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Summary

This thesis is divided into three parts, which are essentially independent of each other,
although the equations studied in the first two parts overlap to some degree. In Parts I
and II, we study parabolic Fokker—Planck—Kolmogorov equations (FPK equations), which
are second-order differential equations for measures. In both parts, we prove structural
results, which are of particular interest in cases of nonuniqueness of solutions.

More precisely, in Part I, we select solution flows for FPK equations, i.e. under suitable
assumptions on the coefficients, we choose a particular solution for each initial condition,
such that the selected family fulfills the flow property. The selection is made either in the
whole class of solutions or in suitable subclasses. Moreover, we show that such a solution
flow is unique if and only if the equation is well-posed in the respective solution classes.
Our results blend into results of Markovian selections for stochastic problems and, in a
lose sense, are parallel to Markovian selections to martingale problems by Stroock and
Varadhan. We prove our results in the case of linear and nonlinear equations for measures
on RY, as well as for linear equations for measures on R>.

In Part II, we study deterministic and stochastic nonlinear FPK equations on R%. In
spirit of the recent work [190], we use and extend the linearization of such equations.
More precisely, it is known that deterministic nonlinear FPK equations admit a naturally
associated linear first-order continuity equation for curves in the space of measures P(P).
In this case, we prove a superposition principle between solutions to these equations,
without imposing any regularity on the coefficients. This result is in the spirit of well-
known superposition principles for ordinary and stochastic differential equations and their
corresponding first- and second-order linear FPK equations. In our case, the nonlinear
FPK equation replaces the ordinary differential equation, and the continuity equation for
curves in P(P) replaces the linear FPK equation for measures on R?. Moreover, we extend
the linearization to the case of stochastic nonlinear FPK equations by showing that such
equations are associated to deterministic second-order equations for curves in P(P). Also
in this case, we prove a corresponding superposition principle.

In Part III, which can be considered entirely independent of the previous parts, we
apply the method of convex integration to the incompressible fractional Navier—Stokes
equations on the 3D torus, with the exponent « of the fractional Laplacian in the range
0 < a < 1/2, perturbed by an additive Brownian noise. Similar to comparable existing
results for other stochastic equations, we prove nonuniqueness in law for analytically and
probabilistically weak solutions. In comparison with the existing literature for stochastic
equations, we obtain our new result by a use of simpler building blocks for the construction
of a solution with anomalous energy behavior. Notably, we construct a solution, which is
even probabilistically strong up to a strictly positive stopping time.
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Chapter 0

General notation and basic facts

Symbols. We use the conventions N = {1,2,3,...}, Ngo = NU{0}, and Ry = [0, 00), and
the symbols Q, R, C for the fields of rational, real and complex numbers, respectively. For
z € C, z denotes its complex conjugate. The lower and upper Gauss brackets are denoted
by |-| and [-], respectively. For z,y € R, we write x A y and z V y for their minimum and
maximum, respectively.

Euclidean space, analysis and matrices. In R? e;, 1 <1i < d, denotes the canonical
i-th unit vector, and for a = (ay,...,aq) and b= (b1, ..., bq) € R, we write a-b := (a, b)ga
for the usual Euclidean inner product with induced norm |a|? := a - a. We use the same
notation A -b := ((Aij)lgz‘gd . b)lgjgdl € R% for a d x dj-matrix A, and also write

oo
xy:zxk’ykv 5U>y€£27
k=1

for the usual inner product in the space of square-summable real sequences ¢2. S? C R?
denotes the unit sphere, id the identity on R%, a @ b := (arby)1<ki<dq the outer product of
a,b € R?% and axb € R3 the usual cross product. The linear span of vectors vy, ..., v, € R?
is denoted by (vy,...,v,). B,(z) is the ball centered at = € R? with radius r > 0.

Analysis. For once and twice differentiable functions ¢ : R* — R, we use the standard
notation J;¢, 0;;p for the first- and second-order partial derivatives in direction e;, and e;
and ej, respectively. For i = j, we also write 9? instead of 0;;. If ¢ is partially differentiable
in a distinguished variable ¢t € R, we denote the partial derivative by 0;p. In the case
d =1, we write ¢’ for the derivative of . We use the standard symbols Vi and Agp for
the Euclidean gradient and Laplace operator, respectively. For vector fields F : R — R9,
we denote the divergence of F' by div F' and, in the case d = 3, the curl-operator by curl F.

Matrices. We write Id for the d x d-identity matrix in any dimension d. For real
d x d-matrices A, B, we write AT for the transpose of A, and A : B := Z?,j:l Ai;Byj.
We use the same notation for A = (A;j)ij>1, B = (Bij)ij>1, if either A or B contain
only finitely many nontrivial entries. Sz{ is the space of symmetric positive semidefinite
d x d-matrices. We denote the trace-free part of a matrix A by /ol, and write a®b in the

case A=a®b.
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Topology and measure theory. Let X,Y be topological spaces. We denote the Borel
o-algebra of X by B(X), the space of continuous, bounded real functions on X by Cy(X),
and the space of continuous functions from X to Y by C(X,Y). For x € X, we generally
write m, : C(X,Y) = Y, mp : f — f(x) for the canonical projection on C(X,Y). If
X = [t,T], we also write Cy 7Y. If t =0 or if X = R, we write CrY and CY’, respectively.
For a subset A C X, we write B(X) 4 for the trace o-algebra of A with respect to X. We
say A C X is precompact, if each sequence in A has a limit point in X. If Y is embedded
into X, we write Y < X. A metric d; is compatible with the topological space X, if dy
induces the prescribed topology on X. A second metric do on X is weakly equivalent to
d1, if both metrics induce the same topology on X. The topological closure of a set A is
denoted by A. The support of a function f: X — R is supp f := {x € X : f(x) # 0}.

Measure theory. If I is some index set and C is a fixed o-algebra on Y, for mappings
fi: X =Y, i€ I, we denote the o-algebra on X generated by {fi,i € I} by o(f;,i € I),
which is the smallest o-algebra A on X such that each f; is A/C-measurable. By A;\/ As,
we denote the o-algebra generated by Ay and As, i.e. the smallest g-algebra containing .4;
and As. By a measure ;@ we mean a nonnegative, o-additive function on the o-algebra F
of a measurable space (X, F), and say p is bounded or finite, provided pu(X) < oco. If p
also assumes negative values, we call it a signed measure. If X is a topological space and
F = B(X), u is a Borel measure. In this case, we denote by supp p the support of pu, i.e.
the set of all points © € X’ such that u(N,) > 0 for every open neighborhood N, of z. For
x € X, §; is the usual Dirac measure in x. A set N C X is u-negligible, if there is a set
M € F such that N € M and p(M) = 0. The Lebesgue measure on B(R?) is denoted by
dx (we also write dt in the case d = 1, if R is considered as the axis of time). A set of
functions G C Cy(X) is measure separating, if u(g) = v(g) for each g € G implies p = v for
each pair of bounded Borel measures p, v on X. For an interval I C R, a family (u)ier of
finite Borel measures on (X, B(X)) is a Borel curve, if t — u:(A) is Borel measurable for
each A € B(X). Two such curves are versions of each other, if there is a dt-negligible set
N C I such that both curves coincide for each ¢t € N€.

Operators. For normed spaces U, H, L(U, H) is the vector space of linear continuous
(equivalently: bounded) operators T': U — H, with the usual operator norm || - ||y #). If
U, H are Hilbert spaces, we denote by L2(U, H) the subspace of L(U, H) of Hilbert-Schmidt
operators T : U — H, i.e. the space of operators T such that Y 3o, ||Tex||3; < oo for some
(equivalently: any) orthonormal basis (ONB) {e}ren of U. If U = H, we shortly write
L(H) and Lo(H), respectively. The trace of an operator T': H — H on a Hilbert space
(H,(-,yg)is Tr T := >3 | (Tey, e)u for a fixed ONB {egtrey on H. If T : U — H is an
unbounded operator, we denote its domain by D(T") C U.

Function spaces. If X,Y are metric spaces and X is not compact, we also write
Cloc(X,Y) instead of C(X,Y) to stress that the space is endowed with the topology of
locally uniform convergence. If X = Ry, we also write C'Y or Cj,.Y. If Y carries a norm
|| - ||y and the spaces are given from the context, we write ||¢||s := sup,cx ||¢(z)||y.



Hoélder functions. For a normed space (Y, || - |ly), a < b and a € (0, 1], we denote
the space of a-Hoélder continuous functions ¢ : [a,b] — Y by C%([a,b],Y), with norm

ellco(an,y) = ll@lloo + [¢lca, where

lle(t) — o(r)lly
a = a(la = su ’
[Ploa = [elow(apy) P |t —rle
t,r€la,b]

If [a, b] is replaced by R4, we write C{2.Y for the space of locally Holder continuous functions
with the usual topology of local convergence with respect to the norms || - [|ca([q,4,y) o1
any compact interval [a, b].

Differentiable functions. For an open set A C R?, we denote by CF(A) and C¥(A)
the spaces of functions ¢ : A — R with continuous (bounded and compactly supported,
respectively) partial derivatives up to order k. We write Cy(R?) and C.(R?) in the case
k=0, and C°(A) and C(A) for s, CF(A) and (>, C¥(A), respectively. In both
cases, for k < oo, these spaces are normed with || - ||cr,

k
llellor = llellos + Y el
=1

where, using the usual notation 8% := 97" - - - 97%¢ for a multiindex o = (a1, ..., aq) of
length || = aq + - - + ag, we define the semi norm on CF(A) for 0 <1<k as

[Pler = Y 1107l

|ar|=l

For (a,b) C R, we denote by Cf’l((a, b) x R?) and C’f’l((a, b) x R%) the spaces of functions
¢ : (a,b) x RY — R with k continuous (bounded and compactly supported, respectively)
derivatives with respect to t € (a,b) and [ continuous (bounded and compactly supported,
respectively) partial derivatives with respect to z € R?. If k = I, we write C’f ((a, b) de) and
Ck((a,b)xR?). We also set C5°((a,b) xR?) := =1 CF((a,b)xR?) and C°((a, b)xR?) :=
N1 CE((a,0) x RY).

LP-spaces. For n > 1, p € [1,00), and a Borel measure p on R? we denote by
LP(RY,R™; 1) the space of equivalence classes (with respect to equality p-a.e.) of Borel
functions ¢ : R — R™ such that

P . p -
Il = el o gengy = [, lo(@Pdia) < .

If p = 2, this norm is induced by the scalar product

(fsa)r2 == {f, 9) 2ma rrsyp) = /Rdf'gdu-

For an interval I C R and a normed space (Y, || - ||y), we denote by LP(I,Y) := LP(I,Y;dt)
the space of equivalence classes (with respect to equality dt-a.e.) of Borel functions ¢ : I — Y
such that

olagr, = [ el < oo
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If Y = R, we simply write LP(I). For p = oo, we denote by L>®(R? R"; 1) and L>®(I,Y)
the usual spaces of equivalence classes of Borel functions, which are bounded up to a
negligible set, and we use the same notation || - ||~ for the essential supremum norm, as
in the case of differentiable functions above. For p € [1, 00|, the usual local LP-spaces are
denoted by L (R, R™; ;1) and L

. 1oc(1,Y), with abbreviations as in the global case above.

Probability theory. A filtered probability space (2, F, (Ft)o<i<T, P) is complete, if both
F and Fy contain all P-negligible sets N C Q. We write Ep[X] = [, XdP for the expectation
of a random variable X : Q — R, and simply E[X], if the measure P is given from the
context. A finite-dimensional Brownian motion B = (B¢)o<¢<7 on such a probability space
is an (F¢)o<t<r-Brownian motion, if By is (F¢)o<t<r-adapted and B, — By is independent
of F; for each 0 <t < wu <T. The quadratic variation of a stochastic process t — X; is
denoted by t — ((X)). Likewise, if Y is a second stochastic process, we write ¢ — ((X,Y));
for the covariation of X and Y.

Probability measures and weak topology. For a topological space X, P(X) is the
space of Borel probability measures on X. We endow P(X) with the topology of weak
convergence of measures, i.e. with the initial topology of the maps p — [ @du, ¢ € Cp(X).
If X is Polish, then so is P(X). In particular, with this topology, the map = +— 4, is
continuous. If X = R%, we write P = P(R?), if no confusion on the dimension d can arise.
A family of probability measures (u;);er on the Borel o-algebra B(X) of a Polish space
X is tight, if for each ¢ > 0 there exists a compact set K. C X such that p;(K¢) < ¢
for all ¢ € I. Tightness of such a family is equivalent to its precompactness with respect
to the weak topology. A sufficient condition for tightness is the existence of a compact
function V : X — Ry (i.e. V has compact sublevel sets {V < ¢}, ¢ > 0) such that

sup;er [y Vdps < oo.

Subprobability measures and vague topology. &SP is the set of Borel subprobability
measures on R?, i.e. the set of Borel measures p with p(R?) < 1. We consider SP with
the vague topology, i.e. the initial topology of the maps pu — [ @du, ¢ € C.(R%). Tts Borel
o-algebra is denoted by B(SP). SP with the vague topology is Polish and compact. In
particular, P(SP), the space of Borel probability measures on SP, is a Polish space with
the weak topology of probability measures on (SP,B(SP)). In case of vague convergence
i — pin SP as n — oo with , (R?) < ¢ for some ¢ € [0, 1] for all but finitely many n > 1,
(R4 < ¢ follows. In particular, for each ¢ € [0, 1], the set SP.. := {u € SP : u(R?) < ¢}
are closed in SP, so that we obtain

= (
q€

We have B(P) = B(SP)p. Hence, we can consider measures I' € P(P) as elements in

U SPq>C € B(SP).

[0,1)NQ

P(SP) with mass on P. Standard references for these and further basics on (sub)probability
measures can be found in [27, 17, 35].



Part 1

Solution flows for
Fokker—Planck—Kolmogorov
equations






Abstract. We study Fokker—Planck—Kolmogorov equations and prove the existence of
a solution flow {1*"} (s ,)ejo,r1xsp for such equations, i.e. p*” = (u;")els) solves the
equation with initial condition (s,v) € [0,T] x SP and the flow property p;"” = p;* a
prevails. Moreover, we show that the well-posedness of such equations is equivalent to the
uniqueness of the flow. We obtain these results for linear and nonlinear Fokker—Planck—
Kolmogorov equations for measures on R?, as well as for linear equations for measures on
R*°. The results of this part of the thesis contain and extend the contents of our paper

[187].

Chapter 1

Introduction

1.1 Introduction to Fokker—Planck—Kolmogorov equations

In the present part, as well as in Part II of this thesis, we study parabolic Fokker—Planck—
Kolmogorov equations (FPK equations), which are second-order equations for measures.
We are mostly concerned with equations for measures on R?, but study equations for
measures on R in Chapter 4 as well. In the former case, we are interested in linear and
nonlinear equations.

In the linear, finite-dimensional case, the principal object of interest is the time-
dependent second-order differential operator L,

d d
Lip(x) = ) aii(t,2)050(x) + > bilt, 2)dip(x), ¢ € C*(RY), (1.1)
ij=1 =1

for coefficients a = (a;j)1<i j<d € Réxd p = (bi)1<i<a € R? on [0,T] x R%. The linear FPK
equation associated to these coefficients, to be solved for curves of Borel measures t — i
on RY is

Oy = Lipe, t€[0,T], (FPK)

where T' € (0,00), L* denotes the formal dual operator of £, and the equation is understood
in weak (”distributional”) form, see Definition 2.1.1. In general, such equations make
sense for Borel curves of bounded, signed measures, but for all considerations of this thesis,
we restrict our attention to curves of (sub)probability measures. Consideration of such
equations dates back at least to works by physicists Fokker [104] and Planck [185] from
1914 and 1917, respectively, and to Kolmogorov [138, 139, 140] about twenty years later.
See also [208] and [63]. Since then, FPK equations have become an extensively studied
field in physics, quantum mechanics, partial differential equations and stochastic analysis,
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and there is an enormous literature on historic and recent progress in the field. A full
account on the available literature is beyond the scope of this thesis, but we particularly
refer the reader to the extensive monograph [38] for a systematic introduction and for a
vast list of references, see for example the comment section starting on p.283 in [38]. The
book contains large parts of the available results on existence, uniqueness and regularity of
solutions to (FPK), as well as the interesting topic of elliptic FPK equations, which we do
not touch in this thesis.

Stochastic analytic background. Among several directions from which one can mo-
tivate equations of type (FPK), the approach via stochastic analysis and the theory of
diffusion processes and stochastic differential equations is of particular interest to us. Here,
we briefly outline this connection. Suppose t — X; is a stochastic process governed by the
stochastic equation

dX; = b(t, Xt)dt + O'(t, Xt)dBt, t e [0, T], (12)

where B is a d;-dimensional Brownian motion on a probability space (2, F,P), b = (b;)1<i<d
is as above and o(t,r) € R¥% is a diffusion coefficient. Then, by It6’s formula, the curve
of one-dimensional marginals of Xy, y; := Po X; !, is a solution to (FPK) with coefficients
band a = 1/2007, see Appendix B for more details. More generally, the same is true for
the transition probabilities P(0,z,t, dy), (t,z) € [0,T] x R%, for any diffusion process with
moderate assumptions on its drift and diffusion coefficient b and a, respectively, see [38,
Prop.1.3.1] and also [230, 144] for background on the topic. Recall that for B € B(R%),
P(s,z,t, B) intuitively gives the probability that X; € B, conditioned on the event X3 = x.
In the special case P(s,z,t,dy) = p(s,x,t,y)dy, i.e. that the transitions are absolutely
continuous with respect to Lebesgue measure, one rewrites (FPK) as a second-order partial
differential equation for the densities p(s,z,t,y) in (¢,y) as

atp(57$7t7 y) = 81] (alj(ta y)P(S,%ta y)) - 8Z(b2(t7 y)p(S,Z‘,t, y))7

which is also called the Kolmogorov forward equation (in this case, (s, z) is considered a
fixed initial condition). However, we stress that in general equations of type (FPK) need
to be understood for curves of measures and only in special cases these measures admit
densities with respect to Lebesgue measure.

The connection between FPK equations and diffusion processes and stochastic analysis
is not only fruitful due to recent results, such as various highly interesting superposition
principles (on which we comment in more detail in the introduction in Chapter 5), but
it can also be considered one of the original motivations for the development of the field.
Indeed, in the fundamental work [138], Kolmogorov posed the question of existence and
uniqueness of solutions p** = (1" ),e[s,7) to equations of type (FPK) with initial condition
(s,0,) € Ry x P, and asked whether such solutions fulfill the Chapman-Kolmogorov
equations

pt = /Rd ptdpy®(y), s <r<t<T. (CK)
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Roughly, this amounts to the question whether solutions to (FPK) can be understood as
the marginal distributions of a Markov process on R?. Related questions will be the main
objective of this first part of the thesis, see in particular Section 2.5.

1.1.1 Nonlinear FPK equations

The theory of linear equations of type (FPK) is complemented by that of nonlinear
FPK equations, which are governed by coefficients a;; and b;, 1 < 7,5 < d, defined
on [0,T] x M x RY, for some set of bounded, signed Borel measures M on R?. More
precisely, similar to the linear case, one considers the associated second-order operator Ly ,,,
(t,p) €10, T] x M,

d d
Lopp(x) =Y aij(t, m,x)dijp(x) + > bilt, p,2)di0(x), @ € C2(RY), (1.3)
ij=1 i=1

and the corresponding nonlinear FPK equation
Orpiy = Ly, pie, € (0,71, (NL-FPK)

in weak (”distributional”) sense, to be solved for Borel curves of signed, bounded measures
(/Lt)te[87T], as before. We study such type of equations in Chapter 3 and in Part II of
this thesis, and we restrict attention to solution curves of (sub)probability measures. In
particular, we are only interested in cases with M C SP.

The nonlinearity of equations of type (NL-FPK) arises from the dependence of the
coefficients on the solution, which, comparable in spirit to the field of PDEs, renders the
theory of well-posedness of such equations a more delicate issue compared to the linear
case. See [105] for an introduction and overview of the field, as well as the content on
nonlinear equations in [38]. Applications of such equations range from description of porous
media and neurophysics to population dynamics and computational science, as explained
in [105]. A typical nonlinear dependence of the coefficients is through convolution-type
kernels, e.g. b(t,p,z) = [ K(t,z,y)du(y) for a Borel function K, which often fulfills
|K(t,x,y)] — oo as |y| — oo, see [45, 95, 145, 146] for the important and historic example
of Vlasov equations.

Here, we give a brief account on the close and very natural connection to interact-
ing particle systems and McKean—Vlasov equations. As in the deterministic case, it is
straightforward to check that the time-marginals of solution processes to certain stochastic
differential equations fulfill an equation of type (NL-FPK). More precisely, consider the
distribution-dependent SDE (McKean—Viasov equation)

dX; = b(t,ﬁxt,Xt)dt—F U(t,ﬁXt,Xt>dBt, te [O,T], (14)

where Lx denotes the distribution of a random variable X, and b and ¢ are coefficients
similar to the case of equation (1.2), which here additionally depend on pu € M. For
example, such equations describe particle movement in stochastic regimes, where the
particle’s behavior is governed both by its local position and its global distribution. Such
equations arise in the theory of filtering [79] and multi-agent systems [44, 26], and as the
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governing equation in the particle limit of weakly interacting particle systems. Among the
huge literature on such distribution-dependent stochastic equations and their connection
to interacting particle systems, we refer to the classical works [106, 172, 227, 95, 216], as
well as to the more recent papers [175, 114, 118, 173, 229, 126]. Moreover, we point out
the recent comprehensive presentation in [61].

Similarly to the linear case, it is readily seen by Itd’s formula that the curve of
one-dimensional distributions p; := Ly, of any solution to (1.4) solves (NL-FPK) with
coefficients b and a = 1/2007. Indeed, by fixing Ly, in b and ¢ in (1.4), t — X, is, of
course, in particular a solution to a linear stochastic equation of type (1.2). Hence, by
the observation for the linear case in the previous paragraph, it follows that ¢ — u; solves
(NL-FPK). This connection to linear equations was exploited in [21, 22] by Barbu and
Rockner in order to solve equations of type (1.4) via the corresponding nonlinear FPK
equations (NL-FPK): the authors establish a nonlinear superposition principle in order to
lift solutions to the latter to a solution to the former equation (see Chapter 5 for a review
and references). For further recent progress on nonlinear FPK equations, we also mention
the works [119, 19, 20].

Connection to PDEs. Let us temporarily restrict attention to absolutely continuous
solutions t — p; = pi(zr)dr to (NL-FPK), and assume the following special type of
dependence of the coefficients a;;(t, 1, ), bi(t, p, ) on p € M, with M equal to the set of
measures absolutely continuous with respect to Lebesgue measure:

(t, p(y)d%x) — aij(t7p(w)7x)7bi(t7p($)7x)7 1<4,j< d,

i.e. in contrast to the general situation, the dependence of the coefficients in the measure
component is not global, but local in the argument of the density p of u. To ensure
measurability of the coefficients as a function in (¢, z), one usually considers the Lebesgue
version in the dz-equivalence class of p. Such coefficients are often called Nemytskii-type
coefficients. Then, one rewrites the nonlinear FPK equation as a nonlinear PDE as

Oepr = 0ij(aij(t, pi, x)pe) — Oi(bi(t, e, x)pi).- (1.5)

Still, the equation is understood in weak sense, except for the special case that a;; and b;
are sufficiently regular to make sense of their respective first- and second-order derivatives.
This way, one can study the well-posedness in the class of absolutely continuous solutions to
equations with Nemytskii-type coefficients by methods from the field of partial differential
equations or, vice versa, one can aim to transfer existence and uniqueness results for FPK
equations to PDEs of type (1.5). We point out that since equation (1.5) may still be
considered a FPK equation, one can study its Cauchy problem with general measures as
initial conditions. There are very interesting results on the existence of function-valued
solutions to PDEs of type (1.5) with a completely degenerate initial condition, e.g. a Dirac
measure ., x € R? which are bounded after an infinitesimally short time, see [20] for such
a result in the case of a generalized porous medium equation with a first-order perturbation
term. There are also results on the uniqueness of such function-valued solutions to (1.5) in
the case of a general bounded measures as initial data, at least in the case of a general
porous medium equation without first-order perturbation, i.e. b =0, cf. [48, 184].



1.1. INTRODUCTION TO FOKKER-PLANCK-KOLMOGOROV EQUATIONS 11

Nemytskii-type coefficients pose several delicate problems, in particular since even a
continuity assumption in the measure argument on a;;, b; with respect to the weak topology
does not imply continuity of (¢,x) — a;;(t, pe(z),z) and (t,z) — b;i(t, pr(x), x), because
weak convergence of a sequence of absolutely continuous measures (with respect to Lebesgue
measure) does not imply the pointwise convergence of their densities. For the remainder of
the thesis, we will not consider such Nemytskii-type coefficients explicitly, but we point
out already now that our results in Part I contain the case of such irregular coefficients.

1.1.2 FPK equations for measures on infinite-dimensional spaces

FPK equations for measures on infinite-dimensional spaces arise naturally in the context
of stochastic partial differential equations, which are usually studied on infinite-dimensional
state spaces. Similarly to the relation of finite-dimensional SDEs and the corresponding
FPK equations for measures on R?, also in the infinite-dimensional case, solutions to SPDEs
t — X (t) induce solution curves to FPK equations via their one-dimensional marginals.
Often, such processes X assume values in a separable Hilbert space H = ¢> C R®. In this
case, one can consider the marginals of X as Borel probability measures on R*°. If the drift
and diffusion coefficients of the SPDE, b(t,z) and o(t,z), are defined on [0,7] x H (or,
in the framework of a Gelfand triple, on some Banach space V < H), one extends these
coefficients to R* (possible by the value co) and considers the operator L, defined via

Lip(z) = Z a;j(t,x)0ip(t, x) + Zbi(t,x)aigo(t,m), (1.6)
ij=1 i=1

for ¢ : x> B(z1,...,74),® € C}(R?),d € N, and (a;j); j>1 = 1/2007. Hence, both ap-
pearing sums contain only finitely many nontrivial summands. L is the infinite-dimensional
analogue to the infinitesimal generator £ in the finite-dimensional setting in (1.1). We
study the corresponding linear FPK equation for Borel measures on R*>

atut = L;fklu/ta te [OaT]a (FPKOO)

where, as before, L* denotes the formal dual operator to L, and the equation is understood
in the weak sense in duality with test functions of type ¢ = @ o Py, & € C?(R?), with
Py:R® - RY Py:axws (x1,...,14). See Section 4.1 for details.

Besides this connection to infinite-dimensional stochastic differential equations, it should
be noted that infinite-dimensional FPK equations arise from the study of finite-dimensional
equations. In this direction, we refer to [1, 128, 130, 131, 129, 132, 134, 133, 136, 135].

The literature on such infinite-dimensional equations is vast, although equations of type
(FPK) are less studied than the finite-dimensional linear and nonlinear equations (FPK)
and (NL-FPK). Since the infinite-dimensional case is not in the center of our attention, we
do not aim to provide a complete list of references. For an introduction to the field, we refer
the reader to [38, Ch.10], and to the works [197, 81, 33, 31, 34] and the references therein
for recent results on existence and uniqueness of solutions to such equations. We only
briefly mention that one can, of course, also study nonlinear FPK equations for measures
on R*°. We do not pursue this direction in this work, but mention the references listed in
[38, Sect.10.5(ii)].
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1.2 Selection theorems for stochastic systems

Before we turn our attention to the main objective of this first part of the thesis, which
is to study solution flows to the Cauchy problem of equations of type (FPK), (NL-FPK)
and (FPK,), we briefly shed light on some well-known results, which are in a similar spirit.

1.2.1 From Markov processes to FPK equations, SDEs, and the martin-
gale problem

For the moment, the central point of our considerations is the Markov process X
(whose existence we assume for the moment) in R?, whose evolution in time ¢ € [0, 7] is
governed by the infinitesimal drift vector field b(t, z) = (b;(t,z)) L<i<q and covariance matrix
a(t,z) = (aij (t, x))lgi,jgd’ where the latter takes its values in the space of symmetric,
nonnegative definite matrices. In other words, we would like to study the Markov process
t — X (t), such that if X (¢) = xo and h > 0 is small, the increment X (¢ + h) — X (t) is
approximately normally distributed with mean b(¢, z() and covariance matrix a(t, zg). Often,
one is primarily interested in the path distribution of X, i.e. in the family of probability
measures Ps , € P(Cs7R?) such that for C € B(Cs1rR?), Ps ,(C) is the probability that
[s,T] >t X, is a path in C, conditioned on the event X; = x. For the existence of such
coefficients for Markov processes in quite general situations, see for example [215, Ch.0].
Among the enormous list of introductory and advanced books on Markov processes, we
mention [97, 192, 214, 24]. From such a Markov process X, natural connections to the
area of PDEs, as well as to stochastic analysis arise as follows.

FPK equations. On the one hand, under broad assumptions on the coefficients, the
transition probabilities P(s,x,t,dy) of X fulfill the FPK equation (FPK) with coefficients
b and a. Assume temporarily that solutions to (FPK) are unique, so that P(s,x,t,dy),
0<s<t<T z¢cR? are uniquely determined by (the Cauchy problem of) (FPK). Since
P ;. as the law of a Markov process is uniquely determined by its one-dimensional marginals
P(s,x,t,dy), s <t <T, in this case the (Cauchy problem of the) FPK equation (FPK)
characterizes X in terms of its family of path laws {Ps 2} (s 2)cjo,7]xre- However, obtaining
well-posedness of (FPK) is usually a difficult analytic task, even in the case when the
transition probabilities are absolutely continuous with respect to Lebesgue measure, in
which case one rewrites (FPK) as a PDE, as discussed above.

Stochastic differential equations. On the other hand, a more probabilistic approach
towards a description of X is offered by the aforementioned intuition that X (¢t + h) — X (¢)
is approximately normally distributed with mean b(t, X (¢)) and covariance a(t, X (t)), i.e.
in differential form, one suggestively writes

dX; = b(t, Xt)dt + O'(t, Xt)dBt, t e [0, T], (17)

where ¢ = (2a)"/? and B is a Brownian motion. More precisely, ¢ € R¥? such that
a =1/200", and B is di-dimensional, where d; is, in principle, arbitrary. Thanks to the
celebrated work by It6 [123], (1.7) is meaningful as a stochastic differential equation, with
the second summand on the right-hand side interpreted as a stochastic 1t6 integral. Hence,
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if (1.7) is well-posed (for initial conditions X, = x), such stochastic differential equations
characterize the Markov process X.

While this approach is very natural from a probabilistic viewpoint and has proven
to be a powerful method in the area of Markov processes and beyond, the rather strong
conditions on the coefficients necessary to obtain well-posedness of (1.7) by probabilistic
methods pose a certain restriction to this direction.

Martingale problem. Another way to approach the process X is the Stroock-Varadhan
theory of the associated martingale problem. Recall that we write m; for the canonical
projection m(f) = f(t), s <t < T, on Cs7R? Both from the connection of the process X
to (FPK) and to (1.7), by the Markov property of {Ps s} (s 2)c[0,7]xre: it I easily seen that
for each ¢ € C°(R?), we have that for the operator £ as in (1.1), the process

¢
Qo — / Lyo(my)du, te[s,T], (1.8)

is a P, ;-martingale with respect to the canonical filtration on C&TRd for each 0 < s <T.
See [215, Ch.0,Ch.6] for details. As our objective is to characterize the Markov process X
in terms of b and a, the martingale approach seems advantageous, as it does not contain
intervening quantities between the path laws P, , and the coefficients (in contrast to the
approaches via (FPK) or (1.7), which are based on the marginals P(s,z,t,dy), and the
additional coefficient ¢ and the Brownian motion B, respectively). Again, it is clear that
in the case that for each (s, ), Ps, is the only measure P € P(Cs7R?) such that the
processes (1.8) are P-martingales, the martingale problem characterizes X in terms of its
laws P; . A fundamental introduction to the theory of martingale problems can be found
in the classical book [215].

Summarizing the above repetition of these well-known connections, under suitable
assumptions on the coefficients b and a (that is, conditions sufficient for the well-posedness
of either of the above corresponding equations), the Markovian dynamics with respect to b
and a are characterized via its marginals by a FPK equation, via its diffusive evolution as
a solution to an SDE, or via its path laws as the solution to a martingale problem.

1.2.2 Markovian selections in nonuniqueness regimes

So far, we assumed the existence of a unique Markov process X associated to the
coefficients b and a. One may also go in the opposite direction, i.e. start from either the
corresponding FPK equation (FPK), the SDE (1.7) or the processes (1.8) of the martingale
problem with respect to b and a, assume one of these problems to be well-posed, and
ask whether the corresponding solutions give rise to a unique Markov process. In all
three cases, the answer is affirmative. More precisely, if solutions (P(s,z,t,dy))e[s1),
(s,2) € [0,T] x R%, are unique for the Cauchy problem of (FPK), then by the stability of
solutions to (FPK) under convex combinations, it is straightforward to check that these
solutions fulfill the Chapman-Kolmogorov equations (CK) (with P(s,x,t,dy) replacing
p;™). Consequently, by a classical result, the existence of a unique Markovian family of
path laws {Ps s} (5 2)c0,mxre Such that P, has one-dimensional marginals P(s,z,t, dy)
follows, see [24].
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Similarly, under broad assumptions on b and a, (strong) well-posed of the stochastic
equation (1.7) implies that the family of solutions is a Markov process. Also in the case of
well-posedness of the martingale problem (1.8), the unique martingale solutions P; , such
that Py (ms = ) = 1 form a Markov process, see [215, Thm.6.2.2].

As mentioned before, well-posedness of either (FPK), (1.7) or the martingale problem
(1.8) holds only under rather strong assumptions on the coefficients b and a. As an example,
we mention that in the case of (FPK), uniqueness results are obtained under the assumption
of local Lipschitz continuity of a;; and locally uniform ellipticity of a = (a;;)1<i j<d (together
with further local and global integrability conditions on b and a, see [38, Thm.9.4.3]). For
the martingale problem, the assumption of nondegeneracy of a is not necessary, if one
assumes, for example, a;;,b; € C%(R?) [215, Cor.6.3.3]. Despite gradual improvements of
such results, there are inevitable examples of ill-posedness of these problems, even for very
nice coefficients, see for example [38, Exe.9.8.48] for the case of a = Id and b € C*(R).

In such ill-posedness situations, there is no a priori natural notion of (the) Markovian
dynamics with respect to b and a, since it is neither clear of which solutions to the Cauchy
problem such a Markov process with respect to b and a should consist, nor how to select
these solutions among the possibly large class of solutions for each initial condition such
that the Markov property prevails. Consequently, one poses the interesting question:

If for either (FPK), (1.7) or (1.8) several solutions exist, can one select a family of

solutions, which gives rise to a Markov process? (Q1)

Moreover, if the answer is affirmative, it is natural to ask whether, and in which sense,
such a selected Markov process is unique, i.e. we are also interested in the question:

Is it possible to characterize the well-posedness of (FPK), (1.7) or (1.8) in terms of

uniqueness of the selected Markov process? (Q2)

Since the martingale problem (1.8) and (weak solutions to) the stochastic equation (1.7)
are equivalent (at least for bounded coefficients, see [213]), we restrict these questions to
the FPK equation and the martingale problem.

Markovian selections for the martingale problem. Needless to say, we are by no
means the first to raise these questions. The topic of Markovian selections from nonunique
solutions to stochastic equations has been considered in several past and present works.
To the best of our knowledge, the first major contribution in this direction is due to
Krylov [147], who established a general Markovian selection procedure for a large class
of stochastic equations. In a somewhat similar spirit, in their classical book [215, Ch.12],
Stroock and Varadhan provide the following positive answer to question (Q1): in the
case of time-independent, continuous and bounded coefficients b and a, one can select a
strong Markov family {Ps s} (s z)c[0,77xre such that Ps, € P(Cs7RY) is a solution to the
martingale problem (1.8) with initial condition (s, ) (i.e. Psa(ms =) =1). From [215,
Ch.6,Ch.7], it is clear that for such coefficients, solutions to the martingale problem exist,
but need not be unique. Their idea essentially amounts to realizing that under the above
assumptions on the coefficients, the set of solutions to the martingale problem with a
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common initial condition (s, x) is weakly compact in P(Cs7R?). This allows them to select
a unique element among each of these solution sets, which they characterize by iteratively
maximizing a suitable sequence of continuous functionals, chosen such that the Markov
property holds for the family of the selected extremal elements. Moreover, as a direct
consequence of their maximizing procedure, they prove that such a Markovian selection is
unique if and only if the martingale problem is well-posed, which also settles question (Q2)
in this case.

Further results in this direction are known for martingale problems with respect to
Lévy-type operators [149, 97] and for martingale solutions to stochastic partial differential
equations, including but not limited to the Navier—Stokes equations [110, 103, 47], see also
[30, 80, 91].

Selections for FPK equations. Naturally, the question arises whether a similar selec-
tion is possible for the FPK equation (FPK). On this level, one is interested in a family
of solutions to the Cauchy problem of (FPK) with initial condition (s, d,), now denoted
by (5% = (" iefsr] € Co,rP, (s,x) € [0,T] x RY, such that the Chapman-Kolmogorov
equations (CK) are fulfilled. As mentioned at the beginning of the present subsection, to
such {u*"} (5 2ye,1]xRre, One associates a unique family of path laws {Ps 2} (s 2)c(0,7] xR
which is then considered a Markovian evolution emerging from (FPK). It is not difficult
to see that any Markovian selection {Ps7x}($’$)€[07T]XRd for the corresponding martingale
problem induces a family of solutions to (FPK) {1**} ) cjo,r1xr¢, Which fulfills (CK), via
its one-dimensional marginals y{"” := P, om; *. However, one may ask whether a selection
is possible without the detour via the corresponding martingale problem, in particular
in order to obtain results under weaker assumptions on the coefficients and via analytic
methods, which do not apply to the setting of the martingale problem.

FPK equations can be considered differential equations for measures. For such equations,
there is another notion of dynamical behavior, namely the usual flow property for solutions
to differential equations: one may additionally ask whether there is a way to select a
solution family {4*"} (s )0, 1x P, Which is a flow in the sense that

uf’”:u:’”i’u, 0<s<r<t<T,vePp. (1.9)

Then, it is natural to ask whether the flow property (1.9) and the Chapman-Kolmogorov
equations are different notions of dynamical regularity for (FPK), or whether one implies
the other. In this regard, it is easy to see that any family fulfilling (CK) induces a solution
flow, see Proposition 2.5.4 for details. Moreover, in the case of uniqueness, clearly the
family of solutions to the Cauchy problem of (FPK) fulfills the flow property (1.9). Hence,
our questions of interest arise only in the case of ill-posed equations. For quite general
recent results on flow selections to a large class of ordinary and partial differential equations,
we refer to [60, 59].

1.3 Main results: linear case

As mentioned above, any solution family satisfying the Chapman-Kolmogorov equations
gives a flow of solutions to (FPK) in the sense of (1.9). This raises hopes that selecting
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a solution flow to (FPK) might be possible without appealing to a Markovian selection
to the martingale problem in the sense of Stroock and Varadhan. Moreover, in analogy
to question (Q2), it is interesting to characterize the well-posedness of (FPK) in terms
of the selected flow. In this part of the thesis, we provide affirmative results to both
questions. In a more general context than described so far, we establish a selection method
for a solution flow in suitable flow-admissible systems {As ., }(s)e0,11xsp of subclasses
of subprobability solutions to the Cauchy problem of (FPK). Furthermore, we call an
initial condition (s,v) admissible, if As, # 0. See Definition 2.2.1 for the definition of such
flow-admissible families and Remark 6.3.4 for an explanation why the more general setting
of subprobability solution curves is technically more suitable for our goal. More precisely,
our first main result is the following.

Theorem 1.3.1. Let { A5y }(s0)elo,11xsp be a flow-admissible family of sets of solutions
to (FPK) such that Ag,, is compact in Cs 7SP for each admissible initial condition (s,v).
Then, there exists a solution flow to (FPK) with respect to {As .y} (s)el0,1)xSP-

We also investigate the measurability of the selected solution flow in Subsection 2.3.1.
The assumption of compactness is crucial to our approach, and we will present several
examples and applications. In particular, our results apply in the case of locally bounded
and continuous (in 2 € R?) coefficients, which are integrable in time, see Proposition 2.4.3,
as well as in the case of the presence of a suitable Lyapunov function, see Corollary 2.4.8.

As it turns out, the selection method used in the proof of the previous theorem allows
to obtain a characterization of the well-posedness of the Cauchy problem of (FPK) in
terms of the uniqueness of the selected flow. This is contained in the following result, which
is our second main theorem.

Theorem 1.3.2. Under the assumptions of Theorem 1.5.1, the following are equivalent.
(i) There exists at most one solution flow with respect to {Asy}(s)e0,1)xsP-
(i1) For each (s,v) € [0,T] x SP, solutions in A, are unique.

The observation that the selection method for the proof of Theorem 1.3.1 allows to
easily deduce the characterization of Theorem 1.3.2 is similar to the case of the somewhat
analogue results in [215, Ch.12], which we explained in the previous section. Concerning the
question whether any solution flow fulfills the Chapman-Kolmogorov equations, we obtain
a positive answer in Proposition 2.5.5 under rather strong assumptions on the coefficients,
which coincide with the assumptions in [215, Ch.12]. To the best of our knowledge, the
above results and considerations mentioned above have not been considered in the literature
before. We note that to date, to our knowledge, it is open whether the same results are
true under significantly weaker assumptions on the coefficients. We plan to investigate this
question in the future.

1.3.1 Idea of proof

The reader familiar with the selection proof for the martingale problem in [215, Ch.12]
will immediately note the (in spirit) parallels to our proof. We aim to select a unique
solution curve p*" = (;""),c[s,r] among the elements in A ,,, and we do so by characterizing
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v

each p*" as the unique element, which iteratively maximizes a prescribed sequence of
linear, continuous functionals on Cs 7SP 2O Ay . Roughly, these functionals {G}}ren (the

notation in the proof in Section 2.3 is more involved) are chosen as

Gp:pu— /Rd hipgy, ©= (Mt)te[s,T] € CsrSP,

where hy, € C.(R?), and {qx }reny € QN [s,T] is chosen to be dense in [s,T]. Compactness
of A;, C Cs 7SP implies that the supremum of G'1 on Ay, is attained on some nonempty,
compact set My C Ay ,. The same is true for G2, with A, , replaced by M. Iterating this
procedure, we obtain the nonempty set [,y Mk € As,. If the family {hy }ren is chosen
such that it separates measures on R?, it is easy to note that this intersection is a singleton,
whose element we denote by p®”. From here, the flow-admissibility of the sets A, , yields
the flow property (1.9).

Concerning the proof of Theorem 1.3.2, the main observation is that one may freely
choose the separating functions hy and the order of the functionals Gy. This way, assuming
the existence of two solutions u!, u? to (FPK) for a common initial condition such that
p! is part of the solution flow (which is assumed to be unique), we choose an ordering of
the functionals Gj, k € N, such that the supremum of G; is attained in p?, but not in
p'. Consequently, the flow with respect to this ordering, constructed as in the proof of
Theorem 1.3.1, cannot comprise u! and, hence, does not coincide with the initially given
(unique) flow. Thus, we arrive at a contradiction.

1.4 Nonlinear and infinite-dimensional equations

1.4.1 Nonlinear FPK equations

Inspecting the proofs of Theorems 1.3.1 and 1.3.2, it is clear that neither of them
depends on the linearity of the equation (FPK). Indeed, it is readily seen that once
compactness of the sets A, holds, the proofs remain valid, if one replaces the linear
equation with nonlinear ones of type (NL-FPK). Thereby, in Chapter 3, we obtain similar
results on the existence of solutions flows to such nonlinear equations, and we also provide
a characterization of the well-posedness of (NL-FPK) similar to the linear case. However,
the nonlinearity renders compactness of subclasses of solutions Ay, a delicate issue, for
which we have to assume additional regularity assumptions on the nonlinearity argument
of the coefficients. Compare the assumptions B1-B3 with the assumptions A1-A3 from the
linear case.

1.4.2 FPK equations for measures on R*

Similarly, also in the case of infinite-dimensional equations (FPK,), the proofs apply
without changes, and yield the main results Theorems 4.2.1 and 4.2.2, stated in Chapter
4. Again, there are no a priori assumptions on the coefficients, but the proof is entirely
based on the compactness of the solution classes A, , one considers. However, verifying
compactness of solutions, which are curves of measures on R>, turns out to be difficult.
After the formulation of the main results in Chapter 4, we present a few examples. Since
the infinite-dimensional case is not in the center of our attention, most of these examples
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are preliminary in the sense that additional assumptions need to be verified for the flow-
admissible family {As .} (s,)e(0,1)xP(®R>), as it is the case in Propositions 4.3.2 and 4.3.4.
A full example is provided in Corollary 4.3.7.

Organization of Part I. The remaining contents of Part I of this thesis are organized
as follows. In Chapter 2, we treat the linear finite-dimensional case, to which we devoted
the majority of this introduction. The first section contains the notion of solution to the
Cauchy problem of (FPK). In Section 2.2, we introduce the exact notion of flow-admissible
solution systems and solution flows with respect to such systems, and present several
examples. In Section 2.3, we prove both main results of this chapter and also discuss
measurability of the selected flow. Afterwards, in Section 2.4, we present several examples
and applications to our results. Finally, in the last section of the chapter, we investigate
the relation to Markovian selections, i.e. families of solutions to (FPK), which fulfill the
Chapman-Kolmogorov equations.

In Chapter 3, we treat the case of nonlinear (still finite-dimensional) equations. After
introducing the notion of solution in this case in the first section, we state the main results
(Theorems 3.2.2 and 3.2.3), and briefly discuss how their proofs follow as in the linear case

in Section 3.2. Section 3.3 contains examples of situations to which our results apply.

We close this part with a presentation of our results in the case of infinite-dimensional
(linear) FPK equations in Chapter 4. After presenting the framework of solutions to such
equations in Section 4.1, we formulate the main results in Section 4.2. The chapter finishes
with a few examples in Section 4.3. Finally, Appendix A contains auxiliary results on FPK
equations.

Chapter 2

Solution flows for linear equations

2.1 Linear FPK equations

Let T > 0, consider a = (a;j)1<i j<a and b = (b;)1<i<a with B([0, T]) @ B(R?)-measurable
coefficients
aijybi 1 [0,T] x RY — R,

and let £ denote the second-order differential operator as in (1.1). Since it is common in
the literature and natural from, e.g., a stochastic analysis point of view, where one often
has a = 1/200" for some diffusion coefficient ¢ € R¥9 | we also assume that a takes
values in S;l", although large parts of the subsequent presentation also work without this
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assumption. We study the Cauchy problem of the linear FPK equation (FPK) with initial
condition (s,v) € [0,T] x SP, i.e.

{8tlit = ﬁfﬂt, (FPK)

Us =V,
in the sense of the following definition.

Definition 2.1.1. (i) A vaguely continuous curve t — p; € SP on [s,T] is a solution
to (FPK), if

T
/ /K\aij(t, 2)| + [bi(t, 2)|dpg () dt < o0 (2.1)

holds for all 1 <4, < d and any compact set K C R? and for any ¢ € CgO(Rd), it
holds

/Rd o(z)dpy — /Rd o(x)dv = /St /Rd Lyo(x)dpy(z)du, t e [s,T]. (2.2)

(ii) A solution t — py to (FPK) is a probability solution, if u; € P for each t € [s,T].

Of course, any probability solution is weakly continuous as a vaguely continuous curve
of measures with constant mass. In the case of an initial condition (7, v), the notion of
solution reduces to the single measure v.

Remark 2.1.2. In general, one can consider solutions to FPK equations as discontinuous
Borel curves of (signed) bounded measures. In the absence of (vague) continuity, one
requires (2.2) to hold for each p € C°(RY) fort € J, C (s,T) such that J¢ is dt-negligible.
Equivalently, t — py fulfills

T
/ /R Dup(t 1) + La(t, 2)dpu()dt = 0 (23)

for each ¢ € C((s,T) x RY), and for each ¢ € C°(R?), there exists a set I, C (s,T) of
full dt-measure such that

[ eavta) = tm | @), (2.4)

t—stel, Jrd

see [38, Prop.6.1.2].
However, we will exclusively study vaguely continuous subprobability solutions as in the
previous definition.

We state the next lemma to convince the reader that confining to vaguely continuous
solution curves is not restrictive.

Lemma 2.1.3. Let (ut)ie(s,m) be a Borel curve of nonnegative bounded measures with
pe € SP for dt-a.e. t € (s,T), such that for each compact set K CR% and 1 <1,j < d, we
have

T
/ /K laij(t, z)| + |bi(t, x)|dp(z)dt < oo. (2.5)
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If (pe)re(s,r) fulfills (2.3), then there exists a unique vaguely continuous version (jit)e(s ),
which fulfills (2.2). Furthermore, if (jit)ie(s,) Satisfies (2.4), then fis = v, i.e. (fit)refs,1]
solves the Cauchy problem (FPK).

Proof. Choosing ¢(t,z) = ((t)e(x) with ¢ € C®((s,T)), p € CX(R?), (2.3) gives

/ST g’(t)( /R ) so(z)dut(x))dt _ /ST g(t)( /R ) £t<p(x)dut(x)>dt, (2.6)

Therefore, and since ¢ — [ Lepdps € L' ((s,T)) by assumption, the map ¢ — [pq ¢dus
belongs to the usual Sobolev space W ((s, T)) with weak derivative ¢ — [pa Lepdpy di-a.s.
Hence, choosing a countable set F C C2°(R?), which is dense in C.(R?), there exists a
real-valued map (p,t) — F(p,t) on F x [s,T] such that for each p € F, t — F(¢,t) is an
absolutely continuous version of t — [ ¢dp. Let T denote the set of all ¢ € [s,T] such
that p € SP and F(p,t) = [ du, for all ¢ € F. By assumption, 7¢ is dé-negligible. If
t €T, then

F(e.) = P < [ o= ¢ldu < llo = @l (27)

whereby ¢ — F(p,t) is uniformly continuous on F and hence uniquely extends to a
continuous linear map on all of C,.(RY) (again denoted F\(-,t)) via

Fp,t) := lim Fpn,t) = ggrgo/wndut = /sodut-

Here and for the rest of the proof, (¢, )n>1 C F denotes any sequence converging to ¢ in
C.(R%). Thus, F(-,t) = p for each t € T as elements in the dual space of C.(R?) (with
the identification p(f) = [ fdu). For t € T¢, we have for p € F

F(p,t) = lim F(p,t,) = lim o(x)dpg, (). (2.8)
n—o00 n—00 Jpd

Here and below, (t,)n>1 € (s,7) NT is any sequence converging to t. In particular, F(-,t)
is linear and uniformly continuous on F. For ¢ € C,(R?)\F, we set F(p,t) := ll_i)r(r)loF(gol, t)
(with (¢7);>1 as above), which is well-defined due to the uniform continuity of ¢ — F(p, )
on F and is hence a linear, positive functional on C.(R%) with EC O Lo mayr) < 1
(the inequality holds, since p; is a subprobability measure for each ¢ € T'). Therefore, the
Riesz-Markov-Kakutani representation theorem implies the existence of a unique element
wy € SP such that F(-,t) = uj, see Theorem D.0.3. For t € [s, T, define

~ K, teT
Mt = { I peTe (2.9)
M, .

By definition, [s,T] 3> ¢ — [ dji; is continuous for each ¢ € F. Since for each ¢ €
C.(RH)\F, we have

/cpdﬂt = lim /gpldﬂt = lim lim /goldﬂtn = lim lim [ ¢dfg, = lim /npdﬂtn,
l—o00 l—oon—o0 n—r00]—00 n—00
(2.10)
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it follows that ¢ ~— fi; is vaguely continuous and, by construction, coincides with (u)ee(s 1)
dt-a.s. Since for vaguely continuous curves, (2.3) is equivalent to (2.2), (fit)e[s,r) fulfills
(2.2). Since the final assertion concerning the initial condition is obvious, the proof is
complete. O

Remark 2.1.4. (i) The proof of Lemma 2.1.3 still works on each (ri,r2) instead of
(s,T) with s <ry <re <T, if one replaces (2.5) by the weaker assumption

T2
/ / |aij(t, )] + |bi(t, 2)|dp(z)dt < 00, Vs <1y <1y <T, KCR? compact.
1 K

Considering a sequence of intervals (r{,ry) with r? \, s and vy /T as n — oo, one
obtains unique vaguely continuous versions (ﬂ?)te[r?,rg] of (Ht)te(r{b,rgw which are
consistent in the sense that for each n > 1 we have [L?+1 = [y whenever both curves
are defined in t € (s,T). Hence, there exists a unique vaguely continuous version
(ft)re(s,m) of (e)ie(s,m)- If me — v vaguely as t \ s, then also jiy — v vaguely and
we set jis := v and write ([Lt)te[svT). However, in this situation, this version might
not extend to t =T and (2.2) does not necessarily hold for t =T, since in this case,
the right-hand side of (2.2) need not be integrable.

(ii) If pe € P for each t, the unique vaguely continuous version (fit);c(s ) need not consist
of probability measures for each t (but clearly for dt-a.e. t). To have pu, € P for each
t € [s,T], one needs, for instance, either a global integrability assumption or tightness

of (Mt)te(s;r) .

For the remainder of this part of the thesis, Remarks 2.1.2 and 2.1.4 and Lemma 2.1.3
are of no further importance, since we exclusively consider vaguely continuous solutions on
[s,T] as in Definition 2.1.1. The purpose of these statements was to present a glimpse to
possible more general situations.

2.2 Solution flows

Our main objective is to construct solution flows to the Cauchy problem (FPK). In this
section, we introduce the notion of such flows and discuss several examples. Throughout,
we use the following notation, where by solution, we always mean a vaguely continuous
curve t — p; € SP as in Definition 2.1.1.

M = {p = (pt)te[s,r) : p solution to (FPK) with initial condition (s,v)},
./\/l;,, := {p = (t)te[s,r) : 1 probability solution to (FPK) with initial condition (s,v)},

1 1
M= | My, M= ML,
veSP vePpP

Our principal objective is to select a family {1*"}(s,)e(0,mxsp such that p*" € My,
which fulfills (1.9). However, since the iterative selection method we apply to find such
a selection only works on compact sets of solutions (see the proof of Theorem 1.3.1), we
possibly need to restrict to proper subsets Ag, C M, ,. For instance, this is the case when
selecting probability solutions p*" € M;V in regimes with unbounded coefficients a and b.
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In such cases, it is necessary to impose natural compatibility-conditions on the sets A, , .
To this end, we introduce the following notion of flow-admissibility.

Definition 2.2.1. (i) A family {As . }(s0)ef0,1)xsp With A, C© M, is flow-admissible,
if it fulfills the following properties for any 0 < s <r < T and v € SP.

(a) If (Nt)te[s,T} € -As,ua then (Ht)te[r,T] € Ar,ur‘
(B) T (ie)icgorr) € Asw and ()scpz) € Arps then 10,1 € A, where we define

the curve p o, n by
we, t € [s,r]
(100 1)t 1= (2.11)
N, te (Ta T]

(ii) For s € [0,T], the set of v € SP such that A, # 0 is denoted by As. Initial
conditions (s,v) with v € A are called admissible.

Note that a flow-admissible family consists of a set A, ,, C M, for each initial condition
(s,v), but in general A; may be a strict subset of SP, i.e. there may exist initial conditions
(s,v) with A, = 0. If v € Ay, i.e. for v € SP there exists a solution n € Ag,, then
ns € As for each s € [0,T] by (a) of the above definition, and thus each A is nonempty.
We consider As C SP as a topological space with the induced subspace topology from SP,
i.e. the corresponding Borel o-algebra B(As) = B(SP), 4, is the trace o-algebra of A; on
SP.

Definition 2.2.2. (i) Let {As,}(s)c0,mxsp be flow-admissible. A solution flow to
(FPK) (with respect to {Asu}(s)e0,mxsp) is a family of solutions {u*"} to (FPK)
such that p®” € A, which fulfill (1.9) for all 0 < s <r <T and v € A;.

(ii) A flow is called measurable, if for each 0 < s <t < T, the transition map of the flow
Ul Ag = SP, U tv e ),
is B(As)/B(SP)-measurable.

