chemical
potential, atμq ¼ 0.3 The corresponding partition functions
thus depend only on a single parameter: the bare anisotropy
coupling γ.
Let us consider the theories to be defined on anisotropic

Nt × Nd
s lattices. In order to calibrate the anisotropy, we

compare the fluctuations of the conserved pion charges in
different directions.
Due to spatial isotropy, the expectation values of

fluctuations of the spatial pion charges Qi, i ¼ 1;…; d
must coincide. Therefore, it is convenient to quantify
spatial fluctuations using the expectation value of

Q2
s ¼

1

d

Xd
i¼1

Q2
i ; ð21Þ

while the temporal fluctuations are quantified using the
expectation value of Q2

t ¼ Q2
0.

Now, when the lattice is hypercubic, i.e. Nt ¼ ξNs, the
fluctuations of the spatial and temporal conserved charges
must be equal. This provides a simple, nonperturbative
criterion for the renormalization of the anisotropy coupling:

the value of the bare parameter, γnp, corresponding to the
renormalized value, ξðγnpÞ ¼ Nt/Ns, is that for which the
fluctuations of the spatial and temporal conserved charges
are equal:

hQ2
t iγnp ¼

! hQ2
siγnp : ð22Þ

In Fig. 1, we give a practical example. In a numerical
simulation of U(3) lattice QCD on a 32 × 163 lattice, we
evaluate hQ2

si and hQ2
t i for a few values of the bare

parameter γ, about the correct nonperturbative value γnp
associated with the renormalized anisotropy parameter,
ξ ¼ 2. Using Ferrenberg-Swendsen multihistogram
reweighting, we interpolate the measurements of the
fluctuations and estimate with high precision the value
of the bare parameter for which the two curves intersect,
i.e. when the lattice is hypercubic. In this particular case,
γnp ¼ 1.55725ð29Þ. This value is to be compared with
the commonly accepted mean field prediction, γmf ¼ffiffiffiffiffiffiffiffiffiffiffi
ξ ¼ 2

p
≈ 1.41421.

V. RUNNING ANISOTROPY

It is also possible to estimate the running of the
anisotropy parameter, 1

ξ
dξ
dγ, using extra information from

the intersection point in Fig. 1. This quantity—the strong-
coupling analogue of Karsch’s coefficients [4]—is impor-
tant for computing e.g. bulk thermodynamic quantities, like
the energy density and pressure [10].
The fluctuations of the conserved charges scale with the

volume of the lattice slices on which the corresponding
conserved currents are integrated over

hQ2
t i ∝ ðNsaÞ3; ð23aÞ

hQ2
si ∝ ðNsaÞ2Ntat: ð23bÞ

The ratio of temporal and spatial fluctuations then becomes
directly related to the renormalized anisotropy:

hQ2
t i

hQ2
si

¼ Ns

Nt
ξ: ð24Þ

We have already explained the fact that this ratio is 1 when
the lattice is hypercubic.
Now, taking the derivative of Eq. (24) with respect to the

bare parameter γ, at the intersection of the curves in Fig. 1,
yields the value of the running anisotropy at that point:

d
dγ

hQ2
t i

hQ2
si
����
γnp

¼
hQ2

t i0γnp − hQ2
si0γnp

hQ2iγnp
¼ Ns

Nt

dξ
dγ

����
γnp

¼ 1

ξ

dξ
dγ

����
γnp

: ð25Þ
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slope of 〈Qt
2〉 at γnp

slope of 〈Qs
2〉 at γnp

γnp

〈Q2〉 at γnp

〈Q
μ2 〉

γ

timelike

spacelike

FIG. 1. Measurements of the fluctuations of the conserved pion
charges in a numerical simulation of U(3) lattice QCD on a
32 × 163 lattice. The measurements are interpolated using
Ferrenberg-Swendsen multihistogram reweighting. The intersec-
tion of the two curves provides a precise nonperturbative estimate
of the bare parameter γnp associated with the renormalized
anisotropy: ξ ¼ 2. It also provides an estimate of the value of
such fluctuations in the hypercubic lattice, hQ2i, which, together
with the estimates of the slopes of the tangents to the curves at
the intersection point, allows an estimation of the running
anisotropy, 1

ξ
dξ
dγ.

3The chemical potential only modifies the temporal boundary
conditions, which is irrelevant at T ¼ 0. A nonzero quark mass,
on the other hand, modifies the dynamics, and so the renorm-
alization prescription must take this into account (we discuss the
massive case in the Conclusion).
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Therefore, in order to estimate the value of the running
anisotropy at γnp, we also need the value of the fluctuation
of the conserved pion charges on a hypercubic lattice:

hQ2iγnp ≡ hQ2
t iγnp ¼

! hQ2
siγnp ; ð26Þ

and the values of the slopes of the tangents to the curves at
the intersection point: hQ2

t i0γnp and hQ2
si0γnp .

VI. NUMERICAL RENORMALIZATION

The Monte Carlo sampling of the UðNcÞ partition
function Eq. (11) is highly efficient when using directed
path algorithms [11]. In the SUðNcÞ case, observables must
be reweighted because of the occurrence of negative-weight
baryonic configurations, even at zero chemical potential.
However, this sign problem is mild and controllable for
moderate lattice volumes [1,2,10].
We simulate massless U(3) and SU(3) lattice QCD in the

strong-coupling limit, using the directed path algorithm
[11], for several values of the renormalized anisotropy ξ.
For each ξ, we estimate the corresponding value of the bare
parameter γnp on a ðξNsÞ × N3

s lattice, for several values of
Ns, using the method described in Sec. IV. We also measure
the running of the anisotropy coupling Eq. (25). The results
for U(3) and SU(3) are summarized in Tables I and II,
respectively.
In these tables, rather than storing the estimators of

Eq. (25), we instead store the estimators of its reciprocal,
the reason being that the latter enters linearly in the
definition of important bulk thermodynamic quantities,
e.g. the energy density:

a4ε ¼ a4

V
∂ logZ
∂T−1 ¼ ξ

γ

dγ
dξ

2ξhNDti
Ns

: ð27Þ

The nonperturbative relation between the renormalised
and bare anisotropy parameters, in the thermodynamic
limit, is presented in Fig. 2(a). At large anisotropies, the
renormalized parameter depends quadratically on the bare
parameter. Such a behavior is expected from mean field
arguments. However, the corresponding prefactor differs
significantly (≈25%) from that of the mean field relation
Eq. (5). This introduces a significant systematic error in any
numerical study of strongly coupled lattice QCD.
We find that the whole range of measurements is well

described by a simple, one-parameter rational Ansatz (see
Fig. 2(b)):

ξðγÞ
γ2

≈ κ þ 1

1þ λγ4
; ð28Þ

where κ is a constant, and λ¼! κ/ð1 − κÞ, from the require-

ment that ξð1Þ¼! 1. The approach to the continuous time
limit is better captured by Taylor expanding Eq. (28) to
quadratic order in 1/ξ2 (see Fig. 2(c)):

ξðγÞ
γ2

≈ κ

�
1þ c1

ξ2
þ c2

ξ4

�
: ð29Þ

The fitted values of κ using theAnsatz Eq. (29), consistent
with those obtained using the Ansatz Eq. (28), are

κ ¼
�
0.7795ð4Þ; Uð3Þ
0.7810ð8Þ; SUð3Þ; ð30Þ

where errors are statistical only. This prefactor is signifi-
cantly different from the mean field value 1.
Values for U(3) and SU(3) are statistically consistent

with each other. This is to be expected: in the continuous

TABLE I. Values of the bare anisotropy coupling γnp associated
with the renormalized anisotropy ξ, from numerical simulations of
massless U(3) lattice QCD on ðξNsÞ × N3

s lattices. Corresponding
values of the running anisotropy (derivative), the helicity modulus
a2ϒ, and the chiral susceptibility density a6χ/N4

s. The quantity γnp
exhibits small finite-volume corrections and is consistent (within
errors) with its thermodynamic limit, even on the smallest lattices.
This rapid convergence justifies using small lattice measurements
as thermodynamic estimators for γnp. This is particularly useful in
simulations at large ξ, for which significant statistics can only be
obtained on small volumes.

ξ Ns γnp
ξ
γ
dγ
dξ

���
γnp a2Υ a6χ/N4

s

1/2 8 0.5741(2) 0.435(9) 0.27470(7) 0.283789(5)
12 0.5745(2) 0.453(8) 0.27491(2) 0.282628(8)
16 0.5743(2) 0.43(1) 0.274795(8) 0.282207(4)
20 0.5743(4) 0.44(2) 0.27479(2) 0.282092(3)
24 0.5744(5) 0.44(3) 0.27469(2) 0.282157(7)

1

4 1.00000(5) 0.357(2) 0.433247(7) 0.489464(1)
6 1.0001(5) 0.39(2) 0.43388(2) 0.485824(9)
8 0.9998(5) 0.34(2) 0.43408(2) 0.484272(6)
10 1.0000(5) 0.36(3) 0.43418(2) 0.483406(5)

2

4 1.55745(7) 0.284(2) 0.548979(9) 0.683806(2)
6 1.5570(4) 0.28(2) 0.54933(2) 0.67935(1)
8 1.557(1) 0.37(5) 0.54945(3) 0.67775(2)
10 1.5565(9) 0.27(3) 0.54889(3) 0.67696(2)
12 1.5566(8) 0.26(3) 0.54914(4) 0.67636(2)

3

4 1.9446(1) 0.261(4) 0.582224(1) 0.761084(2)
6 1.9431(8) 0.31(2) 0.58265(3) 0.75674(2)
8 1.9445(7) 0.23(3) 0.58247(3) 0.75382(2)
10 1.9442(9) 0.25(2) 0.58206(4) 0.75309(2)

4

4 2.2573(1) 0.254(2) 0.594889(1) 0.798407(2)
6 2.2566(3) 0.257(6) 0.595057(7) 0.793426(6)
8 2.2568(4) 0.274(6) 0.59514(2) 0.791196(4)
10 2.2566(6) 0.268(8) 0.59497(2) 0.79023(1)

5

4 2.5273(2) 0.248(3) 0.600789(6) 0.819251(2)
6 2.5267(3) 0.264(6) 0.600829(7) 0.814061(4)
8 2.5266(5) 0.26(2) 0.60085(2) 0.81195(1)
10 2.531(3) 0.5(3) 0.6011(2) 0.80865(7)

6

4 2.7692(2) 0.247(2) 0.603881(5) 0.832205(3)
6 2.7682(3) 0.27(2) 0.604074(7) 0.827064(5)
8 2.7683(6) 0.23(2) 0.60390(2) 0.824761(9)
10 2.7683(8) 0.31(2) 0.60388(2) 0.82384(1)

8

4 3.1954(2) 0.255(4) 0.606741(4) 0.847192(2)
6 3.1943(5) 0.238(4) 0.60697(2) 0.841938(4)
8 3.1946(7) 0.25(2) 0.60665(2) 0.83959(2)
10 3.194(2) 0.21(3) 0.60687(4) 0.83889(1)
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time limit, baryons become increasingly static, and their
effect on pion currents vanishes at T ¼ 0.
The Ansatz Eq. (28) is also consistent, after differ-

entiation, with the Monte Carlo data for the running
anisotropy. In particular, for the isotropic case, instead of
the mean field value,

1

ξmf

dξmf

dγ

����
γ¼1

¼ 2; ð31Þ

we find nonperturbative corrections consistent with

1

ξ

dξ
dγ

����
γ¼1

≈ 2þ 4κðκ − 1Þ: ð32Þ

VII. APPLICATIONS

In this section, we use the nonperturbative relation
between ξ and γ, determined above, in order to control
the convergence of several physical quantities to their
continuous time limits.
First, we examine the Nt dependence of the phase

boundary of the ðμq; TÞ phase diagram of massless
SU(3) lattice QCD and its sensitivity to the anisotropy
prescription. Then, we estimate the continuous time values
of the static baryon mass amB, the pion decay constant
aFπ , and the infinite-volume chiral condensate a3Σ, in
massless U(3) or SU(3) lattice QCD. We use a quadratic
Ansatz in 1/ξ2, consistent with Oða2Þ discretization errors
of staggered fermions, to model the anisotropy corrections
to the continuous time limit:

O ≈OCT

�
1þ c1

ξ2
þ c2

ξ4

�
; ð33Þ

where O is one of the physical quantities listed above, and
OCT is the corresponding continuous time value.
For the computation of the pion decay constant and of

the chiral condensate, we use the fact that U(3) and SU(3)
lattice QCD with massless staggered fermions have an
exact Oð2Þ chiral symmetry. At T ¼ 0 this symmetry is
spontaneously broken, and the dynamics of the resulting
Goldstone degrees of freedom (pions) are well described by
an O(2) sigma model in d ¼ 4 dimensions. From a finite-
size scaling analysis of the discrete O(2) model, it is then
possible to extract low-energy quantities like Fπ and Σ.
For example, the pion decay constant at T ¼ 0 can be

shown to be related to the helicity modulus ϒ [12]:

a2F2
π ¼ lim

Ns→∞
a2ϒ; ð34Þ

which corresponds, in the diagrammatic representation, to
the variance of the conserved pion charges Qμ on a
hypercubic lattice [13]:

a2ϒ ¼ 1

N2
s
hQ2iγnp : ð35Þ

In turn, the chiral condensate Σ at T ¼ 0 can be
estimated from the finite-size scaling of the chiral suscep-
tibility χ, evaluated on hypercubic lattices. This has been
done in d ¼ 3þ 1 at finite temperature [13]. In our case
where T ¼ 0, chiral perturbation theory of the O(2)
model predicts the leading finite-size corrections to be of
the form [12]:

TABLE II. Values of the bare anisotropy coupling γnp asso-
ciated with the renormalized anisotropy ξ, from numerical
simulations of massless SU(3) lattice QCD on ðξNsÞ × N3

s
lattices. Corresponding values of the running anisotropy (deriva-
tive), the helicity modulus a2ϒ, the chiral susceptibility density
a6χ/N4

s , and the average baryonic sign. The quantity γnp exhibits
small finite-volume corrections and is consistent (within errors)
with its thermodynamic limit, even on the smallest lattices. This
rapid convergence justifies using small lattice measurements as
thermodynamic estimators for γnp. This is particularly useful in
simulations at large ξ, for which significant statistics can only be
obtained on small volumes. In the continuous time limit, the
baryons become increasingly static, which explains the lack of
fluctuations that contribute to the sign problem at large ξ.

ξ Ns γnp
ξ
γ
dγ
dξ

���
γnp a2Υ a6χ/N4

s average sign

1/2 8 0.5743(2) 0.43(1) 0.27445(2) 0.283424(6) 0.99657(7)
12 0.5745(2) 0.450(6) 0.274509(6) 0.282271(4) 0.9833(2)
16 0.5744(2) 0.436(6) 0.274417(6) 0.281835(2) 0.9475(8)
20 0.5744(4) 0.43(2) 0.274471(6) 0.281640(4) 0.818(4)
24 0.5746(7) 0.44(3) 0.27459(2) 0.28152(2) 0.63(2)

2/3 6 0.7324(2) 0.405(6) 0.34033(2) 0.362517(3) 0.99863(2)
12 0.7327(4) 0.38(1) 0.34040(2) 0.359782(8) 0.9777(4)

1

4 0.99993(5) 0.356(2) 0.432995(9) 0.489211(1) 0.991260(3)
6 1.0000(3) 0.36(2) 0.43384(2) 0.485553(5) 0.99830(2)
8 1.0002(3) 0.36(2) 0.43400(1) 0.483803(6) 0.99543(7)

10 0.9999(3) 0.369(5) 0.433984(8) 0.483086(6) 0.9876(2)

3/2 4 1.3117(2) 0.309(5) 0.510010(1) 0.610195(3) 0.996258(6)
8 1.3115(5) 0.30(2) 0.51024(2) 0.603968(9) 0.9933(2)

2

4 1.5573(2) 0.291(5) 0.548483(8) 0.683098(2) 0.998044(7)
6 1.5571(4) 0.28(2) 0.54882(2) 0.678474(8) 0.99815(3)
8 1.5568(6) 0.29(2) 0.54884(2) 0.676714(8) 0.99162(2)

10 1.5569(5) 0.28(2) 0.54873(3) 0.67565(2) 0.97084(8)
12 1.5572(6) 0.24(2) 0.54870(2) 0.67518(2) 0.942(3)

3

4 1.9449(2) 0.263(4) 0.581568(5) 0.760045(5) 0.999186(4)
6 1.944(1) 0.31(6) 0.58200(3) 0.75514(2) 0.99787(8)
8 1.944(2) 0.32(4) 0.58200(3) 0.75323(2) 0.9921(4)

10 1.945(1) 0.26(2) 0.58170(4) 0.75143(3) 0.979(2)

4

4 2.2581(6) 0.262(8) 0.59431(2) 0.79686(2) 0.999682(4)
6 2.2578(9) 0.27(2) 0.59455(3) 0.79164(2) 0.99885(5)
8 2.258(1) 0.24(3) 0.59433(5) 0.78914(4) 0.9964(2)

10 2.2569(6) 0.27(1) 0.59455(3) 0.78899(1) 0.9898(5)

5

4 2.5288(6) 0.25(3) 0.6002(2) 0.81777(2) 0.999770(9)
6 2.527(1) 0.21(2) 0.60071(4) 0.81291(2) 0.99885(7)
8 2.528(2) 0.23(3) 0.60024(6) 0.81009(4) 0.9983(2)

10 2.5272(9) 0.25(4) 0.60022(4) 0.80927(3) 0.9870(7)

6

4 2.7702(2) 0.248(5) 0.60354(2) 0.830977(4) 0.999816(1)
6 2.7693(4) 0.241(7) 0.603662(8) 0.825741(7) 0.99958(2)
8 2.7685(8) 0.30(3) 0.60375(2) 0.82393(1) 0.99857(6)

10 2.769(2) 0.3(1) 0.60362(4) 0.82234(5) 0.985(1)

8

4 3.1968(3) 0.257(5) 0.60656(2) 0.845910(3) 0.999891(1)
6 3.1958(5) 0.275(8) 0.60671(2) 0.840645(7) 0.999808(6)
8 3.196(1) 0.25(3) 0.60669(3) 0.83855(2) 0.99902(5)

10 3.195(2) 0.22(3) 0.60539(7) 0.8370(1) 0.9935(7)
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a6χ ≈
1

2
a6Σ2N4

s

�
1þ β1

a2F2
πN2

s
þ α

2a4F4
πN4

s

�
; ð36Þ

where β1 ¼ 0.140461 and α is given by

α ¼ β21 þ β2 þ
1

8π2
log

aΛ2
ΣNs

ΛM
; ð37Þ

withβ2 ¼ −0.020305, andΛΣ,ΛM are renormalizationgroup
invariant scales. The average value of the chiral susceptibility
is estimated using intermediate configurations—generated
with the directed path algorithm—which sample the mesonic
two-point function, as described in [11].

A. Phase diagram

An example of a study that is sensitive to the choice of an
anisotropy prescription is the mapping of the phase dia-
gram of massless SU(3) lattice QCD, in the strong-coupling
limit [1].
The phase boundary separating the chirally broken phase

at low ðμq; TÞ and the chirally symmetric phase at high
ðμq; TÞ is determined by monitoring the chiral condensate

a3Σ during Monte Carlo simulations, using directed path
algorithms and sign reweighting for importance sampling
on moderate volumes (see Fig. 3).
For fixed Nt, the temperature is varied implicitly through

the bare coupling γ [2]. Assuming the mean field relation
Eq. (5), the observed phase boundary has a strong depend-
ence on Nt (see Fig. 3, top), which makes its interpretation
questionable. This systematic error is dramatically reduced
by using the nonperturbative prescription Eq. (28) for the
renormalized anisotropy (see Fig. 3, bottom). Note that,
under the nonperturbative prescription, the tricritical cou-
plings on the temperature and chemical potential axes both
decrease by ≈25%.
Moreover, analytic studies of the phase diagram gen-

erally consider Euclidean time as continuous [15] and
should be compared with the Nt ¼ ∞ data only.

B. Static baryon mass

The static baryon mass amB is another observable for
which the inexact calibration of anisotropy can have a
strong effect. This observable can be determined using the
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FIG. 2. Nonperturbative relation between the bare and renormalized anisotropy parameters, for U(3) (green) and SU(3) (purple)
massless lattice QCD, in the thermodynamic limit, presented in 3 different ways. Figure 2(a) shows that, as predicted by mean field, the
renormalized anisotropy at large γ is ξðγÞ ∝ γ2, but with a smaller prefactor than predicted. Figure 2(b) shows the ratio ξ/γ2 for a wide
range of γ, larger and smaller than 1. A simple one-parameter Ansatz Eq. (28) describes the data well. Figure 2(c) shows the approach to
the continuous time limit, i.e. ξ → ∞. In that regime, ξ/γ2 approaches a constant κ, with quadratic corrections in 1/ξ2. The behaviors of
U(3) and SU(3) are almost undistinguishable because baryons are heavy and describe small loops only.
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“snake algorithm” [16], which samples partition functions
Zk describing the system with an open baryonic segment of
length k:

amB ¼ ξ

Nt

XNt−2

k¼0

log
Zkþ2

Zk
: ð38Þ

We simulate massless SU(3) lattice QCD for different
anisotropies using the snake algorithm and estimate amB as
a function of ξ (see Fig. 4). Under the two anisotropy
prescriptions, Eqs. (5) and (28), baryon masses differ by
≈25% at large ξ. In this regime, the fitting Ansatz Eq. (33)
describes the data well. The vertical intercepts give the
values of the static baryon mass in the continuous time (CT)
limit:

ðamBÞCT ¼
�
4.550ð8Þ; mean field

3.556ð6Þ; nonperturbative:
ð39Þ

On an isotropic lattice, static baryons have mass amB ≈
2.88 [1] and become heavier with anisotropy. In the
continuous time limit, the baryon mass is only ≈ 20%
heavier than the isotropic case, when using the nonpertur-
bative prescription for the anisotropy, as compared with the
≈50% difference when using mean field.

C. Pion decay constant

Using our nonperturbative prescription for ξ, we can
obtain reliable estimates of several physical quantities in
the continuous time limit, e.g. the pion decay constant,
aFπ . In order to estimate this quantity, we measure the
helicity modulus Eq. (35) for several finite hypercubic
lattices and values of ξ. The results are summarized in
Tables I and II and displayed in Fig. 5 (top). The pion decay
constant (squared) corresponds to the thermodynamic limit
of the helicity modulus, in accordance with Eq. (34).
Again, the numerical data can be suitably fitted using the

Ansatz Eq. (33). At large ξ, the anisotropy corrections are
rather small. The vertical intercepts give the values of the
pion decay constant in the continuous time limit at T ¼ 0

4:

ðaFπÞCT ¼
�
0.7820ð2Þ; Uð3Þ
0.78171ð4Þ; SUð3Þ: ð40Þ
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FIG. 3. Phase diagram of SU(3) lattice QCD with massless
staggered fermions, in the strong-coupling limit, in which the
anisotropy is set using mean field (top) [2], or using the present
nonperturbative prescription (bottom). Under the nonperturbative
prescription Eq. (28), the Nt dependence of the phase boundary
and of the tricritical point decreases substantially. Also, the
tricritical couplings on the horizontal and vertical axes both
decrease by ≈25%. The Nt ¼ ∞ data are produced from
simulations directly in the continuous time limit [14].
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FIG. 4. Effect of the physical anisotropy on the static baryon
mass, in massless SU(3) lattice QCD. The anisotropy corrections
to the continuous time limit (ξ → ∞) are well described by a
quadratic Ansatz in 1/ξ2. The baryon mass is heavier on
anisotropic lattices than on isotropic lattices, where its value is
amB ≈ 2.88 [1]. With the anisotropy set using mean field, the
baryon mass receives an ≈50% correction in the continuous time
limit with respect to the isotropic case, while under the present
nonperturbative prescription it only receives an ≈20% correction.

4New, direct measurements of aFπ in the continuous time limit
[17] are consistent with our extrapolation.
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Again, U(3) and SU(3) are equivalent in the thermody-
namic and continuous time limits, within errors.

D. Chiral condensate

We also estimate accurate values for the infinite-volume
chiral condensate a3Σ, by analyzing the finite-size scaling
of the chiral susceptibility a6χ, using chiral perturbation
theory, and by using our nonperturbative prescription for
the lattice anisotropy.
To this end, we estimate the chiral susceptibility density

a6χ/N4
s (as in [11]) for several finite hypercubic lattices and

values of ξ (see Tables I and II). We estimate a6Σ2 at finite ξ
by extrapolating a6χ/N4

s to the thermodynamic limit,
modeling the finite-size corrections in accordance with
chiral perturbation theory; see Eq. (36).
The dependence of a3Σ on ξ is again well described by

the Ansatz Eq. (33) (see Fig. 5, bottom). The vertical

intercepts give the values of the chiral condensate in the
continuous time limit at T ¼ 0:

ða3ΣÞCT ¼
�
1.3063ð9Þ; Uð3Þ
1.306ð1Þ; SUð3Þ: ð41Þ

As before, U(3) and SU(3) are equivalent in the thermo-
dynamic and continuous time limits, within errors. We also
observe that, when keeping β1 as a free parameter in
Eq. (36), the finite-size fits are consistent with its theo-
retical value.

VIII. CONCLUSION

It is very important to have a precise scale for the lattice
anisotropy. Even though mean field captures the correct
power scaling of the renormalized anisotropy for asymp-
totically large values of the bare anisotropy, namely ξ ∼ γ2,
it fails to predict the nonperturbative prefactor. The
discrepancy between the mean field and nonperturbative
prefactors introduces systematic errors of the same magni-
tude in many physical quantities of interest, particularly in
the continuous time limit. This should be kept in mind
when comparing strong-coupling Monte Carlo results and
analytic mean field results, since the latter are usually
formulated in continuous time.
In the dimer representation of the strong-coupling limit of

lattice QCD with massless staggered fermions, we have
proposed a simple method to determine the nonpertu-
rbative dependence ξðγÞ between the bare and renorma-
lized anisotropy couplings. The method is amenable to
Monte Carlo simulations using very efficient directed path
algorithmswhich, togetherwith themultihistogram reweight-
ing method, allows us to determine ξðγÞwith high precision.
In the end, the nonperturbative prefactor is observed to be off
by ≈25% with respect to the mean field prefactor.
As an application, we revisit the phase diagram of SU(3)

lattice QCD [1] and update it using our nonperturbative
relation ξðγÞ. A strong dependence of the phase boundary
on Nt, introduced by the mean field anisotropy, essentially
vanishes. The new locations of the phase boundary and of
the tricritical point reveal corrections of ≈25%, in the
chemical potential and temperature, compared with the old
mean field values. We also compute the mass of the static
baryon in the continuous time limit, which again receives
corrections of ≈25% compared with the mean field value.
These corrections are the direct consequence of the ≈ 25%
correction to the mean field prefactor to ξðγÞ men-
tioned above.
We also estimate the values of the pion decay constant,

aFπ , and of the infinite-volume chiral condensate, a3Σ, in
massless lattice QCD in the strong-coupling limit at T ¼ 0.
The anisotropy corrections to these quantities are small and
provide a reliable extrapolation to their continuous time
limits.
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FIG. 5. Effect of the physical anisotropy on the pion decay
constant (top) and on the chiral condensate (bottom), in massless
U(3) and SU(3) lattice QCD. The anisotropy corrections to the
continuous time limit (ξ → ∞) are rather small and well
described by a quadratic Ansatz in 1/ξ2. The baryonic corrections
to the U(3) helicity modulus are negligible. In both graphs, the
isotropic points ξ ¼ 1 are not included in the quadratic fits: the
intersection of the fitting curves with the isotropic point in the top
graph is accidental.
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Even though the strong-coupling limit of lattice QCD is
unphysical, it may still be of interest to compare its
predictions with those of continuum QCD, in the regime
where chiral symmetry is spontaneously broken. For
example, the strong-coupling SU(3) lattice value of the
pion decay constant Eq. (40), in units of the critical
temperature aTc ≈ 1.089 [10], is Fπ/Tc ≈ 0.72, which is
about 15% above the continuum QCD value.
Our approach can be generalized to the case of massive

quarks. As before, in a hypercubic box the variances of the
spatial and the temporal pion chargesEq. (19) can be required
to be equal. Since they still scale as in Eqs. (23a) and (23b),
the renormalization criterion Eq. (22) is justified. What
changes is that the pion charges are no longer conserved
as per Eq. (18), i.e. have different values on parallel
codimension-1 lattice slices. A sensible observable is the
average over such parallel slices of the variance of the pion
charge on each slice. Thus, the setting of the anisotropy
should be performed in a fixed volume L4, characterized by
the value of mπL. This implies a fine-tuning of the quark
mass, in order to keep fixedmπLwhile the bare anisotropy γ
is varied. Alternatively, the anisotropy may also be set by
keeping ξ and mqL ¼ Ntatmq fixed while varying γ [17].
It may also be possible to extend the present study to

finite β, in the framework of the OðβÞ partition function
defined in [2]. The new occupation numbers (associated
with plaquettes) introduce new Grassmann constraints on

the extended configuration space. Such constraints may be
used to construct analogues of the pion current, which
would include plaquette corrections. In the chiral limit, we
expect such currents to be conserved. The associated
conserved charges could then be used to define non-
perturbative renormalization criteria for the (independent)
spatial and temporal gauge couplings. An extension of this
program to finite quark mass would be similar to the above
proposal for β ¼ 0.
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lattices [A5]
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1. Introduction: Sign Problem

Lattice QCD at finite baryon density suffers from the numerical sign problem: no direct sim-
ulations based on the fermion determinant (such as RHMC) are feasible, due to the fact that the
fermion determinant becomes complex for µB > 0. Hence, with the well established methods, a
possible critical endpoint is still out of reach. Methods based on a complexified parameter space
(Complex Langevin, Lefschetz Thimbles) are promising, but not (yet) applicable to full QCD.
Since the sign problem is representation-dependent, the partition sum can also be rewritten in new
degrees of freedom which are closer to the physical states. Then the sign problem can be milder or
even be absent. Here, we will make use of so-called dual representations,. These have been proven
useful in many models which have severe sign problems in the original formulation (e. g. [1]).
For lattice QCD, a dual representation is well known in the strong coupling limit in terms of a
monomer-dimer system [2, 3, 4]. In this limit β = 2Nc

g2 → 0, it is possible to reverse the order
of integration and integrate out all gauge fields Uµ(x) before the Grassman variables since link
integration factorizes due to the absence of the plaquette contributions of the gauge action. The
resulting color singlet degrees of freedom are mesons and baryons. This system has been studied
since decades both via Monte Carlo and mean field and has proven to be a great laboratory for finite
density QCD. The advantage of the dual formulation of strong coupling LQCD is twofold: (1) the
very mild sign problem (which is even absent in the continuous time limit) and (2) the applicability
of Worm algorithms that enable fast simulations. This allows to study the full phase diagram in the
µB - T plane.

2. The Dual Representation of Strong Coupling Lattice QCD

The strong coupling partition function is obtained from the fermionic action of staggered
fermions by an exact rewriting of the path integral by integrating out the gluons first. Followed
by Grassmann integration, it can be mapped on a discrete system of monomers nx ∈ {0, . . .Nc},
dimers kb ∈ {0, . . .Nc}, and world lines `b ∈ {0,±1} [2, 3]:

ZF(mq,µ) = ∑
{k,n,`}

∏
b=(x,µ)

(Nc− kb)!
Nc!kb! ∏

x

Nc!
nx!

(2amq)
nx ∏̀

(
1

Nc!|`|
σ(`)e3Nt rlaτ µ

)
(2.1)

The Grassmann integration imposes the following constraint on the sum over configurations in the
above partition sum:

nx + ∑
µ̂=±0̂,...±d̂

(
kµ̂(x)+

Nc

2
|`µ̂(x)|

)
= Nc, (2.2)

which is a remnant of the gauge group and entails that mesonic degrees of freedom (monomers and
dimers) do not touch baryon world lines, The latter form oriented self-avoiding loops ` of length
|`|, and its sign σ(`) ∈ {−1,+1} depends on loop geometry.

The caveat of this formulation is that the lattice is very coarse, and it requires β > 0 to make
the lattice finer. In principle it is possible to include the effects of the gauge action by expanding it
in terms of plaquette occupation numbers before integrating out the gauge links. This gives rise to a
strong coupling expansion. Here, we do not include such corrections, but they have been addressed

1
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to next to leading order [5, 6] and have also been presented at this conference in the contribution [7]
“Towards a Dual Representation of Lattice QCD” by G. Gagliardi. Alternative strategies with dual
variables have been proposed in [8, 9]. The leading order gauge correction O(β ) to the SC-LQCD
phase diagram in the chiral limit has been first addressed via reweighting in β from the ensemble
at β = 0 [5]. Here it was found that although the nuclear liquid gas critical end point splits from
the chiral tri-critical point, the first order line from the nuclear transition and the chiral transition
did not split. An immediate question one can ask is: do the nuclear and chiral transition split at
sufficiently large β? New simulations obtained by sampling plaquette contributions directly via
world sheets did not indicate any splitting [6]. We may have to consider the possibility that in the
chiral limit, both transitions are on top even in the continuum limit. Hence it might be necessary
to address simulations at finite quark mass for the splitting to be sizeable. This motivates the study
presented here.

3. Thermodynamics of Strong Coupling Lattice QCD

In order to vary the temperature in the strong coupling limit, where the lattice spacing a(β )
cannot be modified at fixed β = 0, we need to introduce the bare anisotropy γ in the Dirac couplings.
This is in particular necessary since aT = 1/Nt is discrete (with Nt even): it turns out that the
chiral transition temperature is about aTc ' 1.5, hence we cannot address the phase transition on
isotropic lattices. The bare anisotropy will change the temporal lattice spacing at continuously at
fixed as ≡ a. :

LF(m̂,at µ,γ) = ∑
x

{
∑
ν

γδν0ην(x)
(

eat µδν0ψ̄xUν(x)ψx+ν̂ − e−at µδν0ψ̄x+ν̂U†
ν (x)ψx

)
+2m̂ψ̄xψx

}

ZF(m̂,at µ,γ) = ∑
{k,n,`}

∏
b=(x,ν)

(Nc− kb)!
Nc!kb!

γ2kbδν0 ∏
x

Nc!
nx!

(2m̂)nx ∏̀w(`,at µ) (3.1)

The anisotropy as
at
≡ ξ (γ) is a non-perturbative function of the bare anisotropy γ which allows to

define the temperature aT = ξ (γ)
Nt

. At weak coupling one expects ξ (γ) = γ , however, at strong
coupling, where the degrees of freedom are not quarks but hadrons, this is not the case. Mean
field theory at strong coupling implies ξ (γ) = γ2, since the square of the critical bare coupling
is proportional to Nt : γ2

c = Nt
(d−1)(Nc+1)(Nc+2)

6(Nc+3) [10]. However, modifications are expected beyond
mean field, hence we need to determine the precise correspondence between ξ ≡ as/at and γ .

Consider the SU(3) partition function Eq. (3.1), in terms of the extensive quantities: NM =∑
x

nx

the total monomer number, Nq = 2NDt +3NBt (with NDt = ∑
x

kx,0 and NBt = ∑
x
|bx,0| the total number

of temporal dimer and temporal baryon segments), and Ω the total winding number of all baryon
world lines. The dimensionless thermodynamic observables in terms of these dual variables are:

baryon density: a3
s ρB = a3

s
T
V

∂ logZ
∂ µB

∣∣∣∣
V,T

=
〈Ω〉
N3

σ
= 〈ω〉 (3.2)

energy density: a3
s atε = µBρB−

a3at

V
∂ logZ
∂T−1

∣∣∣∣
V,µB

=
ξ
γ

dγ
dξ
〈
nq
〉
−〈nM〉 (3.3)

pressure: a3
s at p =− a3

s atT
∂ logZ

∂V

∣∣∣∣
T,µB

=
ξ
3γ

dγ
dξ
〈
nq
〉

(3.4)

2
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chiral condensate: a4
s 〈ψ̄ψ〉= a4

s
〈NM〉

N3
σ Nta4

s at
=

ξ
m̂
〈nM〉 (3.5)

interaction measure: ε−3p =−〈nM〉
a3

s at
=−mq 〈ψ̄ψ〉 (3.6)

Clearly, most of these observables explicitly depend on ξ (γ) and its derivative. They have
been measured in the full µB - T plane after having determined ξ (γ) non-perturbatively.

4. Anisotropy Calibration and Results

The determination of ξ (γ) in the chiral limit has already been addressed in [11, 12]. The
non-perturbative result deviates from the mean field assignment ξmf(γ) = γ2 considerably:

ξ (γ)≈ κγ2 +
γ2

1+λγ4 with κ = 0.781(1) (4.1)

As an application, the dependence of observables on the anisotropy was studied: the pion decay
constant, the chiral condensate and the baryon mass. With this result, it is also possible to define
unambiguously the continuous time limit at→ 0 via Nt→∞ and γ→∞ at fixed aT , which is further
elaborated in [13] and in a contribution to this conference “Temporal Correlators in the Continuous
Time Limit of Lattice QCD” my M. Klegrewe [14]. The anisotropy calibration can also directly be
performed in the continuous time limit.

In this proceedings, we want to extend these results to finite quark, i. e. we address the
anisotropy calibration and its difficulties for mq > 0. In order to determine ξ (γ) the idea is to
consider the following current that is implied by the Grassmann constraint [15]:

jµ(x) = σ(x)
(

kµ(x)−
Nc

2
|bx,µ |−

Nc

2d

)
→ ∑

±µ̂
( jµ(x)− jµ(x− µ̂)) =−σ(x)n(x) (4.2)

In the chiral limit, where n(x) = 0, the current jµ(x) is locally conserved. The conserved charge
Qµ = ∑

x⊥µ
jµ(x) has

〈
Qµ
〉
= 0, but non-zero variance:

〈
Q2

µ
〉
6= 0. The calibration of ξ (γ) is then

obtained via a renormalization condition on demanding a physically isotropic box:

atNt = asNs ⇔
〈
Q2

t
〉
(γ0)

!
=
〈
Q2

s
〉
(γ0),

as

at
=

Nt

Ns
= ξ (γ0). (4.3)

To extend this method to finite quark mass, there is yet a difficulty: jµ(x) is no longer a
conserved current, i.e. on a given configuration, Qt(t1) 6= Qt(t2) (and Qz(z1) 6= Qt(z2)). This is
expected because the monomers are sources of a pion current −mqψ̄γ5ψ . However, due to the
even/odd decomposition for staggered fermions, there are as many monomers on even as on odd
sites. Hence, when averaging over parallel hypersurfaces,

Qt =
1
Nt

∑
t
(Qt(t)), Qz =

1
Ns

∑
z
(Qz(z)), (4.4)

the monomers of opposite parity σ(x) cancel each other, such that the total charge and its fluctu-
ations can still be used for anisotropy calibration. Again, we demand the fluctuations to be equal,

3
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Figure 1: Anisotropy calibration at bare mass m̂ = 0.1, ξ = 5 on a lattice 103 × 50. Left: Spatial and
temporal charge fluctuations. Center: Ratio, from which γ0 is obtained. Right: Monomer density around γ0.

〈
Q2

t
〉
(γ0)

!
=
〈
Q2

s
〉
(γ0). However, at finite dimensionless bare quark mass m̂, we need to keep the

physics constant e. g. MπL = const or [mq 〈ψ̄ψ〉]L = const. Hence we need to determine m̂(ξ ) as
well (see also [16]). We implement the second condition:

a4mq 〈ψ̄ψ〉= a3atξ m̂(ξ )〈ψ̄ψ〉= ξ 〈nx〉= const, (4.5)

which is related to the monomer density. Note that it is not possible to identify m̂ with either
amq nor atmq as m̂ depends on ξ (m̂ is the bare mass in Eq. (3.1)). In Fig. 1 an example of the
anisotropy calibration is shown. Fig. 2 shows the final result obtained by scanning through various
bare quark masses m̂ ∈ [0,1] and lattices 103×Nt with aspect ratio Nt

Ns
= ξ ∈ {1,2,3,4,5,6,8,10}.

With the calibration results, the continuous time limit Nt→∞ is well defined also for finite mq with

 0
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Figure 2: Anisotropy calibration at finite quark mass: Left: Lines of constant physics: fixed mqψ̄ψ , which
defines m̂(ξ ) with m̂1 = m̂(ξ = 1) = amq. Right: bare anisotropy γ as a function of ξ and m̂.

mq/T fixed. The extrapolation towards continuous time is shown in Fig. 3. The non-perturbative
correction factor turns out to have a simple quark mass dependence, such that the temperature and
chemical potential are uniquely specified and have a well defined continuous time limit also at
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finite quark mass m̂1 = amq:

κ(m̂1) =
κ0

1+ c1m̂1 + c2m̂2
1

aT = κ(m̂1)[aT ]mf aµB = κ(m̂1)[aµB]mf (4.6)
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2
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2
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fit κ0/(1+c1m̂1+c2m̂1
2
)

Figure 3: Example on how to obtain the continuous time limit at finite quark mass. Left: Correction factor
ξ (γ)/γ2 at fixed m̂1. Right: Dependence of the correction factor κ in the continuous time limit on mq.

By fixing the temperature aT on a lattice specified by Nt , and the isotropic bare quark mass
m̂1 = amq, one can determine via ξ = aT Nt the corresponding m̂(ξ ) and γ0(ξ , m̂(ξ )) for the Monte
Carlo simulations. With this it is possible to measure various thermodynamic observables at fixed
mass in the µB-T plane. Results on the phase boundary at mq > 0 have already been addressed in
[17], but here the mass-independent mean field definitions aT and aµB were used. The new results
for the thermodynamic observables Eqs. (3.2)-(3.5), are shown in Fig. (4) for amq = 0.1.

5. Conclusions

We have shown how to extend the anisotropy calibration to finite quark mass to obtain the
bare anisotropy γ0(ξ , m̂(ξ )) given ξ = as

at
corresponds to a physically isotropic lattice: asNs = atNt .

Here, the difficulty was addressed that γ0 now also depends on m̂, which requires an additional
condition that keeps the physics constant and yields m̂ = m̂(ξ ). This allows us to define the tem-
perature/chemical potenital and measure thermodynamic observables such as energy and pressure
unambiguously. Simulations in the continuous time limit ξ → ∞ confirm the extrapolated results
(see also the contribution to this conference [14]). In the future, we want to address the anisotropy
calibration also for β > 0: Here, the non-perturbative determination of as/at ≡ ξ (γ, m̂,β ) now also
involves β , and it might be necessary to introduce an additional bare anisotropy βs/βt as well.
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Figure 4: Various thermodynamic observables in the µB - T plane at quark mass amq = 0.1. The imprint of
the chiral critical endpoint at around (aT,aµB)' (0.6,2.0) can clearly be seen in all observables.
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Mass Dependence of the CEP in the Strong Coupling Jangho Kim

1. Introduction

It is possible to investigate the fullµ-T phase diagram using strong coupling lattice QCD in
the dual representation due to its mild sign problem. The sign problem depends on the representa-
tion of the partition function. It is well known that in the strong coupling limitβ ≡ 2Nc

g2 → 0, i. e. in
the absence of the gauge action, one can make use of a dual representation due to the factorization
of one-link gauge integrals [1]. This dual representation is well suited for Monte Carlo simulations
via the worm algorithm [2, 3]. Such simulations on theµ-T phase diagram have been carried out
in the chiral limit [4, 5]. Simulation at finite quark masses have been studied in [3]. Here we ex-
tend on these studies and focus on the phase boundary for finite quark masses. Also we obtain the
critical end points (CEP) for finite quark masses.

The Lagrangian for staggered fermionsχ including an anisotropyγ , favoring temporal gauge
links in order to continuously vary the temperature, is:

LF = ∑
ν

γδν0

2
ην(x)

(
eµδν0χ(x)Uν (x)χ(x+ ν̂)−e−µδν0χ(x+ ν̂)U†

ν (x)χ(x)
)
. (1.1)

From the Eq. (1.1), one can derive the partition function in the dual representation by integrating
out the gauge links and Grassmann variables:

Z = ∑
{k,n,ℓ}

∏
b=(x,µ̂)

(Nc −kb)!
Nc!kb!

γ2kbδ0̂,µ̂

︸ ︷︷ ︸
meson hoppings

∏
x

Nc!
nx!

(2amq)
nx

︸ ︷︷ ︸
chiral condensate

∏
ℓ

w(ℓ,µ)

︸ ︷︷ ︸
baryon hoppings

. (1.2)

This partition function describes a system of mesons and baryons. The mesons live on the bonds
b ≡ (x, µ̂), where they hop to a nearest neighbory = x+ µ̂ , and the hopping multiplicity are given
by so-called dimerskb ∈ {0, . . . ,Nc}. The baryon must form self-avoiding loops.

w(ℓ,µ) =
1

∏x∈ℓ
σ(ℓ)γ3N0̂ exp(3Ntrℓat µ) , σ(ℓ) = (−1)rℓ+N−(ℓ)+1 ∏

b=(x,µ̂)∈ℓ

ηµ̂(x) , (1.3)

whereℓ denotes a baryon loop,N0̂ is the number of baryons in temporal direction.Nt is the number
of lattice sites in temporal direction andrℓ is the baryon winding number in temporal direction.
σ(ℓ) is the sign. The sign is related to staggered phase factorηµ̂(x) and the geometry of the baryon
loopℓ: the winding numberrℓ and the number of baryons in negative directionN−(ℓ). N−(ℓ) comes
from the negative sign in front of the second term in Eq. (1.1). By the Grassmann constraint, the
summation over configurations∑{k,n,ℓ} in Eq. (1.1) is restricted by the following condition.

nx + ∑
µ=±0,··· ,±d

(
kµ(x)+

Nc

2
|ℓµ(x)|

)
= Nc (1.4)

In the chiral condensate part,mq is the quark mass andnx is the number of monomers at sitex.
In the chiral limit, monomers are absent to avoid that the partition function becomes zero. On the
contrary, for finite quark masses, monomers are present.

1
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2. Chiral and Nuclear Transition

2.1 Symmetries and phase diagram

The chiral symmetry at strong coupling isχ ′(x) = eiαε(x)χ(x), whereε(x) = (−1)∑µ xµ . It
is spontaneously broken (〈χχ〉 6= 0) at low temperatures and densities. At high temperatures and
densities, the chiral symmetry is restored (〈χχ〉 = 0). Between these two phases, there is a 2nd
order phase transition line withO(2) critical exponents at small chemical potential (µ < µtric) and
a 1st order lineµ1st(T) > µtric. The tricritical point (TCP) is located between the 2nd and 1st order
lines point. On the other hand, nuclear transition between vacuum phase and nuclear matter phase
does not have the 2nd order line. They have the 2nd order CEP that is similar to the CEP of a
liquid gas transition, and the 1st order line is located below the CEP. The 1st order lineµ1st(T)

separates the hadronic phase where the baryon density〈nB〉 = 0 from the nuclear matter phase.
At T = 0 and aboveµ > µ1st, where〈nB〉 = 1, Pauli saturation occurrs: Due to the finite lattice
spacing, the baryons form a crystal in this nuclear matter phase, i. e. every lattice site is filled by
a baryon. Because of the Pauli principle, the mesons and the baryons can not intersect with each
other. Hence, in the nuclear matter phase, the chiral condensate〈χχ〉 vanishes. On the contrary, in
the hadronic phase, the baryons are rare and the mesons are common.

2.2 Observables

Our observables for the chiral transition are the chiral condensate〈χχ〉 and the chiral suscep-
tibility χch.

〈χχ〉 =
1

2mqV
〈NM〉 , χch =

1
V

∂ 2

∂ (2mq)2 logZ =
1

(2mq)2V

(
〈N2

M〉− 〈NM〉2 −〈NM〉
)
, (2.1)

whereNM ≡ ∑xnx. In the chiral limit,〈χχ〉 = 0 becauseNM = 0. For the nuclear transition, we
measure the baryon density〈nB〉 and the baryon susceptibilityχB, which are given by the winding
numbersrℓ ∈ Z.

〈nB〉 =
1

VsNt

∂
∂ (3at µ)

logZ =
1
Vs

〈∑
ℓ

rℓ〉 , χB =
Nt

Vs

(
〈(∑

ℓ

rℓ)
2〉− 〈∑

ℓ

rℓ〉2) (2.2)

The general reweighting method with the average sign is applied in our study.

〈O〉 =
〈Oσ〉
〈σ〉 , 〈σ〉 = exp(−L3Nt∆ f ) , (2.3)

where∆ f is the difference between full and sign-quenched free energy density.

2.3 Anisotropy and finite temperature

We introduce the anisotropyγ in the Dirac couplings in order to vary the temperature in the
strong coupling limitβ = 0, whereadoes not vary, butat does vary in Eq. (1.1). The ratio of the lat-
tice spacing in spatial and temporal direction can be written as a general functionaat

= ξ (γ). Mean
field theory of Eq. (1.2) suggests [6] thatξ ′(γ) = γ2, it is anNt-independent choice.ξ (γ) is ob-
tained from non-perturbative calculation [7]. Hence, we use the following notations to distinguish
ξ (γ) andξ ′(γ).

aµ ′ = at µξ ′(γ) , aT′ =
ξ ′(γ)

Nt
, aµ = at µξ (γ) , aT =

ξ (γ)

Nt
(2.4)

2
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3. Results

3.1 Average sign
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Figure 1: The average sign in the range of 0.5 < aT′ < 1, and 0.6 < aµ ′ < 0.8 for amq = 0.01,0.1. Here,
∆ f = − 1

V log〈sign〉

In order to show the mildness of the sign problem in the dual the representation, we plot∆ f in
Fig. 1 which is defined in Eq. (2.3). In the area of 0.5 < aT′ < 1, and 0.6 < aµ ′ < 0.8, where our
simulation is done, the average sign is quite small for various quark massesamq = 0.01,0.1.

3.2 Finite size scaling at finite density

We use finite size scaling to the chiral and nuclear susceptibilities to find the temperature of
CEP. The finite size scaling is carried out using the following critical exponents. In the chiral limit
(mq = 0), theO(2) exponents withLρ(≡γ/ν), γ = 1.3177 andν = 0.67155 are used for the 2nd
order line in chiral transition and CEP in nuclear transition. For the crossover region in the nuclear
transition,ρ = 1 is applied. We use the exponents withγ = 1 andν = 0.5 at the TCP for the chiral
transition. For the finite quark masses, we apply theZ(2) exponents withγ = 1.237 andν = 0.613
at the CEP for both chiral and nuclear transitions.ρ = 3 is applied for the first order lines.

We scan the parameter space along theµ-direction for various temperatures in the range of
0.5 ≤ aT ≤ 1.0 with the step size 0.05 to find the CEP and phase boundary. We analyse a peak of
the chiral and baryon susceptibilities. In the chiral limit, the chiral susceptibility does not have a
peak. Hence, we use the baryon susceptibility to find the TCP temperature because the location of
the TCP in the chiral transition is same as that of the CEP for the nuclear transition in the strong
coupling limit (β = 0). For finite quark masses, the chiral susceptibility has a peak. So, we obtain
the CEPs and phase boundaries separately from the chiral andnuclear transitions. We use the
standard finite scaling method to find the temperature of the CEP. We compare the peak heights of
the different lattice volumes, they are rescaled by the CEP exponents. By the standard method, the
peak heights of the different lattice volumes become equal at the temperature (aT′

E) of the CEP.

To obtain the critical chemical potentialat µ ′
c, we analyse the peak position of the chiral and

baryon susceptibilities. For the chiral transition in the chiral limit, we obtain the critical chemical
potentialat µ ′

c from the crossing points between the different lattice volumes because the chiral sus-
ceptibility does not have a peak. For other cases, we obtain the peak position using the following

3
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Figure 2: The left panel shows the Breit-Wigner fit to find the peak position. The right panel shows the
extrapolation to the thermodynamic limit for various quarkmasses in fixed temperatureaT′ = 0.7.

way. First, we fit a peak of the susceptibility using the Breit-Wigner function with polynomial to
find the peak position. The red lines in Fig. 2(a) are the peak position with fitting errors. After
we get theat µ ′

c, we do the extrapolation to the thermodynamic limit to eliminate the volume de-
pendency. The results of extrapolations have very linear behavior with respect to 1/V as shown in
Fig. 2(b).
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Figure 3: The chiral and baryon susceptibilities in the chiral limit.In the case of chiral susceptibility, we
apply the finite size scaling withρ = 1.962 for the 2nd order in the third panel, andρ = 3 for the 1st order
transition in the first panel. For the baryon susceptibility, we applyρ = 1 for crossover transition in the forth
panel, andρ = 3 for the 1st order transition in the second panel.

First, we address the results in the chiral limit comparing the 1st order lines from the nuclear
and chiral transition. We plot the chiral and nuclear susceptibilities in Fig. 3. For the chiral tran-
sition ataT′ = 0.95, we use theO(2) exponents for 2nd line. But the case of nuclear transition at
aT′ = 0.95, crossover scalingρ = 1 is applied. We apply finite size scaling withρ = 3 ataT′ = 0.7
for both chiral and nuclear transitions because they are belonged in the temperature of 1st order
transition.

