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Abstract

Stochastic singular control models (such as optimization problems, games and mean
field games) refer to a class of problems in which some agents want to optimize a cer-
tain performance criterion by acting in a random environment which evolves in con-
tinuous time, and in which the effect of the agents’ action on both the environment
and on the performance is (linearly) proportional to the size of the action. Applica-
tions include investment and portfolio selection in finance, inventory management in
operations research, control of queueing networks, dividend and equity issuance in in-
surance mathematics, spacecraft control in aerospace engineering, or rational harvesting
in mathematical biology. Models involving stochastic singular controls raise many un-
solved mathematical issues which represent a relevant limitation to their theoretical
understanding.

In this thesis, we provide mathematical tools and structural conditions which al-
low to address problems of existence, characterization and approximation of solutions
in optimization problems and games involving stochastic singular controls. For a class
of optimal stochastic control problems with singular controls, we characterize the op-
timal control as the unique solution to a related Skorokhod reflection problem. We
prove that the optimal control only acts when the underlying diffusion attempts to exit
the so-called waiting region, and that the direction of this action is prescribed by the
derivative of the value function. We next consider problems concerning existence and
approximation of Nash equilibria in N -player stochastic games of multi-dimensional
singular control with submodular costs. In a not necessarily Markovian setting, we es-
tablish the existence of Nash equilibria via Tarski’s fixed point theorem, and we propose
an algorithm to determine a Nash equilibrium. Moreover, we derive relations between
weak (distributional) Nash equilibria of the game of singular control and the Nash equi-
libria of stochastic games with regular controls. Further, we study mean field games with
regular and singular controls and costs that are submodular with respect to a suitable
order relation on the state and measure space. The submodularity assumption allows
us to prove existence of solutions via an application of Tarski’s fixed point theorem,
covering cases with discontinuous dependence on the measure variable. Also, it ensures
that the set of solutions enjoys a lattice structure: in particular, there exist minimal
and maximal solutions. Finally, it guarantees that those two solutions can be obtained
through a simple learning procedure based on the iterations of the best-response-map.
Our approach also allows to prove existence of a strong solution for a class of submodular
mean field games with common noise, where the representative player at equilibrium
interacts with the (conditional) mean of its state’s distribution. Finally, we analyse
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stationary mean field games with singular controls in which the representative player
interacts with a long-time weighted average of the population through a discounted and
an ergodic performance criterion. This class of games finds natural applications in the
context of optimal productivity expansion in dynamic oligopolies. We prove existence
and uniqueness of the mean field equilibria, which are completely characterized through
nonlinear equations. Furthermore, we relate the mean field equilibria of the discounted
and the ergodic games by showing the validity of an Abelian limit. The latter also allows
to approximate Nash equilibria of symmetric N -player ergodic singular control games
through the mean field equilibrium of the discounted game.
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Notation

General notation.
For d ∈ N with d  1 and x, y ∈ Rd, we denote by xy the scalar product in Rd, as
well as by | · | the Euclidean norm in Rd. For x ∈ Rd we denote by x> the transpose of
x. The vector ei ∈ Rd indicates the i-th element of the canonical basis of Rd and, for
x ∈ Rd and R > 0, set BR(x) := {y ∈ Rd | |y − x| < R}.

For x, y ∈ Rd and c ∈ R, we will write x ¬ y if x` ¬ y` for each ` = 1, ..., d, as well
as x ¬ c if x` ¬ c for each ` = 1, ..., d. Moreover, we set x∧y := (x1∧y1, ..., xd∧yd) and
x ∨ y := (x1 ∨ y1, ..., xd ∨ yd), where x` ∧ y` := min{x`, y`} and x` ∨ y` := max{x`, y`}
for each ` = 1, ..., d.

For d, N ∈ N with d,N  1, and a = (a1, ..., aN) ∈ RNd, for each i = 1, ..., N set
a−i := (a1, ..., ai−1, ai+1, ..., aN) ∈ R(N−1)d and, for v ∈ Rd, set

(v, a−i) := (a1, ..., ai−1, v, ai+1, ..., aN) ∈ RNd.

Unless otherwise stated, C indicates a generic positive constant, which may change
from line to line.
Functional spaces.
For d ∈ N with d  1, an open set B ⊂ Rd, α = (α1, ..., αd) ∈ Nd and a funciton
f : B → R, we denote by Dαf := Dα1

1 ...Dαd
d f the weak derivative of f , where Dif :=

fxi := ∂f/∂xi, and we set |α| := α1 + ...+ αd.
For ` ∈ N, q ∈ [1,∞], and a measure space (E, E ,m), we define:

• ‖f‖Lq(E) :=
∫
E |f |qdm if q <∞, and ‖f‖L∞(E) := ess supE f for q =∞

• Lq(E) = Lq(E,m) := {measurable f : E → R s.t. ‖f‖Lq(E) <∞}
• C`(B) := {f : B → R with continuous `-order derivatives}
• C∞c (B) := {f : B → R with compact support, s.t. f ∈ C`(B) for each ` ∈ N}
• ‖f‖C0(B) := supx∈B |f(x)|, ‖f‖Lip (B) := supx,y∈B |f(y)− f(x)|/|y − x|
• ‖f‖C`;1(B) :=

∑
|α|¬` ‖Dαf‖C0(B) +

∑
|α|=` ‖Dαf‖Lip (B)

• C`;1(B) := {f ∈ C`(B) s.t. ‖f‖C`;1(B) <∞}
• ‖f‖W `;q(B) :=

∑
|α|¬` ‖Dαf‖Lq(B)

• W `;q(B) := {f ∈ Lq(B) with ‖f‖W `;q(B) <∞}
• W `;q

loc (B) := {f | f ∈ W `;q(D) for each bounded open set D ⊂ B}
• W `;q

0 (B) denotes the closure of C∞c (B) in the norm ‖ · ‖W `;q(B)

Probability.
Given a probability space (Ω,F ,P) and a random variable X : Ω → R, we use the
notation P ◦ X−1 for the law of X under P, i.e., we set (P ◦ X−1)[E] := P[X ∈ E]
for each Borel set E of R. Finally, for a given T ∈ (0,∞) and a stochastic process
X = (Xt)t∈[0,T ], with a slight abuse of notation, we denote by P ◦ X−1 the flow of
measures associated to X; that is, we set P ◦X−1 := (P ◦X−1

t )t∈[0,T ].
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Chapter 1

Introduction

Stochastic optimal control theory (see, e.g., [45, 81, 143, 168]) deals with problems in
which an agent wants to optimize a certain performance criterion by acting in a random
environment which evolves in time. In a typical instance of the problem, the evolution
of the environment is described by a stochastic process (the state process) which can be
affected by another stochastic process (the control). The control is chosen by the agent
in order to minimize a certain expected value of a random functional of the paths of the
control and of the state process resulting from the chosen control (the controlled state
process). When several agents want to optimize a performance criterion, depending
also on the action of the other agents, a strategic interaction arises and we refer to
the problem as to a stochastic game (see, e.g., [45]), to agents as to players, and to
controls as to strategies. From this perspective, a control problem is a stochastic game
with only one player. While many notions of solutions to the game can be introduced,
the notion of Nash equilibrium seems to be the most appropriate for games in which
players are assumed not to cooperate with each other. A Nash equilibrium is, roughly
speaking, a vector of strategies (one for each specific player) such that no unilateral
deviation is convenient for any of the players. The vector of outcomes (like a price,
or a payoff) deriving from playing a Nash equilibrium is said to be a value of the
game. Furthermore, taking inspiration from models of interacting particle systems, the
recent theory of mean field games (MFGs) has been developed in order to study the
(approximate) Nash equilibria in games with a large number of players under suitable
symmetry assumptions (see, e.g., [45, 47]). The intuition is to replace the problem
of a large number of identical players solving symmetric optimization problems, by
the problem faced by a representative player, which plays against a limit distribution,
describing the optimal state of the other players.

All these types of models have the challenging objective of describing and better
understanding very complex phenomena emerging from (a simplified version of) many
real world problems in which agents are competing in an environment. They are central
in social sciences and find countless applications in economics, systems theory, engi-
neering, operations research, biology, ecology, environmental sciences, among others.
For example, players can be animals, computers, firms while the environment can be
nature, a network or a market.

Stochastic control problems and games relate to other branches of mathematics and

1



2 CHAPTER 1. INTRODUCTION

play a main role in the theory of partial differential equations (PDEs) as well as in
probability theory. Indeed, due to their importance from an application point of view,
since the early 50’s these models captured the interests of many mathematicians, who
introduced a wide range of tools in order to improve the theoretical understanding
and to provide explicit solutions to real world problems (see [45, 143, 168]). One of
these tools is the dynamic programming principle (DPP) developed by Bellman. In
the case of stochastic control problems in continuous time with Markovian data, this
principle connects the dynamic optimization problem to a PDE of second order, the
so-called Hamilton-Jacobi-Bellman equation (HJB), allowing to characterize the value
of the problem as the unique solution (in a proper sense) of such a PDE. This approach
represents one of the main routes to find and characterize the solutions to a control
problem. Indeed, one can hope to “solve” the HJB equation, which in turn allows (in
many instances of the problem) to compute the optimal control. Another approach is
the Pontryagin maximum principle (PMP), in which the optimization problem is related
to a system of forward-backward stochastic differential equations (FBSDEs). Also in
this case, solving the FBSDE system leads to a solution of the problem. Finally, one can
employ techniques from the theory of weak convergence of probability measures in order
to prove existence of optimal controls. This latter approach is known as compactification
method. It allows to prove existence of optimal controls in great generality but it is not
very useful from the perspective of providing explicit solutions to the problem, since
the established controls often come with no further characterization.

Stochastic singular control problems (see, e.g., [81, 143]) represent a particular class
of stochastic control problems, in which the effect of the agents’ action on both the state
of the system and on the performance is (linearly) proportional to the size of the action.
This particular feature is very natural when modelling problems such as investment
and portfolio selection in finance (see [14, 53, 63, 81], among many others), inventory
management in operations research (see, e.g., [86, 94]), control of queueing networks
(see, e.g., [114]), dividend and equity issuance in insurance mathematics (see [126],
among others), spacecraft control in aerospace engineering (see, e.g., [135]), or rational
harvesting in mathematical biology (see, e.g., [8]). Intuitively, while the (regular) control
at time t represents the action taken by the agent at time t (e.g., the infinitesimal
amount of money invested at that time), the singular control at time t represents the
cumulative action taken up to time t (e.g., the total amount of money invested up to time
t). The fact that the performance is proportional to the action brings as a consequence
that the system can be divided in two states: one in which it is optimal not to act, and
one in which an action is required. The term singular control arise indeed from the fact
that, in many examples, it has been shown that the optimal control is a nondecreasing
process which is singular with respect to the Lebesgue measure (see, e.g., [110]). Such
a control keeps the underlying state process inside the no-action region by reflecting it
at its boundary (often referred to as to the free boundary). For this reason, stochastic
singular control theory is intimately related to the problem of existence of solutions to
reflected stochastic differential equations (SDEs), also known as the Skorokhod problem
for SDEs (see, e.g., [144]).

Classical tools from stochastic control theory (such as the aforementioned DPP ap-
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proach, the PMP approach and various compactification methods) have been adapted
to stochastic singular controls (see [37, 81, 96]). Nevertheless, the nature of a singu-
lar control problem brings substantial difficulties in employing such methods in order
to provide or explicitly characterize the solutions. Indeed, having a solution to the
HJB equation or to the related FBSDE system allows to find the optimal control only
in a very limited number of examples, mostly in one-dimensional settings. Therefore,
trying to employ these techniques in order to find equilibria in N -player games or in
MFGs with singular controls appears even more challenging. Concluding, even though
stochastic singular control models were introduced in the 60’s, they still raise many
unsolved mathematical issues which represent a relevant limitation to their theoretical
understanding.

It is the aim of this thesis to provide mathematical tools and structural conditions
which allow to address the following problems in the context of stochastic singular
control:

1. Characterize the optimal control in terms of a related Skorokhod problem in
multidimensional stochastic singular control problems;

2. Prove existence and approximation of Nash equilibria in N -player games with
singular controls;

3. Prove existence and approximation of equilibria in MFGs with singular controls;

4. Illustrate some setups in which a MFG with singular controls can be (fairly)
explicitly solved.

Problem 1 will be studied via a connection with a game of optimal stopping, which
in turn will allow to prove some properties of the free boundary thanks to structural
conditions on the data. These properties will then allow to construct a suitable prob-
abilistic approximation of the optimal control, leading to its characterization as the
solution to a related Skorokhod problem.

Problems 2 and 3 will be addressed enforcing the so-called submodularity condition.
Submodular games were first introduced by Topkis in [157] (see also [10, 158, 160]) in
the context of static non-cooperative N -player games. They are characterized by costs
of the players that have decreasing differences with respect to a partial order induced by
a lattice structure on the set of strategy vectors. Because the notion of submodularity
is related to that of substitute goods in economics, submodular games have received
large attention in the economic literature (see [9, 137], among many others). Also, this
condition represents the situation in which players have an incentive to imitate each
other, and, in the context of MFGs, it consists of a sort of antithetic version of the well
known Larsy-Lions monotonicity condition (see [121]). The submodularity assumption,
since the seminal work of [157], is known to enrich the game with some remarkable prop-
erties. Firstly, it allows us to prove existence of equilibria via an application of Tarski’s
fixed point theorem. Secondly, it ensures that the set of solutions enjoys a lattice struc-
ture: in particular, there exist minimal and maximal solutions. Thirdly, it guarantees
that those two solutions can be obtained through a simple learning procedure based
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on the iterations of the best-response-map. Such a condition brings new existence and
approximation results both in N -player games with singular control and in MFGs with
regular or singular controls. Particularly relevant are new results in MFGs with com-
mon noise (an aggregate source of randomness), in which existence of strong solutions
(i.e., adapted to the common noise) are proved.

From the methodological point of view, we also underline that, for Problems 2 and
3, a suitable approximation of the singular controls is often employed. In particular, ex-
ploiting the density (in a suitable topology) of the set of Lipschitz continuous functions
in the set of càdlàg (i.e., right-continuous with left limits) nondecreasing functions, the
N -player game with singular controls is related to games with regular controls. A simi-
lar technique is also employed to derive some new existence and approximation results
for MFGs with singular controls, which we previously obtained for MFGs with regular
controls.

Problem 4, instead, is addressed by formulating stationary MFGs with singular
controls and discounted or ergodic payoff functional. By exploiting structural conditions
on the data and characteristic properties of Itô-diffusion processes, the equilibria of
these two MFGs are (fairly) explicitly provided by systems of equations. Relations
among MFGs with discounted and ergodic payoffs are also established, as well as their
connection with suitable N -player games with singular controls.

In the rest of this introduction we discuss the problems treated in this dissertation
in more detail. In particular, for each problem we introduce the studied model, discuss
the related literature and the motivations for our study, present the results and finally
describe the solution approach.

1.1 Chapter 2: Singular control and Skorokhod prob-
lem

Chapter 2 considers the problem of characterizing optimal policies for stochastic
singular control problems in multidimensional settings.1 A stochastic singular con-
trol problem appears for the first time in [16], where the problem of controlling the
motion of a spaceship has been addressed. Later on, examples of solvable stochastic
singular control problems have been studied in [21]. Stochastic singular control prob-
lems of monotone-follower type have been introduced and studied in [106] and [110]. A
monotone-follower problem is the problem of tracking a stochastic process by a nonde-
creasing process in order to optimize a certain performance criterion. Since then, this
class of problems has found many applications in economics and finance (see [14, 53, 63],
among many others), operations research (see, e.g., [86, 94]), queuing theory (see, e.g.,
[114]), mathematical biology (see, e.g., [8]), aerospace engineering (see, e.g., [135]), and
insurance mathematics (see [126], among others). The literature on stochastic singular
control problems experienced results on existence of minima (or maxima) (see [73] and
[96], among others), characterization of the optimizers through first order conditions

1Parts of this introduction and of Chapter 2 are based on a joint work with Giorgio Ferrari, see
[69].
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(see, e.g., [12], [14] and [37]), as well as connections to optimal stopping problems (see,
e.g., [110] or the more recent [28]) and to constrained backward stochastic differential
equations [31].

We consider the problem of controlling, through a one-dimensional càdlàg (i.e.,
right-continuous with left limits) process v with locally bounded variation, the first
component of a multidimensional diffusion with initial condition x. Namely, the con-
troller can affect a state process Xx;v which evolves according to the equation

dXx;v
t = b(Xx;v

t )dt+ σ(Xx;v
t )dWt + e1dvt, t  0, Xx;v

0− = x, (1.1.1)

for a multidimensional Brownian motion W , a suitable convex Lipschitz function b,
and a volatility matrix σ, which is either constant or linear in the state. The aim of the
controller is to minimize the expected discounted cost

J(x; v) := E
[ ∫ ∞

0
e−ρth(Xx;v

t )dt+
∫

[0,∞)
e−ρtd|v|t

]
, (1.1.2)

for a given convex function h and a suitable discount factor ρ > 0. Here, |v| denotes the
total variation of the process v. The value function V of the problem is defined, at any
given initial condition x, as the minimum of J(x; v) over the choice of controls v. Also,
a control v̄ is said to be optimal for x if J(x; v̄) = V (x). Existence of optimal controls
can be proved in very general frameworks using different probabilistic compactification
methods (see, e.g., [34, 58, 96, 123, 135]).

Natural questions that immediately arise are whether it is possible to characterize
V , and how one should act on the system in order to obtain the minimal cost V . As a
matter of fact, the Markovian nature of the problem together with mild regularity and
growth conditions on b and h, allows to employ the dynamic programming approach.
This leads to the characterization of the value function as a solution (in a suitable sense)
to the Hamilton-Jacobi-Bellman equation

max{ρV − bDV − tr(σσ>D2V )/2− h, |Vx1| − 1} = 0. (1.1.3)

This equation provides key insights on the way the controller should act on the system
in order to minimize the cost of her actions. Indeed, when V is sufficiently regular, an
application of Itô’s formula suggests that the controller should make the state process
not leaving the set W := {|Vx1| < 1}, usually referred to as the waiting region. In
fact, in many examples (see, e.g., [66, 90, 113, 115, 130, 149, 167], among others) it
is possible to construct the optimal control as the solution to a related Skorokhod
reflection problem; that is, the optimal control can be characterized as that process v̄,
with minimal total variation, which is able to keep the process Xx;v̄ inside the closure
of the waiting region W , by reflecting it in a direction prescribed by the gradient of
the value function. However, in multidimensional settings, such a characterization often
remains a conjecture (see the discussion in Chapter 6 in [152], Remark 5.2 in [28], and
also [55, 56, 78, 77]), and many questions about the properties of optimal controls
remain open, representing a strong limitation to the theory.

We now discuss more in detail the problem of the characterization of optimal rules.
When the state process is one dimensional, optimal controls can be explicitly con-
structed as Skorokhod reflections in a general class of models (see [3, 19, 64, 79, 102,
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103, 130, 162], among others). Also, in the (not necessarily Markovian) one dimensional
case, a similar characterization of optimal controls has been achieved in [12, 13, 14],
without relying on the dynamic programming approach. When the dimension of the
problem becomes larger than one, the difficulty of characterizing optimal controls dras-
tically increases. Indeed, classical results on the existence of solutions to the Skorokhod
reflection problem in the multidimensional domain W require some regularity of the
boundary of W and of the direction of reflection, which are, in most of the cases, un-
known. When the value function V is convex, this difficulty is overcome in some specific
settings. A celebrated example is presented in [149], where the problem of controlling
a two-dimensional Brownian motion with a two-dimensional process of bounded vari-
ation is considered. There, the authors show that the boundary of the waiting region
(the so-called free boundary) is of class C2, and they are therefore able to construct
the optimal policy as a solution to the associated Skorokhod problem. The problem
of the characterization is also encountered in [56, 55, 78, 77], where the construction
of the optimal control can be provided only by requiring additional properties on the
boundary of the waiting region. Another example is exhibited in [64], in which the case
of controlling a multidimensional Brownian motion with a multidimensional control is
considered in the case of a radial running cost h(x) = |x|2. We also refer to [113], where
the construction of the optimal policy is provided in a two-dimensional context in which
the drift is non-zero. To the best of our knowledge, in the case of a convex V , the most
general multidimensional setting in which this characterization is shown is presented in
[115], and in its finite time-horizon counterpart [30]. There, the problem of controlling
a multidimensional Brownian motion with a multidimensional control is considered for
a convex running cost. Remarkably, in [115] (and in [30]) the author presents an ap-
proach which allows to construct the unique optimal policy as a solution to the related
Skorokhod problem bypassing the problems related to the regularity of the free bound-
ary. In non-convex settings, the number of contributions are even rarer. The suitable
regularity of the boundary of W is shown, in two-dimensional settings, in [90] and in
[66], while a multidimensional case is considered in [167], via a connection with Dynkin
games. We also mention that the construction of multidimensional reflected diffusions
in polyhedral domains has been recently studied in [59, 89, 91], in the context of games
with singular controls. To conclude, despite many decades of research in the field, the
nature of optimal controls is, in general, far from being completely understood, and
this motivates our study.

The main goal of Chapter 2 is to provide sufficient conditions for the characterization
of the optimal policy of the singular control problem specified by (1.1.1) and (1.1.2)
as the solution to the related Skorokhod reflection problem. Despite in our setting the
control is one dimensional, the multidimensional nature of the problem arises from the
fact that the components of the state process are interconnected; in particular, the
action of the controller on the first component of the state process can affect all the
other components. We will show the claimed characterization under two main classes
of assumptions in which the volatility matrix is constant or linearly dependent on the
state. In both cases additional monotonicity assumptions are enforced to the running
cost h and to the drift b. These structural conditions are satisfied in a relevant class
of linear-quadratic models, and in some specific settings considered in the literature
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for which the problem of constructing the optimal control remained partially open (see
[56, 55, 78, 77]). The strategy of our proof is inspired by [115] and can be summarized
in three main steps:

1. We first derive important monotonicity properties on Vx1 . This is done by identi-
fying Vx1 as the value of a related Dynkin game, through a variational formulation
in the spirit of [56].