Remark 2.2.3. (i) By virtue of the transition maps U7, an alternative formulation of
the flow-property (1.9) is

U oUiv)=Ui(v), 0<s<r<t<T,veA,. (2.12)

(i) If (p)eefs,m) solves (FPK) with initial condition (s,v), then for any s < r < T,
(116)tepr,m) solves (FPK) with initial condition (v, p,). Moreover, if (1 )iefy, ) is another
solution with initial condition (r, ), then o, p' is a solution on [s,T| with initial
condition (s,v). Therefore, the family (Ms.)s)eo,m)xsp i8 flow-admissible.

We proceed with the presentation of several examples to the terms introduced above.

Example 2.2.4. (i) Entire subprobability-flow. As mentioned in Remark 2.2.3 (ii), the
family { M, }(s.0)ef0,1xsp s flow-admissible. If {As, } (s 1)efo0,7)xsp 18 such that all
initial conditions are admissible, i.e. A; = SP for each s € [0, T, then a corresponding
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solution flow consists of a selected solution curve p*" for each initial condition (s, v).
We call such a subprobability flow entire.

In this case, the transition maps U} are transformations U : SP — SP, which
describe the transport of SP along the flow from time s to time t.

(i) Entire probability-flow. Similarly to the previous case, the family given by

Ay =

)

ML, ifveP
: (2.13)

0 , else

is flow-admissible. If A; = P for each s € [0,T], a flow with respect to this family
consists of probability solutions starting from each (s,v) € [0,7] x P. We call such
a flow an entire probability flow. If the flow is measurable, each U} is B(P)/B(P)-
measurable, since the Borel g-algebras of P with respect to the vague and weak
topology, respectively, coincide, and the former is equal to B(SP)W;.

(iii) Flow subject to a Lyapunov function. Let V : R? i R, be lower semicontinuous,
a:[0,7] — R a nonnegative map and set

As = {(,Ut)te[s,T] D € P, /Vd:ut <at)vte [S7T]}

Then, the sets A;, = As N M, form a flow-admissible family and the set of
admissible initial conditions is a subset of {(s,v) : v € P, [Vdv < a(s)}.

2.3 Proofs of main results

In this section, we prove the main results of this chapter, Theorems 1.3.1 and 1.3.2.
Before we do so, we introduce the following notation and topological prerequisites. Through-
out, we consider Cs 7SP as a normed space with the usual supremum-norm, i.e. the
induced topology is the topology of uniform convergence with respect to the vague topology
on SP. Recall that for ¢ € [s,T], we denote by m; the natural continuous projection
7t (p1t)sefs,r) = pe on Cs 7 SP.

Remark 2.3.1. The topology of uniform convergence on Cs1SP coincides with the
compact-open topology, i.e. the topology with the subbase consisting of the sets V(K,U) :=
{f € Cs7SP : f(K) C U}, for any compact K C [s,T] and open U C SP. In particu-
lar, this topology is independent of the metric used to metrize the vague topology on SP.
Moreover, Cs TSP is separable and the map

(hetey = | i) (a) (214)

is continuous on Cs7SP for any t € [s,T] and h € C.(R%).

The idea for the proof of Theorem 1.3.1 is to select a particular element from each
As,, by iteratively maximizing a sequence of suitable functionals on Cs 7SP of type (2.14).
Next, we introduce the necessary terms concerning this iteration and subsequently present
the proof of the theorem. Below, we set Q1 := QN [s,T] for 0 < s < T.
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Definition 2.3.2. (i) We call a bijection £ : N x Q' — Ny an enumeration. For a given
enumeration and k € Ny, we write (ng, qx) := (k).

(ii) For s € [0,T7], denote by (m;)ken, the enumerating sequence of N x QI with respect
to a given enumeration &, i.e. there exist exactly k elements (n,q) in N x QZ with
&(n,q) < mj. Put differently, £(mj) is the k-th element in N x QI according to .

Note that for 0 < s < r < T, the sequence (m])en, is a subsequence of (m});en, -

Proof of Theorem 1.3.1. Let H = {hpn,n € N} C C.(R?) be measure separating and let
£ be an enumeration, for which we use the notation introduced in Definition 2.3.2. Let
(s,v) € ]0,T] x SP be an arbitrary, fixed admissible initial condition and consider

G5 CorSP = R, i = (e / B g
Rd 0 0

uy” = sup Gy"(w),
HEAs v

M = (G (15") N Aawr

and iteratively, for k € Ny,

k+

GZ’L : CsyTS’P — R, (,Ut)te[s,T] l—)/ hnms d,uqms R
R4 1 k+1

W= s G (),
MY
s,V . sy —1l, swv s,V
My =Gy (wy) DM
By Remark 2.3.1, and since each h,, belongs to C.(R?), G3" is continuous. Furthermore,
since (s,v) is admissible, Ay, is nonempty and compact by assumption, so that M;" is
nonempty and compact as well. The same is iteratively true for GZ’L and M, ,‘:jl for each
k € Ng. Since by construction M ,‘z’y is decreasing in k and Cs 7SP is Hausdorff, this implies

M*Y = () My #0.

k>0

Now assume p' = (,u}f)te[sj] € M*V for i € {1,2}. By construction, this implies

/ B, o it :/ ha,,.dpiz ..k € No. (2.15)
R k ™ R Tk g

Since { (s, gms ), k € No} = Nx QI this yields [ hndpug = [ hndp? for all (n,q) € NxQF
and hence ,ué = ,ug for all ¢ € QT because {hy,},>1 is measure separating. Since both '
and p? are vaguely continuous, u' = p? follows. Consequently, M*" C As, is a singleton,

ie. MY = {p*"}.

It remains to show that the family of all such p*” forms a solution flow. To this end, let
(s,v) be admissible, and fix 0 < s <r <t < T. Consider the admissible initial condition
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(r, ") and let v = (Ye)eprr) € M 4" be the corresponding unique solution selected in
the first part of the proof, i.e. in our notation v = M’“i’y. We need to show

v=p", teirT). (2.16)

To this end, set ¢ := p*" o,y € A, ,. Due to the iteratively maximizing selection procedure
of the first part of the proof, we have

/R i > /R g @G, (2.17)

If gy € [s,7), then ¢, . = [LZ;:(S] and we have equality in (2.17). If ¢, € [r,T], then
0
Gmg = qmy, and by the characterizing property of v in A, ,s.», and since (1" )ieprm € A, LS

hnms d,UJZ;:s < hnms d’}’qms = hnms qums )
]Rd 0 0 Rd 0 0 ]Rd 0 0

and hence we have equality in (2.17) in any case. Next, consider m{: since (2.17) is an

we obtain

equality, both (") (577 and (Ct)eefs, 7] belong to My, Hence, using the characterization
of u®¥ again, we obtain

/R o dpy?, > /R g G (2.18)
clearly with equality if gms € [s,7). If gy € [r,T] and gy € [s,7), then mi = mg, i.e.
SV < = .
/Rd hnmf d/‘qu = /Rd h”mgd'quf /]Rd hnmf qumf (2.19)
by the characterizing property of ~, which gives equality in (2.18). If gis, gmg € [r, T}, then
N7

mé = mf, m; = mj and both p*” and v are in My , which also gives (2.19). Hence,

equality in (2.18) holds in any case. Iterating this procedure yields

/ hnms duz;:s - / hnms qu'm5 ’ k € NO’
R4 k k R4 k k

and hence, since H is measure separating,

MZ’V = an q < QZa

so in particular ug” = ¢, =, for all ¢ € QY. Since both curves are vaguely continuous,
we obtain (2.16). O

Remark 2.3.3. We point out that one may freely choose the measure separating family
H and the corresponding enumeration &, as well as the dense, countable subset of [s,T)
(which is QL in the above setting). Clearly, the selected solution flow may depend on these
choices.

Let us now derive the proof of Theorem 1.3.2 as a simple consequence of the selection
procedure of the previous proof.

Proof of Theorem 1.3.2. The implication (ii) = (i) is obvious and we focus on
(i) = (ii). Assume there is an admissible initial condition (s’,v') € [0,T] x SP with
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|Ag 7| > 2. As mentioned in Remark (2.3.3), we may choose an enumeration & and
a family of measure separating functions H = {h,,n € N} C C.(R?) such that h € H
implies —h € H. Consider the flow {u*"} with (s,r) running through all admissible initial
conditions, constructed as in the proof of Theorem 1.3.1 subject to these choices. By
assumption, there exists v € Ay, with ps"" + ~, and since both solution curves are
vaguely continuous, there is ¢ € Qg; such that uz/’”/ # 4. Thus, considering —h instead of
h if necessary, we may assume that there is h € H such that

/R g > /R ) hdus ™. (2.20)

Now consider a new enumeration & such that according to & we have (hng, gn,) = (h,q)
and denote the flow subject to H and & by {n®”} (again, with (s,r) running through
all admissible initial conditions, which remain the same as before). Comparing with the
beginning of the proof of Theorem 1.3.1, we have by construction

/hdng/”’,— sup (/ hduq>
R4 MEAS/J/ R4

and v € Ay ... Therefore, taking into account (2.20), we conclude

/ hdns " > / hdy, > / hdpg ™.
Rd R4 R4

Hence, n° " # p**', which contradicts (i) and finishes the proof. O

2.3.1 Measurability of the selected solution flow

Furthermore, under the additional Assumption Al stated below, we have the following
information concerning the measurability of the selected solution flow. For the notation of
this subsection, we refer to Appendix E.

Assumption Al.
(A1.0) fOT supex (|aij(t, )|+ |bi(t, z)|)dt < oo VK C R compact and 1 < 4, < d.

(Alii) @ — a4(t,z) and x — b;(t, x) are continuous for dt-a.e. t € (0,7") and each 1 <, j <
d.

Note that in the case of time-homogeneous coefficients a(t,z) = a(x), b(t,z) = b(x), (AL.ii)
implies (A1.i). Of course, (Al.i) is fulfilled, if @ and b are bounded on (0,7") x B for each ball
B C R%. Moreover, we assume the following stability assumption for {Asw (s)e0,11xsP:

If v, — v in A; C SP and p'" € As,, converges to u € M, in CspSP, then € Ag .
(2.21)
In this situation, we obtain the following auxiliary result.

Lemma 2.3.4. If the coefficients a and b satisfy Assumption A1 and (2.21) holds, then,
the map As 3 v — A, € comp(Cy 7SP) is Borel measurable.
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Proof. We want to apply Lemma E.0.2 to deduce the assertion. Hence, in view of the
assumption (2.21), it remains to prove the following: whenever (v,)nen converges to v
vaguely in Ay and p" € A ,,, then there exists a subsequence (u"*)ren converging in
Cs,7SP with a limit point p € M, ,. To this end, it suffices to prove precompactness of
UueAs A in Cs 7SP and closedness of My C Cs 7SP. Indeed, it is clear that then p has
initial condition (s,v), i.e. p belongs to M, ,. Concerning the latter, let (p"),>1 C M
be a converging sequence with limit 4 € Cs 7SP. Then, by Assumption A1, p fulfills (2.1),
and we have for each ¢ € C2°(R?) and t € [s,T]

[ e@dii@ = [ e@dul

n—oo Rd

as well as, using Lebesgue’s dominated convergence theorem,

/: | Euetoniiarin . [ | [ £uple)din(ain

Indeed, the latter convergence follows, since L;p € C.(R?) for each t € [s,T] due to
assumption (AL.ii). Consequently, 1t = (pi¢)sefs, ) € Ms-

Concerning precompactness of UueAs As, € Cs 7SP, note that for each t € [s,T7] the
set m (U, As) € SP is precompact, since the latter is a compact space. Moreover, in
Section 2.4, even equicontinuity of My C U 7SP is shown under the same assumptions
on a and b. By Proposition 2.4.1, this yields the desired precompactness and the assertion

follows. O

Proposition 2.3.5. Consider the situation of Theorem 1.53.1 and let {u*"'} be the solution
flow with respect to {ASW}(S,V)E[O,T]XS']) constructed in the proof of that theorem. If the
coefficients a and b satisfy Assumption A1 and (2.21) holds, then this flow is measurable
in the sense of Definition 2.2.2 (ii).

Proof. In fact, we prove the following stronger measurability property for each s € [0, 77,
where by p1*" we denote the selected solution from Ay, according to the proof of Theorem
1.3.1:

v — p*" is a Borel map from Ay to Cs 7SP. (2.22)

From here, the measurability of each U/ follows from the measurability of the projections
;1 Cs 7SP — SP. In order to verify (2.22), it suffices to prove measurability of

As > v {p*"} € comp(Cs 7SP). (2.23)

Indeed, from here (2.22) follows, since Cs 7SP is a separable metric space, so that we can
apply Lemma E.0.3. Concerning (2.23), for N > 0 consider (using the notation of the proof
of Theorem 1.3.1) the maps

N
Xn : As — comp(Cs 7SP), Xy : v +— m M)" = My".
k=0

Since each function G} of the proof of Theorem 1.3.1 is continuous on C 7SP, finitely many
iterative applications of Lemma F.0.1 together with Lemma 2.3.4 yield the measurability
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of Xy. Finally, the map (2.23) is the pointwise limit of Xy as N — oo with respect to
the Hausdorff distance on comp(Cs 7SP), see Appendix E, which implies its measurability.
This concludes the proof. O

2.4 Applications and examples

Here, we apply Theorems 1.3.1 and 1.3.2 to several examples. We start by discussing
some topological prerequisites. In particular, we need the theorem by Arzela-Ascoli in the
following formulation, see [178, Thm.47.1,p.290]. We recall that we consider Cs 7SP with
the compact-open topology, c.f. Remark 2.3.1.

Proposition 2.4.1 (Arzela-Ascoli). Let (X,dx) be a compact metric space, let' Y be
metrizable and dy a compatible metric on' Y. A subset F C C(X,Y) is precompact with
respect to the compact-open topology if and only if

(i) F is pointwise precompact, i.e. 7x(F) CY is precompact for any x € X.

(i) F is equicontinuous with respect to dy, i.e. for any xo € X and e > 0, there exists
d =0(e,x0) > 0 such that

dx(20,2) <8 = sup dy (f(z0), f(x)) < e.
feF

Remark 2.4.2. Below, we apply this result to subsets of Cs 7SP. The following observation
s crucial to our approach: in general, the notion of equicontinuity depends on the metric
of the state space. On the other hand, the compact-open topology on C(X,Y) is defined in
terms of the topologies on X and Y only and does not depend on the specific compatible
metric on Y. Therefore, (pre)compactness of F C C(X,Y) is invariant under a change of
compatible metrics on'Y . Of course, this is also true for (i) of the above proposition. Hence,
for X and'Y as above, it turns out that equicontinuity of F C C(X,Y) is independent of the
compatible metric on'Y', provided F fulfills (i). Therefore, in order to show equicontinuity
of F C Cs7SP, we may consider any metric on SP, which is compatible with the vague
topology.

Due to the previous remark, we decide to consider the following type of metric on SP.
For vy, € 8P, set

d(vy,v) =Y 27t K/Rd frdvy — /Rd fldyg) A 1}, (2.24)

>1

where C; > 1 and {f;,] € N} C C%(R?) is dense in C.(R?) with respect to uniform
convergence. Due to this choice of {f;,I € N}, it is clear that such metrics are compatible
with the vague topology on SP. From here on, we fix such a family {f;,! € N} and assume
without loss of generality that each f; has nontrivial support. Particular choices for C; will
be made below as needed.

Entire subprobability flow. Here, we consider the case that for each initial condition
(s,v) € [0,T] x SP, there exists at least one vaguely continuous subprobability solution to
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the Cauchy problem (FPK) and we construct a solution flow {x*"}, which comprises a
solution pu*" € M, for every initial condition (s,v) € [0,T] x SP, i.e we set As, = M,
and Ag; = SP. We call such a solution flow entire.

We point out that we do not assume nondegeneracy of a = (a;j)1<i j<d, Which is a
source for possible nonuniqueness of solutions. Consider Assumption Al introduced in the
previous section.

Proposition 2.4.3. Suppose Assumption Al is fulfilled for the Borel coefficients a;j, b;,
1 <1i,5 <d, and suppose M, is nonempty for each (s,v) € [0,T] x SP. Then, there
exists an entire solution flow {,U,S’V}(&V)E[O’T]XSP. Furthermore, this flow is measurable.

Proof. By assumption, each initial condition (s,v) € [0,T] x SP is admissible. In light of
Theorem 1.3.1, it suffices to prove compactness of M, C Cs 7SP, for which we evoke the
result by Arzela-Ascoli as stated in Proposition 2.4.1. Since SP with the vague topology
is compact, precompactness of m;(M,,) C SP for each t € [s,T] follows immediately.
Concerning equicontinuity, consider the metric d as in (2.24), with constants C; := 1 + Dy,

where

Dy = max {[|0:filloo: |13 filloo} > 0.

1<ij<

By (2.2), for each solution p = (j1)sefs,7] € M, we have for t1,t5 € [s,T]

t1Vta
d(pay s fity) < szlcfl / |Ly fi(z)|dpe () dt
>1 t1Ato R4
; 0 t1Vito
< 27°Cr Dl/ max sup (|a;i(t, x)| + |b;i(t, x)|)dt
; : At 16i<d ek, (lass (8,21 + o2, 7))
t1Vta
<2t [ ma sup (ai(t o) + (e, (2.25)
>1 t1Ato 1§zJ§d{l‘€K[

with K; := supp f;. For any fixed ¢; € [s,T] and € > 0, by (A1.i) there is 6 = d(¢1,¢) >0
such that

t1Vita
lo € [S7T]7 ‘tl - t?’ <6/ = max sup (’CLU(t,"II)‘ + ’bl(tax”)dt <g,

t1A\t2 1Si’j§dm€Kl
which implies equicontinuity of My, C C,prSP with respect to d by (2.25). Finally,
concerning closedness of M, let pu",n > 1, u"™ = (uf)ie[sr) be a converging sequence in
M, with limit g = (p¢)eefs,r) € Co,rSP and let ¢ € C°(RY). Clearly,

/Rd e()dpy (r) — o()du(x), te s, T,

n—oo R4
and ps = v. Furthermore, Lyp(z)du(z) € L1([0,T]) by (Al.) and, due to (Al.ii), we have
Lip € C.(R?) dt-a.s. Consequently,

/Etap(a:)duf(az) — Lip(z)dps(x) dt-a.s.,
R4 R4

n—oo
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and Lebesgue’s dominate convergence theorem gives

/St /Rd Lyo(x)duy, (z)du — /St /Rd Lop(@)dpu(z)du.

Therefore, p € Ms,,. Altogether, we have shown compactness of M, C Cs 7SP and may
therefore apply Theorem 1.3.1 to obtain the first claim.
Concerning the measurability of {u*"}, it suffices to note that Proposition 2.3.5 applies

to the present situation, because (2.21) is trivially fulfilled for the choice As, = My,. O

Remark 2.4.4. Proposition 2.4.3 applies in the situation of [38, Thm.6.7.3]. Indeed,
the assumptions therein imply Assumption A1 with ¢ = 0, and in this case, elements
pw € M, asin [38, Thm.6.7.3] are curves of subprobability measures dt-a.s. for v € SP
(note that the existence results of [38, Thm.6.7.3] is stated for v € P only, but obviously
extends to v € SP). For each such solution curve i, Lemma 2.1.3 yields the existence of a
vaguely continuous version ji € M ,,, which shows that indeed in this situation each initial
condition is admissible. Of course, also our second main result, Theorem 1.3.2, applies in
this situation.

Entire probability-flow. Due to the fruitful connection to stochastic analysis and
Markov processes as outlined in Chapter 1, often one is primarily interested in probability
solutions, see also Section 2.5. In this paragraph, we apply Theorem 1.3.1 to select an
entire probability flow, i.e. a solution flow {u*"} consisting of a solution u*" € ./\/l;,, for
each v € P. We consider the following refined version of Assumption Al.

Assumption A2.
(A2.0) fOT sup,epe (|aij (¢, @)| + |bi(t, z)])dt < co.

(A2.ii) x — a;(t,z) and = — b;(t, z) are continuous for dt-a.e. ¢t € (0,T) and each 1 <4, j <
d.

In other words, (A2.ii) coincides with (Al.ii), and (Al.i) is a global (in space) version of
(AL.i).

Remark 2.4.5. In this situation, any solution (,ut)te[&;p] € M, is a probability solution,
provided v € P. Indeed, due to the global integrability assumption (A2.i), considering (2.2)
for (ut)ee(s,m) and choosing a nonnegative sequence {pn}n>1 C C2(R%), which increases
pointwise to 1 such that sup,,>; ||¢n||c2 < 00, we obtain p(RY) = v(R?) for any t € [s,T].
In particular, any such t — p; s weakly continuous.

We select the solution flow from the sets

Aszx:

)

Mg, ,ifveP
{ ’ (2.26)

0 , if v e SP\P.

More precisely, we have the following result.
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Corollary 2.4.6. Suppose the Borel coefficients a;j,b;, 1 <1,j < d, satisfy Assumption
A2 and the set My, is nonempty for each (s,v) € [0,T] x P. Then, there exists an entire
probability flow, consisting of weakly continuous probability solutions {u*"} (s )e0,1)xP-

Moreover, this flow is measurable.

Proof. The family (2.26) is flow-admissible and, as explained above, any element in M, ,,
v € P, is a weakly continuous probability solution. Compactness of A;, C Cs7SP is
proven proven exactly as in the proof of Proposition 2.4.3. Hence, by Theorem 1.3.1, there
exists an entire probability solution flow. Since Assumption A2 implies Assumption Al and
the choices of A, in (2.26) clearly satisfy (2.21), this flow is measurable, which completes
the proof. O

We point out that without the global in space integrability assumption (A2.i), we
cannot prove that each solution with initial condition v € P is a probability solution, which

is, however, crucial to obtain flow-admissibility of the family (2.26). Also, without global
1

s 10 (2.26), since for these sets we are not

integrability, we cannot replace M, by M
able to prove closedness in My, (again, due to the lack of global boundedness). Moreover,
considering Cs 7P with the weak topology on P seems to be of no advantage, since in
this case, in general we do not know how to prove pointwise precompactness of families

F CCs1rP.

Remark 2.4.7. An alternative proof for the case of bounded coefficients on [0, T|xR?, which
satisfy (A2.11) is given in [187]. The proof is based on the close connection between probability
solutions to (FPK) and the corresponding martingale problem via the superposition principle,
as explained in Chapter 1. However, the approach presented in this part of the thesis seems
to be more general in the sense that it also applies to subprobability flows and nonlinear
equations, as well as to infinite-dimensional version of (FPK) and under weaker assumptions
on the coefficients a and b.

Moreover, note that even global boundedness and spatial continuity of the coefficients
does not imply uniquenss of probability solutions to (FPK) (nonuniqueness may, for example,
be caused by degeneracy of a = (aij)i<ij<d). Hence, under Assumption A1 or A2, the
selection of a solution flow is a nontrivial problem.

Flow with respect to a Lyapunov function. Here, we temporarily consider situations
of unbounded coefficients. We are interested in cases where the lack of global boundedness
is compensated by a suitable control on the growth of the coefficients at infinity in terms
of a so-called Lyapunov function.

We call a nonnegative function 1 € C?(R?) with compact sublevel sets {1/ < ¢} C RY,
c >0, a compact function. It is clear that ¢» € C%(R?) is compact if and only if lim¢(z) = oo
if x| — oo. For such v, we denote by Py, the set of all v € P such that ¢ € L!(v). Assume
there is such 1, for which it holds

Li)p(x) < C+ Co(z) drdt-as. in [0,T] x R (2.27)

for some C' > 0. Such functions are usually called Lyapunov function. Due to the spatial
continuity of a and b, (2.27) then holds pointwise in z € R? for dt-a.e. t € [0,T]. Let
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v € Py. By Lemma 3.3.3, any probability solution (u)ie[s,7 (which, by our definition is
weakly continuous) to (FPK) with initial condition (s,v) fulfills, for each ¢ € [s,T],

t
/ Yy < / Ydv+ C(t —s) + Cexp(Ct) / exp(—Cr) [ pdv + C(t — r)} dr. (2.28)
R4 R4 s Rd
We aim to select a solution flow from the sets

1 if
Agy = {MS’” v EPy (2.29)

)

0 , else.

Since (2.28) is valid for each element of any Ay, and since the right-hand side of (2.28) is
finite, these sets form a flow-admissible family.

Corollary 2.4.8. Suppose the Borel coefficients a;j,b;, 1 < 1,5 < d, fulfill Assumption
A1 and there exists a compact function ¢ such that (2.27) holds. If the sets M;V are
nonempty for each initial condition (s,v) € [0,T] X P such that v € Py, then there ezists a
solution flow of probability solutions with respect to the family As, as in (2.29).

In this situation, the flow evolves in the subset Py, C P. Any measure with bounded
support belongs to Py, i.e. in particular each Dirac measure. It is clear that P, # P and
that Py, is not closed in P.

Proof. Since the sets introduced in (2.29) are flow-admissible, due to Theorem 1.3.1, it
is sufficient to prove compactness of A, C Cs7SP for each admissible initial condition
(s,v) (that is, for each s € [0,T] and v € Py). For any such admissible condition (s, v)
and any ¢ € [s, T, precompactness of m;(As,) C P holds even with respect to the weak
topology, because (2.28) holds for any (ut)e[s,1) € As, and the right-hand side of (2.28) is

independent of (yi)y[s,7) and finite, which yields

sup (x)du(z) < oo. (2.30)
NtETFt(-As,y) R4

Thus, m¢(As,) C P is tight and hence precompact with respect to the weak topology.
closedness of A, C C,7SP, it suffices to observe that the validity of (2.28) for each
solution p € M} | with the right-hand side of (2.28) being independent of y, implies that

ENZ

Equicontinuity of A, C C7SP follows as in the proof of Proposition 2.4.3. Concerning

the limit of any converging sequence (1" ),en in Cs7SP is a curve of probability measures
and solves (FPK). The latter follows exactly as in the proof of Proposition 2.4.3. This
completes the proof. O

Consider the situation of Theorem 3.1 in [36] and assume additionally that b;, 1 <14 < d,
satisfies (Al.i) and (Al.ii). Note that in this case, a;;, 1 < ,j < d has a version, which
fulfills these assumptions due to (C1) and (C2) of [36]. Indeed, by the Sobolev embedding
theorem, each a;(t,-) has a (Hélder) continuous version, which is bounded on balls in R,
independently of ¢. Then, for any (s,v) € [0,T] x P, [36, Thm.3.1] yields the existence
of a weakly continuous probability solution (; ’”)te[S,T), so that Corollary 2.4.8 applies.
However, in this situation, solutions possibly do not extend to the endpoint ¢t = T" and
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hence the flow is only constructed on [0,7"). Corollary 3.4 of [36] gives another application
of Proposition 2.4.8, if one assumes boundedness of the coefficients on [0,7] x B instead of
[0,T) x B for any bounded set B C R?.

2.5 Comparison to Markovian semigroups

In this section, we study the comparison and connection of solutions flows to Markovian
semigroups in the case of coefficients ¢ and b such that

Assumption A3. For each 1 <14,j <d,

sup lagj(t,x)| + |bi(t, x)| < oo and & — ay;(t, x), bi(t, x) is continuous for t € [0,T]
(t,2)€[0,T] xRd

is fulfilled, which is the strongest set of assumptions we have imposed so far. Therefore,
all results established under the validity of assumptions Al and A2 hold, e.g. we have
M, = M;V for each (s,v) € [0,T] x P. In particular, the proof of the following lemma
follows exactly as in Corollary 2.4.6 and Proposition 2.4.3. We also note that Assumption
A3 yields that any solution set M;jl,, v € P, is nonempty, see for example [38, Prop.6.7.3]
and Remark 2.4.4.

Lemma 2.5.1. Let Assumption A8 be fulfilled. Then, for any (s,v) € [0,T] x P, Mi,y is
compact in Cs 7SP.

Below, we write u or n for curves (pu¢)ier or (n:)er, respectively, for a time interval 1.
In contrast, single measures are denoted v and . Furthermore, for any measurable family
of probability measures {7, },cge and v € P, the Borel probability measure [, v,dv(z) is
defined via ( [pa V2dv(2))(A) := [pa Va(A)dv(z) for A € B(RY).

Definition 2.5.2. A family of solutions {4*} (5. \ef0.11xp> K" € ML, to (FPK) is

called Markovian semigroup (on [0,T]), if for any 0 < s < r < ¢t < T, z + p;’" is
B(R?)/B(P)-measurable and the Chapman-Kolmogorov equations

o W) (2.31)
Rd

are fulfilled for any = € R?. For a Markovian semigroup, define p*" := fRd u*Ydv(y) for
any non-Dirac initial condition v € P and call the extended family {u>"} (s ,)c0,71xP the
conver extension of {u**} 5. efo,r)xP-

Note that the assumed measurability ensures the well-definedness of the appearing
integrals in the above definition.

Remark 2.5.3. Let a and b fulfill the boundedness part of Assumption A3. In this case, for
any measurable family of solutions © — p*>”* € M;(;z and any v € P, the weakly continuous
curve of probability measures t — [ p;Ydv(y) belongs to ./\/l;l,. Indeed, this is readily seen
from the linearity of equation (FPK) and the boundedness of a;; and b;. Hence, the convex

extension of any Markovian semigroup as in the above definition is a family of solutions to
(FPK).
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We want to compare the Chapman-Kolmogorov equations (2.31) to the flow property
(1.9). Such a comparison requires any initial condition (s,z) to be admissible for the
flow, because the Chapman-Kolmogorov equations (2.31) require the existence of solutions
poT € Mg,

It turns out that at least under Assumption A3, both notions are equivalent. The
following simple proposition establishes the first part of the equivalence of Markovian
semigroups and a (entire probability) solution flow.

Proposition 2.5.4. The conver extension of any Markovian semigroup {u*} s 5,)el0,1]xP
is an entire probability flow in the sense of Example 2.2.4.

Proof. For any 0 < s <r <t<T and v € P, we have

i = [ vt = | ( / ui’zdui’y(2)>d7/(y)= [ =
R4 R4 R4 R4

where we used the definition of the convex extension for the first, third and last equality
and the Chapman-Kolmogorov equations (2.31) for the second one. ]

Note that the above result does not require any assumptions on the coefficients a;; and
b;. The following proposition, which establishes the converse relation to Proposition 2.5.4,
is more involved, both in terms of the required assumptions and the method of proof.

Proposition 2.5.5. Assume the coefficients a;j,b; fulfill Assumption A3. Then, any entire
probability flow {'LLS’V}(S’V)E[OVT]X']D selected as in the proof of Theorem 1.3.1 is the convex
extension of a Markovian semigroup. In particular, the family {/.Ls’x}(s’(sz)e[oﬂ“]x'p fulfills
the Chapman-Kolmogorov equations (2.31).

In combination with Lemma 2.5.1 and our main result, Theorem 1.3.1, we obtain the
following result.

Corollary 2.5.6. Let the coefficients a;j,b; satisfy Assumption A3. Then, there exists an
entire probability flow to (FPK), which is the convex extension of a Markovian semigroup.
In particular, there exists a Markovian semigroup of solutions to (FPK).

Proof of Proposition 2.5.5. Consider an entire probability flow {1%"} (s ,)e[o,1]xp selected
as in the proof of Theorem 1.3.1. It suffices to prove u;"” = [ pYdv(y) forall0 < s <t <T
and v € P. Indeed, then the flow is the convex extension of {1*} (4 s5,)e[0,7]xp and (2.31)
holds, since in this case, for all 0 < s <r <t < T and v € P, we have

pt =" = /R Ay (y).

By Lemma 2.5.9 below, the weakly continuous curve n*", )" := fRd piYdv(y), is an
element of M}, (indeed, the measurability of y — p;* for any ¢ follows by Lemma 2.5.8).
Using the notation of the proof of Theorem 1.3.1, we have

i S,V > ) S,V .
/R ity > /R g (2.32)

where the notation is with respect to the specific measure separating family {h,,,n € N}

ENZ

and the enumeration used within the selection of p*" as in the proof of Theorem 1.3.1.
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Since Lemma 2.5.9 yields py*" = [p. pi¥dv(y) for some measurable family {u¥},cge with
pY € M! 5, V-as. (we suppress the dependence of ¥ on s in the notation) and the selection
process of any p*Y in M; 5 implies

Y > Y -
/Rd h”mgd'uqmg > /Rd h"mgd'uqmg’ v-a.s., (2.33)
we deduce
B, dn>’, = B dps¥, |d
\/]Rvﬁd mg nqmg /I‘Qd(\/IRVQd mg ’uq'ms) l/(y)
2/ < b, dty S)du(y) :/ b, s dpng?” - (2.34)
R4 R 0 ™y Rd O ™g

Hence, equality holds in (2.32). In turn, also (2.34) is a chain of equalities, which particularly
gives that (2.33) is an equality. Iterating these arguments, (2.32), (2.34) and (2.33) hold with
equality for any index pair (nmz, qmz), k € Ny. Using continuity of ¢ — p;"” and t — 1,
we conclude p®” = 0", ie. p” = [ pYdv(y) for each t € [s,T), and the claim follows. [

For the above proof, we used the following lemmas. We use the notation of the
proof of Theorem 1.3.1 as follows. For a measure separating family {h,,n € N} C C.(R%)
and an enumeration &, the sets M, = M 2’5’” and maps G} = GZ’&” are as defined in the
proof of Theorem 1.3.1 with Ay, = M;,ziw = M, (the second equality holds due to the

boundedness part of Assumption A3).
Lemma 2.5.7. The map P > v +— Mg, is B(P)/B(comp(CsrSP))-measurable.

Proof. We want to apply Lemma E.0.2. To this end, we prove: if (v,)nen converges to
v weakly and for any n € N there is u" € M,,, , then there is a limit p € M, of a
subsequence (1% )ren in Cs 7SP. However, this can be proven as in Lemma 2.3.4. Since
in the present case, we have Ag, = M, ,, the additional assumption (2.21) is fulfilled. O

Lemma 2.5.8. For each (s,z) € [0,T] x RY, let u>* € M;,am denote the solution curve
selected by the iterative selection method presented within the proof of Theorem 1.5.1, i.e.

{7} = () Mg

k>0

Then, the mapping x +— p** is B(RY)/B(Cs7P)-measurable. In particular, for each
t€[s,T], x> p" is B(R?)/B(P)-measurable.

Proof. 1t suffices to prove Borel measurability of

v [ MP° (2.35)
k>0

from R? to comp(Cs 7SP), since then Lemma E.0.3 implies the measurability of z +— u** €
Cs7SP and the claim follows, since p®* € Cy 1P and B(SP) restricted to P coincides
with the Borel o-algebra of P with respect to the weak topology. Since the mapping (2.35)
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can be rewritten as z — A}LmOOX ~N(x) (the limit is taken in comp(C,s 7SP), see Appendix
E), with
XNz ﬂ M;" = My" € comp(Cs 7SP),
10<k<N

it suffices to prove measurability of each Xy. By definition of M;™ and lemmas 2.5.7
and E.0.1, X is measurable (indeed, the map G is continuous on Cs rSP). Iteratively
applying Lemma E.0.1 to the maps M, — M ,‘:fl and using the continuity of each G}*,
the measurability of each Xy follows. The final assertion follows immediately by the
measurability of the projection maps m; : Cs 7SP +— SP. O

Lemma 2.5.9. Let (s,v) € [0,T) x P and assume Assumption A3 is fulfilled. Then,
I E M;V if and only if there exists a family {u*}, cpa such that p* € ./\/lix v-a.s. and
x> pf is B(RY)/B(P)-measurable for each t € [s,T] such that py = [pa pfdv(z).

Proof. Clearly, for any family {4}, ga as in the assertion, the curve t — py := [ pf dv(z)
is weakly continuous and a solution to (FPK) with initial condition ps = v, i.e. p€ ML,

1

Conversely, for any solution curve p € M there exists a probability measure

PR
P = P(u) € P(Cs7R?), which is a solution to the martingale problem associated to the
coefficients a, b with Pom; ! = p; for each t € [s, T], see [100] as well as the introduction in

I we obtain a v—a.s. unique

Chapter 5 for details. Disintegrating P with respect to Pom;
family {P;},cga of probability measures on Cs rR?, such that z +— P, is measurable and
P = fRd P,dv(x). Furthermore, P, is a solution to the associated martingale problem
with initial condition (s,d,) for v-a.e. z € R% see [223, Prop.2.8]. Since the curve of
one-dimensional marginals of any solution to the martingale problem with initial condition
(s,v) is a weakly continuous probability solution to the corresponding FPK equation
with initial condition (s,v), we have (P, o w{l)te[sﬂ € Miﬁz for v—a.e. x € R? and
i = Jga Pro 7, Ydv(z), i.e. the claim follows with uf := Py o, L. O

To us, it is unclear whether under weaker assumptions on the coefficients, any entire
probability flow as in the proof of Theorem 1.3.1 gives rise to a Markovian semigroup.

Chapter 3

Solution flows for nonlinear
equations

In this chapter, we study nonlinear Fokker—Planck—Kolmogorov equations (FPK equa-
tions) of type (NL-FPK). Our goal is to prove results on the existence and uniqueness of
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solution flows, comparable to the linear case of the previous chapter. To this end, we observe
that the proofs of Theorems 1.3.1 and 1.3.2 do not rely on the linearity of the equations of
type (FPK), but carry over to a nonlinear setting as well. It turns out that the nonlinearity
of the coefficients renders compactness of (subclasses of) solutions a more delicate issue,
which in comparison with the linear case requires additional regularity assumptions, see
Section 3.3. We recall that nonlinear FPK equations of type (NL-FPK) naturally arise as
the equations fulfilled by the marginal curves of solutions to McKean—Vlasov stochastic
differential equations, in particular in connection to interacting particle systems. Moreover,
such parabolic equations for measures are widely used in the area of statistical mechanics
and physics, see Chapter 1 for more details and references for these interesting connections
and origins.

3.1 Nonlinear FPK equations

As before, we study equations on the finite time interval [0, 7] for some T' > 0. Let
So € SP and suppose that for each p € Sy, the coefficients

aij('?,u'v )7bz(7lu’a) : [OvT] X Rd — R7 1 S Z?] S d7

are B([0,T]) ® B(RY)-measurable such that a(t, u, z) := (a;;(t, 4, ))1<i j<a € S} for each
(t,pu,x) € [0,T] x Sop x R, Via the (strict) subset Sy € SP, we take into account the
possibility that the coefficients may only be defined for a certain subclass of subprobability
measures. More generally, one could allow dependence of Sy on ¢. Similar to the notation in
the previous chapter, for (¢, 1) € [0,T] x Sy, we use the notation L, for the second-order
differential operator as introduced in (1.3).

Given such coefficients, we study the Cauchy problem for nonlinear second-order
parabolic equations for measures with initial condition (s,v) € [0,T] x SP of type

{&tﬂt = L5, 1t (NL-FPK)

s =,

according to the following definition. In contrast to the previous chapter, here the depen-
dence of the coefficients on the solution renders (NL-FPK) a nonlinear equation.

Definition 3.1.1. A vaguely continuous curve ¢ — p; € SP is a solution to (NL-FPK), if
(t,x) = aij(t, pe, ©) and (t, ) > bi(t, g, z) are B([0,T]) @ B(R?)-measurable and

(i) fST Jre Naij(t, pue, )| + |bit, pg, @) |dpe (z)dt < o0, VK C R? compact ,1 < i,j < d.

(ii) For all p € C(R?), we have
¢
/ o(z)dpy — / o(z)dv = / / Loy, p(x)dpy(x)du, € [s,T). (3.1)
R4 R4 s JR4

In particular, the definition requires u; € Sp for each t € [0,7]. Similarly to Definition
2.1.1, a solution t — py is a probability solution, provided . is a probability measure for
each t € [s,T]. In this case, the solution is weakly continuous.
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Remark 3.1.2. More generally, one may consider discontinuous curves of signed, bounded
measures t — i as solutions to (NL-FPK). Furthermore, the dependence of a;; and b;
on (ft)iefs,r] may be nonlocal in time, i.e. writing fi := pdt as a measure on R? x [0,T],
coefficients may be of type a;j(t, i, x) and bi(t, i, x) instead of a;;(t, e, x) and bi(t, pue, ).
An example in dimension d = 1 is the typical case of a convolution kernel

t
b(t, s ) — / K (2, y. 8)dps(y)ds
0 JRA

for some Borel function K : R x R% x [0, T] = R. For classical works on equations with
convolution-type coefficients, see [45, 146, 145, 146/, and also the more recent work [170],
whose more general approach covers the former classical works.

Solutions to (NL-FPK) as solutions to linear equations. We would briefly like to
stress the following immediate, yet very important observation. Any solution ¢t — u; to
(NL-FPK) becomes a solution to a linear FPK equation of type (FPK) with coefficients
(t,x) = a;;(t, pe, ), bi(t, e, x) by freezing the curve t — g in the argument of the measure-
component of a;; and b;. This way, many results are recovered from the linear situation,
for example one proves results parallel to Lemma 2.1.3 and Remark 2.1.4. To this end,
note that Definition 3.1.1 (ii) is not sensitive to changes of ¢t — u; on dt-negligible sets, as
long as these changes occur in the ”domain” Sy.

The method of freezing the nonlinearity-coefficient in (NL-FPK) is frequently employed
for proofs of existence and uniqueness via fixed point theorems, see for example [69, 170], as
well as in order to establish a connection between the existence of solutions to nonlinear FPK
equations and the corresponding distribution-dependent stochastic differential equation
via superposition of solutions, see [21, 22] and the introduction to Part IT of this thesis in
Chapter 5 for details.

3.2 Nonlinear solution flows and main results

For the remainder of this chapter, we use the same notation as introduced in the linear
case at the beginning of Section 2.2, i.e. we denote by M, the set of all solutions to the
Cauchy problem (NL-FPK) with initial condition (s,v) € [0,T] x SP, by M} , its subset
of probability solutions, and by My and M} the union of Ms, and M;’V over v € SP
and v € P, respectively.

3.2.1 Nonlinear solution flows

As in the linear case, it might be necessary to restrict the selection of a solution
flow to subclasses As;, C M., (s,v) € [0,T] x SP. To this end, we use the notion
of a flow-admissible family {As .} (s ef0,r]xsp and a solution flow {u>"} (with respect
to {Asu}s)eo.r]xsp) exactly as in Definitions 2.2.1 and 2.2.2, respectively. Again, we
denote by Ay C SP the set of v € SP such that A, # 0 and call such (s,v) admissible.
We also use the notion of entire (sub)probability flow as in the previous chapter.

Remark 3.2.1. Since we only consider cases in which the dependence of t — s on the
coefficients is local in time in the sense a;;j(t, g, x) and bi(t, py, x), i.e. we do not consider
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the more general case of coefficients a;j(t, fi, ) and b;(t, i, x) with i = pdt as in Remark
3.1.2, it is straightforward to see that the family {M;y}(s)ep1)xsp 18 flow-admissible.

3.2.2 Nonlinear case: Main results.

Now, we formulate the main results for the case of nonlinear equations, i.e. Theorems
3.2.2 and 3.2.3 below. Both are in complete analogy to our main results for linear equations,
Theorems 1.3.1 and 1.3.2.

Theorem 3.2.2. Let {Asy}s)e0,mxsp be a flow-admissible family of sets of solutions
to (NL-FPK) such that As, is compact in Cs7SP for each admissible initial condition
(s,v). Then, there exists a solution flow to (NL-FPK) with respect to {Asy}(sp)e0,1]xSP-

Theorem 3.2.3. In the situation of Theorem 3.2.2, the following are equivalent.
(i) There exists at most one solution flow to (NL-FPK) with respect to {Asy }(s,)e[0,1]xSP-
(i1) For each (s,v) € [0,T] x SP, solutions to (NL-FPK) in Ay, are unique.

Concerning the proof of Theorem 3.2.2, it suffices to note that the entire proof of
Theorem 1.3.1 does not use the definition of solution to the linear equation (FPK), but
is solely based on the compactness of A;, C Cs7SP and the specific iterative selection
procedure. Hence, under the assumptions of Theorem 3.2.2, the proof follows in the exact
same way.

Similarly, it is apparent that one can mimic the proof of Theorem 1.3.2 to prove Theorem
3.2.3. Indeed, the former does not take into account the linear equation (FPK), but is only

based on the specific selection method employed in the proof of Theorem 1.3.1.

3.3 Applications and examples

For the following applications and examples to the main results in the case of nonlinear
equations, Theorems 3.2.2 and 3.2.3, we recall and use Proposition 2.4.1, Remark 2.4.2
and the prototype of metric d on SP, as introduced in (2.24).

Entire subprobability flow. The first rather straightforward application to the above
results arises under the following assumptions on a and b. Suppose that Sy C SP is closed
with respect to the vague topology.

Assumption B1.

(B1.i) fOT SUP(1,2)eSo x K (|aij(t, p, @)| + |bi(t, p, )| )dt < oo holds for all compact K C R?
and 1 <14,57 <d.

(Blii) @+ a;(t, p, ), bi(t, u, ) is continuous for each 1 <i¢,j <d,t € [0,T] and p € Sp.

(Bliii) If w, — p vaguely in Sy for n — oo, then a;;(t, un,z) — ai;(t, p, ) and
bi(t, pin, ) — b;i(t, p, z) locally uniformly in = € R? for each ¢ € [0, T].
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The first two assumptions are comparable to Assumption Al from the previous chapter,
and the rather strong additional assumption (B1.iii) is necessary in order to show closedness
of My ,,, which is more delicate than in the linear case (see the proof of Proposition 3.3.1).

Proposition 3.3.1. Suppose Assumption Bl is fulfilled and suppose My, is nonempty for
each (s,v) € [0,T] x SP. Then, there exists an entire solution flow {u>"} of subprobability
solutions to (NL-FPK).

Proof. Comparable to the proof of Proposition 2.4.3, we evoke the Arzela-Ascoli theorem in
order to prove precompactness of M, C C; 7SP. Of course, the range of each projection
m(Ms,) C SP, t € [0,T], is precompact as a subset of the compact space SP. Replacing
assumption (Al.i) by (B1.i), equicontinuity of M, can be proven exactly as in the proof
of Proposition 2.4.3. Therefore, M, , C Cs7SP is precompact.

Concerning closedness, assume " = (uf)ie[s,r] converges to p = (jit)se[s,r) in Cs 7SP
as m — o0o. Then, (u)cs ] S So, since we assume Sy to be closed in SP. Since
aij(t, u, x) — a;;(t, pe, x) for each (¢,2) € [0,T] x R? as n — oo by (B3.iii), it follows
that (t,z) — ai;(t, e, z), 1 < 4,5 < d, is Borel measurable. The same is true for b;,
1 < i < d. Of course, (B1.i) gives the integrability condition (i) of Definition 3.1.1.
Therefore, it remains to prove

/St /Rd Loy p(z)dpty (x)du — /St /]Rd Loy, p(x)dpy (z)du (3.2)

n—oo

for each ¢ € C°(R?) and ¢ € [s, T]. This can, for example, be realized by rewriting
| Cunole)diii(@) = b Lus)

where ¢« <u, f > c. denotes the dual pairing of f € C.(R?) and a bounded Borel measure ,
considered as an element in the dual space of C.(RY). Since the vague topology on SP
coincides with the weak-* topology in the dual space of Cc(Rd), and since assumptions
(BL.i) and (BL.ii) yield that Ly un¢ — Loy, ¢ in Ce(RY) as n — oo (i.e. the convergence
is uniform in z € RY), it follows that

[ @) = [ Lopp@ina). welsT)

n—oo Rd
From here, (3.2) follows by (B1.i) and Lebesgue’s dominated convergence theorem. O

We point out that in general it is a hard task to solve (NL-FPK) for every initial
condition v € SP. Existence results for subclasses of initial conditions are, for example,
obtained in [175] via the corresponding McKean—Vlasov equation, by semigroup methods
in [21, 22], and by a fixed point argument in [170]. In the recent paper [20], existence of a
solution for any probability measure as initial value is shown. However, in the situation of
that paper, our Assumption B1 is not fulfilled.

Entire solution flow under relaxed assumptions of [69]. Another existence and
uniqueness result for solutions to (NL-FPK) for arbitrary initial conditions v € SP via
the corresponding McKean—Vlasov equation is [69, Thm.5.3]. Indeed, set o = 0 in [69,
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Eq.(1.1)] to recover equation (NL-FPK). In this case, existence of solutions holds, if the
Borel coefficients a;j,b; : [0,7] x SP x R? — R are uniformly bounded, uniformly (in
(t,z)) Lipschitz continuous in g with respect to the Kantorovich-Rubinstein metric (which
metrizes weak convergence in SP), and uniformly (in (¢, x)) Lipschitz continuous in x.
Additionally, uniqueness of the solution is obtained in [69, Thm.5.4] under the additional
rather strong assumption

sup |lai;(t, p,-)|lem < oo, sup —|[bi(t, i, -)|[om < o0,
(t,w)€[0,T]xSP (t,w)€[0,T]xSP
for some m > d/2 + 2. Our next aim is to apply our selection result Theorem 3.2.2 to
equations with coefficients a and b fulfilling an intermediate set of conditions. For the

present situation, we have Sy = SP. More precisely, suppose the Borel coefficients a;; and
b; are defined on [0, 7] x SP x R? and fulfill

Assumption B2.
(B2.) (t, 1, 2) = a;;(t, u,z) and (¢, u, ) — b;(t, 4, z) are bounded on [0,7] x SP x R<.
(B2ii) x> a;j(t, g, z), bi(t, u, x) are continuous for each 1 < 1,5 <d,t € [0,T] and p € SP.

(B2iii) If pup, — p weakly in SP for n — oo, then a;(t, pn, ) — ai;(t,p, ) and
bi(t, pin, ) — b;(t, u, ) locally uniformly in = € R for each t € [0, T].

Of course, these assumptions are fulfilled in the situation of [69, Thm.5.3] as described
at the beginning of this paragraph. At the same time, Assumption B2 is considerably
weaker than the assumptions in [69, Thm.5.4], since we do not impose Lipschitz continuity
in either x or p and also no C™-regularity in z for m > 0. Hence, under Assumption
B2, we have existence of solutions for each initial condition (s,v) € [0,T] x SP, but not
necessarily uniqueness. We claim that in this ill-posedness situation, we can select an entire
subprobability flow. Note that (B2.iii) is weaker than (B1.iii).

Proposition 3.3.2. Suppose the Borel coefficients a;;,b;, 1 < 4,5 < d, fulfill Assumption
B2. Then, there exists an entire subprobability solution flow to (NL-FPK).

Proof. In view of the assertion and the proof of Proposition 3.3.1, precompactness of
M, € Cs 7SP holds, and it only remains to prove closedness of M, ,. To this end, and
in view of (Bl.iii), inspecting the proof of Proposition 3.3.1, it is clear that (B1.iii) is
only needed for the case p, = pi' and pu = py such that (uf')iefs ) € Ms, converges to
(tt)tefs,r) in Cs7SP as n — oo. But in this situation, Lemma A.0.2 yields tightness of
{1 tnen, so that the vague convergence py — i is actually weak. From here, (B2.iii)
gives (B1.iii) and the assertion follows as in the proof of Proposition 3.3.1. O]

In the presence of Assumption B2, one can, of course, also select an entire probability
flow, i.e. a solution flow with respect to the solution classes A, as in (2.26). Indeed, this
family is flow-admissible, by a reasoning similar to Remark 2.4.5.
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Entire solution flow for nonuniqueness examples from [203]. Several examples
of nonuniqueness for McKean—Vlasov equations of type (1.4) with o = 0 are presented in
the classical work [203]. In particular, [203, Counterex.3] states the existence of several
solutions in a one-dimensional case with coefficient b(¢, u, z) := [ hdy, for some h € C.(R).
Clearly, in this case, Assumption B2 is fulfilled. That this equation has a solution for each
initial distribution v € P can, for example, be observed by applying Theorem 5.3. from
[69]. Since any solution to a McKean—Vlasov equation induces a probability solution to
the corresponding nonlinear FPK equation of type (NL-FPK) (with coefficient b as above
and a = 0), it is clear that there exists a solution to the Cauchy problem (NL-FPK) for
each (s,v) € [0,T] x SP (because any subprobability measure is, of course, a probability
measure up to a normalizing constant). Consequently, Proposition 3.3.1 applies and yields
the existence of an entire solution flow of subprobability measures. As described at the
end of the previous paragraph, one can also construct an entire probability flow.

Restricted flow subject to a Lyapunov function. Here, we consider the case of
unbounded coefficients in presence of a Lyapunov function. We use the notation P, :=
{peP:|-|™e L' ()} for m € N. Suppose we are given coefficients

aij, bi [0, T x Py xR = R, 1<4,j<d,

such that ¢ — a;;(t, e, ©) and t + b;(t, e, *) are Borel measurable for each x € R? and
each Borel curve ¢t — p; from [0,7] to Ps. As usual, we set b = (b;)1<i<q and assume
alt, p,z) = (ai;(t, p, x))1<ij<a € ST for each (¢, pu,z) € [0,T] x Py x RY. Assume there is a
continuous, nonnegative function C* on [0, 7] such that the coefficients satisfy

Assumption B3.

M d d * *
(B3.4) sup,ep, 375 -1 laij(t, 1 @) + sup,ep, 35y [bilt, i 2)| < C*(1) + C*(H)la], =€ R™
(B3.ii) x> aq;(t, p, ), bi(t, u, ) is continuous for 1 < 4,5 < d and each (¢, p) € [0,T] x Py.

(B3.iii) If p, — p weakly in Py and the second moments of u" converge to the second
moment of u for n — oo (i.e. do(un, ) — 0, with dy as introduced below), then
ij(t, o, ®) — ai;(t, u,x) and bi(t, pn, ©) — bi(t, u, =) locally uniformly in z € R?
for each t € [0, 7.

Then, setting V : x — 1+ |z|*, it is straightforward to check that for each curve
t — u; € Py, we have

L, V(2) < Ct) + CHV(z), (ta)e0,T]x RY (3.3)

for a continuous, nonnegative function C' on [0, 7], which is easily calculated from C* and
the definition of V', but its exact calculation is not needed in the sequel.

In this situation, we apply the following lemma, which is a slightly simplified version of
Lemma 2.2. of [36], to obtain a bound on [ Vdu; uniformly in p = (pt)eps) € M;V and
t.
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Lemma 3.3.3. Let t — p; be a probability solution to (NL-FPK) with initial condition
(s,v) € [0,T] x Py. Then, for coefficients a;; and b; as in the beginning of this paragraph,
which fulfill (B3.i), we have for each t € [s,T]

t t u
/ Vduy g/ Vdv+ [ C(u)du+ c* exp(cﬂf)/ exp(—cu)[/ le/+/ C(T)dr] du,
R4 R4 s s R4 s
(3.4)

where we set ¢t := maxycpo ) C(t) and ¢ 1= minge(o 77 C(t).

Since the right-hand side of (3.4) is bounded independently of 1 € M}, and t € [s, T
by some D = D(v,V,T) > 0, in our present situation the previous lemma yields

sup / Vduy < D. (3.5)
pemMt , JRA

Choosing a sequence (p)reny € CP°(R?) such that ¢p(z) = V(x) for |z| < k and
supgen |[0iklloe < ol|0iV||oo + o, suPen [[0ij@klloc < 0l|0iV || + co, 1 < 1,5 < d,
for some ¢y > 0, and considering (3.1) with ¢ instead of ¢ in the limit & — oo, it
follows by (B3.i), Lemma 3.3.3 and Lebesgue’s dominated convergence theorem that
Loy, V € L' (pydu) and

/Rd’eﬂ‘ldﬂt(w)—/ |z dv(z) // Loy, V(@) dpy (z)du. (3.6)

It is clear that a similar calculation holds when |- |* is replaced by |- |™ for 1 < m < 4 and
V on the right-hand side is replaced by | - |™. In particular, t — [ |- |™dy, is continuous
for 1 < m < 4, i.e. in this situation, we have M;V C Cs 1P2, where we equip Py with the
metric

o s (s i) = d(p, i) + \ [ leldute) - [ | laPdito)|

where d is the same metric as fixed in the beginning of the proof of Proposition 2.4.3.

From the definition of d and since convergence with respect to do is equivalent to weak
convergence plus convergence of the second moments, it is clear that dy is weakly equivalent
to the usual Wasserstein distance on P,. Our goal is to apply Theorem 3.2.2 to the
flow-admissible family Ay, C Cs17Po,

A =

)

(3.7)

M;V , if v € Py,
0 , if v e SP\Ps.

