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�� �� !"#�$ !%��"&� ��'%(�) �� *�+ ��'%$�,� !"*� %�-.,�#$( -��()�# /")," 
),�  �  �0()"*� �$),( ) �1 2n 3 4,�  �)()"� "! )(5� 1$�' 6789: !�� (-!� 6;9:
6<93 4� ),"! � #: -�) I := {1, . . . , n} #� �)� ),� !�) �1 ���$#" ()�! �1 2n

: ),�
%�!")"*� �$),( ) "! 2n

+ := {x = (x1, . . . , xn) | xi ≥ 0 , (i ∈ I)} 3 =�) ei #� �)�),� ith > ") *��)�$ �1 2n ( # e := (1, . . . , 1) =
∑n

i=1 e
i ∈ 2

n ),� ?#"(0� (-@
*��)�$3
4,�  �)()"� CovH A "! >!�# )� #� �)� ),� ABCDEF GHII �1 ( !>J!�) A �12

n
+
3 4,� ABKLMEGECNODE GHII �1 ( !�) A ⊆ 2

n
+
"! 0"*� J.

CmpH A :=
{
y ∈ 2n

+ ∃x ∈ A : y ≤ x
}

.

P"*� ( *��)�$ a = (a1, . . . , an) > 0 ∈ 2
n
+

: /� �� !"#�$ ),� n '>-)"%-�!
ai := aie

i (i ∈ I) �1 ),� > ") *��)�$!3 4,� 
Q737R ∆a := CovH

{
a1, . . . ,an

}

"! ),� SOKLIEF $�!>-)" 0 1$�' a
Q/� >!� �(%")(-! " ),"! �� )�+)R3 T"0>$� 737

$�%$�!� )! ( U"'%-�+ " 2
3
+
3

a1 a2

a2

∆a

T"0>$� 737V 4,� U"'%-�+ " 2
3
+
0� �$()�# J. a = (a1, a2, a3)

W�+): 1�$ J ⊆ I /� /$")� 2n
J := {x ∈ 2

n xi = 0 (i /∈ J)}3 X���$#" 0-.: /��J)(" ),� SHYNOKLIEF
Q73ZR ∆a

J := {x ∈ ∆a xi = 0 (i /∈ J)} = ∆a ∩ 2n
J = CovH

{
ai i ∈ J

}
.

4,�$� "! ( !��� # ).%� �1 !"'%-�+ /� (!!��"()� /"), ( %�!")"*� *��)�$ a ∈ 2
n
+
3

4,"! "! ),� � � !%(  �# J. ),� *��)�$! ai %->! ),� *��)�$
0 ∈ 2

n
+

: ),() "!

Q73[R Πa := CovH
{
0,a1, . . . ,an

}
= CmpH ∆a .
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� �$#�$ )� #"!)" 0>"!, J�), ).%�!: /� �(-- Πa ),� �E�H� SOKLIEF (!!��"�()�# )� a
: %(." 0 ,�'(0� )� �3� 3 #� P>( #� �(-*�! 6[9 /,� 0� �$(-"	�# ),�

�.),(0�$�( ),��$�' 1�$ !"'%-"��! �1 ),"! ).%�3 
� !"!)� )-.: /� /$")�: 1�$
( . J ⊆ I

),� ��$$�!%� #" 0 �E�H� SHYNOKLIEF �1 Πa (!
Πa

J := {x ∈ Πa xi = 0 (i /∈ J)}
= Πa ∩ 2n

J = CovH
{
0, ai i ∈ J

}
= CmpH∆a

J .

Q738R

T"0>$� 73Z " #"�()�! ),� #�P>( U"'%-�+ Πa 0� �$()�# J. a3

a1

a2

a3

Πa

0

T"0>$� 73ZV 4,� #�P>( U"'%-�+ Πa � a = (a1, a2, a3)

� ),� )�$'" �-�0. �1 
� *�+ X (-.!"!:∆a "! ),� K�FOK�I �BH��M�� ��AE
�1 Πa 3 ��$� /� %$�1�$ ),� �(),���  �)()"� : �(--" 0 ∆a ),� ��MEB ��AE
�1 Πa 3
X CBMK�I )� !�'� �� *�+ !�) C " !�'� %�" ) x̄ ∈ ∂C "! ( *��)�$ ),()
0� �$()�! ( !�%($()" 0 ,.%�$%-( � " x̄ 3 X *��)�$ ),() "! (  �$'(- )� !�'�1(�� F �1 ( �� *�+ !�) C " ��� %�" )! �1 F "! �(--�#  �$'(- )� F 3 X #�P>(
U"'%-�+ Πa (#'")! �1 (  �$'(-
Q73�R

n
a :=

(
1

a1
, . . . ,

1

an

)
.

)� ∆a 3 X-- �),�$  �$'(-! )� ∆a ($� %�!")"*� '>-)"%-�! �1 ),"! � �: "3�3: ),�
CBMK�I ABCE )� ∆a "!

Na := {tna t > 0} .

�� $�1�$ )� ),"! !")>()"� !(." 0 ),() ),�  �$'(- �1 ∆a "! ?> "�>� >% )� (
'>-)"%-�@ �$ ?�!!� )"(--. > "�>�@ �)�3
4,� %$����)"� �1

n
a )� 2

n
J+

"! #� �)�# J.
n
a
J := n

a

| �n
J+

3 4,� !>J1(��
∆a

J
�1 ),� �($�)� 1(�� (#'")! �1 (  �$'(- �� �

Na
J
0� �$()�# J. ),�  �$'(-!

{na
J ′ J ⊆ J ′ ⊆ I} .
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�� >!� �%�$()"� ! � �� *�+ !�)! ),() ($� ( !)( #($# " 
� *�+ P��'�)$.:
!�� �303 ����������	
������� 6�9R3 �303: 1�$ A,B ⊆ 2

n
+

:
λ ∈ 2

+

: ),�
(-0�J$("� �$ �" 5�/!5" !>' A + B ( # ),� '>-)"%-� λA ($� /�-- #�& �#
�>( )")"�!3
X �ELGBO� "! ( ��������� ��� �� ����� ��� ��!��: %$��"!�-.V
"#$%&'&(% )*)* =�) K = {1, . . . , K} ( # -�) {a(k)

}
k∈K

#� �)� ( 1('"-. �1
%�!")"*� *��)�$!3 4,� �" 5�/!5" Q�$ (-0�J$("�R !>'
Q73;R Π =

∑

k∈K

Πa(k)

"! �(--�# ( �ELGBO� 3

• ˜˜˜˜˜˜ •

4,� !>$1(�� �1 ( %�-.,�#$� �( J� #�!�$"J�# J. �"),�$ ( -"!) �1 �+)$�'(-
%�" )! �$ J. '(+"'(- 1(��!3 �� 1��>! � ),� +�,�-� ��,��!� �1 ( 
�%,�"#3
T�$ ��'%-�)� �!!: /� %$�*"#� ),� 1�--�/" 0
"#$%&'&(% )*.* 73 X 1(�� F �1 ( 
�%,�"# Π "! K�FOK�I "1: 1�$ ( .1(�� F 0 �1 Π /"), F ⊆ F 0 ") 1�--�/! ),() F = F 0 "! )$>�3

Z3 4,� QBH��M�R �$ ��MEB NHM��AE �1 ( ��'%(�) �� *�+ !�) Q!%��"1�"�(--.V �1 ( 
�%,�"# Π
R "! ),� !�)

Q73<R ∂Π := {x ∈ Π 6 ∃y ∈ Π, i ∈ I : y ≥ x, yi > xi } .
[3 4,� %�" )! �1 ),� �($�)� !>$1(�� ($� �(--�# ��MEB E/AOEC 3
83 �(+"'(- 1(��! " ),� �($�)� !>$1(�� ($� �(--�# ��MEB ��AEN3
�3 �($�)� �0�"� ) �+)$�'(- %�" )! ($� �(--�# DEMOAEN

• ˜˜˜˜˜˜ •

4,� *��)�$
0
"! (-/(.! ( �+)$�'(- %�" ) �1 ( 
�%,�"# " 2

n J>) ") "!  �)
�($�)� �0�"� )3 ∆a "! ),� � -. �($�)� 1(�� �1 Πa � !"'"-($-. 1�$ ∆a

J
( # Πa

J
3

1#2345 )*6* P� �$(--.: ),� �($�)� !>$1(�� �1 ( 
�%,�"# " n #"'� !"� !
/"),K !>''( #! �� !"!)! �1 (  >'J�$ ϕ(K, n) �1 �($�)� 1(��!3 4,"!  >'J�$"! > "*�$!(-: ") #�%� #! � K ( # n � -. Q!�� 789:��; � �1 6789R3 <�): ),�$� "!
( 0$�() *($"�). �1 �$#�$" 0! �1 !>�, 1(��!3 X '�!) �0�"� ) )��- )� #�!�$"J� ),�
-())"�� �1 �($�)� 1(��! "! %$�*"#�# J. $�%$�!� )()"� !3 4,�!� ($� '(%%" 0! �1
∂Π � )� ( '>-)"%-� �1 ∆e 3
=��(-- ),� A�CBCOA�I MELMENEC�OBC �1 ( 
�%,�"# (! #�& �# " >�?���@
A�B�

2.1 �1 C��DA�� E �1 67893 4,"!  �)"� "! �!)(J-"!,�# *"( ( J"���)"� 
Q73�R κ : ∂Π 7→ K∆e
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�1 ),� �($�)� !>$1(�� �1 Π � )� ( (%%$�%$"()� '>-)"%-� �1 ),� > ") U"'%-�+
∆e 3 κ '(%! ),� �($�)� 1(��! J"���)"*�-. � ( !.!)�' �1 �� *�+ %�-.,�#$( #��& �# � ( 0$"# �1 K∆e !>�, ),() ),� -())"�� !)$>�)>$� "! %$�!�$*�# J"���)"*�-.
(! /�-- Q!�� 6789: 789:��; ��R3
��$� #�)("-�#: ( . �+)$�'(- u ∈ ∂Π "! > "�>�-. $�%$�!� )�# (! ( !>' �1
*�$)"��! �1 ),� {∆(k)}k∈K *"( ( '(%%" 0
Q73�R

i• := K → I

"3�3: J.
Q737�R u = ai• :=

∑

k∈K

a(k)ik .

u "! '(%%�# � )�
Q7377R u0 := κ(u) :=

∑

k∈K

a0(k)ik .


�$$�!%� #" 0-.: 1�$ ( . �($�)� 1(�� F /"), �+)$�'(-! u1, . . . ,uL
: /� �J)(" 1�$ ( *��)�$ x ∈ F /"), $�%$�!� )()"� 

x =

L∑

l

αlu
(l)

),� "'(0�

Q737ZR κ(x) =

L∑

l

αlκ(u
l) .

4,"! " #>��! ( "'(0� F 0 = κ(F ) ⊆ K∆e 3 4,� '(%%" 0 κ "! ),� �+)� #�#
)� J"���)"*�-. '(% ),� -())"��

V
�1 �($�)� 1(��! 1$�' ∂Π � )� ),� ��$$�!%� #�" 0 -())"��

V0 �1 K∆e 3
◦ ˜˜˜˜˜˜ ◦

��32��# )*�* T"0>$� 73[ Q),� 
�%,�"# ?	#�)@R "! ( !>' �1 4 #�P>( U"'%-"��!
" 3 #"'� !"� !3
T"0>$� 738 !,�/! ),� �( � "�(- $�%$�!� )()"� �1 ?	#�)@ 3 4,� -())"�� �1
�($�)� �0�"� ) 1(��! "! �+(�)-. ��%"�#3

◦ ˜˜˜˜˜˜ ◦
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� � � � � � � � � �� � � � � � � � � �� � � � � � � � � �� � � � � � � � � �� � � � � � � � � �� � � � � � � � � �� � � � � � � � � �� � � � � � � � � �� � � � � � � � � �� � � � � � � � � �� � � � � � � � � �� � � � � � � � � �� � � � � � � � � �� � � � � � � � � �� � � � � � � � � �� � � � � � � � � �

� � � � � � � � � �� � � � � � � � � �� � � � � � � � � �� � � � � � � � � �� � � � � � � � � �� � � � � � � � � �� � � � � � � � � �� � � � � � � � � �� � � � � � � � � �� � � � � � � � � �� � � � � � � � � �� � � � � � � � � �� � � � � � � � � �� � � � � � � � � �� � � � � � � � � �� � � � � � � � � �

� � � � � � � � � � � � �� � � � � � � � � � � � �� � � � � � � � � � � � �� � � � � � � � � � � � �� � � � � � � � � � � � �� � � � � � � � � � � � �� � � � � � � � � � � � �� � � � � � � � � � � � �

� � � � � � � � � � � � �� � � � � � � � � � � � �� � � � � � � � � � � � �� � � � � � � � � � � � �� � � � � � � � � � � � �� � � � � � � � � � � � �� � � � � � � � � � � � �� � � � � � � � � � � � �

� � � � � � � �� � � � � � �
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� � � �� � � �� � � �� � � �� � � �� � � �� � � �

� � � �� � � �� � � �� � � �� � � �� � � �� � � �

� � � �� � � �� � � �� � � �� � � �� � � �� � � �
� � � �� � � �� � � �� � � �� � � �� � � �� � � �

                            
! ! ! ! !! ! ! ! !! ! ! ! !! ! ! ! !! ! ! ! !! ! ! ! !