2. We construct solutions v̄ε to a family of Skorokhod problems in domains Wε

approximating W . Here the monotonicity of Vx1 plays a crucial role in order to
show the regularity ofWε. The controls v̄ε are ε-optimal for (1.1.2); i.e. J(x; v̄ε) ¬
V (x) + ε.

3. We find a control v̄ such that v̄ε → v̄, as ε → 0. This implies that v̄ is optimal
for x, and, thanks to the properties of v̄ε, that v̄ solves the Skorokhod problem
on the original domain W . This then provides the desired characterization of the
optimal policy v̄.

As a consequence of our result, some works (in particular [56] and [167]) in the literature
on singular control can be revisited, and the characterization of optimal controls can
provided under slightly different assumptions. In addition, our approach allows to treat
the singular control problems with degenerate diffusion matrix studied in [78, 77]. The
results apply to problems with monotone controls, and to the case in which increasing
the underlying diffusion has a different cost than decreasing it. The approach presented
in this chapter seems to be suitable to treat also singular control problems in the finite
time-horizon.

Clearly, our results relate to stochastic differential equations (SDEs, in short) with
reflecting boundary conditions, also known as Skorokhod reflection problems for SDEs.
In this field, existence and uniqueness of strong solutions to reflected SDEs in convex
time-independent domains with normal reflection was first shown in the seminal [154].
These results were then generalized to non-convex smooth domains with smooth oblique
reflection in [125], and subsequently refined in [146]. Existence of strong solutions in
a class of non-smooth domains has been proved in [74], and therefore generalized to
the time-dependent case in [128]. This list is, however, far from being exhaustive, and
we therefore refer the interested reader to [35, 36, 60, 61, 141, 153] and to the refer-
ences therein. From this point of view, our results provide existence and uniqueness of
a (strong) solution to a Skorokhod problem in which the domain is given by the non-
coincidence set W of a solution of the variational inequality with gradient constraint
(1.1.3), and in which the reflection direction is prescribed by its gradient.

An essential tool for our analysis is the connection between optimal stopping and
stochastic singular control theory. This connection is known since the seminal [16],
where the authors observed that the derivative of the value function of a singular
control problem identifies with the value of an optimal stopping problem. Since then,
this connection has been elaborated through different approaches (see [24, 28, 110],
among others), until the more recent interpretation given in [123]. When the control
is assumed to be of locally bounded variation, and the system has dynamics with in-
dependent components, with one of them being controlled, the space derivative of the
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value function of the control problem coincides with the value of a zero-sum game of
stopping; i.e., a Dynkin game (cf. [27, 56, 55, 90, 111]). This connection was described
in a multi-dimensional setting with interconnected dynamics in [56] and [55] by employ-
ing a variational formulation of the problem. In Chapter 2, we employ essentially the
formulation and the techniques elaborated in [56], however extending their arguments
to fit our convex setting. An important aspect that needs to be underlined is that these
types of connections are known only when the control is assumed to be of dimension
one. This represents the main reason why our problem is formulated for one-dimensional
bounded variation controls.

1.2 Chapter 3: Submodular N -player games with
singular controls

In Chapter 3, we consider a class of stochastic N -player games over a finite time-
horizon in which each player, indexed by i = 1, ..., N , faces a multi-dimensional stochas-
tic singular control problem of monotone-follower type.2 On a filtered probability space
(Ω,F ,F,P) satisfying the usual conditions, consider an adapted multi-dimensional càdlàg
(i.e., right-continuous with left limits) process L and, for i = 1, ..., N , multi-dimensional
continuous semimartingales f i with nonnegative components. We call monotone-follower
game the game in which each player i is allowed to choose a multi-dimensional control
ξi in the set of admissible strategies

A :=
{
F-adapted processes with nondecreasing,

nonnegative and càdlàg components

}
,

in order to minimize the cost functional

J i(ξi, ξ−i) := E
[ ∫ T

0
hi(Lt, ξit, ξ

−i
t ) dt+ gi(LT , ξiT , ξ

−i
T ) +

∫
[0,T ]

f it dξ
i
t

]
,

where ξ−i := (ξj)j 6=i. Here T < ∞ and hi and gi are suitable nonnegative convex cost
functions. Furthermore, we introduce a sequence of approximating games with regular
controls in the following way. For each n ∈ N, define the n-Lipschitz game as the
game in which players are restricted to pick a Lipschitz control in the set of admissible
n-Lipschitz strategies

Un = {ξ ∈ A | ξ is Lipschitz with Lipschitz constant smaller that n and ξ0 = 0} ,

in order to minimize the cost functionals J i.
The number of contributions on games of singular controls is still quite limited

(see [65], [80], [89], [91], [119], [151], [161]), although these problems have received an
increasing interest in the recent years. We briefly discuss here some of these works. In
[151] it is determined a symmetric Nash equilibrium of a monotone-follower game with

2Parts of this introduction and of Chapter 3 are already published in a joint work with Giorgio
Ferrari, see [68].



1.2 Chapter 3: Submodular N-player games with singular controls 9

symmetric payoffs (i.e., the cost functional is the same for all players), and it is provided
a characterization of any equilibria through a system of first order conditions. The same
approach is followed in [80] for a game in which players are allowed to choose a regular
control and a singular control. A general characterization of Nash equilibria through the
Pontryagin maximum principle approach has been investigated in the recent [161] for
regular-singular stochastic differential games. Connections between nonzero-sum games
of singular control and games of optimal stopping have been tackled in [65]. It is also
worth mentioning some recent works on mean field games with singular controls (see
[83] and [87]) and their connection to symmetric N -player games (see [91]). A complete
analysis of a Markovian N -player stochastic game in which players can control an
underlying diffusive dynamic through a control of bounded-variation is provided in
the recent [89]. There, the authors derive a Nash equilibrium by solving a system of
moving free boundary problems. General existence results for stochastic games with
multi-dimensional singular controls and non-Markovian costs were, however, missing in
the literature, and this has motivated our study.

The main contributions presented in Chapter 3 are the following.

1. Under submodularity conditions on the functions hi and gi, we establish the
existence of Nash equilibria for the monotone-follower and the n-Lipschitz games.

2. We show connections across these two classes of games. In particular:

(a) Any sequence obtained by choosing, for each n ∈ N, a Nash equilibrium of
the n-Lipschitz game is relatively compact in the Meyer-Zheng topology,
and any accumulation point of this sequence is the law of a weak Nash
equilibrium of the monotone-follower game (see Definition 5 below). That
is, any accumulation point is a Nash equilibrium on a suitable probability
space on which are defined two processes f̄ and L̄ such that their joint law
coincides with the joint law of f and L.

(b) The N -dimensional vector whose components are the expected costs associ-
ated to any weak Nash equilibrium obtained through the previous approx-
imation is a Nash equilibrium value. Moreover, for each ε > 0, there exist
nε ∈ N large enough and a Nash equilibium of the nε-Lipschitz game which
is an ε-Nash equilibrium of the monotone-follower game.

Furthermore, we provide applications of our results to deduce existence of Nash equilib-
ria for a class of stochastic differential games with singular controls and non-Markovian
random costs. Also, in the spirit of [157], we construct an algorithm to determine a
Nash equilibrium of the monotone-follower game.

We now provide more details on our results by discussing the ideas and techniques
of their proofs.

The existence results. Going back to the seminal ideas of J. Nash, a typical way to
prove existence of Nash equilibria is to show existence of a fixed point for the best-
reply map. In the spirit of [157], our strategy to prove existence of Nash equilibria in
the monotone-follower game and in the n-Lipschitz game is to exploit the submodu-
lar structure of our games in order to apply a lattice-theoretical fixed point theorem:
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the Tarski’s fixed point theorem (see [155]). We proceed as follows. We first endow
the spaces of admissible strategies A and Un (defined above) with a lattice structure.
While the lattice Un is complete, the same does not hold true for A. To overcome this
problem, we show that, under suitable assumptions, each “reasonable” strategy lives in
a bounded subset of A, and we restrict our analysis to this subset. We then prove that
the best-reply maps are nonempty. To accomplish this task in the n-Lipschitz game,
we employ the so-called classical direct method. Indeed, since each strategy is forced
to be n-Lipschitz, then the sequence of time-derivatives of any minimizing sequence is
bounded in L2. Hence, Banach-Saks’ theorem, together with the lower semi-continuity
and the convexity of the costs, allows to conclude existence of the minima. On the
other hand, for the monotone-follower game we use some more recent techniques al-
ready employed to prove existence of optimizers in stochastic singular control problems
(see [14]). Assuming a uniform coercivity condition on the costs (which has to be, any-
way, necessarily satisfied in any Nash equilibria; see Remark 3.1.6 below) we can use
a theorem by Y.M. Kabanov (see Lemma 3.5 in [104]) which gives relative sequential
compactness, in the Cesàro sense, of any minimizing sequence. Then, exploiting again
the lower semi-continuity and the convexity of the cost functions, we conclude exis-
tence of the minima. Next, we show that the best-reply maps preserve the order in the
spaces of admissible strategies, and for this the submodular condition is essential. The
existence then follows by invoking Tarski’s fixed point theorem.

Our result also generalizes to the infinite time-horizon case (see Remark 3.1.9) and
to the monotone-follower game in which players are allowed to choose both a regular
control and a singular control (see Remark 3.1.8). Moreover, some of our assumptions
are not needed if we impose finite-fuel constraints (see Remark 3.1.7).

It is worth stressing that our proof strongly hinges on the submodularity assumption,
which, however, is a typical requirement in many problems arising in applications (see,
e.g., [137], [157], [159], or the books [158] and [160] and the references therein).

The approximation results. Singular control problems naturally arise to overcome
the ill-posedness of standard stochastic control problems in which the control linearly
affects the dynamics of the state variable, and the cost of control is proportional to
the effort. Some kind of connection between regular control problems with the linear
structure described above and singular control problems is then expected, and actually
already discussed in the literature (see, e.g, the early [135] for an analytical approach,
and [123] for a probabilistic approach). In Theorem 21 of [123], it is shown that any
sequence obtained by choosing, for each n ∈ N, a minimizer of the monotone-follower
problem when the class of admissible controls is restricted to the set of n-Lipschitz
controls, suitably approximates a (weak) optimal solution to the original monotone-
follower problem.

We prove that any sequence of Nash equilibria of the n-Lipschitz game is weakly
relatively compact, and that any accumulation point is a weak Nash equilibrium of the
monotone-follower game. We first show that this sequence satisfies a tightness criterion
for the Meyer-Zheng topology. Then, we prove that any Nash equilibrium of the n-
Lipschitz game necessarily satisfies a system of stochastic equations. After changing
the underlying probability space by a Skorokhod representation, we pass to the limit in
these systems of equations and deduce that any accumulation point solves a new system
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of stochastic equations. These equations can be viewed as a version of the Pontryagin
maximum principle, and they are sufficient to ensure that the limit point is a Nash
equilibrium in the new probability space, hence a weak Nash equilibrium.

As a byproduct of this result, we are able to show that, for each ε > 0, there exists
n ∈ N large enough such that the Nash equilibrium of the n-Lipschitz game is an ε-
Nash equilibrium of the monotone-follower game. This gives a clearer interpretation of
the weak Nash equilibrium found through the approximation: the N -dimensional vector
whose components are the expected costs associated to the weak Nash equilibrium is,
in fact, a Nash equilibrium value (as defined in [33]) of the monotone-follower game.

Applications and examples. Our existence result applies to deduce existence of open-
loop Nash equilibria in stochastic differential games with singular controls and non-
Markovian random costs, whenever a certain structure is preserved by the dynamics.
For the sake of illustration, we consider the case in which the dynamics of the state vari-
able of each player are a linearly controlled geometric Brownian motion and a linearly
controlled Ornstein-Uhlenbeck process.

Moreover, we consider the algorithm introduced by Topkis (see Algorithm II in
[157]) for submodular games: given as initial point the constantly null profile strategy,
this algorithm consists of an iteration of the best-reply map. We show that, also in our
setting, this algorithm converges to a Nash equilibrium.

1.3 Chapter 4: Submodular mean field games with
regular and singular controls

Chapter 4 is devoted to the study of mean field games with submodular costs,
in which the representative agent’s minimization problem is either a regular control
problem or a singular control problem.3 More precisely, on a complete filtered prob-
ability space (Ω,F ,F,P), consider a standard Brownian motion W , and an F0 ran-
dom variable x0. The set of regular controls U is given by the set of square integrable
progressively measurable processes, while the set of singular controls A is the set of
nonnegative nondecreasing càdlàg adapted processes. For any flow of probability mea-
sures µ = (µt)t∈[0,T ], we can consider two types of representative agent’s minimization
problem. In the case of regular controls, this is given byinfu∈U E

[ ∫ T
0 (f(t,Xt, µt) + l(t,Xt, ut))dt+ g(XT , µT )

]
,

subject to dXt = b(t,Xt, ut)dt+ σdWt, t ∈ [0, T ], X0 = x0.

On the other hand, for the MFG with singular controls, the optimal control problem isinfξ∈A E
[ ∫ T

0 f(t,Xt, µt)dt+ g(XT , µT ) +
∫

[0,T ] ctdξt

]
,

subject to dXt = b(t,Xt)dt+ σdWt + dξt, t ∈ [0, T ], X0− = x0.

3Parts of this introduction and of Chapter 4 are already published in a joint work with Markus
Fischer, Giorgio Ferrari and Max Nendel, see [70].
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In both cases, a flow of measures µ is said to be a MFG equilibrium (or solution) if the
fixed point condition holds; that is, if

µt = P ◦ (Xµ
t )−1, for any t ∈ [0, T ],

where Xµ is one of the optimally controlled state process, when optimizing against µ.
The diffusion coefficient, while independent of state and control, is possibly degenerate.
Deterministic dynamics are thus included as a special case.

Mean field games, as introduced by Lasry and Lions [121] and, independently, by
Huang, Malhamé and Caines [99], are limit models for non-cooperative symmetric N -
player games with mean field interaction as the number of players N tends to infinity;
see, for instance, [42], [45] and the recent two-volume work [47]. The related notion
of oblivious equilibra for infinite models was also developed independently in [164].
The submodularity assumption has been applied to MFGs by Adlaka and Johari in
[2] for a class of discrete time games with infinite horizon discounted costs, by Wiȩcek
in [165] for a class of finite state MFGs with total reward up to a time of first exit,
and by Carmona, Delarue, and Lacker in [49] for mean field games of timing (optimal
stopping), in order to study dynamic models of bank runs in a continuous time setting.

General existence of solutions to the MFG problem can be obtained through Ba-
nach’s fixed point theorem if the time horizon is small (cf. [99]). For arbitrary time
horizons, a version of the Brouwer-Schauder fixed point theorem, including generaliza-
tions to multi-valued maps, can be used; cf. [42] and [120] (see also [83] in the context
of MFGs with singular controls). In the presence of a common noise (i.e., an aggregate
source of randomness), the existence of a weak MFG solution (i.e., not adapted to the
common noise) can be established for a general class of MFGs. On the other hand,
the existence of a strong MFG solution (i.e., adapted to the common noise) seems to
be addressed mainly under conditions which imply the uniqueness of equilibria. For
example, in [48] an analogue of the famous result of Yamada and Watanabe is derived,
and it is used to prove existence and uniqueness of a strong solution under the Lasry-
Lions monotonicity conditions (see [121]). Under lack of uniqueness, existence of strong
solutions remains mainly an open question.

Since uniqueness of equilibria in game theory is the exception rather than the rule, it
is not surprising that existence of multiple solutions is quite common also in MFGs. This
phenomenon has been investigated mainly on a case by case basis, and specific examples
with multiple solutions have been presented in the recent [15, 51, 67, 156], among others.
Interestingly, the submodularity assumption appears implicitly in a number of classical
linear-quadratic models (see, e.g., [22]) and in [15, 38, 51, 67], even if this property is not
exploited therein. Therefore, the increasing interest in the non uniqueness of solutions
together with the perspective of characterizing many models through a unique key
property motivates our study on submodular MFGs.

Finally, the problem of how to find solutions to a MFGs in a constructive way is of
interest too. This problem has been addressed by Cardaliaguet and Hadikhanloo [44].
They analyze a learning procedure, similar to what is known as fictitious play (cf. [98]
and the references therein), where the representative agent, starting from an arbitrary
flow of measures, computes a new flow of measures by updating the average over past
measure flows according to the best-response to that average. For potential mean field
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games, the authors establish convergence of this kind of fictitious play via PDE methods.
Similar approaches have been further developed in some recent works (see [75, 142, 166],
among others) with the help of machine learning techniques, providing a rich set of tools
in order to address computational aspects in MFGs.

Driven by this questions, the aim of Chapter 4 is to investigate existence, structure
and approximation of equilibria for MFGs with regular or singular controls in which
the measure-dependent costs are assumed to be submodular with respect to the first
order stochastic dominance on measures and the standard order relation on states (cf.
Assumption 4.1.9 below). In the context of MFGs, the submodularity represents the
situation in which players have an incentive to imitate each other, and it consists of a
sort of antithetic version of the well known Larsy-Lions monotonicity condition.

The main results of Chapter 4 highlight the submodularity as relevant structural
condition for MFG models, and can be summarized as follows.

1. The submodularity assumption yields an alternative way of establishing the ex-
istence of MFG solutions using Tarski’s fixed point theorem [155]. This allows us
to cover systems with coefficients that are possibly discontinuous in the measure
variable. Furthermore, our lattice-theoretical approach allows to prove existence
of strong solutions to a class of MFGs with common noise in which the repre-
sentative agent faces a mean field interaction through the conditional mean of its
state given the common noise.

2. The set of MFG solutions enjoys a lattice structure, so that there are a minimal
solution and a maximal solution with respect to the order relation.

3. The learning procedure which consists of iterating the best-response-map (thus
computing a new flow of measures as best-response to the previous measure flow)
converges to the minimal (or the maximal) MFG solution, for appropriately chosen
initial measure flows.

These results are proven first for a representative class of MFGs with regular controls,
under the additional assumption that the representative agent’s minimization problem
admits a unique optimal control. Therefore, we extend them to MFGs with relaxed
controls (see, e.g., [120]), in order to deal with control problems in which multiple
optimal controls are allowed. The results obtained for regular and relaxed controls
allow then to derive analogous conclusions for MFGs with singular controls, via an
approximation of monotone càdlàg processes through Lipschitz processes, which in turn
can be seen as regular controls.

Our lattice-theoretical approach works as long as some “good properties” are pre-
served by the costs and the dynamics, and some further setups are presented for the
sake of illustration. In particular (yet relevant) cases we can also prove existence of
MFG solutions when the dynamics of the state process depends on the measure (see
Subsection 4.4.4). Finally, although our results strongly hinge on the one-dimensional
nature of the setting, suitable multidimensional cases can also be considered. In par-
ticular, if the dependence on the measure is only through one of its one-dimensional
marginals, existence and approximation of MFG solutions can still be obtained in some
settings (cf. Subsection 4.4.1).
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The approach that we follow in this thesis focuses exclusively on the representative
agent minimization problem, without reformulating the problem in terms of a related
forward-backward system or of the master equation (see, e.g., [20, 43, 46]). Whether
those reformulations of the mean field game problem allow to obtain results of a similar
fashion of ours is, to the best of our knowledge, an open question that we leave for
future research.

1.4 Chapter 5: Stationary mean field games with
singular control

In Chapter 5, we consider two stationary MFG models with singular controls, in
which the representative agent optimization problem consists in the maximization of a
discounted or ergodic profit functional.4

Our models are motivated by the aim of providing an explicit construction of equi-
libria in games of productivity expansion. Our analysis allows to treat the mean field
version of a symmetric dynamic oligopoly model, which is described as follows. In the
pre-limit, each company can instantaneously increase via costly investment its produc-
tivity, which is affected by idiosyncratic noise modeling, e.g., exogenous technological
shocks. In the spirit of Chapter 11 in [71] or [25], each unit of investment gives rise
to a proportional cost, and investments do not need to be necessarily performed at
rates; also singularly continuous actions and gulps are allowed. The operating profit of
each company increases with its productivity and decreases with the average long-term
weighted mean productivity of other firsms. In the limit, the representative company is
then expected to react to a weighted mean of the population’s stationary productivity.
In Chapter 5, we abstract from this concrete application and study a stationary mean
field game where: (i) the state variable of the representative agent is a nonnegative sin-
gularly controlled Itô-diffusion; (ii) the interaction among players is through the reward
functional, in which instantaneous profits depend on a suitable weighted average of the
state process with respect to the stationary distribution; (iii) the representative agent
maximizes either a discounted net profit functional or its ergodic version. The study
of the ergodic mean field game is particularly relevant when one considers decisions in
the context of sustainable development and management of public goods, in which it
might be important to take care of the payoffs received by successive generations.

We now describe more in detail the models studied in Chapter 5. On a complete
filtered probability space (Ω,F ,F,P), consider a standard Brownian motion W and the
set A of nonnegative nondecreasing càdlàg adapted processes. For any x > 0 and ξ ∈ A,
denote by Xx;ξ the solution to the singularly controlled Itô-diffusion

dXx;ξ
t = b(Xx;ξ

t )dt+ σ(Xx;ξ
t )dWt + dξt, t  0, Xx;ξ

0− = x.

The uncontrolled underlying state process is assumed to have 0 and +∞ as natural
boundaries. For any parameter θ > 0, we consider discounted profit functionals J , and

4Parts of this introduction and of Chapter 5 are based on a joint work with Haoyang Cao and
Giorgio Ferrari, see [40].
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an ergodic profit G, respectively given by

J(x, ξ, θ; r) := E
[ ∫ ∞

0
e−rth(Xx;ξ

t , θ)dt−
∫

[0,T ]
e−rtdξt

]
, for r > 0,

and

G(x, ξ, θ) := lim sup
T→∞

1
T
E
[ ∫ T

0
h(Xx;ξ

t , θ)dt− ξT
]
.

A parameter θ̄ > 0 is a solution for the discounted (resp., ergodic) MFG if the optimally
controlled process X̄x for the profit functional J(x, ·, θ̄; r) (resp., G(x, ·, θ̄)) admits a lim-
iting distribution PX̄x

∞
satisfying θ̄ = θ(PX̄x

∞
). Here, for two positive increasing functions

f and F , we set

θ(µ) := F

(∫
R+

f(x)dµ(x)
)
,

for any probability measure µ such that
∫
R+
f(x)dµ(x) <∞.