Indeed, the admissibility of the above family follows, since we have shown by Lemma 3.3.3
that v € Py gives (uit)se(s,7) C Pa for each (pg)iefs ) € /\/liy,,. Before we continue, we pause
for the following observation.

Remark 3.3.4. Although we have not mentioned it before, it is evident that the proof
of Theorem 3.2.2 (as well as that of Theorem 1.3.1 in the linear case) is not specific to
the space Cs 7SP. Indeed, if we are given a flow-admissible family { A, } such that As,,
is compact in Cs 7B, where P is some metric space of (sub)probability measures with a



44

topology finer or equal to the vague topology, then the proof works in the exact same way.
The reason we exclusively used P = SP with the vague topology until now is that in general
it is, of course, potentially much harder to prove compactness As, C Cs 1B for spaces P
with a finer topology. However, in the case of nonlinear FPK equations, we typically need to
assume continuity of the coefficients in their measure argument with respect to the topology
on B in order to prove closedness of As, C Cs 1B, see assumptions (Bl1.ii), (B2.iii) and
(B3.1ii). This kind of assumption becomes weaker for finer topologies on B (which, on the
other hand, renders the task of proving precompactness of As, C Cs B more difficult). In
the present situation, which we continue after this remark, the Lyapunov function V' allows
to prove precompactness of As, in Cs1Po, i.e. we choose P = Po. This allows to obtain
compactness of As, under Assumption B3, which comprises (B3.iii), which is a weaker
assumption than (B1.ii) or (B2.iii).

Using the observations of the previous remark, we arrive at the following result.

Proposition 3.3.5. Suppose the coefficients a;;,b;, 1 < i,5 < d, are as specified at the
beginning of this paragraph and fulfill Assumption B3. Moreover, assume the sets ./\/ll,,l,
are nonempty for each (s,v) € [0,T] x Ps. Then, there exists a solution flow to (NL-FPK)
with respect to {Asu}(sp)eo,mxsp as in (3.7), i.e. the flow arises in Py.

Proof. Again, we evoke the Arzela-Ascoli theorem, see Proposition 2.4.1. Fix (s,v) €
[0,T] x Py. For each t € [s,T], (3.5) implies tightness of m(As, ). Since a uniform bound
on the g-th moments of a weakly converging sequence of Borel probability measures implies
the convergence of their p-th moments for any 1 < p < ¢, we obtain that the limit of any
weakly converging sequence in (A, ) is even a limit with respect to da, which proves
precompactness of (A ) C (Pa, da).

Concerning equicontinuity, note that (3.6), (3.3) and (3.5) yield

/ &P djuey () — / 2P dps, (2)
R4 Rd

for each (s,v) € [0,7] x P4. From here, and in view of the definition of ds and assumption

sup
(1) tels, ) EAs,v

< C(l—l—D)(tQ—tl), t1,t9 € [S,T], (38)

(B3.i), equicontinuity follows as in the proof of Proposition 3.3.1.

Finally, closedness of As, C C,7P> can be proven as in the proof of Proposition
3.3.1. Indeed, in the present case, assumption (B3.iii) is sufficient, since we want to prove
closedness in Cs 7P instead of Cs 7SP as in the proof of Proposition 3.3.1. Taking into
account Remark 3.3.4, this concludes the proof. O

Concerning existence of solutions in M;V in the present situation, one can, for example,
evoke [170, Thm.1.1.(ii)], which in comparison to Assumption B3 additionally requires
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the continuous dependence of the coefficients on x to be uniform in (¢, 1), compare with
(H1)-(H3) of the above source.

Chapter 4

Solution flows for FPK equations
for measures on
infinite-dimensional spaces

We conclude this first part of the thesis with a brief account of flow selections and
the characterization of well-posedness for linear FPK equations for measures on infinite-
dimensional spaces: for equations of type (FPK,), we prove results similar to the finite-
dimensional cases presented in the previous two chapters. The main results in this chapter
are Theorems 4.2.1 and 4.2.2. Again, both proofs readily follow as in the basic case
discussed in Chapter 2. It is not surprising that the infinite-dimensional setting renders
the compactness of solutions, as needed in the assertion of both main theorems, a difficult
issue, and the findings in this chapter should only be considered a first step towards
further investigations of similar questions in infinite-dimensional cases. We restrict the
considerations in this chapter to the case of probability-valued solutions.

4.1 FPK equations for measures on R*

We start by presenting notation specific to the infinite-dimensional case, which is
only needed in the present chapter. Afterwards, we give the definition of a solution to
(FPK) and briefly discuss the continuity assumption of solutions, comparable to the

finite-dimensional case in Lemma 2.1.3.

4.1.1 Notation

For n € N, e, denotes the n-th unit vector in R, i.e. the sequence with value 1 in
its n-th entry and 0 otherwise. Let P; be the projection from R* to the linear span of

{e1,...,eq}, i.e.

Pd:Roo_><ela"°7ed>ng7 Pd:(xi)iGN’_)(xlv"wxd)’

The set of probability measures on B(R*) is denoted by P(R*>°), and we still use the
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notation P for the space P(R?), if the dimension d is given from the context. Furthermore,
we need the following spaces of cylindrical functions on R*. For T > 0, we set

Fetx) = {90 :(0,T) x R® = R|p(t,z) = &(t, Py(x)),d € C((0,T) x Rd)}
deN

and
FX(z) = U{gp:Roo %R}gp:@opd,@e Cfo(Rd)}.
deN
Note that any nontrivial function ¢ € F°(t,z) U F°(z) is not compactly supported in
R*.

4.1.2 Solutions to FPK equations for measures on R>®

Let T > 0 and consider the compact time interval [0,7]. We endow R* with the
product topology, i.e. a sequence {x(")}neN in R* converges to x = (z;);en if and only if
xl(") — x; in the Euclidean topology on R for each i € N as n — oo. Recall that R* with

this topology is Polish. In particular, the facts about spaces of probability measure P(X)
recalled in Chapter 0 apply in the case X = R*°. Let

aij,biz[O,T]xROO%R, 1,7 €N,

be Borel measurable and set a := (a;j)i;>1 and b := (b;)ien. At this point, it is not
necessary to assume symmetry or any kind of nonnegative definiteness for a.

We consider the differential operator L as in (1.6) and study the Cauchy problem for
the corresponding linear FPK equation (FPK,), i.e.

{at,ut = Li s, (4 1)

Hs =V
for an initial condition (s,v) € [0,T] x P(R>).

Definition 4.1.1. A probability solution to (4.1) with initial condition (s,v) € [0,T] X
P(R*) is a weakly continuous curve p = (u)es,r) in P(R*), such that for each i,j > 1,
the coefficients a;; and b; satisfy

T
/ /Roo laij(t, z)| + |bi(t, x)|dp(z)dt < oo, (4.2)

and for each ¢ € F°(x) and ¢ € [s,T], we have

[ et~ [ owive) = [ [ Lottty (43)

Remark 4.1.2. (i) Since in an infinite-dimensional framework the global integrability
condition (4.2) seems more natural than an analogue of the local in space condi-
tion (2.1), here we restrict our considerations to probability solutions instead of
subprobability solutions, as in the finite-dimensional case. Under the local integra-
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bility assumption on solutions in the previous chapter, the more general setting of
subprobability measures turned out helpful, since the vague topology on SP is better
suited in the case of such local conditions. Nevertheless, also in this situation, the
results in the present chapter can immediately be extended to subprobability valued
solutions.

(ii) In general, (4.1) makes sense for discontinuous Borel curves of signed, bounded
measures on R*. In this case, the general notion of solution is an analogue to
Remark 2.1.2, i.e. a bounded Borel curve (Mt)te(s,T) of measures on R* is a solution
to (FPK) on (s,T), if it consists of probability measures dt-a.s., fulfills the global
condition (4.2), and satisfies

/ ' / O+ Ll a)dyu ()t = 0 (4.4)

for each p € F(t,x). If in addition, for each p € F°(x) such that ¢(t,-) =0 for
t € [0,C,] for some C, > s, also

tin [ e@duta) = [ e (1.5
holds, then ()i (s,T) 5 a solution to the Cauchy problem (4.1), see [38, Ch.10] for
details. Similarly to Lemma 2.1.3, in the subsequent proposition we briefly discuss
that the assumption of weak continuity for solutions to (4.1) is not restrictive in the
presence of the global condition (4.2).

Proposition 4.1.3. Let t — p; be a Borel curve of bounded measures on R* on (s,T),
which is a solution to (4.1) in the general sense of part (ii) of the previous remark. Then,
there exists a unique weakly continuous version t — iz on [s,T|, which is a solution to
(4.1) in the sense of Definition (4.1.1).

Concerning the proof, we first show the existence of a unique version, which is continuous
in duality with the function class F2°(z). From here, the assertion is obtained by the
following lemma, whose proof we have shifted to Appendix A.

Lemma 4.1.4. Let (n,)nen,n € P(R*). If

[ c@an@ [ e, voe FE @), (16)

n—oo Roe

then (np)nen converges to n weakly.

Proof of Proposition 4.1.3. First of all, it is clear that any Borel measurable version
t = fiz of (j1¢)e(s,) still solves the Cauchy problem in the sense of Remark 4.1.2 (ii).
Moreover, for weakly continuous curves, this notion of solution is equivalent to Definition
4.1.1, see for example [32, Lem.1.1]. Hence, it remains to construct a version as in the
assertion.
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For fixed d € N, choose ¢(t,z) = f(t)g(Pa(z)) € F°(t,z) in (4.4), where f €
C((s,T)) and g € C(R?), to observe that ¢ — [oq g(z)dp o P;'(z) belongs to the
Sobolev space W1 ((s, T)) with weak derivative

t— - aij(t,2)0i59(Pa(x)) + bi(t, 2)0ig (Pa(z)) dpe(z).
From here, we employ the same arguments as in the proof of Lemma 2.1.3 to obtain a
dt-version t — pff € P(RY) of (4 o Pyg)ye(s,ry on [s,T], which is even weakly continuous,
due to the global integrability (4.2) of (pu¢)e(s,7) With respect to the coefficients. Hence,
repeating these steps for each d € N, we obtain a set A C [s, T such that A° is dt-negligible
with
te A = ul=woP;' VdeN,

and for t € A we set [i; := .

Now let t ¢ A and let us show that the family {uf}4en is consistent: For d > 2, let
gq € Cyp(R?) be arbitrary such that gg = gq_; o ngl for some gg_1 € Cy(R*1), where we
set

P4 i ler, . eq) = (e, . eq1), PE (1, .. xq) == (@1, ... Tg_1).

Choosing a sequence t,, — t as n — 0o with (¢,)neny € A, we have

/ Qddﬂf = lim / Qddlifn = lim / gadpu,, © Pd_l = lim 9gd—1© Pg—1dﬂtn °© Pd_l
Rd n—o0 Rd n—o0 Rd Rd

n—oo

= lim . ga—1dp, o Pyl = Jim . ga—1dpit = /Rdl ga—1dpg .
For arbitrary nonempty open sets Bi, ..., B4_1 C R, approximate the function 1p,x..xB, ,
pointwise from below by a nondecreasing sequence of nonnegative functions (¢2),en C
Cy(R?1). Then, clearly also g7 °P§l—1 /1B, x..xB,_,xr and each gB on_l is nonnegative,
continuous and bounded on R?. Thus, applying the above chain of equalities to each pair
of functions g2 and g2 o Pil and letting n — oo on both sides, yields

pd(By X ... x By_1 x R) = Y (By x ... x Bq_1),

which gives the desired consistency. Therefore, by Kolmogorov’s extension theorem (see
Theorem D.0.5), there exists a unique element fi; € P(R*) such that fi; o Pd_1 = uf for all
deN.

Altogether, we obtain a family of probability measures ji = (fit);c[s,7] on B(R*) such
that p; = fiy dt-a.s. (namely for each ¢t € A) and (i o Pd_l)te[s,T] is weakly continuous on
B(RY) for each d € N. In particular, (fit)efs, fulfills (4.6), with (1,)nen and 7 in (4.6)
replaced by any sequence (fit, )nen and fi; such that ¢, — ¢ as n — oco. By Lemma 4.1.4,
t — i3 is weakly continuous. This completes the proof. O

Metrizing the weak topology on P(R*). We close this section by introducing a
metric do on P(R*), which induces the weak topology of measures on P(R*) and only
comprises functions from the class F2°(x). Compare with the definition of the metric d in
(2.24) from the finite-dimensional situation.
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For d € N, fix a countable set G4 C C(R?), which is dense with respect to the
topology of uniform convergence, assume without loss of generality that no element in Gy

G .= UGd

deN

is constantly 0, and let

Due to the density of each Gy in C2°(R%) and Lemma 4.1.4, weak convergence of a sequence
of probability measures (u"),en to u € P(R*) is characterized by the convergence

/ cpd,u”—>/ wdp Yo € {Po Py|P € Ggq,d € N}.
R n—00 JRoo

With this in mind, we introduce the metric

2 Toellen

on P(R*), with {pr, k € N} = {®o Pj|P € Gy4,d € N}, and note that d induces
the topology of weak convergence on P(R>). Here, with slight abuse of notation, for
@ =Po Py, & € Gy, we write ||p||c2 := ||®||c2. Clearly, the specific choices of G as well as
the numbering of elements of GG is not relevant, in the sense that two different numberings
lead to weakly equivalent metrics on P(R*>°). Whenever we refer to do in the sequel, we
refer to a fixed choice of G and a fixed numbering of its elements as above. We make the
following observation.

Remark 4.1.5. (i) If we replace (27 %) ren in the definition of dey by another summable
and strictly positive sequence (ax)ken, we obtain a metric weakly equivalent to d.

(ii) The first part of Remark 2.53.1 applies in this context as well, i.e. the topology of
uniform convergence on CgP(R*) coincides with the compact-open topology on
Cs,7P(R>), which is independent of a change of weakly equivalent metrics on P(R>).

4.2 Main results

Since no confusion can appear, we use the notation from the previous two chapters
by writing M;yy for the set of all weakly continuous probability solutions to the Cauchy
problem (4.1) with initial condition (s,v). We also use the notion of flow-admissible
families of solutions {As . }(s)e(0,7)xP®>) Asp C M;l,, and the sets of admissible initial
conditions A as in Definition 2.2.1. We aim to select solution flows to (4.1) from such
flow-admissible families {As 1 } (s,.1)e0,7)xP(R>), as introduced in (1.9).

With this notation, our main results in the case of FPK equations for measures on
infinite-dimensional spaces are the following theorems. Let a = (a;;); j>1 and b = (b;)i>1
be B(]0,7T]) ® B(R*>)-measurable.

Theorem 4.2.1. Let {Asy}(s)e0,7]xP(re) be a flow-admissible family of sets of weakly
continuous probability solutions to (4.1) such that A, is compact in Cs 7 P(R>) for each
admissible initial condition (s,v). Then, there exists a solution flow to (4.1) with respect

tO {As,y}(sﬂj)e[o,T] XP(ROO) :
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Theorem 4.2.2. In the situation of Theorem 4.2.1, the following are equivalent.
(i) There exists at most one solution flow to (4.1) with respect to {As v} (s v)efo,]xP(R>)-

(it) For each (s,v) € [0,T] x P(R>), solutions to (4.1) in A, are unique.

Proofs of the main results. Concerning the proof of Theorem 4.2.1, it suffices to
note that the proof of the analogue result in the finite-dimensional case from Chapter
2, Theorem 1.3.1, also applies in this situation in the same way. Indeed, concerning a
countable measure separating family of functions on R*°, one may, for example, consider
a countable set of measure separating functions on R?, say Hq = {hd,n € N} C C*(R%),
and then choose H C F2°(x) as the set of functions ¢ = hl o Py, n,d € N.

Likewise, the proof of Theorem 4.2.2 is a copy of the proof of Theorem 1.3.2, without
any mandatory changes due to the present infinite-dimensional setting.

4.3 Examples

As in the previous chapters, finding conditions for solution families A, and the
coefficients a;; and b;, 4, j > 1, under which the main theorems apply, amounts to finding
sufficient conditions on these objects in order to have compactness of A,, C Cs 7P(R*>).
As in the finite-dimensional case, we stress once more that no a priori assumptions on
the Borel coefficients are imposed. As before, the Arzela-Ascoli theorem, as stated in
Proposition 2.4.1, is our main tool to obtain the necessary compactness of Ay, .

We use the notion of an entire probability flow as in the previous chapters, i.e. this
term refers to a solution flow with respect to the solution classes A, = M}, for each
(s,v) € [0,T] x P(R*).

Remark 4.3.1. As in the finite-dimensional situation in Chapter 2, we point out that the
contents of Remark 2.4.2 apply also in the present case: the topology of uniform convergence
on Cs 7P(R™) is the same for any metric weakly equivalent to do, with do as in (4.7), and
the Arzela-Ascoli theorem characterizes the topological property of precompactness of sets
A C Cs7P(R™®) in terms of equicontinuity and the topological property of precompactness
of m(A) C P(R™®), t € [s,T]. Hence, if the latter property holds, equicontinuity of A is
independent under a change of weakly equivalent metrics to dso.

4.3.1 Bounded and continuous coefficients

Here, we investigate our main theorems in the case of bounded Borel coefficients a;;
and b;, ¢,7 > 1. The main proposition in this context is

Proposition 4.3.2. Let the Borel coefficients a;j, b;, i,j > 1, be globally bounded in
(t,x) € [0,T] x R* and continuous in x € R>. Suppose the sets ./\/li,l, are nonempty for

each (s,v) € [0,T] x P(R*>). Then, there exists a full probability flow for (4.1), provided
the sets m(M},,) are tight for all 0 < s <t <T and v € P(R*).

For the proof, we need the following auxiliary result.



4.3. EXAMPLES ol

Lemma 4.3.3. Suppose the Borel coefficients a;; and b;, 1,5 > 1, are continuous in
z € R® and bounded on [0,T] x R®. Then, M}, C CsrP(R™) is closed for each
(s,v) €10, T] x P(R*>).

Proof. Let {u™}nen € M,

S,V
s = limy, o0 ,ug") = v. Since the coeflicients are bounded, it is clear that p fulfills the

global integrability condition (4.2). Concerning (4.3), note that for each ¢ € [s,T] and
p € F°(x), the function

converge to p1 = (fit)sefs,7] € Cs,rP(R*). In particular,

x — Lip(x)

is continuous and bounded on R*°. Therefore, Lebesgue’s dominated convergence theorem

t
// Lyp(x)dp, (x dr—h_)m// Lyp(z)dp™ (2)dr.

Since each ,u(") fulfills (4.3), the above equality implies that this is also valid for p in place
of (™. Consequently, p fulfills Definition 4.1.1. O

gives

From here, we can prove Proposition 4.3.2.

Proof of Proposition 4.3.2. In view of Lemma 4.3.3 and the Arzela-Ascoli theorem, it
C Cs7P(R™), i.e. for each t, (t,)nen C [s,T] such

remains to show equicontinuity of M} sw C

that ¢, — t as n — oo, we need to show

Sup doo(ll’ttn?/'Lt) — 0
MGM%,V n—oo

for ds as introduced in (4.7) or (c.f. Remark 4.3.1) any metric weakly equivalent to d
By the boundedness assumption on a;; and b;, we have

 max {llaijlloo, [[billoo} < 00

for every k € N, where || - || is taken with respect to (t,z) € [s,T] x R>. Recall that each
member of the fixed family {¢y }ren used in (4.7) is of type ¢ = Pro Py with d = d(py) € N.
Set

Cp:=|[d 244 - max iilloo, |10il|oco b < 00.
= [don)? + dp)] - _masx (ol 1] o)
According to Remark 4.1.5, we can replace (27%).en in (4.7) by

1
28(Cr +1)

ap 1=

and denote the corresponding metric d,. Using this metric, we have
o0
ki, — | prdu
sup da(fit,, ) = sup [Z%(’M) a S ordyud Al)]
peM!L peMi, L H(PkHCQ

- [i ( S [ Leow(@)dpy () dr | M)}

B |[or]|c2

peEML,
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o0
t, —t|-C
< swp [Zak(’n | k\|<ﬂk||c2A1>]
pemt, L |lowllc2

< |tn — ¢ iL — 0
- k=1 2K(Cp + 1) noo

Here, the second equality follows from (4.3), which holds for each element in Mi’l,. Hence,
equicontinuity of M} , follows, so that M} , C Cs pP(R*) is compact by the Arzela-Ascoli-

ERZ—

theorem, and Theorem 4.2.1 applies. O

Of course, the above proof implies equicontinuity of any subclass of solutions A,, C
Mi’y. Therefore, under the present assumptions on the coefficients, Theorem 4.2.1 also
applies to a flow-admissible family {As . }(s.)e[0,7]xP(R>), such that A, C Cs 7P(R>) is

closed and the sets m(Ag ;) € P(R>) are precompact. The latter can, for example, be
obtained in the presence of a Lyapunov function, see the existence results in [32].

4.3.2 Coefficients on an embedded Hilbert space in the presence of Lya-
punov functions

In many cases, the assumptions of global boundedness in (¢, z) € [0,7] x R> and spatial
continuity on the whole space R* are a too strong set of conditions on a;; and b;. Instead,
one may encounter situations in which solution curves are concentrated on an embedded
Hilbert space, on which a and b can be estimated from above by a Lyapunov function V.
Below, we present this setting and apply our main theorems to it.

Consider the space of square-summable real sequences ¢ with its usual Hilbert space
topology, and denote the set of Borel probability measures on (¢2, B(¢?)) by P(¢?). The
setting we investigate is the following.

Assume there exists a Borel function V' : R>® — [1, 00] such that V(z) < oo if and
only if z € ¢?, with compact sublevel sets {V <R} CR* R >0, and assume there exist
constants Cj; > 0 and m;; € N for all 7, j € N with

\aij(t, .CE)| + \b,(t,x)] < Ciijif (:c) V(t,l’) € [O,T] x R®°. (48)

In particular, this does not impose any bound on the coefficients on R*\¢2. In this
situation, we consider flow-admissible families {As .} (s.1)e[0,7)xP(r~) Such that Ag, =0, if
v is not concentrated on ¢2, and assume that for each admissible initial condition (s,v) €
[0, T] x P(¢?) and each m € N, there is a measurable, bounded function F, s, : [s,T] — Ry
such that for each ¢ € [s,T], we have

sup V™ (x)dp(z) < Frsp(t). (4.9)
}LGAS,V Roe

In particular, since V = oo on R*®\¢2, each curve p € A, then consists of elements in
P(£?).

For a general existence theorem to which our above framework applies, see [32, Thm.3.1].
The main result for this case is the following proposition.
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Proposition 4.3.4. Suppose (4.8) holds. Assume { Ay} (s)e(0,1)xP () 18 flow-admissible
such that each As, is nonempty and closed in Cs pP(R*°), and such that for any admissible
initial condition (s,v), (4.9) holds. Then, there exists a solution flow for (4.1) with respect

to {Asw}(s,)e0,T]xP(R>)-

Proof. Closedness of A,, C Cs7P(R*>) holds by assumption. For 0 < s <t < T and any
admissible initial condition (s,v), tightness of 7 (A, ) follows, because V has compact
sublevel sets and since (4.9) yields

sup/ V(z)du(x) < oo.
HEAs , JR>®

Concerning equicontinuity, we exploit the same idea as in the proof of Proposition 4.3.2,
i.e. we consider a suitable metric dg on P(R*), for which we show

sup  dg(pit,,, ) —> 0
MeAs,u n—oo
for each (tp)nen,t € [s,T] such that t,, — ¢t as n — oo. More precisely, we consider d, as in
(4.7) and replace (27%).en by (Br)ren With (using the notation of the proof of Proposition
4.3.2 and of (4.8) and (4.9))
1

= my:= max m;j,
B %(Dpep+1) 7 1<ij<dier)

2
Dy, := [d(¢r)” + d(ek)] - 1§£1§35E¢k)cija Dy, s = Dg||Fin,, 0|00

and denote the corresponding metric 5. Here, Fj,, s, is as in (4.9). Then, we calculate

= | Jgoo Orditt, — [goo P
sup dg(pe,, pie) = sup | Y Br A1
HGAS,V ,UJGAS,L/ L k=1 ||()0k”C2
_ tVin
= sup iﬁk (’ Juns Jeoe Lriprdprdr| 1)}
MEAS,V L k=1 ”QOkHCQ
_ tVin
< !
,UJeAs,y L k=1 HSOk'HC2
0 tVin
< a0 [ Funslr)ir
P tAtn
o0
< > |tn = Bk Dyl | Fing 5,0/ 00
=1

Here, the second equality follows from (4.3). The first inequality is due to (4.8), and the
second one follows from (4.9). Thereby, each A, C Cs 7P (R*) is compact and the result
follows by Theorem 4.2.1. O
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Remark 4.3.5. We point out that this situation does not require any a priori continuity

assumption on a and b. However, it is clear that certain reqularity of the coefficients helps
to find flow-admissible families, which are closed in Cs P (R>).

4.3.3 Finitely based coefficients

Here, we assume that a;; and b;, i,j > 1, are globally bounded on [0,7] x R* and
continuous in x € R*. Moreover, we assume the coefficients depend only on a finite number
of spatial variables. More precisely, we consider the case that

aij(t7 x) = al] (ta Pmax(i,j) (x))vbl = B’L (ta Pl(x))v 27.7 > 17 (410)

for Borel functions a;; : [0, T] x R4 — R b; : [0, T] x R* — R, which are continuous in
their spatial arguments and bounded in (¢, x). In this situation, the tightness assumption
of Proposition 4.3.2 is fulfilled and we obtain the following result.

Proposition 4.3.6. Let {As’y}(‘S’V)e[O’T}X'P(Roo) be such that each As, C Cs1P(R*) is
closed and nonempty. If the coefficients a;j and b; satisfy (4.10), then there is a solution
flow for (4.1) with respect to {Asu}(s)ef0,T]xP(R>)-

Recalling Lemma 4.3.3, we immediately obtain the following corollary.

Corollary 4.3.7. If in the situation of (4.10) for each (s,v) € [0, T] x P(R*) there exists
a probability solution to (4.1), then there exists a full probability flow for (4.1).

Let us prove Proposition 4.3.6. The main idea is to use assumption (4.10) to apply a
precompactness result for finite-dimensional FPK equations, as investigated in Chapter 2.
Recall that for natural numbers | < d, Pld denotes the canonical projection from (e, ..., eq)
to (e1,...ep).

Proof of Proposition 4.3.6. In view of the Arzela-Ascoli theorem, it remains to prove
equicontinuity of Ay, and tightness of m; (AS,V) C P(R™) for each s <t < T and any
admissible initial condition (s, r). Concerning tightness, in view of Lemma A.0.4, it suffices
to prove tightness of {y,. o P, 1|(,ut)t€[37T] € As,} as Borel probability measures on R? for
each d € N. For each d € N, considering (4.3) for ¢ = @ o P, ! from F2°(x), every element
(1t)eefsm) € As,p fulfills

/Rd ®dyiy o Py —/ ®dv o Pyt

Rd
t
= /Rd aij (u, Piam(i7j)x)8ij(l§(x) + b (u, P22)0;®(x)dpsy, 0 P (z)du

for each @ € C2°(R?), where the suppressed sums on the right-hand side comprise 4,5 < d
and 7 < d, respectively. Hence, t — ps o P, ! solves the d-dimensional FPK equation with
o bi(-, PY), 1 <4, < d, and initial

condition (s,v o P; ') € [0,T] x P. Clearly, this solution curve is also weakly continuous.

space-continuous and bounded coefficients a;; (-, Pffmz(i j
By Section 2.4, the set of all weakly continuous probability solutions to a finite-dimensional
equation with such coefficients for a common initial condition is compact in Cs 7P. In
particular, {u; o Pd_1 | (1t)eels,) € As,} is tight, so that Lemma A.0.4 applies.



95

Of course, equicontinuity of Ay ,, follows exactly as in the proof of Proposition 4.3.2. [

We close this chapter (and with it the first part of the thesis) with the following remark,
which might be interesting for future considerations.

Remark 4.3.8. In principle, there is a certain degree of freedom to the techniques we use
to apply our main results. In particular, a careful analysis of the proof of Theorem 4.2.1
shows that in the present situation, it is at no point necessary to equip Cs 7P (R*) with the
topology of uniform convergence, since all we ever use is pointwise convergence. Of course,
we choose this approach to have the Arzela-Ascoli theorem at hand in order to characterize
compactness of subsets of Cs 7P(R>). However, in principle it is much easier to find
compact subsets in Cs 7P(R>) when this space is endowed with the coarser topology of
pointwise convergence. Thus, if one has a family {As,u}(s,y)e[o,T]Xp(Roo) of compact subsets
with respect to the pointwise topology on CsP(R>), then our results apply as well. In
fact, for the proofs of our main results, there is no natural topology on Cs P (R>), which
should be used for intrinsic reasons. Of course, this remark also prevails accordingly in the
finite-dimensional situation of the previous chapters.

Appendix A

Auxiliary results on FPK
equations

Lemma A.0.2.

The objective of this part of the appendix is to prove Lemma A.0.2, which we use in
the proof of Proposition 3.3.2. Below, we denote by B, the Euclidean ball with radius
r > 0 centered at 0, and by B, its closure. First of all, we need the following auxiliary
result. Recall that we call a function compact, if it has compact sublevel sets.

Lemma A.0.1. For any v € SP, there exists a nonnegative compact function V=1V, €
C2(RY) such that maxi<; j<a(||0;V||so: [|0i5V ||oo) < 00 and [pa Vdv < co.

Proof. Since every single Borel probability measure on R? is tight, there exists a sequence of
strictly increasing radii R,, > 0, n > 1, such that I/(B R, c) < n~3. Without loss of generality,
we may assume R, > R, + 1. Set W, (x) := 1 on Bg, and W, (x) :=n on Bg,, \BRg,-
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Clearly, W, is nonnegative, radial and has compact sublevel sets {WW, < ¢} = B Ry 4, for
¢>1and {W, <c} =0 for ¢ < 1. Furthermore, note that

W,dv < —2 .
/Rd V_Zn < o0

n>1

Now consider, for each n > 1, a function h,,, defined via

n , 7 € [Rp+1, Rny1 + i],
hn(r) = gn(’l") NS (Rn+1 + %7 Rn+1 + %)7
n+1 ,TE[Rn+1+%,Rn+2],

for a suitable increasing C2-function g, : R — R with bounded first- and second-order
derivatives such that h,, € C%([R,,, Rn+1]). Note that we used the assumption R, 11 > R,+1
for the definition of h,. Clearly, the family {g, }»>1 can be chosen with uniformly (in n)
bounded first- and second-order derivatives. Compounding these functions, we note that

V, R = R,
1 , T € Bp,,
Vy(x) = { t R72 o
hn(|z|) o € Br,,,\BRr,,,,n > 1,

is a nonnegative function in C?(R?) such that V,(z) — oo as |z| — co with uniformly
bounded first- and second-order partial derivatives and compact sublevel sets, i.e. it is a
compact function as in the assertion. Finally, since V,, < W, by construction, f V,dv < oo
follows, which completes the proof. O

Lemma A.0.2. Let the Borel coefficients a;j,b;, 1 < i,j < d, be defined on [0,T] xSP x R4
and suppose they fulfill (B2.i) and (B2.ii) of Assumption B2 in Section 3.3. Then, for each
0<s<t<T andv e SP, the set m;(Ms,) is tight.

Proof. Fix (s,v) € [0,T] x SP and t € [s,T]. Consider a function V =V, € C?(R%)
with the properties stated in Lemma A.0.1 and let {¢;};>1 € C?(R?) have the following
properties: ¢; is nonnegative, increases pointwise to V' as [ — oo such that ¢; =V on B,
and such that 0;¢;, 9;;¢; are bounded uniformly in 1 <4,5 < d and [ > 1 by some number
0 < D < oc. Then, for any (u)efs, 1] € Ms,, (B2.1) entails

sup e (A.1)

1>1

t
/ /Rd i (U, fru, ©) 03501 () + bs (, fru, ) 0301 () djty () du

with C'= C(D) > 0 independent of the particular solution (u)e[s 1) € M., and hence,

/wdut—/ prdv
R4 R4

which, together with sup;q [ pidv = [V,dv < oo, entails a uniform in M,, bound on

using (3.1),

sup
>1

< 00,

[ Vidug. Therefore, 7rt(/\/lé7y) is a tight family of subprobability measures, as claimed. [
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Proof of Lemma 4.1.4.

We begin by stating and proving two preliminary results. Denote by Fp(z) the set of
bounded continuous cylindrical functions, i.e. the functions ¢ : R* — R of type ¢ = ®o P,
for ® € Cy(R?) and d € N.

Lemma A.0.3. Let K C R™ be compact and f € Cy,(R*). For every ¢ € (0,1), there
exists a function v = (e) € Fp(x) such that supycg |f(z) — (x)| < e. Furthermore, for
e € (0,1), ¢(e) may be chosen such that

sup [t ()] < [[floc + 1.
zER>®

Proof. Recall that R* with the topology of pointwise convergence is Polish. Moreover,
Fu(z) ) (the set of all R-valued functions on K, which are restrictions of elements of F(x))
is a subalgebra of C'(K,R), which contains the constant functions and separates points in
K. Hence, the first claim follows by the Stone-Weierstrafl theorem, see Theorem D.0.4.

Concerning the second claim, note that ¢¥» = ¥ o P; for some d € N, ¥ € C,(R%), and
hence

sup [W(z)] <|[|flloc +1.
xGPd(K)

Since Py(K) C R? is closed, we may change ¥ on P;(K)¢ such that the function remains
continuous and attains its supremum on R* on P,;(K), and such that the approximation
of f by ¥ on K remains true. O

Lemma A.0.4. Let I be some index set and {p;}icr a family in P(R®) such that for each
d € N, the family {p; o Pd_l}ie[ is tight as Borel probability measures in R, Then, {u;}icr
is tight in P(R*) as well.

Proof. Fix € > 0. By tightness of {y; o Pgl}ig, we find Z5 € Ry such that
(i (Py € {R x ... x Rx[-Z5,Z5]}) <e-27¢ (A.2)
d—1 times
for all i € I and d € N. Set K. :=[[;2,[—Z5, Z5], which is compact in R*. We have

pi(KS) = M( UP ' (Rx..xRx [—Zfl,Zj}C)>
deN

o0 o0

< Z'“i (Pd_l(R X .. x R x [-Z5, Zj]c)> < 622*51 _

d=1 d=1

uniformly in ¢ € I, which yields tightness of {u;}ier as elements in P(R*). O
Proof of Lemma 4.1.4. Let (n,)nen converge to n in the sense of (4.6). First, recall

that weak convergence of Borel probability measures on R? is characterized by convergence

of integrals against all C2°(R?)-functions (if the limit is a priori known to be a probability
measure as well). Hence, weak convergence

—1 —1
I o P, njonoPd (A.3)
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holds for each d € N by assumption. In particular, (n, o Pd_l)neN is tight for each d € N.
By Lemma A.0.4, we obtain tightness of (7 )nen in P(R*).
Now, let f € Cp(R*>), € € (0,1) and K. C R* compact such that

max(ilelgnn(Kg),n(Kg)) <e. (A.4)

Such a set exists, since any single probability measure on a Polish space is tight. Furthermore,
due to Lemma A.0.3 we may choose ¢. € Fy(x) with sup,cp_|[¢:(z) — f(z)| < € and
supgegreo [Ve(2)| < || f|loo + 1. Then, setting Cf := || f||cc + 1 < 00, we obtain

[ san= [ _san,

< [ir—veans| [ van= [ vn,

<2(142C¢)e + ’/ edn —/ pedny,
Roo Ro®

+/Rm e — fldnn

Here, the second inequality follows by splitting the first and third summand into integrals
over K. and K¢, together with the approximation of f by 1. on K. and (A.4). The final
convergence holds due to (A.3), and since 9. € Fp(x). Since Cf is independent of ¢, the
claim follows. O
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Abstract. We prove a superposition principle for solutions to nonlinear Fokker—Planck—
Kolmogorov equations (FPK equations) and the associated linear continuity equations for
curves in P(SP): Under rather mild global integrability assumptions, any solution curve to
the latter arises as the curve of one-dimensional marginals of a superposition of solutions to
the former. To this end, we use the well-known linearization of nonlinear FPK equations,
which is based on a geometric manifold-like structure on SP. In the second half, we derive
a similar superposition result for stochastic nonlinear FPK equations. To do so, we extend
the geometric structure on SP in order to associate a linear equation of second order for
curves in P(SP) to such stochastic equations. As a consequence, in both cases, we can
transfer existence and uniqueness results between the nonlinear equation and its associated
linearized equation. The contents of this part are a slightly extended version of the recent
preprint [186].

Chapter 5

Introduction

For a general short introduction to (nonlinear) Fokker—Planck—Kolmogorov equations,
we refer to Section 1.1.

5.1 Superposition principle for finite-dimensional equations

Before we turn to the framework and the main results of this part of the thesis, let
us first describe the underlying classical situation in finite dimensions, i.e. the case of
(stochastic) differential equations on RY. Later on, we replace these equations by (stochastic)
Fokker—Planck—Kolmogorov equations (FPK equations) for curves in SP. The principal
ideas for the geometric approach to our main results in Chapters 6 and 7 stem from a
comparison to this finite-dimensional case.

5.1.1 The deterministic case

Well-posed equations. Let d € N, b: [0,7] x R — R be a Borel vector field and
consider the ordinary differential equation on [0, 7]

(ODE)
Y =2

{% = bi(e),

for an initial value 2 € R?. Under suitable assumptions, e.g. in the classical Cauchy-
Lipschitz situation, where b is continuous in (¢,x) and globally Lipschitz continuous in
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its spatial variable, the set of solutions AC7(b,x) to (ODE) with initial value = (i.e. the
absolutely continuous curves t — 7, such that 44 = b;(y¢) dt-a.s. and vy = x) is a singleton
for each « and the unique solutions ¢ — ¢ depend continuously on the initial value. To the
differential equation (ODE), one naturally associates an equation for curves of measures
t — p on the state space of (ODE), namely the continuity equation (in distributional
sense

)

Opre = —V - (befug). (CE)

Note that this is a linear equation (for measures), while (ODE) is a nonlinear equation (for
curves in R%). However, in contrast to the finite-dimensional ODE, (CE) is an equation on
an infinite-dimensional space of measures. This equation makes sense for curves of signed
Borel measures on R?, but with regard to our subsequent considerations, we temporarily
restrict attention to weakly continuous solutions ¢ — u; € P. In this situation, the
connection between (ODE) and (CE) is given by the following well-known observation, see
for example [12, Lem.8.1.6].

Proposition 5.1.1. Let ug € P and let v : (t,xz) — ~F denote the flow map of (ODE).
Define uz := o o’yt_l epP. If

T
/ / by () |dpe(z)dt < oo, (5.1)
o Jre

then t — py is a weakly continuous solution to (CE).

In particular, the proposition applies in the case pg = d,, and then p; = 5750. Under
the present assumptions on b, the continuity equation (CE) is well-posed in the space
of weakly continuous curves t — p; € P such that (5.1) holds [12, Prop.8.1.7]. It is not
difficult, yet very interesting to observe, that in this situation, the uniqueness of (ODE)
and (CE) together with the above proposition yields the following representation result for
the solution to (CE), see [12, Prop.8.1.8].

Proposition 5.1.2. Let t — pu; € P be a weakly continuous solution to (CE) such that
(5.1) holds. Then, juz = po o, " for each t € [0,T].

This representation result may be considered a first instance of the so-called superposition
principle: Solutions t — p; to (CE) are obtained by mixing, or superposing, solution curves
to the corresponding (ODE) in a compatible way with respect to the initial distribution
o- However, in the present situation, for each z in the support of ug, this mixing involves
at most one curve with initial value = (the unique ODE solution ¢ — ~f) and, hence, does
not constitute a true superposition of paths with common initial value.

Superposition principle (CE) = (ODE). An extensively studied question is that of
existence and uniqueness of solutions to (ODE) and (CE) under weaker assumptions on b,
and whether such results can be transferred between these equations. On the one hand, the
celebrated DiPerna-Lions theory establishes existence and uniqueness of a so-called reqular
Lagrangian flow of solutions to (ODE) via the corresponding continuity equation for the
case of Sobolev vector fields [94]. Roughly, a Lagrangian flow is a selection of solutions ~f
to (ODE), which is compatible with the usual flow property of differential equations up to
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dz-negligible sets. Subsequently, these results where extended to the case of BV vector
fields b by Ambrosio [6]. For (an overview of) further results in this direction, see also
[8, 78, 10, 77] and the references therein.

On the other hand, and closer to the results of the present part of this thesis, the
question arises whether a representation formula for solutions to (CE) similar to Proposition
5.1.2 holds in the case that (ODE) does not have unique solutions. In this case, the simple
representation as in Proposition 5.1.2 cannot hold in general. Indeed, it is easily seen
that any measure n € P(CrR?) concentrated on solutions to (ODE) with the integrability

property
T
/ / by () | dtdn < oo (5.2)
CrRe Jo

induces a weakly continuous solution ¢ — p; € P to (CE) via
pei=nom;t, te[0,T) (5.3)

(recall that m; : C7R? — R? denotes the projection 7 : f +— f(t), t € [0,7]). In particular,
suppn N ACT(b,xz) need not be a singleton, i.e. the solution curve ¢t — p; arises by a
possibly nontrivial mixing of (ODE)-solutions with initial value x, according to a probability
measure fp on these initial values. Such solutions p; (and, sometimes, the corresponding
measure 7)) are usually called superposition solutions. In the previously mentioned case of a
Lipschitz vector field b, any such measure 7 is necessarily given by n(-) = [pa 0= (-)dpo(z)
for some 19 € P, i.e. in this case, the curve in (5.3) takes the form p; = pig 0y, *, where 7y
denotes the unique flow of (ODE). By Proposition 5.1.2, it follows that in this Lipschitz
case, any weakly continuous solution to (CE) with (5.1) is of this type.

The natural question which arises is the following: Under which low regularity and inte-
grability assumption on by(x) is a weakly continuous (CE)-solution t — p; a superposition
solution?

Remarkably, it turns out that no regularity assumption on b is needed at all. Indeed,
the following well-known superposition principle holds.

Superposition principle (CE) = (ODE). Let b:(x) be a Borel vector field. If t —
we € P is a weakly continuous solution to (CE), which fulfills the global integrability con-
dition (I), then there exists a measure n € P(CTR?), concentrated on solutions to (ODE)
such that u; = nom; ' for each t € [0,T).

The first result in this direction appears to be [12, Thm.8.2.1], with the condition (1)
being

/T/ by (2)[Pdpg (z)dt < 00, p > 1. (L1)
0 R4

In [169], this result is extended to the case p = 1, and a inhomogeneous version of the
continuity equation is treated as well. To the best of the author’s knowledge, the most
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general form of the global integrability (I) is given in [7], where the above conditions are
replaced by the substantially weaker assumption

/ /Rd lbi 2] (z)dt < co. (1.2)

As shown in [7], this superposition principle may be used to deduce existence and uniqueness

of a regular Lagrangian flow for the corresponding (ODE). Moreover, it follows that
uniqueness of the ODE yields uniqueness of the continuity equation.

In a nutshell, proofs of such superposition results proceed as follows. First, one
approximates b by regular (say, Lipschitz) vector fields b°,¢ > 0, and uses the representation
of Proposition 5.1.2 for the unique solutions t — uf of the corresponding equations (CE®),
hence obtaining superposition measures (7°)-»0 € P(CrR?). Under a suitable choice of b°,
one obtains tightness of this family, and hence the existence of a weak limit point 7. The
specific choice of the approximations b° and uf (usually obtained via convolution of b and
py with suitable mollifiers) yields that any such limit point 7 is a superposition measure as
in the assertion.

For further results and recent surveys of the field, we refer the reader to [7, 11, 13, 14, 211]
and the references therein. In particular, the last three sources study the question addressed
above in the general framework of metric measures spaces, a direction which we do not
pursue in this thesis. For a partial result and interesting counterexamples in the case of
signed bounded measure-valued solutions to the continuity equation, see [9, 41].

5.1.2 The stochastic case

From a probabilistic viewpoint, it is natural to ask to which extent these interesting
results for ODEs and their corresponding continuity equations are valid for the respective
stochastic counterparts as well. Consider the stochastic differential equation

{dXt = b(Xy)dt + 0¢(X:)dBy (SDE)

L(Xo) = p

where b is a time-dependent Borel vector field as before, o : [0,7] x RY — R is a Borel
diffusion coefficient, formally multiplied by the increments of an I-dimensional Brownian
motion B = (Bi)e[o,1), and the initial condition £(Xo) = p € P means that X, should
have distribution p. The second term on the right-hand side of (SDE) is understood as
the usual finite-dimensional stochastic It6 integral.

Let ¢t — X; be a solution on a probability space (2, F, (F;)o<i<7, P) with Brownian
motion B, and denote by p; :=Po X, !its one-dimensional marginals. By Itd’s formula, it
is straightforward to check that ¢ — u; solves the FPK equation

{315/% = L, (FPK)

Ho = H,

in distributional sense, where £} denotes the formal dual of the second-order differential
operator Lyp(z) = bi(x)dip(x) + ay (x)0;;¢(x) with coefficients by = (bi)1<i<d, ar =
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(a? )i<ij<d = 1/2010f. We refer the reader to the general introduction to equations of
type (FPK) in Section 1.1. Hence, in analogy to the deterministic case, a solution to the
nonlinear differential equation (SDE) induces a solution curve for the linear equation of
measures (FPK) on the state space of (SDE).

Superposition of solutions to (FPK). The question arises what one can say about
a converse result under low regularity and integrability assumptions on b and o or a,
respectively.

To this end, one usually studies the connection between the FPK equation and the
corresponding martingale problem. A solution to the martingale problem with respect to b
and a with initial value x (at time ¢ = 0) is a probability measure n € P(CrR?) such that

(i) nomy' =pmand [o, g fo [be(m)] + |as(m)|dtdn < oco.
(ii) The process
t
Fs olm) — / Lop(ms)ds
0

is a p-martingale on C7R? with respect to the canonical filtration for each ¢ €

C(RY).
The martingale formulation and the differential equation (SDE) are essentially equivalent,
see [213, Thm.2.6] for the case of bounded coefficients (without any regularity assumption).
The enormous and diverse interest in the martingale problem in connection with the theory
of diffusion processes dates back at least to Stroock and Varadhan’s celebrated book [215],
to which we refer for a complete introduction to the area. It is readily seen be integration
with respect to fCTRd dn and Fubini’s theorem that any martingale solution 7 induces a
weakly continuous solution ¢ — p; € P to (FPK) via

1= 7707rt_1, t€[0,T7], (5.4)

and, in analogy to the deterministic setting, we call such a solution u; a superposition
solution. Now, the question proposed above can be stated as follows: Under which low
reqularity and integrability assumption on b and o is a weakly continuous (FPK)-solution
t — py a superposition solution?

As in the deterministic case, an affirmative answer holds under moderate global inte-
grability assumptions without any regularity on b and o:

Superposition principle (FPK) = (SDE). Let bi(z) and ai(z) be Borel maps. If
t— puy € P is a weakly continuous solution to (FPK), which fulfills the global integrability
condition (I’), then there exists a solution n € P(CTR?) to the corresponding martingale
problem such that uy = no ﬂ't_l for each t € [0,T].

The first result in this direction is a remarkable theorem by Figalli [100], who proved
the above superposition principle under the assumption of bounded coeflicients b and a.
The boundedness assumptions on b and a were notably replaced by Trevisan [223] by the
weaker condition

T
/ / |be(x)| + |a(z)|dpe(z)dt < co. (I'.1)
0 R4
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Finally, Bogachev, Réckner and Shaposhnikov [37] extended the result to the (to date)
optimal assumption

o) -2l + Ja(z)] )
/0 /]Rd T+ op? dp(x)dt < oo. (I'.2)

It is easy to see that in the deterministic case, i.e. for ¢ = 0, martingale solutions are
exactly the path measures on C7R? with mass on solution curves to (ODE). Therefore,
the deterministic results are contained in the stochastic case. In this sense, for a = 0,
(I".2) contains the best known assumption for the deterministic case. We point out that a
pure local integrability assumption is not sufficient for a superposition principle, since even
for a = Id, situations are known in which the martingale problem has a unique solution,
while the corresponding FPK equation has multiple probability solutions, compare [215,
Cor.10.1.2] and [38, Sect.9.2].

Very roughly, and leaving aside delicate technical difficulties, the idea of proof is similar
to the deterministic case: For smooth and bounded coefficients, the superposition principle
is a simple consequence of the classical well-posedness results for martingale problems and
FPK equations. Starting from this base case, one considers solutions pu; to equations with
less regular coefficients and uses suitable approximations, similar to (but possibly distinct
from) the deterministic case, in order to obtain a sequence of approximating coefficients
and corresponding solutions (b°, a®, if). The main task is to choose these approximations
such that the corresponding superposition measures (7°).s0 € P(CrRY) are tight, and
hence, have a limit point 7, for which one shows (5.4). For a thorough presentation of this
procedure, see [223, App.A].

Similar to the deterministic case, the superposition principle allows to transfer existence
of solutions to FPK equations to existence of solutions to the martingale problem for
irregular coefficients. Dual to this, uniqueness for the martingale problem (for a fixed initial
value p € P) implies uniqueness for the FPK equation (with initial value p). This transfer
between the martingale (equivalently: SDE) and FPK level renders such superposition
results a significant tool for the study of stochastic differential equations and FPK equations
with low regularity coefficients, see (among others) [199, 235]. We point out that beyond
this transfer of existence and uniqueness, the superposition principle is also used to develop
a notion of regular Lagrangian flow, see [223]. However, we do not pursue this interesting
direction in this thesis.

5.1.3 Further results

Here, we briefly mention further results in the spirit of the above mentioned superposition
principles. In [198], the authors prove a superposition result for nonlocal FPK equations.
Concerning the connection of nonlinear FPK equations and distribution-dependent SDEs
(McKean—Vlasov equations), superposition-type results are obtained in [21, 22] (see also
[200]). Interestingly, these results build on the aforementioned superposition results for
linear FPK equations. We also mention the PhD-thesis [93], in which the author studies a
superposition principle for linear and nonlinear equations on Hilbert spaces.

Finally, we point out that Ambrosio and Trevisan established a superposition principle
for equations on R* and on general metric measures spaces [13, Thm.7.1, Thm.7.6]. The
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former result is also obtained in [222], where also a result for stochastic equations on R*
is included, see Theorem 7.1. therein. The superposition principle on R* will be of great
importance within the proof of our main results, both in the deterministic and stochastic

case.

5.2 Superposition principle for (stochastic) nonlinear FPK
equations

Summarizing, the results recalled in the Euclidean situation is twofold, i.e. it consists
of a linearization and superposition, which leads to the (somewhat formal) well-known
equivalence (ODE) <= (CE):

e (ODE) = (CE): The nonlinear differential equation is linearized to a linear equation
for curves of measures on its state space in the sense that any solution to the former
induces a solution to the latter.

e (CE) = (ODE): Any solution to this linear equation for measures with suitable
moderate global integrability is actually a superposition of solution curves to the
differential equation.

The corresponding results in the stochastic case are summarized by a similar equivalence
between (SDE) and (FPK).

5.2.1 Deterministic nonlinear FPK equations

The first objective of this part of the thesis is to replace the finite-dimensional equation
(ODE) and the corresponding continuity equation (CE) by the nonlinear FPK equation

atﬂt = ‘C;}Ltut’ t € [OvT]v (NLFPK)
and its corresponding linear equation for measures on the space of measures SP
o'y = LiTy, t €0, 7], (SP-CE)

and to establish a superposition principle similar to the one in Subsection 5.1.1. Here, as
already in Part I of this thesis, £} , denotes the formal dual of the second-order nonlinear
differential operator

d d
Lipp() =D ay(t,p,2)00(@) + Y bilt, p, 2)disp(x) (5.5)
i,j=1

i=1

for Borel coefficients b and a on [0, T] x SP x R%. We refer to Section 1.1 for a brief account
of nonlinear FPK equations and relevant references. For reasons to be explained later,
we consider vaguely continuous subprobability solutions to (NLFPK), i.e. the associated
solutions to (SP-CE) are curves in P(SP), see Definitions 6.1.1 and 6.2.4. In [190],
the authors introduce the first-order linear operator L, acting on suitable test functions
F:S8P — Rvia

LF : s (VOPE by + a,V) (5.6)

L2(R4,R%p)
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and show that any solution ¢ — p; to (NLFPK) induces a curve of measures t — I'; 1= §,, €
P(SP), which solves (SP-CE) in distributional sense. Here, V7 is a natural gradient on
SP, which is derived in [190, App.A] as the natural operator arising in the derivation of
the equation solved by ¢ +— ¢,,, see Section 6.2 for details.

The analogy to the classical Euclidean case is that the ansatz for the derivation of
(SP-FPK) stems from considering (ODE) as an equation on the manifold R¢, compare
Appendix B and Subsection 6.2.2. Treating SP as a manifold-like space as well, one can
mimic the derivation of the linearized equation associated to (ODE) in order to derive
the linear equation associated to (NLFPK). With this viewpoint, one considers (NLFPK)
as a nonlinear differential equation on SP (in distributional sense). This derivation is a
nowadays well-known technique, see the pioneering works [5, 4] as well as [183], due to
which V°7 is often called Otto-gradient, and also [2, 3, 168, 196].

Main result: Deterministic case. In view of the linearization (ODE) = (CE) and
the superposition principle (CE) = (ODE) in the Euclidean case, and the linearization
(NLFPK) = (SP-CE), it is a natural next step to develop a superposition principle
(SP-CE) = (NLFPK). This is achieved by our first main result of the present part of
the thesis, which states that each weakly continuous solution (I'y)p<¢<7 to (SP-CE) with a
natural global integrability property is a superposition of solutions to (NLFPK), i.e. (now
denoting by m; the canonical projection 7 : (ut)o<i<t — pr on CrSP)

Iy =nom ', te[0,T], (5.7)

for some probability measure 7 concentrated on solution curves to (NLFPK). More precisely,
we obtain the following analogue to the superposition principle of Subsection 5.1.1.

Theorem 5.2.1. Let b and a be Borel coefficients on [0, T] x SP xR®. Then, for any weakly
continuous solution t — I'y to (SP-CE) with (6.10), there exists a probability measure
n € P(CrSP), which is concentrated on vaguely continuous subprobability solutions to
(NLFPK) such that (5.7) holds. Moreover, if I'g € P(P), then n is concentrated on weakly
continuous probability solutions to (NLFPK). In particular, in this situation, we have
I'y € P(P) for each t € [0,T].

We stress that no regularity of the coefficients is needed. As immediate corollaries,
we obtain the transfer of existence and uniqueness results from (SP-CE) to (NLFPK)
and vice versa, respectively, see Subsection 6.2.2. Moreover, as a further application, in
Proposition 6.4.3, we prove an open conjecture from [190]. We stress that the probability
part of the result is important, because in connection to diffusion processes and stochastic
analysis, one is typically interested in solution curves of probability measures to (NLFPK).
Nevertheless, to us it seemed indispensable to develop our results for vaguely continuous
subprobability solutions. We comment on the advantages of this approach in Remark 6.3.4
for the deterministic case and note that similar arguments apply also in the stochastic case.

Idea of proof. The proof of Theorem 5.2.1 proceeds along three steps. First, one
introduces a differential equation and a continuity equation, which resemble (NLFPK) on
R*> and (SP-CE) on P(R>), respectively. To do so, we use a map G : SP — R>, which is
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a homeomorphism onto its image, see (6.5), in order to define a suitable vector field on R>°,
which gives rise to the continuity equation (R*-CE) for curves in P(R*). Heuristically, G
may be considered a global chart for the manifold-like space SP. Then, it is easy to show
that any solution ¢t — I'y to (SP-CE) induces a solution to the continuity equation on R>°,
vial, : =T, 0G™ 1.

Secondly, in this R*°-framework, we use the superposition principle result [13, Thm.7.1]
in order to lift ¢ — Ty to a superposition solution 7 € P(C7R>) of solution curves to
(R*°-ODE). It is crucial to observe that the compactness of SP with the vague topology
yields closedness of G(SP) C R* and that hence 7 is concentrated on curves in CpG(SP).

Finally, we pull 77 back to a measure n € P(CrSP) and show that 7 is concentrated on
solutions to (NLFPK) and fulfills (5.7), which concludes the proof. The final assertion for
probability solutions is a simple consequence of the global integrability assumption (6.10).

