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OPTIMAL DIVIDENDS UNDER MARKOV-MODULATED
BANKRUPTCY LEVEL

GIORGIO FERRARI, PATRICK SCHUHMANN, AND SHIHAO ZHU

ABSTRACT. This paper proposes and solves an optimal dividend problem in which a two-state regime-
switching environment affects the dynamics of the company’s cash surplus and, as a novel feature,
also the bankruptcy level. The aim is to maximize the total expected profits from dividends until
bankruptcy. The company’s optimal dividend payout is therefore influenced by four factors simul-
taneously: Brownian fluctuations in the cash surplus, as well as regime changes in drift, volatility
and bankruptcy levels. In particular, the average profitability can assume different signs in the two
regimes. We find a rich structure of the optimal strategy, which, depending on the interaction of the
model’s parameters, is either of barrier-type or of liquidation-barrier type. Furthermore, we provide
explicit expressions of the optimal policies and value functions. Finally, we complement our theoret-
ical results by a detailed numerical study, where also a thorough analysis of the sensitivities of the
optimal dividend policy with respect to the problem’s parameters is performed.

Keywords: Optimal dividend policy; Regime-switching; Regime-dependent bankruptcy levels; HJB
equation; Singular stochastic control.

MSC Classification: 91B70, 93E20, 60H30.
JEL Classification: G35, E32, C61.

1. INTRODUCTION

The classical definition of ruin time assumes that the bankruptcy level of a company is constant
(usually set to 0) and a single downcrossing of this level by the surplus process leads to bankruptcy.
Since such a modeling is far too unrealistic in many practical situations, several modifications of
ruin time have been explored in the literature, being the main idea to distinguish between ruin
(negative surplus) and bankruptcy (going out of business). For example, absolute ruin arises when
the premiums received do not suffice to make the interest payments on debt (see, e.g., [16] and
[26]); Parisian ruin has been considered by introducing a grace period before liquidation (see [10]
and [25], among many others); a so-called Omega model has been proposed by assuming that there
is a bankruptcy rate function w(x) describing the probability of bankruptcy when the company’s
surplus z is negative (see, e.g., [2] and [15]); [33] introduces penalty payments when the surplus
becomes negative. Very recently, [24] and [34] proposed a model based on the U.S. bankruptcy code
(liquidation process in Chapter 7 and reorganization process in Chapter 11) and set liquidation,
rehabilitation, and solvency barriers. Furthermore, there are research works considering stochastic
barriers in risk theory, although the focus lies mainly on analyzing the first passage time density of
a Brownian motion through a stochastic boundary (see, e.g., [9], [18] and [28]).

The empirical study by [6] shows that while there are uniform criteria by which a reorganization
process may be converted into a liquidation procedure, there is significant variation in the interpre-
tation of these criteria. Furthermore, [4] also points out that while debtors may in principle choose
to convert to liquidation process, and creditors may petition for such a conversion, the ultimate de-
cision lies with the judge. These findings suggest that in reality several external factors can actually
interfere with the liquidation procedure of a company.

In this paper we propose and study an optimal dividend problem in which the bankruptcy level
as well the surplus process of a company is modulated by a two-state continuous-time Markov chain.
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In the spirit of the seminal [19], the Markov chain models macroeconomic conditions that inevitably
affect a company’s solvency status and therefore its bankruptcy level. For example, in a crisis (like
the recent Covid-epidemics) companies can be supported by governments through the postponement
of taxes’ payments, which then effectively delay the arise of bankruptcy.

Because the ruin probability approach neglects the time value of money and supposes that the
surplus tends to infinity, maximizing expected discounted dividends until bankruptcy has been a
popular and well-investigated topic in actuarial science, whose roots date back to the work of [11].
We refer to [3], [5], [30] and references therein for comprehensive surveys on developments in optimal
dividends and related methodology. Optimal dividend problems with regime-switching have attracted
substantial interest in the literature. We refer the reader to e.g., [39] for a model where the cash
surplus evolves as a general diffusion; [21], [22] and [38] for a jump-diffusive setting; [35] and [36]
for models involving reinsurance contacts; [40] for the allowance of capital injection; [1] and [8] for
regime-dependent preference rate. Particularly relevant for our study are the works [31] and [23],
where the optimal dividend strategy was studied within a Brownian model. The authors of [31]
addressed two different cases: bounded dividend rates and unbounded dividend rates. Meanwhile,
via “guess and verify” approach they obtained the analytical expressions of the optimal dividend
policy, which depends on the regime of the economy. On the other hand, [23] tackled a similar model
using a different approach. They constructed the candidate value function by employing a dynamic
programming equation and presented a contraction algorithm to compute the optimal threshold
levels. It is worth pointing out that besides studying the classical case where the drift is positive
in both regimes, in [23] the surplus’ drift is also allowed to be negative in one regime. The latter
modeling assumption significantly impacts the company’s optimal dividend strategy, which is in fact
shown in [23] to exhibit a band structure, that otherwise frequently appears in jump models and was
first introduced by [14].

As in [23], also in this paper, we allow the drift in one regime to be negative. Furthermore, as a novel
feature, the bankruptcy level depends on the underlying Markov chain. Therefore, the company’s
optimal dividend strategy will be influenced by several factors together: Brownian fluctuations of
the cash surplus, and regime changes yielding different signs of drifts in the two regimes, different
volatilities and, moreover, different bankruptcy levels. To the best of our knowledge, this is the
first paper that catches these features simultaneously. In our model, when we fix the negative drift
in regime one and vary po € R in regime two, we find that the structure of the optimal dividend
strategies strongly depends on the size of uo. Specifically, when puo is sufficiently low, the optimal
dividend strategy is of barrier type, while it changes to a liquidation-barrier type (band structure)
when o is higher. A similar behavior was also observed in [29], where an optimal dividend model
with random diffusive profitability has been studied.

We solve the problem by following a classical “guess and verify” approach and provide expressions
for both the value function and the optimal control in four different cases. The Hamilton-Jacobi-
Bellman (HJB) equation associated with the optimal dividend problem takes the form of a system of
two coupled variational inequalities. The coupling is through the transition rates of the Markov chain
€, and there are regime-dependent boundary conditions due to regime-dependent bankruptcy levels.
These aspects make the problem of finding an explicit solution quite involved, and the structure of
the optimal solution quite rich and economically interesting. As an example, we find that although
the surplus process has negative drift in both regimes, the different bankruptcy levels induce the
company to continue the business in regime two in order to strategically exploit a change to regime
one, which is associated to a lower bankruptcy level (cf. Case (B) in Section 4 and Section 5.2).

In conclusion, we believe that our main contributions are the following. Firstly, we introduce and
solve a new model, in which the bankruptcy level is random and depends on the underlying business
conditions, thus generalizing [23] and [31]. Moreover, we provide some interesting novel economic
implications of the optimal policy. Finally, from a mathematical point of view, we believe that our
detailed study nicely complements the existing literature on singular control with regime-switching
(see, e.g., [12] and references therein). Indeed, in order to verify the optimality of the candidate value
function, we combine probabilistic and analytic techniques (cf. proofs in A.4 and A.5), which can
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be easily adapted and extended to the different settings as well. For example, a suitable application
of the weak maximum principle yields the concavity and convexity of the value function in different
intervals, which is a key step in subsequent verification (see again proofs in A.4 and A.5).

The rest of the paper is organized as follows. In Section 2, we set up the model. In Section 3, we
introduce the associated HJB equation, and we prove a verification theorem. In Section 4, we obtain
the optimal dividend policy in four cases. Section 5 presents a detailed numerical study, where we
examine the impact of different bankruptcy levels and provide the sensitivity analysis of the optimal
solution with respect to the model’s parameters. Section 6 concludes. Appendix A collects the proofs
of some results of Section 3 and Section 4, whereas Appendix B contains the auxiliary results needed
in the paper.

2. MODEL FORMULATION

Consider a complete probability space (€2, F,P) on which it is defined a standard Brownian motion
W := {W;,t > 0} and an observable continuous-time Markov chain € := {e;,¢ > 0} with finite state
S = {1,2}. Here, ¢ represents the regime of the economy at time ¢. We assume that W and e
are independent, and that the Markov chain € has a transition intensity matrix Q = (g;j)i jes,
with transition rates such that A; := —¢; > 0 and Zje s@j = 0 for every i € §. We denote by
F := {F;,t > 0} the filtration jointly generated by W and ¢, as usual augmented by P-null sets of F.

Let the adapted process X := {XtD ,t > 0} represent the cash surplus of the company. We assume
that X satisfies

(2.1) dXP = pe,dt + o, dW; — dDy,

with initial level of the cash surplus Xéj =z € R and initial regime ¢y = i € S. For every state ¢ € S,
both drift parameter u; € R and volatility parameter o; > 0 are assumed to be known constants.
The adapted process D := {Dy,t > 0} represents the cumulative amount of dividends paid from time
zero up to t. For future frequent use, we define P, ;[-] := P[-| X’ = x,¢y = i] and denote by E, ;[/]
the corresponding expectation operator.

If the regime of the economy at time ¢ is ¢ = ¢ € S, we assume that the company is considered
bankrupt as soon as the cash surplus hits the critical constant level §; € R, which is in the following
referred to as the bankruptcy level. We therefore define the bankruptcy time 7 as

(2.2) Ti=1inf{t >0: X <40,}, Pui-as.,

(with the usual convention inf () = +00) and we introduce the set of admissible strategies A(z, ), (z,7) €
R x S, as it follows.

Definition 2.1. Let (x,i) € R x S be given and fized. An F-adapted, non-decreasing process D
is called an admissible strategy for (x,i), and we write D € A(x,i), if it satisfies the following
conditions:

(i) D:Q xRy — Ry, Dy =0, with sample paths that are left-continuous with right limits;
(i) Dyy — Dy < XP for all t > 0,P;;-a.s.;
(111) dDy =0 fort > 7,P ;-a.s., where T is the bankruptcy time defined in (2.2).

Condition (ii) in Definition 2.1 means that an admissible strategy does not allow an instant dividend
payment to be larger than the current level of the cash surplus; Condition (iii) in Definition 2.1 means
that an admissible strategy pays no dividends after bankruptcy.

Given the initial cash surplus « and economic regime i, the expected discounted value of all the
dividends accrued until ruin following the strategy D € A(x,1) is

J(z,i; D) := E“[/ eptht],
0

where the discount factor p > 0 is constant.



The aim of this paper is to find an admissible strategy D* € A(x,4) such that

(2.3) V(x,i) = J(x,i;D*) = sup J(z,i;D), (z,1) ERXS,
DeA(x,i)
where V (z,1) is called the value function and D* is called an optimal strategy.

Problem (2.3) falls into the class of singular stochastic control problems with regime switching.
Since the two-dimensional process (X €) in (2.1) is a strong Markov process (see Remark 3.11 in [37]),
then we will use the Dynamic Programming Principle and the associated Hamilton-Jacobi-Bellman
(HJB for short) equation (see for instance Chapter VIII in [13]) to solve Problem (2.3).

3. THE VERIFICATION THEOREM
Throughout this paper, without loss of generality, we make the following assumption.
Assumption 3.1. One has 61 < 6s.

We will see that the parameters 61 and 6, play an important role in our subsequent analysis. It
is worth noticing that the case 61 > 65 is completely symmetric to case 61 < #2 and it can be in fact
treated with similar mathematical arguments. Also, the case 6; = 62 has been already solved in [23]
and can be regarded as a special case of our model. For the sake of brevity we therefore omit the
discussion of the problem with 61 > 0.

Throughout the paper, for any function g : RxS — R, we use ¢’, ¢” and ¢"”’ to denote, respectively,
the first-order, second-order, and third-order derivatives of g with respect to its first argument, unless
otherwise stated.

Let f : R x & — R be a function such that f(-,i) € C?(R),i € S, and define the second-order
differential operator £ such that

. 1 . . . . .
Lf(x,i):= 502»2 "x,1) + pif'(z,1) — Nif (z,4) + Zqijf(x,z), (x,i)) e Rx S.
J#
By the Dynamic Programming Principle, we expect that V(x,7) identifies with a suitable solution
w(z,1) to the HIB equation

(3.1) max { (£ — p)w(z,i),1 —w'(z,i)} =0, z > 6;, i =1,2,

"

with the boundary conditions w(f;,7) = 0. It is worth noting that equation (3.1) is actually a
system of two variational inequalities with gradient constraints, coupled through the transition rates
Ai,© = 1, 2. In particular, dealing with regime-dependent boundary conditions, we will face a structure
of the value function V' and of the optimal dividend strategy which is novel with respect to the existing
literature.

From (3.1), for any suitable solution w to the HJB equation and regime i € S, we can define the
continuation region

C(i) :== {x € (6;,00) : (L — p)w(z,i) =0, 1 —w'(z,i) <0}
and the intervention region

O(i) == {z € (0;,0) : (L — p)w(z,i) <0, 1 —u'(z,i) = 0}.
Then, for a given d; > 61, we introduce two dividend strategies D4 :»* and D*" associated with w,
where, to simplify notation, we write w := (w(z, 1), w(z,2)) and b := (b1, ba) for some b; > 6;,i = 1, 2.

Definition 3.1. For i = 1,2, let N; be a finite subset of (0;,00) and w(-,i) € C?((6;,00)\N;) N
C1(0;,00) be a nondecreasing solution (in the almost-everywhere sense) to the HJB equation (3.1).
Suppose there exist b; > 6;,1 = 1,2, and 81 < di < by such that

C(l) = (dl’b1)7 C<2) = (927b2)7
O(1) = (01, d1] U b1, 00),  O(2) = [ba, 50).
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In particular, the following holds

w'(z,i) =1, Vz € [b;, 00),

(3.2) L—pw(z,1)=0, Vxe (d,b),
' w'(x,1) =1, Vo € (01,d1],
(L—pw(x,2) =0, Vxe (02,b).

Then, the admissible liquidation-barrier-type dividend strategy Df LbW s such that P i-a.s.