The results in Chapter 5 contribute to the literature on mean field games with
continuous time and continuous state-space. The closest work to ours is the recent
paper [41], where the authors study a stationary discounted mean field game with
two-sided singular controls, and its relation to the associated N -player game. However,
differently to our general diffusive model, in [41] the dynamics of the state process is
a geometric Brownian motion and the relation to the ergodic formulation of the mean
field game is not addressed. In [38] and [91] mean field and N -player stochastic games
for finite-fuel follower problems are studied, and the structure of equilibria is obtained.
Finally, [83] provides a careful technical analysis of the existence of solutions to general
mean field games involving singular controls.

The main contributions presented in Chapter 5 are the following. First of all, we are
able to construct the unique mean field stationary equilibrium, both for a discounted and
an ergodic reward functional. In both cases, the equilibrium control is of barrier-type:
there exists an endogenously determined threshold x̄ at which it is optimal to reflect
the state process upward in a minimal way (i.e. according to a so-called Skorokhod
reflection; see, e.g., Chapter 6 in [93]). The equilibrium stationary distribution is given
by a truncated version of the speed-measure of the underlying Itô-diffusion; that is, it
coincides with the speed measure on [x̄,∞) and it is zero otherwise. The equilibrium
triggers are characterized as the unique solutions to some nonlinear equations involving
marginal profits, marginal cost of investment, and characteristic quantities of the Itô-
diffusion. Those equations can be easily solved numerically. The approach leading to
such a complete characterization of the discounted and ergodic mean field equilibria is as
follows: we fix the stationary average θ of the population, and we solve one-dimensional
stochastic singular control problem parametrized by θ. In line with [4, 5, 102, 103, 127],
among others, we find that, for each given θ, it is optimal to reflect the state upward
at some x̄(θ). We then impose that the value of θ at equilibrium is the one which is
computed through the stationary distribution of the state process reflected at x̄(θ). We
prove that the resulting fixed point problem admits a unique solution θ̄, which, in turn,
leads to the equilibrium trigger x̄ := x̄(θ̄). It is worth observing that a byproduct of
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our analysis is the solution to a class of ergodic stochastic singular control problems,
via exploiting a connection to optimal stopping in the spirit of [107].

Second, we can show that the so-called Abelian limit holds for our mean field games.
This means that, when the representative agent discounts profits and costs at a rate
r decreasing to zero, the expected reward associated to the mean field equilibrium of
the r-discounted problem, multiplied by r, converges to a constant. The latter actually
is the equilibrium value of the ergodic mean field game. Moreover, also the barrier
triggering the equilibrium control of the discounted problem converges to that of the
ergodic problem when r ↓ 0. The proof of such a convergence requires a careful analysis
of the dependency with respect to r of the equilibrium trigger and average arising in
the discounted game. This is possible by analyzing the continuity with respect to r of
the solution to the system of equations uniquely defining the equilibria.

A natural question is whether the determined mean field equilibria approximate the
corresponding symmetric N -player games. Moreover, in light of the Abelian limit, one
can wonder whether the mean field equilibrium for the discounted problem relates to
ε-equilibria in the ergodic symmetric N -player game. The study of these two questions
represents the third main contribution of Chapter 5. We introduce ergodic and dis-
counted N -player symmetric games where each player reacts to the long-time average
of an increasing function of a weighted mean of the opponents’ states. We then show
that the mean field equilibria of the ergodic and discounted problems realize an εN -Nash
equilibrium for those N -player games, with εN converging to zero as N goes to infinity.
Furthermore, when N is large and r is small, the validity of the Abelian limit allows
to prove that the equilibrium of the discounted mean field game approximates a Nash
equilibrium of the ergodic N -player singular control game. While N -player games with
singular controls have already attracted some attention in the recent literature (see,
among others, [65, 68, 80, 89, 91, 118, 119]), to our knowledge, singular control games
with ergodic criterion have not yet been investigated. Thus, the previous approximation
result sheds light on a novel class of dynamic stochastic games which naturally arise in
applications.

1.5 Outline of the thesis

This thesis consists of 5 chapters and two appendices.
Chapter 2 addresses the problem of characterizing optimal singular controls, and

it is organised as follows. In Section 2.1 we formulate the problem, we enforce some
structural conditions, and we state the main result. The proof of the main result for
a constant volatility is presented in Section 2.2, while the proof for a linear volatility
is discussed in Section 2.3. Extensions and examples are provided in Section 2.4, while
Section 2.5 and Section 2.6 are devoted to some auxiliary technical results.

In Chapter 3 we study N -player games with singular controls. In Section 3.1.1 we
introduce the monotone-follower game. Sections 3.1.2 and 3.2 are devoted to the exis-
tence theorems of Nash equilibria for the submodular monotone-follower game and for
the n-Lipschitz game, respectively. The approximation results are contained in Section
3.3. The application of our result to suitable stochastic differential games is provided
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in Section 3.4, together with the proof of the convergence to a Nash equilibrium of a
certain algorithm.

Chapter 4 is devoted to the study of submodular MFGs. In Subsection 4.1.1, we
introduce the controlled system dynamics and costs, together with our standing as-
sumptions, and give the definition of a mean field game, where we take regular controls
as admissible strategies. In Subsection 4.1.2, we define the order relation on probability
measures which is crucial for the submodularity assumption on the cost coefficients of
the game. That assumption is stated and discussed in Subsection 4.1.3, while Subsec-
tion 4.1.4 deals with properties of the best-response-map. Subsection 4.1.5 contains our
main results for MFGs with regular controls. In Section 4.2, we extend the analysis of
Section 4.1 to submodular mean field games defined over stochastic relaxed controls.
This allows to re-obtain the existence and, especially, the convergence result under more
general conditions. Finally, in Section 4.3 we derive similar results for MFGs with singu-
lar controls. Section 4.4 concludes with comments on the multidimensional setting, the
linear-quadratic case, systems with multiplicative and mean field dependent dynamics,
while some models with common noise are discussed in Section 4.5.

The stationary MFG models with singular controls are presented in Chapter 5.
In Section 5.1 the probabilistic setting is introduced, while the mean field games are
presented in Section 5.2. Section 5.3 collects the results of existence and uniqueness of
mean field equilibria, and Section 5.4 derives the Abelian limit. The relation between
the considered mean field games and their related symmetric N -player games is then
discussed in Section 5.5.

In Appendix A we recall some results about the Meyer-Zheng topology, while some
auxiliary results on first order stochastic dominance are collected in the Appendix B.





Chapter 2

Singular control and related
Skorokhod problem

In this chapter, we characterize the optimal control for a class of stochastic singular
control problems as the unique solution to a related Skorokhod reflection problem.
The considered optimization problems concern the minimization of a discounted cost
functional over an infinite time-horizon through a process of bounded variation affecting
an Itô-diffusion. The setting is multidimensional, the dynamics of the state and the costs
are convex, the volatility matrix can be constant or linear in the state. We prove that the
optimal control acts only when the underlying diffusion attempts to exit the so-called
waiting region, and that the direction of this action is prescribed by the derivative of the
value function. Our approach is based on the study of a suitable monotonicity property
of the derivative of the value function through its interpretation as the value of an
optimal stopping game. Such a monotonicity allows to construct nearly optimal policies
which reflect the underlying diffusion at the boundary of approximating waiting regions.
The limit of this approximation scheme then provides the desired characterization. The
main result of this chapter applies to a relevant class of linear-quadratic models, among
others. Furthermore, it allows to construct the optimal control in degenerate and non
degenerate settings considered in the literature, where this aspect was only partially
addressed.

2.1 Problem formulation and main result

2.1.1 Singular control and Skorokhod problem

Fix d ∈ N, d  2, and a d-dimensional Brownian motion W = (W 1, ...,W d)
on a filtered probability space (Ω,F ,F,P) satisfying the usual conditions. For each
x = (x1, ..., xd) ∈ Rd, let the process Xx = (X1,x, ..., Xd,x) denote the solution to the
stochastic differential equation (SDE, in short)dX

1,x
t = (a1 + b1

1X
1,x
t )dt+ σ̄(X1,x

t )dW 1
t , t  0, X1,x

0− = x1,

dX i,x
t = bi(X1,x

t , X i,x
t )dt+ σ̄(X i,x

t )dW i
t , t  0, X i,x

0− = xi, i = 2, ..., d.
(2.1.1)

19
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Here a1, b
1
1 are constants, while the coefficients bi ∈ C(R2) and σ̄ ∈ C(R) are determinis-

tic Lipschitz continuous functions. The drift b̄(x) := (a1 + b1
1x1, b

2(x1, x2), .., bd(x1, xd))>

and the function σ̄ satisfy Assumption 2.1.1 below. Next, introduce the set of admissible
controls as

V := {R-valued F-adapted and càdlàg processes with locally bounded variation} ,

and, for each v ∈ V and x ∈ Rd, let the process Xx;v = (X1,x;v, ..., Xd,x;v) denote the
unique strong solution to the controlled stochastic differential equationdX

1,x;v
t = (a1 + b1

1X
1,x;v
t )dt+ σ̄(X1,x;v

t )dW 1
t + dvt, t  0, X1,x;v

0− = x1,

dX i,x;v
t = bi(X1,x;v

t , X i,x;v
t )dt+ σ̄(X i,x;v

t )dW i
t , t  0, X i,x;v

0− = xi, i = 2, ..., d.
(2.1.2)

For any given initial condition x ∈ Rd, consider the problem of minimizing the
expected discounted cost

J(x; v) := E
[ ∫ ∞

0
e−ρth(Xx;v

t )dt+
∫

[0,∞)
e−ρtd|v|t

]
, v ∈ V , (2.1.3)

where |v| denotes the total variation of the process v, h : Rd → R is a continuous
function, and ρ > 0 is a constant discount factor. We will say that the control v̄ ∈ V is
optimal if

V (x) := inf
v∈V

J(x; v) = J(x; v̄), (2.1.4)

and, in the following, we will refer to the function V as to the value function of the
problem, and to Xx;v̄ as to the optimal trajectory.

The second integral appearing in (2.1.3) has to be understood in the Lebesgue-
Stieltjes sense, and it is defined as∫

[0,∞)
e−ρtd|v|t := |v|0 +

∫ ∞
0

e−ρtd|v|t, (2.1.5)

in order to take into account possible jumps of the control at time zero. Moreover, for
v ∈ V we will often write dv = γd|v| to denote the disintegration

vt =
∫ t

0
γsd|v|s, for each t  0, P-a.s.,

where |v| denotes the total variation of the signed measure v, and the process γ is the
Radon-Nikodym derivative of the signed measure v with respect to |v|. Also, for a control
v, the nondecreasing càdlàg processes ξ+, ξ− will denote the minimal decomposition of
the signed measure v; that is, v = ξ+ − ξ−, and ξ+ ¬ ξ̄+ and ξ− ¬ ξ̄− for any other
couple of nondecreasing càdlàg processes ξ̄+, ξ̄− which satisfy v = ξ̄+ − ξ̄−.

Finally, recall from [115] the following notion of solution to the Skorokhod problem,
which we adapt to our setting.

Definition 1. Let O be an open subset of Rd with closure O, x ∈ O, and set S := ∂O.
Let ν̄ be a continuous vector field on S, with ν̄ = e1ν and |ν(y)| = 1 for each y ∈ S.

We say that the process v ∈ V is a solution to the modified Skorokhod problem for
the SDE (2.1.2) in O starting at x with reflection direction ν̄ if
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1. P[Xx;v
t ∈ O, ∀t  0] = 1;

2. P-a.s., for each t  0 one has dv = γd|v|, with

|v|t =
∫ t

0
1{Xx;v

s− ∈S, ν(Xx;v
s− )=γs}d|v|s;

3. P-a.s., for each t  0, a possible jump of the process Xx;v at time t occurs on
some interval I ⊂ S parallel to the vector field ν̄; i.e., such that ν̄(y) is parallel to
I for each y ∈ I. If Xx;v encounters such an interval I, it instantaneously jumps
to its endpoint in the direction ν̄ on I.

Moreover, if v is continuous, then we say that v is a solution to the (classical)
Skorokhod problem for the SDE (2.1.2) in O starting at x with reflection direction ν̄.

2.1.2 Assumptions and main result

The main objective of this chapter is to characterize optimal control policies for
Problem (2.1.4) as solutions to related Skorokhod problems.

We will prove our main result under the following structural conditions, which we
enforce throughout the rest of this chapter. We postpone the discussion of some gener-
alizations to Section 2.4.

Assumption 2.1.1. For p  2 we have:

1. The running cost h is C2;1(Rd), convex, and, for suitable constants K,κ1, κ2 > 0,
it satisfies, for each x, y ∈ Rd and for all λ ∈ [0, 1], the conditions

κ1|x1|p − κ2 ¬ h(x) ¬ K(1 + |x|p),
|h(y)− h(x)| ¬ K(1 + |x|p−1 + |y|p−1)|y − x|,

λh(x) + (1− λ)h(x)− h(λx+ (1− λ)y) ¬ Kλ(1− λ)(1 + |x|p−2 + |y|p−2)|x− y|2,
0 < hx1x1(x).

2. There exists a constant L̄  0 such that, for each x, y ∈ Rd, we have

|b̄(x)| ¬ L̄(1 + |x|),
|b̄(y)− b̄(x)| ¬ L̄|y − x|.

The functions bi are convex of class C2;1(Rd). Furthermore, we assume that hxi 
0 and bix1

, bix1xi
, hx1xi ¬ 0 for each i = 2, ..., d, and that Db̄ is globally Lipschitz.

3. For ρ∗ := p(2p− 1) and a constant σ > 0, either of the two conditions below is
satisfied:

(a) σ̄(y) = σ, y ∈ R, and the discount factor satisfies the relation ρ > 3ρ∗L̄.

(b) σ̄(y) = σy, y ∈ R, and the discount factor satisfies the relation ρ > 2ρ∗(L̄+
σ2(ρ∗ − 1)). In this case, we also assume that there exists x∗1 > 0 such that
hx1(x) ¬ min{0,−b1

1} for each x with x1 < 2x∗1, that bi(x1, xi)  0 for
x1, xi  0 for each i = 2, ..., d, and that a1  0.
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Natural examples in which the conditions above are satisfied are given –after dis-
cussing generalizations of Assumption 2.1.1– in Section 2.4. These include a relevant
class of linear-quadratic stochastic singular control problems (see Example 1 and Sub-
section 2.4.4 below). Notice that the nature of problem (2.1.4) is genuinely multidimen-
sional, as the components of the dynamics (2.1.2) are interconnected.

Remark 2.1.2 (On the role of Assumption 2.1.1). We underline that the particular
choice of p  2 is motivated by quadratic running costs (cf. Example 1 in Section 2.4).
From Condition 2 one can see that quite strong requirements are needed in order to treat
models with a general bi. However, when bi has a simpler form, some conditions on the
derivatives bix1

, bix1xi
, hxi , hx1xi can be weakened (see Subsections 2.4.1 and 2.4.1). Also,

the assumption on hx1 in Condition 3b is to enforce that the optimal trajectories live in
the set Rd

+ := {x ∈ Rd|xi > 0, i = 1, ..., d}, whenever the initial condition x ∈ Rd
+ (cf.

Lemma 2.3.1 below). This condition is a natural substitute, for minimization problems
in dimension d  2, of the classical Inada condition at 0 (see, e.g., equation (2.5) in
[88]). The latter, is typically assumed in profit maximization problems, and it is satisfied
by Cobb-Douglas production functions. Finally, the conditions on the discount factor ρ
are in place in order to ensure a suitable “integrability” of the optimal trajectories,
which allows to prove some semiconcavity estimates for the value function V (see steps
2 and 3 in the proof of Theorem 2.5.1 in Section 2.5).

Observe that, when Condition 3a is in place, a generic controlled trajectory Xx;v, v ∈
V , can reach the whole space with probability P > 0. On the other hand, under Condi-
tion 3b, as mentioned in Remark 2.1.2, the natural domain for a controlled trajectory
is Rd

+. This suggest to define a domain D in the following way

D := Rd if Condition 3a holds, D := Rd
+ if Condition 3b holds. (2.1.6)

Indeed, it is possible to show that the value function V is finite and it is a convex
solution in W 2;∞

loc (D) of the Hamilton-Jacobi-Bellman (HJB, in short) equation

max{ρV − LV − h, |Vx1 | − 1} = 0, a.e. in D, (2.1.7)

where LV (x) := b̄(x)DV (x) + 1
2

∑d
i=1 σ̄

2(xi)Vxixi(x), x ∈ D, is the generator of the
uncontrolled SDE (2.1.1). For completeness, a proof of this result is provided in Section
2.5 (see Theorem 2.5.1). During the proof of Theorem 2.5.1, the convergence of a certain
penalization method is studied: This convergence will be a useful tool in many of the
proofs in this chapter.

Define next the waiting region W as

W := {x ∈ D | |Vx1(x)| < 1}, (2.1.8)

and notice that, by the W 2;∞
loc -regularity of V , W is an open subset of D. Also, for each

z ∈ Rd−1, we define the sets

D1(z) := {y ∈ R | (y, z) ∈ D} and W1(z) := {y ∈ R | (y, z) ∈ W}.

In the sequel, the closure of W (resp. W1(z)) in D (resp. D1(z)) will be denoted by W
(resp. W1(z)). We state here a technical lemma, whose proof is given in Section 2.6.
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Lemma 2.1.3. For any x = (x1, z) ∈ D, with z ∈ Rd−1, the set W1(z) is a nonempty
open interval; in particular, W is nonempty.

Remark 2.1.4 (Existence and uniqueness of optimal controls). For each x̄ ∈ D, it
is possible to show that, under Assumption 2.1.1, there exists a unique optimal control
v̄ ∈ V. This is a classical result when the drift is affine. In the case of a convex drift, it
essentially follows from the convexity of J w.r.t. (x, v). The latter in turn follows from
the convexity of the drift, the monotonicity of h, and a comparison principle for SDEs.
The argument can be recovered from the proof of Lemma 2.2.7 below, which works for
any sequence of controls minimizing the cost functional J . Finally, the uniqueness of
the optimal control is a consequence of the strict convexity of h in the variable x1.

The following is the main result of this chapter, characterizing the optimal policies
in terms of the waiting region W and the derivative Vx1 in the sense of Definition 1.

Theorem 2.1.5. Let x̄ = (x̄1, z̄) ∈ D, with z̄ ∈ Rd−1. The following statements hold
true:

1. If x̄ ∈ W, then the optimal control v̄ is the unique solution to the modified Sko-
rokhod problem for the SDE (2.1.2) in W starting at x̄ with reflection direction
−Vx1e1;

2. If x̄ /∈ W, then the optimal control v̄ can be written as v̄ = ȳ1 − x̄1 + w̄, where ȳ1

is the metric projection of x̄1 into the set W1(z̄), and w̄ is the unique solution to
the modified Skorokhod problem for the SDE (2.1.2) in W starting at ȳ := (ȳ1, z̄)
with reflection direction −Vx1e1.

In Section 2.2 we provide a proof of Theorem 2.1.5 under Condition 3a in Assumption
2.1.1. The strategy of the proof can be summarized in three main steps:

Step a. In Subsection 2.2.1 we study an important monotonicity property of Vx1 , through
a connection with Dynkin games.

Step b. In Subsection 2.2.2, this property will allow us to construct ε-optimal policies as
solutions to Skorokhod problems in domains Wε approximating W .

Step c. Finally, in Subsection 2.2.3 we prove that the ε-optimal policies approximate the
optimal policy, and that the latter is a solution to the Skorokhod problem in the
original domain W .

The proof of Theorem 2.1.5 under Condition 3b in Assumption 2.1.1 follows similar
rationales, and it is discussed in Section 2.3. In particular, in Subsections 2.3.1 a pre-
liminary lemma is proved, while in Subsection 2.3.2 we show how to use this lemma in
order to repeat (with minor modifications) the arguments of Section 2.2.

2.2 Proof of Theorem 2.1.5 for constant volatility

In this section we assume that Condition 3a in Assumption 2.1.1 holds. To simplify
the notation, the proof is given for d = 2, so that D = R2. The generalization to the
case d > 2 is straightforward.
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2.2.1 Step a: A connection to Dynkin games and the mono-
tonicity property

In this subsection we adopt an approach based on the variational formulation of
the problem in order to show, in the spirit of [56], a connection between the singular
control problem (2.1.4) and a Dynkin game. This connection will enable us to prove
a monotonicity property of Vx1 , which will be then fundamental in order to construct
ε-optimal controls.

The related Dynkin game

We begin by characterizing Vx1 as a W 2;∞
loc -solution to a two-obstacle problem. The

proof of the next result borrows arguments from [56] (see in particular Theorem 3.9,
Proposition 3.10, and Theorem 3.11 therein). However, since in our case b can be convex,
the techniques used in [56] needs to be refined, and used along with suitable estimates
(described more in detail in the proof of Theorem 2.5.1 in Section 2.5) on a penalization
method. We provide a detailed proof for the sake of completeness.

Theorem 2.2.1. The function Vx1 is a W 2;∞
loc (R2)-solution to the equation

max{(ρ− b1
1)Vx1 − LVx1 − ĥ, |Vx1| − 1} = 0, a.e. in R2, (2.2.1)

where ĥ := hx1 + b2
x1
Vx2.

Proof. We organize the proof in two steps.
Step 1. In this step we show that the function Vx1 is a solution to a variational inequality
with a local operator, and that Vx1 ∈ W

2;∞
loc (R2). Fix B ⊂ R2 open bounded and consider

a nonnegative localizing function ψ ∈ C∞c (B). Define the sets

K :=
{
U ∈ W 1;2

loc (R2) | |U | ¬ 1 a.e.
}

and Kψ := {ψU |U ∈ K}.