If we turn on the quark mass, the chiral susceptibility has a peak. We plot the chiral condensate
and susceptibility for finite quark mass in Fig. 4(a). The baryon density and susceptibility for finite
quark mass are plotted in Fig. 4(b). For the lower panels in Fig. 4(a) and Fig. 4(b), theZ(2)

exponents are applied. Then, the order of peak heights ataT′ = 0.725 and those ataT′ = 0.75 are
opposite. Hence, we find that the temperature of the CEP is located between 0.725< aT′ < 0.75.
The phase boundaries for finite quark masses are obtained from the peak analysis explained above.
In the Table 1, our results of CEPs are agree with the previousMonte Carlo results for various

4
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Figure 4: The figure (a) shows the chiral condensate and the chiral susceptibility for finite quark mass
mq = 0.05 near the critical end point temperature. The data is more noisy than those of nuclear transition
due to the monomer fluctuations. The figure (b) shows the baryon density and the baryon susceptibility for
finite quark massmq = 0.05 near the critical end point temperature.

quark masses. We also compare the results to the Mean Field results in Table 1.

amq Previous MC(aT′
E, aµ ′

E) MeanField(aT′
E, aµ ′

E) Ours(aT′
E, aµ ′

E) Ours(aTE, aµE)
0.00 0.94(7), 0.64+0.02

−0.04 0.866, 0.577 0.83(3), 0.6671(2) 0.69(3), 0.5563(2)
0.01 0.77(3), 0.70(2) 0.764, 0.583 0.78(3), 0.7005(5) 0.66(3), 0.5906(4)
0.02 N/A N/A 0.75(3), 0.7234(14) 0.64(3), 0.6137(12)
0.05 N/A 0.690, 0.617 0.73(3), 0.7808(5) 0.62(3), 0.6653(4)
0.10 0.69(1), 0.86(1) 0.646, 0.653 0.70(3), 0.8606(10) 0.60(3), 0.7386(9)

Table 1: We compare our results of CEPs for various quark masses to theprevious Monte Carlo results [3]
and Mean Field results [8]. The forth column shows the results when we apply the correct anisotropyξ (γ).

3.3 Phase diagram for finite quark masses

Finally, we obtain the phase diagram for finite quark masses.We plot the phase diagrams
appliedξ ′(γ) = γ2 andξ (γ) in the first and second panels in Fig. 5. When we apply theξ ′(γ),
they have back-bending in the low temperature region. This is because forγ < 1 spatial dimers
are favored, which results in an unphysical phase boundary.However, the back-bending disappears
when the correct non-perturbative resultξ (γ) is applied. The third panel shows the trajectory of
CEPs and those of mean-field theory [8]. The x-axis(amq)

2/5 in this panel is suggested by tricritical
scaling. Due to the correct non-perturbative anisotropyξ (γ), the mismatch with mean-field theory
has been enlarged. Just asaTc differs between Monte Carlo and mean-field theory, also the slope
in (amq)

2/5 differs.

4. Conclusion

We obtain the phase boundary and critical end points for various quark masses using Monte
Carlo simulation in the dual representation. We extend the 1st order phase boundary to the lower

5
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Figure 5: The first and second panels are the phase boundary of chiral and nuclear transition for finite
quark masses. In the first panel, we apply theξ ′(γ) = γ2 for anisotropy. They have back-bending at the
low temperature region. In the second panel, we applyξ (γ) obtained from non-perturbative calculation.
After we apply the correct anisotropy, the back-bending hasdisappeared. The third panel is the trajectory of
critical end points (fromξ (γ) andξ ′(γ)) and those of mean-field theory.

temperature than the previous Monte Carlo results. As expected, both the nuclear and chiral 1st
order transitions are on top also formq > 0. By applying the non-perturbative results fora

at
≡ ξ (γ),

we confirm the disappearance of back-bending for all quark masses.

Acknowledgments

Calculations leading to the results presented here were performed on resources provided by
the Paderborn Center for Parallel Computing. We would like to thank Philippe de Forcrand and
Helvio Vairinhos for helpful discussions.

References

[1] P. Rossi and U. Wolff,Lattice QCD With Fermions at Strong Coupling: A Dimer System, Nucl. Phys.
B248(1984) 105–122.

[2] D. H. Adams and S. Chandrasekharan,Chiral limit of strongly coupled lattice gauge theories, Nucl.
Phys.B662(2003) 220–246, [hep-lat/0303003].

[3] M. Fromm,Lattice QCD at string coupling: thermodynamics and nuclearphysics, Thesis(2010).

[4] P. de Forcrand and M. Fromm,Nuclear Physics from lattice QCD at strong coupling, Phys. Rev. Lett.
104(2010) 112005, [0907.1915].

[5] W. Unger and P. de Forcrand,Continuous Time Monte Carlo for Lattice QCD in the Strong Coupling
Limit, PoSLATTICE2011 (2011) 218, [1111.1434].

[6] G. Faldt and B. Petersson,Strong Coupling Expansion of Lattice Gauge Theories at Finite
Temperature, Nucl. Phys.B265(1986) 197–222.

[7] P. de Forcrand, P. Romatschke, W. Unger, and H. Vairinhos, Thermodynamics of strongly-coupled
lattice QCD in the chiral limit, PoSLATTICE2016 (2016) 086.

[8] Y. Nishida,Phase structures of strong coupling lattice QCD with finite baryon and isospin density,
Phys. Rev.D69 (2004) 094501, [hep-ph/0312371].

6



Appendix B

Reprint of articles reviewed in Chapter 3

B.1 The Phase Diagram of Lattice QCD in the Strong

Coupling Limit and Away from It [B1]

137



Vol. 7 (2014) Acta Physica Polonica B Proceedings Supplement No 1

THE PHASE DIAGRAM OF LATTICE QCD
IN THE STRONG COUPLING LIMIT

AND AWAY FROM IT∗

Wolfgang Unger

Institut für Theoretische Physik, Goethe-Universität Frankfurt
60438 Frankfurt am Main, Germany

(Received February 14, 2014)

The strong coupling limit of staggered lattice QCD has been studied
for decades, both via Monte Carlo and mean field. In this model, the finite
density sign problem is mild and the full phase diagram can be studied,
even in the chiral limit. However, in the strong coupling limit the lattice
is maximally coarse. Here, we propose a method to go beyond the strong
coupling limit with first results and discuss the consequences on the QCD
phase diagram in the µ–T plane, in particular the existence of chiral crit-
ical end point which is sought in heavy ion collisions. We explain how to
construct an effective theory for non-zero lattice coupling, valid to O(β),
and present Monte Carlo results incorporating these corrections.
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1. Introduction

It is one of the main goals of lattice QCD at finite temperature and
density to map the phase boundary and the order of the transition as a
function of the quark chemical potential µ and the temperature T . However,
due to the sign problem of fermion determinant based Hybrid Monte Carlo,
little progress has been made in this field. All the methods at hand are
limited to small µ/T [1]. Here, we propose to study the phase diagram from
a strong coupling perspective, where simulations are feasible also at finite
chemical potential. The basic idea of strong coupling lattice QCD is to
perform the link integrals analytically before integrating out the Grassmann
variables, hence no fermion determinant arises. The sign problem does not
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June 14–16, 2013.
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pose a problem in practice, because at high temperatures or densities the sign
problem vanishes and is still mild across the phase boundary. We adopt the
staggered fermion discretization, where a reformulation in “dual variables”
can be obtained ([2, 3], see also [4] for the dual variable approach in another
model with chemical potential). The full QCD partition function is given by

ZQCD =

∫
dψdψ̄dUeSG+SF , SG =

β

2Nc

∑

P

tr
[
UP + U †P

]
, (1)

SF = amq

∑

x

ψ̄xψx
1

2

∑

x,ν

ην(x)γδν0

×
[
ψ̄xe

atµδν0Uν(x)ψx+ν̂ − ψ̄x+ν̂e−atµδν0U †ν (x)ψx

]
(2)

with mq the quark mass and µ = 1
3µB the quark chemical potential. The

anisotropy in the Dirac couplings γ is introduced to vary the temperature
continuously. At strong coupling, the ratio of spatial and temporal lattice
spacing is a

at
' γ2(1 + O (1/Nτ )) [5]. The action in the strong coupling

limit is simply given by the fermionic action, as the lattice gauge coupling
β = 2Nc/g

2 vanishes in the strong coupling limit g → ∞. Since the link
integration factorizes in the absence of the gauge action, the gauge links
Uν(x) can be integrated out analytically [6]. After performing the Grass-
mann integration, the final partition function, introduced in [2], is obtained
by an analytic rewriting in terms of hadronic degrees of freedom (mesons
and baryons)

ZSC =
∑

{k,n,`}

∏

b

(Nc − kb)!
Nc!kb!

∏

x

Nc!

nx!
(2amq)

nx
∏

`

w(`, µ) . (3)

The mesons are represented by monomers nx ∈ {0, . . . Nc} on sites x, and
dimers kb ∈ {0, . . . Nc} (with b = (x, µ) the bonds), whereas the baryons
are represented by oriented self-avoiding loops `. The weight w(`, µ) =(∏

b∈`Nc!
)−1

σ(`)eNcNτ r`aτµ for a baryonic loop ` and its sign σ(`) ∈ {+1,−1}
depends on the loop geometry. The essential constraint on the admissible
configuration {k, n, `} is the Grassmann constraint

nx +
∑

µ̂=±0̂,···±d̂

(
kµ̂(x) +

Nc

2
|`µ̂(x)|

)
= Nc . (4)

Due to this constraint, mesonic degrees of freedom (monomers and dimers)
cannot occupy baryonic sites. This system has been studied both via mean
field [7–10] and Monte Carlo methods [5, 11, 13]. In recent years, Monte
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Carlo simulations of this system have undergone a revival due to the appli-
cability of the Worm algorithm [5, 12, 13]. The idea is to violate the Grass-
mann constraint in order to sample the monomer two-point function G(x, y)
from which the chiral susceptibility is computed. These techniques have
been applied to obtain all lattice data presented in this paper. In Fig. 1, we
show the (µ, T ) phase diagram in the strong coupling limit and for mq = 0,
where

〈
ψ̄ψ
〉
is an exact order parameter for spontaneous chiral symmetry

breaking. It is qualitatively similar to the expected phase diagram of QCD
in the chiral limit: the transition is of second order at aµ = 0, up to the
tricritical point at (aµtcp, aTtcp), and turns to first order. At finite quark
mass, the second order line turns into a crossover, the tricritical point into
a second order critical end point. At low temperatures, in contrast to QCD,
the chiral transition coincides with the nuclear transition. This is because
above the critical chemical potential a baryonic crystal forms, which restores
chiral symmetry. This saturation effect is a lattice artifact.
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Fig. 1. SC phase diagram from Worm algorithm with identifications: aT = γ2

Nτ
,

aµ = γ2aτµ. Note that the re-entrance at low temperatures vanishes in continuous
time (Nτ →∞).

Since strong coupling lattice QCD can be thought of as a one-parameter
deformation of continuum QCD, an important question is how both phase
diagrams are connected. Due to the sign problem, only the plane at µ = 0
and the plane at β = 0 is known. The QCD phase diagram in the (µ, T ) plane
in the continuum limit is largely unknown. If the tricritical point persists
in the continuum limit, this is strong evidence for the existence of a chiral
critical end point in full QCD at physical quark mass. In order to go beyond
the strong coupling limit, we derive a partition function valid at O (β), from
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which we compute the slope of the chiral transition temperature. There are
two questions we want to address: What is the slope of the tricritical line
with respect to β, and do the chiral and nuclear transition split as expected?
Two of various possible scenarios are sketched in Fig. 2.

Fig. 2. Two scenarios of the extension of the chiral transition to finite β. It is
expected that the chiral transition and the nuclear transition will split. The first
and second order regions are separated by tricritial lines. Of special interest is
whether the tricritical point at strong coupling will move to smaller (left) or larger
(right) values of µc as a function of β.

2. Corrections to the strong coupling limit

To go beyond the strong coupling limit, a systematic expansion of the
QCD partition function in β is needed. Here, we derive the effective action
valid to the leading order O (β). The SC partition function including the
gauge part can be written in terms of a fermionic path integral

ZQCD =

∫
dχdχ̄dUeSG+SF =

∫
dχdχ̄ZF

〈
eSG
〉
ZF

, (5)

where ZF =
∫
dUe−SF is the fermionic partiton function, which is related

to the strong coupling partition function via ZSC =
∫
dχdχ̄ZF. The gauge

action can then be expressed as an expectation value which we linearize to
obtain the O (β) contribution

〈
eSG
〉
ZF
' 1 + 〈SG〉U = 1 +

β

2Nc

∑

P

〈
tr
[
UP + U †P

]〉
ZF

. (6)
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Evaluating the expectation value of the elementary plaquette tr[UP ] in the
strong coupling ensemble, we need to compute the link integrals with an
additional gauge link coming from the plaquette. Before Grassmann inte-
gration, the plaquette is given by P = JijJjkJklJli with the link integrals at
the edge of an elementary plaquette [14–16]

Jij =

Nc∑

k=1

(Nc − k)!

Nc!(k − 1)!
(MχMϕ)k−1χ̄jϕi

+
1

Nc!(Nc − 1)!
εii1i2εjj1j2ϕ̄i1ϕ̄i2χj1χj2 −

1

3
B̄χBφφ̄jχi (7)

with M and B representing the mesons and baryons. From these link in-
tegrals, we can compute the weight for inserting a plaquette or a Polyakov
loop into the strong coupling configuration. At the corners of the plaquette,
the Grassmann variables φ, χ are bound into baryons and mesons to fulfill
a modified Grassmann constraint: here, the degrees of freedom add up to
Nc + 1. For Nc = 3, there are 19 diagrams contributing to the plaquette P
[16], one of them given in Fig. 3. We can summarize the generalized link
weights w and site weights v as follows

vM = (Nc − 1) , vB = Nc! , wDk =
(Nc − k)!

Nc!k!
k ,

wB0 =
1

Nc!
, wB1 =

1

Nc!(Nc − 1)!
, wB2 =

(Nc − 1)!

Nc!
, (8)

where at vB the external leg is baryonic, whereas at vM the external leg is
mesonic, B1 is an oriented link where one quark flux is replaced by a gauge
flux and B2 the link state of a baryon dressed with oppositely oriented gauge
and quark flux. We can insert a new set of variables, the plaquette occu-
pation numbers qp ∈ {0, 1} (and derived from it a bond-plaquette number
qb ∈ {0, 1}), to include a Metropolis update allowing to sample the partition
function

Z =
∑

{k,n,q,`}

∏

x

wx
∏

b

wb
∏

`

w`
∏

P

wP ,

wx =
Nc!

nx!
(2amq)

nxvi(x) , wb =
(Nc − kb)!
Nc!(kb−qb)!

,

w` =
∏

`

wBi(`)σ(`)e3Nτ r`aτµ , wP =

(
β

2Nc

)−2qp
(9)

at finite β. Qualitatively new aspects of the O (β) contributions are (1) that
mesons and baryons are now allowed to interact and (2) that baryons become
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extended objects, in contrast to their pointlike nature in the strong coupling
limit. There is no strict decomposition of the lattice into mesonic and bary-
onic sites due to the plaquettes. The O (β) corrections allow to measure
the zero-th order of gauge observables (average plaquette, Polyakov loop),
and the first order of fermionic observables (slope of the chiral suceptibility,
baryon density).

O (β)
≡

Gauge Flux

Quark Flux
confined in Baryon

Quark Flux
confined in Meson

Fig. 3. Illustration of reweighting from the strong coupling ensemble: insertion of
two parallel dimers produces one of the 19 plaquette diagrams. The dimer and
flux variables adjacent to the plaquette are composed of quark flux and gauge
flux: black/blue lines represent mesonic content, gray/red lines represent baryonic
content. The baryon becomes an extended object.

3. Gauge observables

We obtain gauge observables via reweighting from the strong coupling
ensemble, instead of sampling at finite β. This is because the average pla-
quette, given by

〈P 〉 =
2

V d(d− 1)

∂

∂β
log(Z) =

1

β
〈nP 〉 , nP =

2

V d(d− 1)

∑

P

qP (10)

is very noisy for small β due to the division of two small numbers. In Fig. 4
we show a detailed comparison of the strong coupling algorithm (making
use of both the worm algorithm and reweighting in the plaquette number,
abbreviated SC-algorithm) with conventional hybrid Monte Carlo (HMC).
Both the Polyakov loop and the average plaquette are consistent in the
whole parameter space in quark mass and temperature. In Fig. 5 the vol-
ume dependence of the Polyakov loop and average plaquette is shown, both
are sensitive to the chiral transition. This cusp-like behaviour should not
be interpreted as deconfinement, but is an imprint of the chiral transition.
We have reported this finding for U(3) gauge theory in [17], and similar be-
haviour is also found in the opposite limit of non-confining models, discussed
in [18].
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Fig. 4. Comparison of gauge observables measured both with SC-algorithm and
Hybrid Monte Carlo. Perfect agreement is found for the Polyakov loop (left). The
average plaquette (right) is very noisy in HMC, but in good agreement with the
results from the SC-algorithm.
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Fig. 5. Volume dependence of gauge observables: both the Polyakov loop (left) and
the average plaquette (right) show an L-dependence at the transition region, close
to aTc = 1.402(1).

4. Phase diagram as a function of β

For fermionic observables, such as the chiral susceptibility or the baryon
density, we can extract the leading order corrections (the slope with respect
to β). This allows us to compute the gauge corrections to the strong coupling
phase diagram. We now address the chiral susceptibility, which in terms of
the monomer number NM is given by
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χ =
1

(2amq)2L3Nt

(〈
N2

M

〉
− 〈NM〉2 − 〈NM〉

)
. (11)

In the following, we consider the chiral limit, where 〈NM〉 = 0 due to the
finite system size. The worm algorithm samples the 2-point correlation func-
tion in the 2-monomer sector, its integral is

χ=
1

V

∑

x1,x2

G(x1, x2) ≡
〈(
ψ̄ψ
)2〉

. (12)

The leading order Taylor coefficient of χ is given by the derivative of the
chiral susceptibility w.r.t. β.

χ(β) = χ0 + cχβ +O
(
β2
)
,

cχ =
∂

∂β

〈(
ψ̄ψ
)2〉

= N3
sNt

(〈(
ψ̄ψ
)2
P
〉
−
〈(
ψ̄ψ
)2 〈P 〉

〉)
. (13)

At finite temperature, we need in fact to measure both spatial and tem-
poral plaquette expectation values as well as their joint expectation value
with (ψ̄ψ)2. This results in two Taylor coefficients, cs, ct. However, cs is
largely suppressed with temperature, just as the spatial plaquette itself (see
Fig. 5), so that we did not need to consider any anistropy in the gauge
coupling βs/βt at the phase boundary. We determine the chiral transition
temperature via critical scaling with 3d O(2) critical exponents γ, ν

χL(T, β)/Lγ/ν = A+BtL1/ν , t =
T − Tc(β = 0)

Tc(β = 0)
(14)

that is the chiral susceptibility collapses on a universal scaling function when
rescaled in this way, which is almost linear in the scaling window with non-
universal coefficients A ' 1.001(1) and B ' −0.982(1) for SU(3) at zero
density. Our strategy is to determine the shift in aTc induced by a finite
value of β. For this to be the case, the Taylor coefficient also has to obey
critical scaling. We indeed find that cχ can well be fitted by a linear function
in t

cχ
χ
' c1 + c2L

1/ν + c3t , (15)

with c2 = −0.397(2) for SU(3) at µ = 0. The coefficient c3 drops out since
the term is of higer order in β. The slope of the critical temperature is

s ≡ d

dβ
aTc(β)

∣∣∣∣
β=0

= −aTc
A

B
c2 . (16)
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For SU(3), where aTc = 1.402(1) at µ = 0, we obtain s = −0.446(7), as
shown in Fig. 6, so we indeed find that the transition temperature drops.
The slope can be compared to the mean field result of Miura et al. [19],
who get s ≈ 0.4, which is quite compatible
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Fig. 6. The transition temperature from critical scaling of the chiral susceptibility.
Left: for β = 0, aTc = 1.402(1). Right: for β = 0.03, the transition temperature
shifts to aTc = 1.389(1).

The drop in aTc is expected since the lattice spacing a(β) shrinks as β
is increased. Also, in the strong coupling limit, the ratio Tc(µ=0)

3µc(T=0) ≈ 1.403
1.71 =

0.82 is much too large compared to the continuum result (in the chiral limit)
Tc
3µc
≈ 154MeV

0.93GeV = 0.165. Hence it is expected that the phase boundary at
small µ decreases more drastically with β than at large µ. Due to the
mild sign problem of the dimer representation, our method to determine the
slope of aTc can be readily extended to finite density. Numerical results for
the phase boundary as a function of β will be presented in a forthcoming
publication.

5. Conclusion

We have presented a method to compute gauge corrections to the QCD
phase diagram at strong coupling. The correct average plaquette and
Polyakov loop are reproduced at β = 0 and can be measured at high pre-
cision. This allows us to obtain the leading order gauge corrections to the
chiral susceptibilty via reweighting. Via a second order scaling analysis we
were able to get the slope of the chiral transition temperature d

dβaTc, which
is in good agreement with the expected value.
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We study lattice QCD with four flavors of staggered quarks. In the limit of infinite gauge coupling,
“dual” variables can be introduced, which render the finite-density sign problem mild and allow a full
determination of the μ − T phase diagram byMonte Carlo simulations, also in the chiral limit. However, the
continuum limit coincides with the weak coupling limit. We propose a strong-coupling expansion approach
towards the continuum limit. We show first results, including the phase diagram and its chiral critical point,
from this expansion truncated at next-to-leading order.
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The properties of QCD as a function of temperature T
and matter density are summarized by its phase diagram,
whose determination is a major goal of heavy-ion experi-
ments. Although the quark-gluon plasma has been
observed at high temperature, further features of the phase
diagram, especially a possible QCD critical point, have not
been identified yet. Heroic efforts have been devoted to
numerical lattice simulations, which are the appropriate
tool for nonperturbative phenomena like phase transitions.
However, the fermion determinant becomes complex upon
turning on a chemical potential μ coupled to the quark
number. This so-called “sign problem” requires prohibi-
tively large computer resources growing exponentially with
the lattice 4-volume. Approaches to circumvent this prob-
lem are applicable when μ=T ≲ 1 only [1], and results on
the QCD critical point are inconclusive. We want to make
progress on this problem by means of a strong coupling
expansion as applied to zero density in the early days of
lattice gauge theory or, recently, to finite temperature and
density with heavy quarks [2,3]. Here we want to address
the opposite, chiral limit with a different strategy [4,5].
Note that both for heavy and chiral quarks, the strong
coupling approach gives access also to the cold and dense
regime of nuclear matter [3,6,7].
The sign problem occurs when elements

hψ ij expð−δτHÞjψ ji of the transfer matrix between states
jψ ii and jψ ji sampled by Monte Carlo simulations become
negative. This problem is representation dependent: in an
eigenbasis of the Hamiltonian, all matrix elements would
be non-negative. Thus, the sign problem will become
milder if we can express the partition function in terms
of approximate eigenstates. We know that QCD eigenstates
are color singlets. Therefore, instead of performing
Monte Carlo calculations on colored gauge links, as in
the usual approach, we integrate the gauge links first,
and work with the resulting color singlets. This strategy
becomes particularly practical in the strong coupling limit.

Here, we reexpress the partition function as a sum over
configurations of hadron worldlines, similar to the “dual
variables” used in [8]. The resulting sign problem is
extremely mild, allowing us to simulate large lattices at
arbitrarily large chemical potentials, and reliably obtain the
full phase diagram. Of course, in the strong coupling limit
g → ∞; β ¼ 2Nc=g2 → 0 (for Nc colors), the lattice is
maximally coarse, whereas the continuum limit coincides
with the weak coupling limit g → 0; β → ∞. In this Letter,
we first summarize the β ¼ 0 phase diagram and then
explain how to include the first OðβÞ corrections, which
allows us to measure Wilson loops at β ¼ 0 and fermionic
observables at OðβÞ. We then present the QCD phase
diagram for small β > 0. For μ ¼ 0, where we can cross-
check with the full Monte Carlo approach, perfect agree-
ment is found for small β.
We adopt the staggered fermion discretization and the

Wilson plaquette action with the partition function

ZQCD ¼
Z

dψdψ̄dUeSGþSF ;

SG ¼ β

2Nc

X
P

tr½UP þ U†
P�; ð1Þ

SF ¼ amq

X
x

ψ̄xψx þ
1

2

X
x;ν

ηνðxÞγδν0

× ½ψ̄xeatμδν0UνðxÞψxþν̂ − ψ̄xþν̂e−atμδν0U
†
νðxÞψx�; ð2Þ

with a and at the spatial and temporal lattice spacings,
γ the anisotropy by which one may tune a=at,mq the quark
mass, and μ the quark chemical potential. The η’s are the
usual �1 staggered phases. In the continuum limit g → 0,
our action describes QCD with 4 mass-degenerate quark
species. In the opposite limit g → ∞, the plaquette, four-
link coupling β vanishes and so does the gauge action SG.
Then, the integration over the links UνðxÞ factorizes into a
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product of one-link integrals which can be carried out
analytically [9]. Finally, one performs the Grassmann
integration over the fermion fields ψðxÞ; ψ̄ðxÞ, and obtains
the partition function in terms of color-singlet degrees of
freedom (mesons and baryons) [4], as a sum over discrete
graphs on the lattice (with Nc ¼ 3 for QCD):

ZSC ¼
X

fn;k;lg

Y
x

wx

Y
b

wb

Y
l

wl ð3Þ

wx ¼
Nc!

nx!
ð2amqÞnx ; wb ¼

ðNc − kbÞ!
Nc!kb!

: ð4Þ

The mesons are represented by monomers nx ∈ f0;…; Ncg
on sites x and dimers kb ∈ f0;…; Ncg on bonds b ¼ ðx; ν̂Þ,
whereas the baryons are represented by oriented self-
avoiding loops l. The weight wl of a baryonic loop l
and its sign depend on the loop geometry [10].
Configurations fn; k;lg must satisfy at each site x the
constraint inherited from Grassmann integration:

nx þ
X

ν̂¼�0̂;…;�d̂

�
kν̂ðxÞ þ

Nc

2
jlν̂ðxÞj

�
¼ Nc; ð5Þ

which implies that mesonic degrees of freedom cannot
occupy baryonic sites.
This system has been studied for decades, both via mean

field [11–16] and by Monte Carlo methods [5,7,10]. In
recent years, the latter have undergone a revival using the
worm algorithm [7,17,18], which violates the Grassmann
constraint in order to sample the monomer two-point
function Gðx; yÞ, from which the chiral susceptibility can
be obtained. These techniques have been applied to obtain
all lattice data presented here. We study the chiral limit
mq ¼ 0, which does not incur a penalty in computer cost,
contrary to the usual determinantal approach. The stag-
gered action SF Eq. (2) then satisfies a Uð1Þ “remnant”
chiral symmetry, which is spontaneously broken at low
temperature and density, with order parameter hψ̄ψi. In
Fig. 1 left, we show the (μ, T) phase diagram in the strong-
coupling limit. It is qualitatively similar to the expected
phase diagram of QCD in the chiral limit: the transition is
of second order from aμ ¼ 0 up to a tricritical point (aμT ,
aTT), then turns first order. At finite quark mass, the second
order line turns into a crossover and the tricritical point into
a second order critical endpoint. Note the different phase
boundaries obtained from lattices with different numbers
Nt of time slices: they converge to the continuous-time
phase boundary as Nt → ∞. The 1=Nt corrections can be
absorbed in a parametrization of a=at ¼ fðγÞ, with γ the
anisotropy needed to reach temperatures aT > 1=2 [18],
resulting in Fig. 1, right [19].
A crucial question is whether this phase diagram devel-

ops new features as β is increased from 0 to ∞. At low
temperature especially, things may change: when β ¼ 0,

the transition at μcðT ¼ 0Þ separates a chirally broken,
baryon-free vacuum and a chirally symmetric, baryon-
saturated state with one static baryon per lattice site. That
is a very crude cartoon of a nuclear matter phase: in the
continuum limit, depending on μ, it may evolve into a
nuclear liquid, a crystalline phase, a color superconductor,
etc. A first insight may be gained by considering OðβÞ
corrections to the β ¼ 0 phase diagram. At the same time,
we can also address an interesting quantitative issue: the
ratio Tcðμ¼0Þ=μcðT¼0Þ is about ð160MeVÞ=ð300MeVÞ
∼0.53 in nature, but about 1.402=0.75 ≈ 1.87 when β ¼ 0.
How does it vary with β?
Corrections to the strong coupling limit.—To go beyond

the strong coupling limit, a systematic expansion in β of
the partition function is needed, which we perform to
first order. Writing the β ¼ 0 partition function as ZSC ¼R
dψdψ̄ZF, with ZFðψ ; ψ̄Þ ¼

R
dUeSF the fermionic par-

tition function, the β ≠ 0 partition function Eq. (1) becomes

ZQCD ¼
Z

dψdψ̄dUeSFþSG ¼
Z

dψdψ̄ZFheSGiZF
; ð6Þ

heSGiZF
≃1þhSGiZF

¼1þ β

2Nc

X
P

htr½UPþU†
P�iZF

; ð7Þ

where Eq. (7) is an OðβÞ truncation. We thus need the
expectation value of the elementary plaquette tr½UP� in the
strong coupling ensemble ZF. The plaquette is composed
of 4 links representing gluons, which provide new pos-
sibilities to make color singlets together with ψ̄xψx�μ̂

propagating fermions. The modifications to the partition
function are computed from the product UP ¼ JijJjkJklJli
of the one-link integrals Jij ≡ R

dUUij expðψ̄Uϕ − ϕ̄U†ψÞ
around an elementary plaquette [20–22]
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FIG. 1 (color online). Left: Lattice QCD phase diagram in the
strong coupling limit, setting a=at ¼ γ2 following mean field.
Different results are obtained for different numbers Nt of time
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Euclidean time) [18]. Right: Same, with corrected anisotropy [19].
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Jij ¼ −
X3
k¼1

ð3 − kÞ!
3!ðk − 1Þ! ½MψMϕ�k−1ϕ̄jψ i

þ 1

12
εii2i3εjj2j3 ψ̄ i2ϕj2 ψ̄ i3ϕj3 −

1

3
B̄ψBϕϕ̄jψ i; ð8Þ

where M and B represent mesons and baryons. The first
term describes the propagation of a (q̄g) antiquark plus
gluon together with 0 to 2 mesons, the second term
describes a (qqg), the third term is a (q̄g) together with
a baryon. From these, we compute the weight associated
with a plaquette source term in the strong coupling
configuration.
At the corners of the plaquette, the Grassmann variables

ψ ;ϕ are bound into baryons and mesons. Introducing a
variable qP ∈ f0; 1g to mark the “excited” plaquettes P
associated with the second term of Eq. (7), and correspond-
ing variables qb and qx ¼ qP for the links and the corners
of such plaquettes, we can write theOðβÞ partition function
in the same form as Eq. (3) with modified weights ŵ:

ZðβÞ ¼
X

fn;k;l;qPg

Y
x

ŵx

Y
b

ŵb

Y
l

ŵl

Y
P

ŵP ð9Þ

ŵx ¼ wxvx; ŵb ¼ wbk
qb
b ; ð10Þ

ŵl ¼ wl

Y
l

wBi
ðlÞ; ŵP ¼

�
β

2Nc

�
qP
; ð11Þ

where vx ¼ ðNc − 1Þ! if x is the corner of an excited
plaquette attached to an external meson line, Nc! if it is
attached to an external baryon line, 1 otherwise. Likewise,
the weight of each baryon loop segment l is modified by
a factor wB1

¼ 1=ðNc − 1Þ!, wB2
¼ ðNc − 1Þ!, where B1

and B2 correspond to the second and third expression in
Eq. (8). We can sample this partition function by the same
worm algorithm as for β ¼ 0, adding a Metropolis step to
update the plaquette variables qP. In practice, we found it
simpler to reweight from the β ¼ 0 ensemble.
Qualitatively new features from OðβÞ contributions

are as follows: (i) The constituent quarks of baryons and
mesons can now separate; hadrons are no longer pointlike,
but acquire a size ∼a. (ii) The baryon-baryon interaction
can now proceed by quark exchange: it is no longer limited
to the on-site Pauli exclusion principle. (iii) Chiral sym-
metry breaking becomes possible even in the dense phase
similar to nuclear matter.
Wilson loops at β ¼ 0.—Figure 2 illustrates the depend-

ence of the Polyakov loop and of the plaquette (timelike
and spacelike) on the chemical potential μ and the temper-
ature T, at β ¼ 0. The x axis represents the “distance”
a

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
μ2 þ T2

p
from the vacuum, and different symbols are

used for different values of μ=T. Several features are
noticeable. (i) The plaquette has a nonzero value caused
by the ordering effect of the fermions. Indeed, increasing

the number of quark fields from 1 to 13 triggers restoration
of the chiral symmetry [23]. (ii) The first-order phase
transition is visible at large μ=T through a discontinuity
in all Wilson loops, although it is associated with chiral
symmetry. This can be assigned to the nonzero latent heat.
(iii) Even in the regime of small μ=T, where the chiral
transition is second order, the Polyakov loop is clearly
sensitive to the transition as already found in U(3) gauge
theory [24], reflecting the “entanglement” of confinement
and chiral symmetry seen in effective models [25].
Phase diagram as a function of β.—We now show

how to obtain the derivative dðaTcÞ=dβjβ¼0 of the chiral
transition temperature aTc with respect to β. Since the
worm algorithm samples the two-point correlation function
Gðx1; x2Þ, we can measure its integral, which is equal to the
chiral susceptibility χ (there is no disconnected piece hψ̄ψi2
at mq ¼ 0 and in a finite volume, since hψ̄ψi ¼ 0 also in
the chirally broken phase),

χ ≡ hðψ̄ψÞ2i ¼ 1

L3Nt

X
x1;x2

Gðx1; x2Þ: ð12Þ

At β ¼ 0 and for some μ < μT , the critical temperature
aTcðμÞ can be obtained from finite-size scaling: the curves
χðaT; LÞL−γ=ν obtained on several lattice sizes L all
intersect at T ¼ TcðμÞ, with a slope ∝ L1=ν at the inter-
section, as illustrated Fig. 3, left. The transition is in the
3dOð2Þ universality class with known critical exponents,
which facilitates the analysis. In the region of a first-order
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FIG. 2 (color online). Polyakov loop 1
3
htrLi and average spatial

and temporal plaquette 1
3
htrPsi, 13 htrPti as a function of (μ, T) on

a 163 × 4 lattice at β ¼ 0. The colors label successive values of
μ=T, and the x axis is ρ≡ a

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
μ2 þ T2

p
. At the tricritical point,

ρT ¼ 1.10ð2Þ. Wilson loops are sensitive to the chiral transition
and develop a discontinuity as the transition turns first order.
htrPsi varies oppositely to htrPti, and remains very small.
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transition, μ > μT , this ansatz is modified following
Ref. [26]. When we turn on β, the chiral susceptibility
changes and we can measure its derivative

dχ
dβ

¼ 3L3Ntðhðψ̄ψÞ2Pti − hðψ̄ψÞ2ihPtiÞ: ð13Þ

While both the temporal and the spatial plaquettes formally
enter in this expression, the latter is a factor ≳10 smaller
than the former; cf. Fig. 2. The effect of β, to linear order, is
illustrated in Fig. 3, right. At temperature aTc, the rescaled
chiral susceptibility χL−γ=ν changes by βðdχ=dβÞL−γ=ν

[19], which produces a horizontal shift of the intersection
point. At μ ¼ 0 (on Nt ¼ 4 lattices), aTcjβ¼0 ¼
1.4021ð7Þ, ðd=dβÞaTcðβÞjβ¼0 ¼ −0.46ð1Þ.
We find that aTc decreases as β increases: this is

expected since a decreases. Our result agrees rather well
with mean-field predictions [27,28]; see Fig. 4. More
importantly, we can compare with the finite-β Hybrid
Monte Carlo simulations at μ ¼ 0 (which are sign-problem
free) performed on Nt ¼ 2 and Nt ¼ 4 [29–31] lattices
with isotropic actions (i.e., aT ¼ 1=2 and 1=4) and
extrapolated to zero quark mass. These data points are

marked in black in Fig. 4. We have also computed
aTcðμ ¼ 0Þ ourselves, using HMC on anisotropic lattices.
As Fig. 4 left shows, ourOðβÞ determination of aTcðμ¼0Þ
agrees perfectly with the linear approximation to the HMC
determination. But the latter shows significant curvature.
To better approximate the exact result, we perform an
empirical, exponential extrapolation aTcðμ ¼ 0; βÞ=aTc
ðμ ¼ 0; β ¼ 0Þ ≈ expðβðd=dβÞaTcjβ¼0Þ. As seen in
Fig. 4 right, it turns out that this approximation, which
includes a resummation of higher-order β contributions,
follows the exact HMC result up to β ∼ 5 (or a ∼ 0.3 fm),
where the lattice theory is much closer to continuum
physics. We have applied the same procedure to determine
aTcðβÞ at nonzero chemical potential. dðaTcÞ=dβ is clearly
not as large as when μ ¼ 0. In fact, dðaTcÞ=dβ becomes
consistent with zero as μ approaches μT . The tricritical
point and the first order line seem to only weakly depend
on β. Thus, Tcðμ ¼ 0Þ=μcðT ¼ 0Þ decreases at OðβÞ
towards its continuum value.
The resulting phase diagram is illustrated Fig. 5 for

β ¼ 0.5, 1.0, and 1.5. We show the phase boundary
obtained by linear reweighting, based on Eq. (7), and that
obtained by exponential extrapolation, which works so well
at μ ¼ 0. In both cases, the phase boundary becomes more
“rectangular” at weaker coupling: the second-order tran-
sition line becomes “flatter” (less μ dependent), and the
first-order transition line remains almost “vertical,” leaving
the tricritical point at the “corner of the rectangle.” From
the chiral susceptibility, no clear shift of ðaμT; aTTÞ ¼
(0.65ð2Þ; 0.91ð5Þ) could be detected; however, from the
baryon density nB [19], we have evidence that the critical
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FIG. 3 (color online). The μ ¼ 0 transition temperature aTc
from finite-size scaling of the chiral susceptibility on Nt ¼ 4
lattices. Left: β ¼ 0. Right: β ¼ 0.02. The arrow marks the shift
in aTc.
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end point of the nuclear transition, which coincides with the
chiral transition at β ¼ 0, moves along the first order line,
to smaller values of T. This is expected: as β increases,
the lattice spacing a shrinks, and (aMB) also, where MB is
the baryon mass. If (aμc) stays approximately constant as
we observe, then the nuclear attraction responsible for the
difference ½MB − 3μcðT ¼ 0Þ�, of about 300 MeV when
β ¼ 0 [7], becomes weaker. The weakening of the asso-
ciated first-order transition brings the nuclear critical end
point down in temperature.
We plan to study Oðβ2Þ corrections next.
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ANISOTROPY

The anisotropy γ in the Dirac coupling of the fermionic
action needs to be introduced in order to reach temper-
atures aT > 1/2. At µ = 0, aTc ' 1.402, hence the
chiral transition at strong coupling can only be stud-
ied if the temporal lattice spacing at is much smaller
than the spatial lattice spacing a. However, the pre-
cise correspondence between a/at and γ is not known.
At weak coupling, a/at = γ, but there is no reason
why this should hold at strong coupling. Indeed, mean
field theory predicts that a/at = γ2. This implies that

aT = γ2

Nt
. With this assignment, we found (Fig. 1 left

of the main text) that the Nt-dependence of the phase
boundary is still strong, in particular for large chemi-
cal potential. Indeed, for every Nt, the phase bound-
ary bends back toward the origin (aT, aµ) = (0, 0) when
γ . 1, i.e. aT . 1/Nt. This re-entrance at low tem-
perature is supported by mean-field calculations [1]. It
only disappears in the continuous-time limit Nt → ∞,
γ2 → ∞ with γ2/Nt fixed. There are two contributions
to the observed O(1/Nt) corrections: (i) chiral observ-
ables are subject to non-monotonic corrections, as stud-
ied (at µ = 0) in [2]; (ii) a coarse (γ < 1) temporal
lattice spacing has little effect on the dense phase, which
consists of static baryon lines; but it causes a system-
atic underestimate of the entropy of the vacuum phase,
which consists of dimers branching in all directions (tem-
poral and spatial) at each site. That is why the phase
boundary shows re-entrance and aµc decreases in pro-
portion with aT . Assuming the form a/at=γ2 exp(c/γ2)
(with c ' 0.29) and allowing for small O(1/Nt) correc-
tions (Fig. 1 right of the main text) produces much more
consistent results.

At finite β, additionally to the anisotropy in the Dirac
couplings, also the anisotropy γG ≡

√
βt/βs in the gauge

action has to be taken into account. In the strong cou-
pling regime, a/at = γ2G, which implies γG = γ. We have
adopted this assignment to determine aTc on anisotropic
lattices in HMC simulations at µ = 0.

β-DEPENDENCE OF CRITICAL
TEMPERATURE

We determine the chiral transition temperature via
critical scaling with 3d O(2) critical exponents γ, ν:

χL(T, β)/Lγ/ν = A+BtL1/ν , t =
T − Tc
Tc

(1)

i.e. the chiral susceptibility data, when rescaled in this
way, collapse on a universal scaling function, which is
almost linear in the scaling window with non-universal
coefficients A ' 0.997(3) and B ' −0.867(8) at µ = 0.
The shift in aTc induced by a finite value of β is related to

the L-dependence of the Taylor coefficient of χ, dχ
dβ

∣∣∣
β=0

.

We indeed find that that this Taylor coefficient satisfies

1

χ

dχ

dβ

∣∣∣∣
β=0

' c1 + c2L
1/ν + c3t, (2)

with c2 = −0.283(2) at µ = 0. The coefficient c3 con-
tributes at O(β2) only. The variation of the critical tem-
perature with β is then

d(aTc)

dβ
=
dχ

dβ
L−γ/ν [dχ/d(aT )]−1 = −aTc

A

B
c2, (3)

which characterizes the new intersection point. The L-

independence of the shift ∆(aTc) = β d(aTc)
dβ is a consis-

tency check of our analysis.

BARYON DENSITY

We have measured the β = 0 baryon density nB and
reweighted towards finite β from the strong coupling en-
semble via

dnB
dβ

= 3L3Nt (〈nBPt〉 − 〈nB〉 〈Pt〉) , (4)

where, as in Eq. (13) of the main text, we can safely ne-
glect the contribution of spatial plaquettes. This observ-
able allows us to study the nuclear transition separately
from the chiral transition. There is no reason to expect
the two transitions to coincide for non-zero β. Although



2

we do not find that the first order lines of both transitions
separate at O(β), we observe that the critical end point
of the nuclear transition moves down along the first order
line as β is increased. This is evident from the reweighted
baryon density shown in Fig. 1. In contrast, we see no
evidence that the chiral tricritical point varies with β at
leading order.
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FIG. 1: Reweighted baryon density nB for µ/T > µT /TT ≈
0.71, i.e. in the first-order regime. The nuclear transition
weakens as β is increased. At some βc it turns from first
order to second order, when the jump in the baryon density
vanishes. The larger µ/T , the stronger the first order tran-
sition, and the larger βc. Left: µ/T is close to the tricritical
point, βc ≈ 0.3. Right: µ/T is larger and βc ≈ 0.7.
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QCD phase diagram from the lattice at strong coupling Wolfgang Unger

1. Motivation

The QCD phase diagram is conjectured to have a rich phase structure. At low temperatures,
QCD has a vacuum and nuclear matter phase; at high temperatures and/or densities, QCD matter
develops a qualitatively different phase where quarks are liberated from confinement - the so-
called quark gluon plasma (QGP). While there is strong evidence for a crossover transition from
the hadronic phase to the QGP for zero baryon chemical potential µB, there is no evidence for a true
phase transition at higher densities. Lattice studies of QCD have aimed to extend the simulations
to finite quark chemical potential µ = 1

3 µB, but the available methods are limited to µ/T . 1 due
to the sign problem: Monte Carlo simulations sample a probability distribution and hence rely on
the condition that the statistical weights are positive. In the conventional approach to lattice QCD
based on the fermion determinant, the weight for the fermion determinant becomes complex as
soon as the chemical potential is non-zero. The sign problem (more precisely in this context: the
complex phase problem) is severe, prohibiting direct simulations for µ > 0 - which is also due to
the fact that Monte Carlo is performed on the colored gauge fields.

However, there is a representation of lattice QCD which does not suffer severely from the
sign problem: in this representation, the lattice degrees of freedom are color singlets. The com-
plex phase problem is reduced to a mild sign problem induced by geometry-dependent signs of
fermionic world lines. Such a “dual” representation of lattice QCD has been derived for staggered
fermions in the strong coupling limit, that is in the limit of infinite gauge coupling g→∞ [7]. In this
limit, only the fermionic action contributes to the path integral, whereas the action describing gluon
propagation is neglected. QCD at strong coupling has been studied extensively since 30 years, both
with mean field methods [1, 2, 3, 4, 5, 6] and by Monte Carlo simulations [7, 8, 9, 10, 11, 12]. Those
studies have been limited to the strong coupling limit, which corresponds to rather coarse lattices.
However, recently [13] we were able to include the leading order gauge corrections to the partition
function. The effects of these gauge corrections on the phase diagram will be discussed below.

2. The chiral and nuclear transition in the strong coupling limit

The path integral of staggered fermions in the strong coupling limit can be rewritten exactly as
a partition function of a monomer+dimer+flux system. The reformulation proceeds in two steps:
first the gauge links (gluons) are integrated out, which confines the quark fields ψ(x) into color sin-
glets, the hadrons: those are the mesons M(x) = ψ̄(x)ψ(x) and the baryons
B(x) = 1

6 εi1i2i3ψi1(x)ψi2ψi3(x). In the second step, also the quarks are integrated out, which al-
lows to express the partition function via integer variables:

ZSC(mq,µ) = ∑
{kb,nx,`}

∏
b=(x,µ)

(3− kb)!
3!kb!

︸ ︷︷ ︸
meson hoppingsMxMy

∏
x

3!
nx!

(2amq)
nx

︸ ︷︷ ︸
chiral condensateMx

∏̀w(`,µ)
︸ ︷︷ ︸

baryon hoppings B̄xBy

(2.1)

with kb ∈{0, . . .3}, nx ∈{0, . . .3}, `b ∈{0,±1}. Since the quark fields are treated as anti-commuting
Grassmann variables in the path integral, the integration realizes a Pauli exclusion principle called
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Figure 1: The Phase diagram in the strong coupling limit (left), as measured in a Monte Carlo
simulation, compared to the standard expectation of the continuum QCD phase diagram (right).
Both diagrams are for massless quarks.

the Grassmann constraint:

nx + ∑
ν̂=±0̂,...,±d̂

(
kν̂(x)+

Nc

2
|`ν̂(x)|

)
= 3. (2.2)

This constraint restricts the number of admissible configurations {kb,nx, `} in Eq. (2.1) such that
mesonic degrees of freedom always add up to 3 and baryons form self-avoiding loops not in contact
with the mesons. The weight w(`,µ) and sign σ(`) = ±1 for an oriented baryonic loop ` depend
on the loop geometry. The partition function Eq. (2.1) describes effectively only one quark flavor,
which however corresponds to four flavors in the continuum (see Sec. 4). It is valid for any quark
mass. We will however restrict here to the theoretically most interesting case of massless quarks,
mq = 0. In fact, in this representation the chiral limit is very cheap to study via Monte Carlo,
in contrast to conventional determinant-based lattice QCD where the chiral limit is prohibitively
expensive.

For staggered fermions in the strong coupling limit, there is a remnant of the chiral symmetry
U55(1) ⊂ SUL(N f )× SUR(N f ). This symmetry is spontaneously broken at T = 0 and is restored
at some critical temperature Tc with the chiral condensate 〈ψ̄ψ〉 being the order parameter of this
transition. As shown in Fig. 1 (left), we find that this transition is of second order. This is analogous
to the standard expectation in continuum QCD with N f = 2 massless quarks, where the transition is
also believed to be of second order. Moreover, both for our numeric finding at strong coupling and
for the expectation in the continuum, the transition turns into first order as the chemical potential is
increased. Thus the first order line ends in a tricritical point, which is the massless analogue of the
chiral critical endpoint sought for in heavy ion collisions.

In fact, at strong coupling, the zero temperature nuclear transition at µB,c ' mB is intimately
connected to the chiral transition, and they coincide as long as the transition is first order. The
reason for this is the saturation on the lattice due to the Pauli principle: in the nuclear matter

3
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Figure 2: Example of an O(β ) diagram. On an excited plaquette, color singlets can also be com-
posed of quark-quark-gluon or antiquark-gluon combinations. Whereas in the strong coupling limit
baryons are pointlike, they become extended objects due to the gauge corrections.

phase at T = 0, the lattice is completely filled with baryons, leaving no space for a non-zero chiral
condensate to form (in terms of the dual variables, there is no space for monomers on the lattice).
This is certainly a lattice artifact which disappears in the continuum limit, where the nuclear phase
behaves like a liquid rather than a crystal.

The ultimate question is whether the tricritical point at strong coupling is related to the hypo-
thetical tricritical point in continuum massless QCD. If we can establish such a connection numer-
ically, this would be strong evidence for the existence of a chiral critical endpoint in the µ-T phase
diagram of QCD. To answer this question, it is necessary to go away from the strong coupling limit
and incorporate the gauge corrections, which will lower the lattice spacing and eventually allow to
make contact to the continuum.

3. Gauge Corrections to the strong coupling phase diagram

Lattice QCD in the strong coupling limit is defined by the the lattice coupling β = 6
g2 → 0 as

g→ ∞. Going away from the strong coupling limit is realized by making use of strong coupling
expansions in β . We have recently shown how to incorporate the leading order gauge corrections
O(β ) [13]. In a nutshell, the strategy is to compute link integrals at the boundary of “excited”
plaquettes, which correspond to gluonic excitations. Introducing a variable qP ∈ {0,1} to mark
the ”excited” plaquettes P, the O(β ) partition function can be expressed in a similar fashion as
Eq. (2.1) with modified weights ŵ (for details see [13]):

Z(β ) = ∑
{n,k,`,qP}

∏
x

ŵx ∏
b

ŵb ∏̀ ŵ`∏
P

ŵP, ŵP =

(
β
6

)qP

. (3.1)

We can sample this partition function by the same algorithm (variant of the worm algorithm) as for
β=0, adding a Metropolis accept/reject step to update the plaquette variables qP. These simulations
have been carried out for Nτ = 4 and various lattice volumes Nσ = 4,6,8,12,16 to perform finite
size scaling and to measure the phase boundary as a function of the chemical potential. In contrast
to the strong coupling limit, where the color singlets are entirely composed of quarks and anti-
quarks, including the gauge corrections allows color singlets to be composed of quark-quark-gluon
or antiquark-gluon color singlet states, as shown in Fig. 2. There are two qualitatively new features
that arise when incorporating the O(β ) corrections:
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Figure 3: Phase boundary in the µ-T plane extended to finite β . The backplane corresponds to the
strong coupling limit β = 0. The second order phase boundary is lowered by increasing β . We
do not observe a shift of the chiral tricritical point. However, the nuclear critical endpoint (CEP),
determined from the baryon density, moves down along the first order line (extrapolated to T = 0
to guide the eye) as β is increased.

1. Baryons are point-like in the strong coupling limit, the lattice spacing is too coarse to re-
solve the internal structure of the baryon. Including the gauge correction, baryons become
extended objects, spread over one lattice spacing.

2. The nuclear potential in the strong coupling limit is of entropic nature, where two static
baryons interact merely by the modification of the pion bath. With the leading order gauge
correction, pion exchange is possible as the Grassmann constraint is relaxed: on excited
plaquettes, the degrees of freedom in Eq. (2.2) add up to 4 instead of 3.

These features will have an impact on the phase boundary. In Fig. 3, the effect of the gauge
corrections is shown. We find that the second order phase boundary is lowered, as expected because
the critical temperature in lattice units drops as the lattice spacing is decreased with increasing β .
However, we find the chiral tricritical point and the first order transition to be invariant under the
O(β ) corrections. We want to stress that there are actually two end points, which split due to
the gauge corrections: the second order end point of the nuclear liquid-gas transition is traced by
looking at the nuclear density as an order parameter. We expect the nuclear and the chiral first
order transition to split, such that at T = 0 there are three different phases instead of two phases (as
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shown in Fig. 1 right). The nuclear phase is in the continuum distinct from the chirally restored
phase. As a first evidence for this splitting, we find that the nuclear critical end point separates
from the chiral tricritical point.

4. Relation between the strong coupling phase diagram and continuum QCD

In Fig. 4 we speculate how the separation of the first order transitions could be realized at
larger values of β . Moreover, we can distinguish at least three scenarios (A,B,C) on how the chiral
tricritical point depends on β . These scenarios start from the same phase diagram in the strong
coupling limit, but have different continuum limits at β → ∞ (a→ 0). In all three scenarios, a
tricritical point exists at µ = 0, β > 0: it must exist because the finite-temperature µ = 0 transition,
which is of second order for β = 0, is of first order for β = ∞, following the argument of [14]
which applies to the continuum, N f = 4 theory.

1. In scenario (A) the chiral transition remains first order for all values of µB. Hence the tricrit-
ical line turns towards µ = 0 at some finite β (µ=0)

tric .

2. In scenario (B) the chiral transition weakens and hence turns second order, but strengthens
again to turns first order at larger µB.

3. In scenario (C) the chiral transition weakens and remains second order. In that case the
tricritical line bends towards larger µ and eventually vanishes at some finite β (T=0)

tric .

In order to discuss the relation between the phase diagram in the µ-T plane for N f = 4 massless
quarks with the more physical scenario N f = 2+ 1 with 2 massless up and down quarks and one
physical strange quark, we show phase diagrams in the N f -µ plane. Interpolating between integer
numbers of massless flavors N f and N f +1 can be realized by decreasing the mass of an additional
flavor from infinity to zero. In all scenarios it is assumed that for N f = 2, the chiral transition is
second order, and that there is a tricritical strange quark mass mtric

s separating it from the N f = 3
first order transition, as shown in the so-called Columbia plot, Fig. 5. Note that whether N f = 2 is
indeed second order and thus whether mtric

s exists and also whether it is larger or smaller than the
physical strange quark mass is still under debate [15]. The standard scenario of QCD in the chiral
limit, as shown in Fig. 1 (right), corresponds to scenario (B) in Fig 4. However, the non-standard
scenario (C) is supported by Monte Carlo simulations for imaginary chemical potential and analytic
continuation [15, 16]: these studies suggest (at least for small chemical potential) that the chiral
transition weakens with chemical potential, making the N f = 3 first order region in Fig. 5 to shrink
with increasing µB. This should also be the case for N f = 4.

