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Abstract

In this thesis, we tame the uncertainty about the volatility in interest rate models. We
treat the uncertainty about the volatility as model uncertainty or Knightian uncertainty,
resulting in robust models. That means, we model interest rates in the presence of a
family of probability measures, each corresponding to a different scenario for the volatility,
without imposing any assumptions on which is more likely to be the correct one. This
setting is naturally connected to the calculus of G-Brownian motion, which is the main
tool for the mathematical analysis.

First, we investigate the Hull-White model for the term structure of interest rates un-
der volatility uncertainty. The main question in this part is how to find an arbitrage-free
term structure, which is crucial since we can show that the classical approach, martin-
gale modeling, does not work in the presence of volatility uncertainty. We therefore need
to adjust the model to find an arbitrage-free term structure. Although the adjustment
changes the structure of the model, it is still consistent with the traditional Hull-White
model after fitting the yield curve.

Next, we examine term structure movements in the spirit of the (more general) Heath-
Jarrow-Morton methodology under volatility uncertainty. Within this part, we derive a
sufficient condition for the absence of arbitrage, known as the drift condition. The drift
condition allows to construct arbitrage-free term structure models that are completely
robust with respect to the volatility. In particular, we obtain robust versions of classical
term structure models, including the robust version of the Hull-White model from the
previous part.

In the end, we study the pricing of interest rate derivatives under volatility uncertainty,
starting from an arbitrage-free term structure as determined by the previous part. The
uncertainty about the volatility leads to a sublinear pricing measure, which complicates
the pricing procedure in several ways. We develop pricing methods for different types of
contracts in this framework to derive robust pricing formulas for all major interest rate
derivatives. The pricing procedure exhibits many interesting economic phenomena, such

as a robust expectations hypothesis and unspanned stochastic volatility.
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Introduction

Traditional models in mathematical finance are subject to model uncertainty. The stan-
dard assumption in models of mathematical finance is that there is a single, known proba-
bility measure determining the behavior of the underlying quantities on the market. This
assumption simplifies the modeling of financial markets and the pricing of derivatives
written on financial quantities, since it allows to acquire all results from probability the-
ory and stochastic calculus. In many situations, it is, however, not possible to specify the
underlying probability measure of the model. The uncertainty about using the correct
probability law is called model uncertainty. The problem of model uncertainty led to
the investigation of financial markets in the presence of a family of possible probability
measures or none at all. The overall aim is to make models in mathematical finance
robust with respect to misspecifications regarding the probability law.

A prominent example of model uncertainty is volatility uncertainty. The volatility
in mathematical finance measures the magnitude of the underlying’s short-term fluctu-
ations. Standard models in mathematical finance, such as the famous models of Black
and Scholes (1973)) and |Merton| (1973), treat the volatility as a constant. Since there
is plenty of empirical evidence that the volatility of financial quantities is not constant,
volatility modeling is an actively studied topic. Most alternative models use a stochastic
volatility, which makes the model more realistic, but still relies on the assumption that
the probabilistic law of the volatility is known. There are several reasons why this is a
doubtful assumption, which ultimately leads to the presence of model uncertainty, termed
volatility uncertainty.

The rapidly growing literature on volatility uncertainty and, more generally, model
uncertainty in mathematical finance, referred to as robust finance, primarily focuses on
asset market models. |Avellaneda, Levy, and Paras (1995 and Lyons| (1995)) were the
first to investigate the pricing and hedging of derivatives in asset market models under
volatility uncertainty. More recent studies on this topic include the works of Epstein
and Ji (2013) and Vorbrink (2014). Furthermore, there are various works investigating
asset markets under model uncertainty in general. The objective is to study the basic
principles in mathematical finance, i.e., the absence of arbitrage and the pricing and
hedging of derivatives, in the presence of a family of probability measures instead of one,

called multiple prior setting, or without using any reference probability measure at all,



called model-free setting. The fundamental theorem of asset pricing, determining cause

and effect of the absence of arbitrage, was studied (among others) by Bayraktar and
Zhou| (2017, Biagini, Bouchard, Kardaras, and Nutz (2017, and Bouchard and Nutz
in a multiple prior setting and by |Acciaio, Beiglbock, Penkner, and Schacher-
mayer| (2016), Burzoni, Frittelli, Hou, Maggis, and Oblgj (2019)), and in
a model-free setting. The pricing and hedging of derivatives was studied (among oth-
ers) by |Aksamit, Deng, Ob16j, and Tan| (2019)), |Carassus, Obldj, and Wiesel (2019)), and
Possamali, Royer, and Touzi| (2013)) in a mutiple prior setting and by Bartl, Kupper,|
Promel, and Tangpi (2019), Beiglbock, Cox, Huesmann, Perkowski, and Promel (2017)),
and Schied and Voloshchenko| (2016]) in a model-free setting.

In addition to asset market models, there is a tremendous amount of interest rate mod-

els in the overall literature of mathematical finance, which are also called term structure
models. Since the path-breaking publications of Black and Scholes| (1973) and
the mathematical finance literature on the term structure of interest rates has
been rapidly growing. First notable contributions include the works of |(Cox, Ingersoll Jr. |
land Ross (1985) and [Vasicek (1977), models of the short term interest rate that char-

acterized the term structure of interest rates by equilibrium theory and no-arbitrage

arguments, respectively. Afterwards, the trend shifted towards models taking the current
term structure as an input—instead of an output—in order to price fixed income deriva-
tives, contracts depending on the term structure of interest rates. Well-known articles on
this approach are the ones of Ho and Lee| (1986]) and Hull and White| (1990)). The break-
through of this approach was achieved by the methodology of |Heath, Jarrow, and Morton|
; the methodology is based on directly modeling term structure movements as a

diffusion process, starting from an initially observed term structure, instead of a single

short term interest rate. Since then the number of articles on term structure models has
been growing even further by more sophisticated models.

Although interest rate models are equally exposed to volatility uncertainty, this prob-
lem is rarely studied in the literature on robust finance. The number of articles dealing
with volatility uncertainty or, more generally, model uncertainty in interest rate models

is relatively sparse in comparison to the literature on model uncertainty in asset market

models. Early contributions in this regard are due to |Avellaneda and Lewicki| (1996))

and [Epstein and Wilmott| (1999), relying on intuitive arguments rather than a rigorous

formulation. A more recent treatment of interest rates in conjunction with model uncer-
tainty appears in the works of [El Karoui and Ravanelli (2009) and |Lin and Riedel| (2021)),
which do not focus on the term structure of interest rates and arbitrage. Further related
articles of [Biagini and Zhang (2019) and |[Fadina and Schmidt| (2019) deal with credit

risk and model uncertainty. The most related work is the one of [Fadina, Neufeld, and

Schmidt| (2019), studying affine processes under parameter uncertainty (in the sense of
model uncertainty) and corresponding interest rate models. However, the work of




Neufeld, and Schmidt| (2019) is restricted to models of the short term interest rate and
a superhedging argument for the pricing of contracts, which does not apply to the term
structure of interest rate, since bonds are the fundamentals of fixed income markets and
therefore cannot be hedged.

Accompanying the literature on robust finance, there is an increasing share in the
mathematics literature dealing with the mathematical problems related to volatility un-
certainty. Since the presence of volatility uncertainty is represented by a family of mutu-
ally singular probability measures, i.e., measures with different null sets, many concepts
from probability theory and stochastic calculus break down. Two classical approaches to
meet these issues were introduced by |Denis and Martini (2006) and Peng (2007, [2008),
respectively. The two approaches are actually different but equivalent, as it was shown
by Denis, Hu, and Peng| (2011)). The difference is that the approach of |Denis and Martini
(2006)) starts from a probabilistic setting and relies on capacity theory, whereas the calcu-
lus of G-Brownian motion from [Peng| (2007}, 2008|) completely relies on nonlinear partial
differential equations. In contrast, Soner, Touzi, and Zhang (2011a,bl 2012} 2013) ap-
proached the problem of volatility uncertainty by using aggregation and obtained further
related results. In fact, volatility uncertainty is closely related to second-order back-
ward stochastic differential equations, introduced by |Cheridito, Soner, Touzi, and Victoir
(2007). Other extensions and further results were obtained by Nutz (2012, 2013) and
Nutz and van Handel (2013). In addition, there are also approaches to a model-free
stochastic calculus (Cont and Perkowski, 2019, and references therein).

A very convenient tool to analyze volatility uncertainty is the calculus of G-Brownian
motion. The literature on G-Brownian motion is very extensive and still increasing. The
book of |Peng| (2019), who invented the theory of G-Brownian motion, gives a good in-
troduction to the topic with a detailed treatment of the most important results. The
calculus of G-Brownian motion extends the classical 1to calculus to a Brownian motion
with an uncertain volatility—termed G-Brownian motion. The extension is based on
nonlinear expectations and nonlinear partial differential equations. A nonlinear expecta-
tion replaces the classical (linear) expectation and leads to a worst-case measure. The
distribution of a random variable under a nonlinear expectation is characterized by a
nonlinear partial differential equation. The distribution of a G-Brownian motion is given
by a nonlinear heat equation. The letter G refers to the (nonlinear) generator of the par-
tial differential equation. A G-Brownian motion is an extension of a standard Brownian
motion, since the latter is normally distributed, i.e., its expectation solves a linear heat
equation. Interestingly enough, most results of the Ito6 calculus still hold in this frame-
work with some minor differences though. Although the definition and the construction of
a GG-Brownian motion completely rely on nonlinear partial differential equations instead
of probabilities, there is a probabilistic framework connected to a G-Brownian motion.
Hu and Peng| (2009) and [Denis, Hu, and Peng (2011) showed that the G-expectation,



that is, the nonlinear expectation related to a G-Brownian motion, can be represented as
an upper expectation of a family of probability measures. The representation of [Denis,
Hu, and Peng (2011) explicitly shows that a G-Brownian motion represents volatility
uncertainty in the sense of model uncertainty.

In this thesis, we investigate volatility uncertainty in interest rate models—as opposed
to asset market models—Dby using the calculus of G-Brownian motion. The investigation
is divided into three different but interconnected steps and works within the same math-
ematical framework. We elaborate the three steps in Chapters [2] [3, and 4 which resulted
in three papers (Holzermann, 2021a.clb), respectively. In the preliminary Chapter , we
motivate the problem of volatility uncertainty and introduce the mathematical frame-
work used to analyze volatility uncertainty. The mathematical framework is a probabilis-
tic setting that allows to acquire the results from the calculus of G-Brownian motion;
the calculus of G-Brownian motion is the main pillar for the mathematical analysis in
the succeeding chapters. In Chapter [2| we study the presence of volatility uncertainty
in one of the most well-known models of the short term interest rate: the Hull-White
model for the term structure of interest rates. The simple nature of the model shows
the implications of volatility uncertainty on term structure models and allows to discuss
its consequences from an economic point of view. In Chapter [3] we investigate term
structure movements in the spirit of the famous Heath-Jarrow-Morton methodology un-
der volatility uncertainty. The mathematically more demanding methodology makes it
possible to generalize the results of Chapter [2|to a general class of term structure models.
In Chapter [4, we study the effects volatility uncertainty has on the pricing of interest
rate derivatives. The aim is to find robust pricing formulas for derivative contracts on the
term structure, where the latter is characterized by the results from Chapter [3| Finally,

in Chapter |5, we conclude by summarizing the results.



Chapter 1
Volatility Uncertainty

In this preliminary chapter, we motivate the problem of volatility uncertainty in math-
ematical finance, we set up the model framework for representing such uncertainty, and
we discuss the mathematical problems resulting from such a framework. First of all,
we briefly introduce the concept of volatility in mathematical finance by considering the
most common modeling approaches. The starting point is a model driven by Brownian
motion a la Black and Scholes| (1973). Within this setting, we introduce the concept of
volatility and the challenges of modeling it. Afterwards, we explain why the traditional
approaches to model the uncertainty about the volatility are problematic and propose an
alternative. To show the problematic, we relate the uncertainty about the volatility to the
concepts of model uncertainty and Knightian uncertainty, respectively. The alternative
approach is a model framework with multiple probability measures instead of one. In the
end, we discuss the mathematical issues related to the alternative model framework and
show how to deal with them. The issues arise from the fact that the family of probability
measures contains mutually singular measures. In order to overcome the issues, we use

results from the calculus of G-Brownian motion, which we briefly introduce.

1.1 Volatility in Mathematical Finance

The traditional way in mathematical finance of representing random short-term fluctu-
ations of financial quantities is to use a Brownian motion. The idea goes back to the
early work of Bachelier (1900)) and was later on popularized by the famous contributions
of Black and Scholes (1973) and |[Merton (1973). In contrast to models in economics,
the behavior of financial quantities in models of mathematical finance is modeled exoge-
nously. Due to many short-term activities in financial markets, the behavior of financial
quantities, such as asset prices or interest rates, is affected by white noise. The latter is
modeled by a Brownian motion in most models of mathematical finance. That means,
we consider the following model framework. Let Q := CJ(R,) for d € N, where C¢(R,)



denotes the space of all R%valued continuous paths on R, starting in 0. We equip {2
with the distance 0 : Q x 2 — R, defined by

te(0,4]

S(w,w) = ZQ‘i((maX |wp — @) A1)

Furthermore, let F := B(2), where B(2) denotes the Borel o-algebra on 2, let Py be the
Wiener measure, and let B = (B}, ..., B!);>o be the canonical process on Q. Then the
canonical process B is a d-dimensional standard Brownian motion on the probability space
(Q,F, Fy). We denote by F = (F;):>o the filtration generated by B and completed by all
Py-null sets, which describes the information available at each time. Each component of
B represents a risk factor influencing the model in some way.

Then the behavior of financial quantities is modeled as a diffusion process driven by a
Brownian motion, which is typically scaled by a constant—the wvolatility, measuring the
intensity of short-term fluctuations. For example, we can describe the dynamics of an

asset price S = (St)i>0 by a stochastic differential equation of the form

t t
S = So+ / a(u, Su)du + / B(u, Su)dB,
0 0

where B is a one-dimensional Brownian motion in this case. In general, there could be
many risk factors driving the asset price dynamics. The functions o, 5 : R, x R — R are
referred to as the drift coefficient and the diffusion coefficient and determine the average
behavior and the short-term fluctuations of S, respectively. The most well-know example
is the one of Black and Scholes| (1973), given by

t t
Sy =S50+ / wSydu + / 0S,dB,
0 0

for p1, 0 € R such that o > 0. The constant o represents the volatility of S and scales the
magnitude of sudden price movements.

One of the main applications of such a model framework is the pricing of derivative
contracts written on an underlying. Derivative contracts are actively traded in financial
markets and have a future payoff depending on the evolution of the underlying in the
future. Since not all derivatives are liquidly traded in the market, the seller faces the
problem of finding a suitable price for the contract. The remarkable feature of the model
specification of Black and Scholes| (1973) from above is that it yields a unique price for
derivatives written on the asset price S under the assumption that the market is arbitrage-
free. This assumption differs from the economics literature, where prices are usually
characterized by an equilibrium. Nevertheless, the absence of arbitrage is a reasonable

assumption, since arbitrage opportunities in reality only exist for a short time before they



become publicly known and prices adjust to erase them. So if we believe in the remaining
assumptions, such as a constant volatility, we can use the model framework from above
to trade derivatives in financial markets.

However, there is plenty of empirical evidence, derived from market prices, showing
that the volatility of financial quantities is not constant and, in particular, not deter-
ministic. Market data on derivative prices reveal what is known as the wvolatility smile
or volatility skew; this term refers to a plot of the implied volatility as a function of the
remaining model parameters, which are observable. The implied volatility is the value
of the constant o such that the theoretical price of Black and Scholes| (1973) yields the
price observed on the market for a given (liquidly traded) derivative contract. The shape
of the plot usually turns out to be a smile or a skew and indicates that the volatility
of the underlying cannot be constant, since the latter would imply a straight line in the
plot instead of a smile or a skew. Moreover, a statistical analysis of historical asset price
movements shows that the historical volatility exhibits random characteristics.

This well-known issue is addressed by stochastic volatility models, in which the volatil-
ity of the underlying is modeled as a stochastic process. The approach consists of re-
placing the constant volatility parameter o by a function f : R — R, depending on the
current realization of a stochastic process v = (14):>9 whose dynamics (in addition to the

dynamics of the underlying) are described by a stochastic differential equation. That is,
t t ~
w=w+ [ awvdus [ BB
0 0

where &, 5 : Ry x R = R and B = (B,);>0 is an additional one-dimensional Brownian
motion, possibly correlated with B. In general, there could be many risk factors influ-
encing the volatility. The famous stochastic volatility model of Heston (1993) uses the
function f: R, — R, defined by f(z) := /= and the process v given by

t t
v, =1+ / O(fr — vy)du + / U\/V_udf?u
0 0

for suitable parameters 6, ji,c € R. Then the model becomes more sophisticated, but it
remains tractable enough to use it for option pricing. The dynamics of the volatility in
stochastic volatility models are generally chosen such that the volatility process shares
the properties of the historical volatility, such as positivity and mean reversion, and
such that the model-implied option prices match the prices observed on the market. For
example, we could choose the model specification of |[Heston| (1993)), since it ensures that
the volatility stays positive and satisfies a mean reverting behavior, and then we would
choose the parameters such that the theoretical prices (implied by the model) of liquidly

traded contracts match the observed prices on the market.



1.2 Model Uncertainty and Robust Finance

From a theoretical perspective, the problem with stochastic volatility models is that they
are subject to model uncertainty, which is commonly termed volatility uncertainty. Model
uncertainty refers to the uncertainty about the probabilistic law of the underlying model.
Most models in mathematical finance assume that there is a single, known probability
measure. This is a critical assumption since it is not possible to specify the probabilistic
law governing the model in many situations. Stochastic volatility models face the same
kind of uncertainty. As mentioned above, the dynamics of the volatility, which in turn
determine the probabilistic law of the underlying, are chosen to be consistent with the
historical volatility and the current option prices available on the market. However, there
could be many model specifications performing this task. Moreover, it is not sure if a
volatility specification that is consistent with the past is still valid in the future, since the
market environment can change drastically. The dynamics of the volatility are therefore
far from perfectly known, which ultimately leads to model uncertainty.

Model uncertainty essentially describes Knightian uncertainty about the probability
law. The concept of Knightian uncertainty is named after the economist Frank H. Knight.
In his book Risk, Uncertainty, and Profit, published a century ago, Knight| (1921)) distin-
guishes risk and uncertainty. He associates risk with something that can be measured by
a probability whereas uncertainty cannot. Uncertainty applies to events in reality that
are too complex to be assigned a probability or for which the related data are missing
to infer the probability of it to happen. Therefore, we can interprete model uncertainty
as Knightian uncertainty about the probability law; that is, we agree on the stochastic
nature of the model, but it is completely unknown which probability measure describes
the randomness best. Translated to volatility uncertainty, we are uncertain about the
probabilistic law of the underlying as we are uncertain about its volatility.

As a consequence, we simultaneously consider a family of probability measures in the
presence of model uncertainty without any assumptions on which is the right probability
measure. Instead of a single probability measure Py (as in the previous section), we
consider a family of possible probability measures P on the measure space (£2,F) in
the presence of model uncertainty. We call P the set of beliefs, since it contains all our
beliefs about the probabilistic nature of the model. We are completely uncertain about
which probability measure is correct; hence, we do not impose any assumptions on which
measure is more likely to be correct. The latter reflects the characteristics of Knightian
uncertainty, since it is not possible to measure the uncertainty about the probability
measure by a probability.

In the presence of volatility uncertainty, each measure in the family of probability laws
corresponds to a different belief about the correct volatility. In particular, we consider

all probability measures corresponding to a bounded volatility process. The boundedness



assumption ensures a sufficient degree of regularity and stands for ruling out all scenarios
that are too extreme. We denote the state space for the volatility by >, where ¥ is a
bounded, closed, and convex subset of R4*¢. For example, if d = 1, then ¥ is an interval
[0,7], where & and o represent worst-case values. We denote by A the collection of
all possible volatility processes; that is, the space A consists of all ¥-valued F-adapted
processes 0 = (0 );>0. We construct the set of beliefs P in such a way that the canonical

process B has a different volatility under each measure P € P. For each o € A, we define

the process B7 = (Bf)i>o by
t
By = / 0,dB,,
0

and we define the measure P? to be the law of the process B?, that is,
PJ = PO (0] (BU)_I_

The set of beliefs P is the collection of all measures constructed in this way.

Due to the presence of multiple probability measures, we replace the classical (linear)
expectation by a sublinear expectation. The notion of expectation is a substantial con-
cept in probability theory and its applications in economics and finance. Obviously, the
classical notion of expectation depends on the underlying probability measure. Since we
consider many probability measures at the same time, there are several ways to form ex-
pectations. A typical approach is to use the upper expectation of the family of probability
measures P. We denote the upper expectation of P by I@, which is defined by

E[X] := sup Ep[X]
PeP
for each measurable random variable X such that Ep[X] exists for all P € P. We can in-
terprete [ as a worst-case measure, since it yields the highest possible expectation among
all measures in P. In fact, it is a coherent risk measure if the random variables represent
financial losses. The main difference compared to the classical (linear) expectation is that
the upper expectation is sublinear.

The probabilistic setting from above is the mathematical framework we use to rep-
resent the uncertainty about the volatility and to analyze its implications. Considering
all measures in P simultaneously reflects volatility uncertainty, since diffusion processes
driven by the canonical process B (in contrast to Section have a different volatility
under each measure. It should be noted that the volatility under each measure in the set
of beliefs is a stochastic process and not simply a constant that varies among the mea-
sures in P. In fact, most parts of the mathematical analysis in the succeeding chapters

are based on the calculus of G-Brownian motion, which does not require a probabilistic



framework at all. We still use the probabilistic setting from above, since it is a more
natural approach to model volatility uncertainty from an economic perspective and some
notions in mathematical finance, such as the notion of arbitrage, crucially depend on

probabilities.

1.3 Mathematics of Volatility Uncertainty

The presence of volatility uncertainty leads to mathematical difficulties, since the family
of probability measures representing volatility uncertainty contains mutually singular
measures. The canonical process B has (by construction) a different volatility under each
measure in P. Thus, the quadratic variation process (B) = ((B);):>¢ differs among the
measures in P. For example, if d = 1 and ¥ = [0,7] and we consider the measures P

and PZ, induced by the constant volatilities & and ¢, respectively, we have
P°((B); =5%) =1+#0 = P%((B);, = 7°t).

Therefore, there are measures in the set of beliefs that have different null sets, that is, the
set P contains mutually singular measures. This causes mathematical problems, since
many results from probability theory and stochastic calculus only hold up to null sets
of the underlying measure. Important examples include the definition of time consistent
conditional expectations and stochastic integrals. The former and the latter can be
solved by restricting the class of random variables and the space of admissible integrands,
respectively, which is explained at the end of this section.

The probabilistic setting from Section is naturally connected to the calculus of
G-Brownian motion. According to |Denis, Hu, and Peng| (2011, Theorem 54), the upper
expectation E corresponds to the G-expectation on L (€2), and the canonical process B
is a G-Brownian motion under E, where G : S¢ — R is given by

G(A) = isuptr(oo’A).

2
oeY

The space S? denotes the space of all symmetric d x d matrices, and ’ denotes the trans-
pose of a matrix. The connection to the calculus of G-Brownian motion allows us to
acquire all of its results. In particular, we can use the results to overcome the problems
mentioned above. The formal definition and the construction of a G-Brownian motion
can be found in Chapter [A| of the appendix or in the book of [Pengl (2019). Below, we
state some of the most important results in order to give the reader an intuition about
how the mathematical framework differs from the classical It6 calculus, and we introduce
all notions that the succeeding chapters require.

The main difference between the definition of a G-Brownian motion and the definition

10



of a standard Brownian motion relates to the distribution, apart from which they basically
coincide. The function G is the generator of the nonlinear partial differential equation
that defines the G-expectation and characterizes the distribution and the uncertainty of a
G-Brownian motion. For example, the function u : R x R? — R, (¢, 2) — Elp(z + B,)],
for a sufficiently regular function ¢ : R? — R, is the unique viscosity solution to the

nonlinear partial differential equation
diu+ G(D3u) =0, u(0,z) = p(z),

called G-heat equation. The operator D?_ denotes the Hessian of a function with respect
to . The G-expectation and the conditional G-expectation, denoted by E, for ¢ € R,
of a function depending on finitely many increments of a G-Brownian motion are defined
in a similar fashion. Moreover, for p > 1, both can be extended to the completion of
functions of this type under the natural norm | - ||, := E[| - ]”]%, which is denoted by
LP,(Q2). The space L{(2) represents the space of all random variables for which the
G-expectation is defined. Due to the probabilistic representation of the G-expectation,
the equality of random variables in L () is equivalent to random variables being equal
quasi-surely, i.e., they are equal P-almost surely for all P € P. The same applies to
inequalities between elements in L5 (). We also use the terminology P-quasi-surely if
we need to indicate under which set of measures a statement holds quasi-surely.

In comparison to a standard Brownian motion, a G-Brownian motion has many in-
teresting properties. To demonstrate this, we consider the one-dimensional case, that is,
the case where d = 1 and ¥ = [g,7]|. One can use the fact that the G-expectation is
defined by the G-heat equation to show that

A A

]E[Bt] - O - —E[—Bt]7
E[B?] = 52t > ot — E[-B2].

We call —I@l[—f‘] the lower expectation of & for a random variable & € LE(€2), since it has

the probabilistic representation

—E[-¢] = lygp Ep[¢].

In contrast to the upper expectation, the lower expectation yields the lowest possible ex-
pectation. Hence, a G-Brownian motion has no mean uncertainty, but it has an uncertain
variance as long as ¢ > ¢. In addition, one can show that the quadratic variation of a

G-Brownian motion is an uncertain process (if @ > ¢), satisfying

7t > (B), > o’t.
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Despite the differences, a G-Brownian motion is a generalization of a standard Brow-
nian motion, since the former corresponds to the latter if the uncertainty about the
volatility vanishes. If there is no uncertainty about the volatility, the state space for the
volatility X is a singleton consisting of the identity matrix, denoted by I;. Then the G-
heat equation becomes a linear heat equation; thus, the G-expectation coincides with the
expectation of a standard Brownian motion. Apart from that, the construction of the set
of beliefs shows that P is a singleton consisting solely of F, if ¥ = I;. Then we remain in
the traditional probabilistic framework of Section [I.T} in which the canonical process is a
standard Brownian motion instead of a G-Brownian motion. In any case, this enables us
to check if the results in the succeeding chapters are consistent with traditional models
driven by a standard Brownian motion.