We show in the sequel that the function W := Vx1ψ is a solution in Kψ to the variational
inequality

AB(W,U −W )  〈Ĥ, U −W 〉B, for each U ∈ Kψ, (2.2.2)

where Ĥ := ĥψ − Vx1Lψ − DVx1Dψ, the operator AB : W 1;2(B) ×W 1;2(B) → R is
given by

AB(Ū , U) :=
σ2

2

2∑
i=1

〈Ūxi , Uxi〉B−〈b̄DŪ, U〉B+(ρ−b1
1)〈Ū , U〉B for each Ū , U ∈ W 1;2(B),

and 〈·, ·〉B denotes the scalar product in L2(B).
Let us begin by introducing a family of penalized versions of the HJB equation

(2.1.7). Let β ∈ C∞(R) be a convex nondecreasing function with β(r) = 0 if r ¬ 0 and
β(r) = 2r − 1 if r  1. For each ε > 0, let V ε be defined as in (2.5.2). As in Step 1 in
the proof of Theorem 2.5.1 in Section 2.5, V ε is a C2-solution to the partial differential
equation

ρV ε − LV ε +
1
ε
β((V ε

x1
)2 − 1) = h, x ∈ R2. (2.2.3)
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It is possible to show (see Step 2 in the proof of Theorem 2.5.1 in Section 2.5) that, for
each R > 0, there exists a constant CR such that

sup
ε∈(0,1)

‖V ε‖W 2;∞(BR) ¬ CR. (2.2.4)

Moreover (as in (2.5.18) in the proof of Theorem 2.5.1), as ε→ 0, on each subsequence
we have:

(V ε, DV ε) converges to (V,DV ) uniformly in BR; (2.2.5)
D2V ε converges to D2V weakly in L2(BR).

We now show that Vx1 ∈ K. Since the W 1;2
loc -regularity of Vx1 is already known (cf.

Theorem 2.5.1 in Section 2.5), we only need to show that |Vx1| ¬ 1 in R2. To this end,
take R > 0 and observe that, by (2.2.4) and (2.2.3), we have

sup
ε∈(0,1)

‖β((V ε
x1

)2 − 1)‖L2(BR) ¬ CRε, (2.2.6)

where the constant CR > 0 does not depend on ε. Moreover, unless to consider a larger
CR, by the estimate (2.2.4) and the definition of β, we also have the pointwise estimate

|β((V ε
x1

)2 − 1)| ¬ 2((V ε
x1

)2 + 1) ¬ CR, on BR, for each ε ∈ (0, 1). (2.2.7)

Therefore, the limits in (2.2.5) and the estimates (2.2.7) allow to invoke the dominated
convergence theorem to deduce, thanks to (2.2.6), that

‖β((Vx1)2 − 1)‖L2(BR) = lim
ε→0
‖β((V ε

x1
)2 − 1)‖L2(BR) = 0.

Since R is arbitrary, we conclude that |Vx1| ¬ 1 a.e. in R2, and therefore that W ∈ Kψ.
We continue by proving (2.2.2). Since V ε is a solution to (2.2.3), a standard boot-

strapping argument (using Theorem 6.17 at p. 109 in [85]) allows to improve the regu-
larity of V ε and to prove that V ε ∈ C4. Therefore, we can differentiate equation (2.2.3)
with respect to x1 in order to get an equation for V ε

x1
. That is,

[(ρ− b1
1)− L]V ε

x1
+

2
ε
β′((V ε

x1
)2 − 1)V ε

x1
V ε
x1x1

= ĥε, x ∈ R2, (2.2.8)

where we have defined ĥε := hx1 + b2
x1
V ε
x2

. Moreover, by (2.2.8), the localized function
V ε
ψ := V ε

x1
ψ is a solution to the equation

[(ρ− b1
1)− L]V ε

ψ +
2
ε
β′((V ε

x1
)2 − 1)V ε

ψV
ε
x1x1

= Ĥε, x ∈ R2, (2.2.9)

where Ĥε := ĥεψ − V ε
x1
Lψ −DV ε

x1
Dψ.

Let now U ∈ Kψ. Taking the scalar product of (2.2.9) with U − V ε
ψ , an integration

by parts gives

AB(V ε
ψ , U − V ε

ψ ) +
2
ε
〈β′((V ε

x1
)2 − 1)V ε

ψV
ε
x1x1

, U − V ε
ψ 〉B = 〈Ĥε, U − V ε

ψ 〉B. (2.2.10)
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Moreover, since σ > 0, the operator
(
σ2

2

∑2
i=1〈Uxi , Uxi〉B

)1/2
, U ∈ W 1;2(B), defines a

norm on W 1;2
0 (B), and it is therefore lower semi-continuous with respect to the weak

convergence in W 1;2
0 (B). By the limits in (2.2.5), this implies that

lim inf
ε→0

σ2

2

2∑
i=1

〈V ε
ψxi
, V ε

ψxi
〉B 

σ2

2

2∑
i=1

〈Wxi ,Wxi〉B. (2.2.11)

Therefore exploiting the convergences in (2.2.5) and (2.2.11), taking the liminf as ε→ 0
in (2.2.10), we obtain

AB(W,U −W ) + lim inf
ε→0

2
ε
〈β′((V ε

x1
)2 − 1)V ε

ψV
ε
x1x1

, U − V ε
ψ 〉B  〈Ĥ, U −W 〉B. (2.2.12)

In order to prove (2.2.2), it thus only remains to show that the scalar product in (2.2.12)
involving β′ is nonpositive. Write U as U = ψŪ , with Ū ∈ K. If x ∈ R2 is such that
(V ε

x1
(x))2 ¬ (Ū(x))2, then β′((V ε

x1
(x))2 − 1) = 0 since Ū ∈ K. On the other hand, if

(V ε
x1

(x))2 > (Ū(x))2 then we have 2V ε
ψ (U − V ε

ψ ) ¬ U2 − (V ε
ψ )2 < 0. Hence, since V ε is

convex and β′ nonnegative, in both cases we deduce that

2
ε
β′((V ε

x1
)2 − 1)V ε

ψV
ε
x1x1

(U − V ε
ψ ) ¬ 0.

Therefore, we conclude that W is a solution to the variational inequality (2.2.2).
Finally, since σ > 0, the W 2;∞

loc -regularity of Vx1 follows from Theorem 4.1 at p. 31 in
[82], slightly modified in order to fit problem (2.2.2) (see Problem 1 at p. 44, combined
with Problems 2 and 5 at p. 29 in [82]).
Step 2. We now prove that Vx1 is a pointwise solution to (2.2.1). For B ⊂ R2 open
bounded and ψ ∈ C∞c (B), by Step 1 we have that Vx1ψ is a solution to the variational
inequality (2.2.2). Moreover, thanks to the regularity of Vx1 , an integration by parts in
(2.2.2) reveals that

〈L̂ψ, (U − Vx1)ψ〉B  0, for each U ∈ K, (2.2.13)

where L̂ := [(ρ− b1
1)−L]Vx1 − ĥ. For every ε > 0, define the sets Ŵε := {|Vx1| < 1− ε}

and, for N > 0 and 0 < η < ε/N , set ψ̂ := −ηL̂1Ŵε
1{L̂<N}. Define next U := Vx1 + ψ̂,

and observe that U ∈ K. With this choice of U , the inequality (2.2.13) rewrites as

0 ¬
∫
B
L̂(U − Vx1)ψ2dx = −η

∫
R2
L̂2ψ21Ŵε

1{|L̂|<N}dx,

which in turn implies that
∫
R2 L̂2ψ21Ŵε

1{|L̂|<N}dx = 0. Taking limits as N → ∞ and

ε → 0, by monotone convergence theorem, we conclude that
∫
W L̂

2ψ2dx = 0; that is,
L̂ = 0 a.e. in W .

Finally, defining the two regions

I− := {x ∈ R2 |Vx1(x) = −1} and I+ := {x ∈ R2 |Vx1(x) = 1}, (2.2.14)

for ψ̂ := −ηL̂+1I+1{|L̂|<N} and ψ̂ := −ηL̂−1I−1{|L̂|<N}, we can repeat the arguments
above in order to deduce that L̂ ¬ 0 a.e. in I+ ∪ I−, and thus completing the proof of
the theorem.
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Theorem 2.2.1 allows to provide a probabilistic representation of Vx1 in terms of
a Dynkin game. Let T be the set of F-stopping times, and, for τ1, τ2 ∈ T , define the
functional

G(x; τ1, τ2) := E
[ ∫ τ1∧τ2

0
e−ρ̂tĥ(Xx

t )dt− e−ρ̂τ11{τ1¬τ2, τ1<∞} + e−ρ̂τ21{τ2<τ1}

]
,

where ĥ = hx1 + b2
x1
Vx2 (cf. Theorem 2.2.1), the process Xx denotes the solution to the

uncontrolled SDE (2.1.1), and ρ̂ := ρ− b1
1. Consider the 2-player stochastic differential

game of optimal stopping in which Player 1 (resp. Player 2) is allowed to choose a
stopping time τ1 (resp. τ2) in order to maximize (resp. minimize) the functional G.

Recalling the definitions of I− and I+ given in (2.2.14), from Theorem 2.2.1 we
obtain the following verification theorem. Its proof is based on a generalized version of
Itô’s formula (see Theorem 1 at p. 122 in [116]) which can be applied to the process
(e−ρ̂tVx1(Xx

t ))t0 because Vx1 ∈ W
2;∞
loc (R2) by Theorem 2.2.1. Since these arguments are

standard, we omit the details in the interest of length.

Theorem 2.2.2. For each x ∈ R2, the profile strategy (τ̄1, τ̄2) given by the stopping
times

τ̄1 := inf{t  0 |Xx
t ∈ I−} and τ̄2 := inf{t  0 |Xx

t ∈ I+}

is a saddle point of the Dynkin game, and its corresponding value equals Vx1(x); that is,

G(x; τ1, τ̄2) ¬ Vx1(x) = G(x; τ̄1, τ̄2) ¬ G(x; τ̄1, τ2), for each τ1, τ2 ∈ T .

Moreover, we have

Vx1(x) = sup
τ1

inf
τ2
G(x; τ1, τ2) = inf

τ2
sup
τ1
G(x; τ1, τ2). (2.2.15)

The monotonicity property

We now show how Condition 2 in Assumption 2.1.1 together with Theorems 2.2.1
and 2.2.2 lead to an important monotonicity of Vx1 .

Proposition 2.2.3. We have b2
x1
Vx1x2  0 in R2.

Proof. Since b2
x1
¬ 0 by Condition 2 in Assumption 2.1.1, it is enough to show that

Vx1x2 ¬ 0. Fix an initial condition x ∈ R2, take r > 0, and define a new initial condition
xr ∈ R2 by setting xr := x + re2. Let Xxr = (X1,xr , X2,xr) be the solution to the
uncontrolled dynamics (2.1.1), with initial condition xr. By the structure we assumed on
the drift, this perturbation of the initial condition will affect only the second component
of Xxr . Indeed, since xr2  x2, a standard comparison principle for SDE (see [101]) gives
X2,xr
t −X2,x

t  0 for each t  0, P-a.s., while X1,xr = X1,x. Hence, since hx1x2 ¬ 0, we
have

hx1(Xxr

t ) ¬ hx1(Xx
t ), for each t  0, P-a.s. (2.2.16)
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Moreover, since b2
x1
¬ 0, we can exploit the convexity of V to obtain

b2
x1

(Xxr

t )(Vx2(Xxr

t )− Vx2(Xx
t )) (2.2.17)

= b2
x1

(Xxr

t )(X2,xr
t −X2,x

r )
∫ 1

0
Vx2x2(Xx

t + s(Xxr

t −Xx
r ))ds

¬ 0, for each t  0, P-a.s.

Let us now prove that Vx2(y)  0, for each y ∈ R2. Fix y ∈ R2 and let v be an optimal
control for y. Observe that, for each δ > 0 we can still employ a comparison principle
to deduce that X1,y;v

t −X1,y−δe2;v
t = 0, and X2,y;v

t −X2,y−δe2;v
t  0, for each t  0, P-a.s.

This, since hx2  0 and V ∈ C1(R2), in turn implies that

Vx2(y) = lim
δ→0

V (y)− V (y − δe2)
δ

(2.2.18)

 lim
δ→0

J(y; v)− J(y − δe2; v)
δ

 lim
δ→0

1
δ
E
[ ∫ ∞

0
e−ρt(h(Xy;v

t )− h(Xy−δe2;v
t ))dt

]
 0,

where we have used that the control v is suboptimal for the initial condition y − δe2.
Hence, since b2

x1x2
¬ 0, we obtain that

(b2
x1

(Xxr

t )− b2
x1

(Xx
t ))Vx2(Xx

t ) ¬ 0, for each t  0, P-a.s. (2.2.19)

Summing now the inequalities (2.2.16), (2.2.17) and (2.2.19), we find, for each t  0,
P-a.s.,

hx1(Xxr

t ) + b2
x1

(Xxr

t )Vx2(Xxr

t ) ¬ hx1(Xx
t ) + b2

x1
(Xx

t )Vx2(Xx
t ); (2.2.20)

that is, ĥ(Xxr) ¬ ĥ(Xx). Therefore, for each stopping time τ1, τ2 ∈ T , we deduce that

G(xr; τ1, τ2) ¬ G(x; τ1, τ2).

Taking the supremum over τ1 ∈ T and the infimum over τ2 ∈ T in the latter inequality,
we deduce, in light of (2.2.15) in Theorem 2.2.2, that Vx1(xr) ¬ Vx1(x). Hence, we
conclude that Vx1x2 ¬ 0 in R2, which completes the proof of the proposition.

2.2.2 Step b: Construction of ε-optimal policies

For every ε > 0 define the sets

Wε := {x ∈ R2 |V 2
x1

(x) < 1− ε}, Sε := ∂Wε.

The proof of the following lemma is obtained combining arguments from [115] together
with the monotonicity property shown in Proposition 2.2.3.

Lemma 2.2.4. For each ε > 0 such that x̄ ∈ Wε, there exists a solution vε ∈ V to the
(classical) Skorokhod problem for the SDE (2.1.2) in Wε starting at x̄ with reflection
direction −Vx1/|Vx1|e1.
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Proof. Fix ε > 0 such that x̄ ∈ Wε. In order to employ the results of [125] to construct
vε as the solution of the Skorokhod problem with reflection along Sε, we first show that
Sε is a C3 hypersurface.

To this end, we begin the proof by showing that

Vx1x1(x) > 0, for each x ∈ W . (2.2.21)

Take indeed x ∈ W and δ > 0 such that Bδ(x) ⊂ W . Since V solves the linear equation
ρV − LV = h in W , from Theorem 6.17 at p. 109 in [85] it follows that V ∈ C4(W).
Therefore, we can differentiate two times with respect to x1 the HJB equation (2.1.7),
and obtain an equation for Vx1x1

(ρ− 2b1
1)Vx1x1 − LVx1x1 = hx1x1 + 2b2

x1
Vx1x2 + b2

x1x1
Vx2 , in Bδ(x). (2.2.22)

Since by assumption hx1x1 > 0, thanks to Proposition 2.2.3 we have that hx1x1 +
2b2
x1
Vx1x2 > 0. By the inequality (2.2.18) in the proof of Proposition 2.2.3, and the

fact that b2 is convex, we deduce that b2
x1x1

Vx2  0. Therefore, the right hand side of
(2.2.22) is positive. Next, by the strong maximum principle (see Theorem 3.5 at p. 35 in
[85]), Vx1x1 cannot achieve a nonpositive local minimum in Bδ(x), unless it is constant.
If Vx1x1 is constant in Bδ(x), then by (2.2.22) we obtain Vx1x1 > 0 as desired. If Vx1x1

attains its minimum at the boundary ∂Bδ(x), then by convexity of V we still have

Vx1x1(y) > min
∂Bδ(x)

Vx1x1  0, for each y ∈ Bδ(x),

which also proves (2.2.21)
Next, define ν̄(x) := Vx1(x)/|Vx1(x)|e1 for each x ∈ Sε, and w(y) := |Vx1(y)|2 for

each y ∈ W . Notice that
√
w(y) = |∂ν̄V (y)|. For R > 0, by compactness of WR

ε/2 :=
Wε/2 ∩BR, in light of (2.2.21) we can find a constant cRε > 0 such that

inf
x∈WR

ε/2

Vx1x1(x)  cRε > 0. (2.2.23)

Therefore, for x ∈ Sε and R large enough, by (2.2.23), we have√
w(x+ λν̄) = ∂ν̄V (x+ λν̄)  ∂ν̄V (x) + λcRε /2 =

√
w(x) + λcRε /2,

and hence
∂ν̄
√
w(x)  cRε /2. (2.2.24)

It thus follows that ∂ν̄w 6= 0 on Sε. This implies, by the implicit function theorem, that
Sε is a C3-hypersurface.

Now, by (2.2.24), arguing as in Lemma 2.7 in [115] it is possible to show that the
vector −ν̄ is not tangential to Sε, and, by definition ofWε and of ν̄, we observe that the
vector −ν̄ points insideWε. Therefore, we can employ a version of Theorem 4.4 in [125]
for unbounded domains in order to find a solution vε ∈ V to the Skorokhod problem
for the SDE (2.1.2) in Wε starting at x̄, with reflection direction −Vx1/|Vx1|e1.

We conclude this section with the following lemma. We omit its proof since this can
be established as in the proof of Lemma 2.8 in [115].

Lemma 2.2.5. For each x̄ ∈ W and ε > 0 such that x̄ ∈ Wε, let the control vε be as
in Lemma 2.2.4. Then J(x̄; vε)→ V (x̄) as ε→ 0.
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2.2.3 Step c: Characterization of the optimal control

Thanks to the results of Subsections 2.2.1 and 2.2.2 we can now prove Theorem
2.1.5. We provide a separate proof for each of the two claims.

Proof of Claim 1

We will first prove Claim 1 for x̄ ∈ W , and then, at the end of this subsection, we
will give a proof for a general x̄ ∈ W . Fix x̄ ∈ W and a sequence {εn}n∈N converging
to zero. To simplify the notation, according to Lemma 2.2.4 we define the processes

Xn := X x̄;vεn , vn := vεn , ξn := |vεn|, for each n ∈ N.

Bear in mind that the processes vn, γn and ξn depend on the initial condition x̄,
and that, according to Lemma 2.2.5, the sequence of controls {vn}n∈N is a minimizing
sequence; that is, J(x̄; vn)→ V (x̄) as n→∞.

We begin with the following estimate.

Lemma 2.2.6. Let p′ := (2p− 1)/2. We have

sup
n

∫ ∞
0

e−ρt(E[|X1,n
t |p] + E[|Xn

t |p
′
])dt ¬ C(1 + |x̄|p). (2.2.25)

Proof. Denoting by X x̄ the solution to (2.1.1), a standard use of Grönwall’s inequality
and of Burkhölder-Davis-Gundy’s inequality leads to the classical estimate

E[|X x̄
t |p] ¬ Cep L̄t(1 + |x̄|p) for each t  0,

where L̄ is the Lipschitz constant of b̄ and C > 0 is a generic constant. Therefore, since
the control constantly equal to zero is not necessarily optimal for x̄, from the latter
estimate and the growth rate of h we obtain

V (x̄) ¬ E
[ ∫ ∞

0
e−ρth(X x̄

t )dt
]
¬ C

∫ ∞
0

e−ρt(1 + E[|X x̄
t |p])dt

¬ C
∫ ∞

0
e−(ρ−pL̄)t(1 + |x̄|p)dt ¬ C(1 + |x̄|p),

where we have used that, by Condition 3a in Assumption 2.1.1, ρ > p L̄. Therefore,
since vn is a minimizing sequence, for all n big enough we find the estimate

κ1

∫ ∞
0

e−ρtE[|X1,n
t |p]dt− κ2 ¬ J(x̄; vn) ¬ C(1 + |x̄|p),

from which
sup
n

∫ ∞
0

e−ρtE[|X1,n
t |p]dt ¬ C(1 + |x̄|p). (2.2.26)

Next, using again Grönwall’s inequality and Burkhölder-Davis-Gundy’s inequality,
we find

E[|X2,n
t |p

′
] ¬ Cep

′ L̄t

(
1 + |x̄|p′ + pt + pt

∫ t

0
E[|X1,n

s |p
′
]ds
)
, for each t  0,
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where pt is a suitable (deterministic) polynomial in t, not depending on n. Therefore∫ ∞
0

e−ρtE[|X2,n
t |p

′
]dt ¬ C

∫ ∞
0

e(p′L̄−ρ)t(1 + |x̄|p′ + pt)dt (2.2.27)

+ C
∫ ∞

0
e[p′L̄−ρ(1−p′/p)]tpt

∫ t

0
e−ρ(p′/p)sE[|X1,n

s |p
′
]dsdt

¬ C
∫ ∞

0
e(p′L̄−ρ)t(1 + |x̄|p′ + pt)dt

+ C
∫ ∞

0
e[p′L̄−ρ(1−p′/p)]tpt

(∫ ∞
0

e−ρsE[|X1,n
s |p]ds

) p′
p

dt.

After noticing that Condition 3a in Assumption 2.1.1 implies p′L̄ − ρ < 0 and p′L̄ −
ρ(1− p′/p) < 0, using (2.2.26) in (2.2.27), we conclude that

sup
n

∫ ∞
0

e−ρtE[|X2,n
t |p

′
]dt ¬ C(1 + |x̄|p),

which, together with (2.2.26), completes the proof of the lemma.

Lemma 2.2.7. Let v̄ ∈ V be the unique optimal control for x̄. We have that

Xn
t → X x̄;v̄

t and vn → v̄, P⊗ dt-a.e. in Ω× [0,∞), as n→∞.

Proof. The proof employs arguments as those in the proof of Theorem 8 in [135], that
however need to be suitably adapted in order to accommodate our more general convex
setting.

We organize the proof in two steps.

Step 1. Arguing by contradiction, in this step we prove that the sequence Xn is Cauchy
w.r.t. the convergence in the measure P⊗ e−ρtdt; that is, for each δ > 0 we have

E
[ ∫ ∞

0
e−ρt1{|Xn

t −Xm
t |>δ}dt

]
→ 0, as n,m→∞. (2.2.28)

Indeed, suppose that for a subsequence (not relabelled), one has

E
[ ∫ ∞

0
e−ρt1{|Xn

t −Xm
t |>δ}dt

]
 δ0 > 0, for each n,m ∈ N, (2.2.29)

for a certain constant δ0 > 0.
Fix λ ∈ (0, 1). We begin by defining the processes

Y n,m := X x̄;λvn+(1−λ)vm and Zn,m := λXn + (1− λ)Xm, for each n,m ∈ N.