A last comment on staggered fermions is in order: one of the lattice artifacts is due to the
way this discretization solves the so-called fermion doubling problem: At strong coupling, there
is effectively only one quark flavor, whereas in the continuum limit the same action describes
4 flavors due to the fermion doubling. Instead of 15 Goldstone bosons that are present in the
N f = 4 continuum theory, there is only one Goldstone boson at strong coupling, since the others 14
receive masses from lattice artifacts (called taste-splitting). In the determinant-based approach, the
problem is solved by “rooting”: taking the root of the fermion determinant to reduce the number of
flavors from 4 to 2 (and the number of Goldstone bosons from 15 to 3). This strategy is not available
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Figure 4: Top row: Various scenarios for extending the phase diagram in the strong coupling limit
(β = 0) toward the the continuum limit (β → ∞). All three scenarios assume that the nuclear and
chiral transition split, and that at µ = 0 the chiral transition is of first order (since in the continuum
N f = 4). In the strong coupling limit, the chiral transition at µ = 0 is second order (corresponding
to N f = 1 and the doublers decoupled), hence there must be a tricritical point at some β (µ=0)

tric . It
is an open question whether the tricritical point at strong coupling is connected to this tricritical
point at β (µ=0)

tric (left), or connected to the speculated tricritical point in the continuum (center) or
terminates at some finite β at T = 0 (right).
Bottom row: the corresponding scenarios for the finite temperature chiral transition in the µ −N f

phase diagram, showing the possible relation of the tricritical point at N f = 4 with those at N f =

2+1, assuming the chiral limit for the light quarks and a physical strange quark mass. The µ-N f

is limited by the line µc(T = 0), beyond which chiral symmetry is restored. Left: For N f = 4, the
transition is of first order for all values of µ . Center: The tricritical point at N f = 4 is is connected
to the tricritical point at N f = 2+ 1. This would be evidence for the existence of the critical end
point in the QCD phase diagram for physical quark masses. Right: The N f = 4 first order region
does not extend to N f = 2+ 1, where it remains second order. This second order transition turns
into a crossover immediately as mu,md > 0, so in this scenario there is no chiral critical end point
at physical quark masses.
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in our dual-variable approach. Although the strong coupling limit has effectively only one flavor,
the residual chiral symmetry is that of a N f = 4 continuum theory, with one true Goldstone boson
which even persists when the chiral anomaly UA(1) is present for β > 0. This is in contrast to a
genuine N f = 1 theory in the continuum which has no Goldstone bosons at all. The chiral anomaly
breaks the chiral symmetry explicitly, driving the chiral transition into a crossover (corresponding
to the lower right corner of the Columbia plot Fig. 5). Hence the deconfinement transition at
N f = 0 is most likely completely separate from the chiral transition for N f ≥ 2, as shown in all
three scenarios Fig. 4 (bottom).

5. Outlook for future investigations

There are various ways to discretize fermions on the lattice, with staggered fermions and
Wilson fermions the most widely used for thermodynamics studies. They describe the same physics
in the continuum limit only. At finite lattice spacing, and in particular at strong coupling, both
discretizations are quite different. In particular, the spin and the kinetic term of the fermion action
are treated very differently. A dimer+flux representation is also possible for Wilson fermions.
Such a representation was so far only determined for lattice QED [17, 18], since the Grassmann
integration is much more involved for Nc > 1.

As a matter of principle, for both lattice discretizations, the gauge action can be incorporated
order by order in β . There are however technical difficulties that remain to be solved. A new
strategy to study both lattice discretizations on a par is to expand both in systematically in β and
the inverse quark mass by making use of a Hamiltonian formulation [19]. The partition function is
then expressed by a Hamiltonian composed by operators:

Z = Tr[eβH ], H =
1
2 ∑
〈x,y〉

∑
Qi

J+Qi(x)
J−Qi(y)

, J−Qi
= (J+Qi

)† (5.1)

where the generalized quantum numbers Qi (spin, parity,flavor) are globally conserved, and near-
est neighbor interactions are characterized by the operators J+Qi(x)

J−Qi(y)
, which raise the quantum

number Qi at site x and lowers it at a neighboring site y (see [19] for the case of N f = 1,2 for stag-
gered fermions). For both staggered fermions and Wilson fermions, the matrices J±Qi

contain vertex
weights which are the crucial input to sample the corresponding partition function. The plan for
the future is to do so with a quantum Monte Carlo algorithm. Comparing both fermion discretiza-
tions order by order in the strong coupling expansion will help to discriminate lattice discretization
errors from the genuine physics, in particular with respect to QCD at finite density.
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within the LOEWE program launched by the State of Hesse.
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Abstract. We present the computation of invariants that arise in the strong coupling ex-
pansion of lattice QCD. These invariants are needed for Monte Carlo simulations of Lat-
tice QCD with staggered fermions in a dual, color singlet representation. This formula-
tion is in particular useful to tame the finite density sign problem. The gauge integrals
in this limiting case β → 0 are well known, but the gauge integrals needed to study the
gauge corrections are more involved. We discuss a method to evaluate such integrals.
The phase boundary of lattice QCD for staggered fermions in the µB − T plane has been
established in the strong coupling limit. We present numerical simulations away from the
strong coupling limit, taking into account the higher order gauge corrections via plaquette
occupation numbers. This allows to study the nuclear and chiral transition as a function
of β.

1 Introduction

The finite baryon density sign problem in lattice QCD hinders a direct evaluation of the phase structure
of QCD in the µB−T plane. In particular, the existence of a critical end-point (CEP) that is sought for in
heavy ion collision experiments at RHIC and LHC could not be established yet via lattice simulations.
Although the well established methods for small µB/T , such as Taylor expansion, reweighting and
analytic continuation from imaginary chemical potential can in principle make statements about the
existence of the CEP, it is likely that the CEP, if it exists, has a quite large µcrit

B , such that it is not
within reach with the aforementioned methods.

In recent years, many alternative methods have been proposed and tested to circumvent the finite
density sign problem. Most notably, the complex Lagenvin method together with gauge cooling
could address full QCD in the deconfined phase [1, 2]. Another method based on complexified QCD,
the Lefschetz thimbles, are currently applied to QCD-inspired models with few degrees of freedom,
but the method is far from being applicable to full lattice QCD [3–5].

A promising alternative strategy is to change the degrees of freedom of the original partition func-
tion. Since the sign problem is representation dependent, it may be possible to find a different set of
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variables that are closer to the true eigenstates of the Hamiltonian. Finding such a basis would reduce
the sign problem significantly, or even solve it. Changing the degrees of freedom can be for example
obtained by a Hubbard-Stratonovich transformation [6], or by introducing auxiliary fields. Another
way is to integrate out some of the degrees of freedom to obtain a “dual” representation in terms of
world lines. This strategy has been successfully applied to address sign problems in models with an
abelian gauge group (such as the massless Schwinger model [7], and the gauge-Higgs models [8]) It is
however quite non-trivial to find a dual representation for non-abelian gauge groups. A recent attempt
is to decompose the non-abelian components into abelian “color cycles” [9].

Our attempt to perform Monte Carlo simulations on the QCD phase diagram is based on the strong
coupling expansion. The starting point is the well-established partition function of staggered fermions
in the strong coupling limit. Here, the phase diagram is well established. We then propose a dual
representation in terms of world lines and world sheets that incorporates some contributions of the
gauge action. For small β, we are able to determine the phase boundary between the chirally broken
and chirally restored phase. The leading order correction has been addressed via reweighting from the
strong coupling ensemble to β > 0 in [10]. We go beyond this scope by directly sampling the partition
function including next to leading order gauge corrections.

2 Link Integration
2.1 Lattice Action and Partition Function

We consider the standard lattice action for staggered fermions (no rooting, no improvement) together
with the Wilson gauge action:

S F =
∑

x


∑

µ

γδµ0ην(x)
(
eatµδµ0 χ̄xUµ(x)χx+µ̂ − e−atµδµ0 χ̄x+µ̂U†µ(x)χx

)
+ 2amqχ̄xχx

 , (1)

S G =
β

2Nc

∑

P=(x,µ<ν)

tr[UP + U†P], UP = Uµ(x)Uν(x + µ̂)Uµ(x + ν̂)†Uν(x)†, (2)

with atµ =
1

Nc
atµB the quark chemical potential. The only modification is that we introduced a

bare anisotropy γ, favoring temporal fermion hoppings over spatial fermion hoppings, giving rise
to an anisotropy of the lattice spacings a

at
= ξ(γ). This will allow us later to vary the temperature

continuously in the strong coupling regime.
The standard approach for lattice simulations is to integrate out the Grassmann-valued staggered

fermions χ and χ̄ to obtain the fermion determinant. However, the fermion determinant becomes
complex for finite quark chemical potential, resulting in the finite density sign problem. Our strategy
is to expand the action S = S F + S G both in the fermion hoppings and in β = 2Nc

g2 . Then we exchange
the order of integration, i.e. integrate out the link variables analytically first, and afterwards the
Grassmann variables. The remaining degrees of freedom will be color singlets on the links, and the
plaquette occupation numbers nP (from the moments of the fundamental plaquettes tr[UP]nP ) and n̄P

(from the moments of the anti-fundamental plaquettes tr[U†P]n̄P ).

The fermions can be gathered into matrices

M† i
j = ηµ(x)χ̄i

xχx+µ̂, j, M k
l = −ηµ(x)χ̄k

x+µ̂χx,l = ηµ(x)χx,lχ̄
k
x+µ̂. (3)

All elementary plaquettes P from the expansion of S G that share a given link Uµ(x) need to be taken
into account when integrating out the link U ≡ Uµ(x):

PU = {P | U ∈ UP} = P+U ∪ P−U . (4)
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variables that are closer to the true eigenstates of the Hamiltonian. Finding such a basis would reduce
the sign problem significantly, or even solve it. Changing the degrees of freedom can be for example
obtained by a Hubbard-Stratonovich transformation [6], or by introducing auxiliary fields. Another
way is to integrate out some of the degrees of freedom to obtain a “dual” representation in terms of
world lines. This strategy has been successfully applied to address sign problems in models with an
abelian gauge group (such as the massless Schwinger model [7], and the gauge-Higgs models [8]) It is
however quite non-trivial to find a dual representation for non-abelian gauge groups. A recent attempt
is to decompose the non-abelian components into abelian “color cycles” [9].

Our attempt to perform Monte Carlo simulations on the QCD phase diagram is based on the strong
coupling expansion. The starting point is the well-established partition function of staggered fermions
in the strong coupling limit. Here, the phase diagram is well established. We then propose a dual
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2 Link Integration
2.1 Lattice Action and Partition Function

We consider the standard lattice action for staggered fermions (no rooting, no improvement) together
with the Wilson gauge action:

S F =
∑

x


∑

µ

γδµ0ην(x)
(
eatµδµ0 χ̄xUµ(x)χx+µ̂ − e−atµδµ0 χ̄x+µ̂U†µ(x)χx

)
+ 2amqχ̄xχx

 , (1)

S G =
β

2Nc

∑

P=(x,µ<ν)

tr[UP + U†P], UP = Uµ(x)Uν(x + µ̂)Uµ(x + ν̂)†Uν(x)†, (2)

with atµ =
1

Nc
atµB the quark chemical potential. The only modification is that we introduced a

bare anisotropy γ, favoring temporal fermion hoppings over spatial fermion hoppings, giving rise
to an anisotropy of the lattice spacings a

at
= ξ(γ). This will allow us later to vary the temperature

continuously in the strong coupling regime.
The standard approach for lattice simulations is to integrate out the Grassmann-valued staggered

fermions χ and χ̄ to obtain the fermion determinant. However, the fermion determinant becomes
complex for finite quark chemical potential, resulting in the finite density sign problem. Our strategy
is to expand the action S = S F + S G both in the fermion hoppings and in β = 2Nc

g2 . Then we exchange
the order of integration, i.e. integrate out the link variables analytically first, and afterwards the
Grassmann variables. The remaining degrees of freedom will be color singlets on the links, and the
plaquette occupation numbers nP (from the moments of the fundamental plaquettes tr[UP]nP ) and n̄P

(from the moments of the anti-fundamental plaquettes tr[U†P]n̄P ).

The fermions can be gathered into matrices

M† i
j = ηµ(x)χ̄i

xχx+µ̂, j, M k
l = −ηµ(x)χ̄k

x+µ̂χx,l = ηµ(x)χx,lχ̄
k
x+µ̂. (3)

All elementary plaquettes P from the expansion of S G that share a given link Uµ(x) need to be taken
into account when integrating out the link U ≡ Uµ(x):

PU = {P | U ∈ UP} = P+U ∪ P−U . (4)

with P+ the subsets of plaquettes in forward and P− in backward direction, as illustrated in Fig. 1.
Hence the one-link integral over gauge group G = SU(Nc),U(Nc) that we will consider has the
fermion matricesM,M† and the set of staples S P with UP = Uµ(x)S P as external sources:

J(M,M†, {S P, S
†
P}) =

∫

G
dU etr[M†U]+tr[MU†]e

β
2Nc

∑
P⊃U

(tr[US P]+tr[U†S †P])

=

∫

G
dU
∑

κ,κ̄

tr[M†U]κtr[MU†])κ̄

κ!κ̄!

∏

P⊃U

∑

nP,n̄P

(
β

2Nc

)nP+n̄P tr[US P]nP tr[U†S †P]n̄P

nP!n̄P!

=
∑

κ,κ̄

∏

P⊃U

∑

nP,n̄P

1
κ!κ̄!

(
β

2Nc

)nP+n̄P

nP!n̄P!

∫

G
dUtr[M†U]κtr[MU†]κ̄tr[US P]nP tr[U†S †P]n̄P

=
∑

m,m̄

C(β, {S P, S
†
P})m,m̄

j i,l k

∑

κ,κ̄

1
κ!κ̄!
Km,m̄

i j,k l(M,M†), tr[US P] =
Nc∑

i, j=1

U j
i S P

i
j (5)

where we expand in the forward hoppings κ, backward hoppings κ̄, and plaquette and anti-plaquette
occupation numbers nP, n̄P. In the last line, we have decomposed the traces to separate the staples
from the gauge link and summation over the set of indices i, j, k ,l is implied. It is the tensor
C(β, {S P, S

†
P}) j i,l k which leads to non-local color contractions and can be related to the set of plaquette

occupation numbers {nP, n̄P} when contracting the m open color indices from U and m̄ open color
indices from U† with the one-link integrals from the neighbor links:

m =
∑

P∈P+U
nP +

∑

P∈P−U
n̄P, m̄ =

∑

P∈P+U
n̄P +

∑

P∈P−U
nP. (6)

The remaining integral can be related to integrals over the link matrices only [12]:

Ia,b

i j,k l =

∫

G
dU

a∏

α=1

U jα
iα

b∏

β=1

(U†) lβ
kβ
,

i = i1, . . . ia k = k1, . . . kb

j = j1, . . . ja l = l1, . . . lb
(7)

Km,m̄

i j,k l(M,M†) =
∫

G
dUtr[M†U]κtr[MU†]κ̄

m∏

α=1

U jα
iα

m̄∏

β=1

U† lβ
kβ

=
∑

{iα, jα,kβ,lβ}


κ∏

α=1

κ̄∏

β=1

M iα
jα
M† kβ

lβ

Iκ+m,κ̄+m̄

i j,k l . (8)

Here, a = κ + m and b = κ̄ + m̄ is the number of U-matrix and U†-matrix elements. In this one-link
integral, only the color indices from the quark matrices will be contracted. The contraction of the
remaining indices can in general not be carried out easily, however in certain cases link integration on
the complete lattice will be possible to give rise to a color singlet partition function:

Z(β) =
∑

G={nP,n̄P,κ,κ̄}
w(G)

∏

P

(
β

2Nc

)nP+n̄P

, (9)

where the admissible graphs G are such that they fulfill the constraint

κ − κ̄ + m − m̄ =
{

0 for U(Nc)
0 mod Nc for SU(Nc) . (10)
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Figure 1. Staples and corresponding plaquette occupation numbers (nP, n̄P) for directions perpendicular to the
link Uµ(x) to be integrated out: the moment of Uµ(x) from the moments of the Wilson gauge action is m =∑
ν⊥µ

n+ν + n̄−ν and m̄ =
∑
ν⊥µ

n−ν + n̄+ν, see Eq. (6).

2.2 Link Integration in the Strong Coupling Limit

For β = 0, link integration factorizes:

Z0(amq, atµ, γ) =
∏

x

∫
dχxdχ̄xe2amqχ̄xχx

∏

µ

∫
dUµ(x)

(
eγ
δµ0ην(x)eatµδµ0 (χ̄xUµ(x)χx+µ̂−χ̄x+µ̂U

†
µ(x)χx)

)
. (11)

The corresponding one-link integrals K0 will not depend on any external gauge links:

K0(M,M†) =
∫

G
dUtr[M†U]κtr[MU†]κ̄ =

∑

{iα, jα,kβ,lβ}


κ∏

α=1

κ̄∏

β=1

M iα
jα
M† kβ

lβ

Iκ,κ̄i j,k l. (12)

Hence, link integration can be carried out analytically. Only a finite number of integrals have to be
evaluated due to the Grassmann nature of the fermions: since they come in Nc colors, 0 ≤ κ,κ̄ ≤ Nc.
Moreover, integral Eq. (7) will only be non-zero if κ − κ̄ = qNc with q = 0,±1 (see next section). The
corresponding result for Eq. (5) was first addressed in [13] when deriving the strong coupling partition
function for Nf = 1:

J0(M,M†) =
∫

G
dUetr[UM†+MU†]

=

Nc∑

k=0

(Nc − k)!
Nc!k!

(
MxMx+µ̂

)k
+

q
Nc!

{
(ρν(x)Nc B̄xBx+µ̂) + (−ρν(x))Nc B̄x+µ̂Bx)

}

with q =
{

0 for G = U(Nc)
1 for G = SU(Nc) and ρν(x) = ην(x)

{
e±atµ ν = 0

1 else . (13)
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For β = 0, link integration factorizes:
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∏

x

∫
dχxdχ̄xe2amqχ̄xχx

∏

µ

∫
dUµ(x)

(
eγ
δµ0ην(x)eatµδµ0 (χ̄xUµ(x)χx+µ̂−χ̄x+µ̂U

†
µ(x)χx)

)
. (11)

The corresponding one-link integrals K0 will not depend on any external gauge links:

K0(M,M†) =
∫

G
dUtr[M†U]κtr[MU†]κ̄ =

∑

{iα, jα,kβ,lβ}


κ∏

α=1

κ̄∏

β=1

M iα
jα
M† kβ

lβ

Iκ,κ̄i j,k l. (12)

Hence, link integration can be carried out analytically. Only a finite number of integrals have to be
evaluated due to the Grassmann nature of the fermions: since they come in Nc colors, 0 ≤ κ,κ̄ ≤ Nc.
Moreover, integral Eq. (7) will only be non-zero if κ − κ̄ = qNc with q = 0,±1 (see next section). The
corresponding result for Eq. (5) was first addressed in [13] when deriving the strong coupling partition
function for Nf = 1:

J0(M,M†) =
∫

G
dUetr[UM†+MU†]

=

Nc∑

k=0

(Nc − k)!
Nc!k!

(
MxMx+µ̂

)k
+

q
Nc!

{
(ρν(x)Nc B̄xBx+µ̂) + (−ρν(x))Nc B̄x+µ̂Bx)

}

with q =
{

0 for G = U(Nc)
1 for G = SU(Nc) and ρν(x) = ην(x)

{
e±atµ ν = 0

1 else . (13)

Here, Mx = χ̄xχx are the mesonic and Bx =
1

Nc! εi1...iNc
χx,i1 . . . χx,iNc

are the baryonic degrees of freedom.
After the final Grassmann integration, where also the expansion of e2amqχ̄χ enters, the partition function
is exactly rewritten in terms of integer variables:

Z0(amq, atµB, γ) =
∑

{k,n,�}

∏

b=(x,µ)

(Nc − kb)!
Nc!kb!

γ2kbδµ0
∏

x

Nc!
nx!

(2amq)nx
∏

�

w(�, atµB) (14)

where kb ∈ {0, . . . ,Nc} are the so-called dimers, i.e. multiplicities of bonds b that represent meson
hoppings, nx ∈ {0, . . . ,Nc} are the so-called monomers and represent χ̄xχx not being part of dimers,
and the baryon world lines � form oriented self-avoiding loops, with loop weight

w(�, atµB) =
1

Nc!
σ(�)γNcN0,�eNτatµBr� , σ(�) = (−1)1+r�+N−,�

∏

(x,µ)∈�
ηµ(x). (15)

Here, N0,� is the number of temporal baryon segments on �. The sign σ(�) of a baryon loop � is due
to geometry: number of backward directions N−,�, winding number r� and staggered phases along the
loop. The sign of a configuration is the product of the signs of all baryonic loops. The sign problem of
sampling this partition function is however very mild for any value of the chemical potential, because
the baryons are heavy and hence tend to have simple geometries which contribute with positive signs.

2.3 Weingarten Functions

In order to obtain the partition function away from the strong coupling limit, we will make use of
Weingarten functions [14, 15]. This is particularly useful since when some of the link matrices emerge
from the Wilson gauge action, we also need contributions to Eq. (7) for a > 0 and b > 0. For
n ≡ a = b, the result is expressed via permutations σ, τ ∈ S n on the color indices that go into 2n
Kronecker deltas, and are multiplied by the Weingarten functions, which sums over all irreducible
representations (irreps) λ of SU(Nc) that are tensors of n fundamental irreps:

In,n

i j,k l =
∑

σ,τ∈S n

n∏

r=1

(
δ lr

iσ(r)
δ

jτ(r)

kr

)
Wgn,Nc ([σ ◦ τ−1]), (16)

Wgn,N(ρ) =
1

(n!)2

∑

λ�n,l(λ)≤Nc

( f λ)2

Dλ(N)
χ
ρ
λ, (17)

with Dλ(N) the dimension of the irrep λ of U(N) and f λ the dimension of the irrep λ of S n. The irreps
of both the unitary and the symmetric groups are labeled by integer partitions

λ � n, λ = (λ1, . . . λl(λ)), n =
l(λ)∑

i=1

λi, λi ≥ λi+1, (18)

and due to the finite number of available color indices, the corresponding partitions have a finite
number of parts, l(λ) ≤ N. The Weingarten functions contain the character χρλ of the symmetric group
S n, which only depends on the conjugacy class ρ = [π] of a permutation π ∈ S n, given by the cycle
structure of π. The conjugacy class ρ � n is also labeled by an integer partition. Some examples of
Weingarten functions are:

Wg3,N(21) =
−1

(N2 − 1)(N2 − 4)
, Wg3,N(13) =

N2 − 2
N(N2 − 1)(N2 − 4)

. (19)
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The Weingarten functions for a − b = qNc with q = 1 has been addressed in [16]. For q � 0, also
epsilon tensors enter Eq. (17), which leads to lengthy expressions. The generalization for q > 1 will
be addressed in a forthcoming publication. Here we simply want to illustrate that we recover the
strong coupling limit and the leading order gauge correction within this formalism.

2.4 Link Integration via Weingarten Functions

The Weingarten functions are a powerful tool to address gauge corrections and integrals for many
flavors, given that the matricesM,M† are generalized to Nf > 1. Depending on how many fermion
hoppings contribute to the link integral, we restrict the sum over irreps within the Weingarten function
to those consistent with the fermion content:

Wgn,N
λ(ρ) =

1
(n!)2

( f λ)2

Dλ
χ
ρ
λ, Wgn,N

Λ(ρ) =
∑

λ�n
λ∈Λ

Wgn,N
λ(ρ) (20)

This restriction is possible due to the orthogonality of characters: for any λ � [n] (i.e. with the
exception of the completely symmetric irrep which has χρ[n] = 1 for all ρ) it holds that

∑

ρ�n
hρχ

ρ
λ = 0,

∑

ρ�n
hρ = n! (21)

with hρ the number of elements in the conjugacy class ρ. However, due to the additional minus signs
from the ordering of the Grassmann variables, there are other irreps λ ∈ Λ which are non-zero. At
strong coupling, where all sources are fermionic, only the completely anti-symmetric irrep is non-
zero, Λ = {[1n]}, with n ≤ Nc. Here, χρ[1n] = sgn(ρ), resulting in

In,n

i j,k l(Λ) =
∑

σ,τ∈S n

n∏

r=1

(
δ lr

iσ(r)
δ

jτ(r)

kr

) 1
(n!)2

(Nc − n)!
Nc!

sgn(ρ), ρ = [στ−1] (22)

J0(M,M†) =
Nc∑

k=0

∑

ρ�k
hρtrρ[MM†] (Nc − k)!

Nc!(k!)2 sgn(ρ), (23)

trρ[. . .] =
∏

i

tr[(. . .)i]ρi ,
∑

i

iρi = n. (24)

This agrees for Nf = 1 with the result in Eq. (13) since sgn(ρ) is canceled by the anti-commutativity
of the Grassmann variables.

For the leading order gauge corrections, the additional gauge link from the plaquette allows partial
symmetrization, Λ = {[1n], [21n−2]}:

In,n

i j,k l(Λ) =
∑

σ,τ∈S n

n∏

r=1

(
δ lr

iσ(r)
δ

jτ(r)

kr

) 1
(n!)2

(Nc − n)!
(Nc + 1)!

(
(Nc + 1)sgn(ρ) + (Nc + 1 − n)χρ[21n−2]

)
, (25)

Ji j (M,M†) =
Nc∑

k=0

1
(k − 1)!k!

∑

ρ�k
hρtrρ[MM†Mi j ]

(Nc − k)!k!
(Nc + 1)!

(
(Nc + 1)sgn(ρ) + (Nc + 1 − n)χρ[21n−2]

)
(26)
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hρtrρ[MM†] (Nc − k)!
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trρ[. . .] =
∏

i

tr[(. . .)i]ρi ,
∑

i

iρi = n. (24)

This agrees for Nf = 1 with the result in Eq. (13) since sgn(ρ) is canceled by the anti-commutativity
of the Grassmann variables.

For the leading order gauge corrections, the additional gauge link from the plaquette allows partial
symmetrization, Λ = {[1n], [21n−2]}:

In,n

i j,k l(Λ) =
∑

σ,τ∈S n

n∏

r=1

(
δ lr

iσ(r)
δ

jτ(r)

kr

) 1
(n!)2

(Nc − n)!
(Nc + 1)!

(
(Nc + 1)sgn(ρ) + (Nc + 1 − n)χρ[21n−2]

)
, (25)

Ji j (M,M†) =
Nc∑

k=0

1
(k − 1)!k!

∑

ρ�k
hρtrρ[MM†Mi j ]

(Nc − k)!k!
(Nc + 1)!

(
(Nc + 1)sgn(ρ) + (Nc + 1 − n)χρ[21n−2]

)
(26)

For Nf = 1 this reproduces the known result [10, 11]:

Ji j (M,M†) =
Nc∑

k=0

(Nc − k)!
Nc!(k − 1)!

(MxMx+µ̂)kMi j (27)

With this result, one address gauge corrections as shown in Fig. 3. Similarly, other gauge corrections
can be addressed, which we plan to do in a forthcoming publication.
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Figure 2. Gauge corrections to the strong coupling limit. Top: the effect of gauge corrections to world lines:
a baryon along an excited plaquette, smearing the previously point-like baryons over a lattice spacing. Bottom:
Two excited adjacent plaquettes, displayed as dimer covering, and with internal structure of dimers. Contributions
from plaquettes, dimers via Weingarten functions, green: plaquette contributions, red: fermion hoppings, black:
permutations that enter the Weingarten functions and are summed over. The vertex weights v1 = v2 = 1 are trivial
in that example.

3 Dual Formulation

3.1 Grassmann Integration

Given that all link integrals Ki j,k l are computed, the remaining task is to organize the fermions such
that they can be integrated out. If the integralsKi j,k l have more than two open indices, the Grassmann
integration gives rise to a tensor network that is difficult to evaluate. For U(Nc) gauge theory, the
contractions are however possible as there are exact cancellations, as shown in Fig. 3. Only integrals
with two open indices K1,0

i j1
1

or K0,1

k l1
1

give non-zero contributions. Since Grassmann integration results

in one incoming and one outgoing loop per site if the site is on the boundary of a plaquette surface,
these have to be contracted along loops. The resulting simplifying constraint, exact for U(Nc) and
valid for the q = 0 sector of SU(Nc), is that plaquette surfaces are bound by quarks which form
self-avoiding loops. However, for q � 0, quark loops can intersect such that the constraint is no
longer valid. We will nevertheless apply this constraint, resulting in systematic errors for fermionic
observables at O(βNc ).

7

EPJ Web of Conferences 175, 07047 (2018) https://doi.org/10.1051/epjconf/201817507047
Lattice 2017



1

1

1

2

1

Ji
1
k

J kj
1

Jlj
2

Ji
2
l

J i
1
k

J kj
2

Jlj
1

Ji
2
l

-=
+1

+1

0

0

22

2

J j
1
j
2
k

1
k

2

Ji
1
i
2
j
2
j
1

-=
0

+2

0

0
J j

1
j
2
k

1
k

2

Figure 3. Simplification due to Grassmann integration within the U(Nc) sector due to exact cancellations. Top:
plaquette configurations that result in fx > 1. Bottom: plaquette configurations that result in fb > 1. Hence, in
U(Nc), the quark fluxes around the plaquette surfaces form self-avoiding loops. We will also restrict to that in
SU(Nc), where this simplification is no longer applicable and introduces systematic errors at O(βNc ).

3.2 The Partition Function

With the above simplification, the resulting partition sum is a sum over monomers, dimers, world lines
and world sheets defined as surfaces of constant plaquette occupation numbers. To do so, we have to
introduce two auxiliary variables which are completely determined by the plaquette configuration:

fb =
∑

P∈P+b
(nP − n̄P) +

∑

P∈P−b
(n̄P − nP) ∈ {0,±1}, fx =

1
2

∑

b

| fb| ∈ {0, 1}, (28)

� f = {b = (x, µ) | fb = ±1 are connected} ≡ ∂{nP, n̄P}, (29)

where fb counts the number of fermion fluxes through a bond b, fx counts the number of fermion
fluxes through a site x, and � f are the self-avoiding loops that are defined on the boundary of the
plaquette surfaces of constant plaquette occupation numbers. With this, the partition function reads

Z(amq, atµ, γ) =
∑

{kb,nx,�Nc ,nP,n̄P}

∏

b=(x,µ)

(Nc − kb)!
Nc!(kb − | fb|)!γ

(2kb− fb)δµ0
∏

x

Nc!
nx!

(2amq)nx

×
∏

�Nc ,� f

w(�Nc , � f , µ)
∏

P

(
β

2Nc

)nP+n̄P

nP!n̄P!
(30)

kb ∈ {0, . . .Nc}, nx ∈ {0, . . .Nc}, �Nc ∈ {0,±1}, nP, n̄P ∈ N. (31)

Due to restriction discussed Sec. 3.1, we however only sample plaquette surfaces where either n̄P = 0
or nP = 0, resulting in a net plaquette occupation number nP − nP = 0 ∈ Z.
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where fb counts the number of fermion fluxes through a bond b, fx counts the number of fermion
fluxes through a site x, and � f are the self-avoiding loops that are defined on the boundary of the
plaquette surfaces of constant plaquette occupation numbers. With this, the partition function reads

Z(amq, atµ, γ) =
∑
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∏
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(2kb− fb)δµ0
∏

x

Nc!
nx!

(2amq)nx

×
∏

�Nc ,� f

w(�Nc , � f , µ)
∏

P

(
β

2Nc

)nP+n̄P

nP!n̄P!
(30)
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Due to restriction discussed Sec. 3.1, we however only sample plaquette surfaces where either n̄P = 0
or nP = 0, resulting in a net plaquette occupation number nP − nP = 0 ∈ Z.

The color constraint, a modification of the Grassmann constraint, is

nx +
∑

µ̂=±0̂,...±d̂

(
kµ̂(x) +

Nc

2
|�Nc,µ̂(x)|

)
= Nc + fx. (32)

The Nc-flux loops �Nc have the same role as baryon loops at strong coupling, but they are now not
necessarily made up of Nc quarks. Likewise, also dimers are not necessarily mesons, but can be
composed of a quark-gluon combination. The bond weights are modified in case a bond is both part
of a loop �Nc and a loop � f :

w(B1) =
1

Nc!(Nc − 1)!
, w(B2) =

(Nc − 1)!
Nc!

(33)

with B1 a Nc-flux bond without and B2 with an additional dimer. Also the site weights are modified in
case fermion flux is reoriented, i.e. when fx = 1, with v1 = (Nc − 1)! the weight when it merges into a
dimer, and v2 = Nc! when it merges with a Nc-flux.
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Figure 4. Typical 2-dimensional configuration at finte β, atµ and amq. Left: degrees of freedom that are sampled:
monomers (blue), dimers (black), 3-fluxes (red) and plaquette occupation numbers (green). Right: the same
configuration but with the substructure of color singlets and triplets along excited plaquettes: quarks (red) and
gauge fluxes (green). Baryons becomes extended objects.

We sample the partition function Eq. (31) by extending the mesonic and baryonic worm algorithm
used at strong coupling. In particular, we update the plaquette occupation numbers on closed loop
configurations, and the 0-flux and Nc-flux worms take modified weights on edges with fb � 0. A
detailed discussion of the algorithm will be left for a forthcoming publication.

3.3 Sign Problem

Although the finite density sign problem has been made very mild in the strong coupling limit, this is
not necessarily the case away from the strong coupling limit, as fermion hoppings on the boundary of
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plaquette surfaces take place. Single fermion hoppings are however not suppressed by a large mass. In
fact, the sign problem in the dual representation due to finite β even arises for the U(Nc) gauge theory,
which is sign problem-free in the conventional fermion determinant representation, as the depenence
on the chemical potential drops out.

+1 +1

+1

+1 +1

+1 +1

σ( lf )=−1

winding no.=0
negative quark hopings=4

no. of quark loops=−1

∏
( x, μ)∈l

f

ημ( x)=1

σ( lf )=1

winding no.=0
negative quark hopings=4

no. of quark loops=−1

∏
(x ,μ)∈l

f

ημ( x)=−1

Figure 5. The plaquette-induced sign problem: example of two configurations with opposite signs.

The sign of a configuration factorizes in the Nc-flux sign and the fermion flux sign:

σ(C) =
∏

� f

σ(� f )
∏

�Nc

σ(�Nc ), σ(�) = (−1)1+w(�)+N−(�)
∏

�̃

ηµ(x). (34)

For Nc = 3, the combination of fermion loops and 3-flux loops lead to the following identification,
as shown in Fig. 4: dimers on bonds with fermion fb � 0 are fermionic, whereas 3-fluxes on bonds
with fermion fb � 0 are bosonic.

The example of a negative configuration, Fig. 5 (right), illustrates that in two dimensions, negative
contributions are related to frustration of monomers: a loop trapping an odd number of monomers has
negative sign. This is known from the dual representation of the Schwinger model at finite quark mass.
But for dimensions d > 2, even without monomers, a sign problem is induced as dimers and Nc-fluxes
can be perpendicular on a plaquette surface, giving rise to topologically inequivalent configurations
with opposite signs.

3.4 Crosschecks

We have made extensive crosschecks on small 2-dimensional volumes where exact enumeration is
possible. In Fig. 6 some gauge observables, the average plaquette and the Polyakov loop, are shown
as obtained from the dual representation, as a function of amq for µ = 0, and for various gauge groups.
They agree well both with the exact result and with hybrid Monte Carlo (HMC).

Another important crosscheck where HMC and Meanfield results [19] are available is the phase
boundary in the β-T plane for SU(3) at µ = 0. Fig. 7 shows that the results from direct sampling agree
well with extrapolations of HMC.
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Figure 6. Crosschecks for various gauge groups at µB = 0 on small lattices where both analytic results from
exact enumeration and hybrid Monte Carlo data were obtained. The average plaquette, Polyakov loop and chiral
susceptibility are shown as a function of the quark mass.

4 Results on the Phase Diagram

4.1 Strong Coupling Regime at Finite Temperature

We have derived the dual representation in the strong coupling limit by taking into account the bare
anisotropy γ in order to continuously vary the temperature independent of β. In a recent publication
[17], one of us has determined with collaborators the non-perturbative anisotropy a/at as a function
of the bare anisotropy in order to unambiguously define the temperature:

aT =
ξ(γ)
Nτ
,

a
at
≡ ξ(γ) � κ + 1

1 + λγ4 , λ = κ/(1 − κ), κ � 0.7810(8) (35)

We adopt this non-perturbative definition of the temperature, which differs significantly from the
previously used mean field result aT = γ2

Nt
. Likewise we convert the chemical potential: aµB =

ξ(γ)atµB.

4.2 Phase Diagram in the Strong Coupling Regime

Lattice QCD with staggered fermions has a residual chiral symmetry even in the strong coupling
regime, since there is an exact Goldstone mode in the spin⊗taste basis γ5 ⊗ γ5. The lattice action at
zero quark mass, and likewise partition function Eq. (31) has the symmetry

U(1)V × U(1)55 : χ(x) �→ eiε(x)θA+iθVχ(x), ε(x) = (−1)x1+x2+x3+x4 , (36)

i.e. even and odd sites transform independently. The chiral symmetry is spontaneously broken at
low temperatures, but restored at some phase boundary aTc(aµB). The transition in the chiral limit is
second order for small and intermediate aµB and turns into a first order transition at low temperatures,
separated by a tri-critical point. This point at (aµtric

B , aT tric) = (1.56(4), 0.73(4)) turns into a critical
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Figure 7. The phase boundary for SU(3) at µB = 0. The comparison of direct sampling (red dots) with reweight-
ing and mean field theory. This results makes use of the mean field value of a/at = γ

2 for better comparison. The
direct simulations favor the scenario of extrapolating the phase boundary via an exponential ansatz (right) rather
than a linear ansatz (left), as has been discussed in [10].

end point as soon as the quark mass becomes finite. The ratio µCEP
B /T CEP > 2 becomes even larger

as a function of the quark mass. The phase boundary for the chiral transition in the strong coupling
regime can be measured by finite size scaling of the chiral susceptibility, as shown in Fig. 9 (top). The
nuclear transition can be obtained from the position of the gap in the baryon density. In the strong
coupling limit, the first order chiral and nuclear transition coincide. The reason is that the nuclear
liquid phase is actually a Pauli saturated phase of a baryon crystal, such that no quarks are left for the
formation of a chiral condensate. This finding seems to be independent of the quark mass [18]. We
restrict in the following to the chiral limit, where simulation via the Worm algorithm are even faster
than with finite quark mass, in contrast to HMC.

Via reweighting from the β = 0 ensemble, Fig. 8 (left), it was found that the chiral transition aTc(aµB)
for small chemical potential indeed decreases, as expected since the lattice spacing a(β) becomes
smaller. However, the chiral and nuclear first order transition still coincide with the strong coupling
result for small β. This may be very likely a reweighting artifact, as it is impossible to reweight from
one phase to another phase across a first order transition. We only found that the nuclear critical
end point separates from the chiral tri-critical point, but does not split from the first order line. The
expectation is however that the chiral and nuclear transition split, a possible scenario is shown in
Fig. 8 (right). It is however a priori not clear how much µnuclear

c and µchiral
c are separated in nature, and

how large β needs to be to observe that splitting.
In order to understand the relation between nuclear and chiral transition, we need to sample the

partition function Eq. (31) directly at finite β. With the direct simulations at finite β, based on local
plaquette updates together with the worm to update the dimers and 3-flux world lines, we find that
the chiral first order transition indeed depends on β, as shown in Fig. 9 (bottom). Our lattices were
Nstimes4 with Ns = 4, 6, 8, and for various temperatures and baryon chemical potentials, which
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as a function of the quark mass. The phase boundary for the chiral transition in the strong coupling
regime can be measured by finite size scaling of the chiral susceptibility, as shown in Fig. 9 (top). The
nuclear transition can be obtained from the position of the gap in the baryon density. In the strong
coupling limit, the first order chiral and nuclear transition coincide. The reason is that the nuclear
liquid phase is actually a Pauli saturated phase of a baryon crystal, such that no quarks are left for the
formation of a chiral condensate. This finding seems to be independent of the quark mass [18]. We
restrict in the following to the chiral limit, where simulation via the Worm algorithm are even faster
than with finite quark mass, in contrast to HMC.

Via reweighting from the β = 0 ensemble, Fig. 8 (left), it was found that the chiral transition aTc(aµB)
for small chemical potential indeed decreases, as expected since the lattice spacing a(β) becomes
smaller. However, the chiral and nuclear first order transition still coincide with the strong coupling
result for small β. This may be very likely a reweighting artifact, as it is impossible to reweight from
one phase to another phase across a first order transition. We only found that the nuclear critical
end point separates from the chiral tri-critical point, but does not split from the first order line. The
expectation is however that the chiral and nuclear transition split, a possible scenario is shown in
Fig. 8 (right). It is however a priori not clear how much µnuclear

c and µchiral
c are separated in nature, and

how large β needs to be to observe that splitting.
In order to understand the relation between nuclear and chiral transition, we need to sample the

partition function Eq. (31) directly at finite β. With the direct simulations at finite β, based on local
plaquette updates together with the worm to update the dimers and 3-flux world lines, we find that
the chiral first order transition indeed depends on β, as shown in Fig. 9 (bottom). Our lattices were
Nstimes4 with Ns = 4, 6, 8, and for various temperatures and baryon chemical potentials, which

suffices to determine the chiral phase boundary quite accurately. These preliminary results still needs
to be reconciled with the first order nuclear transition, which requires larger volumes.
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nuclear and chiral transition did not split, which is likely an artifact from reweighting. Right: one of several
possible scenarios on the β-dependence of the chiral and nuclear transition for unrooted staggered fermions in
the chiral limit.

5 Conclusion

We have presented a partition function that includes higher order gauge corrections with the constraint
that the plaquette world sheets are bound by fermion loops. Plaquette occupation numbers are in
principle unbounded, such that we sample contributions of the gauge action at arbitrarily large order
in β. However, due to the complicated non-local structure of the tensors C(β, {S P, S

†
P}) j i,l k, it is not

yet possible to write down a partition function that is correct for all orders in β. Hence we restrict to
the limit where plaquettes form surfaces bounded by quark flux. This restriction is no longer valid
for SU(Nc), and our approximation will result in systematic errors in fermionic observables at O(βNc ).
However, in the strong coupling regime with β � 2Nc, these systematic errors are expected to be
small.

Due to the sign problem induced by the boundaries of the plaquette surfaces, simulations are re-
stricted to β � 1. We presented first direct measurements at non-zero β and µ, which are consistent
with the previous results from reweighting. It will be essential to improve on the sign problem further
to apply these methods for β > 1.

A systematic error on the phase boundary as shown in Fig. 9 is due to the anisotropy ξ = a
at

. We
only considered the bare anisotropy γF ≡ γ in the Dirac coupling, but one should also introduce an
anisotropy in the Wilson action, γG = βt/βs. Then the lattice anisotropy is a non-perturbative function
of both bare anisotropies, ξ(γF , γG), that can in principle be determined in a similar way as in [17].

In this work we have only studied the gauge corrections of the phase diagram in the chiral limit. We
plan to study the gauge corrections also at finite quark mass.
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Figure 9. Top: baryon density and rescaled chiral susceptibility at aT = 0.7 (in the vicinity of the tri-critical
point) from direct simulations for various β. Bottom: The phase boundary for SU(3) at µB = 0. For µB = 0 up to
the tri-critcial point, the direct simulations agree well with the results from reweighting, but a different behaviour
is observed along the first order line.
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1. Introduction

The finite density sign problem hinders the direct Monte Carlo simulation of QCD at finite
baryon chemical potential. As an alternative method, we adopt the dual representation which is
changing degrees of freedom of the original theory to integer variables. The dual representation in
the strong coupling regime allows us to investigate the full µB−T phase diagram. We have studied
the dependence of the nuclear critical end point (CEP) as a function of the quark mass amq in the
strong coupling limit (β = 0) [1]. If quark mass increases, the critical baryon chemical potential
increases and the critical temperature decreases. Hence, as shown in Fig. 1, the critical end point
moves to the bottom right direction. We also have presented the β dependence in the chiral limit in
our previous study [2]. In these proceedings, we present the β dependence of the critical end line at
finite quark masses in the strong coupling regime. We sketch the expected behavior of the critical
line in Fig. 1. If β increases, the critical end point of a certain quark mass is expected to move
to lower temperature but the critical baryon chemical potential does not change much. Hence, the
first order line shortens with increasing β .

Figure 1: Sketch of β and quark mass dependence of the CEP on anisotropic lattices. The red plane denotes
fixed temperature in lattice units aT = 1/Nt , and the dotted blue line is the expected critical end line in the
aT = 1/Nt plane. The dotted green lines are the expected behavior of CEP at fixed quark mass in aT > 1/Nt ,
as a function of β .

2. Setup

We use staggered fermions in the dual formulation [3, 4, 5] with gauge corrections O(β )
[6, 2, 7].

Z(mq,µ,γ) =

∑
{k,n,`,np}

∏
b=(x,µ)

(Nc− kb)!
Nc!(kb−| fb|)!

γ2kbδ0̂,µ̂

︸ ︷︷ ︸
singlet hoppings

∏
x

Nc!
nx!

(2amq)
nx

︸ ︷︷ ︸
chiral condensate

∏̀
3

w(`3,µ)

︸ ︷︷ ︸
triplet hoppings

∏̀
f

w̃(` f ,µ)

︸ ︷︷ ︸
weight modification

∏
P

(
β

2Nc

)nP+n̄P

nP!n̄P!
︸ ︷︷ ︸

gluon propagation

,

(2.1)

1
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w(`3,µ) =
1

∏x∈`3

σ(`3)γNcN0̂ exp(NcNtr`3at µ) , σ(`3) = (−1)r`3+N−(`3)+1 ∏
b=(x,µ̂)∈`3

ηµ̂(x) ,

(2.2)

where kb and fb are the number of dimers and gauge fluxes at bond b, nx is the number of monomers
at site x, and `3 denotes a 3-fermion fluxes loop and ` f is a single fermion loop. nP and n̄P are
plaquette (counterclockwise and clockwise) occupation number. N0̂ is the number of 3-fermion
fluxes in temporal direction, r`3 is the winding number in temporal direction. N− is the number of
3-fermion fluxes in negative direction and ηµ̂ is the staggered phase factor. In this simulation, we
fix the temporal lattice extent to Nt = 4 and an anisotropy γ = 1. The lattices temperature is fixed
to aT = 1

Nt
. If we change β , the lattice spacing a is changed but aT is invariant. We simulate for

β = 0.0,0.1, · · · ,0.9,1.0 and amq from 0.0 to 0.5 with step size 0.01. We scan the baryon chemical
potential aµB for each (β ,amq) and find the critical baryon chemical potential aµc. On the µ−T
plane in Fig.1, if the quark mass becomes heavy, the critical end point moves to the large aµ and
low aT region. Because we fix the temperature and vary the quark mass, the first order phase
transition occurs at lighter quark masses in our simulation. By contrast, a crossover transition is
expected for heavy quark mass. At a certain critical quark mass (am4 in Fig.1), the transition turns
into a second order transition.

3. Analysis and results

3.1 Sign problem
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(c) Total sign problem

Figure 2: Sign problems from two difference sources.

First, let us consider the sign problem at finite β and amq. The sign problem comes from the
odd number of fermion flux. In O(β ), only single and 3 fermion fluxes cause the sign problem and
they are distinguishable. Single fermion flux and 3 fermion fluxes make fermion loops like baryon
world lines in the strong coupling limit, and the sign problems is related to their geometries [2].
We distinguish these two types of sign problems and show in the Fig. 2(a) and Fig. 2(b). Here ∆ f
is a difference between full and sign quenched free energy density and sign is σ = exp(−N3

s Nt∆ f ).
In the Fig. 2(a), the sign problem from 3 fermion fluxes mainly occurs near the phase transition
region. We will see in the next section that the first order transition weakens when increasing β .
So, the phase transition area gets wide in aµ . The single fermion flux sign problem increases with
β as expected, but only occurs in the hadronic gas phase as shown in Fig. 2(b). We present the
combined sign problem in Fig. 2(c).
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Figure 3: Baryon density at β = 0.1
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Figure 4: Baryon density at β = 1.0

3.2 Analysis of baryon density

Now let us consider the baryon density 〈nB〉 =
1

VsNt

∂
∂ (Ncat µ)

logZ =
1
Vs
〈∑`3 r`3〉 which is

our observable to determine the critical end points, where Vs is a spatial volume. We present our
results of baryon density in Fig. 3 and Fig. 4. In a first step, the critical aµc is determined by
data points crossing the blue band, which was chosen by eye to be sufficiently distinct from both
zero and saturation. In Fig. 3 we compare the onset of the nuclear transition for β = 0.1 for two
different quark masses and various volumes. At small quark mass, the transition is consistent with
first order, and large quark mass weakens the phase transition. This also holds for Fig. 4. If we fix
the quark mass and change β , comparing Fig. 3(a) and Fig. 4(a) or Fig. 3(b) and Fig. 4(b), we can
see increasing β diminishes the phase transition. From the above analysis, we choose the aµc and
plot them with respect to amq in Fig. 5. The small quark mass region results in a first order phase
transition and the large quark region results in a crossover. As β increases, the first order region
shrinks and the crossover is extended. Between these first order and crossover transitions, there is

3
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Figure 5: Critical chemical potential (aµc) as a function of quark mass (amq).

a critical end point. Hence, the critical end point is moving to the smaller quark masses when β is
increased.

3.3 Critical end point analysis using histograms
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Figure 6: Baryon density histogram at small quark mass amq = 0.0
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Figure 7: Baryon density histogram at large quark mass amq = 0.5

Because of the huge statistical errors near the critical chemical potential µc, the analysis of the
baryon susceptibility is difficult. So, we analyse the data using histograms to bound the critical end
points. We use the data of a 83×4 volume for the histograms and the errors are computed by the
bootstrap resampling method. In the Fig. 6 and Fig. 7, we plot histograms around aµc. At small

4
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Figure 8: Baryon density histogram of lower and upper limit of amq at aµc for critical end point at β = 0.5.

quark masses, the histograms have a two-peak distribution. Clearly at this quark mass, the phase
transition is of first order. For large quark mass, there is no two-peak distribution and the peak
moves smoothly from one state to the other state with increasing aµ . There is no perfect two-peak
distributions in the first order transition histogram because of finite volume effects, so we choose
the lower bound for the CEP when two-peak distribution is clear that is shown in Fig. 8(a). The
upper bound for the CEP is selected when two-peak vanishes and a peak starts to move smoothly.
This is presented in Fig. 8(b). From the histogram analysis we can determine the upper limit of
quark mass for the first order phase transition and the lower limit of that for crossover. Between
those upper and lower limits, the second order end point is located. The critical line as a function of
β is presented in Fig. 9(a). In this plot, the left lower corner corresponds to the first order region and
the right upper corner is crossover. As β increases, the quark mass of the CEP decreases slightly.
This is similar for the baryon chemical potential as shown in Fig. 9(b). To determine the error bars
in Fig. 9(b), we take the smallest and largest quark masses in Fig. 9(a) for each β . Then there are
corresponding aµc for quark masses. We use the range of these aµc values to the errors of critical
line in Fig. 9(b). We determine the error bars from the histograms very conservatively. The huge
errors in Fig. 9 are caused by the uncertainty and small statistics. The β dependence of both amq

and aµ are linear in β in the small β . 1 region.

4. Conclusion

We simulate the dual representation with finite quark mass and lattice gauge coupling β . Be-
cause this simulation takes into account only O(β ), we restrict to the range of β smaller than one.
In this parameter space, the sign problem is still mild enough to use a sign reweighting method.
We obtain the β dependence of the critical line using a histogram analysis. In the small β region,
the critical line looks like linear, but still has large errors. Hence, the higher corrections of β are
essential to extend this study to β larger than one and an important step in this direction has been
addressed in Ref. [7].
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Figure 9: Critical line of end points as a function of β .
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Lattice QCD with staggered fermions can be formulated in dual variables to address the finite
baryon density sign problem. In the past we have performed simulations in the strong coupling
regime, including leading order gauge corrections. In order to vary the temperature for fixed β
it was necessary to introduce a bare anisotropy. In this talk we will extend our work to include
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1. Introduction

Despite many attempts and partial successes to address the finite density sign problem in lattice
QCD, a solution applicable to the full parameter space (temperature T , baryon chemical potential
µB, quark mass mq and lattice gauge coupling β ) has not yet been established. Here we report
on the incremental progress to unravel the phase diagram in the strong coupling regime of lattice
QCD with staggered fermions, based on a leading order strong coupling expansion valid to O(β )
[1, 2, 3]. The recent progress to address higher order corrections [4] are not yet considered in full
Monte Carlo simulations.

The phase diagram of lattice QCD in the strong coupling limit has been investigated since
more than 30 years [5, 6, 7, 8] and is by now well known, with the Worm algorithm as a main
Monte Carlo tool to investigate its features [9, 10, 11]. Beyond the strong coupling limit, the
leading order gauge corrections have been included as well, but ambiguities on the phase boundary
arising when using different Nτ have not yet been addressed. These ambiguities have so far only
been successfully resolved in the strong coupling limit (both in the chiral limit [12] and at finite
quark mass [13]).

The long-term goal is to extend the validity of the strong coupling expansion to answer an
important question on the existence of the critical end point (CEP): At strong coupling, the CEP
has been located at (aµc

B,aT c) = (1.56(3),0.80(2)) in the chiral limit (where the CEP turns into a
tri-critical point TCP), and its quark mass dependence has been investigated, with tri-critical scaling
∝ m2/5

q for small quark masses [14]. The dependence of the location of the CEP as a function of β
has not yet been determined. Whether the CEP also exists in the continuum limit remains an open
question. First hints can be obtained by monitoring the β -dependence of the CEP for small β : if
it moves to smaller µB (and if this behaviour is monotonous), it may exist; if it moves to larger
µB, it may even vanish in the continuum limit and the chiral transition is for all values of µB just a
crossover.