It is possible to generalize most parts of the well-known It6 calculus to a G-Brownian
motion. For example, the definition of a stochastic integral with respect to a G-Brownian
motion relies on the same procedure used to define the stochastic integral with respect to
a standard Brownian motion. First, one defines the integral for simple processes, then,
thanks to the isometry property, one extends the integral to the completion of all simple
processes with respect to a suitable norm. In the same way, one can construct the integral
with respect to the quadratic variation of a G-Brownian motion. The space of admissible
integrands on [0, 7] for integrals related to a G-Brownian motion is denoted by Mg (0,T)

for T'< oo and p > 1, and it is a Banach space under the norm

T 1
- st :=E[ / |-V’dt]

The formal construction of stochastic integrals and the space ME(0,7) can be found
in Chapter [A| of the appendix or in the book of |[Peng (2019). In addition, there are
extensions of various results from stochastic calculus to a G-Brownian motion, which we
use throughout the thesis by referring to the literature.

A further important generalization concerns the concept of martingales in the calculus
of G-Brownian motion. The concept of martingales is of fundamental importance in
mathematical finance, since it is related to the absence of arbitrage, and its definition
depends on the expectation under a specific probability measure. In the presence of
volatility uncertainty, we consider several probability measures simultaneously, which
ultimately leads to a sublinear expectation corresponding to the G-expectation. As the G-
expectation differs from the classical notion of expectation, the notion of martingales has
to be suitably adapted. A process M = (M,);>o is called a G-martingale if My € L ()
for all ¢ > 0 and if it satisfies

M, = E,[M,]



for s < t. That means, a G-martingale is essentially a martingale in the worst case
among all considered scenarios, if we interprete [ as a worst-case measure. The im-
portant difference compared to the classical definition of martingales is that —M is not
necessarily a G-martingale if M is a G-martingale, which is due to the nonlinearity of
the G-expectation. We call a process M a symmetric G-martingale if M and —M are
G-martingales. The notion of symmetric G-martingales is important for the succeeding
chapters, since it rules out arbitrage opportunities.

The space of admissible random variables in the calculus of G-Brownian motion has a
probabilistic representation. For this purpose, we denote by L°(€) the space of all B(2)-
measurable functions, mapping from €2 into R. By Proposition 6.3.2 of Peng (2019),
which was originally shown by Denis, Hu, and Peng (2011)), we have

L7(Q) = {5 c L°(Q) ‘ ¢ has a q.c. version, lim ]E[|f|p1{|§|>n}] = 0},
n—oo

We say that £ : Q — R is quasi-continuous (q.c.) if for all € > 0, there exists an open
set O with suppep P(O) < € such that ¢ is continuous on O¢, and we say that £ has a
q.c. version if there exists a q.c. function f such that & = f quasi-surely. In fact, the
same holds if we replace Q by Qr := C4([0,T]) for T < oo. The space LL(Qr) consists,
roughly speaking, of all random variables only depending on the trajectory of B up to
time 7. The precise construction of the space L, (€2r) can be found in Chapter [A] of the
appendix or in the book of [Peng| (2019).

In addition, there is a probabilistic representation of the space of admissible integrands
in the calculus of G-Brownian motion. For this purpose, we introduce the following
notation. We define the capacity ¢ : B([0,T]) ® Fr — R by ¢(A4) := £|[1al};,, and we
define the space

MP(0,T) := {n:[0,T] x Qr — R | n is progressively measurable, i, < oo}

We say that a progressively measurable process 1 : [0, T] x Qr — R is q.c. if for all € > 0,
there exists a progressively measurable open set O C [0,7] x Qr such that ¢(O) < € and
7 is continuous on O°. We equip [0, 7] x Qr with the distance

5((t,w), (t,@) =t —t+ maX] lws — Qs

s )

We say that a progressively measurable process n : [0,7] x 7 — R has a q.c. version
if there exists a q.c. process 7 such that ¢({n # 7}) = 0. Then, by Theorem 6.4.5 from
Peng (2019), which was originally shown by Hu, Wang, and Zheng (2016), we have

T
ME(0,T) = {7] e M?(0,7) ‘ n has a q.c. version, 7}1_)1{)101@[/ |n]p1{|n|>n}dt] = O}.
0
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The restriction to the spaces from above solves the mathematical issues mentioned
at the beginning of this section. One can define a time consistent conditional sublinear
expectation, given by the conditional G-expectation, mapping from L (€2) into Lg(€2).
The conditional G-expectation basically satisfies the same properties as E. In addition,
it satisfies the tower property—namely, it holds E,[E,[¢]] = E.n[€] for s,¢ € R, and
£ € LL(Q)—and it holds E,[¢] = € for t € Ry and & € L5(€;). The regularity of the
conditional G-expectation is due to the fact that it is defined via the G-heat equation.
Moreover, one can define the stochastic integral fOT n:d By, mapping into L%(Q7), for a
process ) € MZ(0,T) for T € R,. The definition relies on the isometry property of the
stochastic integral with respect to B, which, in turn, relies on the time consistency of the
conditional G-expectation. In any case, we can circumvent the mathematical problems
arising in the presence of volatility uncertainty by using the spaces L (€2) and ME(0,T).
However, the disadvantage compared to the traditional It6 calculus is that we need to
restrict to random variables and stochastic processes that have a q.c. version and satisfy
some kind of uniform integrability condition, as the representation of the spaces L¥,(£2)
and M/(0,T) shows. As mentioned in the introduction, there are several approaches to
model volatility uncertainty and a lot of extensions. In particular, there are extensions
to spaces greater than L{,(€2) and M{(0,T). Yet we stick to the classical spaces to use

all of the results from the literature on G-Brownian motion.
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Chapter 2

The Hull-White Model

In the present chapter, we study the Hull-White model for the term structure of interest
rates under volatility uncertainty. The Hull-White model is based on modeling the in-
stantaneous spot interest rate, called short rate, as a diffusion process. As in the classical
Hull-White model, we describe the evolution of the short rate by a diffusion process of
Ornstein-Uhlenbeck type. This ensures that the short rate satisfies a mean reverting
behavior, which is a typical feature of interest rates. The difference compared to the
traditional model is that the volatility is uncertain in the sense of model uncertainty. As
in Section[1.2] we represent the uncertainty about the volatility by a family of probability
measures, termed set of beliefs, and it is completely uncertain which one is correct. In
particular, we consider all measures such that the volatility is bounded by two extreme
values. Since this setting naturally leads to a G-Brownian motion (as we described in
Section , the driver of the short rate dynamics then becomes a G-Brownian motion.
Thus, the short rate evolves as an Ornstein-Uhlenbeck process driven by a G-Brownian
motion. Then the variance of the short rate is uncertain while its mean is not.

The main question in this chapter is how to find an arbitrage-free term structure in
the presence of volatility uncertainty, that is, how to price zero-coupon bonds such that
the related bond market is arbitrage-free when the volatility is uncertain. The crucial
characteristic of volatility uncertainty is that it is represented by a nondominated set of
beliefs. That means, there is no measure dominating all measures in the set of beliefs.
Hence, it is not possible to find a single equivalent martingale measure for the related bond
market. The discussion about arbitrage thus becomes a subtle issue in this framework.
If we want to follow a martingale modeling approach, we need to choose the bond prices
in such a way that the discounted bonds are symmetric G-martingales, which means that
they are martingales in each possible scenario for the volatility. Martingale modeling
is a common approach in short rate models, but we can unfortunately show that this
approach does not work under the initially given set of beliefs.

In order to find an arbitrage-free term structure, we consider sublinear expectations

defined by a linear G-backward stochastic differential equation. By standard results on
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G-backward stochastic differential equations, we can define consistent sublinear expecta-
tions by this procedure. Since the G-backward stochastic differential equation is linear,
there exists an explicit solution. The representation of the solution shows that the re-
sulting sublinear expectation corresponds to the expectation under an equivalent change
of measure. We can also formally show that sublinear expectations defined in this way
are in some sense equivalent to the initial one. As a consequence, the bond market is
arbitrage-free if there exists a sublinear expectation of this particular type under which
the discounted bonds are symmetric G-martingales.

We show that there exists a sublinear expectation of the above kind under which there
is a unique arbitrage-free term structure. If we choose a particular process as a coefficient
in the linear G-backward stochastic differential equation defining equivalent sublinear
expectations, we obtain a sublinear expectation under which there is a unique expression
for the bond prices such that the discounted bonds are symmetric G-martingales. The
choice might seem special, but it can be justified by economic arguments. Due to the
Girsanov transformation for G-Brownian motion, the process represents an adjustment
factor, adjusting the short rate by its uncertain variance. Alternatively, we can interpret
the process as the market price of risk. Since the model is not only subject to risk but
also subject to uncertainty, we also refer to the process as the market price of uncertainty.
The resulting bond prices are different—though similar—to the prices from the traditional
model without volatility uncertainty. In particular, they have an affine structure with
respect to the short rate and the market price of uncertainty.

Even though the structure of the model is different from the traditional one, we are
yet consistent with the classical Hull-White model after fitting the yield curve. Since
we consider an equivalent sublinear expectation, the Girsanov transformation for G-
Brownian motion implies that the dynamics of the short rate—as well as the bond prices—
differ from the ones of the traditional model. As in the classical model, we use the mean
reversion level of the short rate to fit the bond prices of the model to an initial yield
curve, observable on the market. Surprisingly, then the short rate dynamics and the
bond prices are again consistent with the ones from the classical Hull-White model; they
are consistent in the sense that the short rate dynamics and the bond prices coincide
with the classical ones if we drop the uncertainty about the volatility.

In addition, we study an extension of the model driven by multiple risk factors. For
the sake of simplicity, we derive the results mentioned above in the presence of a single risk
factor; that is, the short rate is driven by a single G-Brownian motion. Such a framework
simplifies the interpretation and the intuition of the results and enables us to compare the
results with the classical Hull-White model. Empirical studies, however, show that more
factors are needed in order to explain term structure movements (Adrian, Crump, and
Moench, [2013;|Dai and Singleton), 2003; [Joslin, Priebsch, and Singleton| [2014). Therefore,

we consider a model extension in which the short rate is affected by several risk factors
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with uncertain volatilities and uncertain correlations. We are able to extend all of the
previous results to the general case.

The chapter is organized as follows. In Section [2.1, we present the framework for
modeling volatility uncertainty and the short rate process, and we study the properties
of the latter. Section [2.2| introduces the related bond market. In Section [2.3] we adapt
the concept of martingale modeling to volatility uncertainty and show that martingale
modeling does not work in the presence of volatility uncertainty. Hence, we define equiva-
lent sublinear expectations in Section which we can use to find an arbitrage-free term
structure. In Section [2.5] we show that there exists an equivalent sublinear expectation
under which we obtain a unique arbitrage-free term structure. Section [2.6] demonstrates
how to fit the model to an initially observed term structure. In Section we extend the
model to a version driven by multiple risk factors. Section discusses further related

investigations.

2.1 Short Rate Dynamics

In the traditional Hull-White model—without volatility uncertainty—the behavior of the
short rate is described by an Ornstein-Uhlenbeck process driven by a standard Brownian
motion. Let us consider the probability space (€2, F, Py), which we introduced in Section
1.1, with the canonical process B = (B;):>o and the filtration F = (F;);>0, which is
generated by B and completed by all Py-null sets. We assume that d = 1 in this chapter
(except in Section ; that is, the canonical process B is a one-dimensional standard
Brownian motion under F,. The classical Hull-White model, without volatility uncer-
tainty, assumes that the short rate process r = (1;):>o satisfies the stochastic differential

equation

r = 1o + /O (1s(w) — Or,)du + 0 B, (2.1)

for a suitably integrable function u : Ry — R and constants 6,0 > 0. Then the short
rate is a mean reverting process with a time dependent mean reversion level p, a constant
mean reversion speed #, and a constant volatility ¢. The mean reversion level is time
dependent to make the model more realistic and to ensure a perfect fit of the model to
market data, called yield curve fitting. The mean reversion speed and the volatility are
kept constant for tractability reasons.

In the presence of volatility uncertainty, we consider a family of probability measures
that leads to a G-Brownian motion. That means, we consider the set of beliefs P from
Section [1.2] in which each measure represents a different belief about the volatility. Since
we assume that d = 1, the state space for the (uncertain) volatility X is given by an

interval o, 7], where we assume that @ > ¢ > 0. The constants & and ¢ represent worst-
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case values for the volatility. So the set of beliefs consists of all measures such that the
volatility of the canonical process is a [o,7]-valued F-adapted process. As described in
Section the upper expectation of the set of beliefs,

~

E[-] = sup Ep[-],

PepP
corresponds to the G-expectation on L} (), and the canonical process B is a G-Brownian
motion under E. In this case, the nonlinear generator G : R — R of the G-heat equation
is given by

Gla) = 1 sup {o%a},

o0€lo,T]
and the canonical process B is a one-dimensional G-Brownian motion.

We describe the behavior of the short rate by an Ornstein-Uhlenbeck process driven
by a G-Brownian motion. We choose the same structure as in the classical Hull-White
model. The difference is that we include volatility uncertainty by replacing the constant
volatility and the standard Brownian motion by a G-Brownian motion. Hence, we suppose

that the short rate process r is given by the G-stochastic differential equation

re =170+ /0 (,u(u) — Qru)du + By (2.2)

for a suitably integrable function p : R, — R and a constant § > 0. A G-stochastic
differential equation refers to a stochastic differential equation driven by a G-Brownian
motion. Then the short rate has a time dependent mean reversion level, which is deter-
ministic, and a time dependent volatility, which is uncertain. This is desirable since we
can use the mean reversion level for yield curve fitting and we do not have to specify any
volatility structure. It should be noted that corresponds to (2.1)—i.e., the classical
case without volatility uncertainty—if @ = o = o.

The G-stochastic differential equation describing the dynamics of the short rate has a
closed-form solution. By a classical result on the existence and the uniqueness of solutions
to G-stochastic differential equations (Peng, 2019, Theorem 5.1.3), we know that
has a unique solution in Mé((), T) for every T' < oo; the space Mg(o, T) is a subspace of
MZ(0,T). Therefore, the short rate r is a regular process and, in particular, an admissible

integrand. As in the classical case, we can explicitly solve (12.2)).

Proposition 2.1. The solution to the G-stochastic differential equation (2.2)) is given by

t t
ry =e rg +/ e~0 () du + / e 4B, (2.3)
0 0

Proof. This can be verified by using [t0’s formula for G-Brownian motion (Li and Pengj,
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2011, Theorem 5.4). The verification works totally analogous to the classical case with a

standard Brownian motion. O

The short rate has no mean uncertainty, but it has an uncertain variance. We can
easily show that the upper expectation of the short rate coincides with its lower expec-
tation. Thus, the mean of the short rate is deterministic. In addition, we can show that
the upper, respectively lower, expectation of the squared deviation of the short rate from
its mean is given by the variance from the classical Hull-White model with the highest,
respectively lowest, possible volatility. Hence, the short rate has an uncertain variance,

which is bounded by two extreme values.

Theorem 2.2. For all t, the short rate r; satisfies

E[r] = e %y + /Ot e~0 0y (u)du = —E[—ry], (2.4a)
E[(r, —E[r))?] = (1 — 2 > Z(1 — %) = —E[ — (r, — E[r])?]. (2.4b)

Proof. First, we sketch how to obtain (2.4a)). The first two summands on the right-
hand side of (2.3]) are deterministic. We know that the upper expectation and the lower

expectation of an integral with respect to a G-Brownian motion vanish. Therefore, it

holds (2.4a)).

In order to compute the upper and the lower expectation in ([2.4b)), we use the non-
linear Feynman-Kac formula from Hu, Ji, Peng, and Song| (2014). We define the process

X = (X4)i>0 as the deviation of r from its mean; that is,
R t
X, =r—E[r] = / e """4B,.
0
By Proposition [2.1], we know that X solves the G-stochastic differential equation
t
0

Then the nonlinear Feynman-Kac formula implies E,[X2] = u(t, X;) for t < T (Hu, Ji,
Peng, and Song, 2014, Theorems 4.4, 4.5), where the function u : [0,7] x R — R is the

unique viscosity solution to the nonlinear partial differential equation
O+ G2 u) — 0x0,u =0, u(T,z)=2°
One can verify that the solution to the nonlinear partial differential equation is given by

u(t,z) = T(1 — e HT0) 4 ~2(T-0,2
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This proves the first equality in (2.4b]); the second follows by the same procedure. O]

2.2 Related Bond Market

The corresponding bond market consists of a money-market account and zero-coupon
bonds for all possible maturities. First of all, we fix a finite time 7 < co and suppose
that all trading takes place within the finite time horizon [0, 7]. The market consists of
the following investment opportunities. The first one is to invest in the money-market
account, which grows by the short rate r. The money-market account is a process denoted

by M = (M;)o<t<-, and it is given by

t
M; = exp (/ rsds).
0

In addition to the money-market account, the market offers zero-coupon bonds for all
maturities within the time horizon. For T' < 7. the price of a bond with maturity 7" at
time ¢ is denoted by P,(T) for t < T. The bond has a terminal payoff of 1; that is,

Pr(T) =1

for all T. Henceforth, we use the money-market account as a numéraire. That means,
we restrict to the discounted bonds P(T) = (P,(T))o<i<r for T < 7, defined by

Pi(T) := M;'P,(T).

We assume that the discounted bond P(T'), for all T', is a diffusion process driven by the

G-Brownian motion B; i.e.,
t t t
BAT) = Bo(T) + / o (T)du + / Bu(T)dB, + / (T)A(B),
0 0 0

for processes (T) = (cw(T))oe<r, B(T) = (Bi(T))o<e<r, and Y(T) = (%(T))o<t<r in
MZ(0,T). This is a technical assumption to make the following definition work. The
assumption is satisfied in all of the succeeding scenarios.

The agents can participate in the market by choosing a trading strategy to create
a portfolio. Choosing a market strategy means that they can select a finite number of
discounted bonds they want to trade and decide on how much of them they want to
buy or sell at each time within the time horizon. The value of the related portfolio is
the integral of the market strategy with respect to the price processes—that means, we

implicitly assume that the trading strategy is self-financing.

Definition 2.3. An admissible market strategy (7, T') is a couple consisting of a bounded
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process ™ = (T}, ..., T )o<t<r 1 ME(0,7;R") and a vector T = (Ty,...,T,) € [0,7]" for

some n € N. The corresponding portfolio value at terminal time is defined by
O (m, T) = Z/ 7, dP(T;).
i=1 70

The restriction to trading a finite number of discounted bonds could be generalized by
using methods from large financial markets (Klein, Schmidt, and Teichmann, 2016|) or
by allowing for measure-valued trading strategies (Bjork, Di Masi, Kabanov, and Rung-
galdier, [1997)). Here we restrict to trading finitely many discounted bonds, since such a
generalization is not the objective of the present chapter.

We use a quasi-sure notion of arbitrage. The classical definition of arbitrage depends
on the underlying probability measure of the model. Since we are dealing with more than
one measure in the presence of volatility uncertainty, we have to consider a definition
slightly different from the classical one. The following definition of arbitrage corresponds
to the one that is commonly used in the literature on robust finance (Biagini, Bouchard,
Kardaras, and Nutz, 2017; |[Bouchard and Nutz, 2015).

Definition 2.4. An admissible market strategy (mw,T) is called arbitrage strategy if
o (m, T) >0 quasi-surely, P(o,(m,T)>0) >0 for at least one P € P.

Moreover, we say that the bond market is arbitrage-free if there is no arbitrage strategy.

This is a weaker version than requiring that the strategy has to be an arbitrage in the
classical sense with respect to all measures. The difference is that the probability of a

strictly positive win does not have to be strictly positive under each measure.

2.3 Martingale Modeling

Most short rate models use a martingale modeling approach to ensure that the related
bond market is arbitrage-free. A standard result in mathematical finance is that the
market is arbitrage-free if and only if the traded quantities on the market are martingales
under a measure equivalent to the real world measure, termed fundamental theorem of
asset pricing. The common practice in short rate models is martingale modeling, since
bond markets are incomplete; incomplete means that there is not a unique martingale
measure but many of them. Thus, one usually supposes that the short rate satisfies
certain dynamics under a given martingale measure, and then the bond prices are chosen
such that the discounted bonds are martingales under the exogenously given martingale

measure in order to exclude arbitrage.

21



In the presence of volatility uncertainty, martingale modeling requires that the dis-
counted bonds are symmetric G-martingales under E. If there is volatility uncertainty,
the set of beliefs contains mutually singular measures. Hence, there is no dominating
measure for the set of beliefs, which implies that it is not possible to find a single martin-
gale measure equivalent to all measures in the set of beliefs. A fundamental theorem of
asset pricing under a possibly nondominated set of beliefs was established by |Bouchard
and Nutz (2015), for the discrete-time case, and Biagini, Bouchard, Kardaras, and Nutz
(2017)), for the continuous-time case. Roughly speaking, the theorem says that the ab-
sence of arbitrage is equivalent to the existence of a set of martingale measures that is
in some sense equivalent to the set of beliefs—that means, the price processes have to be
martingales under each measure in the equivalent set of measures. Therefore, if we want
to follow a martingale modeling approach in the presence of volatility uncertainty, we
need to assume that our set of beliefs is a set of exogenously given martingale measures.
Then we need to choose the bond prices such that the discounted bonds are martingales
under each measure in the set of beliefs. Being a martingale under each measure in the
set of beliefs is equivalent to being a symmetric G-martingale under E. The sufficiency of
this martingale modeling approach for the absence of arbitrage is shown by the following

proposition.

Proposition 2.5. The bond market is arbitrage-free if the discounted bond ]5(T) 15 a

symmetric G-martingale under E for all T.

Proof. We suppose that there exists an arbitrage strategy (m,7) and show that this
leads to a contradiction. By Definition , it holds v, (m,T") > 0. Hence, we know that
|0, (7, T)| = 0,(m, T), which implies

E(|o, (x, T)|] = Efor (r, T)].

Using Definition and the sublinearity of E, we obtain
A n A T/L . ~
E[o.(r, T)] < ZE[ / wzdPt(m]-
i=1 0

By the representation theorem for symmetric G-martingales (Song, 2011, Theorem 4.8),
for all T, there exists a process H(T) = (Hy(T))o<i<r in MZ(0,T) such that

t
PAT) = R(T)+ [ H.(T)dB..

0
Since 7 is a bounded process in MZ(0, ), we have 7 H(T;) € MZ(0,T;) for all i. Thus,

I‘E[/On wﬁdﬁ(Ti)} = I‘E[/On wﬁHt(Ti)dBt} =0
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for all i. Combining the previous steps, we get 0.(7, 1) = 0, which is a contradiction to
P(0-(m,T) >0) >0 for at least one P € P.

Therefore, there is no arbitrage strategy. O

Unfortunately, we can show that the martingale modeling approach in the Hull-White
model does not work in the presence of volatility uncertainty. Martingale modeling only
works in the classical case when there is no uncertainty about the volatility. In that case,
the bond prices are obviously given by the bond prices from the classical Hull-White

model.

Theorem 2.6. The discounted bond p(T) 15 a symmetric G-martingale under E if and

only if @ = o and the bond price is given by
P(T) = exp (Aﬁ(t, T) — B(t, T)rt) (2.5)

for all t, where A°, B :[0,7] x [0,7] = R, for o >0, are defined by

ATt T) = /t (10*B(s,T)’ — j(s)B(s,T))ds, (2.6a)

B(t,T) = 3(1 — e ?7T0), (2.6b)

respectively.

Proof. First, let us suppose that the discounted bond ﬁ(T ) is a symmetric G-martingale
under E. We show that the expectation of the discount factor is the same under each
measure in the set of beliefs. The definition of symmetric G-martingales and the terminal

condition of the bond implies

~

P(T) = E[P(T,T)] = By[Mz"),
P(T) = —E,[~P(T,T)] = —B/[~Mz"]

for all . Combining the previous equations and setting t = 0 yields

17 - 1
ISJlégEP[MT J = Inf Ep[Myp7], (2.7)

which in turn implies that the expectation of M, ! is the same under each measure.

Now we use the expression for the bond prices from the classical Hull-White model
to show that (2.7) implies @ = ¢ and (2.5)). Let us consider the measures P?, PZ € P
induced by the highest and the lowest possible volatility, respectively. The expectations
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of Mz' under P7 and PZ are given by

Eps[M7'] = exp (A%(0,T) — B(0,T)ro),
Epe [ M.
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respectively (Bjorkl 2004, Subsection 22.4.4). By (2.7), the latter expressions are equal.
From and (2.6D), we see that this only holds if ¢ = ¢. Since o = ¢ implies
P = {P7}, we are back in the classical case without volatility uncertainty. In that case,
the bond price is given by (2.5).

Next, let us suppose that @ = ¢ and the bond price is determined by . Then
we are again back in the classical case without volatility uncertainty, and the discounted
bond is clearly a martingale under P?. Since P = {P”}, the discounted bond is also a

symmetric G-martingale. O

2.4 Equivalent Sublinear Expectations

In order to find an arbitrage-free term structure, we consider the following type of
sublinear expectations defined by a G-backward stochastic differential equation. Let
A = (M)o<t<r be a bounded process in Mg(0,7) for some p > 1. For £ € LY, (Q,) with
p > 1, we define the sublinear expectation E by E[¢] := Y%, where Y¢ = (Y)o<i<, solves

the G-backward stochastic differential equation
t t

Then E is a time consistent sublinear expectation (Hu, Ji, Peng, and Song, 2014, Theorem
5.1). The reader may refer to the paper of Hu, Ji, Peng, and Song| (2014) for all details
related to G-backward stochastic differential equations.

We can show that a sublinear expectation of the above kind is equivalent to the
initial sublinear expectation in the sense that the null spaces induced by the natural

norms related to both sublinear expectations are the same.
Lemma 2.7. For £ € LY(Q,) with p > 1, it holds £ = 0 if and only if E[|£]] = 0.

Proof. Before we show the assertion, we explicitly solve the G-backward stochastic dif-
ferential equation defining E. For this purpose, we consider the extended G-expectation
space (QT,L}?(QT),E) with the canonical process (B, B) = (B, By)i>0, where we set
Q, := C3([0,7]) and the generator G : S* — R is given by

~ 1
G(A):=4 sup tr 7 A
o€[o?,5?] 1 o™
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Then, by Theorem 3.2 of Hu, Ji, Peng, and Song] (2014), we know that Y* is given by
Y =& RIS,

where the process £ = (£;)o<i<, is defined by

t t
& = exp ( / M\udB, — 1 / AZd(B)u).
0 0

Now we show the assertion by representing E and E as an upper expectation of a
family of probability measures. It suffices to show that E[|¢|] = 0 if and only if E[|£[]] = 0
for £ € L2(Q,) with p > 1, since we know that E[¢] = E[¢] for all £ € L5(Q). As in
Section , we can construct a family P of probability measures on (Q,, B(€,)) such
that

E[¢] = sup Ep[¢]
Pep

for all ¢ € Lé(QT) Moreover, the process £ solves the G-stochastic differential equation
t ~
& =1 —|—/ M&udBy.
0

This implies that £ is a symmetric G-martingale, satisfying IE[ST] = 1. Thus, for P € P,
we can define a probability measure on (Q,, B(Q,)) by Q(P) := &, - P. Since & > 0
P-quasi-surely, we know that Q(P) ~ P. If we now define Q := {Q(P)|P € P}, we

obtain

E[¢] = sup Eql¢]
QeQ

for all £ € LY,(92,). Since Q consists of equivalent measures, we get £ = 0 P-quasi-surely

if and only if £ = 0 Q-quasi-surely. Hence, the proof is complete. O

As a consequence, we can show that there is no abitrage on the bond market if there
exists an equivalent sublinear expectation of the above kind under which the discounted

bonds are symmetric G-martingales.