5.2.2 Stochastic nonlinear FPK equations

In Chapter 7, we treat the case of stochastic nonlinear FPK equations of type
Opir = L5, it + div(o(t, pue))dWe, t € [0,T], (SNLFPK)

i.e. equations of type (NLFPK) perturbed by a bounded first-order noise coefficient
0 :[0,T] x SP x R? — R driven by a di-dimensional Brownian motion . We consider
solutions to (SNLFPK) as vaguely continuous stochastic processes with values in SP.

Such equations appear naturally in the study of interacting particle systems with
common noise and the corresponding McKean—Vlasov-equations. Here, we only give a
very brief account on these interesting connections and refer to [69] for a more detailed
presentation (see also [151]).

Let coefficients b, a and o be given such that a = (2a —oo™)'/2 is defined. Consider the
system of N weakly interacting particles th ’N, . ,X;i N in R?, governed by the equations
dx;N = b, XN L) + a(t, XN, LYYAB] + o (t, XN, LY )dWy, .
XV _ X (5.8)

where (B?);>1 and W are independent Brownian motions on the underlying probability
space (Q, F, (F)o<t<t, P), (X})i>1 is a sequence of iid random variables on , and LY :=
+ do1<i<N (SX;',N denotes the empirical (random) measure of the system. This set of
stochastic equations describes particles, which weakly interact via their joint empirical
measure L}’ and are experiencing an individual stochastic perturbation B’ as well as a
common noise W. On the one hand, under suitable assumptions on the coefficients, this
system is related to the McKean—Vlasov equation

{dXt = b(t, X¢, L(X|W))dt + a(t, X, LX|W))dBi + o (t, Xz, L(X,|W))dWr, 59)

Xo = X,

in the sense that for each i > 1, X% converges to a solution X} to this equation as
N — oo [151]. Here, L(X;|W) denotes the conditional distribution of X; conditioned
on the common noise W. At the same time, on the level of marginals, L¥ converges to
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the conditional law u; := L(X}|W) [151], and, at least under suitable assumptions on
the coefficients, ¢ — u; solves (SNLFPK), see [69]. Hence, equations of type (SNLFPK)
describe the time evolution of the particle limit distribution (conditioned on the common
noise W) of the weakly interacting particle system (5.8) with common noise.

Linearization of (SNLFPK). In comparison to the stochastic Euclidean situation,
(SNLFPK) replaces (SDE). In a first step, we linearize this equation, i.e. we find the
suitable analogue to (FPK), which naturally turns out to be a second-order equation for
curves in P(SP). Similarly to the deterministic case, one considers the derivation of the
linearization (SDE) = (FPK) in manifold language and then mimics this procedure
for solutions to (SNLFPK), compare Appendix B and Section 7.2. In contrast to the
deterministic situation, here the linearized equation comprises a (deterministic) second-
order term, which is of course due to the stochastic perturbation div(o(t, p))dW;. To this
end, in Section 7.2, we extend the heuristic consideration of SP as a manifold-like space by
a natural (partial) notion of a Levi-Civita-type connection and a Hessian-like 0-2 tensor.

In this way, we find that the marginal curve ¢ — I'y = Po p; L of any vaguely continuous
solution process p : [0,7] X Q — w(w) € SP to (SNLFPK) on some probability space
(Q, F,P) solves in distributional sense the linear second-order Fokker—Planck—Kolmogorov-
type equation for curves in P(SP)

o'y = (LgQ))*Ft, te0,7], (SP-FPK)

where the operator L,Ez) is given by

(ng)F)(,U/) = LtF(,u) + %(HGSS F) (O'(t7 M)a O'(ta ,"L))a

see (7.12), with L as in the deterministic case, i.e. as in (SP-CE).

Main result: Superposition principle in the stochastic case. Our second main
result is the following superposition principle (SP-FPK) = (SNLFPK), which, in spirit, is
comparable to (FPK) = (SDE) in the Euclidean situation. We assume ¢ to be bounded.

Theorem 5.2.2. Let t — I'y be a weakly continuous solution to (SP-FPK) such that
(7.15) holds. Then, there exists a complete filtered probability space (0, F, (Ft)o<t<T,P), an
dy-dimensional (Ft)o<t<r-Brownian motion W = (W)o<i<r and an SP-valued (Fi)o<i<T-
adapted vaguely continuous process t — g such that (u, W) solves (SNLFPK) and

Pou, ' =Ty, te[0,T].

Moreover, if Ty is concentrated on P, i.e. To(P) = 1, then the paths t — p(w) are P-valued
and hence even weakly continuous.

Again, we point out that no regularity on b,a or o is assumed, and that under our
assumption of boundedness of o, the global integrability condition on b,a is identical
to the deterministic case. The formulation immediately gives the existence transfer
(SP-FPK) = (SNLFPK). Moreover, it also implies the transfer of (probabilistic) weak
uniqueness of (SNLFPK) to uniqueness for (SP-FPK), see Corollary 7.3.12.
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In view of the results of [69], we make the following comparing remark. In [69],
the authors prove existence and uniqueness to (5.9) under Lipschitz assumptions on the
coefficients, see [69, Thm.3.3]. From these results, they deduce existence and uniqueness of
solutions to (SNLFPK) [69, Thm.5.3,Thm.5.4]. In particular, the authors use the McKean—
Vlasov equation (5.9) in order to solve (SNLFPK). In contrast, our main stochastic result,
Theorem 5.2.2, is concerned with the relation between (SNLFPK) and its corresponding
linearized second-order equation for curves in P(SP), which does not require any regularity
assumptions on the coefficients. In other words, we approach the stochastic nonlinear FPK
equation not from its associated McKean—Vlasov equation (which may be considered an
equation with two degrees of nonlinearity), but from its associated linearized equation.
This way, we transfer the equation to a much more complicated state space, namely P(SP),
instead of R? as for the McKean—Vlasov equation (5.9).

Remark on a similar result in [153]. A result similar to Theorem 5.2.2 was obtained
completely independently of this work in [153, Thm.1.5] under the more restrictive as-
sumption of LP-integrability, p > 1, instead of L'-integrability in (7.15) in our result. To
us, there seems to be a gap in the proof of [153]. To the best of our understanding, in
Step 4 of the proof of [153, Thm.1.5], it is not clear why one can map back the measure
Q € P(CTR*>) to a probability measure on C7P without the detour via the space of
subprobability measures. This becomes apparent even in the deterministic case, compare
also with our Remark 6.3.4. In our proof of Theorems 5.2.1 and 5.2.2, this point is one
of the crucial technical steps, see Step 3 of the proof of both theorems. Another point of
distinction is the geometric approach to SP and (SNLFPK) as a second-order differential
equation on SP, which was initiated in [190] and extended in this part of the thesis, and
which is not considered in [153]. From our perspective, this geometric approach helps
to understand the true connection to the classical superposition principles for Euclidean
ordinary and stochastic differential equations, as summarized in Chapter 5.

Idea of proof. The proof follows a pattern similar to the deterministic case. In particular,
we proceed along a similar three step procedure. First, in order to handle the stochastic
integral term in (SNLFPK), we consider a homeomorphism H : SP — ¢* instead of
G : SP — R as in the deterministic case. By means of H, we derive suitable first-
and second-order coefficients B, ¥ and A on ¢2, which give rise to a FPK-type equation
(/2.-FPK) on £2 and its corresponding martingale problem, see Definitions 7.3.1 and 7.3.3,
respectively. The choice of B and A is made such that any solution ¢ ++ I'; to (SP-FPK)
induces a solution ¢ ++ 'y to ((2-FPK) via [y := Ty 0o H7L.

Secondly, we apply the superposition principle [222, Thm.7.1] in order to lift ¢ — 'y to
a solution Q € P(Crf?) to the corresponding martingale problem such that

Qo (ﬂ'too)*l =Ty, telo,T],

where 72°, t € [0,7], denote the canonical projections on Crf?. Comparable to the
deterministic case, it follows that Q is concentrated on CrH(SP).

Thirdly, applying the representation result [181, Thm.2], we deduce the existence of a
filtered probability space (2, F, (F¢)i<T,P), a di-dimensional (F;)p<¢<7-Brownian motion
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W and a process t — Y; on  with law @, which fulfills (7.23). Consequently, Y has paths in
CrH(SP),ie. Y = H oy for some vaguely continuous process p : [0,7] x Q — pt(w) € SP.
From here, the definitions of B and ¥ imply that (u, W) is a solution to (SNLFPK) and

Pou, ' =Ty, tel0,T]

Organization of Part II. In Chapter 6, we consider the case of deterministic nonlinear
equations. After discussing the setting and the notion of solution to such equations in
Section 6.1, we repeat the geometric approach to the space SP as presented in [190]
with minor changes in Section 6.2, and we transfer the equations of interest to associated
equations on R*. These considerations enable us to prove the main result of Chapter 6,
Theorem 5.2.1, in Section 6.3. We close this chapter with the discussion of immediate
corollaries on the existence and uniqueness of solutions to (NLFPK) and (SP-CE), and
prove an open conjecture of [190] in Section 6.4.

In Chapter 7, we proceed similarly for the case of stochastic equations of type (SNLFPK).
In the first section, we present the setting and the notion of solution. Then, in Section
7.2, we extend the geometric approach to SP from the deterministic case to second-order
equations on P(SP), which we consider one of our central contributions of this part of
the thesis. This way, in parallel to the deterministic case, we obtain a linearized equation
for (SNLFPK) of second order on P(SP). Afterwards, we prove the main result of the
stochastic case, i.e. Theorem 5.2.2, in Section 7.3.

Appendix B contains a brief repetition of the well-known derivation of the correspond-
ing continuity and FPK equation from its ordinary and stochastic differential equation,
respectively.

Chapter 6

Superposition principle for
deterministic nonlinear FPK
equations

In this and the next chapter, for a measurable function f : X — R on a measure space
(X, F,p), we write u(f) := [ fdu, whenever the integral is defined.
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6.1 Nonlinear FPK equations

Throughout, we consider the compact time interval [0, 7] for T' > 0. The case T = oo
can be treated analogously. Consider coeflicients a = (a;;)1<; j<q and b = (b;)1<i<q With
B([0,T]) ® B(SP) ® B(R%)-measurable coefficients

aij 1 [0,T] x SP xRT = R, b;:[0,T] x SP x RY = R,

such that a takes values in S}. For the operator £y, defined in (5.5), we study the
deterministic nonlinear FPK equation (NLFPK) in the following sense.

Definition 6.1.1. (i) A vaguely continuous curve t — p; € SP is a subprobability
solution to (NLFPK), if for each 1 < i,j < d and each compact set K C R?, the local
integrability condition

T
| sl + 0., ) dpa()dt < oo (6.1)
0 K

holds and for each ¢ € C2°(RY) and ¢ € [0, T], we have
t
[ e@dn@) - [ c@du) = [ [ Lop@di@ds (62)
R4 R4 0 JRd

(ii) A probability solution to (NLFPK) is a curve t — p; as in (i) with u; € P for each
t € [0,T]. In this case, u; is weakly continuous.

The appearing integrals in the above definition are well-defined, since vaguely continuous
curves of measures are in particular Borel curves. Clearly, by approximation, the validity
of (6.2) immediately extends to each ¢ € C2(R%).

As already mentioned in Part I, there are more general notions of solutions to (NLFPK),
such as (discontinuous) curves of signed, bounded measures [38]. However, here we restrict
our attention to continuous (sub-)probability solutions.

For large parts of the following presentation, we will consider the global in space
integrability condition for subprobability solutions ¢ — py

T
/ / laij(t, pe, )| + [bi(t, pe, ) |dpe(z)dt < oo, 1 <14,5 <d. (6.3)
0 R4

Remark 6.1.2. (i) Under the global assumption (6.3), any subprobability solution t —
ut to (NLFPK) with py € P is a probability solution. Indeed, to prove this, it suffices
to show py(RY) = 1 for each 0 <t < T. In view of (6.2), it suffices to choose a
sequence @y, 1 > 1, from C%(R?) with the following properties: 0 < ¢; /1 pointwise
such that 0;p; — 0, O;;¢1 — 0 pointwise as | — oo with all first and second-order
derivatives bounded by some M < oo uniformly inl > 1 and z € R, Considering
(6.2) for the limit | — oo, we obtain, by (6.3) and dominated convergence, for each

te0,7T)
/ Ldps; — / Ldjio = 0,
R4 R4

which gives the claim.
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(ii) By such approzimations, the validity of (6.2) can be extended to each ¢ € CZ(RY).

6.2 Geometry on SP

As mentioned in the introduction in Chapter 5, we consider SP as a manifold-like
infinite-dimensional space. For the present case of the deterministic equation (NLFPK), we
essentially follow the approach of [190, App.A], where the authors derive a natural gradient
LEP T,,’P with
tangent spaces T,,P = L? (Rd, R w). Such a program is well-known, for example in the

for suitable test functions F': P — R as a section in the tangent bundle | |

case when P is replaced by the N-valued Radon measures on a Riemannian manifold, see
[5, 4, 2, 3, 168, 196, 183]. In this section, we repeat the derivation in [190, App.A] with
minor adjustments to our case of subprobability measures and the transfer of (NLFPK) to
R, which we discuss later. Let

G = {g;,i € N} C C*(R?)

be dense with respect to || - ||c2 such that g; # 0 for any i € N. Clearly, any such set of
functions is measure separating and dense in C.(R?) with respect to uniform convergence.
We point out the following simple, but important properties of such sets G.

Lemma 6.2.1. Let G C C?(R%) be as above. Then,

(i) (pn)n>1 € SP converges vaguely to p € SP if and only if pn(g;) — w(gi) for each
9 €G.

(i) A vaguely continuous curve t — py, which fulfills (6.1), is a subprobability solution to
(NLFPK) if and only if (6.2) holds for each g; € G in place of .

Proof. (i) From p,(g:) — u(g:) for each g; € G, one obtains for each f € C.(R?) and
n—oo
€ > 0, by choosing g; € G with |[f — gi||oc < §,

ln () = ()] < [ (f) = pn(gi)| + [ (gi) — p(gi)| + [1(gi) — ()l < e (6.4)

for all sufficiently large n > 1, where we used u, (R?), u(R?) < 1.

(ii) Let ¢ € C°(RY) be approximated uniformly up to second-order derivatives by a
sequence {g;, }x>1 from G with supp ¢,suppg;, € K for some compact K C R%.
Considering (6.2) for such g;, and letting k& — oo, the result follows by dominated
convergence, which applies due to (6.1) and the choice of g;, .

]

We endow R*° with its usual product topology, i.e. with the topology of pointwise
convergence, which renders R* a Polish space. For G as above, we consider the map

G:SP—-R* G:u— (“(gi))ieN' (6.5)

In view of the approach to SP as a manifold-like space, the forthcoming lemma yields that
G may formally be considered a global chart for SP. We consider G(SP) C R* with the
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natural subspace topology inherited from R*° and, in accordance with our general notation,
write C7G(SP) for the set of elements in C7R* with values in G(SP).

We use the notation 7 and 7f° for the canonical projections at time ¢t on CrSP
and C7R*, respectively, and endow both spaces with the respective topology of uniform
convergence. In particular, their Borel o-algebras are given by

B(CrSP) = o(m,t € [0,T]) and B(C7R>) = o (77, t € [0,T)),

respectively. Indeed, the Borel g-algebra of CrX with respect to the topology of uniform
convergence coincides with the o-algebra generated by the canonical projections whenever
the metric space X is separable. Moreover, we endow CrG(SP) with the natural subspace
o-algebra of B(C7R™).

Lemma 6.2.2. Let G = {g;}i>1 € C2(RY) and G be as above.

(i) G is a homeomorphism between SP and G(SP) (hence, formally, a global chart for
SP). In particular, G(SP) C R™ is compact. Moreover, if G' = {gl,i > 1} C C2(R%)
is another set with the same properties as G with corresponding map G’ : SP — R,
then G' =V o G for a unique homeomorphism V : G(SP) — G'(SP).

(ii) The map

J: CTSP — CTROO, J: (Nt)OStST — (G('“t))ogth

is measurable and one-to-one with measurable inverse J~' : CrG(SP) — CrSP.
Furthermore, CtG(SP) C CrR> is a Borel measurable set.

Proof. (i) The continuity of G is obvious by definition of the vague topology on SP
and since G C C.(R?). Since SP with the vague topology is compact, compactness
of G(SP) C R* follows. G is measure separating on R, which implies that G is
one-to-one. Since by definition

G(pn) — G(p) in R® <= pn(g:) — p(g;) for each g; € G,
n—00 n—00

continuity of G~! holds due to Lemma 6.2.1 (i). The final claim follows, since for G’

as in the assertion, V : (u(g;))ien — (1(9}))ien is a homeomorphism.

(ii) Since G is one-to-one and measurable, so is J. Clearly, CrG(SP) is the range
of J and hence J : CpSP — CprG(SP) is a bijection between standard Borel
spaces (because SP and G(SP) with the respective topologies are Polish). This
yields the measurability of J~!. Finally, closedness of G(SP) C R* implies that
CrG(SP) C CrR™ is a measurable set, because G(SP) carries the subspace topology
inherited from R°.

O

In particular, due to the last assertion of part (i) of the above lemma, it is justified
from now on to consider a fixed set G as above with its corresponding homeomorphism G
as in (6.5).
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6.2.1 Tangent spaces, test functions and gradient on SP

VSP stems from the classical case of a d-dimensional

The motivation for the definition of
Riemannian manifold (M, g). Recall that in this case, the tangent space at x € M, T, M,
consists of the "directions” of smooth curves 4* : [0, 1] — M passing through x, 4v*(0) = .
Moreover, for a smooth function F': M — R, the gradient VF : M — | |, .5, To M is the
unique smooth section in the tangent bundle | |, ., T M such that for each x € M, VF(x)
represents the cotangent element dF, with respect to the scalar product (-, -) g(z) on Ty M,

i.e. (VF(2),8)g() = dF:(§) for each & € T, M. See Appendix F for more details.

In the present case, we do not consider SP as a (Fréchet) manifold in a rigorous way,
i.e. no tangent spaces T,,SP are given a priori. Instead, one first of all chooses a suitable
set of curves 7y : [0, 1] — SP, which represent directions on SP. It turns out that a suitable
class is given by

V() == po (id+t®) ", peSP, ®e LRI R% ), te [0,1],

i.e. the SP-valued curve 7} starts at p in the direction of the vector field ®. In other
words, the set of directions at the point u is parametrized by L?(R? R%; 1). Consequently,
we define for each u € SP

T,SP := L*(RY, R%; p).

Before we proceed to the definition of V7

, it is necessary to select a suitably large class of
test functions F : SP — R, which are differentiable along 5. Similarly to [190], we choose

the test function class
J—'Cﬁ(g) ={F:SP—-R|F:u— f(,u(gl), ... ,,u(gn)),f € C’g(R"),n > 1}

In comparison with [190], here we restrict the set of inner test functions from C?(R%) to
{9ivi € N} = G C C?(R%) and the set of outer functions from C}(R?) to CZ(RY). The
former restriction is necessary in order to transfer test functions F from FCZ(G) to test
functions F : R® — R via the homeomorphism G later on, while the latter choice is only
made for consistency with the stochastic case in Chapter 7, where we need test functions
with second-order differentiability. However, since CZ(R?) is dense in C}f (R?) with respect
to locally uniform convergence, and due to the choice of G, neither of these choices yields
an essential restriction of the class of test functions, see Remark 6.2.5 (ii).

Based on this choice of tangent bundle | |, 5p 7,SP and test function class F; C2(G),
analogously to [190], the ansatz for a suitable notion of the gradient V% is that it should
fulfill the characterizing equality

d
(Par@) = ) GFOEO) g = (T F0. B saen (6.6)
for any ® € 7,SP = L2(R%,R%; ), F' € FCZ(G) and pu € SP. To this end, let F' € FCOZ(G)

have the representation
F(u) = f(1(g1);- - 1lgn)) (6.7)
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and observe

L PAD) = SO la).. () 1V - @)

ol

M= -

=

(ak’f)( ( ) (.gn))Vka (I)>L2 R4 Rd #)a

=1

where we used %fyg(t)(g)uzo = pu(Vg(id +t®) - (I))\t:o = u(Vg - @) for the first equality.
Consequently, defining V7 F(u) € T,SP as

n

VPP () == (0cf) (1(91), - - - 11(gm)) Vi

k=1

we have (6.6). In particular, VSPF is independent of the particular representation of F' in
(6.7). For later use, we state the following observation.

Remark 6.2.3. Since VSPF is bounded on SPxRY, the map ® — <VS7)F ¢>>L2 RIRy)

extends to L' (R, R 1) for any u € SP. Hence, in the sequel, for ® € L'(RY, Rd,,u) we
slightly abuse notation and write

9P PG - i = (9P P10, ) s

6.2.2 Linearization of (NLFPK)

Having derived a natural definition of the gradient V57 for test functions F € FCZ(G)
on SP, we recall the derivation of the continuity equation associated to (NLFPK) obtained
n [190]. Interpreting (NLFPK) as a differential equation on SP, the procedure resembles
the finite-dimensional Euclidean case, see Appendix B. If t — u; is a subprobability solution
to (NLFPK), we obtain for any F € FCZ(G), F(1) = f(1(g1), -, 1(gn)) the calculation

n

S F(u) = 30D o). - 1(90)) D)
k=1
(O f) (1(g1), - - -, 11(gn)) / Lt 1, gedps
k=1 R?

3

< akf ( ) s a/‘(gn))v.gkva’(ta Mt")v+b(taut")>L2(Rd7Rd;‘ut)

<v5 F(ut),a(t, e, )V“‘b(tﬂut")>L2(Rd,Rd;ut)’

where the meaning of the formal vector field a(t, u,-)V + b(t, i, -) is given by the third
equality above. Setting I'; := §,, € P(SP) and integrating dt over [0, ¢] with dt leads to

/ F(p)dle(p) — / F(u)To(p)
SP SP
— /0 /SP <VSPF(Us)a (1(37 Hs, )V + b(sa Ms, ')>L2(Rd,Rd;H)dFS(IUJ)d5-
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Consequently, the weakly continuous curve t — I'y € P(SP) is a distributional solution to
the linear first-order continuity-type equation

oy = =V . (b(t) + a(t)VITy), 0<t<T, (6.8)

in duality with test functions F' € FCZ(G). Here, we abbreviated b(t) := p — b(t, p) :=
b(t, i, -) and, analogously, write a(t). We introduce the time-dependent operator L, acting
on F € FCE(G) via

(LeF)(p) = (VSPF(n), alt, p)V + b(t, p )) 2R R u € SP. (6.9)

)’
With this notation, the continuity equation (6.8) is the desired linearized equation (SP-CE)
of (NLFPK) as mentioned in the introduction in Chapter 5.

In terms of the interpretation of SP as manifold-like space, the formal vector field
a(t)V 4 b(t) (which has only rigorous meaning in its own right, if the spatial regularity of
a(t) allows to put the first-order term V on a(t) via integration by parts, which we do not
assume at any point) can be considered a time-dependent section in the tangent bundle

|_|/1,€S77 TNSP
More generally, we define solutions to (6.8) (that is, to (SP-CE)) as follows.

Definition 6.2.4. A weakly continuous curve t — I'y € P(SP) is a solution to (6.8), if
the global integrability condition

T
/[; /873 Hb(tvlua ')HLl(Rd,R’i;u) + Ha(tvlua ')|’L1(Rd7Rd2;H)dFt(u)dt <0 (6'10)

is fulfilled and for each F € FCZ(G) and t € [0, T], we have

/SPF(M)dFt(M)— . )dTo (e //SPLF )dL (1) ds. (6.11)

We make the following observations.

Remark 6.2.5. (i) In order to make sense of the integrals in (6.11), it is sufficient to
require the local (in space) condition

T
L btz + ) g i < o

for each compact set K C R%. Indeed, each inner test function gy, in the representation
of F: f(,u(gl), . ,,u(gn)) is compactly supported. However, we need the global
condition (6.10) in our main result Theorem 5.2.1 and therefore include it directly in
Definition 6.2.4.

(ii) The choice of G implies that the wvalidity of (6.11) can be extended to each test
function F of type F : p — f(u(hl), e )) for n € N, arbitrary hy € C?(RY)
and f € CH(R™). Indeed, let {gF} C G be such that gF — hy with respect to || - ||c2
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as | — oo and consider FCH(G) > Fy : p f(,u(gll), o ,,u(gl”)). Clearly, we have for
each 0 <t <T

/ ﬂ dFt — Fth
SP =00 Jsp

and
LeFi(p) — LeF(n)

pointwise in (t,u). Since {gF : k < n,l > 1} is uniformly bounded with respect to
|| - |lc2, considering (6.11) for Fy, in the limit | — oo we obtain the validity of (6.11)

for F. In particular, the solution notion of Definition (6.2.4) is independent of the
choice of G.

In terms of the transfer of existence and uniqueness statements, we summarize the
considerations up to this point as follows. If there exists a subprobability solution ¢ —
to (NLFPK) with initial value p € SP, which fulfills the global assumption (6.3), then
there also exists a solution t — I'; to (SP-CE) (i.e. to (6.8)) in the sense of Definition
6.2.4 with initial value I'g = §,,, given by I'; := 6,,. Vice versa, if solutions to (SP-CE)
with initial value I'g = J,, are unique, then also solutions to subprobability solutions to
(NLFPK) with initial condition p (and the global integrability condition (6.3)) are unique.

The respective reversed existence and uniqueness results follow as corollaries of the
main result of this chapter, see Subsection 6.4.1.

6.3 Proof of main result

We turn to the proof of Theorem 5.2.1. As a preparation, we transfer the equations
(NLFPK) and (SP-CE) to corresponding equations on R*°.
6.3.1 Transfer to R>

We use the (formal) global chart G : SP — R* and the map J of Lemma 6.2.2
to obtain a differential equation and a continuity equation on R, which are closely
related to (NLFPK) and (SP-CE), respectively. To this end, we define a Borel vector

field B = (By)ren on R® component-wise as follows. For ¢ € [0, T], consider the Borel set
A € B(SP),

Ay = {u €SP /Rd |aij(t, g, )| + [bi(t, p, @) |dp(x) < oo Vi, j < d}
and set B := (By)reny € R™ via
Bt = [ Lougnla)duta), () € 0.T)x A (6.12)
Now define B : [0,T] x R® — R* via

)

o {B(t,Gl(z)) Jif 2 € G(Ay)

0 ,else
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which is Borel measurable by Lemma 6.2.2. Consider the differential equation for curves
t + 2z € R and the continuity equation for curves ¢ — I'; in P(R*) induced by this
vector field, i.e.

4= B(t,z), t€0,T), (R*-ODE)

and
8tft =-V- (Bft)v te [07T]a (ROO—CE)

with V as in (6.13). These equations can roughly be understood as (NLFPK) and (SP-CE)
transferred from SP to R* via the chart G. Let

pi i R =R, pi((2i)ien) = 2

denote the canonical projection to the i-th component and set 7™ := (p1,---ypn). In
analogy to the test function class FCZ(G) on SP, here we consider the class

FCZ(R®):={F :R® - R|F = for™ fe C}R"),n>1}.

As for FC?(G), the restriction to test functions possessing second-order derivatives is only
made for consistency with the stochastic (second-order) case in Chapter 7. By V we denote
the gradient-type operator on R, which acts on F' = fon(™ ¢ F CZ(R™) via

VF(z):= (O f)(7™2),..., (0, f)(7™z),0,0,...). (6.13)

The notion of solution to equations (R*°-ODE) and (R*°-CE) is as follows. Recall that we
abuse notation for the standard Euclidean inner product and write x - y = 2@1 Ty also
in the case x,y € R*| if either x or y contain only finitely many nontrivial summands.

Definition 6.3.1. (i) A continuous curve t — z; € R™ is a solution to (R*°-ODE), if
for each 7 € N, the real curve ¢ — p; o z; is absolutely continuous with weak derivative

t s p; o B(t, z) dt-a.s.

(i) A weakly continuous curve t +— I'; € P(R™) is a solution to (R>®-CE), if it fulfills
the global integrability condition

T
/ / |By(t, 2)|dDy(2)dt < 0o, k€N, (6.14)
0 o0

and for each F € FCZ(R™) the identity

/w F(2)dTy(z) — /oo F(2)dTy(z) = /0 - VFE(z)- B(s,z)dls(z)ds  (6.15)
holds for all ¢t € [0, 7.

Remark 6.3.2. It is clear that the validity of (6.15) extends to each F € FCL(R™), i.e.
to functions of type F = fox™ for f € C’l} (R™). Indeed, for this it suffices to approximate
f € CHR™) pointwise by a sequence fn, € CZ(R™) and to consider (6.15) for F, = f, on(™
as n — o0o.
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6.3.2 Proof of Theorem 5.2.1

The proof follows the three step procedure outlined in the introduction in Chapter
5. First, we transfer (I't)o<i<7 to a solution (I't)o<i<r to (R*®-CE). Secondly, by a
superposition principle on R* (cf. Proposition 6.3.3), we obtain a measure 77 € P(C7R>)
with 77 o (79°)~! = Ty concentrated on solution curves to (R>®°-ODE). Finally, we transfer
77 back to a measure n € P(CpSP) with all properties claimed in Theorem 5.2.1.

We will use the following superposition principle for equations of type (R*°-ODE) and
(R>*-CE), cf. [13, Thm.7.1]. Due to Remark 6.3.2, it is no additional assumption to
consider the larger class of test functions FC}(R*>) in the next proposition.

Proposition 6.3.3. Let t — 'y be a solution to (R*®-CE) in the sense of Definition 6.3.1
(ii) with test functions FCL(R™) instead of FCZ(R™). Then, there exists a Borel measure
1 € P(CTR™) concentrated on solutions to (R>-ODE) in the sense of Definition 6.5.1 (i)
such that

fo(mX) P =Ty, 0<t<T.

We now proceed to the three step procedure in order to prove Theorem 5.2.1.

Proof of Theorem 5.2.1. Let I' = (I';)p<¢<7 be a weakly continuous solution to (SP-CE)
as in Definition 6.2.4.
Step 1: From (SP-CE) to (R*-CE). Set

Iy:=T0G Y, 0<t<T,

with G as in Lemma 6.2.2. Since G is continuous, ¢t — I'; is a weakly continuous curve of
Borel subprobability measures on R*, and it solves (R*°-CE). Indeed, the integrability
condition (6.14) is fulfilled, since I" fulfills Definition 6.2.4. Furthermore, since I' solves
(SP-CE), we have for any FCZ(G) > F : pu— f((91),...,1(gn)) and t € [0, 7]

t
L rwarin = [ Paaan = [ [ nrgodgos 610

and hence, abbreviating By(t,-) and Bg(t,-) by Bg; and Bk,t, respectively, and setting
F = for™ for f as above, we have

/0 /SP LSF(u)dFs(u)ds:/o /SP ’;(mf)(u(gl),...7u(gn))</Rd £5,Mgk(:c)du(;p)>1“s(u)d8
:/0/5 Z(akf)(ﬂ(gl),---,u(gn))Bm(u)drs(u)ds

P k=1

P g=1

:/0/8 Z(akf)(plOG('U’)""’pnOG(:u))Bk,sOG(M)dFS(M)dS

_ / VE(2) - Bo(2)Ts(2)ds.
0 JRo®
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Moreover, for each t € [0, 7], we have

[ee]

/ F()dTy (1) = / (010 G- pu o G()) Ty (1) = / F(2)dTy(2).
SP SP

Comparing with (6.16), it follows that (T';)o<t<r is a solution to (R*-CE) as claimed,
because the above calculation holds for arbitrary F € FCZ(G) and hence for arbitrary
F e FCE(R™).

Step 2: From (R*-CE) to (R*-ODE). Proposition 6.3.3 implies the existence of
a measure 7 € P(CrR>) such that

(i) fo(m®)t =Ty, 0<t<T.
(ii) 7 is concentrated on solution paths to (R*-ODE).

Step 3: From (R>*-ODE) to (NLFPK). We show that the measure n € P(CrSP)
defined as
ni=mno(JHL, (6.17)

with J as in Lemma 6.2.2, fulfills all properties of the assertion. Indeed, since
qo(m) ' =Ty =T0G™"

for each t € [0, 7], we deduce that 7o (7p°)~! is concentrated on G(SP). By Lemma 6.2.2,
G(SP) C R is closed. Since by construction 7 is concentrated on continuous curves in
R, 77 is concentrated on C7G(SP). Furthermore, CrG(SP) C C7R™ is a measurable set
and J~! : OrG(SP) — C7SP is measurable by Lemma 6.2.2. Therefore, we may define
n € P(CrSP) as in (6.17).

It remains to verify n o, ! = Iy for all t € [0,7] and that 7 is concentrated on
subprobability solutions to (NLFPK). Concerning the former property, we note

-1 1

nomt =0 () omt = qo (o)

and
Ft = Ft o (Gil o G)il = ft © (Gil)il =1"no (Gil o 71.;)0)*1.

Since 7 0 J~ and Gt o 7° coincide on C7G(SP), and we have shown above that 7 is
concentrated on C7G(SP), we obtain o, ! = I'; for each t € [0, T, as desired.

Concerning the second aspect, note that by definition of n and I'; and the equality
moJ b =G ton® on CrG(SP), assumption (6.10) for (T'y)o<i<7 implies

T
L ] mlls sy + a7l g g
T
r 1 1
-1 oo 10667 TN onze 006 6™ T g e @1
T

T
= [ s oo+ ot )l g AT < (6.18)
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Consequently, n is concentrated on vaguely continuous curves ¢ — u; in SP with the global
integrability property (6.3) such that ¢ — G(u) is a solution path to (R*-ODE), i.e.

d _

“pko Glu) = pro B, Gw)) di-as., k€N, (6.19)
Each such curve ¢ — p; is a subprobability solution to (NLFPK). Indeed, by definition
of the vector field B and since the previous calculation in particular gives p; € A; dt-a.s.,
(6.19) is equivalent to the following equality for each k € N:

d

— duy= | L dyg dt-a.s.
01 o O /Rd tue Gkdpie dt-a.s

t
<= / gkdut—/ gkuo:// Ls i, grdpsds, t € 0,T].
Rd Rd 0 JRd

Hence, Lemma 6.2.1 (ii) implies that ¢ — pu is a subprobability solution to (NLFPK).

It remains to prove the additional assertion about probability solutions. To this end,
assume Iy is concentrated on P. Then, n(mg € P) = I'¢(P) = 1, and hence the claim
follows by Remark 6.1.2 and the aforementioned observation that (6.18) implies that 7 is
concentrated on vaguely continuous curves ¢ — p; which fulfill (6.3). O

Remark 6.3.4. Here, we explain why our basic space of measures in the entire chapter is
SP with the vague topology instead of P (with either the vague or weak topology), even
though we are mainly interested in (weakly continuous) probability solutions t — py to
(NLFPK). If we had restricted the entire approach to probability solutions, and hence to
solutions (I'y)o<i<T to (SP-CE) with T'y € P(P), we could not have proven that 7 as in the
above proof is concentrated on CrG(P) (in fact, we could not even show n(CrG(P)) > 0).
Indeed, inspecting the proof, we only could have proven that 7707rt_1 is concentrated on G(P)
for eacht < T. But since P with the vague topology is not closed, this does not imply that a
measure on R with one-dimensional marginals Ty is concentrated on CrG(P). Therefore,
in this situation it seems not possible to pull 7j back to a measure n on CpP as in (6.17).
Considering P with the (more natural) weak topology yields similar obstacles, since the lack
of separability of the corresponding test function class Cy(R?) yields that a map of type G
cannot have closed range in R*.

These issues are resolved by considering SP with the vague topology, which is compact,
and the corresponding test function class Cc(Rd), which is separable. In order to recover
a result for probability measures as in the second part of the assertion of Theorem 5.2.1,
we need to assume the global integrability assumption (6.10). We point out that this global
condition can be weakened to a local assumption in the sense of Remark 6.2.5 (i), if one
omits the final assertion of Theorem 5.2.1.

6.4 Consequences: Existence, uniqueness and an application

6.4.1 Transfer of existence and uniqueness

The following observations follow readily from the superposition principle Theorem
5.2.1 and allow to transfer existence and uniqueness results between the nonlinear equation
(NLFPK) and its linearized continuity equation (SP-CE).
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Corollary 6.4.1. LetI' € P(SP) and assume there exists a solution t — I'y to (SP-CE)
with initial condition I'g = I'. Then, for I'-a.e. p € SP, there exists a subprobability
solution t — py to (NLFPK) with initial condition py = p. Moreover, if T' € P(P), then
for T-a.e. p, there exists a probability solution t — p; to (NLFPK) with initial condition

fo = p.

Proof. Under the above assumption, Theorem 5.2.1 yields the existence of a probability
measure 7) concentrated on subprobability solutions to (NLFPK) with no 7 1 — . Hence,
the set of p € SP for which there is no solution ¢ — p; to (NLFPK) with ug = p is
I'-negligible. Concerning the second assertion, up to a n-negligible set, each solution curve
to (NLFPK) with a probability initial condition in the support of 1 is a probability solution
due to the global integrability condition (6.10). This implies the claim. O

Corollary 6.4.2. Let v € SP and assume there exists at most one vaguely continuous
subprobability solution t — p; to (NLFPK) with pg = v. Then, there exists also at most
one weakly continuous solution t — T'y to (SP-CE) with initial condition 6,. If v € P,
then, in the case of existence, we have I'y € P(P) for each t € [0,T).

Proof. Let TW and T be weakly continuous solutions to (SP-CE) with Féi) = ¢, for
i € {1,2}. By Theorem 5.2.1, there exist probability measures n¥), i € {1,2}, concentrated
on subprobability solutions to (NLFPK) with initial condition v such that (¥ o 7, * = ng‘)
for all t € [0,T] and i € {1,2}. By assumption, we obtain ) = ¢, = n® for a unique
curve v : t — g in CpSP and thus also I = T@) | If v € P, then 1 € CrP by Remark
6.1.2, which gives the second assertion. O

6.4.2 Application: Coupled nonlinear-linear FPK equations

We close this chapter by applying our result to an open conjecture posed in [190]. Let us
shortly recapitulate the necessary framework. For more details, we refer to [190]. Therein,
for an operator £ as in (5.5), the authors consider a coupled nonlinear-linear FPK equation
of type

{&tut = L}, 1t (6.20)

atVt =L

ES
t7MtVt7

i.e. comparing to our situation, the first nonlinear equation is of type (NLFPK) and the
second (linear) equation is obtained by ”freezing” a solution (j:)o<¢<7 to the first equation
in the measure argument of £. For an initial condition (u,v) € P x P, (6.20) has a unique
solution, if there exists a unique probability solution (4)o<¢<7 to the first equation in the
sense of Definition 6.1.1 with the global integrability condition (6.3) such that g = p, and
a unique weakly continuous curve (14)o<t<7 C P such that

T
/ /d la(t, e, z)| + (¢, pt, )| dvg(z)dt < oo,
o Jr

which solves the second equation of (6.20) with fixed coefficient py with vy = v in distribu-
tional sense as in (6.2).
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In [190], the authors associate a linear continuity equation on R? x P to (6.20) in the
following sense. Let IL be the operator acting on functions

Ci={®: (2, 1) = p(@)F(n) : o € CARY), F € FCA(P)},

via
]Lt(I)(CC, N) = ‘Ct,uq)(‘a M)(‘T) + Lt@(‘rv ')(N)?
with £ as in (5.5) and L as in (6.9). Here, adapting the notation of [190], we denote by

FCE(P) the set of test functions F : P = R, F : p— f(u(h),...,u(h)), f € CEHR™),
n > 1, h; € C2(R?). Consider the linear continuity equation

BA = LA, t € [0,T), (6.21)

for curves of probability measures on R x P. A weakly continuous curve t —+ A; € P(R%x P)
is a called solution to (6.21), provided

T
/0 / o s g s, ol ey B+l 5,11 ) () < o,
X

and for any G € C

t
/ GdA; — / GdAy = / / LsGdAsds, te [O,T],
RixP RixP 0 JRAxP

compare [190, Def.2.2]. One readily observes that a weakly continuous curve ¢ — (u, 1) €
P x P solves (6.20) if and only if Ay := 14 x J,, solves (6.21).

The open question of [190, Rem.4.4] can be stated as follows: If (6.20) has a unique
solution for some initial pair (11,) € P x P, does it follow that t — vy x &, € P(R? x P) is
the only solution to (6.21)? By our main result of this chapter, Theorem 5.2.1, the answer
is affirmative:

Proposition 6.4.3. If (ut, vt)o<t<r is the unique solution to (6.20) with initial condition
(n,v) € P x P, then Ay := (v X 0y, )o<t<T i the unique solution to (6.21) with initial
condition v X 0,,.

Proof. The notion of uniqueness to (6.20) in particular implies that ¢t — p; is the unique
probability solution to the first equation of (6.20) with initial condition py = u, i.e. an
equation of type (NLFPK). By Corollary (6.4.2), the unique solution to the corresponding
continuity equation (SP-CE) for curves in P(P) with initial condition §,, is t + J,,. Let
(Agl))ogtST and (Agz))ogtST be two solutions to (6.21) with initial condition v x §,. It
is straightforward to check that the curves of second marginals (Agl) olly 1)0St§T and
(Agz) o IT, Y)o<i<r are probability solutions to (SP-CE) with initial condition &, (where we
denote by II : R? x P — P the projection from R? x P to the second coordinate). Hence,
we have
AVory ' =5, =AP oIt telo,T)

Since any probability measure on a product space with one one-dimensional marginal being

a Dirac-measure is of product type, it follows that Agi) = aéi) x 0, for weakly continuous
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curves (O’t(i)>0§t§T CP,ie{1,2}. It is immediate to show that ¢ — afi) solves the second

(4)

equation of (6.20) with fixed y; and initial condition v. Hence, we obtain o, = 14 for each
t €10,7] and ¢ € {1,2}, which implies Agl) = AE2). Consequently, the unique solution to
(6.21) with initial condition v x d,, is given by (14 x 0., )o<t<T- O

Chapter 7

Superposition principle for
stochastic nonlinear FPK
equations

7.1 Preliminaries

7.1.1 Notation and conventions

On the space of square-summable real sequences £2 := {(z;)ien : ;51 77 < 00}, We
consider the usual inner product (x,y)2 = Y ,~; z;y; (also abbreviated x - y, if no confusion
can appear) and the induced norm ||-||;2. On £2 and the space C2 of continuous functions
f :[0,T] — ¢2, we unambiguously use the same notation p;, 7 and 7 as on R>® and
CrR> from the previous chapter. In particular, we have B(Cp?) = o(7°,t € [0,T)).

Pathwise properties of stochastic processes, such as continuity, are always understood
up to a negligible exception set with respect to the underlying measure, e.g. for a process
w0, 7] x Q — SP on a probability space (£, F,P), the paths of pu are vaguely continuous
means that there is a P-negligible set N C Q such that for each w € N€, the path t — u(w)
is vaguely continuous.

As in the previous chapter, we consider SP as a compact Polish space with the vague
topology.

7.1.2 Stochastic nonlinear FPK-equations
In addition to B([0,T]) ® B(SP) @ B(R%)-measurable coefficients
aij : [0,T] x SP xR - R, b;:[0,T] xSP xR - R, 1<i,j<d,

as in the previous chapter, also let d; € N and consider o(t, 1, x) = (04;(t, p, @) )i<d j<d,
with B([0, T]) ® B(SP) ® B(RY)-measurable coefficients o;;. We still use the notation £
for the second-order differential operator with coefficients a;j, b; as in (5.5). Throughout,
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we assume o to be bounded. In contrast to the deterministic framework of the previous
chapter, now we consider nonlinear stochastic FPK-equations of type (SNLFPK) on [0, 7.

Definition 7.1.1. (i) A pair (u, W), consisting of an (F;)o<i<r-adapted, SP-valued
stochastic process p = (11¢)o<t<7 With vaguely continuous paths, and a d;-dimensional
(Ft)o<t<r-Brownian motion W = (W;)o<i<7 on a complete probability space
(Q, F, (Ft)o<t<T, P) is a subprobability solution to (SNLFPK), provided

T
//d|bi(t,ut,az)\—}—|al-j(t,,ut,x)|+|aik(t,ut,x)|2dut(x)dt<oo Pas.  (7.1)
0 R

for each i,5 < d, k < dy, and

/Rd p(x)dp(z) — / o(x)dpo()

R4

-/ t | Lonpl@du@as+ [ t [ ol sia) - Vo)),
(7.2)

holds P-a.s. for each t € [0, 7] and ¢ € C°(RY).

(i1) A probability solution to (SNLFPK) is a pair (u, W) as above such that the paths
t +— ¢ are P-valued (and hence weakly continuous).

Of course, under the present assumption of boundedness of o, the integrability assump-
tion on the last summand in (7.1) is fulfilled for any curve ¢t — u; € SP. By approximation,
the validity of (7.2) extends to ¢ € C2(R?). Note that this notion of solution is proba-
bilistically weak, i.e. the probability space is part of the solution and the process p is not
necessarily adapted to the canonical Brownian filtration.

Remark 7.1.2. (i) Since the paths t — pu(w) are vaguely continuous and the stochastic
integral t — fg fRd o (s, s) - ViodusdWy has continuous paths, the exceptional set in
the above definition can be chosen independently of t.

(i) The first integral on the right-hand side of (7.2) is a pathwise integral (that is, for
individual fived w € Q) with respect to the finite measure pis(w)ds on [0,T] x R, The
second integral is a stochastic integral, which is defined since the integrand

() = [ olt ). a) - Vole)diu)@

is R4 -valued, bounded, product-measurable and F;-adapted [68, Thm.3.8]. More
precisely, it reads

/Ot /Rd o(s, s, ) Vo(x)dus(x)dWs = ai;l/ot /]Rd (s, s, @) - Voo (@) dpus () dWE,

where ¢ = (aio‘)lgigd denotes the a-th column of o, and the components W<,
1< a<dy, of W are real, independent Brownian motions.
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Due to (7.1), and since o is bounded, we obtain (in analogy to Remark 6.1.2) the
following conservation of mass, which we use to prove the final assertion of the main result
Theorem 5.2.2.

Lemma 7.1.3. Let (ut)o<i<T be a subprobability solution to (SNLFPK). If ug € P P-a.s.,
then the paths t — u; are P-valued and, in particular, weakly continuous.

Proof. Let (¢1)k>1 € C°(RY) approximate the constant function 1 as in Remark 6.1.2.
For the continuous (F;)p<t<p-martingales

t
xtim [ [ otsuna) Vor@)dna)a,, ke,
0 JR4

we obtain by Burkholder-Davies-Gundy inequality, 1t6’s isometry, and boundedness of o

1/2
ds} — 0. (7.3

k—o0

T
E[sup|X/|] < CE[/
0

t<T /]Rd o (s, ps, w) - Voor(x)dps(z)

Consequently, along a subsequence {k;};en, we have sup,«p ]Xf | = 0 for each w € Nf,
= —00

for a P-negligible set N;. By (7.1), it is clear that the left-hand side and the first integral
on the right-hand side of (7.2) converge w-wise to u¢(R%) — uo(R?) and 0, respectively, as
[ — o0, i.e. in the limit of (7.2) for I — oo, we obtain the existence of a P-negligible set
Ny C Q such that for each w € N{ N N§, we have

(W) (RY) = po(w)(RY),  t e [0,T],

which gives the claim. O

7.2 Geometry on SP revisited: Second-order equations

As in the deterministic case in Section 6.2, we consider SP as a manifold-like space
with tangent spaces T,SP = L?(R%,R%; 11). However, instead of G : SP — R™ as in 6.2.2,
now we consider a homeomorphism

H:S8P —
in order to handle the stochastic integral term in (7.2). To this end, we replace the set of
functions G = {g;,i > 1} of the deterministic case by

i

H = {h;,i>1}, hy =i "
|gillc2

(7.4)

and consider the map
H:SP— 52, H o= (M(hl))lzl

The following lemma collects useful properties of H and H, which are in the spirit of
Lemma 6.2.1 and 6.2.2. We point out that we could have used the function class ‘H instead
of G already in Chapter 6, but we decided to pass from G to H at this point in order to
stress the technical adjustments necessary due to the stochastic case.
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Lemma 7.2.1. (i) The set ‘H is measure separating. Furthermore, a process (jit)o<t<T
as in Definition 7.1.1 is a solution to (SNLFPK) if and only if (7.2) holds for each
h; € H in place of .

(ii) H is a homeomorphism between SP and its range H(SP) C %, endowed with the
0%-subspace topology. In particular, H(SP) C £? is compact.

Proof. (i) The first claim is obvious, since G is measure separating. Concerning the
second claim, it is clear that (7.2) for each h; € H is equivalent to the validity of
(7.2) for each g; € G. Since the latter set is dense in C2(R?), for any ¢ € C2(R?),
there is a sequence (g;, )xen such that ||g;, — ¢||c2 — 0 as k — oco. Then, by Ito’s
isometry, we have for each t € [0, T]

E[(/Ot /Rd0(87us)'V(gz'k—@)dudes>2] ZIE[ Ot 2ds]

and the right-hand side converges to 0 as £ — co due to the boundedness of o. Hence,

o (s, pts) V(gi, —p)dps

R4

along a further subsequence, for simplicity again denoted by (ix)ken, we have P-a.s.

t
/ / (s, s, ) - Vgiy (2)dps(x)dWs — / / (s, ps, @) - V(@) dps () dWs.
0 JRrd k—o00 R4
The w-wise convergence of all other terms in (7.2) is clear, so that for each (¢, ¢) €
[0, T] x C2(R9), (7.2) holds on the complement of a P-negligible set. This gives the
claim.

(ii) By definition, H maps into £2. Since H is measure separating, it follows that H is
one-to-one, hence bijective onto its range. If (u,)nen converges vaguely to p in SP,
then H (uy,) converges to H(u) in the product topology. Since for any ¢ > 1, we have

sup [H (pn)il < i,
n>1

the convergence holds in the ¢2-topology as well, which implies continuity of H. In
particular, H(SP) C ¢? is compact. Conversely, if H(j,) converges to some z in £2,
then, by closedness of H(SP) C £2, we have z = H(u) for a unique element p € SP
and p, I vaguely. Indeed, the latter follows as in Lemma 6.2.2 (i).

]

In this chapter, we use the test function class FC?(H), where F' € FCZ(H) if and only
if F:SP >R, F:pe f(p(h),...u(h)), f € CER™), neNand h; € H. Note that
FCZ(H) coincides with FCZ(G) from Chapter 6, since the transition from the inner test
functions g; to h; can be incorporated in the choice of f. Nevertheless, we use the new
notation FCZ(H) in order to stress the change of test functions from G to H in comparison
to the deterministic case.

7.2.1 A natural Hessian-type operator on SP

As in the deterministic case, one can associate a linear equation for curves in P(SP) to
the stochastic nonlinear equation (SNLFPK). Of course, the basic idea stems from the
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deterministic case presented in Chapter 6. From [t6’s, formula one expects this linearized
equation to be of second order. In the finite-dimensional case, the second-order term of
the linearization comprises the Hessian operator on RY (i.e., the Hessian matrix Hess f
for test functions f : R — R), cf. Appendix B. In this section, we introduce a natural
notion of an analogous Hessian-type operator on the manifold-like space SP, which will be
used later on to derive the linear second-order equation for curves in P(SP) associated
to (SNLFPK). To the best of our knowledge, such a geometric approach towards the
linearization of stochastic FPK equations has not been considered in the literature before.

Recall that for a smooth function f : M — R on a Riemannian manifold (M, g) with
tangent bundle T'M, the Hessian Hess f is the 0-2 tensor, which acts on smooth vector
fields X,Y : M — | |,cp; TM as a bilinear form via

Hess F(X,Y) = (VX VEY) (7.5)

g
Here, V¥ i ||, o0 ToM X | yens ToM — |yeps TeM denotes the Levi-Civita connection on
M, the unique torsion-free affine connection compatible with g, and V denotes the gradient
on (M,g). We refer to Appendix F for more details. Intuitively, for another smooth vector
field Z on M, (V%Z) (x) € T, M denotes the change in direction X (x) of the vector field
Z at x. With this intuition in mind, in the case M = SP, it is reasonable to set

(VP 2) (1) = (VP 2) (1) X (1)) 12 gt ety (76)

provided we can make sense of the above right-hand side. This ansatz is also motivated by
the finite-dimensional case M = R? with the standard Euclidean metric, since in this case,
for vector fields X, Z : R — R¢, the Levi-Civita connection is given by

(VX2)(2) = (Vx(@)2)(x) = (VZ)(2), X (2))pa € R™.

For our particular case of interest, i.e. Z = VSPFfor F € FCZ(H), F : pp— f(p(h), ..., pu(hn)),
we can indeed make sense of VS VSP F, and hence of the right-hand side of (7.6), because
the gradient

n

= VEPF () = (0kf) (u(ha), - ., u(hn)) Vi
k=1
is a linear combination of the functions y — g f (1(h1), . .., p(hy)), which are of FCZ(H)-
type up to a missing second derivative of the outer functions Ji f € C’I} (R™). The linear
combination has to be understood z-wise in the functions Vhj, which do not depend on
the variable of interest p. Denoting Fj, () := (9 f)(u(h1), ..., pn(hy)), we then define

n

(VPP F()(x,y) = Y (VP Fu(n)) (9) Vi (2), (z,y) € R x R%. (7.7)
k=1

From here, for o € T,SP, we consider the natural Levi-Civita connection-type operator
applied to VSPF, given as
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VgSPvSPF(F‘) = <(VSP)2F(,U),0>L2(Rd7Rd;u)

=Y (8sz)(u(h1)7-.-,u(hn))th(/Rda(y) : th(y)du(y)> € L*(RY, R p).

k=1

The definition of (VSP)2F (as well as V5T VSPF and Hess F below) is independent of
the particular representation of F. Indeed, we have (c.f. [190, App.A]) for

YE(t) i= po (id+to)™, pweSP, tel0,T),

the following pointwise (in x € R?) equality for each u € SP,o € L*(R% R%; 1)

n

d
ﬁv”’ F(97() o = > @uf) ((ha), - (b)) (V. 0 12 (e gty VI
k=1

- <(VSP>2F(:U>7 J>L2(Rd,Rd;H) .

Since the gradient VP F is independent of the particular representation of F (see Chapter
6) and o € L2(RY, R% 1) is arbitrary, also (VS7)2F is independent of the representation of
F.

In the spirit of (7.5), now we set for F' € FCZ(H) and 0,6 € L*(R%, R%; 1)

Hess F() : (7,5) = (VPP F(10),0) pa g gty ) (gt iy (78)

i.e. explicitly we have

n

tss F() 5 (02) = 3 @uaf) (). ouha)) [ o Fn) ([ 5+ Finaas).

k=1
(7.9)
which is a symmetric bilinear form on 7,SP = L*(R%,R%; 1) for each p € SP.

7.2.2 Linearization and second-order equations on SP

Let ((Mt)0§t§T7 (Wt)ogth) be a subprobability solution to (SNLFPK) on a filtered prob-
ability space (€, F, (Fy)o<i<r,P), and let F : p— f(p(ha), ..., p(hy)) be from FCZ(H).
As before, we abbreviate b(t, ) := b(t, y1, -) and similarly for a and o = (0%)1<a<d,, and
we denote the components of W by W 1 < a < d;. By Itd’s formula, we have P-a.s.

t
F(/-Lt) - F(MO) = A <VSPF(MS>7 b(snu's) + a(saus)v>L2(Rd7Rd;us)d8

1 d1 t n
_|_2a§:1/(; Z(aklf)(,us(hl)amus(h”))

k=1

- (/ Ua(s,us)thdus) </ Ua(s,us)-thdus>ds
R4 R4

+ MF,
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where the meaning of the first-order term fg (VSPF(s), b(s, p1s) + als, “S)V>L2(Rd Riy )ds
is rigorously given as in Subsection 6.2.2, and the continuous (F)o<¢<p-martingale ¢ — MF
is

MF = dg / t {i@f)(us(m), onslh) [ o thdus] awe,

Since M{ = 0 P-a.s., integrating with respect to P and defining the curve of measures in
T ::]P’ou;l, 0<t<T,

yields
t
/ Fdl'y — / Fdl'y = / / (VEPF (1), b(s, 1) + a(s, 1) V) 12 a .,y AL (1) ds
SP SP 0 JSP Y

It &
+2az::1/0/3 > @uf) (), .. (b))

P gi=1

- ( /R o (s.1)- thdu> ( /]R d aa(s,u)-Vhldu>dFs(u)ds.