We first need to show that

Y n,m
t ¬ Zn,m

t , for each t  0, P-a.s. (2.2.30)
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Since the drift b̄1 is affine, we have Y 1;n,m = Z1;n,m. Moreover, since b2 is convex, we
find

Z2;n,m
t = x̄2 +

∫ t

0
(λb2(Xn

s ) + (1− λ)b2(Xm
s ))dt+ σW 2

t (2.2.31)

 x̄2 +
∫ t

0
b2(Z1;n,m

s , Z2;n,m
s )dt+ σW 2

t

= x̄2 +
∫ t

0
b2(Y 1;n,m

s , Z2;n,m
s )dt+ σW 2

t ,

while Y 2;n,m
t = x̄2 +

∫ t
0 b

2(Y 1;n,m
s , Y 2;n,m

s )ds + σW 2
t . This, by the comparison principle

for SDE (see [101]), implies that Y 2;n,m
t ¬ Z2;n,m

t , for each t  0, P-a.s., and (2.2.30)
follows.

Next, in light of (2.2.30), by the monotonicity of h in x2 we find

λJ(x̄; vn) + (1− λ)J(x̄; vm)− J(x̄;λvn + (1− λ)vm) (2.2.32)

= E
[ ∫ ∞

0
e−ρt(λh(Xn

t ) + (1− λ)h(Xm
t )− h(Y n,m

t ))dt

+
∫

[0,∞)
e−ρt(λdξnt + (1− λ)dξmt − d|λvn + (1− λ)vm|t)

]

 E
[ ∫ ∞

0
e−ρt(λh(Xn

t ) + (1− λ)h(Xm
t )− h(Zn,m

t ))dt
]
,

as we have that |λvn + (1 − λ)vm|t ¬ λξnt + (1 − λ)ξmt , and that e−ρt is positive and
decreasing.

Then, using (2.2.29), for M > 0 we observe that

E
[ ∫ ∞

0
e−ρt1{|Xn

t −Xm
t |>δ}1{|Xn

t |¬M, |Xm
t |¬M}dt

]

 δ0 − E
[ ∫ ∞

0
e−ρt1{|Xn

t |>M}dt

]
− E

[ ∫ ∞
0

e−ρt1{|Xm
t |>M}dt

]
.

Moreover, the estimate in Lemma 2.2.6 and an application of Chebyshev’s inequality
yield

E
[ ∫ ∞

0
e−ρt1{|Xn

t |>M}dt

]
¬ C(1 + |x̄|p)

Mp′
, for each n ∈ N,

so that we can find M big enough such that

E
[ ∫ ∞

0
e−ρt1{|Xn

t −Xm
t |>δ}1{|Xn

t |¬M, |Xm
t |¬M}dt

]
 δ0

2
, for each n,m ∈ N.

Combining the latter inequality with (2.2.32), we obtain

λJ(x̄; vn) + (1− λ)J(x̄; vm)− J(x̄;λvn + (1− λ)vm) (2.2.33)

 δ(δ0,M)E
[ ∫ ∞

0
e−ρt1{|Xn

t −Xm
t |>δ}1{|Xn

t |¬M, |Xm
t |¬M}dt

]

 δ(δ0,M)
δ0

2
,



2.2 Proof of Theorem 2.1.5 for constant volatility 33

where, by strict convexity of h in the variable x1, we have δ(δ0,M) > 0, for

δ(δ0,M) := inf
{
λh(x) + (1− λ)h(y)− h(λx+ (1− λ)y)

∣∣∣ |x− y| > δ0, |x|, |y| ¬M
}
.

On the other hand, by Lemma 2.2.5, J(x̄; vn) converges to V (x̄) as n→∞. Therefore,
from (2.2.33), we can find n̄ ∈ N such that

V (x̄)  δ(δ0,M)
δ0

4
+ J(x̄;λvn + (1− λ)vm), for each n,m  n̄,

which contradicts the definition of V , completing the proof of (2.2.28).
Step 2. By the previous step, there exists a limit process X̂ and, unless to consider a
subsequence, we can assume that

Xn
t → X̂t P⊗ dt-a.e. in Ω× [0,∞), as n→∞. (2.2.34)

Next, defining the process vt := X̂1
t − x̄1−

∫ t
0 b̄

1(X̂1
s )ds− σW 1

t , using the estimate from
Lemma 2.2.6 and (2.2.34) we find

|vnt − vt| ¬ |X
1,n
t − X̂1

t |+ L̄
∫ t

0
|X1,n

s − X̂1
s |ds→ 0 P⊗ dt-a.e. in Ω× [0,∞),

which implies that

vnt → vt P⊗ dt-a.e. in Ω× [0,∞), as n→∞. (2.2.35)

We also observe that, by using Lemma 3.5 in [104], we can assume the processes X̂1

and v to be càdlàg. Also, denoting with ξ the total variation of v, from (2.2.35) we
easily find

ξt ¬ lim inf
n

ξnt for each t  0. (2.2.36)

Next, exploiting the limits in (2.2.34), the Lipschitz continuity of b2 and the estimate
from Lemma 2.2.6, we can see that the process X̂2 is continuous and it solves the SDE
dX̂2

t = b2(X̂1
t , X̂

2
t )dt+ σdW 2

t , t  0, X̂2
0− = x̄2. This, together with the definition of v,

implies that
X̂ = X x̄;v. (2.2.37)

Finally, thanks to the limits in (2.2.34), (2.2.35) and (2.2.36), to the identity (2.2.37),
and to the continuity of h, we invoke Fatou’s lemma and, with an integration by parts
(see, e.g., Corollary 2 at p. 68 in [145]), we find

J(x̄; v) = E
[ ∫ ∞

0
e−ρth(X x̄;v

t )dt+ ρ
∫ ∞

0
e−ρtξtdt

]
(2.2.38)

¬ lim inf
n

E
[ ∫ ∞

0
e−ρth(Xn

t )dt+ ρ
∫ ∞

0
e−ρtξnt dt

]
= lim inf

n
J(x̄; vn) = V (x̄),

where we have used that the sequence {vn}n∈N is minimizing for x̄, according to Lemma
2.2.5. Thus, the process v has locally bounded variation, and v ∈ V . Also, from (2.2.38)
we deduce that the control v is optimal for x̄, and, by uniqueness of optimal controls
(see Remark 2.1.4), we conclude that v = v̄ and X̂ = X x̄;v̄, completing the proof of the
lemma.



34 CHAPTER 2. SINGULAR CONTROL AND SKOROKHOD PROBLEM

The proofs of the next two propositions follow by employing arguments similar to
those employed in Sections 2.3 and 2.4 in [115] (we provide details here in order to
recall these arguments in the sequel).

Proposition 2.2.8. We have that P[X x̄;v̄
t ∈ W , ∀t  0] = 1.

Proof. By Lemma 2.2.7, Xn
t → X x̄;v̄

t , P ⊗ dt-a.e. in Ω × [0,∞), and, by Lemma 2.2.4,
P[Xn

t ∈ W , t  0] = 1, as Wεn ⊂ W for each n ∈ N. Therefore, it is clear that
X x̄;v̄
t ∈ W , P ⊗ dt-a.e. in Ω × [0,∞), which, by right-continuity, implies that P[X x̄;v̄

t ∈
W , t  0] = 1.

Proposition 2.2.9. We have dv̄ = γ̄d|v̄| with

|v̄|t =
∫ t

0
1{Xx̄;v̄

s− ∈S,−Vx1 (Xx̄;v̄
s− )=γ̄s}d|v̄|s, for each t  0, P-a.s.

Proof. Take R > 0 such that x̄ ∈ BR and define τR := inf{t ∈ [0,∞)|X x̄;v̄
s /∈ BR}. For

each ε > 0, let V ε be as in (2.5.2). As in the Step 1 in the proof of Theorem 2.5.1 in
Section 2.5, V ε is a convex C2-solution to (2.5.3). By Itô’s formula for semimartingales
(see, e.g., Theorem 33 at p. 81 in [145]), applied on the process (e−ρtV ε(X x̄;v̄

t ))t0 on
the time interval [0, τR], we find

E[e−ρτRV ε(X x̄;v̄
τR

)] = V ε(x̄)

+ E
[ ∫ τR

0
e−ρt(LV ε − ρV ε)(X x̄;v̄

t )dt+
∫

[0,τR)
e−ρtV ε

x1
(X x̄;v̄

t− )γ̄td|v̄|t

+
∑

0¬t¬τR
e−ρt(V ε(X x̄;v̄

t )− V ε(X x̄;v̄
t− )− V ε

x1
(X x̄;v̄

t− )γ̄t(|v̄|t − |v̄|t−))
]
.

By the convexity of V ε, the last sum above is nonnegative. Also, since the function β
in (2.5.3) in nonnegative, we have ρV ε − LV ε ¬ h a.e. in R2. Hence from the latter
equality we deduce that

V ε(x̄) ¬ E
[ ∫ τR

0
e−ρth(X x̄;v̄

t )dt−
∫

[0,τR)
e−ρtV ε

x1
(X x̄;v̄

t− )γ̄td|v̄|t
]
. (2.2.39)

Therefore, taking first limits in (2.2.39) as ε → 0 (using (2.5.18) and the dominated
convergence theorem), and then letting R → ∞ (using the monotone convergence
theorem and the dominated convergence theorem), we obtain

V (x̄) ¬ E
[ ∫ ∞

0
e−ρth(X x̄;v̄

t )dt−
∫

[0,∞)
e−ρtVx1(X x̄;v̄

t− )γ̄td|v̄|t
]
. (2.2.40)

Next, by the optimality of v̄, we have that V (x̄) = J(x̄; v̄), and, from (2.2.40), it follows
that

E
[ ∫

[0,∞)
e−ρt(1 + Vx1(X x̄;v̄

t− )γ̄t)d|v̄|t
]
¬ 0. (2.2.41)
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This in turn implies, using 0 ¬ 1− |Vx1| ¬ 1 + Vx1γ for all γ ∈ R with |γ| = 1, that

0 ¬ E
[ ∫

[0,∞)
e−ρt(1− |Vx1(X x̄;v̄

t− )|)d|v̄|t
]
¬ E

[ ∫
[0,∞)

e−ρt(1 + Vx1(X x̄;v̄
t− )γ̄t)d|v̄|t

]
¬ 0.

From the latter chain of inequalities we deduce that the support of the random mea-
sure d|v̄| is P-a.s. contained in the set {(ω, t) ∈ Ω × [0,∞) |X x̄;v̄

t− (ω) ∈ ∂W , γ̄t(ω) =
−Vx1(X x̄;v̄

t− (ω))}, which completes the proof of the proposition.

The proof of the next proposition also follows by employing the arguments in [115].
Details are provided in Section 2.6 for the sake of completeness.

Proposition 2.2.10. We have that, P-a.s., a possible jump of the process X x̄;v̄ at time
t  0 occurs on some interval I ⊂ ∂W parallel to the vector field −Vx1e1, i.e., such
that −Vx1(x)e1 is parallel to I for each x ∈ I. If X x̄;v̄ encounters such an interval I, it
instantaneously jumps to its endpoint in the direction −Vx1e1 on I.

Combining then the Propositions 2.2.8, 2.2.9 and 2.2.10, we see that, for x̄ ∈ W ,
the optimal control v̄ ∈ V is a solution to the modified Skorokhod problem for the SDE
(2.1.2) in W starting at x̄ with reflection direction −Vx1e1.

Take next x̄ ∈ W . By definition, there exists a sequence {xk}k∈N ⊂ W such that
xk → x̄ as k → ∞. For each k, let wk be the optimal control for xk, and consider
the controls xk − x̄ + wk, which consist in following the policy wk after an initial
jump from x̄ to xk. Using the fact that xk ∈ W , from Proposition 2.2.8 we have that
P[Xxk;wk

t ∈ W , t  0] = 1. Observe, moreover, that Xxk;wk = X x̄;xk−x̄+wk , and that
|J(x̄;xk − x̄+ wk)− J(xk;wk)| = |x̄− xk|. By the continuity of V , we now see that

V (x̄) = lim
k
V (xk) = lim

k
J(xk;wk) = lim

k
J(x̄;xk − x̄+ wk).

Therefore, the sequence of controls {xk − x̄ + wk}k∈N is a minimizing sequence for the
initial condition x̄. Repeating the proof of Lemma 2.2.7 with the sequence of controls
{xk − x̄+wk}k∈N, we see that Xxk;wk

t → X x̄;v̄
t , P⊗ dt-a.e. in Ω× [0,∞). This allows to

repeat the arguments in the proofs of Propositions 2.2.8, 2.2.9 and 2.2.10 in order to
conclude that, also for x̄ ∈ W , the optimal control v̄ ∈ V is a solution to the modified
Skorokhod problem for the SDE (2.1.2) in W starting at x̄ with reflection direction
−Vx1e1.

Finally, through a verification theorem (which can be proved by using Itô’s formula
as in the proof of Proposition 2.2.9, see also Theorem 4.1 at p. 300 in [81]), it is easy
to show that any solution to the modified Skorokhod problem for the SDE (2.1.2)
in W starting at x̄ with reflection direction −Vx1e1 is an optimal control. This, by
uniqueness of the optimal control (see Remark 2.1.4) implies that such a solution is
unique, completing the proof of Claim 1 of Theorem 2.1.5.

Proof of Claim 2

Fix x̄ = (x̄1, z̄) /∈ W and denote again by v̄ the optimal control for x̄. Let ȳ1 ∈ R
be the metric projection of x̄1 into the set W1(z̄). The set W1(z̄) is a closed interval
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(cf. Lemma 2.1.3), hence the point ȳ1 is uniquely determined. Set then ȳ := (ȳ1, z̄)
and observe that ȳ ∈ ∂W . Let w̄ be the optimal control for ȳ. Notice that, since
Vx1 is pointing outside W1(z̄), we have Vx1(ȳ)(x̄1 − ȳ1) = |x̄1 − ȳ1|. Therefore, since
(ȳ1 + λ(x̄1 − ȳ1), z̄) /∈ W for each λ ∈ (0, 1), we get

V (x̄) = V (ȳ1, z̄) +
∫ 1

0
Vx1(ȳ1 + λ(x̄1 − ȳ1), z̄)(x̄1 − ȳ1)dλ = V (ȳ) + |x̄1 − ȳ1|.

This means that V (x̄) = J(ȳ; w̄) + |x̄1 − ȳ1| = J(x̄; x̄1 − ȳ1 + w̄), which, by uniqueness
of the optimal control, implies that v̄ = x̄1 − z̄1 + w̄. Moreover, since ȳ ∈ W and w̄
is optimal for ȳ, by Claim 1 we have that w̄ is the unique solution to the modified
Skorokhod problem for the SDE (2.1.2) in W starting at ȳ with reflection direction
−Vx1e1. This completes the proof of Claim 2 and therefore also of Theorem 2.1.5.

2.3 On the proof of Theorem 2.1.5 for linear volatil-
ity

In this section we assume that Condition 3b in Assumption 2.1.1 holds. To simplify
the notation, also this proof is given for d = 2, so that D = R2

+ = {x ∈ R2 |x1, x2 > 0}.
The generalization to the case d > 2 is straightforward.

2.3.1 A preliminary lemma

Define the set

Vx+ := {v ∈ V |X1,x;v
t , X2,x;v

t > 0 for each t  0, P-a.s.}.

Lemma 2.3.1. We have V (x) = minv∈Vx+ J(x; v), for each x ∈ R2
+.

Proof. Let v ∈ V be an optimal control for x ∈ R2
+, and denote by (ξ+, ξ−) its minimal

decomposition. In order to simplify the notation, set X := Xx;v. Assuming that vs = 0
for each s < 0, define the family of random variables

τk := inf{t  0 | (X1
t , ξ
−
t+1/k − ξ

−
t−1/k) ∈ (−∞, x∗1)× (0,∞)}, k ∈ N.

Define the filtration Fk := (Ft+1/k)t0 and notice that, for each k  1, τk is an Fk-
stopping time. Set τ := supk τk, and observe that, for k ¬ k̄, we have τk ¬ τk̄. This
implies that, for each k̄  1, τ = supkk̄ τk, so that τ is an Fk̄-stopping time, and, by
right-continuity of the filtration F, we deduce that τ is an F-stopping time. Also, such
a definition of τ is such that the negative part ξ− of v acts at time τ ; that is, τ is in
the support of the measure ξ−.

If P[τ <∞] = 0, then the control ξ− never acts when the state process X1 lies in the
region (−∞, x∗1). Since a1  0 and b2  0, this is enough to ensure that X1,x;v

t , X2,x;v
t >

0 for each t  0, P-a.s., which in turn implies that v ∈ Vx+.
Arguing by contradiction, suppose that P[τ < ∞] > 0. Define the control ṽt :=

1{t<τ}vt+1{tτ}(ξ+
t +min{x∗1−X1

τ−, 0}1{∆ξ−τ >0}), and the process X̃ := Xx;ṽ. Define next
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the stopping time τ̄ := inf{t  τ | X̃1
t  2x∗1}, the control v̄t := 1{t<τ̄}ṽ + 1{tτ̄}(X1

τ̄ −
X̃1
τ̄− + vt − vτ̄ ) and the process X̄ := Xx;v̄. Since at time τ only the negative part ξ−

of v acts, on {τ < ∞} we have τ < τ̄ . Also, by the definition of v̄, for k such that
τ + 1/k < τ̄ , on {τ <∞} we have

vτ+1/k − v̄τ+1/k  ξ−τ+1/k  ξ−τk+1/k > ξ−τk−1/k  0,

so that the processes v and v̄ are not indistinguishable. Moreover, v and v̄ are such
that, on {τ <∞}, we haveX1

t = X̄1
t for t ∈ [0, τ) ∪ [τ̄ ,∞),

X1
t ¬ X̄1

t for t ∈ [τ, τ̄).
(2.3.1)

After some manipulations, from (2.3.1) we deduce that

J(x; v)− J(x; v̄) = E
[
1{τ<∞}

(∫
(τ,τ̄)

e−ρtdξ−t +
∫ τ̄

τ
e−ρtDh(X̂t)(Xt − X̄t)dt

)]
(2.3.2)

+ E[1{τ<∞}e−ρτ (|X1
τ −X1

τ−| − |X̄1
τ − X̄1

τ−|)]
+ E[1{τ<∞}e−ρτ̄ (|X1

τ̄ −X1
τ̄−| − |X̄1

τ̄ − X̄1
τ̄−|)],

for X̂t = λtX̄t + (1−λt)Xx;v
t ∈ (−∞, 2x∗1)×R, and suitable choice of λt(ω) ∈ [0, 1]. We

point out that, the expectations in (2.3.2) are well defined also for τ̄ =∞. Indeed, since
v is optimal, we have limT→∞ E[e−ρT |v|T ] = 0, so that e−ρτ̄ (|X1

τ̄−X1
τ̄−|−|X̄1

τ̄−X̄1
τ̄−|) = 0

P-a.s. on {τ̄ =∞}. Since ξ− acts at time τ , we have X1
τ −X1

τ− ¬ 0. Also, at time τ the
control v̄ can only jump to the left, giving X̄1

τ − X̄1
τ− ¬ 0. Hence, using X̄1

τ −X1
τ  0,

we obtain
e−ρτ (|X1

τ −X1
τ−| − |X̄1

τ − X̄1
τ−|) = e−ρτ (X̄1

τ −X1
τ )  0. (2.3.3)

So that, from (2.3.2), we get

J(x; v)− J(x; v̄)  E[1{τ<∞}Ψ], (2.3.4)

with

Ψ :=
∫

(τ,τ̄)
e−ρtdξ−t +

∫ τ̄

τ
e−ρtDh(X̂t)(Xt − X̄t)dt (2.3.5)

+ e−ρτ̄ (|X1
τ̄ −X1

τ̄−| − |X̄1
τ̄ − X̄1

τ̄−|).

Now, if X̄1
τ̄  X̄1

τ̄−, then using (2.3.1) we find

|X1
τ̄ −X1

τ̄−| − |X̄1
τ̄ − X̄1

τ̄−|  X̄1
τ̄− −X1

τ̄−  0. (2.3.6)

Therefore, plugging (2.3.6) into (2.3.5) and taking the expectation, we obtain the in-
equality

E[1{τ<∞, X̄1
τ̄X̄1

τ̄−}Ψ]  E
[
1{τ<∞, X̄1

τ̄X̄1
τ̄−}

∫ τ̄

τ
e−ρthx1(X̂t)(X1

t − X̄1
t )dt

]
(2.3.7)

+ E
[
1{τ<∞, X̄1

τ̄X̄1
τ̄−}

∫ τ̄

τ
e−ρthx2(X̂t)(X2

t − X̄2
t )dt

]
 0,
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where we have also used (2.3.1), Condition 3b in Assumption 2.1.1, and that, due to the
monotonicity of b2 in the variable x1, via a comparison principle we have X2

t − X̄2
t ¬ 0

for t ∈ (τ, τ̄). On the other hand, if X̄1
τ̄ ¬ X̄1

τ̄−, from (2.3.1) we obtain

|X1
τ̄ −X1

τ̄−| − |X̄1
τ̄ − X̄1

τ̄−|  X1
τ̄− − X̄1

τ̄− (2.3.8)

= X1
τ − X̄1

τ +
∫ τ̄−

τ
b1

1(X1
t − X̄1

t )dt+
∫ τ̄−

τ
σ(X1

t − X̄1
t )dW 1

t −
∫

(τ,τ̄)
dξ−t .

If b1
1 ¬ 0 substituting (2.3.8) into (2.3.5), as in (2.3.7) we obtain

E[1{b11¬0, τ<∞, X̄1
τ̄¬X̄1

τ̄−}Ψ]  0. (2.3.9)

Similarly, for b1
1  0 we find

E[1{b110, τ<∞, X̄1
τ̄¬X̄1

τ̄−}Ψ] (2.3.10)

 E
[
1{b110, τ<∞, X̄1

τ̄¬X̄1
τ̄−}

∫ τ̄

τ
(hx1(X̂t)− b1

1)(X1
t − X̄1

t )
]

+ E
[
1{b110, τ<∞, X̄1

τ̄¬X̄1
τ̄−}

∫ τ̄

τ
hx2(X̂t)(X2

t − X̄2
t )dt

]
 0.