" " " "" " " "" " " "" " " "" " " "" " " "

# # # ## # # ## # # ## # # ## # # ## # # ## # # ## # # #

$ $ $ $$ $ $ $$ $ $ $$ $ $ $$ $ $ $$ $ $ $$ $ $ $$ $ $ $
% % % % %% % % % %% % % % %% % % % %% % % % %% % % % %% % % % %% % % % %

& & & & && & & & && & & & && & & & && & & & && & & & && & & & && & & & &
' ' ' ' ' '' ' ' ' ' '' ' ' ' ' '' ' ' ' ' '' ' ' ' ' '' ' ' ' ' '' ' ' ' ' '' ' ' ' ' '

( ( ( ( ( (( ( ( ( ( (( ( ( ( ( (( ( ( ( ( (( ( ( ( ( (( ( ( ( ( (( ( ( ( ( (( ( ( ( ( (
) ) ) ) )) ) ) ) )) ) ) ) )) ) ) ) )) ) ) ) )) ) ) ) )) ) ) ) )

* * * * ** * * * ** * * * ** * * * ** * * * ** * * * ** * * * *
+ + + ++ + + ++ + + ++ + + ++ + + ++ + + ++ + + +

, , , ,, , , ,, , , ,, , , ,, , , ,, , , ,, , , ,
- - - - -- - - - -- - - - -- - - - -- - - - -- - - - -

. . . .. . . .. . . .. . . .. . . .. . . .
/ / / // / / // / / // / / // / / // / / // / / /

0 0 0 00 0 0 00 0 0 00 0 0 00 0 0 00 0 0 00 0 0 0

1 1 1 1 11 1 1 1 11 1 1 1 11 1 1 1 11 1 1 1 11 1 1 1 11 1 1 1 1

2 2 2 2 22 2 2 2 22 2 2 2 22 2 2 2 22 2 2 2 22 2 2 2 22 2 2 2 2
3 3 3 33 3 3 33 3 3 33 3 3 33 3 3 33 3 3 33 3 3 33 3 3 3

4 4 4 44 4 4 44 4 4 44 4 4 44 4 4 44 4 4 44 4 4 44 4 4 4

T"0>$� 738V 4,� �( � "�(- $�%$�!� )()"� �1 ?	#�)@



?
������� �� ��� �� ������� ? �

� 	
���� ����
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���� ����
��

�� $�*"�/ ),� "#�( �1 �+)� #" 0 ),� ��������	������ !�->)"� Q6�9: !��
(-!� 6789: 67�9R *"( ( (%%$�%$"()� '�(!>$� #�& �# � ),� �($�)� !>$1(�� �1 (

�%,�"#3 �� 1�--�/ ),� %$�!� )()"� %$�*"#�# " 6�9 ( # �+%-(" �# " #�)("-
" 67893
T�$

0 < a ∈ 2
n
+
/� /$")�

QZ37R τa := n

√∏

i∈J

ai.

T�$ ( 1('"-. a• =
{
a(k)

}
k∈K

�1 %�!")"*� *��)�$! /� �+)� # ),"!  �)"� *"(
QZ3ZR τa• :=

∑

k∈K

τak .

SHM��AE KE�NHMEN 1�$ ( 
�%,�"# ($� #�& �# � ),� �($�)� !>$1(��3 �� /"--
#"!�>!! )/� *�$!"� !  ('�# " ,�'(0� )� �(!�,-�$���$-�! ( # #�P>(3
"#$%&'&(% .*)* 73 T�$ %�!")"*� a ∈ 2

n
+

),� �� KE�NHME
(!!"0 �# )� ∆a "!
QZ3[R ι∆(∆

a) := τ n−1
a ,

" %($)"�>-($:
QZ38R ι∆(∆

e) = 1 .

Z3 =�) Π =
∑

k∈K Πa(k) J� 
�%,�"# ( # -�)
QZ3�R F =

∑

k∈K

∆
(k)

J(k)

J� ( �($�)� 1(�� /"), $�1�$� �� !.!)�'
J =

{
J (k)

}
k∈K

3 4,� ),� ��
KE�NHME �1 F "! 0"*� J.

QZ3;R ι∆(F ) = cJ
n

√√√√√


 ∏

i∈J(1)

a1i




j1−1

· . . . ·


 ∏

i∈J(K)

aKi




jK−1

/"), ��$)(" ? �$'(-"	" 0 ���0�"� )!@ cJ 3

• ˜˜˜˜˜˜ •

T�$ #�)("-! ( # '�)"*()"� !�� 67893



?
������� �� ��� �� ������� ? �

��32��# .*.* � 3 #"'� !"� ! -�) a = (a1, a2, a3) > 0 ( # -�) Πa J� ),�

�%,�"# 0� �$()�#3 4,� ���'�(!>$� �1 ∆a "!
QZ3<R ι∆(∆

a) =
3

√
(a1a2a3)

2 .

4,"! /(.: ),� > ") U"'%-�+ "!  �$'(-"	�# " '�(!>$� )� ι∆(∆
e) = 1 3 4,>!:

ι∆(•) � '>-)"%-�! �1 ),� > ") U"'%-�+ "! =�J�!0>� '�(!>$� >% )� ( �� !)( )
#� !").3

� !"#�$ ),� !>' �1 )/� #�P>( !"'%-"��! Π = ∆a + ∆b (! " #"�()�# " 
T"0>$� Z373 4,� �($�)� !>$1(�� �1 ),"! 
�%,�"# �� !"!)! �1 )/� )$( !-()�! �1
),� #�P>( U"'%-"��! " *�-*�# ( # ),� $,�'J>!

Λab
23 13 = ∆a

23 +∆b
13

4,"! $,�'J>! "! ),� !>' �1 )/� U>J!"'%-"��! �1 ∆a ( # ∆b 3

∆a + b(1)

∆b + a(2)

∆a
23 +∆b

13 = Λab
23,13

1

2

3

T"0>$� Z37V X !>' �1 )/� #�P>( U"'%-"��!
4� Λab

23 13
/� (!!"0 

QZ3�R ι∆(Λ
ab) := 2 3

√
(a1a2a3)(b1b2b3) ,

W�)� ),() ��>()"� QZ3�R " *�-*�! (-- ���$#" ()�! �1 a ( # b 3 4,� $�!>-) "!
J(!�# � ),�  �)"� �1 ( ?'�(!>$� %$�!�$*" 0@ $�%$�!� )()"� : /,"�, (--�/! )�
'(% ),� �($�)� !>$1(�� �1 ( ��%,�"# �� !"!)� )-. � )� ( '>-)"%-� τa•∆e �1 ),�
> ") U"'%-�+3 Q!�� 6789: 789:��; ���: ������� 7 1�$ ( #�)("-�# '�)"*()"� R3

◦ ˜˜˜˜˜˜ ◦
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������� �� ��� �� ������� ? �

1#2345 .*6* ��(�&$�3'&(%� (� '�# �3%(%&�3� 4#�4#�#%'3'&(%�
	. ( !-"0,) '�#"&�()"� /� �J)(" (  �$'(-"	�# *�$!"� �1 ),� �( � "�(-
$�%$�!� )()"� : /,"�, /� �(-- ),� SOKLIEF MELMENEC�OBC3 4,"! *�$!"� 
>!�! ),� > ") U"'%-�+ ∆e !"'>-)( ��>!-. 1�$ (-- 
�%,�"#!3 �) "! #�& �# *"(

∆
κ : ∂Π → ∆e

∆
κ(ξ) :=

κ(x)

n

QZ3�R

� /,() 1�--�/! Q������� [: " %($)"�>-($ 
�& ")"� [3[R /� /"-- �,( 0� �>$
*"�/%�" ) ( # �� !"#�$ ),� " *�$!� �1 ( $�%$�!� )()"� )� J� ( %($('�)$"	()"� 
�1 ( �($�)� !>$1(�� �1 ( 
�%,�"#3 �303: ),� '(%%" 0

∆
x(•) =

∆
κ−1 : ∆e 7→ ∂Π

%$�*"#�! ( %($('�)$"	()"� 
QZ37�R (∆e,

∆
x(•))

�1 ∂Π J. ∆e 3 4,� (#*( )(0� �1 ),� U"'%-�+ $�%$�!� )()"� QZ3�R "! ),() ")!
" *�$!� ∆

x(•) =
∆
κ−1 (�)! !"'>-)( ��>!-. � ( #�'(" 1�$ (-- 
�%,�"#!3

U�'�/,() '�$� 0� �$(--.: 1�$ !�'� ā > 0
/� �( �,��!� ( '>-)"%-� �1 ∆ā

" !)�(# �1 K∆e
1�$ ),� $�%$�!� )()"� 3 =�) Π =

∑
k∈K Πa(k) ( # �,��!� ( !�)

�1 %�!")"*� ���0�"� )! {αk}k∈K /"), !>'∑
k∈K αk =: α 3 4,� ),� $�%$�!� �)()"� /"-- )(5� %-(�� � 

Π̄ :=
∑

k∈K αkΠ
ā = α∆ā /"), α :=

∑
k∈K αk

3
�� �(-- ),"! ( KB�O�E� A�CBCOA�I MELMENEC�OBC /$"))� κā 3 X �($�)�1(�� F =

∑
k∈K ∆

(k)

J(k)

�1 Π "! ),� '(%%�# � )� ( 1(��
QZ377R κā(F ) = F̄ =

∑

k∈K

αk∆
ā(k)

J(k)

�1 ),� 
�%,�"#
Π̄ = α∆ā 3 X-!�: ),� -())"��V �1 �($�)� 1(��! �1Π "! J"���)"*�-.

'(%%�# � ),� -())"�� κā(V) = V
� K∆ā 3

U%��"&�.--.: /� !�) αk := ι∆(∆
a(k) (k ∈ K) 3 4,� " *�$!� '(%%" 0 xā(•)�� !)")>)�! ( %($('�)$"	()"� �1 Π3

◦ ˜˜˜˜˜˜ ◦
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������� � � ������� ��������� ��� ����� �������

? �

� 	
���� ����
���� ��� ���
� ����
��

W�/ /� )>$ �>$ 1��>! � '�$� 0� �$(- ��'%(�) �� *�+ !�)! Γ ⊆ 2
n
+
/"),

�($�)� !>$1(�� ∂Γ 3 �� #"!)" 0>"!, ),� 1�--�/" 0 *�$!"� !3
P� �$(--.: /� "1 /� !%�(5 �1 ( ?�� *�+ J�#.@ /� '�( ( ��'%(�) �� *�+
!�): ),� !>$1(�� J�" 0 #"	�$� )"(J-� /")," ( �%� ( # #� !� !>J!�) Q),�
��'%-�'� ) �1 & ")�-. '( . ,.%�$%-( �!R3
U%��"&�(--.: -�) ∂Γ J� ( ��'%(�) ( # �� )" >�>!-. #"	�$� )"(J-� !>$1(��
/,"�,: " (##")"� : ,(!  �) 
() ($�(! ( #  � 	�$� #�$"*()"*�!3 4,() "!: ),�
 �$'(- *($"�! �� )" >�>!-.: "! (-/(.! %�!")"*� ( # > "�>�-. ��$$�!%� #! )�
�($�)� �0�"� ) %�" )!3 � ),"! �(!� /� !,(-- � !�'�/,() !-�%%"-. � $�1�$ )�
Γ (! ( ?!'��), J�#.@3 	$ �-!� /� �� !"#�$ Γ )� J� ( 
�%,�"# � /,"�, /�
" #"�()� J. /$")" 0 Π � /"), �($�)� !>$1(�� ∂Γ = ∂Π3
�� /"-- ,�(*"-. $�-. � ),� >!� �1 %($('�)$"	()"� ! (! 1�--�/! Q!�� (-!� =�'($5Z3[R3
"#$%&'&(% 6*)* =�) Γ J� ( �� *�+ J�#.3 X L�M�KEMO��OBC �1 ∂Γ "! (
%("$ (�,x(•)): !>�, ),() � ∈ 2

n−1 "! ��'%(�) ( # �� *�+ ( # x(•) "! (
J"���)"*� '(%%" 0
Q[37R x(•) : �→ ∂Γ

/,"�, "! �� )" >�>!-. #"	�$� )"(J-� /")," ( �%� ( # #� !� !�)3 T�$ (
!'��), J�#. /� $��>"$� ),() x(•) "! �� )" >�>!-. #"	�$� )"(J-�3
T�$ ( 
�%,�"# Π

: ( L�M�KEMO��OBC �1 ∂Π "! ( %("$ (�,x(•))
: !>�,),() x(•) : � → ∂Π "! �� )" >�>!-. #"	�$� )"(J-� /")," ( �%� ( #

#� !� !>J!�) Q),� ��'%-�'� ) �1 & ")�-. '( . ,.%�$%-( �!R �1 �3 �� /$")�

= (t1, . . . , tn−1) ∈ � 1�$ ),� 0� �$"� �-�'� ) �1 �3

• ˜˜˜˜˜˜ •

T�$ ( �� *�+ J�#. Γ
),� A�CBCOA�I L�M�KEMO��OBC "! #�& �# (! 1�--�/!3

=�)
Γ(−n) = ΓI−{n} := Γ ∩ 2

I\{n}

=
{
t ∈ 2n−1

+ ∃t ≥ 0 := (

, t) ∈ Γ

}Q[3ZR

( # #�& � ),� Q�� )" >�>! ( # �� �(*�R 1> �)"� 
C : Γ(−n) → 2

C(t) := max{t ≥ 0 (t, t) ∈ Γ} ,

Q[3[R

),� ),� �( � "�(- %($('�)$"	()"� "! (Γ(−n),xC(•)
) /"),

xC(•) := Γ(−n) → ∂Γ

xC(

) : = (t, C(t)) (t ∈ Γ(−n)) .

Q[38R



?
������� � � ������� ��������� ��� ����� �������

?
��

�!!� )"(--.: #�!�$"J" 0 Γ "! )( )('�> ) )� %$�!� )" 0 ( 1> �)"� C !>�, ),()
∂Γ

Q�$ ∂ΠR "! ),� 0$(%, �1 C 3 4,"! *�$!"� "! �'%,(!"	�# 1�$ ),� �(!� �1 2#"'� !"� ! " ),� �� )�+) �1 ),� �(!�,-�$���$-�! !�->)"� : !�� 6789: 789:��;
��: ������� 3 3
��32��# 6*.* �1 Γ = ∆a "! ( #�P>( U"'%-�+: ),� ),� �( � "�(- %($('�)$"	(�)"� "! %$�*"#�# *"( ),� #�P>( > ") U"'%-�+ " n− 1 #"'� !"� !� "3�3:

Q[3�R � = ∆a−

=

{
 ∈ 2n−1

+

n−1∑

j=1

tj
aj

≤ 1

}
= CovH{a1, . . . ,an−1} .

( # ),� 1> �)"� C 0"*� J.

Q[3;R C(

) = an

(
1−

n−1∑

j=1

tj
aj

)
.

X-)�$ ()"*�-.: /� '(. >!�

Q[3<R � := Πen−1

=

{
 ∈ 2n−1

+

n−1∑

j=1

tj ≤ 1

}
.

( # ( %($('�)$"	()"� x(•) 0"*� J.

Q[3�R x(

) = (a1t1, . . . , an−1tn−1, an

(
1−

n−1∑

j=1

tj

)
) (

 ∈ ∆e−

) .

◦ ˜˜˜˜˜˜ ◦

4,� 1�--�/" 0 %($('�)$"	()"� (--�/! 1�$ ),� !"'>-)( ��>! �,�"�� �1 � 1�$
(-- 
�%,�"#!3 �) /"-- )>$ �>) ),() ") �( J� �+)� #�# )� !'��), !>$1(��! (!
/�--3 
�'%($� (-!� =�'($5 Z3[3
"#$%&'&(% 6*6* =�) Π J� ( 
�%,�"# ( # -�) κ J� ),� �( � "�(- $�%$�!� �)()"� 3 4,� U"'%-�+ %($('�)$"	()"� (∆e,x∆(•)) "! �J)(" �# J. !,$" 5" 0
),� �( � "�(- $�%$�!� )()"� )� ),� > ") U"'%-�+� "3�3:

x∆(•) : ∆e → ∂Π

x∆(t) := κ−1(Kt) (t ∈ ∆e) .