The main difficulty when mapping out the phase diagram is that we need to introduce a bare
anisotropy γ in the strong coupling regime in order to vary the temperature continuously at fixed
values of β . The temperature and chemical potential are however determined by the physical
anisotropy ξ ≡ aσ

aτ
, which depends non-perturbatively on γ and the lattice gauge coupling β . Here

we will report on how the β -dependence of ξ is determined, and present preliminary results when
applied to the phase diagram in the strong coupling regime.

2. Dual formulation of lattice QCD

The strong coupling regime of lattice QCD can be formulated in a dual representation and it
was generalized recently to include in principle any order in β [4]. In this proceedings however,
we only incorporate the leading order gauge correction O(β ) as outlined in [2] and re-derived
in the appendix of [4]. It is based on a series expansion in terms of the (anti-) quark hopping
d̄µ(x) from the staggered Dirac operator, and plaquette occupation numbers np, n̄p on plaquette
coordinates p = (x,µ,ν) from the Wilson gauge action. In contrast to previous formulations of the

1
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dual partition sum, we now adopt the notation:

kµ(x) = min
{

dµ(x), d̄µ(x)
}
, fµ(x) = dµ(x)− d̄µ(x), (2.1)

where kµ(x) ∈ {0, . . .Nc} is the dimer number and fµ(x) ∈ {−Nc, . . .Nc} is the net quark flux. The
kµ(x) are always quark-antiquark combinations, and color singlets formed by a quark and gluon are
no longer regarded as dimers (in contrast to our previous formulation - the new convention is advan-
tageous when higher order corrections are considered). The dual degrees of freedom {k, f ,m, n̄,n}
fulfill the gauge constraint at each link:

fµ(x)+ ∑
ν>µ

[
δnµ,ν(x)−δnµ,ν(x−ν)

]
− ∑

ν<µ

[
µ ↔ ν

]
= Nc qµ(x), (2.2)

where for the O(β ) partition function, qµ(x)∈{−1,0,1} and δnµ,ν(x)≡ δnp = np− n̄p ∈{−1,0,1}.
The Grassmann constraint at each lattice site is:

mx +∑
±µ

(
kµ(x)+

| fµ(x)|
2

)
= Nc, ∑

±µ
fµ(x) = 0. (2.3)

In terms of the above dual variables, and including a bare anisotropy γ , the partition function
can be rewritten as:

Z(β ,γ,µq, m̂q) = ∑
C={np,n̄p,k`, f`,mx}

σ(C)∏
p

β̃ np+n̄p

np!n̄p! ∏
`=(x,µ)

eµqδµ,0 fµ (x)γδµ,0(| fµ (x)|+2kµ (x))

k`!(k`+ | f`|)! ∏
x

(2m̂q)
mx

mx!
Ti(Cx)

(2.4)

with β̃ = β
2Nc

, the quark chemical potential µq =
1

Nc
µB. The three non-trivial vertex weights

T1 =
Nc!√

Nc
, T2 = (Nc−1)!, T3 =

Nc!√
Nc

(2.5)

depend on the local degrees of freedom Cx = {mx,kµ(x), fµ(x),nµν(x), n̄µν(x)} and are employed
whenever some nµν(x)> 0 (n̄µν(x)> 0) and some fµ(x)> 1. For Nc = 3, the sign

σ(C) = ∏̀
1

σ(`1)∏̀
3

σ(`3), σ(`) = (−1)1+w(`)+N−(`)∏̃
`

ηµ(x) (2.6)

factorizes into single fermion (| fµ(x)|= 1) and triple fermion loops (| fµ(x)|= 3). This factorization
no longer holds beyond O(β ), see [4]. The dual degrees of freedom are color singlets which are no
longer just baryons and mesons as in the strong coupling limit: the gauge corrections will resolve
the quark structure of the point-like baryons and mesons, making them effectively spread out over
one or more lattice spacings. The reason why the sign problem is mild in the strong coupling limit
is that baryons are heavy, where ∆ f ' 10−5. This is still approximately true for β . 1, where the
sign problem remains manageable. For details see [3].

In the following we will consider the chiral limit of the partition function Eq. (2.4), which
implies mx = 0 and which has the symmetry group :

U(1)V ×U(1)55 : χ(x) 7→ eiε(x)θA+iθV χ(x), ε(x) = (−1)x1+x2+x3+x4 , (2.7)

with U(1)V the baryon number conservation and U(1)55 the remnant chiral symmetry which is
broken spontaneously at low temperatures and densities. In Sec. 4 we will address the chiral critical
line that terminates in a tri-critical point before turning first order.

2
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3. Anisotropy Calibration at finite β

It is crucial to understand the relationship between the bare anisotropy γ and the non-perturbative
anisotropy ξ ≡ aσ

aτ
(with a≡ aσ the spatial and aτ the temporal lattice spacing) in order set the tem-

perature and chemical potential consistently for various Nτ . Anisotropic lattices are necessary in
the strong coupling regime since at fixed β this is the only way to vary the temperature continu-
ously [15, 16]. The precise correspondence between ξ and γ has been established in the strong
coupling limit and in the chiral limit [12], resulting in

ξ (γ)≈ κγ2 +
γ2

1+λγ4 , κ = 0.781(1), (3.1)

and at finite quark mass in [13], where it was shown that κ(mq) = lim
ξ→∞

ξ
γ2 has a simple mass

dependence in the strong coupling limit. The basic idea of the anisotropy calibration is to identify
a conserved current and scan in γ such that the lattice is physically isotropic for a fixed aspect ratio:

Nσ aσ
!
= Nτaτ ⇒ ξ =

Nτ

Nσ
. (3.2)

The conserved current is related to the pion [17]

jµ(x) = ε(x)
(

kµ(x)−
1
2
| fµ(x)|

)
, (3.3)

with ε(x) = ±1 the parity of site x. Eq. (3.3) is the generalization of the strong coupling limit
(where fµ(x) ∈ {−Nc,0,Nc} is the baryon flux through that link) to incorporate gauge corrections.
This allows us to extend the anisotropy calibration to finite β to obtain ξ (γ,β ). Away from the
strong coupling limit it is in principle necessary to include a second bare anisotropy γG in the
gauge part

β np+n̄p → β npσ +n̄pσ
σ β npτ +n̄pτ

τ , γG =

√
βτ

βσ
(3.4)

and then scan in both the fermionic and gauge anisotropy to obtain ξ (γ,γG,β ). On finer lattices
this is indeed necessary [7], but in the strong coupling regime, where we cannot set a scale, it is an
unnecessary complication: as β is increased, the lattices needed to study the chiral phase transition
will eventually become isotropic, and beyond this point, the temperature is varied via a(β ). In this
proceedings, we will always set γG = 1 and leave the more general setup for the future.

In Fig. 1 (left) we show the anisotropy calibration for various fixed β : On lattices Nσ
3×Nτ

with aspect ratios ξ = 2,3,4,5,6,8 we obtain the value of γ(ξ ) where the ratio of the temporal and
spatial fluctuations of the conserved charge Qt , Qs are equal. This is repeated for various β . Since
the partition function Eq. (2.4) depends on γ and Nτ , the bare (mean field) temperature [aT ]mf =

γ2

Nτ

needs to be corrected by the non-perturbative factor [ξ/γ2]β , shown in Fig. 1 (right), to yield the
correct temperature aT = ξ (γ)

Nτ
. Our result allows to define the Euclidean continuous time limit

aτ → 0 unambiguously at fixed β : the temperature and chemical potential are then defined as

aT = κ(β )[aT ]mf, aµB = κ(β )[aµB]mf with κ(β ) = lim
ξ→∞

[ξ/γ2]β . (3.5)

3
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Figure 1: Left: Determination of γ for various β by requiring the ratio of charge fluctuations to be equal,
shown for ξ = 2. Right: Extrapolation of the correction factor ξ/γ2 towards continuous time to yield κ(β ).

4. Gauge Corrections to the Phase Diagram and Density of States

We will now focus on a particularly important application of the previous result: the modifi-
cation of the chiral transition within the grand-canonical phase diagram, when taking into account
the non-perturbative definition of temperature and chemical potential Eq. (3.5). In Fig. 2 we show
the effect of applying the β -dependent correction factor [ξ/γ2]β to the phase boundary, for the
various β in a regime where the sign problem is manageable. All data have been measured via
the Worm algorithm in combination with plaquette updates, on lattices Nσ

3× 4 We observe that
the back-bending at lower temperatures vanishes. This behaviour meets our expectations, but we
require larger lattices and should check that we have the same finding also on lattices with Nτ > 4.

We also investigate the density of states on anisotropic lattices, which can be measured via
the Wang-Landau method. Since the quark fluxes fµ(x) form world lines, and the total number of
quark fluxes wrapping around in temporal direction is a multiple of Nc due to the gauge constraint
Eq. (2.2), it is possible to define baryon number sectors NB ∈ {−Nσ

3, . . . ,Nσ
3} and allow updates

that modify the baryon number by one unit. We will explain the details of the canonical simulations
and the resulting canonical phase diagram is in the nB−T plane in a forthcoming publication. The
analysis of the density of states in NB as shown in Fig. 3 can yield additional insights concerning
the first order phase boundary below the TCP: the density of states is weighted with eNBµB/T for
various β to the critical chemical potential µ1st

B , where the peak heights are equal. We observe that
the first order transition weakens with β , and that the the critical chemical potential µ1st

B increases
only slightly with β . This is in agreement with the findings of the β -dependence of the nuclear
transition at low temperatures on isotropic lattices [3].
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Figure 2: Comparison of the phase boundary with the mean field definition of the temperature (left) and
its non-perturbative counterpart (right), resulting in a collapse of the first order line for all values of β
considered.
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Figure 3: The density of states weighted to the critical chemical potential µc
B, showing a double peak

structure for aT < aTTCP. The value of µ1st

B only very mildly grows with β .

5. Conclusions

We determined the non-perturbative relation between the bare anisotropy γ and the lattice
anisotropy ξ = a

at
at finite β in the range of validity β ≤ 1, based on the leading order partition

function. The results have been used to define the temperature and baryon chemical potential
unambiguously. The extrapolation at → 0 is under control. This may even allow to extend the
existing Monte Carlo simulations in Euclidean continuous time to finite β in the future.

The main (still preliminary) finding on the phase boundary of lattice QCD in in the chiral limit
is that the first order line is not β -dependent after the non-perturbative correction of the temperature
and chemical potential. This is consistent with mean-field theory [18] and results on isotropic
lattices. Whether the first order line is β -dependent for β > 1 and whether the tri-critical point
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moves to larger or smaller chemical potential when β is increased requires further investigation.
Most likely higher order corrections need to be included, as outlined in [4].

We have also presented first results on the β -dependence of the density of states in the baryon
number, from which the canonical phase diagram can be determined. Even though this dependence
is very weak, this method has the potential to discriminate between the chiral and nuclear transition
and address the question whether they split, as is expected: in the continuum, chiral symmetry
should still be broken in the nuclear phase, resulting in two separate first order transitions at low
temperatures.
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1. Introduction

Lattice QCD at finite baryon-chemical potential is affected by the sign problem. At non-
zero µB the LQCD action becomes complex giving rise to an exponentially hard prob-
lem. Although various techniques have been developed in the past decades in order to
circumvent the sign problem, an ultimate solution is still lacking. A promising approach
that we want to discuss here is the dual variables approach. The key point in this ap-
proach is realising that the sign problem is representation dependent. This means that
by a suitable change of the degrees of freedom, it is possibile to write down the parti-
tion function in terms of states that are closer to the true eigenstate of the Hamiltonian,
resulting in a much milder sign problem. Dual formulations have been used in the past
years to alleviate, or even solve, the sign problem in various model (see for instance [1]-
[3]). Here we want to discuss the dual approach in Yang-Mills theory and in full QCD
from the perspective of strong coupling expansion. At β = 0, corresponding to the strong
coupling limit, the partition function can be written in terms of dual (integer) degrees of
freedom representing mesons and baryons [4]. This dual formulation has the advantage
that the sign problem induced by a baryon-chemical potential is mild enough so that the
phase boundaries can be mapped out using standard reweighting in the sign. Incorpo-
rating leading order β-correction is also possible, by computing the modified weights in-
duced by a single plaquette excitation [5], whereas in [7] gauge contributions produced
by plaquette-surfaces have been taken into account. Going beyond these approximations
is very challenging. First of all, the link integrals that appear are not completely known
for SU(N). In addition, a plaquette induced sign problem can appear at β > 0, limiting
the applicability of this method to small β values. We will discuss these issues. In par-
ticular, we will solve the problem of link integration finding explicit formulae for polyno-
mial integrals over SU(N). After analysing the sign problem in SC-LQCD with plaquette
surface excitations, we will focus on Yang-Mills theory finding a dual, positive, represen-
tation by integrating out the gauge links.

2. Formulation and Link Integration

In the following we will always consider the standard LQCD partition function with
gauge action discretised à la Wilson and 1 flavour of unimproved staggered quarks:

Z =
∏

x

∫
dχxdχ̄xe

2amqχ̄xχx
∏

`

∫

G
dU`e

∑
p
β
N

Re(TrUp) ·eTr
[
U`M†`+U

†
`
M`

]

(
M†

)j
i

= ηµ(x)eaµBδµ,0χ̄ixχx+µ,j , Ml
k =−ηµ(x)e−aµBδµ,0χ̄kx+µχx,l, (2.1)

where (`,x,p) label lattice links, sites and plaquettes. After performing a strong coupling
expansion in β, Eq. (2.1) can be written as:

∏

x

∫
dχxdχ̄x e

2amqχ̄xχx
∑

{np,n̄p}

∏

`,p

(β/2N)np+n̄p

np!n̄p!

∫

G
dU`Tr[Up]npTr[U †p ]n̄peTr

[
U`M†`+U

†
`
M`

]

1
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and we introduced the new collective variables {np, n̄p} called plaquette (anti-plaquette)
occupation numbers. As usual for dual formulations, we wish to integrate out some of
the original degrees of freedom. In this case we want to get rid of the U` links, by explic-
itly performing the group integration first. Even though this is quite straightforward in
the case β = 0 [6], plaquette contributions give rise to serious complications. To show
this explicitly, let us consider the O(β) corrections to SC-LQCD by Taylor expanding the
gauge action to first order:
∏

`

∫

G
dU` e

β
2N Tr[Up+U†p ] ·eTr

[
U`M†`+U

†
`
M`

]
≈
∏

`

∫

G
dU`(1 + β

2N Tr[Up+U †p ]
︸ ︷︷ ︸
O(β)correction

) ·eTr
[
U`M†`+U

†
`
M`

]

The relevant O(β) contribution, after performing a hopping parameter expansion of the
fermionic action, is given by:

∏

`∈C(p)

∫

G
dU`

β

2N Tr [Up] eTr
[
U`M†`+U

†
`
M`

]
= Tr

[ ∏

`∈C(p)
J`

]
, C(p) = {(x,µ) ∈ ∂p}

(J`[M,M†])nm =
∑

κ`,κ̄`

1
κ`!κ̄`!

κ∏̀

α=1
(M`)iαjα

κ̄∏̀

β=1
(M†`)

kβ
lβ
Ik`+1,k̄`
m+in+j,k l

(2.2)

where In+1,n is the polynomial gauge integral that must be computed at this order. The
open color indices {i, j,k, l} must be saturated with fermionic sourcesM,M† while m,n
are contracted along the countour ∂p of the plaquette p so that color singlets are recov-
ered afterwards. Away from strong coupling, where O(β2),O(β3), .., contributions are
important, all the integrals Ia,b will in general appear. Having explicit formulae for these
integrals is the first step towards a dual representation of non-abelian gauge theories in a
strong coupling expansion framework. Their explicit expression is given by:

Ia,b
ij,k l

=
∫

G
dU

a∏

α=1
U jαiα

b∏

β=1
(U †)lβkβ (2.3)

where dU is the usual invariant Haar measure and depending on the gauge group G the
following constraints apply:1

Ia,b 6= 0 ⇐⇒



a= b U(N)
a= bmodN SU(N)

(2.4)

These integrals were studied extensively in the past, mainly in the case G= U(N), which
was completely solved in [8]. Creutz [9] found an explicit formula for the generating func-
tional:

Za,b[K,J ] =
∫

SU(N)
dUTr[UK]aTr[U †J ]b

Ia,b
ij,k l

= 1
a!b!

(
∂

∂Kj1i1
. . .

∂

∂Kjaia

∂

∂Jl1k1
. . .

∂

∂Jlbkb
Za,b[K,J ])

)

K=J=0
(2.5)

1This gives a constraint on the {np, n̄p,k`, k̄`} that are allowed. For more details see [7].
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for the case b = 0, whereas recently Zuber computed the generating functional in the
case a = b+N [10]. We extended their results in order to cover the most general case
(a− b= q ·N), that we present here without proof:

Za,b[K,J ] =
∫

SU(N)
dUTr[UK]aTr[U †J ]b

n=min{a,b}= (qN +n)!
Nc−1∏

i=0

i!
(i+ q)! (detK)q

︸ ︷︷ ︸
Baryonic contrib.

∑

ρ`n
W̃n,q
g (ρ,N)tρ(JK)

︸ ︷︷ ︸
Mesonic contrib.

W̃n,q
g (ρ,N) =

∑

λ`n
len(λ)≤N

1
(n!)2

f2
λχ

λ(ρ)
Dλ,N+q

, tρ(A) =
∏

ρi

Tr(Aρi) (2.6)

where λ ` n means that λ is an integer partition2 of size n, len(λ) is its length and Dλ,N ,
fλ are respectively the dimension of the irreps of SU(N) and Sn corresponding to parti-
tion λ. Finally, χλ(ρ) are the standard Sn irreducible characters. The generating func-
tional is splitted in two parts: the first, baryonic contribution, arises from a non-zero
q and, being a power of a determinant, gives rise to epsilon tensors after differentiating
with respect to source K. The second part, the mesonic contribution, is written as a sum
over integer partitions that select a particular SU(N) invariant (Trρ(JK)) weighted by
the corresponding factor W̃n,q

g (ρ,N). We called these functions W̃n,q
g , ”modified Wein-

garten functions” as they correspond to a simple generalization of the standard Wein-
garten functions obtained in [8]. They are all class functions of Sn as the partition ρ
can be identified as a conjugacy class of permutations [π] using the cycle decomposition.
This result for the generating functional can be directly used to systematically obtain
gauge corrections to any order by using:3

J a,b
ij,k l

[M,M†] =
∑

{iα,jα,kβ ,lβ}

(
κa∏

α=1
M iα

jα

)


κb∏

β=1
M† kβlβ


Ia+κa,b+κb

ij,k l

= ka!kb!
(a+ka)!(b+kb)!

∂(a+b)Za+κa,b+κb [J,K]
∂Ki1

j1 ..∂K
ia
ja
∂Jk1

l1
..∂Jkblb

∣∣∣∣K=M†
J=M

(2.7)

3. Sign problem

Although the sign problem is very mild at strong coupling, it could happen that the in-
clusion of gauge degrees of freedom, in the dual formulation, reintroduce it. This kind
of sign problem is absent in the conventional formulation, where a sign problem is only
induced by a non-zero µB. Our result (2.7) for J a,b

ij,k l
can be used to understand how

the Monte Carlo weights get modified by plaquette excitations (see [7]). By making use
of the previous result, we performed simulation at finite β, using an algorithm which is

2i.e. λ ` n= [λ1, ...,λk] with
k∑

i=1
λi = n and λ1 ≥ λ2 ≥ ...≥ λk > 0. len(λ) = k.

3J a,b is a generalisation, to arbitrary high order, of the integral appearing in Eq. (2.2).

3
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affected by systematic errors only at order βNc . Results about the phase diagram and
details of the simulation can be found in [7]. Here we want to discuss what happens to
the sign problem: In Fig. 1 (Left), the average sign 〈σ〉 is plotted as a function of µB for
various β. The sign problem seems to be immediately reintroduced. Reweighting can be
applied only for β < 1, spoiling the possibility of making contact with the low coupling
branch. A sign problem is also present at µB = 0, making it clear that the gauge de-
grees of freedom alone, as they appear in the dual formulation, produce negative weights.
From a diagrammatic point of view, an example of a configuration with negative sign is
shown in Fig. 1 (Right). These findings suggest that to go beyond β = 1, we must study
first pure Yang-Mills theory. In particular, we worked on the problem of finding a posi-
tive (dual) representation valid for all β, which will be the topic of the next section.
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Figure 1: Left: The average sign 〈σ〉= Z
Zpq

= e−
V
T
a4∆f obtained by simulations on a 43×4

lattice is shown as a function of the chemical potential aµ for various β. Right: An ex-
ample of a configuration with negative sign. An odd number of monomers are trapped in
a plaquette surface surrounded by a quark-flux.

4. Dualization of pure Yang Mills theory

Let us consider the partition function for pure Yang-Mills theory and expand it in Taylor
series around β = 0:

ZY.M. =
∑

{np,n̄p}

(β/2N)
∑

p
np+n̄p

∏
p
np!n̄p!

∏

`

∏

p

∫

SU(N)
dU` (TrUp)np

(
TrU †p

)n̄p

︸ ︷︷ ︸
W({np,n̄p})

(4.1)

To successfully dualize the partition function, we must find a way to integrate out the
gauge fields U`, expressing the quantity W ({np, n̄p}) in terms of auxiliary degrees of free-
dom. One way to do this is by decomposing the underlying Ia,b integrals by making use

4
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of the Weingarten functions as follows:4

In,n
ij,k l

=
∑

σ,τ∈Sn
W̃n,0
g (

[
σ ◦ τ−1],N)δlσi δ

j
kτ

⇒ W ({np, n̄p}) =
∑

{σ`,τ`∈Sd`}

∏

`

W̃ d`,0
g (

[
σ` ◦ τ−1

`

]
,N)

︸ ︷︷ ︸
≷0

∏

x

N len
([
σ̂x◦π̂x

])
(4.2)

This procedure trades the coloured gauge links U`, with pair of permutations (σ`, τ`).
The size of each permutation is determined by the dimer number d`, defined by:

d`=(x,µ) := min





∑
ν>µnx,µ,ν + n̄x−ν,µ,ν

∑
ν>µ n̄x,µ,ν +nx−ν,µ,ν

}
(4.3)

The open color indices of the delta functions appearing in Eq. (4.2) are saturated along
the plaquettes to reproduce the traces in Eq. (4.1). This gives rise to powers of N . In
Eq. (4.2), the permutation σ̂x depends only on {np, n̄p} and tells us how the colour flux
is re-oriented at each lattice site, while π̂x permutes the colour flux on the links attached
to x and is defined by:

π̂x =
d−1⊗

µ=0

(
σ(x,µ)⊗ τ(x−µ,µ)

)
(4.4)

then len
([
σ̂x◦ π̂x

])
is the number of colour cycles at site x. This formulation, as it stands,

is not suitable for Monte Carlo simulations as almost half of the Weingarten functions
appearing in Eq. (4.2) are negative (see [7]). Neverthless, it turned out that is possible
to rearrange the terms in Eq. (4.2) in such a way that W{np, n̄p} is written as a positive
sum:

W ({np, n̄p}) =
∑

{λ``d`}
len(λ`)≤N

∑

{σ`,τ`∈Sd`}

∏

`

1
d`!2

f2
λ`
Ma`,b`
λ`

(σ`)M b`,a`
λ`

(τ−1
` )

Dλ`,N

∏

x

N len
([
σ̂x◦π̂x

])
(4.5)

where Ma,b
λ (π) is a matrix representation of the irrep λ of Sn and a,b = 1, ...,fλ. We will

choose M to be orthogonal matrices5. After working out the sum over permutations,
Eq. (4.5) can be cast in the following form:

W ({np, n̄p}) =
∑

{λ``d`}
len(λ`)≤N

W ({np,n̄p},{λ`})≥0︷ ︸︸ ︷
∑

a`,b`

∏

`

1
Dλ`,N

∏

x

w(x)


 (4.6)

P a,bλ`n = fλ
n!

∑

π∈Sn
Ma,b
λ (π)δπ, w(x) = 〈

d−1⊗

µ=0
`=(x,±µ̂)

P a`,b`λ``d` , δσ̂x〉nx , nx =
d−1∑

µ=0
(dx,µ+dx−µ,µ)

4For simplicity we illustrate the procedure in the U(N) case.
5As Sn is a finite group we can always choose unitary irreps. For the specific case of Sn it turns out

that the matrix elements are also real.
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where
{
P a,bλ`n

}
are a complete set of orthogonal operators in (CN )⊗n and the inner prod-

uct 〈.〉n is defined as:

〈A,B〉n := Tr(A†B) A,B ∈ End
(
(CN )⊗n

)
. (4.7)

Therefore, by adding partitions λ` as an auxiliary degree of freedom, we end up with a
partition function that contains only positive terms. However, the possibility of perform-
ing Monte Carlo simulations using Eqs. (4.1), (4.6), depends on how fast we can compute
the weights in Eq. (4.6). Each term involves a sum over ∏` f

2
λ`

local quantities making a
brute force computation infeasible in d > 2. To overcome this issue one possible strategy
is to tabularize the weights (as they are β-independent) or to make use of Tensor Net-
work methods to speed up the computation, which we plan to do in the future.

5. Conclusion

We have studied dualization in QCD and in pure Yang-Mills theory from the point of
view of the strong coupling expansion. We have solved the problem of computing poly-
nomial integrals over SU(N) which appear in the procedure of integrating out the gauge
links. We showed that plaquette excitations in a naíve strong coupling expansion of the
gauge action, produce a strong sign problem which limits the use of reweighting to β < 1.
As this kind of sign problem is induced by a non-zero β, we focused on pure Yang-Mills
theory, finding a basis where the gluon dynamics does not give rise to a sign problem.
This dual basis, where the states are labelled by {np, n̄p} and by integer partitions λ`,
can reduce the sign problem in full QCD at finite β.
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We propose a new strategy to evaluate the partition function of lattice QCD with Wilson gauge action
coupled to staggered fermions, based on a strong coupling expansion in the inverse bare gauge coupling
β ¼ 2N=g2. Our method makes use of the recently developed formalism to evaluate the SUðNÞ 1-link
integrals and consists in an exact rewriting of the partition function in terms of a set of additional dual degrees
of freedom which we call “decoupling operator indices” (DOI). The method is not limited to any particular
number of dimensionsor gaugegroupUðNÞ, SUðNÞ. In termsof theDOI, the system takes the formof a tensor
network which can be simulated using wormlike algorithms. Higher order β-corrections to strong coupling
lattice QCD can be, in principle, systematically evaluated, helping to answer the question whether the finite
density sign problem remainsmildwhenplaquette contributions are included. Issues related to the complexity
of the description and strategies for the stochastic evaluation of the partition function are discussed.

DOI: 10.1103/PhysRevD.101.034509

I. INTRODUCTION

Lattice QCD at finite baryon density suffers from the
notorious sign problem [1]. In a nutshell, the numerical sign
problem arises because the weights of the partition function
are not positive definite, prohibiting importance sampling
in Monte Carlo simulations. One of the several promising
approaches to tackle the various sign problems in lattice
field theories or spin systems are dual formulations. The
basic idea is to rewrite the partition function by replacing
the original (possibly continuous) degrees of freedom
(d.o.f.) by new discrete d.o.f., such that the numerical sign
problem of the new representation is milder or absent [2].
The idea of dual representations is old, and in the last

decade, many different sign problems have been solved in
this way. Some of the hallmarks in the context of spin
models are the O(N) and CP(N-1) models [3–5], and in the
context of lattice field theories are the charged scalar ϕ4

theory [6], the Abelian gauge-Higgs model [7,8], the SU(2)
principle chiral model [9], and scalar QCD [10]. The term
“dual representation” may seem as a misnomer (they are
not duality transformations), but it has been established as
an umbrella term for representations of specific type: the
representations are obtained by integrating out the original
d.o.f. and by introducing discrete variables that encode

nearest neighbor interaction, e.g., the so-called bond
variables. These are based on a high temperature or strong
coupling expansion [11,12] or similar Taylor expansions
and can be expressed in terms of oriented fluxes and/or
unoriented occupation numbers (usually called monomers
and dimers). A dual representation is then oftentimes
called a worldline representation, or a dimerization, or is
a combination of both. An important feature is that the
original symmetries of the system are translated into
constraints such as flux conservation or restrictions on
the allowed occupation numbers. Typically, these con-
straints are central in Monte Carlo simulations such as
in the worm algorithm [13] or generalizations thereof [14].
Dual representations are in general not unique: a model can
have several dual representations which may have different
residual sign problems. In some cases, a dual representation
can introduce a sign problem that did not exist in the
original formulation. An important example is the lattice
Schwinger model at finite quark mass.
The focus of this paper is whether dual representations

can be successfully applied to lattice QCD at finite baryon
density, which has a severe sign problem in the usual
representation, where fermions are integrated out, resulting
in the fermion determinant. The standard approach is then
hybrid Monte Carlo. At finite baryon chemical potential μB,
the fermion determinant becomes complex, resulting in the
sign (complex phase) problem. Many strategies are avail-
able to circumvent the sign problem for small values of the
chemical potential, like the Taylor expansion method [15],
the use of an imaginary chemical potential [16,17], and
reweighting [18]. The latter led to a first estimate of the
position of the critical end point on a coarse lattice [19]. In
general, however, reweighting may suffer from the lack of
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overlap between the sampled μB ¼ 0 ensemble and the
target ensemble at μB > 0. More recently, other approaches
that are not limited to small μB have been proposed, such as
the complex Langevin approach [20,21], the Lefschetz
thimble approach [22–24], or the density of states method
[25]. To name also some approaches that are in the spirit
of a dual representation: the three-dimensional effective
theory [26,27] (a joint strong coupling and hopping
parameter expansion that can be mapped to SU(3) spin
model), decoupling the gauge links using Hubbard-
Stratonovich transformations [28], “induced QCD” based
on an alternative discretization of Yang Mills Theory
[29,30]. All these approaches have their shortcomings,
and a method that allows to simulate lattice QCD at finite
density has not yet been established.
A dual representation of lattice QCD has only been

derived in the strong coupling regime: the classical formu-
lation in terms of a monomer-dimer-polymer system
has been both addressed via mean field [31–34] and
Monte Carlo [35–38] and is valid only in the strong coupling
limit. More recently also the leading order gauge corrections
have been included [39,40]. At strong coupling, also the
fermion bag approach has been used [41,42] and continuous
time methods have been applied [43,44]. Beyond the leading
order, a dual formulation for lattice QCD is notoriously
difficult. First attempts were made using a character expan-
sion [45,46] and the so-called Abelian color cycles [47]. Our
ultimate goal is to find a dual representation for lattice QCD:
we propose a new approach based on a combined expansion
of the Wilson plaquette action (strong coupling expansion)
and of the staggered action (hopping and quark mass
expansion) to all orders. The integration order is, as in
the case of the strong coupling formulation, swapped, with
the gauge integral being performed first while Grassmann
integration is carried out after a reparametrization of the link
integrals. The strong couplingmethods we use go back to the
early days of lattice QCD, where computers for large scale
simulations were not yet available [48,49]. But only due to
recent progress in the computation of one-link integrals
(invariant polynomial integration [50,51]), we have complete
control on the evaluation of the resulting Boltzmann weight
ending up with a fully dualized partition function. The
challenge when going beyond the leading order correction is
that this dual representation needs to capture nonlocal
effects: it is no longer possible to write the partition function
as product of site weights and bond weights only. The basic
objects of our dual representation have a tensorial structure.
In this paper, we show a strategy to compute these tensors.
Our method is not restricted to staggered fermions and can
readily be applied to Wilson fermions as well.
The paper is organized as follows: in Sec. II, we review

the computation of link integrals and introduce the SUðNÞ
decoupling operators which constitute the building blocks
of the whole dualization process. In Sec. III, we sketch the
steps needed to recover the color singlet Boltzmann weight

from the computation of polynomial gauge integrals.
In Sec. IV, the dualized partition function will be presented
along with the expression of various observables in terms
of the dual d.o.f. and a discussion about the sign problem.
In Sec. V, numerical crosschecks from exact enumeration
in low-dimensional systems will be shown. Finally, in
Sec. VI, we draw our conclusions.

II. STRONG COUPLING EXPANSION
AND LINK INTEGRATION

We consider the finite density partition function of lattice
gauge theory with SUðNÞ gauge group, using the Wilson
gauge action and one flavor of unrooted staggered fermions
fχ̄; χg with lattice quark mass m̂q ¼ amq,

Z ¼
Z

½Dχ̄χ�e−2m̂q χ̄xχx

�Y
l

Z
SUðNÞ

DUl

�
e−Sg½U�−Df ½χ̄;χ;U�;

ð1Þ

where l ¼ ðx; μÞ and x stand, respectively, for lattice links
and sites and DU is the Haar measure. The gauge links Ul
are SUðNÞ elements, while Sg and Df are, respectively, the
plaquette action and the massless staggered Dirac operator,

Sg½U� ¼ −
β

2N

X
x;μ<ν

TrUx;μUxþμ;νU
†
xþν;μU

†
x;ν þ H:c:

¼ −
β

2N

X
p

TrUp þ TrU†
p;

Df½χ̄; χ; U� ¼
X
x;μ

ημðxÞðeþμqδμ;0 χ̄xUx;μχxþμ

− e−μqδμ;0 χ̄xþμU
†
x;μχxÞ

≡X
l

TrUlM
†
l þ TrU†

lMl; ð2Þ

where μq ¼ 1
N μB is the lattice quark chemical potential and

ημðxÞ are the usual staggered phases. All traces are intended
to be over color indices and in the following we will always
use the letter p to label lattice plaquettes.
The first step in the dualization process is to perform a

combined Taylor expansion of Eq. (1) in the reduced gauge
coupling β̃≡ β

2N ¼ 1
g2 and quark mass m̂q,

Zðβ; m̂qÞ ¼
X
fnp;n̄pg

fdl ;d̄l ;mxg

Y
p

β̃npþn̄p

np!n̄p!

Y
l

1

dl!d̄l!

Y
x

ð2m̂qÞmx

mx!

× Gnp;n̄p;dl;d̄l;mx
; ð3Þ

Gnp;n̄p;dl;d̄l;mx
¼

Z
D½χχ̄�ðχ̄xχxÞmx

Y
l;p

Z
DUlTr½Up�np

× Tr½U†
p�n̄pTr½UlM

†
l�dlTr½U†

lMl�d̄l : ð4Þ
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The sum is over the positive integers that single out a
particular term in the expansion: (n̄p) np is called the (anti-)
plaquette occupation number, mx the monomer number,
and dl, d̄l stem from the expansion of the massless
staggered Dirac operator in forward (dl) and backward
(d̄l) directions. The quantityG contains the nonlocal part of
the computation and is given by a Gaugeþ Grassmann
integral over the whole lattice.
Our dualization corresponds to exactly integrate out the

gauge links Ux;μ and the Grassmann field χ̄; χ, trading
the original d.o.f. with the integer variables appearing in
Eq. (3). This can be achieved by splitting the computation
of G in two steps:
(1) The traces appearing in Eq. (4) are written explicitly:

we do not perform the matrix multiplication, leaving
the color indices uncontracted. As a consequence,
the gauge integral

Q
l

R
SUðNÞDUl becomes a dis-

joint product of monomial integrals with open color
indices and we integrate out every gauge link
independently.

(2) After gauge integration, some of the open color
indices need to be contracted between links that
share a common site such that the plaquette terms are
recovered. The remaining indices are contracted
with the Grassmann-integrated quark fields. We
postpone the description of this step to Sec. III.

If the matrix multiplications are not performed, the link
integrals to be computed assume the following general
form:

Ia;b
ij;kl

¼
Z
SUðNÞ

DUUj1
i1
� � �Uja

ia
U†l1

k1
� � �U†lb

kb
; ð5Þ

where the values a, b depend on the dual d.o.f. fnp; n̄p;
dl; d̄lg and we make use of the multiindex notation,

i ¼ ði1; i2;…; iaÞ; j ¼ ðj1; j2;…; jaÞ;
k ¼ ðk1; k2;…; kbÞ; l ¼ ðl1; l2;…; lbÞ: ð6Þ

Due to the properties of the SUðNÞ invariant Haar measure,
the integrals in Eq. (5) are nonzero only when the difference
a − b is an integer multiple of N. As it will be explained in
the next section, this corresponds to a (gauge-) constraint
for the dual d.o.f. We define

q ¼ ja − bj
N

; q ∈ N; ð7Þ

and for UðNÞ gauge theory q ¼ 0. Invariant integration
over compact groups has been studied extensively in the
last decades [48,49,52–63]. Although many results con-
cerning the UðNÞ group are known since many years, only
recently the SUðNÞ generalization has been found [50,51].
Integrals of the type Eq. (5) are now known in closed form

in term of generalized Weingarten functions. The interested
reader will find our derivation in the Appendix A. Here we
only quote the main result assuming, without loss of
generality, a > b (a ¼ qN þ p, b ¼ p),

IqNþp;p
ij;kl

∝
X
ðα;βÞ

X
π;σ∈Sp

ϵ⊗q
ifαgδ

lπ
ifβgW̃gq;pN ðπ∘σ−1Þϵ⊗q;jfαgδ

jfβg
kσ

:

ð8Þ

In the previous equation, ϵ⊗q is a shortcut for the q-fold
product of Levi-Civita epsilon tensors and δlπi , δ

j
kσ

are the
generalized Kronecker deltas where the indices are reor-
dered according to the permutations π and σ. The leftmost
sum with

α ¼ fα1;…; αqg; jαrj ¼ N; jβj ¼ p ð9Þ

is carried over the ðqNþpÞ!
q!N!qp! possible ways of partitioning the

color indices i, j (which are qN þ p) into the q epsilon
tensors of size N and into the delta function of size p.
All the partitions obtained from each other by only
permuting the αr in Eq. (9) are equivalent. Also, note that
in Eq. (8), the i and j indices are partitioned in the same
way. As in the UðNÞ case, a further summation over all
possible permutation of indices in the delta functions
(sum over π, σ) is present. Every term in the double
sum is weighted by the function W̃gq;pN , which is a class
function of the symmetric group Sp and represents the

natural generalization of the Weingarten functions WgpN ¼
W̃g0;pN appearing in the UðNÞ result [58,59]. Their expres-
sion in terms of the characters χλ of the symmetric group is

W̃gq;pN ðπÞ ¼
X
λ⊢p

lenðλÞ≤N

1

ðp!Þ2
f2λχ

λðπÞ
Dλ;Nþq

;

λ⊢p≡
�
λ1 ≥ … ≥ λlenðλÞ > 0

����
XlðλÞ
i¼0

λi ¼ p

�
: ð10Þ

The sum is over the irreducible representations (irreps)1 of
the symmetric group Sp, while fλ is the dimension of the
irrep λ of Sp and Dλ;Nþq is the dimension of the UðN þ qÞ
irrep with highest weight fλ1;…; λlenðλÞ; 0;…g.
By inspecting Eq. (8), it seems tempting to consider

the permutations π, σ as an additional d.o.f. to be evaluated
stochastically and to proceed with the index contraction
considering single terms in the sum of Eq. (8). Unfor-
tunately, the sign of the generalized Weingarten functions
strongly oscillates, preventing the application of standard

1The Sn irreps are in 1-1 correspondence with the integer
partitions of n. In Eq. (10), only the irreps that correspond to
integer partitions with at most N parts contribute.
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Monte Carlo methods. Instead, we found it useful to exploit
the knowledge of the character expansion in Eq. (10) to
reparametrize the I-integral. As a starting point, we write
the Sp characters as a matrix product of the corresponding
matrix representation,

χλðπ∘σ−1Þ≡ TrðMλðπÞMλðσ−1ÞÞ: ð11Þ

Writing the matrix product explicitly, we are able to cast the
Weingarten functions and (after summing over the permu-
tations) the I-integrals in the following form:

W̃gq;pN ðπ∘σ−1Þ ¼ X
λ⊢p

lðλÞ≤N

Xfλ
m;n¼1

�
1

p!
fλffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Dλ;Nþq

p Mλ
mnðπÞ

	�
1

p!
fλffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Dλ;Nþq

p Mλ
mnðσÞ

	
; ð12Þ

IqNþp;p
ij;kl

∝
X
ðα;βÞ

X
λ⊢p

lðλÞ≤N

Xfλ
m;n¼1

�X
π

1

p!
fλffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Dλ;Nþq

p Mλ
mnðπÞϵ⊗q

ifαgδ
lπ
ifβg

	�X
σ

1

p!
fλffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Dλ;Nþq

p Mλ
mnðσÞϵ⊗q;jfαgδ

jfβg
kσ

	
; ð13Þ

where the matricesMλ have been chosen to be orthogonal.2

The quantities in the brackets of Eq. (13) generalize the
UðNÞ orthogonal operators [64,65] [where the summation
over (α; β) and the epsilon tensors are absent] and represent
the building blocks of our dualization. The orthogonality
property does not generalize to the SUðNÞ case; hence, we
will refer to them as the SUðNÞ decoupling operators. They
are identified by a given partition (α; β) and by choosing a
given matrix element (m; n) of an irrep λ of Sp. We denote
the latter as ðm; nÞλ. Moreover, to make the expression in
Eq. (13) more compact, we collect (α; β) and ðm; nÞλ into a
multi-index ρ ¼ ½ðα; βÞ; ðm; nÞλ� so that we can write the
SUðNÞ decoupling operators Pρ and the I-integrals as

ðPρÞli ¼
X
π

1

p!
fλffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Dλ;Nþq

p Mλ
mnðπÞϵ⊗q

ifαgδ
lπ
ifβg ; ð14Þ

IqNþp;p
ij;kl

¼
YN−1

r¼1

r!
ðrþ qÞ!

X
ρ

ðPρÞilðPρÞkj; ð15Þ

nρ ¼
ðqN þ pÞ!
q!N!qp!

XlðλÞ≤N
λ⊢p

f2λ ; ð16Þ

where nρ is the total number of operator indices. The
operators Pρ decouple the color indices i, l and k, j in the
I-integral and its computation has been automatized by
using the standard hook rule to determine fλ and Dλ;N . The
irreducible matrix elements Mλ

mnðπÞ in the orthogonal
representation are computed numerically decomposing
the permutation π as a product of adjacent transpositions
τj;jþ1 and then using the axial distance formula to compute
the matrix representation associated to them (see [64], p. 8).

The quantity ρ, which identifies a given operator in
Eq. (15), will play an important role in the following.
We will refer to it as decoupling operator index (DOI),
which can be cast into an integer in the range f1;…; nρg.

III. INDEX CONTRACTION AND
TENSOR NETWORK

Given the result in Eq. (15), the next step is to perform
the contraction of the color indices fi; j; k; lg in the
I-integrals making use of decomposition in terms of the
operators Pρ obtained in the previous section. This con-
traction must be performed for every lattice link l. The
(anti-)plaquette occupation numbers (n̄p) np together with
dl, d̄l determine how the contraction has to be performed
in order to recover Eq. (4). We distinguish two types of
color indices: those stemming from the expansion of the
hopping term and those arising from the expansion of the
Wilson gauge action. We will refer to them as the fermionic
and gluonic color indices. The contraction rules for the
fermionic color indices are uniquely determined by dl and
d̄l. These indices are contracted with the Grassmann fields
appearing in the corresponding fermionic matricesMl and
M†

l. Due to the nilpotency of the Grassmann measure,
exactly N (for SUðNÞ) (anti-) fermion fields (χ̄x) χx have to
be present at each site x in order to obtain a nonzero
contribution. This property will correspond to a constraint
on the allowed d.o.f. dl, d̄l; mx. Similarly, gluonic color
indices are contracted according to the plaquette they
correspond to. In this case, the contraction takes place
between the color indices of the I-integrals corresponding
to links sharing a common site. The contraction rules are
determined by the (anti-)plaquette occupation numbers and
allow us to recover the plaquette terms in Eq. (4).
The key insight is that fixing the values of the DOI ρl

for each link lmakes the contraction step local. This means
that the contraction of the color indices can be carried
out independently at different lattice sites. In Fig. 1, we

2Every finite group admits a unitary irrep. In the case of the
symmetric group, the matrix elements can be also chosen to be
real. This basis is known as the Young’s orthogonal form.
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illustrate the procedure in d ¼ 2. The extension to any
number of dimensions is straightforward. To see why the
contraction at different lattice sites decouples, let us first
consider the case of the gluonic color indices and rewrite
explicitly the definition of the plaquette and antiplaquette:
for any gauge link Ul with l ¼ ðx; μÞ, the contribution
from the product of traces TrUp;TrU

†
p for all plaquettes p

containing the link l can be gathered into products of
matrix elements of Ul and U†

l,

TrUp ¼ ðU1Þ j1
i1
ðU2Þ j0

2

i0
2
ðU†

3Þ
l0
3

k0
3
ðU†

4Þ
l0
4

k0
4
δ
i0
2

j1
δ
k0
3

j0
2
δ
k0
4

l0
3
δ i1
l0
4
;

TrU†
p ¼ ðU†

1Þ l1
k1
ðU†

2Þ
l0
2

k0
2
ðU3Þ j0

3

i0
3
ðU4Þ j0

4

i0
4
δ k1
l0
2
δ
k0
2

j0
3
δ
i0
3

j0
4
δ l1
i0
4
; ð17Þ

Yn
fp¼ðx;μ;νÞjl∈pg

ðUlÞj1i1…ðUlÞ
jnp
inp

ðU†
lÞl1k1…ðU†

lÞ
ln̄p
kn̄p

↪
Yn

fp¼ðx;μ;νÞjl∈pg
ðTrUpÞnpðTrU†

pÞn̄p ; ð18Þ

where U1;…; U4 are the four links contained in the
plaquette and summation over repeating color indices is

implied. The lhs of Eq. (18) thus contributes to the gluonic
color indices fi; lg; fk; jgwithin I ij;kl . Therefore, given the
structure of the operators in Eq. (15), ðPρÞ l

i and ðPρÞ k
j

contract, respectively, with the operators attached to site x
and xþ μ. Fermionic color indices arise instead from terms
of the form

Tr½UlM
†
l�dl ; Tr½U†

lMl�d̄l : ð19Þ

They can be written explicitly as ðl ¼ ðx; μÞÞ,3

Tr½UlM
†
l�dl ∝

Ydl
a¼1

ðUx;μÞ ja
ia
χ̄iax χxþμ;ja ;

Tr½U†
lMl�d̄l ∝

Yd̄l
b¼1

ðU†
x;μÞ lb

kb
χ̄kbxþμχx;lb ; ð20Þ

and again by inspecting at the index structure of Eq. (15),
the indices fi; lg of the first operator ðPρÞ l

i are contracted

FIG. 1. Illustration of the contraction step in two dimensions: on each of the four links attached to the central lattice site the DOIs
fρ1; ρ2; ρ3; ρ4g have been fixed. Decoupling operators on the same link undergo a disjoined contraction at two different lattice sites. The
bra-ket notation only serves to display this feature. At any lattice site (e.g., the central box), the color indices of the four operators are
completely saturated. Depending on the plaquette and antiplaquette occupation numbers fnp; n̄pg on the four plaquettes attached to the
site, some of the color indices are contracted between the operators (green arrows). Instead, the color indices stemming from the hopping
expansion of the staggered action are contracted with the reordered Grassmann variables at site x. The result is a scalar quantity which
only depends on the value of the DOIs and on the dual d.o.f. fnp; n̄p; dl; d̄l; mxg.

3The dependency of M;M† on ημ and μq can be factored out
as it will be shown in the dual partition function Eq. (27).
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with the Grassmann variables at site x while the indices
fk; jg of the second operator with the Grassmann variables
at site xþ μ. This concludes the proof of the locality of the
contractions which is schematically shown in Fig. 1. At
each site, the corresponding Grassmann integral is replaced
with the usual product of two epsilon tensors,

Z
½dχ̄xdχx�χ̄i1x � � � χ̄iNx χx;l1 � � � χx;lN ¼ ϵi1���iNϵl1���lN : ð21Þ

On a d-dimensional hypercubic lattice, the operators Pρl on
the 2d links l attached to a site x, together with the epsilon
tensors in Eq. (21) are jointly contracted according to the
values of the dual d.o.f. This gives a scalar quantity which
only depends on the underlying dual d.o.f. and on the
values of the DOIs on the links attached to x. The
dependency on the dual d.o.f. fnp; n̄p; dl; d̄l; mxg is local,
in the sense that the contraction at site x is completely
determined by the monomer number mx, by the values of
dl and d̄l on the 2d links attached to x, and on the (anti-)
plaquette occupation numbers of the 2dðd − 1Þ plaquettes
attached to x. Different sites communicate only via the
common DOI ρ on the shared leg. We can collect the scalar
quantities obtained from the contraction of different decou-
pling operators in a tensor

T
ρx−d���ρxd
x ðDxÞ≡ TrDx

�Y
�μ

Pρxμ

�
;

Dx ¼ fmx; dx;�μ; nx;μν; n̄x;μνg; ð22Þ
where TrDx

is a “reordered” trace in color space that
depends on the local dual d.o.f. Dx and tells us how to
contract the color indices of the operators Pρxμ according
to the rules discussed above. In Eq. (22), the DOIs depend
on Dx implicitly due to the fact that the dual d.o.f.
determine the value of ðq; pÞ in the I-integral Eqs. (5)
and (8). The tensor elements Tρ

x can be computed numeri-
cally by building up the operators Pρxμ and saturating their
color indices according to the contraction rules from Dx.
Given Tρ

x, the value of G is given, up to a global fermionic
sign (see Sec. IV), by

Gnp;n̄p;dl;d̄l;mx
¼

X
fρx�μjρxμ¼ρxþμ

−μ g

Y
x

T
ρx−d;…;ρxd
x ðDxÞ; ð23Þ

and the constraint ρxμ ¼ ρxþμ
−μ just stems from the fact that

DOIs on the same link have to be equal as depicted in
Fig. 2. In this form, the system is represented by a tensor
network where the value of G is obtained by contracting the
network to a scalar.
In some cases, the contraction of different operators pro-

duces the same tensor elements. For instance, two operators
with DOIs ½ðα; βÞ; ðm; nÞλ� and ½ðα0; β0Þ; ðm; nÞλ�, where
(α; β) and ðα0; β0Þ only differ by a permutation of fermionic
color indices, will produce the same element up to a sign

factor. This is clear since the fermionic color indices are
always contracted with the Grassmann variables, and a
permutation of fermionic color indices only amounts to a
reordering of the corresponding indices in the epsilon
tensors in Eq. (21). The possible relative minus sign is
however unimportant. In fact, it will always cancel when
considering the contraction of the operator with same DOI
and which lives on the same link. We therefore identify
these DOIs taking into account the combinatorial factor
from their multiplicity. This reduces the size of the tensor
Tx, hence the numerical cost of contracting the network.
As we already mentioned, not all sets of dual d.o.f. are

allowed. On each lattice link, they have to combine in a way
that the corresponding I-integral is nonzero, while at any
site exactlyN (anti-)fermions carrying different colors must
be present. We refer to these two constraints as Gauge and
Grassmann constraints. Introducing

kl ¼ min fdl; d̄lg; fl ¼ dl − d̄l; ð24Þ
where kl is the dimer number and fl the quark flux, for
each link l ¼ ðx; μÞ the gauge constraint reads

fx;μ þ
X
ν>μ

½δnμ;νðxÞ − δnμ;νðx − νÞ�

−
X
ν<μ

½μ ↔ ν� ¼ Nqx;μ; qx;μ ∈ Z; ð25Þ

where δnμ;νðxÞ≡ δnp ¼ np − n̄p. For each site x, the
Grassmann constraint requires in addition

mxþ
X
�μ

�
kx;μþ

jfx;μj
2

	
¼N;

Xd
μ¼0

ðfx;þμ−fx;−μÞ¼0: ð26Þ

Equations (25) and (26) generalize the constraint in the
strong coupling limit (where np ¼ n̄p ¼ 0 and fx;μ ¼
�N; 0). Notice that in contrast to strong coupling QCD,

FIG. 2. The tensor network resulting from the dual description:
depending on the dual d.o.f. at any lattice site, the tensor Tx is
evaluated. Given two neighboring sites x and xþ μ, the tensor
index on the common link is contracted ðρxμ ¼ ρxþμ

−μ Þ. The value of
G is the scalar quantity obtained by contracting all pairs of indices
between lattice neighbors. In the figure, the tensor indices have
been displaced for visualization purposes.
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dimers ðkx;μ ≠ 0Þ and fluxes ðfx;μ ≠ 0Þ are not mutually
exclusive on a given link. The set fnp; n̄p; fl; kl; mxg
subject to Eqs. (25) and (26) along with the corresponding
DOIs define our final dual partition function.

IV. PARTITION FUNCTION IN THE DUAL
REPRESENTATION

A. General properties

Using the quantities defined in the previous sections, the
partition function Eq. (1) can be rewritten as

Zðβ; μq; m̂qÞ ¼
X
fnp;n̄pg

fkl ;fl ;mxg

σf
X

fρx�μjρxμ¼ρxþμ
−μ g

Y
p

β̃npþn̄p

np!n̄p!

×
Y

l¼ðx;μÞ

eμqδμ;0fx;μ

kl!ðkl þ jfljÞ!