Proposition 2.8. The bond market is arbitrage-free if the discounted bond ]5(T) s a

symmetric G-martingale under E for all T.

Proof. We proceed as in the proof of Proposition by using Lemma and the Gir-
sanov transformation for G-Brownian motion from [Hu, Ji, Peng, and Song| (2014)). Let
us suppose that there exists an arbitrage strategy (m, 7). By Definition , it holds
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0,(m,T) > 0, which implies |0, (7, T')| = 0,(m, T). By Lemma [2.7], we have

Using Definition and the sublinearity of E, we obtain
Bio-(r. 7)) < 3 B| [ a1
i=1 0

By the Girsanov transformation for G-Brownian motion (Hu, Ji, Peng, and Song, 2014,
Theorem 5.2), the process B = (B;)o<i<r, defined by

t
Bt = Bt — / /\udu7
0

is a G-Brownian motion under E. Since P(T) is a symmetric G-martingale under E, for
all T, there exists a process H(T) = (Hy(T))o<t<r in MZ(0,T) such that

t
P(T) = Py(T) +/ HU(T)dBu.
0
Thus, as in the proof of Proposition 2.5 we have
— T’L . ~ —_— T,L . —
B [ wan| <& [ simmas] -o
0 0

for all 7. Combining the previous steps, we get 0,(m,T) = 0 by Lemma which is a

contradiction to
P(0.(m,T) >0) >0 for at least one P € P.

Therefore, there is no arbitrage strategy. O

2.5 Arbitrage-Free Term Structure

There exists an equivalent sublinear expectation of the above kind under which the dis-

counted bonds are symmetric G-martingales. We define the process ¢ = (q;)o<t<- by

t
Qs ::/ e 20t q(B),.
0
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By applying 1to’s formula for G-Brownian motion, we observe that ¢ satisfies

¢
q = (B); —/ 20q,du.
0

If we use the process ¢ to define an equivalent sublinear expectation as in Section [2.4]
we obtain a sublinear expectation under which there is a unique expression for the bond
prices such that the discounted bonds are symmetric G-martingales. A justification for

choosing the process ¢ follows the proof of the succeeding theorem.

Theorem 2.9. Let A\ = q. Then the discounted bond P(T) is a symmetric G-martingale
under E if and only if the bond price is given by

P(T) =exp (A(t,T) — B(t,T)r, — B(t, T)*q;) (2.8)

for all t, where A, B : [0,7] x [0,7] — R are defined by

A(t,T) := —/t B(s, T)u(s)ds (2.9)

and (2.6b)), respectively.

Proof. First of all, we show that the process X = (X;)o<t<7, defined by
t

X, :=exp (A(t, T)— B, T)r, — 3B, T)%q — / rsds),
0

is a symmetric G-martingale under E. Applying It6’s formula for G-Brownian motion to

X leads to the dynamics
t t t
Xy =Xy —|—/ A X, du —/ B(u,T)X,dB, +/ A, X, d(B),,
0 0 0

where the drift terms A = (A;)o<i<r and A= (At)ogtST are given by

Ay = 0,A(t,T) — 8,B(t, T)ry — B(t,T)8,B(t,T)q,
(t,T)(u(t) — Ory) + B(t,T)*0g; — 1
= ( LA, T) — p(t)B ( T)) — (8:B(t,T) — 6B(t,T) + 1)r,
, 1) (0,B(t, T) —0B(t,T))q,
Api= =3Bt T)" +3 (7 T) =
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respectively. The functions A and B satisfy

8tA(t7 T) = N(t)B<t7 T)a
0,B(t,T) = OB(t,T) — 1,

respectively. Thus, we get
t t
X = Xo +/ B(u, T) X ,q.du —/ B(u,T)X,dB,.
0 0

Since the previous equation is a linear G-stochastic differential equation with bounded
coefficients, it has a unique solution, which is in Mg(0,T). Hence, it holds X € MZ(0,T),
which implies X; € L%(Q;) for all t. By the Girsanov transformation for G-Brownian

motion, the process B = (B;)o<t<-, defined by

t
Bt = DBy — / qudu,
0

is a G-Brownian motion under E. Therefore, X is a symmetric G-martingale under E.
Using the first step, we now prove the assertion. If IS(T ) is a symmetric G-martingale
under E, for all ¢, it holds

Since X is also a symmetric G-martingale under E and A(T,T) = 0= B(T,T), we get
Xt - Et [XT] = Et[M/ITl]

for all t. Thus, we have P,(T) = X, for all ¢, which is equivalent to (2.8)). Conversely, if
(2.8) holds, we get P,(T) = X, for all ¢; consequently, we know that P(7T) is a symmetric
G-martingale by the first step of the proof. m

We use the process ¢ to obtain an arbitrage-free term structure, since it serves as
an adjustment factor for the uncertain volatility. The proof of Theorem shows that
the discounted bond cannot be a symmetric G-martingale under E in the presence of
volatility uncertainty, as the expectation of the discount factor is not the same for every
measure in the set of beliefs. The expectation differs among the measures in P, since the
short rate has a different variance under each of them, as Theorem [2.2|shows. So in order
to unify the expectation of the discount factor under each measure, we need to adjust the
short rate by the uncertainty about its variance. The following identity shows that the
process ¢ is a suitable adjustment factor, since it contains the same information as the
variance of the short rate. By Proposition [2.1, Theorem [2.2] and a standard property of
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integrals with respect to G-Brownian motion (see Proposition |A.19)), we have

El[(r, — E[r])?] = E K /O t e—9<t—u>d3u) 2} =F { /0 t e—2e<t—u>d<3>u] = Eq].

We therefore set A = ¢ and use the Girsanov transformation for G-Brownian motion
to adjust the short rate by its variance. Then the short rate evolves according to the

dynamics

t
Ty =710+ / (,u(u) —Or, + qu)du + B,.
0

Another important observation, which can be deduced from the dynamics of ¢, is that
the process ¢ mean reverts twice as fast as the short rate towards the quadratic variation
of the G-Brownian motion—that is, towards the quadratic variation of the short rate.
So the process always adjusts towards the correct belief about the volatility, which is
unknown beforehand.

From an economic point of view, setting A = ¢ is reasonable as well. In the proof
of Theorem [2.9] we see that the instantaneous excess return of a zero-coupon bond with
maturity 7" over the money-market account at time ¢ is B(t,T)q;. Dividing by the dif-
fusion coefficient, given by —B(¢,T'), we obtain the market price of risk, given by —g¢.
In general, the market price of risk measures how much better we are doing with a bond
compared to investing in the money-market account per one unit of risk. Since ¢ is pos-
itive, we use a negative market price of risk. This is appropriate because the bonds are
not risky in this model. They have a certain payoff of 1 at the maturity; i.e., there is no
default risk. On the other hand, investing in the money-market account is risky, since the
short rate is stochastic and uncertain. Hence, we use a process representing the variance
of the short rate to measure the risk and the uncertainty of the money-market account.
So one may also refer to —g as the market price of uncertainty.

In order to compare the bond prices from Theorem with the prices from the
traditional model, we derive an adjustment factor, linking both expressions. We denote
the bond price from the traditional Hull-White model with constant volatility o by P7(T),
which is defined by

PY(T) :=exp (A°(t,T) — B(t,T)r;),

where A%(t,T) and B(t,T) are defined by (2.6a)) and (2.6b)), respectively. The bond price
of the Hull-White model with volatility uncertainty, denoted by P;(T), is given by ([2.8)).
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Then it holds

Jlj;((?) _ exp (_ /t " 102B(s, T)2ds - LB, T)th)-

The expression on the right-hand side represents an adjustment factor, which we can use
to migrate from the traditional model to the model with volatility uncertainty.

Examining the adjustment factor, we note the following differences between the tra-
ditional and the present model. Since the adjustment factor is less than one, the bond
prices in the present model are less than the prices in the classical model without volatility
uncertainty. Moreover, we see that the squared term, depending on the volatility param-
eter o, is missing in P;(T"); instead, we have an additional term in P,(T"), depending on
the market price of uncertainty. Thus, the prices are independent of the volatility as well
as the bounds for the volatility, which is the case in most models dealing with pricing
under volatility uncertainty. It also implies that the bond price at the initial time corre-
sponds to the price in the deterministic version of the Hull-White model without white
noise, since the additional part in the exponential vanishes at the initial time. Though,
this also applies to the standard Hull-White model after fitting it to the initial yield
curve. In contrast to classical affine models, the bond price is now affine with respect
to the short rate and the market price of uncertainty. The affine structure is similar
to short rate models with a stochastic volatility (Fong and Vasicek, 1991} Longstaff and
Schwartz, 1992)). However, the additional factor in the bond price is not the volatility
but a process adjusting towards the current value of the quadratic variation of the short
rate. A surprisingly similar structure can be found in the short rate model from |Casassus,
Collin-Dufresne, and Goldstein| (2005)), displaying unspanned stochastic volatility.

The most important implications of the prices in this model are as follows. Primarily,
we manage to obtain a term structure that is robust with respect to the volatility itself
and the bounds for the volatility. So we do neither have to estimate the future volatility
of the short rate nor its bounds. Admittedly, there is a price we have to pay for this.
We have to specify the market price of uncertainty, which appears in the bond prices.
The market price of uncertainty depends on the past evolution of the quadratic variation
of the G-Brownian motion, which corresponds to the quadratic variation of the short
rate in the Hull-White model. The past evolution of the quadratic variation of the short
rate is observable and can be inferred from market data. Alternatively, one could also
estimate the variance of the short rate as an approximation for the market price of un-
certainty. Moreover, in accordance to the short rate model of |(Casassus, Collin-Dufresne,
and Goldstein| (2005)), the bond prices are completely unaffected by the structure of the
volatility. The bounds for the volatility presumably enter the model when it is used for
pricing derivatives on bonds—that is, nonlinear contracts. Therefore, we conjecture that

the model, despite its simple structure, displays unspanned stochastic volatility, which
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was introduced by |Collin-Dufresne and Goldstein| (2002)). The pricing of derivatives and
a detailed discussion about unspanned stochastic volatility is, however, postponed to
Chapter

2.6 Yield Curve Fitting

As in the classical Hull-White model, we can use the time dependent mean reversion level
to fit the theoretical bond prices to an initially observable term structure. We introduce
the following notions and assumptions, which are common in term structure models. Let
us assume that there is an initial forward curve f§ : [0,7] — R, which is observed on
the market. We assume that the initial forward curve f; is differentiable and satisfies
f5(0) = ro. For T' < 7, the theoretical forward rate of the model is denoted by f;(T) for
t < T and defined by

fi(T) := —0rlog P,(T).

The following theorem gives a necessary and a sufficient condition for the theoretical
forward curve matching the observable one at inception, which characterizes the mean

reversion level of the short rate.

Theorem 2.10. Let the bond price be given by (2.8)). Then it holds fi(T) = fo(T) for

all T if and only if the mean reversion level of the short rate, for all t, satisfies

ult) = 055 (1) + Ouf3 (1). (2.10)

Proof. First, we derive the initial forward rate fo(7) for T' < 7 when the bond price is
given by ([2.8)). Taking the derivative of the logarithm of the bond price at time 0 and

changing the sign, for 7' < 7, we obtain

T
fT) = [ (e T+ e,
0
Let us suppose that f;(7') = fo(T) for all T. By the equation from above, we have
T
(T = / p(t)e? dt +ry
0
for all T'. Differentiating the latter equation with respect to T yields
0 fo(T) + T Or f3 (T) = u(T)e™

for all T'. Hence, the mean reversion level satisfies (2.10]).
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If we suppose that the mean reversion level satisfies (2.10]), we can plug it into the

first equation of the proof and check, by reversing the above calculations, that it holds
fo(T) = fo(T) for all T o

After fitting the yield curve, the model is consistent with the classical Hull-White
model. In general, the model is not consistent with the traditional Hull-White model,
since the short rate dynamics and the bond prices differ from the ones in the traditional
model—even if there is no volatility uncertainty. The adjusted short rate dynamics are

given by

t
Tt =To +/ (:u(u) + qu — eru)du + Bta
0

which clearly differ from the Hull-White short rate dynamics. The bond prices also
differ from the ones obtained in the Hull-White model—as the comparison from the
previous section shows. However, the model becomes consistent with the classical one
after fitting the model to the yield curve. After inserting and the definition of ¢
in the (adjusted) short rate dynamics, one can check that these are the same dynamics
as in the fitted Hull-White model if there is no volatility uncertainty, i.e., if ¢ =0 = o

(Brigo and Mercurio|, 2001, Subsection 3.3.1). Furthermore, inserting (2.10)) in A(¢,T),
which is defined in (2.9)), and performing some calculations, yields

AT = — /t Fi(s)ds + fr(D)B(,T).

Plugging the above expression into (2.8) and dividing by the fitted bond price from the
traditional Hull-White model with volatility o (Brigo and Mercurio, 2001, Subsection
3.3.2) leads to

B(T)
e (T)

= exp <%B(t, T)Z(g—;(l — e ) — qt)>.

Thus, the adjustment factor is now determined by the difference between the variance of
the short rate with constant volatility and the uncertain variance of the short rate with
volatility uncertainty. Hence, the adjustment factor is equal to 1 if 6 =0 = 0.

The consistency with the classical Hull-White model further justifies the choice of ¢
as the market price of uncertainty. The discussion from above shows that the adjustment
factor ¢, appearing in the short rate dynamics, is actually included in the dynamics of
the classical model after fitting the theoretical prices to the observed ones. Hence, the
process ¢ naturally appears in the risk-neutral dynamics of the short rate, which gives
another justification for choosing the market price of uncertainty in this particular way.

The interesting thing is, however, that in the classical model, this expression is used for
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yield curve fitting, whereas in this model, the expression is needed in order to have an
arbitrage-free model.

In order to completely calibrate the model, one has to establish a robust estimation
procedure for the mean reversion speed. Theorem [2.10| characterizes the mean reversion
level in terms of an initially observable term structure. However, the term structure
still involves a parameter: the mean reversion speed 6. A typical approach in short rate
models to estimate parameters is to use a maximum likelihood approach. The maximum
likelihood approach heavily relies on the probabilistic law of the short rate. In the presence
of volatility uncertainty, there is a family of possible probabilistic laws for the short rate,
and we are uncertain about which one is correct. Therefore, one has to use a robust

approach to calibrate the model instead of the classical maximum likelihood approach.

2.7 Multifactor Extension

The previous model can be generalized to a model driven by multiple risk factors. For this
purpose, we consider the probabilistic setting from Section for a general d € N, and
we replace the state space of the volatility, given by [, @], with a general bounded, closed,
and convex subset ¥ C R¥?, We need to assume that ¥ is such that the generator G is
non-degenerate, which we formalize in the next chapter, to be able to apply all required
results from the calculus of G-Brownian motion. In the one-dimensional setting, this
assumption is satisfied if ¢ > 0, which we assume in the previous sections. In contrast to
the previous sections, the d-dimensional case allows us to consider a possible uncertain
correlation between the risk factors. As described in Section [I.3] this setting leads to a
d-dimensional G-Brownian motion B = (B}, ..., BY);>¢. In particular, then B = (B);0
is a one-dimensional G;-Brownian motion for a suitable generator G; : R — R for all

1 =1,...,d. In this setting, the short rate process r is defined by
d
re o= pu(t) + ZXZ,
i=1
where 1 : R, — R is a suitably integrable function and the factor X = (X});>¢ satisfies
X = —/ 0, X, du + By
0
for some constant 6; > 0 for all 7. The process X* is given by
. t .
X = / e tilt-vgpi
0

for all 7 and represents a risk factor that affects the short rate.
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Such a multifactor extension does not lead to an arbitrage-free term structure. Similar
to the discussion in Section [2.3] we can show that the short rate dynamics from above
are not suitable for martingale modeling. As in Theorem 2.6 we can prove that the
discounted bonds can be symmetric G-martingales under E if and only if there is no
volatility uncertainty, that is, if and only if ¥ is a singleton. This can be done, as in the
proof of Theorem [2.6 by considering two different beliefs about the volatility, which lead
to different bond prices.

We consider sublinear expectations defined by a G-backward stochastic differential
equation and equivalent to the initial sublinear expectation in order to find an arbitrage-
free term structure. Let A = (A}, ..., \%)o<t<, be a d-dimensional bounded process in
ME(0,7;RY) for some p > 1. For ¢ € LF(Q,) with p > 1, we define the sublinear
expectation E by Ei[¢] := Y}*, where Y¢ = (Y%)o<i<, solves the G-backward stochastic

differential equation

d . d .
Yi=¢+ Z/ N 70 du — Z/ ZldB!. — (K, — K,).
i=1 7t i=1 "t
Then we can show, as in Proposition that the bond market is arbitrage-free if the
discounted bonds are symmetric G-martingales under E.

We obtain an arbitrage-free term structure by considering a particular sublinear ex-

pectation of the above form. Let us define the process ¢ = (¢}, ..., ¢! )o<i<+ by
d ..
g = _q’,
j=1
where ¢ = (¢/’)o<i<, is defined by
q’ = / e*(eiwj)(t*“)d(Bi, B7),.
0

By applying It6’s formula for G-Brownian motion, we know that ¢/, for all 4, j, satisfies

t
q’ = <Bi,Bj>t —/ (0; + @-)qffdu.
0

If we use the process ¢ to define a sublinear expectation as above, then there is a unique

arbitrage-free term structure.

Theorem 2.11. Let A = q. Then the discounted bond P(T) is a symmetric G-martingale
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under E if and only if the bond price is given by
T d d ..
P(T) := exp (—/ p(s)ds — > Bi(t, T)X] — 1> Bi(t,T)B;(t, T)qgﬂ)
t i=1 ij=1
for all t, where B; : [0,7] x [0,7] = R, for all i, is defined by
Bi(t,T) := +(1 — e %T0),
Proof. As in the proof of Theorem [2.9] the assertion follows if we show that the process
X = (Xi)o<i<r, defined by
T d
Xt::exp(—/ p(s)ds — > B; tTXz——ZBtT Z/de>
0 i=1 ij=1
is a symmetric G-martingale. Applying It6’s formula for G-Brownian motion to X yields
X, = X0+/ AuX du—Z/ (u, T)X,dB! +Z/ AYX,d(B', B%),,
0

1,7=1

where the drift terms A = (A})o<i<r and A% = (A? Jo<t<T, for all 4, j, are given by

d d
A== OBt T)X; -1 (0 By(t,T) + Bi(t,T)9,B;(t,T)) g
i=1 i,j=1
d . d .. d .
N B T)(0:X) = 1 > Bi(t. T)B; (1, T)(— (0: + 0,)a’) = > X;
i=1 i.j=1 =1
d
= =) (Bi(t,T) - 6:Bi(t, T) +1)X]
1=1

——ZBtT )(8,Bi(t,T) — 0, B:(t.T)) gy’

2,j=1
——ZB (t,T)(0:B;(t,T) — 0;B,(t,T))q/,

2,j=1
AY = —1Bi(t,T)B;(t,T) + iBi(t,T)B;(t,T) = 0,

respectively. Since the function B;, for all i, satisfies
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and ¢¥ = ¢’* for all i, j, we obtain

d t d t
Xi=Xo+ ) / Bi(u, T)X,qldu— Y / B;(u,T)X,dB:.
i=1 70 i=1 70

We can use the same argument as in the proof of Theorem [2.9| to show that X; € LZ()
for all t. The Girsanov transformation for G-Brownian motion implies that the process
B = (Btla XX Bg)OStS‘m defined by

t
B} := B} —/ ¢ du,
0

is a G-Brownian motion under E. Therefore, the process X is a symmetric G-martingale
under E. m

We can use the function g to fit the model to an initially observed term structure.
Let us assume that there is a sufficiently regular forward curve f; : [0,7] — R, which is
currently observed on the market. Then one can check that the theoretical forward curve
implied by the model matches the observed one at inception if and only if u(t) = f;(¢)
for all t.

2.8 Equilibrium and Empirical Analysis

From an economic point of view, a first question for further research (outside the scope
of this thesis) is whether the proposed term structure and the particular choice of the
market price of uncertainty can be supported by an equilibrium in a representative agent
economy. The present approach is purely based on no-arbitrage pricing; instead, one could
investigate a structural model in the spirit of |Cox, Ingersoll Jr., and Ross (1985)) under
model uncertainty. |Gagliardini, Porchia, and Trojani (2009) examined a structural model
with ambiguity—that is, model uncertainty. The representative agent in the model faces
ambiguity about the drift of the underlying risk factors. Since she is ambiguity averse,
the agent has to solve a max-min expected utility problem. The solution determines the
uncertain drift process, which is termed market price of ambiguity. In a similar fashion,
one could examine a structural model in which the representative agent faces ambiguity
about the volatility. For this purpose one could adapt the framework of [Epstein and Ji
(2013)) to find out if there is an equilibrium in a representative agent economy supporting
the specific market price of uncertainty used in the present model.

Apart from that, it would be interesting to test the empirical performance of the
model—especially in comparison to traditional term structure models. One could, e.g.,
test if the model is able to explain the violation of the expectations hypothesis, as it was

done, for instance, by |Dai and Singleton (2003)) and |Gagliardini, Porchia, and Trojani
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(2009), and if it does better than traditional models. |[Fama and Bliss (1987)), (Campbell
and Shiller| (1991)), and |(Cochrane and Piazzesi| (2005) empirically tested the expectations
hypothesis by regressing changes in the yield curve onto the slope of the yield curve, which
shows that the expectations hypothesis is violated. The regression produces negative
coefficients, decreasing with respect to the maturity. Dai and Singleton| (2003)) tested
the ability of several term structure models to explain the empirical findings. For this
purpose, they fitted the models to data and simulated term structures from the fitted
models. Then they ran regressions as above and compared the regression coefficients from
the simulated data with the ones from real data. A successful model is supposed to match
the coefficients from real data. In order to test the performance of the present model in
this regard, one has to use a robust approach to calibrate the model, as it is described
at the end of Section [2.6] Moreover, one has to develop a simulation procedure that
works in the presence of volatility uncertainty. The volatility is uncertain in the sense of
Knightian uncertainty. By its definition, Knightian uncertainty cannot be measured by
any probability. Thus, standard simulation procedures cannot be used. Instead, one has
to construct a robust simulation procedure.

A further interesting comparison is to study the relation between the present model
and regime switching term structure models both from a theoretical point of view and
from an empirical perspective. Using regime switching models is a different, though
related, approach to overcome the stylized facts about the volatility of financial quantities
(as explained in Section in the case of asset market models). Regime switching
term structure models assume that the volatility of the short rate follows a continuous-
time Markov chain, which jumps between a finite number of values. The literature
on regime switching term structure models shows that these models offer advantages
compared to classical term structure models (Dai, Singleton, and Yang, [2007; |Gourieroux,
Monfort, Pegoraro, and Renne, [2014; |Monfort and Pegoraro, |2007). The comparison of
models with volatility uncertainty to regime switching models is particularly well-suited
in contrast to other stochastic volatility models, since the volatility process in regime
switching models is also bounded (as it has a finite state space). In the present chapter,
we consider all volatility processes bounded by two extreme values; thus, we basically
also consider trajectories described by regime switching term structure models. This
is, however, just a pathwise argument. One needs to enlarge the probability space of
the model in order to obtain the same Markov chain considered by regime switching
term structure models, since the probability of the Markov chain jumping to a different
state is usually independent from the remaining risk factors. Then one can compare the

approaches and the corresponding results in detail.
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Chapter 3

The Heath-Jarrow-Morton Model

In the present chapter, we study term structure movements in the spirit of [Heath, Jarrow,
and Morton| (1992) (HJM) under volatility uncertainty. The HJM methodology is based
on modeling the instantaneous forward rate as a diffusion process as opposed to the short
rate. As in the classical HIM framework, we model the behavior of the forward rate as
a general diffusion process. The forward rate determines all quantities on the related
bond market. The difference compared to the classical framework is that we consider
the probabilistic setting from Section to model the uncertainty about the volatility,
where, in contrast to the previous chapter, we consider a general state space for the
uncertain volatility, leading to a d-dimensional G-Brownian motion. As a consequence,
the forward rate dynamics are driven by a d-dimensional G-Brownian motion in the
presence of volatility uncertainty. Compared to the classical HJM model, the forward
rate has uncertain drift terms in addition to the classical (certain) drift term, since the
quadratic covariations of a G-Brownian motion are uncertain processes (as mentioned
in Section . Despite the differences, the present model is still consistent with the
classical HJM model. We impose some assumptions on the coefficients of the forward
rate dynamics in order to get a sufficient degree of regularity.

Similar to the traditional HJM model, the main result of the present chapter is a drift
condition that implies that the related bond market is arbitrage-free. The traditional
HJM drift condition relates the absence of arbitrage to the existence of a market price
of risk and shows that the risk-neutral dynamics of the forward rate are completely
characterized by its diffusion coefficient. In order to derive a drift condition in the presence
of volatility uncertainty, we set up a suitable market structure for the related bond market
in this setting. In contrast to the traditional HJM model, the drift condition in the
presence of volatility uncertainty requires the existence of several market prices. We
call the additional market prices—in addition to the market price of risk—the market
prices of uncertainty. As in the traditional HJM model, the risk-neutral dynamics of
the forward rate are completely determined by its diffusion term—with the addition that

the uncertainty of the diffusion term determines the uncertainty of the drift. If the
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uncertainty about the volatility vanishes, the drift condition reduces to the traditional
one. The proof of the main result is based on deriving the dynamics of the discounted
bonds and using a Girsanov transformation for G-Brownian motion together with some
results on G-backward stochastic differential equations.