Q[3�R

• ˜˜˜˜˜˜ •

4,� U"'%-�+ %($('�)$"	()"� %$�!�$*�! ),� -())"�� !)$>�)>$� V �1 ),� �($�)�
!>$1(�� ∂Π3 �) "! �>!) ( $�!�(-" 0 �1 ),� �( � "�(- $�%$�!� )()"� : J>) ."�-#!
( !"'>-)( ��>! %($('�)$"	()"� J(!"!

T = ∆e 3 =()�$ � Q=�''( 838: 
�&� ")"� 83�R /� /"-- !,�/ ),(): J. > "1�$' �� )" >").: ),"! �,�"�� �1 � = ∆e

�( J� " )$�#>��# 1�$ ( !'��), !>$1(�� (! /�--3
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������� � � ������� ��������� ��� ����� �������

?
��

� /,() 1�--�/! /� �� !)$>�) !>$1(�� " )�0$(-! /,"�, ($� " #�%� #� ) � ),�
%($('�)$"	()"� �,�!� 3 W�) (-/(.! /"-- /� �+%-"�")�-. *�$"1. ),"! 1(�)3
=�) Γ J� ( �� *�+ J�#. /"), !>$1(�� ∂Γ %($('�)$"	�# J. (�,x(•)) 3 =�)
t̄ ∈ � J� ( %�" ) () /,"�, /� ,(*� #"	�$� )"(J"-").3 4,� : 1�$ !>0�"� )-.
!'(-- ε > 0

: ( )( 0� ) ),$�>0, ),� %�" ) x(t̄) " #"$��)"� �1 ),� �>$*�
Q[37�R {

x(tj , t̄−j) tj ∈ [tj − ε, tj + ε]
}

"! 0"*� J. ),� *��)�$
Q[377R ∂x

∂tj
=

(
∂x1

∂tj
,
∂x2

∂tj
, . . . ,

∂xn

∂tj

)
(t̄) (j ∈ {1, . . . , n− 1}).

=�)
Q[37ZR D(t̄) = (Dx) (t̄) =

(
∂xi

∂tj

)

i∈I,j∈I\{n}

( # -�)
Q[37[R Di(t̄) = (Dix)(t̄) =

∣∣∣∣
∂xk

∂tj

∣∣∣∣
k∈I\{i},j∈I\{n}

(i ∈ I)

#� �)� ),� 1> �)"� (- #�)�$'" ( ) �1 ),� �>(#$()"� !>J'()$"+ �1 D �J)(" �#
J. �'"))" 0 ),� i− th ��->' 3 4,� ),�  �$'(- () ∂Γ " x(t̄) "! 0"*� J.
Q[378R

n̄ = n
x(t̄) = (D1(t̄), . . . , Dn(t̄)) .

"#$%&'&(% 6*�* =�) Γ ⊆ 2
n
+
J� ( �� *�+ J�#. /"), �($�)� !>$1(�� ∂Γ ( #

-�) (�, (x(•)) J� ( %($('�)$"	()"� 3 4,� �E�H� KE�NHME � ∂Γ "!

ϑ(∂Γ) =

∫

∂Γ

n
√

dn1 · · · dnn

=

∫

�

n
√

(n1 · · ·nn) ◦ x dλ =

∫

�

n
√
(D1 · · ·Dn) ◦ x dλ

=

∫

�

n
√

D1(x(•)) · · ·Dn(x(•)) dλ(•)

=

∫

�

n
√

D1(x(t1 · · · , tn−1)) · · ·Dn(x(t1, · · · tn−1)) dt1 · · · dtn−1

Q[37�R

• ˜˜˜˜˜˜ •

X! /� ,(*� �'%,(!"	�# (J�*�: � � ,(! )� *�$"1. ),() ),� #�P>( '�(!>$� "!
" #�%� #� ) � ),� %($('�)$"	()"� �,�!� � ( )�#"�>! J>) !)$("0,)1�$/($#



?
������� � � ������� ��������� ��� ����� �������

?
��

%$���#>$� /�-- 5 �/ 1�$ ),� ( (-�0>�! �1 =�J�!0>� '�(!>$� � ( !'��),
!>$1(��3 �� %$�*"#� ( !,�$),( # *�$!"� (! 1�--�/!3
� #��#: -�) ξ(•) :

� → ∂Γ J� ( !��� # %($('�)$"	()"� 3 4,� 
h(•) := x(•)(−1) ◦ ξ(•) , h(•) :

� → �
�� !)")>)�! ( J"���)"*� '(%%" 03 W�/ 1�$ !�'� s ∈ �

, t ∈ � ( # t = h(s)/� ,(*�
x(t) = x(h(s)) = ξ(s) ,

,� �� /$")" 0 ),� 1> �)"� (- #�)�$'" ( )
Q[37;R Dh =

∣∣∣∣
∂hi

∂tk

∣∣∣∣
i,k∈I

/� �J)(" 1�$ ),� #�P>( '�(!>$�
∫

�

n
√
D1x(t) · · ·Dnx(t)dt1, . . . , dtn

=

∫

�

n
√

D1(x ◦ h)(s) · · ·Dn(x ◦ h)(s)(Dh)ds1, . . . , dsn

=

∫

�

n
√

[D1(x ◦ h)(s)Dh] · · · [Dn(x ◦ h)(s)Dh]ds1, . . . , dsn

=

∫

�

n
√

D1ξ(s) · · ·Dnξ(s)ds1, . . . , dsn

Q[37<R

/,"�, %$�*�! ),� " #�%� #� �� �1 ( %($)"�>-($ %($('�)$"	()"� 3
��32��# 6*�* U%��"&�(--.: �� !"#�$ ),� �(!� ),() n = 3 3 =�) (�,x(•)) J� (%($('�)$"	()"� �1 ∂Γ 3 4,� : 1�$ &+�# (t1, t2) ∈ �

: ),� )( 0� )! " #"$��)"� 
�1 ),� �>$*�! {(x(t1, t2) (t1, t2) ∈ �} ( # {(x(t1, t2) (t1, t2) ∈ �} ($�

∂x

∂t1
= (

∂x1

∂t1
,
∂x2

∂t1
,
∂x3

∂t1
) ( # ∂x

∂t2
= (

∂x1

∂t2
,
∂x2

∂t2
,
∂x3

∂t2
) .

4,>!: ),�  �$'(- "! Q),� ?*��)�$"(- %$�#>�)@R
Q[37�R

n =
∂x

∂t1
× ∂x

∂t2
/,"�, "! �� *� "� )-. /$"))� 

Q[37�R
n =

∣∣∣∣∣∣

e1 e2 e3

∂x1

∂t1

∂x2

∂t1

∂x3

∂t1
∂x1

∂t2

∂x2

∂t2

∂x3

∂t2
)

∣∣∣∣∣∣
= D1e

1 +D2e
2 +D3e

3 ;

/"), ),� (J�*�  �)()"� Di

1�$ ),� !>J#�)�$'" ( )! �1 ),� #�)�$'" ( ) $�%�$�!� )" 0
n

: "3�3:
Q[3Z�R Dk =

∣∣∣∣
∂xi

∂tj

∣∣∣∣
i∈I\{k},j∈{1,2}

.
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� %($)"�>-($ 1�$ ),� U"'%-�+∆a = ∆(a1,a2,a3) ( # � = e12 = (1, 1)
: �� !"#�$

),� %($('�)$"	()"� %$�*"#�# " Q[3<R ( # Q[3�R: "3�3:

x(•) := Πe12 → ∆a

(t1, t2) → (a1t1, a2t2, a3(1− (t1 + t2)))

Q[3Z7R

/� & # ),� )( 0� )!
∂x

∂t1
= (a1, 0,−a3) ,

∂x

∂t2
= (0, a2,−a3) .


� !��>� )-.: /� �J)(" 

n =

∣∣∣∣∣∣

e1 e2 e3

a1 0 −a3
0 a2 −a3

∣∣∣∣∣∣
= D1e

1 +D2e
2 +D3e

3

= a2a3e
1 + a1a3e

2 + a1a2e
3 = (a2a3, a1a3, a1a2)

Q[3ZZR

�� �� ),� =�J�!0>� !>$1(�� " )�0$(- "!
∫

∆e12

√
D2

1 +D2
2 +D2

3 dt1dt2 =

∫

∆e12

√
a22a

2
3 + a21a

2
3 + a21a

2
2 dt1dt2

=
1

2

√
a22a

2
3 + a21a

2
3 + a21a

2
2;

Q[3Z[R

/,"�, "! #�P>(�! 4,��$�'3
	 ),� �),�$ ,( #: ),� #�P>( '�(!>$� Q
�& ")"� [37�R ( # 1�$'>-( Q[37�R1�$ ),� U"'%-�+ ∆a "! 0"*� J.3

ϑ(∆a) =

∫

∆a

3
√

dn1dn2dn3

=

∫

∆e12

3
√
(n1n2n3) ◦ x dλ =

∫

∆e12

3
√
(D1D2D3) ◦ x dλ

=

∫

∆e12

3
√
D1(x(•))D2(x(•))D3(x(•)) dλ(•)

=

∫

∆e12

3
√
D1(x(t1, t2))D2(x(t1, t2))D3(x(t1, t2)) dt1dt2

=

∫

∆e12

3
√
a2a3a1a3a1a2 =

1

2
3
√

(a1a2a3)2

Q[3Z8R

◦ ˜˜˜˜˜˜ ◦
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��32��# 6*�* U-"0,)-. '�$� 0� �$(--. �� !"#�$ ),� �( � "�(- %($('�)$"	(�)"� (Γ(−n,xC(•)) (! #�!�$"J�# " Q[3[R:Q[38R3
4,� )( 0� ) *��)�$! (! " Q[377R ($� ),� 
Q[3Z�R ∂x

∂tj
=

(
0, . . . , 1, . . . ,

∂C

∂tj

)
(t̄) (j ∈ {1, . . . , n− 1})

/"), 1 () %�!")"� � 3 X !)$("0,)1�$/($# ��'%>)()"� ),�$�1�$� $�*�(-! 1�$ ),�1> �)"� (- #�)�$'"( )!
Q[3Z;R Di(x

C(t̄)) =
∂C

∂ti
(t̄) (i ∈ I \ {n}) Dn(x

C(t̄)) = 1 .

◦ ˜˜˜˜˜˜ ◦

1#2345 6*�* 
�& ")"� [38 "'%-"�! ( #�P>( '�(!>$� ( # " )�0$(- �(-�>->!
#�& �# � ∂Γ 3 T�$ ( . 1> �)"� F : ∂Γ → 2 /� #�& � ),� *�$!"� 
)$( !%�$)�# *"( !�'� %($('�)$"	()"� x(•) : �→ ∂Γ

)� J�
Q[3Z<R F ? : �→2

, F ? := F ◦ x(•) =: x(•)F .

T> �)"� ! ($� J�" 0 )$( !%�$)�# " ( �� )$(*($"( ) '(  �$�F ? "! ),� 1> �)"� )$( !%�$)�# *"( x(•) 1$�' ∂Γ
)� �3 	 ),� �),�$ ,( #: '�(!>$�! ($� J�" 0)$( !%�$)�# ��*($"( )-. /"), ( '(%%" 03 4,>!: " ),� %$�!� ) !")>()"� : /�

/( ) ),� )$( !%�$) )� J� �($$"�# � J. x(•)−1 3 4,"! "! ( 1�(!"J-� �%�$()"� 
(! x(•) "! J"���)"*�3 �� �J)(" ),� )$( !%�$)�# '�(!>$�

ϑ? := ϑ ◦ x(•) =: x−1(•)ϑ
�� �'%,(!"	� ),� )$( !%�$) �1 ),� '�(!>$�! " *�-*�#V

x(•) : ϑ? → ϑ = x(•)ϑ? := ϑ? ◦ x−1(•)
x−1(•) : ϑ → ϑ? = x−1(•)ϑ := ϑ ◦ x(•) .

4,� /� �J)(" 1�$ ),� " )�0$(- *"( ),� 1�$'>-( 1�$ )$( !1�$'()"� �1 ),�
*($"(J-�!V

∫

∂Γ

Fdϑ =

∫

∂Γ

F n
√

dn1 · · · dnn =

∫

∂Γ

F (x)dϑ(x)

=

∫

∂Γ

Fd(x(•)ϑ?) =

∫

�

(x(•)F )dϑ? =

∫

�

F ?dϑ?(

)

=

∫

�

(F ◦ x(•))dϑ? =

∫

�

F (x(

))dϑ?(


)

=

∫

�

F (x(

)) n
√

D1 · · ·Dndt1 · · ·dtn

=

∫

�

F (x(

)) n
√

D1(x(

)) · · ·Dn(x(


))dt1 · · ·dtn .

Q[3Z�R
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� %($)"�>-($: �� !"#�$ ),� �( � "�(- %($('�)$"	()"� (Γ(−n),xC(•)
)3 X !)$("0,)�1�$/($# ��'%>)()"� ."�-#! Q1�$ x(•) = xC(•)

R

D1 ◦ x(t) =
∂G

∂t1
(t),

= . . . ,

Dn−1 ◦ x(t) =
∂G

∂tn−1
(t),

Dn ◦ x(t) = 1 .

Q[3Z�R

�� ��: ),� #�P>( " )�0$(- "!

Q[3[�R ∫

∂Γ

Fdϑ =

∫

Γ(−n)

F (x(t)) n

√
∂C

∂t1
(x(t)) · · · ∂C

∂tn−1
(x(t))dt1 · · · dtn−1 .