Finally, adding the inequalities (2.3.7), (2.3.9) and (2.3.10) and using (2.3.4) we obtain

J(x; v)− J(x; v̄)  0,

which contradicts the uniqueness of the optimal control v, completing the proof of the
lemma.

2.3.2 Sketch of the proof of Theorem 2.1.5

Since we are interested in characterizing the optimal control for any given x̄ ∈ R2
+,

thanks to Lemma 2.3.1 we can restrict the domain of the HJB equation to the set R2
+.

We observe that, upon exploiting the ellipticity of the operator L in the domain R2
+

(and, in particular, the uniform ellipticity of L on each ball B ⊂ R2
+), all the results from

Sections 2.2.1 and 2.2.2 can be recovered, with minimal adjustments of the arguments
therein.

For x̄ ∈ W we can consider the processes Xn := X x̄;vn , vn for n ∈ N, with {vn}n∈N
minimizing sequence of solutions to the Skorkokhod problems on domains Wn, accord-
ing to Lemma 2.2.5 (here Wn denotes the closure of Wn in R2

+).
Estimates as those of Lemma 2.2.6 can now be proved as follows. Denoting by X x̄

the solution to (2.1.1), by standard results (see, e.g., Theorem 4.1 at p. 59 in [133]) we
have E[|X x̄

t |p] ¬ Cep (2L̄+σ2(p−1))t(1 + |x̄|p) for each t  0. Hence, arguing as in the proof
of Lemma 2.2.6 and using the requirement on ρ from Condition 3b in Assumption 2.1.1,
we find

sup
n

∫ ∞
0

e−ρtE[|X1,n
t |p]dt ¬ C(1 + |x̄|p). (2.3.11)
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Next, for p′ := (2p− 1)/2, we use (2.3.11) to estimate |X2,n|p′ . We underline that, since
Wn ⊂ W , we have Xn

t > 0 P⊗ dt-a.e. in Ω× [0,∞). For each n ∈ N, define the process
Λn as the solution to the SDE

dΛn
t = L̄(1 + |X1,n

t |+ Λn
t )dt+ σΛn

t dW
2
t , t  0, Λn

0 = x̄2.

Since X2,n
t ¬ x̄2 +

∫ t
0 L̄(1 + |X1,n

s |+ |X2,n
s |)ds+σ

∫ t
0 X

2,n
s dW 2

s , by a comparison principle
for SDE (see [101]) we obtain X2,n ¬ Λn. Therefore, using that

Λn
t = Êt

[
x̄2 +

∫ t

0
L̄(1 + |X1,n

s |)Ê−1
s ds

]
,

with Êt := exp[(L̄− σ2/2)t+ σWt], we find∫ ∞
0

e−ρtE[|X2,n
t |p

′
]dt (2.3.12)

¬
∫ ∞

0
e−ρtE[|Λn

t |p
′
]dt

¬ C
∫ ∞

0
e−ρtE

[
Êp′

t x̄
p′

2 + pt

∫ t

0
Êp′

t Ê
−p′
s ds

]

+ C
∫ ∞

0

(∫ t

0
e−ρsE[|X1,n

s |p]ds
) 1
q

e−ρ(1− 1
q

)t

(∫ t

0
E[(Êt/Ês)p

′q∗ ]ds
) 1
q∗

dt,

where we have also used Hölder’s inequality with exponent q = p/p′, q∗ denoting the
conjugate of q. Exploiting the requirement on ρ made in Condition 3b in Assumption
2.1.1, after elementary computations one can see that

∫ ∞
0

e−ρ(1− 1
q

)t

(∫ t

0
E[(Êt/Ês)p

′q∗ ]ds
) 1
q∗

dt <∞. (2.3.13)

Finally, substituting (2.3.11) and (2.3.13) in (2.3.12), we conclude that

sup
n

∫ ∞
0

e−ρtE[|X2,n
t |p

′
]dt ¬ C(1 + |x̄|p),

which, combined with (2.3.11), gives

sup
n

∫ ∞
0

e−ρt(E[|X1,n
t |p] + E[|Xn

t |p
′
])dt ¬ C(1 + |x̄|p). (2.3.14)

Thanks to the estimate (2.3.14), the arguments of Step 1 in the proof of Lemma
2.2.7 can be recovered, so that (up to a subsequence)

Xn
t → X̂t P⊗ dt-a.e. in Ω× [0,∞), as n→∞, (2.3.15)

for an adapted process X̂. Using again (2.3.14) and the assumption p  2, a standard
use of Banach-Saks’ theorem allows to find a subsequence of indexes {nj}j∈N such that
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the Cesàro means of {X1,nj}j∈N converge in L2 to the process X̂1; that is, for each
T > 0, we have

X̄1,m :=
1
m

m∑
j=1

X1,nj → X̂1, as m→∞, in L2(Ω× [0, T ];P⊗ dt). (2.3.16)

Next, defining the process vt := X̂1
t − x̄1 −

∫ t
0 X̂

1
sds−

∫ t
0 X̂

1
sdWs, and exploiting the L2

convergence in (2.3.16) and the linearity of the dynamics for the first component, we
deduce that

v̄m :=
1
m

m∑
j=1

vnj → v, as m→∞, in L2(Ω× [0, T ];P⊗dt), for each T > 0. (2.3.17)

Again, by using Lemma 3.5 in [104], we can assume the processes X̂1 and v to be
right-continuous. Next, observe that the processes X2,n can be expressed as

X2,n
t = Et

[
x̄2 +

∫ t
0 b

2(Xn
s )/Esds

]
, with Et := exp

(
σW 2

t − σ2

2 t
)
, t  0.

Hence, taking limits as n→∞ in the latter equality (exploiting (2.3.15) and the uniform
integrability deriving from (2.3.14)), we deduce that

X̂2
t = Et

[
x̄2 +

∫ t
0 b

2(X̂s)/Esds
]
, t  0,

so that, thanks also to the very definition of v, we have X̂ = X x̄;v. Overall, from (2.3.15),
(2.3.17) and the latter equality, we have

X̄m :=
1
m

m∑
j=1

Xnj → X x̄;v, and v̄m → v, P⊗ dt-a.e. in Ω× [0,∞), (2.3.18)

as m → ∞. It is however worth noticing that X̄m is not the solution of the SDE
controlled by v̄m, unless b2 is affine. Similarly to (2.2.36), using the fact that the sequence
of controls vn is minimizing, and exploiting the limits in (2.3.18) and the convexity of
h, we find

J(x̄; v) = E
[ ∫ ∞

0
e−ρth(X x̄;v

t )dt+ ρ
∫ ∞

0
e−ρt|v|tdt

]

¬ lim inf
m

E
[ ∫ ∞

0
e−ρth(X̄m

t )dt+ ρ
∫ ∞

0
e−ρt|v̄m|tdt

]

¬ lim inf
m

1
m

m∑
j=1

E
[ ∫ ∞

0
e−ρth(Xnj

t )dt+ ρ
∫ ∞

0
e−ρt|vnj |tdt

]
= V (x̄),

so that the control v has locally bounded variation and it is optimal. By uniqueness of
the optimal control, we deduce that v̄ = v and X̂ = X x̄;v̄.

Finally, thanks to the properties of (Xn, vn), by repeating the arguments leading to
Propositions 2.2.8, 2.2.9 and 2.2.10 (see Section 2.6), the optimal control v̄ for x̄ ∈ W
can be characterized as the unique solution to the modified Skorokhod problem for the
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SDE (2.1.2) inW starting at x̄ with reflection direction −Vx1e1. On the other hand, for
x̄ ∈ W , we can repeat the rationale at the end of Subsection 2.2.3, which yields that
the optimal control can be characterized also for x̄ ∈ W , completing the proof of Claim
1 of Theorem 2.1.5.

When x̄ /∈ W , following the arguments of Subsection 2.2.3, one can characterize the
initial jump of v̄. This completes the proof of Theorem 2.1.5 under Condition 3b in
Assumption 2.1.1.

2.4 Comments, extensions and examples

2.4.1 Refinements of Assumption 2.1.1

Assumption 2.1.1 can be improved as follows.

Affine drift

If σ̄ is constant, Theorem 2.1.5 holds also for a drift b̄(x) := a + bx, for a vector
a ∈ Rd and a matrix b ∈ Rd×d such that the vector β := (0, b2

1, ..., b
d
1)> ∈ Rd is an

eigenvector of b and hx1β  0. Here the vector (0, b2
1, ..., b

d
1)> is the first column of b,

with b1
1 replaced by 0, while hx1β denotes the β-directional derivative of hx1 . In this

case, for x ∈ Rd, r > 0 and xr := x + rβ, the solution Xxr of (2.1.1) writes (see, e.g.,
p. 99 in [133]) as Xxr

t = ebtxr + Pt, where Pt does not depend on xr. Hence, since the
vector β is by assumption an eigenvector of the matrix b with eigenvalue λ, we find
Xxr

t − Xx
t = r etbβ = retλβ, for each t  0, P-a.s. This easily allows to repeat the

arguments in the proof of Proposition 2.2.3, so that Vx1β  0, while all of the other
results in this chapter still hold (often with less technical proofs). Also, in this case, for
p = 2 it is sufficient to require that

ρ > 2Λ(b), Λ(b) := max{Re(λ) |λ eigenvalue of b}.

We refer to Lemma 2.2 and Theorem 2.3 in [56] for more details. Finally, all the results
in this chapter apply for a constant volatility matrix σ̄ such that σ̄σ̄> is positive definite,
σ̄> denoting the transpose of σ̄.

On Condition 2

A careful look into the proofs of Proposition 2.2.3 and of Lemma 2.2.7 reveals that
the results in this chapter remain valid if the drift coefficients bi in Condition 2 in
Assumption 2.1.1 satisfy one of the following more general requirements.

1. Under Condition 3a, for i = 2, ..., d, either of the following is satisfied:

(a) bi is convex, hxi  0, and either bix1
, bix1xi

, hx1xi ¬ 0 or bix1
, bix1xi

, hx1xi  0;

(b) bi is concave, hxi ¬ 0, and either bix1
, −bix1xi

, hx1xi ¬ 0 or bix1
, −bix1xi

, hx1xi 
0.

2. Under Condition 3b, for i = 2, ..., d, either of the following is satisfied:
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(a) bi is convex, hxi  0, and bix1
, bix1xi

, hx1xi ¬ 0;

(b) bi is concave, hxi ¬ 0, and bix1
, −bix1xi

, hx1xi ¬ 0.

We point out that the conditions to deal with a linear volatility need to be compatible
with the arguments in the proof of Lemma 2.3.1 and are, for this reason, more restrictive.

On the lower-growth of h

We underline that the lower-growth requirement on h in Condition 1 can be im-
proved in some particular settings: If the drift is affine and the volatility is constant, for
p ¬ 2 it is sufficient to assume h  −κ2. Indeed, in this case, the proof of the estimate
(2.5.5) in Step 2 in the proof of Theorem 2.5.1 in Section 2.5 simplifies (in particular,
in (2.5.6), M2 = 0) and it can be provided without relying on Lemma 2.2.6. Also, for
any x ∈ Rd and any sequence of minimizing controls {vn}n∈N, we have the estimate

sup
n

E
[ ∫

[0,∞) e
−ρtd|vn|t

]
¬ C(1 + |x|p),

which, combined with E[|Xx;vn
t |] ¬ C(1 + |x|p + E[|vn|t])eL̄t, gives

sup
n

E
[ ∫

[0,∞) e
−(ρ+L̄)t|Xx;vn

t |dt
]
¬ sup

n
C
(

1 + |x|p + E
[ ∫∞

0 e−ρt|vn|tdt
])
¬ C(1 + |x|p).

Therefore, a limit process X̂ such that Xx;vn
t → X̂t P⊗ dt-a.e. as n→∞ can be found,

by adapting the reasoning in Step 1 in the proof of Lemma 2.2.7. Also, using Lemma
3.5 in [104], in the spirit of what has been done in Subsection 2.3.2, we can exploit the
convexity of h and the fact that b̄ is affine in order to prove that X̂ = Xx;v, with v
optimal control for the given x. This allows to recover Lemma 2.2.7 and to characterize
the optimal control v.

2.4.2 Some remarks

We provide here some extensions to the results contained in this chapter.

Remark 2.4.1 (Asymmetric costs of action). Unless to slightly modify some of the
arguments in this chapter, Theorem 2.1.5 extends to the case in which increasing the
first component of the state process has a different cost than decreasing it; that is, to
the cost functional

Jκ1,κ2(x; v) := E
[ ∫ ∞

0
e−ρth(Xx;v

t )dt+κ1

∫
[0,∞)

e−ρtdξ+
t +κ2

∫
[0,∞)

e−ρtdξ−t

]
, κ1, κ2 > 0.

In this case, the value function V solves the HJB equation

max{ρV − LV − h,−Vx1 − κ1, Vx1 − κ2} = 0, a.e. in D.

This can be shown by employing arguments similar to those in the proof of Theorem
2.5.1 in Section 2.5, by replacing the penalizing term in (2.5.3) with an “asymmetric”
penalization [β(−Vx1 − κ1) + β(Vx1 − κ2)]/ε. Most of the arguments in this chapter
remains essentially unchanged, and the optimal control can be characterized as the so-
lution to a Skorokhod problem on the domain Wκ1,κ2 := {y ∈ Rd |κ1 < Vx1(y) < κ2}.
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Remark 2.4.2 (Monotone controls). Our approach allows also to characterize opti-
mal controls for stochastic singular control problems where the minimization problem is
formulated over the set of monotone controls; that is, when

V (x) := inf
ξ∈A

J(x; ξ) with A := {ξ ∈ V , ξ nondecreasing }.

In this case, V solves the HJB equation max{ρV − LV − h,−Vx1 − 1} = 0, a.e. in D,
and its derivative Vx1 is the value function of an optimal stopping problem (rather than
a Dynkin game). The arguments in this chapter can be easily adapted, and the optimal
control can be characterized as the solution to a Skorokhod problem on the domain
W+ := {y ∈ Rd | 1 < Vx1(y)}. We stress that, in this case, the additional requirements
on h and b̄ in Condition 3b in Assumption 2.1.1 are not anymore needed (see Remark
2.1.2).

Remark 2.4.3 (Finite time horizon). A characterization result analogous to Theorem
2.1.5 could also be investigated for an optimal control problem over a finite time-horizon.
For example, when d = 2 and b is affine, a connection with Dynkin games is known
from [55]. Therefore, it seems possible to use this connection in order to investigate
the monotonicity of the value of the game (as in Proposition 2.2.3), and to use this
monotonicity in order to construct ε-optimal controls vε. In this case, building on the
results in [30], one can try to study the limit as ε → 0 of {vε}ε>0, in order to provide
a characterization of the optimal control.

2.4.3 Examples

For the sake of illustration, we begin with the following:

Example 1. For d = 2, ρ large enough, a convex nonincreasing function φ and a
convex nondecreasing function f , in light of the discussion in Section 2.4.1 the optimal
control can be characterized in the following settings:

1. σ̄ as in Condition 3a and

(a) b2(x) = a2 + b2
1x1 + b2

2x2, h(x) = |x|2, h(x) = (x1 − x2)2 with b2
1 ¬ 0,

h(x) = (x1 + x2)2 with b2
1  0;

(b) b2(x) = φ(x1) + b2
2x2, h(x) = |x1|2 + f(x2);

2. σ̄ as in Condition 3b, x∗1 > 0 and

(a) b2(x) = a2 + b2
1x1 + b2

2x2, h(x) = |x1 − x∗1|2 + f(x2);

(b) b2(x) = φ(x1)+b2
2x2, h(x) = |x1−x∗1|2 +f(x2), h(x) = |x1−x∗1|2 +f(x2−x1).

In particular, Example 1a represents a relevant class of linear-quadratic stochastic sin-
gular control problems, and it is the main example of Theorem 2.1.5.
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Example 2. Here we discuss a model of pollution control. In the sequel, x ∈ R2
+ is

the given and fixed initial condition of the state variable. Consider a company that can
increase via an irreversible investment plan ξ ∈ A (cf. Remark 2.4.2) its production ca-
pacity X1,x;ξ. The latter depreciates at constant rate δ > 0 and is randomly fluctuating,
e.g. because of technological uncertainty. Production leads to emissions of pollutants and
thus impacts the level of a state process X2,x;ξ which summarizes one or more stocks
of environmental pollutants (such as the average concentration of CO2 in the atmo-
sphere). We assume that such an externality of production on the stock of pollutants
is measured by a positive, convex, increasing, Lipschitz continuous function φ that has
bounded second order derivative. Overall, the dynamics of Xx;ξ is given bydX

1,x;ξ
t = −δX1,x;ξ

t dt+ σ1X
1,x;ξ
t dW 1

t + dξt,

dX2,x;ξ
t = (φ(X1,x;ξ

t )−X2,x;ξ
2 )dt+ σ2X

2,x;ξ
t dW 2

t .

The company aims at choosing a production plan that minimizes the sum of different
costs: the cost of not meeting a given production level θ; the penalty of leading to a
level of pollution that exceeds some environmental target ϑ; the proportional costs of
investment. That is,

V (x) = inf
ξ∈A

E
[ ∫ ∞

0
e−ρt

(
(X1,x;ξ

t − θ)2 + c(X2,x;ξ
t − ϑ)

)
dt+

∫
[0,∞)

e−ρtdξt

]
.

Here, c ∈ C2;1(R) is a nonnegative, nondecreasing, convex, Lipschitz continuous func-
tion such that c(y) = 0 for y ¬ 0, and with bounded second order derivative. In light of
the discussion in Subsections 2.4.1 and 2.4.2, the optimal control for V can be charac-
terized as the solution to its related Skorokhod problem.

We next turn our focus to examples of bounded-variation problems treated in the
literature and for which our results apply.

Example 3. We discuss the model studied in [56]. For d = 2, consider the singular
control problem with running cost h(x1, x2) = νx2

1+x2
2, for ν > 0, and drift b̄(x) = a+bx,

for a constant vector a ∈ R2 and a matrix

b =
(
b1

1 b1
2

b2
1 b2

2

)
∈ R2×2,

Observe that the requirements discussed in Subsection 2.4.1, are satisfied by assuming
b1

2 = 0 and ρ > 2Λ(b). Therefore, Theorem 2.1.5 gives the optimal control as the solution
of the related Skorokhod problem. The same result was obtained in [56] only under the
additional assumption of a global Lipschitz-continuous free boundary.

Example 4. Another example of setup similar to ours has been studied in [167], where
a multidimesional singular control problem with d  2 and constant drift and volatility
is considered. There, the author shows the C2-regularity of the value function, allowing
for the characterization of the optimal policy as a solution to the related Skorokhod
problem (even in the case of a state dependent cost of intervention). It is easy to see
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that, when the drift b̄ is assumed to be constant, no monotonicity of the running cost h
is required in order to obtain our Theorem 2.1.5. In comparison with [167], our main
result (cf. Theorem 2.1.5) allows to characterize the optimal policy even in cases in
which the dynamics are interconnected (at the cost of additional structural conditions
on the running cost h).

2.4.4 An example with degenerate dynamics

A more involved discussion is required to treat the degenerate singular control prob-
lem studied in [77] (see also [78]).

In this subsection, we take d = 2, h satisfying Condition 1 in Assumption 2.1.1,
b̄(x) = a+ bx = (b̄1(x), b̄2(x))>, and

a =
(

0
a2

)
, b =

(
0 0
b2

1 b2
2

)
, σ =

(
0 0
0 η

)
, b2

1, η, ρ > 0, b2
2 ¬ 0, hx1x2  0.

(2.4.1)
In order to simplify the analysis of this example, assume p = 2 and b2

2 < 0 and observe
that, in this case, λ(b) = 0 (see the discussion in Subsection 2.4.1). The analysis of this
subsection can be repeated also for b2

2 = 0 and for a general p  1.
Despite in this example the matrix σσ> is degenerate, the arguments in this chapter

can be employed in order to characterize the optimal control. However, some extra care
is needed in order to prove the regularity of the value function inside the waiting region,
which in fact follows from the properties of the free boundary proved in [77] and [78].

We begin the discussion by observing that results analogous to the ones contained
in Section 2.5 hold. In particular, Theorem 2.5.1 can be shown by using a suitable
perturbation of the matrix σ (see Appendix A in [77], for more details). The connection
with Dynkin games holds as well (see Theorem 3.1 in [77]), so that the arguments
leading to Proposition 2.2.3 (which make no use of the non-degeneracy of σσ>) can be
recovered.

Regularity of V in W

We enforce an additional hypothesis, which is satisfied by h(x) = |x|2 or h(x) =
(x1 + x2)2.

Assumption 2.4.4.

1. limx2→±∞ hx2(x1, x2) = ±∞ for any x1 ∈ R;

2. One of the following hold true:

(a) hx1(x1, ·) is strictly increasing for any x1 ∈ R;

(b) hx1x2 = 0 and h(x1, ·) is strictly convex for any x1 ∈ R.

As in Proposition 5.8 in [78] (see otherwise Proposition 4.25 at p. 92 in [147]),
under the additional Assumption 2.4.4, there exist two nonincreasing locally Lipschitz
continuous functions g1, g2 : R→ R such that

I− = {x ∈ R2 |x2 ¬ g1(x1)} and I+ = {x ∈ R2 |x2  g2(x1)}. (2.4.2)
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For each x ∈ R2, recall the definition of τ̄1, τ̄2 given in Theorem 2.2.2 and define the
stopping times

τ̄ δ1 := inf{t  0 |Xx+δe1
t ∈ I−}, τ̄ δ2 := inf{t  0 |Xx+δe1

t ∈ I+}, δ ∈ R. (2.4.3)

The Lipschitz continuity of g1 and of g2 allows to prove the following lemma.

Lemma 2.4.5. Under the additional Assumption 2.4.4, for x ∈ R2, we have

lim
δ→0

τ̄ δ1 = τ̄1, and lim
δ→0

τ̄ δ2 = τ̄2, P-a.s.