¢ ¢
i) Xthl’b’w _ x—l—/o /Lgsclzs—i—/O Oc, AW —Dfl’b’w, vt € [0,7),

0;, Vt € [, 00);
(ii) XP"" € C(e), Vt € [0,7);
00 di,bw T dibw _ (.
(111) fo ]I{Xthl,b,wec(Et)} A = fo I[{Xthl,b,wec(et)} " = 0;

(iv) Df}r’b’w — Db — XD g if g < XPUY < dy on {e = 1.

Definition 3.2. For i = 1,2, let N; be a finite subset of (0;,00) and w(-,i) € C?((;,00)\N;) N
C1(0;,00) be a nondecreasing solution (in the almost-everywhere sense) to the HJB equation (3.1).
Suppose there exist b; > 0;,i = 1,2, such that

C(i) = (6s,b;), O(i) = [bi,00), i =1,2,
with C(i) = 0 if b; = 6;. In particular, the following holds

w'(x,i) =1, YV € [b;, 00),
(3.3) ‘
(L —plw(x,i) =0, Yae (6;b).
Then, the admissible barrier-type dividend strategy: Di”w 1= SUPg<s<t(T + e, 8+ 0, W — be )Tt €
(0,7) is such that Py ;-a.s.
t

t
» .d AW, — D wtelo,T),
(z')XtDb’ . x—i—/o,us s—i—/oas " [0,7)
0;, Yt € [, 00);
(ii) XP"" € Cle), Vt € [0,7);
o) bw T bw
(ii) [, H{XtDb,wec(et)}th =/ JI{XtDb,wec(q)}th = 0.

Definition 3.1 introduces a dividend strategy which is of barrier-type in regime two, and it consists
of a combination of a reflecting and liquidation strategy in regime one. We will see that the strategy
D%:bw i indeed optimal when p1 < 0 and pu is sufficiently large (cf. Sections 4.3, 4.4 and Section
5; compare also to Definition 5.2 in [23]). Definition 3.2 instead prescribes a reflecting policy in both
regimes and we will see that this is optimal when p; < 0 and |2 is relatively small (cf. Section 4.2).

The strategies D% and D®® yield lump sum dividend payments at initial time, at the jump
times of the Markov chain, and, for the policy D%:®%  at the liquidation time T4, = Inf{0 <t <
T Xthl’b’w < d; and ¢ = 1} (with inf() = 400). In particular, under the above policies we may
observe a payout of size (X; —b,,)* and, according to policy D% of size (X;—61) if ¢, = 1 and the
current surplus level is such that X; < dy. A simulation of the cash reserves process corresponding
to a liquidation-barrier-type strategy with 62 < d; < b2 < b1 (compare also to the numerical example
in Section 5.3) is displayed in Figure 1.

More generally, for a given admissible D, we let AP := {t > 0 : D;, # D;}, the set of times at
which D has a discontinuity. The set AP is countable because D is nondecreasing. Denote by D¢
the continuous part of D; that is Df 1= Dy — 3 g<s<; sean(Ds+ — Ds). In the following we shall
denote by B(C(i)) the boundary points of C(i) in Definition 3.1. That is, B(C(1)) = {dy,b;} and
B(C(2)) = {ba}.
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FIGURE 1. The cash reserves process corresponding to a liquidation-barrier strategy

Lemma 3.1. Let D € {D%:bw DbwY ayith DI gnd D™ as in Definition 3.1, 3.2, respectively.
Also, let n € [0, 7] be any stopping time. Then

n n
Ex,i |:/ 6—psw/(XsD’ es)dD§:| - Ew,i |: Z €_ps(w(X£i_7 65) — w(Xf, 65)):| = Exﬂ; |:/ e—psst:| .
0 0<s<n,scAD 0
Proof. The proof is given in Appendix A.1. O

Theorem 3.1. Let w(-,i) € C%((0;,00)\N;),i € S, where N; is a finite subset of (6;,00). Suppose
that w(-, i) satisfies the HIB equation (3.1) and the boundary conditions w(0;,i) = 0 for all (x,1) €
(0;,00) x S. Then, for all admissible strategies D € A(x,1) it holds that

w(z,i) > V(z,1i).
Moreover, either the dividend strategies DY or D" s optimal. That is,
J(x,i; DY) = V(i) or J(x,i; DY) = V(x,i).

Proof. Let (x,i7) € R x S be given and fixed. We first show that w(z,i) > V(x,i). Fix an arbitrary
D € A(z,i) and let X D be the corresponding state process, which is the semimartingale

t t
XtD:gng/ uesds+/ o, dWy = Df = Y (Dsy — D).
0 0 0<s<t,scAD

Then, applying a generalized form of Itd’s formula (see, e.g., [7]) to the process {e (T TNy (X B Alin?
€Tnaran, ), T > 0}, with (1,), being a sequence of stopping times (7,,), diverging to infinity as n 1 oo,
we find that

TATAN,
e_p(TATAn7l)w(X@ATAUn)+7 6T/\7'/\77n) = w(XOD7 60) + / e—ps(£ - p)w(XsD7 Es)dS
0

TATAN, TATAN,
- / e Po ' (XP, e)dW, — / e P uw'(XP e,)dD¢
0 0

+ > (e P w(X D, e) — e Pw(X), €)) + Mraray, — Mo,
0<s<TATANy,s€EAD

where we have introduced the local martingale
M, = / P [w(Xy, §) — w(Xe, e)|F(ds, dj), ¢ 0.
[0,¢]<[0,2]

Here, 7 := m — v is a compensated random measure (see, e.g., 11.1.16 in [20]), where 7(dt,dj) =
>0 ]I{Aes(w);,éo}&(S’Aes(w))(dt,dj), with () denoting the Dirac measure at the point (s,¢), and
6



the compensator v is given by v(dt,dj) = pe,_(j)(—Ge,_ e )P(dj)dt = ge,_ j¢(dj)dE, j € S, where

Per_(j) = % = P(e; = jler—, Aey #0), and ¢ is the counting measure on S.
Taking conditional expectations, we have

(3.4)

TATAN,
E. i [e—p(TATAnn)w(X(IDTATAnn)+7 GTATA%)} - w(}((f)j7 €0) + Exs [/0 e P(L — p)w(XSD, €s)ds
TATAN,, TATAN,
+Eui [ /0 e Po.w (XD, es)dWS] —E,; [ /0 e Puw'(XP, es)dDg]

PEL T PR — PP )] + BaaMrn, — M)
0<s<TATAN,,s€AD

The HJB equation (3.1) guarantees that (£ — p)w(z,i) < 0 for almost all x € (6;,00). Moreover,
w'(x,i) > 1 for all z € (;,00) and the mean value theorem implies that w(y1,4) — w(y2,%) > y1 — Yo
for every y1,y2 € (0;,00),y1 > y2, and for every i € S. Hence, w(Xg_,et) —w(XP, &) < Xg_ - XpP.
By observing that X2 — X} = D; — Dy, we then obtain from (3.4) that

(3.5)

TATAN,
Ea},i [e*P(T/\T/\nn)w()(([,I),/\T/\nn)_i_7 GT/\T/\nn)] < w(:];, l) + Exﬂ‘ |:/ efpsggsw’(XsD, Es)dW3:|
0

TATAN,
_ Ez,i |:/ e_PSdDg:| - Ex,i |: E e_PS(Dt+ — Dt):| + Ex,i [MT/\T/\TYn — Mo]
0

0<s<TATANy,s€EAD

TATANn TATANn
= w(aj, Z) + Exﬂ' |:/ e_Pso'eswl(XsD, Es)dWS:| — E:r,i [/ e_PSdDS:| + Ex,i [MT/\T/\nn — M()] .
0 0

Taking now (n,,), to be a localizing sequence for the martingale (M; + fg e o w (XP e)dWy)y,
the expectations of the local martingale terms vanish.

Letting now n 1 oo and T' — 400, we get T'A T A1, — 7. By monotone convergence theorem and
the fact that w is nonnegative, X = 6; for every t > 7, and w(6;,i) = 0 for every i € S, we get

(3.6) w(z,i) > Eyyle Tw(XP, €] +Ex,,-[ / e_psst} :Em,i[ / e‘deDs]
0 0

Thus, by arbitrariness of D € A(z,1), we find w(z,i) > V(x,1).
Now consider the dividend strategy D% defined in Definition 3.1. From Lemma 3.1 and (ii) of
Definition 3.1, the inequality in (3.5), and therefore also in (3.6), becomes an equality. Hence

(3.7)
T T
w(z, i) = By i[e T w(XP, er)] + By { / e—deDzh”vw] =Ko [ / e—PSdD?”’“} = J(x,i; DUb),
0 0
Since w(z,i) = J(x,i; DY) < V(x,14), then w(x,i) = V(z,i). The argument is similar when we

consider the dividend strategy D®® in Definition 3.2.
O

4. OPTIMAL DIVIDEND POLICIES

Our objective in this section is to find the candidate solutions w(z, ) that satisfy the conditions
of Theorem 3.1 and the corresponding free-boundaries for optimal strategies defined in Definitions
3.1 and 3.2. We make the following assumption, that will be in force throughout the paper.

Assumption 4.1. p1 <0 and p2 € R.



The case p1 > 0 and po € R can be treated with similar arguments. In particular, the case p; > 0
and po > 0 with 6; = 63 has been solved in [31]. Therefore we will restrict our attention to the case
1 < 0,2 € R,

Given that p;,7 = 1,2, can have different signs, we expect that the structure of the optimal
dividend strategy varies when the drifts’ values change. The mathematical analysis developed in
this section provides a complete analytical solution to the problem. Before giving details, bearing in
mind by, be and d; as in Definitions 3.1 and 3.2, we provide conjectures about the possible optimal
dividend strategies.

e Case (A): When py < 0 and |ue| is sufficiently large, we expect that the optimal strategy is
to pay out all the surplus as dividends in both regime 1 and regime 2, since p; < 0 as well.

e Case (B): When |us| is sufficiently small, we expect that the optimal strategy is to continue
the business in regime 2 and pay dividends according to a barrier strategy with barrier level
ba. On the other hand, since p; < 0, the optimal strategy in regime 1 is to immediately
liquidate the company by paying all the surplus as dividends.

e Case (C): When uy > 0 is sufficiently large, we expect that the optimal strategy in regime 2
is similar to that in Case (B). Differently, if the surplus in regime 1 is sufficiently large (larger
than d;), then we expect that it may be optimal to continue the business in regime 1 and
pay dividends according to a barrier strategy with barrier level b;. However, if the surplus in
regime 1 is sufficiently small (not larger than d;), it may be not worth waiting for a change
into the profitable regime 2 and it is therefore optimal to liquidate the company.

e Case (D): When continuing to increase s > 0, we expect that the optimal dividend strate-
gies are qualitatively similar to Case (C) in both regimes. However, an increase of po implies
that the company might decide to postpone the liquidation option, since it might hope to
jump back to the very profitable regime 2. Hence, d; eventually can decrease and become
such that dq < 0. This fact leads to a novel mathematical analysis compared to that of Case
(C).

According to the previous conjectures, we will now construct the candidate solution to HJB e-
quation (3.1) in each of the previous cases and then verify that, under easily verifiable sufficient
conditions, our candidate solution is indeed the value function of the problem. The numerical anal-
ysis of Section 5 will then confirm the aforementioned structure of the value function and optimal
policy with respect to the drift parameter puo.

4.1. Case (A). This is the easiest case. We conjecture that it is optimal to liquidate the company
at time 0 in both regimes when p is not positive and po is very negative. With regard to this, we
guess that

(4.1) w(z,1) =2 — 01, x € [0;,00)
and

07 S [91792]7
4.2 2) =
( ) w(m, ) {ZL‘ 792, e (92,+OO)

Theorem 4.1. The function w(z,i),i = 1,2, given by (4.1) and (4.2) is the value function if and
only if po < (01 — 02)Aa. Moreover, it is optimal to pay immediately all the surplus as dividends in
both regimes.

Proof. The proof is given in Appendix A.2. O

It is worth noting that Theorem 4.1 holds if and only if ps < (61 — 62)A2 < 0. A natural question
is now what is the optimal dividend strategy when (67 — 02)\2 < po < 0. We will answer such a
question in the next subsection.
8



4.2. Case (B). According to the conjecture presented at the beginning of this section, the optimal
dividend strategy in this case is expected to be of the barrier-type as in Definition 3.2 with by = 6
and by > 6. Therefore, we consider 01 < 0 < by and guess that w(x, 1) satisfies

(4.3) w(z,1) =z — 01, x € [01,00),

while w(z, 2) satisfies

(4.4)

w'(x,2) =1, Yz € [ba, 00),
(L—=pw(x,2) =0, Ve (b2,b).

Solving the equations in (4.4) thanks to the results in Lemma B.1, we have
0, x € [0y, 0],

A2 42 Xo(z — 07)
(p+A2)? p+ A2
x+ K, x € [ba, +00),

where a7 > 0 > ag are the real roots of the equation —%O‘%O&z — o+ (A2 + p) = 0 and the constants

C4,Cy, Ky are to be determined.

To specify the parameters C, Co, K1 and be, we appeal to the so-called “smooth fit principle” and
to boundary conditions, which dictate that the candidate value function w(z,2) should be C? in 6,
and C? in by. These conditions give rise to the system of equations

4
CLeo2 | Cpeste 1 Aafi2 N Aa(02 — 01) o,

(p+A2)? p+ A2
Ao pl2 A2(ba — 61)

(45) ’UJ(J), 2) = { e + Che™®* + , T E (92, bg),

C1e%7%2 4 Cheshz = by + K7,
(4.6) ' ’ (p+2)? " ptr 2!
A2
Chaze®™? 4+ Chage®sh? + =1,
107 2008 FEW

Cloégecwb2 + Cgageagbz = 0.

The next results are concerned with showing that the system (4.6) leads to a unique solution
by > 02 and w(z,i) as in (4.3) and (4.5) is indeed the value function.