The drift condition derived in this chapter is a very powerful tool, since it allows to
construct arbitrage-free term structure models that are completely robust with respect to
the volatility. In the classical case without volatility uncertainty, almost every (arbitrage-
free) term structure model corresponds to a specific example in the HJM methodology.
Due to the main result of the present chapter, we are able to obtain arbitrage-free term
structure models in the presence of volatility uncertainty by considering specific exam-
ples. In particular, we recover robust versions of classical term structure models: the
examples include the Ho-Lee term structure, the Hull-White term structure—which ac-
tually corresponds to the term structure from the previous chapter—and the Vasicek
term structure. The examples show that the drift of the risk-neutral short rate dynamics
and the bond prices, which still have an affine structure, include an additional uncertain
factor when there is uncertainty about the volatility. As in the previous chapter, with this
procedure, we obtain term structure models that are robust with respect to the volatility
as well as its worst-case values, which differs from most works on pricing under volatility
uncertainty.

In order to make the analysis from above work, we construct a space of admissible
integrands for the forward rate dynamics. The forward rate is a diffusion process pa-
rameterized by its maturity and needs to be integrable with respect to its maturity to
compute the bond prices. Therefore, the integrands in the forward rate dynamics need
to be regular with respect to the maturity apart from being admissible stochastic pro-
cesses in a diffusion driven by a G-Brownian motion. In order to achieve this, we use the
space of Bochner integrable functions; that is, Banach space-valued functions that are
sufficiently measurable and integrable, where the functions are mapping from the set of
maturities into the space of admissible stochastic processes in this particular case. For
such functions, we can define the Bochner integral, mapping into the space of admissible
stochastic processes. This ensures that the forward rate is integrable with respect to its
maturity. Moreover, we derive further necessary results for the HJM model, including
a version of Fubini’s theorem for stochastic integrals. We give a sufficient condition for
functions to be Bochner integrable, which applies to all considered examples.

In addition, we provide a sufficient condition ensuring that the discounted bonds and
the portfolio value related to the bond market are well-posed. Each discounted bond is an
exponential of a diffusion process driven by a G-Brownian motion, and the portfolio value
consists of integrals with respect to the discounted bonds, respectively. First, we have
to make sure that the discounted bonds are well-posed; second, we need to ensure that

the dynamics of each discounted bond are sufficiently regular to imply that the portfolio
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value is well-posed. For this purpose, we use a condition similar to G-Novikov’s condition
of (Osuka (2013)) to obtain the desired regularity. As in the classical case, the advantage
of such a condition is that it can be easily verified compared to other conditions implying
that the exponential of an It6 diffusion is integrable. One can verify that all examples
considered in this article satisfy this condition.

The chapter is organized as follows. Section introduces the forward rate, deter-
mining all quantities on the related bond market, and the framework representing the
uncertainty about the volatility. In Section we set up the market structure for the
related bond market and derive the drift condition, ensuring the absence of arbitrage.
In Section [3.3] we study examples, including the Ho-Lee term structure, the Hull-White
term structure, and the Vasicek term structure, and discuss their implications. In Section
3.4 we construct the space of admissible integrands for the forward rate dynamics and
derive related results. Section provides the sufficient condition for the discounted
bonds to be well-posed.

3.1 Term Structure Movements

In the traditional HJIM framework—without volatility uncertainty—term structure move-
ments are driven by a standard Brownian motion. That means, we consider the canonical
process B = (B}, ..., B});>, for d € N, on the probability space (€, F, Fy), introduced in
Section , and the filtration F = (F;):>0, which is generated by B and completed by all
Py-null sets. Then the canonical process B is a d-dimensional standard Brownian motion
under Fy. For T' < 7, where 7 < oo is a fixed terminal time, we denote the forward rate
with maturity 7" at time ¢ by f,(T) for t < T. In the classical HIM model, the dynamics
of the forward rate process f(T') = (fi(T'))o<i<r, for all T, are given by

1) = 1)+ [ o+ S [ i

for some initial (observable) forward curve fy : [0,7] — R, which is integrable, and
sufficiently regular processes a(T) = (o (T))o<i<, and B(T) = (BH(T), ..., BHT))o<i<+- S0
instead of modeling a single interest rate and determining the term structure of interest
rates endogenously (as in the previous chapter), we directly model the evolution of the
whole term structure, represented by the forward rate, starting from an initial term
structure observed on the market.

The forward rate determines all remaining quantities on the bond market. The market

offers zero-coupon bonds for all maturities, which are discounted by the money-market
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account. The bond price process, denoted by P(T") = (P(T'))o<t<r, is defined by

P(T) := exp (- /tT ft(5>d8)

for all 7' < 7, and the money-market account, denoted by M = (M;)o<¢<-, is defined by

t
M; = exp (/ rsds),
0

where 7 = (r)o<t<- is the short rate, defined by r; := f;(t). We use the money-market

account as a numéraire; i.e., we focus on the discounted bonds, which are denoted by
P(T) = (P,(T))o<t<r for all T < 7 and defined by

Py(T) := M;'P,(T).

In the presence of volatility uncertainty, we consider a family of probability measures
resulting in a d-dimensional G-Brownian motion. That is, we consider the set of beliefs P
from Section [1.2] consisting of all beliefs about the volatility. In contrast to the previous
chapter, we use a general state space ¥ without assuming that d = 1. Then, as in Section
[1.3] the sublinear expectation

E[-] = sup Ep[]
PeP
corresponds to the G-expectation, and the canonical process B is a d-dimensional G-
Brownian motion. We assume that the generator G : S* — R, which is given by
G(A) = Lsuptr(oo’A),

-2
oeY

is non-degenerate; namely, there exists a constant C' > 0 such that
G(A) — G(B) > Ctr(A — B)

for all A > B. The latter is required by some results from the calculus of G-Brownian
motion we need for the subsequent analysis.

As a consequence, term structure movements are driven by a G-Brownian motion in
the presence of volatility uncertainty. That means, for all T, the forward rate dynamics

are now given by

> [,

,j=1

JAT) = fo(T) + /0 T+ /0 BL(T)dB, +
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for some initial forward curve fy : [0,7] — R, which is integrable, and for functions
o, [0,7] = MA(0,7) and B : [0,7] — MZ(0,7). Since the space ME(0,7) consists
of stochastic processes that are admissible integrands in the definition of all stochastic
integrals related to a G-Brownian motion, the forward rate and the short rate are well-
defined in the sense that for all T, f,(T),r; € L& () for all ¢.

In contrast to the traditional HJM model, the forward rate has additional, uncertain
drift terms when there is volatility uncertainty. The additional drift terms of the forward
rate are uncertain due to the fact that they depend on the quadratic covariation pro-
cesses of the G-Brownian motion. In the presence of volatility uncertainty, the quadratic
covariations of the driving process are uncertain processes, since they differ among the
measures in the set of beliefs (as it is described in Section [1.3). Moreover, it can be
shown that the additional drift terms cannot be included in the first drift term (Song,
2013, Corollary 3.3). Hence, we have to add them to the forward rate dynamics instead
of including them in the first drift term. In this way, we can distinguish between the part
of the drift that is driven by uncertainty and the part that is not.

When there is no volatility uncertainty, the model corresponds to a classical HJM
model. If we drop the uncertainty about the volatility, then B becomes a standard
Brownian motion, and its quadratic covariation processes are no longer uncertain. That
means, if 3 = {I;}, then for all i, we have (B*, B"), = t and (B’, B?); = 0 for all j # i.

In that case, the forward rate dynamics are given by

1D = ) + | t (ot + gvi’i(T))du " Z / i(T)B,

for all T'; that is, the model corresponds to a classical HIM model in which the drift is
given by the sum of o and Z?Zl Aot

We henceforth impose the following two regularity assumptions. The first assumption
ensures that the forward rate and the short rate are integrable and that all succeeding

computations are feasible.

Assumption 3.1. There exists a p > 1 such that a,~* € M5(0,7) and §* € MZF(0,7)
foralli,j.

The space Mg(o, 7), which we construct in Section consists of all functions mapping
from [0, 7] into M(0,7) that are strongly measurable and whose norm on M{(0,7) is
integrable. A function is called strongly measurable if it is Borel measurable and its image
is separable. For example, we know that all continuous functions mapping from |0, 7]
into MZ(0,7) belong to MS(O,T) by Proposition m This implies that all examples
in Section satisfy Assumption [3.1 as Example shows. By Proposition [3.17],
Assumption [3.1]implies that the forward rate and, by Proposition [3.19] the short rate are
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integrable. The second assumption ensures that the discounted bonds and the portfolio

value are sufficiently regular.

Assumption 3.2. There exist p > p* and q > 2, where p* := ;%‘fl for some q € (1,p),
such that for all T < T, it holds

B [/OT exp(qﬁfq (/Ot au(T)du + é /Ot TV B, Bj>u>>dt
E[ / Texp(

The processes a(T) = (a;(T))o<t<r, V(T) = (bi(T))o<t<r, and ¢ (T) = (ci’j(T))ogth, for
T < 1, are defined by

< 00,

< 00.

N |=

607 Y. [ B )i

ij=1

w0 = [ adspts, Hry= [ sitonds, )= [ it

respectively, for all 4, j, for which we have a(T), ¢*(T) € ME(0,7) and b'(T) € MZ(0,7)
by Assumption and Proposition One can easily verify that all examples in
Section satisfy Assumption Assumption is similar to G-Novikov’s condition
from |Osukal (2013) and implies that for every maturity, the discounted bond price is
in LL(€) at each time ¢. Moreover, Assumption ensures that the dynamics of the
discounted bonds are regular enough to imply that the portfolio value, which is defined
below, is well-posed. We show both of these implications in Section [3.5 which requires
Lemma [3.7] from the succeeding section.

3.2 Arbitrage-Free Forward Rate Dynamics

In the traditional HJM model, the absence of arbitrage on the related bond market is
ensured by the HJM drift condition, which assumes the existence of a market price of risk
and characterizes the drift of the forward rate in terms of its diffusion coefficient. More
precisely, the market is arbitrage-free if there exists a suitable process A = (A}, ..., \X)p<i<r
such that for all T,

a(T) = BTIB(T) + B(T)N =0,

where b(T) = (b*(T),...,b%(T)). The process A is termed market price of risk, since it
erases the drift of each discounted bond under an equivalent probability measure, called

risk-neutral measure, to make it a martingale. Then the forward rate dynamics under

43



the risk-neutral measure are completely determined by its diffusion coefficient; that is,

t d t
FAT) = fo(T) + / Bu(T (T du+ Y / B (T)dB:,

where B = (B}, ..., B)o<i<, is a Brownian motion under the risk-neutral measure. This
fact is of practical importance since there is no need to specify the drift term « or the
market price of risk .

In order to derive a drift condition in the presence of volatility uncertainty, we first
define admissible market strategies and a suitable notion of arbitrage. As in the previous
chapter, the agents in the market are allowed to select a finite number of bonds they
want to trade. The corresponding portfolio value is determined by the gains from trade;

i.e., we restrict to self-financing strategies.

Definition 3.3. An admissible market strategy (7, T') is a couple consisting of a bounded
process ™ = (7}, ..., T )o<t<r i MZ(0,7;R") and a vector T = (T, ...,T,,) € [0,7]" for

some n € N. The corresponding portfolio value at terminal time is defined by
o, (m, T) := Z/ midP,(T}).
i=1 70

The portfolio value is well-posed, since the dynamics of P (T'), which are derived in Propo-
sition below, are sufficiently regular for each 7' by Assumption [3.2 and Proposition
.25 In addition, we use the quasi-sure notion of arbitrage from the preceding chapter,
which corresponds to the definition of arbitrage frequently used in the literature on model
uncertainty (Biagini, Bouchard, Kardaras, and Nutz, [2017; Bouchard and Nutz, 2015).

Definition 3.4. An admissible market strateqy (m,T) is called arbitrage strategy if
o (m,T) >0 quasi-surely, P(0,(m,T)>0) >0 for at least one P € P.

Moreover, we say that the bond market is arbitrage-free if there is no arbitrage strategy.

Remark 3.5. As mentioned in the previous chapter, it is possible to generalize the no-
tion of trading strategies and—additionally—the concept of arbitrage. The notion of trad-
ing strategies can be generalized by allowing for measure-valued trading strategies (Bjork,
Di Masi, Kabanov, and Runggaldier, |1997) or by using methods from large financial mar-
kets (Klein, Schmidt, and Teichmann, 2016). For example, we could use the techniques
from Section [3.4 to introduce measure-valued trading strategies. There are also other no-
arbitrage concepts related to bond markets, which are based on the theory of large financial
markets (Cuchiero, Klein, and Teichmann|, |2016). We stick to the definitions from above,

since such a generalization does not alter the results of this thesis.
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In the presence of volatility uncertainty, the absence of arbitrage requires the existence
of several market prices. In that case, there is a sublinear expectation under which
the discounted bonds are symmetric G-martingales, ruling out arbitrage opportunities.

Moreover, the drift condition characterizes the dynamics of the forward rate.

Theorem 3.6. The bond market is arbitrage-free if for some p > 1, there exist bounded

N o .y ,
processes K = (Ki, ..., K )o<i<r and X9 = (N7, N7 D o<i<r in ME(0, 75 RY) such that

a(T) + B(T)K' =0,

g o . y 3.1
VUT) = 5(B(TIV(T) + bY(T)B(T)) + B(T)(AY) =0 .

for almost all T for all i,j. In particular, then there exists a sublinear expectation E

under which P(T) 1s a symmetric G-martingale for all T and

S [ ummm) + @) a5,

1,j=1

F(T) = fo(T) + Z /O t BL(T)dB;, +

for almost all T, where B = (B}, ..., BY)o<i<. is a G-Brownian motion under E.

The additional market prices occuring in the drift condition represent the market
prices of uncertainty. In comparison to the classical case without volatility uncertainty,
the forward rate and (hence) the discounted bonds have additional drift terms, which are
uncertain (as explained in Section . As a consequence, we need additional market
prices in order to make the discounted bonds symmetric G-martingales, which ultimately
rules out arbitrage. Since the additional market prices relate to the uncertain drift terms
of the discounted bonds, they are termed market prices of uncertainty.

The risk-neutral dynamics of the forward rate are fully characterized by its diffusion
term, which—in contrast to the classical HJM model-—does not only apply to the coef-
ficients but also to the uncertainty. We call the dynamics of the forward rate under E,
given in Theorem [3.6], risk-neutral dynamics, since the discounted bonds are symmetric G-
martingales under E. As in the classical HIM model, the diffusion coefficient 5 determines
the drift coefficient of the risk-neutral forward rate dynamics. In addition, the uncertain
volatility, included in the G-Brownian motion B, determines the uncertainty of the drift,
represented by the quadratic covariation processes of B. That means, arbitrage-free term
structure models also exhibit drift uncertainty in the presence of volatility uncertainty.

Despite the differences, the drift condition is still consistent with the classical HJM
drift condition. If there is no uncertainty about the volatility—that is, if ¥ = {I;}—then

the forward rate satisfies for all T,

) = i)+ [ (aut)+ gmﬂ)du " Z [ s,
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as it is described in Section 3.1} The drift condition in Theorem [3.6] implies that
(atm)+ 2 0m) ) = Bmey + 5(r) (e 34 =0
i=1 i=1

for almost all T'. The latter corresponds to the classical HJM drift condition for a market
price of risk given by the process x + Zle AL
In order to prove Theorem [3.6] we first of all derive the dynamics of the discounted

bond for each maturity. This is based on the following lemma.

Lemma 3.7. For all T, the logarithm of the discounted bond satisfies the dynamics

log (P.(T)) = log (By(T)) — / T)du — Z/ bV (T)dB: — Z / LI(T)d(B, B),.
i,7=1

Proof. We obtain the dynamics by applying Fubini’s theorem, which can be found in
Section By its definition, the logarithm of the discounted bond is given by

log Pt / fi(s ds—/ reds

for all T'. Inserting the definition of the forward rate and the short rate, we obtain

log(Pt(T)) log Po //ozu duds—//au Yduds
—Z//m@wW—Z//m@@@
S [ [ s S [ [ .

2,7=1

for all T. Then an application of Corollary yields for all ¢, j,

T t t S t
/ /au(s)duds+/ / ay(s)duds = / a,(T)du,
t 0 0 0 0
/ / Bi(s)dBids + / / Bi (s)dBids / v (T)dB,
t 0 0 0 0
T t . . . t S .« o . . t . o . .
/ /VZJ(S>d<Bz’Ba>udS+/ / v (8)d(B', B, ds = / ¢ (TYd(B', B7),
t 0 0 0 0

for all T', which proves the assertion. O

Since for all i, j, the processes a(T'), b*(T'), and ¢*/(T) are sufficiently regular for each T,
we can use [t6’s formula for G-Brownian motion from [Li and Peng| (2011) to derive the

dynamics of the discounted bond for each T
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Proposition 3.8. For all T, the discounted bond satisfies the dynamics

émsz—f%< i/t (T)dB]

3 [ @ - mmEm) Pma B,

i,0=1

Proof. The assertion follows by Lemma and an application of [to’s formula for G-
Brownian motion (Li and Pengj, 2011, Theorem 5.4). We are able to apply [t6’s formula
for G-Brownian motion, since a(T), ¢ (T) € ML(0,T) and b'(T) € MZ(0,T) for all i, j
by the contruction of the Bochner integral in Section [3.4) and Proposition [3.19] O

Next, we prove Theorem by using results on G-backward stochastic differential
equations of Hu, Ji, Peng, and Song (2014), including a Girsanov transformation for G-
Brownian motion. All details regarding G-backward stochastic differential equations can
be found in the paper of Hu, Ji, Peng, and Song (2014).

Proof of Theorem[3.0. First, we rewrite the dynamics of the forward rate and the dis-
counted bond for each maturity by using the Girsanov transformation for G-Brownian
motion from Hu, Ji, Peng, and Song| (2014). For this purpose, we consider the following
sublinear expectation: for & € LZ(€,) with p > 1, we define the sublinear expectation
E by E[¢] := V¥, where Y& = (Y#)o<i<, solves the G-backward stochastic differential

equation

§+/ muz’du+2/ \oI 7! (B, BYY,, Z/ ZLdB! — (K, — K,).

i,j=1

Then E is a time consistent sublinear expectation (Hu, Ji, Peng, and Song, 2014, Theorem
5.1), and the Girsanov transformation for G-Brownian motion implies that the process
B = (Btla XX Bg)OStS‘m defined by

Bt::Bt—/ ﬁudu—Z/ ABId(B!, BYY,
2,7=1

is a G-Brownian motion under E (Hu, Ji, Peng, and Song}, 2014, Theorems 5.2, 5.4). The
quadratic covariations of B and B, respectively, are the same, since the drift terms of B

are of bounded variation. Consequently, for each T', we can rewrite the dynamics of the
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forward rate as

ft<T>:fo<T>+/:< JT) 4+ Bu(T du+2/ﬁ” B!
53 / BuUT)N)) (B B),

2,j=1

and the dynamics of the discounted bond as

P(T) = Py(T) —/t( u(T) 4 by (T)K, du—Z/ b (T)P,(T)dB
- Z [ (@@ = B + 0P BB B,

Next, we deduce the forward rate dynamics and the dynamics of the discounted bond
under E from the drift condition. As x and A%/, for all i, j, satisfy (3.1]) for almost all T,

JAT) = fo(T +Z / BT+ 3 / L(B (TYW(T) + b, (T)B(T))d(B', B,

2,7=1

for almost all 7. Additionally, we can integrate the terms in (3.1]) to get for all 4, j,

[ (@) + 86)was = a(r) + 011w
[ G+ B0 )as = () + DY,
[ @ v ) = vaw)
for all T, where the latter follows from Corollary B:24 Thus, by (33), for all 4, j, we have

a(T)+b(T)x" =0,
cH(T) — Lo (TY(T) + b(T) (A7) =0

2

for all T, which implies

P,(T) Z / b (T)P,(T)dB..

In the end, we conclude that the market is arbitrage-free, since the discounted bonds
are symmetric G-martingales. From Assumption and Proposition 3.2 we deduce
that for each T, we have P,(T) € L%() for all t. In addition, the dynamics of the
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discounted bond from above imply that P(T) is a symmetric G-martingale under E for
all T. Then—as in the proof of Proposition 2.8—we can show that the bond market
is arbitrage-free. This relies on the fact that E is equivalent to the initial sublinear
expectation E in the sense that it holds & = 0 if and only if E[|¢]] = 0 for all £ € L2(Q,)
with p > 1 (see Lemma [2.7). O

3.3 Robust Versions of Classical Term Structures

The main reason the HJM methodology is so popular is that essentially every term
structure model corresponds to a specific example in the HIM model. One can verify
that the forward rate implied by any arbitrage-free term structure satisfies the HJM drift
condition for a particular diffusion coefficient. Conversely, the diffusion coefficient fully
characterizes the risk-neutral dynamics of the forward rate, and the forward rate, in turn,
determines all other quantities of the model. Thus, one is able to construct arbitrage-free
term structure models by simply specifying the diffusion term of the forward rate.

We investigate what kind of term structure models we obtain when we consider specific
examples in the present setting. Theorem shows that the risk-neutral dynamics
of the forward rate are also determined by its diffusion term when there is volatility
uncertainty. Therefore, the drift condition derived in the previous section enables us to
construct arbitrage-free term structure models in the presence of volatility uncertainty by
specifying the diffusion term of the forward rate, which we demonstrate in the succeeding
examples. In particular, our aim is to recover robust versions of classical term structure
models by considering the corresponding diffusion coefficients in the present framework,
respectively.

Throughout the section, we impose the following assumptions. First, we consider a
one-dimensional G-Brownian motion—i.e., we have d = 1 and ¥ = [g,7] for 7 > g > 0.
Second, we suppose that the initial forward curve is differentiable; this is necessary for the
derivation of the related short rate dynamics. Third, we assume that the drift condition is
satisfied; this assumption ensures that the model is arbitrage-free and allows us to directly
compute the risk-neutral dynamics of the forward rate. It should also be noted that the
following examples are feasible in the sense that the respective diffusion coefficients satisfy

the regularity assumptions from Section [3.1]

3.3.1 The Ho-Lee Term Structure

If we consider the diffusion coefficient of the forward rate implied by the Ho-Lee term

structure, we obtain a robust version of the Ho-Lee model.
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Example 3.9. If we define B by 5,(T) := 1, then the short rate satisfies

t
n=ro+ [ (Gufolu) + a)du+ B
0
and the bond prices are of the form
Pt(T) = exp (A(ta T) - %B(tv T)quf - B(ta T)rt)a

where the process ¢ = (qi)o<t<r 1S defined by

4 = <B>t
and the functions A, B :[0,7] x [0,7] = R are defined by

T
A@T) = [ fls)ds+ B T)foo),
t

B, T) = (T — ),

respectively.
The risk-neutral short rate dynamics are determined by the risk-neutral forward rate

dynamics. According to Theorem|[3.6], the latter are given by

mn=mw+a+lhum«mw

By the definition of the short rate, we have

re = fo(t) + By + /Ot(t —u)d(B),.

Applying Ito’s formula for G-Brownian motion then yields

t
e =To +/ (aufO(u) + Qu)du + Bt-
0

The bond prices follow from integrating the risk-neutral forward rate dynamics.

/tT fi(s)ds = /tT fo(s)ds + B(t,T)Bt + /tT /Ot(s — u)d<B>ud5'

If we perform some calculations on the last term, we get

/t /0 (s —u)d(B),ds = B(t,T)/O (t — w)d(B), + 1 B(t,T)*(B),.
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Substituting the latter in the previous equation, we obtain
T
/ fi(s)ds = —A(t,T) + 1B(t,T)’q + B(t,T)r,
t

which yields the bond prices from above.

3.3.2 The Hull-White Term Structure

If we use the diffusion coefficient of the forward rate implied by the Hull-White term

structure, we get a robust version of the Hull-White model.

Example 3.10. If we define B by By(T) := e=%T=%) for § > 0, then the short rate satisfies

t
=170+ / (Oufo(u) +0fo(u) + qu — Ory)du + By,
0
and the bond prices are of the form
P(T) = exp (A(t,T) — 1B(t,T)%q. — B(t,T)ry),

where the process ¢ = (qt)o<t<r 15 defined by
t —
G = / e (B,
0
and the functions A, B : [0,7] x [0,7] = R are defined by

AWT) == [ als)ds+ B T)ale).

B(t,T) = 5(1—e ),

respectively.
Again, the risk-neutral short rate dynamics are determined by the risk-neutral forward
rate dynamics. By Theorem|[3.0, the latter are given by

t t
ft(T) _ fO(T) _'_/ e—G(Tfu)dBu _|_/ efG(Tfu)%(l . 679(T7U))d<B>u_
0 0

The definition of the short rate then implies

t t
ry = fo(t) + / e—e(t—u)dBu _|_/ e—&(t—u)%(l _ e_e(t_“))d<3>u.
0 0
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Applying Ito’s formula for G-Brownian motion yields

re =19+ /0 (Oufo(u) + 6 fo(u) + qu — Ory)du + By.

We obtain the bond prices by integrating the risk-neutral dynamics of the forward rate.

T T T -
/ fi(s)ds = / fo(s)ds—l—/ / e 9"YdB,ds
t t t 0
T ot B
+ /t /0 6_9(5_“)%(1 — e ") d(B), ds.

The first double integral can be written as

T t t
/ / e 9"WdB,ds = B(t,T) / e t=aB,.
t 0 0

After some calculations, the second double integral becomes

t
/ / (s—u) 1 1 —G(S—u))d<B>uds _ B(t,T)/ e—‘%t—u)%(l _ e—@(t—u))d<B>u
0

t
+ 1B(t,T)? /0 e~ W= q(BY,.

Thus, we obtain

/ fi(s —A(t,T) + 1B(t, T)’q + B(t, T)r,

which leads to the bond prices given above.

Remark 3.11. The Hull-White model under volatility uncertainty is also analyzed in
Chapter|[3 In that chapter, we show how to obtain an arbitrage-free term structure in the
Hull-White model when there is uncertainty about the volatility. In order to achieve this,
the structure of the short rate dynamics has to be suitably modified. Here we get exactly

the same structure.

3.3.3 The Vasicek Term Structure

The previous example shows that the Vasicek model needs to be adjusted in order to fit

into the HJM methodology when there is volatility uncertainty.

Example 3.12. If we use the same diffusion coefficient as in the previous example, we
see that it is not possible to exactly replicate the Vasicek model in the presence of volatility
uncertainty. The forward rates implied by the Vasicek term structure and the Hull- White

term structure, respectively, have the same diffusion coefficient. If we define B as in
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Ezxample then the short rate dynamics are given by

t
re=ro+ / (B o) + 0fo(u) + qu — Or)du + B,
0

where the process q is defined as in Example [3.10. In order to obtain the short rate

dynamics of the Vasicek model, we need to make sure that for all t,

Oifo(t) +0fo(t) +q = (3.2)

for a constant p > 0, since the mean reversion level of the short rate is constant in
the Vasicek model. As equation does not hold for any initial forward curve, the
equation imposes a condition on fy that ensures a constant mean reversion level. If there
1s no volatility uncertainty, one can check that the initial forward curve of the Vasicek
term structure satisfies . In the presence of volatility uncertainty, there is no initial
forward curve fy satisfying , since then the process q 1s uncertain—i.e., its realization
q; s only known after time t—while fy is observable at inception.