×
Y
x

ð2m̂qÞmx

mx!
T
ρx−d;…;ρxd
x ðDxÞ; ð27Þ

where the staggered phases ημ are included in the fermionic
sign σf whose form will be discussed in the next subsection.
In Eq. (27), the dependence of the DOIs ρxμ on fnp; n̄p;
kl; fl; mxg is implicit, and the constraints in Eqs. (25) and
(26) are supposed to be fulfilled. In Fig. 3, we show the

typical structure of an allowed configuration in d ¼ 2 for
N ¼ 3. DOIs are not shown. Notice that quark fluxes fx;μ
always form closed loops due to the flux conservation law in
Eq. (26). As opposed to the strong coupling limit, the loops
can overlap with dimers and can be intersecting. The system
is thus an ensemble of unoriented dimers kl, monomers mx,
closed quark fluxes fl, and plaquettes. The DOIs instead can
be either thought as a mere mathematical tool to automatize
the computation of the statistical weights away from strong
coupling or as an additional d.o.f. to be also sampled via
Monte Carlo. Before discussing these two possibilities,
we want to highlight some features of the partition function
Eq. (27).
A great simplification occurring is that the strong

coupling contributions always decouple from those corre-
sponding to nonzero fnp; n̄pg. As we showed in [40], at
strong coupling the tensors Tρ have only one nonzero
element. Although for baryon fluxes ðfx;μ ¼ �NÞ, this is a
trivial statement as there is only one possible DOI per link;
in the case of dimer contributions, it is a consequence of the
structure of the decoupling operators. To show this feature,
let us consider the case where only dimers are attached to a
given site (Fig. 4, left). Contracting the indices of each delta
function appearing in the definitions of the corresponding
operators Eq. (15) (for dimer contributions epsilon tensors
are absent) with the Grassmann fields, we obtain

Z
½dχ̄dχ�

Y
μ<0

½χ̄kχjδjkπ �μ
Y
μ>0

½χ̄iχlδlπi �μ ¼ N!
Y
�μ

sgnðπμÞ;

ð28Þ

where sgnðπμÞ is the parity of the permutation π relative to
the operator P in direction μ. Hence, the contraction of
single deltas decouples, and due to the great orthogonality
theorem, the only surviving DOI is the one associated to the
totally antisymmetric irrep of the symmetric group,

ð29Þ

ð30Þ

where in this case ρxμ ¼ ðm; nÞλμ as there are no epsilon
tensors. Given this result, one can obtain the usual con-
tributions from monomers and dimers (fl ¼ 0) to the
strong coupling partition function

FIG. 3. An allowed configuration in d ¼ 2 for SU(3): for each
plaquette, a (counter-) clockwise loop corresponds to one unit of
(np) n̄p. On each site, the monomer number mx is given by the
number of circles, while on each bond the unoriented lines
represent dimers (n lines for kx;μ ¼ n). Every arrow represents
instead one unit of flux fx;μ. The Grassmann constraint, in
agreement with Eq. (26), is satisfied at each site with the net
quark flux being always zero. For every link, the difference
between the total flux (gluons þ quarks) in positive and negative
directions is a multiple of N ¼ 3. P.B.C. are employed.
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ð31Þ

where we dropped the dependency on m̂q and μq in the
partition function Eq. (27) at β ¼ 0. The weight for strong
coupling baryon loops can be also easily recovered since
the corresponding tensors are of size one by construction.
The decoupling Eq. (29) also extends to the case where
strong coupling dimers combine on a given site with links
carrying a nonzero gauge flux. In this case, the tensor Tρ

can be decomposed as

ð32Þ

where the proportionality coefficient depends on the exter-
nal strong coupling dimer legs. An example is provided in
Fig. 4 (right), while in Appendix B, we rederive the OðβÞ
partition function. The indices of the tensor in the rhs of

Eq. (32) ðρxexcÞ correspond to the DOIs of the links attached
to excited plaquettes. A similar decomposition holds in the
presence of an external baryon. As a consequence, the value
of G can be written as

G ¼ Gs:c:

Y
bubbles i

GBi
; ð33Þ

where a bubble Bi is any plaquette-connected region and
two bubbles are disconnected if they do not share an excited
link (i.e., a link attached to an excited plaquette).
Therefore, to evaluate the total weight of a configuration,

it is sufficient to use the more involved structure based
on the tensor network contraction on the sublattice where
the plaquette occupation numbers are nonzero, exploiting
the factorization of the tensor network for disconnected
plaquette contributions. The strong coupling part can be
evaluated using the standard combinatorial formulae [e.g.,
Eq. (31)]. This is particularly useful since at small values of
β the bubbles Bi extend over few lattice spacings and the
nonlocal effects from the tensor network are manageable.

B. Complexity and sampling strategies

We now want to comment on the complexity of the dual
partition function Eq. (27). Given the background fnp; n̄p;
kl; fl; mxg, the weight of the configuration is obtained by
contracting the tensor network Tρ

x. Two different strategies

FIG. 4. Left: a typical strong coupling configuration where dimers are attached to a given site. The tensor Tρ is trivial as only one
combination of indices (totally antisymmetric irrep on each leg) contributes. Right: an OðβÞ correction. The tensor Tρ can be written as
external product of a tensor carrying only the DOIs from excited links and delta functions corresponding to the strong coupling legs.
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can be used to sample the partition function: one can either
exploit the “bubble decomposition” in Eq. (33) to simplify
the numerical cost of contracting the network or consider
the DOIs as an additional d.o.f. to be evaluated stochas-
tically. In the first case, a relevant question is whether
the decomposition Eq. (15) is optimal, meaning that
the number of decoupling operators nρ in Eq. (16) is the
smallest possible. The machine time required to contract
the network depends almost completely on the size of the
external legs of the tensors. In the UðNÞ case, we already
know that the answer is positive as it can be shown that the
operators Pρ are mutually orthogonal, hence independent.
It is therefore not possible to perform a reparametrization of
the I-integral that results in a decomposition of the type
Eq. (15) with a smaller number of terms within the sum.
For SUðNÞ, the situation is not completely clear as we
could not prove that the decoupling operators correspond-
ing to the SUðNÞ contributions (nonzero q) are indepen-
dent. The question whether the complexity can be reduced
using a different parametrization is thus still open. In any
case, the lower bound on the number of DOIs provided
by the UðNÞ result already tells that to a certain degree,
the complexity is unavoidable. This number grows as a
factorial as the (anti-)plaquette occupation numbers
increase and contracting the resulting tensors along the
excited plaquettes becomes in general too expensive in
d > 2. Even though this description can be used as a
starting point for future theoretical development, as it
stands, the bubble decomposition and the corresponding
tensor network cannot be used for exact calculations in full
QCD. Nevertheless, the dual form of the partition function
together with the decomposition Eq. (33) can be used to
study lattice QCD perturbatively in β, by truncating the
expansion of the plaquette action. We remind that this has

been done so far, using worldline formulations, only for the
leading OðβÞ corrections [39]. Truncating at OðβnÞ means
that the allowed configurations are only those correspond-
ing to bubble contributions of at most OðβnÞ. Making use
of this definition, the truncation corresponds to a free
energy which is exact up to the same order. For instance, at
order Oðβ2Þ, the largest allowed bubble contributions are
2 × 1 rectangles with an elementary (anti-) plaquette
excitation (n̄p) np ¼ 1 as sketched in Fig. 5. In the
SUð3Þ case, four of the six tensors Tρ

x making up the
bubble are matrices of sizes at most 6 × 1, while the other
two are rank three tensors of sizes at most 6 × 1 × 1.
Contracting the reduced tensor network within the bubbles
is straightforward and can be done on the fly during
Monte Carlo evolution without any overhead. Higher order
contributions (n ¼ 3; 4; 5;…) can be also easily evaluated
in 4d. One possible strategy is to compute and store
beforehand all the tensors Tρ that are compatible with
the constraint and the truncation order. This step needs to be
performed one time only, as the tensor network does not
depend on the simulation parameters. For instance, the
computation of all the tensors needed to address the 4d
N3LO correction to strong coupling QCD took ≈102s on a
single CPU, with the largest tensor having only Oð10Þ
nonzero elements. The tensors are then loaded and used to
compute the value of GBi

when the bubble Bi needs to be
updated. We are currently designing an ergodic algorithm
capable to sample the bubble contributions which will be
illustrated in a forthcoming publication where the higher
order β corrections to the strong coupling phase diagram
will be addressed.
The second possibility is to consider the DOIs as an

additional d.o.f. along with fnp; n̄p; kl; mxg. The complex-
ity of the tensor network can be thus overcome by

FIG. 5. Two SUð3Þ bubble contributions at Oðβ2Þ with ðnp; n̄pÞ ¼ ð0; 1Þ on the two excited plaquettes. At this order, computing the
weight corresponding to the bubbles is easy as the tensor network within the bubble is only made up of small vectors. Some external legs
are trivial as there is only one possible DOI ðρxμ ¼ 1Þ. Oftentimes the tensors Tx are very sparse as a consequence of the great
orthogonality theorem (see also Appendix B). In the figures, we only show the tensors associated to x1 and x2. The remaining tensors are
given by Tx3 ¼ Tx4 ¼ Tx6 ¼ Tx1 and Tx5 ¼ Tx2 .
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importance sampling. In this case, a given configuration is
determined by selecting one tensor element for each lattice
site. When doing so, the weight of such configurations is
local and an additional metropolis acceptance test can be
easily introduced to make sure that the system explores the
DOIs configuration space during Monte Carlo. For in-
stance, when a bond, an elementary plaquette or a cube
containing six plaquettes is updated, we can propose a
quasilocal update by randomly choosing new DOIs on the
bonds involved. The feasibility of this approach depends on
the minus signs induced by splitting the former configu-
rations in terms of fnp; n̄p; kl; mxg into subconfigurations
where one selects a single tensor element out of the full
tensor Tρ

x. In fact, the tensor elements are not positive
defined and it could happen that without contracting the
network an additional source of minus signs is plugged into
the system. As mentioned in Sec. I, the main obstacle to the
use of the permutation basis was in fact the severe sign
problem induced by the Weingarten functions W̃g. Using
instead the DOIs, the induced sign problem can be much
milder. In Sec. V, we will provide preliminary evidences to
this statement based on an exact enumeration of the
partition function.

C. Sign problem

Having discussed the partition function, we now turn to
the computation of σf in the dual representation. In general,
the fermionic sign of a configuration is determined by the
staggered phases, the antiperiodic boundary condition for
fermion fields, and by the so-called geometric sign. The
latter stems from the fact that, starting from Eqs. (3) and (4),
one has to reorder the Grassmann variables contained in the
matrices Ml;M

†
l before performing the Grassmann inte-

gration at each site. At strong coupling, only baryon loops
(fl ¼ �N) can induce a negative sign and the geometric
sign is known in closed form. It combines with the
staggered phases and the winding number to produce

σfðCÞ ¼
�Y
l∈C

ημðxÞ
�
ð−1ÞNlðCÞþN ðCÞþωðCÞ ð34Þ

for SUð2N þ 1Þ, whereas σf ¼ þ1 for SUð2NÞ. In
Eq. (42), C is the set of links traversed by baryons,
NlðCÞ the number of baryon loops, N−ðCÞ the number
of baryon loop segments in negative directions, and ωðCÞ
the total winding number in temporal direction. At strong
coupling, the baryon-loop induced sign problem is very
mild and the finite density phase diagram can be mapped
out using sign reweighting [38,43].
At finite β, the structure of the geometric sign gets more

complicated as the allowed quark fluxes can also be
intersecting and the equality in Eq. (42) does no longer
hold true. Specializing to SU(3), a fermionic minus sign is
only induced by single and triple quark fluxes while for

dimers and diquarks σf ¼ þ1.4 To compute the geometric
sign for intersecting loops, as closed formulae are appa-
rently lacking, we explicitly count how many times the
Grassmann variables corresponding to odd fluxes need to
be commuted to bring them in canonical ordering at each
lattice site. Formally, σf can be written as

σfðC1; C3Þ ¼
� Y
l∈C1∪C3

ημðxÞ
�
ð−1ÞωðC1;C3ÞσGðC1; C3Þ; ð35Þ

where C1 and C3 are, respectively, the set of links traversed
by single and triple quark fluxes and the winding number
ωðC1; C3Þ is given by

ωðC1; C3Þ ¼
X
x⃗

fðx⃗;NτÞ;0̂; ð36Þ

where Nτ is the temporal extent of the lattice. In Eq. (35),
σG is the global geometric sign and in general cannot be
factorized as a product of two terms depending separately
on C1 and C3. It is computed after contracting the tensor Tρ

x

at fixed background fnp; n̄p; dl; fl; mxg, and cannot be
cast into a product of local minus signs that can be absorbed
with a redefinition of the tensors Tx.
As we already mentioned, another potential source of

negative signs, which does not depend on the fermion
fields, is caused by the lack of positivity of the tensor
elements Tρ

x. This issue is relevant when considering the
DOIs as an additional d.o.f. Strong oscillations of the sign
within the tensor network can in fact hinder the application
of importance sampling. Although this question can be
only answered on the basis of Monte Carlo simulations via
sign reweighting, in Sec. V, we will show preliminary
results on the interplay between the fermionic and the
tensor network induced sign problem, obtained from exact
enumeration of the partition function on small volumes.

D. Observables

As both the fermion field and the gauge links have been
integrated out, the observables in the dual representation
take a different form. The ones defined as derivatives of
logZ with respect to external parameters can be obtained
taking derivatives in Eq. (27). For instance, the chiral
condensate hψ̄ψi, baryon number nB, and average plaquette
hPi are given by

hψ̄ψi ¼ 1

V
∂ logZ
∂m̂q

¼ hmxi
Vm̂q

;

hnBi ¼
1

V
∂ logZ
∂μq ¼ hfx;0̂i

V
;

hPi ¼ 1

V
∂ logZ
∂β ¼ np þ n̄p

βV
; ð37Þ

4For SU(2), only single quark fluxes can produce a negative σf.
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and higher order derivatives (i.e., susceptibilities) can be
obtained in a similar fashion, evaluating the various
cumulants of mx, fx;0̂, and np þ n̄p. The definition of
nonderivative observables, such as the Polyakov loop, is
less trivial in the dual representation as the gauge fields
have been already integrated out. Formally, the Polyakov
loop can be written as a ratio of partition functions

hLi ¼ ZL

Z
; ð38Þ

where ZL is the partition function with a Polaykov loop
insertion and Z is given by Eq. (27). ZL admits a dual
representation similar to Eq. (27) with modified tensors Tρ

x

at the sites x crossed by the Polyakov loop. Here, we will
not discuss its specific form. The strategy to sample the
Polyakov loop will be addressed in a following paper
containing the numerical results from Monte Carlo
simulations.
To perform finite temperature calculations at nonzero β,

we can either vary the temporal lattice extent Nτ at fixed
lattice spacing a according to

aT ¼ 1

Nτ
ð39Þ

or perform simulations on anisotropic lattices. The first
strategy works well for β

2N close to one, where one can
meaningfully fix the scale and determine the relations
βðaÞ; m̂qðaÞ imposing a physical constraint on the low-
energy mesonic spectrum. Instead, at small enough β (and
especially at strong coupling), the scale cannot be fixed as
the lattice is too coarse. In this case, the temperature is
changed inducing a physical anisotropy ξ ¼ as

at
by using

two different β couplings for spatial (βs) and temporal (βt)
plaquettes and introducing a fermionic bare anisotropy γ
that favors hoppings in temporal direction. Implementing
this modification in the partition function Eq. (27) is
straightforward. The modifications can be summarized in

eμqδμ;0fx;μ

kl!ðkl þ jfljÞ!
→

eμqδμ;0fx;μ

kl!ðkl þ jfljÞ!
γδμ;0ðjfx;μjþ2kx;μÞ;

βnpþn̄p → β
npsþn̄ps
s β

nptþn̄pt
t ; ð40Þ

and (n̄ps=t
) nps=t

are the (anti-)plaquette occupation numbers
for spatial and temporal plaquettes. The relation between
the bare parameters βs, βt, γ and the physical anisotropy ξ
has to be determined nonperturbatively via the so-called
anisotropy calibration procedure (see [66] and references
therein). This has been done so far in the strong coupling
limit at zero [66] and nonzero [67] quark mass m̂q. The
extension to strong coupling QCD including OðβÞ is in
preparation. In this paper, we will be only interested in the
evolution of the observables as a function of β; m̂q; μq,

hence in comparing the dual observables with the HMC
results, we will set γ ¼ 1 and βs ¼ βt ¼ β.

V. CROSSCHECKS FROM EXACT
ENUMERATION/HMC FOR N = 2,

N = 3 (UðNÞ and SUðNÞ)
In a finite volume, the partition function Eq. (27)

truncated at a given order OðβnÞ is always a finite
polynomial Pðβ; m̂q; zqÞ in β, quark mass m̂q, and fugacity
zq ¼ exp μq

T . To check the correctness of the dual formu-
lation and the computation of the weights, we performed
the exact computation of P in small two-dimensional
volumes, comparing the result from the exact enumeration
of Z with the outcome of standard lattice QCD simulations
at zero chemical potential μq. We considered as gauge
group both UðNÞ and SUðNÞ forN ¼ 2, 3, and obtained the
full polynomial P on 2 × 2 and 4 × 4 volumes for various
n ≤ 6, employing periodic boundary conditions in all
directions. To enumerate the coefficients of the polynomial,
we first precomputed all the tensors TxðDxÞ compatible
with Gauge and Grassmann constraints and with the
truncation order. We then generated all possible combina-
tions of fnp; n̄p; dl; fl; mxg and contracted the corre-
sponding tensor network to determine its contribution to
P. The result of this contraction was then multiplied by the
fermionic sign σf. In Table I, we show the total number of
configurations as a function of the truncation order. At
fixed OðβnÞ, this number grows very large as a function of
the number of dimensions; hence, we could not perform the
exact enumeration in d > 2. Nevertheless, as our dual
formulation does not present any fundamental difference
when applied to higher dimensions, we believe that this
crosscheck gives some hints about its validity in d ¼ 3, 4.
In Figs. 6 and 7, we show the results of this comparison for
the average plaquette hPi and for the chiral condensate
hχ̄χi, respectively, for U(2), U(3) and SU(2), SU(3). They
were analytically determined from Pðβ; m̂q; zqÞ by

TABLE I. Number of distinct configurations on a 2 × 2 lattice
for various gauge groups and truncations of OðβnÞ. All these
configurations are taken into account when computing the
partition function and its derivatives, as shown in Figs. 6 and
7. The complexity of enumeration rises drastically with n, but can
be overcome by importance sampling.

U(1) U(2) U(3) SU(2) SU(3)

Oðβ0Þ 17 135 695 223 815
Oðβ1Þ 25 271 1 775 863 2 495
Oðβ2Þ 101 1 839 12 163 14 471 25 259
Oðβ3Þ 141 4 119 36 027 152 551 337 503
Oðβ4Þ 373 32 107 436 415 4 895 849 4 703 047
Oðβ5Þ 497 80 319 1 640 829 106 758 281 182 863 979
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hPi ¼ 1

NL2
∂βPðβ; m̂q; 0Þ=Pðβ; m̂q; 0Þ;

hχ̄χi ¼ 1

L2
∂m̂q

Pðβ; m̂q; 0Þ=Pðβ; m̂q; 0Þ; ð41Þ

for L ¼ 2, 4 and N ¼ 2, 3. A clear result, emerging from
Figs. 6 and 7, is that the strong coupling branch is well

described by the polynomials P for all quark masses, and
that the agreement with the HMC results indeed extends to
larger and larger β as the truncation order is increased.
Notice that at any fixed order OðβnÞ, the continuum limit
β → ∞ of the average plaquette is always zero, as it can be
seen from its definition in terms of the dual d.o.f. Eq. (37).
The value βmax that corresponds to a maximum of the

FIG. 7. Similar comparison between exact enumeration and HMC on a 2 × 2 lattice as in Fig. 6 for SU(2) (left plots) and SU(3)
(right plots).

FIG. 6. Comparison between exact enumeration and HMC simulations for U(2) (upper plots) and U(3) (lower plots). For both gauge
groups, the average plaquette hPi and the chiral condensate hχ̄χi are shown on a 2 × 2 (left) and 4 × 4 (right) lattice. Data points with
different symbols correspond to different quark masses while solid, dashed, and dotted lines correspond to different truncation
orders OðβnÞ.
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average plaquette can be used as a strong upper bound for
the validity of the expansion at OðβnÞ.
Another relevant information we can extract from the

exact enumeration concerns the magnitude of the sign
problem. A measure of its severity is given by the average
sign σ. It is defined as the ratio of the full (Z) and the so-
called phase quenched (Zp:q.) partition function

hσi ¼ Z
Zp:q: : ð42Þ

The latter is obtained by taking the norm of each statistical
weight in Z. In our case, the partition function is a sum of
real quantities; hence, the norm is just the absolute value.
From the definition, it follows that hσi ≤ 1 and the equality
holds if there is no sign problem. As we want to compare
the sign problem in the dual representation with and
without the DOIs as an additional d.o.f., we need to employ
two different definitions for the phase quenched system. In
the first case, we need to set the fermionic sign σf ¼ 1 and
take the absolute value of each tensor element

T
ρx−d���ρxd
x → jTρx−d���ρxd

x j; ð43Þ
while in the second case it suffices to set σf ¼ 1 as a
configuration is now determined by the contracted tensor
network. The two resulting average signs are, respectively,
hσi ¼ hσfσρi and hσfi. In Fig. 8, they are shown in the most
relevant cases of SU(2) and SU(3) as a function of the
truncation order and in the SU(3) case at nonzero baryon
chemical potential as well. In the SU(2) case, the fermionic
sign does not play a role on a 2 × 2 lattice as the allowed
loop geometries have σf ¼ 1 and the only source of negative
signs is due to the tensor network. In Fig. 8(a), this is shown
for various quark masses and for different truncations up to
Oðβ4Þ. The trend corresponds to a mild deterioration of the

sign as β and the truncation order is increased. This deterio-
ration is not dramatic and corresponds to a fall in hσi of
about 10% at β ≈ 2. In the case of SU(3), the fermionic sign
σf is not positive [Fig. 8(b)] but remains almost constant as
a function of β and truncation order. When considering the
sign hσi, a trend similar to the SU(2) case shows up
[Fig. 8(c)]: the sign in this case remains almost constant
for β ≤ 1 where it starts to get worse as a function of the
truncation order. When a nonzero baryon chemical potential
is considered [Fig. 8(d)], this behavior does not change.
Although our numerical results are preliminary and only

based on an exact enumeration of the partition function on a
2 × 2 lattice, we highlight some of the findings that could
extend to larger volumes and higher dimensions. First of all,
the comparison with the HMC simulations shows that our
method provides the correct Boltzmann weights for the dual
configurations as the strong coupling branch up to β ≤ 0.5 is
well described by the polynomials Pðβ; m̂q; zqÞ for different
gauge groups and quark masses. This is nontrivial: the
number of configurations considered already on a small
volume is very large (Table I) and the computation is very
sensitive to the exact evaluation of the tensor elements Tρ

x

and of the fermionic sign σf. The evaluation of the
Boltzmann weights away from the strong coupling limit
is thus under control and can be used in Monte Carlo
simulations if the truncation orderOðβnÞ is not too large. We
considered two main strategies in view of Monte Carlo
simulations: the bubble decomposition Eq. (33) and sam-
pling an enlarged configuration space that includes the DOIs.
While we are not yet in position to draw general conclusions
on the sign problem, when comparing it with the behavior in
a permutation based dualization [50], the improvement is
drastic. Hence, resumming the permutations as in Eq. (13)
effectively reduces the sign problem from the Weingarten
functions.

(d)(c)(b)(a)

FIG. 8. Sign problem on a 2 × 2 lattice as a function of β for various quark masses. (a) Fermionic sign hσfi for SU(2) which has no
sign problem in the strong coupling limit and only a very mild sign problem for finite β. (b) Fermionic sign hσfi for SU(3): it remains
almost constant with β as compared to the strong coupling limit (where the fermionic sign is only due to baryon worldlines). (c) Average
sign hσi for SU(3). It includes the sign fluctuations within the tensor network. (d) Same as in (c) considering a nonzero value of the
baryon chemical potential μB.
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VI. CONCLUSION AND DISCUSSION

In this work, we proposed a new strategy for the
evaluation of higher order contributions in the strong
coupling expansion of lattice QCD with staggered fermion
discretization. The dual representation in terms of local
tensorial weights improves on the sign problem as compared
to evaluations in a Weingarten function basis. The color
constraints from gauge and Grassmann integration combine
to yield admissible configurations that after contracting the
tensors are intersecting plaquette surfaces that are either
closed or bounded by fermion fluxes. The configuration
space is thus a worldline and worldsheet representation with
the additional multi-indices ρ, which we called decoupling
operator indices and that encode the information about the
interplay of the unitary and symmetric groups.
The prospects of Monte Carlo simulations of lattice

QCD at finite density in the strong coupling regime are
encouraging: the weights in the partition functions are
local, and various strategies to sample the partition function
Eq. (27) are possible. We will be able to obtain results on
the phase diagram in the strong coupling regime beyond
OðβÞ. One possible way to perform Monte Carlo is via a
worm algorithm based on vertices, as was discussed in the
context of the Schwinger model [68]. The drawback of this
method is that this algorithm slows down drastically with
the number of vertices (Table II). This limits in practice the
maximal order of β feasible in 3þ 1 dimensions. Another
intriguing possibility is to perform local metropolis updates
that could be parallelized. We can either sample the multi-
indices ρ alongside the occupation numbers (monomer,
dimer plaquette, and fermion flux) or contract all ρ’s on a
background of occupation numbers, employing the bubble
decomposition discussed in Sec. IV B. Even when includ-
ing the higher orders, the sign problem might still be
manageable if β is not too large. For what values of β
simulations are possible in 3þ 1 dimensions is only to be
seen in practice and will be codetermined by the magnitude
of the sign problem, by the numerical cost of evaluating the
Boltzmann weights and will also depend crucially on the
quark mass. Our representation is also valid for pure Yang
Mills theory, which is expected to have a very sign problem
after contracting the tensor network.

A finite chemical potential does not introduce an addi-
tional sign problem as the zero-density Boltzmann weights
get multiplied only by positive factors. Moreover, at fixed
values of β, the sign problem becomes milder for large
enough temperatures and/or densities: the worldline con-
figurations contributing to the fermionic sign σf simplify as
the quark fluxes are mainly aligned in temporal direction.
A detailed analysis of the sign problem requires, however,
large volumes that cannot be obtained via exact enumer-
ation and will be presented in a forthcoming publication.
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APPENDIX A: SUðNÞ GENERATING
FUNCTIONAL AND I -INTEGRALS

Equation (8) for the SUðNÞ I-integrals can be derived
from the generating functional

Zq;p½K; J� ¼
Z
SUðNÞ

DUðTr½UK�ÞqNþpðTr½U†J�Þp ðA1Þ

by taking successive derivatives with respect to the sources
J; K ∈ GLðN;CÞ, according to the following equation:

IqNþp;p
ij;kl

¼ 1

ðqN þ pÞ!p!

×
∂ðqNþ2pÞZq;p½K; J�

∂Ki1
j1
� � � ∂KiqNþp

jqNþp
∂Jk1l1 � � � ∂J

kp
lp

����
J¼K¼0

: ðA2Þ

To evaluate Zq;p½K; J�, we first convert the integral [(A1)]
into a UðNÞ integral, using

1

detKq

Z
SUðNÞ

DUðTr½UK�ÞqNþpðTr½U†J�Þp

¼
Z
UðNÞ

DU
1

det½UK�q ðTr½UK�ÞqNþpðTr½U†J�Þp ðA3Þ

and assuming for the moment J; K ∈ UðNÞ. The equality
holds because the last integrand is invariant under multi-
plication of the U matrix by a complex phase. As a
consequence, it gives the same result when integrated
using the SUðNÞ or the UðNÞ Haar measure. Exploiting
this trick, we can make use of the UðNÞ character
expansion to compute the quantity in the rhs of Eq. (A3).
Thanks to the Schur-Weyl duality [69,70], power of

traces of UðNÞ matrices have the following character
expansion:

TABLE II. Number of distinct nonzero tensor elements for
various gauge groups and truncations of OðβnÞ in two dimen-
sions. These numbers correspond to the total number of vertices
that would enter in a corresponding vertex model.

U(1) U(2) U(3) SU(2) SU(3)

Oðβ0Þ 5 15 35 27 47
Oðβ1Þ 13 55 155 155 255
Oðβ2Þ 41 215 655 1139 1499
Oðβ3Þ 81 639 2279 6995 8939
Oðβ4Þ 173 2079 8687 48 957 52 571
Oðβ5Þ 293 6007 31 617 338 109 360 525
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ðTrUÞn ¼
X
λ⊢n

lenðλÞ≤N

fλχ̂λðUÞ; ðA4Þ

where χ̂λ are the UðNÞ characters.5 Instead, detUq are
irreducible one-dimensional representations ∀ q ∈ Z
(so-called determinantal representations). According to a
standard group theory result, the tensor product of the irrep.
Vλ with a determinantal representation Vq

det gives

Vλ ⊗ Vq
det ≅ Vλþq; ðA5Þ

where Vλþq is the UðNÞ irreducible representation with
highest weight fλ1 þ q;…; λN þ qg. This gives

χ̂λðUÞ detðUÞq ¼ χ̂λþqðUÞ: ðA6Þ
Substituting Eqs. (A4) and (A6) into the rhs of Eq. (A3),
we get

Zq;p½K; J�
det½K�q ¼

Z
UðNÞ

DU
X
λ⊢qNþp
lenðλÞ≤N

X
λ0⊢p

lenðλ0Þ≤N

fλfλ0 χ̂λ−qðUKÞχ̂λ0 ðU†JÞ ¼
X
λ⊢p

lenðλÞ≤N

fλþqfλ
χ̂λðJKÞ
Dλ;N

¼ ðqN þ pÞ!
p!

YN−1

i¼0

i!
ðiþ qÞ!

X
λ⊢p

lenðλÞ≤N

ðfλÞ2
Dλ;Nþq

χ̂λðJKÞ ¼ ðqN þ pÞ!
p!2

YN−1

i¼0

i!
ðiþ qÞ!

X
λ⊢p

lenðλÞ≤N

ðfλÞ2
Dλ;Nþq

X
ρ⊢p

hρχ̂λðρÞtρðJKÞ

¼ ðqN þ pÞ!
YN−1

i¼0

i!
ðiþ qÞ!

X
ρ⊢p

hρW̃gq;pN ðρÞtρðJKÞ; ðA7Þ

where the second equality follows from the orthogonality
of characters, the third from the combinatorial identity

fλþq

Dλ;N
¼ ðqN þ pÞ!

p!

YN−1

i¼0

i!
ðiþ qÞ!

fλ
Dλ;Nþq

; ðA8Þ

valid for lenðλÞ ≤ N and the fourth one from the Frobenius
relation (see, for instance, Appendix A of [49]). The last
equality is just a rearrangement of terms. The quantities
W̃gq;pN are the generalized Weingarten functions,

W̃gq;pN ðρÞ ¼ 1

ðp!Þ2
X
λ⊢p

lenðλÞ≤N

ðfλÞ2
Dλ;Nþq

χλðρÞ: ðA9Þ

They are Sp class functions and therefore depend only on
the conjugacy class of a given permutation. Conjugacy
classes and irreducible representations are in 1-1 corre-
spondence. This is the reason why the Weingarten func-
tions can also have integer partitions as argument. In
Eq. (A7), hρ is the number of permutations within the
conjugacy class associated to the partition ρ, while tρðJKÞ
is a shortcut for

tρðJKÞ ¼
YlðρÞ
i¼0

TrðJKÞρi : ðA10Þ

The SUðNÞ generating functional is

Zq;p½K; J� ¼ ðqN þ pÞ!
YN−1

i¼0

i!
ðiþ qÞ! detK

q

×
X
ρ⊢p

hρW̃gq;pN ðρÞtρðJKÞ; ðA11Þ

and given the polynomial nature of the expression, it can be
extended to any K;J∈GLðN;CÞ. In the limits q ¼ 0,
q ¼ 1, and p ¼ 0, the known results [49,63], and [48]
are recovered.
Given the expression (A11), the I-integral is obtained by

taking derivatives with respect to the sources K, J. We do
not need to do this explicitly. In fact, it is sufficient to know
the result in the cases p ¼ 0 and q ¼ 0 and then use
Leibnitz Formula for the derivative of a product. Luckily,
these two special cases have already been solved, respec-
tively, by Creutz [48] and by Collins and collaborators in
[58,59]. The two results are

IqN;0
ij;kl

¼ 1

ðqNÞ!
∂ðqNÞZq;0½K�

∂Kj1;i1 � � �KjqN;iqN

����
J¼K¼0

¼
�YN−1

i¼1

i!
ðiþ qÞ!

�X
fαg

ϵ⊗q
ifαgϵ

⊗q;jfαg ;

Ip;p
ij;kl

¼ 1

p!2
∂ð2pÞZ0;p½K; J�

∂Kj1;i1Jl1;k1 � � �Kjp;ipJlp;kp

����
J¼K¼0

¼
X

π;σ∈Sp

δlπi W̃g0;pN ðπ∘σ−1Þδjkσ ; ðA12Þ

5Not to be confused with the characters χλ of the symmetric group.
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where δlπi and δjkσ are the usual Kronecker deltas where the
indices are swapped according to permutations π and σ.
The sum in the first line of Eq. (A12) runs over all possible
ways α ¼ fα1;…; αqg of partitioning the qN indices into q
epsilon tensors. To get the general I-integral, it is sufficient
to exploit the fact that the generating functional (A11) can
be decomposed, apart from a trivial combinatorial factor, as
a product of Zq;0 and a term that resembles the generating
functional Z0;p. The only difference is in the coefficients
W̃g0;pN that must be substituted with W̃gq;pN . Therefore, by
looking at Eq. (A2), when qN derivatives of K act on the
power of the determinant detKq, they will reproduce the
result for IqN;0. Similarly, when p derivatives of K and p
derivatives of J act on the second term, they will reproduce
Ip;p with the substitution W̃g0;pN → W̃gq;pN . Any other com-
bination of derivatives gives zero. Making use of the
Leibnitz Formula, we can thus write down the expression
of the I-integral as

IqNþp;p
ij;kl

¼
�YN−1

i¼1

i!
ðiþ qÞ!

�X
fα;βg

X
π;σ∈Sp

ϵ⊗q
ifαgδ

lπ
ifβgW̃gq;pN ðπ∘σ−1Þ

× ϵ⊗q;jfαgδ
jfβg
kσ

; ðA13Þ

where the leftmost sum now runs over all the ways (α; β) of
partitioning the i, j indices into the Kronecker deltas and

into the q epsilon tensors. This “multiplicity” stems from
the fact that we need to take into account every possible
way of acting with the K derivatives, on the determinant
and on the traces trρðJKÞ, and from the Creutz result for
IqN;0 in Eq. (A12).

APPENDIX B: (RE-)DERIVATION OF
THE OðβÞ PARTITION FUNCTION

The partition function (27) at OðβÞ can be rewritten in
terms of site and link (scalar) weights. This is done
considering all possible tensors Tx at a corner of the
excited plaquette, showing that they can be reduced to
scalar objects. In this limiting case, we can perform all
steps analytically so as to recover the partition function
obtained in [39]. For general SUðNÞ, there are two types of
tensors: those corresponding to genuine SUðNÞ contribu-
tions [Figs. 9(b)–9(d)] and the ones that correspond to
dimers with a single quark flux oppositely oriented with
respect to the plaquette [Fig. 9(a)]. The latter is a pure UðNÞ
contribution as the associated I-integrals have q ¼ 0. Let
us consider first the second case. Even though the corre-
sponding tensors can be quite large, the same decoupling
present at strong coupling holds in this case. Proceeding in
a similar fashion as in Eqs. (28), (29), and (31) and with
reference to Fig. 9(a), one gets

ðB1Þ

where the first product runs over the external (strong coupling) dimers. As in the strong coupling limit, only one element of
the tensor is nonzero. The modification of the dimer weight is obtained as in Eq. (31),

FIG. 9. The four different types of tensor at a corner of the excited plaquette. (a) The two excited links are occupied by dimers and a
single quark flux. It represents the most general UðNÞ contribution to the OðβÞ partition function. (b) An incoming baryon ðfl ¼ NÞ
split into a N − 1 quark flux and a single quark flux. (c) An N − 1 quark flux travels in the same direction of the gauge flux. A dimer or a
monomer must be present to satisfy the Grassmann constraint. (d) As in (c) with a dimer superimposed to the N − 1 quark flux on one of
the two excited links.
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ðB2Þ

and gives the correct link weight to be used when a dimer
belongs to an excited link. The genuine SUðNÞ configu-
rations are instead of three types:
(1) An incoming (strong coupling) baryon splits, at a

corner of the plaquette, into a single quark flux and a
N − 1 quark flux. Equivalently, a single quark flux
and a N − 1 quark flux can recombine to form an
outcoming (strong coupling) baryon [Fig. 9(b)].

(2) An incoming N − 1 quark flux exits the site follow-
ing the gauge flux induced by the plaquette. A
monomer or an external dimer is also present in
order to fulfill the Grassmann constraint [Fig. 9(c)].

(3) As in (2) with the external dimer or monomer
replaced by a dimer on one of the two excited links
[Fig. 9(d)].

The first two types of configurations are somewhat trivial as
the associated tensors have size one. There is in fact only
one DOI associated to the external legs of the two tensors.
Their values can be readily computed,

Tð1Þ ¼
N!ffiffiffiffi
N

p Tð2Þ ¼ ðN − 1Þ!: ðB3Þ

In the case of configurations of type (3), the associated
tensor has size 2 × 1. There are in fact two DOIs in
direction þ1̂, where a dimer is superimposed to a N − 1
quark flux. This tensor is given by

T1;1
ð3Þ ¼

N!ffiffiffiffiffiffiffiffiffiffiffiffi
N þ 1

p T1;2
ð3Þ ¼

N!ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
NðN þ 1Þp : ðB4Þ

To remove this multiplicity, it is sufficient to notice that a
link carrying a dimer plus a N − 1 quark flux can only
recombine with a N − 1 quark flux from another direction.
The latter involves an I-integral made up of a single
decoupling operator. Therefore, we can perform a resum-
mation of the two DOIs by considering the following
modified “tensor” of size 1:

T̃ð3Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðT1;1

ð3ÞÞ2 þ ðT1;2
ð3ÞÞ2

q
¼ N!ffiffiffiffi

N
p ; ðB5Þ

and all tensors have been thus reduced to scalar quantities.
It is easy to check that the modified dimer weights
[Eq. (B2)] and the values of Tð1Þ; Tð2Þ; T̃ð3Þ together with
the usual combinatorial factors from the Taylor expansion
are recovered by defining the following link and site
weights at the boundary of the excited plaquette:
(1) To each N − 1, quark flux associates a link weight

1
N!ðN−1Þ!.

(2) To each N − 1, quark flux superimposed to a dimer
associates a link weight ðN−1Þ!

N!
¼ 1

N.
(3) For kl ∈ f0;…; N − 1g, dimers and a single quark

flux associate wlðdl; fl ¼ �1Þ.
(4) To each site corresponding to a UðNÞ configura-

tion, [Fig. 9(a)] associates the usual site weight:
N!=mx!.

(5) To each site corresponding to a SUðNÞ configura-
tion, associate a factor N! if there are no external
(strong coupling) dimers or baryons and if mx ¼ 0.
Associate a factor N!ðN − 1Þ! if there are external
dimers or if mx ¼ 1. Finally, associate N!

ffiffiffiffi
N

p
if

there is an external baryon.
The rules (1)–(5) together with the usual strong coupling
weights define the OðβÞ partition function [39]. Beyond
this order, it is not possible to reduce the tensor network to a
product of scalar link and site weights depending only
on fnp; n̄p; kl; fl; mxg.
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Appendix C

Reprint of articles reviewed in Chapter 4

C.1 Continuous Time Monte Carlo for Lattice QCD in the

Strong Coupling Limit [C1]
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Continuous Time Monte Carlo for Lattice QCD in the Strong Coupling Limit Wolfgang Unger

1. Introduction

The determination of the QCD phase diagram, in particular the location of the critical point, is
an important, long standing problem, requiring non-perturbative methods. In lattice QCD, several
approaches have been developed to investigate the phase transition from the hadronic matter to the
quark gluon plasma, but all of them are limited to µB/T . 1, with µB the baryon chemical potential
[1]. The reason for this is the notorious sign problem, which arises because the fermion determinant
for finite µB becomes complex, and importance sampling is no longer applicable. In QCD, the sign
problem is severe. The relative fluctuations of the complex phase factor grow exponentially with
the lattice volume. However, in the strong coupling limit of lattice QCD (SC-QCD) discussed
below, the order of integration is reversed: the gauge links are integrated out first, and the partition
function is expressed as a gas of hadron world lines. There is no fermion determinant, and the sign
problem is much milder. This allows us to obtain the full (µB,T ) phase diagram.

2. Strong Coupling Lattice QCD in the Continuous Time Formulation

In SC-QCD, the gauge coupling is sent to infinity and hence the coefficient of the plaquette
term β = 6/g2 is sent to zero. Thus, the Yang Mills part FµνFµν of the action is absent. Then,
the gauge fields in the covariant derivative can be integrated out analytically. However, as a con-
sequence of the strong coupling limit, the lattice spacing a becomes very large, and no continuum
limit can be considered. The degrees of freedom in SC-QCD live on a crystal. We study the SC
limit for one flavor of staggered fermions.1 The action is given by the fermionic part only:

S[U,χ, χ̄] = amq ∑
x

χ̄(x)χ(x) +
γ
2 ∑

x
η0(x)

[
χ̄(x)eaτ µU0(x)χ(x+ 0̂)− χ̄(x+ 0̂)e−aτ µU†

0 (x)χ(x)
]

+
1
2 ∑

x

d

∑
i

ηi(x)
[
χ̄(x)Ui(x)χ(x+ î)− χ̄(x+ î)U†

i (x)χ(x)
]

(2.1)

with mq the quark mass and µ = 1
3 µB the quark chemical potential. The anisotropy parameter γ

modifies the Dirac coupling of the temporal part. It will be discussed in detail below.
Following the procedure discussed in [2], the gauge link integration for gauge group SU(Nc)

can be performed analytically, as the integration factorizes in Eq. (2.1):

Z =
∫

∏
x

dχ̄dχe2amqM(x)∏
µ
{ Nc

∑
kµ (x)=0

(Nc− kµ(x))!
Nc!kµ(x)!

((
ηµ̂(x)γδ0,µ

)2
M(x)M(x+ µ̂)

)kµ (x)

+κ
(
ρ(x,y)NcB̄(x)B(x+ µ̂)+(−ρ(y,x))NcB̄(x+ µ̂)B(x)

)} (2.2)

M(x) ≡ χ̄(x)χ(x), B(x)≡ 1
Nc!

εi1...iNc
χi1(x) . . .χiNc

(x) (2.3)

The new degrees of freedom are mesons M(x) and baryons B(x): The first part of the expression
(2.2) describes the mesonic sector (where kµ(x) counts the number of meson hoppings), and the

1In the continuum limit of staggered fermions, one flavor represents four degenerate tastes. In the strong coupling
limit, one simply has one flavor of spinless fermions on a crystal.
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second part describes the baryonic sector, which involves a µ-dependent weight ρ(x,y).2 After
performing the Grassmann integrals analytically, the strong coupling partition function is:

Z (mq,µq) = ∑
{k,n,l}

∏
b=(x,µ̂)

(Nc− kb)!
Nc!kb!

γ2kbδ0̂µ̂ ∏
x

Nc!
nx!

(2amq)
nx ∏

l
w(l) (2.4)

with the constraint: nx + ∑
µ̂=±0̂,...±3̂

kµ̂(x) = Nc, ∀x ∈VM (2.5)

This system, obtained by an exact rewriting with no approximation other than the strong coupling
limit involved, can be described by confined, colorless, discrete degrees of freedom:

• Mesonic degrees of freedom: monomers nx ∈{0, . . .Nc} and dimers kµ̂(x)∈{0, . . .Nc}which
are non-oriented meson hoppings. They obey the Grassmann constraint Eq. (2.5) on mesonic
sites VM ⊂ Nσ

3×Nτ .

• Baryonic degrees of freedom: they form oriented, self-avoiding loops l with weight w(l)
involving the chemical potential, the sign σ(l) =±1 and winding number r(l) which depend
on the geometry of the loops. Baryonic sites are not touched by mesons: VB∪̇VM = Nσ

3×Nτ .

Here, we consider the chiral limit, mq = 0. Then, from Eq. (2.4), monomers are absent: nx = 0.

In Eq. (2.1) we have introduced an anisotropy γ in the Dirac couplings. This complication
is necessary because the chiral restoration temperature is given by roughly aT ' 1.5, and on an
isotropic lattice with aT = 1/Nτ we could not address the physics of interest. Moreover, with the
plaquette term being zero, varying γ is the only way to vary the temperature continuously. The
temperature, given by the inverse of the lattice extent in the temporal direction, is thus

T =
f (γ)
aNτ

with f (γ) = a/aτ . (2.6)

However, the functional dependence f (γ) of the ratio of the spatial and temporal lattice spacings
on γ is not known. Naive inspection of the derivatives in Eq. (2.1) would indicate f (γ) = γ , but this
only holds at weak coupling. The mean field approximation of SC-QCD for SU(Nc) gauge group
based on 1/d-expansion with d the spatial dimension [3] yields for the critical anisotropy

γ2
c = Nτ

d(Nc +1)(Nc +2)
6(Nc +3)

, (2.7)

suggesting that aTc =
γ2

c
Nτ

is the sensible, Nτ -independent identification in leading order in 1/d.
This is also confirmed numerically: In Fig. 1 (top left) we show the variation with Nτ of the chiral
susceptibility close to the U(3) chiral transition, and in Fig. 1 (top right) we show the variation with
Nτ of the U(3) transition temperature defined as γ2

c /Nτ . Both quantities approach continuous time
(CT) limits, but not monotonically. Corrections to the CT limit, e.g. for the critical temperature Tc,
can be parameterized as

aTc(Nτ) = aTCT
c +B/Nτ +C/Nτ

2 +O(Nτ
−3) (2.8)

2Note that baryons transform under gauge transformation Ω ∈U(3) as B(x)→ B(x)detΩ, hence they are not U(3)
gauge invariant. U(3) describes a purely mesonic system (κ = 0 in Eq. (2.2)), while SU(3) contains baryons (κ = 1).
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where B and C have opposite signs. To circumvent this difficult extrapolation problem, we have
developed an algorithm which samples directly the CT partition function in the limit

Nτ → ∞, γ → ∞, γ2/Nτ ≡ aT fixed. (2.9)

Hence we are left with only one parameter setting the thermal properties, and all discretization
errors introduced by a finite Nτ are removed. Additionally, an algorithm operating in this limit
has several advantages: There is no need to perform the continuum extrapolation Nτ → ∞, which
allows to estimate critical temperatures more precisely, with a faster algorithm. And in the baryonic
sector of the partition function great simplifications occur: Baryons become static in the CT limit,
hence the sign problem is completely absent.

We now explain the partition function we have used for Monte Carlo in the CT limit: after
factorizing Eq. (2.4) into spatial and temporal parts, the spatial part simplifies greatly when taking
into account which configurations are suppressed with powers of γ−1:

Z (γ,Nτ) =
γ→∞

γNcV


∑
{k}

∏
bσ=(x,î)

1
Nc

γ−2kbσ ∏
bτ=(x,0̂)

(Nc− kbτ )!
Nc!kbτ !



(

∏
x∈VB

e−3σ(x)µNτ/γ2

)
. (2.10)

The identity holds only approximately if γ is finite, but becomes exact as γ → ∞ because spatial
dimers with multiplicity ki(x)> 1 are suppressed by powers of γ and hence disappear when γ→∞.
This is illustrated in Fig. 2 (right): as the temporal lattice spacing aτ ' a/γ2→ 0, multiple spatial
dimers become resolved into single dimers. The overall number of spatial dimers remains finite in
the CT limit, as the sum over O(γ2) sites compensates the 1/γ2 suppression. Temporal dimers can
be arranged in chains of alternating k-dimers and (Nc− k)-dimers. In particular, for Nc = 3, we
denote 3-0-chains as dashed lines, and 2-1-chains as solid lines (see Fig. 2).

The crucial observation is that the weight of these chains in the partition function is indepen-
dent of their length, because the weight of each k-dimer is the inverse of that of the (Nc−k)-dimer.
Hence, the weight of a configuration will only depend on the kind and number of vertices at which
spatial hoppings are attached to solid/dashed lines, not on their positions.

For SC-QCD with Nc = 3, there are two kinds of vertices, “L”-vertices of weight vL = γ−1,
where dashed and solid lines join, and “T”-vertices of weight vT = 2γ−1/

√
3, where a solid line

emits/absorbs a spatial dimer. The partition function can now be written in terms of these vertices:

Z (γ,Nτ) =
γ→∞ ∑

G

e3µBNτ/γ2 ∏
x∈VM

(
v̂L

γ

)nL(x)( v̂T

γ

)nT (x)

, v̂L = 1, v̂T = 2/
√

3. (2.11)

The exponents nL(x) and nT (x) in Eq. (2.11) denote the number of L-vertices and T-vertices at spa-
tial site x ∈VM. In contrast to meson hoppings, spatial baryon hoppings are completely suppressed
in the CT limit by a factor γ2/γ3 = γ−1. Hence, baryons are static in continuous time and the sign
problem has completely vanished! In the limit Nτ → ∞ the CT partition function can be written
simply in terms of β = Nτ/γ2, up to some normalization constant:

ZCT(β ) = ∑
k∈2N

(β/2)k ∑
G ′∈Γk

e3µBβ v̂NT
T with k = ∑

b=(x,î)

kb, NT = ∑
x

nT (x) (2.12)
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Figure 1: Top left: continuous-time limit of the chiral
susceptibility χ at γ2/Nτ = 1.8 in the purely mesonic
system U(3), exhibiting typical non-monotonic be-
havior in 1/Nτ . Note that the suppression of double
and/or triple spatial dimers has no effect on the CT
limit. Top right: Non-monotonic continuum extrap-
olation for aTc and comparison with the continuous
time limit. Bottom: Reweighting of the energy based
on the partition function Eq. (2.12).

where Γk is the set of all configurations G ′ equivalent up to time shifts of the vertices and with a
total number k of spatial hoppings, and B is the baryon number. In Fig. 1 (bottom) we illustrate
the single histogram reweighting of the energy in β based on this partition function. An important
property of the above partition function Eq. (2.12) is that spatial dimers are distributed uniformly
in time. The lengths ∆β of dashed or solid time intervals (which are related to the number of L-
and T-vertices) are then, according to a Poisson process, exponentially distributed:

P(∆β )∼ exp(−λ∆β ), ∆β ∈ [0,β = 1/aT ] (2.13)

λ = dM(x)/4, dM(x) = 2d−∑
µ

nB(x± µ̂) (2.14)

with λ the “decay constant” for spatial dimer emissions. The presence of baryons results in λ
being space dependent, with dM(x) the number of mesonic neighbors at a given coordinate x. Non-
trivial meson correlations arise from the entropy of the various configurations. Likewise, baryonic
interactions beyond the original hard core repulsion are due to the modification they induce on the
meson bath, and thus also arise from entropy.

3. Continuous Time Worm Algorithm

Continuous time (CT) algorithms are now widely used in quantum Monte Carlo (see e.g.
[4, 5]), but to our knowledge have not yet been applied to quantum field theories. Special difficulties
associated with the local gauge symmetry are absent in our case, since gauge fields have been
analytically integrated out. The CT algorithm used here is a Worm-type algorithm, similar to
the directed path algorithm introduced for SC-QCD in [6]. In the latter, sites are partitioned into
“active” and “passive” depending on their parity with respect to the worm tail position. Here, we
similarly have “emission” and “absorption” sites, giving the spatial dimers a consistent orientation.
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Figure 2: Left: updating rules for the continuous
time algorithm. Top: illustrative 2-dim. configurations
(time flows to the right), in discrete time (left) and con-
tinuous time (right). Note how the latter lacks multi-
ple spatial dimers and has only static baryons lines.

In Fig. 2 we outline the updating rules of the continuous time worm, and also show a typical 2-
dimensional configuration in continuous time.

In contrast to simulations at finite Nτ , there is no need for a baryonic worm update. A simple
heatbath update on static lines with no spatial dimers attached is sufficient: positively (negatively)
oriented baryons are (dis)favored by a factor exp(±3µ/T ) over static meson lines, and their weight
is always positive. We found it very useful to resum baryonic and static mesonic degrees of free-
dom into so-called static polymers similarly to the MDP algorithm [7]: first, this allows to extend
simulations to arbitrary imaginary chemical potential. Second, this enables us to adapt the Wang-
Landau method for determining the nuclear transition at low temperature very accurately. This
technique reduces the uncertainty on the first order line µc(T ) greatly. The polymer formulation we
have used resums static mesons, baryons and anti-baryons. A configuration with P static polymers
has weight3 w(P) = (4+ 2cosh(3µ/T ))P. In our simulation, we only keep track of the polymer
number P = D0 +B++B−, which is the sum of the numbers D0, B+, and B− of static mesons,
baryons and anti-baryons, respectively. We calculate the baryon number B = B+−B− from P via a
trinomial distribution. In the Wang-Landau method, we hence obtain at fixed T the density of states
for baryon number B, g(B,T ), from the density of states for static polymer number P, g(P,T ).

4. Results on the SC-QCD Phase Diagram

In SC-QCD at low temperature, chiral symmetry, i. e. the UA(1) symmetry of the one-flavor
staggered action, is spontaneously broken according to UL(1)×UR(1)→UV (1) and becomes re-
stored at some critical temperature Tc(µ). Our new results for the phase boundary Tc(µ) in the
chiral limit mq = 0 eliminate systematic errors affecting previous findings based on mean field
approximations [8] or Monte Carlo for fixed Nτ [9]. As previously found, the phase transition is
second order at small µ , and first order at low T . The tricritical point is located close to its ear-
lier Nτ = 4 estimate [9], if one uses a/aτ = γ2, i.e. aT = γ2/Nτ , aµ = γ2(aτ µ). However, the
re-entrance predicted by mean field analysis [8] (which fixes γ = 1 and varies Nτ ∈ R) and seen in
earlier Monte Carlo studies [9, 10] is absent, see Fig. 3 (top left). As illustrated in Fig. 3 (right)
the discretization error from Nτ = 4 or 2 becomes very large at low T , and mimics re-entrance.
We have also considered an imaginary chemical potential. As shown in Fig. 3 (bottom), the phase

3Note that there are 4 kinds of static mesons: dashed lines and solid lines of even and odd parity.
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Figure 3: Top left: Comparison of SC-QCD phase
diagram obtained from mean field [8] and in contin-
uous time. The former predicts a re-entrance which
is not present in CT Monte Carlo. Top right: The
SC-QCD phase diagram obtained with Nτ = 2,4 us-
ing aT = γ2/Nτ , aµ = γ2(aτ µ) [9] and in continuous
time. Bottom: Extension of the phase diagram in-
cluding imaginary chemical potential, with no signal
for a Roberge Weiss transition (x=-1) at high T .

diagram displays Z(3) periodicity, but the imaginary µ transition remains second-order and there
is no Roberge-Weiss transition at high temperature. This is natural: at high T the partition function
Eq. (2.12) is dominated by the k = 0 term which is analytic in µ .