(7.10)

Using the operator L as defined in (5.5) and the notion of Hess F' derived in the preceding
subsection, we rewrite (7.10) as

t 1 &
/ Fdry — Fdl'y = / / L.F(u) + 5 Z Hess F(p) (0% (s, 1), 0% (s, ) ) dls (1) ds.
SP SP 0 Jsp o

(7.11)
Introducing the second-order operator L) acting on F € F C’g(?—[) via
18
2 a a
(L ) (1) = (VP F (1), b(t, 1) + alt, 1) V) Lo o,y + 5 > Hess F (0% (t, ), 0 (t, ),
a=1
(7.12)

we infer from (7.10) that ¢t — I'y = Pop, ! solves the linear second-order FPK-type equation
(SP-FPK) for curves in P(SP)

ar, = (LY)yT, 0<t<T, (7.13)
which is just equation (SP-CE) of the introduction in Chapter 5.

Remark 7.2.2. Equation (SP-CE) is the natural analogue to second-order FPK-equations
on R%. Indeed, for the stochastic equation on R%

dXt = bt(Xt)dt + O't(Xt)th, (714)

by Ité’s formula, the corresponding linear second-order equation for measures in distribu-
tional form is

Orput = (££2)) e
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with 1
EgQ)f == Vf : bt + §<0t,Hessf . O't>,

where Hess f denotes the usual Euclidean Hessian matriz of f € C?(R?), see Appendir B
for more details. In this spirit, in comparison with (7.14), it appears natural to consider

(SNLFPK) as a stochastic equation with the state space SP replacing R?, and (SP-CE) as
the corresponding linear FPK-type equation on SP.

By the above derivation, any subprobability solution (¢,w) — p(w) to (SNLFPK)
induces a solution curve in P(SP) to (SP-FPK) via I'y := Po u; . Of course, this is
in close analogy to the deterministic case, where we have seen that any (deterministic)
solution path t — p; to (NLFPK) induces a solution t — I'; := 6, to (SP-CE). More
generally, we introduce the following notion of solution to (SP-FPK).

Definition 7.2.3. A weakly continuous curve ¢t — I'; € P(SP) is a solution to (SP-FPK),
if the integrability condition

T
/0 /S U ey + Nt )3 g gy + 18 1) s g AT < 0
(7.15)

holds, and for each F € FCZ(H), (7.11) holds for each ¢ € [0,T].

7.3 Proof of main result

7.3.1 Transfer to (2

Reminiscent to the deterministic case, we use the homeomorphism H : SP — H(SP) C
2 to introduce auxiliary equations on ¢2 and P(¢2) as follows. Again, we use the notation

At::{IuESP:/ |aij(t,,u,1:)|+\bi(t,,u,x)|d;z(1:)<ooV1§i,j§d}, te0,T].
R4

For i,j7 > 1 and 1 < a < dj, define the B([0,T]) ® B(SP)-measurable coefficients B; for
(t, ) such that p € Ay, and X and A;; on [0,T] x SP, by

Bilton)i= [ Louhila)dulz), (b € 0.T) x s,

St = [ o"(na) - Vhi(a)du(a),

Zi(talu) = (Z?(ta/‘))gagdl’
Ai]’(t,u) = (Zi ) Ej)(thu’)v

and set
B:= (Biiz1, ¥ = (5 1<acdi iz, A= (Aijij>1-
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Now, transferring to ¢2, define B, and A;; on [0,T] x ¢? component-wise via

Bi(t,2) = {Bz‘(t,H—l(z)) e H(A)
0 ,else
and
Yt 2) = {E?(t,H—l(z)) 2 € IZ(SP) |
’ ,2 € LF\H(SP)

iz‘@#) = (i?(t’ Z))1gagd1’

Az‘j(t, Z) = (iz . ij)(t, Z).

B and %% take values in 2, since for z = H(u) with pu € Ay, we have
Bt 2 < [ |Leuhila)ldntz) < €7,
R

where C' = C(a, b, d) is a finite constant independent of ¢ > 1. A similar argument is valid
for £¢. Each B; and i? is product-measurable with respect to the ¢2-topology due to the
measurability of B and 3¢. Reminiscent to (R*°-CE) in the previous chapter, we associate
to (SP-FPK) the Fokker-Planck-Kolmogorov-type equation on ¢

tht =_-V- (B(t, Z)ft) + 81](21” (t, z)f‘t), (KQ—FPK)

which we understand in the sense of the following definition, with V as in (6.13). Subse-
quently, we denote by FCZ(¢?) the set of functions F : > — R of type F' = f o 7 for
n > 1 and f € CZ(R"). Moreover, for such F, set

D2 (0i5f)om™ 1<id,j<n
0 , else.

Consequently, both terms of the right-hand side in (7.17) contain only finitely many
nontrivial summands.

Definition 7.3.1. A weakly continuous curve t — [y € P(¢2) is a solution to ((>-FPK), if
it fulfills the integrability condition

T
/ / Bit, 2)| + | Ay (t, 2)|dTudt < 00, Viyj > 1, (7.16)
0o Je
and for any F € FCZ(?), F := f o™, we have

/ F(2)dly(z) — / F(2)dly(z) = / VFE(z)-B(s,z) + %DZF(Z) : A(s, 2)dDg(2)ds.
02 2 0 J¢2

(7.17)
foreach 0 <t <T.

Due to the boundedness of o, the integrability condition (7.16) is the same as in (6.14).
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7.3.2 Proof of Theorem 5.2.2

We turn to the proof of the main result of this chapter, Theorem 5.2.2. As in the proof
of Theorem 5.2.1, we proceed in three steps. Since parts of the proof are technically more
involved than in the deterministic case, we first present the ingredients of each step and
then state the proof as a corollary.

Step 1: From (SP-FPK) to (/>-FPK).

Lemma 7.3.2. For any solution (T't)o<i<T to (SP-FPK), the curve I'y = Tyo H™!
solution to ((*-FPK).

Proof. Clearly, t — I'; is a weakly continuous curve in P(£?) due to the continuity of
H : SP — (2. In view of Definition 7.3.1, the integrability condition (7.16) holds,
since t + T fulfills (7.15). Moreover, for ¢t € [0,T], F = for™ € FC2(¢?) and

F:pw f(u(h), ..., pu(hy)), we have

/t VFE(z)-B(s,2) + 1DQF(Z) : A(s,2)dT(2)ds
0

/ /g Z (Okf) (p(h)s - -, () B (s, 1)

Pkl

+5 S5 S Ouaf) () ) S5, S o, ) ()

a=1k,l=1

dy
/ - <V5PF b(s, ) + a(s, 1) V) 4 RiRL T 5 ZHessF( “(s,1),0%(s, ) )dDs(p)ds

/62 F(2)dly = /873 F(p)drs.

Since ¢ — I'; fulfills (7.11), the claim follows. O

and

Step 2: From (/>-FPK) to the martingale problem (/>-MGP). Next, we intro-
duce a martingale problem on ¢2, which is related to (/2-FPK) in the sense of Remark 7.3.4
below and is, roughly speaking, the stochastic analogue to (R*°-ODE) from the previous
chapter.

Definition 7.3.3. A measure Q € P(Cpf?) is a solution to the £>-martingale problem
(0?-MGP), provided

/ / (b ) 1Ay (8, 77 < o0, 5 > 1, (7.18)
Cre2

and

t
_ _ _ 1 _
Fonmf® —/ VE o2 B(s,m°) + §D2FO7T§O : A(s, °)ds (7.19)
0

is a Q-martingale on Cpf? with respect to the natural filtration on Cp¢? for any F €
FC2(6%).
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Remark 7.3.4. By construction, any such solution Q induces a weakly continuous solution
(Ti)o<t<r to ((*-FPK) via Ty := Q o (nf°)~L. Indeed, this is readily seen by integrating
(7.19) with respect to Q and an application of Fubini’s theorem.

In view of Proposition 7.3.6 below, we extend the coefficients B;, i? (and hence also
A;j) from £2 to R™ via
B;:=0=: %% on [0, T] x R™\/%.

We continue to use the notation B, £% and A and note that these maps are B([0,7]) ®
B(R>)/B(R>)-measurable, due to Remark 7.3.5 below. Due to the same remark, we may
regard any solution (I'y)o<i<7 to ((2-FPK) as a solution to a FPK-type equation on R*
by considering (¢>-FPK) with the extended coefficients and test functions F' € FCZ(¢?)
extended to R by considering 7(™) on R* instead of ¢2. Similarly, the formulation of the
martingale problem (¢2-MGP) as in Definition 7.3.3 extends to R in the sense that a
measure ) € P(CrR>) is understood as a solution, provided the process (7.19) is a Q-
martingale on C7R> with respect to the natural filtration for each F' = fon(™ : R® — R,
f € CE(R™) as above.

Remark 7.3.5. We recall that (> € B(R*®) and B((?) = B(R*)p2. In particular, any
probability measure T € P(¢?) uniquely extends to an element in P(R>®) via T'(A) :=
[(AN2), Ac BR>®).

We will need the following superposition principle [222, Thm.7.1], which lifts a solution
to a FPK equation on R* to a solution to the associated martingale problem. Note that
in [222], the author assumes an integrability condition of order p > 1 instead of p =1 as
in (7.16) in order to essentially reduce the proof to the corresponding finite-dimensional
result, see [222, Thm.2.14], which requires such a higher order integrability. However, since
the latter result was later extended to the case of an L'-integrability condition by the
same author [223, Thm.2.5], it is easy to see that also the infinite-dimensional result [222,
Thm.7.1] holds for solutions with L!-integrability as in Definition 7.3.1.

Proposition 7.3.6. [Superposition principle on R*® [222, Thm.7.1]] For any weakly
continuous solution (Tt)o<i<r C P(R™) to the R®-extended version of ((>-FPK), there
exists Q € P(CTR™), which solves the R™®-extended version of ((*-MGP) such that Q o
(79°)~t =Ty for each t € [0,T).

Note that a path t — 2z, € H(SP) is continuous with respect to the product topology
if and only if it is continuous with respect to the ¢?>-topology. Hence, we may use the
notation CrH(SP) unambiguously and consider it as a subset of either C7R> or Cyf2.
Since H(SP) C ¢2 is closed even with respect to the product topology, C7H (SP) belongs
to B(Crf?) and B(CTR>).

Lemma 7.3.7. If in the situation of the previous proposition, each Ty is concentrated on
the Borel set H(SP) C R™, then Q is concentrated on CrH(SP). In particular, in this
case, Q may be considered an element of P(Cpl?) and as a solution to the martingale
problem ((2-MGP) as in Definition 7.3.5.

Proof. The closedness of H(SP) C R*™ yields

@(cTH<SP>>=@( N {wfeH(SP)})zl,

q€[0,T]NQ
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where the second equality is due to Q o (7{°)~! = T; for each 0 < ¢ < T'. In particular, we
have Q € P(Crf?). 1t is clear that this measure fulfills Definition 7.3.3. O

Hence, subsequently we may consider Q as in Proposition 7.3.6 as a solution to the
martingale problem on either R or £ without differing the notation. Recall that we write
pi: =R, pi(z) = z.

Lemma 7.3.8. Let Q be a solution to the martingale problem (¢>-MGP) on (2. Then, for
any 1 > 1, the process

t
Mi(t) = pion® — / Bi(s,7®)ds, te[0.T], (7.20)
0

r s

is a real-valued, continuous Q-martingale on Cpl? with respect to the canonical filtration.
Furthermore, the covariation process t — ((M;, M;)); of M; and M; is Q-a.s. given by

(M, M)y :/0 Ay (s, 7°)ds, t € [0,T). (7.21)

Proof. For i,j > 1, let n > max{3, j}, consider p}' : R® — R, p’(z) = x;, and let
Er 0?2 5 R, FMz) =pP o™ (2).

Note that Ff = p; on /2, independent of n > max(i, j). For k > 1, introduce the stopping
time 715, := inf{t € [0,7T] : ||7°||;= > k} with respect to the canonical filtration on Crf2.
Clearly, 7, /T pointwise. Consider 7, € C2(R") such that ng(x) = 1 for |z| < k + 1.
Since Opp}' = 0r; and Oyp}' = 0 for 1 < k,1 < n, we have

t
_ L _ 1 .. _
M;(t) = F' o — / VE! on®  B(s,m°) + §D2FZ-" omy® t A(s, m50)ds
0
and, setting Ff’k = (epl) o 7™ € FCE(£?),
ok AT & _ 1 - _
M;i(my Nt) = F"" o Tonr, — / VE"™ on2 . B(s,7) + §D2Fi"’ o A(s, %) ds.
0

Since the latter is a continuous Q-martingale for each k& > 1, it follows that M; is a
continuous local Q-martingale up to 7. Concerning (7.21), it suffices to prove that for any
F € FC}(£?), F = for(™, we have

(MTY), = /0 (VE(r), A(s, 7 V(1)) o, t € [0.T],  G-as., (7.22)

with

_ L _ 1 .
MtF =Fom® — VF () B(s,m%) + szF(WOO) c A(s, mg%)ds.
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Indeed, from here, (7.21) follows by considering (7.22) for F’f’k as k — oo and polarization
for the quadratic variation. (7.22) follows from the subsequent calculation. We abbreviate
the integrand of the integral term in the definition of M* by E§2)F(7r°°).

S

_ t t 2
(F? = Fie) = 28 ) [ L§2>F<w§°>ds+( / L§2>F<w§°>ds)
_ t t _ s

= MF +/ Lg2>F2(7r§°)ds—2/ Mfd(/ Lg2>F(7r3°)du)

0 0 0

t B _ t _ 2
~2 [ L@ FEal) - ([ L)
0 0

t t s
= NI + / L F*(n2)ds — 2 F(7r°°)d< L 2>F(7rg°)du>
0

+2/0t [/0 Lg)F(ng)du]d(/os L§2)F(7r,?°)dr> - (/Ot L§2)F(w§°)ds>2

where

is a continuous Q-martingale on C7¢2. Since the martingale solution @ particularly fulfills

T
/ / | Ayi(t, 759 [dtQ < o0, i > 1,
Cre2 Jo

(7.21) implies that M; is a martingale on [0, 7] (which is even square-integrable). O

We summarize the results of this step in the following proposition.

Proposition 7.3.9. Let (I')o<i<r be a weakly continuous solution to ((>-FPK) such that
[(H(SP)) = 1 for each t € [0,T]. Then, there exists a solution Q € P(Crl?) to the
martingale problem ((2-MGP) such that Q is concentrated on CrH(SP) with Qo (7{°)~! =
[y for each t € [0,T). Furthermore, the results of Lemma 7.3.8 apply to Q.

Step 3: From (/2-MGP) to (SNLFPK): If Q € P(C7(?) is a solution to (£>-MGP),
set, for t € [0, 7],

C := B(Cpl?) \/NQ, Ci:=0(r,0<s<t) \/N@,

where NQ denotes the set of Q-negligible sets N € B(Cr¢?). Of course, C and C; depend on
@, but we suppress this dependence in the notation. We extend @ to C in the canonical way,
and denote this extension again by Q. Then, (Crf?,C, (Ct)o<i<T, Q) is a complete filtered
probability space. Clearly, (t,7) — %(¢,75°(7)) as in Subsection 7.3.1 is Ci-progressively
measurable from [0, 7] x C7f? to L(R%,¢2), the space of bounded linear operators from
R4 to £2) with (¢, 2) € L(R%, (%) given by X(¢,2) : @+ (2 - Si(t, 2))i>1 € £2 for x € R,
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Remark 7.3.10. We extend (C7¢%,C, (Ci)o<i<T, Q) as follows. Let (', F", (F/o<i<T, P)
be a complete filtered probability space with a real-valued (F')o<i<r-Brownian motion ( on
it. Define

Q:=Crl? 0RO, F=Co@F', Fi =CaQF, P=Qx )P

1>1 1>1 1>1 >1

let F and F; be the P'-completion of F' and F}, respectively, and denote the canonical
extension of P’ to F by P. Furthermore, we denote the Brownian motion 3 on the i-th copy
of V' by B; and extend each f; to Q by Bi(w) := Bi(w;) for w = (’y, (wi)izl) € Q. Similarly,
we extend each projection w$° from Crf? to Q via 79°(w) := m°(7y) for w as above, but
keep the same notation for this extended process. Obviously, (7§°)o<i<T is continuous and
(Ft)o<t<r-adapted on Q, and each B; is an (Fi)o<i<r-Brownian motion on Q0 under P.
Moreover, by construction, (75°)o<t<t and (B;)i>1 are independent on Q with respect to
P. Furthermore, it is clear that the canonical extensions of the processes M; as in (7.20)
to Q are P-martingales with respect to (Fi)o<i<r for each i > 1 with covariation as in
(7.21), and that (t,w) — %(t, 79°(w)) € L(RY, %) is (F;)o<i<T-progressively measurable
on [0,T] x Q.

Finally, we need the following result, which is a special case of [181, Thm.2].

Proposition 7.3.11. Let Q € P(C7l?) be a solution to the martingale problem ((*>-MGP).
Then, there exists a complete filtered probability space with a dq-dimensional Brownian
motion W = (W) 1<q<a, with respect to the filtration of that space, and an (*-valued
adapted continuous process t — Yy such that the law of Y on Cpf? is Q, and for i > 1 and
t €10, T], we have almost surely

t di ot
poYi-poXo— [ Bisvyds =Y [ Spsvoaws, (7.23)
0 = Jo

and the exceptional set can be chosen independent of t and 1.

To see this, consider [181, Thm.2] with X = ¢2, Uy = R4, D = {p;,i > 1}, the processes
M (p;) given by M; as in (7.20) on the probability space © of Remark 7.3.10 and

gs = 2(5,7‘(';)0) € L(Rd1’£2)'

These choices fulfill all requirements of [181], and the ¢?-valued process Y on 2 is given by
Y; = 7f°. Since all terms in (7.23) are continuous in ¢, the exceptional set may indeed be
chosen independently of ¢ € [0, 7] and ¢ > 1.

The proof of Theorem 5.2.2 now follows from the above three-step scheme as follows.

Proof of Theorem 5.2.2. Let t — I'y € P(SP) be a weakly continuous solution to
(SP-FPK). By Lemma 7.3.2 of Step 1, the weakly continuous curve of Borel probability

measures on (2
[;:=T;0H' tel0,T],
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solves (/2-FPK), and each I'; is concentrated on H(SP). By Proposition 7.3.9 of Step
2, there exists a solution Q € P(Crf?) to the martingale problem (¢2-MGP), which is
concentrated on CrH(SP) such that

Qo (r®) L =Ty, teo,T).

Furthermore, Lemma 7.3.8 applies to Q. By Lemma 7.3.8 and Proposition 7.3.11 of Step 3,
there is a dj-dimensional (F;)o<¢<7-Brownian motion W = (W)1<4<q, and an (F;)o<i<7-
adapted process Y on some complete filtered probability space (2, F, (Ft)o<t<T, P), which
fulfill (7.23) and Y € O H(SP) P-a.s., such that Q is the law of Y under P.

Possibly redefining Y (w) on a P-negligible set N C Q (which preserves (7.23) and the
adaptedness, the latter due to the completeness of the underlying filtered probability space),
we may assume Y;(w) = H(ui(w)) for some pi(w) € SP for each (t,w) € [0,T] x Q. The
continuity of H~1 : H(SP) — SP and t — Y;(w) implies vague continuity of

t pup(w) = H o Yi(w) (7.24)

for each w € Q, and also gives (F¢)o<t<7-adaptedness of the SP-valued process t — fi;.
Considering (7.23), Y; = H(ut) and the definition of B and X%,
pi(H(v)) = v(h;) for each v € SP,

we obtain, recalling

t d t
) = polt) ~ [ Bils.pe)ds =3 [ Si(s,p)awe, 0<e <.
0 =Jo

P-a.s. for each ¢ > 1. From here, it follows by Lemma 7.2.1 (i) that ¢ — pu; is a solution to
(SNLFPK) as in Definition 7.1.1. Furthermore, we note

Popt=PoY, Yo (H ) =To(H ) =Ty0oH  o(H ) =T,

It remains to prove the final assertion of the theorem. To this end, note that I'g(P) =1
implies pp € P P-a.s., with yg as in (7.24) for t = 0. From here, the assertion follows by
Lemma 7.1.3. U

Besides the transfer of existence (SP-FPK) = (SNLFPK), which follows immediately
from the formulation of Theorem 5.2.2, one also obtains the following uniqueness transfer
(SNLFPK) = (SP-FPK), which is in a similar spirit to Corollary 6.4.2.

Corollary 7.3.12. Let I' € P(SP). Assume any two solutions (u, W) and (ji, W) to
(SNLFPK) on probability spaces (Q, F, (Ft)o<t<t,P) and (Q, F, (F)o<i<r,P) with initial
distribution Po uyt =T =Po jig' are equal in law, i.e. Pop™' =Po g~! on B(CrSP).
Then, solutions t — T'y to (SP-FPK) with Tg =T are unique. IfT' € P(P), then under the
above assumption, solutions t — I'y € P(P) to (SP-FPK) are unique.
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Appendix B

From finite-dimensional
differential to continuity equations

For comparison with the geometric approach to the derivation of the linear equations
(SP-CE) and (SP-FPK) on P(SP), here we briefly recall the corresponding classical

Euclidean situation.

Linearization (ODE) — (CE). We repeat the well-known steps to show that any
solution t — v; to (ODE) induces a solution t — 6., € P.

If t — 44 € R? is absolutely continuous with 4; = bs(;) dt-a.s., then for any f € C*(R?),
the chain rule and integration with respect to fot ds for t € [0,T] yield

t

£() — Flro) = /0 (VF)(78) - Fuds = /0 (VF) () - bs(e)ds.

Setting p := d,,, we obtain

[ s@dna) = [ @) = [ Vi@ b@du@ds @)

which yields that ¢ — p; solves the continuity equation (CE) in distributional sense. It is
clear that the above calculation still makes sense when the state space R? is replaced by a
Riemannian manifold (M, g), in which case the Euclidean gradient is replaced by the gradient
on (M, g) and the integrand V f - bs is replaced by the scalar product (V f(x), bs(x))
where (-, ->g(w) denotes the scalar product in the tangent space T, M at x € M.

g(z)»

Linearization (SDE) = (FPK). Let ¢t — X; be a solution to (SDE) on a probability
space (0, F, (Fi)o<t<r,P) and let f € C%(RY). By It6’s formula, we obtain

f(Xi) — f(Xo) = /0 (Vf)(Xs)-bs(Xs)dH% /0 (8iF)(Xs)a¥ (Xs)ds + M(t) P-as.
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where t — M(t) is a (Ft)o<t<p-martingale with respect to P with M (0) = 0, and we have

set as(x) = (a¥ (2))1<ij<a = 0s(x)os(x)T. Hence, integrating with respect to [pa. dP, we
have E[M (t)] = 0 and therefore, setting j; := P o X; !, we obtain

t 1 ;
L 1@ = [ @) = [ ] V@) -b@)+ 50 0@ @) @),

Consequently, the weakly continuous curve ¢ — py in P solves (FPK). In manifold language,
the second-order term 9;; f(x)ad (z) may be rewritten as

d
D 0if (@) (x) = (Hess [ 04(x). 0(2)) g

ij=1

where Hess f denotes the usual Hessian matrix of f.
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The contents of the following third part of the thesis are based on the joint work [189]
with Andre Schenke, former student in the IRTG 2235 Bielefeld—Seoul, who is now a
postdoc at Bielefeld University. I acknowledge his valuable contributions to our preprint.
Throughout, from first ideas to the technical execution, the project was a true and equal
collaboration, with valuable contributions coming from both of us. The contents of [189]

and Part III of this thesis have not been used in a thesis or any further publication by
Andre Schenke.
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Abstract. We study the incompressible hypodissipative Navier—Stokes equations with
dissipation exponent 0 < o < 1/2 on the 3D torus perturbed by an additive Wiener noise
term, and we prove the existence of an initial condition for which distinct probabilistically
weak solutions exist. To this end, we employ convex integration methods to construct even
a probabilistically strong solution, which violates a pathwise energy inequality, up to a
suitable stopping time. This work seems to be the first to construct solutions via simple
Beltrami waves instead of intermittent jets or flows in a stochastic setting. The contents of
this part of the thesis are an extended version of the preprint [189], which is joint work
with Andre Schenke (Bielefeld University).

Chapter 8

Introduction

8.1 (Fractional) Navier—Stokes equations

8.1.1 Navier—Stokes equations: An overview

The Navier—Stokes equations (NSE) are one of the fundamental sets of equations in
the area of fluid dynamics, and arguably its most prominent one. Introduced nearly
two centuries ago by French physicist Navier and Irish mathematician Stokes [180, 212],
generations of scientists not only from mathematics have been fascinated by the intriguing,
but desperately difficult questions of its solvability. In the incompressible case, most often
considered in two or three spatial dimensions, the NSE

{atv +diviv®@v)+Vp—vAv =0, (NSE)

dive =0

predict the evolution of the velocity field v, describing the incompressible viscous flow of a
fluid in a region  C R?. Here, v > 0 denotes the kinematic viscosity parameter of the
fluid, and the scalar pressure term p is unknown, but may be computed from v. From now
on, we always set v = 1 for simplicity.

The NSE may be derived from the conservation principles for momentum and mass,
respectively. For a thorough derivation based on physical principles and a concise introduc-
tion to the field, we refer to the textbooks [191, 221, 164, 209, 73] and the references therein.
Needless to say, this list is certainly not complete. The NSE can also be derived rigorously
from the Boltzmann equation, cf. [111, 23, 165]. From now on, we restrict attention to
three-dimensional cases, but note that there is a vast literature on other dimensions, in
particular for the case d = 2, cf. the above sources.
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The NSE are usually complemented by an initial condition v(0,-) = z¢ and, depending
on its underlying domain © C R?, by a boundary condition. On the one hand, while being
of ample physical relevance, boundary conditions add further mathematically difficulties to
the question of solvability. At the same time, it is advantageous to work on a bounded
domain in order to avoid solutions to grow as |z| — oo. To avoid both these difficulties, it
is common to study the equations on the three-dimensional torus R3/(27Z3) subject to
periodic boundary conditions (cf. Section 9.1).

The fight for regularity and the energy balance. The Laplacian —Av and the
nonlinear term div(v ® v) are contrary in their effect on the regularity of solutions. On
the one hand, by definition, the Laplacian harmonizes the value at a point v(¢,x) and its
surroundings: locally extreme values are conformed to the average value in a neighborhood,
thereby providing a smoothing effect for solutions v.

On the other hand, the nonlinear term disrupts this regularizing effect and is, in fact,
a main source for the enormous complexity of the question of existence of global smooth
solutions. For an in-depth discussion, also from a physical point of view, we again refer to
the textbooks [191, 221, 164, 209, 73].

Here, we would like to give simple evidence of the conflictive effects of —Awv and
div(v ® v), see [191, Introduction]. To this end, let us separate both terms from each
other for a moment and consider their regularization effects individually. The following
observations are based on the kinetic energy profile of solutions v, i.e. on

1 1
0 eun(0)(0) 1= 3 [ ot )Pde = (e, I,

a quantity which will be of consistent interest to us.

Diffusion: the Laplacian. Focusing on the diffusive term —Aw (and disregarding the
pressure term Vp and the incompressibility condition for a moment), the NSE boils down
to the classical heat equation

0w — Av = 0. (8.1)

By standard theory [98], solutions to this equation exist globally in time and are smooth in
(t, ), even for possibly nonsmooth initial data v(0,-) = 2o € L? = L?(T3,R3). Multiplying
(8.1) by v, integration by parts and integrating over fg ng, dxdt yields

1 1 ¢
/ lu(t, z)|>dz = / [v(0, z)|*dx —/ |Vo(t)||32dt, t>0. (8.2)
2 T3 2 R3 0

Consequently, the kinetic energy profile t — ey, (v)(t) of any solution v to (8.1) is decreasing.
In other words, kinetic energy is dissipated, and the term fot ||[Vo(t)]]3dz quantifies the
total dissipation up to time ¢. The connection of this energy dissipation and the smoothing
effect of the heat equation can be seen as follows. Assume the initial condition v(0,-) = zg
has the Fourier series

w0(@) = 3 do(€)e’s.

cezd
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Then, it is standard to derive the Fourier series of the solution v to (8.1) as

o(t, x) = Z jo(g)e—|§|2t6i§w.

ez

Recall that Fourier modes #q(£)e’® for larger values of |¢| correspond to smaller length
scales and more rapid oscillations. Intuitively, the more active such small scales are, the
more irregular we expect the corresponding function to be. With this in mind, comparing
the Fourier series of v(¢,-) and xo, we note that the effect of the damping term et i
stronger for larger modes, i.e. the impact of small scales with rapid oscillations is reduced
significantly, which provides intuitive evidence for the strong smoothing effect for solutions
to the heat equation. Put another way, the loss of kinetic energy observed through (8.1)
essentially happens on small scales.

Advection: the nonlinear term. Concerning the nonlinear transport term div(v ® v) =
(v-V)v (the equality holds under the incompressibility assumption divv = 0), we observe
quite the opposite effect. Indeed, still following [191, Introduction], assume the Fourier
series of a function v : T3 — R3 to be a finite sum

u(@) = ) a€)e’™

[EI<N

for some N > 1. A direct calculation gives

(u-Vyu(z) = Y (e,

[§|<2N

where w(£) = 3¢ j<n[@(€ — ) - (Jia(C). Consequently, compared to u, the nonlinear term
(u- V)u activates higher oscillating modes and pumps energy into these smaller scales, an
effect which potentially may lead to a blow-up of the gradient of solutions in finite time.
Comparing with the damping effect for solutions to the heat equation, it is clear that these
effects conflict each other.

Existence and (non)uniqueness results. It is one of the remarkable oddities of
mathematics that despite enormous past and ongoing efforts of brilliant mathematicians,
the following natural question remains unanswered in the case d = 3: Is there a global in
time smooth solution for any divergence-free smooth initial vector field to the NSE? This
notoriously difficult problem has nurtured enormous interest in the NSE, in particular after
becoming one of the famous Millenium problems, postulated by the Clay Mathematics
Institute in 2000. The unbroken ambitions to tackle this million-dollar question led to
significant progress towards a comprehensive understanding of the NSE, which we would
like to briefly survey here.

While the existence of (necessarily unique) strong solutions (i.e. smooth vector fields
v : [0,00) x T3 — R3 solving the NSE pointwise) remains to be resolved, global existence
of weak solutions is known. Taking inner product of the NSE with a strong solution
v, integration by parts and integrating over [0,7] x T3 gives the same a priori energy
balance as in (8.2). Inspired by this necessary energy relation for strong solutions, Leray
[162] and Hopf [117] famously proved the existence of a global in time weak solution
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v € Cyeak(Ry, L?) N L2([0,00), H') with respect to any initial value xo € L?, such that
(8.2) holds with an inequality, i.e.

1 T 1
= |’U(T,$)|2dl‘+/ | Vo(t)||32dt < / [v(0, z)|2dx, T > 0. (8.3)
2 T3 0 2 T3

A weak solution is a vector field v, which fulfills the equation distributionally, i.e. dive =0
holds in distribution and

/ v (O + (v V) + Ap)dadt + / v(0) - ¢(0)dz =0 (8.4)
[0,00) x T3 T3

holds for any divergence-free test vector field ¢. To date, it remains to be proven whether
such Leray—Hopf solutions are unique. In fact, the non-uniqueness in this class of solutions
was conjectured by Ladyzhenskaya [154] in 1967 but, while there is reasonable supporting
numerical evidence [124], a mathematical proof of his conjecture is yet to be found.

We do not dwell here on very interesting further topics such as local Leray—Hopf
solutions, solutions with small sets of nonsmooth times and the existence of strong solutions
locally in time, but refer to [53, Ch.1-3], [54], and the references therein.

In this regard, it is interesting that quite recently Buckmaster and Vicol [54] proved
a severe nonuniqueness result in a (possibly) strictly larger class of solutions, namely for
weak solutions as above without the energy inequality (8.3). More precisely, their result
is the following striking theorem. Here, H? denotes the usual fractional Sobolev space of
vector fields on T? with integrability parameter p = 2.

Theorem 8.1.1. There is B > 0 such that for any smooth function e : [0,T] — [0, 00),
there is a weak solution v € C([0,T], H®) such that ey (v)(t) = e(t) for all t € [0,T].

In particular, there exist arbitrarily many weak solutions with trivial initial condition.
The construction is based on the methods of convex integration, which provide a powerful
tool to construct weak solutions to (fluid dynamical) PDEs with wild energy behavior.
This result shatters hopes to tackle the famous question of global well-posedness of strong
solutions by showing that the NSE are well-posed in this class of weak solutions and that
any such weak solution is strong. The question whether a similar nonuniqueness result
holds in the class of Leray—Hopf solutions remains an open problem of significant relevance.

The method of convex integration is the main technical ingredient for the present part
of the thesis. Before we review its history and basic principles, in the next section, we turn
our attention to the equations we are going to treat with them.

8.1.2 Fractional NSE

The equations of interest for this part of the thesis are not the classical NSE, but (a
stochastically perturbed version of) the fractional Navier—Stokes equations (FNSE). As
before, we assume incompressibility of the flow and work on the three-dimensional torus,
i.e. subject to periodic boundary conditions. More precisely, we study (a stochastic version

of)

{aw +div(v®v) + Vp+ (-A)* =0, (FNSE)

dive =0,
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and our focus will be on the hypodissipative parameter range 0 < o < 1/2. For example,
in [174], these equations model fluid motion subject to internal friction. For details on
the operator (—A)® and its definition via Fourier series, see Section 9.1. The following
comparison to the classical Laplacian (in the whole space) might be illuminating. First,
recall that for sufficiently regular functions f : R? — R, we have

~Af(z) = Clim wd% x € R3.
r—0 B7(z) T

On the other hand, it is standard to obtain for 0 < o < 1 [152] that

N : u(z) — u(y) 3

(=A)*f(z) = C(a) lim R 5 (o) Wd% z € R,
which allows for the following comparison. While for the classical Laplacian, —A f(x)
is reverted to the average of f in an infinitesimally small neighborhood around x, the
averaging effect of (—A)® comprises the whole space in a weighted sense: Values far away
from z contribute less to the average than those in proximity to x, and this long-term
effect diminishes as a ' 1. In particular, in contrast to —A, the fractional Laplace is a

nonlocal operator and, in fact, gives rise to a Lévy process with long-distance interactions,
see [193, 152, 16, 92].

There is a large number of models from, e.g., physics, biology and finance for which
the fractional Laplace arguably provides a more fitting description of the setting than
the classical Laplacian, or offers at least an interesting variant of the particular model.
Hence, it is not surprising that the literature in this direction is extensive. Prominent
examples include, but go beyond fractional heat equations [40, 39, 65, 224] and Schrédinger
equations [156, 204, 155], quasi-geostrophic equations [58, 137, 84], and obstacle problems
[57, 207]. For a further in-depth survey of the field of fractional diffusion equations, we
refer to [29, 15, 228, 18, 56]. Concerning the FNSE, known results include the existence of
smooth solutions in the case o« > 5/4 [163, 218], and partial regularity results for the cases
a € [3/4,1) and (1,5/4), cf. [71, 217].

In the light of the resolved and unresolved (non)uniqueness questions for the classical
NSE, it is interesting to ask whether the known results carry over to the case of the FNSE
and whether any of the open questions for the NSE can be answered for the FNSE. In this
direction, Colombo, De Lellis and De Rosa, and De Rosa in a second paper obtained the
following very interesting result [70, 194]: For 0 < o < 1/3, there is an initial condition
xo € L? subject to which there exist infinitely many global in time a-Holder continuous
weak solutions to (FNSE), which fulfill even a local Leray-inequality (i.e. (8.3), with Vv
replaced by (—A)a/ 2 in a local in time sense) up to some common time 7" > 0. Moreover,
for any 0 < o < 1/2, Holder continuous weak solutions (not necessarily fulfilling an energy
inequality) are nonunique. We see that for the range 0 < a < 1/3, the ill-posedness result
is more severe than in the classical case o = 1, where uniqueness of Leray—Hopf solutions
remains open. Roughly, the above explanation of the contradicting effects of the Laplacian
and the nonlinear term for the classical NSE offers the following intuition to this result.
Replacing —A by the weaker diffusive term (—A)%, 0 < a < 1, the advective nonlinear
term is more dominant, hampers the regularizing effect for solutions to (FNSE), and hence
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gives rise to more severe nonuniqueness results. As already mentioned for the classical NSE,
also in this case, this shatters hopes to prove strong well-posedness via weak solutions,
here even in the class of Leray—Hopf solutions.

As for the classical NSE, the results of [70, 194] rely on the techniques of convex
integration, which we review in the next subsection.

8.2 A brief history of convex integration

8.2.1 Origins: Nash’s C! isometric embedding problem

Nowadays famously used as a method to construct weak solutions to (fluid dynamical)
PDEs, the origins of convex integration date back to a famous differential geometry result
by John Nash [179], which answers the following questions that had intrigued geometers
for decades: Can any smooth d-dimensional Riemannian manifold M be isometrically
embedded in ambient space RN and, if so, which restriction on the ambient dimension
N and which kind of regularity for the isometry can be expected? It came with general
astonishment that Nash provided the following affirmative answer.

Theorem 8.2.1 (C! isometric embedding theorem). Let (M, g) be a closed d-dimensional
Riemannian manifold, v: M — RN a strictly short embedding with N > d+2 and € > 0.
Then, there is a C' isometric embedding v : M — RN such that ||[v — ul|co < €.

For a short review of the necessary differential geometric concepts, see Appendix F.
Although it does not directly contribute to the geometric ideas of convex integration, we
point out that under additional technical conditions the closedness assumption can be
dropped, and that Kuiper [150] improved Nash’s result to the optimal threshold N > d+ 1.
Moreover, a version of the result with ”immersion” instead of "embedding” at all places
holds true. For an excellent presentation of Nash’s result (as well as other masterpieces of
him), we refer to the review [87].

For example, it is standard to embed the torus T? in R3; however, the usual embedding
is not isometric, but can be made strictly short. Thanks to Nash’s ingenious theorem,
there must exist an isometric C'* embedding u : T? — R? as well.

Idea of proof. As in Appendix F, denote by e the standard Euclidean metric tensor
on RV, by 9ij,1 <i,j < d, the components of the metric tensor g on M, and by ufe the
pullback metric on M for an embedding v : M — RY. The mapping u is an isometry,
provided

gij = 0w - Oju, 1<4,5<d. (8.5)

By assumption, there is a strictly short embedding v, i.e. it holds
Gij > ;v - 8]‘1), 1<4,57 <d. (86)

In spirit, the relation (8.6) is easier to fulfill than (8.5) and the task is to convey the
solution v to the flexible relation (8.6) to a solution u to the rigid one (8.5), such that
llu — v||co < €. In other words, one needs to stretch out curves on v(M) C R¥ in order to
increase their lengths while staying in a uniform small e-neighborhood around v(M).
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The principal idea of Nash is to iteratively construct a sequence of still strictly short
embeddings (vq)qen, (With vg = v) such that the defect g — vge, i.e. the gap between
the inequality (8.6) and the equality (8.5), decreases in each iteration stage ¢ — ¢ + 1
and vanishes as ¢ — co. In addition, the iteration is performed such that the differences
||vg+1 — vg||c1 are suitably small in terms of €, such that the limit lim, o v := u exists

in C'. From here, it follows that
g — Ou - Oju = g — lim(Qv4 - Ojvg) = 0,
q

and consequently u is an isometry.

The iteration vy, — v441 is set up by adding a suitable perturbation wgy1 to v, i.e.
Nash defines

Vgt1 = Vg + Wqt1-

The construction of these perturbations is the most delicate part of the proof, since
Wgt1 = Vg41 — Vg needs to be sufficiently small in C'-norm while reducing the gap between
(8.5) and (8.6) at stage ¢ substantially. Nash’s integral idea was to construct wg41 via
(sums of locally supported) rapidly oscillating waves with high frequencies A\g11 > Ay > 1
and small amplitudes of order )\q_jl in such a way that wg 4 1€ comprises a large portion of
the remaining defect g — fuge. A suggestive picture is that one pervades vy (M) C RN with
small scale waves with small amplitudes in order to ripple curves on vy(M).

The perturbation wgy1 is constructed as a sum of locally supported waves of type

. () . ;
wc(zj«gl(ﬂf) - /c\(:rll <V(55) cos ()‘q+1¢éj+)1(95)) + b(z) sin (Agﬂwéﬁl(@))’ (87)

where v(z),b(x) € RY are of unit length such that v(x) L b(x) and v(x) and b(x) are
(roughly) normal to the tangent space T, (;)vq(M) C RY. On the one hand, suitable
bounds for ||wg1||co and ||wg41]|cr follow via a sufficiently large choice of Agy1 > 1. On
the other hand, cgﬂzl > 0 and 1/’5]421 € C*(M) stem from a geometric result by Nash [87,
Prop.2.3.1], which allows to (locally) represent the defect metric tensor g — vge on M as a

locally finite sum of primitive metrics
g-vie=)_ e © dvd),. (88)
J

As we shall see later, a loosely related kind of geometric lemma plays a major role in convex
integration techniques in general, as well as for our main result of this part of the thesis,
cf. Lemma 11.3.4. From here, a detailed calculation, which is beyond the scope of this
introduction, shows that the definition of wg41 =) j wé‘ﬂzl entails the pivotal approximate
cancellation
w, e~ DwgpDwl, | ~ g —vle (8.9)
q+1¢ ~ HPWeq 1D Wep1 = 9 = Vg€, :

i.e. a major part of the remaining isometry gap g — Uge is compensated by wg41, rendering

the remaining gap g — v2+le =(g— vge) — nge at stage ¢ + 1 much smaller than the
previous one.
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Finally, we point out that the rapidly oscillating waves in (8.7) actually allow for
convergence of (vy)4en in CH for suitably low a € (0,1) [43, 74, 160], but obstruct C2-
regularity of u = limg—,00 vg = v0 + D, 50 We+1- Indeed, it is readily seen that ||wgi1|c2 ~
Ag+1 —> 00 as ¢ — 00.

Let us summarize the guiding principles of Nash’s geometric construction, which passes
over to the techniques of convex integration, as follows. In order to solve the rigid relation
(8.5), one first of all iteratively constructs a sequence (vg)qen of solutions to the flexible
relation (8.6). The iteration proceeds via perturbations wg1, consisting of waves with
increasing frequency Ag41 > 1 and decreasing amplitudes aq41 < 1. Striking the right
balance between the scales of A\j+1 and a1 yields convergence of (vg)4en in Ct (even
in O1 for small o < 1). At the same time, the perturbations may be constructed in a
geometric way in order to approximately cancel the remaining isometry gap g — vge, which
implies that u = lim,_, v4 is the desired isometry, i.e. a solution to the rigid relation
(8.5).

8.2.2 Convex integration and the Onsager conjecture

In 1973, Gromov realized that the techniques of Nash’s proof of Theorem 8.2.1 are
actually an instance of the so-called h-principle [112], a deep and general method to obtain
solutions to differential relations, on which we do not comment here. Thirty years later,
this direction was spurred further by Miiller and Sverak by linking these methods to the
theory of Lipschitz solutions to differential inclusions [177]. Nash’s intriguing geometric
approach experienced enormous additional interest once De Lellis and Székelyhidi Jr. in
2009 understood the second fundamental set of equations of fluid dynamics as such a
differential inclusion, namely the incompressible Euler equations (EE) on the torus T,
d € {2,3},

o +divivewv)+Vp =0,
dive =0.

This way, they obtained alternative proofs for the interesting results of Scheffer and
Shnirelman [202, 205, 206], in which the authors construct rough weak solutions v to the
EE with dissipative kinetic energy t — e, (v)(t). From now on, we restrict attention to
the case d = 3 on T3.

These results met considerable interest in the community since they were believed
to offer a starting point towards a proof of the famous Onsager conjecture. In 1949,
Norwegian-American physicist Lars Onsager conjectured the threshold of Hélder regularity
below which weak solutions to the EE can dissipate kinetic energy to be = 1/3 [182]. In
this regard, note that smooth solutions v to the EE have constant kinetic energy profile
t — epin(v)(t), which follows by multiplication of the EE with v and integration by parts.
The possible dissipation of kinetic energy for solutions with low regularity, also known as
anomalous dissipation of energy, is intimately connected to the transfer of energy from
larger to smaller scales by the nonlinearity div(v ® v), as suggested in Subsection 8.1.1, and
the theory of turbulence, in particular when considering the EE as the inviscid limit of the
NSE for vanishing viscosity parameter v — 0, cf. the fundamental works of Kolmogorov
[142, 143, 141] and [53, Sect.2] and the references therein.
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More precisely, the conjecture can be stated as follows.

Onsager’s conjecture.

For any 0 < 3 < 1/3, there exists a weak solution vg € C([0,T], C#(T3,R?)) to the EE
with decreasing kinetic energy t — ey (vg)(t). In contrast, for each § > 1/3, any weak
solution v € C([0,T)CP(T3R3)) conserves kinetic energy.

We remark that the positive part of the assertion concerning th range g > 1/3 was
proven in [99, 72] in 1994. Concerning the negative part, the solutions in [202, 205, 206],
while allowing for dissipative energy profiles, do not have any continuity property and
hence do not provide evidence for Onsager’s conjecture.

Continuous weak solutions to the EE. A further step towards the conjecture was
the remarkable work of De Lellis and Székelyhidi [89] from 2013, in which the authors use
techniques from the aforementioned geometric and analytic foundations [179, 112, 177],
coined as convex integration, to construct for the first time continuous weak solutions to
the EE with decreasing energy profiles ¢ — ey (t). See also [161] for the close connection
to Gromov’s h-principle. More precisely, their solutions can even be constructed such that
they obey any prescribed smooth, strictly positive energy profile.

In a way, [89] may be considered the technical starting point of modern convex integration
methods. In fact, previous results as in [88] make explicit use of the results of [177] by
considering the EE as a differential inclusion and follow a Baire category approach. As
pointed out in [89], such techniques are not suited for the construction of (Holder) continuous
weak solutions to the EE. Let us briefly point out the main new techniques of [89].

Common to all convex integration results, and much in the spirit of the geometric origin
by Nash, is the iterative construction of a sequence of solutions (vg)4en, to a flexible version
of the particular equation, which allows for an error term. For the EE (and analogously for
the (F)NSE), these flexible equations are the Euler—Reynolds equations

Ovg + div(vg ® vg) + Vp, = div Ry, (ER)
dive, =0,

where }OEq is a symmetric trace-free 3 x 3-matri,x and the name is due to the form of the error

div }?q, which is similar to the so-called Reynolds stress in fluid dynamical models, see [161].

We will usually simply refer to div R, and to Ry, as the error (term). Similarly as in [179],

given a smooth solution (vq,pg, Ry) to (ER) at stage ¢, the next solution (vgt1, pg, Rg+1)
is constructed by means of a perturbation wgy1, i.e.

Vg+1 = Ug + Wg+1-

The goal is to construct (vy)gen, in such a way that the sequence converges in C°([0, 7] x
T3, R3) while ||Ry||co vanishes as ¢ — oo. To this end, in analogy to Nash’s construction,
two of the main features of the perturbation wgy1 are its small amplitudes a441 such that
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> g>1 ||wgt1l[co is finite, and its geometric construction, which allows for a cancellation of

type
div(wgs1 ® wes1) = —div Ry, (8.10)

in order to reduce the error term div R, (compare with (8.9)). In comparison to [179],
the iterative solutions v, to (ER) assume the role of the derivatives Dv, of Nash’s short
embeddings, and the error }Q%q corresponds to the defect g — vge. Provided v := limg_0 v
exists in C° and limg o0 }qu = 0, it is readily seen that v is a weak solution to the EE.
Note that by subtracting (ER) at stage ¢ + 1 and ¢, one can calculate the unknowns }?q+1

and pg41 from vy, ]%q and wg41 as
div éq—kl — Vpgi1 = div(wg 41 @wer1+ éq) +[0i+vq- Viwg 1+ (wg41-V)vg—Vpy. (8.11)

In order to handle both these central aspects at once, in [89] the authors use for the first
time three-dimensional building blocks, the so-called Beltrami waves, which are vector
fields of type BgeMﬁlg'I, with &, Be € R? such that |¢| =1 = |Be|. On the one hand, each
Beltrami wave may be multiplied by a suitably small amplitude in order to obtain any
desired C%-bound for wq+1. Hence, it is plausible to design the perturbation as

wes1(t, x) = Zaqﬂ,&(ta ) Bgetat18T (8.12)
3

for suitable amplitudes ag41,¢ ~ 0441, Where the decay of ;11 — 0 needs to scale similarly
(but weaker) than the growth of Ag41. On the other hand, the Beltrami waves allow for the
approximate cancellation (8.10), cf. [89, Lem.7.2]. This is sufficient to obtain a C%-limit
of (vg)gen, and the convergence R, — 0 as desired. In fact, in [159], by more careful
estimates of essentially the same procedure, the same authors obtained S-Hoélder dissipative
continuous solutions with 0 < g < 1/10. However, it turned out that these methods are
ill-suited to advance further in the direction of the conjectured threshold 5 = 1/3.

From 1/10 to 1/3: Proof of Onsager’s conjecture. The main impediment to higher
regularity of the limit v to solutions of (ER) in [159] is in fact the delicate transport error
[0¢ +vq - V]wg41, which obstructs a sharper estimate for ||}°2q+1 ||co. This issue was overcome
in a remarkable way by Isett [120], who pushed the threshold of the modulus of Holder
continuity up to which solutions with a compactly supported energy profile exist to 5 = 1/5.
Simplifying and adapting these novel techniques allowed the authors of [50] to construct
also dissipative solutions with this regularity.

The main new ideas of [120] can be described as follows. The linear phase £ - = in the
summands of (8.12) is replaced by the nonlinear one & - ®(t, z), where ® is the solution to
the transport equation

(8.13)

P + (vgs1 - V)& =0,
®(0) =u.

This way, the material derivative 0; 4+ v44+1 - V does not fall on the high frequency term
ePa+18 - Moreover, since the amplitudes a,1¢ = aq+1,§(}°%q) are functions of }?q (this
necessity arises from the desired cancellation (8.10)), a more precise estimate of the material
derivative [0y +vg41 -V]éq of the previous error is crucial to improve the bound on H]O%qﬂ l|co-
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Roughly speaking, sharpening this estimate allows for slightly smaller frequency parameters
Ag+1 in [120, 50], which leads to improved Hélder regularity of solutions. Since in comparison
to the linear phase functions, in this situation one additionally has to control the deviation
® —x, it is important to introduce a localization in time: instead of @, one actually considers
®;, j € {1,...,pu}, which is the solution to (8.13) on I; = (j/pu — 1/p, jpu+ 1/p). Here,
1 € N is a large parameter, which is determined by its relation to the scale of A1 and d441.
Augmenting (8.12) by suitable cutoff functions x; with supp x; C I;, the perturbation
wg+1 in [50] essentially becomes

w1 (t,2) = D > Xjagi ¢t z) Bee ot €000, (8.14)
j ¢

The remaining step towards the conjectured threshold 5 = 1/3 proceeds via several
gradual improvements. In [49], solutions with Holder regularity up to 8 = 1/3 almost
everywhere in time are constructed by establishing more careful almost everywhere local
estimates on ||wg 1|1 and |[Ryi1]|co. In [51], such estimates are employed in order to
prove the existence of solutions in L} C'/3~, resolving Onsager’s conjecture up to sufficient
regularity in time.

The final proof of the conjecture was given by Isett [122] and Buckmaster, De Lellis,
Székelyhidi and Vicol [52] in 2018 and 2019, respectively. More precisely, Isett again
constructs solutions with compactly supported energy profiles, which are, strictly speaking,
not dissipative. However, his new techniques for the first time led to solutions up to
Onsager critical regularity and were adapted by the authors of [52] in order to construct
C'Y/3~_solutions, which obey any prescribed positive smooth energy profile. The main
novelty of [122] is that Mikado flows instead of simple Beltrami waves are used as the
oscillating building blocks of wgy1. Compared to Beltrami waves, Mikado flows have a
better self-interaction behavior, which leads to improved bounds for the oscillation error.
Essentially, the reason is that they are advected by a mean flow. We point out that Mikado
flows are introduced already in [86]. Furthermore, Isett employs a new gluing procedure
within the construction of the perturbations wy41. However, since we will not rely on these
improvements, we do not comment on these techniques in detail here.

To conclude this survey part, we mention that the schemes of [122, 52] were further
optimized by Isett in [121] to obtain solutions in Ne~oC''/3~¢. However, to date the endpoint
case f = 1/3 remains an interesting open question.

8.2.3 Further results and applications

It is no surprise that the convex integration techniques leading to the resolution of
Onsager’s conjecture have successfully been applied to further models in the area of fluid
dynamics and beyond. A prominent example is [54], where Buckmaster and Vicol prove the
existence of finite energy weak solutions to the NSE with low Sobolev regularity. To this
end, they use yet another type of oscillatory building blocks, namely so-called intermittent
Beltrami flows. Very roughly, these are approximately Beltrami waves, which, however,
have different scaling properties in different LP-spaces, which renders them more suitable
in relation with the diffusive term of the NSE. However, the constructed solutions are
not Leray solutions. The ill-posedness of weak solutions in the Leray class remains an
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intriguing problem, and to date it is only conjectured that convex integration techniques
can be amended to address this question.

Further applications of convex integration techniques include the isentropic Euler
equations as a model of gas dynamics [64], the Hall-MHD equations [85] and ideal MHD
equations [25], compressible EE [171], linear transport equations [176] and porous medium
equations [76]. For a more extensive list of models and results, there are several excellent
survey articles on historical and recent progress in the field, see for example [53, 55] and
the references therein. A list of intriguing open questions is included in [53] as well.

Concerning this part of the thesis, of particular interest to us are the convex integration
results for the FNSE in [70], which we already mentioned at the end of Section 8.1.1.
The techniques therein are very close to those in [50], including the use of rather simple
Beltrami waves instead of Mikado or intermittent Beltrami flows. The weak diffusive term
(—A)® can be incorporated into the iterative scheme by classical Schauder estimates. Most
interestingly, by a careful estimate of the Holder norms, the authors were able to prove
the local Leray inequality of weak solutions obtained via convex integration up to some
time T > 0, thereby proving the ill-posedness of the FNSE in the physically relevant
class of Leray solutions. However, they obtained such estimates only for small fractional
Laplace exponents 0 < « < 1/5. Despite the remarkable extension of De Rosa to exponents
0 < a < 1/3 [194], to date it remains open whether these techniques will eventually lead
to nonuniqueness of Leray—Hopf solutions to the classical NSE, i.e. o = 1.

8.3 Stochastic PDEs

There is a variety of reasons to study (partial) differential equations under the additional
influence of random external forces. Typically, differential equations from physics, biology,
finance and other areas of applied sciences are used to model the evolution in time of
dynamical systems and processes. These systems are influenced by its ambient surroundings
on small scale levels via effects which are too complex to be accurately captured by
deterministic models. A simple, yet famous example is the apparently random movement
of a dust particle suspended in water, triggered by molecule collisions.

It turns out that the bulk of such microscopic effects to deterministic models and
additional model uncertainties can be captured via a stochastic perturbation of the corre-
sponding PDE, which gives rise to the stochastic partial differential equations (SPDEs).
The area of SPDEs is comparably young and mainly emerged in the past fifty years, see
[234] for a historical review of the developments in the field.

8.3.1 Regularization by noise

Remarkably, including an external noise term not only takes into account small scale
effects to the underlying model in a reasonable way, but is also extremely interesting from
a purely mathematical point of view. It turns out that random external forces can lead to a
regularization of deterministic PDE. More precisely, ill-posed deterministic equations may
turn into well-posed SPDEs. This phenomenon, known as reqularization by noise, is the
central mathematical reason for the enormous recent interest in the theory of SPDEs. A
rough intuitive picture is that a typical source for ill-posedness of a differential equation is a
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singularity in the corresponding vector field, in which a solution can linger for an arbitrary
amount of time. In this situation, a sufficiently nondegenerate random external force may
move the solution out of the singularity immediately, hence preventing the emergence of
several solutions at this point. There is a large number of works in this direction, see
[101, 102, 225, 148, 201, 113, 62, 109, 107], as well as the survey article [108].