We can circumvent the problem by modifying the Vasicek model. Let us suppose that

the initial forward curve satisfies

O fo(t) +0fo(t) =

for all t; that means, the function fo solves a simple ordinary differential equation with

initial condition fo(0) = ro. This yields
fo(t) = e g + uB(0,1)
for allt, where the function B is defined as in Example[3.10. Then the short rate satisfies
t —
T =T+ / (p“ + Qu — eru)du + Bt»
0
and (as in Ea:ample the bond prices are of the form
P(T) =exp (A(t,T) — 1B(t,T)’q — B(t,T)ry),
where the function A, for all t and T, now satisfies
T
A(t,T) = —u/ B(s, T)ds.
t

So instead of exactly replicating the Vasicek model, we can obtain a version of the Vasicek

model in which the mean reversion level of the short rate is adjusted by the process q.
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Remark 3.13. The problem mentioned in Fxample does not occur in Example
due to the time dependent mean reversion level in the Hull-White model. Since the mean
reversion level can be time dependent and possibly uncertain, equation only imposes
a condition on the mean reversion level but not on the initial forward curve.

In fact, the problematic s related to the ability of term structure models to match
arbitrary forward curves observed on the market, since the HJM methodology is based
on modeling the forward rate starting from an arbitrary initial forward curve. The Hull-
White model—as well as the Ho-Lee model—involves a time dependent parameter; hence,
it offers enough flexibility to fit the model-implied term structure to any term structure
obtained from data. On the other hand, the Vasicek model has only three (constant)
parameters, restricting the model to a small class of term structures it can fit. Therefore,
one has to impose further assumptions on fo to reproduce the Vasicek model in the HJM

methodology in general, which, however, does not work when there is volatility uncertainty.

3.3.4 Economic Consequences

The examples show that arbitrage-free term structure models in the presence of volatility
uncertainty exhibit an additional uncertain factor. In all examples we consider, there
is an uncertain process, always denoted by ¢, which enters the short rate dynamics and
the bond prices. The process ¢ is uncertain, since it depends on the quadratic variation
process. It emerges due to the fact that the risk-neutral forward rate dynamics display
drift uncertainty (as Theorem shows). That means, the additional factor is required
in order to make the model arbitrage-free when the volatility is uncertain. Despite this
difference, the short rate dynamics and the bond prices still have an affine form. In fact,
the resulting term structure models (except the one in Example are consistent with
the classical ones. If there is no volatility uncertainty—that is, if @ = c—then Examples
and correspond to the traditional Ho-Lee model (Filipovié, 2009, Subsection
5.4.4) and the traditional Hull-White model (Brigo and Mercurio, 2001, Subsections 3.3.1,
3.3.2), respectively. In that case, the process ¢ is no longer uncertain. Hence, the process
q is actually included in the Ho-Lee model and in the Hull-White model, but it is hidden
as there is no volatility uncertainty in the traditional models. The Vasicek model does
not include such a factor; thus, it needs to be adjusted in order to be arbitrage-free in
the presence of volatility, as demonstrated in Example [3.12

The term structure models resulting from the examples are completely robust with
respect to the volatility. The bond prices in the examples are completely independent of
the volatility. They do not even depend on the extreme values of the volatility (given
by @ and ¢), which usually happens in option pricing under volatility uncertainty. Of
course, such a degree of robustness has its price: instead of the volatility, the bond prices

depend on the additional factor ¢, which is determined by the quadratic variation of the
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driving risk factor. That means, the term structure models we construct do not require
any knowledge about how the volatility evolves in the future; all necessary information is
included in the quadratic variation of the driver—that is, in the historical volatility. From
a theoretical point of view—especially regarding the motivation of volatility uncertainty
given in Chapter [I[}—it is desirable to have a term structure model that does not impose
any assumptions on the future evolution of the volatility. The need to specify the evalu-
ations of the process ¢ instead is not a problem, since this (in principle) can be done by
inferring the evolution of the historical volatility from data. How these models perform
in practice is, however, a challenging question for future research, as many applications of
term structure models involve estimation procedures and simulations (Dai and Singleton,

2003)), which is a nontrivial task in the presence of a family of probability measures (see

Section [2.§)).

3.4 Admissible Integrands for the Forward Rate

We construct the space of admissible integrands for the forward rate dynamics as follows.
For T' < o0, let us consider the measure space ([0, 7], B([0,77]), A), where B([0,T]) denotes
the Borel o-algebra on [0,7] and A is the Lebesgue measure on [0, 7], and the space of

admissible stochastic processes M/ (0,T") for p > 1, which is a Banach space with respect

roq
pr=ﬂlwmwﬂ

for a process n = (n;)o<i<r in ME(0,T). Then we define by M%°(0,T) the space of all
simple functions mapping from [0, 7| into Mg (0, T)—i.e., functions ¢ : [0,T] — MZ(0,7T)
such that

to the norm || - ||, defined by

¢(S) = Z gpilAi(S),
i=1
where ("), is a finite sequence of processes ¢’ = (¢})o<i<r in M5(0,T) and (A;), is
a finite sequence of pairwise disjoint sets A4; in B([0,T]). On the space M&°(0,T), we

introduce the seminorm || - || ,, defined by

T
[&]l~p :=/0 ()] pdls.

By considering the quotient space with respect to the null space

N2(0.T) = {6 € MEY0.T) | [¢]lp = O},
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still denoted by MZ%%(0,T), we get a normed space. The completion of M%°(0,T) under
the norm || - ||~ is denoted by M%(0,T), being the space of admissible integrands.

There is an explicit representation of the space of admissible integrands. It can be
shown that the abstract completion of Mg’o((), T') is given by the following space of func-
tions (Prévot and Rockner, |2007, Section A.1):

]\;[g(O,T) = {(b [0, 7] — ME(0,T) ‘ ¢ is strongly measurable, ||¢[~., < oo},

where we say that a function ¢ : [0,7] — MZ(0,T) is strongly measurable if it is
B([0,T])/B(ME(0,T))-measurable and ¢([0,T7]) is separable. Therefore, we know that
o€ Mg(o, T') is a regular stochastic process for a fixed s; that is, we have ¢(s) € M5(0,T)
for each s.

Due to the explicit representation of Mg(O, T), we can give a sufficient condition for

functions to lie in this space.
Proposition 3.14. Let ¢ : [0,T] — ME(0,T) be continuous. Then ¢ € M5(0,T).

Proof. First, we show that ¢ is strongly measurable. Since ¢ is continuous, it is clearly
B([0,T7)/B(ME(0, T))-measurable. Furthermore, the interval [0, T7] is separable, and the
image of a continuous function with separable domain is separable. Hence, the image
¢([0,TY)) is separable, which proves the strong measurability.

It is left to show that the norm of ¢ is finite. The norm || -||,, is obviously a continuous
function; thus, the function f: R — R, s — ||¢(s)||, is continuous, since ¢ is continuous.

Therefore, we have [|¢||~, < oco. O

By Proposition , we have the following examples of functions in Mg(o, T). First, we

know that continuous real-valued functions on [0, 7] x [0, T] belong to M&(0, T).

Example 3.15. The function ¢ : [0,T] — M&(0,T),s — f(-,s) belongs to ME(0,T),
where f:[0,T] x [0,T] — R is continuous. The function ¢ maps into ME(0,T), since
f(-,8) is a continuous function for all s; this can be deduced from the representation of
the space ME(0,T) (Hu, Wang, and Zheng, |2016, Theorem 4.7). The continuity of ¢

follows from

o)~ o0l = ( [ 15109 e par)

and dominated convergence. Thus, by Proposition it holds ¢ € Mg(O, T).

Second, the product of a continuous real-valued function on [0,7] and an admissible

stochastic process lies in the space Mg(o, T).
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Example 3.16. The function ¢ : [0,T] — MA(0,T),s — f(s)n belongs to ME(0,T),
where f:[0,T] — R is continuous and n = (n:)o<t<r belongs to ME(0,T). Clearly, the
function ¢ maps into ME(0,T). The continuity of ¢ follows from

[6(s) = &(S)[lp = lInllplf(s) = F(5)].
Hence, Proposz'tz'on implies that ¢ € Mg(o, T).

We are able to define integrals and—more importantly—double integrals for functions
in Mg(O,T). First, we define the Bochner integral for simple functions. For a function
o € Mg’o((), T) with a representation as introduced at the beginning of this section, we
define

/0 o(s)ds = Z ©'A\(A

The Bochner integral is a linear operator mapping from M25°(0,T) into M%(0,T). In

addition, the operator is continuous, since we have the inequality

< / 16(5) lods. (3.3)

Thus, we can extend the operator to the completion Mg(o, T), still satisfying . For
A € B([0,T]), we define [, ¢(s)ds := fo 1a(s)¢p(s)ds. Since the integral maps into
MZ(0,T), we can define the double integral fo [, ¢:(s)dsdBi for ¢ € M2(0,T), mapping
into L%(Qr), and the double integrals [ [, ¢(s)dsdt and [ [, ¥r(s)dsd(B?, B, for
(NS Mé(O,T), mapping into L (Q7), for all 4,5 = 1,...,d.

We can also define double integrals for the reversed order of integration and inter-
change the order of integration. For this purpose, we use a classical result from the theory

of Bochner integration (Prévot and Rockner, 2007, Proposition A.2.2).

Proposition 3.17. Let ¢ € M%(0,T) and let F : M%(0,T) — X be a continuous linear
operator, where X is a Banach space. Then we can define the integral [, F(¢(s))ds,

mapping into X, and it holds

e oois=r(f otis)

All stochastic integrals related to a G-Brownian motion are continuous linear operators.
Thus, Proposition [3.17|allows us to define the integral fA fo ¢¢(s)dBids for ¢ € MG(O T),
mapping into Lg(Qr), and the integrals [, fo Yy(s)dtds and [, fo Yy(s)d(B, B%).ds for
Y € ML(0,T), mapping into L% (Qyp), for all i, j = 1, ..., d. Moreover, we obtain a version

of Fubini’s theorem, which is an essential tool in the HJM model.
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Corollary 3.18. Let ¢ € M2(0,T) and ¢ € MA(0,T). Then for alli,j, it holds

/A /0 " by(s)dBids /0 ' /A 6(5)dsdB,
/A /0 " a(s)dtds — /O ' /A u(s)dst,

/A/OT Uy (s)d(B', B, ds = /OT/A%(S)dewi’B%'

In addition to the double integrals from above, we need to define more complex

integrals. In order to achieve this, we need the following proposition:

Proposition 3.19. Let ¢ € ME(0,T) and ¢ : [0,T] — ME(0,T),s — 1pqb(s). Then
we have ¢ € ME(0,T).

Proof. First, we decompose 1) into several functions to show that it is strongly measurable.

Let us define the subspace
MP = {n e M&O,T) | n =14 for some a € [0,T]} € ME&(0,T).

Furthermore, we define the functions ¢ : [0, 7] — MP? x MZ(0,T), s — (f(s), #(s)), where
f[0,T] = MP s+ 19, and h : MP x ME(0,T) — ME(0,7T),(n,¢) — n¢. Then we
have ¥ = hog.

We deduce the measurability of ) from the measurability of the decomposition. The

function f is continuous, since

o0 = paly = lo—al

for a,a € [0,T]; thus, we know that f is B([0,T])/B(MP")-measurable. By assumption,
the function ¢ is B([0, T])/B(ME (0, T))-measurable, and so we know that the function g
is B([0,T7)/B(MP) @ B(ME(0,T))-measurable. Now it is left to show that the function
h is B(MP) @ B(ME(0,T))/B(ME(0,T))-measurable to deduce the measurability of .
We equip MP x MZ(0,T) with the norm || - ||, defined by

12, Ol := max{{[n]lp, <l }-

For a,a € [0,7] and ¢ = ({)o<i<r and ¢ = (G )o<i<r in ME(0,T), we have

11061¢ = LpaiClls < 1€ = Cllp + [aCllp:

where the last term converges to 0 as a converges to a. The function h is therefore
continuous. So we need to show that M € B(M?) @ B(M£(0,T)) for an arbitrary open
set M C MP x ME(0,T) to obtain the measurability of h. If M is open, we can represent
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it as a union of open balls in MP x M/(0,T"). By the definition of || - ||, every open ball
in MP x ME(0,T) can be written as a rectangle whose sides are open balls in MP? and
MZ(0,T), respectively. Hence, we can represent M as a rectangle whose sides are open
sets in MP and M%(0,T), respectively. Therefore, we get M € B(MP) @ B(ME(0,T)).

We show that the image of 1) is separable by using the continuity from the second step.
By assumption, the image of ¢ is separable. Moreover, the interval [0,7] is separable,
and f is continuous; thus, the image of f is separable. This implies that the image of g is
separable. We also have that h is continuous. Hence, the image h(g([0,T7])) is separable.
Since ¥ = h o g, it follows that ([0, T]) is separable.

It is left to show that the norm of ¢ is finite. We have

T T
| 16 hs < [ 19(s) s < o
0 0

which completes the proof. O

Due to Proposition [3.19, we are able to define integrals of the form fOT j;T ¢¢(s)dsdB; and,
by Proposition [3.17], integrals of the form fOT Iy ¢u(s)dBids for ¢ € MZ2(0,T), mapping
into LZ(Qr), for all 2. Moreover, Corollary implies that for all 1,

/OT /tT ¢i(s)dsdB; = /OT /0S ¢u(s)dBids.

The same holds if we replace dB! and the spaces MZ(0,T) and L%(Qr) by dt—as well as
d(B?, B7), for all j—and the spaces M&(0,T) and LL(Qr), respectively.
In the end, we deal with the differentiability of integrals and (especially) the differen-

tiability of products of two integrals, used for the calculations on the diffusion coefficient
of the forward rate. As the classical Lebesgue integral, integrals of functions in Mg(o, T)

are, loosely speaking, differentiable and absolutely continuous.

Proposition 3.20. Let ¢ € ME(0,T) and @ : [0,7] — ME(0,T),s — [ ¢(u)du. Then
the following properties hold.

(i) The function ® is almost everywhere differentiable and & = ¢.

(i1) For all € > 0, there exists a § > 0 such that

Z 1D (s:) = B(3:)[lp < €

for every sequence of disjoint open intervals ((5;,s;))7; such that > (s;—§;) < 9.

Proof. We deduce all statements from the inequality (3.3) and the properties of the
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Lebesgue integral. By (3.3)), we have

|55 (2(s) - 2(3)) = 0(3)]|,

INA
w
|-
[0
—
~
—~
)
~—
|
-
—~
ny
SN~—
N—

where f : [0,T] — Ris defined by f(s) := [J [|¢(u)—¢(8)||du. Due to the differentiability
of the Lebesgue integral, the expression on the rlght—hand side of the previous inequality
converges to 0 as s converges to § for almost all s. Therefore, the function ® is almost

everywhere differentiable and &' = ¢. Furthermore, we can use (3.3)) to obtain

|®(s) = @(3)[l, < lg(s) = g(5)];

where g : [0,7] — R is defined by g(s) := [ [|¢(u)|,du. Since the Lebesgue integral is

absolutely continuous, for all € > 0, we can find a § > 0 such that

ZH(I) (si) $i)ll, < Z|g (si) —g(si)| <e
i=1

for every sequence of disjoint open intervals ((8;,s;))%; such that Y ,(s; — &) <d. O

Conversely, we have a version of the fundamental theorem of calculus for functions in
MP(0,T) that are differentiable and absolutely continuous.

Proposition 3.21. Let ® : [0,7] — M(0,T) be almost everywhere differentiable and
= ¢, where ¢ € ME(0,T). If for all € > 0, there exists a 6 > 0 such that

ZHCI) (5)) — B(3)], < €

for every sequence of disjoint open intervals ((8;, ;)i such that Y\ (s; —§;) < 9, then

it holds
= / o(u)du
0

Proof. We prove the assertion by using a consequence of the Hahn-Banach theorem and
the fundamental theorem of calculus for Lebesgue integrals. Let F': M%(0,7) — R be a

continuous linear functional. Then we have
[(Fo®)(s) = (Fo®)(3)] <C|®(s) — 2(3)]],

for some constant C' > 0. Due to the last assumption on ¢, we deduce that F' o &

is absolutely continuous. The fundamental theorem of calculus for Lebesgue integrals
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implies that F' o ® is almost everywhere differentiable, its derivative is integrable, and

(Fo@)(s) = (Fa®)(0) = [ (Fo)(u)du
0
Furthermore, it holds (F o ®)' = F o ¢, since the continuity and the linearity of F' imply

(Fo®)(5) = (Fog)(3)| < [(Fod)(s) - 5%((1*"0‘1))(8) — (F 0 ®)(3))]
+ Ol (2(s) - 2(9)) - eG)]],

for some constant C' > 0, where the terms on the right-hand side converge to 0 as s

converges to s for almost all 5. Hence, we obtain

(Fo®)(s) = (Fo@)0) = [ (Foo)u)du

By Proposition and the linearity of F', it holds

F((b(s) —a(0) - /0 qs(u)du) ~0.

Since this holds for every continuous linear functional, the Hahn-Banach theorem implies

the assertion. N

In order to derive a product rule for differentiable and absolutely continuous functions,

we use the following lemma:

Lemma 3.22. Let ¢,1p € MZ(0,T) and v : [0,T] — ME(0,T),s — ¢(s)¢(s), where ¢
is continuous. Then v € MA(0,T).

Proof. First of all, we know that v maps into M (0,T), since one can show (by Holder’s
inequality) that the product of two processes in MZ(0,T) belongs to M%(0,T).

Next, we show that v is strongly measurable. The strong measurability follows as
in the proof of Proposition if the function f : MZ’(0,T) x MZ(0,T) — MZE(0,T),
defined by f(n,¢) := n¢, is continuous, where we equip M (0,T) x MZP(0,T) with the
norm || - ||, defined by

1(n, Ol := max{{[n]lap, lICl2p}-

By applying Holder’s inequality, for (777 C) = (ntact)OStST and (7770 = (If]taé:t)OStST in
MZP(0,T) x MZ(0,T), we have

¢ = ¢l < Nnllapll¢ = Cllzp + 11— 7ll2p I Cll2p-
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Therefore, the function f is continuous, since |7, and ||C||o, are finite and || — 7|2,
and ||¢ — C||o, converge to 0 as (1, ) converges to (7, C).
Finally, we deduce that the norm of v is finite. The function s — ||¢(s)||2, is contin-

uous due to the continuity of ¢ and the norm; hence, it is bounded. Thus,

tAW@MMSAHMﬂMW®MmSCAHMMm%<w

for some constant C' > 0, which completes the proof. n

With the help of Lemma [3.22] we obtain the desired product rule.

Proposition 3.23. Let ®, U : [0,T] — MZ(0,T) be almost everywhere differentiable and
O = ¢ and V' = 1), where ¢, € Mép(O,T). If for all € > 0, there exists a & > 0 such
that

Z 1 (s:) = ©(35)llp, Z W (si) = (30l < e

for every sequence of disjoint open intervals ((S;, ;)i such that > . (s; —§;) <0, then
it holds

B(s)W(s) — B(0)T(0) = /0 o)W (u) + () () s

Proof. We show that T : [0,7] — MA(0,7T),s — ®(s)¥(s) satisfies the assumptions of
Proposition to deduce the assertion. Using Holder’s inequality, we have

IT(s) = TSl < 1D(s)ll2plW(s) = U(3)ll2p + [[®(5) = P(3)l|2p [V (5)|2p-

The last assumption implies that s — ||®(s)|2, and § — ||¥(5)]|2, are continuous; thus,

they are bounded. Hence, for all ¢ > 0, we can find a ¢ > 0 such that
D I (s:) =Y Gy < e
i=1

for every sequence of disjoint open intervals ((5;, s;))i, such that > (s; — 8;) < d. Let
v:[0,T] = ME(0,T),s — ¢(s)¥(s)+P(s)y(s). By Lemma we have v € M%(0,7),
since ¢, € MZ(0,T) and ® and ¥ are continuous and belong to MZ’(0,T) by the

assumptions. Furthermore, we have

|5 (T(s) = T(3) —v(@)], < [| 25 (T(s) = 2E)U(5)) — H(3)U ()|



The three terms on the right-hand side converge to 0 as s converges to s for almost all s.

The first term converges almost everywhere to 0, since

|55 (X (s) = (3)B(s)) — 3(3)V(s)||, < || (D(s) — B(5)) — 3(3)|],, () l2p-

the function ® is almost everywhere differentiable, it holds &' = ¢, and s+ || U(s)]|2, is

continuous. The second term converges to 0, since

16(5)¥(s) = d(3)W(3)llp < 19(3)ll2p W (s) — W (3)ll2p,

we have ¢(8) € MZP(0,T), and s ~ ||¥(s)||2, is continuous. The third term converges to

0 almost everywhere, since

|75 (2(3)W(s) = T(5)) = ()0 ()|, < [12(5)llzp|| 555 (¥ (5) — V() — ()],

we have ®(3) € MZ(0,T), the function ¥ is almost everywhere differentiable, and it
holds W' = ). Therefore, the function Y is almost everywhere differentiable and T = v.
This completes the proof. n

Combining Proposition [3.20] and Proposition [3.23], we have the following result, which we
apply to the diffusion coefficient of the forward rate.

Corollary 3.24. Let ¢, zp € ]\7[2p(0 T) and let ®, U : [0,T] — M5(0,T) be defined by
= [ o(w)du and V(s) := [ ¥ (u)du, respectively. Then it holds

_ / () () + D(u)p(u)du.

3.5 Regularity of the Discounted Bonds

In order to show that the discounted bonds are sufficiently regular, we consider the
exponential of a diffusion process driven by a G-Brownian motion. Let us define the

process X = (X;)o<i<r by

Xt::exp</ audu+2/b1d31+2/ (B, BY) )

i,7=1

where a = (a;)o<i<r and ¢ = (ct )o<t<T belong to ML(0,T) and b° = (bi)o<i<7 belongs
to MZ(0,T) for all 4,57 = 1,...,d. Then the dynamics of X are given by

Xt_1+/auXdu+Z/b’Xde+Z/ ¢+ L X, d(BY, BY),

2,j=1
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by Ito’s formula for G-Brownian motion.
The following result provides a sufficient condition ensuring that the dynamics of the

process X are regular. As a consequence, we obtain that X itself is well-posed.

Proposition 3.25. If there exists a p > 1 such that a,c™ € M%(0,T) and b € MZP(0,T)
foralli,j =1,...,d and there exist p > p* and § > 2, where p* := ;%‘fl for some q € (1,p)

such that
A T ~~ t d t .. . .
EU exp(% (/ audu + Z/ cjfd(B’,B]>u>)dt] < o0,
/T
E{/ exp(
0

d t
(53)* D / bibz;d<Bi,Bf>u) dt] < o0,
ij=1"0

then we have X € MY (0,T). In particular, this implies aX, (¢ + 1bib/) X € ML(0,T)
and b'X € MZ(0,T) for alli,j =1,....d.

N[

Proof. In order to show that X € Mg*(O,T ), we use the characterization of the space
Mg*(O,T) from [Hu, Wang, and Zheng| (2016). The space Mg(O,T) consists of all pro-
gressively measurable processes 1 = (n:)o<:<r that have a quasi-continuous version and

p*
pr <00 and

satisfy ||n

T
hIIl E [/ |7]t|p*1{nt|>n}dt:| = O
0

n—o0

(Hu, Wang, and Zheng} 2016, Theorem 4.7). Since a, ¢/ € M%(0,T) and b' € MZ(0,T)

for all 7, 7, we know that X is progressively measurable and has a quasi-continuous version.

T T
E[/ !Xt|”*1{xt|zn}dt1 < %EV |Xt|ﬁdf17
0 0

it is left to show that HX||§ < 00 in order to deduce that X € M% (0,T). We have

Therefore, since

T T d t d ¢
E [/ |Xt’ﬁdt] = E[/ exp (ﬁZ/ b,dB., — 1p°q Z / b d(B', Bj>u)
0 0 = Jo 0

3,j=1

d t
<o (30y [ nnaw ),
0

ij=1

« exp(ﬁ(/ot o + Zd: /Ot cg‘;jd<BaBJ>u>)dt].

ij=1
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By Holder’s inequality, we get
d t %
> / b b d(B, B%) dt}
0

T T d t
E[ / |Xt|ﬁdt] gE[ / exp<pq~z / BB — L(53)°
0 0 =170 ij=1
T ot i
XE[/ exp(%(ﬁd)QZ/ b;b;d(BZ,B]M)dt]
0 0

ij=1

T t d t
X I@[/ e><:p(q’3—‘72 (/ aydu + Z / chid(B", Bj)u)>dt}
0 0 0

i,7=1

q—2
q

By assumption, we know that the second and the third term on the right-hand side are

finite; hence, it is left to show that the first term is also finite. We can use the classical

Fubini theorem and the last assumption to get
d t
e exp (3007 Y [ il 50, )| < o0
ij=170
for almost all ¢ for all P € P. Thus, we know that Novikov’s condition is satisfied, which
implies that
d t d t
e op(9 Y [ s - 360* Y [ a0 )| <1
i=1 Y0 ij=1"0
for almost all ¢ for all P € P. Integrating and using Fubini’s theorem once more, we
obtain

d t
> / b@%d(Bi,B%)dt} =T
0

3,j=1

T d t
Er { | e <ﬁdz | v~ oy
for all P € P, which implies
E[/ exp(ﬁCjZ/ bLdB: — (pg)? Z/ b;bgd<BZ,BJ>u) dt} < oo0.
0 i=1 70 ij=170

We are left to show that aX, (¢ + $b'0))X € ME(0,T) and b'X € ME(0,T) for all
i,j. By the argument from the first step, we need to show that [[aX|[ < oo in order to

deduce that aX € ML(0,T). By Holder’s inequality, it holds

p—aq

. T . T R T - e
E[/ |atXt|th}§E{/ |at|pdt] EU X, | dt}
0 0 0

The two terms on the right-hand side are finite, since a € M%(0,T) and X € M (0,T).
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Thus, we obtain [[aX||? < co. We can show that (¢ + 3b'0/)X € MA(0,T) and b'X €
MZ(0,T) for all 7, j in the same way. O

If a, b*, and ¢, for all 4, j, satisfy the assumptions of Proposition|3.25 we get X; € L5 ()
for all ¢ by It6’s formula. If—in addition—it holds a = 0 = ¢/ + $b'b? for all 4, j, we even
have X; € L (€) for all t.
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Chapter 4
Pricing Interest Rate Derivatives

Starting from an arbitrage-free term structure, the present chapter deals with the pricing
of interest rate derivatives in the presence of volatility uncertainty. As in Chapters[2] and
[3, we represent the uncertainty about the volatility by the family of probability measures
introduced in Section [I.2] where we assume that the state space for the volatility is such
that the resulting d-dimensional G-Brownian motion is uncorrelated and its generator
is non-degenerate. The framework for modeling the term structure of interest rates is
the one of Chapter [3}—i.e., we model the forward rate as a diffusion process driven by a
G-Brownian motion—since this is a general framework that covers the model considered
in Chapter [2| (as shown in Example . The remaining quantities on the bond market
are defined in terms of the forward rate in accordance with the HJM methodology. We
model the forward rate in such a way that it satisfies the drift condition from the previous
chapter, ensuring the absence of arbitrage on the bond market. Additionally, we assume
that the diffusion coefficient of the forward rate is deterministic, which results in analytical
pricing formulas and corresponds to an HJM model in which the foward rate is normally
distributed.