Lemma 4.1. The system of equations (4.6) admits a unique solution Cy,Cq, K1,by with by > 0y if
and only if po > (01 — 02) Aa.
Proof. The proof is given in Appendix A.3.1. O
Theorem 4.2. Suppose that gy > (01 — 62)Aa2. Then the function w(x,i),i = 1,2, given by (4.3) and
(4.5) is the value function V(x,i) if and only if one of the following conditions holds:

(i) w'(Ba+,2) < 2572;

(ii) w'(f2+,2) > )‘1\—1”’ and G(zg) < 0, where G(z) := p1 — (A + p)w(x, 1) + Mw(x, 2) and xq is the

unique solution in (02,be) of the equation w'(xg,2) = Al)\—fp.

Moreover, the dividend strategy D*™ with by = 61,by > 0y introduced in Definition 3.2 is optimal.

Proof. The proof is given in Appendix A.3.2. O

Remark 4.1. A sufficient condition for the optimality of w(x,i),1 = 1,2, as in (4.3) and (4.5) is
(01— 02) 2 < p2 < Q :=[(02 — 01)[( M1+ p)( A2+ p) — Aida] — (A2 + p)ua] /A1 > 0. This can be easily
shown by studying the function G of (ii) in Theorem 4.2.

It is worth noting that, even if 1 and po are both negative, the optimal strategy in regime 2 is to
continue the business rather than liquidating the company immediately. The reason lies in the fact
that the bankruptcy levels are such that 1 < 6o, which leads the company to exploit the probability
of jumping to regime 1 and then liquidate. Indeed, in regime 2, paying out all dividends at time 0

9



would result into a profit (z — #2)™, while employing a barrier strategy the company will accrue the
profit due to the singularly continuous payments and eventually, in case of jumping to regime 1, a
lump sum payment to the level 87 < 62. Notice that this structure of the optimal dividend policy
cannot be observed in the case 6; = 0-.

4.3. Case (C). In this case, we shall see that the optimal dividend strategy in regime 1 is completely
different from the previous two cases even though we still have 1 < 0. However, as mentioned
before, continuing the business in regime 1 is possible only when the surplus in regime 1 is larger
than d;. Therefore, the optimal dividend strategy in the case should be of the liguidation-barrier-
type presented in Definition 3.1. We discuss the case 0; < 62 < d; < by < by and guess that w(z, 1)
satisfies (3.2).

First of all, we consider x € [0, 0] and postulate that w(x,1) =z — 01, w(x,2) = 0.

Then, for z € (62, d;], we still have w(x,1) = z — 61, and

1
(4.7) 50%10"(:0, 2) + pow'(x,2) — (A2 + p)w(w,2) + Aow(z,1) = 0.

Solving (4.7) thanks to Lemma B.1, we find

A A -
242 2(z —0h)

’2 =C a7z+0 aga:+
w(z,2) 1€ 2€ (,0+)\2)2 PR

9

where a7 > 0 > ag are the real roots of the equation —%agaQ — 2+ (Aa + p) = 0 and C,Cy are
constants to be found.
Next we consider x € (dy,b2) and we conjecture that

1
(4.8) io'%w”(x, 1)+ mw' (z,1) — (M + p)w(z, 1) + Mw(z,2) =0
and

1
(4.9) 50%11}"(30, 2) + pow'(x,2) — (Ag + p)w(w,2) + Aow(x,1) = 0.

Solving the previous two equations (cf. Lemma B.1), we get

w(x, 1) — 61\3604356 + 6\14601433 + 556&593 + 61\66016x
and

w(x,2) = C3e™" + Cre™” + C5e®" 4 Cpe™*”,

where the real numbers a3 < ay < 0 < a5 < ag are the roots of ¢1(a)p2(a) — AAa = 0, and
b = —%01-2042 — piee + (Ni + p),i = 1,2, Also,

o~ A
(4.10) C; = d”i‘:f)cj — ¢2(;)

Next, we consider = € [ba, by). Since we expect that 1 — w’(x,2) = 0, we have w(z,2) = z + K; for
some K; € R. Furthermore, w(zx, 1) should satisfy

C;, j=3,4,5,6.

1
(4.11) 50%@0"(:1:, 1) + mw' (z,1) — (A + p)w(z, 1) + Mw(x,2) = 0.

Solving (4.11) with the help of Lemma B.1, we get

A1 A (z + K1)
(p+A)? p+ A

w(z, 1) = Cre™® + Cge™?* +

where a; > 0 > a are the real roots of the equation —%a%a —pa+ (A1 +p) =0.
Finally, we take x € [b1,+00). Then from 1 — w'(z,1) = 0 and 1 — w'(x,2) = 0, we have
w(z,1) =2+ Ko,w(x,2) = x + Kj, for suitable K, K.

10



Collecting the above results, in the case 61 < 03 < d < by < b1, we expect that

(x — 64, x € [bh, d1],
C3e™3% 4 Cye®™® 4 C5e®7 + Cpe®”, x € (dy,by),
(4.12) w(z,1) = A1f1 Az + K7)
Cre™® 4+ Cge™™ + , € [ba, b1),
" S AR T gy mE )
x+K27 RS [b17+OO),
and
0, HARS [91702]7
)\QMQ /\2(33 — 91)
C1e%" + Coe™®” + , € (09, d4],
(4.13) w(z,2) =4 R P WER T
C3e™T + Cre™” + Cse™™ + C(;eaﬁx, S (dl, bz),

z+ Ky, x € [ba, +00).

Similarly to what we have done in Case (B), we determine the unknown coefficients C;,i = 1, ..., 8,
and dj, by, b1, K1, Ko by boundary conditions and smooth fit principle. That is, we assume w(z, 1) is
Clin dy and by, w(z,1) is C? in by; i.e.,

(db 1) = w(d1+7 1)7 w,(dlv 1) = w/(d1+7 1)7
(bg, 1) = w(bQ—, 1), w/(bg, 1) = ’U)/(bQ—, 1),
(bl, 1) = w(bl—, 1), w'(bl, 1) = w’(bl—, 1), w"(bl, 1) = w”(bl—, 1).

(4.14)

g

g

Analogously, we impose that w(z,2) is C° in 6, w(z,2) is C! in dy, w(x,2) is C% in by; i.e.,
w(027 2) = w(92+7 2)7 W(dl, 2) = w(d1+7 2)7 w/(dla 2) = w,(d1+a 2)7
/

(4.15) , i "
w(bg,2) = w(by—,2),w (be,2) = w'(by—,2), w" (b2,2) = w" (ba—, 2).

Remark 4.2. Note that system (4.14) and (4.15) is a non-linear system of thirteen equations for
thirteen coefficients. By means of simple but lengthy algebra, it is possible to reduce (4.14)-(4.15) to
a system of three equations for by,bs and dy. Clearly, the ten coefficients C1,...,Cs and Ky, Ko will
be then given in terms of di,b1,bs. However, since the explicit expression of the reduced system is
highly unhandy, we refrain from presenting it here. In general, we can neither provide existence nor
uniqueness of the solution to system (4.14)-(4.15). Nevertheless, we investigate a concrete example
in Section 5, in which we solve the system numerically and provide the values of the free-boundaries
and their dependencies on relevant parameters.

The next theorem verifies that w(x,7) as in (4.12) and (4.13) is indeed the value function.

Theorem 4.3. Suppose that j12 > 0. Let dy,b;, K;,1 =1,2,Cj,5 = 1,...,8,Cs # 0 be the solution to
the system of equations (4.14) and (4.15) such that w'(f2+,2) > 1 and 61 < 03 < di < by < by. Let
Cy,i=3,...,6, be defined by (4.10). Then the function w(z,i),i = 1,2, given by (4.12) and (4.13) is
the value function V(x,1) if and only if either of the following conditions holds:

(i) w'(6a+,2) < 2FL;

(it) w'(02+,2) > )‘1\7?’ and 3 xg € (02,d1) such that w'(xo,2) = )‘1\—?’ and H(xo) <0 with H(x) :=

M1 = (/\1 + p)w(x, 1) + )\111)(.%, 2);
(iii) w'(02+,2) > 22 and H'(dy) > 0.

Moreover, the associated dividend strategy DY introduced in Definition 3.1 is optimal.

Proof. The proof is given in Appendix A.4. O

It is interesting to point out that dividend payments can also occur just because of a change in
regime. In particular, lumpy dividend payouts arise: (a) when the level of the cash surplus falls in
11



the interval (bg,b1), and the regime changes from 7 = 1 to ¢ = 2; (b) when the level of the cash
surplus falls in the interval (62,d;], and the regime changes from i = 2 to i = 1.

Remark 4.3. In this subsection, we have considered the case 61 < 0y < di < by < by. As a matter of
fact, it is also possible that 01 < 0y < di < by < ba. The ordering between by and bs depends indeed on
the relations among the different parameters. This case can be treated similarly to the previous one,
and for this reason we only give here the form of V(x,i) and the corresponding verification argument
without proof. A numerical example will be then provided in Section 5.

Consider the case 01 < 0 < dj < by < by and let puy > 0. The value function V (x,1) is given by

T — 01, x € [0h,d1],
(4.16) V(z,1) = { C3e™" 4 Cge™” 4 C5e™°" + Ce™™, x € (di,by),
z + K, x € [by, +00),
and
0, x € [01,602],

Aafiz Aoz — 1)
(p+A2)?  ptA
(4.17) V(2,2) = { C3e™% + Cre® 4 C5e®® + Cge”, z € (dv,by),

A2 /42 Aa(x + K
(p+ A2)? (P+>\2 : € o1, ba).
x + Ko, x € [ba, +00),
if and only if either of the following conditions holds:

(i) V'(02+,2) < 251
(i) V' (02+,2) > )‘i\—f’) and 3 xg € (02,d1) such that V'(xp,2) = AI)\—TP and H(xo) <0 with H(z) :=
(iii) V'(02+,2) > 2522 and H'(dy) > 0.

Ch1e™ + Coe™s™ + , @€ (02, di],

C7ea7x + Cgeagyc +

In (416) and (4]7) dl,bl,bg, {Ci}iil,...,SJCG 75 O,Kl,Kz satisfy V’(92+,2) Z 1 and

V(di,1) = V(di+,1),V'(d1,1) = V'(di+, 1),
V(b1,1) =V (b1—,1),V'(by,1) = V'(b1—,1),V"(b1,1) = V" (b1—, 1),
(4.18) V(69,2) = V(02+,2),V(d1,2) = V(d1+,2),V'(d1,2) = V'(d1+,2),
V(b1,2) = V(b1—,2),V'(b1,2) = V'(b1—,2),
V(b2,2) = V(b2—,2),V'(b2,2) = V'(b2—,2), V" (b2,2) = V" (b2, 2).

Moreover, the dividend strategy D%V introduced in Definition 3.1 is optimal.

4.4. Case (D). In this case, similarly to Case (C) we expect that the optimal dividend strategy
should also be of liquidation-barrier-type as in Definition 3.1. However, the fact that d; < 65 leads to
01 < dy < 03 < by < by and hence yields a different structure of the (candidate) value function. As a
consequence, arguments in the proof of the optimality of the expected solution need to be changed
with respect to Case (C).

We guess that w(z,i) satisfies (3.2) and we first consider x € [01,d;] and obtain that w(z,1) =
x— 01, w(x,2)=0.

Then, for = € (dy, 03], since w(zx,2) = 0, we have

1
(4.19) 50%11}"(3:, 1) + mw' (x,1) — (A + p)w(z, 1) + Mqw(x,2) = 0.

Solving the above equation thanks to Lemma B.1, we have w(x,1) = C1e** 4+ Cye*?* where oy >

0 > ao are the real roots of the equation —%U%az — pra+ (A1 + p) =0 and C1, Cy are constants.
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Next we consider z € (2, by) and we have

1
(4.20) 50%10"(1‘, 1) + pw'(z,1) — (A + p)w(z, 1) + Mqw(z,2) =0
and

1
(4.21) §a§w”(x, 2) + pow'(x,2) — (A2 + p)w(z,2) + Xgw(z,1) = 0.

Solving those equations (cf. Lemma B.1), we obtain
w(zx, 1) = C3e™3* + Cye™™ 4 C5e™" 4 Cge™”
and . e . .
w(x,2) = C3e™3” + Cye™™ 4 Cse™" 4 Cge™5”,
where a3 < oy < 0 < a5 < ag are the real roots of ¢1(a)p2(a) —A1Ae =0, and ¢; = —%J?aQ — o+
(N +p),i=1,2. Also,

= ¢1(ay)

(4.22) C; = ;=22

AT da(ey)
Next, we consider « € [bg,b1). Since 1 —w'(z,2) = 0, we have w(z,2) = x + K1, for some K; € R.
Furthermore,

C;, j=3,4,5,6.

1
(4.23) iafw”(:c, 1) + pw'(z,1) — (A1 + p)w(z, 1) + Mw(x,2) =0,

which, solved thanks to Lemma B.1, yields
A1pi Mz + Ky)
(p+ A1)? p+ A

where a1 > 0 > i are the real roots of the equation —%a%oﬂ — pra+ (M + p) =0 and Cr,Cg are
constants.

Finally, we consider x € [b;,+00). Then, from 1 — w'(z,1) = 0 and 1 — w'(x,2) = 0, we have
w(z,1) =z + Ko, w(x,2) = x + K, for suitable K7, K».

Summarizing the above arguments, in the case 01 < dy < 02 < bs < by, we find that the candidate
value function takes the form

w(x, 1) = Cre™™ 4+ Cge™?™ +

x— 01, x € [0h,d1],
C1e*”" 4+ Cye™?”, x € (dq,09],
(4.24) w(x,1) = Cae™" + Cag™" + Ce™  Cge ™™, 7€ (02,2),
Cre®t™ 4+ Cge®?™ + At + )\1(% + Kl) T € [bg bl)
(p+ M1)? Pt T
| T+ Ko, x € [by, +00),
and
0, x € [91, 92],
(4.25) w(zx,2) = 6'\360‘395 + 6\’460‘4:‘ + 6’\560‘5”” + 6’;60‘”, x € (02,b9),
x+ Ki, x € [bg, +00).