In summary, the continuous time formalism allows for a final, unambiguous determination of
the strong coupling phase diagram, and is suitable for further extensions like a second quark flavor.
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disappears. We derive the continuous time partition function and the corresponding Hamiltonian
formulation. We compare our computations with those on discrete lattices and study both zero and finite
temperature properties of lattice QCD in this regime.
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I. INTRODUCTION

The determination of the QCD phase diagram, in
particular, the location of the critical end point (CEP), is
an important, long-standing problem, requiring nonpertur-
bative methods. In lattice QCD, several approaches have
been developed to investigate the phase transition from
hadronic matter to the quark gluon plasma, but either they
are limited to rather small μB=T, with μB the baryon
chemical potential [1–3], or they cannot yet address full
QCD [4–6] or study only low dimensional QCD-like toy
models [7–9].
The reason for this is the notorious sign problem [10],

which arises because the fermion determinant for finite
μB becomes complex, and importance sampling is no
longer applicable. In lattice QCD, the finite density sign
problem is severe. There is however a limit where the
sign problem can be made mild: this is the strong
coupling limit, where a so-called dual representation in
terms of color singlets is possible. In the strong coupling
limit of lattice QCD (SC-LQCD) the sign problem is
mild enough such that the full ðμB; TÞ phase diagram can
be measured via Monte Carlo methods based on the dual
variables. The method of dual variables has been suc-
cessfully used in models with Abelian gauge symmetry
[11,12]; there have been attempts to dualize non-Abelian
gauge theories [13,14], but it has not yet been possible to

overcome the finite density sign problem. Our own
approach discussed in [15–17] is based on the strong
coupling expansion, i.e., an expansion in the inverse
gauge coupling β ¼ 2Nc

g2 . It is in principle possible to

sample partition functions that include all orders via
Monte Carlo, in the spirit of [18,19]. In practice, the sign
problem is reintroduced for large β.
In this paper, we will restrict ourselves to the strong

coupling limit, since the focus is on deriving the Euclidean
continuous time (CT) limit, and apply the new formulation
to Monte Carlo studies of QCD thermodynamics. Despite
the fact that the strong coupling limit is the converse of the
continuum limit, i.e., the lattice is maximally coarse and it
is not possible to set the scale, it nevertheless shares
important features with lattice QCD on finer lattices: chiral
symmetry breaking and its restoration at finite temperature
as well as the nuclear liquid gas transition are also present
in this model. We will extend the existing studies on SC-
LQCD that are either based on mean field theory in the 1=d
expansion [20–26] or on Monte Carlo [27–29]. In the past
either the spectrum or the phase diagram and the nuclear
properties [29] have been studied. We investigate these
phenomena in the continuous time limit, where the con-
tinuum limit of the temporal lattice spacing aτ → 0 is taken
while leaving the spatial lattice spacing aσ finite. First
simulations of SC-LQCD in continuous time have been
performed by one of us in [30]. Here, we improve upon the
continuous time formulation and give many more results at
zero and nonzero temperature. The main advantage of the
CT limit is that ambiguities arising from the anisotropy
parameter γ are circumvented. Also, the sign problem is
absent, quantum Monte Carlo (QMC) can be applied, and
temporal correlation functions can be obtained with high
resolution.
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This paper is structured as follows: in Sec. II we will
derive the quantum Hamiltonian formulation of strong
coupling QCD and its generalization to an arbitrary number
of colors. In Sec. III we will describe the worm algorithm
operating in continuous time in detail and show that it
indeed reproduces results consistent with the continuum
extrapolation of simulations at finite Nτ. In Sec. IV we
apply SC-LQCD in the CT limit to determine zero temper-
ature observables. In Sec. V we investigate finite temper-
ature properties, such as the grand-canonical phase diagram
in the μB-T plane as well as the canonical phase diagram in
the nB-T plane, with nB the baryon number density. In
Sec. VI Awe show that the pressure at finite baryon density
can also be reconstructed from Taylor coefficients, and we
estimate the radius of convergence. In Sec. VII A we
discuss temporal correlation functions and explain how
to extract pole masses. We provide both results at finite
temperature and density. In the Appendix, supplementary
material for the various cross-checks of continuous time
Monte Carlo and possible extensions such as for finite
quark mass, more flavors, and isospin chemical potential
are discussed.

II. STRONG COUPLING LATTICE QCD IN THE
CONTINUOUS TIME FORMULATION

A. Staggered action of strong coupling QCD
and its dual representation

In SC-LQCD, based on the Euclidean lattice action, the
gauge coupling is sent to infinity, and thus the coefficient of the
plaquette term β ¼ 2Nc=g2 is sent to zero. Hence, the Yang
Mills partFμνFμν is absent. Then, the gauge fields in the cova-
riant derivative can be integrated out analytically. In fact, the
order of integration is reversed compared to the standard repre-
sentation of lattice QCD in terms of the fermion determinant:
the gauge linksUμðxÞ are integrated out before theGrassmann
fields χ, χ̄. Thus, the final degrees of freedom of the partition
function are color singlets composed of fermions: mesons and
baryons. However, as a consequence of the strong coupling
limit, the lattice becomesmaximally coarse, and there is noway
to set the scale: the lattice spacing a cannot be specified in
physical units.Wewill see however that specific dimensionless
ratios can still be compared to continuum physics.
We shortly outline the procedure to obtain the dual

representation for staggered fermions in the strong coupling
limit where the action is only given by the fermionic part:

S½U; χ; χ̄� ¼
X
x

�
γη0ðxÞðχ̄ðxÞeaτμqU0ðxÞχðxþ 0̂Þ − χ̄ðxþ 0̂Þe−aτμqU†

0ðxÞχðxÞÞ

þ
Xd
i¼1

ηiðxÞðχ̄ðxÞUiðxÞχðxþ îÞ − χ̄ðxþ îÞU†
i ðxÞχðxÞÞ þ 2amqχ̄ðxÞχðxÞ

�
: ð1Þ

Here, amq is the quark mass and μq ¼ 1
3
μB the quark chemical potential. The bare anisotropy parameter γ in the temporal

Dirac coupling is introduced to vary the temperature continuously.
Following the procedure discussed in detail in [28], the gauge link integration over the Haar measure of SUðNcÞ can be

performed analytically, as the integration factorizes in Eq. (1); i.e., the partition function can be written as a product of one-
link integrals zμðxÞ:

Z ¼
Z Y

x

�
dχ̄ðxÞdχðxÞe2amq χ̄ðxÞχðxÞ

Y
μ

zμðxÞ
�
; ð2Þ

zμðxÞ≡ zðx; yÞjy¼xþμ̂ ¼
Z
SUðNcÞ

dUμðxÞ expðημðxÞðχ̄ðxÞUμðxÞχðyÞ − χ̄ðyÞU†
μðxÞχðxÞÞÞ

¼
XNc

k¼0

�ðNc − kÞ!
Nc!k!

ððημðxÞγδμ0Þ2MðxÞMðyÞÞk
�
þ ðρðx; yÞNcB̄ðxÞBðyÞ þ ð−ρðy; xÞÞNcB̄ðyÞBðxÞÞ; ð3Þ

MðxÞ ¼ χ̄ðxÞχðxÞ; BðxÞ ¼ 1

Nc
ϵi1…iNc

χi1ðxÞ…χiNc
ðxÞ; ρðx; yÞ ¼ ημðxÞðγ expð�aτμqÞδμ0 þ ð1− δμ0ÞÞ: ð4Þ

The new degrees of freedom after link integration are the mesons MðxÞ and the baryons BðxÞ. The weight of the one-link
integral is a sum over the so-called dimer number kμðxÞ ¼ 0;…; Nc which corresponds to the number of (unoriented)
meson hoppings on that link, and on ρðx; yÞwhich is the weight for a baryon hopping B̄ðxÞBðyÞ. The final partition function
for the discrete system on an Nσ

3 × Nτ lattice, after performing the Grassmann integrals analytically, is an exact rewriting
from Eq. (1) and is given by
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Zðmq; μqÞ ¼
XGC

fk;n;lg

Y
b¼ðx;μ̂Þ

ðNc − kbÞ!
Nc!kb!

γ2kbδ0̂ μ̂
Y
x

Nc!

nx!
ð2amqÞnx

Y
l

wðlÞ

wðlÞ ¼
Y
x∈l

1

Nc!
σðlÞγNcN0̂ expðNcNτωðlÞaτμqÞ; σðlÞ ¼ ð−1ÞωðlÞþN−ðlÞþ1

Y
b¼ðx;μ̂Þ∈l

ημ̂ðxÞ: ð5Þ

The sum over all configurations fk; n;lg is restricted to
those that fulfill, on each site x, the so-called Grassmann
constraint (GC):

nx þ
X

μ̂¼�0̂;…�d̂

�
kμ̂ðxÞ þ

Nc

2
jbμ̂ðxÞj

�
¼ Nc ð6Þ

which expresses the fact that every Grassmann variable
χ̄iðxÞ, χiðxÞ (i ¼ 1…Nc) appears exactly once in the path
integral. After this exact rewriting of the strong coupling
partition function the system can be described by confined,
colorless, discrete degrees of freedom:

(i) Mesonic degrees of freedom: kμ̂ðxÞ ∈ f0;…Ncg
(nonoriented meson hoppings called dimers) and
nðxÞ ∈ f0;…Ncg (mesonic sites called monomers).

(ii) Baryonic degrees of freedom: they form oriented
baryon loops l and may wind ωðlÞ times in the
temporal direction, which results in its dependence
on the chemical potential μq. The sign σðlÞ ¼ �1 of
the loop l depends on the loop geometry.

(iii) The baryonic loops are self-avoiding and do not
touch themesonic degrees of freedom,which follows
from the Grassmann constraint Eq. (6): for a given
configuration, this gives rise to a decomposition of
the lattice volume into mesonic sites and baryonic
sites:

Λ ¼ Nσ
3 × Nτ ¼ ΛM _∪ΛB: ð7Þ

It should be mentioned that this representation corresponds
to unrooted staggered fermions. Due to the fermion dou-
bling, one flavor of a staggered fermion comes in the
multiplicity of four so-called tastes. However, in the strong
coupling limit, the fermions are spinless and the taste
breaking is maximal. Hence, it is indeed a one-flavor theory
with only one pseudoscalar meson as the Goldstone boson.
To be more precise, in the chiral limit the action is invariant
under the symmetry group UBð1Þ ×U55ð1Þ:

χðxÞ ↦ eiθBþiϵðxÞθ55χðxÞ; ϵðxÞ ¼ ð−1Þ
P

μ
xμ ð8Þ

which is due to the even-odd decomposition of the bipartite
lattice for staggered fermions; i.e., even and odd sites can
be transformed independently. The symmetry eiθB ∈ UBð1Þ
corresponds to baryon conservation, and eiθ55 ∈ Uð1Þ55 is a
subgroup of the full SULð4ÞL × SURð4Þ chiral symmetry
for unrooted staggered fermions. In the spin-taste basis this

corresponds to the channel γ5 ⊗ ξ5. At finite quark mass
Uð1Þ55 is explicitly broken, and in the dual representation
this is due to the presence of monomers: the number of
monomers on even sites equals its number on odd sites. In
the chiral limit we expect O(2) critical exponents for the
chiral phase transition. This is also the case away from the
strong coupling limit, as long as the lattice spacing is finite.
In this work we will restrict ourselves to the chiral limit,
mq ¼ 0, where monomers are absent: nx ¼ 0. We discuss
the prospects of the continuous time formulation at finite
quark mass in the Appendix E.

B. SC-LQCD at finite temperature
and the continuous time limit

In the staggered action Eq. (1) we have introduced a bare
anisotropy γ in order to vary the temperature continuously.
Hence, also in the dual representation the weights for
temporal meson or baryon hoppings in Eq. (5) contain the
anisotropy parameter γ. We will now explain why this is
necessary and why it is also a key step to derive the
continuous time limit.
The main objective of SC-LQCD is to study thermody-

namic properties. Since β ¼ 0, we cannot vary the temper-
ature T ¼ 1=ðNτaðβÞÞ continuously via the lattice spacing,
but only with the lattice extent Nτ. The chiral transition is
however at temperatures much higher than 1=2, such that
for temperatures 1=Nτ we are always in the chirally broken
phase. The solution is to introduce an anisotropy in the
Dirac operator to favor fermion propagation in the temporal
direction. In contrast to the chemical potential, the bare
anisotropy does not distinguish between the forward and
backward temporal direction. The temperature on an
anisotropic lattice is given by the inverse of the lattice
extent in the temporal direction,

T ¼ 1

aτNτ
¼ ξðγÞ

aσNτ
with ξðγÞ≡ aσ

aτ
ð9Þ

but the functional dependence ξðγÞ of the ratio of the spatial
and temporal lattice spacings on the bare anisotropy is not
known a priori. Hence, also the dependence of T on γ is
unknown. The main motivation for this study is to over-
come this difficulty.
The weak coupling analysis of Eq. (1) suggests that

ξðγÞ ¼ γ, but this does not carry over to strong coupling,
where quarks are confined on links to color singlets. In
the mean-field approximation of SC-LQCD [24] based on
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1=d-expansion (with d the spatial dimension), the critical
temperature is given by

γ2c ¼ Nτ
dðNc þ 1ÞðNc þ 2Þ

6ðNc þ 3Þ ð10Þ

suggesting that aσTc ∝
γ2c
Nτ

is the sensible Nτ-independent
identification in leading and next to leading order in d.
It is however possible to determine the function ξðγÞ

nonperturbatively on anisotropic lattices with

Nσaσ ¼ Nτaτ; ξ ¼ Nτ

Nσ
ð11Þ

by a bare anisotropy calibration γ0ðξÞ via conserved
currents in both the spatial and temporal direction [31].
For large Nτ (implying large ξ and γ), it turns out
numerically that ξ diverges as

lim
Nτ→∞

ξðγÞ ¼ κγ2: ð12Þ

The precise value of κ can only be determined non-
perturbatively and a posteriori, based on the values
γ0ðξÞ measured via the anisotropy calibration (see also
Sec. IVA), and has been extrapolated for SU(3) from the set
ξ ¼ f0.5; 1; 1.5; 2; 3; 4; 5; 6; 8g to ξ → ∞. The function
ξ=γ2, which we call the anisotropy correction factor, can
be either parametrized by ξ or γ and is well described by the
ansätze

ξ

γ2
ðξÞ ≃ κ þ a

ξ2
þ b
ξ4

; ð13Þ

ξ

γ2
ðγÞ ≃ κ þ 1 − κ

1þ κðγ4 − 1Þ ; ð14Þ

ξ

γ2
ðξÞ ≃ ξ

ð ξ
κþAξQ1

þ ξ1=2

κ1=2þBξQ2
Þ2
: ð15Þ

Clearly, the extrapolated value for κ based on ξ → ∞ will
depend on the ansatz, as shown in Fig. 1. The Taylor
expansion in 1=ξ2 ∼ aτ2 in Eq. (13) is limited to the fit
range ξ ≥ 2 and results in the value κ ¼ 0.7824ð1Þ, which
is consistent with the already determined value in [31]. The
second ansatz, Eq. (14), has only κ as a free parameter, and
interpolates the data for all ξ surprisingly well, although
there are deviations. By construction, ξ=γ2 ¼ 1 for γ ¼ 1.
In order to improve on this one-parameter fit, the third
ansatz, Eq. (15), introduces three additional independent fit
parameters to connect the regime ξ > 1 with the opposite
regime ξ < 1; with Q1 > 0 and Q2 < 0:

lim
ξ→∞

ξ

γ2
¼ κ; lim

ξ→0

ξ

γ2
¼ κ2

ξ
;

ξ

γ2

����
ξ¼1

¼ 1: ð16Þ

The fit parameters A and B are thus not independent.
This fit results in a nonmonotonic behavior, which reflects
the fact that ξ

γ2
j
ξ¼8

¼ 0.7834ð2Þ is larger than ξ
γ2
j
ξ¼6

¼
0.7828ð2Þ. Also, it has the smallest reduced chi-squared.
Thus, we think that the extrapolated result κ ¼ 0.8017ð2Þ is
more trustworthy. The error is purely statistical, and the
systematic error due to the choice of the fit ansatz is
unknown. In Sec. IVAwe will overcome the ambiguities of
the extrapolation aτ → 0 by measuring κ directly in the
continuous time limit.
We will see in Sec. III E that many observables and the

phase diagram have a strong Nτ-dependence, which can
even be nonmonotonic. This requires large Nτ to have
control over the extrapolation. Hence, we want to eliminate
γ and Nτ altogether from the partition function Eq. (5) and
replace them by the temperature aT. The continuous time
definition of the temperature in lattice units is
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2 = 370.96

Ansatz 3: κ = 0.8017(2), χν
2 = 0.48    

FIG. 1. Top: Interpolation of γ2 as a function of ξ with ansatz 1,
Eq. (13) for ξ ≥ 2; ansatz 2, Eq. (14); and ansatz 3, Eq. (15), both
for all ξ. Bottom: Extrapolation of the anisotropy correction
factor ξ

γ2
towards 1=ξ2 ∼ a2τ → 0, extracting κ. It is evident that the

extrapolated results depend on the ansatz. Clearly, ansatz 3 has
the smallest reduced chi-squared.
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aTCT ¼ κ lim
Nτ→∞
γ→∞

T ðγ; NτÞ; T ¼ γ2

Nτ
¼ const; ð17Þ

where we have dropped the subscript, a≡ aσ . The limit
Nτ → ∞, γ → ∞ is a joint limit, and the second condition
implies that γ diverges as γ ¼ ffiffiffiffiffiffiffiffiffiffi

T Nτ

p
for Nτ → ∞.

Likewise, we can define unambiguously the continuous
time chemical potential to replace the chemical potential
aτμq in Eq. (5):

aμB;CT ¼ κ lim
Nτ→∞
γ→∞

μBðγ;NτÞ; μB ¼ Ncγ
2aτμq ¼ const:

ð18Þ
which is also consistent with the γ-dependence of the mean-
field critical chemical potential μcðT ¼ 0Þ obtained via
1=d-expansion [23], similar to Eq. (10):

aτμq;c ¼
d
4γ2

þOðγ6Þ: ð19Þ

Now all discretization errors from finite aτ are removed. The
new partition function in continuous Euclidean time will be
derived in the next section. We then have to check numeri-
cally that the above limits are well defined for the typical
observables. We will present a worm-type Monte Carlo
algorithm which samples the partition function efficiently.
We denote T , μB as the bare temperature and bare chemical
potential which are then renormalized by κ. We see that we
can determine κ nonperturbatively directly by Monte Carlo
simulations in the continuous time limit.

C. Continuous time partition function

We will now explain in detail how to derive the
continuous time partition function from the discrete time
partition function Eq. (5) by tracing the γ-dependence and
neglecting subleading terms that vanish in the limit
Nτ → ∞. The first step to obtain these results is to factorize
Eq. (5) into the temporal and spatial parts:

Zðγ; aτμq; NτÞ ¼ γNcΛ
X
fk;lg

( Y
x∈ΛM

δP
μ
kμðxÞ;Nc

ðNc − k0ðxÞÞ!
k0ðxÞ!

Yd
i¼1

ðNc − kiðxÞÞ!
Nc!kiðxÞ!

γ−2kiðxÞ
!

×

 Y
l⊂ΛB

σðlÞ
Y

ðx;μÞ∈l
expððδμ̂;þ0̂ − δμ̂;−0̂ÞNcaτμÞ

!Yd
i¼1

ðγ−NcδμiÞ
)

ð20Þ

where the factor Nc! from the site weights for zero
monomer number cancels the 1=Nc! in the temporal gauge
link, and a prefactor γNcΛ was pulled out such that spatial
links are now suppressed by 1=γ2 for mesons and 1=γNc for
baryons. Also, we have put the Grassmann constraint
Eq. (6) into the above equation via a Kronecker delta
and the decomposition Eq. (7). We will now neglect the
subleading terms; i.e., we will only keep terms that survive
in the limit Eq. (17). For any temperature, the average

contribution per time location is 1=γ2. This will have drastic
consequences, as spatial baryons for Nc ≥ 3 and spatial
dimer occupation numbers ki > 1 will vanish. We will later
see how to interpret this outcome and also show numeri-
cally that this is well justified. For now we note that the
average dimer density will depend on the temperature, and
(anti)baryons are static for Nc ≥ 3 for all temperatures and
chemical potential. For large γ; Nτ the partition function
becomes

Z̃ðγ; aτμq; NτÞ ¼
X
fkgj

ΛMfωgj
ΛBσ

( Y
x∈ΛM

δP
μ
kμðxÞ;Nc

ðNc − k0ðxÞÞ!
k0ðxÞ!

�
δkiðxÞ;0 þ δkiðxÞ;1

1

Nc
γ−2
�� Y

x⃗∈ΛB
σ

eωðx⃗ÞNcaτμqNτ

!)

¼
X

fΛM
σ ;ΛB

σ g

XGC
n

k0∈f0;…Ncg
ki∈f0;1g

o���
ΛM

( Y
ðx⃗;τÞ∈fxjkiðxÞ¼1g

vðk−0 jkþ0 Þðx⃗;τÞvðk−0 jkþ0 Þðx⃗þî;τÞ
γ2

!
ð2 coshðμB=TÞÞjΛB

σ j
)

ð21Þ

where we have dropped the overall prefactor γNcΛ and we
have used

μB=T ¼ μB=T ¼ NcaτμqNτ: ð22Þ

We have resummed static baryons and antibaryons ω ¼ �1
in the second line, with jΛB

σ j the number of spatial sites
occupied by (anti)baryons with ΛB ¼ ΛB

σ × Nτ, ΛM ¼
ΛM
σ × Nτ. The sum over configurations contains all pos-

sible partitions of the spatial lattice fΛM
σ ;ΛB

σ g with
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ΛB
σ _∪ΛM

σ ¼ Λσ ≡ Nσ
3: ð23Þ

The vertex weights introduced in the second line vðx⃗;τÞ
depend on the dimers k−0 ¼ k0ðx⃗; τ − 1Þ and kþ0 ¼ k0ðx⃗; τÞ,
k−0 ¼ k0ðx⃗; τ − 1Þ and simplify due to the Grassmann
constraint, k−0 þ kþ0 þ 1 ¼ Nc:

vðk−0 jkþ0 Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

Nc

ðNc − k−0 Þ!
k−0 !

ðNc − kþ0 Þ!
kþ0 !

s

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðNc − k−0 Þð1þ k−0 Þ

Nc

s
: ð24Þ

They come in pairs of adjacent spatial sites ðx⃗; τÞ, ðx⃗þ î; τÞ
at both ends of a spatial dimer on a bond b ¼ ðx⃗; τ; iÞ.
There are Nc types of vertices since k−0 can take the values
from 0 to Nc − 1. For Nc ¼ 3, there are only three types of
vertices,

vð0j2Þ ¼ vð2j0Þ ¼ 1; vð1j1Þ ¼ 2ffiffiffi
3

p : ð25Þ

The important observation is that the mesonic part of the
partition function only depends on the number of vertices
and not on the precise temporal position. The temporal
intervals between vertices attached to spatial dimers have a
trivial weight: due to the Grassmann constraint on every
site where no spatial dimer is attached, k−0 þ kþ0 ¼ Nc
implies that the dimer numbers form alternating chains as
shown in Fig. 2 and cancel in weight:

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðNc − k−0 Þ!

k−0 !
ðNc − kþ0 Þ!

kþ0 !

s
¼ 1: ð26Þ

Only the relative order of the vertices v is important but not
the length of the intervals between them. The partition
function of SC-LQCD with Nc ¼ 3 can be written in terms
of these vertices as follows:

Z̃ðγ; μB=T;NτÞ ¼
X

fΛM
σ ;ΛB

σ g

X
n

XGC
n

k0ðx⃗;0Þ;
n∟ ;n⊤

o���
ΛM

( Yn
ðhx⃗;y⃗ij;τj;Þ;j¼1

�
v∟
γ

�
n∟ðx⃗;τjÞ�v⊤

γ

�
n⊤ðy⃗;τjÞ

!
ð2 coshðμB=TÞÞjΛB

σ j
)
: ð27Þ

The temporal dimers in the first time slice k0ðx⃗; τ ¼ 0Þ are
now dynamic variables in the partition sum. The ∟-vertices
and ⊤-vertices at sites x ∈ ΛM are defined in terms of the
previous vertices, v∟ ¼ vð0j2Þ ¼ vð2j0Þ, v⊤ ¼ vð1j1Þ ¼
2ffiffi
3

p , and the order in the high temperature expansion is given
by the number of spatial dimers:

n ¼ 1

2

X
x⃗∈ΛM

σ

Z
1=T

0

dτðn∟ðx⃗; τÞ þ n⊤ðx⃗; τÞÞ≡ NDs: ð28Þ

In the partition sum Eq. (27), within the sum denoted by
GC, not all temporal positions of the vertices are
admisssible due to the Grassmann constraint. We still need
to replace γ by the temperature aT, which requires book-
keeping of possible locations for spatial dimers. We will
provide the details in the Appendix A. A simplified
argument that allows us to understand the temperature
dependence is that for the first spatial dimer there are up to
Nτ possible locations between two adjacent spatial sites

hx⃗; y⃗i, but due to the even-odd decomposition there are only
Nτ=2 possible locations for the second spatial dimer, and
likewise for all other dimers, as long as Nτ is large. Hence,
every spatial dimer, after summing over possible locations,
has weight Nτ

2γ2
¼ 1=ð2T Þ. The final result is

ZCTðT ; μBÞ ¼
X

fΛM
σ ;ΛB

σ g

X
fωgjΛBσ

eωx⃗μB=T
X
n∈2N

1

n!
1

ð2T Þn

×
X

G∈ΓΛMσ
n

vN⊤ðGÞ
⊤ ;

N⊤ ¼
X
x⃗∈ΛM

σ

Z
1=T

0

dτn⊤ðx⃗; τÞ; ð29Þ

where Γn ¼ fn∟ðx⃗; τÞ; n⊤ðx⃗; τÞg is the set of all valid
configurations on the mesonic sublattice ΛM

σ with n≡ NDs
spatial dimers, andN⊤ ≤ 2n is the total number of⊤-vertices,

FIG. 2. Correspondence between discrete time configurations
in terms of dimer coverings and baryon world lines (top) and in
terms of hadron occupation numbers in continuous time (bottom).
Multiple spatial dimers become resolved in single spatial dimers
(which can be oriented consistently from emission sites E to
absorption sites A, indicated by the arrow), baryons become
static, and only vertices of ∟-shape or⊤-shape survive as aτ → 0.
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integrated over the compact temporal direction. Since v∟ ¼ 1,
we do not need to include them in the weight. The prefactor
1=n! is due to time-ordering. In the next section we will
simplify this result further by a Hamiltonian formulation,
where we obtain a meaningful expression for Γn.
We now want to discuss the interpretation of the final

partition function: as illustrated in Fig. 5, as the temporal
lattice spacing aτ ≃ a=ξðγÞ → 0, multiple spatial dimers
become resolved into single dimers. The overall number of
spatial dimers remains finite in the CT limit, as the sum over
Oðγ2Þ sites compensates the 1=γ2 from spatial dimers. Its
number is a function of the temperature and will signal
spontaneous chiral symmetry breaking, see Sec. VA. As
shown in Fig. 4 it takes large Nτ such that double dimers
vanish, but it does not require largeNτ tomake baryons static.
The sign problem has completely vanished as σðlÞ ¼ 1 for
static baryon loops l. The set of all baryonic sites coincides
then with the fermion bags that have been discussed in [32].
The expansion in n is an all-order high temperature expan-
sion. It will also hold at very low temperatures, andwewill be
able to address zero temperature phenomena.

D. Hamiltonian formulation

In order to rewrite the partition function further, we make
use of a diagrammatic expansion. These methods, giving

rise to quantum Monte Carlo, are nowadays widely used in
condensed matter [33,34]. The general idea is to decom-
pose the Hamiltonian H ¼ H0 þHi and express the
partition function in terms of an expansion parameter n
which keeps track of the number of interactions described
by Hi. After summing over all configurations of a given
order in n, one integrates over all possible times at which
interaction events may take place.
We will take a step back and reformulate Eq. (21) in new

degrees of freedom: the temporal dimersk0ðxÞ are replacedby
an occupation number mðxÞ by the following assignment:

k0ðxÞ ↦ mðxÞ ¼ ϵðxÞ
�
k0ðxÞ −

Nc

2

�
þ Nc

2

mðxÞ ∈ f0; 1;…Ncg ð30Þ

with ϵðxÞ ¼ �1 the parity of a site introduced in Eq. (8).
As a consequence, the alternating dimer chains will be
replaced by meson occupation numbers mðxÞ which are
constant on the interval between attached spatial dimers (see
Fig. 2), and the dimer-based vertices vð0j2Þ, vð1j1Þ, vð0j2Þ
in Eq. (25) are replaced by occupation number-based vertices
ṽðmjm0Þ, which change the meson state by one unit:
mðxÞ ↦ m0ðxÞ ¼ mðxÞ � 1:

Z̃ðγ; μB=T; NτÞ ¼
X∞
n¼0

X
fm;ðτ;lÞÞgjΛM

�� Y
ðx⃗;iÞ∈lj

v̂ðm−jmþÞðx⃗;τÞ
γ

v̂ðm−jmþÞðx⃗þî;τÞ
γ

�
ð2 coshðμB=TÞÞjΛB

σ j
�
: ð31Þ

In fact there is a conservation law: if a quantum number mðxÞ is raised or lowered by a spatial dimer, then at the site
connected by the spatial dimer, the quantum number is lowered or raised. This is a direct consequence of its definition
Eq. (30): the parity of the two sites connected by a spatial dimer is the opposite. We therefore can replace the vertices by
raising and lowering operators:

ZCTðT ;μBÞ¼
X

fΛM
σ ;ΛB

σ g

�
TrmjΛM

σ

�
exp

�
1

2T

X
hx⃗;y⃗i

ðv̂ðx⃗Þm;mþ1v̂ðy⃗Þm;m−1þ v̂ðx⃗Þm;m−1v̂ðy⃗Þm;mþ1Þ
��

TrrjΛBσ
½eω̂μB=T �

�

¼Trh½eðĤþN̂ μBÞ=T �; Ĥ¼ Ĥ0þĤi; Ĥ0¼0; Ĥi¼
1

2

X
hx⃗;y⃗i

ðĴþx⃗ Ĵ−y⃗ þ Ĵ−x⃗ Ĵ
þ
y⃗ Þ; N̂ ¼

X
x⃗

ω̂x;

Ĵþ¼

0
BBBBBBBBB@

0 0 0 0

v̂∟ 0 0 0

0 v̂⊤ 0 0

0 0 v̂∟ 0

0 0

0 0

1
CCCCCCCCCA
; Ĵ−¼ðĴþÞT; ω̂¼

0
BBBBBBBBB@

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

1 0

0 −1

1
CCCCCCCCCA
; jhi¼ jm;bi¼

0
BBBBB@

0
π
2π
3π
Bþ
B−

1
CCCCCA: ð32Þ

This result is valid forNc ¼ 3,Nf ¼ 1. A corresponding result forNf ¼ 2 is given in the Appendix C. In the second line we
have included the baryonic sites into the trace and introduced the mesonic raising and lowering operators Ĵþ, Ĵ− (which
contain the vertices), and the baryon number operator N̂ . The block-diagonal structure expresses the fact that the Hilbert
space of hadrons is a direct sum of mesonic states and baryonic states, jhi ¼ jmi ⊕ jbi, which results in the vanishing
commutator
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½Ĥ; N̂ � ¼ 0: ð33Þ

The fact that mesons and baryons are mutually exclusive
(leading to the factorization into mesonic and baryonic
subvolumes) results in one of the two blocks being zero in
both operators Ĥ and N̂ . The meson states jmi count
pseudoscalars, and we will denote them as pions π (despite
the fact that they are flavorless for Nf ¼ 1 and they cannot
be distinguished from the η or η0 mesons). The pion current
is conserved but only in the chiral limit. Monomers would
generate a mass to the pion. Since Pauli saturation holds on
the level of the quarks and pions have a fermionic
substructure, we cannot have more than Nc pions per
spatial site. Due to the conservation of the pion current, if
we start on each site with Nc pions, or with no pions at all,
there cannot be any spatial dimer that transfers a meson to
an adjacent site: either all sites are already saturated with
mesons, or there is no meson to be transferred. If we omit
the additive constant Nc=2 from Eq. (30), particle-hole
symmetry becomes evident. To see this, consider the
anticommutator of the mesonic operators (restricted on
mesonic states):

½Ĵþ; Ĵ−� ¼

0
BBBBB@

−v̂2∟ 0 0 0

0 v̂2∟ − v̂2⊤ 0 0

0 0 v̂2⊤ − v̂2∟ 0

0 0 0 v̂2∟

1
CCCCCA

¼

0
BBB@

−1 0 0 0

0 −1=3 0 0

0 0 1=3 0

0 0 0 1

1
CCCA: ð34Þ

The corresponding algebra has the structure of a spin, and it
generalizes via Eq. (24) to arbitrary Nc:

Ĵ1 ¼
ffiffiffiffiffiffi
Nc

p
2

ðĴþ þ Ĵ−Þ; Ĵ2 ¼
ffiffiffiffiffiffi
Nc

p
2i

ðĴþ − Ĵ−Þ;

Ĵ3 ¼ i½Ĵ1; Ĵ2� ¼ diag

�
−
Nc

2
;−

Nc

2
þ 1;…

Nc

2

�

¼ Nc

2
½Ĵþ; Ĵ−�

Ĵ2 ¼ Nc

2
diagðv̂20; v̂21 þ v̂20;…v̂2Nc−1 þ v̂2Nc−2; v̂

2
Nc−1Þ

þ 1

4
diagðNc

2; ðNc − 2Þ2;…Nc
2Þ

¼ NcðNc þ 2Þ
4

1 ð35Þ

with v̂2k ¼ ðNc − kÞð1þ kÞ=Nc. The “spin” representation
is d ¼ Nc þ 1 dimensional, with S ¼ Nc=2. For Nc ¼ 1,
Ĵ� ¼ 1

2
ðσx � iσyÞ is expressed in terms of the Pauli

matrices, and the continuous time partition function

becomes that of the quantum XY model. Although the
algebra resembles that of a particle with spin, it has nothing
to do with the spin of mesons or quarks. The alternating
chains are simply expressing the fact that for staggered
fermions, the lattice spacing is 2aτ rather thanaτ. By shifting
the pion occupation numbers by their average value, we can
identify the quantum state corresponding to this algebra:

m ↦ s ¼ m −
Nc

2
∶ Ĵ3

����Nc

2
; s



¼ s

����Nc

2
; s


;

Ĵ2
����Nc

2
; s



¼ NcðNc þ 2Þ
4

����Nc

2
; s


; ½Ĵ2; Ĵ3� ¼ 0:

ð36Þ

This remarkable result is due to the fact that pion occupation
numbers on the lattice are not just bounded from below but
also from above. We conclude this section by providing a
physical interpretation of the dynamics on the hadronic states:
the pion dynamics encoded in the Hamiltonian is that of
relativistic pion gas [35]. In contrast, the fact that the baryon
becomes static is due to its nonrelativistic nature. Its rest mass
is large but finite (see Sec. IV C).

III. CONTINUOUS TIME WORM ALGORITHM

A. Poisson process

Before we address the algorithm that samples the
partition function, Eqs. (29) and (32), we want to empha-
size an important property: spatial dimers are distributed
uniformly in time. The interval lengths (interpreted as the
inter-arrival time between spatial dimers) are then expo-
nentially distributed, and the number of spatial dimers in a
fixed time interval is Poisson distributed. Hence, they can
be generated via a Poisson process:

PðΔtÞ ¼ expð−λΔtÞ; Δt ∈ ½0; 1� ð37Þ

with λ the “decay constant” for spatial dimer emissions.
Due to the presence of baryons, λ is space dependent:

λ ¼ dMðx⃗Þ=ð4T Þ; dMðx⃗Þ ¼ 2d −
X
hx⃗;y⃗i

jBðy⃗Þj ð38Þ

where dMðx⃗Þ is the number of mesonic sites adjacent to x⃗
where the Poisson process operates. Note that in Eq. (37)
we have rescaled the compact time interval ½0; 1=T � ↦
½0; 1� and thus have put the temperature into the decay
constant λ.
The Poisson process of emitting pions from ðx⃗; tÞ to an

adjacent site ðy⃗; tÞ with probability λ gives rise to a
decomposition of vertices into emission sites ðx⃗; tÞ ∈ E
and absorption sites ðy⃗; tÞ ∈ A. Spatial dimers can be
oriented consistently due to the underlying even/odd
decomposition of lattice sites, but is also evident in the
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Hamiltonian representation, where J− is an emission and
Jþ is an absorption event. The emission sites E are simply
those that reduce the pion occupation number m in
Euclidean time by one unit; the absorption sites A are
those that increasem. Every spatial dimer corresponds to a
pion hopping to an adjacent site and connects an E site with
an A site. The number of E sites equals the number of A
sites, and due to the periodic boundary conditions in time,
this even holds for every spatial site x⃗:

jftijðx⃗; tiÞ ∈ Egj ¼ jftijðx⃗; tiÞ ∈ Agj: ð39Þ

The continuous time worm algorithm (CT-WA) needs to
fulfill detailed balance, such that the emission process is
counterbalanced by an absorption process to obtain the
equilibrium distribution of spatial dimers according to
temperature and chemical potential.

B. Details of the continuous time worm algorithm

Worm algorithms at discrete time (DT-WA) are well
established also for strong coupling lattice QCD
[29,36,37]. Designing an algorithm that operates directly
in the Euclidean continuous time limit has several advan-
tages: (1) the ambiguities arising from the functional
dependence of observables on the anisotropy ξðγÞ—in
particular, nonmonotonic behavior—will be circumvented,
and (2) we do not need to perform the continuum extrapo-
lation Nτ → ∞. This will allow us (3) to measure the phase
boundaries unambiguously, as the baryonic part of the
partition function simplifies such that the sign problem is
completely absent, and (4) at all temperatures of interest, the
CTalgorithm is considerably faster than its discrete version,
in particular since the baryon update does not require aworm
algorithm but can be replaced by a heat bath update.
In Fig. 3 we clearly see that the CT-worm algorithm

outperforms the DT-worm algorithm at temperatures in the
vicinity of the transition temperature and above. The lower
the temperature, the more spatial dimers are sampled,
which makes the average worm update longer. At first
glance it seems that the CT-worm becomes more expensive,
but one needs to keep in mind that lower temperatures
require larger Nτ to get valid estimates for observables. On
a lattice with time extent Nτ, temperatures below 1=Nτ

(which have γ < 1) will have more spatial dimers than
temporal dimers and suffer from saturation effects: the
density of spatial dimers is limited to NcNτ=2, whereas it is
unlimited at continuous time. In Fig. 4 we show the Nτ-
dependence of various observables: they have a well-
defined CT limit. Also, this figure illustrates that the
approximations which led to ZCT in Eq. (32) are well
justified. The extrapolation from discrete time to continu-
ous time is difficult: large Nτ require more statistics, and
due to the sign problem, most observables get noisy due to
sign reweighting. The first approximation is to make
baryons static, which eliminates the sign problem. This

step makes the extrapolation much more controlled, and
even for Nτ ¼ 4, the static baryon approximation is not
bad. Next we prohibit sites which have more than 3 spatial
dimers, which has only a mild effect at the temperatures
considered here. If we also prohibit sites with more than 2
spatial dimers, the deviation at finite Nτ is drastic, but this
approximation also extrapolates to the same CT limit for
the observable. The point at 1=Nτ ¼ 0 in Fig. 4 is the
outcome of the CT-WA, which has much smaller error bars
and better performance with the same number of worm
updates.
CT algorithms for quantum Monte Carlo are now widely

used in condensed matter (see e.g., [33,38]), whereas
using CT methods in quantum field theories is rather
new [30,39–41]. The basic idea of a worm algorithm
introduced in [42] is to sample an enlarged configuration
space with defects on the lattice known as a worm tail xT and
a worm head xH. Every worm algorithm consists of two
kinds of updates: (1) move updates, which move the head xH
and tail xT to a new site x0, and (2) shift updates, which
move the head xH through the lattice until the worm
recombines with the tail. Worm algorithms are highly
efficient: after recombination, the configuration is globally
updated, similar to cluster algorithms. Moreover, during the
shift update, two-point correlation functions can be mea-
sured. In order to apply a worm algorithm, the partition
function needs to be written in terms of bond variables.
Those representations are typically available in spin models
from the high temperature expansion. In the case of lattice
QCD, a dual representation based on the strong coupling
expansion also admits the applicability of worm algorithms.
Our CT-WA can be derived from the DT-WA that has

been developed for the UðNcÞ gauge group in the strong
coupling limit [36], which does not include baryons. This
worm algorithm is based on an even-odd decomposition of

10-5

10-4

10-3

 0.2  0.4  0.6  0.8  1  1.2  1.4  1.6  1.8  2
T/Tc

Performance of CT-Algorithm

Nτ=4
Nτ=8

Nτ=16
Nτ=32
Nτ=64

CT

FIG. 3. The performance of the continuous time algorithm
compared to the discrete time algorithm for various Nτ. For a
large range of temperatures, and in particular at the chiral
transition, the CT-WA performs even better than DT-WA for
Nτ ¼ 4. The lower the temperature, the larger Nτ is required to
obtain correct results for the various observables (see also Fig. 4).
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weights: if the parity of the head ϵðxHÞ is the same as that of
the tail ϵðxTÞ, then the head has an active site location; if the
parities differ, the head is a passive site. The active sites
correspond to the absorption sites A, and the passive sites
correspond to the emission sites E as discussed above.
For the SUðNcÞ gauge group, two separate worms are

required, one in the mesonic sector and one in the baryonic
sector [37]. Themesonic worm for the SUðNcÞ group differs
from the directed path worm for UðNcÞ in one important
aspect: in the directed path version, backtracking is pro-
hibited to evolve faster through configuration space (if the
update shifts the worm head from x to the adjacent site y,
then in the next shift update the worm is not allowed to go
back). With the simple baryon loop geometries in the CT

limit, we can supplement the continuous time version of the
directed path worm algorithm by an additional heat bath
update: after the mesonic worm has recombined, we
propose, for all sites x⃗ where no spatial dimers are attached
(the so-called static sites), a new hadronic state with the
probabilities

pðmÞ ¼ 1

Nc þ 1þ 2 coshðμB=TÞ
; m ¼ 0;…; Nc;

pðB�Þ ¼ e�μB=T

Nc þ 1þ 2 coshðμB=TÞ
: ð40Þ

The consequence is that if the worm head propagates in a
positive or negative temporal direction, it will continue to do
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FIG. 4. Nτ-dependence of the chiral susceptibility (top) and the energy (center) and the baryon susceptibility (bottom). We compare
the full discrete simulations and various approximations according to the steps in deriving the continuous time limit (static baryon
approximation, exclusion of spatial triple dimers, exclusion of spatial double dimers). We have fixed the bare temperature to T ¼
1.2 < T c and T ¼ 1.5 > T c. All observables extrapolate well into the continuum limit, with its Monte Carlo result at 1=Nτ ¼ 0 having
a much smaller error.
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so until it either emits or absorbs a pion; i.e., it will either add
or delete a spatial dimer. It will not change the direction and
diffuse: the CT-WA can be regarded as a Poisson process.
The updating rules are outlined in Fig. 5. The probabilities
for the various cases (approaching or leaving an absorption
siteA or emission site E) depend on the involved statesm:
(1) if anA site is approached from the temporal direction, the
spatial dimer is removed with a heat bath probability
determined by J−, (2) if an A site is approached from a
spatial direction, the new temporal direction is also deter-
mined by J−, (3) if an E site is approached from a temporal
direction, the emission probability to insert a spatial dimer is
1 − e−λΔτ and the probability to continue in a temporal
direction is e−λΔτ, (4) if an E site is approached from a spatial
direction, forward and backward temporal direction are
chosen with the same probablity. At high temperatures, λ ¼
λðT Þ ≪ 1 according to Eq. (38), and the worm head will
very likely continue in the temporal direction by some time
Δt with probability pτ ≃ 1 − λΔt and emit a spatial dimer
with probability pσ ≃ λΔτ. The higher the temperature, the
longer the worm propagates in the temporal direction,
possibly looping through the periodic boundary back to
where it started.
In the discrete time algorithm, during worm evolution,

whenever the worm head is on a site with opposite parity
compared to the worm tail, ϵðxHÞ ¼ −ϵðxTÞ, both the worm
head and tail can be interpreted as monomers [if
ϵðxHÞ ¼ ϵðxTÞ, the head is a sink rather than a source

for monomers]. Even in the chiral limit, the monomer
two-point function can be accumulated in a histogram
(due to translation invariance, only the relative lattice vector
z ¼ x1 − x2 is needed):

H2ðzÞ ↦ H2ðzÞ þ
Λ

dMðxxÞ þ 2γ2
δz;xT−xH ð41Þ

with dðxÞ defined in Eq. (38). An equivalent definition
holds in the CT limit:

H2ðz⃗; τÞ ↦ H2ðz⃗; τÞ þ
Λσ

2T
δz⃗;x⃗T−x⃗Hδðτ − ðτT − τHÞÞ

Gðz⃗; τÞ ¼ hχ̄χ0χ̄χ z⃗;τi ≃
Nc

Z
H2ðz⃗; τÞ ð42Þ

with Z the number of worm updates and Gðz⃗; τÞ the
connected chiral two-point function approximated by an
accumulated and normalized histogram. Details on how
this and other mesonic two-point correlation functions are
determined in practice are given in Sec. VII A.

C. Observables

Almost all observables that can be measured via the DT-
WA version can also be measured via CT-WA. This is
obviously the case for all observables that can be obtained
as derivatives of logZCT. The discrete time observables in
terms of the dual variables

NM ¼
X
x

nx; NDt ¼
X
x

kx;0; NBt ¼
X
x

jbx;0j;

Nq ¼ 2NDt þ NcNBt; NB ¼
X
x

ωx ð43Þ

are discussed in [43]. The corresponding dimensionless
thermodynamic observables in the CT limit simplify
because

lim
γ→∞

ξðγÞ
γ

dγ
dξ

¼ κγ2

γ

1

2κγ
¼ 1

2
; ð44Þ

which should be compared to the isotropic case based on
Eq. (14):

ξðγÞ
γ

dγ
dξ

����
γ¼1

¼ 1

2þ 4κðκ − 1Þ ≃ 0.760ð1Þ: ð45Þ

Also, in the CT limit we no longer have temporal dimers
but only spatial dimers, and we have to consider the chiral
limit:

Nq ¼ NcNτNσ
3 − 2NDs; NM ¼ 0: ð46Þ

We are now able to define the continuous time observables
in terms of dual variables, which are always in dimension-
less units with a ¼ aσ and V ¼ Nσ

3a3. Important observ-
ables are (1) the baryon density,

FIG. 5. Updating rules for the continuous time algorithm. Top:
An absorption site can be approached either from the temporal
direction (left: a spatial dimer may be removed) or from the
spatial direction (right: a dimer was emitted in the previous step).
Bottom: An emission site can be approached either from the
temporal direction (left: a spatial dimer may be emitted) or from
the spatial direction (right: a dimer was removed in the
previous step).
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a3nB ¼ a3
T
V
∂ logZ
∂μB

����
V;T

¼ hNBi
Nσ

3
¼ hωi ð47Þ

which is given by the average winding number; (2) the
energy density,

a4ϵ¼μBa3nB−
a4

V
∂ logZ
∂T−1

����
V;μB

¼C−κT hnDsi; ð48Þ

where the irrelevant additive constant C ¼ 1
2
NcΛ can be

neglected compared to discrete time as we dropped the
prefactor γNcΛ in Eq. (21) which contained both the con-
tribution from static mesons and static baryons; (3) the
pressure,

a4p ¼ a3κT
∂ logZ
∂V

����
T;μB

¼ a4ϵ
3

¼ 1

3
ðC − κT hnDsiÞ;

ð49Þ

which in the strong coupling limit and chiral limit is just
proportional to the energy density such that the interaction
measure ϵ − 3p vanishes. At finite quark mass, the inter-
action measure is proportional to the chiral condensate,
which is zero here in a finite volume as hχ̄χi ∝ hnMi (but
see Sec. IV); (4) the chiral susceptibility,

a6χq ≡ χσ ¼
∂2 logZ
∂ð2m̂qÞ2

¼ hn2Mi

¼ a4T
X
⃗z⃗

Z
1=T

0

dτG2ðz⃗; τÞ; ð50Þ

which in the chiral limit only receives contributions from
the connected part and G2ðx⃗1;t1;x⃗2;t2Þ≡G2ðx⃗1−x⃗2;t1−t2Þ
is the translation invariant monomer two-point function that
is measured during worm evolution, see Eq. (42); (5) the
entropy density,

a3s ¼ a3

VT

�
4ϵ

3
− μBnB

�
: ð51Þ

The chiral condensate vanishes in the chiral limit in a finite
volume. This is also evident from the absence of monomers
in the dual representation. It is possible to obtain the chiral
condensate from a 1/V expansion via chiral perturbation
theory in a finite box, as explained in Sec. IV. Note that the
pressure defined in Eq. (49) is not equal to

a4p0 ¼ a3
κT
V

logZ ð52Þ

because on the lattice the system is not homogeneous. The
identity p ¼ p0 only strictly holds in the continuum.