In the presence of volatility uncertainty, we obtain a sublinear pricing measure for
additional contracts we add to the bond market. Within the framework described above,
we consider additional contracts, which we want to price without admitting arbitrage.
The pricing of contracts under volatility uncertainty is different from the classical ap-
proach, since the expectation—which corresponds to the pricing measure in the classical
case without volatility uncertainty—is sublinear in this setting. In contrast to the clas-
sical case, we use the sublinear expectation to determine the price of a contract or its
bounds; hence, we refer to it as the risk-neutral sublinear expectation. To show that this
approach indeed yields arbitrage-free prices, we extend the notions of trading strategies
and arbitrage, respectively, to the bond market extended by the additional contract.
Then we show that the extended bond market is arbitrage-free, meaning that we can use
this approach to price contracts as desired.

To simplify the pricing of cashflows, we introduce a counterpart of the forward mea-
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sure, called forward sublinear expectation. The forward sublinear expectation is defined
by a G-backward stochastic differential equation and corresponds to the expectation un-
der the forward measure. The forward measure, invented by Geman! (1989)), is used for
pricing contracts in classical models without volatility uncertainty (Brace and Musiela,
1994; (Geman, El Karoui, and Rochet, 1995; |Jamshidian, |1989). Similar to the forward
measure, the forward sublinear expectation has the advantage that computing the sub-
linear expectation of a discounted payoff reduces to computing the forward sublinear
expectation of the payoff, discounted with the bond price. Under the forward sublinear
expectation, we obtain several results needed for pricing cashflows of typical fixed income
products. Moreover, we obtain a robust version of the expectations hypothesis under
the forward sublinear expectation and show how to price bond options. In many typical
cases, prices of bond options are characterized by pricing formulas of models without
volatility uncertainty.

In addition, we develop pricing methods for contracts consisting of several cashflows.
In traditional models without volatility uncertainty, there is no distinction between pric-
ing single cashflows and pricing a stream of cashflows, since the pricing measure is linear.
However, when there is uncertainty about the volatility, the nonlinearity of the pricing
measure implies that we cannot generally price a stream of cashflows by pricing each
cashflow separately. Therefore, we provide different schemes for pricing a family of cash-
flows. If the cashflows of a contract are sufficiently simple, we can price the contract
as in the classical case. In general, we use a backward induction procedure to find the
price of a contract, which we can use to price—for example—a stream of bond options.
In typical situations, the price of the latter is determined by the pricing formulas from
models without volatility uncertainty.

With the tools mentioned above, we derive robust pricing formulas for all major
interest rate derivatives. We consider typical linear contracts, such as fixed coupon bonds,
floating rate notes, and interest rate swaps, and nonlinear contracts, such as swaptions,
caps and floors, and in-arrears contracts. Due to the linearity of the payoff, we obtain
a single price for fixed coupon bonds, floating rate notes, and interest rate swaps; the
pricing formula is the same as the one from classical models without volatility uncertainty.
Due to the nonlinearity of the payoff, we obtain a range of prices for swaptions, caps and
floors, and in-arrears contracts; the range is bounded from above, respectively below, by
the price from classical models with the highest, respectively lowest, possible volatility.
Therefore, the pricing of common interest rate derivatives under volatility uncertainty
reduces to computing prices in models without volatility uncertainty.

The pricing formulas show that volatility uncertainty naturally leads to unspanned
stochastic volatility. According to empirical evidence, volatility risk in fixed income
markets cannot be hedged by trading solely bonds, which is termed unspanned stochastic

volatility. |Collin-Dufresne and Goldstein| (2002) empirically showed that interest rate
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derivatives exposed to volatility risk are driven by factors that do not affect bond prices.
These findings contradict traditional term structure models. The empirical investigation
has led to the development of models that are able to exhibit unspanned stochastic
volatility (Casassus, Collin-Dufresne, and Goldstein) [2005; Filipovi¢, Larsson, and Statti,
2019; Filipovi¢, Larsson, and Trolle, 2017). Since the presence of volatility uncertainty
naturally leads to market incompleteness, the pricing formulas mentioned above show that
it is no longer possible to hedge volatility risk in fixed income markets with a portfolio
consisting solely of bonds when there is uncertainty about the volatility. Moreover, the
pricing formulas are in line with the empirical findings of |Collin-Dufresne and Goldstein
(2002]).

The remainder of this chapter is organized as follows. Section introduces the
overall setting of the model: an arbitrage-free bond market under volatility uncertainty.
In Section 4.2 we show that we can use the risk-neutral sublinear expectation as a
pricing measure for additional contracts. In Section [£.3] we define the forward sublinear
expectation and derive related results for the pricing of single cashflows. Section [4.4
provides schemes for pricing contracts consisting of a stream of cashflows. In Section
4.5 we derive pricing formulas for the most common interest rate derivatives. Section
discusses market incompleteness and shows that volatility uncertainty leads to unspanned

stochastic volatility. Some minor technical parts are deferred to Section [4.7

4.1 Arbitrage-Free Bond Market

We represent the uncertainty about the volatility by a familiy of probability measures
leading to a d-dimensional G-Brownian motion without correlation and with a non-
degenerate generator. As in Chapter [3] we consider the set of beliefs P from Section
1.2 in which each measure corresponds to a specific belief about the volatility. Thus,
we obtain a d-dimensional G-Brownian motion B = (B}, ..., Bd);>¢, since the sublinear

expectation

E[]= sup Bp[ |

corresponds to the G-expectation. In addition, we assume that the state space of the

uncertain volatility is given by
Y={o¢€ Rxd ‘ o = diag(oy, ...,04), 0; € [o;,0] for all i = 1,...,d},

where 7; > o, > 0 for all 7; that means, we consider all scenarios in which there is no
correlation between the risk factors and the volatility is bounded by two extremes: the

matrices o = diag(ay, ...,04) and o = diag(gy, ...,a,). For a vector (z1,...,x4), the nota-
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tion diag(xy, ..., x4) refers to a diagonal matrix with entries x1, ..., 4 on the diagonal. The
additional assumption on the state space ¥ allows us to derive explicit pricing formulas
for typical interest rate derivatives. It should also be noted that the assumption implies
that the generator G is non-degenerate, which we assume in Chapter [3]

As in the previous chapter, we model the forward rate as a diffusion process in the
spirit of the HJM methodology. We denote by f;(T') the forward rate with maturity 7" at
time ¢t for t <T < 7, where 7 < 00 is a fixed terminal time. We assume that the forward

rate process f(T') = (fi(T))o<i<r, for all T < 7, evolves according to the dynamics

T = T+ [oumau+ 3 [ aumas,+ 3 [ uma),

for some initial integrable forward curve fj : [0,7] — R and sufficiently regular processes
a(T) = (eu(T))o<t<r, B(T) = (B{T))o<t<r, and ¥(T) = (7{(T))o<e<r to be specified. As
described in the previous chapter, the difference compared to the classical HIM model
without volatility uncertainty is that there are additional drift terms depending on the
quadratic variation processes of the G-Brownian motion. We need the additional drift
terms in order to obtain an arbitrage-free model, which can be inferred from the drift con-
dition in Chapter (3| Since the uncertainty about the volatility implies that the quadratic
variation processes are uncertain and cannot be included in the first drift term, we add
additional drift terms to the dynamics of the forward rate (see Section [3.1]).

The forward rate determines the remaining quantities on the related bond market.
The bond market consists of zero-coupon bonds for all maturities in the time horizon and

the money-market account. The zero-coupon bonds, denoted by P(T) = (P(T))o<t<r

for T' < 7, are defined by
T
A= e~ [ siois)
t

and the money-market account, denoted by M = (M;)o<t<r, is given by

t
M, :=exp </ rsds),
0

where 7 = (r;)o<t<, denotes the short rate process, defined by r, := f;(t). We use the
money-market account as a numéraire—that is, we focus on the discounted bonds, which
are denoted by P(T') = (P,(T))o<i<r for T < 7 and given by

Py(T) := M;'P,(T).

We model the forward rate in such a way that the related bond market is arbitrage-
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free. That means, we assume that the forward rate satisfies the drift condition from
Theorem [3.6] which implies the absence of arbitrage. In particular, we directly model
the forward rate in a risk-neutral way in order to avoid technical difficulties due to a
migration to a risk-neutral framework. More specifically, for all 7', we assume that the
drift terms «(T) and +*(T), for all 4, are defined by

a(T) =0,
%(T) = B,(T)by(T),

respectively, where (as in Chapter |3|) the process b'(T) = (bi(T))o<i<- is defined by

)= [ ooy

Under suitable regularity assumptions on 7' — 3(T'), by Theorem , we then know that
the discounted bonds are symmetric G-martingales under E, which implies that the bond
market is arbitrage-free. As mentioned above, this shows that we need the additional
drift terms in the forward rate dynamics to obtain an arbitrage-free model.

In order to obtain a sufficient degree of regularity and to derive pricing formulas for
derivative contracts, we use a deterministic diffusion coefficient. We assume that ¢,
for all 4, is a continuous function mapping from [0, 7] x [0, 7] into R. Then for each T,
BY(T) and b(T), for all i, are bounded processes in the space of admissible stochastic
processes ME(0,7) for all p < co. Therefore, the assumption on the diffusion coefficient
ensures that the forward rate is sufficiently regular to apply the results from the previous
chapter. In addition, it enables us to obtain specific pricing formulas for common interest
rate derivatives. This is similar to the classical case without volatility uncertainty, in
which it is possible to obtain analytical pricing formulas by assuming that the diffusion
coefficient is deterministic. So the present model corresponds to an HJM model with a

normally distributed forward rate.

4.2 Risk-Neutral Valuation

Now we extend the bond market to an additional contract, for which we want to find a
price. A typical contract in fixed income markets consists of a stream of cashflows; so
we consider a contract, denoted by X, which has a payoff of & at each time 7; for all
1=0,1,..., N, where 0 < 79 < 71 < ... < 7y = 7 is the tenor structure. The price at time

t of such a contract is denoted by X; for all ¢ < 7. As for the bonds, we consider the
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discounted payoff X, defined by
) N
X=) Mg,
i=0

and the discounted price X; for ¢t < 7, which is defined by
Xt = Mt_lXt.

We assume that M_'¢; € LE(Q,,) for all i = 0,1, ..., N for X to be regular enough.

The pricing of contracts in the presence of volatility uncertainty differs from the tra-
ditional approach. Classical arbitrage pricing theory suggests that prices of contracts are
determined by computing the expected discounted payoff under the risk-neutral measure.
In the presence of volatility uncertainty, we call [ the risk-neutral sublinear expectation,
corresponding to the expectation under the risk-neutral measure in the classical case,
since the discounted bonds are symmetric G-martingales under E. Compared to the
classical case, the important difference in the case of volatility uncertainty is that the

risk-neutral sublinear expectation is nonlinear. In particular, it holds

A ~

B[X] > —R[-X], (4.1)

that is, the upper expectation does not necessarily coincide with the lower expectation.
Thus, we distinguish between symmetric and asymmetric contracts; we consider two
contracts: a contract X, which has a symmetric payoff, and a contract X4, which has
an asymmetric payoff. Strictly speaking, this means that X° satisfies with equality
and for X4 the inequality is strict. Of course, the discounted payoffs X5 and X4
are defined as above by considering different payoffs &7 and £ for all 4, respectively. The
related prices are denoted by X7 and X and X* and X/ for all ¢, respectively.

We determine the prices of contracts by using the risk-neutral sublinear expectation
to either obtain the price of a contract or the upper and the lower bound for the price.
In the case of a symmetric payoff, we proceed as in the classical case without volatility
uncertainty and choose the expected discounted payoff as the price for the contract. In
the case of an asymmetric payoff, we use the upper and the lower expectation as bounds
for the price, which is a typical approach in the literature on model uncertainty. Hence,

we assume that

X7 = B[ X7
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for all ¢, where we recall that [, denotes the conditional G-expectation, and
E[X4] > X§' > —E[-X4].

Since X has a symmetric payoff, by the martingale representation theorem for symmetric
G-martingales (Song, 2011, Theorem 4.8), there exists a process H = (H}, ..., HY)o<i<~
in MZ(0,7;RY) such that for all ¢,

d t
X7 =X5+ Z/ H.dB.,.
i=1 70

The latter ensures that the portfolio value (defined below) is well-posed. The reason
why we only impose assumptions on the price of the asymmetric contract at time 0 is
described below.

In order to show that this pricing procedure yields no-arbitrage prices, we extend the
notions of trading strategies and arbitrage, respectively, to the extended bond market.
As in Chapters [2] and [3] we allow the agents in the market to trade a finite number
of bonds. The symmetric contract can be traded dynamically, but we only allow static
trading strategies for the asymmetric contract. Therefore, we do not impose assumptions
on X{‘ for ¢ > 0. The assumption that the asymmetric contract can only be traded
statically might seem restrictive. This is a common assumption in the literature on robust
finance, since it is important for excluding arbitrage. In this case, the assumption is also

reasonable, since most contracts in fixed income markets are traded over-the-counter.

Definition 4.1. An admissible market strategy is a quadruple (7,7, 74, T) consisting of
a bounded process T = (7}, ..., ™) o<i<r in MZ(0,7;R™), a bounded process ™ = (7} )o<i<r
in MZ(0,7), a constant 7 € R, and a vector T = (T4, ..., T,) € [0,7]" for some n € N.

The corresponding portfolio value at terminal time is given by
oy (m, 7%, 74 T) = Z/ mdPy(T) —|—/ 2dX7 + (XA - X, (4.2)
i=1 70 0

The three terms on the right-hand side of correspond to the gains from trading a
finite number of bonds, the symmetric contract, and the asymmetric contract, respec-
tively. The assumptions on the processes ensure that the integrals in are well-defined.
Similar to the previous chapters, we use the quasi-sure definition of arbitrage, which is

commonly used in the literature on model uncertainty (Biagini, Bouchard, Kardaras, and
Nutz, 2017; Bouchard and Nutz, 2015)).
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Definition 4.2. An admissible market strategy (7, 7%, 74, T) is an arbitrage strategy if

O (m, % 7 T) >0 quasi-surely,

P(Q?T(W,WS,WA,T) > 0) >0 for at least one P € P.

We say that the extended bond market is arbitrage-free if there is no arbitrage strategy.

The following proposition shows that we can use the risk-neutral sublinear expectation
as a pricing measure as described above, since the extended bond market is arbitrage-
free under the assumptions stated in this section. As a consequence, we can reduce
the problem of pricing a contract to evaluating the upper and the lower expectation of
the corresponding discounted payoff. The proof—apart from the asymmetric contract—
is similar to the proof of Proposition [2.5 since all other quantities on the market are

symmetric G-martingales under .
Proposition 4.3. The extended bond market is arbitrage-free.

Proof. We assume that there exists an arbitrage strategy (m, 7,74, T) and show that
this yields a contradiction. We only examine the case in which X4 is traded, i.e., it holds
74 £ 0; if 74 = 0, the proof is similar to the proof of Proposition . By the definition
of arbitrage, it holds o, (m, 7, 74, T) > 0. Then the monotonicity of E implies

" Tl . ~ T ~ A ~ ~
]E[Z / midP,(T;) + / wfdxf} > E[-n4 (X4 — X&)
=170 0

Due to the sublinearity of E and the fact that the discounted bonds are symmetric G-

martingales under E and X° has a symmetric payoff, we have

{Z/ TidPy(T, /Owadf(f] <0

by the martingale representation theorem for symmetric G-martingales (Song, 2011, The-
orem 4.8). Furthermore, if we use the properties of the G-expectation and the assumption
on )~(DA, we get

E[-n*(X7 = X)) = (¢") N E-XA + X)) + (0) 7 (B[X4] - X5 > 0.

Combining the previous steps, we obtain a contradiction. O

4.3 Pricing Single Cashflows

In the classical case without volatility uncertainty, discounted cashflows are priced under

the forward measure. Evaluating the expectation of a discounted cashflow related to an
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interest rate derivative can be very elaborate; this is due to the fact that the discount
factor—in addition to the cashflows—is stochastic. The common way to avoid this issue
is the forward measure approach. The forward measure, which was introduced by |Ge-
man| (1989), is equivalent to the pricing measure and defined by choosing a particular
density process. The density process is defined in such a way that the expectation of a
discounted cashflow under the risk-neutral measure can be rewritten as the expectation
of the cashflow under the forward measure, discounted by a zero-coupon bond. Thus, by
changing the measure, we can replace the stochastic discount factor by the current bond
price (which is already determined by the model).

In the presence of volatility uncertainty, we define a counterpart of the forward mea-
sure, termed forward sublinear expectation, to simplify the pricing of discounted cashflows.
In contrast to the forward measure approach, we define the forward sublinear expectation
by a G-backward stochastic differential equation (similar to the definition of the sublinear
expectations considered in Section and in the proof of Theorem , respectively).

Definition 4.4. For ¢ € LE(Qr) with p > 1 and T < 7, we define the T-forward sub-
linear expectation BT by BT (€] := Y%, where Y5 = (Y1) g1 solves the G-backward

stochastic differential equation

d T d T
VAN o / BT Zid(B) — Y / ZidB — (Kp — K,).
i=1 vt i=1 71

By Theorem 5.1 of Hu, Ji, Peng, and Song (2014)), the forward sublinear expectation is a
time consistent sublinear expectation. Again, we refer to the paper of |Hu, Ji, Peng, and
Song| (2014)) for further details related to G-backward stochastic differential equations.

The forward sublinear expectation corresponds to the expectation under the forward
measure. This can be deduced from the explicit solution to the G-backward stochastic
differential equation defining the forward sublinear expectation. For T' < 7, we define
the process X7 = (X[ )o<i<r by

T ._ B(T)
Xi = pay

The process X7 is the density used to define the forward measure. As in Proposition 7

one can verify that X7 satisfies the G-stochastic differential equation

d t
X'=1- / b (T)XTdB:.
By Theorem 3.2 of Hu, Ji, Peng, and Song (2014), the process Y1 is given by
Y = (XT) R (X7
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Thus, we basically arrive at the same expression as in the classical definition of the
forward measure.

We obtain the following preliminary results related to the forward sublinear expecta-
tion, which simplify the pricing of discounted cashflows. Similar to the classical case, we
find that the valuation of a discounted cashflow reduces to determining the forward sub-
linear expectation of the cashflow, which is then discounted with the bond price. Further-
more, there is a relation between forward sublinear expectations with different maturities,

and the forward rate process f(T') and the forward price process X7 = (X[ ’T)OStSTAf,
defined by

for T, T < 7 are symmetric G-martingales under the T-forward sublinear expectation.

Proposition 4.5. Let £ € L%(Qg) with p > 1 and t < T,T < 7. Then we have the

following properties.

(i) It holds

ME,[M; €] = P(T)ET[¢).

(ii) For T <T, it holds

P(T)ET[¢] = PAT)EL[Pr(T)E).

(iii) The forward rate process f(T') is a symmetric G-martingale under ET.

(iv) The forward price process XTT sqtisfies XtT’T € L%() for all p < oo and

xh Z/t (T, T)XTTdB! — Z/ (T, TYXTTY (T)d(B).,

where o'(T,T) = (0{(T,T))o<y<rng» for all i, is defined by

oy(T.T) := by(T) — b(T),
and it is a symmetric G-martingale under ET.

Proof. Part (i) follows by a simple calculation; we have

ME (M7 €] = Py(T) My 2D By (M7 22D ¢) = P(T)(X]) 1B [X7€] = PT)ET[€].

Py(T) T Po(T)




To show part (i), we use some properties of G-backward stochastic differential equa-

tions. By Definition , we have ET[¢] = V"¢, where YT solves
i a7 d_ 7
V-3 [ ndziawh -y [ ZidB - (K - K.
i=1 V1 i=1 1

Since £ € L{(Qr), the process YT also solves the G-backward stochastic differential

equation

V== > [ ndziawh, -y [ ZidB - (K- K.
i=1 7t i=1 71
By Theorem 3.2 of Hu, Ji, Peng, and Song| (2014)), the solution to the latter is given by
v = (XD RXTE.

r T.T 5T,T .
Moreover, for each t < T, we have X! = X; " X, X['. Hence, we obtain

EY (6] = XU X T () TRIXTTXTTXTE) = XU TR (X7 T
which proves part (ii).

For part (iii), we use the Girsanov transformation for G-Brownian motion from Hu,
Ji, Peng, and Song| (2014)). We define the process BT = (B}, ..., Bf’T)OStST by

BT .= Bg+/ b (T)d(B"),.
0

Then BT is a G-Brownian motion under E7 (Hu, Ji, Peng, and Song, [2014, Theorems
5.2, 5.4). Since the dynamics of the forward rate are given by

AT = 1)+ Y [ s+ Y [ A

the forward rate is a symmetric G-martingale under ET.

To obtain part (iv), we first show that X" € L%(€,) for all p < co by using the
representation of the space L (§2;) from Denis, Hu, and Peng| (2011) and a proof similar
to the proof of Proposition 5.10 from Osuka (2013)). The space L%(€;) consists of all
Borel measurable random variables X that have a quasi-continuous version and satisfy
limnﬁooI@lHX|”1{|X|>n}] = 0 (Peng, 2019, Proposition 6.3.2). As in Lemma one can

77



show that
XTT—XTTeXp< Z/ (T,T)dB: — Z/ (3oi(T, T)? i(T,T)bZ(T))d<Bi>u>-

Since o*(T,T) and b*(T), for all i, are bounded processes in M5(0,7) for all p < oo, we
already know that X, T is measurable and has a quasi-continuous version. Now we show
that B[ X7
inequality, for p > p and ¢ > 1, we have

E[| X777 < x5 E[exp( qu/ (T, T)dB;, — 3(p9) Z/ (T, T)°d(B") )]

E[p( Z / (LGa—1)o <T,T>2—oz<T,T>bz<T>>d<Bi>u)} v

| < oo for p > p, which implies limnﬁooIAE[|X|p1{|X|>n}} = 0. By Holder’s

Q=

The two terms on the right-hand side are finite. The second term is finite since o*(T,T)

and b'(T) are bounded for all i. By the same argument, we have

o i, <

Then we can use Novikov’s condition to show that the first term is finite, since the

lol»—t

exponential inside the sublinear expectation is a martingale under each P € P.
Using It6’s formula for G-Brownian motion from Li and Peng (2011)) and the Girsanov

transformation of Hu, Ji, Peng, and Song (2014) completes the proof. We have
N . d_ -t B ) d_ . N
X X{T Y [ DxtTas, -3 [ o @ DX,
i=1 V0 i=1 Y0

by It6’s formula (Li and Peng, 2011, Theorem 5.4). Moreover, since o*(T,T) and b’ (T),
for all ¢, are bounded processes in M{ (0, 7) for all p < 0o, one can then show that X T
belongs to M&(0,7) for all p < oo (see Proposition. As in the proof of part (iii), the
Girsanov transformation for G-Brownian motion then implies that X IT ig symmetric

G-martingale under ET. O

Due to Proposition[4.5| (iii), we obtain a robust version of the expectations hypothesis.
The traditional expectations hypothesis states that forward rates reflect the expectation
of future short rates. In the classical case without volatility uncertainty, we know that
the forward rate is a martingale under the forward measure; therefore, the expectations
hypothesis holds true under the forward measure. In our case, we obtain a much stronger

version—called robust expectations hypothesis. This is because the forward rate is a
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symmetric G-martingale under the forward sublinear expectation. Thus, the forward
rate reflects the upper expectation of the short rate and the lower expectation of the
short rate. In particular, it implies that the forward rate reflects the expectation of the

short rate in each possible scenario for the volatility.

Corollary 4.6. The forward rate satisfies the robust expectations hypothesis under the

forward sublinear expectation—that s, for t <T < T, it holds
Ef[rr] = fi(T) = =B [—rr].

For convex bond options, the upper, respectively lower, bound for the price is given
by the price in the corresponding HJM model without volatility uncertainty with the
highest, respectively lowest, possible volatility. If we consider a bond option, the payoff
is a function depending on a selection of bond prices for different maturities. We consider
the more general case when the payoff is a function depending on a selection of forward
prices, since we can express every bond option as an option on forward prices. If the payoff
function is convex and satisfies a suitable growth condition, we can use the nonlinear
Feynman-Kac formula from [Hu, Ji, Peng, and Song (2014) to show that the range of
prices is bounded from above, respectively below, by the price from the classical model
when the dynamics of the forward price are driven by a standard Brownian motion with

constant volatility @, respectively o.

Proposition 4.7. Forn € N, let ¢ : R* — R be a convex function such that

|o(x) = p(y)] < CA+ |2[™ + [y™)]z -yl (4.3)

for a positive integer m and a constant C' > 0 and let 0 < t; < ... <t, < 1. Then

EL (X", ., X))
Bl [—o(X " X )

ug(t, X0 X,
ug(t, X710 .., X[t

fort <ty <T <7, where the function u, : [0,t;] x R" — R, for o € ¥, is defined by

Ug(t, T, ..., Tn) = Ep, [0( X}

t17°

- Xi1)]
and the process X' = (X!)i<s<t,, for alli =1,....n, is given by
d s
Xi=m—> / o (T, t;) X o;dB.
j=1 7t

Proof. First, we characterize the forward sublinear expectation in the first equation as the

solution to a nonlinear partial differential equation by using the nonlinear Feynman-Kac
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formula of [Hu, Ji, Peng, and Song| (2014). With Proposition [4.5] (iv) and inequality (4.3)),
one can show that € := (X", ..., X,™) belongs to L%(Qy,) C L2 (Qr) with p > 1. By
Definition , we have E7[¢] = ¥}, where Y7 = (V;")o<y<r solves the G-backward

stochastic differential equation

d T d T
Vi =X X =) / b(T)Zyd{B )y — ) / ZldB! — (K1 — K;).
i=1 Y1 i=1 Yt

Since £ € LE(Qy,), the process Y also solves the G-backward stochastic differential

equation

d t1 d t1
Y6 = p(XE L X =3 / bU(T)Z,d(B)y = / Z,dB,, — (Ky — K0),
i=1 vt i=1 7"

where ¢ satisfies (4.3). From Proposition (iv), we deduce the dynamics and the
regularity of X% for all ¢ = 1,...,n. Then, by Theorems 4.4 and 4.5 of Hu, Ji, Peng,
and Song| (2014), we have v = w(t, X", ., X)), where u : [0,t1] x R* — R is the

unique viscosity solution to the nonlinear partial differential equation

(%U—i-G((Z O'z(T, tk)xkaf(T, tl)l’laikxlu) ) =0,
ij=1,....d

k=1

U(ty, 1, ey ) = (L1, ey ).