Similarly to the analysis of the previous sections, we determine the unknown coefficients C;,i =
1,...,8, and dy, bs, b1, K1, Ko by imposing the boundary conditions and the smooth fit principle. That
is, we assume w(x,1) is Ct in dy, 02 and by, w(z, 1) is C? in by. This leads to the following:

w(dy, 1) = w(di+,1),w'(dy,1) = w'(dy+, 1),
w(f2,1) = w(fa+,1),w'(02,1) = w'(62+,1),
(4.26) w(bg, 1) = w(ba—, 1), w' (b, 1) = w'(ba—, 1),
w(by, 1) = w(by—, 1),w (b1,1) = w'(b1—, 1),w" (b1,1) = w”"(b1—, 1).



Analogously, we assume that w(z,2) is C° in 6, and w(zx,2) is C? in by, yielding

w(Bo,2) = w(b2+,2), w(bz,2) = w(ba—,2),
’w/(bg, 2) = w/(bg—, 2), w”(bg, 2) = w//(bg—, 2).

Unfortunately, the complexity of the 13 equations arising from (4.26)-(4.27) is such that we can
neither provide existence nor uniqueness of the solution. However, a detailed numerical example is
provided in Section 5. The next theorem verifies that the w(x,?) in (4.24) and (4.25) is indeed the
value function.

(4.27)

Theorem 4.4. Suppose that p1o > 0. Let dy,b;, K;,1 =1,2,C,5 =1,...,8,Cg # 0 be the solution of
the system of equations (4.26) and (4.27) such that w'(02+4,2) > 0 and 61 < dy < 03 < by < by. Let
a,i = 3,...,6, be defined by (4.22). Then the function w(x,i),i = 1,2, given by (4.24) and (4.25)
coincides with the value function V(x,1).

Moreover, the dividend strategy DU-*" introduced in Definition 3.1 is optimal.

Proof. The proof is given in Appendix A.5. O

Similarly to Case (C), we notice that dividend payments can also occur just because of a change
in regime: those payments happen when the level of the cash surplus falls in the interval (be,b;), and
the regime changes from i =1 to ¢ = 2.

Remark 4.4. Theoretically, it is also possible that by < by leading to 01 < di < 02 < by < ba. This
case can be treated similarly to the previous one. Below we only give the form of V(x,i) and the
corresponding verification argument without proof.

Consider the case 01 < di < 0 < by < by and let ps > 0. The value function V(x,1) is given by

13—91, HAIS [eladl])
C\’lec‘{lx + 02604233’ S (d17 62])
4.28 Vix,1) =
( ) (2, 1) C3e™3* 4+ Cype™™ + C5e™™ + Cge™o”, € (02,b1),
z+ Kj, x € [by, +00),
and
0, x € [91,92],
@ea?’z + aea4x + égeasx + 6\66a6r7 S (923 bl)a
(429) V(ZE, 2) = Ao fio A9 (CL‘ + Kl)
C7e®™ 4+ Cge™™ + , € |b1,b2),
7€ 8€ (0 + M) PEDW x € [b1,b2)
IE+K2, RS [b2,+OO)7

with dy,b;, K,1=1,2,C5,5 = 1,...,8,Cs # 0 satisfying V'(02+,2) > 0 and

V(dy,1) =V (di+,1), V’(d1, 1) = V'(d1+,1),
V(02,1) = V(02+,1), V'(6a,1) = V'(02+,1)

(4.30) V(by,1) =V (b1—,1),V'(by,1) = V'(b1—, 1), V”(bl, ) =V"(b1—,1),
V(602,2) = V(02+,2), V(b1,2) = V(b1-,2), V'(b1,2) = V'(b1—,2),
V(ba,2) = V(by—,2),V'(b2,2) = V'(ba—,2), V" (b2,2) = V" (by—,2).

Moreover, the dividend strategy D%V introduced in Definition 3.1 is optimal.

However, it is also worth stressing that our numerical study of Section 5 does not identify a solution
to (430} such that 01 < di < 09 < by < bs.
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5. A NUMERICAL STUDY

In this section, we provide numerical illustrations of the optimal dividend strategy and of the value
function in each of the cases discussed in Section 4. Moreover, we investigate the sensitivities of the
optimal threshold levels on relevant parameters and analyze the consequent economic meaning. We
numerically solve the differential equations satisfied by the value functions in each case, and the
numerics was done using Mathematica 12.0.

With regards to the discussion on Case (A)-Case (D) at the beginning of Section 4, we consider
a company whose cash surplus follows a regime-switching model with fixed parameters as in Table
1, and we vary ps € R. It is worth noting that we choose A1 > Ao in such a way that for us taking

TABLE 1. The parameter set for varying us

i oo AN 0 p

1 -0.8 05 10 -0.2 0.5
2 05 1 02 0.5

values in (—o0,2] we can observe all the cases treated in Section 4.

5.1. p2 < 0 and |p2| is sufficiently large. According to Theorem 4.1 in Case (A), we find that
when pgy < (61 — 02) Ay = —0.4, the optimal dividend strategy is to liquidate the company at time 0
in each regime. It is not surprising because the drifts are negative in both regimes. Moreover, from
Figure 2, we observe that V(z,1) = 2 — 6, > V(x,2) = x — 62, as clearly expected since 6; < 6.
Increasing pug, the optimal strategy turns to that of Case (B), see Table 2.

— V(x,1) V(x,2)

-0.2 r 0.2 0.4 0.6 0.8 1.0

X

FIGURE 2. The value function in Case (A)

5.2. |p2| is sufficiently small. We consider uy € [—0.39,0.68], since Figure 3 shows that G(xg) > 0
when po = 0.69, which then does not satisfy the conditions in Theorem 4.2. Solving (4.6) numerically,
we obtain bg, whose values are shown in Table 2, where @ = [(62 —01)[(A2+p)(A1+p) — A A2] — (A2 +
p)u1]/A1 = 0.35 as defined in Remark 4.1. Due to 1 < 0 and |ue| is sufficiently small, regime 1 is
very unprofitable for the company. Indeed, although the business condition may jump to regime 2 in
the future, |us2| is however not large enough to compensate such a waiting. Also, the bankruptcy level
0, is larger than 6, then leading to a possible lower value of liquidation. Thus the company chooses
to pay all the surplus as dividends and then immediately go bankrupt in regime 1. However, the
business conditions are not too adverse for the company in regime 2. Hence the possibility to jump
to regime 1 in the future, and then to liquidate with reference to a lower bankruptcy level 61 < 6,
leads to a compensation effect that induces the company to continue the business and pay dividends
15



G(x): 42=0.40 — G(x): 1=0.68 V(x,1) — V(x,.2): 1=0.4

— G(X): 1=0.69 V(x,2): pp=0.5 — V(x,2): y=0.6
G(x) V(>f,l)
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-0.2 r 0.2 0.4 0.6 0.8
F1cure 3. The function G(z) of F1GURE 4. The value function for
Theorem 4.2 different values of o

according to a barrier strategy in regime 2. Figure 4 shows V(z,1) and V(x,2) for different choices
of Ha.

Furthermore, from Table 2, we note that by is increasing when puo increases in the interval
[—0.39,0.5] and then decreases when ps continues to increase. This is consistent with what it is
observed in the no-regime-switching case (see, e.g., Section 2.4 in [27]). When ps is relatively large
fewer precautionary reserves are needed. However, when the business conditions are relatively poor,
the barrier by must be decreased so to increase the probability of hitting it, even if this leads to a
large bankruptcy risk.

TABLE 2. The optimal barrier levels for different po in Case (B)

w2 -039 -0.3 -0.2 0 0.2 Q=035 04 0.5 0.6 0.64 0.68
by 0.220 0.388 0.532 0.703 0.780 0.802 0.805 0.806 0.802 0.800 0.797

Next, we choose the parameters as in Table 1 and vary o2, Ao, 02, p individually, while keeping the
other parameters fixed. The results are shown in Figures 5-8. From Figure 5, we note that by is
increasing when o9 increases regardless of the value of 5. The result implies that when the volatility
of a regime is overwhelmingly large, it is better to maintain a high level of reserve in the more
volatile regime to reduce the risk of early ruin and to adopt a much lower reserve level to achieve
early dividend yields in the less volatile regime.

From Figure 6, we observe that different values of s induce different behaviors of by as the Markov
transition rate Ao increases. Specifically, by is decreasing when Ao increases, if uo takes a relatively
large value. This can be explained by observing that the stationary probability of the Markov chain
being in state 2 is A;/(A1 + A2). Therefore, when Ay is increased, the Markov chain is expected
to stay in regime 2 for a shorter time and the company’s risk of entering regime 1 (an undesirable
regime with respect to regime 2 with relatively large uo) is getting higher. Hence, the company
should maximize the probability of hitting the dividend barrier by lowering the latter.

However, when uo takes a relatively small value, bs is a single-picked function of \o. Decreasing Ao
the (stationary) probability of the business condition to be in regime 2 increases. Then, in order to
maximize the profits resulting from a barrier strategy, the optimal dividend threshold by should be
decreased (although this might increase the bankruptcy risk) in order to compensate the relatively
small trend of profitability in state 2. On the other hand, increasing Ao yields a larger (stationary)
probability of being in state 1, which is characterized by a lower bankruptcy level. In this case
the company decreases the level of the dividend barrier bs in order to maximize the dividends’
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payments accrued according to a barrier strategy, before jumping to the more probable state 1 where
a liquidation is optimal.

From Figure 7, it is clear that bs is increasing when 5 increases regardless of the value of ps. This
suggests that, when 6y increases, the company should set a higher dividend barrier by so to increase
the cash reserves and minimize the bankruptcy risk.

From Figure 8, we see that b is decreasing when the rate of discounting p increases, regardless of
the value of us. If the rate of discounting is higher, which means a higher degree of impatience of
the company, it is then optimal to anticipate dividend payments by lowering the dividend barrier bo.

5.3. p2 > 0 is sufficiently large. We now consider uy € [0.69,1.09], which leads to 62 < d; as
in Case (C). Numerically solving (4.18) and (4.14), (4.15), respectively, the results for the optimal
liquidation-barrier levels are shown in Table 3, where the left chart shows the case 61 < 0y < dy <
b1 < bo discussed in Remark 4.3, while the right one corresponds to the case 67 < 0y < di < by < by
of Theorem 4.3. Also here we find that the conditions in Theorem 4.3 and Remark 4.3 are satisfied,
see Figures 9-10.
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TABLE 3. The optimal liquidation-barrier levels for different p in Case (C)

n2  0.69 0.70 2 071 074 080 090 1.0 1.06 1.09
dy 0.537 0.469 di 0.431 0.366 0.299 0.245 0.216 0.205 0.20002
by 0.741 0.799 by 0.804 0.814 0.830 0.845 0.853 0.854 0.855
by 0.797 0.800 by 0.834 0.897 0.963 1.022 1.059 1.075 1.082

From Table 3, we note that d; is decreasing when ps increases. This suggests that when ps is
increasing, it is optimal to set a lower liquidation level d; and thus postpone the liquidation in regime
1, since the company might hope to jump to the very profitable regime 2. On the other hand, we
also find that b; is increasing when ps increases. This implies that it is optimal to maintain a high
level of the reserve by setting a larger dividend barrier by in order to reduce the chance of liquidating
in regime 1. Meanwhile, by is increasing as uo increases. Although us > 0 is sufficiently large, there
is still a risk of jumping to regime 1. In particular, when the cash surplus X; in regime 2 belongs
to (02,d1], jumping to regime 1 will lead to an immediate liquidation. In order to postpone the
liquidation, the company retains enough precautionary reserves by increasing dividend barrier bs.
Figures 11-12 illustrate the value function for both regimes when po > 0 is sufficiently large.

H(x): t2=0.69 — H(x): p»=0.70 H(x): p2=0.71 H(x): to=0.9 — H(x): 2=1.0
HE) HE)
T 025 050 03 040 0s— 00— * A o om0 o o4 *
_1:,
f
sl
_4/
-5
F1cure 9. The function H(z) of F1cure 10. The function H(x) of
Remark 4.3 Theorem 4.3
— V(x,1) V(x,2) — V(x,1) V(x,2)

V(x,i) V(i)

-0.2 r 0.2 0.4 0.6 0.8 -0.2 L 0.2 0.4 0.6 0.8 1.0 1.2
FI1GURE 11. The value function for FIGURE 12. The value function for
Ho = 0.69 Mo = 0.9

Next, we choose ps = 0.9 and vary p1, 01, A1, 01, p individually while keeping the other parameters
fixed as in in Table 1. The results are shown in Tables 4-6.
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TABLE 4. The optimal liquidation-barrier levels for different p1, 01 in Case (C)

w -02  -04 -06 -08 -1.0 op 0.2 0.4 0.6 0.8 1.0

d; 0.201 0.214 0.229 0.245 0.262 dy 0.282 0.256 0.235 0.217 0.203
by 0.852 0.851 0.849 0.845 0.840 by 0.842 0.844 0.846 0.845 0.843
by 0.960 0.983 1.004 1.022 1.036 by 0.874 0970 1.075 1.177 1.274

From Table 4, we note that d; and b; are increasing when p; decreases. These results suggest
that when p; is decreasing, it is optimal to keep enough surplus to minimize the probability of
liquidation. To proceed with it, the company should raise the dividend barrier b;. On the other
hand, the company’s profitability is getting worse, which then incentives the company to liquidate
earlier.

In addition, by decreases as u; decreases. It implies that in regime 2 the company should pay
dividends earlier as u; decreases, in order to compensate the losses due to the risk of jumping to a
worse regime. Moreover, we also notice that b; is increasing while d; is decreasing as o; increases.
These results imply that when the volatility of a regime is getting larger, it is better to maintain a
high level of the reserve by setting a higher dividend barrier b in the more volatile regime to reduce
the risk of early ruin. On the other hand, postponing the liquidation option (lower liquidation barrier
dy) can compensate the negative impacts of an increase in volatility.