8.3.2 Convex integration for SPDEs

In this light, one is led to the intriguing question whether the nonuniqueness results
obtained by convex integration carry over to the stochastic case. In other words, one may
ask whether convex integration techniques can be applied to SPDEs in order to construct
solutions with wild energy behavior. First impressive results in this direction are given
in the remarkable works by Hofmanové, Zhu and Zhu [115, 116], in which the authors
prove ill-posedness of analytically weak martingale solutions to the stochastic NSE and
EE, respectively, perturbed by an additive or multiplicative Wiener noise. To do so, they
adapt convex integration methods in order to construct pathwise solutions with wild energy
behavior after splitting off the stochastic term to obtain a PDE with random coefficients
to which convex integration methods apply pathwise. The dependence of this equation on
random coefficients restricts the construction of convex integration solutions to a bounded
stopping time. From there, a nontrivial measure theoretic gluing technique allows to
construct probabilistically strong solutions (that is, the solution is defined on a prescribed
probability space and is adapted to the canonical Wiener filtration). We do not comment
in detail on the precise convex integration methods in the stochastic case here, but refer to
Section 11.1, where we outline the techniques for our main result, which are much in the
spirit of [115].

Further nonuniqueness results for SPDEs obtained via convex integration include the full
Euler system [67, 47], the three-dimensional FNSE in the hyperdissipative case 1 < a < 5/4
[232], and the two-dimensional FNSE in the case 0 < o < 1 [231].

By the classical Engelbert-Cherny theory, pathwise (i.e. strong) uniqueness for SPDEs
is equivalent to the existence of a probabilistically strong solution and uniqueness in law (i.e.
weak uniqueness), see [96, 66] for the finite-dimensional case, and [188] for a generalization
to variational solutions to SPDEs. Therefore, there was a general hope that proving weak
uniqueness of, e.g., stochastic EE and NSE might eventually lead to strong uniqueness of
these equations. The aforementioned convex integration nonuniqueness results prove these
hopes wrong. However, we stress once more that in the case of the NSE, nonuniqueness is
not known in the physically important class of Leray-Hopf solutions.

8.4 Main result

In the light of these ill-posedness results for stochastic PDEs, the objective of this part
of the thesis is to study the stochastic hypodissipative Navier—Stokes equations on the 3D
torus T3, i.e.

O + di Vp+(-A)* =dB,
{ v+ 1V(’U®U)+ p+( ) v (HNSESto)

dive =0,
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with fractional exponent 0 < a < 1/2. Here, B is a GG*-Wiener process on a prescribed
probability space (2, F,P), where G : U — L2 is a Hilbert-Schmidt operator on some
auxiliary Hilbert space U with values in L2, the solenoidal L2-vector fields on T3. We
prove nonuniqueness of martingale solutions to this equation, compare [115, Thm.1.2]. To
do so, we employ convex integrations methods as described above to construct even a
probabilistically strong solution up to a strictly positive stopping time, which violates a
natural energy inequality. We impose the following regularity for G.

Assumption on G. The operator G : U — L2 is Hilbert-Schmidt, and there is o > 0
such that
5420
Tr((—A) 72" *GG*) < oo. (8.15)
Under this standing assumption, we prove the following main result of this part of the
thesis.

Theorem 8.4.1. Let 0 < o < 1/2 and suppose G fulfills (8.15). Then, for any T > 0, there
exist two martingale solutions to (HNSEg,) on [0,00) subject to a common deterministic

initial condition xg € L2, which are distinct on [0,T].

This result fills a gap in the existing literature on nonuniqueness results for stochastic
fluid dynamical equations via convex integration techniques. We would like to point out
that in contrast to the aforementioned remarkable results in this direction, in particular
[115, 116], the present work is the first in which simple Beltrami waves are used as oscillatory
building blocks in the convex integration scheme. For a detailed outline of the proof, we refer
to Section 10.1, and to Section 11.1 for an explanation of the particular convex integration
methods. We would like to mention that completely independent to our preprint [189], a
result very similar to the above theorem appeared in [233] at the exact same time.

At this point, we mention that the range 1/2 < o < 1 seems to be still open, at least
in the three-dimensional case, although a nonuniqueness result comparable to Theorem
8.4.1 is strongly expected to hold. However, we do not know whether simple Beltrami
waves as used in the present case are applicable to the situation of a higher dissipation
term 1/2 < a.

Organization of Part ITI. In Chapter 9, in the first two sections, we introduce basics
on fractional Sobolev spaces and the fractional Laplacian, and give additional notation
conventions. In Sections 9.3 and 9.4, we discuss martingale solutions to (HNSEg,) and the
extensions of local martingale solutions to global ones.

In Chapter 10, we present the proof of the main result, Theorem 8.4.1. First, we outline
the idea in Section 10.1. Afterwards, we decompose (HNSEs;,) into equations (SL,) and
(NL-SHNSE), and discuss regularity for the solution to the former equation. Then, in
Section 10.3, we use the results of the previous section and the pathwise weak solution to
(NL-SHNSE) (which we will construct in Chapter 11) to construct an analytically weak
solution u to (HNSEg,) up to a stopping time 77, and we show that u gives rise to a local
martingale solution in Section 10.4. Finally, in Section 10.5, we use the extension method
discussed in Section 9.4 to extend this local martingale solution to a global one in order to
complete the proof.
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In Chapter 11, we focus on the construction of a pathwise analytically weak solution to
(NL-SHNSE) with anomalous energy behavior, which we used in Chapter 10 to complete
the proof of the main result. The construction is based on the method of convex integration,
which we outline in Section 11.1. The core result of this chapter, Corollary 11.2.3, follows
from the iterative proposition 11.2.2, as outlined in Section 11.2. Finally, this iteration is
proven in Section 11.3. This final section on the proof of Proposition 11.2.2 consists of the
implementation of convex integration techniques to our setting.

Chapter 9

Preliminaries

We begin this chapter by recalling basics about Fourier analysis on the torus T? and
introduce (fractional) Sobolev spaces and the fractional Laplace operator. Moreover, we
fix the notation specific to this part of the thesis. Afterwards, we introduce the notion of
global and local martingale solutions, state a crucial existence and stability result for such
solutions in Proposition 9.3.4, and present the measure theoretic techniques by which local
solutions may be extended to global ones.

9.1 Fourier analysis on T3, Sobolev spaces, fractional Lapla-
cian

Functions on T3. A function f : R® — C is called 27-periodic, if f(z+ k2me;) = f(x) for
eachz € R?, k € Nandi € {1,2,3}. For S' := {e?, 0 € R}, we denote by T3 := S! xS! x S!
the three-dimensional torus. It is clear that any 27-periodic function f determines a unique
function f : T3 — C and vice versa, and that any such f is uniquely determined by its
values on [—7,7]3. In comparison to the general notation introduced in Chapter 0, in the
present periodic setting, we write, for p € [1,00] and [ € N,

LP(T?)?(C) = Lp([—ﬂ',ﬂ]?),(C)’ Lp(Tga CZ) = {f = (flv oo 7fl) fi € LP(T?)’(C)’Z' < l}
and endow these spaces with the following usual norms, suppressing the dimension of the
state space,

1

171, = s

/[ . | f[Pdz for p < oo, and || f||Le := ess sup,e|_x 73] f ()]
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In the case p = 2, these are Hilbert spaces with inner product

1
= -gdx. 1
<f) g>L2 (27‘(’)3 /[Vﬂ"ﬂ—]3 f gax (9 )
We introduce the subspaces of solenoidal elements as
L(T3,CY .= LX(T3,CH) n {f : div f = 0},

where the equality div f = 0 is understood in distributional sense. The usual solenoidal
orthogonal projection is denoted by P : L*(T3,C!) — L2(T?,C!). Moreover, we write

CoUT3,C" .= C(T*,C) == {f = (f1,..., i) € C(R},C") : f; 2m-periodic, i <1},

and similarly for the spaces C*(T?,C!), k € NU {00}, and C7(T?,C!), v € (0,1). In the
case [ = 3, for any p € [1,00], k € NgU{oo} and v € (0, 1), we use the abbreviations L?, L2,
C* and C7.

Fourier analysis on T3. It is readily seen that {e?® ¢ € Z3} is an orthonormal system
in L2(T3,C). In fact, it is well-known that this system is also complete and hence an
orthonormal basis. Define the ¢-th Fourier coefficient of f € L'(T3,C) D L*(T3,C) as

; L 1 —i&-x _ i§x 2
FO = Gy | e = (1,6

In particular, we have

F=Y_feecr, ferX1?0),

ez’
and Parseval’s identity holds:
1£112: = D> 1F©F, feLXT%C). (9:2)
A

The latter even implies that
F: LA(T%,C) = £2(2%,C), F(f) := (£(6)) eezsr

is a unitary isomorphism. The above observations clearly remain valid component wise for
multidimensional-valued functions.

Sobolev spaces and fractional Laplace operator. For s > 0, we set
H = H¥(T%,C%) := {f € L2 : ||(1 = A)*2f] 1> < o0}

{7 = it 22 T IR < i < 3,

£ezd
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H? is a C-Hilbert space with scalar product

(foghme = (1= A1, (1= 2)Pg) s = 30 3 (14162 fi(©)3(©).

1<i<3¢ez3

where the equality stems from the symbol (1 + |£]2)%/2 of the operator (1 — A)*/2 as a
Fourier multiplier. The corresponding norm is denoted by || - ||zs. In particular, we have
HY =12,

For s > 0, let H™* denote the topological dual space of H® with the standard dual
norm and consider the dual pairing

H % x H* > C, (f,g) = <f7g>(—s,s) = f(g)

Furthermore, we recall that the embedding H® — H" is dense and compact for any
—00 <1 < § < o0, cf. [220, Eq.(3.12)]. We also recall that for v € [0,1), the embeddings

3
H 7 525+, (9.3)

are continuous.
For a € (0, 1), the fractional Laplace operator (—A)® is the operator with symbol |£]?*
as a Fourier multiplier, i.e. for f € H*, s € R, it has the (formal) Fourier series

(A" f(z) = > P F(©)e s, (9.4)

cezd

which is convergent if and only if f € H® s > 2a. The map (—A)® : HS — H* 2%,
f = (=A)*f, is continuous for each s € R and « € (0,1). We recall the following relation
between (—A)*/? and the norm || - ||gs : There is a constant C' = Cs > 1 such that

o (Hf|ri2 n \|<—A>S/2f|r%z) < Ifl% < c(um; T H(—A)S/?fuiz), fem.
(9.5)

9.2 Notation

For this part of the thesis, in addition to the general notation, we use the following
conventions and abbreviations. For an interval I C R and r € [0,1) UN, we write
Cr,=0C"(Ix T3, R3), and || - HC},I and [-]C;@ for the corresponding norm and seminorm,
respectively, as introduced in Chapter 0. In the special case I = [0, ], we simply write Cl o
I llcz, and []cy, . Similarly, we write CYCr .= C(I1,C"(T3,R?)) with norm and seminorm
Hf”C?C; = SUP¢ey 1f(t,)ller and [f]C’?C’; = Supte[[f(t, ‘)]Crv respectively, and C?CL
Illcocy and [-]C?C; in the case I = [0, ¢]. For spaces of smooth functions, we use the notation
CE@RZ = C>([0,t] x T3, RY), and Cps in the case [ = 3. For a normed space (X, || - [|x)
and f:[0,¢] — X, we also use the standard notation || f|[Leox = ess sup,eo gl f(s)[|x. For
0 = (o', %, %) € CHR3,R3), we write Dy := (Ve!,...,Vg3) € R3*3, In the case of an
inequality a < Cb for real numbers a,b € R and an absolute constant C' > 0, we also write
a <.
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Probabilistic elements. The main path space for this part of the thesis is ¢y :=
C(R,, H=3), equipped with the topology of locally uniform convergence, which renders this
a Polish space. We denote a generic element in Qg by * = (74)¢>0 and write m; : Qo — H 3,
m¢(x) := xy, for the canonical projection at ¢ > 0. We introduce the o-algebras

B:=o(ms,s >0) =B(Q), B? =o0(m5,0<s<t), B :=o(ms,5>1t), t>0,

and we denote by (B;);>o the right-continuous filtration associated to (1Y);>0. Since Qq is
Polish, P () is a separable metric space.

If 7 is a finite (B;);>0-stopping time, we denote by € - the space of paths stopped at
T,1e Qor={ax(-A7):x€Q}t={xreQ:xz=u2x(-AT7)}. Note that Qo , € B(€p) and
hence P(Qp ) C P(Q).

9.3 Martingale solutions

In this section, we introduce the notion of global and local martingale solutions to
(HNSEg,), which we consider throughout this part of the thesis. Moreover, Proposition
9.3.4 contains an existence and stability result, which we will employ for the conclusion of
the proof of our main theorem as well, as in order to extend the local martingale solution,
which we will obtain in Proposition 10.4.3 to a global one, ¢f. Lemma 9.4.2 and Proposition
10.5.1.

For this entire part of the thesis, we fix 0 < a < 1/2 and use the notation

Fo:y—diviy®y) + (-A)%, yeD(Fa)C L.

The domain of F,, is discussed in Lemma 9.3.6.

9.3.1 Global and local martingale solutions

The subsequent definition of global martingale solutions is in order with the framework
of [110], which is important to note, since for the proof of Proposition 9.3.4 (i) below, we
want to evoke a general existence result of [110] in order to obtain martingale solutions to
(HNSEsto)'

Definition 9.3.1. Let v € (0,1) and (s, z0) € Ry x L2. A probability measure P € P ()
is a martingale solution to (HNSEg,) on [s, 00) with initial condition (s, o), if

(M1) P(z € Qo:ax(t) =z, t€[0,5]) =1.

(M2) For each e € H3, the process

t
M (t) == (m — w0, €)(~3,3) +/ (Fa(mr),€)(—33)dr, t>s,

is a continuous real-valued, square-integrable (B;):>s-martingale on 2y with respect
to P with quadratic variation

t ((M{))e = (t = 9)||Ge|lf;  P-as.
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(M3)

Remark 9.3.2. (i) By (9.6), it follows that the complement of LS. (R, L2) in C(Ry, H™

(i)

For each g € N, there is a nonnegative continuous function ¢t — Cy ; = Cy4(s, zo, P),
such that for every ¢ > s

EP[Supllﬂrlle /ll ol 14D ml B | < Cug(llmoll3h +1). (96)

is P-negligible for any martingale solution P. Since the embedding H—3 — L2 is
continuous, it follows from [103, Lem.2.1] that P is concentrated on weakly continuous
paths in L2 and that L3S (Ry, L2) N Qo € B. In particular, m; maps into € L% for all
t >0 P-a.s., which, concerning (M2), yields

(e, €)(—3,3) = (T, €) 2, t > 0, P-a.s.
and, in view of (9.13), that the integral term in the definition of M€ is well-defined.

Since G is Hilbert-Schmidt, GG* € L(L2%) is symmetric, nonnegative and has finite
trace. By the regularity assumption Tr [(—A)P*GG*| < oo, there exists an orthonor-
mal basis {e;}j>1 of L2 in H3, consisting of eigenvectors of GG*. Denote by {\;};>1
the corresponding sequence of eigenvalues with A\j > 0. By (M2), in the context of

the above definition, )\;1/2]\/[? has quadratic variation
(A V2Me)), =t —s, t>s,
i.e. )\]-_I/QMeJ' is a real-valued (Bt)¢>s-Brownian motion on Qo under P. Consequently,

t)i=> M (t)ej, t>s,
i>1

is an L2-valued GG*-Wiener process starting from s on (Qo, B, (Bt)t>s, P).

As we shall see in Chapter 11, our convex integration method does not yield a global

martingale solution in the sense of the above definition. Instead, we construct an analytically

weak solution u to (HNSEs,) up to a suitable bounded stopping time 7 on £y and consider

its law as a probability measure on € . Therefore, we introduce the following definition

of local martingale solutions to (HNSEg,) up to a stopping time, which is similar to the

global case introduced above.

Definition 9.3.3. Let v € (0,1), (s,z0) € Ry x L2 and 7 > s be a finite (B;);>s-stopping

time.

A probability measure P € P(Qq ) is a martingale solution to (HNSEg,) on [s, 7]

with initial condition (s, xg), if

(M1)

(M2)

P(z € Q:a(t) =z, t€[0,s]) =1.

For each e € H?, the process

tAT
Mt AT) = (Tinr — To,€)(—3.3) — / (Fa(ﬂr)7€>(—3,3)d7“a t>s,

%)
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is a continuous real-valued, square-integrable (B;):>s-martingale on 0y with respect
to P with quadratic variation

t= (MSCAT)))e=(0EAT — s)||G*e||(2] P-as.

(M3) For each ¢ € N, there is a nonnegative continuous function t — Cy ; = C} 4(s, zo, P)
such that for every ¢ > s

tAT

2(g—1

Ep| sup ||m %% + / 70 39D Nl e | < Crg(llzol?% +1). (9.7)
re[0,tAT] s

Similarly to Remark 9.3.2 (i) for the global case, for any local martingale solution P up
to a stopping time 7, we have P(LOO (Ry,L2) N QO) =1 and mu, € L2 for all t > 0 P-a.s.

loc

9.3.2 General existence and stability for martingale solutions to (HNSEy,)

As mentioned before, we need an existence result for global martingale solutions for
two reasons. Firstly, as outlined in Section 10.1, concerning our main result Theorem 8.4.1,
we need a martingale solution which we can distinguish from the solution constructed
via convex integration methods in Chapter 11 and Sections 10.4 and 10.5. Secondly, in
order to extend local martingale solutions (which is all we are able to construct via our
convex integration methods) to global ones, we follow the procedure described in Section
9.4, which requires the existence of martingale solutions with an arbitrary initial condition
(s,m0) € Ry x L2.

Furthermore, since in Section 9.4 we will select measurable families of martingale
solutions R = (R (4) z(r(x)))ze0o, We also need a stability result for the class of martingale
solutions with respect to the initial data. The subsequent proposition contains everything
we need in this direction. Below, for v > 0, we denote by C, (s,:cg, Ct,q) the class of all
global martingale solutions which fulfill (M3) with v and the family of functions ¢t — C} g,
q € N, and we stress that in the second part of the proposition, Cj’t,q is assumed to be
independent of n € N.

Proposition 9.3.4. (i) There is a family of continuous nonnegative functions Ry >
t— Ciq, ¢ €N, such that for each (s,xp) € Ry X L2 there exists a global martingale
solution P = Py 4, € Cqo (S, o, Ctjq) to (HNSEg,).

(ii) If P, € Cy(sn,acn,(j’t,q) for each n € N and (sp,x,) — (s,20) in Ry x L2, then
n—oo
there is a subsequence (P, )ren which converges weakly in P (o) to some P €

C, (s,xo, C'm).

For later use, we state the following important observation concerning the global
martingale solutions constructed in [110].

Remark 9.3.5. The construction of the measure Ps 5, within the proof of [110, Thm.4.6]
via Galerkin approzimations implies that Ps 5, obeys the energy estimate

Ep, ., [lImel[72] < llzoll72 + (¢ — 5) Te(GGY), t>s. (9-8)
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Indeed, it is readily seen that the Galerkin approximations Py, in the proof of [110, Thm.4.6]

satisfy (9.8) wuniformly in n € N. Hence, the claim follows from the weak convergence

P, — Psa, in P(Qo) and the lower semicontinuity of x — ||z(t)||2, on Qo fort > 0.
n—oo

Concerning the proof of the above proposition, for (i) one shows that the general result
of [110, Thm.4.6] applies to our setting. The second part is a close adaption of an analogous
result for the case o = 1, i.e. the classical stochastic Navier—Stokes equations, see [115,
Thm.3.1]. Since both parts of the proposition are pivotal for the proof of our main result,
we provide a full proof.

First of all, we state the following identities, which readily follow from the definition of
(—A)“ as a Fourier multiplier, see (9.4), and the dense continuous embedding H? < H®,
O<ax< %

lyllire = sup (g, 2)ma = sup  (y,(1-A)%2)p, yeH®,  (9.9)
2€H3, |J2]| g <1 2€H3 2| ga <1
<(_A)ay7 Z>(—3,3) = <y¢ (_A)QZ>L21 y e LZ, z € H37 (910)
and
(—(=2)y,9) (33 = —I(=8)*?y||7., ye H®. (9.11)

Furthermore, we need the following lemma.

Lemma 9.3.6. For 0 < a < 1/2, the mapping F, : y — div(y ® y) + (—A)% extends
continuously from H' to an operator F, : L2 — H~3 with

(Faly),2)(—33) = —( @y, Dz)2 + (y, (~A)*2)2, ye L2, z€ H”.

Proof. Considering (9.10), we only need to extend y + div(y ® y) from H! to L2. For
y € H', using integration by parts, we have for each z € H? with ||z||gs < 1

(div(y ® y), 2) (33| = [y V)2, 92| = [{y @ y, D2) 2] < ||D2l|p<lyllZ2 < Cllyl[Ze,

where C' > 0 is independent of y and z and comes from the Sobolev embeddings H?
H? — L*>. We conclude || div(y ® y)||g-3 < C||y||72, which by density of H' in L2 allows
us to extend y — div(y ® y), and hence F, as claimed. O

With these preparation at hand, we proceed to the proof of Proposition 9.3.4.

Proof of Proposition 9.5.4 (i). We aim to apply the existence result [110, Thm.4.6]. To this
end, we claim that the following choices fulfill all assumptions of [110], where the symbols
on the left-hand sides follow the notation of that paper.

2(g—1 .
129 1yl |5, ify € H,

Y=12 H=1L) X=H3 Ny =
7 7 (¥) 00, if y e L2\H?,

A=-F,: 1> - H 3 B=GE¢cLy(UH).
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Indeed, the embeddings H? < L2 «— L2 < H~3 are continuous and dense between
separable Hilbert spaces, and the first embedding is in addition compact. In particular,
there is an orthonormal basis of L2 in H3. We choose the linear span of such basis as
the countable set of test vector fields £ of [110]. Clearly, the required B(L2)/B(H3)-
and B(L2%)/B(Ly(U, L2))-measurability of our choices for A and B are fulfilled since F, is
continuous by Lemma 9.3.6, and since G is constant as a map from L2 to La(U, L2).

Moreover, N belongs to the class U? of [110], since N7 > 0, Ni(cy) < 2N (y) for all
¢ >0,y € L2, it has the precompact level set

{ye L2 : Ni(y) <1} C L?, (9.12)

and is lower semicontinuous on L2. More precisely, (9.12) follows from the compact
embedding H® < L2 and the lower semicontinuity can be realized as follows. Assume
Yn —> y in L7 as n — oo and, without loss of generality, sup,,> ||yn|/fa < 00, which
implies the existence of a subsequence (yn, )ren and an element y' € H® such that y,,
converges weakly to ¢/ in H® as k — oco. This gives y = ¢/ and hence y € H*. Now the
lower semicontinuity follows from (9.9) and the density of H®> C H® via

e = sup [{y, (1 —A)*2)r2| = sup lim |[(yn, (1 — A)*2) 2]
z€H3, 2eH3, "0
2| <1 |2l o <1

<liminf sup [(yn, (1 — A)%2) 2| = liminf ||yn||%«.
n—oo s, n—o00

|zl per<1

From here, it is clear that each N is lower semicontinuous on L2, as well as the product
of N7 with a nonnegative continuous function.

To conclude the proof of (i), it remains to verify conditions (C1)-(C3) of [110, Sect.4].
Note that all conditions for the constant Lo (U, L2)-valued map B = G are fulfilled. Turning
to A = —F,, concerning (C1), let i, — y in L2 as n — oo and z € H3. By Lemma 9.3.6,
we have

[(Falyn) = Fa(y), 2)(—3,3)| < [{yn @ yn —y @y, Dz) 2] + [(yn — ¥, (=A)%2) 2],

where the convergence to 0 as n — oo of the second summand is clear. Hence, the
demicontinuity (C1) follows from

[(Yn @ Yn —y @y, Dz) 2| < ||Dz|[Leo|[yn @ yn —y @ yl| 11
< ||Dz]|zes (Ilynllz2 + N1WllL2) - llyn — yllz2 — O.
n—oo

Next, for z € H?, due to div(z) = 0, (9.11) and (9.5), we find

(—Fa(2),2) (33 = —II(=2)*?2][72 < =CNi(2) + [|2]l7z,

which gives the required coercivity (C2). Note that, to be even more precise, comparing
with [110] shows that one should include the constant C, which comes from (9.5), in the
definition of N7, which would cause its appearance in (9.6). However, since there is no
further restriction on the maps Ci 4, in this case C' can be incorporated in Cy 4.
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Finally, concerning the boundedness (C3), for y € L2 we bound F,(y) in H~3 via

[Fa)lg-s < [[div(y @ y)|[z-s + [[(=2)* )|z
< sup [{y®y,Dz)r2[+ sup [y, (=A)%%2) ]

z€H3, z€H3,
[zl g3<1 12l 3 <1
S( sup \|Dzum)uyuiz+( sup |r<—A>azHL2)Hy|rL2
2€H?, z€H3,
[zl 3 <1 l12]| g3 <1
< O(1+[lyl), (9.13)

where we used Lemma 9.3.6, and the constant C, which is independent of y and z, comes
from the Sobolev embeddings H? <« H? « L*>® and H? — H?*. Consequently, still
denoting the possibly changing constant by C', we have

1Ea@)l[f-2 < CA+lyl72)* < OO+ lyllz2), (9.14)

which gives the desired growth condition and thereby concludes the verification of all
requirements of [110, Thm.4.6]. Therefore, noting that with our choices made at the
beginning of the proof, any solution in the sense of [110, Def.3.1] is a global martingale
solution in the sense of our Definition 9.3.1, the first part of Proposition 9.3.4 follows. [

For part (ii), we start with the following lemma, which is identical to [116, Lem.A.1]. For
completeness, we give a slightly rewritten proof. Recall that the theorem of Arzela-Ascoli
implies that for —0o < a < b < 0o and any index set I, any bounded family of elements
{fi}Yier in L*([a,b], L2), which also obeys a bound

Lfi(8) = fi(r)l[rr-s

sup sup 5 < 00
1€l r#t€la,b] ’t - ’f’|

for some ~ € (0,1), is precompact in C([a, b], H=3).

Lemma 9.3.7. Let {(8n,Yn) tnen € Ry x L2 converge to some (s,y0) € Ry x L2 and let
P, € P(Qo) satisfy
P (1t = yn,t €[0,s,]) =1 (9.15)

for each n € N, and suppose that for some v,k > 0 and any T > 0

T
m — || -
supEp, | sup ||m¢||r2 + sup W—i—/ Hmﬂ%ﬁdr} < 0. (9.16)
neN t€[0,7] rttejor] |t on

Then, { Py, }nen is tight as a family of measures on Cioc (R+, H‘3) NnL? (R+, Lg)

loc

Proof. Let € > 0 and set kg := sup,,ey sn < 00. Due to (9.16), for each k € N with k > ko,
there is R > 0 such that

2o

t _ _ k
suan(x €Qo: sup ||z(t)]|p2+ sup () “f@“H ‘°’+/ \|z(r)]| 2 dr > Rk) <
neN te[0,k] ro£E[0,K] |t —r| sn

(9.17

~—
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Set Q, == {z € Qo : x(t) = yn, t € [0,8,]} and let K = K(¢) C Cioe(Ry, H3) N
L? (R, L2) be defined as
K:=J &

loc
neN k>ko

where for abbreviation we set

0 — B k
KF .= {:1: € Qy: sup ||z(t)||zz + sup () w(T,ZHH ’ —i—/ ||z(r) |3 dr < Rk}.
t€[0,k] r#te[0,k] it —r| sn

In order to prove tightness of {P,},en, our goal is to prove that K C Cioc(Ry, H3) N
L2

2 (Ry,L2) is compact and that we have

o

sup P, (K°) <e. (9.18)
neN

First, (9.18) follows from

Py(K°) < Pn( U (Kli)0> <Y Pa((ER)) <e,

k>ko k>ko

where the final estimate is due to (9.17). Secondly, concerning compactness of K, by
definition of the topology of the local spaces Coc(R4, H—3) and L2 (R, L2), it suffices to
show that for each L > ko, the set Ko r) of elements of K restricted to [0, L] is precompact
in C([0, L], H=3) N L?([0, L], L?). To this end, let {z,,}men be a sequence in K and let
L > ky. If there is n € N such that there are infinitely many m with

zm € [ K}, (9.19)
k>ko

then the definition of K¥ implies that {z,,}men contains a subsequence {2, }ieny Which is
uniformly bounded in L*°([s,, L], L2) N L*([sn, L], HY) and, additionally,

wp sup N (®) =z ()l

- < 0.
IEN r£t€[sn, L] |t =l

Consequently, since the embedding
L ([8n, L], L2) N C™([s, L], H®) 0 L*([s, L], H?) < L*([s, L], L2) N C([s, L], H™%)

is compact (cf. [46, Sect.1.8.2]), we conclude the existence of a further subsequence which
converges in C([sy, L], H3) N L?([sy, L], L%). Since z,,, € Q, for each [ by assumption,
this convergence also holds in C([0, L], H—3) N L%([0, L], L2), which concludes this case.
If for each n € N, there exist only finitely many m such that (9.19) holds, we may, up
to a possible relabeling of the sequence, in particular assume x,, € €, for each m. In order
to show the desired precompactness in this case, we first find a convergent subsequence in
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C([0, L], H=3) and then show that this subsequence is Cauchy also in L?([0, L], L2). This
works as follows. The definition of K gives the boundedness of {z, }men

1) — .
sup ( sup ||z (t)||z2 + sup [[m(?) xm,(:)HH 3) < 00,
meN \ te[0,L] r#t€[0,L] it —r|

from which the Arzela-Ascoli theorem, as recalled above the assertion of the present lemma,
yields the existence of a convergent subsequence {z,, ey in C([0, L], H—3). Concerning
the Cauchy property of this subsequence in L?([0, L], L2), we obtain

L
| 8) = o 0| Bt = 1+ T 4
0

with
sml/\smj 9 Sml\/smj 9
I ;:/ |[@m, (¢) = @m,; (E)|[72dt, I :=/ |[@m, (8) — 2m, (8)|[724dt,
0 sml/\smj
L
Bim [ o 0) = 2y ()]t
sml\/sm.

J

Since x,, € ), and Tm; € Qmj, and because {yn }nen is in particular Cauchy in Lg, we
have

Iy < kol|ym, — Ym,||72 — 0. (9.20)
l,j—o0

Furthermore, we find, using the convergence s, — s,
n—oo

sml\/smj
I, < 2(/ [T, |32 + Ha:ijQLth) < 4RF (8m, V Sm; — Smy A Sm;) — 0.
S

my /\Smj l,j—o0

Finally, we interpolate L2 between H 3 and H” and use Young’s inequality to obtain for
arbitrary § > 0 and a constant Cs > 0 only dependent on § and

L L
B8 [ O = am Oldt+ Co [ g (t) = oy (0] y-sc
Smy Sm]~

Smy \/smj

< 26Rp + CsL sup ||z, (t) — 2, (D[-5.
te€(0,L]

Choosing § > 0 arbitrarily small and noting that the second summand converges to 0 as
l,j — 00 since (zym, )ien converges in C([0, L], H3), the convergence of I5 to 0 follows.

Summarizing, any sequence {Zm}men € K contains a convergent subsequence in
Coc (R, H?) N L,

loc

(R, L2), which yields the necessary precompactness of K and the
proof is complete. O

We are now prepared to prove part (ii) of Proposition 9.3.4.
Proof of 9.53.4 (ii). For {P,}nen as in the assertion, we first of all prove that this is a
tight family of Borel probability measures on S := Cloe(Ry, H=3)N L2 (R, L2), for which

loc
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we aim to use the previous lemma. Note that (M3) of Definition 9.3.1 for ¢ = 1 and
SUPyen ||Zn|| 2 < oo implies the bound

T
supEpn[ sup ||m¢|| 2 +/ HTrtH%ﬁdr] <oo, T>0, (9.21)
neN te[0,7 Sn

so that tightness of {P, }nen follows from Lemma 9.3.7, if we can show for some x € (0,1)

sup Ep,
neN

sup

[ || — || -3
rttejor] It Tl"

] <oo, T>0. (9.22)
It follows from (M2) that for each n € N and e € H3, we have

t
(x(t),e)(—33) = (xn,e>(_373)—/ (Fa(x(r)), €)(—3z)dr+Mg (t), t>sn, Pp-ae x €y,

and, consequently, the P,-a.s. equality in H 3

/ Fu(a(r)dr + M, (t), > sn, (9.23)

holds, where Mj, is the GG*-Brownian motion in L2 with respect to P, defined in Remark
9.3.2 (ii). Concerning (9.22), we treat the summands of (9.23) individually as follows. On
the one hand, applying a Burkholder-Davies-Gundy inequality (cf. [166, Thm.6.1.2]) for
p > 2 gives

t P
B 10406 = Mo, (I3] < G, | ([ IGIE ayds) |
<C |t—r‘p 1Epn|:/ HGHL2 U,L2 d:|
<Clp,T,G)t—rP™", sy, <r<t<T,

where we used Hoélder inequality for the second estimate and we note that the constant
C(p,T,G) is independent of n. From here, Kolmogorov’s continuity criterion Theorem
D.0.2 allows to conclude the existence of a locally x-Hoélder continuous version of My, for
k€ (0,5 ) again denoted by Ms, , such that

Ep, |:||M8n||C“([O,T],L§):| <C, T>0, (9.24)

for a finite constant C', which depends on p, G and T, but not on n. On the other hand,
for any p > 1, using Holder inequality for p; = I% and po = p, we find

Hf:Fa(wu)d_uH’}I—:s] <Ep, [/STHFQ(M)H%?)]

|:r7ét6[sn,T} |t - T‘p !

Ep

n

< cpEpn[/ 1+ H7ru\|2pdu]

< C(|laall? +1).
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Here, the second inequality follows from the growth bound (9.14) and the finite constant
C > 0 in the last line depends on p,T and the value of CN'Typ from the statement of the
present proposition. In particular, since each P, is assumed to obey (M3) of Definition 9.3.1
with the same family (C; ,),, this constant is independent of n. Since sup,,cy ||zn||r2 < 00,
we obtain

|} Fama)dul |-

supEp, sup - < 0. (9.25)
neN r#£t€sn, T ‘t — T’T

Combining with (9.23), (9.24) and the fact that z(t) = x,, t € [0, ], Pp-a.s., we conclude
that (9.22) is fulfilled for any 0 < k < 1/2 (note that we may choose different values for
p in (9.24) and (9.25)). Consequently, we evoke Lemma 9.3.7 to conclude tightness of
{P,}nen as Borel probability measures on S = Cioc (R4, H3) N LIQOC(R+, L?) and extract a
subsequence, again denoted by (P,)nen, which converges weakly to some P € P(S). Since
for each k£ € N the map

z = |[@]| Lo (0,8),12) € R4 U {00}

is lower semicontinuous on S and each P, is concentrated on Qg N LS, (R4, L2), we may
consider P as a probability measure on o N LS (R4, L2).

To conclude the proof it remains to show P € C,(s, zo, CN't,q). To this end, we employ
the Skorohod representation, c¢f. Theorem D.0.1, to obtain a probability space (Q, F, P)
and S-valued random variables 7, and g such that

(i) Pog;,' = P, for each n € N,

(ii) gn —>yPas andPoy 11— p.

n—oo

From here, (M1) of Definition 9.3.1 follows via

P(z € Qo :a(t) =0, t €[0,s]) = P(§(t) = w0, t € [0, 5])

nh—>Holo Un(t) = 20, t € [0, 5])

B
(
P( () {Gn(t) =z, t € [O,Sn]}> =1,

neN

ot

v

where the final equality holds since {§,(t) = @, t € [0, 5,]}¢ is P-negligible for each n € N
due to (M1) for P, and (i) above.
Concerning (M2), the almost sure convergence g, — ¢ in S under P gives for each

n—oo
ec H and t > s

n—oo n—00

(Un(t), €)(—33) — (U(t),€)(-33), / (Fa(Gn(r)); €)(—sg)dr — <Fa(17(7"))7€>(_3,3)d7"

P-a.s., and therefore, with the notation of Definition 9.3.1, M¢ ' (Un»t) = M¢(y,t) for

all t > s, P-a.s. Writing MS Son — N < (Un) and similarly for § instead of Un, evoking the
Burkholder-Davies-Gundy inequality [166, Thm.6.1.2] implies

) ¢ p
supEp {‘M;;Lyn(t)’%} < CsupEp, [(/ ||G||%2(U,L§)d8> ] < oo, p>1, (9.26)
neN neN Sn
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which shows that under P, the random variables Mse;f;" (t), n € N, are uniformly integrable,

which allows to apply Lebesgue dominated convergence theorem to obtain

lim Ep[| MOV (t) — MEY(t)|] = 0. (9.27)

n—o0

From here, we deduce the martingale property of M¢ stated in (M2) as follows. For
t >r >sandg: Qy — R continuous B,-measurable, using (9.27) we know by the
martingale property of M¢ under each P, that

Ep| (ME() M:<r>)g] ~ lm E; [(M;;@n (t) — ME <r>>g<.@>]

n—o0

n—o0

= lim Ep, [(M; (t) - M, <r>>g] —0,

which implies that ¢ — Mg(¢) is a continuous (B;);>s-martingale on 0y with respect to P
for each e € H3. Using (9.26) for higher p, we similarly obtain

lim B [[ME5 (1) — MET(1)[] = 0,

n—oo

and from there the martingale property of
t M(t) = (t = 5)[|Gel[{,

i.e. M¢ has quadratic variation t — ((MS)); = (t — s)||G*e||?;. Consequently, M¢ is in
particular P-square integrable, so that everything concerning (M2) for P is proven. Finally,
we verify (M3). For ¢ € N, set

t
T Sy(t,s,x) = s1[101:>t]|rm<r>||i%+ / ()| |29V | (w) | 3 s,
re|0, S

which is lower semicontinuous on S. Therefore, the weak convergence P, — P in P(S) as
n — oo gives for each s < s* < t

‘ . = 2 ~ 2
Ep[Sy(t,s" )] < liminf B, [Sy(¢, 5n, )] < Cugliminf (|laal|2 +1) = Cog(|lro][2 +1),
(9.28)
where we used the assumption that P, € C,(sn, Zn, ét,q) for some v with (ét,q)q independent
of n, and the fact that due to the convergence s,, — s as n — 0o, we have s,, < s* for all

but finitely many n and S, (¢, s*,2) < S¢(t, sp, x) for all such n. Since the right-hand side
in (9.28) is independent of s*, we finally obtain

Ep[Sy(t,s,2)] < Cog(||zo]|?% + 1),

which shows P € C,(s, zo, C’t’q), and thereby completes the proof of Proposition 9.3.4. [
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9.4 Extension of local martingale solutions

As mentioned at the beginning of the previous subsection, in view of our main result,
we need to extend local martingale solutions obtained via the convex integration methods
of Chapter 11 to global ones. To do so, we would like to make use of a classical measure
theoretic extension technique, see [215, Thm.6.1.2]: If we are given a local solution P up
to a finite stopping time 7, we would like to concatenate P in a pathwise sense at each
end point (7(z),z(7(z))) € Ry x L2 with a global martingale solution Ry (2) 2(r(x)), Whose
initial condition is the indexed end point. The existence of such a family of martingale
solutions follows from Proposition 9.3.4 (i). However, it turns out that the stopping times
71, up to which we can construct local martingale solutions by convex integration methods
are stopping times only with respect to the right-continuous filtration (B;):>0 on € instead
of the natural filtration (BY)¢>0. This rules out a direct application of the classical result
of [215]. Instead, we use an extension of these techniques, which was already used in [116].
Hereafter, we state and discuss the necessary results in this direction.

Lemma 9.4.1. Let 7 be a bounded (B:)i>o-stopping time. Then, for every x € Qp N

L (Ry, L2), there exists Qq € P() such that
Qz(z € Qo a(t) =2'(t), t € [0,7(2)]) =1, (9.29)
and we have

where R (z) 2(r(z)) € P(Q0) is a global martingale solution to (HNSEg,) with initial con-
dition x(7(x)) € L2 at time 7(x). Furthermore, x — Qu(B) is B.-measurable for each
B e B.

Proof. In order to select a measurable family of martingale solutions, we apply the general
framework of [215, Ch.12]. Note that, as a consequence of the stability part (ii) of
Proposition 9.3.4, the sets C, (s, o, C’t,q) C P(Q) are compact with respect to the topology
of weak convergence of measures, i.e. if such a set is nonempty, it is an element of
Comp(P(£p)), the space of all nonempty compact subsets of P(€y).

Since Proposition 9.3.4 yields a family (Cy4)q such that Cy(s, zg, Cyq) is nonempty for
each (s,79) € Ry x L2, and since P(€2p) is a separable metric space, Lemma E.0.2 and

E.0.3 imply the existence of a Borel map
Ry x L2 3 (s,20) = Rszy € Cals, w0, Cry). (9.31)

Since the canonical process x : Ry x Qo N LS (Ry, L2) — H 3 is (BY);>0-progressively
measurable and the embedding H 3 < L2 is dense and continuous, it follows via Ku-
ratowski’s theorem that L2 € B(H3), B(L2) = B(H~3) N L2 and that this process is
also (BY);>o-progressively measurable with respect to B(L2). In particular, it is (B;):>o0-
progressively measurable. Since 7 is in particular finite, it follows from [215, Lem.1.2.4]

that the map on Ry x QN L (R, L2)

loc

(t,z) — (T(x),x(T(x))) eR, x Lz.
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is B,-measurable. Combining with the measurable selection (9.31), we obtain a B.-
measurable map

Qo N L%C(RJF, Lg) — P(Qo), €T — RT(a:),x(T(z))v (9.32)

with Rr(3)2(r()) being a global martingale solution to (HNSEs,) with initial condition
(7(z),z(7(x))). Consequently, noting that [215, Lem.6.1.1] still holds if one replaces the
state space R? by H~3, we may apply [215, Lem.6.1.1] to construct a unique element
Q: € P(Qo) via

Qz = 05 Qr(z) Rr(z) a(r(x))

which is uniquely characterized by (9.29) and (9.30). To conclude the proof, we turn to
the measurability part of the assertion. To this end, it is sufficient to consider cylinder
sets of type A = {m, € By,...,m, € By} forn € N,0<t;--- <t,, and B; € B(H™?),
1 <4 < n. Using the definition of Q;, we have

Qz(A) = 1194\ (7(2)) Rr () w(r(a)) (A)

n—1
'y (n[tk,tk+l><7<x>>n31 (2(t2)) - 1, (2(t0))
k=1

.RT(x),z(T(z))(l'(tlg—f—l) € Bii1,.-.,x(ty) € Bn)>
+ ]l[truoo) (T(x))]lBl (x(tl)) T ]an ('T(tn))a

and each summand of the above right-hand side is B,-measurable due to the corresponding
measurability of 7 and (9.32), which completes the proof. O

We want to extend local martingale solutions P defined up to a stopping time 7 to
global solution in such a way that the extended solution coincides with P up to 7. To
this end, the principal idea is to consider the family R = (R () 4(r(2)))z Obtained through
Proposition 9.4.1 to define the extension of P past 7 as

P®; R(A) = Qz(A)dP(x), Ae€B. (9.33)

Qo
Note that by the local version of Remark 9.3.2 (i), any local martingale solution up to a
bounded (B;);>o-stopping time 7 is concentrated on paths in Qo N L>®(R4, L2), which are
weakly continuous in L2. Consequently, Lemma 9.4.1 provides a unique measure Q. for
P-a.e. x € g, and the measurability of x — @, yields that P ®, R is well-defined as an
element of P(£y). We remark that this is the only instant where we use measurability of

T — @z, and therefore mere B-measurability would be suffice as well.

0
T(x

Lemma 9.4.1 implies Q, = §, on B ) P-as. If 7 was a (BY)¢>0-stopping time, we
could infer

Qz(z' € Qo :7(d')=7(x)) =1, P-ae x€Q, (9.34)

which would imply P = P ®, R on BY as follows:

PorRA) = | QuAN{r=r(@NdP@) = | G.(A)dP@) = P(4), Ac B,



9.4. EXTENSION OF LOCAL MARTINGALE SOLUTIONS 137

where we used AN {7 =7(x)} € B?(x)? which clearly holds under the assumption that 7 is
an (BY);>o-stopping time. However, as mentioned before and as we will see in Section 10.4,
the stopping times we will use, namely 7 = 77, with 77 as in (10.19), are only stopping
times with respect to (B;)¢>0, i.e. with respect to the larger right-continuous filtration.
In this case, (9.29) is not sufficient to obtain (9.34). Roughly speaking, this is due to
the observation that since 77, is only a stopping time with respect to a right-continuous
filtration, in order to decide whether 77,(2') = 7 (z), in general one needs information
about the path 2’ not only up to time 77,(x), but also infinitesimally beyond, which is not
granted by (9.29).

Consequently, it seems indispensable to assume the family {Q, }, to fulfill (9.34), which
we will do in Lemma 9.4.2. However, note that even under this additional assumption, it
seems out of reach to obtain P = P ®,; R on B, since this would require (), = §, on the
right-continuous o-algebras B, ), which we cannot infer. However, by means of (9.34), we
are able to conclude the equality P = P ®; R on [0, 7] in the sense that

P(A) = P&, R(A), A€ o(mpns,t>0), (9.35)

see Lemma 9.4.2. We shall see that it is sufficient for P and P ®,, R to coincide on this
o-algebra. The preceding discussion leads to the following

Lemma 9.4.2. For 7 as in Lemma 9.4.1 and zo € L2, let P € P(Qo) € P () be a local
martingale solution on [0, T] with initial condition (0,x0). In addition to the situation in
Lemma 9.4.1, assume there is a P-negligible set N € Qo » such that for every x € N¢ (9.34)
holds. Then, the probability measure P @, R € P(Qy), defined as in (9.33), is a global
martingale solution to (HNSEg,) with initial condition (0,xz¢), and it satisfies (9.35).

Proof. The final claim follows, if we show (9.35) for any A € o(mar,t > 0) of type

A={mpnr €B1,...,Tiar € Buy,Bi € B(H™3),0<t; <---<t,, n €N, since the set of
such A is a N-stable generator of o(miar,t > 0). We find

P®; R(A) = 0 Qx(A)dP(x) = /Q Q.Z’({Ftl/\T(x) € By,... y Tt AT () € Bn})dP(CU)

Qo

where we used (9.34) for the second, and @, = 0, on BS(I) (which we observed on the
previous page) for the third equality. Hence, it remains to prove that P ®, R fulfills
Definition 9.3.1. Concerning (M1), since {mg = x¢} € o(mar,t > 0), we have

P®: R(x e Qy:x(0)=mz0) = P(xr € Q:x(0) =z9) = 1.

Here, the second equality holds, since P is a local martingale solution with initial value xg
at time s = 0. Turning to (M3), first recall that due to Proposition 9.3.4, the martingale
solutions R (;) +(r(x)), used for the construction of the measures (), in Lemma 9.4.1, may
be chosen such that they fulfill Definition 9.3.1 with the common value v = o and common
functions ¢ — C}' . Assume without loss of generality that 7" < a, where 4" denotes the
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value for v for the local solution P in Definition 9.3.3. Choose v in Definition 9.3.1 for
P ®; R as v =+'. Then, we have for each t > 0 and ¢ € N,

2 1
Ers. n [sup I 129 + / ] 20 mumdr}

rE

9 tAT 2(g—1) 9
ngM[ up (el 3+ [ il Hmllmdr}
0

r€[0,tAT]

t
2(g—1
+EP®TR[ o w2 [ il >||m||%mdr]
tAT

re[tAT ]

tA
2 2 1
=Ep[ sup |rm||L%+/ ] 20 ||7rr|%ﬁdr}
0

r€[0,tAT]

t
2 1
+[ B sw mlits [ mlmr]ap)
Qo reftnT(z),t] tAT ()
écz,q<uxoui%+1>+cc;:q/g o124 + 1dP(a)
0
< Crglllzol® +1).

Here, we used (9.34) for the first equality. Moreover, by C} , we denote the function for P in
(M3) of Definition 9.3.3, and the additional constant C' > 0 is due to the Sobolev embedding
H* — H". For the final inequality, we used (M3) for P together with the boundedness of
7, and set Cy, = Cf , + CCY,. Finally, let us show (M2) for P ®, R. For each Mg as in
the notation of (M2) of Definition 9.3.1, we show that ¢ — M§(¢) is a P ®, R-martingale
as follows. First, let € Qo N LIOC(R+,L ), 0<s<t,A={m, € By,...,m, € By} for
0<t; <---<t,<s, B; € B(H™3), and let us show

EQz [Mg(t)]lA] = EQz [MS((t A T(JC)) V 8)]1,4]. (9.36)

By definition of Q,, and the martingale property of each R, () 4(r(z)) from time 7(z) on,
we find

Eq. [(Msu) MG ((t Ar(a)) v sm}

= Lo, (T(@))ER, (0) 2oy [(Mg(t) - Mg(s))ﬂA]
+Z]l[tk tk+1 )]lBl(Trh( ))"’]lBk(ﬂ'tk(l‘))

ERT(CE),Z(T(I)) |:(Mg<t) - Mg(s))]lwik+1 EBk+17"'77Ttn eB7L:|

—+ ﬂ[tn,oo) (T(:L’))]lBl (7rt1 (1;)) e ]an (7Ttn (:L')) . ERT(z),m(T(ac)) |:Mg(t) — Mg((t A 7'(33)) V S)

=0.

Since sets of type A as above generate BY, and since Mg is continuous, it follows that (9.36)
holds for every A € Bs.
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Now, it follows by definition of @) and P ®, R, and by (9.36) and (9.34) that

Eperr [Mg(t)]lA} = /Q Eq, [M§(t)1a]dP(z) = /Q Eq, [M§((t A7(z)) V s)La]dP(z)
0 0
~Bpo. | M5(tA7) v 5)1
=Epe,r [Mﬁ(t A T)ﬂAm{T>s}] +Epg, R [MS(S)]IAQ{T<3}} :
The integrand of the first summand in the last line can be handled as follows.
Ero.n| M50 Moo | = [ B M5t A T Lingoyon | 4PG)

=Ep [Mg(f A T)]lAm{r>s}] =Ep [M§(5)1A0{7>s}} = Epg,r [MS(S)]IAH{T>5}] ,

where we used the martingale property of Mg(- A 7) with respect to P for the second last
equality. Combining with the previous chain of equalities, altogether we obtain

Errn | M5(O)La] = Bro.e|M5(6)Lanras | + B | M5 (6 Lingrca]
=Epg.r [Mg(s)ﬂA] :
This implies the martingale property of M§ with respect to P and the filtration (B;):>o.

Concerning the quadratic variation of M, we similarly obtain for any cylindrical set A € B,
as above

Bro. | (M50 ~ ]G"el) 14

= [ B[ (44500~ M5te n r(0)? = (1= (e n ) G7elp )14 ()
+ [ B (Msten @) - ¢ rtalicel ) s | ap)
#2 [ o[ (Msten @) (14500~ M50 1 () 1| 2P0

= J1+ Jo+ J3.

Using the martingale property of the process M§(t) — M§(t A 7(x)) = M, - ) (t) with

respect t0 R (z) o(r(z)) from the deterministic time 7(x) on, (9.34), and the martingale
property of M§(- A7) with respect to P, we have

Ji :/Q EQZ[((MO@((MT@))VS) — M§(t A 7(x)))”
—(EAT(@) Vs —tA T(x))HG*eH%]> 11,4] dP(z),

5= [ Eo. (M5 7 = s A rIG el ) 1| aP (o)
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Ty — 2/Q Eo, [Mg(t AT(z)) (Mg((t AT(x)) V 5) — ME( A T(x)))nA] dP(z).
0
Using (9.34) and the definition of P ®, R once more, we finally obtain

Epo, [(Mg(t))Q - tHG*eH%ﬂA]

~Bpo. (M5(s A7)~ (AT el ) 1]
+ Bporn| ((045(6) = M5(0)° = (5 = PlIG"el ) Lanirca
T Epe p [(Mém (Mg (s) - MS(T))) nm{fgs}}

— Ero.x [(M5<s>)2 - sHG*eH%nA] .

In particular, M§(t) is square-integrable, which completes the proof. ]

We summarize the benefit of the above measure theoretic considerations as follows:
Once we have constructed a local martingale solution P up to a stopping time 77, in Section
10.4, by virtue of Lemmas 9.4.1 and 9.4.2, we can extend it to a global martingale solution
P ®;, R such that (9.35) holds, provided we can verify (9.34).

Chapter 10

Proof of the main result

In the present chapter we prove the main result of this part of the thesis, which is
Theorem 8.4.1. As we will outline in Section 10.1, one major technical task within the proof
is resolved by the method of convex integration, which we will elaborate on in Chapter
11. In this chapter, for the time being, we use Corollary 11.2.3 of Chapter 11 in order to
complete the proof of our main result.

10.1 Outline of the proof

In this section, we outline the structure of the proof of the main result, which shares
many features of the proof of [116, Thm.1.2]. Let 0 < aw < 1/2 and T" > 0. The principal idea
to obtain two global martingale solutions Py, P, to (HNSEg,) with a common deterministic
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initial condition zo € L2 which are distinct on [0, 7] is to observe their distinctness via the
energy inequality
Eg[||77|[32] < [lzol72 + T Tr(GG™). (10.1)

Here, 3 is a place holder for a probability measure on 5. More precisely, on the one hand
we construct a solution P; with some deterministic initial value zg € L?T, which wiolates
(10.1) in the sense that

Ep, [[lrrl[22] > 2(/lwol[Z2 + T Tr(GGY)). (10.2)

On the other hand, Proposition 9.3.4 (i) and Remark 9.3.5 guarantee the existence of a
second global solution P with the same initial value z¢ such that (10.1) holds with P in
place of 3. From here, the assertion of the main result follows.

We remark that the initial condition zg of P; cannot be prescribed, but is an outcome
of the construction via the method of convex integration in Chapter 11, as we will see
later. In other words, the approach via convex integration does not lead to martingale
solutions to (HNSEg,) with a general Cauchy-type initial condition. Hence, at this point,
we benefit from the general existence result Proposition 9.3.4 (i), which holds for any initial
value in L2. Furthermore, we point out that the solution P, emerging from Proposition
9.3.4 (i) fulfills (M3) of Definition 9.3.1 with v = «, whereas for P;, with the present
techniques of Chapter 11, we cannot attain a prescribed value for . Instead, similarly
to the initial condition, the values of v permitted for P; are restricted by our convex
integration approach, cf. Corollary 11.2.3.

Consequently, the proof reduces to the construction of a solution P; with the energy
violation (10.2). To this end, we first construct a local solution P up to a suitable stopping
time 77, on g, which violates an energy inequality in the sense that

Ep (1 smyllmrll72] > 2(||2oll72 + T Tr(GG*)). (10.3)

As we shall see later, the parameter L > 1 needs to obey several lower bounds, one of them
in order to guarantee P(7, > T') > 1/2. Having proceeded up to this point, we extend P
to a global martingale solution P ®,, R by Lemma 9.4.2 and derive

Epe,, rllmrll72] > Epe,, (L >rylimrll72] = Ep [, smyllmrll7-],

which combined with (10.3) shows that P; := P ®,, R fulfills (10.2).

Therefore, our goal is to construct suitable stopping times 77, and a corresponding local
martingale solution P up to 77 such that (10.3) holds and Lemma 9.4.2 applies. It turns out
that our techniques actually yield a pathwise analytically weak, but probabilistically strong
solution, i.e. for a given filtered probability space (2, F, (F¢)t>0, P, B) with a GG*-Wiener
process B on L2 and the augmented Brownian filtration (F;);>0, we can construct an
(Ft)e>o0-adapted process u on €2, which analytically weakly solves (HNSEs,), see Theorem
10.3.2. This solution has paths with low positive Sobolev regularity and is constructed
up to an (F;)¢>o-stopping time 77, which should not be confused with 77, (the former is
defined on €, the latter on Q). However, the definitions of both stopping times are related.
Roughly speaking, one introduces T7, first and then aims to define 77, (on €p) in the same
spirit as 17, (on ), compare (10.5) and (10.19). As mentioned before, the large parameter
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L > 1 is particularly chosen in order to guarantee a certain largeness condition for 717,
and, in turn, for 77,. Moreover, u is constructed such that it violates an energy inequality,
which one may roughly consider as a pathwise version of (10.3), see (10.11) for the precise

formulation.