4,� (J�*� 1�$'>-(� Q[37<R ( # Q[3[�R !-"0,)-. 0� �$(-"	� Q[37�R: ),�. �( J�
�� !"#�$�# (! ),� #�& " 0 $�-()"� 1�$ ),� #�P>( '�(!>$� ϑ " ")! �/ $"0,)3
4,>!: 1�$ ( . '�(!>$(J-� !>J!�) G ⊆ ∂Γ

: ),� )�$' ϑ(G) "! /�-- #�& �#3

◦ ˜˜˜˜˜˜ ◦

=�) F J� ( �($�)� 1(�� �1 !�'� 
�%,�"# Π3 4,� ϑ � F ,(! ( �� !)( )
#� !"). /3$3) =�J>�!0� '�(!>$�3 4,� !('� "! )$>� 1�$ ),� �� '�(!>$� ι∆ 3 4���'%>)� ),� #�)("-�# 1(�)�$! "!  �)  ���!!($.3 ��/�*�$: /� /( ) )� #�!�$"J�),� $�-()"� J�)/�� J�), '�(!>$�! 1�$ ),� !%��"(- �(!� �1 ( #�P>( U"'%-�+3
�#223 6*�* T�$ n ∈ � ),�$� "! ( �� !)( ) o(n) !>�, ),() 1�$ 0 < a ∈ 2

n
+

Q[3[7R ι∆(•) = o(n)ϑ(•) � ∆a ,

,�-#! )$>�3
• ˜˜˜ ◦˜˜˜ •

��32��# 6*�* =��(-- �+('%-� Z3Z: ),� !>' �1 )/� #�P>( U"'%-"��! "! $��%�()�# " T"0>$� [373 4,� �($�)� 1(��
Q[3[ZR Λab

23 13 = ∆a
23 +∆b

13

"! ),� !>' �1 )/� U>J!"'%-"��! �1 ∆a ( # ∆b 3
T�$ Λab

23 13
/� ��'%>)�# " QZ3�R ),� *(->�3

Q[3[[R ι∆(Λ
ab) := 2 3

√
(a1a2a3)(b1b2b3) ,

W�)� ),() ��>()"� Q[3[[R " *�-*�! (-- ���$#" ()�! �1 a ( # b 3
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∆a + b(1)

∆b + a(2)

∆a
23 +∆b

13 = Λab
23,13

1

2

3

T"0>$� [37V 4,� !>' �1 )/� #�P>( U"'%-"��!

W�/ /� )>$ )� ),� ��'%>)()"� �1 ϑ 3 4,� �+)$�'(-! �1 ),� $,�'J>! ($�

a3 + b1 = (b1, 0, a3) , a2 + b1 = (b1, a2, 0) ,

a2 + b3 = (0, a2, b3) , a3 + b3 = (0, 0, a3 + b3) .

Q[3[8R

T�$ ( �� *� "� ) %($('�)$"	()"� /� �,��!� ),� !�>($�
Q[3[�R

�
e =

{
x ∈ 22

+ x ≤ e = (1, 1)
}

( # ),� %($('�)$"	()"� 

x : �
e → Λab

23 13

x(t1, t2) = (b1t1, a2t2, a3(1− t2) + b3(1− t1)) (t1, t2) ∈ �
e

Q[3[;R

/,"�, ."�-#!

x(0, 0) = (0, 0, a3 + b3), x(1, 0) = (b1, 0, a3)

x(0, 1) = (0, a2, b3), x(1, 1) = (b1, a2, 0) .

Q[3[<R

� ),"! �(!� ),� )( 0� )! ($�
∂x

∂t1
= (b1, 0,−b3) ,

∂x

∂t2
= (0, a2,−a3) .


� !��>� )-. /� �J)(" 

Q[3[�R
n =

∣∣∣∣∣∣

e1 e2 e3

b1 0 −b3
0 a2 −a3

∣∣∣∣∣∣
= (a2b3, b1a3, b1a2) .
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� !��>� )-.:

ϑ(Λab
23 13) =

∫

Λab
23 13

3
√
dn1dn2dn3

=

∫

�e

3
√
a2b3b1a3b1a2dt1dt2

= 3
√

a2b3b1a3b1a2

∫

�e

dt1dt2

= 3
√

a2a2a3b1b1b3 .

Q[3[�R

/,"�, " *�-*�! � -. ���$#" ()�! a2, a3, b1b3 3

◦ ˜˜˜˜˜˜ ◦

1#2345 6*)�* 4,� �!!� )"(- #"	�$� �� J�)/�� ),� �� '�(!>$� ι∆ ( # ),�
#�P>( '�(!>$� ϑ "! #�'� !)$()�# " ),� $,�'J>! �1 �+('%-� [3�3 ��>()"� Q[3[[R " *�-*�! (-- ���$#" ()�! �1 a ( # b 3 	. �� )$(!): Q[3[�R: " *�-*�! � -.
ai {i ∈ {2, 3}} ( # bi {i ∈ {1, 3}}

: ),� ���$#" ()�! " *�-*�# " #�)�$'" " 0
),� $,�'J>!3
	�), )�$'! /�>-# J� ��>(- /,� �*�$
Q[38�R a2b1 = a1b2

),() "! a2
a1

=
b2
b1

.

4,"! /�>-# $�
��) ),� 1(�) ),()∆a
1,2

( #∆b
1,2

,(*� ),� !('� !-�%�3 4,"! "!  �)
��'%()"J-� /"), ),� 
�%,�"#Π > #�$ �� !"#�$()"� (! !,�/ J. " !%��)"� �1
T"0>$� [373 	J*"�>!-. Q[38�R *"�-()�! ),�  � #�0� �$(�. �� #")"� 3 ��/�*�$:
/,� Π (%%$�(�,�! " !�'� !� !� ( !>' �1 ,�'�),�)"� #�P>( U"'%-"��!: ),� 
ι∆

( # ϑ /�>-# J� (%%$�+"'()�-. ��>(-3 4,"! �J!�$*()"� %(*�! ),� 0$�> #1�$ ),� #�*�-�%'� ) " ������� <3 4,�$� ") /"-- J� !,�/ ),() ι∆
( # ϑ($� (%%$�+"'()" 0 ),� !('� -"'") /,� ( !��>� �� �1 
�%,�"# (%%$�(�,�! (

!'��), J�#.3
4,� #�P>( '�(!>$� "! ( !>$1(�� '�(!>$� $�!%��)" 0 ),� $,�'J": �.-" #�$!:
�)�3 �) �J�.! ��$)(" �� )" >"). %$�%�$)"�!3 4,� �� '�(!>$� "! -(�5" 0 ),�!�
%$�%�$)"�!3 �) "! !%��"&�# � 
�%,�"#! � -. � �>!)"&�# J. ),� (+"�'()"�
)$�()'� ) �1 ),� �(!�,-�$���$-�! U�->)"� (! #"!�>!!�# " 67893
4,"! %$�*"#�! ),� " �� )"*� 1�$ �+)� #" 0 ),��(!�,-�$���$-�! !�->)"� *"( ),�
#�P>( '�(!>$� )� !'��), !>$1(��! (! /� !,(-- ())�'%) )� #� " ),� !��>(-3

◦ ˜˜˜˜˜˜ ◦
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4,� �(" 4,��$�' �1 67�9 Q4,��$�' 83Z ( # 
�$�--($. 83[R �!)(J-"!,�! ),�
(%%$�+"'()"� �1 ( !'��), J�#. J. ( !��>� �� �1 
�%,�"#!3 T�$ $�1�$� ��:
/� $�1�$'>-()� ),� �� )� ) (! 1�--�/!3
T�$ ( !'��), !>$1(�� ∂Γ ( # ( & ")� !�) �1 %�" )!
Q837R XQ =

{
{q}
x

}

q∈Q

⊆ ∂Γ , /"), Q = {1, . . . , Q} ⊆ �,

-��()�# � ∂Γ � � �( �� !)$>�) ( 
�%,�"#
Q83ZR ΠXQ

= ΠQ

($J")$($"-. �-�!� )� ∂Γ
Q> "1�$'-. �$ " �(>!!#�$	 #"!)( ��R3 ΠQ "! ( !>' �1

Q
Q� !�>#��R �" #'"--!

Q83[R ΠQ =
∑

q∈Q

{q}

Π

/,"�, ($� -��(--. (#(%)�#: "3�3: $�!>-) 1$�' ( ?�(-�))�@ �$ !�0'� )

Q838R Γ
{q}
x
{q}

x̂

=

{
Γ−

{q}

x̂

}
∩ 2n

+ .

4,� ��''� %�" )
Q83�R {q}

x ∈ ∂Γ ∩ ∂Π
{q}
x
{q}

x̂

"! ),� �� )$(- *�$)�+ �1 ),� �" #'"-- {q}

Π 3 ��$��*�$: 1�$ �(�, q ∈ Q
),�

 �$'(- {q}
n

�1 ∂Γ " {q}
x "! (-!� (  �$'(- () Q),� -��(- /" #'"-- Γ{q}

x
{q}

x̂

(! /�-- (!R

() ΠQ " {q}
x �$ ")! )$( !-()� $�!%��)"*�-.3 4,"! 1(�) "!  �) �+%-"�")-. !)()�# " 

),� 1�$'>-()"� �1 4,��$�' 83Z �1 67�9: J>) �J*"�>!-. (%%�($! (! %($) �1 ),�
%$��13 
�'J" " 0 /� �J)(" 
	(4(��34
 �*)* =�) Q ⊆ � ( # -�)

XQ ⊆ ∂Γ 3 4,� ),�$� �+"!)! ( 
�%,�"#
ΠQ !>�, ),()

73 T�$ �*�$. {q}
x ∈ XQ

Q83;R {q}
x ∈ ∂Γ

⋂
∂ΠQ ,

Z3 1�$ �*�$. q ∈ Q
),�  �$'(- {q}

n
" {q}

x () ∂Γ "! (! /�-- (  �$'(- () ∂ΠQ 3
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• ˜˜˜ ◦˜˜˜ •

4,� ��--��)"� �1 & ")� !�)! (! " Q837R !()"!1." 0 
�$�--($. 837 "! #� �)�# J.
Q83<R Q :=

{
XQ ⊆ ∂Γ Q ⊆ �

}

Q
"! �$#�$�# J. " �->!"� �/� �� !"#�$ ),� -())"�� Q )� �� !)")>)� ( &-)�$ Q/"),

$�1�$� �� )� ∂Γ
R3

�� �( �,��!� ),� (%%$�+"'()" 0 
�%,�"#! " ( /(. )� � !>$� > "1�$' �� �
*�$0� �� �$ �� *�$0� �� " ),� �(>!#�$	 '�)$"� (-� 0 ),� &-)�$

Q3 T�$'(--.:
/� %$����# (! 1�--�/!3
"#$%&'&(% �*.* =�) Q ⊆ � ( #

XQ ∈ Q3

73 T�$ {q}
x ∈ XQ /"),  �$'(- {q}

n
() ∂Γ ( # () ΠQ -�)

Q83�R Hq :=

{
x ∈ 2n

+ x
{q}
n ≤ {q}

x
{q}
n

}

J� ),� ,(-1 !%(�� 0� �$()�# J. ),� !>%%�$)" 0 ,.%�$%-( � )� ∂Γ " {q}
x 3

Z3 X-!� -�)
Q83�R CQ :=

⋂

q∈Q

Hq

#� �)� ),� �� *�+ J�#. 0� �$()�# J. ),�!� ,(-1 !%(��!3
[3 W�+)

Q837�R CQ := CovH CmpH{{q}x q ∈ Q}
"! ),� �� *�+ ,>-- �1 ),� ?!�>),/�!) ($�(@ �1 XQ 3

• ˜˜˜˜˜˜ •


�--��)" 0 �>$ $�!>-)! /� �J)(" 
�#223 �*6* 73 CQ ⊆ ΠQ,Γ ⊆ CQ

Z3 CQ,Π
Q,CQ �� *�$0� > "1�$'-. )� ∂Γ (-� 0 ),� &-)�$

Q

Q8377R ΠQ −→
Q

∂Γ .

��$� ),� )�%�-�0. '(.J� �,�!� )� J� ),� �(>!!#�$	 )�%�-�0. �$ ��>"*�(-� )-. ),� > "1�$' )�%�-�0. 1�$ ),� 1> �)"� ! C #�& �# J. ),� �( � �"�(- %($('�)$"	()"� Q�>!)"1." 0 ),� )�$' ?> "1�$'@R3

• ˜˜˜ ◦˜˜˜ •
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4,>!: 0"*� ( !'��), !>$1(�� Γ /� '(. $�1�$ )�
Q
(! ),� �� *�$0� ) &-)�$ Q�1


�%,�"#!R3
W�/ /� /"-- �� !"#�$ ),� J�,(*"�$ �1 ),� !>$1(�� '�(!>$�! ι∆ ( # ϑ (-� 0
!>�, ( &-)�$3 �� /"-- !,�/ ),() J�), '�(!>$�! (%%$�+"'()� �(�, �),�$ ( #
� & (--. � ),� '�(!>$� ϑ � ∂Γ 3 �� !)($) �>) /"), �+)� #" 0 ),� U"'%-�+
%($('�)$"	()"� Q
�& ")"� [3[R: "3�3: ),� '(%%" 0
Q837ZR ∆

x(•) : ∆e → Π ,
∆
x(t) := κ−1(Kt) (t ∈ ∆e)

)� !'��), !>$1(��! *"( > "1�$' �� )" >").3
�#223 �*�* =�) Γ J� !'��), ( # -�) {ΠQ

}
Q⊆� J� ( (%%$�+"'()" 0 &-)�$:

),() "!:
Q837[R ΠQ →

Q
∂Γ

> "1�$'-.3 =�) ),� U"'%-�+ %($('�)$"	()"� ! J� 0"*� J. xQ(•) (Q ∈ Q) 34,� ),� U"'%-�+ %($('�)$"	()"� ! �� *�$0� > "1�$'-. )� ( '(%%" 0
Q8378R xQ(•) : ∆e → ∂Γ ,

/,"�, "! �� )" >�>! ( # J"���)"*�: ,� �� �� !)")>)�! ( %($('�)$"	()"� �1 ∂Γ 3
• ˜˜˜ ◦˜˜˜ •

�4((��
4,� %$��1 "! !)( #($#: ,�/�*�$: � � ,(! )� �!)(J-"!, J"���)"*").3 4,"! 1�--�/!
(! ∂Γ "! !'��),: "3�3 " �>$ )�$'" �-�0.: ),�$� "! ( J"���)"� J�)/�� %�" )!
x ∈ ∂Γ ( #  �$'(-!

n
x 3

�*#*�*
"#$%&'&(% �*�* ∆

x(•) := limQ∈Q x
Q(•) �� !)")>)�! ),� U"'%-�+ %($('�)$"	(�

)"� (∆e,
∆
x(•)) �1 ∂Γ 3

• ˜˜˜˜˜˜ •

W�+) /� #�$"*� !�'� �� )" >"). %$�%�$)"�! �1 J�), '�(!>$�! � !>$1(��! /�
($� #�(-" 0 /"),3
��#(4#2 �*�* �	(%'&%�&'
 (� ��4�3�# �#3��4#� (% 	#��(&���
	�, ��
 ε > 0

-��,� ����-� δ > 0 ��!� -��- � �, ��
 -�� �������� {a(k)
}
k∈K

��� { ?
a(k)

}
k∈K

��-�

Q837�R a(k) − ?
a(k) < δ (k ∈ K)



?
������� � � ����
����
� ? ��

��!� -��- -�� !�,,�� ������ �� ����� Π =
∑

k∈K Πa(k) ��� ?

Π =
∑

k∈K Π
?
a(k)

���� +�,�-� 	�!�� F =
∑

k∈K ∆
(k)

J(k)

��� ?