TABLE 5. The optimal liquidation-barrier levels for different A1, 6; in Case (C)

A1 ) 7 9 11 13 6 -01 -02 -03 -04 -05
dy 0371 0.279 0.252 0.240 0.233 d; 0.216 0.245 0.281 0.332 0.420
by 0.784 0.820 0.839 0.850 0.855 by 0.852 0.845 0.837 0.828 0.815
by 0.819 0.988 1.020 1.021 1.014 by 1.041 1.022 0.997 0.959 0.882

From Table 5, we note that d; is decreasing as A; increases. The result suggests that when \; is
increasing, the Markov chain is expected to stay in regime 1 for a shorter time. Therefore it is optimal
to postpone the liquidation option since the chance of jumping to regime 2 is greater. In addition,
b1 is a single-picked function of A;, which can indeed be explained by the same reasoning applied
to discuss the relationship between b and Ay in Section 5.2. We also notice that b; in decreasing
while d; is increasing as 6; decreases: The company should maximize the probability of hitting the
dividend barrier by lowering the latter while exploiting that the probability of ruin is lower. On the
other hand, setting a higher liquidation barrier d; the company can obtain a larger liquidation value
dy — 0.

TABLE 6. The optimal liquidation-barrier levels for different p in Case (C)

p 038 040 050 0.60 0.70

d; 0.206 0.212 0.245 0.294 0.403
by 0.959 0.937 0.845 0.775 0.720
by 1.176 1.149 1.022 0.899 0.725

From Table 6, we note that d; is increasing while by is decreasing when p increases. As already
discussed, increasing p the company becomes more impatient and therefore pays dividends and
liquidates earlier.

5.4. Continuing to increase pa. We continue to increase ps and consider ug € [1.10,2.0]. Numer-

ically solving (4.26) and (4.27) in Case (D), we obtain the results for the optimal liquidation-barrier

levels that are shown in Table 7. Therein, we note that d; continues to decrease and by continues to
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TABLE 7. The optimal liquidation-barrier levels with different po in Case (D)

pwe 110 1.20 140 1.60 1.80 2.0
d; 0.199 0.185 0.161 0.140 0.122 0.106

by 0.855 0.854 0.848 0.840 0.834 0.830
by 1.084 1.104 1.132 1.152 1.168 1.181

increase when s increases. However, by is observed to be decreasing as po increases: The company
exploits the positive trend in regime 2 and increases the dividends payout by shifting the dividend
barrier bo downwards. Notice that here there is no risk of liquidation through a regime change since
dy < 0. Figures 13-14 show the plots of value function in Case (D).

— V(x,1) V(x,2) — V(x,1) V(x,2)

V(x,i) V(x,i)
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o /

—(;.2 r 0?2‘ ‘ ‘0‘,4‘ ‘ ‘016‘ ‘ ‘0.‘8‘ ‘ ‘1.‘0‘ ‘ ‘1‘.2‘ o L ‘ ‘ 015 ‘ ‘ ‘ ‘ 1‘.0 ‘ ‘ ‘ o
FIGURE 13. The value function for FIGURE 14. The value function for
e = 1.20 Mo = 1.80
5.5. Comparison to the case 6; = 6. We compare our results to the ones obtained in [23]

by assuming that #; = 5. Under this assumption, Case (D) disappears and we numerically solve
the differential equations of the value functions in Case (B) and Case (C), respectively. We choose
01 = 03 = —0.2 and fix all the other parameters as in Table 1. Then we vary p2, and the corresponding
results are shown in Table 8.

TABLE 8. The optimal dividend levels with different ps when 61 = 65

pe 0.1 0.2 035 0.36 0.37 038  0.39 0.40 045 0.50

dy 0.047 -0.050 -0.086 -0.109 -0.170 -0.198
b1 0.133 0.211 0.249 0.279 0.378 0.445
ba -0.014 0.120 0.236 0.242 0.247 0.254 0.263 0.272 0313 0.349

From Table 8, we note that b is decreasing when po decreases. This suggests that, when pg > 0
decreases, it is optimal to reduce the dividend barrier bs so to maximize the probability of hitting it,
even if this implies a higher risk of bankruptcy. Table 8 also shows that d; is decreasing while b; is
increasing as po increases, which are behaviors similar to those in Tables 3-7.

From Figures 15-16, it is clear that V' (z,2) > V(x, 1), which is consistent with the result in Section
5.2 of [23] and actually expected being p; = —0.8 and pg > 0.
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6. CONCLUSIONS

We have provided the analytical and numerical study of the optimal dividend problem of a compa-
ny whose bankruptcy level and cash surplus’ dynamics are modulated by a two-state continuous-time
Markov chain. This models a macroeconomic shock that not only affects the company’s profitability
and the market’s fluctuations, but also triggers bankruptcy differently across the two regimes. For ex-
ample, during a crisis like the recent Covid-epidemics, governmental measures like the postponement
of taxes’ payments effectively delay the bankruptcy of insolvent companies.

Regime-dependent bankruptcy level 6; and cash surplus’ drifts p; — which are allowed to assume
different signs across the two regimes — leads to a rich structure of the optimal policy, which we
analytically determine and can be of barrier-type or of liquidation-barrier-type. For example, we prove
that, even if u; < 0 for all i = 1,2, the fact that 87 < 05 induces the company to continue business in
regime two, rather than bankrupting immediately, in order to strategically exploit a regime change
to regime one. A detailed numerical study complements the theoretical analysis and allows to draw
interesting economic implications about the sensitivity of the optimal strategy with respect to the
model’s parameters.

There are many directions towards which this work can be extended. For example, it would be
interesting to allow for partial observation of the underlying macroeconomic shock, to study the role
of capital injections or to consider dynamic optimal reinsurance strategies of the company. These
and other aspects are left for future research.

APPENDIX A. PROOFS
A.1. Proof of Lemma 3.1.

Proof. For the proof of the case D = D»" one can directly refer to Lemma 4.1 in [31]. Therefore, we
only consider the case D = D% here. The proof is organized in two steps: In the first step, we

prove that
n 5 n
Em[/ e Puw' (X ,es)st] :Em[/ e_deDs},
0 0

while, in the second step, we show that

n
Em[ / e—PSw’(XSD,es)dpg] —Ez,i[ > e_ps(w(XsDJr,eS)—w(XSD,es))]
0

0<s<n,s€AP

n
=E,; [/ e_psw'(Xf, es)st] .
0

Then, combining these two steps, the lemma is immediately proved.
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Ddl,b,w

Step 1. In order to simplify notation, in the following we write X” := X . First of all we

prove that

n -
(A].) Eaz,i /0 e_psw,(XSD»ES)H{XfeC(GS)}dDS =0.

Since w(+,4),7 = 1,2, is a nondecreasing function and D is a nondecrasing process, we have that

: i
(A.2) Eai /O e W' (X7, &) (xpec(e,}dDs | 2 0.

Also, since w'(-,4) is continuous in (6;, 00) and has a right limit at point ;, then there exists M > 0
such that supseg |w'(XP es)| < M,P,-a.s. Then, since DW:> satisfies (iii) in Definition 3.1,
(A.2) implies

n n
0< Ex,i |:/ e—psw/(XsD’ ES)H{XSDEC(Es)}dDS:| <M- Ez,i |:/ ]I{XSDEC(Es)}st:| =0.
0 0

This proves (A.1).

Next, we note that (ii) in Definition 3.1 holds; that is, X € C(es) U B(C(es)) for all t € [0,7),
where B(C(1)) := {d1,b1} and B(C(2)) := {b2}. Then,

n n
/ e—psw/(XsD’ 65)st:| = Ea:,i |:/ e—psw/(XSD’ ES)H{XEEC(GS)}dDS]
0

Ez,i |:
0

(A.3) n
+Ew,@-[ / e ' (XP ,es)H{XSDeBw(es))}st}
0

Moreover, w'(z,i) = 1 for every x € B(C(i)),7 = 1,2. Hence, from (A.1) and (A.3), we get

n n n
(A4) Ew,i |:/0 e_psw'(XSD, €s)st:| = Emﬂ; |:/0' e_ps]I{XSDGB(C(eS))}dDS:| S Ex,i |:/O e_psst] .

Furthermore, from (¢4) and (¢¢) in Definition 3.1, we have
K —pSs K —ps K —pPSs
Ew[ /0 e’ H{XsDeBw(es»}st] = Ew[ /0 e’ st} —Eam'[ /0 e’ H{XsDec&s)}st}

n
Z Exﬂ; |:/ edeDs:| .
0

Thus, from (A.4) and (A.5), Ex,i[fo e’psw’(XsD,eS)st] = Ex,i[fo e’psst].

(A.5)

IN

Step 2. Let ((,)n be the sequence of jump times of ¢ and define 74, := inf{t > 0 : X/
dy and ¢ = 1}. The set of the discontinuity points of D is such that

0, if x > b;,
AD == Cny lf Cn S 777
Tdy » if Td, < 7,

we compute Er,i[Zogsgn,seAD e P (w(XE , es) —w(XPe5))] and have
Z eips(w(XsDJrv 65) - w(Xé)v 65)) = (w(bi7 Z) - w(x’ Z))]I{:z:>bz}
0<s<n,s€AP
+e P (w(XE 4 e,) — w(XE e, g, <n
e T (w(X]) ery ) = w(XT) s eny )ir, <n)-
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Then,

D
AX o

WX o 6.) = WXt igen =~ | [T WP = wcau] i e

—oCn D
=-¢ . (ch - ban )H{Cnén}7
where AXg = XCLZ - XgLJr > 0 and we have used the fact that w'(x,i) = 1 when z € [b;,0).

Furthermore,

Axfc’ll

e~ PTd (w(XglJr,erl) — w(Xgl’Ele))H{leﬁn} = e PTd [/0 w/(Xf —u, Es)du] H{leﬁn}

= —e P74 (Xg — Hﬁrd )H{le <n}s

where we have used the fact that w'(z,7) = 1 when x € [0, d;]. Therefore,

> crwde) -uxla)=-| ¥ emDu-D)

0<s<n,scAD 0<s<n,s€AD
— ! D
- [ Z e P (X, es)(Ds — Ds—&-)]-
0<s<n,seADP
Taking conditional expectations,

Bl ¥ erwxe) - wixf.e)

0<s<n,s€AD

n ]
= ]E;m[/ e‘psw’(Xf,es)dDg} —Em[/ e_psw'(Xf,es)st],
0 0

which finally leads to

n
u«:x[ / e‘ﬂsw’(XsD,es)dpg] —Em[ > e w(XE e —w(XSD,eS))]
0 0<s<n,s€AD

n
=E;; [/ e_psw'(XSD, es)st] .
0

A.2. Proof of Theorem 4.1.

Proof. Tt is easy to check that w(x,7) in (4.1) and (4.2) satisfy the boundary conditions w(#;,4) = 0.
By construction, we have that w'(z,7) = 1,z € [#;,00). Therefore, we need to show that

(1) (L —p)w(x,1) <0, > 04,
(i) (£ — plw(z,2) <0, x > O,
hold if and only if U2 < (91 — 92))\2.

The proof of (i) in (A.6) is as follows. When z € [01, 02], since w(z,2) = 0, the left-hand side of
(i) in (A.6) becomes 3otw”(z,1) + pw'(z,1) — (A1 + p)w(x, 1) + Mw(z,2) = p1 — (A1 + p)(z — 61),
and the right-hand side of the above equation is negative since u; < 0.

When = € (02,00), because w(z,1) = z — 01, w(x,2) = x — O, the left-hand side of (i) in (A.6)
satisfies 1 — (A1 + p)(x —01) + A (z — 02) = 1 + A1 (61 — 02) — p(x — 61). But now puq + A\ (61 —62) —
p(x —01) <0 for all z € (62,00) if and only if 1 < (p+ A1)(f2 — 01). However, the latter inequality
is true because pup < 0.

(A.6)
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The proof of (ii) in (A.6) proceeds as follows. When z € (02, 00),w(z,1) = 1. Then (ii) in (A.6)
satisfies o3w” (z,2) + pow'(z,2) — (A2 + p)w(z, 2) + Aow(z, 1) = pg — A2(61 — 02) — p(z — 62). But
Ho — )\2(91 - 02) - ,o(a: - 02) S 0 if and only if 125) S (01 - 92))\2.

We have thus verified that w(x,i),i = 1,2, is the solution to HJB equation (3.1) and the dividend
strategy leading to payoff w(x, i) consists of a single jump at initial time of size z —6;. Such a strategy
is of the form D"¥ in Definition 3.2, with b; = 6;. Hence, w(z,1),i = 1,2, in (4.1) and (4.2) is indeed
the value function if and only if uo < (61 — 62)A2 by Theorem 3.1.

O
A.3. Proof of Lemma 4.1 and of Theorem 4.2.

A.3.1. Proof of Lemma 4.1.

Proof. From the fourth equation in (4.6), we have

2
(A7) Cy = —_0220‘8&8—@7%2.
a7

Combing (A.7) with the first equation in (4.6), we find

2
(A.8) Cy &ge(avaﬂbz _ elas—an)b2 | _ pe—orts
a7

where P := (A"QQJ;\;)Q + }‘2&922;51). On the other hand, combine (A.7) with the third equation in (4.6),

one obtains

A9 Coe™204(a7 — ag) = —2— >0
(A.9) 2e™2ag(ar — ag) T

Therefore, if there exists a solution by > 6, then it must be
(A.10) Cy <0, Cy>0.

The equation for free-boundary by is then obtained by combining (A.8) with (A.9), which indeed
gives
o b f2—asb r 2 0
—fe et —elasmanifamashs — — [(P + Az)(aras — ag)e 7 2]'
Qaz par
We now show that the above equation admits a unique solution be > 69 if and only of g > Ao(61 —02).
2
Define F(z) := %e‘o‘” —elas=an)fa—ase P[54 )oY (arag —ad)e”?72], and note that F(+00) < 0
7

poz
and F'(z) = Z (—ap)e= 7" 4 agel@s—e7)02-asz < (0 On the other hand,

00 DD

~I1|

2 2 2
_—anty | PO — poz — ag(azag — az) P(A2 + p)
Pl =e 2[ pa? '

Since F'(z) < 0, F(400) < 0, it follows that there exists a unique solution by > 62 such that
F(by) = 0 if and only if F(63) > 0; i.e. if and only if pa2 — pa2 — az(aras — a2)P(A2 + p) > 0. Using
that ay + ag = —2u2/02 and arag = —2(A2 + p) /o3, and performing standard manipulations, one
can show that

pai — pa2 — ar(arag — a2)P(Aa + p) > 0 <= g > Aa(01 — 6o),

which completes the proof.
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A.3.2. Proof of Theorem 4.2.