Once such a solution u is constructed together with a suitable pair of stopping times
Ty, and 77, we continue as follows. We define

P:=Pou'eP(Qos),

verify that P is a local martingale solution up to 7z and that P fulfills the energy violation
(10.3). We also need to prove that the definiton of 77, allows to apply the extension result
Lemma 9.4.2 in order to extend P to a global solution P; with (10.2) as desired. These
steps will be tackled in Propositions 10.4.3 and 10.5.1.

To conclude this overview section, we turn our attention to the construction of the
analytically weak and probabilistically strong local solution u. For this purpose, we split
(HNSEg,) into two equations in order to separate the two challenging terms, namely the
nonlinearity div(u ® u) and the stochastic perturbation B. This splitting results in the
linear stochastic PDE

Oz + (—A)*2+Vp, =dB,
z2(0) =0,
divz =0,

and the PDE with random coefficients

Ov + div([v + 2] @ [v + 2]) + (=A)* + Vpy =0,
dive =0.

By classical SPDE techniques, the former equation has a unique analytically weak (F)¢>0-
adapted solution z. In Section 10.2, we obtain this solution as a stochastic convolution in
terms of the semigroup generated by P(—A)% and derive additional crucial regularity of z,
see Proposition 10.2.4.

Fixing this unique solution z in the second equation above, this turns into a PDE with
a random nonlinear coefficient. It remains to construct a pathwise analytically weak local
solution v to this equation up to a bounded stopping time 77, which is the exclusive aim
of Chapter 11. The reason for the restriction in terms of the stopping time is the necessity
to bound the random term z in the otherwise deterministic equation for v.

Chapter 11 culminates in the delicate construction of such v in Corollary 11.2.3, from
where we obtain an analytically weak local solution u to (HNSEg,) by setting

u(t) :== z(t) +v(t), tel0,Ty].

In order to achieve a pathwise energy violation for u on {17, > T'}, we also need to prescribe,
roughly speaking, a sufficiently increasing energy profile for v in the sense that the energy
violation must not only hold for v, but also after addition of z. Note that we do not have
any kind of monotonicity for the energy profile of z, but only the growth bounds (10.8) up
to Tr,. Precise calculations in this direction are given in the proof of Theorem 10.3.2.
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10.2 Decomposition of the equation

We consider a filtered probability space (2, F, (Ft)i>0, P, B), where B is a GG*-Wiener
process on §2, with G as in the assertion of Theorem 8.4.1. In this context we recall that G :
U — L2 is a Hilbert-Schmidt operator G € Lo(U, L2), where U is some auxiliary separable
Hilbert space, and that we impose the regularity assumption (8.15). Moreover, (F;)i>0
denotes the augmented Brownian filtration, i.e. the canonical filtration generated by B
augmented by all P-negligible subsets of 2. We recall that this filtration is right-continuous.
For the remainder of the chapter, and also for Chapter 11, we fix this (Q, F, (F;)i>0, P, B).

As mentioned in the outline of the proof in the preceding section, we split (HNSEg,) in
order to treat the difficulties arising from the nonlinearity and the stochastic perturbation
separately. Following the decomposition used in [116], we obtain the linear SPDE on
R4 x Q as

Oz + (~A)°z + Vp; = dB,
2(0) =0, (SLa)

divz =0,

and the nonlinear PDE with random coefficients

(NL-SHNSE)

O +div(v+2] @ [v+2]) + (—A)*v + Vpy =0,
divov =

In order to make sense of (NL-SHNSE), we first show that (SL,) admits a unique solution
z, which we then fix in the formulation of (NL-SHNSE). The remaining aim of this section
is to obtain a unique probabilistically strong solution z to (SL,) with additional Sobolev
regularity, which is crucial in order to control the size of z in (NL-SHNSE) up to a suitable
(Ft)t>o0-stopping time T}, on Q.

10.2.1 The linear equation (SL,)

Definition 10.2.1. An analytically weak solution with initial condition xo € L2 to (SLy)
on (Q, F, (Ft)i>0, P, B) is an (F;)s>o-predictable process z : Ry x  — L2 such that for
each e € H** and t > 0 we have

((8), €) o — (30, €) 12 + /0 (2(5), (—A)%€) pads = (B(t), ¢)p2 P-as., (10.4)

where the exceptional set may depend on e and ¢. In particular, the appearing integral
has to be well-defined, which is equivalent to the P-a.s. local Bochner integrability of
t z(t) € L2.

Remark 10.2.2. The pressure term p1 of (SLy) is not present in the weak formulation
(10.4) since each test vector field e € H** C L2 is solenoidal, i.e. it fulfills dive = 0, which
gives

(Vp1,€)(—20,20) = (p1,dive) 2 = 0.
We also remark that the operators ((—A)*, D((—A)*)) and (P(—A)*, D(P(—A)%)) coincide
on L2 since P and (—A)* commute on D((—A)%).
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Since an analytically weak solution is (F)¢>o-predictable by definition, which in partic-
ular implies its adaptedness with respect to the normal Brownian filtration (F);>0, and
since the underlying probability space is given in advance (hence its construction is not
part of the notion of solution), such solutions are probabilistically strong.

The existence of such a unique probabilistically strong, analytically weak solution to
(SLy) follows from the following proposition from [83, Thm.5.4].

Proposition 10.2.3. There exists a unique analytically weak solution z : Ry x Q — L2
to the linear SPDE (SLy).

Concerning the proof, we refer to [83, Thm.5.4] and stress that in this respect all
assumptions are fulfilled. Indeed, using the notation of this source, we have H = L2,
f = 0, the initial condition ¢ =0, and B = G € Lo(U,L2). That A = P(—A)® generates
a Co-semigroup (Sa(t)),, on L2,
Lemma C.0.1. From here, we obtain

which is even a contraction semigroup, follows from

T T
/0 19a(NG|Lyw.2)dr < 1G] Lawzz) /0 15 lLiz2)dr < TGl Lywiz) < 00, VT >0,
which yields that [83, Thm.5.4] applies to our setting.

As we mentioned above, it is crucial to derive additional regularity for the solution z to
(SLy). This is achieved in the following proposition.

Proposition 10.2.4. Assume G fulfills the regularity assumption (8.15). Then, for
sufficiently small 6 > 0, we have for the unique solution z to (SLy)

540 3+o

2 € CloeH 2 NCY2PH® Peas,

and z satisfies
B [llall 542 + ellgyo-asyge | <00 YT >0,

The proof uses the explicit formula of z as a stochastic convolution with respect
to the semigroup (S4(t))i>0 and is given in Proposition C.0.2. In particular, by the
continuous embedding (9.3), for almost every w and each ¢t > 0, z(¢,w) has a continuous
representative in C°. Consequently, we may consider z(w) € CrC, for such w, i.e. in
particular z € C(R; x T3, R3) P-a.s.

We conclude this section with the introduction of the stopping times 77,. The purpose
of Ty, is to control the size of the random coefficient z in (NL-SHNSE) within the convex
integration method applied in Chapter 11. The parameter L > 1 needs to satisfy several
lower bounds, which we introduce in due time. For § > 0 as in the previous proposition, set

Ty = nf{t > 0: |l2(t)]] 550 > LY40g" Anf{t >0 121l 122 350 2 LY205 AL
t

(10.5)
where
CS = maX{0102,02}, (10.6)
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and C;7 and C5 come from the Sobolev inequalities

11l 250 < Callfl, ssa and [[f]lz < CallfI], aga (10.7)

respectively. Due to Proposition 10.2.4, Ty, is a bounded (F;)¢>o-stopping time with Ty, > 0
P-a.s. and T, ~ o P-a.s. as L — oo. Moreover, the choice of C's and the Sobolev
inequalities (10.7) imply the pathwise estimates

|2(8)|[pee < LM4, ||D2(t)]| g < LV4, 121l ga/2-26 e < LYV2, telo,Tr]. (10.8)

10.3 Analytically weak local solutions

As the next step towards the proof of Theorem 8.4.1, in this section we combine the
result on the existence and regularity of the weak solution z to (SL,) up to the stopping
time T7, with the weak solution of (NL-SHNSE), which we will construct in the forthcoming
Chapter 11. More precisely, we use Propositions 10.2.3, 10.2.4 and Corollary 11.2 to obtain
Theorem 10.3.2. Besides being essential for the proof of our main theorem, the existence
of probabilistically strong local solutions to (HNSEg,) which fulfill the energy violation
(10.11), might also be of independent interest. In this regard, we mention again that the
stopping times 77, up to which these solutions are defined increase pointwise to oo as
L — oo. To start with, we recall the definition of an analytically weak local solution to
(HNSEsto)'

Definition 10.3.1. Let t be a bounded (F%)¢>o-stopping time on Q. An (F;)¢>o-predictable
process u : [0,4] x Q — L2 is an analytically weak local solution to (HNSEg,) on [0, 4] with
initial value xo € L2, if for any e € H® and ¢ > 0, it holds

(u(tAt)—xq,€) 2 +/0 (u(r), (—A)*e) 12 — (u(r)®@u(r), Ve) r2dr = (B(tAt),e)r2, P-as.

Concerning the next theorem, we note that the analogous result for the classical
stochastic Navier—Stokes equations (i.e. « = 1) is [116, Thm.1.1]. Here, adaptedness is
understood with respect to the state space o-algebra B(L?).

Theorem 10.3.2. Assume G satisfies (8.15) and let T >0, K > 1 and k € (0,1). Then,
there is v € (0,1), an (F¢)e>0-stopping time t = (T, K, k) satisfying t > 0 P-a.s. and

P(t>T) > &, (10.9)

and an (Fi)i>o0-adapted analytically weak solution u to (HNSEg,) on [0,4 with some
deterministic initial condition xo € L%. Moreover, u € C([0,], HY) P-a.s. for some
v € (0,1), and u can be constructed such that

ess supsup ||u(t A t)||gy < o0 (10.10)
weN  t>0

and
(Tl 2 > K [|Ju(0)]|z2 + (T T(GG)?]  on {t>T}. (10.11)
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Remark 10.3.3. It turns out that we will choose the stopping time t = 17, as defined in
(10.5). Its definition and the regularity result Proposition 10.2.4 for z show that (10.9)
for T, in place of t can be fulfilled for any choice of T > 0 and k € (0,1) if one chooses
L > Ly = Lo(T, k). Similarly, we show that L can be chosen sufficiently large in order to
obtain (10.11) for any choice of K > 1 and T > 0 and that such lower bounds determine
the suitable values for L.

For the proof, we need the following result of Chapter 11, which we state here for the
convenience of the reader. Again, adaptedness is understood with respect to B(L?).

Corollary 11.2.3 of Section 11.2: For any T > 0, there is Lo = Lo(T) > 1 such
that for any L > Lg there ezists an analytically weak solution v = v(T, L) to (NL-SHNSE)
on [0,T7] with the following properties. v is (Fi)i>o0-adapted, has some deterministic initial
value v(0) = zo € L2 and its paths belongs to C([0,Ty], H") for some v € (0,1). Moreover,
v fulfills

lo(T)l]z2 > ([0(0)[| 2 + L)e™" (10.12)

on {Tr > T} and
ess sup sup ||v(t)||gr < o0 (10.13)
weQ  t€[0,17]

for some v € (0,1).

As the subsequent proof shows, combining the above corollary with the solution z to
the linear part (SL, ), we obtain the solution u of Theorem 10.3.2 via

u(t) = z(t) +v(t), tel0,TL]. (10.14)

Using the pathwise bound (10.8) for z and the energy violation (11.12) for sufficiently large
L > 1, we obtain the desired energy inequality for (10.11).

Proof of Theorem 10.3.2. Let T > 0, K > 1, and s € (0,1). First of all, by the splitting
of (HNSEs,) in (SLy) and (NL-SHNSE), and since any adapted process with continuous
paths is predictable, it is clear that u as in (10.14) is an (F¢)¢>o-predictable analytically
weak solution to (HNSEg,) on [0, 7). The initial condition u(0) = 2(0) +v(0) = v(0) € L2
is deterministic by Corollary 11.2.3. We already know that T}, is an (F;):>0-stopping time
such that 77, > 0 P-a.s., see the passage between (10.7) and (10.8). The P-a.s. pointwise
divergence of Ty, to oo as L — oo implies that (10.9) holds for any given K and x for
all sufficiently large L > L1 = L1 (K, k). Secondly, (10.10) with 77, in place of t follows
by definition of 77, and by (10.13) for L > Ly(T") and 7 as in Corollary 11.2.3. Thirdly,
u € C([0,T], H") holds due to the regularity result for z and due to v € C([0,TL], H).
Finally, it remains to verify (10.11). To this end, we observe that on {T7, > T} we have

(D)2 = |[o(D)]| g2 — ||2(T)] g2 > (J[v(0)|[z2 + L) — (2)/2L1/*
= (I[u(0)||z2 + L)e*" — (2m)*/2LM*
> K [[[u(0)||2 + (T Te(GG*)) 7).
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Here, we employed (10.12) and (10.8) for the first strict inequality and have chosen L
larger than a suitable lower bound Ly = Lo(K, T, ||ug||r2, G) > 0 for the final estimate.
Consequently, all assertions of the proposition are satisfied for each L > max(Lg, L1, L2)
and t =1T17J. O

10.4 From analytically weak to local martingale solutions

Having established Theorem 10.3.2, we advance to the construction of a local martingale
solution P to (HNSEg,), which obeys the energy violation (10.3). In particular, we make
use of 17, in order to define a suitable stopping time 77, on €0y up to which we construct P
in Proposition 10.4.3.

For the analytically weak solution w of Theorem 10.3.2 up to 77, we set
ur, : Ry % Q— H7, uL(t) = u(t/\TL). (1015)

In particular it holds that uy € ¢ pathwise. Our next aim is to show that the probability
measure P € P({y), defined as
P:=Pou;’, (10.16)

is a local martingale solution to (HNSEg,) up to a suitable stopping time 77, on €. To
this end, we begin with the construction of 7. Of course, by definition, P is concentrated
on the space of paths €07, o stopped at 17, but it will be advantageous to consider P on
the bigger space .

10.4.1 The stopping times 7,

In principle, we would like to define 77, on € similarly to 77, on € as in (10.5).
However, to this end we need a probability measure B on (Qq, B, (B:):>0) together
with a (B)i>o-Brownian motion B and a solution Z to (SL,) on the probability space
(Q0, B, (Bt)1>0, B, B). We choose P = P as defined in (10.16), and for z € QoNLZ (Ry, L),
we consider the following processes with paths in C(R, H~3).

t
MP, = x(t) — x(s) +/ Fo(z(r))dr, 0<s<t, (10.17)
and .
Z5(t) = My + / P(—A)Sa(r)MZodr, ¢ 0. (10.18)
0

The idea behind these definition is that we will show that under P, M; o is a GG*-Brownian
motion on g and Z is the unique solution to (SL,) on €. In other words, this holds for
the processes My, and Z* under P on [0,77] x Q. Consequently, Z* coincides with z up
to T, see the proof of Lemma 10.4.2. We use the process Z on )y for the definition of the
stopping time 77, as follows. For n € N, L > 1 and § > 0 as in (10.5), set

(@) =inf {t > 0: |27 @)]] oge > (L — 1/n) oty

. . 1/2 ~—1
Ainf{t >0: ||Z$||Ct1/2’25H3+TU > (L—1/n)""C5'} AL,
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and
77 = lim 77, (10.19)

n—oo

with Cg as in (10.6). By Lemma 10.4.1, each 7} is a (B):>0-stopping time on y N

Ly (Ry, L2) and, in turn, also 77, is a (B;);>o-stopping time as the pointwise increasing

limit of stopping times, and we have 77, < L.

o)
loc

C(R4, HOJrTG) In Lemma 10.4.2 we will use the regularity of z and the equality Z% = z

For a generic path z € Qo N LS (R L2), we have 71, (z) = 0, since in general z is not in

P-a.s. in order to obtain that 77, is actually strictly positive P-a.s. and can be constructed
such that 77, > T holds with P-probability arbitrarily close to 1. Since the assertion of the
subsequent auxiliary lemma is identical to [116, Lem.4.1], we omit its proof at this point.

Lemma 10.4.1. Let (2, F, (Ft)e>0) be a filtered measurable space and let Hy, Ha be sepa-
rable Hilbert spaces such that the embedding Hy — Hy is continuous. Suppose that there
exist dual elements {hy}reny C Hy C H} such that for each f € H*

| f 1z = sup hy(f).
keN

Suppose further that X is an (Fi)i>o0-adapted process on Q with trajectories in C(Ry, Ha).
Then, for L > 1 and v € (0,1), both

= nt{t > 0 (IX (0]l > L} and 7= {t > 0: | X(O)llcom, > L}

are (F;")iso-stopping times, where (F; )i>0 denotes the right-continuous filtration of
(Ft)e=0-

Clearly, considering the definition of 7', we may apply this result for the choice
H, = H*5 and HHTG, respectively, and Hy = H3 on (QO NLX(Ry,L2),B, (B?)tzo)-

loc

Lemma 10.4.2. For P-a.e. w € QQ, we have
Tr(ur(w)) = Tp(w). (10.20)

In particular, we have 7, > 0 P-a.s., and for any T > 0 and k € (0,1), there is Ly =
Lo(T, k) > 1 such that for any L > Ly

P(rp, >T) > k. (10.21)
Proof. First of all, we show
Z"=zon[0,171] P-as. (10.22)

To this end, we observe that by definition of the process M’ from (11.3) and since u is an
analytically weak solution to (HNSE,) on [0, T}], we have for each e € H?3

(M, €)(—33) = (u(t) — u(0), €) + / (Fa(u(s)), ) _sayds = (B(t), )3, € [0,Tr],

P-a.s. on Q. Due to the continuity of the paths of w : [0,77] — H7, the exceptional set is
independent of ¢ (but it might depend on e). Consequently, ¢ — My coincides pathwise
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P-a.s. with the given GG*-Wiener process B on (). From here, it follows readily from an
integration by parts formula that Z* solves (SL,) on [0,77]. Now (10.22) follows from (a
local version of) Proposition 10.2.3.

Since the maps

L= Hz(t)HH‘HT” and t — ‘|Z"Cl/2—2aHi4zﬁ
t

are P-a.s. continuous on [0,77] due to Proposition 10.2.4, we have P-a.s. one of the three
cases

To=L or |l=(Tu)ll, 54 > Vicgt or 121l 122 35 > V20t (10.23)

T, H

From here, (10.22) immediately gives 77, (u) < T, P-a.s. in each of these cases. Now assume
71,(u) < T7, on a set of strictly positive P-measure, i.e., in particular, we have 77 (u) < L
on this set. By (10.22), it follows that on this set we have P-a.s.

()| a5 = 124 (o ()], e > LHAC5! (10.24)
or
lell oo = 12"l ojocss 3o > LV2C57, (10.25)
Tr (u) T ()

which, however, contradicts the definition of 7. Consequently, we conclude (10.20). The
rest of the assertion now follows from the definition of P as the law P ou~! and since we
know already the P-a.s. pointwise divergence 177, /" 0o as L — oc. O

10.4.2 A local martingale solution

Having introduced the bounded (B:);>o-stopping time 77, we use Lemma 10.4.2 to
proceed to the construction of a local martingale solution as follows.

Proposition 10.4.3. The probability measure P as in (10.16) is a local martingale solution
to (HNSEg,) on [0, 7r] with the deterministic initial condition xo € L2 of Corollary 11.2.5.

Proof. Clearly, P(my = z9) = P(u(0) = z¢) = 1 holds by definition of P and the construc-
tion of u as u = v + z with z(0) = 0 and v as in Corollary 11.2.3. Concerning (M3), since
w fulfills (10.10) with t = Ty, and (10.20), we obtain

IEP[ sup ||7T7~HH’Y:| = Ep[ sup ||U(T)||Hv:| < oo (10.26)
r<rr, r<T7,
for some v € (0,1) and, consequently, for each fixed g € N, the left-hand side of (M3) in
Definition 9.3.3 is uniformly bounded in ¢ > 0. In particular, it is possible to find a family
of continuous positive functions ¢ — Cy 4, for which P satisfies (M3).

Finally, considering (M2),let 0 < r < t, e € H? and g : Qg — R be continuous, bounded
and B,-measurable. Below we write M§(t,ur,) := M(t) o ur, for M§ as in Definition 9.3.3.
Note the equality

Ep | Mg (t A 7(u), UL)Q(UL)] =Ep {MS (r Ap(ur),ur)g(ur) |, (10.27)
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which can be obtained as follows. Using Lemma 10.4.2, we have

Ep | M§(t A TL(UL),UL)Q(UL)] =Ep [Mg(t ATp,ur)g(ur)|. (10.28)

Since

M{f(t/\TL,uL) = <M5L,6>(,373), (10.29)

recalling that we showed Mt“g = Bia1,, t > 0 P-a.s. at the beginning of the proof of
Lemma 10.4.1, we obtain that M§(- A Tr,ur) is a (B:)¢>o-martingale with respect to P
with quadratic variation

Es (EATL]IG el

This yields (10.27), since g(uy,) is F,-measurable as a concatenation of the B,-measurable
function g with the (F:):>0-adapted process ur. From here, the martingale property of
M§ (- A 11,) with respect to P follows from

Ep [M5<t A mg] —Ep [Mgos A (ur), w)g(um} —Ep [MS(r Ara(un), mg(um}
—Ep [Mg(r A TL)g] .

Since t — M§(- A Tr,ur) has quadratic variation ¢ — (¢t A 7,)||G*e||?, under P, it follows
via (10.20) that ¢ — M§(- A 77) has the same quadratic variation on £y under P, which
completes the proof. ]

10.5 Conclusion of the proof

Up to this point, we have constructed a stopping time 77, on €}y and a local martingale
solution P up to 7, as the law under P of the analytically weak local solution uy, = u(-ATL).
We could now use the pathwise energy violation (10.11) to obtain the local energy violation
(10.3) for P and, from there, obtain nonuniqueness of local martingale solutions up to 7.
However, we aim for the stronger global result of Theorem 8.4.1. In the next subsection, we
first extend P to a global solution. Afterwards, we complete the proof of Theorem 8.4.1.

10.5.1 Extension of the local solution

The extension of P to a global martingale solution proceeds along the steps presented
in Section 9.4 and is given by the following result.

Proposition 10.5.1. For the stopping time 11, and the martingale solution P up to 11, of
Proposition 10.4.3, all assumptions of Lemma 9.4.2 are fulfilled. Consequently, P extends
to a global martingale solution P ®@;, R with initial condition xqo € L? at time 0 such that
(9.35) holds.
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Proof. In view of Lemma 9.4.2, we only need to verify the existence of a P-negligible set
N C Qg such that for each z € N¢ the equality of (9.34) holds. The idea is the following.
For each z € N¢, we find a Q,-negligible set N, C Qg such that

{2 € Qo: () = 7(2)} € NFNBY, (. (10.30)
Clearly, this follows, if we can show
{a' e NS:7mp(2)) <t} e NN BY (10.31)
for each ¢ < L. From here, we obtain (9.34) via

Qz(2' € Qo 7r(2)) = 70(2)) = Qu (2’ € NS 2 2 )
=Qu(2' e Ny 2 (1), t €0, 7L(2)]) =1,
where ), is as in Lemma 9.4.1, and we used (9.29) and (10.30) together with the observation

that we have
{2 e NENA: 2 (t) =2(t),t € [0,70(x)]} = {2’ e NS 2/ (t) = x(t), t € [0, 72(2)]}

for any A such that NN A € N¢n B2

7L (z

) with x € A.

It is easy to see that (10.31) holds whenever z is such that there is a @Q,-negligible set
N, C Qg such that for each 2/ € N, the trajectory t — Z* (t) belongs to C(R, HHTJ) N
0110/02726(1&% HHTU) Indeed, in this case, for all 2/ € N we have 77,(2') = 77(2'), where
we set

F(a') = inf{t > 0: || 2% @)l 54 > LMiogh (10.32)

Ainf{t > 0: ||Zwl”cl/2725 2 L1/20§1} AL,
t

3+a
H 2

which gives for 0 < L

{2/ e NS (2)) <t} :{x' eNC: sup ||Z%(s)|| spe > L1/4C’S_1}
s€Q,s<t H2
127 (51) = 2% (s2)

H 340
' e N : sup H 2 2L1/2C’1}
U{ z 51752€QN[0,1] |s1 — 52|1/2725 s 0

and the right-hand side is in N¢ N BY, since the process (¢, ) — Z¥ is (BY):>0-adapted on

Qo N L2 (R, L2). Therefore, it remains to prove that for P-a.e. x € Qg, we have

loc

Q. <x’ e: 2" eC(Ry, H=)N 01/2‘25(R+,H3*2")> ~1. (10.33)
To this end, we first of all note that (10.20), (10.22) and Proposition 10.2.4 entail

P(m e : Z%(- A1p(2)) € C’HHTU N 01/225H342—o>

loc
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loc

= P<z(- ATL) € CH 2" n 01/“‘5H3E"> =1,

i.e. there is a measurable P-negligible set N such that for x € N we have

540 3+o

T 219 1/2-26 3tao
7% ECH  NOL e (10.34)

Hence, it remains to prove regularity of Z beyond 77. To this end, a direct calculation
shows

/

Z7(t) = Z7 (t AT (@) = 22, (0 (1) + (Sa(t — t ATp()) = 1) Z7 (t A (),

7L (z
where we set

!

t
ZfL(x) (t) = MEO - Mtx/\TL($)7O + /t P(_A)asa(t - S)( Sx,O - Msx/\TL(a:),O)dS'

ATL ()

/

Note that ' — Mfé) - M f/\rL(a:),o is B2(*)_-measurable for each r > 0, which implies

B @) _measurability of 2’ — Zf; @) (t) for each t > 0. Considering the construction of @,
from Lemma 9.4.1, it holds that for all z € Qo N L L2

loc™o
Qu(s e 0: 2 e o il )

= Q, <x' €0 2% o ECH T NCW " HF 72 e CHF NCY, 2‘25H3’§“>

ATL( loc

loc

=4, (x’ €W 2%, €CHE NCY. 225}133")
< Sto 1/2-26 ., 3+e
X RTL(x),x(TL(z)) (1" € Qg : ZTL(x) eCH 2 N Clo/c H ™ )

For each = € N¢, the first factor on the above right-hand side equals to 1 due to (10.34).

Concerning the second factor, since R is a martingale solution to (HNSEg,)

7L ()% (7L (x))
starting from time 77,(z) with the deterministic initial condition (77 (x)) € L2, it follows by
the local version of Remark 9.3.2 that M. g—M.x;, (2,0 is a GG*-Wiener process with respect
to Rr, (2),0(rp(z)) a0d (Bt)i>0. Therefore, (t,2) — Zf;(z

solution to (SLa) on (Q0, B, (Bt)i=0, M.o — M~/\TL(x),0)- Similarly as for z, Proposition

)(t) is the unique analytically weak

10.2.4 gives the regularity

L loc

! 5to 1/2—26 ;,3tc
Rrp (@) a(ry(x)) <f’«” € Qi L ) € CH " NI H S ) — 1,

which in view of the above chain of equalities entails (10.33). As argued at the beginning
of the proof, this allows to apply Lemma 9.4.2, from which the assertion follows. O

10.5.2 Conclusion of the proof

Finally, we can complete the proof of the main result of this part of the thesis, i.e.
Theorem 8.4.1. We have constructed a global martingale solution P ®,, R, which coincides
with the law of an analytically weak solution u up to the stopping time 7. u fulfills the
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pathwise energy violation (10.11). From here, we only need to observe that P ®,, R is
certainly distinct form a martingale solution constructed via classical Galerkin methods as
in Proposition 9.3.4 and Remark 9.3.5.

Conclusion of proof of Theorem 8.4.1. Let T > 0, K = 2 and k = 1/2. By Theorem
10.3.2 and Propositions 10.4.3 and 10.5.1, there is L > 1 such that there exists a global
martingale solution P} = P ®,, R to (HNSEg,) with the following properties. P; coincides
with P on 0’(7Tt/\7—L, t> 0), where P is the law of ur, = u(- ATL) on Qy under P, with ur,
and P as in Theorem 10.3.2 and (10.15), respectively. (10.9) holds with t = T}, and x and
T as above. Ly syllmr|[32 = Lir, s1yl|mrar |32 i 0(miar,, t > 0)-measurable, so that

Ep, [1{7L>T}H7TTH%2} =Ep []l{rL>T}H7TTH%2]'

Combining with (10.20) and (10.11) with K = 2, this entails

Ep, [Hmia} — Ep n{TLZT}Hm%Q] LEn, [n{wnwuig}

> Ep n{TL>T}\u<T>H%2]

> Ep | Lz, >ry4([[u(0)]72 + TTr(GG*))]

> 2|0l 2 + T TH(GECY)),

where 2o € L2 is the deterministic initial condition of u from Theorem 10.3.2. On the

other hand, we have already deduced the existence of a gobal martingale solution P,, which
fulfills

Ep, [[[rr]72] < llzol72 + T Te(GGY),

see Proposition 9.3.4 and Remark 9.3.5. Comparing with the above chain of inequalities, it
is clear that P, and P» are distinct at time 7", which concludes the proof. O

Chapter 11

Convex integration for stochastic
hypodissipative NSE

This chapter contains the technical core of the present part of the thesis, namely the
method of convex integration to construct pathwise analytically weak local solutions to the
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PDE with random coefficients (NL-SHNSE). We fix the probability space (2, F, (F)t>0, P)
and the same GG*-Wiener process with respect to P and (F;)¢>0 as at the beginning of
Section 10.2. In particular, (F;):>0 is the Brownian filtration augmented by the P-negligible
sets. As already mentioned in the previous chapter, we fix the unique probabilistically
strong solution z of (SLy) on this probability space in (NL-SHNSE), and we repeat that
for each L > 1 we have introduced the bounded (F;);>o-stopping time 77, such that on
[0,77], z obeys the pathwise bounds (10.8). We obtained these bounds from the regularity
properties of z stated in Proposition 10.2.4, which also implies 77, > 0 and 17, " oo P-a.s.
as L — oo.

11.1 Outline

Fractional Navier—Stokes—Reynolds equations. In order to construct a pathwise
analytically weak local solution v € C%ij to (NL-SHNSE), we use the general idea of
convex integration as explained in Section 8.2. That is, for each g € Ny, we construct a
pathwise solution triple (vq, pqg, ]Eiq) to the following fractional Navier—Stokes—Reynolds
system on [0, 77]:

{atvq iV (v +2) ® (0 +2) +Vpy+ (A0 =div(Ry),

div(vg) =0.

Here, v, € CF) , is a z-periodic velocity vector field, p, € C>(]0,Tr] x T3, R) denotes
the scalar pressure, and Iflq and takes values in the space of symmetric, trace-free 3 x 3
real matrices. Our specific construction of ]%q entails that ]O%q has the same regularity
properties as z. By a solution to (11.1), we mean a solution in the strong pointwise sense.
As discussed in the survey in Section 8.2, the matrix Io%q and the vector field div éq may
be considered an error term, which renders the equation more flexible in the sense that for
given v, one can calculate }qu such that (11.1) is fulfilled.

o

We set up an iteration, which from a given stage (vq, Ry) produces the next stage
(vq+1,}°7iq+1) in such a way that (vq)4en, converges pathwise in C%va for some (small)
~v € (0,1) and such that the error terms Io%q converge to 0 as ¢ — co. This will imply that
the limit v is a solution as desired. Since in Chapter 10 we use v for the construction of
the (F;)i>0-adapted solution u (see (10.14)), it is crucial that each vy has a deterministic
initial condition v,(0) and is (F3);>0-adapted with respect to B(L?) as the o-algebra on
the state space.

o

The main iteration. The iterative construction of (v, R,) shares many features with
the already existing deterministic and stochastic convex integration techniques, as surveyed
in Chapter 8: If (vg, Ry) has already been constructed, we define the velocity at stage ¢ + 1
via

Ug+1 1= Vg + We+1,

where vy is a mollified version of v, with respect to a suitable mollification length scale
¢ =1{(q), cf. (11.20), and wgy1 is a perturbation, consisting of rapidly oscillating vector
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fields. To be more precise, wy+1 approximately equals to a sum of finitely many Beltrams
waves Wyi1 ¢ with small amplitude ag41¢ , i.e.

War1 ~ Y g1 eWegst, (11.2)
¢

Precise definitions of these objects will be presented later on. With regard to the introduction
in Chapter 8, we would like to mention that our construction is based on simple Beltrami
waves instead of the more complex Mikado or Beltrami jets or flows. In this spirit, our
techniques are closer to the deterministic results in [53, Sect.5] and [70] than to [116].
However, several changes are necessary due to the random coefficient z in (NL-SHNSE).
To take into account the size of z up to Tr, and in order to capture the desired energy
violation (11.12) of the solution v, we introduce

M(t) := Mp(t) := L', t>0, (11.3)

and we will choose L > 1 sufficiently large later on. Roughly, one may consider M (t) as a

rapidly increasing energy profile for v.

As outlined in the survey of Section 8.2, it is crucial to establish a suitable balance
between the scales of the small amplitudes a441¢ and the high frequency of W¢ ,41. To

this end, we set
b

o, —b/2_cbitl . @ —b4
Aq = 2a / a“ y 5(] = ma y q < NO, (114)
for parameters a > 1, b > 1 and ¢ > g to be specified later on. Clearly, we have A, " oo,

0 " 0, and also )‘45‘}/2 /1 00 as ¢ — 00. Since by definition, it holds
‘Wq+17£‘ =1 and Wq+17£ ~ €i>\q+1§'x7

for certain geometric vectors & € R3, constructing the amplitudes aq4+1¢ at stage ¢+ 1 such
that

1/2
llagriellop, ~MY2(1)8,13

will lead to the crucial pathwise estimates for 0 <t < T7,

1/2
[[vg+1 — vgllop, < MY2(1)5,03, (A1)
1/2
ogs1 — vglleg, < CLMY2(0)60/% A, (A.2)

where for Crps := |[id||co = V37, we set
Cr == (14 Cpa)(1 +2M (L)% + LY/%). (11.5)

We remark that such a constant C'f, does not appear in the corresponding iterative estimates
in any of the stochastic convex integration papers to date. An inspection of the proof in
Section 11.3 shows that C';, appears due to the derivative of the nonlinear phase ®;, which is
transported along vy + 24, cf. (11.34) and Lemma 11.3.2. In contrast to deterministic cases,
where such a transport of the phase is standard (cf. [50, 70] and the references therein)
and where no random perturbation z is present, this has not been used for stochastic cases
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so far. Hence, the appearance of C'r, may be considered a result of our novel approach to
use simple Beltrami waves in a stochastic convex integration setting.

We point out that, in general, such additional constants may be troublesome for the
iteration scheme, since it is possible that such constants grow (super-)exponentially in ¢,
i.e. in principle, one could have a dependence in the above estimates of Cf, in the form of
C%q. However, our calculations in Section 11.3 show that this is not the case. Instead, we
merely reproduce C7, in each iterative step, but are able to absorb it in various estimates,
thereby avoiding exponents strictly larger than 1.

Nevertheless, since C, is not absolute, but depends on L > 1, additional care in several
estimates throughout Section 11.3 is necessary, see for example (11.28).

Iteration scheme for the error term .éq+1. Having constructed vg41, it remains to
infer the new error term R,41, which together with v,41 and a suitable pressure pg41
(which will not be of further interest to us) solves (11.1), and obeys for 0 <t <77},

Héchgz < M(t)dg42CR- (A.3)

Here, cp is a small geometric constant specified in (11.30). We already mentioned that
the flexibility of the fractional Navier—Stokes—Reynolds equations (11.1) allows to simply
calculate éq+1 based on vy and the previous stage (v, ]Q%q) by subtracting (11.1) at stage
q from stage ¢ + 1. In doing so, we approximately obtain, using mollified versions ]O%g and
pe of }Oiq and pg, respectively,

div Rg1 — Vpge1 = [0 + (ve + 2¢) - V]wgs
+ div(wg+1 ® wgt1 + Ry)
+Rg41 — Ve

Here, the pivotal terms are the transport error [0y(ve + z¢) - V]wg41 and the oscillation
error div(wg4+1 ® wey1 + Ry), while M,+1 collects all remaining error terms, see (11.59) for
more details. In order to bound éq+1 as in (A.3), we now benefit from the structure of
wWg+1 as in (11.2). Indeed, the main feature of the Beltrami building blocks W¢ 41 is the
pivotal approximate cancellation of the oscillation error, namely

Wet1 @ Wyg1 = — 1y,

cf. Lemma 11.3.5 for the precise result.

Moreover, concerning the transport error, we now use that the precise definition of
Wy41¢ contains the nonlinear phase ®;, which is transported along vy + 2,. Consequently,
the material derivative 8y + (vs + z¢) - V does not fall on the large frequency term e ?a+1&®;
which otherwise would prevent us from achieving a small bound as in (A.3).

On the other hand, in order to control the deviation of the solution to the transport
equation (11.34) from its initial condition, we use a localization in time in the sense that we
solve (11.34) on suitably small time intervals of length approximately p~! before starting
afresh with the original initial condition. To this end, we include the time cutoffs x; as in
(11.33) in the definition of the amplitudes aqy1,¢ in (11.46) and the corresponding local
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solutions ®; to (11.34) in the Beltrami building blocks Bge*a+18®i. See also the first part
of Subsection 11.3.3 for further explanations.

With these considerations, it is possible to obtain the error estimate (A.3). We point
out that the estimates (A.1)-(A.3) can only be obtained up to time 77, since beyond this
stopping time, we cannot control the size of 2z, which is crucial for the estimates of the
amplitude as well as the error term.

o

Conclusion. Having constructed a sequence of solutions (vg, Rq)qen, which fulfills the
iterative estimates (A.1)-(A.3), it is easy to use interpolation to obtain pathwise convergence
of (vg)gen, in CF, - for sufficiently small values of v € (0,1). Since (A.3) yields convergence
of ]-Eiq to 0 as ¢ — oo, it readily follows that the limit v € C’%L’m is an analytically weak
solution to (NL-SHNSE) up to 77.. The precise Holder regularity of v is determined by the
2 <1 and 62 A\g41 > 1 on the right-hand

g+1 g+1
side of (A.1) and (A.2), respectively, and cannot be prescribed in advance.

interpolation between the contrary terms §

Finally, it is important to note that the rapidly increasing energy profile M (t) = Le4t"
is part of the definition of the amplitudes a,41¢. Choosing L sufficiently large in terms of
T, this allows to ensure the energy violation (11.12) for v. This is in spirit of deterministic
results as in [53, 70, 54, 50], in which the authors construct solutions with any prescribed
smooth and strictly positive energy profile. To do so, the construction of such solutions
naturally includes energy-dependent amplitudes of the iterative perturbations in these
cases as well. In our stochastic situation, we cannot hope to attain an exact energy profile
due to the perturbation caused by the random coefficient z in (NL-SHNSE). On the other
hand, all we need is to ensure that we start the iteration with a sufficiently large energy
profile, which is then essentially preserved throughout the iteration and finally leads to
(11.12). This explains the definition of the initial velocity field vy in (11.6). In this regard,
our approach is in the same spirit as [116].

11.2 Main iteration

11.2.1 Starting triple

Here, we explicitly give the initial solution triple (vg, po, ]%0) from which we start the
iterative construction of solutions to (11.1). The definition of vy is tailored such that it
obeys an increasing energy profile, and Ro and po are defined such that the initial triple
fulfills (11.1). The parameter L > 1 dictates the growth scale of the energy profile of vy
and, moreover, is chosen such that the estimates (11.8)-(11.10) hold.

For L > 1 and M (t) as in (11.3), define

Mt 1/2 )
vo(t, x) := (2;))3/2 (cos(z3),sin(zs),0), (11.6)
0 0 sin(z3)
2L + 1) M (t)Y/?
Ro(t,x)::( +1)M(1) 0 0 —cos(z3) | tvo®z+2@v+2® 2,

(2m)?/2 sin(zg) cos(x3) 0



CHAPTER 11. CONVEX INTEGRATION FOR STOCHASTIC HYPODISSIPATIVE
158 NSE

and ]—OBO as the trace-free part of Ry. Furthermore, consider the scalar function pg such that
div(Ry) = div(Ro) — Vpo,

po(t,x) == é(?vo(t,m) z(t ) + |2t 2)?).

Clearly, vo(t,-) is 2m-periodic for each t > 0, vy is smooth in (¢,7) € Ry x T3, and ]O%q
is 27-periodic in its spatial argument and continuous in (¢,z), since by the results of
Subsection 10.2.1, we already know that we have z € C(R; x T3 R3). Moreover, the
Sobolev regularity of z also gives ]%q(t, e H 5% for each t > 0. The small constant cg > 0
is introduced in (11.30), where it is explained that it can be chosen independently of any
other parameters which are only chosen later, and is hence to be considered an absolute
geometric constant, which we fix from now on.

Lemma 11.2.1. Leta > 1,b > 1,¢ > 5/2. For L > 1, the triple (vo,pg,éo) solves the
Euler—Reynolds equations (11.1) on [0,T1] x T3. Moreover, if we additionally assume

1 a—2
20(27)3cpt < L < 5 (11.7)

then the following estimates hold for all t € [0,T7].

lleolles, < M(®)'/?, (11.8)
[lvolley, < M (#2550, (11.9)
[|Rollco, < M(t)erdr. (11.10)

Furthermore, vg and }O%q are (Fi)i>o0-adapted, and both vo(0) and ]O%q(()) are deterministic.

Proof. By a straightforward calculation, it follows that (vg, po, ]D%o) solves (11.1) pointwise.
(11.8) follows by definition of vy. Concerning (11.9), we have for ¢ € [0, T7]

(2 + 2L) M (t)'/?
(27)3/2 ’

loolley, < (11.11)

and the right-hand side can be estimated by

1/2
1j251/2y M) 4
M) 28030 = T a2

provided 2 + 2L < a®~1/2. Since ¢b > 5/2, this follows from (11.7). Concerning (11.10),
we obtain

2 M
[[Rollco, < (2L + DM®Y? + MYV 4 V2 < 5[@’

which is bounded from above by M (t)dicg due to (11.7), since §; ' = 4(2m)3.
Finally, the adaptedness of vy and the observation that vy(0) is deterministic are obvious
since vg is deterministic. Concerning R, its adaptedness follows from the adaptedness of
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z, which is the only w-dependent term in the definition of ]-Oiq. Since z(0) = 0, also ]—OBq(O) is
deterministic, which concludes the proof. O

11.2.2 Main iteration and conclusion

The following proposition contains the main technical part of the method of convex
integration in our setting. From now on, we always consider L to be a natural number.

Proposition 11.2.2 (Main iteration). Let L > 1 satisfy the first estimate of (11.7).
Then, there is a choice of parameters ag > 1, b > 1 and ¢ > 5/2 such that for arbitrary
large a > ag, there exists a sequence of triples (vq, Dy, ]O%q)qzo with the following properties.
(Uo,po,éo) is as in Lemma 11.2.1, for each q > 1 the triple (vq,pq,]%q) solves (11.1)
pointwise on [0, Tr] x T3, vy and Jflq are (Fi)t>0-adapted, and (A.1)-(A.3) hold with respect

to a,b and c. Furthermore, for each ¢ > 0, v4(0) and ]%q(O) are deterministic.

The proof of the preceding result is contained in the following section. Before we
proceed in this direction, we state and prove the following important corollary, which
we already used in Chapter 10 in order to construct the analytically weak solution u to
(HNSEsto)'

Corollary 11.2.3. For any T > 0, there is Lo = Lo(T') > 1 such that for any L > L there
exists an analytically weak solution v = v(L) to (NL-SHNSE) on [0,T7] with the following
properties. v is (F¢)t>0-adapted, has some deterministic initial value v(0) = zo € L2, and
its paths belongs to C([0,TL], H") for some y € (0,1). Moreover, v fulfills

(D)2 > (I[v(0)]|z2 + L)e"" (11.12)
on {Tr > T}, and we have

ess sup sup ||v(t)|lgy < o0 (11.13)
weQ te[0,Ty]

for some v € (0,1).

Proof. Fix T' > 0, let Ly be the smallest natural number such that the first part of (11.7)

and

In(11)
T

are fulfilled, and let L > Ly be natural. Then, for a suitable choice of b > 1, ¢ > 5/2 and

ap > 1, for arbitrary large a > ag, by Proposition 11.2.2 there exists a sequence of solution

triples (vq, pq, Jf%q)quo to the fractional Navier—Stokes—Reynolds equations (11.1) defined

on [0,7y] x T3, which satisfies (A.1)-(A.3) subject to b, ¢, and a. Precise conditions on b

and c are presented in Subsection 11.3.1. Interpolating the Holder space C,z . between ng

Lo > (11.14)

and C} ., we obtain for ¢ € [0, T%]
1- 1/2
Z [vg+1 — UqHC], < Z [[vg+1 — “q“él |[vg+1 — UqHCoW < CzM(t)l/z E 5(,41/\;’“
»T t,x t,x
920 920 920

SM()V2Y "2 (1115
q=>0
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Hence, (vq)q4en, converges pathwise to a limit v in C%L o ifandonlyify € (0, %bc) Moreover,
(A.3) gives the pathwise convergence R, — 0 in C%L’x as ¢ — 00. Considering the weak

o

formulation of (11.1) for (vg, Ry), i.e. the dualization with any smooth, z-periodic vector
field ¢ : [0, 7] x T? — R? such that div = 0 and o(t,-) = 0 for t € K¢ for some compact
set K C (0,Tg), given as

17, 1L °
/ / Vg - [Op — (—2)%] + ([(vg + 2) - V]ip) - (vg + 2) dadt :/ / R, : Dy dudt,
0 T3 0 T3

it is clear that in the limit for ¢ — oo we have

1L
/0 /11‘3 v [0 — (=A)%@] + ([(v+2) - V]g) - (v+ 2) dxdt = 0.

Consequently, v is an analytically weak solution to (NL-SHNSE). Furthermore, as C, and
M (t) are independent of w, (11.15) particularly yields

1
< 0<y < —.
esjesf?m i ’C%ch o 7 2bc

In particular, we obtain (11.13) for sufficiently small v € (0, 1). Since each v, is (F;)i>0-
adapted, the convergence in C([0,77], C7) yields that v is (F;)i>0-adapted as well. As each
v4(0) is deterministic, also v(0) is deterministic, i.e. we have v(0) = z¢ for some xo € L2.

To conclude the proof, it remains to verify (11.12). To this end, we note that for
sufficiently large a > 1 and any ¢ > 0, the corresponding solution v fulfills

lo(t) = vo(t)llz2 < Y [(vgs1 — v) ()l z2 < (2m)*2M(0)Y2 Y 633

q=0 q>0
b/2
< CLTM(lt)l/?Z:ofb[‘“/2 < EM(t)l/z on {Ty, >t}, (11.16)
q=0

where we used (A.1) for the second inequality, and b > 2, which implies b > gb for ¢ > 1,
for the last inequality. From here, on the one hand, taking into account the definition of
vo, we obtain on {77, >t}

M(t)"/?

@Iz > [leo®llzz = llo(t) = vo(®llz2 = M®Y — |[o(t) = vo()l|z2 = —

(11.17)

On the other hand, (11.16) also yields

(Ilo(0)][ g2 + L)e™" < (\vo(o)Hm +[v(0) = vo (0|22 + L)@”

M(t)!/?

< (ZM(O)V2 + L) el = (7L2 + L> el < R

- 4
where the last inequality holds, if we choose L > Lg and Ly is chosen to satisfy (11.14).
Combining with (11.17) for ¢ = T, (11.12) follows and the proof of the corollary is
complete. 0
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11.3 Proof of the main iteration

We now turn to the proof of Proposition 11.2.2. To this end, fix L € N as in the assertion,
q € No, and let a;(L) = a1 > 1 such that for any a > a; (11.7) is fulfilled. Then, for any
b> 1 and ¢ > 5/2, the initial triple of Subsection 11.2.1 fulfills all assertions of Lemma
11.2.1. Assume for some az > a; that for any a > ag triples up to (vg, pq, éq), fulfilling
the iterative bounds (A.1)-(A.3) with a, and with b and ¢ as in (11.24) and (11.26) have
already been constructed such that each v, and }?q is (Ft)r>0-adapted and v4(0) and ]%q(())
are deterministic. Our proof amounts to showing that there is a g-independent number
ax > ap such that for arbitrary large a > a., the next solution triple (vg4+1, Pg+1, éq+1) can
be constructed with all the above properties, in particular obeying (A.1)-(A.3) with a and
with the same choice of b and ¢ as above. Then, the assertion follows with ag = a., and b
and c as in (11.24) and (11.26).

In all that follows, for functions f depending on (t,z,w) € Ry x R% x Q, we suppress the

o

explicit dependence on w and simply write f(¢, ). In order to construct (vg4+1,Pg+1, Rg+1)
with all desired properties, we proceed as follows.

Let a > as. In view of Proposition 11.3.3 and Lemma 11.3.4, it is important that A, is
a multiple of the geometric number ng introduced right after Lemma 11.3.4. To this end,
since we will particularly choose b/2,c € N, it suffices to have a = kng, k € N, which we
consistently assume from now on and which is clearly consistent with what we claimed
about a in the assertion of Proposition 11.2.2.

From the definition of A\, and d, in (11.4) and the iterative construction
vg = v + Z (vp — Up—1),

it follows that once we increase a sufficiently in terms of b and ¢, we obtain

> e, D 6Pa <207, (11.18)
p=1 0<p<q

and hence, via (A.1), (A.2), (11.8) and (11.9), the bounds
lelles, <2M0Y2, luglloy, < 200M (62612, t € [0.11] (11.19)

follow.

11.3.1 Choice of parameters

One has to choose carefully the scales of the parameters ¢ = ¢, and j1 = p4 in comparison
to the high frequency and low amplitude terms A, and d,. For ¢ € Np, set

—1/8 — —3/4
0=ty =5, 0L NP (11.20)

and
= g = (2m)¥260 6V NN (11.21)



CHAPTER 11. CONVEX INTEGRATION FOR STOCHASTIC HYPODISSIPATIVE
162 NSE

These choices lead to the relation
s 5—1’ (11.22)

which can be seen as follows: by definition and since ¢ > 0, we have that

iﬁ _ 2a—b/2abq(éb+%—%bc+%b20) > 2a—b/2aéb+%—ibc+ibgc > 1, (1123)
L
which holds since b > 1,¢ > % Choosing a such that a®/* € N, and b with % € N, it follows

that p is natural, which we will need in the sequel. Moreover, for a fixed sufficiently small
choice of § > 0 as in (10.5), we fix b € N such that

81 1 b
set
b—1 1
Bi= 50+5 5

and fix ¢ < min{$ — %, g} We also introduce

Np = F;ﬂ 41, (11.25)

and choose ¢ such that

2 8 /(1 -1 -t

At this point, all parameters and length scales are fixed for the remainder of the proof, with
the exception of a > as, for which several additional lower bounds will appear throughout
the iteration. In this regard, we point out that we may increase the value of a as needed
with respect to all parameters fixed above and also with respect to L, as long as the number
of imposed lower bounds remains finite. In view of Proposition 11.2.2 it is important to
note that neither the lower bounds for a nor the choices for 4, b, e, Ny or ¢ depend on the
stage index q. We will not explicitly collect all lower bounds for a, but merely mention any
instance where we potentially further increase a. Carefully keeping track of these additional
requirements on a, the maximum a, of all lower bounds imposed along the subsequent
proof leads to the lower bound ag = a, of the assertion.

These parameter choices yield the crucial estimates

1/2
AW 52\ 1 5 g 5,51
<1, A1y <AL <= A < T (11.27)
e g1~ 71T g4 o

which can be verified by a calculation similar to (11.23). From here, we may further increase
a in terms of L to obtain

1200 Al Cr CLM(L)Y255/*\, + LV/A4

_ Sots
< AP <« 20 (11.28
E)\qul L q+1 ( )

Og+1
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Furthermore, choosing a sufficiently large, the lower bounds for b and c¢ stated above yield
CLe 726020, < 6440 (11.29)

Moreover, the necessary relations for the small absolute parameter cg are summarized by
the condition
0 < cg < min(rf, (4Dcy) ™), (11.30)

where D is introduced in (11.48), and we denote by ¢y > 0 the maximum of all implicit
constants appearing in Lemmas 11.3.1, 11.3.2 and 11.3.6. We remark that all these strictly
positive implicit constants depend only on N € N. It is important to note that while
the above mentioned lemmas are valid for arbitrary N € N, we shall employ them for
N < Ny < 18, with Ny as in (11.25) only. Here, the absolute upper bound for Ny stems
from the relations € < 1 and % < 8. Therefore, the set of cg as in (11.30) is nonempty and
cpr can even be chosen only in terms of the absolute geometric number 79 and the implicit
constants mentioned above for N < 18.

11.3.2 Mollification

In order to avoid a loss of derivative for v, and to improve the regularity of éq and z,
we mollify in space and time. The time mollification needs to be non-anticipating in order
to preserve (F:)¢>o-adaptedness, i.e. instead of symmetric time mollifiers on R centered
at 0, we consider mollifiers with support on R;. Precisely, let {¢c}e~0 be a family of
standard mollifiers on R3 and {(.}c~0 a family of standard mollifiers with support on R .
For technical reasons we replace v, and z by vy(- A Tr) and z(- A Tp,), i.e. we consider
their constant extensions beyond T, on [0, L]. In addition, for the mollification on R?, we
consider the 27-periodic extensions of vy, fzq and z to R3. We still denote these extended
maps by vy, }Oiq and z and remark that everything stated above in this section remains true
on [0, 77] for these extensions. For the mollification length scale ¢ = ¢, defined in (11.20),
set

Vg = (Vg % d0) *¢ 0o, Ro = (Rg%a o) %00, 20 7= (2 %0 $0) %1 00
Note that vy, By and z are (Fr)e>o-adapted, z¢ = 0, v(0), Opve(0), é((O) and (9,5}024(0) are
deterministic, and vy, 2y and IEZK are divergence-free. Moreover, it is clear that vy, }024 and
zp are 2m-periodic in x, since so are vy, ]%q and z. Therefore, we may consider vy and z, as
elements in C7°, and Ry in cr, @RSX?’. It is straightforward to check that on [0,77] the
pair (vg, Ry) solves

{&51}@ + div ((’U@ + 2¢) ® (vg + Z@)) + Voo + (—A) % = div(ég + Reom) (11.31)

div(ve) =0,
with the trace-free matrix-valued map
Reom = (U£ + Zg)é)(vg + Z’g) - (('Uq + zq)é)(vq + Zq)) *x (W *t Py

and
1
pe = (g *x G1) %t 00 — g(!ve + 20* = (lvg + 2g|* %2 d0) ¢ 00).-
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From what we mentioned above, it follows that Reom is (Ft)t>0-adapted and that Reom(0)
is deterministic.

In the following lemma we collect important estimates for the mollifications introduced
above.

Lemma 11.3.1. The following estimates hold for N € Ng and t € [0,T1]. For vy, we have
log = velleg, < flvglley, < 200M(0) 2520,
leellesss < €N luglley, < CoM(e) /2852206

velleo, < lvgllcy, < 2M ()2,
Similarly, for }O?g we have
Rdlop, < VI Rllcg, < 0V M(D)bgsrcn.
and, likewise, for zp
lztlles, < lllcg, < ZM%, lzellggonn S EVEVY, Iz = zellop, < 07721172,

where in each line but the last all implicit constants stem from the mollifiers ¢, and @y
and hence only depend on N. The implicit constant in the last estimate is due to Sobolev
embeddings and is hence absolute.