Now we show that uz solves the nonlinear partial differential equation. By the classical

Feynman-Kac formula, we know that u,, for o € ¥, satisfies

Opug + %tl" (UUI(Z Ui(T, tk)[EkO'i (T, tl)xlaﬁmua) ) =0,
ij=1,.d

k=1

U (t1, X1y ooy T) = (T1, ey Tp).

In addition, the convexity of ¢ implies that u,(,) is convex for each o and ¢; thus,

n

> ol(T te)ako! (T, ) 2,02, , g > 0
k=1

for all 4,7 = 1,...,d. Therefore, one can verify that uz solves the nonlinear partial
differential equation from above, which proves the first assertion.

In order to prove the second assertion, we repeat the procedure from above. Due
to the nonlinear Feynman-Kac formula, we have ET[—¢] = w(t, X", ..., X', where

u : [0,%1] x R® — R is the unique viscosity solution to the nonlinear partial differential
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equation

oyu + G((Z az(T, tk)xkag(T, tl)xlﬁimu> > =0,
ij=1,....d

k=1

U(ty, 1y ey ) = — @(T1, ooy Tyy).

Then we can use the concavity of —u,(t,-) to show that —u, solves the nonlinear partial

differential equation from above. [

For bond options that are neither convex nor concave, we generally need to use nu-
merical procedures to obtain the pricing bounds. If we deal with a bond option having
a concave (instead of a convex) payoff function, we can use the same approach as in
Proposition to find the pricing bounds by simply interchanging @ and ¢. The con-
vexity or the concavity of the payoff function reduces the nonlinear partial differential
equation that results from the nonlinear Feynman-Kac formula of Hu, Ji, Peng, and Song
(2014) and determines the pricing bounds to a linear partial differential equation. Then
the pricing bounds coincide with the prices of traditional models when the underlying is
driven by a standard Brownian motion with volatility o and ¢, respectively. When the
payoff function is neither convex nor concave, we can still use the nonlinear Feynman-Kac
formula to obtain the pricing bounds, but then we need to solve the nonlinear partial
differential equation, since it does not reduce to a linear one. One can find the solution,

for example, by using numerical schemes similar to the ones of Nendel (2021, Section 5).

4.4 Pricing a Stream of Cashflows

Due to the nonlinearity of the pricing measure, in general, we cannot price interest rate
derivatives by pricing each cashflow separately. As in Section [4.2] we consider a contract
consisting of a stream of cashflows, which we denote by X. Then the discounted payoff

is given by
N
X = Mzl
i=0
for a tenor structure 0 < Ty < Ty < ... < Ty = 7 and & € L%(Qg,) with p > 1 for all
i. In order to price the contract, we are interested in E[X] and —E[—X]. When there

is no volatility uncertainty, we can simply price the contract by pricing each cashflow

individually, since the pricing measure is linear in that case. However, in the presence of
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volatility uncertainty, the pricing measure [ is sublinear, which implies

Therefore, if we price each cashflow separately, we possibly only obtain an upper, respec-
tively lower, bound for the upper, respectively lower, bound of the price—which does not
yield much information about the price of the contract.

For contracts with symmetric cashflows, we can still determine the price of the contract
by pricing each of its cashflows individually. If each cashflow has a symmetric payoff under
the forward sublinear expectation, there is a single price for the contract, which coincides
with the sum of the prices of the cashflows. Hence, the pricing measure is linear on the

subspace of contracts with symmetric cashflows.

Lemma 4.8. If &, for all i, satisfies BI'[¢;] = —RTi[—¢&] for t < Ty, then it holds
A ~ N A A~ ~
ME,[X] =) " B(TYES[E] = —ME,[-X].
i=0

Proof. We derive an upper, respectively lower, bound for the upper, respectively lower,
expectation of X and show that they coincide. Using the sublinearity of [ and Proposition
(1), for t <Tp, we get

N
ME[X] < Z ME([M5 &) =D P(T)ET ().
1=0
By the same arguments, for ¢ < Tj, we obtain
) N N
—ME[-X] > —ME[-M; 6] = —P(T)E[-¢).
i=0 i=0

For t < Tp, it holds E[X] > —E,[—X] and E*[¢;] = —EFi[—¢] for all i. Therefore, all

expressions from above are equal. O

For general contracts, we can use a backward induction procedure to obtain the upper
and the lower expectation of the discounted payoff. The procedure works as follows.
First, we compute the forward sublinear expectation of the last cashflow conditioned on
the second last payoff time and discount it with the bond price. Next, we compute the
forward sublinear expectation of the second last cashflow and the previous expression

conditioned on the third last payoff time and discount it with the bond price. Then
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we recursively repeat this procedure until we arrive at the first payoff. This gives us
eventually the upper expectation of the discounted payoff. The procedure for the lower

expectation is similar.

Lemma 4.9. It holds E[X] = Yy and —E[-X] = —Z,, where Y; and Z; are defined by

=
i

Pr, (T)BT | [& + Vi),
Z = Pr, (ﬂ)l@?_l[—{fz + Zi+1]7
respectively, for allt=0,1,...,N and T_1 := 0 and f/NH =0 and ZN+1 =0.

Proof. First, we exclude the last cashflow from the sum and write it in terms of Yy. Due

to the time consistency of the G-expectation, we have
) N-—1
RX]=E [Z M6+ Ery  [Mplén]].
i=0

By Proposition [4.5| (i), we obtain

Er,_,[Mplén] = My} Pry (Tw)ERY_ [én] = Mzl Y.

TN1

Second, we exclude the second last cashflow from the sum and repeat the calculation

from above. Using the time consistency of E, we get
. N-2 )
EX]=E {Z Mz& +Ery Mzl (Envo+ Y)l|.
i=0

Due to Proposition 4.5| (i), we have

Ery o[M7l  (En—1+ V)] = Myl Py (Tv)Bg ! [Ev—1 + Yol = Myl Yoy

Tn—2 Tn—2 Tn—2

Now we work recursively backwards until we arrive at the last cashflow. Repeating

the step from above, we finally obtain
E[X] = E[Mi)lfo + M:FOIY/I] Py(To)EP ¢ + V1] = V.
By replacing X, &, and Y;, for all i = 0,1,..., N, by —X, —&, and Z;, respectively,
we get E[—X] = Z,, which completes the proof. O

If the contract can be written as a stream of convex bond options, the upper, respec-
tively lower, bound for the price is given by the price from the classical model without
volatility uncertainty with the highest, respectively lowest, possible volatility. Similar

to Proposition [£.7] if the cashflows can be written as convex functions of forward prices
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satisfying a suitable growth condition, we can show that the upper, respectively lower,
expectation of the discounted payoff is given by its linear expectation when the dynamics
of the forward price are driven by a standard Brownian motion with constant volatility
o, respectively . We show this by using the backward induction procedure of Lemma
and recursively applying the nonlinear Feynman-Kac formula of Hu, Ji, Peng, and
Song| (2014)).

Proposition 4.10. For m,n € N such that m # n, let Y; and Z; be defined by

}/; — X;z 14n, tz+nEtz+n [90 (Xt1+n7ti+m) + }_/;J,-l]

tir1

Zi — X;zfl+n7 1+nEt2+n[ (pr(X 1+'n7 1+m) + Zz+1:|

tir1

respectively, for all i = 1,..., N, where p; : R — R is a convez function such that (4.3))
holds and 0 = t; < ... <tnymwn) < T, and Yni1 =0 and Zy,1:=0. Then

N
}7 _ thyti+n 1(0 Xti+nyti+m>
1 — 0 UE s <30 )

i=1
_Zl Ztha i+n l (0 X z+ny 'L+m>
where the function u’ : [0,t;41] x R = R, for alli=1,...,N and 0 € %, is defined by

uff(tv xl) = EPO [QOZ(X;H)]

and the process X' = (X1)i<s<t,,, is given by

Z / tivn tiym) X o dBI.

Proof. We only compute Y7; the derivation of Z; can be carried out in the same way,
which is similar to the proof of Proposition [£.7]

In order to determine Y;, we show, by induction, that

E th 14nstjtn J(Zf Xt]+n7t]+m>

for all i = 1,..., N. We start by computing Yy. We have

YN _ XtN 1+4n, tN+n]EtN+n [¢N<XtN+n7tN+m)].

tN11
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Since @y is convex and satisfies (4.3]), by Proposition we obtain
YN — XtN 14nstN+n N(tN,XtN+n:tN+m)].

Next, we do the inductive step. For 1 <i < N — 1, let us suppose that

tz+n7tg+n j t]+n7tj+m
E X ( i+1 X )

7,+1 z+1
Jj=i+1

Then we have

_ t;— 1+n tz+n t1+n tH—n tz+m z+n:]+n j thrn:thrm
Y =X, TR @i (X1 Xt F(tis1, X, )|

tit1 tit1
Jj=1+1

We use the nonlinear Feynman-Kac formula of Hu, Ji, Peng, and Song| (2014) to compute

the expectation, since we cannot apply Proposition [£.7 Thus, we obtain

}/i _ Xttz 1+4ntitn (tZ,X i+nst 7.+m7 o Xtt‘N+nvtN+m’iji+nyti+1+n7 ."7Xtt?+n7tN+n)'
1 7 1

(3

The function u : [0, ;] x RZN=9+1 3 R is the unique viscosity solution to the nonlinear

partial differential equation

(e D)) -0

u(tivi, z) = p(z),

(4.4)

where 2 = (24, ..., &n, Ziy1, ..., Tn) € REN=D+1 the operator D,, respectively D?_, denotes

Tx?

the gradient, respectively Hessian, with respect to z, and

N
H,@)\(t, Z, D$u7 Diu) = Z O'f(tj+n7 t]+m)£]0t>‘(tk+n, tk+m>xkax mk
k=i
N N
+2 Z Z O-f<tj+n7 tj+m)3%jai\(ti+n7 tk+n)$kax xk
j=i k=i+1
N
+ Z Uf(ti-km tj-l-n)j:jat)\(ti-i-m tk+n)'%ka§ji’ku
G k=i+1
N
+ Ly (8, N2 ) 08 (b m) 2507 (6 s tin) O,
J=i+1
N .
o) == @i(@:) + Y Fjud(tin, &),
j=it1

It is feasible to apply the nonlinear Feynman-Kac formula, since ¢ satisfies (4.3]), which
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is shown in Subsection m To show that ¢ satisfies (£.3), we use estimates for ul
for all j =i+ 1,...,N, which follow from the nonlinear Feynman-Kac formula (Hu, Ji,
Peng, and Song|, 2014}, Proposition 4.2). In order to solve , we define the function
w2 [0, 4] x REV=O+1 5 R by

u*(t,x) == us Z Zul(t, @;).

Jj=i+1

TjT

it holds 703 ; u* = Oz;u* for all j, k such that j = k, and it holds 03 = 0 for all

Then one can check that it holds 97 , u* = 0 and E)%jjku* = 0 for all j, k such that j # k,

mxk

J, k. Since u (¢, ) is convex for each ¢ and u? satisfies

atuj + tr(O‘O‘ (Uf(t]+nut]+m)ai(t]+n7 j-‘rm) ?83 G uj)k‘l 1. d> = 07
uh (te1, &5) = 95(;)

for all j =4,..., N and o € ¥, one can verify that u* solves (4.4) on [0,¢;11] x ]Ri(N_")H.
We are only interested in a solution for positive z, since the forward prices are positive.

Hence, we obtain

N
v ti—i4n,tj4n, j titnsti+m
- E Xti U’E(tl ) Xti )

j=i
and the proof is complete. O]

If the stream of cashflows consists of bond options that are neither convex nor concave,
we need to use a numerical scheme to apply the backward induction procedure from
Lemma 4.9 As in the previous section, we can price a stream of concave bond options in
the same way as in Proposition by interchanging & and ¢. When the bond options
are neither convex nor concave, we can use the general backward induction procedure
from Lemma and recursively solve the nonlinear partial differential equations arising
due to the nonlinear Feynman-Kac formula of Hu, Ji, Peng, and Song| (2014) by numerical
procedures (as mentioned at the end of Section [£.3).

4.5 Common Interest Rate Derivatives

With the tools from the preceding sections, we can price all major derivatives traded in
fixed income markets. We consider typical linear contracts, such as fixed coupon bonds,
floating rate notes, and interest rate swaps, and nonlinear contracts, such as swaptions,
caps and floors, and in-arrears contracts. Using the general pricing techniques for whole

contracts from Section and the valuation methods for single cashflows from Section
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[4.3] we show how to derive robust pricing formulas for all these contracts. That means,

we consider a contract with discounted payoff
N
X =2 Mgls
i=0

for 0 < Ty < Ty < ... < Ty = 7 and specifically given cashflows, and then we show how
to find E[X] and —E[-X] or M;E,[X] and —M,E,[—X] for t < Ty if the contract has a

symmetric payoff.

4.5.1 Fixed Coupon Bonds

We can price fixed coupon bonds as in the classical case without volatility uncertainty.
A fixed coupon bond is a contract that pays a fixed rate of interest, given by K > 0, on
a nominal value, which is normalized to 1, at each payment date and the nominal value

at the last payment date. Hence, the cashflows are given by
& =1y (1) + 1, @)1 = Tio) K (4.5)

for all i = 0,1, ..., N. Due to its simple payoff structure, the contract has a symmetric
payoff, and its price is given by the same expression as the one obtained in traditional

term structure models.

Proposition 4.11. Let &; be given by (4.5) for alli=0,1,...,N. Then fort < Ty,

ME([X] = P(Ty) + Y _ PAT)(T; — Tio1) K = —ME[-X].

=1

Proof. Since the cashflows are constants, the assertion follows by Lemma [4.8] m

4.5.2 Floating Rate Notes

We can also price floating rate notes as in the classical case without volatility uncertainty.
A floating rate note is a fixed coupon bond in which the fixed rate is replaced by a floating
rate: the simply compounded spot rate; for t <T' < 7, the simply compounded spot rate
with maturity 7" at time ¢ is defined by

Li(T) = 75( 5k — 1).

The cashflows are then given by
& = Ly (8) + L1,y ()(Ts = Tooa) L, (T2) (4.6)
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for all ¢ = 0,1,..., N. Although the cashflows are not constant, the contract yet has a
symmetric payoff. As in the classical case, the price is simply given by the price of a

zero-coupon bond with maturity 7.

Proposition 4.12. Let & be given by (4.6) for alli=0,1,...,N. Then fort < Ty,
ME,[X] = P,(Ty) = —M,E,[—X].

Proof. We show that the cashflows have a symmetric payoff and apply Lemma [4.8f Due
to Proposition 4.5| (i7) and (iv), we have

PUT)E{ (T = Tix) L, (Ty)] = PUTi1)By (1 = Pr, (T})] = P(Ti1) — P(T))
for all e = 1,..., N. In a similar fashion we can show that
~P(T)E} [~(Ti = Tia) Ly, (T)] = PTia) = PAT:)

for all e = 1, ..., N. The result follows by Lemma [4.8] and summation. O]

4.5.3 Interest Rate Swaps

The pricing formula for interest rate swaps is the same as in traditional models. An
interest rate swap exchanges the floating rate with a fixed rate at each payment date.
Without loss of generality we consider a payer interest rate swap; that is, we pay the

fixed rate and receive the floating rate. Hence, the cashflows are given by

&= 1p,. @)1 — Ti—l)(LTi,l(Ti) - K) (4.7)

for all ¢« = 0,1,..., N. Since the payoff is the difference of a zero-coupon bond and a
floating rate note, the contract is symmetric. As in traditional term structure models,
the price is given by a linear combination of zero-coupon bonds with different maturities.
In particular, this implies that the swap rate—i.e., the value of the fixed rate that makes
the value of the contract zero—is uniquely determined and does not differ from the

expression obtained by standard models.

Proposition 4.13. Let & be given by (4.7) for alli=0,1,....,N. Then fort < Ty,
N
ME([X] = P(Ty) — P(Tw) = Y_ PAT)(T; — Ti1) K = —M,E[-X].

i=1

Proof. Again, we show that the cashflows have a symmetric payoff and use Lemma
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to obtain the result. As in the proof of Proposition we can show that

PAT)E] [(T; — Tir) (Lr_, (T
—P(T)E] [ — (Ty = Ty-1) (Lr,_, (T3

S S
[
2z
I
I T
o
[
I T
fos s
I
I
fos s
GG
I
P
~ A

for all i = 1,..., N. Then the assertion follows by Lemma 4.8 and summation. O

4.5.4 Swaptions

We can price swaptions by using the pricing formulas from traditional models to compute
the upper and the lower bound for the price. A swaption gives the buyer the right to
enter an interest rate swap at the first payment date. Hence, there is only one cashflow,

which is determined by Proposition 4.13}—i.e.,

6 = 1y () (1~ Pr() = 3 Pr(T)(T; - Ty ) (43)

for all 2 = 0,1,..., N. Due to the nonlinearity of the payoff function, the upper and the
lower expectation of the discounted payoff do not necessarily coincide; thus, the contract
has an asymmetric payoff. The related pricing bounds are given by the prices from the

classical case with the highest and the lowest possible volatility, respectively.

Theorem 4.14. Let &; be given by (4.8) for alli=0,1,..., N. Then it holds

oIV Po(Th) Po(Tn)
E[X] = PO(TO)“E(Ov PE(TO)7 ; P%(TJZ) )’

o 1 Po(T1) Po(Tn)
—E[-X] = Ry(To)us (0, By -+ By )

where the function u, : [0, Ty] x RN = R, for 0 € %, is defined by

N +
ua(taxlw"aa?]\f) = EPO[(l_X%_ZX%O(E_ﬂ—I)K) :|
=1

and the process X' = (X)i<s<ty, for alli =1, ..., N, is given by

d s
Xi=g; — Z/ o (Ty, T)) X0 ,dBI.
j=1""
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Proof. We prove the claim by using Proposition 4.7} By Proposition (), we have

N +
BLX] = R(T)E™ | (1- XE™ = xR0 (T - T“)K) |

i=1

N +
~B-X] = — ATED |- (1- XB™ - S XBNG -1k |

i=1

Hence, the assertion follows by Proposition [4.7], since the payoff of a swaption is convex
and satisfies (4.3]), which is shown in Subsection m ]

4.5.5 Caps and Floors

Similar to swaptions, we can compute the upper and the lower bound for the price of
a cap by using the pricing formulas from traditional models. A cap gives the buyer the
right to exchange the floating rate with a fixed rate at each payment date. The cashflows

are called caplets and are given by

& =10, ()T — Timy) (L (Th) — K)© (4.9)

for all # = 0,1,..., N. The upper and the lower bound for the price of the contract are
given by the prices from the classical case without volatility uncertainty with the highest
and the lowest possible volatility, respectively. We obtain the latter by computing prices

of put options on the forward price.

Theorem 4.15. Let &; be given by (4.9) for alli=0,1,..., N. Then it holds
j Po(Ty)
ZPO -4 (0, Rz )

ZPO )ul (0, g,

where the function u® : [0,T;_1] x R = R, for alli=1,....N and o € ¥, is defined by
uf)’(t7xi) = KLi]EPO[<Ki - Xii“i_l)—i_]

for K; := m and the process X' = (X!)i<s<r,_, 15 given by

d S
- [T T X
j=1"1

Proof. According to Lemma we need to determine Yj and Z, in order to obtain E[X]
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and I@[—X |, respectively. We only show how to obtain Yy; we can compute Zy in the
same way.

We compute Yy by using Proposition m For this purpose, we need to rewrite Y;
for all « = 0,1,..., N and define a sequence of random variables to which we can apply
Proposition [4.10, For all : =0,1,..., N, we have

Y, = PTi,l(ﬂ)E%,l & + Vi),

where & is given by ([&9), and Yy, 1 = 0. Since & € L5(Qy,_,) for all i = 1,..., N and

& = 0, we can show that
Yi= (K — Xp T+ Xp U ERE [V

forall i =1,...,N and Yy = X0™E%[V;]. Now we define ¥; := XT’ - Tl ;[Y] for all
1=1,...,N 4+ 1. Then we have }70 =Y; and

Y/i — X% 227 i— 1E i— 1[[%(KZ _X%:ll’Tz>+ +}7’H—1]
foralli =1,..., N, where Yy, = 0. Moreover, we define ¢; := T;_, foralli =1, ..., N + 2.
Then it holds 0 =t; < ... <tyio < 7 and

¥ = XSRS  (K — XJ) Y

tit1

for all i =1, ..., N. Thus, we can apply Proposition to obtain

N
Y E : 0,ti+1 3 tit1,tit2
Yi - XO UE(()? XO )7

i=1
which proves the assertion. O

Floors can be priced in the same manner as caps. A floor gives the buyer the right
to exchange a fixed rate with the floating rate at each payment date. The cashflows are

called floorlets and are given by
& =1p,..m@)(T = T (K — LTi_l(Ti))+ (4.10)

for all # = 0,1,..., N. Since the cashflows are very similar to caplets, we obtain similar
pricing bounds compared to Theorem [£.15} the only difference is that we need to compute
prices of call options on the forward price instead of put options to obtain the pricing
bounds. It is remarkable that we can show this with the put-call parity, since the non-
linearity of the pricing measure implies that the put-call parity, in general, does not hold

in the presence of volatility uncertainty.
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Theorem 4.16. Let &; be given by (4.10) for alli =0,1,...,N. Then it holds

ZPO i— 1 ' 7pf?7(~T)))a

ZPO i-1) ; PP?}T)))v

where the function u® : [0,T;_1] x R = R, for alli=1,....N and o € %, is defined by
ufj(t,xi) = KLZEP[(X%%1 - Kl>+]

and K; and the process X' = (X!)i<s<t,_, are given as in Theorem .

Proof. Although E is sublinear, we can still use the put-call parity to prove the claim,

since interest rate swaps have a symmetric payoff. For all i = 1,..., N, we have
+
Ei = (TZ - Tifl)(LTif1<Ti> - K) - (Tl - Tifl)(LTiﬂ(T» - K)

Thus, we get X =Y — Z, where Y, respectively Z, denotes the discounted payoff of a

cap, respectively interest rate swap; that is,

V= S MNT - T) (Lo, (T) - K)

M-

=1

Z: M NT; = Tia) (L, (T3) = K).

M-

=1

Due to the sublinearity of E, we get E[X] < E[Y] + E[-Z] and E[X] > E[Y] — E[Z].
Hence, by Proposition | we obtain E[X] = E[Y] — E[Z]. In a similar fashion, we can
show that —E[—X] = —IE[ Y] — E[Z]. Therefore, the assertion follows by the classical
put-call parity. O

4.5.6 In-Arrears Contracts

The pricing procedure from the previous subsection also works for contracts in which the
floating rate is settled in arrears. The difference between the contracts from above and
in-arrears contracts is that the simply compounded spot rate is reset each time when the
contract pays off. As a representative contract, we show how to price in-arrears swaps;
other contracts, such as in-arrears caps and floors, can be priced in a similar way. In

contrast to a plain vanilla interest rate swap, the cashflows are now given by
& =1p1..v1y(0)(Tosr — T) (L (Tisn) — K) (4.11)
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for all ¢ = 0,1,..., N. Then the contract is not necessarily symmetric, and the pricing
bounds are given by the prices from traditional models with the highest and the lowest
possible volatility, respectively. As a consequence, there is not a unique swap rate for

in-arrears swaps.

Theorem 4.17. Let &; be given by (4.11) for alli =0,1,..., N. Then it holds

N
BT = 2 R0 ),
=1
R N N
—E[-X] = > Po(T)ui (0, B2),
=1

where the function u® : [0,T; 1] x R = R, for alli=1,...N and o € ¥, is defined by
u’;’(t7 xl) = EPO [X%i_l (X’%i_l - KLZ)]’

for K; as in Theorem and the process X' = (X)i<s<r,_, 18 given by
d s
Xi=z; — Z/ ol (T;, Ti—1) X 0;dBY.
j=1 "1

Proof. As in the proof of Theorem , by Lemma , we need to compute Yy and Z,
to find E[X] and E[—X], respectively. We only show how to obtain Y;; we can find Z; in
the same way.

In order to find Yy, we rewrite Y; for alli = 0,1, ..., N and define a sequence of random

variables to which we can apply Proposition [1.10 For all i = 0,1, ..., N, we have
Y/Z' = PTi—l (ﬂ)E%_l [52 + Y/H-l]v

where & is given by ({@.11) and Yy, = 0. Since &y = 0, we get Yy = 0. For all
1=0,1,..., N — 1, we obtain, by Proposition (71),

o vi—1,Tivi vy i1, T Tiv1,T; 1 Tiv1,Tix;
}/;' - XTZ‘,1 ETZ',1 [XTZ (XTZ - Ki+1) + )(T2 K‘i’l]

We define Y; := X%_‘;’Ti‘Qﬁ_l foralli=1,... N + 1. Then it holds Y, = Xg’T‘)}_/l and

_ v i T Ty T;,Ti—1 T, T; 1 1
Y; - XTz‘fz ETZ’72[XT7L71 (XTiA - E) + Y;Jrl]

foralli = 1,..., N, where Yy,; = 0. Furthermore, we set t; := Tj_, for alli = 1,..., N +2.
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Then we get 0 =t < ... <tyyo <7 and

o tit1,titamatite tit2,tit1 tit2,tit1 1

tit1 tit1

for all i = 1, ..., N. Therefore, by Proposition [£.10} it holds

N
Vs totiva 4 tito,tit1
Vo= Xeul(0, Xg ),

i=1

which proves the assertion. O

4.6 Market Incompleteness

Empirical evidence shows that volatility risk in fixed income markets cannot be hedged by
trading solely bonds, which is referred to as unspanned stochastic volatility and contradicts
many traditional term structure models. By using data on interest rate swaps, caps, and
floors, (Collin-Dufresne and Goldstein| (2002)) showed that interest rate derivatives exposed
to volatility risk are driven by factors that do not affect the term structure. Therefore,
derivatives exposed to volatility risk, such as caps and floors, cannot be replicated by
a portfolio consisting solely of bonds, which implies that it is not possible to hedge
volatility risk in fixed income markets. The empirical findings of |Collin-Dufresne and
Goldstein (2002)) contradict many traditional term structure models, since bond prices are
typically functions depending on all risk factors driving the model and bonds can typically
be used to hedge caps and floors. As a consequence, Collin-Dufresne and Goldstein
(2002) examined which term structure models exhibit unspanned stochastic volatility;
this led to the development of new models displaying unspanned stochastic volatility
(Casassus, Collin-Dufresne, and Goldstein, 2005; |Filipovi¢, Larsson, and Statti, [2019;
Filipovi¢, Larsson, and Trolle, 2017).