D. Polymer formulation and Wang-Landau method

So far we have treated the mesonic and baryonic sectors
separately, and there is no need for the resummation known
as the Karsch-Mütter trick [28] for real chemical potential
as there is no sign problem in the CT limit. However, a
resummation of static mesons and baryons proves to be
advantageous in the following respects: (1) it allows us to
extend simulations to imaginary chemical potential beyond
the value of aτμq ¼ iπT=6, where the baryon density
becomes zero (discussed in Sec. V D), and (2) we are able
to adapt the Wang-Landau method [44] for determining the
first order transition at low temperatures very accurately
and also obtain the canonical phase diagram from the
density of states at high precision, see Sec. V.
Apart from the usual (anti)baryons denoted by B, we

will discuss here two kinds of resummations of quantum
states: the superposition of baryons and antibaryons
(P-polymers), and including static mesons (Q-polymers):

jBix⃗ ¼ jBþix⃗ − jB−ix⃗; BðCÞ ¼
X
x⃗

bx⃗ðCÞ;

jPix⃗ ¼ jBþix⃗ þ jB−ix⃗; PðCÞ ¼
X
x⃗

px⃗ðCÞ;

jQix⃗ ¼ jPix⃗ þ
XNc

m¼0

jmix⃗; QðCÞ ¼
X
x⃗

qx⃗ðCÞ; ð53Þ

where for a given configuration C, on each spatial site, the
baryon and polymer numbers B ≤ P ≤ Q are related via (in
the following V ¼ Nσ

3)

bx⃗ ∈ f0;�1g; B ∈ f−V;…Vg;
px⃗ ¼ jbx⃗j ∈ f0; 1g; P ∈ f0;…Vg;
qx⃗ ¼ px⃗ þmx⃗ ∈ f0; 1g; Q ∈ f0;…Vg; ð54Þ

with mx⃗ ¼ 1 iff the site is mesonic and static. The
corresponding single site weights are

wBðμB=TÞ ¼ exp

�
� μB

T

�
;

wPðμB=TÞ ¼ 2 cosh

�
μB
T

�
;

wQðμB=TÞ ¼ Nc þ 1þ 2 cosh

�
μB
T

�
: ð55Þ

These weights will be used for the following binomial/
trinomial distributions:
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DQP
μB=T

ðQ;PÞ ¼
�
Q

P

� ðNc þ 1ÞQ−PwpðμB=TÞP
wqðμB=TÞQ

; DPB
μB=T

ðP; BÞ ¼
�

P

ðBþ PÞ=2

�
eBμB=T

wpðμB=TÞP
;

DQB
μB=T

ðQ;BÞ ¼
XQ
P¼jBj

�
Q

PþB
2

; P−B
2

; Q − P

�
eBμB=TðNc þ 1ÞQ−P

wqðμB=TÞQ
; ð56Þ

with B� ¼ P�B
2

the number of (anti)baryon sites and Q − P
the number of static mesons. For some observables we need
higher moments of the baryon number. We then only keep
track of the histogram for Q-polymers, HQ

V;T ;μB
ðQÞ (nor-

malized accordingly to be a probability distribution), and
get the histogram in the baryon number HB

V;T ;μB
ðBÞ from

the above distributions:

HP
V;T ;μB

ðPÞ ¼
XV
Q¼P

DQP
μB=T

ðQ;PÞHQ
V;T ;μB

ðQÞ;

HB
V;T ;μB

ðBÞ ¼
XV
P¼B

DPB
μB=T

ðP;BÞHP
V;T ;μB

ðPÞ

¼
XV
Q¼P

DQB
μB=T

ðQ;BÞHQ
V;T ;μB

ðQÞ: ð57Þ

For large spatial volumes V, the distributions in Eq. (56)
involve large numbers. In practice we use the logarithmic
versions of both histograms and binomial/trinomial distri-
butions. The polymer resummation will turn out to be
crucial for the measurement of baryon fluctuations for the
Taylor coefficients, see Sec. VI A.
The expectation value of very high moments of baryonic

observables such as higher moments of Bþ, B− or of the
baryon number B given by some function f can be
computed from the above histogram,

hfðBþ; B−Þi ¼ HP
V;T ;μB

ðBþ þ B−ÞfðBþ; B−Þ;
hfðBÞi ¼ HB

V;T ;μB
ðBÞfðBÞ; ð58Þ

which improves drastically over the usual measurement of
higher moments. In Fig. 6 we show histograms HQ

V;T ;μB
for

various temperatures and μB ¼ 0. The temperature depend-
ence gives insight into the number of static vs dynamic sites:
at high temperatures, almost all sites are static, and at low
temperatures almost all sites are dynamic; e.g., they interact
via pion exchange with adjacent sites. The critical temper-
ature is characterized by a broad distribution.
Another important application of histogram techniques is

the Wang-Landau method, which computes the density of
states gðT ; BÞ. It will allow us to obtain the canonical phase
diagram, see Sec. V. We use that the grand-canonical
partition sum is related to the canonical partition sum
via the Laplace transformation

ZGCðT ; μBÞ ¼
XV
B¼−V

ZCðT ; BÞeBμB=T: ð59Þ

One method to determine the canonical partition sum
ZCðT ; BÞ in the context of QCD is to obtain the ZGC
for imaginary chemical potential and reweighting for the
resulting Fourier coefficient [45]. In the dual representa-
tion, ZCðT ; BÞ can be determined directly by the Wang-
Landau method since it is in fact the density of states with
respect to the canonical conjugate to μB and it is approxi-
mated by gðT ; BÞ up to the target precision. Then,
observables in the GC ensemble are immediately obtained:

hOiGC ¼
P

BOZCðT ; BÞeBμB=TP
BZCðT ; BÞeBμB=T : ð60Þ

The accuracy even improves when the density of states
using the polymer resummation gðT ; PÞ is determined via
Wang-Landau, and the canonical partition sum is recovered
by the binomial transformation Eq. (56):
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FIG. 6. The Q-polymer histograms are shown for various
temperatures, evaluated on a 103-CT volume. At low temper-
ature, almost all sites have spatial dimers attached; most con-
figurations have low polymer number. At high temperature,
almost all sites are static; most configurations have high polymer
number Q ≤ Nσ

3. In the vicinity of Tc, the distribution is broad.
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ZCðT ; BÞ ¼
XV
P¼0

XV
Bþ¼0

B¼2Bþ−P

�
P

B

�
gðT ; PÞ: ð61Þ

TheWang-Landau method applied to gðT ; PÞ consists of
the following steps:
(1) A CT-worm update is run [which makes gðT ; PÞ

temperature dependent].
(2) We loop through all spatial sites x⃗ and check whether

the site is static (has no spatial dimers attached).
(2a) If so, we propose a new configuration with a uniform

probability distribution to generate one of the Nc þ
2 states (Nc þ 1 mesonic states and one P-state)
having equal weight, possibly resulting in a change
P ↦ Pþ ΔP with

jmi ↦ jPi∶ ΔP ¼ 1; jPi ↦ jmi∶ ΔP ¼ −1;

jPi ↦ jPi∶ ΔP ¼ 0; jmi ↦ jmi∶ ΔP ¼ 0:

ð62Þ

(2b) If not, the configuration is unchanged and ΔP ¼ 0.
(3) The new configuration is accepted with a metropolis

acceptance step:

pacc ¼ minð1; ð2 coshðμB=TÞÞΔPÞ: ð63Þ

(3a) If accepted, P0 ¼ Pþ ΔP is the new polymer
number,

(3b) If rejected, P0 ¼ P.
(4) In any case, even if the site is nonstatic and P0 ¼ P

[option (2b)], the histogram and density of states are
updated:

HðP0Þ ↦ HðP0Þ þ 1;

logðgðP0ÞÞ ↦ logðgðP0ÞÞ þ logðfÞ ð64Þ

with f the modification factor.
We loop through (1)–(4) until the histogram HðPÞ is flat
enough:

XV
P¼0

jHðPÞ − H̄j < δ ⇒ f ↦
ffiffiffi
f

p
; HðPÞ ¼ 0 ð65Þ

with H̄ the histogram average and δ defining the flatness
condition. This step, which refines gðPÞ, is repeated until
the final precision is reached, logðfÞ ≤ logðffinalÞ. Then
gðPÞ approximates the true density of states with that
precision. In Sec. V we will show the density of states and
the canonical phase diagram for various temperatures.
We perform simulations at a set of fixed temperatures

and weight the obtained density of states to the critical aμc,
which is characterized by equal probability of the low and

high density phase. In practice, we determine aμc at which
both peaks in the first order region have the same height
(see Fig. 20).

E. Cross-checks

To check the correctness of our CT-WA implementation,
we have made extensive cross-checks. A comparison of the
CT algorithm on volumes with an analytic result extrapo-
lated from the 2 × Nτ lattice for gauge group U(1) is
discussed in the Appendix B. Since there does not seem to
be a simple analytic expression for Nc > 1, we are left with
comparing continuous time simulations with the extrapo-
lation of discrete time simulations. We already discussed
the suppression mechanism that led to the continuous time
results for various observables in Fig. 4. In Fig. 7 we show a
comparison of the discrete time extrapolation and the
continuous time simulations for the chiral susceptibility
as a function of the temperature, which agree within errors
for all temperatures.
Another aspect is to verify that the distribution of spatial

dimers is indeed Poissonian, due to the fact that the weight
of a configuration does not depend on the interval lengths
between subsequent spatial dimers. This is illustrated in
Fig. 8. The Poisson distribution

PðNðΔτÞ ¼ nÞ ¼ ðλτÞn
n!

e−λΔτ ð66Þ

has been fitted to histograms from Monte Carlo via CT-
WA. The comparison with the expected values of λ (with
λ ¼ 3

4T for the distribution of spatial dimers per bond and
λ ¼ 6d

4T for the distribution of vertices per site, with d ¼ 3) is
very good for small intervals Δτ < 1. The deviations to the
expected λ for large intervals Δτ ≃ 1 is due to the periodic
boundary conditions, where the Poisson distributions start
to overlap.
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FIG. 7. Extrapolation of the chiral susceptibility from the finite
lattices Nτ ¼ 4;…; 32 towards Nτ → ∞ and comparison with the
continuous time result, showing excellent agreement.
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IV. ZERO TEMPERATURE

A. Determination of κ and pion decay constant

The first task that is also relevant to define the temper-
ature and chemical potential nonperturbatively [Eqs. (17)
and (18)] is to determine the anisotropy correction factor κ,
see Eq. (12). The procedure of anisotropy calibration is
discussed in detail for anisotropic lattices at strong coupling
in discrete time in [31,46,47]. The coefficient κ is the strong
coupling analogue of the Karsch coefficients at weak
coupling that have been analyzed in [28,48] and numeri-
cally studied at a fixed physical scale in [49]. Anisotropic
lattices are also relevant when determining mesonic corre-
lators, e.g., in the FASTSUM Collaboration [50].
Our strategy to obtain κ is based on the variance of

the pion current. In the chiral limit, the pion current for
discrete time

jμðxÞ ¼ ϵðxÞ
�
kμðxÞ −

Nc

2
jbμðxÞj −

Nc

2d

�
ð67Þ

is a conserved current:X
μ̂

ðjμðxÞ − jμðx − μ̂ÞÞ ¼ 0: ð68Þ

Likewise, the corresponding pion currents in the CT limit
(see Eq. (30) are

m0ðx⃗; τÞ≡ j0ðx⃗; τÞ ¼ mðx⃗; τÞ − Nc

2
; ð69Þ

miðx⃗; τÞ≡ jiðx⃗; τÞ ¼ ϵðx⃗; τÞkiðx⃗; τÞ. ð70Þ

We have dropped the baryonic contributions and the
constant, as they do not contribute at continuous time.
The conservation of the currents is now directly linked to
the meson occupation numbers:

mðx⃗;τ1Þþ
Z

τ2

τ1

dτ
X3
i¼1

ðmiðx⃗;τÞ−miðx⃗− î;τÞÞ¼mðx⃗;τ2Þ

ð71Þ

for all τ2 > τ1, and the temporal/spatial charges are

Q0 ¼
X
x⃗

m0ðx⃗; τÞ≡ℳ0;

Qi ¼
X
x⃗⊥e⃗i

Z
1=T

0

dτmiðx⃗; τÞ≡ℳi; ð72Þ

which have the expectation values

hℳ0i ¼ hℳi − ΛσNc

2
¼ 0; hℳii ¼ 0: ð73Þ

The variances are however temperature dependent. If the
spatial and temporal variances are equal,

hðΔQ0Þ2i ¼ hℳ2
0i¼! hℳ2

i i ¼ hðΔQiÞ2i; ð74Þ

that corresponds to equal physical extent in space and
time:

L ¼ 1

T
⇒ Nσ ¼

1

aT
¼ 1

κT
: ð75Þ

This allows us to measure κ: given the lattice extent Nσ , we
scan the bare temperature T to determine its value T 0

which corresponds to a physically isotropic lattice:

κNσ
¼ 1

NσT 0

; κ ¼ lim
Nσ→∞

κNσ
: ð76Þ
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FIG. 8. Distributions of the number of spatial dimers per bond
(top) and number of vertices per site (center) for various interval
lengths Δτ, and for various temperatures (bottom). The quantities
are Poisson distributed, with λ fitted according to Eq. (66) to the
data, reproducing the expected value. Small deviations for
Δτ ≤ 1 occur as the Poisson process is on a circle rather than
an infinite line, and due to the presence of static baryons (which
are highly suppressed at low temperatures).
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This calibration is shown in Fig. 9; the results for κ for
various volumes are shown in Table I and its extrapolation
in Fig. 10 (left). The finite size effects are very small. Note
that in contrast to the previous study [31], there is no reason
to distinguish κ for gauge groups U(3) and SU(3): the
thermodynamic extrapolation Nσ → ∞ coincides with the
zero temperature extrapolation, and since the calibration is
performed at μB ¼ 0, static baryons are virtually absent
(see also Fig. 6). This is not the case at finite ξ (finite aτ).
As discussed in Sec. II B, the determination of κ in [31]
suffers from systematic uncertainties as the extrapolation in
ξ is based on rather small ξ ≤ 8. Our final continuous time
result κ ¼ 0.797ð1Þ is consistent with the extrapolations,
favoring ansatz 3.
In Fig. 10 (right) we show the thermodynamic extrapo-

lation of the helicity modulus, which yields the square of
the pion decay constant:

a2F2
π ¼ lim

Nσ→∞
a2ϒ; a2ϒ ¼ 1

Nσ
2
hℳ2

0ijT 0
; ð77Þ

resulting in aFπ ¼ 0.7797ð1Þ. This compares well with the
extrapolation of discrete time [31] which yields aFπ ¼
0.78171ð4Þ, taking into account that the extrapolation of

a2F2
π has similar uncertainties as κ, which are overcome by

the continuous time simulations.
The method of anisotropy calibration has also been

extended by us to finite quark mass [43] and recently also to
finite β. These results are a clear indication that it is
possible to define the continuous time limit unambiguously
for finite mq and finite β in the strong coupling regime,
with κ ¼ κðmq; βÞ.

B. Chiral condensate and chiral susceptibility

Despite the fact that in the chiral limit, the chiral
condensate is zero in a finite volume—in the dual repre-
sentation this is due to the absence of monomers—it is
nevertheless possible to extract the chiral condensate from
the chiral susceptibility χσ (which is nonzero in a finite
volume). The corresponding chiral perturbation theory in a
finite box—the so-called ϵ-regime—is an expansion in the
inverse volume [51], and for the O(2) model in d ¼ 4,

a6χσ ≃
1

2
a6Σ2Nσ

4

�
1þ β1

a2F2
πNσ

2
þ α

2a2F4
πNσ

4

�
; ð78Þ

α ¼ β21 þ β2 þ
1

8π2
log

aΛ2
ΣNσ

ΛM
; ð79Þ

where β1 ¼ 0.140461 and β2 ¼ −0.020305 are shape
coefficients of a finite 4-dim box. Note that the value Σ
that can be extracted from this equation corresponds to the
chiral condensate in the thermodynamic limit. In Fig. 11 we
show the fit according to ansatz Eq. (78) to obtain the chiral
condensate from the Monte Carlo data of the chiral
susceptibility for various volumes, all in the CT limit.
Apart from Σ, we also treat α as a fit parameter as we do not
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FIG. 9. Anisotropy calibration in the CT limit, measured on a
lattice 163 × CT, with T 0 ¼ 0.07841ð1Þ ¼ 1

16κ, resulting in
κ ¼ 0.7970ð1Þ.
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FIG. 10. Left: Thermodynamic extrapolation of anisotropy
correction factor κ needed to rescale the temperature and
chemical potential. The result is compared to the former result
from the extrapolation of discrete time lattices (ansatz 3). Right:
Thermodynamic extrapolation of the helicity modulus a2ϒ, from
which we extract the pion decay constant at zero temperature.

TABLE I. The values of κ and the helicity modulus for various
Nσ and the extrapolation to the thermodynamic limit, as shown in
Fig. 10.

V κ a2ϒ

4 0.7965(1) 0.6078(1)
6 0.7970(1) 0.6079(1)
8 0.7972(1) 0.6080(1)
12 0.7969(1) 0.6077(1)
16 0.7970(1) 0.6080(1)

∞ 0.7971(3) 0.6080(1)
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know the values of the renormalization group invariant
scales ΛΣ and ΛM, but it turns out that α is consistent with
zero. The value of aFπ determined in the previous section is
used. The thermodynamic extrapolationNσ → ∞ coincides
with the zero temperature extrapolation as the bare temper-
ature is set to T ¼ ðκNσÞ−1 to always obtain a physically
isotropic lattice. Our result from continuous time simu-
lations yields a3Σ ¼ 1.305ð3Þ and agrees well with the
extrapolation of the Monte Carlo data at discrete time as
discussed in [31].

C. Energy and baryon mass

The baryon mass mB is an important quantity to under-
stand the nature of the nuclear interaction, and its value in
lattice units amB is also a good choice to scale other
quantities to dimensionless ratios, such as T=mB, μB=mB.
At zero temperature, where the free energy F ¼ E − TS
coincides with the internal energy E, the static baryon mass
in the strong coupling limit is given by the probability of a
baryon to propagate in a temporal direction. This can be
immediately expressed by the probability of having a static
baryon in the ensemble:

pB ¼ e−ΔF=T; ΔF ¼ −T log
ZB

Z
; mB ¼ lim

T→0
ΔF:

ð80Þ

The extrapolation of the static baryon mass towards
continuous time has been discussed in [31] with the result
amB ¼ ξaτmB ¼ 3.556ð6Þ ¼ κamMF

B , amMF
B ¼ 4.553ð7Þ,

which is about 20% larger than the isotropic value amB ¼
2.877ð2Þ. Since pB ≪ 1, the mass is evaluated via the so-
called snake algorithm at discrete time:

ZB

Z
¼ ZNτ

ZNτ−2

ZNτ−2

ZNτ−4
…

Z2

Z0

; Z0 ≡ Z; ZNτ
≡ ZB

aΔF ¼ ξ

Nτ
log

ZB

Z
¼ ξ

Nτ

XNτ−2

k¼0

log
Zkþ2

Zk
: ð81Þ

The ratio Zkþ2

Zk
is the probability to extend a static baryon

segment of length k by two segments, and the sum results in
a static baryon of length Nτ. The method unfortunately
does not extend straightforwardly to continuous time: the
ratios Zkþ2

Zk
cannot be measured since at the end of a static

baryon segment there is a finite probability that two spatial
dimers are attached at the same location, in contrast to other
observables discussed above (Fig. 4). However, we are able
to determine the baryon mass from the energy difference
based on Eq. (48):

aΔE ¼ aEB − aE0 ¼ Λσa4ðϵB − ϵ0Þ
¼ ΛσκT ðhnDsi0 − hnDsiBÞ: ð82Þ

The energy density at zero temperature in the CT limit, if
one does not take the irrelevant constant C in Eq. (48) into
account (rendering it negative), can be measured at very
high accuracy:

a4ϵUð3Þ0 ¼ −1.82471ð2Þ; a4ϵSUð3Þ0 ¼ −1.82475ð8Þ;
ð83Þ

where the value for gauge group U(3) (which does not have
baryons) coincides with the value for gauge group SU(3)
(where baryons become suppressed with decreasing tem-
perature). The fact that a4ϵ0 ¼ − limT→0 aThnDsi is finite
implies that the number of spatial dimers diverges as
∝ 1=T. Note that a previous determination of ϵ0 at discrete
time [35] includes the diverging constant: a4ϵ0 ¼ 0.66ð2Þξ.
We measured the energy density without (ϵ0) and with a
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static baryon (ϵB), both on discrete and continuous time
lattices. The discrete time measurements of aΔE are
extrapolated via a polynomial ansatz in 1=ξ, as shown in
Fig. 12. The fit results are summarized in Table II and are
compared with the continuous time results. Indeed, we find
very good agreement of all extrapolated estimates of the
baryon mass with its continuous time result within errors. It
should be pointed out that at γ ¼ 1, where hk0i ¼ Nc

2d ¼ 3
8
,

the static baryon mass from ΔF (via the snake algorithm)
differs substantially from the baryon mass obtained from
ΔE. But towards the CT limit, both definitions agree. The
extrapolation of the discrete time data (obtained fromΔE or
ΔF) is in 1=ξ rather than 1=ξ2: it is more suitable as the
extrapolation appears to be almost linear in 1=ξ, but clearly
there are additional uncertainties related to the derivative
dξ=dγ that are bypassed by simulations directly in the
CT limit.
We distinguish between U(3) and SU(3) results for the

baryon mass: in U(3) gauge theory, there is only the valence
baryon and no μB-dependence of the partition function,
whereas SU(3) gauge theory has intrinsic baryon fluctua-
tions. At zero temperature, those baryon fluctuations are
largely suppressed. Even though U(3) gauge theory has no
baryons, there is no obstacle in measuring the baryon mass
in U(3) via the response of a valence baryon to the pion
bath, resulting in less statistical noise. Our best estimate of
the baryon mass is thus the U(3) result in the CT limit, as it
does not suffer from any ambiguities due to extrapolation:

amB ¼ 3.640ð7Þ: ð84Þ

This baryon mass receives contributions from a pion cloud
surrounding the static pointlike baryon.

V. THE SC-LQCD PHASE DIAGRAM

A. Chiral transition

In Sec. IV B we have determined the chiral condensate in
the chiral limit at zero temperature. In principle this can be
extended to finite temperature, and the chiral transition
could be determined by the vanishing of the chiral con-
densate. It suffices in practice to determine the chiral

transition from the chiral susceptibility, which is obtained
from the worm algorithm to high precision. Also, this
method readily extends to finite density: the chiral tran-
sition can be easily obtained from finite size scaling of the
chiral susceptibility up to the chiral tricritical point
ðaμTCPB ; aTTCPÞ. The finite size scaling of the susceptibility
in the ϵ-regime is illustrated in Fig. 13 for volumes up to
643 × CT at μB ¼ 0. We expect critical behavior in the O(2)
universality class in three dimensions, resulting the scaling
law [52]

lim
L→∞

χðL; TcÞ ∝ Lγ=ν; γ ¼ 1.3177ð5Þ;
ν ¼ 0.67155ð27Þ: ð85Þ

The result for the transition temperature is

T c ¼ 1.4276ð2Þ; aTc ¼ κT c ¼ 1.1379ð4Þ: ð86Þ

We find that the specific heat is also sensitive to the chiral
transition: Fig. 14 shows that a weak cusp develops in the
vicinity of Tc. Although the strong coupling limit is far
away from the continuum for realistic quarks, we can
nevertheless compare dimensionless ratios T=mB with
continuum extrapolated ratios. With mB ≃ 938 GeV and
the pseudocritical crossover temperature Tpc ≃ 154 MeV
[53], we find that the ratio at strong coupling and in the
chiral limit is more than twice as large:

TABLE II. The baryon mass from extrapolation or direct
measurement, as shown in Fig. 12. Note that ΔE has been
evaluated at various temperatures and extrapolated to zero
temperature. The result for the snake algorithm valid for
SU(3) differs slightly from the value amB ¼ 3.556ð6Þ given in
[31] due to the improved extrapolation used here.

Method amextrap
B amCT

B

ΔE for U(3) 3.644(20) 3.640(7)
ΔE for SU(3) 3.649(20) 3.628(22)
ΔF with snake alg. 3.627(6) …
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Tc

mB

����
CT−SC

¼ 0.379ð1Þ; Tpc

mB

����
cont:

¼ 0.164ð9Þ: ð87Þ

The comparison improves when a finite quark mass is
considered at strong coupling, as the pseudocritical tran-
sition temperature drops rapidly with the mass while the
baryon mass is quite insensitive [54]. We note that the
continuous time transition temperature for the U(3) gauge
group and its comparison with the Nτ → ∞ extrapolation

have been discussed in [39], with T Uð3Þ
c ¼ 1.8843ð1Þ.

The determination of aTc at finite chemical potential is
straightforward up to the tricritical point. Figure 15 illus-
trates the chiral susceptibility χσ in the full μB-T plane. The
second order chiral phase transition turns into a first order

one for μB > μtricB , and the chiral susceptibility—which is
∝ hðψ̄ψÞ2i in the chiral limit—behaves as an order param-
eter and develops a gap. There is no backbending of the
first order transition, in contrast to discrete time (due
to saturation of spatial dimers, NDs ≤ NcΩ=2), which
has been discussed in [31]. Similarly, the energy density
ϵðTÞ − ϵ0 can be measured in the full μB-T plane, as shown
in Fig. 16. For small chemical potential and for temper-
atures below Tc, it behaves according to the Stefan-
Boltzmann law [55]:

ϵðTÞ − ϵ0 ¼ σT4; σ ¼ π2

30
; ð88Þ

which corresponds to an ideal pion gas and has already
been discussed at zero chemical potential for discrete time
[35]. At zero temperature, the energy density jumps at the
first order transition to the finite value −ϵ0 given in
Eq. (83), which is the maximal value corresponding to
the absence of spatial dimers.

B. Nuclear transition

Strong coupling lattice QCD exhibits not only sponta-
neous chiral symmetry breaking and its restoration along a
second and first order boundary, but also a nuclear liquid
gas transition signaled by the baryon density. In order to
determine the first order transition line in the phase
diagram, we measure the baryon density and its suscep-
tibility, both by direct simulations at finite chemical
potential and by the Wang-Landau method explained in
Sec. III D. The baryon density in the μB-T plane is shown in
Fig. 17. The volumes considered are 43 × CT, 63 × CT and
83 × CT at low temperatures and additionally 123 × CT,
163 × CT in the vicinity of the chiral tricritical point.
Simulations at low temperatures across the first order
transition are challenging: for μB < μ1stB , the phase is
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described as an ideal pion gas; for μB > μ1stB , the phase is
that of a baryon crystal (liquid), resulting in a large latent
heat. In a Monte Carlo simulation, tunneling between the
phases is exponentially suppressed by the volume, and
hysteresis between the low and high density phases shows
up. This difficulty is overcome by the Wang-Landau
method: in Fig. 18 we show the logarithmic density of
states for P-polymer and baryon number, and in Fig. 19 the
density of states is applied to recover the baryon density via
Eq. (58). We find that the full first order nuclear transition
coincides with the chiral first order transition. The deter-
mination of μ1stB and the boundaries of the mixed phase is
illustrated in Fig. 20 for various volumes. The result of the
thermodynamic extrapolation according to

μB
1stðNσÞ ¼ μB

1st þ cNσ
−3;

a3nðiÞB ðNσÞ ¼ a3nðiÞB;c þ c̃Nσ
−1 ði ¼ 1; 2Þ; ð89Þ

based on the volumina with Nσ ¼ 4, 6, 8 (which
is sufficient due to the strong first order behavior) is
given in Table III. Even though we cannot get lower than
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FIG. 20. The probability density, obtained from reweighting the
density of states to aμ1stB ðNσÞ such that the two maxima are of the
same height, for various volumes and at a fixed temperature

T ¼ 0.5. The first maximum denotes the baryon density a3nð1ÞB
where the mixed phase in the canonical phase diagram begins.

The second maximum denotes the baryon density a3nð2ÞB where
the mixed phase ends. These peak densities are indicated as
vertical lines. They have been extrapolated to the thermodynamic
limit and the results are given in Table III.
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T ¼ 0.3 (T=mB ¼ 0.066), we can attempt a zero temper-
ature extrapolation which yields

aμ1stB ¼ κμB
1st ¼ 1.86ð2Þ; μB

1st ¼ 2.34ð3Þ; ð90Þ
which is not very different from the discrete time deter-
mination aμ1stB ¼ 1.78ð1Þ valid for isotropic lattices, γ ¼ 1
[29]. Nuclear matter at strong coupling is in fact a quark
saturated phase: the baryon density at zero temperature
jumps from hnBi ¼ 0 to the maximal value hnBi ¼ 1,
where every lattice site is occupied by a static baryon. It
is no coincidence that chiral symmetry is restored in the
nuclear phase: mesons cannot occupy baryonic sites,
leaving no room for spontaneous chiral symmetry breaking.
Away from the strong coupling limit, where baryons are no
longer pointlike and become spread over several lattice
spacings, the nuclear phase may have a nonvanishing chiral
condensate.
We want to conclude this section by quantifying the

interaction strength between baryons. In the CT limit we
find

mB − μ1stB

mB
≃ 0.489ð6Þ; ð91Þ

which should be compared to the discrete time (γ ¼ 1)
ratio [29]

mB − μ1stB

mB
≃ 0.381ð3Þ: ð92Þ

Hence, the nuclear interactions are enhanced in the
CT limit.

C. SC-LQCD phase diagram

We now want to summarize the previous results on the
chiral and nuclear transitions and establish the phase
boundaries of both the grand-canonical and canonical
phase diagrams, shown in Fig. 21. In the grand-canonical
phase diagram, one can clearly see that the chiral first
order phase boundary and the nuclear transition (obtained

from the Wang-Landau method, see Table III) are on top. In
the canonical phase diagram, a mixed phase of both nuclear
gas and liquid gas persists. The low density boundary

a3nð1ÞB tends to zero, whereas the high density boundary

a3nð2ÞB tends to 1. A meaningful density of nuclear matter
cannot be assigned at strong coupling.
There are various strategies to locate the chiral tricritical

point, which is characterized as the end point of a triple first
order line where the three phases cease to coexist (the
nuclear phase and two chirally broken phases for positive
and negative quark mass). According to the Gibbs’ phase
rule, the upper critical dimension is 3, such that the
tricritical exponents are analytic:

γ ¼ 1; ν ¼ 1

2
: ð93Þ

TABLE III. Result of the thermodynamic extrapolation of μB1st,

a3nð1ÞB and a3nð2ÞB according to Eq. (89) for various bare temper-
atures T .

T μB
1st a3nð1ÞB a3nð2ÞB

0.4 2.301(7) 0.0037(9) 0.967(2)
0.5 2.2784(4) 0.0275(3) 0.931(1)
0.6 2.2538(1) 0.0059(1) 0.8632(6)
0.7 2.2102(1) 0.0979(1) 0.741(3)
0.75 2.1800(3) 0.149(1) 0.675(1)
0.8 2.1444(2) 0.192(1) 0.6062(7)
0.85 2.1037(4) 0.2685(9) 0.535(1)
0.9 2.0587(3) 0.3535(1) 0.4796(3)
0.92 2.0395(2) 0.399(1) 0.455(1)
0.95 2.009(2) 0.415(1) 0.454(4)

FIG. 21. The SC-QCD phase diagrams in the continuous time
and the chiral limit. Results on the chiral transition are obtained
via the worm algorithm CT-WA, and the first order nuclear
transition is obtained via the Wang-Landau method. Top: The
grand-canonical phase diagram in the aμB-aT plane. The chiral
and nuclear first order transitions are on top within errors.
Bottom: The grand-canonical phase diagram in the a3nB-aT
plane. Note that at zero temperature the mixed phase extends to
the maximal value a3nB ¼ 1 where Pauli saturation takes place.
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To distinguish tricritical second order behavior from O(2)
critical behavior, Eq. (85), large volumes are required.
There is a better strategy, based on the fact that the tricritical
point coincides with the nuclear critical end point (which
can be made plausible via a percolation analysis, see
Sec. IX C). This is clearly only expected in the strong
coupling limit, but it also holds for small values of β at
finite Nτ [56]. The nuclear end point is characterized by the

vanishing of the mixed phase, resulting in nð1ÞB ¼ nð2ÞB . The
corresponding density of states becomes flat as the double
peak structure vanishes. Our best estimate for the tricritial
point in the CT limit is

aTTCP ¼ 0.78ð2Þ; aμTCPB ¼ 1.53ð5Þ;
a3nTCPB ¼ 0.43ð2Þ: ð94Þ

If one does not take into account the rescaling with κ, then
T TCP ¼ 0.98ð3Þ and μB

TCP ¼ 1.92ð6Þ compare quite well
with their determination on a disrete lattice: T Nτ¼
4TCP ¼ 0.94ð7Þ, μB

TCP
Nτ¼4 ¼ 1.92ð9Þ [37], indicating that

the Nτ corrections are small up to the critical point and
only become large at lower temperatures [31]. We also note
that the mean field tricritial point deviates substantially:
T TCP

MF ¼ 0.866, μBTCPMF ¼ 1.731 [57]. As soon as a small
finite mass is introduced, the chiral tricritical point turns
into a chiral critical end point of a Z(2) universality class.
Close to the chiral limit, we estimate

μCEPB =TCEP ≃ μTCPB =TTCP ¼ 1.96ð7Þ; ð95Þ

which may in principle be within reach with conventional
hybrid Monte Carlo, based on a fermion determinant such
as Taylor expansion [58]. But with increasing quark mass
the ratio μCEPB =TCEP also increases rapidly (aμCEPB increases
whereas aTCEP decreases), as has been studied for discrete
time in [54]. The critical end point is quickly out of reach
for methods of circumventing the sign problem via HMC
methods. In the Appendix E we elaborate further on the
prospects of finite quark masses in the continuous time
limit.
Our new results eliminate systematic uncertainties in

previous findings in Monte Carlo for fixed Nτ [29].

D. Extension to imaginary chemical potential

Lattice QCD at imaginary chemical potential is usually
considered because in contrast to nonzero real chemical
potential, the fermion determinant is sign-problem free and
it allows us to analytically continue to real chemical
potential [2]. It is also interesting in its own right due to
the Roberge-Weiss periodicity [59] and the Roberge-Weiss
transition [60].
In the dual representation of SC-LQCD at discrete time,

it is not straightforward to simulate at imaginary chemical
potential. However, at continuous time where baryons are

static, we can use coshðiμimB =TÞ ¼ cosðμimB =TÞ, and with
the P- and Q-polymer resummation (see Sec. III D):

cosðμimB =TÞ ≥ 0 for μimB =T ≤
π

2

Nc þ 1þ 2 cosðμimB =TÞ ≥ 0 for all μimB =T: ð96Þ

The second equation enables us to measure the chiral
transition for arbitrary imaginary chemical potential. Our
result is shown in Fig. 22. At the Roberge-Weiss point
μimB =T ¼ π we do not find a cusp, in contrast with what
would be expected at weak coupling. We also cannot
observe a first order transition in the chiral observables,
which is expected as the partition function becomes
analytic in the high temperature limit. By integrating out
the gauge links, the center sectors are no longer distinct.
Gauge observables such as the Polyakov loop should be
able to signal a first order transition between the center
sectors at high temperatures, which requires that one
includes a gauge correction. We also want to note that
the point at μimB =T ¼ π=2 is special as it corresponds to the
U(3) transition temperature T ¼ 1.8843ð1Þ (as discussed in
[39]) as P-polymers have weight wp ¼ 0 according
to Eq. (53).

VI. TAYLOR EXPANSION AND RADIUS
OF CONVERGENCE

A. Taylor expansion

The dual representation of SC-LQCD is a great labo-
ratory to benchmark other methods to circumvent the sign
problem. One of the prominent methods in the context of
lattice QCD is the Taylor expansion [3], which might allow
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FIG. 22. Extension of the phase diagram to imaginary chemical
potential. The chiral transition has the Roberge-Weiss periodicity.
The transition at the Roberge-Weiss point ðμB=ðπTÞÞ ¼ −1 has a
mean-field scaling behavior at strong coupling, but no signature
of a first order transition. The second vertical line at ðμB=ðπTÞÞ ¼
−1=4 is characterized by the absence of a baryon, resulting in a
U(3) gauge theory.
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us to estimate the location of a possible chiral critical end
point based on estimates for the radius of convergence of
the Taylor series. The standard thermodynamic observable
that is Taylor expanded for that purpose is the pressure.
This requires high orders of the Taylor series to be included
in the expansion, but the current state of the art is limited to
6th order (improved action) [58] and 8th order (unimproved
action) [61]. It turns out that due to the continuous time
limit and by taking into account both the polymer resum-
mations and histogram method presented in Sec. III D, we
are able to determine higher orders of Taylor coefficients,
both for the pressure and the baryon susceptibility. The
Taylor expansion of the pressure Eq. (52) at fixed temper-
ature and about μB ¼ 0, where only even orders contribute,
is given by

p ¼ T
V
logZ ¼ pðT; μB ¼ 0Þ þ

X∞
n¼1

c2n

�
μB
T

�
2n

c2n ¼
T
V

1

ð2nÞ!
∂2n logZ
∂ðμB=TÞ2n ¼

T
V

1

ð2nÞ! κ2nðωÞΛσ
2n ð97Þ

where the cumulants κn are defined in terms of the moments
of the winding number ω via a cumulant-generating
function KðtÞ:

Mðt ¼ μB=TÞ ¼ hetxi ¼
X∞
r¼0

μr
tr

r!
;

μm ¼ dmM
dtm

����
t¼0

¼ hωmi;

KðtÞ ¼ logðMðtÞÞ ¼
X∞
r¼0

κr
tr

r!
: ð98Þ

We can measure all Taylor coefficients from the baryon
density fluctuations, as a3nB ¼ hωi according to Eq. (47).
We also obtain immediately from the Taylor coefficients of
the pressure c2n those of the baryon susceptibility:

χB ¼ ∂2

∂ðμB=TÞ2 p ¼
X∞
n¼2

nðn − 1Þc2n
�
μB
T

�
2n−2

: ð99Þ

A comparison of discrete and continuous time evaluations
of the first cumulants as shown in Fig. 23 demonstrates the
cumulants are less noisy in the CT limit. But it further
requires the polymer resummations and histogram method
to determine the higher order cumulants up to κ12, shown in
Fig. 24. From a thermodynamic extrapolation of the
inflection points, we obtain an estimate for Tc consistent
with its determination in Sec. VA.
A comment on the definition of the pressure used in this

section is in order: we have previously discussed that
Eq. (52) is only valid in homogeneous systems, as is
expected for the continuum limit of lattice QCD. In the
strong coupling limit this is not the case. We can however
only measure the pressure defined by a volume derivative

according to Eq. (49) in terms of dual variables, and it is of
course possible to Taylor expand the spatial dimer density
hnDsi as well. But this definition is proportional to the
energy density and shows a gap along the first order
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transition. In contrast, Eq. (97) is well behaved as it is
proportional to the thermodynamic potentialF ¼ −T logZ,
which is continuous along any transition.

B. Estimates for the radius of convergence

We are now in a position to estimate the radius of
convergence [62] from these Taylor coefficients:

ρ ¼ lim
n→∞

rpn ¼ lim
n→∞

rχB2n

rpn ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jðnþ 2Þðnþ 1ÞÞ κn

κnþ2

���r
;

rχBn ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jnðn − 1Þ κn

κnþ2

���r
: ð100Þ

The corresponding results for the various n are given in
Figs. 25 and 26, where the radii are plotted within the phase
diagram. Above aTc, the radius becomes imaginary (indi-
cated in gray). Note that we are still in the chiral limit where
the whole phase boundary is either second or first order.

Hence, we expect that the radius of convergence drops to
zero at aTc. Below aTc, the first singularity is given by the
phase boundary, and we indeed find that the higher orders
converge to the phase boundary. This is in particular
observed for rχBn , where the first order line is well approxi-
mated for n ¼ 10.

VII. TEMPORAL CORRELATORS
AND MESON POLE MASSES

A. Staggered Euclidean time correlators

We have explained in Sec. III that the monomer two-point
correlation function is sampled during worm evolution. We
aremainly interested in temporal correlation functions, from
which we can extract the ground state energy corresponding
to the meson pole mass. In this section we will explain how
to extract them and discuss their dependence on temperature
and baryon chemical potential.
The basic definition of the temporal correlators at zero

momentum p⃗ ¼ 0 for staggered fermions χ̄, χ, based on the
local single-time-slice operators [63], is

CSðτÞ ¼
X
x⃗

CSðx⃗; τÞ;

CSðx⃗; τÞ ¼ hχ̄
0⃗;0χ 0⃗;0χ̄x⃗;τχx⃗;τigSx⃗;τ; ð101Þ

where the spin S of the meson is given by the kernel
operators ΓS in terms of phase factors gSx⃗;τ ∈ f�1g. We will
only consider operators that are diagonal in spin-taste
space: ΓS ⊗ ΓT with ΓT ¼ ΓS�. We will not consider
any flavor structure as Nf ¼ 1 (but see Appendix D for
Nf ¼ 2). In every mesonic correlator specified by ΓS, there
is a nonoscillating part and an oscillating part with addi-
tional phase factor ð−1Þτ, which is due to the even-odd
decomposition for staggered fermions. This parity partner
has opposite spin, parity and taste content. Thus the
nonoscillating and oscillating parts correspond to different
physical states; see Table IV. Of particular interest is the
pion πPS which is the Goldstone boson for the residual
chiral symmetry, Eq. (8). Throughout the worm evolution,
monomer two-point correlation functions are accumulated
whenever the head and tail are at opposite parities:

 0.15

 0.2

 0.25

 0.3

 0.35

 0.1  0.2  0.3  0.4  0.5  0.6  0.7  0.8  0.9

T/mB

μB/mB

Radius of Convergence from Pressure

rpn

n=2

4

6

8

10

FIG. 25. Radius of convergence, estimated from the pressure,
Eq. (100). The data in gray above Tc correspond to imaginary
chemical potential iμB.

 0.15

 0.2

 0.25

 0.3

 0.35

 0  0.1  0.2  0.3  0.4  0.5  0.6  0.7  0.8  0.9

T/mB

μB/mB

Radius of Convergence from Baryon Susceptibility

rχB
n

n=2

4

6

8

10

FIG. 26. Radius of convergence, estimated from the baryon
susceptibility, Eq. (100). It converges faster to the first order
phase boundary compared to that of the pressure.

TABLE IV. Table of mesonic operators for staggered fermions
that are diagonal in the spin-taste basis ΓS ⊗ ΓT and the
corresponding physical states. The oscillating and nonoscillating
states within the same gSx are distinguished.

ΓS ⊗ ΓT JPC Physical states

gSx⃗;τ NO: 1τ O: ð−1Þτ NO O NO O

1 1⊗1 γ0γ5⊗ðγ0γ5Þ� 0þþ 0−þ σS πA
ð−1Þxi γiγ5⊗ðγiγ5Þ� γiγ0⊗ðγiγ0Þ� 1þþ 1−− aA ρT
ð−1Þxjþxk γjγk⊗ðγjγkÞ� γi⊗γ�i 1þ− 1−− bT ρV
ð−1Þxiþxjþxk γ0⊗γ�0 γ5⊗ðγ5Þ� 0þ− 0−þ −V πPS
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CSðx⃗H − x⃗T ; τH − τTÞ ¼ CSðx⃗; τÞ ¼ Nc
OðCSðx⃗; τÞÞ

Z
;

ð102Þ

with Z the number of worm updates. Such worm estimators
are incremented as

OðCSðx⃗; τÞÞ → OðCSðx⃗; τÞÞ þ fgSx⃗;τδxT ;x1δxH;x2 ;

f ≡ fðγÞ; τ ∈ ½0; 1;…Nτ� ðdiscrete timeÞ;
f ≡ fðTÞ; τ ∈ ½0; T −1� ðcontinuous timeÞ; ð103Þ

with fðγÞ given in Eq. (41) and fðTÞ given in Eq. (42).
Summing over the correlators immediately yields the
corresponding discrete or continuous time susceptibilities:

a6χDTS ¼ 1

Nσ
3Nτ

X
x⃗;τ

CSðx⃗; τÞ; ð104Þ

a6χCTS ¼ T
Nσ

3

X
x⃗

Z
1=T

0

dτCSðx⃗; τÞ: ð105Þ

The nonoscillating and oscillating parts of the correlators
for discrete time,

CðτÞ ¼ CNOðτÞ þ ð−1ÞτCOðτÞ;
CNOðτÞ ¼ ANO coshðaτMNOðτ − Nτ=2ÞÞ;
COðτÞ ¼ AO coshðaτMOðτ − Nτ=2Þ; ð106Þ

are shown in Fig. 27. It is advantageous to consider the
linear combinations

COddðτÞ ¼ CNO þ CO;

CEvenðτÞ ¼ CNO − CO; ð107Þ

and fit the even or odd correlators instead: (1) the fit is more
stable, and (2) it generalizes to the continuous time limit,
where we can distinguish even and odd τ via emission and
absorption events; see Sec. II C. We can reconstruct the
physical states by inverting Eq. (107). The discrete time
correlators for the pion are shown in Fig. 28.We observe that
the correlators for increasing Nτ become more continuous,
and their range extends to Nτ=2. In Fig. 29, the continuous
time correlators for the pion πPS are reconstructed from

CπðτÞ ¼
1

2
ðCOddðτÞ − CEvenðτÞÞ

¼ Aπ coshðMπ=Tðτ − 1=2ÞÞ ð108Þ
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with τ ∈ ½0; 1=2� and spatial kernel gπx⃗ ¼ ð−1Þxþyþz, and
likewise for other mesons. This requires bookkeeping of
which events contribute toCOdd orCEven, which depends on
whether the worm head is located at an absorption event
xH ∈ A or an emission event xH ∈ E.
Even in the CT limit, it is necessary to discretize the

temporal correlators, due to memory limitations and finite
statistics. The histograms will depend on the bin size

Δτ ¼ 1

T N
; ð109Þ

with N the number of bins. The finer Δτ, the less events are
placed in each bin, which makes the determination of the
correlator more difficult. On the other hand, the coarser Δτ,
the less data are available to reconstruct the correlator. In
principle, one could measure the continuous time correla-
tors without introducing a binning [64], but in practice, this
seems unnecessary as our measurements for N ¼ 100, 200,
400 lead to almost identical results.

B. Temperature and density dependence
of meson pole masses

Since temporal correlators are measured at zero spatial
momentum, the extracted meson masses are pole masses:
E0ðp⃗ ¼ 0Þ ¼ M. We extract the ground state massM as the
dimensionless quantity M=T by multistate fits (including
excited states) and by varying the fit range ½τmin=T ;
1=ð2T Þ�. To obtain good balance between the required
number of states and the error estimation, we apply the
Aikaike information criterion [65]. We adjust τmin to be
most sensitive to the mass plateau. To compare discrete
time (where we extract aτM) to continuous time, we
convert via

M=T ¼ NτaτM; aM ¼ κT M=T; ð110Þ

as shown in Fig. 30. Making use of the same fitting scheme,
the error bars for the extracted pole masses from CT
correlators are much smaller than the corresponding DT
correlators. Moreover, the uncertainties when extrapolating
DT correlators of about 3% are circumvented.
We have measured the temperature dependence of the

pole masses and found that, in particular, the pion becomes
heavy at the chiral transition; see Fig. 32. For Nf ¼ 1 we
find a mass degeneracy for the pairs of states:

σS ↔ πPS; πA ↔ −V;

bT ↔ ρT; aA ↔ ρV; ð111Þ

which corresponds to a multiplication by the parity ϵðxÞ,
compare Table IV. This is due to the strong coupling and
the chiral limit (i.e., we are in the ϵ-regime): e.g., the pion
πPS is mass degenerated with the sigma meson σS. This
degeneracy is lifted as soon as amq > 0; see Appendix E.

The pion indeed becomes massless below Tc in the
thermodynamic limit, as seen in Fig. 31. But the pion
and all other mesons do not acquire a thermal mass, as
shown in Fig. 32. Rather, they all tend to the same high
temperature value aM ¼ 0.527ð2Þ. We suspect that this is
an artifact of the strong coupling limit: even at high
temperatures, in the chirally restored phase, the quarks
are still confined to mesons. Hence, they do not experience
the antiperiodic boundary conditions [66] and will not
receive contributions from the lowest Matsubara frequen-
cies πT above Tc.
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The extension to finite chemical potential μB is straight-
forward; the results on the temperature dependence of the
pole masses for various chemical potentials below μB

TCP

are shown in Fig. 33. The pole masses change most at the
transition temperature for the respective chemical potential.
Their high temperature limits become independent of the
chemical potential.

VIII. CONCLUSION

We have demonstrated the power of continuous time
simulations of lattice QCD in the strong coupling limit,
which makes extrapolations for Nτ → ∞ obsolete. All
ambiguities arising from such an extrapolation are removed.

The Hamiltonian formulation gives further insight into the
world-line formulation of strong coupling lattice QCD. We
discussed in detail the continuous time worm algorithm in
terms of a Poisson process, the dual observables, and
resummation and histogram techniques to determine the
phase diagram both in the μB-T plane and nB-T plane via the
Wang-Landau method. The phase boundary can be com-
pared with estimates from the radius of convergence from
Taylor coefficients which we can determine via baryon
fluctuations at zero density up to c12. We have also
investigated temporal correlation functions, which we can
measurewith high resolution and higher statistics compared
to discrete time, and from which we could determine the
temperature dependence of the meson pole masses, both at
zero and nonzero density. Whether the continuous time
correlation functions can also be extended on the
Schwinger-Keldysh contour to extract transport coefficients
is under investigation. Real time simulations in the dual
formulation of SC-LQCD are not completely sign-problem
free, but they are much less severe compared to the standard
formulation based on the fermion determinant.
Some first steps to extend our Hamiltonian formulation

to more flavors and finite quark mass are presented in the
Appendix E. We plan to include the gauge corrections from
theWilson gauge action in continuous time in a similar way
as we have already successfully implemented in discrete
time [15,17,67]. As the continuous time limit is well
defined also at finite lattice gauge coupling β, we may
improve on the phase diagram by reducing the spatial
lattice spacing directly in the continuous time limit via
quantum Monte Carlo simulations.

ACKNOWLEDGMENTS

W. U. is grateful to Philippe de Forcrand for pro-
viding the initial idea to consider the continuous time limit
and is thankful for the many discussions on the continuous
time formulation. We would like to thank our colleagues
Olaf Kaczmarek and Sören Schlichting for discussions of
some aspects related to Euclidean correlators, Christian
Schmidt for discussions on Taylor expansion, Owe
Philipsen for discussions on the canonical phase diagram,
and Jangho Kim for his contributions to our code
for discrete time. For the extraction of pole masses from
temporal correlators, we are thankful to Hauke Sandmeyer
for providing numerical tools. We acknowledge contribu-
tions from Aaron von Kamen (on the Wang-Landau
method) and Ferdinand Jünnemann (on percolation) to
this project. The authors gratefully acknowledge the fund-
ing of this project by computing time provided by the
Paderborn Center for Parallel Computing (PC). This work
is supported by the Deutsche Forschungsgemeinschaft
(DFG) through the Emmy Noether Program under Grant
No. UN 370/1 and through the CRC-TR 211 “Strong-
interaction matter under extreme conditions,” Project
No. 315477589 TRR 211.

 0.01

 0.1

 1

 10

 1  1.5  2  2.5

Nσ= 16 Nσ= 8

aM

T/Tc

CT meson pole masses

πPS/σS
πA/-V
ρV/aA
ρT/bT

FIG. 32. Pole masses aM for various quantum numbers JPC as
a function of the temperature, measured in the CT limit. The mass
degeneracies are given in (111). We observe an imprint of the
chiral transition on the pole masses (based on Nσ ¼ 16), and the
convergence to the same value aM ¼ 0.411ð1Þ in the large
temperature limit (based on Nσ ¼ 8).
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At high temperatures, the dependence on the chemical potential
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APPENDIX A: DERIVATION OF THE
CONTINUOUS EUCLIDEAN TIME LIMIT

In this section we explain how to derive Eq. (29) from
Eq. (27). We start from the discrete partition function for
gauge group U(Nc), neglecting the baryonic part for a
moment. We have to investigate what sequence of vertices
is admissible on each site and at the same time conserves
the pion current.
We will use the vertices in the meson occupation

numbers and introduce the shorthand notation

v̂ðkjljmÞ≡ v̂ðkjlÞv̂ðljmÞ: ðA1Þ

We classify admissible sequences via the length of the
interval: whether it is even or odd. This is determined by
the sequence of emission sites E or absorption sites A. The
discussion applies to Nc ¼ 3 but generalizes straightfor-
wardly to odd Nc. For even Nc, the meson statem ¼ Nc=2
needs a special treatment, which will not be address here.
We distinguish via even-odd parity:
(1) Odd intervals are those where an A site is followed

by an E site, or an E site is followed by an A site:

v̂ð0j1j0Þ; v̂ð1j2j1Þ; v̂ð2j3j2Þ;
v̂ð1j0j1Þ; v̂ð2j1j2Þ; v̂ð3j2j3Þ; ðA2Þ

which is exactly the case when we have two
subsequent ∟-vertices or two subsequent⊤-vertices.

(2) Even intervals are those where an A site is followed
by an A site, or an E site is followed by an E site:

v̂ð0j1j2Þ; v̂ð1j2j3Þ;
v̂ð3j2j1Þ; v̂ð2j1j0Þ; ðA3Þ

which is exactly the case when a ∟-vertex is
followed by a ⊤-vertex or vice versa.

Since Nτ is even, the number of odd intervals must be an
even number. Also, on each site, the number of E sites
equals the number ofA sites. Any CT configuration G with
Nc odd is completely determined by specifying the location
and kind of vertices and whether an interval is even or odd:
an interval between two vertices of the same type is always
of odd length; between two different vertices it is of even
length.
If we now consider a spatial bond given by the nearest-

neighbor pair b ¼ hx⃗; y⃗i such that there is at least one
spatial dimer on b, then the sequence of E sites and A sites
is exactly opposite if we ignore vertices which do not
belong to dimers on b (see Fig. 2). This implies that it is
completely determined by the type of vertex whether we
have an even or odd interval. The first dimer on b can be put
on any of the Nτ temporal locations, but the second dimer
can only be put on Nτ=2 locations, and all subsequent
spatial dimers ðNτ − kÞ=2 on temporal locations. Given that

the maximal number of spatial dimers is given by the order
in Oðγ−nbÞ, in the limit Nτ → ∞ the probability of two
spatial dimers on b to be at the same location (effectively
forming a double dimer) is zero, and we can disregard the
finite Nτ corrections Nτ − k. In this limit, we have
NτðNτ=2Þkb possible temporal locations. However, we have
not yet considered symmetry factors, as in the above
argument, the spatial dimers added to the bond are not
time ordered. Time ordering is however a global aspect that
cannot be considered in isolation of a single bond. If we
force the whole set of spatial dimers with n ¼Pb nb to be
time ordered, we have to divide by n! as only one of the
permutations is a time-ordered sequence. Another way to
see how the symmetry factor arises from time ordering for
Nτ → ∞ with t ↦ τ=Nτ, τ ∈ ½0; 1½ is to replace the sums
by integrals:

Z
1

0

dτ1

Z
1

τ1

dτ2…
Z

1

τk−1

dτkwðτ1; τ2;…τkÞ

¼ 1

n!

Z
1

0

dτ1

Z
1

0

dτ2…
Z

1

0

dτkwðτ1; τ2;…τkÞ ðA4Þ

where ti is the temporal location of the ith spatial bond.
This holds because the weight wðt1; t2;…tkÞ does not
depend on the locations but just on the number of vertices
that appear. We conclude that the total weight of a U(3)
configuration is

X
n∈2N

1

n!

�
Nτ=2
γ2

�
nX
G∈Γn

vN∟ðGÞ
∟ vN⊤ðGÞ

⊤ ðA5Þ

where Γn is the set of topologically inequivalent configu-
rations (which differ in the distribution of ∟- and⊤-vertices
over sites). In summary, a CT-configuration G is completely
determined by specifying whether the intervals between
vertices are even or odd, up to translation by aτ which
corresponds to time reversal,

T ∶ m ↦ Nc −m; G ∈ Γn ↦ GT ∈ Γn ðA6Þ

with equal weight: wðGÞ ¼ wðGT Þ. With Nτ=γ2 ¼ 1=T we
arrive at the mesonic part of the continuous time partition
function Eq. (29).
It remains to discuss the baryonic part of the partition

function. Since baryons form self-avoiding loops, it suffi-
ces to note that spatial baryon hoppings are suppressed by
γ−Nc . Hence, for Nc ≥ 3 spatial hoppings are essentially
absent as γ → ∞ and baryons become static. This does not
happen for Nc ¼ 1 (electrons) and Nc ¼ 2 (diquarks). In
physical terms, only for Nc ≥ 3 is the baryon heavy and
nonrelativistic. Hence, a baryon-antibaryon pair cannot be
created from the vacuum.
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APPENDIX B: ANALYTIC RESULT FOR U(1)

We have derived an analytic expression for strong
coupling U(1) on 2 × Nτ lattices for arbitrary values of
Nτ and γ2, enabling us to obtain the continuous time result. A
generalization to SUðNcÞ is not straightforward. The con-
tinuous time assumption that spatial dimers with spatial
multiplicity ki > 1 are suppressed is (trivially) exact inU(1).
The partition function in the chiral limit for U(1) can be

derived from considering all spatial dimers, making use of
the fact that the interval length in units of aτ between
subsequent spatial dimers must be odd:

Z0ðγ; NτÞ ¼ γ2Nτ

�
4þ

XNτ

n∈2Nþ
2nαnðNτÞγ−2n

�
;

αnðNτÞ ¼
2

n!