Proof. The second inequality of each estimate is due to either (11.19) or (10.8). The first
estimate of the third and fifth line follow immediately, since the standard mollifiers Pu and
¢¢ have mass 1, which also implies the estimate for HRguco The estimate for ||R HCN
for N > 1, as well as the first estimate of the second line, are obtained in the usual way:
Putting all derivatives (all but one in the case of the second line) to the mollifiers ¢, and
@y, the estimates follow from the fact that ¢, and ¢y can be chosen to fulfill

10°ellprray S €711 and (1070l i) S €7

for n € Ng and any multiindex 8 € Ng, respectively. The sixth estimate follows in the
same manner. Indeed, one derivative may be put on z, and the claim follows, since
[Dz||Lee = < LY* by (10.8). Concerning the first line, the mean value theorem yields

LT

l
vg(t,z) —ve(t,z) = /0 /B . (vg(t, ) — vg(t — 8,2 — y)) be(y) pe(s)dyds
l
:/ / (Uq(t,l‘) _U‘I(t_37a7))¢€(y)<ﬁe(5)dyds
0 JB(0)
Y4
+ /0 /B ©) ('Uq(t — 8, x) — Uq(t -8, T — y))ﬁbﬂ(y)SOg(S)dyds
' 4
:/ Satvq(C57$)sﬂe(s)ds/ do(y)dy
0 By(0)

4
+ / Duy(t = 5,&) -y ¢e(y)pe(s)dyds,
0 JB(0)
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where (s € (t — s,t) and &, = & — uy for some u = u, € (0,1) arise from the application of
the mean value theorem. Consequently, we deduce

log —velles . < £(1Bevgllco, + 1 Dvglly ) < Ellvglley .

where we used ng ¢pdr=1= fR ¢ dt again. Finally, similarly approach the last estimate:

20(t, ) — 2(t, )| < /B lz(tw—%— 2(t, )|

0(0)
e — — J— J—

[ 12t =82 = 9) = 202 =) o) dyds
0 JB(0)

|s]"

be(y) |yl dy+

< |zl gogs + Cllzllepree-
Choosing k = 1/2 — 2§ with § as in (10.5), it follows from (10.8) that

Ellallcpre = €722zl e < E27LY

for t < Tp. Since by the general Sobolev embedding (9.3) we have the continuous embedding

HS < C1/2, the definition of Ty, yields for 8 = 1/2 the estimate

K/BHZHCglcf

< £1/2H2H e < 61/2[/1/4.

~ C)H =z ™

Combining with the previous estimate, we conclude by obtaining
20 = 2l SEP72LM20<t < Ty

O

In order to estimate the solutions ®; to the transport equation (11.34), we also need
estimates on vy and z; beyond T7. More precisely, for ¢ € [0, L] and N > 0, we need

loelleg, = llvglleg = 2M(Ty A2zl < Izlleg, . < LY,
[lvell g e*Nquuc%Lm < CLM(Ty, AN)Y2SL2N 7Y, (11.32)

HZZHC?CQ’+1 5 K*NL1/4.

These estimates are obtained similarly as in the preceding lemma. Indeed, v,(- A 1) is
weakly differentiable on [0, L] x R and smooth in (¢,z) for t # T}, and z(- A Ty) has the
same spatial regularity on [0, L] as on [0,77]. Hence, one spatial (and temporal, in the
case of v,) derivative may still be put on vy(- AT}), and the claimed estimates follow, since
vg(t) = vg(Ty) for t > T, and similarly for z.

11.3.3 Time localization and phase transport

Purpose. We have seen in the survey of this proof in Section 11.1 that the calculation
of the new error R,y naturally leads to the material derivative term

[0 + (ve + 20) - V]wg1.
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Since our primary intention is to define wyy1 as a sum of terms of type

a1 We = aj¢ Bee 187,
where a; ¢ are amplitudes of scale M (t)l/ 25;421, by the product rule the material derivative
would particularly fall on the high frequency term e*e+1&% resulting in a large factor

Ag+1 > 5;_&{2 > 1, which hinders the verification of the small bound (A.3) at stage q + 1.

In order to prevent this, the idea is to replace the linear phase £ - x by a nonlinear
phase £ - &, where ® is tailored in such a way that its material derivative vanishes. In other
words, ® should be transported pathwise along v, + 2z, with initial condition being the
identity. On the other hand, the linear phase in the Beltrami building blocks Bgei’\Q+15'm
is indispensable in order to retain its main geometric feature. That is, the approximate
cancellation of Lemma 11.3.5, which stems from the geometric properties of Beltrami vector
fields, cf. Proposition 11.3.3 and Lemma 11.3.4, does not prevail if we replace the linear
phase function by a nonlinear one.

Hence, in order to retain a linear phase term for Lemma 11.3.5, we will write

ePat1ED — (A€ pidg 1 (B),
which requires careful estimates on ® —x, i.e. on the deviation of the solution of a transport
equation from its initial value. It is known that a suitable control of such a difference can
be obtained on a suitable local time scale only. This leads us to introduce the time cutoffs
X; as given below. We solve the transport equation (11.34) on suitably small time intervals
of diameter approximately ;1 ~! before starting afresh with the original initial condition z.
As mentioned before, this approach of transporting the phase function along the vector field
appearing in the transport error is standard for deterministic convex integration techniques.
In the context of stochastic equations, the respective preprint to this part of the thesis
[189] seems to be the first one in which such a transport is considered. We point out again
that this is the reason why we obtain the additional constant C7, in (A.2), cf. (11.38).

Cutoffs, transport and estimates. Let y € Cgo((—%, %)) be a cutoff function such
that 0 < x <1 and
Y XPt-1)=1, teR
lEZ
The following considerations are the reason we choose L and p to be natural numbers.
Let L € N be as in Proposition 11.2.2, u = piy € N as in (11.21) and set, for j € {0,..., Lu},
X;(t) :== x(ut — j), which yields

d X3y =1, telo,Ll. (11.33)

Here and throughout, the summation in j ranges over {0,...,Lu}. Since suppy; C
B 8,-1 (ju~1), at each time ¢ at most two cutoffs X; are nontrivial. We recall that by v, and
z¢ we always mean the mollification of the extended vector fields v, (- A Tp,) and z(- A T7L),
respectively.
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Consider vy + z; as a smooth vector field on [0, L] x R3, which is 27-periodic in its
spatial argument. For j € {0,..., Lu}, let ®;: [0, L] x R? x Q — R3 be the pathwise unique
solution to the transport equation

{[at + (ve+2) - V]®; =0, (11.34)

(I)j(jﬂ_la T) =
Note that ®; is the inverse flow of the ordinary differential equation with vector field vy + z
with start at time ¢t = ju~! as the identity. Thus, since vy 4 2z, is 27-periodic in its spatial
argument, for each ¢ € [0, L] and x € R3, we have ®;(¢t,z) — ®;(¢,z +y) € (2nZ)3 for any
€ (27Z)3. Consequently, x — ea+18®i(L2) is (277)3-periodic for each ¢ and may hence
be considered an element in C°°(T3,C). Clearly, ®¢(0) and

9y @0 (0) = —[(ve(0) + 2¢(0)) - V]®0(0) = —[ve(0) - V]o(0)

are deterministic, and (t,w) — ®;(t,w) € L? is (F;)i>0-adapted.

To verify the inductive estimates (A.1)-(A.3) later on, we need the estimates on ®;
contained in the following lemma, for which we recall the constant C, introduced in (11.5)
and Cps = v/3m. We point out that we only need local in time estimates for ®; on the
support of the respective cutoff ;, which is contained in B%;rl( juh.

Lemma 11.3.2. For j € {0,...,Lu}, the unique solution ®; to (11.34) satisfies the
following estimates.

|D®jlico,,,, . <1+ Crs, (11.35)
_ CLM(L 2532\, + LY/
1D®; ~1d|lcg,,, . < LM(L) M" a7t <1, (11.36)
MINVY/26Y2 )\ 1 [1/4
| D®;]|co v < CLM(L) 704" Ag + L7 )i <N, N>1, (11.37)
Csuppx Cz W
[@5lct,,,,. = CL (11.38)

with the implicit constants only depending on N.

Prior to the proof, we mention that by methods very similar to [50, (135),(136) Prop.D.1],
one obtains the following estimates for ®; on supp x; C B%_l(ju_l).
4

|| D(ve + Ze)Hcsupr .
(HD(W + 2) o

Supp X4

| D®; —Id||co

Supp X ;,% - 'LL

) (11.39)

and, for each NV > 2 and a constant Cy > 0 only depending on N, we have

[’Ug + Zg] Supp X CN C
[®;]co on < Cn exp (MHD(W + Zg)||osuppx z) . (11.40)

supp x; T I
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Proof. (11.35) follows immediately from (11.36). The estimate (11.36), in turn, is a simple
consequence of (11.39):

1 1
D%~ ey, . < LIDw+ 20l oxp (SIDGe+0)lcy, ..
1 1
< — (lelley, + L) exp ( (lvlley . + L”“))
p - u .
<

1 1

. (2CLM(L)1/25;/2Aq + L1/4) exp (u (QCLM(L)V?(S;/?Aq + L1/4>>
1/251/2 1/4

< 20LML) 5PN 4 LV

—_ Y

W

where we used the extended mollification estimates (11.32), and (11.28) twice. Likewise,
for (11.37), we employ (11.40) and Lemma 11.3.1 to obtain

vl Cn
HD‘I’J’Hcguprjc;V < Cnt N;(quHCi@ + LY*)exp (H (2M(L)1/25;/2>‘q + L1/4>>

_ CLM(L)/25,"° Ny + LV/*

< N <N,
ol

We remark that the implicit constant only depends on Cn from (11.40), which in turn
only depends on N. Finally, (11.38) follows via

(@] ca

Supp X,

= [|D®jl|cq

Supp X,

< (1+ Cps)(1+2M (D)2 + LYV = ¢y,

+10:®5] | co

Supp X,

< (14 Cps ) (1 + [Jve + 2o )

where we used (11.35), (11.32) and the definition of C. O

11.3.4 Beltrami waves

Here, we introduce the geometric backbone of our iteration scheme. As explained before,
the central feature of the Beltrami waves introduced below is the geometric lemma 11.3.4.
Let A C S? N Q3 be finite such that A = —A. For each &£ € A, choose A¢ € S? N Q3 such
that

A =0, Ac=A_¢,

and define the complex vector

Be = Ag +1i€ X AE)'

5
V2
By construction, B¢ € C3 has the properties

Hence, if A\ € Z is such that \¢ € Z3, a direct calculation shows that for each & € A the
vector field
We(x) == Wea(w) := Bge™t
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is 2m-periodic, divergence-free and an eigenfunction of the curl-operator with eigenvalue .
Such vector fields are called complex Beltrami waves and are particularly useful due to the
following two results, cf. [53, Prop.5.5, Prop.5.6].

Proposition 11.3.3. Let A and X\ be as above and let a¢ € C, £ € A, be a family of
coefficients such that a_¢ = ag. Then, the vector field

W(x) := Z ag Beet®
£eA

is R3-valued and divergence-free with curl W = A\W. Hence, it is a stationary solution to
the Fuler equation

%74 2
div (W@ W) = v|2|. (11.41)
Furthermore, we have for all £,£' € A
B§®B_£+B_§®B§ =1d —f@g, (1142)
and
div (Wg & Wf/ + Wg/ & Wg) = V(Wg . Wg/). (11.43)

The following geometric lemma is the reason we can use Beltrami waves as the building
blocks for the perturbation wg41 in the forthcoming construction (see (11.47)) in order to
obtain a cancellation for the oscillation error, see (11.59) and Lemma 11.3.5. Below, for a
symmetric 3 X 3-matrix A, we denote the ball of radius r > 0 centered at A in the space of

symmetric real 3 x 3 matrices by B,(A) and its closure by B, (A).

Lemma 11.3.4. There is a small number rqg > 0 such that there exist pairwise disjoint
finite sets Ao, € S?NQ3, o € {0, 1}, with the same cardinality and smooth positive functions
Véa) e C® (BTO (Id)) with the following properties. For o € {0,1}, it is Ay, = —Ay and
w(a) = ’y(fé) for each & € Ay. Moreover, for each R € By (Id), we have the identity

1 @ o)
R=3 > <’y (R)) (Id —£ ®¢€). (11.44)

§€Aa

It is useful to denote by mng the smallest natural number such that ngA, C Z for
a € {0,1}.

11.3.5 Construction of w1 and vgyq

After having provided the geometric structure of Beltrami waves as the main building
blocks for the perturbation wgy1, we now proceed with the construction of wg11 and vgy1.
The velocity at stage ¢ + 1 is defined as

Vg1 = v+ wl +wl?), (11.45)

é‘zj_)l and a corrector term w((;zl. The

former is constructed as a sum of Beltrami waves with suitably low amplitude, while the

i.e. the perturbation consists of a principal term w

latter is necessary in order to ensure div wgy1 = 0.
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Let Ag, A1 and y(o)ﬁél) for £ € Ag, A1 be as in the geometric lemma 11.3.4. We set

Aj = Ag for j € 2Ny and Aj = A for j € 2Ng + 1

and, likewise,

’yg) = 75(0) and ’yéj) = 'yél) for j € 2Ng and j € 2Ny + 1,

respectively. On [0, 7] x T3, for (j,€) with £ € A;, we define the amplitude

4 é[ t,x
aje(t, o) == agyje(t, ) == x;(t)M(t )1/25(;/31 }%/ () (Id W) (11.46)
q+1¢p

and introduce the principal perturbation as

wli(te) =30 D wlly e(tw) = D7 Y aje(t m)Beeeie ta ), (11.47)

J €eA; J EEA;

In order for a;j¢ to be well-defined, in view of Lemma 11.3.4, we need

Ryt
LG
t€(0, 7] M (t)0q41cp

0,

which, considering (A.3), holds due to (11.30). Since R,(0) and 8;R,(0) as well as ®((0)

and 0;®((0) are deterministic, and since x;(0,-) = 0 for j # 0, it follows that w[(l Jr)l( 0) and

8twéﬁ)1(0) are deterministic as well. Moreover, the (F;);>o-adaptedness of R, and each P;

(p)
q+1°

For future reference, it is useful to introduce the notation

yields (F;):>0-adaptedness of w

Gje(t, ) == Pgy1,4e(t, ) := etha+1€:(2;(t,z) )

and
We(x) := Wopre(x) := BgeM‘?+1§'x,

which we use to rewrite

w (te) =37 N ase(t, 0)de(t ) We(e) = Y ajelt, 2)We(@(t, 2)).

J €EA, J E€A;

Moreover, we set |A| := |A;|, which is independent of j € Ny and, for Ny € N as in (11.25),
introduce the absolute constant

— ()
D := 2\A|Sj¥)lm HCNO(BTO(M)). (11.48)
As mentioned before, the definition of wéi)l is tailored in order to obtain a cancellation

of wéi)l ® w((ﬁr)l with Ry. This cancellation turns out to be pivotal within the verification

of (A.3) for the error term at stage ¢ + 1, cf. (11.65). The precise result is contained in
the following statement.
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Lemma 11.3.5. On [0,7;] x T3, we have

2
wly @ Wl + Re= M@)dgac> 1+ > ajea; 0056650 We ® W,
G EHE A

where the summation ranges over pairs (§,€) and (j',&') with & € Aj and §' € Ay such that

£+ ¢

Proof. For abbreviation, we denote the second summand of the right-hand side of the

assertion by (II). By definition of wc(ﬁt)l’ since x;x; = 0if |j — j'| > 2 and since £ +& =0

for £ € Aj and £ € Ay implies |j — j'| € 2Ny, we have

] R t,x 2
wly @ w4, x) = M(0)dg41c)] ZX] OB (Id - E()I/z) Be ® B¢ + (II)
EEA; M(t)5q+1cR
2
1/2 1 () Ry(t,x)

= MOsgcf* 330 3 Qd (1d— @)+ (1)

2 £eA; M(t)5q+1clltg/2

Rf(u LL’)
= M(8)0g41ch” Y x3(1) (Id - ) + (II)
ZJ: ! M(t)5,1100

= M(t)8,41¢/21d — Ry + (II).

Here, we used (11.42), (11.44) and }_; X? = 1 for the second, third and final equation,
respectively. O

(c)

Next, we introduce the corrector part w which accounts for the fact that the principal

g+
part w(p )| itself is not divergence-free. For (t,z) € [0,TL] x T3, setting
q.|_1 Z Z |: ) aj,g(t,m) (D‘I’j(t, .%') — Id)f X Wg(@j(?ﬁ,x)),

J EEA;

a direct calculation shows that

1
z§p+)1 + é+)1 b\ Z Z curl (aj,ﬁwﬁ(q)j))
ot TR,

is a perfect curl, and hence the total perturbation

et = uh + ulh

is divergence-free. Since wé le(O) and 8twl(1 421(0) are deterministic and that wéil is (Ft)e>o0-
adapted, together with the analogous observations for w((f_)gl from above, it follows that
wg+1(0) and Oywg41(0) are deterministic and wq41 is (Fy)¢>0-adapted.

Finally, define vy as in (11.45) and note that vg1(0) and dyvg41(0) are deterministic
and that vy is (Ft)i>0-adapted. Moreover, since by construction wg; is smooth in (¢, x)
and 2m-periodic in z, S0 is vVg41.
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11.3.6 Estimates for vq,1 — vq

Having defined the perturbation wyy1 in the previous subsection, we now aim to verify
the iterative estimates (A.1) and (A.2) at stage ¢ + 1. Before we do so, we collect several
useful estimates in Lemma 11.3.6, which we will also employ for the iterative estimate
(A.3) on the error term at stage ¢ + 1 later on. It is useful to introduce the notation for

the coefficients of the full perturbation as

Wg+1 = wz(yl-)&-)l + wq+1 - ZL ¢Par1& (o) — ZLJ £95, éel/\ﬁlw
3¢ 3¢

i.e. we set

i
Lj¢ :=ajeBe + (A Vaje —aje(D®; — Id)£> X Be.
q+1

Lemma 11.3.6. For each N € Ny, (j,§) with§ € Aj, andt € [0,Tr], we have the following
estimates for the coefficients of the perturbation wqi1, where all implicit constants only

depend on N and the fized functions x and ’yéj).

1/2
lajellcoey + [[Ljellcoey < M(E )1/25(1415 N (11.49)
1-8)N

I9ellcs,,,  on < A, (11.50)

1/2 ,—
1Orajellcocy + 1O Lielcooy < M(E) 20,50 N+D, (11.51)
10 + (ve + 20) - V)ajellopoy S M(1)d 50N+, (11.52)
10 + (ve + 20) - V) Ljellovon S M(£)8,5 0N+, (11.53)

Proof. For (11.49), by Lemma 11.3.1, the chain rule (D.1) and since |x;| < 1, we find

/4 ()1/251/2 (J) <Id— 7 RE )
cp M(t)dg+1

1
lajellcoey < cp gt

cred

< 01/4 M(t )1/251/2 H,y(j)” H ‘ + Iy (J)H Hée‘ cycy "
~ cl
arr\ e }{2M(t)5q+1 N5,
S e M)\ 2l A N (11.54)

Similarly, using the previous estimate together with the product rule (D.2), (11.27) and
Lemma 11.3.2 gives

1
Iselleper S Nlasellcgey + 53— IVaseleper + llasellepey I1DP; = 1d ey
a+

Qupp x; C2
< clf*ue >1/25;i%e v <2+ e (L)1/2CL<Z}/2/\q+L1/4>
S e M@)o LY, (11.55)
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which, combining with (11.54), gives (11.49). The aforementioned product and chain rule
is used frequently for the forthcoming estimates, but we omit to point this out at every
instance from now on.

The estimate for the phase functions ¢;¢ is trivial for N = 0, since [¢;¢| = 1. For
N > 1, it follows by Lemma 11.3.2, (11.28) and (11.27) as follows.

xS (AanlD®; Tl s AR -1l )

SUpp X ;5,2

H¢J£||CO

supp X

1 1-8)N 1—
< gl NAq-‘,—f +)‘¢(1+16) < )\q—él 6)

Now we turn to the estimates containing temporal derivatives. For brevity we suppress
©)

in our notation the argument of 7" and x;. First, applying (11.22), Lemma 11.3.1,

choosing a sufficiently large to have L < ¢~! and using X; (t) = px'(ut — j), we have

()

O:Ry — ALRy
0asllg. = e 2102513 ) (DRI |

)
QLX] ,75 + X,] (nyf Cl/ZM(t)(S .
R q+

S MO)YV2YA (1 1) S M)V 50

0
Ct,z

In a similar way, we find for higher spatial derivatives

: o ( ORe —ALR :
x; D" <2L’V§’) + (Mé”)(t . E)) + XDV

1/4 1/251/2
M(t)"=
chM(t)(qu

[Ora;, £]COCN =CRr q+1

0
Ct,a:

Estimating as for the case N = 0, the claimed inequality for a;¢ follows. Concerning L;¢,
for N > 0, we obtain, using 0;®; = —[(v¢ + 2¢) - V]®; (which holds since ®; solves (11.34)),

HatLjé ||c?cgg\f

= IV 0aellcpen +19iasellcoey 1D, —1d ey

Aot SUpp X, &
+|ratajguco |Da, ||csum oy + lagellcpon 10 [((ve + ) - 9)2,] g,
+lasellop 1D (e +20)- 9)2] log,,, o

~ ‘ Hataj 5HC°CN+1 + Hatajﬁ”COCNHDCI) o IdHCSuppx 'z

+ [|6ray, cho ||D<I> ||c oy

Supp X4

+lasellogey (e + 2ellcpes|D®sly,,, .+ lloe + zlcy, 1D®slley, . c1)

Supp X ;,%

Supp X j,%

+ llajelles, (HW + 2l o+ 1Dl co + [|lve + Ze||c,9$HD‘I)J'HCgupr_C;VH) -
B ’ J

We will show how to further estimate the terms in brackets of the penultimate line. The

ones from the last line can be estimated in the same way with an additional factor £~ .

An application of Lemma 11.3.2, Lemma 11.3.1, (11.28) and (11.22) yields

[ve + zell coca D@4 e

Supp X,

+llve + zelley [1D®jllce,,,,, cz

Supp X 4
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1/2 1/2
o CLM(L)'25;%5 + L1/4u + (2M(L)? + LMY CLM(L)'?54"* 2, + L
p p
<p+ ML)+ LVYN e <pr et S

2

for a > ag(L, ) sufficiently large to absorb the L-dependent constant in the penultimate
estimate. Combining with (11.49), (11.51), (11.27) and Lemma 11.3.2, we find

HatLjEHCOCN SJ M(t)1/251421€_(]v+1) 1+ L 5 M(t)1/2(51J/r21€_(N+1).
’ t Yz q )\q+1£ q

Finally, (11.52) can be obtained by combining the previous findings with the following
estimate, which follows by Lemma 11.3.1 and (11.19):

10k + (ve + z¢) - V)ajellcocy
S 10wajellepey + llve+ zellcoen Vajelley | + llve + zelley [IVajelloooy
< MOV (14 uglleg, + 2l )
< M),V (1 20 (0)2 4 L) < M8y 5N,

since L'/* < M (t)'/2. Using the previous estimate together with (11.49) and Lemma 11.3.1,

we conclude

10k + (ve + 2¢) - V) Ljel cocw

S 10:Ljellcocy + llve+ zellepen IV ELjellcy, + llve + zellop IV Liellcooy
1/2 -
< M(B)8, 5N,
where we once more used L'/* < M(t)%/2. The proof is complete. O

From here, we can proceed to the main objective of this subsection, namely to the
verification of the first two main iterative estimates, (A.1) and (A.2), at stage ¢ + 1. Using

Vg1 — Vg = Was1 — (Vg — Vg), (11.56)

(A.1) follows by (11.55) via

1/4 12 1 1/2
lwasalley, < DliLselles, S De M5 < Laray /262, (11.57)

(with D as in (11.48)) and, employing Lemma 11.3.1 and (11.28), via

[[vg = vellep, S CLM()/26/200 < M(1)M/25,13.

For (11.57), we used (11.30) to absorb the geometric absolute constant D introduced in
(11.48) and the appearing implicit absolute constants. For future reference, we also state
the additional estimate

(c) 125172 (1 o
luilles, < M@V (= + D8, ~ ey, ) (159



11.3. PROOF OF THE MAIN ITERATION 175

for which we employed (11.54). In a similar manner, (A.2) at stage ¢ + 1 follows from

lugealey, < D(ielley, + Apal@iles, M Eielcp. )

-1
< DM() /283 A g1 (f + c}{”‘CL)
g+1
1
< §C’LM(t)1/25;fl)\q+1

and from

1/2
log —vellor < llvgllor, < CLM(E) /2620, < M (1) /2620011,

For the former chain of estimates, we used (11.49), (11.38), (11.55) as well as (11.30) and
(11.27), and we have chosen a sufficiently large in terms of D in order to absorb D and
the appearing implicit constants into (A\;1¢) . For the latter inequalities, we employed
Lemma 11.3.1, (11.19) and chose a sufficiently large in terms of L to absorb C and the
appearing implicit constant into the inequality 5;/ 2)\q < 5;421 Ag+1, which obviously holds
by definition of d;, and A,. This concludes the verification of (A.1) and (A.2) at stage ¢+ 1.

11.3.7 Definition of Rq:1

We now turn our attention to the definition of the new error term JTZQH. As explained
in Section 11.1, we can calculate RqH based on the definition of v,41 and by using that

o

the triple (vq, pq, Rq) at stage ¢ solves (11.1). More precisely, subtracting (11.1) at stage ¢

o

from (11.1) at stage ¢ + 1 and solving for the unknown terms div(Rg41) and Vpgyq yields

o

div(Rg+1) = Vg1 = [0 + (v + 2¢) - V]wg
+div (ngr)l ® wc(fi)l + 1)
+div (w((]l-)‘r)l ® wz(;-:gl + w<(1321 ® Wa+1)
+ [wg+1 - V](ve + 2¢) (11.59)
+ (—A) wg41
+div (vg41 @ (2 — 20) + (2 — 20) QUgg1 + 2@ 2 — 2 ® 2¢)
+ div (Reom) — Vpe.

We call the error terms on the right-hand side transport-, oscillation-, corrector-, Nash-,
dissipation-, z- and commutator-error in their order of appearance.

At this point, in order to define the new error }OBqH, we introduce the operator R as
follows, cf. [50, Sect.1.2]. Recall the notation PP for the orthogonal projection P : L? — L2.
R maps any v € C to a 3 x 3-matrix-valued periodic function via

Rv = —(DPu + (DPu)") + %(Du + (Duw)?) - %(div u) Id,

e

where u© denotes the solution to

Au:v—][ vdx, ][udx:O on T3.
T3 T3
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We observe the following properties of R, which in particular imply that R is a right-inverse
of the div-operator on smooth vector fields with zero average.

Lemma 11.3.7. For any v € C°°, we have
(i) Ru(z) is a symmetric trace-free matriz for each x € T3,
(i) divRv = v — fysvda.

In particular, R is a right-inverse to the div-operator on the set of all v € C* with
ng vdx = 0.

Proof. Let v € C™. It is clear by definition that Ruv(x) is symmetric for each 2 € T3. Since
Tr(A) = Tr(AT) and Tr DPu = divPu = 0 by definition of P, we have

3 3
Tr(Rv) = B Tr(Du) — 2 divu =0

pointwise in x € T3. Moreover, since div(Dh)? = V div h for any h € C* and div Pu = 0,
we have

divRv = (AIP’u—l— VdiVIP’u) + Z(Aujt Vdivu) — %V divu

(Au — AVg+ Vdiv u) + %Au

u=v-— vdz,
T3

where we used that by definition Pu = u — Vg for ¢ € C*°(T3,R) with Ag = divu.
Consequently, we deduce

> &=

divRv =wv

in case ng vdx = 0, which completes the proof. ]

With R at hand, we consider the oscillation-error first. By Lemmas 11.3.5 and (11.43),
we have

div () @wl) + Re) =div (Y ajeay ety eWe ® We)

J.5",€+€'#0
1 .
- 5 Z aj,ﬁaj’,§’¢j,§¢j’,§/ le (Wf X W§/ —+ Wg/ X Wf)
J,3"6+€'#0
+ ) (We@We)V(ajeayededie)
75" ,€+€'#0
1
= 5 Z aj,faj’,§’¢j,£¢j’,§’v(wg . Wﬁ’)
53" §+E'#0
+ Y (We@We)V(ajeay 00505 )
J,3"6+E'#0

= diV(Rosc) + vposca
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where we set

Wg * Wé/

Rosc =R < (Wg @ Wer — 1d) \Y (aj,faj’,s'%,s%’,&/))

and 1
Pose =5 Y ajgapedichp e (We - We).
3.3 E+E/#0

The final equality in the above chain of equalities in particularly uses the observation that

We - Wer
> <W5®Ws' -5 Id> V(ajcay 0505 )
J:3',€+E&'#0
_ i (p) (») s 1 (») (»)
= div <wq+1 Dwepy +Re— 5 > (w0l withye) Id)’
3,3",§+€'#0
which yields div R(Rosc) = Rosc by Lemma 11.3.7. Note that Ros(0) is deterministic and
Rosc is (Ft)e>0-adapted and smooth.
Concerning the further terms of (11.59), we set

Ry 1= R([@t + (ve + 2p) - V}wqﬂ),

Reorr = w((;_?léwt(]?l + wgl@wqﬂ,

Ryash = R([wgt1 - V](ve + 2¢)),
Ryiss = R((_A)awq—i—l)a
R, i=0419(2 — 20) + (2 — 20)Qugp1 + 282 — 20Dz,
and peorr 1= %(21”((;21 . w(gi)l + |w§21|2) and p. 1= (20441 - (2 — z0) + |2|? — |2¢?). In view
of (11.59), now define

o

Rq+1 = Rtra + Rosc + Rcorr + RNash + Rdiss + R, + Rcom (11~60)

and
Pg+1 ‘= Pt — Posc — Pcorr — Pz-

o

Clearly, Rq41 is trace-free. Moreover, inspecting each stress term defined above, it
follows that ]-gqu(O) is deterministic and that éq+1 is (Ft)i>0-adapted. Since all terms in
the definition of éq+1 but z are smooth and since z has a version in C%L 2> We conclude
that }O%qﬂ maps to C’O([O,TL] X ']I‘3,R3X3). Moreover, by definition of 77, we note that
]O%qH has bounded weak first order spatial derivatives.

11.3.8 Estimates for ﬁq+1

We proceed to the proof of (A.3) for .éq+]_ by considering the summands in the definition
(11.60) of éq+1 separately. We make repeated use of the following stationary phase lemma,
which allows to estimate R(F) in C° (even in the Holder spaces C¢) for F(z) = a(x)e™ ¢
in terms of the amplitude a and the high frequency term A, yielding negative powers of A
on the right-hand side of the estimate, which are comparably smaller than the derivative
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terms of the amplitude, hence implying sufficiently precise estimates for the verification of
(A.3). For the proof of this result, we refer to [50, Prop.G.1].

Lemma 11.3.8 (Stationary phase estimates). Let ¢ € S2 and A € N be fived. For a smooth
vector field a € C*®, let F(z) := a(z)e*. Then, we have for any e € (0,1) and N € N

lallco | [alen  lalon+-
HR(F)HCEfS \l—¢ \N—¢ NV

where the implicit constant depends only on € and N.
However, the first estimates needed for (A.3) do not require an application of the

preceding lemma, but follow by the previously obtained estimates on w41, 2, the length
scale hierarchies (11.27) and Lemma 11.3.1 as follows. Let ¢ € [0, 7).

Estimate on R,. By the respective mollification estimate of Lemma 11.3.1, the defini-
tion of Ty, (11.19) and (11.29), we obtain, choosing a sufficiently large in terms of cg and
L,

—26
1R:llco, < @llvgrillog, +lzllcy, +lzellco )z = zellcy, S M(£)€/37% < M(t)542¢r.

(11.61)
Estimate on Reorr. By (11.57)-(11.58) and (11.36), we obtain
R < Ilop® () ()
[ Reorellco, < llwgpilley, lwgsilloy, + lwgrlles, 1wy iilley,
1
SM@t)ogs1- | —— +||1D®; —1d||co | < M(t)dg+2¢r, (11.62)
g)\q+1 SUpp X,

where we have used (11.27) and (11.28), and possibly increased a in terms of cg.
Estimate on Reom. By definition of T7,, the mollification lemma 11.3.1 and (11.19), we have
Reomllon, S €lvg +#lles (lealloy, + 2l oy )
—25
F 0 g 12l (Illcy, + 112l gurass,..)
S 61/2_26(2M(t)1/2 + L1/4) (2CLM(t)l/26;/2)\q + Ll/2)

SOEBCLM ()01 Ng < M(t)5g+2cr, (11.63)

where we used (11.29) for the final inequality for a sufficiently large in terms of cp.

For the remaining estimates, we use the stationary phase lemma 11.3.8.
Estimate on Ry + RNash. Setting Dy := 0; + (v¢ + 2¢) - V, and using that the phase ®; is
transported along vy + z¢, we write

[0: + (ve + 20) - VIwgsr + [wgs1 - V](ve + 20) = D (DeLje + [Ljg - V](ve + 20)) pj gea15

J€
=) Qyeetette,
J€
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We then employ (11.49), (11.53), (11.22), (11.28) and Lemma 11.3.1 to estimate

19 ellce, <IDeLjelicy, + I Ljelco Nve + zellcocs

1/2 — 1/2 — 1/2 \1—
S M(t)l/Zaqil <M(t)1/2g U4 | +ng090%) < M(t)éqile 1< M(t)éqil/\;rf.

Similarly, we get, taking into account also derivatives of the phase function ¢;¢, via the
product rule (D.2) and (11.50)

1Qjellcoey S IDeLjellcocy + Lielleoen lve + zellcocs + [ Ljellep, llve + 2zell coo+1

+ (IDiLse

leo, + I Zsellcp, Ilve + zellepcs ) sellcs

N
Supp Xj er

1/2 ,— — 1/2 ,—1\N(1—
gM(t)1/25qul£ N (M(t)l/% 1L “vg—FZg”C?C%) +M(t)6qile 1/\q+(1 B)

/2 ()—(N+1 -1, N(1-8) 1/2 y (N+1)(1-5)

< M52 (z (N+1) 4 =13V ) < M()s 2 .
It is readily seen by interpolation that the preceding estimate also holds when N is replaced
by N + ¢ for ¢ € (0,1) at all places. With these preparations, and recalling that for
cach t € [0,T] at most 2|A] many terms in the sum 3, Q; ceAa+18% are nontrivial, an
application of the stationary phase lemma 11.3.8 yields, using the above estimates on €2; ¢,

et Rrsalezes = SR () |y < SR (o)
] b g

coce
VB3

< 192ellco, HQJ?EHCQCivﬂ HQJ?{HC?CLJ,V(’“
~ Z )\1—6 + )\Nofe )\No

V23 q+1 q+1 q+1

1/2 (\e—B | \(No+1)(1—B)—No+ (No+14¢)(1—B)— Ny

< M0, (M AN T Ay
< M(1)5.2 (Ag;‘f + 2A;;fN0*5+E) < M(t)649¢R, (11.64)

where the final inequality is equivalent to the following two conditions up to a sufficiently
large choice of a.

(1_ﬁNO+€)b26_ﬂbQC_%b+b2 _b(b[(l—ﬁNo+€)c—ﬁc+ 1] - ;) < 0.

These conditions are fulfilled, since by the choice of ¢, ¢ and Ny in Subsection 11.3.1, it
follows that (¢ — f)c < —1 and (1 — BNg +¢€)c+1 <1 — fc < —1. Hence, (11.64) holds.

Estimate on Rosc. We set fj¢ e = V(aj@aj/’g/gbjggéj/,g). Then, we have by (11.49),
(11.50) and (11.27) for N >0

co N S M(t)dq_;_l)\(l_B)N.

supp x; - ~ q+1

fseqellosoy S lajelcoonlasellop, +llagelzs 167
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The stationary phase lemma 11.3.8 then yields

ol < Hfj,&,j;,&’ lco, Hfj,é,j'],ifllcgcivo ||fj,$7j’,§/N|CtoCiVo+s
z —e —E&
" Agri Agt1 Agt1
S Mg (N3t + At ) < erM ()2, (11.65)

by the same argument and assumptions as for the previous stress terms.

Estimate on R g;ss. Following the argument of [70], we use the commutativity of (—A)* and
R, apply Schauder estimates, cf. [70, Thm.B.1], and interpolation to estimate

[Raissllcp, = [(=A)*"Rwgsllco, < CXE)W@wq+ﬂcgcga+siSH73U@+1Hé§ia_€ﬂ73ﬂ@+1Hi%t@-

By definition, we have wq1 =3, Ljep;eeirati&® = doie O, gePa+18% By (D.2), (11.49),
(11.50) and (11.27), we have for N € Ny

0O ON S M(t)l/z‘séfﬁ\(l_ﬁw-

supp x; - q+1

10ellcocy S 1jellopey + [ Lielley, @i

As already mentioned in the calculation for the term Ri;a + Rnash, this estimate generalizes
to values N + ¢, ¢ € (0, 1), in place of N. By the stationary phase lemma, we find

||Oj,5HC’0 HO%&HCOCNO ||Oj,§||COCN0+E
7€ q+1 q+1 q+1
1/251/2 -1 —BNo+ 1/2¢1/2 ye—1
S MOY20,% (N3t +00) s M@ 20,50,

since SN > 1. Similarly, we can estimate

”DO])g CO ||DO]7€||COCN0 HDO‘%E”COCNO"'S
Rupileper = IRDupallog, § 3 (Fyroe o + et o o )
PR3 q+1 q+1 q+1
1/2 — 1—BNo— 1/2
S MO0 (A + M) s MO

Both estimates put together imply

— 20— 1/2 —
|Raissllop, S [Rwgiall o [Ruwg 1|25 S M), 502171 < M(8)5g100m,
t,x t.x t~x
(11.66)

if we choose a sufficiently large and if we have the relation

(20 +2c —1)c+1<0,

_1

which holds by our choice of € < % — 5 and ¢ > 72=a

Finally, combining (11.61)-(11.66), we obtain (A.3) at stage ¢ + 1, which completes the
verification of the inductive estimates (A.1)-(A.3) at stage ¢ + 1.
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11.3.9 Conclusion of the proof

Summarizing, for fixed L € N as in the assertion of Proposition 11.2.2, we have proven
the following. If ¢ € Ny and for some number ag > a1(L) > 1 as mentioned in the beginning
of the present section, for arbitrary large a > ag, and b and ¢ as in (11.24) and (11.26),
there exist triples (vg, po, ]:20) to (vg, Pg, f%q) as in the assertion subject to this a,b and c,
then for arbitrary large a > a. > ag and the same b and c¢ as before, there exists a further
triple (Vg+1, Pg+1, ,éq+1) as in the assertion such that (A.1) — (A.3) are fulfilled subject to
this a,b and c at stage ¢ + 1. Here, a4 is the maximum of all lower bounds we imposed on
the value of a along the above proof and a needs to be chosen as a multiple of the geometric
number ng of Subsection 11.3.4. Since each of these lower bounds only depends on the
fixed, g-independent parameters b, ¢, 8,9, €, Ny, « and on finitely many implicit absolute
constants, a, may be chosen independent of q. Therefore, starting the above iteration with
q=0, a, =ag and b,c as in (11.24) and (11.26), the assertion of Proposition 11.2.2 follows
with ag = a..

This concludes the proof of the main iteration proposition 11.2.2 and hence the entire
objective of this section.

Appendix C

Regularity for the stochastic linear
equation

Here, we provide the necessary a priori estimates for the solution to the linear part
(SLq) of HNSEg, on the fixed probability space (€2, F, (Ft)t>0, P, B) as in Chapter 10, i.e.
our objective is to prove Proposition 10.2.4.

For the remainder of this appendix, for 0 < a < 1/2, we abbreviate the L2-based
fractional Stokes-Laplacian (P(—A)%, D(P(—A)%)) by A = A, with domain D(A%) = H**.
The following lemma collects important properties for the semigroup S, (t) generated by
A,. For the convenience of the reader, we include a simple proof.

Lemma C.0.1. Let (S4(t))i>0 be the semigroup of linear operators in L(L?) generated by
Ay =P(—=A)*. Then, (Sa(t))t>0 is an analytic, strongly continuous contraction semigroup.
In particular, we have the estimates

[Sa) 2y <1, t>0,
A2 Sa ()l Lr2) = I(=A)*Sa ()l L2y < Cry(t™7 +1), ¥y >0,t€(0,T],T >0,
(C.1)
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for Cry > 0.
Proof. Since the operator A, has the explicit Fourier series representation

Aqu(x) = Z k>t et T

keZ3

we infer the corresponding Fourier series representation of the semigroup as

Sa(t)u(z) := Z e Mg eh Ty e L2
kez3

That this is a strongly continuous semigroup can easily be checked. Furthermore, we have
the following simple contraction bound, using Parseval’s identity (9.2) and estimating the
exponential by 1

_ 2
ISa(yullfe = Y e 2 a2 < 3 = ul?s = [[Sa(®)llye) < 1.
keZ3 keZ3

We are left to prove the analyticity. To this end, let ¢ > 0 and consider the t-derivative of
t — So(t). We find

S&(t)u@) _ Z —|k"2a€_|k|2 tﬂkezk-x _ _Z Z t|k,|2ae—|k|2 t,&kezk.z.

keZ3 ke73

This implies, using again (9.2), and since the function z —+ z2¢~2* has global maximum
2 on R, that

1 _ 2a04 . 1 _ 1
ISa®ullfe = 5 Y- Elkl* e i < sePlullf = 1S4 0IlLe) < e

keZ3

From here, the assertion follows from [167, Prop.2.1.9] with My = 1, M; = e 2 and
w=0. O]

We can now turn to the main objective of this appendix, which is the following regularity
result for the unique analytically weak solution z to the linear stochastic equation (SL,).

Proposition C.0.2. Assume that the reqularity assumption (8.15) for G holds, i.e. for
some o > 0, we have

Tr [APGGY] = Tr [(~A)"°GG"] <

for pog = M. Then, for sufficiently small § > 0, we have for any T > 0
B o, oz + o] g o | <o (€2)

Proof. The proof proceeds in a similar fashion to that of [90, Prop.34, p. 83]. We use the
factorization method (cf. [83, Section 5.3.1]) to write, for suitable 6 € (0,1),

z(t) = /0 (t —5)0718,(t — 5)Yy(s)ds, P —aus.
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for each ¢ > 0, where (s,w) — Yp(s) is a measurable version of

(s,w) = 81115:79) (/ (s —71)%Sals — T‘)GdW(T)> (w).
0
Define
g, p=%7
ip)=qp. =27
0, p=70

and fix T > 0. We first prove that for suitable # and any k € N, ¢ = ALY} is in
L2k (Q x [0,T7, L2) for any of the three choices for p above. Since Yy is Gaussian, we can
estimate its higher moments by the second moment. Combining this with It6’s isometry
and the estimate (C.1), we find, denoting by C = C(k,~,T,0) > 0 a constant possibly
changing form line to line,

s k
E145Y)(s) 5] < o (B [|42Y5(5)2:])" = (/0 (5 — )2 A8 S0 (s — r)G|%2dr>

s k
< ckHAé(p)GH%]; (/ (s — )2 Ar=iP) G, (s — 7“)H%(L2)d7">
0

s k
< o4 ]| ALP G| </ (s — )~ 200+0=3(0) 4 (5 _ r)‘29dr> .
0

P
The first factor is finite in all three cases, since [[AZ G||7, = Tr[AR®GG*] < oo by the
regularity assumption (8.15). For the integral terms to be finite, in any of the three cases
it is necessary and sufficient to choose

(11 .
¢ < min <2>2—P+J(P)>-

Note that the range of suitable 0 < 6 < min (%, % —p+ j(p)) is nonempty in each case, since
by definition p — j(p) < 1/2. By Fubini’s theorem, this readily implies A4Yy € L?* (Q X
[0, 77, LQ) for any k € N, for 6 independent of k, and thereby also Yy € L?*(Q2x[0, T], D(A%)).
In particular, we infer Y, € L?*([0,T],D(AL)) P-a.s. for each of the three cases for p
mentioned above. Following [82], for § > 0 as above, we define the deterministic convolution
operator

Roo(v) := /Ot(t - s)e_lsa(t —s)(s)ds, € L2k(0,T, L2).

We note that z(t) = Ry (Yy)(t) and ALz(t) = Ry o(ALYp)(t) P-a.s. for each ¢t > 0. By [82,
Prop.A.1.1], for any § € (0,6 — i), Ry is a bounded linear operator

Ryo: L*([0,T), L*) — C°([0,T], L?).
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From here, it already follows that z as well as A5z have a Holder-continuous version in L2
for each choice for p as above. Moreover, since E’j—a" — B = % — 4>, in view of the above
o e " . 1 o 1 . .

restriction for J, we can estimate for 0 < § < min{3, 7} — 5; and k sufficiently large:

S5to
I2llos 2 + 1 4a® 2llos 12

540
£ [HZHC HHTU] < G |:||Z||CTL2 + [[Ad' ZHCTLQ] < C,E
T
540
< CUJCE [”Yb“LQk(O,T,LQ)} + Co,kE |:”Aa4a n”LQk(O,T,LQ)] < 00.

In a similar way we find for any § > 0 with 0 < % —26 < % — % for sufficiently large k > 2:

3+o
4o
Bl g e | < CoB Lol g, 1A )y s
+o

3+to

< CU:kE |:||Y||L2k(O,T,L2)i| + CO’,k]E |:HAa4a Y||L2k(O,T,L2):| < 00.
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Appendix D

Collected results

We list several well-known results, which we use throughout the thesis.

Product and chain rule. Let n,m e N, ECR™ and v:R" - Fand g: F — R be
smooth. Then, for every N € N, there is a constant C' only depending on n,m, N such that

lg o ulen < C(lglor[ulem + |V gllon-1[ulth)- (D.1)

Moreover, for smooth functions f,¢g : R — R and N € N, there is a constant C, only
depending on n, N such that

[falov < C([flenllgllco + 11 £llcolglon)- (D.2)

Theorem D.0.1 (Skorohod representation, Thm.6.7 [28]). Let P,, n > 1, and P be
probability measures on the Borel o-algebra of a metric space S. If P, j) P weakly and P
n o

has separable support, then there exists a probability space (2, F,P) and S-valued random
vartables X, n > 1, and X such that

(i) P,=Po X, and P=Po X 1.
(ii) Xp(w) — X(w) for every w € Q.
n—oo
Theorem D.0.2 (Kolmogorov continuity criterion, Thm.3.23 [127]). Let X : Ry xQ — §

be a stochastic process with values in a complete metric space (S,d) and assume there are
a,b >0, and for any T > 0 some C' = C(T) > 0 such that

E[d(Xs, X;)Y] < C|t —s|*™, 0<s,t<T.

Then, X has a continuous version, which is a.s. locally Holder continuous with any Holder
ezponent c € (0,2).

Theorem D.0.3 (Riesz-Markov-Kakutani representation theorem, Thm.2.14 [195]). Let
(X, 7) be a locally compact Hausdorff space. Then, for any positive, linear functional

I:C.(X)— R, there exists a unique Borel measure p such that

1(f) = /X f(@)dp(z), [ € CulX),
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and

1] Lxr) = 1(X).
Theorem D.0.4 (Stone-Weierstrafl approximation, Thm.8.1 [75]). Let X be a compact
metric space and A a subalgebra of the space of continuous real functions C(X,R). If A
separates points in X (i.e. for each pair (x,y) € X x X such that x # y, there is f € A
such that f(x) # f(y)) and contains the constant function 1, then A is dense in C(X,R)
with respect to uniform convergence on X.

Theorem D.0.5 (Kolmogorov extension theorem, Thm.2.4.3 [219]). Let A be some index
set and suppose for each a € A, X, is a metric space with Borel sigma algebra B(X,).
Suppose up is a Borel probability measure on the product e g Xy for each finite B C A,
such that whenever C' C B C A for for finite subsets C, B, we have

pe = ppo (PE)Y

where Pé? denotes the canonical projection from yep Xy to e.coX.. Then, there exists
a unique Borel probability measure p on l,ca such that po (Pjé‘)*1 = up for all finite
B C A.

Appendix E

Measurable selections

Here, we present basics on measurable selections in a concise manner. The contents of
this appendix are taken from [215, Sect.12.1].

Let (X, d) be a separable metric space and denote by comp(X) the space of all nonempty
compact subsets of X. For K € comp(X) and € > 0 let K, := {z € X : dist(K,z) <e}. It
is readily seen that the Hausdorff distance dp,

dp(K,J) =inf{e>0: K CJ.and J C K.}, K,J € comp(X),
is a metric on comp(X). If x,y € X, then

du({z},{y}) = d(z,y),

i.e. X is isometrically embedded in comp(X).

Lemma E.0.1. Let f : X — R be upper semicontinuous, set fx = sup,c f(z) for
K € comp(X) and define F' : comp(X) — comp(X) by

F:K—{zeK: f(x)=fx}
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Then, the maps K — fr and K — F(K) are Borel maps from comp(X) to R and comp(X),
respectively.

Lemma E.0.2. Let Y be a further metric space and y — K, a map from Y to comp(X).
Suppose for any (yn)nen, y € Y with y, — y as n — oo and for any x, € K,,,, there
exists a limit point © of (Tn)nen such that x € K,. Then, the map y — K, is Borel
measurable with respect to the metric topologies on'Y and comp(X).

Lemma E.0.3. Let (E,F) be a measurable space and g — K, a measurable map from E
to comp(X). Then, there is a F/B(X)-measurable map h : E — X such that h(q) € K,
for every g € E.

Appendix F

Basics of differential geometry

We review the basic concepts of differential geometry, which are used for the description
of the formal manifold-approach to equations (NLFPK) and (SNLFPK) in Part II, as
well as for Nash’s C' isometric embedding theorem as the geometric origin of the convex
integration methods used in Part III. The presented material is absolutely standard. For
a thorough introduction to the field of differential geometry and topology, we refer for
example to the classical texts [158, 157, 210, 226, 42, 125].

Manifolds and (co)tangent spaces. Let M be a smooth d-dimensional manifold, i.e.
a second-countable topological space (M, 7) such that there exists a countable collection of
charts (Ui, i), © > 1, consisting of open sets U; € 7 and homeomorphisms ¢; : U; — R?,
such that {U;, i > 1} covers M and the coordinate changes gpiogoj_l are smooth on ¢;(U;NU;)
whenever U; NUj; is nonempty. Such a collection is called a smooth atlas. For k € NU{co},
the space C¥(M) consists of all function f : M — R such that fo ;' : ¢;(U;) = Ris k
times continuously differentiable.

At each point © € M, the tangent space T, M is the linear space of R-differentiations at x,
that is T, M consists of linear maps £ : C°°(M) — R such that £(fg) = £(f)g(x) + f(x)€(g)
for each f,g € C°°(M). Examples are the directional derivatives at x, 8%”95’ which in
local coordinates (U;, ¢;) with « € U; take the form 3%1'|x(f) = 0;(f o ;) (¢i(x)). In fact,
{%‘x,i < d} is a basis of T, M. Thus, T, M is d-dimensional and for each £ € T, M, in
local coordinates, we have £ = Zlgig d Bi:mx& for unique &; € R. Intuitively, one thinks of
€ € T, M as the direction (£;)1<;<q € R? at the point z, and of £(f) = D i<i<d &a%i‘zf as
the derivative of f in direction £ at x. Equivalently, T, M can be defined as the space of
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tangential directions at = of curves passing through x. More precisely, for a chart (U;, ¢;)
with z € U;, let v : (—=1,1) — M be such that ¢; o v is smooth and v(0) = z. Then,
T, M may be considered as the space of equivalence classes of such curves subject to the
equivalence relation vy, ~ vy : <= (%[(pi o1])(0) = (%[(pi 0 72])(0). The equivalence
class T, M of a curve v is denoted by ~/(0). This definition is independent of the choice of
(Ui, ¢i). In the case M = R%, one has T, M = R? for each = € R,

As any linear space, T, M possesses a dual space Ty M of same dimension d, i.e. the
space of all linear, continuous real functions on 7, M. Elements in T M are called cotangent
vectors. For f € C*°(M), the differential of f (at x) dfy : T,M — R, df,(&) :=&(f) is a
cotangent vector. In local coordinates, the dual basis of Ty M with respect to {8%”:6,1' <d}

consists of the differentials dz;, i < d, of the coordinate maps x; € C*°(M), z;(z) := ¢(x);.

Riemannian metric, curve lengths, gradient, connections and Hessian. If g =
{9(z)}zenm is a metric tensor on M, i.e. for each x € M, g(z) is a scalar product on T, M
such that (TxM, g(x)) is a Hilbert space, (M, g) is called Riemannian manifold. In local
coordinates, g can be written as g(z) = g;j(x)dr; ® dx; with g;;(x) € R, using Einstein
summation convention for ¢,j < d. An example is the usual Euclidean metric tensor e on
R?, in local coordinates e = dijda; @ dxj.

If v :[0,1] = M is a smooth curve, the metric tensor ¢ and the derivative t — ~/(t) €
Ty sM allow to measure the length of v as £,(7) := fol 17 ()| g((t))dt- Tt is clear how this
notion generalizes to piecewise C! curves on any time interval I.

Let f € C°°(M). For df, as a section in the cotangent bundle T*M := | | ., ToM :=
Uzear{z} x Ty M, by Riesz isomorphism, there exists a unique section V f in the tangent
bundle TM :=| |, ToM = U e {z} X Tp M such that df, () = g(z)(Vf(z),€) for each
x €M and £ € T,M. Vf is called gradient of f. In the case M = R, the gradient V is
the usual first-order differential operator V f := (01 f,...,04f).

For M = R%, given smooth vector fields X,Y : R? — L cra T,R? = R? with X =
(X1,...,X%), one can calculate the infinitesimal change of X in direction Y at z as
(VyX)(z) = (Oy X', ..., 0y X?)(x), because the directions X (z), z € R?, can be
considered in the common linear space R?. Here, 0, f denotes the classical directional
derivative of a function f : R? — R in direction v € R?. In the general case of a Riemannian
manifold (M, g), elements of different tangent spaces cannot be compared directly to each
other, since | J ¢y, T M is generally not a linear space. In order to generalize the notion of
the change of direction Vy X of X in direction Y, one considers connections on M. An
affine connection on M is a map V : | | cpy TeM X | |ycpr TeM — | ] cpp TeM such that V
is bilinear and for any two vector fields X, Y on M (i.e.: smooth sections in | | ., To M),
and any f € C°°(M), the following identities hold pointwise on M.

(i) fVyX = Vv X,
(i) VyfX = fVy X +df(Y)X.

For a Riemannian manifold (M, g), it turns out that there exists an affine connection V7,
which is naturally related to the metric tensor g in the following sense. For vector fields
X,Y,Z on M, considering x — g,(X(x),Y (x)) as a smooth function on M, it holds

aZ.g(Xv Y) = g(VZXa Y) +g(VZY7X)7
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i.e. the geometry induced by g is compatible with the connection V. If one also demands
such V7 to be torsion-free (see, for example, [42]), then such a connection is unique and
called Levi-Civita connection. For the case (M, g) = (R, ¢), the Levi-Civita connection is
given via the usual gradient, i.e. VEX = VyX : 2 — (Vy»n X)(z) € RY.

From the Levi-Civita connection on (M, g), for f € C°°(M), one defines the Hessian 0—2
tensor Hess f for smooth vector fields X,Y as Hess f(X,Y)(z) := (VLK Vf)(z), Y (2))g(a)s
where V denotes the gradient on (M, g). Intuitively, Hess f(X,Y")(x) measures the change
of the directional derivative of f along X in direction Y at x. In the case (M, g) = (R%,e),
we have

Hess f(X,Y) = (VxVf,Y)e= S XVigyf = H(f)X -V,
1<i,j<d

where H(f) = (9ijf)1<i j<a denotes the usual Hessian matrix of f : R? — R.

Embeddings and pullback metric. Let (M,g) be a d-dimensional Riemannian mani-
fold and N € N. For amap F = (F!, ..., FN) with F € C®(M), the differential at x € M
is the linear map dF, : T, M — TF(x)RN =RY, £ dF,(€), with dF,(§) : C®°(RN) - R
defined as dF;(€)(n) := £(no F'). One says that dF, pushes the tangent space T, M through
to TF(Z)]RN . If dF} is one-to-one for each x € M, F' is an immersion. If, additionally,
F' is a topological embedding, F' is called embedding. While embeddings are one-to-one,
immersions are generally not. Clearly, the existence of an immersion F : M — R implies
N >d.

If M is a d-dimensional manifold (not necessarily Riemannian) and F : M — RY is
an embedding, F' and the Euclidean metric e on RY induce a metric tensor on M, the
pullback metric Ffe. In local coordinates, the components of Ffe are given by 9;F - O F,
i,7 < d. It is straightforward to show that for a smooth curve v : [0,1] — M, the identity
Upio(7) = Lo(F o) for the curve length with respect to Ffe holds. In the case that M
carries a metric tensor g, one may compare curve lengths with respect to g and Ffe on M.
An embedding F : M — RV is (strictly) short, if

Crre(7) < Lo(7)
(<)

holds for all smooth curves v on M. Similarly, F'is an isometric embedding, provided
Lrio(y) = £4(7y) for all 4. In local coordinates, these relations transform to the pointwise
relations

In these cases, one says that F' (strictly) shrinks or preserves the length of curves on
M. Everything of the above passage remains valid when ”immersion” is replaced by
”embedding” .
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