Proof. From Lemma 4.1, there exists a unique free boundary by > 6. Then we show that w(z,) in
(4.3) and (4.5) satisfy the HJB equation (3.1) under the conditions in Theorem 4.2. It is easy to check
that w(x, 1) satisfy the boundary conditions w(6;,7) = 0. By construction in (4.3) and (4.4), we have
that w'(z,1) = 1 for all x € [61,00),w (x,2) = 1 for all z € [be, 00) and (L—p)w(z,2) = 0,z € (62, b2).
Therefore, we only need to show that

(i) w'(z,2) > 1, Vz € (62,b2),
(A.11) (i) (£ —plw(z,2) <0, Vz € [by,0),

(#i7) (L — p)w(x,1) <0, V€ [f,0).

Step 1. The proof of (i) in (A.11) is as follows. When = € (02, b2), w(x,2) = C1e*™* 4+ Coe™s® +
(p)_\fﬁ\f)z + ’\QP(iggl). We compute w”(z,2) = Crade®® + Coage®® > 0, where we have used the fact
that C; > 0 and Cy < 0 (cf. (A.10)). Then w”(x,2) is strictly increasing. Since w”(by,2) = 0, we
have w”(x,2) < 0,z € (02,bs), hence w'(z,2) is decreasing when = € (02, b2). Since w'(be,2) = 1, it
follows that w'(z,2) > 1 for all x € (62,b2).

Step 2. The proof of (ii) in (A.11) is as follows. We have to show that $o3w”(z,2) + pow’ (2, 2) —
(A2 + p)w(z,2) + Aow(z,1) < 0, Vz € [by,00). Define F(z) 1= o3w”(z,2) + pow'(z,2) — (A2 +
p)w(z,2) + Xw(z,1). Since w'(x,2) =1 = w'(z,1) on [be,0), then F'(z) = —p < 0. Moreover, by
continuity, F'(by) = F(ba—) = 0. Therefore, F'(z) <0 for all z € [b2,00) and (ii) in (A.11) is satisfied.

Step 3. The proof of (iii) in (A.11) is as follows. We have to show that

1
(A.12) 50%10"(30, 1) + pw'(z,1) — (A + p)w(x, 1) + Mw(z,2) <0, Vz € [6h,00).

For x € [61,05], since w(z,2) = 0, left-hand side of (A.12) rewrites as ofw”(z,1) + pw'(z,1) —
(M + p)w(z, 1) + Mw(z,2) = p1 — (M + p)(x — 01). However, since g < 0, this shows that (iii) in
(A.12) holds for x € [0y, 65].
).

Consider now z € (62, by). Since w'(z,1) = 1, the left-hand side of (A.12) rewrites as jofw” (z, 1)+
mw'(z,1) — (A +p)w(x, 1)+ w(z,2) = pup — (M + p)w(x, 1) + Mqw(z, 2). Define G(z) := pug — (M +
p)w(z, 1) + Mw(z,2). Then G"(z) = Mw”(z,2) < 0, since w”(x,2) has been shown to be negative
for © € (02,b2) in Step 1 above. Hence, G'(x) is decreasing for all z € (62,b2). On the other hand,
G(Oa+) = G(62) = p1 — (M1 + p)(02 — 61) < 0 and G'(ba—) = G'(b2) = —p < 0. It thus follows that
in order to show that G(z) < 0 for all x € (62,b2), the following equivalent conditions should be
satisfied:

G(z) <0, Vz € (02,b2) <= max G(x) <0

$€(02,b2)
<= either G'(62+) < 0 or G(zo) <0 and G'(02+) > 0, where z( satisifies G'(zg) = 0.
AL +p A1+ p A +p

or w'(62+,2) > and G(z¢) < 0, where w'(zg,2) =
A1 A1 A1

Notice that it indeed exists a unique zg € (f2,bs) satisfying w’(xg,2) = (A1 + p)/A1. In fact, since
G'(02+) > 0,G'(b2) < 0 and G"(x) < 0,2 € (B2, b2), then there exists a unique xg € (02, by) satisfying
G'(z0) = 0; i.e., w'(20,2) = (A1 + p)/ A1

Finally, consider z € [bg,00) and define F(z) := Jo?w”(z,1) + mw'(z,1) — (A + p)w(z, 1) +
Mw(zx,2). Because F'(x) = —p < 0, and F(by) = F(by—) < 0 under the above equivalent conditions,
we have F(z) < 0 for all x € [by,00). Hence, (L — p)w(z,1) <0, Vx € [61,00), and this shows (iii)
in (A.11).

We have verified that w(z,i),i = 1,2, is the solution of HJB equation under a set of easily
verifiable equivalent conditions. Finally, we notice that the barrier strategy D”¥ as in Definition

3.2 associated to w(zx,i) in (4.3) and (4.5) is such that (3.3) and (i)-(iii) of Definition 3.2 hold true.
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Therefore, w(x,4),i = 1,2, is indeed the value function by Theorem 3.1 and D% is an optimal
policy. O

A.4. Proof of Theorem 4.3. Throughout this proof we denote by w™ the n-th derivative of the
function w,n > 4, with respect to x. Before we proceed with the proof, we need the following
lemmata.

Lemma A.1. Set I; := (0;,00),i = 1,2. Then the function w(z,q) in (4.12) and (4.13) is such that
w(‘,l) € Cl(fl) N 02(]1\{d1}) N Coo(fl\{d1,b2,b1}) and w(-,2) S CQ(IQ) ﬂC4(IQ\{d1,bg}) N
C®(Ix\{d1,b1,b2}).

Proof. First, note that by construction w(-,1) € CY(I1) N C%*(L1\{d1,b2}) N C>®([1\{d1,b2,b1})
and U](,2) S 01(12) N CQ(IQ\{dl}) N COO(IQ\{dl,bQ})

Also, for z € (di,b1), w(x,1) satisfies $o?w”(z,1) + pw'(z,1) — (A1 + p)w(z, 1) + Mw(z,2) =
0 by (4.8) and (4.11). Since w'(be,1) = w'(ba—,1),w(b2,1) = w(be—,1),w(b2,2) = w(ba—,2), it
follows that w”(be,1) = w”(be—,1). Similarly, when x € (62,b2), by (4.7) and (4.9), we obtain that
w”(d1,2) = w”(dl—,2). Therefore, w(-,l) € Cl(Il) N 02(11\{d1}) N Cm(ll\{dl,bQ,bl}) and
w(-,2) € 02(12) N COO(IQ\{dl,bQ}>.

When 05 < < by, we have by (4.7) and (4.9) that 2o3w”(z,2) + pow'(z,2) — (A2 + p)w(z,2) +
Xow(z,1) = 0. Since w(-, 1) € C%(I2\{d1}), we see that w(-,2) € C*((f2,b2)\{d1}). Hence, we obtain
that w(-, 2) S 02(12) N 04(12\{d1, bg}) N COO(IQ\{dl, b1, bg})

U

Lemma A.2. Suppose that w”(by,1) = w”(by—,1) < 0,w'(bz,1) > 1. Define the equation f(x) :=
w”(z,1) = C503e3% + Cpaie™® + Craze®” + Coale®®, x € (d1,be). Then f admits a real zero and,
in particular, at most 4 zeros when x € (dy,ba).

Proof. Firstly, we show that there exists zeros. We know that w'(d;+,1) = 1 and by assumption
that w”(be, 1) = w”(ba—,1) < 0,w'(ba, 1) > 1. Since w”(x, 1) is continuous when x € (dy, bs), if there
does not exist zeros when z € (dy, be), then w”(x,1) < 0 when x € (dy,bs). Hence w'(z,1) is strictly
decreasing, which is a contradiction with the fact that w’(d;,1) = 1 and w’(be,1) > 1. Therefore,
there exists at least a zero of f when z € (dy, ba).

Then we prove that there exists at most 4 zeros. Letting (3 := 6‘\304%, Bo := aai, b1 := 6‘\5(1%, Bo =
Co0? and f := €™, fo 1= %4 f) := €% fy 1= % we can write f(z) = Bof& + B1fT + BofE + BafE =
E?:o Biff. Since fo > fi > fo > f3 > 0,50 # 0, then f(z) has at most 4 zeros when z € (dy, b2) by
Theorem 1 in [32].

U

Proof of Theorem 4.3. 1t is easy to check that w(x, 7) satisfy the boundary conditions w(6;,7) = 0.
The rest of the proof is organized in four steps.

Step 1. Firstly, we show that if yp > 0 and w’(62+,2) > 1, then w(z,2) is concave. We know
that w”(x,2) = 0 for all z € [by,00). By Lemma A.1, we also know that w(:,2) € C*(I5\{d1,b2}).
Applying It6’s formula to (e ?*w” (X, 2))ie(0,e, where £ := & A & with & == inf{t > 0: X > by}
and & :=inf{t > 0: XtD < 6}, we have

¢ 1
Em,? [e—wa”(XgD’ 2)] = U)”(Jj', 2) + Em,? [A e_pt(iagw(@ (XtDu 2) + M?wm(XtDv 2)

—(p+ X)w"(XP,2) + Mo (XP, 1))] dt.

Since (£ — p)w"(XP,2) =0 for all t < &, it follows that

E [eipélw//(Xg’ 2)]1{51 <£2}] +E [eip&w//(Xwa 2)]1{51 252}} = w”(x, 2)'
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Since w”(x,2) = 0 for all z € [be, 00), we have E[efpflw”(Xng,2)]I{§1<§2}] = 0. Thus, we only need
to compute w” (624, 2). Notice that
Aoptz | Ao(B2 — 1)

A13 05,2) = C1e*7%2 4 Ches?? =0,
(A.13) w(bz,2) = CLe™ + Goe 4 O P T p e

)\2(92

ot 1) >0, and (A.13) implies

since po > 0, we have (p/}fﬁ\‘;)z +

(A.14) C1e27%2 4 Ohes%2 < (.

On the other hand, since w’(62+,2) > 1 by assumption, we see that w'(fa+,2) = Crare®™® +
Chage®s?2 4 p-l):iiz > 1, so that

(A.15) Crare®™?? 4 Chage®s?? > 0.

Multiplying (A.14) by a7 > 0, substituting the result into (A.15) and recalling that ag < 0, we
have Cy < 0 and, from (A.14), C; < —Chelas—an)l2  Thep

w”(0a+,2) = C’lageo”e2 + C’gcygeo‘sa2 < —CQe(O‘S*M)%a%eO‘ﬁ? + 02a§ea892
= Cy(a? — a2)e*s% <.

where we have used the fact a% —a% > 0 if and only if pg > 0. Therefore, if po > 0 and w' (624, 2) > 1,
then w”(z,2) <0,z € (62,b2). Hence, w(x,2) is concave.

Step 2. Now we show that the candidate value function w(z, 1) as in (4.12) satisfies the HJB
equation under either of (i), (ii), (iii) of Theorem 4.3.

Step 2-(a). Firstly, we consider z € [0, 65]. Since 1—w’(z, 1) = 0, we should prove that ofw” (2, 1)+
piw'(z,1) = (A1 + p)w(z, 1) + Mqw(z, 2) < 0. Since w(x,2) =0,z € [A1,02] and w1 < 0, then the in-
equahty holds because 02w (z, 1)+ pw'(z, 1) — (M +p)w(z, D)+ w(z,2) = p1— (A +p)(z—61) < 0.

Step 2-(b). Now we consider z € [ba,b1). Since o?w”(z,1) + w'(z,1) — (A1 + p)w(z,1) +

Mw(z,2) = 0, we should prove that 1 —w'(z,1) < 0. From (4.12) we have that w(z,1) = C7e™® +
Cge™?* 4 (p)j:fll)Q + ’\1;14:\}1(1) and we claim that C7 > 0,Cs < 0. Indeed, from w'(by,1) = w'(by—, 1),
w’(b1,1) = w”(b1—,1) in (4.14), we have Cra;e®®t + Cgage®t + p+/\ = 1 and CraZe*bt +
C’gage”bl = 0, from which we can obtain C7 > 0 and Cg < 0 by s1mp1e calculations using that
a1 >0 and ay < 0.

Because now w"”'(z,1) = Cra3e®* 4+Cgaize®® > 0, w” (z, 1) is strictly increasing. Since w” (b1, 1) =
0, we have w” (b, 1) < 0 and w”(x,1) < 0 when z € [ba, b1), and hence w'(z, 1) is decreasing on that
interval. But w’(b1,1) = 1, and therefore w'(z,1) > 1 when x € [bg, by).

Step 2-(c). We take x € [by, 00). Since w'(z,1) = 1, we should prove that 10w (z, 1)+ pw' (z,1)—
(M+p)w(z, 1)+ w(z,2) < 0. Define F(z) := ofw” (z, 1)+ mw'(z,1)— (A +p)w(z, 1)+ Aw(z,2) <
0. Because F'(x) = —p < 0 and F(b1) = F(by—) = 0, it follows that F(z) < 0 when x € [by, c0).

Step 2-(d). Now we consider x € (dy,bs). Since iofw”(z,1) + mw'(z,1) — (A + p)w(z,1) +
Mw(z,2) = 0 by (4.8), we should prove that 1 — w/(z,1) < 0. Differentiating the previous second-
order differential equation two times respect to x, we obtain

1

30 20 (2,1) + pw” (x,1) — (A + p)w” (2,1) + Mw” (2,2) = 0, 2 € (dy, by).
Since w”(z,2) < 0 when x € (d1, b2) by Step 1, we have So7w® (z, 1)+ p1w” (z, 1) — (A1 +p)w” (z, 1) >
0.