F =
∑

k∈K

?

∆
(k)

J(k)

��-� -�� ����

,�� �,�!!� ��-
J =

{
J (k)

}
k∈K

 �- � ������ -��-

Q837;R ι∆(F )− ι∆(
?

F ) < ε ��� ϑ(F )− ϑ(
?

F ) < ε

����� -,���

• ˜˜˜ ◦ ˜˜˜ •

�4((�� T�$ ),� ���'�(!>$� ι∆ ),"! 1�--�/! "''�#"()�-. 1$�' 
�& ")"� Z37
/,"�, "! �� )" >�>! " )�$'! �1 ( 1('"-. {a(k)

}
k∈K

� !�� (-!� �����-��� ��� " 
789:��; ��� �1 67893 T�$ ),� #�P>( '�(!>$� ϑ ),� %$��1 1�--�/! 1$�' T�$�
'>-(� Q[3Z�R J. " !�$)" 0 ),� U"'%-�+ %($('�)$"	()"� ∆

x(•) !"'>-)( ��>!-.1�$ (-- 
�%,�"#! Q( # ),�"$ -"'")!R
�*#*�*

4,� #�P>( '�(!>$� "! #�& �# � (-- �� *�+ J�#"�!: ,� �� /� �( '�*� � �
!)�% 1>$),�$ /"), ")! �� )" >"). %$�%�$)"�!3
��#(4#2 �*�* �	(%'&%�&'
 (� '�# �#��3 �#3��4#�

	�-
Γ 


� � ����-� 
��
 ��� ��-
Q 


� � � �-�, �� � �� ����� ��!� -��-

∂ΠQ→
Q
∂Γ

����� -,�� ���� �,��
� 	�- ϑ,ϑQ (Q ∈ Q)
����-� -�� ����� �����,�� �� -��

��,��!�� ∂Γ, ∂ΓQ ,�� �!-����
� ���� � �, ���,
 !��-������ ���!-���F : ∂Γ →2 �� ����

Q837<R ∫

∂ΠQ

FdϑQ→
Q

∫

∂Γ

Fdϑ .

• ˜˜˜ ◦ ˜˜˜ •

�4((��
	. =�''( 838 /� �( (!!>'� ),() ),� U"'%-�+ %($('�)$"	()"� "! �'%-�.�#
!"'>-)( ��>!-. 1�$ (-- !>$1(��! " *�-*�#: ,� ��

T
"! ),� !('� 1�$ (-- �1 ),�'3


� )" >"). 1�--�/! ),� 1$�' T�$'>-( [3Z�3
�*#*�*

�� %�$��"*� ( 
�%,�"# )� J� ?(-'�!) 
()@ "1 (-- #�P>( U"'%-"��! " *�-*�# ($�
�-�!� )� �(�, �),�$ �$: !"'>-)( ��>!-.: �1 (-- ),�  �$'(-! ($� �-�!�#3 T�$'(--.:
),"! "! $�
��)�# J.



?
������� � � ����
����
� ? ��

"#$%&'&(% �*�* =�) Π =
∑

k∈K Π(k) J� ( 
�%,�"#3 =�)
0 < n

ā = n̄ ∈ 2
n
+( # -�)

n
(k) := n

a(k)
(k ∈ K) . =�) δ > 0 3 �� !(. ),() Π "! (n̄, δ)�

�� "1
Q837�R ∣∣n(k) − n̄

∣∣ < δ ( # ∣∣a(k) − ā
∣∣ < δ (k ∈ K)

,�-#! )$>�3

• ˜˜˜˜˜˜ •

	. =�'($5 Z3[ /� �( $�%$�!� ) ),� �($�)� !>$1(�� �1 ( 
�%,�"# � ( !>")�(J-� '>-)"%-� �1 ( #�P>( U"'%-�+ ∆ā 3 � %($)"�>-($: -�) ( 
�%,�"# Π =∑
k∈K Πa(k) J� (n̄, δ)�
() ( # -�) ā ��$$�!%� # )�

n
3 =�) αk := ι∆(∆

a(k)
(k ∈

K) ( # α :=
∑

k∈K αk

Q!�� =�'($5 Z3[R3 
� !"#�$ ),� $�%$�!� )()"� 
κā : Π → αΠā .

�� �+%��) ),() ),� !>$1(�� '�(!>$�! ($� (%%$�+"'()�# J. ),� '�(!>$�! � 
α∆ā 3
��#(4#2 �*�* 	�- ε > 0 � 	�, ��
 0 < n̄ ∈ 2

n
+

-��,� ����-� δ > 0 ��!� -��-
� �, ��� (n̄, δ)���- �� ����� Π �- � ������ -��- ���!���
 �� +�,�-� ��!���

��
Q837�R ∣∣∣ι∂Π∆ (•)− ια∆

ā

∆ (•)
∣∣∣ < ε ��� ∣∣∣ϑ∂Π(•)− ϑα∆ā

(•)
∣∣∣ < ε .

�� ��,����,

Q83Z�R |ι∆(•)− o(n)ϑ(•)| < ε .

���- �� ι∆ ��� ϑ �  ,��!� -�� �����,� �� -���, ,� ,����-�-���� �� α∆ā �

• ˜˜˜ ◦ ˜˜˜ •

�4((��
1
st
STEP : T"$!) /� �� !"#�$ ∆αā 3 	. =�''( [3� /� ,(*�

Q83Z7R ι∆(∆
ā) = o(n) ϑ(∆ā) .

4,� 
Q83ZZR ι∆(∆

αā) =
∑

k∈K

αkι∆(∆
ā(k)

)

( # ,� �� J. Q83Z7R
Q83Z[R ϑ(∆αā) =

∑

k∈K

αkϑ(∆
ā(k)

)



?
������� � � ����
����
� ? ��

2
nd
STEP :

�� 5 �/ ),() ι∆ (! /�-- (! ϑ J�,(*� �� )" >�>!-. /"), $�!%��)
)� *��)�$! a �$ ��$$�!%� #" 0  �$'(-!

n
a $�!%��)"*�-. Q4,��$�' 83;R3


� !��>� )-.: 1�$ ( . ε > 0
),�$� �+"!)! !�'� δ > 0 !>�, ),() /,� �*�$

|na − ?
n| < ε

: ") 1�--�/! ),()

Q83Z8R |ι∆(∆a)− ι∆(∆
ā)| < ε , |ϑ(∆a)− ϑ(∆ā)| < ε .

3
rd
STEP :

W�/ ),� ( (-�0>� 1�$ Q83Z8R ,�-#! )$>� 1�$ 0� �$(- �($�)� 1(��!3
� #��#: -�)
Q83Z�R F =

∑

k∈K

∆
(k)

J(k)

J� ( �($�)� 1(�� �1 Π ( # -�)
Q83Z;R F̄ =

∑

k∈K

∆ā(k)

J(k)

J� ),� ��$$�!%� #" 0 1(�� �1 ),� 
�%,�"# Q,�'�),�)"�R αΠā 3 4,� : ( (-��0�>!-. )� Q83Z8R /� ,(*�V 1�$ ( . ε > 0
),�$� �+"!)! !�'� δ > 0 !>�, ),()

/,� �*�$ |na − ?
n| < ε

: ") 1�--�/! 1$�' ),� 
� )" >"). 4,��$�' 83; ),()
Q83Z<R |ι∆(F )− ι∆(F̄ )| < ε , |ϑ(F )− ϑ(F̄ )| < ε,

,�-#! )$>�3 4,"! "! �  �) /$")" 0 ),� !>%�$!�$"%)! � T�$'>-( Q837�R3 X-!�:
Q83Z�R ι∆(F̄ ) = o(n) ϑ(F̄ ) .

1�--�/! "''�#"()�-.: (! ),"! $�1�$! )� ),� ,�'�),�)"� �(!�3

� !��>� )-.: 1�$ ( . 1(�� F ( # ),� ��$$�!%� #" 0 1(�� F̄ /� �J)(" ),():
/,� �*�$ |na − n̄| < δ

: ") 1�--�/! ),()Q83Z�R
ι∆(F )− o(n)ϑ(F ) < ι∆(F̄ )− o(n)ϑ(F̄ ) + ε(o(n) + 1) = ε(o(n) + 1)

/,"�, "! Q83Z�R3
�*#*�*

W�/: /,� �*�$ /� (%%$�+"'()� ∂Γ J. ( !>' �1 =��(- �" #'"--! (! #�!�$"J�#
" 67�9 Q!�� Q83[R:Q838R:Q83�RR: ),� : 1�$ !�'� ��''� %�" ) {q}

x �1 ),� �($�)��
!>$1(��! ),� 1('"-. �1  �$'(-! (i)

n
�1 ),� /" #'"-- {q}Π (%%$�+"'()�! ),�  �$'(-

{q}
n

: ),"! �( J� #� � > "1�$'-. 1�$ i ∈ I 3
=��(--.: ),�$�1�$�: J�), '�(!>$�! /"-- J� (%%$�+"'()�-. ),� !('� >% )� ),�
!�(-" 0 1(�)�$ o(n) 3 �� ,(*�



?
������� � � ����
����
� ? ��

��#(4#2 �*)�* 	�- Γ 

� � ����-� 
��
 ��-� ��,��!� ∂Γ ��� ��- x̂ ≤ x̄ ∈ ∂Γ �	�-

Πx̃
x̂

����-� -�� -�� ��!�� �������� ����,�-�� ���� ��� -�� -� -�� !���--�

Γx̄
x̂
� ���� � �, ε > 0

-��,� ����-� δ > 0 ��!� -��- �������, |x̄ − x̂| < δ  �-� ������ -��-
Q83[�R |ι∆(•)− o(n)ϑ(•)| < ε

����� -,�� ��!���
 �� Πx̃
x̂
�

• ˜˜˜ ◦ ˜˜˜ •

�4((�� 	�), )�$'! ($� #�& �# )� J� '�(!>$�! � ),� -��(- /" #'"--: "3�3:
�+%-"�")-. !,�>-# J� /$"))� 

ι∆ = ι
Πx̃

x̂

∆
( # ϑ = ϑΠx̃

x̂

	�), '�(!>$�! ,(*� ( �� !)( ) #� !"). /3$3)3 =�J�!0>� '�(!>$� ( # /3$3)3
�(�, �),�$ � ( . �($�)� 1(�� �1 ),� 
�%,�"# Πx̃

x̂
3 4,�$�1�$�: ") !>0��! )�

%$�*� Q83[�R /"), $�!%��) )� ($0>'� )! F
),() ($� �($�)� 1(��!3 
� !��

�>� )-.: ),� $�!>-) 1�--�/! "''�#"()�-. 1$�' 4,��$�' 83�3
�*#*�*

W�/: 0"*� Q ⊆ � ( #
XQ ∈ Q

/"), (!!��"()�# Q� !�>#�R �" #'"-- ΠQ � /�
(-!� �� !"#�$ ),� '�(!>$� ιQ∆ � ΠQ 3 X! ),� > ") !%,�$� �1 '�(!>$�! � ∂Γ"! /�(5-. ��'%(�): ),�$� �+"!) /�(5 (��>'>-()"� %�" )! �1 ),� !.!)�' �1
'�(!>$�!

{
ι∆

Q Q ⊆ �
}

.

4,"!  �)"� �( J� '(#� %$��"!�3 T�$ �*�$. �� )" >�>! 1> �)"� F̄ : ∆e → 2
/"), )$( !%�$)�# *�$!"� ! FQ ( # F ∂Γ " )�0$(-!
Q83[7R ∫

∂ΠQ

FQdιQ∆,

∫

∂ΠQ

FQdϑQ,

∫

∂Γ

F ∂Γdϑ∂Γ

�)�3 �( J� 1�$'>-()�# !"'>-)( ��>!-. " )�$'! �1 ),� U"'%-�+ %($('�)$"	(�)"� : !�� =�'($5 [3<: 4,��$�' 83; ( # 83<3
��#(4#2 �*))* 	�- ιΓ∆ 


� � ���� �!!�����-���  ���- �� {
ι∆

Q Q ⊆ �
}
�

����
Q83[ZR ιΓ∆ = o(n)ϑ

����� -,���
• ˜˜˜ ◦ ˜˜˜ •

�4((��
1
st
STEP : T"$!) �1 (-- /� #�(- /"), ),� �>( )")"�! � ΠQ 3 �� !,�/ ),(): (!

ΠQ "! !>0�"� )-. �-�!� )� ∂Γ
: ),� '�(!>$� ι∆

� ∂Π (%%$�(�,�! ϑ /�(5-.3



?
������� � � ����
����
� ? ��

4,"! ,(%%� ! -��(--.: J>) (! /� ,(*� > "1�$' �� *�$0� ��: 0-�J(--. (! /�--3
X! (-- '�(!>$�! " *�-*�# ,(*� ( �� !)( ) #� !"). /3$3) )� =�J�!0>� '�(!>$�
� �(�, �($�)� 1(�� �1 !�'� Q� !�>#�R �" #'"-- " *�-*�#: /� ,(*� �>!) )�
*�$"1. ),� ι∆

( # ϑ ($� �-�!� " '�(!>$� � ( . !>�, �($�)� 1(��3 4,"! "!
"'%-"�# J. 4,��$�' 83�: 1�$ ),�  �$'(-! �1 ( (%%$�(�," 0 /" #'"-- ($� (--
�-�!� )� ),� � � �1 ),� �� )�$ %�" ) /,"�, ��>(-! ),�  �$'(- �1 ),"! %�" ): ()
∂ΠQ (! /�-- ! () ∂Γ 3
��$� %$��"!�-.: -�) ε > 0 ( # �,��!� δ (���$#" 0 )� 4,��$�' 83�3 
,��!�
δ0 > 0 ( #

XQ !>�, ),() ),� �(>!!#�$	 #"!)( �� J�)/�� ∂ΠQ ( # ∂Γ "!
!'(--�$ ),( δ0

3 T�$ {q}
x ∈ XQ /"),  �$'(-

n
q
Q /,"�, "! ),� !('� () ΠQ

( # () ∂ΓR ") 1�--�/! ),() (--  �$'(-! () ),� �" #'"-- Π{q}
x
{q}

x̂

($� �-�!� )�
n
q 3


��$�(!� δo
!>�, ),() �(�, ∂Π

{q}
x

{q}

x̂

(q ∈ Q) "! δ�
()3 4,� : J. 4,��$�' 83�:

/� 5 �/ ),() � ∂Π
{q}
x

{q}

x̂

(q ∈ Q) /� ,(*�
Q83[[R |ι∆(•)− o(n)ϑ(•)| < ε

,�-#! )$>�3 4,() "!: ι∆ = ιΠ
Q

∆
( # o(n) = o(n)ϑΠQ ($� �-�!� " ),� /�(5

)�%�-�0. Q?� ΠQ
@R3

2
nd
STEP :

W�/ -�) F : ∂Γ → 2 J� ( �� )" >�>! 1> �)"� : ),� J. Q83[[R /�
�( & # 1�$ ( . ε > 0 !�'�

XQ ∈ Q
!>�, ),()

Q83[8R
∣∣∣∣∣∣

∫

∂ΠQ

FdιQ∆ − o(n)

∫

∂Γ

FdϑQ

∣∣∣∣∣∣
< ε

,�-#! )$>�3 X���$#" 0 )� 4,��$�' 837< /� �J)(" 
Q83[�R ∫

∂ΠQ

FdϑQ 7→
Q

∫

∂Γ

Fdϑ .