Yn=2−1
k¼0

��
Nτ

2

�
− k2

�

¼ Nτ

n

� ðNτ þ nÞ=2 − 1

n − 1

�
: ðB1Þ

Note that n always has to be even as spatial hoppings have
to come in pairs to be consistent with the boundary
conditions in time. The factor 2n is due to the fact that
each spatial dimer can hop either in the forward or
backward direction due to the periodic boundary conditions
in space. Note that we have not approximated αn by
2
n! ðNτ

2
Þn=2, as we did in the steps leading to Eq. (A5).

We also want to consider the contribution to the partition
sum with a total number of two monomers. For lattices with
spatial extent Nσ ¼ 2, the situation is considerably simple
because it is not possible to separate the monomers by spatial

dimers. If we decompose configurations into a piece with
monomers but no spatial hoppings, and a piece with no
monomers, where the first piece has lengthD and the second
piece has length Nτ −D, we can factorize the possible
configurations by considering those on the 2 ×D lattice
and the 2 × ðNτ −DÞ lattice where it is required that we not
use periodic boundary conditions. This restricts the possible
configurations further (no temporal dimers connecting the
first and the last site allowed).Note thatDmaybeoddor even,
depending on whether the two monomers are on the same
spatial site (D even) or on different spatial sites (D odd). The
corresponding result in the 2-monomer sector is

Z2ðγ; NτÞ ¼ γ2Nτ−2
��

Nτ

2

�
2

ð4þ 2Nτγ
−2Þ þ 2Nτ

XNτ−2

n∈Nþ
2n
XNτ−n

D¼1

α̃nðNτ −DÞβðDÞγ−2n−2ðDmod 2ÞÞ
�
;

α̃nðCÞ ¼

8>>><
>>>:

� ðCþ n − 4Þ=2
n − 2

�
forC even

� ðCþ n − 3Þ=2
n − 1

�
forC odd;

βðDÞ ¼ 1

4

� 1
2
DðDþ 2Þ forD even

ðDþ 1Þ2 forD odd:
ðB2Þ

Both Z0 and Z2 are divergent series in γ, but their ratio is not; it gives the chiral susceptibility in the chiral limit:

χðT ;NτÞ¼
1

Nτ

Z2ð
ffiffiffiffiffiffiffiffiffiffi
T Nτ

p
;NτÞ

Z0ð
ffiffiffiffiffiffiffiffiffiffi
T Nτ

p
;NτÞ

¼1

2
tanh

�
Nτ

2
arcschðNτT Þ

��
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þðNτT Þ−2
p þ tanh

�
Nτ

2
arcschðNτT Þ

��
ðB3Þ

wherewe have used the definition of T , Eq. (17). This result is explicitly temperature dependent, withNτ quantifying the cutoff
dependence. In the limit Nτ → ∞, arcschðxÞ ≃ 1=x, and the chiral susceptibility has a well-defined continuous time limit:

χðT Þ ¼ 1

2
tanh

�
1

2T

��
1þ tanh

�
1

2T

��
: ðB4Þ

In Fig. 34 the agreement of Monte Carlo data with the exact result is shown, both at finite Nτ and continuous time.
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FIG. 34. Chiral susceptibility for the U(1) gauge group at strong
coupling as a function of T . Monte Carlo data from the worm
algorithm (both discrete and continuous time) are compared to
the analytic results, Eqs. (B3) and (B4). Note that the discretiza-
tion errors are maximal in the low temperature region.
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APPENDIX C: MEAN FIELD AND
PERCOLATION ANALYSIS

The mean-field analysis for SC-LQCD based on a 1=d
expansion has been studied for many decades [20–26,57].
Also, the continuous time partition function derived here
can be used as a starting point for a mean-field analysis.
Our mean-field analysis assumes that a single site only
couples to a mean-field bath of spatial dimers, where the
location of E sites and A sites on its 2d nearest neighbors
does not matter. This is well justified at high temperatures,
where bonds with spatial dimers are isolated but may also
hold approximately at lower temperatures. Our partition
sum has only one dynamical site, and all other sites have a
fixed number of vertices determined by a self-consistency
relation. Neglecting the baryon sector, the resulting parti-
tion function in the d spatial dimension is

ZMFðT Þ ¼ exp
Λσdð1þ v⊤Þ

2T
: ðC1Þ

This implies, for the energy density,

a4ϵMF ¼
T
Λσ

∂
∂T −1 logZMFðβÞ ¼

dð1þ v⊤Þ
2

; ðC2Þ

resulting in a4ϵMF ¼ 3
2
þ ffiffiffi

3
p

which should be compared to
the discrete time value a4ϵ ¼ 3

4
at γ ¼ 1.

A qualitative understanding of the phase diagram can
also be obtained via a percolation analysis on the spatial
volume. We consider mixed percolation, both on bonds and
sites [68]:
(1) In the chirally broken phase, the pion correlation

length diverges; thus, the phase is characterized by
bond percolation, where a bond is activated when-
ever there is at least one spatial dimer at that bond
(for some time location). It can be related to the
average bond occupation probability θ ≃ pbond with

θ ¼ 1

ΛM
σ

X
b∈ΛM

σ

hθðnbÞi; θðnbÞ ¼
�
0 nb ¼ 0

1 nb > 0.

ðC3Þ

(2) In the nuclear phase, where every site is activated
if it is occupied by a baryon or an antibaryon
(P-polymer), it can be related to the average site
occupation probability, hnPi ≃ psite.

Our criterion for percolation is that in the statistical average,
the probability that a cluster spans around the periodic lattice
in at least one spatial direction is close to 1. The percolation
threshold is characterized by a step function in the thermo-
dynamic limit. Clearly, at low temperatures, the vacuum
phase is characterized by bond percolation, and the nuclear
phase is characterized by site percolation. At higher

temperatures, we may have a phase where bond and site
percolation coexist. It turns out that this mixed phase exists
along the first order transition. The percolation threshold for
each bond and site percolation is reached close to the
tricritical point; see Fig. 35. It is not surprising that the
identification of the bond occupation probability with θ
works extremelywell, as the pions form a free relativistic gas
[35]. In contrast, the identification of psite with the baryon
density is not as good, as they do not form a free gas but are
subject to strong nuclear interactions.

APPENDIX D: CONTINUOUS TIME
LIMIT FOR Nf = 2

The two-flavor formulation admits more than one baryon
per site, and the Grassmann constraint allows for pion
exchange between them, modifying nuclear interactions
substantially. It also compares better to the strong coupling
limit with Wilson fermions in a world-line formulation, as
discussed in the context of Polyakov effective theory [69]
which integrates out the spatial but not the temporal gauge
links. SC-LQCD with Nf ¼ 2 in the dual formulation has
been discussed on discrete lattices for the U(1) gauge group
in [70]. For the U(3) gauge group, the link integrals have
been addressed in [37]. Here, we report on first steps
towards a Hamiltonian formulation. The suppression of
spatial bonds γ−k, k > 2 also applies here. Let us first
consider the static lines. We want to establish the basis of
quantum states that generalize the Nf ¼ 1 states jmi and
jbi. To arrive at this basis, we consider the SU(3) one-link
integrals [71]:

FIG. 35. Percolation analysis at μB ¼ 0.65 (close to the tricrit-
ical value). Left: Volume dependence of percolation for mesons
(top) and Q-polymers (bottom). Right: Comparison with perco-
lation theory, where the critical percolation thresholds are known
(for d ¼ 3, on bonds: pc ¼ 0.2488; on sites: pc ¼ 0.3116),
indicated as dashed lines. If the observable θ is taken to be
pbond and the density of Q-polymers as psite, the critical perco-
lation value is obtained close to T TCP ¼ 1.005ð25Þ.
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J ðM;M†Þ ¼
Z
SUð3Þ

dUetr½UM†þU†M� ¼ 2
X∞

n0;n1;n2;n3¼0

1

ðn0 þ n1 þ 2n2 þ 3n3 þ 2Þ!ðn0 þ n2 þ 2n3 þ 1Þ!
Y3
k¼0

xnki
nk!

x0 ¼ det½M� þ det½M†�; x1 ¼ tr½MM†�; x2 ¼
1

2
ðtr½MM†� − tr½ðMM†Þ2�Þ;

x3 ¼
1

6
ðtr½MM†�3 − 3tr½MM†�tr½ðMM†Þ2� þ 2tr½ðMM†Þ3�Þ ¼ det½MM†� ðD1Þ

with M the quark matrix. The color trace tr can be converted to a sum over colors and a flavor trace Tr:

tr½ðMM†Þk� ¼ ð−1Þkþ1Tr½ðMxMyÞk�; Mz ¼
�
ūuz ūdz
d̄uz d̄dz

�
: ðD2Þ

The sum over ni ði ¼ 0;…3Þ terminates due to the Grassmann integration. The corresponding invariants xi can be evaluated
for Nf ¼ 2:

x0 ¼ Buuu þ Buud þ Budd þ Bddd þ B̄uuu þ B̄uud þ B̄udd þ B̄ddd

x1 ¼ Tr½MxMy� ¼ kU þ kD þ kπþ þ kπ−

x2 ¼
1

2
ðTr½MxMy�2 þ Tr½ðMxMyÞ2�Þ ¼ x21 þ xS

x3 ¼
1

6
ðTr½MxMy�3 þ 3Tr½MxMy�Tr½ðMxMyÞ2� þ 2Tr½ðMxMyÞ3�Þ ¼ x31 þ

3

2
x1xS

xS ¼ kð2Þπþπ−;UD þ kð2ÞUD;πþπ− − kUkD − kπþkπ− ; ðD3Þ
with the fluxes and dimers defined as

Buud ¼ ū ū d̄xuudy; Budd ¼ ū d̄ d̄xuddy; Buuu ¼ ū ū ūxuuuy; Bddd ¼ d̄ d̄ d̄xdddy;

B̄uud ¼ uudxū ū d̄y; B̄udd ¼ uddxū d̄ d̄y; B̄uuu ¼ uuuxū ū ūy; B̄ddd ¼ dddxd̄ d̄ d̄y;

kU ¼ ūuðxÞūuðyÞ; kD ¼ d̄dðxÞd̄dðyÞ; kπþ ¼ d̄uðxÞūdðyÞ; kπ− ¼ ūdðxÞd̄uðyÞ;
kð2Þπþπ−;UD ¼ ūdðxÞd̄uðxÞūuðyÞd̄dðyÞ; kð2ÞUD;πþπ− ¼ ūuðxÞd̄dðxÞūdðyÞd̄uðyÞ: ðD4Þ

Note that the baryonic fluxes are spinless, and spin arises only when measuring baryonic correlators with the corresponding
staggered kernels. We still have to integrate out the Grassmann variables to obtain the quantum states in the occupation
number basis, and the corresponding Hamiltonian, where we consider the chiral limit only. The Grassmann constraint then
dictates that all quarks u,d and antiquarks ū,d̄ are within mesons or baryons. The Grassmann integral in the chiral limit is

IG ¼
Z Y

α

½duαdūαddαdd̄α�ðūuÞkUðd̄dÞkDðūdÞkπ− ðd̄uÞkπþ ¼ ð−1Þ
k
πþþkπ−

2 ðNc!Þ2
�
1 ðkπþ þ kπ−Þ=2modNc ¼ 0

1
Nc

otherwise
ðD5Þ

which simplifies due to flux conservation:

kπþ ¼ kπ− ; kU þ kD þ kπþ þ kπ− ¼ Nc: ðD6Þ

Just as for Nf ¼ 1, we can define vertices in the same way
as in Eq. (24). This allows us to compose them into line
segments between spatial dimer emission in terms of
alternating dimers of kU, kD, oriented fluxes kπþ , kπ− ,
Buuu, B̄uuu, etc., or combinations thereof. We note that there
are various ways to combine the link states in Eq. (D4): in
particular, the flavor singlet dimer combinations kUkD,

kπþkπ− , kð2Þπþπ−;UD and kð2ÞUD;πþπ− mix and have to be re-
summed. We do so by defining the matrix in the basis of
this order to determine what meson states survive:

Π0 ¼

0
BBBBBB@

4
3

− 2
3

−
ffiffi
2

p
3

2
ffiffi
2

p
3

− 2
3

4
3

2
ffiffi
2

p
3

−
ffiffi
2

p
3

2
ffiffi
2

p
3

−
ffiffi
2

p
3

− 1
3

2
3

−
ffiffi
2

p
3

2
ffiffi
2

p
3

2
3

− 1
3

1
CCCCCCA
: ðD7Þ
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This matrix is a projector with eigenvalues (1, 1, 0, 0), such
that it can be diagonalized to the 12x2 matrix with the basis
vectors

π20 ¼
1

3
ð
ffiffiffi
2

p
kUkD þ kð2Þπþπ−;UDÞ

π̄20 ¼
1

3
ð
ffiffiffi
2

p
kπþkπ− þ kð2ÞUD;πþπ−Þ: ðD8Þ

Note that in the strong coupling limit there is no distinction
between π0 ¼ 1ffiffi

2
p ðūu − d̄dÞ and η=η0 ¼ 1ffiffi

2
p ðūuþ d̄dÞ, due

to the lack of topological features. All other states do not mix.
We now list the quantum states for the Hamiltonian formu-
lation, classified by the baryonic sectors nB ∈ f−Nf;…Nfg
and the isosopin sectors nI ∈ f−Nf;…Nfg. Recall that the
states areonly distinguishable on thequark level, and there are
several possible assignments in terms of hadrons:

m2
0 ≡ πUπD ¼ πþπ−;

m6
0 ¼ BuudB̄udd ¼ BuddB̄uud ¼ BdddB̄uuu ¼ ðm2

0Þ3;
p̄ n̄≡ B̄uudB̄udd ¼ B̄uuuB̄ddd;

pn≡ BuudBudd ¼ BuuuBddd: ðD9Þ

The final 92 quantum states are given in Table V. The 50
purely mesonic states can be further classified by the set of
charges ðQπ0 ; QπþÞ, resulting in the Hamiltonian

Ĥ ¼ 1

2

X
hx⃗;y⃗i

ðĴþπ0;x⃗Ĵ
−
π0;y⃗

þ Ĵþπ̄0;x⃗Ĵ
−
π̄0;y⃗

þĴþπþ;x⃗Ĵ
−
πþ;y⃗ þ Ĵþπ−;x⃗Ĵ

−
π−;y⃗ þ H:c:Þ ðD10Þ

with the occupation number raising and lowering operators
defined for each conserved charge. The fullNf ¼ 2 partition
function including the baryonic states and flavored observ-
ables will be discussed in a forthcoming publication.We also

TABLE V. All 92 possible quantum states for the Nf ¼ 2 Hamiltonian formulation with the SU(3) gauge group. The states and their
multiplicities are given for the sector specified baryon number B and isospin number I, and meson occupation number m. Note the
mesonic particle-hole symmetry m ↔ ðNf − jBjÞNc −m, which corresponds to the shift symmetry by aτ.

B I m ¼ 0 m ¼ 1 m ¼ 2 m ¼ 3 m ¼ 4 m ¼ 5 m ¼ 6 Σ

−2 0 p̄ n̄ 1

−2 Σ 1 0 0 0 0 0 0 1

−1 3
2

B̄uuu B̄uuuπD B̄uuuπ
2
D B̄uuuπ

3
D 4

−1 þ1
2

B̄uud B̄uudðπU;πDÞ B̄uudm2
0, B̄uudπ

2
D B̄uudm2

0πD 6
−1 −1

2
B̄udd B̄uddπU , B̄uddπD B̄uddm2

0, B̄uddπ
2
U B̄uddm2

0πU 6
−1 −3

2
B̄ddd B̄dddπU B̄dddπ

2
U B̄dddπ

3
U 4

−1 Σ 4 6 6 4 0 0 1 20

0 −3 π3− 1
0 −2 π2− π2−πU, π2−πD π2−m2

0
4

0 −1 π− π−πU, π−πD 2π−m2
0, π−π

2
U, π−π

2
D π−m2

0πU, π−m
2
0πD π−m4

0
10

0 0 1 πU , πD π20, π̄
2
0, π

2
U , π

2
D π20πU ,π̄

2
0πU, π

2
0πD, π̄

2
0πD, π

3
U, π

3
D π20m

2
0, π̄

2
0m

2
0,m

2
0π

2
U,m

2
0π

2
D m4

0πU,m
4
0πD m6

0
20

0 −1 πþ πþπU, πþπD 2πþm2
0, πþπ

2
U, πþπ

2
D πþm2

0πU, πþm
2
0πD πþm4

0
10

0 −2 π2þ π2þπU, π2þπD π2þm2
0

4
0 −3 π3þ 1

0 Σ 1 4 10 20 10 4 1 50

1 3
2

Buuu BuuuπD Buuuπ
2
D Buuuπ

3
D 4

1 þ1
2

Buud BuudπU , pπD Buudm2
0, pπ

2
D Buudm2

0πD 6
1 −1

2
Budd BuddπU, nπD Buddm2

0, nπ
2
U Buddm2

0πU 6
1 −3

2
Bddd BdddπU Bdddπ

2
U Bdddπ

3
U 4

1 Σ 4 6 6 4 0 0 0 20

2 0 p n 1

2 Σ 1 0 0 0 0 0 0 1

Σ 11 16 22 28 10 4 1 92

TABLE VI. Multiplicities of quantum states (static lines) in the
mesonic sector, i.e., from UðNcÞ integrals.

Nf

Nc 0 1 2 3 4

1 1 2 3 4 5
2 1 6 20 50 105
3 1 20 275 1430 7007
4 1 170 5814 94692 980628
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derived the number of quantumstates for arbitraryNc andNf,
resulting in the 1-dim partition function:

ZNf
ðμB=TÞ ¼

XNf

B¼−Nf

YNc−1

a¼0

a!ð2Nf þ aÞ!eBμB=T
ðNf þ a − BÞ!ðNf þ aþ BÞ! :

ðD11Þ
For B ¼ 0 the multiplicities are given in Table VI. An
important application of the Nf ¼ 2 partition function is to
determine the QCD phase diagram with both finite baryon
and isospin chemical potential. Our formulation is still sign-
problem free in the continuous time limit. As we have not yet
performed dynamical simulations, we can only provide
analytic results on the static limit, corresponding to 1-dim
QCD. For Nc ¼ 3,

Z
�
μB
T
;
μI
T

�
¼ 2 cosh

3μI
T

þ 8 cosh
2μI
T

þ 20 cosh
μI
T
þ 20

þ 2 cosh
μB
T

�
8 cosh

3
2
μI
T

þ 12 cosh
1
2
μI
T

�

þ 2 cosh
2μB
T

: ðD12Þ

Even though interactions will be crucial at low temper-
atures, we can plot the zero temperature limit of Eq. (D12)
to obtain a naive picture of the phases in the μB-μI plane,
shown in Fig. 36.

APPENDIX E: FINITE QUARK MASS

The chiral limit is the most interesting regime when
studying the chiral transition, but we need to extend the
derivation of the continuous time partition function to finite
quark mass to address the quark mass dependence of zero
and finite temperature observables. Only then is it possible
to study the p-regime where the pion correlation function
fits on the lattice. Whereas in the chiral limit, the chiral
condensate is strictly zero (in a finite volume), already a
small quark mass will result in a nonzero chiral condensate.
Likewise, the sigma meson becomes much heavier com-
pared to the pion. This can be best understood in the dual
representation: The number of monomers on even sites
always equals the number of monomers on odd sites. In the
pion correlator, the contributions from monomers at even
sites have the opposite sign from those at odd sites,
resulting in a light pion mass. In the sigma correlator,
the contributions from monomers at even sites have the
same sign as those at odd sites, resulting in a heavy
sigma meson.
When attempting to derive the continuous time partition

function at finite quark mass in a naive way, i.e., at fixed
quark mass amq, the monomer number will diverge in the
limit Nτ → ∞. We have illustrated in [43] that the con-
tinuous time limit is well defined also at finite quark mass,
but it turns out that the constant κ is now quark mass
dependent. This function κðmqÞ has been determined
nonperturbatively with a condition for keeping the quark
mass constant in the limit aτ → ∞. With this knowledge,
the continuous time limit can also be derived at finite quark
mass, but it is not the bare quark mass amq but rather the
ratio Mπ=T which is the input parameter of the continuous
time partition function. We are working on an extension of
the CT worm algorithm such that the Poisson process
incorporates a finite quark mass.
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1. Introduction

Lattice QCD with staggered fermions in the strong coupling limit (SC-LQCD) is a useful effective
model of QCD, as it shares important features of QCD such as confinement and spontaneous chiral
symmetry breaking and its restoration at a transition temperature Tc. One can study the nuclear potential
as well as the phase diagram at non-zero baryon chemical potential µB [1]. These topics can not be
properly addressed with conventional, determinant-based lattice QCD using HMC algorithms, due to
the notorious sign problem: all methods available today are limited to µB/T . 1 [2]. In contrast, SC-
LQCD can be reformulated as a monomer-dimer system [3]. There, the sign problem can be made mild
due to a resummation of baryonic and mesonic degrees of freedom [4]. Due to algorithmic developments
over the last decade, in particular due to the application of the Worm algorithm to the monomer-dimer
partition function [5], SC-LQCD - which has been studied via mean field theory [6] and with Metropolis
algorithms [3, 4] since the 1980s - has experienced a revival, as simulations at finite baryon density
could be performed with modest computational demands. Moreover, the chiral limit can be studied very
economically - simulations are faster than with a finite quark mass. However, limitations remain. In
particular, only the 1-flavor (4 tastes) theory has been considered so far in the dimer-formulation. The
physically more interesting case of 2 flavors could not be addressed yet due to a severe sign problem
in the mesonic sector [7]. Here, we propose a Hamiltonian formulation of strong coupling lattice QCD
based on the Euclidean continuous time limit, where further simplifications occur. In particular, we show
that this formulation is a generalization of Hamiltonians for spin systems. It can in principle be extended
to arbitrary Nf. In this paper, we illustrate the formalism and give first Monte Carlo results obtained via
Stochastic Series Expansion for Nf = 2 and U(2) gauge group.

2. The continuous Euclidean time approach

In SC-LQCD, the gauge coupling is sent to infinity and hence the coefficient β = 2Nc/g2 of the plaque-
tte term representing the Yang Mills part FµνFµν of the action is zero. The lattice becomes maximally
coarse, and no continuum limit can be considered. But the gauge fields in the covariant derivative can be
integrated out analytically because the integration factorizes. After the Grassmann integration over the
fermions, one obtains the SC-LQCD partition function [3] in the dimer representation, which is an exact
rewriting of the 1-flavor staggered fermion action on a d +1 dimensional lattice Nd

σ ×Nτ :

S[U,χ, χ̄] = amq ∑
x

χ̄(x)χ(x)+
γ
2 ∑

x
η0(x)

[
χ̄(x)eaτ µU0(x)χ(x+ 0̂)− χ̄(x+ 0̂)e−aτ µU†

0 (x)χ(x)
]

+
1
2 ∑

x

d

∑
i

ηi(x)
[
χ̄(x)Ui(x)χ(x+ î)− χ̄(x+ î)U†

i (x)χ(x)
]

(2.1)

−→ Z(mq,µq) =
′

∑
{k,n,`}

∏
b=(x,µ̂)

(Nc− kb)!
Nc!kb!

γ2kbδ0̂µ̂ ∏
x

Nc!
nx!

(2amq)
nx ∏̀w(`),

w(`) = σ(`)γNc ∑x |`0(x)| exp(NcNτr`aτ µ), (2.2)

with mq the quark mass and µ = 1
Nc

µB the quark chemical potential, σ(`) = ±1 a geometry dependent
sign and r(`) the winding number of baryon loop `. The sum ∑′ is over admissible configurations,
namely those which fulfill the Grassmann constraint

nx + ∑
µ̂=±0̂,...±d̂

(
kµ̂(x)+

Nc

2
|`µ(x)|

)
= Nc ∀x ∈V. (2.3)

Since color degrees of freedom have been integrated out, configurations are defined in terms of mesons
- represented by the monomers nx ∈ {0, . . .Nc} and dimers kµ(x) ∈ {0, . . .Nc} (non-oriented meson hop-

2
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pings) - and baryons - represented by self-avoiding closed loops constituted by `µ(x) ∈ {−1,0,+1}.1
Here, we consider the chiral limit, mq = 0 where monomers are absent: nx = 0.

In Eq. (2.1) we have introduced an anisotropy γ in the Dirac couplings. This complication is necessary
because the chiral restoration temperature is given by roughly aT ' 1.5, and on an isotropic lattice
with aT = 1/Nτ we could not reach sufficiently high temperatures. Furthermore, varying γ is the only
way to vary the temperature continuously. The temperature is thus aT = f (γ)/Nτ with f (γ) = a/aτ .
However, the functional dependence f (γ) of the ratio of the spatial and temporal lattice spacings on γ is
not known. Naive inspection of the derivatives in Eq. (2.1) would indicate f (γ) = γ , but this only holds
at weak coupling. In contrast, the mean field approximation of SC-QCD based on a 1/d-expansion [?]
suggests that aTc = γ2

c Nτ is the sensible, Nτ -independent identification in leading order in 1/d. We have
emphasized elsewhere [8] by analytic arguments and numerical investigation that this identification is the
only suitable one which renders observables like the chiral susceptibility and the specific heat finite in the
limit Nτ ,γ→∞. However, this limit (keeping γ2

c Nτ fixed) is approached with significant, sometimes non-
monotonic 1/Nτ corrections. To circumvent such extrapolation problems, we consider the continuous
Euclidean time (CT) limit: Nτ → ∞, γ → ∞, with γ2/Nτ ≡ aT fixed. Hence we are left with only one
parameter β ≡ Nτ/γ2 to set the thermal properties, and all discretization errors introduced by a finite Nτ

are removed. Moreover, in the baryonic sector the partition function simplifies greatly: baryons become
static in the CT limit, hence the sign problem is completely absent. Additionally, multiple spatial dimers
ki(x)> 1 become completely suppressed (see [8]) and one can derive the CT partition function:

ZCT(β ,µ) = ∑
k∈2N

(β/2)k ∑
G ′∈Γk

e3µβBv̂NL
L v̂NT

T with k = ∑
b=(x,î)

kb =
NL +NT

2
, NL/T = ∑

x
nL/T (x)

(2.4)
where B is the baryon number, and Γk is the set of equivalence classes G ′ of graphs containing a total
number k of spatial hoppings, equivalent up to time shifts of the vertices. The vertex weights vL = 1
and vT = 2/

√
3 label L- and T-types of vertices as illustrated Fig. 1 (left). An important property of the

partition function Eq. (2.4) is that spatial dimers are distributed uniformly in time. The lengths ∆β of
“dashed” or “solid” time intervals (see Fig. 1 left) are then, according to a Poisson process, exponentially
distributed: P(∆β ) ∝ exp(−λ∆β ), ∆β ∈ [0,β ] with λ the “decay constant” for spatial dimer emission
λ = (2d−∑µ nB(x± µ̂))/4. This is the basis for the continuous time Worm algorithm presented in [8].

3. The 1-flavor Hamiltonian

The Hamiltonian formulation can be obtained from Eq. (2.4) by realizing that the degrees of freedom
can be mapped on a spin system. We can restrict the discussion to the mesonic sector U(Nc), since
baryons are static for Nc > 2. Notice that, except for spatial hoppings, meson lines are time-like and
form dimer chains alternating between keven

0 (~x) ∈ {0, . . .Nc} and kodd
0 (~x) with kodd

0 (~x) = (Nc− keven
0 (~x))

on even and odd time-slices. One can then introduce the observable

Sz(~x, t) =
(−1)x+y+z+t

2
(2k0(~x, t)−Nc) ∈ {−Nc/2, . . .Nc/2} (3.1)

which is constant on static lines. The “spin” Sz simply counts the number of time-like meson hoppings,
and is in no way related to the spin of the quarks. Spatial dimers can then be oriented consistently,
such that for each spatial dimer between a pair of neighboring sites 〈~x,~y〉, one unit of spin ∆Sz = ±1 is
transferred from site~x to site~y. Hence the total spin Sz ≡ Sz(t) = ∑~x∈V Sz(~x, t) is globally conserved.

1Note that U(3) describes a purely mesonic system, while SU(3) contains baryons.
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t

t

vL
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U(1)

U(2)
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Figure 1: Left: Typical 2-dimensional configurations in discrete (top)
and continuous time (bottom) at the same temperature, where multiple
dimers are absent and baryons (red) become static. L- and T-vertices
have different weights. Meson lines can be oriented in a consistent
way. Right: Mapping of static mesons (time-like chains) to a “spin”.

In the case of gauge group U(1) (lattice QED in the strong coupling limit), the Hamiltonian is identical
to that of the XY Model in zero field: Ĥ = ∑〈~x,~y〉σ+σ−, with σ± = σ1± iσ2 the spin raising/lowering
operators constructed from the Pauli matrices. The generalization to U(Nc) reads

Z(β ) = Tr
[
e−β Ĥ

]
, Ĥ =−1

2 ∑
〈~x,~y〉

(
J+~x J−~y +h.c.

)
J+ =




0
v1 0

. . .
. . .
vNc 0


, vk =

√
k(1+Nc− k)

Nc

(3.2)
with J− = (J+)T which are spin lowering/raising operators. The off-diagonal matrix elements vk are
generalized vertex weights. For Nc = 3, we can identify vL ≡ v1 = v3 = 1, vT ≡ v2 = 2/

√
3. Note that

the operators J± reflect the existence of a lowest and highest weight, J−|−Nc/2〉= 0, J+|Nc/2〉= 0, and
fulfill as well the commutation relation Nc

2 [J+,J−] ≡ Jz = diag(−Nc/2, . . .Nc/2) with Jz|Sz〉 = Sz|Sz〉.
This justifies the characterization of static lines in terms of a “spin” quantum number.

4. Stochastic Series Expansion

The partition function Eq. (2.4), which is a sum of weighted diagrams in a perturbative series in β ,
can be sampled via diagrammatic Monte Carlo techniques such as the continuous time worm algorithm
[9] or the Stochastic Series Expansion (SSE) [10]. Here, we restrict to SSE: as we will see, it can be
easily generalized to Nf > 1 once we have constructed the corresponding Hamiltonian. SSE is based on
a rewriting of the partition function by inserting identity and diagonal matrix elements:

Z(β ) = Tr
[
e−β Ĥ

]
= ∑

χ
∑
{SL}

β κ(L−κ)!
L!

〈
χ

∣∣∣∣∣
L

∏
i=1

Ĥai,bi

∣∣∣∣∣χ
〉
, Ĥ1,b = c1, Ĥ2,b =

1
2

(
J+~x J−~y +h.c.

)

(4.1)
where χ is a state vector and SL is a time-ordered sequence of indices: SL = {[a1,b1], [a2,b2], . . . [aL,bL]}
characterizing - together with an initial state χ - a graph in Z(β ). L is the number of operators and
κ < L the order in the expansion in β . The indices ai = 0 correspond to the identity, ai = 1 to the
diagonal matrix element c1, where c can be adjusted in order to simplify the algorithm, and ai = 2 to
non-diagonal matrix elements. The index bi = 〈~x,~y〉 ∈V d denotes a bond on the lattice, and for ai = 0,

4
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bi = 0 denotes a dummy bond. For any finite volume and given temperature, only a finite number of
orders in β contribute. L can be set to be larger than this number, making SSE approximation-free. The
algorithm consists of two kinds of updates: (1) a Metropolis update changing the order in β :

P([0,0] 7→ [1,b]) =
N3

σ dβ
〈
χ|Ĥ1,b|χ

〉

L−κ
, P([1,b] 7→ [0,0]) =

L−κ +1
N3

σ dβ
〈
χ|Ĥ1,b|χ

〉 , (4.2)

and (2) the operator loop update, visiting a set of bonds in succession, starting from an input leg and de-
termining the output leg with heatbath probability ∝

〈
χ(x)χ(y)|Ĥaibi |χ ′(x)χ ′(y)

〉
. In Fig. 2 we compare

different observables obtained from SSE and/or CT-Worm. We want to stress that a new observable, the
spin susceptibility χS =

β
V

〈
(∑i Sz

i )
2
〉
, is also sensitive to the chiral transition. It measures the fluctuations

in the number of time-like mesons, and is thus analogous (but not equal) to the specific heat.
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Figure 2: Observables in 1-flavor U(3): (top row) energy density and susceptibility measured with CT-
worm and SSE agree; (bottom left) spin susceptibility measured with SSE; (bottom right) chiral suscep-
tibility measured with CT-Worm.

5. The 2-flavor formulation and first results for U(2) gauge group

In the strong coupling limit, only one of the four tastes of staggered fermions remains light, since taste
splitting is maximal. It was argued in [1] that the nuclear interaction in 1-flavor SC-LQCD is due to
entropic forces: the presence of static baryons modifies the pion bath, with the modulation proportional
to the ρ-propagator. However, with 1 flavor pion exchange cannot not occur, because mesons do not
couple to baryons. Pion exchange can only be studied by going to Nf > 1. But no 2-flavor formulation
of staggered SC-QCD suitable for finite-density Monte Carlo exists, as already the mesonic sector has
a severe sign problem [7]. After reviewing the problems with the conventional dimer representation of
SC-QCD, we derive a sign-problem-free Hamiltonian formulation in continuous Euclidean time.

The 1-link integrals which appear in the strong coupling limit can be expressed in terms of the gauge-
invariant terms [11]. For SU(2) and U(2), the 1-link integals (valid for any Nf) are

zSU(2)(x,y) =
∞

∑
n=0

(X +∆)n

n!(n+1)!
, zU(2)(x,y) =

∞

∑
i, j=0

X i +Z j

(i+2 j+1)!i!( j!)2 (5.1)
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u u( x )uu ( y ) d d ( x)d d ( y ) u d (x )d u( y) d u (x )u d ( y)

u d (x )u u( y )
d u (x )d d ( y )

u u( x )ud ( y )
d d ( x)d u ( y )

O (γ
2
):

O (γ
4
):

unflavored mesons flavored mesons

mixed mesons

negative weight: -1/2positive weight: 1/4

π
+ π-

UD+π+π-+α+β

βα

U D

Figure 3: Left: definition of unflavored, flavored, and mixed dimers. Right: 2x2 sample configurations
with positive and negative weight.

with X = tr(mm†)=U+D+π++π− the sum of Nf = 2 unflavored (U=ūu and D=d̄d) and Nf(Nf−1)= 2
flavored mesons, ∆ = det(m)+det(m†) the diquark+anti-diquark term, and Z = det(mm†) = X2−UD−
π+π−+α + β a mesonic term. Here, α = ūdxd̄uxūuyd̄dy and β = ūuxd̄dxūdyd̄uy are the potentially
problematic contributions, which correspond to the mixing of UD and π+π− dimer pairs (obtained via
non-trivial Wick-contractions), as illustrated Fig. 3. In particular, if a configuration contains an odd
number of α or β links, according to the Grassmann constraint (see [7]) the configuration has a negative
sign. The essential feature of the continuous Euclidean time formulation is that multiple spatial dimers,
and hence also α and β spatial dimers, are suppressed. They can only enter in static lines, where they
can be resummed with other static lines so that the sign problem disappears completely. Combining
time-like dimers of alternating orders is analogous to the procedure discussed in the Nf = 1 case [8]:
Chains of alternating orders O(γ2k)×O(γ2NcNf−2k) are resummed in a way consistent with the constraint
Eq. (2.3). This gives rise to new conserved quantum numbers: the spin is now composed of Nf separate
spins Sz = ∑Nf

f=1 Sz
f ∈ {−NfNc/2, . . .NfNc/2}, with Sz

f ∈ {−Nc/2, . . .Nc/2} each being conserved, and
we also get Nf(Nf−1)/2 charges Qi ∈ {−Nc, . . . ,+Nc}. In the specific case of two flavors ( f =U,D and
Q1 = Q±π ), the spins SU ,SD can be replaced by Sz and QI = Sz

U − Sz
D ∈ {−Nc, . . . ,+Nc} which may be

viewed as isospin. Here, we find in total 19 types of states, as illustrated in Fig. 4.2 The state vector and
the transition rules at spatial dimers are given by

χ =
⊗

~x∈V

∣∣∣{Sz
f (~x)} f=1,...Nf ,{Qi(~x)}i=1,...Nf(Nf−1)/2

〉
, |∆Sz|= 1 and ∑

i
|∆Qi| ∈ {0,1}. (5.2)

The Hamiltonian for Nf = 2 is now a sum of four contributions, implementing these transition rules:

Ĥ =
1
2 ∑
〈~x,~y〉

(
J+U(~x)J

−
U(~y)+ J+D(~x)J

−
D(~y)+ J+π+(~x)J

−
π+(~y)+ J+π−(~x)J

−
π−(~y)+h.c.

)
(5.3)

∣−2,0 〉
∣−1,π+ 〉

∣−1,π -〉

∣−1,U 〉

∣−1,D 〉

∣+1,π+ 〉

∣+1,π - 〉

∣+1,U 〉

∣+1,D 〉

∣0,0 〉 ∣+2,0 〉

∣0, 2U 〉

∣0,2 π
+ 〉

∣0,2 π
- 〉

∣0,2D 〉

∣0,U π
+ 〉

∣0,U π
-〉

∣0,D π
+ 〉

∣0,D π
- 〉

Figure 4: Classification of all
static lines for U(2) based on
“spin” quantum number and
particle content. Each static
line consists of two arrows,
dashed arrows denoting spin,
curly arrows denoting flavor-
neutral mesons content, and
solid arrows denoting charged
mesons.

2For SU(2) we also have 3 kinds of diquarks, uu, dd and ud, which are not suppressed in the CT-limit. To avoid this
complication, for Nc = 2 we restrict to U(2). For Nc = 3 this restriction is not necessary.
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The absorption J+πi
, and emission J−πi

operators can be represented as 19× 19 lower left/upper right
triangular matrices, where the entries are again given by vertex weights: vπ̂i =

1√
2

if states with S = 0
and |Q| = 1 are connected to the vertex, vπi = 1 otherwise. This Hamiltonian can be used in the SSE
algorithm to obtain results on the chiral phase transition. Our preliminary Nf = 2 results are compared
to mean field predictions in Tab. 1.

Nc Nf = 1 Nf = 2
1 3/2 [1.102(1)] 5/5 [0.77(1)]
2 4/2 [1.467(1)] 6/5 [1.04(1)]
3 5/2 [1.884(1)] 7/5

Table 1: Comparison of the critical temperature aTc between
mean field results and Monte Carlo results [in brackets] for
U(Nc) gauge groups. The new results are in column Nf = 2.
The MC value for Nf = 2, U(3) has not been measured yet.

6. Conclusion

We have given a new, Hamiltonian formulation of strong coupling lattice QCD with staggered fermions
in the chiral limit. It is based on the insight that strong coupling lattice QCD in the continuous time limit
is analogous to a spin system. A new observable, the spin susceptibility, turns out to be sensitive to the
chiral transition. Also, the Hamiltonian description allows to apply quantum Monte Carlo methods. In
[8] we have studied 1-flavor thermodynamics via the continuous time Worm algorithm. Here, we make
the first step towards 2-flavor simulations, by making use of Stochastic Series Expansion, a diagrammatic
Monte Carlo technique which we generalize to the Hamiltonian in question. SSE has the advantage that
more complicated Hamiltonians can be studied with ease. The drawback of SSE, in contrast to the
continuous time Worm, is that we do not know of a way to obtain the two-point function for free. For the
computation of the specific heat, the performance of both algorithms is quite similar. We have provided
first results on the U(2) transition with two flavors. The extension to SU(3) with finite baryon chemical
potential is more involved: the number of static lines increases to 44 in the mesonic sector.
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1. Introduction

The determination of the full QCD phase diagram, in particular the location of the critical point, is an
important, long standing problem, requiring non-perturbative methods. In lattice QCD, several approaches
have been developed to investigate the phase transition from the hadronic matter to the quark gluon plasma,
but all of them are limited to small µB

T [1]. The reason for this is the notorious sign problem, which arises
because the fermion determinant for finite baryon chemical potential µB becomes complex, and importance
sampling is no longer applicable. In QCD, the sign problem is severe. Dual representations oftentimes
solve or milden sign problems as being the case in strong coupling QCD (SC-QCD). Here, first the gauge
degrees of freedom are integrated out exactly, which allows replacing the Grassman integration by a sum
over fermionic color singlets, resulting in a partition function being expressed as a gas of hadron world lines
(c.f. monomer-dimer system [2]). This representation allows us to obtain the full (µB,T ) phase diagram, and
it shares important features of QCD such as confinement and spontaneous chiral symmetry breaking and its
restoration at a transition temperature Tc [3]. Moreover, the chiral limit can be studied very economically
– simulations are faster than with a finite quark mass. The Continuous Euclidean Time limit with its many
assets (c.f. chap. 4) was first proposed to be applied to quantum field theories by Beard and Wiese [4].
Here, we use it to remove the sign problem completely.

2. Strong Coupling QCD

In SC-QCD, the gauge coupling is sent to infinity and hence the coefficient of the plaquette term
β = 6/g2 is sent to zero. Thus, the Yang Mills part FµνFµν is absent. Subsequently, the gauge fields in
the covariant derivative can be integrated out analytically. However, as a consequence of the SC-limit, the
lattice spacing a becomes very coarse, and no continuum limit can be achieved. We consider the SC-limit
for staggered fermions. The final partition function for the discrete system on a Nσ

3×Nτ lattice, after
performing the Grassmann integrals analytically, is given by

Z (γ,Nτ ,mq) = ∑
{k,n,`}

∏
b=(x,µ̂)

(Nc− kb)!
Nc!kb!

γ2kbδ0̂,µ̂ ∏
x

Nc!
nx!

(2amq)
nx ∏

l
w(`,µ) (2.1)

Grassmann constraint: nx + ∑
µ̂=±0̂,...±d̂

(
kµ̂(x)+

Nc

2
|`µ(x)|

)
= Nc, ∀x ∈ Nσ

3×Nτ (2.2)

w(`,µ) = σ(`)γNc ∑x |`0(x)| exp(NcNτr(`)aτ µ) , σ(`) = (−1)r(`)+N−(`)+1 ∏
b=(x,µ̂)∈`

ηµ̂(x) (2.3)

where γ is the bare anisotropy coupling. After this exact rewriting of the strong coupling partition function
the system is described by confined, colorless, discrete degrees of freedom:

• Mesonic degrees of freedom kµ̂(x) ∈ {0, . . .Nc} (non-oriented meson hoppings called dimers) and
n(x) ∈ {0, . . .Nc} (mesonic sites called monomers).

• Baryonic degrees of freedom, which form oriented baryon loops ` with sign σ(`) =±1 and winding
number r(`) that depend on the geometry of the loops Eq. (2.3). These loops are self-avoiding and
do not touch the mesonic degrees of freedom.

Both mesonic and baryonic degrees of freedom obey the Grassmann constraint Eq. (2.2). Monomers are
absent since we will restrict to the chiral limit mq = 0.

1
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3. Anisotropic lattices

On a bipartite lattice with staggered fermions an even number of lattice points is required in all di-
rections. Thus, the highest temperature that is possible to be addressed on an isotropic lattice is aT =

1/Nτ = 0.5, with Nτ the temporal extent. This is significantly too low to reach the critical temperature of
chiral restoration. So, in practice, anisotropic lattices are chosen to study thermodynamical properties of
staggered lattice QCD, in particular across the chiral phase transition. The anisotropy parameter ξ = a

aτ
is

introduced into the definition of the lattice temperature

T =
1

aτNτ
=

ξ (γ)
aNτ

. (3.1)

which allows to assign different extents in spatial and temporal direction and thus, to modify the temperature
continuously even above the chiral transition. ξ becomes unity when the lattice is isotropic and diverges in
the CT limit aτ → 0. As highlighted in Eq. (3.1) the anisotropy parameter depends on the bare anisotropy
coupling γ . However, the exact functional correspondence is unknown. Recent non-perturbative studies [5]
suggest that

ξ (γ)' κγ2 +
γ2

1+λγ4 , κ = 0.781(1) for SU(3). (3.2)

Further simplification is achieved by eliminating γ and Nτ , and to replace them by the temperature aT
completely. This is summarized in the continuum limit in Euclidean time:

Nτ → ∞, γ → ∞, κγ2/Nτ ≡ aT fixed. (3.3)

Here, κγ2/Nτ represents the temperature aT in a well defined setup. Only one parameter is left that sets
the thermal properties, and all discretization errors introduced by a finite Nτ are removed.

4. Continuous Time Limit and worm algorithm

Designing an algorithm that operates in the continuous time (CT) limit will have several advantages:
Since there is no need to perform the continuum extrapolation Nτ → ∞, critical temperatures can be esti-
mated more precisely, with a faster algorithm which only depends on one parameter, the temperature T.
Moreover, ambiguities arising from the functional dependence of observables on the anisotropy parame-
ter will be circumvented. Also in the baryonic part of the partition function great simplifications occur:
Baryons become static in the CT limit for Nc ≥ 3, hence, the sign problem is completely absent. The CT
partition function is obtained by the joined limit γ and Nτ → ∞ and includes:

• dimer contributions of Eq. (2.1) are factorized into a spatial and temporal part and Z (γ,Nτ) is rewrit-
ten such that spatial dimers obtain a weight γ−2 [6].

• the limit γ → ∞ implies that configurations with only zero or single spatial dimers contribute while
configurations with multiple spatial dimers are considered to be suppressed.

• configurations are characterized fully by dimers in the zero time slice k0(0) ∈ {0, . . .Nc} and bonds
occupied by single spatial dimers which form vertices. Intervals between vertices have a weight of
one and are omitted.

2
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• the limit Nτ →∞ removes lattice artifacts in aτ completely. Due to the even-odd decomposition there
are Nτ

2 positions available to distribute an oriented spatial dimer which gives rise to the factor 1
2aT in

Eq. (4.1).

Finally, a merely T dependent partition function is obtained

(Nc = 3) : Z (T ) = ∑
k∈2N

(
1

2aT

)k

∑
G ′∈Γk

eµBB/T ν̂N⊥
⊥ with ν̂N⊥

⊥ = 2/
√

3

and k = ∑
b=(x,î)

kb =
Nx+N⊥

2
, Nx/⊥ = ∑

x
nx/⊥(x)

(4.1)

with the baryon number B, a non-trivial vertex weight ν̂N⊥
⊥ , the number of L/T−shaped vertices Nx/N⊥

and Γk being the set of equivalence classes G ′ of graphs containing a total number k of spatial hoppings,
equivalent up to time shifts of the vertices.

Now, to sample this CT partition function a worm type algorithm is used, similar to the directed path
algorithm introduced for SC-QCD in [7]. In analogy to the decomposition of the lattice into active and
passive sites, we decompose the lattice into emission and absorption sites. By definition the worm tail is
located at an absorption site and violates Eq. (2.2). As a consequence, the worm head propagates through the
lattice and restores (violates) the constraint in turns while visiting emission (absorption) sites respectively.
During propagation the worm head either stops at an absorption site connected to a spatial dimer or emits a
spatial dimer after some distance ∆β established by a Poisson process. The Poisson process assures that the
oriented vertices, which always connect an emission and an absorption site, are exponentially distributed

P(∆β ) = exp(−λ∆β ), ∆β ∈ [0,β = 1/aT ], λ = dM(x, t)/4, dM(x, t) = 2d−∑̂
µ

nB(x+ µ̂)

with λ the “decay constant” for spatial dimer emissions. Due to the presence of baryons, λ is space-time de-
pendent, with dM(x, t) being the number of mesonic neighbors at a given coordinate. Throughout the worm
evolution monomer-monomer two-point correlation functions are accumulated whenever the Grassmann
constraint is restored by taking into account the respective positions of worm tail and head:

C(tH − tT ,~xH −~xT ) =C(τ,~x) = Nc
O(C(τ,~x))

#worm updates
. (4.2)

Such worm estimators are incremented as O(C(τ,~x))→ O(C(τ,~x))+ f (. . .) ·δxT ,x1δxH ,x2 with

discrete time: f (γ), τ ∈ [0, . . .Nτ ]

continuous time: f (T ), τ ∈ [0, . . .1/T ].
(4.3)

By summing over them yields immediately the chiral susceptibility:

χσ ,DT =
1
V ∑
~x,τ

C(τ,~x) and χσ ,CT =
1
V ∑

~x

∫ 1/T

0
dτ C(τ,~x). (4.4)

5. Temporal Correlators

As for temporal correlators in CT, the increment f (T ) of Eq. (4.3) is spread out to bins across the
path covered by the worm head in temporal direction. Thus, even for the CT algorithm a discretization is

3
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Table 1: The sign gD
x defined in Eq. (5.1) yields different correlators for the kernel (ΓD⊗ΓF ,ΓD = ΓF∗).

Corresponding continuum and particle states for N f =1 are named.

gD
x ΓD⊗ΓF JPC Physical states

NO O NO O NO O

1 1⊗1 γ0γ5⊗ (γ0γ5)
∗ 0++ 0−+ σS πA

(−1)xi γiγ5⊗ (γiγ5)
∗ γiγ0⊗ (γiγ0)

∗ 1++ 1−− aA ρT

(−1)x j+xk γ jγk⊗ (γ jγk)
∗ γi⊗ γ∗i 1+− 1−− bT ρV

(−1)xi+x j+xk γ0⊗ γ∗0 γ5⊗ (γ5)
∗ 0+− 0−+ −V πPS

introduced, however, it can be chosen by orders finer in comparison to a discrete time lattice extent. It is dis-
tinguished between two different histograms, either with even (absorption-absorption) or odd (absorption-
emission) temporal distance contributions. Combinations of these histograms allow to construct correlators
for the Non-Oscillating (NO) and Oscillating (O) channel. Additionally, by including the sign gD

x listed in
Table 1 various states are addressed for N f = 1. Since temporal correlators at zero spatial momentum are
measured, the extracted meson masses are pole masses (E0(~p = 0) = m0). The respective correlators are
expressed as a sum over the staggered fermion fields χ̄xχx with a diagonal dirac-taste kernel (ΓD = ΓF∗),
that is realized by the signs gD

x :
C(t) = ∑

~x
〈χ̄0χ0χ̄~x,t χ~x,t〉 ·gD

x . (5.1)

Hereafter, the workflow for continuous time pole mass extraction as well as discrete time is highlighted
and results are compared. In order to obtain discrete time temporal correlators the even and odd histograms
are fitted via a four parameter ansatz respectively:

CDT,Even(τ) = aNO cosh(mNO(τ−Nτ/2))−aO cosh(mO(τ−Nτ/2)

CDT,Odd(τ) = aNO cosh(mNO(τ−Nτ/2))︸ ︷︷ ︸
Non-oscillating Correlator

+aO cosh(mO(τ−Nτ/2)︸ ︷︷ ︸
Oscillating Correlator

. (5.2)

A combined fit to simultaneously describe both data sets is possible, but more challenging when it comes
to fit convergence. Finally, by addition/subtraction the correlators are as follows:

CDT,NO(τ) =
1
2
(CDT,Even(τ)+CDT,Odd(τ)) , CDT,O(τ) =

1
2
(CDT,Even(τ)−CDT,Odd(τ)) . (5.3)

Note that in discrete time only histogram data sets are described by the fits as presented in Fig. (1a),
however, the final constructed correlators are not. Now, these fits have to be performed for various Nτ (c.f.
Fig. (1b)) such that an appropriate Nτ → ∞ extrapolation can be carried out (c.f. Fig. (1d)). Finally, this
workflow is necessary for the different channels and multiple temperatures. In comparison, the added and
subtracted histograms out of continuous time simulations

CCT,O(τ) = aNO cosh(mNO(τ−1/2)) =
1
2
(COdd (τ)+CEven(τ))

CCT,NO(τ) = aO cosh(mO(τ−1/2)) =
1
2
(COdd(τ)−CEven(τ))

(5.4)

give directly rise to the (Non)-Oscillating correlators respectively and are fitted in accordance with Eq. (5.4)
as shown in Fig. (1c). The resulting pole masses are measured in M/T . Finally, Fig. (2a) shows a com-
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parison of the extrapolated masses. For SU(3) the chiral transition is located at aT ≈ 1.403 where indeed
an impact on the masses is obtained. So far, only a small temperature range aT = {1.0, . . .2.0} is studied
since especially small temperatures are expensive and simulations with reliable outcome are presented in
the future. Simulations performed in discrete and continuous time give consistent results. Currently, there
are still larger fluctuations and errorbars present in the discrete data. On the contrary, continuous time re-
sults have a smoother behavior down to the chiral transition but then more statistics and simulation time is
needed. For N f = 1 we find a mass degeneracy for the channel pairs:

σS↔ πPS πA↔−V bT (γ jγk)↔ ρT (γiγ0) aA(γiγ5)↔ ρV (γi). (5.5)

Since simulations are performed in the chiral limit in a finite volume (ε−-regime) the mass degeneracy of
the Non-Oscillating scalar channel with the Oscillating pseudo-scalar channel is expected. Due to finite
volume effects non-zero M/T values are obtained also in the regime below Tc, however, a first continuum
extrapolation in Fig. (2b) clearly corrects this towards M/T → 0.

6. Conclusion

With the CT worm algorithm we measured monomer-monomer two-point correlation functions and
constructed temporal correlators with projected zero spatial momentum. For a temperature range around the
chiral transition we obtain consistent pole mass results for discrete and continuous time simulations. Due
to simulations being tremendously more expensive for small temperature further analysis is in progress.

The zero momentum meson correlators can be used to calculate the diffusion constant by extracting
the spectral function from the correlation data applying standard methods like MEM. In continuous time
we profit from being able to choose the temporal discretization by orders finer compared to discrete time
computations.

Future calculations will be performed for finite quark masses, multiple flavors by making use of a
Hamiltonian formulation [8] which will control and remove the sign problem and finally by including β -
corrections to move away from the strong coupling limit.
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