Proof. We only prove the first of the two limits for δ → 0+, since the same limit for
δ → 0− follows by identical arguments, and the second limit can be proved in the
same way. We first observe that, since g1 is finite, we have P[τ̄1 < ∞] = 1. Also, when
δ > 0, we have, by convexity of V and by Proposition 2.2.3, that Vx1(x1 +δ,X2,x+δe1

t ) 
Vx1(x1, X

2,x+δe1
t )  Vx1(x1, X

2,x
t ), from which we deduce that

τ̄ δ1  τ̄1, P-a.s. (2.4.4)

We continue the proof arguing by contradiction. In light of (2.4.4), suppose that there
exists E ∈ F , with P[E] > 0, such that for each ω ∈ E there exists ε(ω) > 0 and a
sequence (δj(ω))j∈N with δj > 0 and δj → 0 as j →∞, for which τ̄ δj1 (ω) > τ̄1(ω) + ε(ω)
for each j ∈ N. Using the representation in (2.4.2), (dropping the dependence on ω to
simplify the notation) this is equivalent to

X2,x
τ̄1
¬ g1(x1) and X

2,x+δje1
τ̄1+s > g1(x1 + δj), for each s ∈ [0, ε], j ∈ N. (2.4.5)

Notice that, due to the particular structure of the dynamics, we have

X2,x+δje1
s = X2,x

s + δjb
2
1

(
eb

2
2s − 1

)
/b2

2, s  0, j ∈ N, (2.4.6)

from which we can write

X2,x
τ̄1

= (X2,x
τ̄1
−X2,x

τ̄1+s) +X2,x
τ̄1+s

= −
∫ s

0
(a2 + b2

1x1 + b2
2X

2,x
τ̄1+r)dr − η(Wτ̄1+s −Wτ̄1)

+X
2,x+δje1
τ̄1+s − δjb2

1

(
eb

2
2(τ̄1+s) − 1

)
/b2

2,

From the latter equality, using (2.4.5), by Lipschitz continuity of g1, and pathwise
boundedness of X2,x and of τ̄1, we obtain

X2,x
τ̄1
 −δjC − sC + η(Wτ̄1+s −Wτ̄1) + g1(x1)− δj, for each s ∈ [0, ε], j ∈ N, (2.4.7)

where the constant C depends on supr∈[0,ε] X
2,x
τ̄1+r and on τ̄1 (which is finite, by assump-

tion), but it is independent from s and j. Next, by the law of iterated logarithm (see,
e.g., Theorem 9.23 at p. 112 in [109]) we find a sequence (sk)k∈N converging to zero and
k̄ ∈ N (depending on ω) such that

(Wτ̄1+sk −Wτ̄1) 
√
sk
√

log log(1/sk) 
√
sk, for each k  k̄. (2.4.8)
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Finally, from (2.4.7) and (2.4.8), for suitable choice of δj and sk, we conclude that

X2,x
τ̄1
 −δj(C + 1) +

√
sk(η − C

√
sk) + g1(x1) > g1(x1),

which contradicts (2.4.5), and therefore completes the proof of the lemma.

Lemma 2.4.6. Under the additional Assumption 2.4.4, we have V ∈ C2(W).

Proof. We split the proof in two steps.

Step 1. Take z ∈ W and ε > 0 such that B1
ε (z) × B2

ε (z) ⊂ W , where B1
ε (z) := {x1 ∈

R | |z1 − x1| < ε} and B2
ε (z) := {x2 ∈ R | |z2 − x2| < ε}. We prove that Vx2x2 , Vx1x2 are

locally Lipschitz in B1
ε (z)×B2

ε (z) and that Vx1x1(x1, ·) is locally Lipschitz in B2
ε (z) for

each x1 ∈ B1
ε (z).

We begin by observing that, under (2.4.1), the HJB equation can be regarded a
second order ordinary differential equation (ODE, in short) in the variable x2 ∈ R
depending on the parameter x1 ∈ R. In particular, V solves the equation

ρV − b̄2Vx2− (η2/2)Vx2x2 = h, for a.a. x2 ∈ B2
ε (z), for each fixed x1 ∈ B1

ε (z). (2.4.9)

Therefore we have V (x1, ·) ∈ C4;1(B2
ε (z)), for each x1 ∈ B1

ε (z). Next, for any y1, x1 ∈
B1
ε (z) we define the function W (x2) := V (y1, x2)−V (x1, x2), x2 ∈ B2

ε (z), which satisfies
the ODE

ρW − b̄2(y1, ·)Wx2 − (η2/2)Wx2x2 = F, x2 ∈ B2
ε (z),

where F = h(y1, ·)− h(x1, ·) + b2
1Vx2(x1, ·)(y1 − x1). Therefore, by employing Schauder

interior estimates (see Theorem 6.2 at p. 90 in [85]), we obtain

‖W‖C2;1(B2
ε/2(z)) ¬ C(‖W‖C0(B2

ε (z)) + ‖F‖C0;1(B2
ε (z))).

Moreover, by the W 2;∞
loc -regularity of V (cf. Theorem 2.5.1 in Section 2.5), the function

F is Lipschitz in B1
ε (z)×B2

ε (z). Thus, the latter estimate implies that

‖V (y1, ·)− V (x1, ·)‖C2;1(B2
ε/2(z)) ¬ C|y1 − x1|,

for a constant C which is independent from y1 and x1, as long as they are elements of
B1
ε (z). Hence, the functions V, Vx2 , Vx2x2 are Lipschitz continuous in B1

ε (z)×B2
ε/2(z).

We can therefore compute the weak derivative of (2.4.9) with respect to x1, obtain-
ing, for each fixed x1 ∈ B1

ε (z), the ODE

ρVx1 − b2Vx1x2 − (η2/2)Vx1x2x2 = hx1 + b2
1Vx2 , for a.a. x2 ∈ B2

ε/2(z). (2.4.10)

Since Vx2x2 is Lipschitz, we have Vx1(x1, ·) ∈ C3;1(B2
ε/2(z)), for each x1 ∈ B1

ε (z). Also, we
can again define a function function W 1(x2) := Vx1(y1, x2)− Vx1(x1, x2), x2 ∈ B2

ε/2(z),
which satisfies the elliptic equation

ρW 1 − b2(y1, ·)W 1
x2
− (η2/2)W 1

x2x2
= F 1, x2 ∈ B2

ε/2(z),
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where F 1 = hx1(y1, ·)−hx1(x1, ·) + b2
1(Vx2(y1, ·)−Vx2(x1, ·)) + b2

1Vx1x2(x1, ·)(y1−x1). By
employing again Schauder interior estimates, we obtain

‖W 1‖C2;1(B2
ε/3(z)) ¬ C(‖W 1‖C0(B2

ε/2(z)) + ‖F 1‖C0;1(B2
ε/2(z))).

This, by the local Lipschitz continuity of Vx2 and Vx1x2 (since we have shown that Vx1x2x2

exists bounded) in the variable x2, implies that

‖Vx1(y1, ·)− Vx1(x1, ·)‖C2;1(B2
ε/2(z)) ¬ C|y1 − x1|;

that is, the functions Vx1 , Vx1x2 , Vx1x2x2 are Lipschitz continuous in B1
ε ×B2

ε/3(z).
This allows to compute once more the weak derivative w.r.t. x1 in equation (2.4.10),

obtaining for each fixed x1 ∈ B1
ε (z), the ODE

ρVx1x1−b2Vx1x1x2− (η2/2)Vx1x1x2x2 = hx1x1 +2b2
1Vx1x2 , for a.a. x2 ∈ B2

ε/3(z). (2.4.11)

Therefore, since we have shown that Vx1x2 is Lipschitz, after employing one more time
Schauder interior estimates, we obtain

‖Vx1x1‖C2;1(B2
ε/4(z)) ¬ C(‖Vx1x1‖C0(B2

ε/3(z)) + ‖hx1x1 + 2b2
1Vx1x2‖C0;1(B2

ε/3(z))) ¬ C,

for x1 ∈ B1
ε (z) and for C large enough, not depending on x1. In particular we deduce

that Vx1x1(x1, ·) is Lipschitz in B2
ε/4(z), with Lipschitz constant uniformly bounded for

x1 ∈ B1
ε (z).

Step 2. We now prove that Vx1x1(·, x2) is continuous in W1(x2) (see Lemma 2.1.3), for
each x2 ∈ R. This is done by employing a direct computation to find an expression for
Vx1x1 .

Fix x ∈ W and let ĥ be as in Theorem 2.2.1. For δ > 0, from (2.4.4) in the proof of
Lemma 2.4.5, we have τ̄ δ1  τ̄1. Then, from (2.4.6) and Theorem 2.2.2, we write

Vx1(x+ δe1)− Vx1(x)
δ

¬ G(x+ δe1; τ̄ δ1 , τ̄2)−G(x; τ̄ δ1 , τ̄2)
δ

(2.4.12)

= E
[ ∫ τ̄δ1∧τ̄2

0
e−ρt

(
ĥ(Xx+δe1

t )− ĥ(Xx
t )

δ

)
dt

]

= E
[ ∫ τ̄1∧τ̄2

0

∫ 1

0
e−ρt

(
ĥx1(Zδ,r

t ) + ĥx2(Zδ,r
t )b2

1(eb
2
2t − 1)/b2

2

)
drdt

]

+ E
[ ∫ τ̄δ1∧τ̄2

τ̄1∧τ̄2

∫ 1

0
e−ρt

(
ĥx1(Zδ,r

t ) + ĥx2(Zδ,r
t )b2

1(eb
2
2t − 1)/b2

2

)
drdt

]
=: M δ

1 +M δ
2 ,

where Zδ,r
t := Xx

t + r(Xx+δe1
t −Xx

t ). Next, in order to study M δ
1 and M δ

2 , define

H(t, y) := ĥx1(y) + ĥx2(y)b2
1(eb

2
2t − 1)/b2

2, y ∈ R2. (2.4.13)

Notice that, by (2.4.1), Proposition 2.2.3 (see the discussion in Subsection 2.4.1) and
the convexity of V we have hx1x1 , b

2
1hx1x2 , b

2
1Vx1x2 , Vx2x2  0, and hence

H  0. (2.4.14)
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Moreover, since p = 2, from Proposition 2.4 in [77], for each ȳ, y ∈ R2, and λ ∈ [0, 1],
we have

λV (ȳ) + (1− λ)V (y)− V (λȳ + (1− λ)y) ¬ Kλ(1− λ)|ȳ − y|2, (2.4.15)

for some K > 0. Hence, (2.4.14) and (2.4.15) together with Condition 1 in Assumption
2.1.1 give

0 ¬ H(t, y) ¬ C. (2.4.16)

By Step 1, the function H(t, ·) is continuous in W . Moreover, since Zδ,r → Xx for
P ⊗ dt ⊗ dr-a.a. (ω, t, r) ∈ Ω × [0,∞) × (0, 1), as δ → 0, we deduce that H(t, Zδ,r

t ) →
H(t,Xx

t ), P ⊗ dt ⊗ dr-a.e. as δ → 0. Therefore, thanks to (2.4.16), by the dominated
convergence theorem we have

lim
δ→0+

M δ
1 = E

[ ∫ τ̄1∧τ̄2

0
e−ρt

(
ĥx1(Xx

t ) + ĥx2(Xx
t )b2

1(eb
2
2t − 1)/b2

2

)
dt

]
. (2.4.17)

Also, by Lemma 2.4.5 we have 1(τ̄1∧τ̄2,τ̄δ1∧τ̄2) → 0, P-a.s. as δ → 0. Therefore we can
again employ (2.4.16) and the dominated convergence theorem to conclude that

lim
δ→0

M δ
2 = 0. (2.4.18)

Hence, since we already know that Vx1x1 exists a.e., (2.4.12), (2.4.17) and (2.4.18) implies
that

Vx1x1(x) ¬ E
[ ∫ τ̄1∧τ̄2

0
e−ρt

(
ĥx1(Xx

t ) + ĥx2(Xx
t )b2

1(eb
2
2t− 1)/b2

2

)
dt

]
, a.e. in W . (2.4.19)

Also, arguments similar to the one leading to (2.4.19), allow to estimate Vx1x1 from
below, obtaining

Vx1x1(x)  E
[ ∫ τ̄1∧τ̄2

0
e−ρt

(
ĥx1(Xx

t ) + ĥx2(Xx
t )b2

1(eb
2
2t − 1)/b2

2

)
dt

]
, a.e. in W ,

which, together with (2.4.19), implies that

Vx1x1(x) = E
[ ∫ τ̄1∧τ̄2

0
e−ρt

(
ĥx1(Xx

t ) + ĥx2(Xx
t )b2

1(eb
2
2t− 1)/b2

2

)
dt

]
, a.e. in W . (2.4.20)

We can finally study the continuity of Vx1x1 in the variable x1. From (2.4.20) we
have

|Vx1x1(x+ δe1)− Vx1x1(x)| ¬
∣∣∣∣∣E
[ ∫ τ̄1∧τ̄2

0
e−ρt(H(t,Xx+δe1

t )−H(t,Xx
t ))dt

]∣∣∣∣∣ (2.4.21)

+

∣∣∣∣∣E
[ ∫ τ̄δ1∧τ̄δ2

τ̄1∧τ̄2
e−ρtH(t,Xx+δe1

t )dt
]∣∣∣∣∣ =: N δ

1 +N δ
2 ,

with H defined in (2.4.13). Following arguments similar to the ones leading to (2.4.17)
and (2.4.18), we can show that limδ→0N

δ
1 = 0 and that limδ→0N

δ
2 = 0. Therefore,

taking limits as δ → 0 in (2.4.21), we deduce that Vx1x1 is a.e. equal to a function which
is continuous the variable x1.

By Step 1, the functions Vx1x1(x1, ·) are locally Lipschitz continuous, uniformly in
x1. Thus, by the continuity of Vx1x1(·, x2), we conclude that the function Vx1x1 is jointly
continuous in both variables in W . This completes the proof of the lemma.
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Characterization of the optimal control

In light of Lemma 2.4.6, under the additional Assumption 2.4.4, we can construct
the ε-optimal policies. Indeed, by employing the comparison principle to the second
order ODE (2.4.11) (regarded as an equation in the variable x2, depending on the
parameter x1), one still obtains that Vx1x1 > 0 in W . This, together with the fact that
Vx1 ∈ C1(W) (by Lemma 2.4.6), allows to show that Sε is a C1 curve in R2 and that
the vector field −e1Vx1/|Vx1| is C1 on Sε, and nontangential to Sε. All the assumptions
in CASE 2 at p. 557 in [74] (up to the boundedness of W) are then satisfied, and we
can therefore employ (a suitable extension to unbounded domains of) Theorem 5.1 at
p. 572 in [74] in order to find the ε-optimal controls as in Lemma 2.2.4. Finally, all
the arguments in Section 2.2.3 can be repeated in the case in which σσ> is degenerate.
Overall, we have proved the following result.

Theorem 2.4.7. Consider the degenerate singular control problem described in (2.4.1),
with h satisfying Condition 1 in Assumption 2.1.1 and Assumption 2.4.4. Then, the
thesis of Theorem 2.1.5 holds.

Concluding, with respect to [77], we require in addition that hx1x1 > 0 and that
Assumption 2.4.4 is satisfied. In this case, Theorem 2.4.7 applies, and the construction
of the optimal control discussed in Section 7 in [77] can be provided. We underline that
in [77] a construction of an optimal control is given in weak formulation, under a quite
strong requirement on the running cost h. We refer to Proposition 7.3 in [77] for more
details.

2.5 Auxiliary results: On the HJB equation

In this section we prove that V is a solution (in the a.e. sense) to the related HJB
equation. The argument of the proof exploits the penalization method introduced in
[76] for bounded domains (see also [100] and the references therein), which we extend
to D thanks to suitable semiconcavity estimates, in the spirit of [32]. Although this
result is somehow classical, we have not been able to find versions that exactly fit our
setting, and we therefore provide its proofs in the following.

Theorem 2.5.1. The value function V is a W 2;∞
loc (D)-solution to the equation

max{ρV − LV − h, |Vx1| − 1} = 0, a.e. in D. (2.5.1)

Proof. We divide the proof in four steps.

Step 1. Let us start by introducing a family of penalized versions of the HJB equation
(2.5.1). Let β ∈ C∞(R) be a convex nondecreasing function with β(r) = 0 if r ¬ 0 and
β(r) = 2r− 1 if r  1. For each ε > 0, let V ε be the the value function of the penalized
control problem

V ε(x) := inf
α∈Uε

Jε(x;α) := inf
α∈Uε

E
[ ∫ ∞

0
e−ρt(h(Xx;α

t ) + |α1
t |+ α2

t )dt
]
, x ∈ D, (2.5.2)



2.5 Auxiliary results: On the HJB equation 51

where Uε is the set of Eε-valued F-progressively measurable processes, wtih Eε := {α =
(α1, α2) ∈ R × [0,∞) | |α1|r − 1

ε
β(r(r + 2)) ¬ α2 ¬ 1

ε
, ∀r > 0}. Here, with a slight

abuse of notation, Xx;α denotes the solution to dXx;α
t = (b(Xx;α

t )+e1α
1
t )dt+σdWt, t 

0, Xx:α
0 = x. We point out that, under Condition 3b in Assumption 2.1.1, a result

analogus to Lemma 2.3.1 holds. Arguing as in [100] (throught a localization argument),
it is possible to show that V ε is a C2(D) solution to the partial differential equation

ρV ε − LV ε +
1
ε
β((V ε

x1
)2 − 1) = h, in D. (2.5.3)

Moreover, the family (V ε)ε∈(0,1) provides an approximation of V ; that is,

lim
ε→0

V ε(x) = V (x), for each x ∈ D. (2.5.4)

Take indeed x ∈ D. Observe that, for each ε > 0, we have V ε(x)  V (x), as α2  0.
Moreover, as in Theorem 2.2. in [57], one can show that for each δ > 0 there exists a
Lipschitz admissible process w ∈ V such that J(x;w) ¬ V (x) + δ. Since w is Lipschitz,
we have dwt = α1

tdt, for some bounded progressively measurable process α1. Then,
defining α2

t = ρδ/2, we can find ε̄ > 0 such that α := (α1, α2) ∈ Uε for each ε ∈ (0, ε̄).
Moreover, with this choice of α, we have that Jε(x;α) ¬ J(x;w) + δ/2 ¬ V (x) + δ, for
each ε ∈ (0, ε̄), completing the proof of (2.5.4).

Step 2. In this step we show that, under Condition 3a in Assumption 2.1.1, for each
R > 0, there exists a constant CR such that

0 ¬ λV ε(x̄) + (1− λ)V ε(x)− V ε(λx̄+ (1− λ)x) ¬ CRλ(1− λ)|x̄− x|2, (2.5.5)

for each λ ∈ [0, 1], x̄, x ∈ BR and ε > 0. By the same arguments leading the convexity
of V (cf. Remark 2.1.4), it is possible to show that, for each ε > 0, the function
V ε is convex. Therefore, we only need to prove the last inequality in (2.5.5). Take
x̄, x ∈ BR, λ ∈ [0, 1] and set xλ := λx̄ + (1 − λ)x. Fix ε > 0, an arbitrary δ > 0, and
let α ∈ Uε be a δ-optimal control for the problem (2.5.2) with initial condition xλ; that
is, Jε(xλ;α) ¬ V ε(xλ) + δ. Since α is not necessarily optimal for x or x̄, we have

λV ε(x̄) + (1− λ)V ε(x)− V ε(xλ)− δ
¬ λJε(x̄;α) + (1− λ)Jε(x;α)− Jε(xλ;α)

¬ E
[ ∫ ∞

0
e−ρt

(
λh(X x̄;α

t ) + (1− λ)h(Xx;α
t )− h(Xxλ;α

t )
)
dt

]
.

Setting Zt := λX x̄;α
t +(1−λ)Xx;α

t , using Condition 1 in Assumption 2.1.1 , we continue
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the latter chain of estimates to find

λV ε(x̄) + (1− λ)V ε(x)− V ε(xλ)− δ (2.5.6)

¬ E
[ ∫ ∞

0
e−ρt

(
λh(X x̄;α

t ) + (1− λ)h(Xx;α
t )− h(Zt)

)
dt

]

+ E
[ ∫ ∞

0
e−ρt

(
h(Zt)− h(Xxλ;α

t )
)
dt

]

¬ Cλ(1− λ)E
[ ∫ ∞

0
e−ρt

(
1 +

∣∣∣Xx;α
t

∣∣∣p−2
+
∣∣∣X x̄;α

t

∣∣∣p−2)∣∣∣X x̄;α
t −Xx;α

t

∣∣∣2dt]

+ CE
[ ∫ ∞

0
e−ρt

(
1 +

∣∣∣Zt∣∣∣p−1
+
∣∣∣Xxλ;α

t

∣∣∣p−1)∣∣∣Zt −Xxλ;α
t

∣∣∣dt]
=: M1 +M2.

We will now estimate M1 and M2 separately.
First of all, by a standard use of Grönwall’s inequality, we find∣∣∣X x̄;α

t −Xx;α
t

∣∣∣ ¬ CeL̄t|x̄− x|. (2.5.7)

When p = 2, from (2.5.7) and our assumptions on ρ, we immediately deduce that

M1 ¬ CRλ(1− λ)|x̄− x|2, (2.5.8)

as desired. On the other hand, if p > 2, set p′ := (2p − 1)/2. Defining q := p′/(p − 2)
and denoting by q∗ its conjugate, we can employ Hölder’s inequality and obtain

M1 ¬ Cλ(1− λ)|x̄− x|2
(
E
[ ∫ ∞

0
e(2L̄−ρ(1− 1

q
))q∗tdt

]) 1
q∗

×
(
E
[ ∫ ∞

0
e−ρt

(∣∣∣Xx;α
t

∣∣∣p′ + ∣∣∣X x̄;α
t

∣∣∣p′)dt]) 1
q

¬ Cλ(1− λ)(1 + |x|p + |x̄|p)
1
q |x̄− x|2

¬ CRλ(1− λ)|x̄− x|2,
where we have used the requirements on ρ in Condition 3a in Assumption 2.1.1, and
the estimate (2.2.26), which holds also for the penalized problem.

We next estimate M2. Since the gradient Db is Lipschitz we have the estimate (see,
e.g., Proposition 1.1.3 at p. 2 in [39])

|λb(ȳ) + (1− λ)b(y)− b(λȳ + (1− λ)y)| ¬ Cλ(1− λ)|ȳ − y|2, for each ȳ, y ∈ R2.