From Step 2-(b), we know that w”(ba,1) = w”(ba—,1) < 0,w'(ba,1) > 1. Therefore, by Lemma
A.2, there exists N points di < 21 <,...,< xy < bg such that w”(z;,1) = 0,7 € {1,...,N}, N < 4.
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Firstly, we consider x € [zx,b2). Since w” (by—,1) = w”(b2,1) < 0 by Step 2-(b), the weak maximum
principle of Lemma B.2 implies that

w'(x,1) < sup {w"(zx, 1), 0" (b= 1)} =0,

where u(z)" := max{u(z),0}. Next, iterating the same argument as above in the interval [z;, 2;+1),1 =
1,...,N — 1, we obtain that w”(z,1) < 0 when z € [x1,bs). Since w'(ba—,1) > 1 by Step 2-(b), we
have w'(z,1) > 1 when = € [x1,by). Finally, we consider = € (di,z1) and claim that w”(d;+,1) > 0.
Indeed, if w”(d1+,1) < 0, since w”(z1,1) = 0 and =z, is the smallest zero of w”(-,1) in the interval
(dq,ba), it follows that w”(x,1) < 0 when x € (dy,x1). But now because w'(d1+,1) = w'(dy,1) = 1,
we have w'(z1,1) < 1 which is a contradiction with the fact that w'(z,1) > 1 for all z € [x1, ba).
Therefore, w”(d1+,1) > 0.

Since w”(d1+,1) > 0 and w”(xz1,1) = 0, we find w”(z,1) > 0 when z € (di,z1). Because
w'(dy,1) = w'(d1+,1) = 1, it follows that w'(z,1) > 1 for all x € (dy,x1).

Step 2-(e). Finally, we consider € (2, d1]. Since 1—w/(z, 1) = 0, we should prove that Jo?w” (z,1)+
mw'(z,1) — (A1 + p)w(z, 1) + Mqw(x,2) < 0. Because the left-hand side of the previous inequality
equals H(x) := p1 — (M + p)w(z, 1) + Mqw(x,2), our aim is therefore to prove that H(x) < 0 when
T € (ez,dl].

We notice that H(f2) = p1 — (A1 + p)(02 — 601) < 0 and H"(x) = w"(x,2) < 0 by Step 1.
AISO, H(dl) = 1 — ()\1 + p)w(dl, 1) + )\1w(d1,2) = M1 — ()\1 + p)w(d1+, 1) + )\1M(d1+,2), where
the continuity of w(z,7) at x = d; has been used. When x € (di,bs), taking limits as = | di,
from (4.8) we have $o?w”(d1+,1) + pw'(di+,1) — (A1 + p)w(di+,1) + Mw(di+,2) = 0. Therefore,
H(d) = p1 —pw'(di+,1) — 303w (di+, 1). Since w'(dy, 1) = w'(d1+,1) = 1, it follows that H(d;) =
—$0?w”(dy+,1) < 0, where we have used the fact that w”(di+,1) > 0 as proven in Step 2-(d).

Hence, the fact that H(dy) < 0, H(62) < 0, and H is concave imply that H(z) < 0,Vz € [fa,d;] if
and only if the following equivalent conditions are satisfied:

H(z) <0, Vz € (02,d1] <= max H(x) <0
x€(02,d1]

<= either H' (62+) < 0 or H'(62+) > 0,3 z¢ € (02, dy) satisifies H'(z¢) = 0, H(x) <0
or H'(64) > 0, H'(d) > 0.

s cither w' (2+,2) < )\1;‘:0 or w' (6+,2) > )\1)\+p’3 xg € (02, dy) satisifies w'(xg,2) = )\1;—'07
1 1 1
/ Mtp o,
H(zp) <0 orw'(02+,2) > 3 ,H'(d1) > 0.
1

Concluding, the results of Steps 2-(a)—2-(e) guarantee that w(x,1) as in (4.12) satisfies the HJB
equation under either of (i), (ii), (iii) of Theorem 4.3.

Step 3. Now we show that the candidate value function w(z,2) satisfies the HJB equation as
well. Here no additional requirements are needed.

Step 3-(a). First we consider @ € (0,b2). Since 3o3w”(z,2) + pow'(2,2) — (A2 + p)w(z,2) +
Xow(x,1) = 0 by (4.7) and (4.9), we should prove that 1 — w'(z,2) < 0. Since w”(z,2) < 0 by Step
1, we have that w'(z,2) is decreasing. Because w'(ba—,2) = w'(bg,2) = 1, it follows that w'(z,2) > 1
when z € (62, b2).

Step 3-(b). Now we consider x € [bg, by). Since 1—w'(z,2) = 0, we should prove that %U%w”(x, 2)+
pow' (2, 2) — (Aa+p)w(z, 2)+Aow(z, 1) < 0. Define F(z) := Lodw” (z,2)+pow' (2, 2) — (Aa+p)w(z, 2)+
Xow(z,1) = pg — (A2 + p)w(x,2) + Agw(x,1). Then we compute F”(z) = Mw”(x,1) < 0, where we
have used the fact that w”(xz,1) < 0 when = € [bg,b1) by Step 2-(b). We want to prove that
F(z) <0,z € [ba,b1). Since F(b2) = F(ba—) = 0, it is enough to show that F(z) is decreasing; i.e.,
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F'(x) < 0. Since F"(z) < 0, we have F'(z) < F'(b2),Vx € [be,b1). Therefore, it is enough to prove
that F/(bz) = —()\2 + ,0) + )\le(bg, 1) <0.

In order to show the previous inequality, we next investigate Aow’(be,1). When x € (d1, b2), from
(4.9) we have 103w (z,2) + pow' (2, 2) — (A2 + p)w(z, 2) + Asw(z, 1) = 0. Differentiating the equation
one time respect to x and taking limits as x T b2, we obtain

1
)\Qw/(bz, 1) = )\2w/(b2—, 1) = —iogwm(bg—, 2) — ugw//(bg—, 2) + ()\2 + p)w’(bg—, 2) < )\2 + p,

where the last step follows from the fact that w”(ba—,2) = w”(be,2) = 0,w'(ba—,2) = w'(he,2) =1
and w"’(ba—,2) > 0. The fact that w"’(ba—,2) > 0 can be indeed shown as follows. Assume, in the
opposite, w” (ba—,2) < 0. Then since w”(ba,2) = 0, we have w”(by — €,2) > 0 for € small enough,
which contradicts w”(z,2) < 0 when x € [dy,bs) as proved in Step 1. Therefore, F(z) < 0 when
S [bg, bl).

Step 3-(c). Finally, we consider = € [b1, 00). Similar to Step 3-(b), we should prove that F(z) <0
for all € [by,00). Since w(z,1) = z + Ko, one has F'(z) = —p < 0. However F(b;) = F(b;—) <0,
and therefore F'(x) < 0 when x € [b1, 00).

Step 4. We notice that the liquidation-barrier dividend strategy D%:®" associated with w(x, )
in (4.12) and (4.13) fulfills the conditions of Definition 3.1. Therefore, w(z,),7 = 1,2, in (4.12) and
(4.13) is indeed the value function by Theorem 3.1. O

A.5. Proof of Theorem 4.4. Throughout this proof we denote by w(™ the n-th derivative of the
function w,n > 4, with respect to x. Before the proof, we need the following lemmata.

Lemma A.3. Set I; := (0;,00),i = 1,2. Then the function w(z,1) defined in (4.24) and (4.25) is such
that w(-, 1) S Cl(Il) N CQ(Il\{dl}) N COO(Il\{dl, 02, bs, bl}) and w(-, 2) € 02([2> N 04(12\{1)2}) N
C>®(Ix\{b2}). Moreover, for fized i € {1,2} and 0 < x < by , we have

1

orw (@, d) + pw” (2,3) — (A + p)w" (@,1) + Aw(z, 3 — i) = 0.

Proof. The result can be shown by arguing as in Lemma A.1. ([

Lemma A.4. Suppose that w”(62,1) > 0,w"(bz,1) < 0. Define the equation f(z) := w'’(x,1) =
Cgage%x+C4aie“4x+05a§e“5x+C6a%e“6x,a: € (02,b2). Then f admits a real zero and, in particular,
at most 4 zeros when x € (02,b2).

Proof. First, we show that there exists zeros. By assumption, w”(62,1) > 0,w”(b2,1) < 0. Since
w”(x,1) is continuous when z € (02, b2), it thus follows that there exists zeros when x € (62, b2).
The rest of the proof now follows as in Lemma A.2. O

Proof of Theorem 4.4. It is easy to check that w(x, ) satisfy the boundary condition w(6;,7) = 0.
The rest of the proof is organized in five steps.

Step 1. We show that w(x,1) is increasing when = € (0, 62). By construction, we know that
w'(z,1) =1> 0,z € (01, d;]. Therefore, we only need to prove that w'(x,1) > 0 for all x € (dy, 62).

Suppose by contradiction that there exists an interval Z := (ha, h1) € (dy, 62) such that w'(z,1) <
0,z € Z, where hy := inf{z € (di,62) : w'(x,1) < 0}. Now if he = dj, since w'(dy,1) = 1 and
w'(xz,1) < 0 for z € (dy,h1), we would get a contraction with the fact that w'(x,1) is continuous in
dy. If he > di, we can pick x € (dy, ha). Since w(z,2) = 0 for x € (dy, 2], from (4.19) we have

1
(A.16) 50%10”(3:, 1) + pw'(2,1) — (A + p)w(x, 1) = 0.
Due to w'(xz,1) > 0 for x € (dy,h2) (by definition of hy) and w(di,1) > 0 (because w(f1,1) = 0
and w'(z,1) = 1 for x € (61,d1]), we have w(xz,1) > 0 on (di,hs). But now pu; < 0 together
with (A.16) imply w”(z,1) > 0 when = € (di, he). Therefore, w'(z,1) is strictly increasing when
x € (dy,hg). Because w'(dy,1) = w'(di+,1) = 1, we have w'(z,1) > 1 when = € (di, ha). On the
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other hand, w'(z,1) < 0,z € [hg, h1), thus leading to a contraction with w'(z,1) being continuous
in hy € (dy,603). Therefore, there is no interval Z € (dy,62) such that w'(z,1) < 0, and w(x,1) is
increasing for all x € (61, 62).

Step 2. Now we show that if po > 0 and w'(62+,2) > 0, then w(z,2) is concave. In particular,
w”(x,2) <0 when z € (62,b9).

By Lemma A.3, we have w(-,2) € C*(I3\{b2}). Applying It&’s formula to (e~'w” (X[, 2))se0
where £ := & A& with & :=inf{t >0 XtD >bo} and & :=inf{t > 0: XtD < 65}, we have
Ele "uw"(XP,2)] = v’ (2,2) +EUO£ e_pt(;azw( NXP,2) + pow” (XP,2)
—(p+ )" (XP,2) + 2w’ (XP, 1)) | dt.
Since (£ — p)w”(XP,2) =0 for all t < &, it follows that
(A.17) E[efpglw”(Xg, 2)e,<e,1] + E[efp&w”(Xg, e, >e,1] = 0" (2,2).

Because w” (z,2) = 0 for all z € [ba, 00), we have E[e™ "% w"(Xg, 2)I¢, <¢,1] = 0. Thus, we only need
to compute w”(02+,2). When x € (62,b2), from (4.21) we have

1
(A.18) §0§w"($, 2) + pow' (x,2) — (A2 + p)w(x,2) + Aow(z,1) = 0.
Therefore, taking limits, Aow(fa+,1) = —3o3w”(02+,2) — pow'(62+,2) + (A2 + p)w(fa+,2). S-

ince w(f1,1) = 0 and w(z,1) is increasing by Step 1, we have w(fa,1) = w(f2+,1) > 0. Also,
since w(fs,2) = 0, from (A.18) we have —io3w” 02+, 2) > pow (92—}— 2). Therefore, if us > 0 and
w'(02+,2) > 0, then w”(A2+,2) < 0. As a consequence, from (A.17) w”(z,2) < 0 for 2 € (02, b2) and
w(x,2) is concave.

Step 3. We here show that the candidate value function w(z,1) as in (4.24) satisfies the HJB
equation.

Step 3-(a). Firstly, we consider 2 € (01, d;]. Since 1—w'(z, 1) = 0, we should prove that %0’%’11)”(%’, 1)+
mw'(z,1) — (A + p)w(x, 1) + Mw(x,2) < 0. Since w(x,2) =0,z € (01,d;] and p; < 0, we can obtain
that L3 (2, 1) + ! (,1) — (1 + pJw(z, 1) + Mw(z,2) = p1 — (\ + p)(z — 07) 0.

Step 3-(b). Now we consider x € (dy,62]. Since w(x,2) = 0,2 € (d,62], and because from (4.19)
we have

1
(A.19) iafw”(aa 1) + mw'(2,1) — (A1 + p)w(z, 1) =0,

we should prove that 1 — w/(z,1) < 0. From Step 1, we know that w(z,1) > 0,w'(x,1) > 0 for all
x € (di, 62]. Since py < 0, from (A.19) we have w”(x,1) > 0 when z € (dy, 03], thus w'(x, 1) is strictly
increasing when x € (dy, 63]. But it holds that w'(dy,1) = w'(d1+,1) = 1, which in turn yields that
w'(z,1) > 1 when x € (dy, 62].

Step 3-(c). Next we consider @ € [b,b1). Since 30w’ (z,1) + pw'(z,1) — (A1 + p)w(z,1)
AMw(x,2) = 0 by (4.23), we should prove that 1 — w'(z,1) < 0. From (4.24) we have w(z, 1)

Cre*?® + (Cge™?® 4 (pi_lfll)g + Alg:;[fl) and we claim that C7 > 0,Cs < 0. Indeed, from w'(by,1) =

w'(by—,1),w"(b1,1) = w”’(b1—, 1) in (4.26), we have C7a160‘1b1+08a26a2b1+f)i‘—£\1 = 1l and Cra2e™b 4
Cga%e”bl = 0, from which we can obtain C7 > 0 and Cg < 0 by simple calculations using that
o1 > 0, ag < 0.

_.I_

Because w"”(x,1) = Cra3e™® + Cga3e®?® > 0, w”(x, 1) is strictly increasing. Since w”(b1,1) = 0,
we have w”(by,1) < 0 and w”(z,1) < 0 when x € [bg,b1), and hence w'(z, 1) is decreasing for all
x € [bg,b1). But w'(b1,1) =1, and therefore w'(z,1) > 1 when x € [by, b1).
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Step 3-(d). Pick now z € [by, 00). Since w'(z, 1) = 1, we should prove that $o7w” (z, 1)+puw'(z,1)—
(M+p)w(z, 1)+ w(z,2) < 0. Define F(z) := ofw” (z,1)+pw'(z, 1) — (M +p)w(z, 1)+ w(z,2) <
0. Because F'(x) = —p < 0 and F(b1) = F(bi—) = 0, it follows that F(x) < 0 when x € [b;, c0).