� !��>� )-.:
Q83[;R ∫

∂Γ

FdιΓ∆ = o(n)

∫

∂Γ

FdϑΓ .

�*#*�*
	(4(��34
 �*).* =�) Γ J� ( !'��), J�#.3 =�) {ΠQ}Q∈Q

J� ( (%%$�+"'()�
" 0 T"-)�$3 4,� : {ιQ∆}Q∈Q

,(! ( /�(5 -"'") ιΓ∆ !()"!1." 0
Q83[<R ι∆

Q −→
Q

ιΓ∆ = o(n)ϑΓ .

,�-#! )$>�3 T�$ �*�$. �� )" >�>! 1> �)"� F̄ : ∆e → 2 /"), )$( !%�$)�#
��$!"� ! FQ ( # FG � � ,(!
Q83[�R ∫

∂ΠQ

FQdιQ∆ −→
Q

∫

∂Γ

F ∂ΓdιΓ∆ = o(n)

∫

∂Γ

F ΓdϑΓ .

• ˜˜˜ ◦˜˜˜ •



?
������� � � ��� ����� �
���
�

? ��

� ��� ���
� 	��
����

=�) Γ J� ( �� *�+ J�#.3 
,��!" 0 ( %($('�)$"	()"� (�,x(•)) /� ��'%>)�1�$ ( '�(!>$(J-� F ⊆ ∂Γ

Q�37R ϑ(F ) =

∫

F

dϑ =

∫

x−1(F )

n
√
D1 · · ·Dndt1 · · · dtn−1 ,

�13 Q[3Z�R3 � %($)"�>-($: 1�$ ),� �( � "�(- %($('�)$"	()"� (Γ(−n),xC(•)
) /�

�J)(" J. Q[3[�R

Q�3ZR ϑ(F ) =

∫

x−1(F )

n

√
∂C

∂t1
(t) · · · ∂C

∂tn−1
(t)dt1 . . . dtn−1

( # "1 F ? ⊆ � "! ( $��)( 0-�

F ? = [α1, β1]× . . .× [αn−1, βn−1] = [α,β],

!>�, ),()
F = xC(F ?) = {(t, C(t)) t ∈ F ?} ,

),� Q�3ZR �,( 0�! )�

Q�3[R ϑ(F ) =

∫

[α,β]

n

√
∂C

∂t1
(t) · · · ∂C

∂tn−1
(t)dt1 . . . dtn−1 .

X%%-." 0 ),"!: /� #�& � �>$ *�$!"� �1 ),� 0� �$(-"	�# ��������	������
!�->)"� *"( ),� #�P>( '�(!>$� ϑ 3
"#$%&'&(% �*)* =�) Γ J� ( !'��), J�#. ( # -�) (�,x(•)) J� ( %($('�)$"	(�)"� �1 ∂Γ 3

73 4,� "'(0� '�(!>$� �1 ϑ )$( !%�$)�# )� � *"( x−1 "! #� �)�#
Q�38R ϑ? = ϑ?

x(•) := ϑ ◦ x(•) = x−1(•)ϑ
Q'�(!>$�! ($� J�" 0 )$( !%�$)�# �� )$(*($"( )-.: !�� =�'($5 [3<R3

Z3 4,� (n− 1) #"'� !"� (- *��)�$ β?

Q�3�R β? = β?(�) = β?(�,x(•)) :=
1

ϑ?(�)

∫

�

tϑ?(dt)

"! ),� Y�M�AECEM �$ AECEM B� �M�DO� �1 � > #�$ ϑ? 3



?
������� � � ��� ����� �
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�

? ��

[3 4,� �E�H� NBIHOBC δ(Γ) ∈ ∂Γ �1 Γ "! ),� " *�$!� J($.�� )�$ �1 �:),() "!:

δ(Γ) := x(β?) = x


 1

ϑ?(�)

∫

�

tϑ?(dt)


Q�3;R

• ˜˜˜˜˜˜ •

1#2345 �*.* 73 4,� " )>")"� J�," # ),"! "#�( "! ),� ( (-�0>� #�& ")"� 
�1 ),� 0� �$(-"	�# ��������	������ !�->)"� !�->)"� 1�$ 
�%,�"#!Q6�9: !�� (-!� 6789: 67�9R3 �")," ),() �� )�+): /� �J)(" ),� !�->)"� 
(! ),� Q)$( !%�$)�#R J($.�� )�$ �1 ),� �($�)� !>$1(��: /"), /�"0,)!
(!!"0 �# (���$#" 0 )� ι∆

3 4,� (+"�'()"� �>!)"&�()"� � *"( !>%�$(#�#"*"). " 2 #"'� !"� ! ( # ),� (%%$�%$"()� 0� �$(-"	()"� ! " ,"0,�$
#"'� !"� ! � ,(! J�� %$�*"#�# J. �(!�,-�$ ( # ��$-�! ( # �+)� #�#
" 6�9 ( # 67[93 T�$ ( #�)("-�# #"!�>!!"� ( # �>!)"&�()"� �1 J($0(" " 0
!�->)"� ! *"( !>$1(�� '�(!>$�! /� $�1�$ )� ),� %$�!� )()"� " 67893

Z3 W���!!($"-.: � � !,�>-# *�$"1. ),� " #�%� #� �� �1 (-- �� ��%)! 1$�' ),�
�,�"�� �1 ),� %($('�)$"	()"� 3 �� �'") ),� -� 0),. ( # )�#"�>! %$��1!3

[3 4,� !)( #($# 1�$'>-( 1�$ ),� �,( 0� �1 *($"(J-�! ."�-#!

Q�3<R δ(Γ) = x


 1

ϑ(∂Γ)

∫

∂Γ

(x(•))−1dϑ




83 U%��"1." 0 ),"! )� ),� �( � "�(- %($('�)$"	()"� (Γ(−n),xC(•)
) /� ,(*�

Q�3�R ϑ(∂Γ) =

∫

Γ(−n)

n

√
∂C

∂t1
(t) · · · ∂C

∂tn−1
(t)dt1 . . . dtn−1

!>�, ),()
Q�3�R ϑ? = ϑ?

xC(•) := ϑ ◦ xC(•) = xC−1
(•)ϑ

"! ),� "'(0� '�(!>$� �1 ϑ )$( !%�$)�# )� Γ(−n) *"( x(•)C−1 3 �� �J)(" 1�$ ),� J($.�� )�$

β? =
1

ϑ?(T)

∫

T

tϑ?(dt) =
1

ϑ?(Γ(−n))

∫

Γ(−n)

tϑ?(dt)

=
1

ϑ(∂Γ)

∫

∂Γ

(x1, . . . , xn−1)ϑ(dx1, . . . , dxn)

Q�37�R



?
������� � � ��� ����� �
���
�

? ��

( # 1�$ ),� #�P>( !�->)"� 
Q�377R δ(Γ) = xC(β?) = xC


 1

ϑ(∂Γ)

∫

∂Γ

(x1, . . . , xn−1)dϑ




◦ ˜˜˜˜˜˜ ◦

��32��# �*6* T�$ ��'%>)()"� (- %>$%�!�!: /� �,( 0� ),� %($('�)$"	()"� 3
T�$ �+('%-�: )� �J)(" ),� J($.�� )�$ 1�$ ( U"'%-�+ ∆a " 3 #"'� !"� !: /�
�,��!� ),� %($('�)$"	()"� *"( ),� > ") U"'%-�+� !�� Q[3<R ( # Q[3�R: (-!�Q[3Z7R3 4,� Q[3Z8R !>00�!)! 1�$ ( . 1> �)"� f � ∆e12

∫

∆e12

f(t)ϑ?(dt) =

∫

∆a

f(t) 3
√
(D1D2D3) ◦ x dt1dt2

=
1

2
3
√

(a1a2a3)2
∫

∆e12

f(t) dt1dt2.

Q�37ZR

4,>!: " %($)"�>-($
Q�37[R ∫

∆e12

(t1, t2)ϑ
?(dt) =

1

2
3
√

(a1a2a3)2
∫

∆e12

(t1, t2) dt1dt2.

W�/
∫

∆e12

t1dt1dt2 =

1∫

0

t1




1−t1∫

0

dt2


 dt1

=

1∫

0

t1(1− t1)dt1 =

∣∣∣∣
t21
2
− t31

3

∣∣∣∣
1

0

=
1

2
− 1

3
=

1

6

Q�378R

X-!�
∫

∆e12

dt1dt2 =

1∫

0




1−t1∫

0

dt2


 dt1

=

1∫

0

(1− t1)dt1 =

∣∣∣∣t1 −
t21
2

∣∣∣∣
1

0

= 1− 1

2
=

1

2
.

Q�37�R

T�$ )� #�)�$'" � β? ),� ��''� 1(�)�$ 1
2

3
√

(a1a2a3)2
" Q�37ZR �( ��-! �>):),>! /� �J)(" 

Q�37;R β? =

∫
∆e12 t1dt1dt2∫
∆e12 dt1dt2

=
(1
6
, 1
6
)

1
2

= (
1

3
,
1

3
) .



?
������� � � ��� ����� �
���
�

? ��

T$�' ),"! /� #�$"*� ),� #�P>( !�->)"� )� J�
Q�37<R δ(∆a) = x(β?) = (a1t

?
1, a2t

?
2, a3(1− (t?1 + t?2))) =

(a1
3
,
a2
3
,
a3
3

)
.

X! �+%��)�#: ),"! "! ),� J($.�� )�$ �1 ∆a 3
U"'"-($-.: 1�$ )� ��'%>)� ),� J($.�� )�$ �1 ),� �($�)� 1(�� Λab

23 13
/� >!� ),�

%($('�)$"	()"� " #"�()�# " Q[3[;R: ),() "!
�

e =
{
x ∈ 2

2
+ x ≤ e = (1, 1)

}
( #
Q�37�R x(t1, t2) = (b1t1, a2t2, a3(1− t2) + b3(1− t1)) (t1, t2) ∈ �

e .

X���$#" 0 )� Q[3[�R ),� ��''� 1(�)�$ 3
√
a2a2a3b1b1b3

/"-- �( �-� �>): !� ),�
J($.�� )�$ �1

�
e "!

t? = (
1

2
,
1

2
)

( # ,� ��

δ(Λab
23 13) = x(β?) =

(
b1
2
,
a2
2
,
a3 + b3

2

)
=
(
0,

a2
2
,
a3
2

)
+

(
b1
2
, 0,

b3
2

)

=
1

2
(a2 + a3) +

1

2
(b1 + b3)

Q�37�R

◦ ˜˜˜˜˜˜ ◦

4,� $�!>-)! �1 ),� (J�*� �+('%-� �� &$' ),� �J*"�>!V 1�$ !"'%-� 0��'�)$"�(-
�J���)! Q
�P>( U"'%-"��!: $,�'J": �.-" #�$!: �)�3R ),� J($.�� )�$ "! �(!"-.
��'%>)�# *"( !.''�)$. %$�%�$)"�!3 �� ��'J" � ),�!� 1(�)! (! 1�--�/!3
�#223 �*�* 73 =�) a > 0

( # J ⊆ I 3 4,� 
Q�3Z�R δ(∆a

J) =
1

|J |
∑

i∈J

ai .

Z3 =�) Π =
∑

k∈K Πa(k) J� ( 
�%,�"# ( # -�) F =
∑

k∈K ∆
(k)

J(k)
J� (

�($�)� 1(�� �1 Π3 4,� 
Q�3Z7R δ(F ) =

∑

k∈K

δ(∆
(k)

J(k)) =
∑

k∈K

1

|J (k)|
∑

i∈J(k)

a(k)i .

• ˜˜˜ ◦˜˜˜ •

�4((�� X 1�$'(- %$��1 �>!) ,(! )� $�1�$ )� ),�  �$'(- ),() "! �� !)( )
� ( . �($�)� 1(�� (! )$�()�#3 �� ��: ),� #�P>( '�(!>$� ,(! ( �� !)( )
#� !"). /3$3)3 )� ),� =�J�!0>� '�(!>$� ( # " ��'%>)" 0 ),� J($.�� )�$ /�
�+%�$"� �� ),() ),� ��''� 1(�)�$! Q0� �$()�# J. ),� #� !").R #� �( �-� �>)
(! " �>$ (J�*� �+('%-�!3



?
������� � � ��� ����� �
���
�

? ��

�*#*�*
T�$ ��'%($"!� /� -"!) ),� J($.�� )�$ ( # ),� #�P>( !�->)"� 1�$ 0� �$(-

�%,�"#!3 � ),� �� )�+) �1 ),� ���'�(!>$� ( # ),� µπ�!�->)"� ),� '�(�!>$� %$�!�$*" 0 '(%%" 0 (-$�(#. " ��$%�$()�# ),� '�(!>$� ι∆ J. �� !)$>�)�" 0 ),� (%%$�%$"()� '>-)"%-� �1 ∆e 3
4,� $�!>-)! �1 =�''( Q�38R "''�#"()�-. �($$. �*�$ )� ),� J($.�� )�$ " K∆e 3
�#223 �*�* =�) F =

∑
k∈K ∆

(k)

J(k)
J� ( �($�)� 1(�� �1 Π ( # -�) F ? =

κ(F ) 3 4,� 
Q�3ZZR β?(F ?) = κ(δ(F )) =

∑

k∈K

1

|J (k)|
∑

i∈J(k)

e(k)i .

• ˜˜˜ ◦˜˜˜ •

�4((�� 	J*"�>!3 �*#*�*
��#(4#2 �*�* 	�- Π 


� � �� ���� ��� ��-
(K∆e,κ−1) 


� -�� �-����,�
 �,���-,���-���� 	�-

P
����-� -�� !����!-��� �� ������� +�,�-� ��!�� ���

����-� F ? := κ(F ) � ����

β?(K∆e) = β?(κ(∂Π))

=
∑

F∈P

ϑ?(κ(F ))

ϑ?(κ(∂Π))
β?(κ(F )) =

∑

F∈P

ϑ?(F ?)