In the presence of volatility uncertainty, term structure models naturally exhibit un-
spanned stochastic volatility, since volatility uncertainty naturally leads to market incom-
pleteness. A classical result in the literature on robust finance is that model uncertainty
leads to market incompleteness: instead of perfectly hedging derivatives, one has to su-
perhedge the payoff of most derivatives, which can be inferred from the pricing-hedging
duality. Similar to the pricing-hedging duality in the presence of volatility uncertainty
(Vorbrink, 2014, Theorem 3.6), we can show that it is not possible to hedge a contract
with an asymmetric payoff with a portfolio of bonds. From Theorem and Theorem
[4.16] we can deduce that caps and floors have an asymmetric payoff if @ > ¢g. Therefore,
derivatives exposed to volatility risk cannot be hedged by trading solely bonds when there
is volatility uncertainty.

Moreover, the uncertain volatility affects prices of nonlinear contracts, while prices
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of linear contracts and the term structure are robust with respect to the volatility—
confirming the empirical findings of |Collin-Dufresne and Goldstein| (2002). In simple
model specifications, bond prices have an affine structure with respect to the short rate
and an additional factor—which can be inferred from the examples in Section [3.3 They
are, however, completely unaffected by the uncertain volatility and its bounds. The same
holds for the swap rate, since the price of an interest rate swap (by Proposition is a
linear combination of bond prices, as in the classical case without volatility uncertainty.
On the other hand, the uncertain volatility influences prices of caps and floors, since they
depend on the bounds for the volatility (by Theorems and . Therefore, the
prices of caps and floors are driven by an additional factor that does not influence term

structure movements and (thus) changes in swap rates.

4.7 Estimates for the Proofs

In the end, we derive the estimates used in the proofs of Proposition and Theorem
4.14) respectively.

4.7.1 Estimate for the Proof of Proposition [4.10|

Let us define the function ¢ : R**! — R by
o) = Flio) + 3 (i),
i=1
where f: R — R, for a positive integer m and a constant C' > 0, satisfies
£ (Z0) = f(Go)] < C(L+[Zo]™ + [90]™) |20 — Go|
and u; : R — R, for all =1, ..., n, satisfies

lui (27)] < C(1+ 2™,
|ui(25) — wi(9:)] < CLA+ 2™ + [9:™) T — 3l
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Then we have
o) = (o) = | £G0) = 1) + D (2 ~ )

< | f(@0) = F(G0)| + D lus(@)|F: — Gl + |Gl [ (:) — wi(§)]

=1

< O+ |Zo|™ + [9o™) |20 — Gol + zn: C(1+ |2 )] E: — 5l
=1
+ |G| C L+ 2™ + [5:™) |2 — 3]
< C2+ [2o]™ + |90 ) |0 — Go| + zn: C(1+ |&:|™ )]z — il
=1
+ 201+ |G ™+ |2+ g™ — il

< 20<1 [0l ™+ [gol ™+ D @™+ [E™ A+ g™ + mr"“)
=1

X <|550 — ol + Y |& — gl + |7 — §i|>

=1

<2001+ |2|™ ! + [y )l — yl.

4.7.2 Estimates for the Proof of Theorem [4.14]

Let us define the function ¢ : RN — R by

o(z) = (1 — Ty — ix(T - 7}1)[()+.

i=1

Then for A € (0,1), we have

N +
A+ (1-Ny) = <1 — Az + (1= Nyw) — Z (Azs + (1= Ny (Ti — Tz’-1)K)
< /\(1 — TN — f:lﬁz(Tz — Tz‘—l)K)+
P (R BTG Ry

=1

= Ap(7) + (1 = N)p(y).
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Moreover, it holds

rw@—w@nzKrﬂm—ffmn—n1mj+—0—yN—§ﬁmn—nl

i=1 i=1

(N — yn +Z )(Ti — Tan‘

N
Z (14 (T3 = Ti-1) K) |2 — yil

=

(é;1+-T 1K) ) e -l

NI
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Chapter 5
Conclusion

In this thesis, we tame the uncertainty about the volatility in term structure models by
using methods from robust finance and the calculus of G-Brownian motion. As opposed to
stochastic volatility models, we consider a collection of probabilistic laws for the volatility
process instead of one. This framework is naturally connected to a G-Brownian motion
and enables us to acquire the results from the literature on G-Brownian motion. With the
tools from the calculus of G-Brownian motion, we study classical models in mathematical
finance for the term structure of interest rates and the pricing of interest rate derivatives in
the presence of volatility uncertainty. As a result, we obtain arbitrage-free term structures
that are completely robust with respect to misspecifications regarding the probabilistic
law of the volatility, and we derive robust pricing formulas for derivative contracts in
fixed income markets, depending on the term structure of interest rates.

In a first step, we investigate the traditional Hull-White model when there is uncer-
tainty about the volatility. We show that the common approach to pricing zero-coupon
bonds, martingale modeling, does not work in the presence of volatility uncertainty;
hence, we follow a different approach: by introducing a market price of uncertainty, we
adjust the short rate by its uncertain variance to obtain an arbitrage-free term structure.
The resulting term structure is completely robust with respect to the volatility: the bond
prices do neither depend on the future evolution of the volatility nor on its bounds; in-
stead, they depend on the current value of the market price of uncertainty. In particular,
the bonds are exponentially affine with respect to the short rate and the market price of
uncertainty. Due to the adjustment of the short rate, the model is inconsistent with the
traditional Hull-White model. However, the model becomes consistent with the tradi-
tional one after fitting the model prices to the yield curve. All of these results hold true
if the short rate is driven by multiple risk factors.

In order to generalize the results from the first step, we study the famous HJM
model in the presence of volatility uncertainty. The main result is a sufficient condition,
called drift condition, for the absence of arbitrage on the related bond market. In the

presence of volatility uncertainty, the absence of arbitrage requires additional market
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prices, which are referred to as the market prices of uncertainty. The drift condition
fully characterizes the risk-neutral dynamics of the forward rate in terms of its diffusion
term. Since the latter also includes the uncertain volatility, the risk-neutral forward rate
dynamics exhibit drift uncertainty. Using the drift condition, it is possible to construct
arbitrage-free term structure models in the presence of volatility uncertainty, which we
demonstrate in examples. In particular, we obtain robust versions of the Ho-Lee term
structure and the Hull-White term structure, respectively. In examples where this is not
possible, the drift condition shows how to adjust the model in order to be arbitrage-free
when the volatility is uncertain, which we demonstrate in an example corresponding to
the Vasicek term structure. The resulting term structures do not rely on any assumptions
how the volatility evolves in the future; instead, the term structure is determined by the
historical volatility. As a consequence, the resulting term structure models are completely
robust with respect to the volatility.

In a last step, we deal with the pricing of contracts in fixed income markets under
volatility uncertainty. The starting point is an arbitrage-free bond market under volatility
uncertainty as determined by the previous results. Such a framework leads to a sublinear
pricing measure, which we can use to determine either the price of a contract or its
pricing bounds. To simplify the pricing of cashflows, we introduce the forward sublinear
expectation, under which the expectations hypothesis holds in a robust sense. We can
use the forward sublinear expectation to price bond options. Due to the nonlinearity of
the pricing measure, we additionally derive methods to price contracts consisting of a
collection of cashflows, which differs from the case without volatility uncertainty. We can
price contracts with a simple payoff structure as in the classical case; for more general
contracts, we need to use a backward induction procedure to find the price. We can use
this procedure to price contracts consisting of a stream of bond options. These results
enable us to price all major interest rate derivatives—including linear contracts, such as
fixed coupon bonds, floating rate notes, and interest rate swaps, and nonlinear contracts,
such as swaptions, caps and floors, and in-arrears contracts. We obtain a single price
for linear contracts, which is the same as the one obtained by traditional term structure
models, and a range of prices for nonlinear contracts, which is bounded by the prices
from traditional models with the highest and the lowest possible volatility, respectively.
Therefore, the pricing of typical interest rate derivatives reduces to computing prices in
the corresponding model without volatility uncertainty. Since volatility uncertainty leads
to market incompleteness, we can show that term structure models in the presence of

volatility uncertainty naturally display unspanned stochastic volatility.

99



Appendix A

(G-Brownian Motion Calculus

This chapter gives a brief introduction to the calculus of G-Brownian motion, which was
invented by [Peng (2007, 2008)). We start by introducing sublinear expectation spaces,
which can be seen as a generalization of probability spaces. Then we define distributional
properties of random variables on such spaces. These notions allow us to state the
definition of a G-Brownian motion and to construct a G-Brownian motion, proving its
existence. In addition, we discuss the most important properties of a G-Brownian motion,
and we do the first step in stochastic calculus with G-Brownian motion by defining
stochastic integrals. Further results can be found in the book of [Peng| (2019) and in the
related references given in the previous chapters. The exposition in this chapter closely

follows the respective parts in the book of Peng (2019), while the proofs are omitted.

A.1 Sublinear Expectation Spaces

In order to define a sublinear expectation space, we consider a set of possible states and
a particular space of random variables. Let €2 be a given set and let H be a linear space
of real-valued functions defined on 2. The set {2 represents the set of possible states in
the future, which are presently unknown, and the space H (roughly speaking) consists of
all random variables, which yield a certain outcome for each possible state in the future.
We assume that H satisfies ¢ € H for ¢ € R and |X| € H if X € H. This is the minimal
assumption on H that enables us to define a sublinear expectation space. However, the
remaining definitions and results require an additional assumption on H: we assume that
o(X1,...,Xy) € Hif Xy,...,Xg € H for d € N and ¢ € Cpp;p(R?), where Cpp;,(RY)

denotes the linear space of functions ¢ : R? — R satisfying

lp(z) — )| < O+ |z|* + [y[") |z — 9]

for some C' > 0 and n € N, both depending on ¢. We call X = (Xi,..., Xy) a d-

dimensional random vector if X; € H for all 1 =1, ...,d.
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We obtain a sublinear expectation space if we equip the set of states and the space
of random variables with a sublinear expectation, which is a sublinear functional defined

on the space of random variables.

Definition A.1. We call a functional E:H — R a sublinear expectation if it satisfies
the following properties for X, Y € H.

(i) Monotonicity: If X <Y, then E[X] < E[Y].
(ii) Constant Preserving: For ¢ € R, it holds E[c] =
(iii) Subadditivity: It holds E[X + Y] < E[X] + E[Y].
(iv) Positive Homogeneity: For X > 0, it holds E]AX] = AE[X].

The tripel (€2, H, IE:) is then called a sublinear expectation space. It should be noted that

the positive homogeneity of a sublinear expectation E is equivalent to
EAX] = AE[X] + A E[-X]

for A\e R and X € H.
Next, we construct the completion of a sublinear expectation space, which is needed
in Sections and We have the following useful inequalities.

Proposition A.2. For X,Y € H and 1 < p,q < oo such that % + é =1, it holds

BlIXY[) < E[XPE]Y]70,
. 1 1 1
(X +Y[]r < B[ X]7)r +BY]7)r.
In particular, for 1 < p < p, it holds
~ 1 1
E[XP]» <E[|X[7)7.

For p > 1, we define H2 := {X € # | E[|X|?] = 0}, which is a linear subspace of 7. Then
we take H{ as our null-space in order to introduce the quotient space H/H{. For each
equivalence class {X} € H/H} with a representation X € H, we can define a sublinear
expectation on the quotient space by E[{X}] := E[X]. Defining | - ||, := E[| - ]p]%, we
obtain a norm on H/H% by Proposition [A.2] Then we extend H/H% to its completion
under the norm || - ||,, which we denote by H,.

Since we can define a partial order on the completion of a sublinear expectation
space, we are able to extend the sublinear expectation to a sublinear expectation on the
completion. We define the mapping ¥ : H — H by X := max{X,0}, which can be
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continuously extended to 7:[1,, since it is a contraction mapping by the inequality
Xt -Y* <|X -Y].

Therefore, we can define a partial order, denoted by >, on the completion ﬂp—that is,

we write X >Y orY < X if X —Y = (X —Y)*. Since it holds
E[X]-E[Y]| <E[|IX - Y| <||X = Y]l,,

the sublinear expectation [E can be continuously extended to a mapping on 7:[p as well,

on which it is still a sublinear expectation.

A.2 (G-Normal Distribution

To introduce G-normally distributed random vectors, we first need to define some notions
related to distributions of random vectors on sublinear expectation spaces. We denote
by Ch, Ll-p(Rd) the space of real-valued functions on R? that are bounded and Lipschitz

continuous, serving as the space of test functions in the following definitions.

Definition A.3. Let X and Y be two d-dimensional random wvectors on a sublinear
expectation space (2, H, I@) We say that X and'Y are identically distributed, denoted by
x4 Y, if for all ¢ € Cy1ip(RY), it holds

~

E[p(X)] = E[p(Y)].

Definition A.4. We say that a d-dimensional random vectorY on a sublinear expectation
space (Q,H,E) is independent of a d-dimensional random vector X on (Q,’H,fE) if for
each ¢ € Cy 1;,(RT), it holds

Elo(X,Y)] = E[E[p(x,Y)]o—x].

Definition A.5. Let X and Y be two d-dimensional random wvectors on a sublinear
expectation space (Q,’H,fE). We call Y an independent copy of X if X LY and Y is
independent of X.

The previous definitions enable us to define G-normally distributed random vectors.
The definition generalizes the notion of normally distributed random vectors (with zero

mean) from probability theory.

Definition A.6. We say that a d-dimensional random vector X on a sublinear expecta-
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tion space (2, H,E) is G-normally distributed if
aX +bY Va2 + 02X

for a,b € Ry, whereY s an independent copy of X.

The letter GG in the definition of a G-normally distributed random vector refers to a
function that characterizes its distribution. For a G-normally distributed d-dimensional

random vector X, we define the function G : S¢ — R by
G(A) == iE[XAX'].

By using the properties of E, one can check that G is a monotone, sublinear function;
that is, for A, B € S%, it satisfies

G(A) < G(B) if A< B,
G(AA) = AG(A) for A € Ry, (A.1)
G(A+ B) < G(A) + G(B).

Since G is also continuous, one can show that there exists a bounded, closed, and convex
subset > C S‘i such that

G(A) = s suptr(cA).

oEY

The function G characterizes the distribution of a G-normally distributed random vector
in the sense that its expectation (which satisfies additional properties) is the solution to

a nonlinear partial differential equation with generator G.

Proposition A.7. Let X be a G-normally distributed d-dimensional random vector X
on a sublinear expectation space (2, H, IE) Then the function u : Ry x R? — R, which is
defined by

u(t,z) = Elp(z + VEX)]
for v € Cp1ip(RY), satisfies for s,t € Ry and x € R?,
u(t +s,2) = Elu(t,z 4+ v/sX)]
and for T > 0, there exist constants C,k > 0 such that

ut, z) — u(t,y)] < C(1+ ="+ Jy|*)|z — yl,
lu(t,z) —u(t +s,2)] < C(1+ |z|*)V/s
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for s,t € [0,T] and x,y € RL. Moreover, the function u is the unique viscosity solution

of the nonlinear partial differential equation
O+ G(D2u) = 0, u(0,2) = ().

Conversely, one can show that for an arbitrary monotone, sublinear, and continu-
ous function G there exists a G-normally distributed random variable, which proves the

existence of G-normally distributed random variables.

Proposition A.8. Let G : S — R be a continuous function that satisfies (A.1]). Then
there exists a G-normally distributed d-dimensional random vector X on a sublinear ez-
pectation space (Q,’H,E) satisfying

G(A) = LE[X AX.

1
2

A.3 (G-Brownian Motion

First of all, we introduce the definition of a G-Brownian motion, which is defined as a

special type of stochastic process on a sublinear expectation space.

Definition A.9. Let (0,7, E) be a sublinear expectation space. We call (X;)i>o @ d-

dimensional stochastic process if Xy is a d-dimensional random vector in H for all t.

Definition A.10. We call a d-dimensional stochastic process B = (By)i>o on a sublinear

expectation space (2, H, I@l) a G-Brownian motion if it satisfies the following properties.
(i) It holds By = 0.

(ii) For t,s € Ry, the increments By.s — By and By are identically distributed, and
Biis — By is independent of (By,, ..., By,) forn € Nand 0 <t; <..<t, <t

~

(iii) It holds lim; o *E[|B,*] = 0 and E[B,] = 0 = E[-B,].

Similar to the G-normal distribution, the letter G in the previous definition refers to a
function that characterizes the distribution of a G-Brownian motion. For a G-Brownian
motion B, we define the function G : S? — R by

G(A) = %E[BlABi].
It is the generator of the partial differential equation that characterizes the distribution

of B, which shows that a G-Brownian motion is G-normally distributed.
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Theorem A.11. Let B be a d-dimensional G-Brownian motion on a sublinear expecta-

tion space (Q,H, ). Then the function u : R, x R — R, defined by
u(t,z) == E[p(z + By)]
for v € Cy 1ip(R?), is the viscosity solution of the nonlinear partial differential equation
o —G(D?u) =0, u0,z) =)

In particular, then By is G-normally distributed and By < ViB;.

Remark A.12. If B = (B!, ..., BY) is a d-dimensional G-Brownian motion on a sublinear
expectation space (2, H, E), then for alli =1, ...,d, we know that B is a one-dimensional

G;-Brownian motion, where G; : R — R is given by

Gi(a) = 3E[(B;)].

In order to construct a G-Brownian motion, which ultimately proves its existence, we
consider the canonical process on the following spaces. Let  := C¢(R,), equipped with
the distance ¢ : Q x Q2 — R, defined by

w,w) == ZQ’i((maX |wp — @) A1)

te(0,3]

For T € Ry, let Qr := C¢([0,T]) and let B = (B;)i>0 be the canonical process on .

Then we define the spaces
LZp(QT) = {go(BtlAT, ey Btn/\T) ‘ n e N, tl, ...,tn € R+, p e ClyLip(Rdxn)}

for T'e Ry and Lip(Q) := (J;2, Lip(€Y;). In particular, we have B, € Lip(Q) for all ¢.

Next, we construct a sublinear expectation on (2, Lip(€2)) such that the canonical
process B is a G-Brownian motion. For a given monotone, sublinear function G : S¢ — R,
let (&)2, be a sequence of G-normally distributed d-dimensional random vectors on a
sublinear expectation space (€, H,E) (which exist by Proposition such that & is
independent of (i, ...,&;) for all . For X € Lip(Q2) such that

X = gO(Btl — Btoa ...,Btn — Btnfl)

for ¢ € C) 1ip(R>*™) and 0 = tg < t; < ... < t, < oo, where n € N, we define the sublinear
expectation E by

Elp(By, — By, ..., Bi, — By, )] = Elo(v/E1 — to€1, ooy \/tn — tn1En)],
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and for all © = 1,...,n — 1, we define the related conditional sublinear expectation Eti,

mapping into Lip(,), by

A

Eti [SO(Btl - Btm X3 Btn - Btn—l)} = ¢(Bt1 - Btw s Bti - Btifl)’

where the function 1 : R¥? — R is defined by

(21, ..., 1) = E[SO(%, s Ty A tig1r — Giig1s oo,V — 16

Then the canonical process B is a G-Brownian motion under E. We call the sublinear
expectation I@l, defined by this procedure, G-expectation.

The G-expectation can be extended to the completions of the spaces introduced above,
respectively. For p > 1, we denote by L%(2) and L, (Qr) the completions of Lip(f2)
and Lip(Qg) under the norm | - ||, = E[| - ]p]%, respectively, which can be constructed
as described in Section Then we can continuously extend the G-expectation to
a sublinear expectation on (€2, LL(Q)), which we still denote by E. In addition, the

conditional G-expectation satisfies

A

E,[X] —Et[Y]Hl <X = Y|;

thus, we can extend it to a continuous mapping K, : L5(Q) — LL(€). One can show
that the conditional G-expectation satisfies the following properties—including the tower

property, which shows that the G-expectation is time consistent.
Proposition A.13. For X,Y € LL(Q) and s,t € Ry, the following properties hold.
(i) If X <Y, then B, [X] < E,[Y].
(ii) For € € LL(Q), it holds Eq[€] = €.
(iii) Tt holds By[X + Y] < By [X] + E[Y].
(iv) For € € LL() bounded, it holds B, [€X] = £TE,[X] + £ K, [—X].

~

(v) It holds By[E,[X]] = Eop[X] and, in particular, it holds E[E,[X]] = E[X].

A.4 Stochastic Integrals

We construct the space of stochastic processes that are admissible for stochastic integra-

tion as the completion of the space of simple processes. For p > 1 and T" > 0, we denote
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by MZ%°(0,T) the collection of all processes 1 = (1;)o<i<r that are of the form

N
Ne = Zfil[ti_l,ti)(t)a
i=1

where & € L, (S, ) forall i =1,...,N and 0 =t; < t; < ... <ty = T. For each simple
process n € Mg’O(O, T) with a representation from above, we define the related Bochner

integral by

T N
/ ntdt = Zfz(tz — ti—l)-
0 i=1

Then we can define the sublinear expectation E : Mg’O(O, T) — R by

Efn] := AR UOT mdt].

Therefore, as in Section , we can take the completion of M%°(0,T), which we denote
by ME(0,T), under the norm || - || arp, defined by

T l
7llasy ::E[ / |m|pdt] .
0

We denote by M%(0,T;R?) the space of all d-dimensional processes n = (1
that n* € M2(0,T) for all i = 1, ..., d.

Next, we define stochastic integrals for integrands in the space of admissible stochastic

L ...,n%) such

processes by using the isometry property of stochastic integrals. For this purpose, we

consider a one-dimensional G-Brownian motion B = (B;):> with

G(a) =3 sup {oa}

o€lo?,5?

for a € R; we can define the stochastic integral of a d-dimensional stochastic process with
respect to a d-dimensional G-Brownian motion for each component separately. For each
simple process n € Mé’O(O, T) with a representation as introduced at the beginning of

this section, we define the stochastic integral

T N
/ ntdBt = Z&(Btl - Bt¢—1)7
0 i=1

mapping into L% (Qr). Then we have the following result, which allows us to extend the

stochastic integral to the completion of its domain.
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Lemma A.14. Forn e MZ°(0,T), it holds

R T
E |:/ ntdBt:| = 07
0
R T 2 R T
([ )]
0 0

Hence, the stochastic integral is a continuous linear mapping, and it can be continuously
extended to a mapping from MZ(0,T) into L% (), still satisfying the properties from
Lemma Moreover, the stochastic integral satisfies the following properties.

Proposition A.15. Let n,0 € MZ(0,T) and 0 < r < s <t < T. Then we have the

following properties.

(i) It holds

t S t
/nudBu:/ nudBu—i—/ NudBy.

(ii) For X € L{(Qy) bounded, it holds

t t t
/ (X1, +0,)dB, = X/ NudB, +/ 0,dB,.

(iii) For X € L& (), it holds
A t A
B, {X+ / nudBu] — B, [X].

A.5 Quadratic Variation

First of all, we introduce the quadratic variation process of a one-dimensional G-Brownian

motion. For a one-dimensional G-Brownian motion B = (B;);>o with

G(a) =% sup {oa}

o€lo?,5?

for a € R, we define the quadratic variation process (B) = ({B):)i>0 by

j— n 2
&&EZBW B )"

where 0 =t < 1} < ... <t} =t for each n € N such that

R RO e =0
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We know that the limit in the definition of (B) is well-defined, since we have the identity

N N
Z(Bt? — Bt?71)2 = BtQ -2 Z Bt?,l (Btz7 — Bt?—1>’
=1

i=1
and the sum on the right-hand side converges in LZ(Q) as n — oo.

In contrast to the quadratic variation of a standard Brownian motion, the quadratic
variation of a G-Brownian motion is an uncertain process. The process (B) is an increas-
ing process with (B)o = 0. Moreover, for t,s € R, the increments (B);,s— (B); and (B)
are identically distributed, the increment (B);;s— (B); is independent of ((B),, ..., (B):,)
forn € Nand 0 < t; < ... <t, < ¢, and it holds lim, o 2E[|(B);]>] = 0. Then one can
show that the quadratic variation is maximally distributed, which means that it satisfies

the following property.

Theorem A.16. For ¢ € C; 1;,(R), it holds

Elp((B))] = sup ¢(at).

o€lo?,52

Therefore, the quadratic variation of a G-Brownian motion is not deterministic (unless it
holds @ = g). Due to Theorem the process (B) is bounded from above, respectively
below, by the quadratic variation process corresponding to a standard Brownian motion

with volatility @, respectively o.

Corollary A.17. [t holds

7°t > (B), > o’t.

We can define integrals with respect to the quadratic variation process by the same
procedure as in the previous section. For a simple process n € M(]‘;’O(O, T) with a repre-

sentation as introduced at the beginning of Section [A.4] we define

| matB) =Y By~ )

mapping into L{(Qr). Similar to the integral with respect to a G-Brownian motion, we

have the following isometry.

Lemma A.18. Fornc M;°(0,T), it holds

IE[ /OTntd<B>t } <°E UOT ]nt|dt].
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Thus, the integral can be extended to a mapping from MA(0,T) into L} (Qr), which still
satisfies the inequality from Lemma We also have the following identity.

Proposition A.19. Forn € MA(0,T), it holds

([ va)] e[ 0]

We treat the d-dimensional case by introducing the quadratic covariation process.
For a d-dimensional G-Brownian motion B = (B}, ..., B);>o, we can define the quadratic
variation process for each component separately. The only important case missing is the
quadratic covariation of two different components. For this purpose, we consider two
one-dimensional G-Brownian motions B = (B;)i>o and B = (B,);>o. Then we define the

quadratic covariation process (B, B) = ((B, B>t)t20 by

N
(B, Bye:= lim > (B = By, )(Buy = By ),
=1

where 0 =t <1} < ... <t} =t for each n € N such that

. n n o
lim max {¢ —t,} =0.
n—oo i=1,...,IN

This definition is meaningful, since it holds

N N
> By = By By — By ) =1 ((By + Bip) = (B, + B )’

i=1 =1

> ((By = By) = (By, — B )

=1

+

=

and the two sums on the right-hand side converge to the quadratic variations of B + B

and B — B, respectively, which are both one-dimensional G-Brownian motions. Thus,

(B,B), = X(B+ B); + X(B - DB),.

For n € ML(0,T), we then define the integral

T T T
/ md(B, B); := i/ md(B + B), +§/ ned(B — B),.
0 0 0
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