Step 3-(e). Finally, we consider z € (62, b2). From (4.20), we have 0w (2,1) + pw’ (2, 1) — (A1 +
p)w(z,1) + Mw(x,2) = 0, and we therefore should prove that 1 — w’(x,1) < 0. Thanks to Lemma
A.3 we can differentiate (4.20) two times respect to = and obtain Jofw® (z,1) + pw” (z,1) — (A1 +
p)w”(z,1) + Mw”(x,2) = 0 for all z € (62,b2). Since w”(z,2) < 0 when x € (62,b2) by Step 2, we
find Lo2w® (z,1) + pw” (z,1) — (A1 + p)w”(z,1) > 0.

From Step 3-(b), we have w”(62,1) > 0, and w”(be,1) > 0 by Step 3-(c). Thus, by Lemma A .4,
there exists N points 0y < 1 <, ..., < zy < bg such that w”(x;,1) = 0,7 € {1,..., N}, N < 4. Firstly,
consider = € [z, b2). Since w”(ba—,1) = w”(ba,1) < 0 by Step 3-(c), the weak maximum principle
of Lemma B.2 implies that

w”(x,1) < sup{w”(zn, 1), w" (be,1)7} =0,

where u(z)" := max{u(x),0}. Next, iterating the same argument as above in the interval [x;, x;11),7 =
1,...,N—1, we obtain that w”(x,1) < 0 when x € [1, bs). Since w’(ba—, 1) > 1 by Step 3-(c), we have
w'(x,1) > 1 when z € [x1,b2). Finally, we consider z € (62, x1). Since w”(63,1) = w”(f2+,1) > 0
by Step 3-(b) and w”(x1,1) = 0, we have w”(x,1) > 0 when z € (03, x1). Because w'(f3,1) =
w'(f24,1) > 1 by Step 3-(b), it follows that w'(z,1) > 1 when x € (63, x1). Therefore, we have
proved that w'(z,1) > 1 when z € (62, bs).

Step 4. In order to complete the proof it remains to check that w(x,2) satisfies the HJB equation
as well. This can be shown by arguing as in Step 3 of the proof of Theorem 4.3 and we therefore
omit details.

Step 5. We notice that the liquidation-barrier dividend strategy associated with w(zx,4) in (4.24)
and (4.25) fulfills the conditions of D9:*® in Definition 3.1. Therefore, w(x,4),7 = 1,2, in (4.24) and
(4.25) is indeed the value function by Theorem 3.1.

O

APPENDIX B. SOME AUXILIARY RESULTS

Lemma B.1. (i) The general solution to the equation

%(729”(95) + ug' (@) — (A4 p)g(z) =0

is given by g(x) = C1e** 4 Coe™2* where C1,Cy € R are constants and the real numbers aq, g
are given by

1
(B.1) ) = ;(—u+\/u2+202()\+p)) > 0,
and
1
(B.2) s = —5(=p= Vi +20° (A +p)) <0,

(i) Given a constant K. The general solution to the equation

S (w) (@) — (A4 p)h() + A+ K) = 0

is given by h(x) = C3eM% + Cre®® + (/\i)/;)2 + /\(f\ﬂif), where C3,Cy € R are constants and the

real numbers oy, an are given in (B.1) and (B.2).
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(iii) The general solutions to the system of differential equations
1
§a%h"(x) + mh (z) — (M1 + p)h(z) + Mg(z) =0

5036 (@) + ag! () — (o + p)o(a) + doh(z) = 0

are given by
h(z) = A1e™?* + Age™?™ 4+ A3e™3® + Age™”
g(x) = B1e™* 4 Be®?" 4 B3e®" + Bye™t”

where, for each j =1,2,3,4, B; = drlag) g — X2 A The real numbers a; < as < 0 < ag <
AT T galay) Y

ay are the real Toots of the equation ¢1(a)pa(a) = A\ Ao, where ¢p; = 7%01-2012 —piat+(Ni+p),i =

1,2.

Proof. We skip the classical proofs of (i) and (ii). For the proof of (iii) we refer the reader to Lemma
Al in [12]. 0

Lemma B.2. (Weak mazimum principle for ¢ < 0) Let Q be an open connected set in R"™ with
boundary 0 = QN (R™\ Q). Let L be the second order differential operator

L= Z a;j(z)D;; + Z bi(x)D; + c(x)
ij=1 i=1
with a;; € L3S.(2) and b;, c € L>(Q).

loc

Assume u € C2U)NC(U) and ¢ <0 in U. If Lu > 0 in U, then supg u < supgqu™. If Lu < 0 in
U, then infz u > infapqu™.

Proof. We refer the reader to Chapter 3 in [17]. O

ACKNOWLEDGMENTS

The authors gratefully acknowledge funding by the Deutsche Forschungsgemeinschaft (DFG, Ger-
man Research Foundation) SFB 1283/2 2021 317210226. The work of Shihao Zhu was also supported
by the program of China Scholarships Council.

REFERENCES

[1] E. AKyILDIRIM, I. E. GUNEY, J.-C. ROCHET, AND H. M. SONER, Optimal dividend policy with random interest
rates, Journal of Mathematical Economics, 51 (2014), pp. 93-101.
[2] H. ALBRECHER, H. U. GERBER, AND E. S. SHIU, The optimal dividend barrier in the Gamma—Omega model,
European Actuarial Journal, 1 (2011), pp. 43-55.
[3] H. ALBRECHER AND S. THONHAUSER, Optimality results for dividend problems in insurance, RACSAM-Revista
de la Real Academia de Ciencias Exactas, Fisicas y Naturales. Serie A. Matematicas, 103 (2009), pp. 295-320.
[4] S. ANTILL AND S. R. GRENADIER, Optimal capital structure and bankruptcy choice: Dynamic bargaining versus
liguidation, Journal of Financial Economics, 133 (2019), pp. 198-224.
[5] B. AVANzI, Strategies for dividend distribution: A review, North American Actuarial Journal, 13 (2009), pp. 217-
251.
[6] S. BERNSTEIN, E. COLONNELLI, AND B. IVERSON, Asset allocation in bankruptcy, The Journal of Finance, 74
(2019), pp. 5-53.
[7] T. BJORK, Finite dimensional optimal filters for a class of Ité-processes with jumping parameters, Stochastics: an
international journal of probability and stochastic processes, 4 (1980), pp. 167-183.
[8] L. V. BRINKER AND J. EISENBERG, Dividend Optimisation: A Behaviouristic Approach, Insurance: Mathematics
and Economics, (2021).
[9] X. CHE AND A. DAsSIOS, Stochastic boundary crossing probabilities for the Brownian motion, Journal of Applied
Probability, 50 (2013), pp. 419-429.
[10] A. Dassios AND S. Wu, Parisian ruin with exponential claims, tech. report, London School of Economics and
Political Science, LSE Library, 2008.
[11] B. DE FINETTI, Su un’impostazione alternativa della teoria collettiva del rischio, in Transactions of the XVth
international congress of Actuaries, vol. 2, New York, 1957, pp. 433-443.
32



(12]
(13]
(14]
(15]
(16]
(17]
(18]
(19]
20]
(21]
(22]
23]
(24]
(25]
[26]
27]
(28]

29]

G. FERRARI AND S. YANG, On an optimal extraction problem with regime switching, Advances in Applied Proba-
bility, 50 (2018), pp. 671-705.

W. H. FLEMING AND H. M. SONER, Controlled Markov processes and viscosity solutions, vol. 25, Springer Science
& Business Media, 2006.

H. U. GERBER, Entscheidungskriterien fir den zusammengesetzten Poisson-Prozess, PhD thesis, ETH Zurich,
1969.

H. U. GERBER, E. S. SHIU, AND H. YANG, The Omega model: From bankruptcy to occupation times in the red,
European Actuarial Journal, 2 (2012), pp. 259-272.

H. U. GERBER AND H. YANG, Absolute ruin probabilities in a jump diffusion risk model with investment, North
American Actuarial Journal, 11 (2007), pp. 159-169.

D. GILBARG AND N. S. TRUDINGER, Flliptic Partial Differential Equations of Second Order, vol. 224, Springer
Science & Business Media, 2001.

T. GUILLAUME, Closed form valuation of barrier options with stochastic barriers, Annals of Operations Research,
(2021), pp. 1-30.

J. D. HAMILTON, A new approach to the economic analysis of nonstationary time series and the business cycle,
Econometrica, (1989), pp. 357-384.

J. JACOD AND A. SHIRYAEV, Limit theorems for stochastic processes, vol. 288, Springer Science & Business Media,
2013.

Z. JIANG, Optimal dividend policy when cash reserves follow a jump-diffusion process under Markov-regime switch-
ing, Journal of Applied Probability, 52 (2015), pp. 209-223.

, Optimal dividend policy when risk reserves follow a jump—diffusion process with a completely monotone
Jump density under Markov-regime switching, Insurance: Mathematics and Economics, 86 (2019), pp. 1-7.

Z. JIANG AND M. PISTORIUS, Optimal dividend distribution under Markov regime switching, Finance and Stochas-
tics, 16 (2012), pp. 449-476.

X. L1, H. Liu, Q. TANG, AND J. ZHU, Liquidation risk in insurance under contemporary requlatory frameworks,
Insurance: Mathematics and Economics, 93 (2020), pp. 36—49.

R. LOEFFEN, I. CZARNA, AND Z. PALMOWSKI, Parisian ruin probability for spectrally megative Lévy processes,
Bernoulli, 19 (2013), pp. 599-609.

S. Luo AND M. TAKSAR, On absolute ruin minimization under a diffusion approximation model, Insurance: Math-
ematics and Economics, 48 (2011), pp. 123-133.

S. MORENO-BROMBERG AND J.-C. ROCHET, Market frictions and corporate finance: An overview paper, Mathe-
matics and Financial Economics, 8 (2014), pp. 355-381.

C. PARK AND J. BEEKMAN, Stochastic barriers for the Wiener process, Journal of Applied Probability, 20 (1983),
pp. 338-348.

A. M. REPPEN, J.-C. ROCHET, AND H. M. SONER, Optimal dividend policies with random profitability, Mathe-
matical Finance, 30 (2020), pp. 228-259.

H. ScuMIDLI, Stochastic control in insurance, Springer Science & Business Media, 2007.

L. R. SOTOMAYOR AND A. CADENILLAS, Classical and singular stochastic control for the optimal dividend policy
when there is regime switching, Insurance: Mathematics and Economics, 48 (2011), pp. 344-354.

T. TOSSAVAINEN, On the zeros of finite sums of exponential functions, Australian Mathematical Society Gazette,
33 (2006), p. 47.

M. VIERKOTTER AND H. SCHMIDLI, On optimal dividends with exponential and linear penalty payments, Insurance:
Mathematics and Economics, 72 (2017), pp. 265-270.

W. Wang, X. Yu, AND X. ZHOU, On optimality of barrier dividend control under endogenous regime switching
with application to Chapter 11 bankruptcy, arXiv preprint arXiv:2108.01800, (2021).

J. WEIL, H. YANG, AND R. WANG, Classical and impulse control for the optimization of dividend and proportional
reinsurance policies with regime switching, Journal of Optimization Theory and Applications, 147 (2010), pp. 358—
377.

[36] ———, Optimal reinsurance and dividend strategies under the Markov-modulated insurance risk model, Stochastic

(37]
(38]
(39]

(40]

Analysis and Applications, 28 (2010), pp. 1078-1105.

C. Zuu AND G. YIN, On strong Feller, recurrence, and weak stabilization of regime-switching diffusions, STAM
Journal on Control and Optimization, 48 (2009), pp. 2003-2031.

J. ZHu, Singular optimal dividend control for the regime-switching Cramér—Lundberg model with credit and debit
interest, Journal of Computational and Applied Mathematics, 257 (2014), pp. 212-239.

J. ZHu AND F. CHEN, Dividend optimization for regime-switching general diffusions, Insurance: Mathematics and
Economics, 53 (2013), pp. 439-456.

J. ZHu AND H. YANG, Optimal financing and dividend distribution in a general diffusion model with regime
switching, Advances in Applied Probability, 48 (2016), pp. 406-422.

33



G. FERRARI: CENTER FOR MATHEMATICAL EcoNomics (IMW), BIELEFELD UNIVERSITY, UNIVERSITATSSTRASSE
25, 33615, BIELEFELD, GERMANY
E-mail address: giorgio.ferrari@uni-bielefeld.de

P. SCHUHMANN: CENTER FOR MATHEMATICAL EcoNnoMICS (IMW), BIELEFELD UNIVERSITY, UNIVERSITATSSTRASSE
25, 33615, BIELEFELD, GERMANY
E-mail address: patrick.schuhmann@uni-bielefeld.de

S. Zuu: CENTER FOR MATHEMATICAL EcoNomics (IMW), BIELEFELD UNIVERSITY, UNIVERSITATSSTRASSE 25,
33615, BIELEFELD, GERMANY
E-mail address: shihao.zhu@uni-bielefeld.de

34



	beispiel
	Optimal Dividends under Markov Modulated Bankruptcy Level
	1. Introduction
	2. Model formulation
	3. The verification theorem
	4. Optimal dividend policies
	4.1. Case (A)
	4.2. Case (B)
	4.3. Case (C)
	4.4. Case (D)

	5. A numerical study
	5.1.  2<0 and |2| is sufficiently large
	5.2. |2| is sufficiently small
	5.3. 2> 0 is sufficiently large
	5.4. Continuing to increase 2
	5.5. Comparison to the case 1=2 

	6. Conclusions
	Appendix A. Proofs
	A.1. Proof of Lemma 3.1
	A.2. Proof of Theorem 4.1
	A.3. Proof of Lemma 4.1 and of Theorem 4.2 
	A.4. Proof of Theorem 4.3
	A.5. Proof of Theorem 4.4

	Appendix B. Some auxiliary results
	Acknowledgments
	References