ϑ?(K∆e)
β?(F )

Q�3Z[R

�� -�� 
�,
!��-�, ��
K∆e � ���������-�
 -�� ����� ����-��� ��

Q�3Z8R δ(Π) = κ−1(β?)(κ(∂Π)) = κ−1

(
∑

F∈P

ϑ?(κ(F ))

ϑ?(κ(∂Π))
β?(κ(F ))

)

• ˜˜˜ ◦ ˜˜˜ •

�4((�� T�$'>-( Q�3Z[R "! ( !)( #($# %$�%�!")"� $�0($#" 0 ),� J($.�� )�$
" �,.!"�(- �� )�+)3 X! κ "! J"���)"*� ( # %$�!�$*" 0 ),� -())"�� !)$>�)>$� �1),� �($�)� 1(��! /� ,(*�
Q�3Z�R K∆e =

⋃

F∈P

κ(F )

( # ,� ��
β?(K(∆e)) =

1

ϑ?(K∆e)

∫

K∆e


ϑ?(d


)

=
∑

F∈P

ϑ?(κ(F ))

ϑ?(K∆e)

1

ϑ?(κ(F ))

∫

κ(F )


ϑ?(d


)

=
∑

F∈P

ϑ?(κ(F ))

ϑ?(K∆e)
β?(κ(F ))

Q�3Z;R

�*#*�*



?
������� �� �������� ��
�� �
�

δ ? ��

� 	������� ������ ��� δ

X! ( $�>)" � �+�$�"!� /� *�$"1. ),() δ "! ( J($0(" " 0 !�->)"� : ),() "!:
��#(4#2 �*)* ��� ��  ��� δ ,�� �!-� ����
��-
 ���� -,���� �,��-��� ��
�-���-
 ��� �� +�,�-� �� !���-�

• ˜˜˜ ◦ ˜˜˜ •

�4((��
1
st
STEP :

�($�)� �0�"� �. "! �J*"�>! J. #�& ")"� 3
2
nd
STEP :

� �$#�$ )� �,��5 ( � .'").: �� !"#�$ ( %�$'>)()"� π : I → I 3X %�$'>)()"� �� !)")>)�! ( -" �($ '(%%" 0 π :
2

n → 2
n *"(

(π(x))i := xπ−1(i) (x ∈ 2n, i ∈ I).

X���$#" 0-.: 1�$ F ⊆ 2
n
+

),� %�$'>)�# *�$!"� "!
Q;37R π(F ) := {π(x) x ∈ F }
( # "1 x(•) %($('�)$"	�! ∂Γ ),� 

(πx)(•) := π(x(•))
%($('�)$"	�! π(∂Γ) = ∂(πΓ) 3 4,�$�1�$� /� �J)(" 

δ(πΓ) = (πx)


 1

ϑ?
(πx)(•)(T)

∫

πΓ

t
(
ϑ?

(πx)(•)

)
(dt)




= (πx)


 1

(πx(•))−1ϑ(T)

∫

πΓ

t
(
(πx)(•))−1ϑ

)
(dt)




= (πx)


 1

ϑ(π(x(T)))

∫

πΓ

t (ϑ(π(x(•)))(dt))




= (πx)


 1

ϑ(x(T))

∫

Γ

t (ϑ(x(•))(dt))




= π(δ(Γ))

Q;3ZR

�� ��: π(δ) "! ),� #�P>( !�->)"� )� πΓ
: "3�3:

Q;3[R δ(πΓ) = π(δ(Γ)) ,

3
rd
STEP :


�*($"( �� /"), (3)3>3 "! *�$"&�# !"'"-($-.3 T�$ %�!")"*� α = (α1, . . . , αn)
-�)

L :
2n → 2n , L(x) = (α1x1, . . . , αnxn) (x ∈ 2n)



?
������� �� �������� ��
�� �
�

δ ? ��

J� ( Q%�!")"*�R -" �($ '(%%" 0 ( # -�) Γ J� ( ( J($0(" " 0 %$�J-�' /"),
!'��), !>$1(�� ∂Γ 3 4,� )$( !-()�# *�$!"� "!
Q;38R LΓ := {L(x) x ∈ Γ}
( # "1 x(•) := T → ∂Γ %($('�)$"	�! ),� !>$1(�� ∂Γ : ),� 

(Lx)(•) : T → LΓ

(Lx)(t1, . . . , tn) = L(x(t1, . . . , tn)) (t ∈ T)

Q;3�R

%($('�)$"	�! LΓ 3 � *"�/ �1 Q[377R /� �J)(" 1�$ ),� )( 0� ) *��)�$
Q;3;R ∂(Lx)

∂tj
=

(
α1∂x1

∂tj
,
α2∂x2

∂tj
, . . . ,

αn∂xn

∂tj

)
(t̄) (j ∈ I) ,

( # �J!�$*" 0 Q[37[R /� �J)(" 

Q;3<R (Di(Lx))(t̄) =


 ∏

j∈I\{i}

αj


 (Dix)(t̄) (i ∈ I).

4,"! ."�-#! ),� ���$#" ()�! �1 ),�  �$'(- *��)�$
Q;3�R

n
(Lx)(t̄) = ((D1(Lx))(t̄), . . . , (Dn(Lx))(t̄)) .

W�/: "1 F ⊆ ∂Γ
),� ),� )$( !-()�# LF ."�-#! ( #�P>( '�(!>$�

ϑ(LF ) =

∫

LF

n
√

d(Ln)1 · · · d(Ln)n

=

∫

T

n
√

D1(Lx)(•) · · ·Dn(Lx)(•) dλ(•)

=

(
∏

i∈I

αi

)n−1 ∫

T

n
√

D1(x)(•) · · ·Dn(x)(•) dλ(•)

=

(
∏

i∈I

αi

)n−1

ϑ(F ) .

Q;3�R

( # " %($)"�>-($

Q;37�R ϑ (LΓ) =

(
∏

i∈I

αi

)n−1

ϑ (Γ) .



?
������� �� �������� ��
�� �
�

δ ? ��

4,�$�1�$�: /� �J)(" 

δ(LΓ) = (Lx)


 1

ϑ?
(Lx)(•)(T)

∫

LΓ

t
(
ϑ?

(Lx)(•)

)
(dt)




= (Lx)


 1

(Lx(•))−1ϑ(T)

∫

LΓ

t
(
(Lx)(•))−1ϑ(dt)

)



= (Lx)


 1

ϑ(L(x(T)))

∫

LΓ

tϑ(L(x(•)))(dt)




= (Lx)


 1
(∏

i∈I αi

)n−1
ϑ(x(T))

∫

LΓ

t

(
∏

i∈I

αi

)n−1

ϑ(x(•))(dt)




= π(δ(Γ))

Q;377R

�� ��: L(δ) "! ),� #�P>( !�->)"� )� LΓ
: "3�3:

Q;37ZR δ(LΓ) = L(δ(Γ)) ,

�*#*�*



?
������� � � ����
���
� 
� ��

�� �
���

? ��

� ����������
��� ���	��
���� �� 	����� ������

	>$ )/� �� ��%)! �1 ( J($0(" " 0 !�->)"� *"( ( !>$1(�� '�(!>$� ��" �"#�
� !'��), J�#"�!3 4,�$�1�$�: ),� #�P>( U�->)"� � !'��), J�#"�! �( J�
$�0($#�# (! ( �+)� !"� �1 ),� �(!�,-�$���$-�! !�->)"� 3
T�$'(--.: ),� $�!>-) "! J(!�# � ),� �+"!)� �� �1 ( > "�>� %�!")"*�  �$'(-3
4,�$�1�$�: ),� (%%$�+"'()" 0 
�%,�"#! �!!� )"(--. ,(*� -��(--. ( 
() $�0"� 
�1 ),� !>$1(�� #"�)()�# J. ),� -"'")" 0  �$'(-3 �) "! "'%�$)( ) )� $��� !"#�$
�+('%-� [37� " ),"! �� )�+)3
4,() �+('%-� (-!� !,�/! ),() ϑ ( # ι∆

'(. #"	�$ ( # ,� �� δ ( # µ �(  �)
J� �+%��)�# )� 0� �$(--. ��" �"#� � 
�%,�"#!33
��#(4#2 �*)* 	�- Γ 


� � ����-� 
��
� 	�- {ΠQ
}
Q∈Q



� -�� � �-�, �� �����

����� �!!�,���� -� 	���� ��� ��!� -��-

ΠQ →
Q

∂Γ.

����
Q<37R lim

Q∈Q
δ(ΠQ) = δ(Γ)

����� -,���

• ˜˜˜ ◦ ˜˜˜ •

�4((�� 4,"! 1�--�/! 1$�' ),� �� )" >"). %$�%�$)"�! �1 ),� #�P>( '�(!>$� ϑ 3
1
st
STEP : X���$#" 0 )� 4,��$�' 83< /� 5 �/ ),()

Q<3ZR ϑ(ΠQ) −→
Q

ϑ(∂Γ)

,�-#! )$>�3 X-!�: (! ),� U"'%-�+ %($('�)$"	()"� 
(
∆e,

∆
xQ(•)

)
Q∈ Q

( # (
∆e,

∆
x∂Γ(•)

)

"! �,�!� !"'>-)( ��>!-. 1�$ (-- !>$1(��! " *�-*�#: /� 5 �/ J. =�''( 838),()

Q<3[R ∆
x
Q

(•) −→
Q

∆
x
∂Γ

(•) (! /�-- (! (
∆
x
Q

(•)
)−1

−→
Q

(
∆
x
∂Γ

(•)
)−1

> "1�$'-.: (! ),� " *�$!� �1 ( �� )" >�>! J"���)"� "! �� )" >�>!3
2
nd
STEP :



?
������� � � ����
���
� 
� ��

�� �
���

? ��


� !��>� )-.: " *"�/ �1 =�'($5 �3Z: ( # " %($)"�>-($ T�$'>-( Q�3<R: /�
�J)(" 

Q<38R ∧
xQ


 1

ϑ(∂ΓQ)

∫

T

(xQ(•))−1dϑ


 −→

Q

∧
x∂Γ


 1

ϑ(∂Γ)

∫

T

(x∂Γ(•))−1dϑ


 ,

/,"�, "! Q<37R3
�*#*�*

��#(4#2 �*.* 	�-Γ 

� � ����-� 
��
� 	�-{ΠQ

}
Q∈Q



� -��� �-�, �� �� �����

�!!�,���� -� 	���� ��� ��!� -��-

ΠQ →
Q
∂Γ

����� -,��� ���� -��,� ����-�
Q<3�R lim

Q∈Q
µ(ΠQ) =: µ(Γ) .

• ˜˜˜ ◦ ˜˜˜ •

�4((�� 	. 
�$�--($. 837Z
Q<3;R ι∆

Q −→
Q

ιΓ∆

,�-#! )$>�3 4,� �(!�,-�$���$-�! !�->)"� 1�$ ( 
�%,�"# Π "!

Q<3<R µ(Π) =
∧
x


 1

ι∆(∂Γ)

∫

T

(x(•))−1dι∆


 .

4,� -"'")" 0 ��>()"� 

µ(ΠQ) =
∧
xQ


 1

ι
Q
∆(∂Γ

Q)

∫

T

(xQ(•))−1dιQ∆




−→
Q

∧
x∂Γ


 1

ιΓ∆(∂Γ)

∫

T

(x∂Γ(•))−1dιΓ∆


 =: µ(Γ)

Q<3�R

,�-#! )$>� J. �+(�)-. ),� !('� ($0'� )! (! " 4,��$�' <373 �*#*�*
"#$%&'&(% �*6*
Q<3�R µ(Γ) := lim

Q∈Q
µ(ΠQ)

"! ),� ��NAGIEM��EMIEN NBIHOBC �1 Γ 3
• ˜˜˜˜˜˜ •



?
������� � � ����
���
� 
� ��

�� �
���

? ��

��#(4#2 �*�* ��3&% ��#(4#2 (� ��
��(��'&(% ��#(4
� 	�- Γ 


� �
����-� 
��
� ���� -�� ���!���,�+�,��� ����-��� ��� -�� ����� ����-���
!���!��� ����

Q<37�R µ(Γ) = δ(Γ) .

���������-�
 � �, ��
  �,���-,���-��� (�,x(•)) -�� ���!���,�+�,��� �����
-��� �� -�� ����� �� -�� 
�,
!��-�, ����, -�� ����� �����,� ϑ �

Q<377R δ(Γ) = x


 1

ϑ(∂Γ)

∫

∂Γ

(x(•))−1dϑ


 .

• ˜˜˜ ◦ ˜˜˜ •

�4((�� 	. 
�$�--($. 837Z
Q<37ZR ιΓ∆ = o(n)ϑΓ .

,�-#! )$>�3 �� ��:

µ(Γ) =


 1

ιΓ∆(∂Γ)

∫

∆e

(x∂Γ(•))−1dιΓ∆




=


 1

o(n)ϑΓ(∂Γ)

∫

∆e

(x∂Γ(•))−1d(o(n)ϑΓ)




=


 1

ϑΓ(∂Γ)

∫

∆e

(x∂Γ(•))−1d(ϑΓ)


 = δ(Γ) ,

Q<37[R

(! ),� )�$' o(n) �( ��-! �>)3 T�$'>-( Q<377R 1�--�/ ),� 1$�' Q�3<R3
�*#*�*
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4,� (+"�'()"� �,($(�)�$"	()"� 1�$ ),� Q0� �$(-"	�#R�(!�,-�$���$-�! !�->)"� 
"! () -� 0), %$�!� )�# " [

78
]3 4� !�'� �+)� ): ),"! �>!)"&�! ),� !�->)"� 1�$

!'��), J�#"�!: !� 1($ (! � � "! /"--" 0 )� (���%) ),� -"'")" 0 %$���#>$� (!
( '�$� )��, "�(-").3 U�� ������	� $�'($5! $�0($#" 0 !'��), J($0(" " 0
!�->)"� ! " 6793 � ),"! �� )�+): X>'(  %$�*"#�! ( (+"�'()"	()"� �1

��D���	� W4� *(->� 67<93
X (-�0�>!-.: /� /"--  �/ #"!�>!! ),� �� ��%) �1 !����-����� ����-���-
 " 
�>$ �� )�+): /,"�, "! �+(�)-. J(!�# � ������ 6793 ��/�*�$: " X>'(  !
*�$!"� Q(! /�-- (! " 
��D���	� ( # �),�$!: !�� ��A 689: �� C��DD��6Z9R:
(>),�$! �� !"#�$ *(->�! �$ !�->)"� ! (! ��$$�!%� #� ��!: ),() "!: !�)�*(->�#
'(%%" 0!3 � �>$ �� )�+): ( !�->)"� "! ( Q%�" ) *(->�#R 1> �)"� : !�� (-!�
6789 789:��; XIII 3 �� $��(-- ),� J(!"� #�& ")"� 3
"#$%&'&(% �*)* =�) ϕ J� ( '(%%" 0 1$�' �� *�+ J�#"�! " )� 2n

+
!>�, ),()

ϕ(Γ) ∈ ∂Γ ,�-#! )$>� 1�$ (-- G3 ϕ "! ABC�OOBC�II� ���OODE "1: 1�$ ( .
)/� �� *�+ J�#"�! Γ ( # Θ !>�, ),() ϕ(Γ) + ϕ(Θ) ∈ ∂(Γ + Θ)

: ") 1�--�/!
),()
Q�37R ϕ(Γ) +ϕ(Θ) = ϕ(Γ + Θ)

,�-#! )$>�3 ��>"*(-� )-.: � � $��>"$�! ),() 1�$ ( . 1('"-. �1 �� *�+ J�#"�!
Γ• = {Γq}q∈Q

( # ( . %$�J(J"-"). p � Q !>�, ),() �
pϕ(Γ

•) "! �($�)�
�0�"� ) " �

pΓ
• ") 1�--�/! ),()

Q�3ZR ϕ(
�

pΓ
•) =

�
pϕ(Γ•) .

• ˜˜˜˜˜˜ •

T�$ -��  ��
�,� �� #")"� (- (##")"*"). "! ��>"*(-� ) )� !>%�$(##")"*"). " �$#�$)� �,($(�)�$"	� ),� �(!�,-�$���$-�! !�->)"� 3 U�� 789:��; ��� �1 67893
������	� �� ��%) $�1�$! )� ( !'��), !>$1(��!3 4,� ��������	������
!�->)"� µ ( # ")! 0� �$(-"	()"� ! (! )$�()�# " 6789 ($� #�& �# � 
�%,�"#!3
� #��# µ

Q( # ),� #�$"*�# *�$!"� �1 ),� U,(%-�. *(->�R ($� �� #")"� (--.
!>%�$(##")"*� Q 789:��; ���: 4,��$�' [3Z3: 6789R
4,� '(" 0�(- �1 ),"! !��)"� "! 4,��$�' �3� /,"�, �!)(J-"!,�! �� #")"� (-
!>%�$(##")"*"). �1 ),� �� Q� #�P>(R !�->)"� � !'��), J�#"�!3 4,� $�!>-()
"! J(!�# � ),� � � 1�$ 
�%,�"#! Q!�� 6789: 789:��; ���: ������� [R3 4,�
!�$"�>! �J!)(�-� "! ),(): " ( !� !�: �� #")"� (- !>%�$(##")"*"). "!  �) ( -3,3�3
%$�%�$).3 4,() "!: -"'")" 0 
�%,�"#! (%%$�(�," 0 ( !'��), J�#. '(. -(�5
-"'")" 0 ��$$��)  �$'(-!3
�� ��: !�'� %$�$��>"!")�! ($�  ���!!($.3 �� /"-- (%%$�+"'()� !'��), �� *�+
J�#"�! Γ " ( /(. !>�, ),() ),�  �$'(- () ϑ(Γ) = δ(Γ) "! (�,"�*�# J. ),�
 �$'(- () δ(ΠQ) /,� Q "! (%%$�(�," 0 Γ 3 4,"! %$�%�$). "!  �) %$�*"#�#
J. ),� �� !)$>�)"� " [

7�
] J>) 1�--�/! 1$�' ( !�$"�! �1 =�''(! (! J�-�/3



?
������� � � �
���
��� ������� ? ��

�#223 �*.* =�) Γ J� ( !'��), J�#. ( # -�) x̄ ∈ ∂Γ (#'") ),�  �$'(-
n̄ = ( 1

a1
, . . . , 1

an
) > 0

3 =�) Q ∈ Q J� !>�, ),() x̄ ∈ ∂ΠQ 3 T�$ !'(-- ε > -�)
Q�3[R ΠQ,ε := (1− ε)ΠQ + ε∆ā.

4,� ),� *��)�$!
(1− ε)x̄+ εāi (i ∈ I)

($� �+)$�'(-! " ΠQ,ε 3 �� ��
Q�38R ∂Πa,ε := (1− ε)x̄+∆ā

"! �($�)� �0�"� ) Q( # ?
()@R " ∂ΠQ,ε 3

• ˜˜˜ ◦˜˜˜ •

�4((�� �  ,��,� /� ,(*�
Q�3�R Γ ⊆ ∆ā .


,��!�Q !>�, ),() x̄ ∈ ∂ΠQ /"),
n̄
(!  �$'(- (! /�-- Q
�$�--($. 837R3 4,� 

 ���!!($"-. /� ,(*� (! /�--
Q�3;R ΠQ ⊆ ∆ā .

4,�$�1�$�: /"), !>0�"� )-. !'(-- ε > 0 ") 1�--�/! ),() ΠQ,ε ⊆ ∆ā 3 4,�
�+)$�'(-! āi i ∈ I �1 ∆ā ."�-# �+)$�'(-!
Q�3<R āi,ε := (1− ε)x̄+ εāi ∈ ΠQ,ε ,

),"! 1�--�/! 1$�' Q�3;R3 �� ��: ∂Πa,ε "! " #��# ( �($�)� �0�"� ) %($) �1
∂ΠQ,ε 3

�*#*�*
�#223 �*6* =�) Γ J� ( !'��), J�#. ( # -�) Q ∈ Q J� !>0�"� )-. �-�!� )�
Γ " ),� �(>!#�$	 '�)$"�3 =�) x̄ = δ(Γ) ∈ ∂Γ 3 T�$ !>0�"� )-. !'(-- ε > 0-�) ΠQ,ε J� #�& �# J. Q�3[R3 4,� 
Q�3�R (1− ε)δ(ΠQ) + εδ(∆ā) = (1− ε)x̄+ εδ(∆ā) ∈ ∂Πā,ε .

• ˜˜˜ ◦˜˜˜ •

�4((�� � !)�(# �1 ),� U"'%-�+ %($('�)$"	()"� ∆
κ /� �,��!� ),� %($('�)$"	(�)"� xā(•) !>00�!)�# J. ∆ā 3 4,"! "! ),� " *�$!� �1 ),� '�#"&�# �( � "�(-

$�%$�!� )()"� κā (! )$�()�# " =�'($5 Z3[3 �) "! !�� ),() xā(•) J�,(*�!" ( -" �($ (0 � '(  �$3 �!" 0 1�$'>-( Q�3<R 1�$ ),� #�P>( U�->)"� : /�
�J)(" " #��#
Q�3�R (1− ε)δ(ΠQ) + εδ(∆ā) = (1− ε)x̄+ εδ(∆ā) ∈ ∂Πā,ε .

�*#*�*
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��� ������� ? ��

	(4(��34
 �*�* =�) Γ J� ( !'��), J�#.3 4,� : 1�$ ε > 0
: ),�$� �+"!)! (


�%,�"# Πε !>�, ),()
73 ),� �(>!#�$	 #"!)( �� J�)/�� Γ ( # Πε "! !'(--�$ ),( 2ε 3
Z3 δ(Γ) ( # δ(Πε) (#'") �1 ),� !('�  �$'(-3

• ˜˜˜ ◦˜˜˜ •

�4((�� 
,��!� ),� &-)�$ ΠQ !>�, ),()
ΠQ −→

Q
∂Γ .

)� Γ (���$#" 0 )� =�''( 83[ " ( /(. ),() x̄ = δ(Γ) ∈ ΠQ "! !()"!&�# 1�$
(-- Q ∈ Q3 4,� δ(Γ) −→

Q
δ(ΠQ) J. ),� �� )" >"). 4,��$�' <3Z3


� !��>� )-.
δ(ΠQ,ε) = (1− ε)δ(ΠQ) + εδ(∆ā)

−→
Q

(1− ε)δ(Γ) + εδ(∆ā)

= x̄+ εδ(∆ā) ∈ ∂Πa,ε.

Q�37�R

�� ��: �*� )>(--.
Q�377R δ(ΠQ,ε) ∈ ∂Πa,ε

,�-#! )$>�3 4,�$�1�$�: �*� )>(--. δ(ΠQ,ε) (#'")! �1 ),�  �$'(-
n̄
/,"�, "!

),�  �$'(- �1 x̄ = δ(Γ) J. �� !)$>�)"� 3 �*#*�*
��#(4#2 �*�* ��� ���!���,�+�,��� ������� ����-��� µ (= δ) �� !����-����
���
 �� �,����-��� �� ����-� 
������

• ˜˜˜ ◦ ˜˜˜ •

�4((��
1
st
STEP : =�) Γ ( # Γ? J� !'��), J�#"�! ( # -�) δ(Γ) + δ(Γ?) J� �($�)�

�0�"� ) " Γ + Γ? 3 4,�  ���!!($"-. δ(Γ), δ(Γ?) ( # δ(Γ + Γ?) (#'") �1 ),�
!('�  �$'(-

n̄
3 X���$#" 0 )� 
�$�--($. �38 /� �( (%%$�+"'()� Γ ( # Γ? J.


�%,�"#! ΠQ ( # ΠQ,? !>�, ),() (-- #�P>( !�->)"� ! ,(*� ),� !('�  �$'(-
n̄
3 4,� !�->)"� ! 1�--�/ ),� (%%$�+"'()"� ! J. ),� 
� )" >"). 4,��$�'3

X-!�: ") 1�--�/! 1$�' ),� ��''�  �$'(- %$�%�$). ),() δ(ΠQ) + δ(ΠQ,?) "!�($�)� �0�"� ) " ΠQ + ΠQ,? 3 �� ��: (! ),� ���!�->)"� "! �� #")"� (--.
!>%�$(##")"*� � 
�%,�"#! Q4,��$�' [3Z 789:��; ��� �1 6789R /� 5 �/ ),()

δ(Γ + Γ?) = lim
Q

δ(ΠQ +ΠQ,?)

= lim
Q

δ(ΠQ) + lim
Q

δ(ΠQ,?)

= δ(Γ) + δ(Γ?)

Q�37ZR

�*#*�*
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�� �-���-
 �����:
��� �'�)$"�( �6 Q7���R: ��� � ;7Z3

6Z9 P3 #� 
-"%%�-: �3 ��)�$!: ( # �3 �( 5: ������-����� -�� ��,���
� �����
-��� -�� �
���-,�! �����-�,��� ����-��� ��� -�� !�����-��- ����-��� � �,
���������: � )�$ ()"� (- ��>$ (- �1 P('� 4,��$. 66 QZ��8R: 78��7��3

6[9 �3 � 3 #� P>( #� �(-*�!: �,-�!�� �� � ��� ������������� +
-����,���
����,��: " V �"!)�"$� #� -�X�(#�'"� #�! U�"� ��! %�>$ -�(  ��� 7<�[: �13P>00� ,�"'�$: �(),�'()"�(- =�*"�/! 77[;;7�3

689 U3 �($): �� ������-���-��� �� ��,���
� 	� ����-,���� �,�
�� �-���-
 �����
-���: ��� �'�)$"�( Q7���R: 7Z�� � 7[7[3

6�9 
3 �(--(!�,5� ( # �3=�!� '
--�$: � �� �,����-��� ����-��� � �, !� ������

�,�������  ,�
����: � )�$ ()"� (- ��>$ (- �1 P('� 4,��$. 6� QZ��<R:
�;�����3

6;9 : �� ������ ��������� ���� �� ����� ��� �����: ��>$ (- �1 	%�)"'"	()"� ����� QZ�7�R: �7���8�3
6<9 : �� ������ �����-
 ��� ,�� �,��!� ��!-�,�: �(�"&� ��>$ (- �1 	%�)"'"	()"� � QZ�7ZR: 7�<�7�83
6�9 
3 �(--(!�,5� ( # =3 �$J(�!5": +��,� �� !�� �!- !����� ��-� � � ,�!�

-����� �,�-���-�! ��-� !����� ��-�: �(),�'()"�! ( # ")! X%%-"�()"� !:
*�-3 �8�: ->/�$ X�(#�'"� �>J-"!,�$!: 
�$#$��,): 4,� W�),�$-( #!:Z��Z3

6�9 �3 X3 ��$-�! ( # �3 �(!�,-�$: ��� �� �,����-��� ����-��� � �, -�� ����

�,������� ����: � )�$ ()"� (- ��>$ (- �1 P('� 4,��$. )� Q7��7R: 7;[�7�[3

67�9 �3 =�!� '
--�$: ���� -���,
� �-�!���-�!� ��� �,��-��� �-,�-����� ���
!�� �,�-���: 4,��$. ( # 
��"!"� ="J$($.: 
: *�-3 Z�: ->/�$ X�(#�'"�
�>J-"!,�$! 	�!)� : 
�$#$��,): =� #� : Z���3

6779 3�3 =�!� '
--�$: ��� ���!���,�+�,��� ����-���� ��� ��� ��  ,���� � �,
�� �,����-���-
: ��� �'"�! 	>--�)" 6 QZ��8R:  �3 [�: 7 � �3

67Z9 �3=�!� '
--�$: ������ �����-,
 ��� 
�,�������: � $����#" 0! �1 ),� 8),4/� )� ��$5!,�% � 
��%�$()"*� P('� 4,��$. QX3	3 ,�-'")	5(�(
43U3�3 
$"�!!� : �3	3 4"''�$: �#3R: Z���: %%3 77< � 7[�3

67[9 �3 =�!� '
--�$: � ����� � �, !� ������ ���������: � )�$ ()"� (- P('�
4,��$. =�*"�/ ))�6� QZ���R: Z8<�Z<Z3

6789 �3 =�!� '
--�$: �� ������ ��������� ���� �� ����� ��� ��!��: ��$5�" 0 �(%�$!: *�-3 ;Z�: 
� )�$ 1�$�(),�'()"�(- ��� �'"�!:	"�-�1�-#: P�$�'( .: Z�7�3
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 �� �����:��$5" 0 �(%�$ ;8�:

� )�$ 1�$ �(),�'()"�(- ��� �'"�!: � "*�$!"). �1 	"�-�1�-#: Z�Z�3

67;9 �3 =�!� '
--�$ ( # 
"�),($# �(--(!�,5�: ��� �-��� -�� ��������� ���
��  ,����: ��$5" 0 �(%�$ [;Z: � !)")>)� �1 �(),�'()"�(- ��� �'"�!:
� "*�$!"). �1 	"�-�1�-#: Z���3

67<9 =3U3 U,(%-�.: �-���-
 !�� �,����� ��� -�� -���,
 �� �����: =( 
��"!"� V
X00$�0()"� �) 
. ('"�>� #�! 	$#$�! #� � $�1�$� �� Q�($"!R: �#")"� !
#> 
� )$� W()"� (- #� -( =��,�$�,� U�"� )"&�>�: 7�;�: %%3 Z�7 � Z;[3
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