This, together with the Lipschitz proprerty of b, allows to obtain∣∣∣Xxλ;α
t − Zt

∣∣∣ ¬ ∫ t

0

∣∣∣b(Xxλ;α
s )− λb(X x̄;α

s )− (1− λ)b(Xx;α
s )

∣∣∣ds (2.5.9)

¬ L̄
∫ t

0

(∣∣∣Xxλ;α
s − Zs

∣∣∣+ λ(1− λ)
∣∣∣X x̄;α

s −Xx;α
s

∣∣∣2)ds,
¬ L̄

∫ t

0

(∣∣∣Xxλ;α
s − Zs

∣∣∣+ λ(1− λ)|x̄− x|2e2L̄s
)
ds,

¬ Cλ(1− λ)|x̄− x|2e2L̄t + L̄
∫ t

0

∣∣∣Xxλ;α
s − Zs

∣∣∣ds.
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The latter estimate, after employing Grönwall’s inequality, leads to∣∣∣Xxλ;α
t − Zt

∣∣∣ ¬ Cλ(1− λ)e3L̄t|x̄− x|2. (2.5.10)

Defining q := p′/(p− 1) and denoting by q∗ is conjugate, we can again employ Hölder’s
inequality and (2.5.10) in order to obtain

M2 ¬ Cλ(1− λ)|x̄− x|2E
[ ∫ ∞

0
e(3L̄−ρ)t

(
1 +

∣∣∣Zt∣∣∣p−1
+
∣∣∣Xxλ;α

t

∣∣∣p−1)
dt

]

¬ Cλ(1− λ)|x̄− x|2
(
E
[ ∫ ∞

0
e(3L̄−ρ(1− 1

q
))q∗tdt

]) 1
q∗

×
(
E
[ ∫ ∞

0
e−ρt

(∣∣∣Xxλ;α
t

∣∣∣p′ + ∣∣∣Zt∣∣∣p′)dt
]) 1

q

¬ Cλ(1− λ)(1 + |x|p + |x̄|p)
1
q |x̄− x|2

¬ CRλ(1− λ)|x̄− x|2,
where we have used the estimate (2.2.26) and the requirements on ρ in Condition
3a in Assumption 2.1.1. This, together with (2.5.8) and (2.5.6), thanks again to the
arbitrariness of δ, completes the proof of (2.5.5).
Step 3. We now prove the estimate (2.5.5) under Condition 3b in Assumption 2.1.1. To
simplify the notation, we assume d = 2, the generalization to d > 2 being straightfor-
ward. We proceed from (2.5.6), and we estimate M1 and M2 from above. To this end,
define the processes

Et := exp[(b1
1 − σ2/2)t+W 1

t ] and Êt := exp[(L̄− σ2/2)t+ σW 2
t ].

We first estimate M1. Observe that

|X1,x̄;α
t −X1,x;α

t | = |x̄1 − x1|Et, (2.5.11)

which we will use to estimate |X2,x̄;α
t −X2,x;α

t |. Define the process ∆ as the solution to
the SDE

d∆t = L̄(|X1,x̄;α
t −X1,x;α

t |+ ∆t)dt+ σ∆tdW
2
t , t  0, ∆0 = |x̄2 − x2|.

Through a comparison principle, it is easy to check that |X2,x̄;α
t −X2,x;α

t | ¬ ∆t, so that,
using (2.5.11) and the explicit expression for ∆, we get

|X2,x̄;α
t −X2,x;α

t | ¬ C|x̄− x|Êt
[
1 +

∫ t
0Es/Êsds

]
=: C|x̄− x|Pt. (2.5.12)

When p = 2, the estimate of M1 can be easily deduced from (2.5.11) and (2.5.12). For
p > 2, by employing Hölder’s inequality with exponent q = p′/(p− 2), we find

E
[ ∫ ∞

0
e−ρt

(
1 +

∣∣∣Xx;α
t

∣∣∣p−2
+
∣∣∣X x̄;α

t

∣∣∣p−2)
(E2

t + P 2
t )dt

]
(2.5.13)

¬ C

(∫ ∞
0

e−ρtE
[
1 +

∣∣∣Xx;α
t

∣∣∣p′ + ∣∣∣X x̄;α
t

∣∣∣p′]dt) 1
q
(∫ ∞

0
e−ρ(1− 1

q
)q∗tE

[
E2q∗
t + P 2q∗

t

]
dt

) 1
q∗

¬ C(1 + |x|p)
1
q

(∫ ∞
0

e−ρ(1− 1
q

)q∗tE
[
E2q∗
t + P 2q∗

t

]
dt

) 1
q∗

¬ CR <∞.
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Here, we have also used (2.3.14), while the finiteness of the latter integral follows,
after some elementary computations, from the requirements on ρ in Condition 3b in
Assumption 2.1.1. Finally, by (2.5.11), (2.5.12) and (2.5.13), we obtain

M1 ¬ CRλ(1− λ)|x̄− x|2. (2.5.14)

We next estimate M2. Since b̄1 is affine, we have Z1 −X1,xλ;α. Similarly to (2.5.9),
one has

Z2
t −X

2,xλ;α
t ¬

∫ t

0

(
Cλ(1− λ)|X2,x̄;α

s −X2,x;α
s |2 + L̄

∣∣∣Xxλ;α
s − Zs

∣∣∣)ds
+ σ

∫ t

0
(Zs −Xxλ;α

s )dW 2
s .

Therefore, employing again a comparison principle and using (2.5.12), we see that

|Z2
t −X

2,xλ;α
t | ¬ Cλ(1− λ)Êt

∫ t

0

|X2,x̄;α
s −X2,x;α

s |2

Ês
ds (2.5.15)

¬ Cλ(1− λ)|x̄− x|2
∫ t

0

Êt

Ês
P 2
s ds.

Also, Hölder’s inequality with exponent q = p′/(p− 1) yields

E
[ ∫ ∞

0
e−ρt

(
1 +

∣∣∣Zt∣∣∣p−1
+
∣∣∣Xxλ;α

t

∣∣∣p−1) ∫ t

0

Êt

Ês
P 2
s ds dt

]
(2.5.16)

¬ C

(∫ ∞
0

e−ρtE
[
1 +

∣∣∣Xx;α
t

∣∣∣p′ + ∣∣∣X x̄;α
t

∣∣∣p′]dt) 1
q

×
(
E
[ ∫ ∞

0
e−ρ(1− 1

q
)q∗t

(∫ t

0

Êt

Ês
P 2
s ds

)q∗
dt

]) 1
q∗

¬ C(1 + |x|p)
1
q

(
E
[ ∫ ∞

0
e−ρ(1− 1

q
)q∗t

(∫ t

0

Êt

Ês
P 2
s ds

)q∗
dt

]) 1
q∗

¬ CR <∞.

Again, here we have also employed (2.3.14), while the finiteness of the latter integral
follows, after some elementary computations, from the requirements on ρ in Condition
3b in Assumption 2.1.1. Finally, combining (2.5.15) and (2.5.16), we obtain M2 ¬
CRλ(1− λ)|x̄− x|2, which, together with (2.5.14) and (2.5.6), implies (2.5.5).

Step 4. From (2.5.5) we deduce that, for each bounded open set B ⊂ D, there exists a
constant CB > 0 such that

sup
ε∈(0,1)

‖V ε‖W 2;∞(B) ¬ CB. (2.5.17)

This estimate allows, by mean of classical arguments (exploiting Sobolev compact em-
bedding theorem of W 2;q(B) into C1(B) for q > 2 + d and the weak compactness of
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the closed unit ball in W 2;2(B)) to improve the convergence in (2.5.4). Indeed (on each
subsequence) we now have:

(V ε, DV ε) converges to (V,DV ) uniformly in B; (2.5.18)
D2V ε converges to D2V weakly in L2(B).

Let us now prove that V solves the HJB equation (2.5.1). First of all observe that, from
(2.5.3) and (2.5.17), (unless to take a larger CB) we have

1
ε
β((V ε

x1
)2 − 1) ¬ CB, in B. (2.5.19)

Hence, taking pointwise limits in (2.5.3) and (2.5.19), we obtain

ρV − LV − h ¬ 0, and |Vx1| − 1 ¬ 0 a.e. in D.

Suppose now that the inequality |Vx1| − 1 ¬ 0 is strict in x̄ ∈ D. By continuity of
Vx1 , there exist η > 0 and a neighborhod N of x̄ such that |Vx1(x)| − 1 ¬ −η for
each x ∈ N . Therefore, by uniform convergence in N , for each ε small enough we have
|V ε
x1

(x)| − 1 ¬ −η/2, and therefore, by (2.5.3), that V ε − LV ε − h = 0 in N . Passing
again to the limit, this in turn implies that ρV − LV − h = 0 in N , completing the
proof of the theorem.

2.6 Auxiliary results: Proof of Lemma 2.1.3 and of
Proposition 2.2.10

2.6.1 Proof of Lemma 2.1.3

We give a proof for d = 2, the case d > 2 is analogous. The set W1(z) is an open
interval, since, by convexity of V , the function Vx1(·, z) is nondecreasing. We therefore
show that the set W1(z) is nonempty. Suppose that Condition 3a in Assumption 2.1.1
is in place. Arguing by contradiction, if W1(z) = ∅, then, by the continuity of Vx1 ,
we have Vx1(·, z) = 1 or Vx1(·, z) = −1. If Vx1(·, z) = 1, we have V (x1, z) + κ2 
V (x1, z)−V (y, z) =

∫ x1
y Vx1(r, z)dr = x1−y →∞ as y → −∞. Therefore V (x1, z) =∞,

contradicting the finiteness of V (see Theorem 2.5.1 in Section 2.5). In the same way,
we can not have that Vx1(·, z) = −1, which implies W1(z) 6= ∅.

On the other hand, suppose that Condition 3b in Assumption 2.1.1. Arguing by
contradiction, we assume that W1(z) is empty. From the continuity of Vx1 , we have
Vx1(·, z) = 1 or Vx1(·, z) = −1. If Vx1(·, z) = −1, then we have V (x1, z) + κ2 
V (x1, z)−V (y, z) = −

∫ y
x1
Vx1(r, z)dr = y−x1 →∞ as y →∞. Therefore V (x1, z) =∞,

contradicting the finiteness of V . We therefore assume that Vx1(·, z) = 1 and we show
that this leads anyway to a contradiction.

For a generic x1 ∈ R with 0 < x1 < x∗1, let v ∈ V be optimal for the initial condition
x := (x1, z), with dv = γd|v|. By repeating the arguments leading to (2.2.41) in the
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proof of Proposition 2.2.9, an application of Itô’s formula leads to

E
[ ∫

[0,∞)
e−ρt(1 + Vx1(Xx;v

t− )γt)d|v|t
]
¬ 0.

This in turn implies, using 0 ¬ 1− |Vx1| ¬ 1 + Vx1u for all u ∈ R with |u| = 1, that

E[|v|0(1 + γ0)] = E[|v|0(1 + γ0Vx1(Xx;v
0− )] ¬ E

[ ∫
[0,∞)

e−ρt(1 + Vx1(Xx;v
t− )γt)d|v|t

]
¬ 0,

where the first equality follows from the assumption Vx1(·, z) = 1. Also, since |γ0| = 1,
E[|v|0(1 + γ0)]  0, which combined with the latter inequality gives E[|v|0(1 + γ0)] = 0.
In other words, a possible jump a time zero must be of negative size. Therefore, since
x1 < x∗1, as in the proof of Lemma 2.3.1, we deduce that v has no jumps at time zero;
that is,

P[|v|0 > 0] = 0. (2.6.1)

Next, fix 0 < x1 < y1 < x∗1 and set x = (x1, z) and y = (y1, z). Since we are assuming
that Vx1(·, z) = 1, we have

V (y)− V (x) =
∫ y1

x1

Vx1(r, z)dr = y1 − x1. (2.6.2)

Next, denote by v and w the optimal control for the initial conditions x and y, respec-
tively. By (2.6.1), neither v or w has a jump a time zero, so that, using (2.6.2), we
find

J(y; v + x1 − y1) = J(x; v) + |x1 − y1| = V (x) + y1 − x1 = V (y).

This, by uniqueness of the optimal control implies that w = v + x1 − y1, so that, since
x1 < y1, the control w has a negative jump at time zero, contradicting (2.6.1).

Therefore also the assumption Vx1(·, z) = 1 leads to a contradiction, completing the
proof of Lemma 2.1.3 under Condition 3b in Assumption 2.1.1.

2.6.2 Proof of Proposition 2.2.10

We split the proof in three steps.
Step 1. Let x ∈ ∂W be such that x ∈ I for some interval I ⊂ R2, with I ⊂ ∂W and of
the form

I = Ia,c := {a+ rη | r ∈ [0, c]},
for some a ∈ R2, with η = Vx1(y)e1, for each y ∈ I \ {a}. Denote by H the set of all
such x. Furthermore, assume that I in the above definition is maximal, in the sense
that a− rη /∈ ∂W , for every r > 0.

Observe that, since ∂ηV (·) = ηDV = |Vx1(·)|2 = 1, then

V (a+ rη) = V (a) + r, for each r ∈ [0, c]. (2.6.3)

We have that

H =
∞⋃
i=1

{
y ∈ ∂W |V (y)− V (y − Vx1(y)/i) = 1/i

}
.
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Suppose now that x̄ ∈ H. Then there exists a ∈ R2 and c > 0 such that x ∈ Ia,c.
Let va ∈ V be an optimal control for a. By (2.6.3), we find

J(x̄; a− x̄+ va) = J(a; va) + |a− x| = V (a) + |a− x| = V (x),

which, by the uniqueness of the optimal control, implies that v̄t = a − x̄ + vat , for any
t  0. This means exactly that the optimally controlled state starting from x̄ jumps
immediately to a.

Step 2. Let now x̄ ∈ W be generic. We want to prove that X x̄;v̄ jumps only at those
times t for which X x̄;v̄

t− ∈ H. We argue by contradiction, and suppose that

P[ω ∈ Ω s.t. there exists t  0 s.t. X x̄;v̄
t− (ω) /∈ H and |X x̄;v̄

t (ω)−X x̄;v̄
t− (ω)| > 0] > 0.

For each ε > 0, let

τε := inf{t  0 |X x̄;v̄
t− /∈ H, |X x̄;v̄

t −X x̄;v̄
t− |  ε}. (2.6.4)

Take ε > 0 small enough such that P[τε < ∞] > 0. Consider a sequence (τ̄k)k∈N of
stopping times exhausting the jumps of X x̄;v̄ (see, e.g., Proposition 2.26 at p. 10 in
[109], for a construction of such a sequence), so that

τε := inf{τ̄k | k ∈ N, X x̄;v̄
τ̄k− /∈ H, |X x̄;v̄

τ̄k
−X x̄;v̄

τ̄k−|  ε}. (2.6.5)

Since the jumps of v̄ coincides with the jumps of X x̄;v̄, if X x̄;v̄ would have an infinite
number of jumps of size grater than ε on some interval [0, T ] with T ∈ (0,∞), then v̄
would not be of bounded variation on the interval [0, T ]. Thus X x̄;v̄ has only a finite
number of jumps of size grater than ε on each interval [0, T ]. This reveals that τε in
(2.6.5) is actually the minimum of a finite number of stopping times, which implies that
τε is itself a stopping time.

Next, on {τε <∞}, we find

V (X x̄;v̄
τε )− V (X x̄;v̄

τε−) =
∫ 1

0
DV (τε, X

x̄;v̄
τε− + λ(X x̄;v̄

τε −X
x̄;v̄
τε−))(X x̄;v̄

τε −X
x̄;v̄
τε−)dλ (2.6.6)

=
∫ 1

0
Vx1(τε, X

x̄;v̄
τε− + λ(X x̄;v̄

τε −X
x̄;v̄
τε−))γ̄τε(|v̄|τε − |v̄|τε−)dλ

> −|X x̄;v̄
τε −X

x̄;v̄
τε−|,

where the strict inequality follows from the fact that, by Proposition 2.2.8, X x̄;v̄
τε ∈ W

but τε is such that X x̄;v̄
τε− /∈ H. Recalling that τε is a stopping time, define the sequence

of stopping times τk := (τε + 1
k
) ∧ T . By the dynamic programming principle (see, e.g.,

[97]) we have, for each k

V (x̄) = E
[ ∫ τk

0
e−ρth(X x̄;v̄

t )dt+
∫

[0,τk)
e−ρtd|v̄|t + e−ρτkV (X x̄;v̄

τk−)
]
. (2.6.7)
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Therefore, taking limits as k →∞ in (2.6.7), using (2.6.6) we find

V (x̄) = E
[ ∫ τε

0
e−ρth(X x̄;v̄

t )dt+
∫

[0,τε]
e−ρtd|v̄|t + e−ρτεV (X x̄;v̄

τε )
]

= E
[ ∫ τε

0
e−ρth(X x̄;v̄

t )dt+
∫

[0,τε)
e−ρtd|v̄|t + e−ρτε|X x̄;v̄

τε −X
x̄;v̄
τε−|+ e−ρτεV (X x̄;v̄

τε−)
]

> E
[ ∫ τε

0
e−ρth(X x̄;v̄

t )dt+
∫

[0,τε)
e−ρtd|v̄|t + e−ρτεV (X x̄;v̄

τε−)
]

= V (x̄),

which is a contradiction, hence X x̄;v̄ jumps only at times t such that X x̄;v̄
t− ∈ H.

Step 3. Suppose now that X x̄;v̄
t− ∈ H for some t > 0. It remains to prove that, also in

this case, P-a.s. the process X x̄;v̄ jumps at time t to the endpoint of the interval I. Now,
for any F-stopping time τ , for P ◦ (X x̄;v̄

τ )−1-a.a. x ∈ R2, we have that the control

v̄τt := v̄τ+t − v̄τ−, t  0, (2.6.8)

is optimal for the initial condition X x̄;v̄
τ− (see Lemma 2.11 and the discussion at p. 1616

in [115]). Let now τ 1 be the first time at which the optimally controlled process X x̄;v̄

enters the set H. Combining (2.6.8) together with Step 1, we obtain that X x̄;v̄ jumps
to the endpoint of I. By constructing an increasing sequence τk of hitting times of the
set H, which exhausts the set in which X x̄;v̄ ∈ H, we conclude that P-a.s. the process
X x̄;v̄ jumps at time t to the endpoint of the interval I.



Chapter 3

Submodular N -player games with
singular controls

We consider a class of N -player stochastic games of multi-dimensional singular con-
trol, in which each player faces a minimization problem of monotone-follower type with
submodular costs. We call these games monotone-follower games. In a not necessarily
Markovian setting, we establish the existence of Nash equilibria. Moreover, we intro-
duce a sequence of approximating games by restricting, for each n ∈ N, the players’
admissible strategies to the set of Lipschitz processes with Lipschitz constant bounded
by n. We prove that, for each n ∈ N, there exists a Nash equilibrium of the approxi-
mating game and that the sequence of Nash equilibria converges, in the Meyer-Zheng
sense, to a weak (distributional) Nash equilibrium of the original game of singular con-
trol. As a byproduct, such a convergence also provides approximation results of the
equilibrium values across the two classes of games. We finally show how our results can
be employed to prove existence of open-loop Nash equilibria in an N -player stochastic
differential game with singular controls, and we propose an algorithm to determine a
Nash equilibrium for the monotone-follower game.

3.1 The monotone-follower game

3.1.1 Definition of the monotone-follower game

Fix a filtered probability space (Ω,F ,F,P) satisfying the usual conditions, a finite
time horizon T ∈ (0,∞), an integer N  2 and k, d ∈ N. Consider an adapted càdlàg
process L : Ω × [0, T ] → Rk, and, for i = 1, ..., N , let f i : Ω × [0, T ] → Rd

+ be a
continuous semimartingale, and set f := (f 1, ..., fN).

Define the space of admissible strategies

A :=
{
ξ : Ω× [0, T ]→ Rd

∣∣∣∣∣ ξ is an F-adapted càdlàg process, with
nondecreasing and nonnegative components

}
, (3.1.1)

and let AN :=
⊗N

i=1A denote the set of admissible profile strategies. In order to avoid
confusion, in the following we will denote profile strategies in bold letters.

59
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For each i = 1, ..., N , consider measurable functions hi, gi : Rk ×RNd → [0,∞). We
define the monotone-follower game as the game in which each player i ∈ {1, ..., N} is
allowed to choose an admissible strategy ξi ∈ A in order to minimize the cost functional

J i(ξi, ξ−i) :=E[Ci(f, L, ξ)] := E
[ ∫ T

0
hi(Lt, ξt) dt+ gi(LT , ξT ) +

∫
[0,T ]

f it dξ
i
t

]
,

where ξ−i := (ξj)j 6=i and ξ := (ξi, ξ−i) ∈ AN . Here and in the sequel the integrals with
respect to ξi are defined by

∫
[0,T ]

f it dξ
i
t := f i0ξ

i
0 +

∫ T

0
f it dξ

i
t =

d∑
`=1

f `,i0 ξ`,i0 +
d∑
`=1

∫ T

0
f `t dξ

`,i
t ,

where the integrals on the right-hand side are intended in the standard Lebesgue-
Stieltjes sense on the interval (0, T ].

We recall the notion of Nash equilibrium.

Definition 2. An admissible profile strategy ξ̄ ∈ AN is a Nash equilibrium if, for every
i = 1, ..., N , we have J i(ξ̄) <∞ and

J i(ξ̄i, ξ̄−i) ¬ J i(ζ i, ξ̄−i), for every ζ i ∈ A.

Letting 2A denote the set of all subsets ofA, for each i = 1, ..., N define the best-reply
map Ri : AN → 2A by

Ri(ξ) := arg min
ζi∈A

J i(ζ i, ξ−i). (3.1.2)

Observe that the maps Ri are constant in the variable ξi. Moreover define the map

R := (R1, ..., RN) : AN →
N⊗
i=1

2A, (3.1.3)

and notice that the set of Nash equilibria coincides with the set of fixed points of the
map R which have finite values; that is, the set of ξ̄ ∈ AN such that ξ̄ ∈ R(ξ̄) and
J i(ξ̄) <∞ for every i = 1, ..., N .

Remark 3.1.1. The notion of equilibrium introduced above is that of the so-called
open-loop Nash equilibrium. While this equilibrium notion does not limit the ability of
any player to optimize against given strategies of the others, it does limit the extent
of dynamic interaction that can take place. Agents react to the evolving exogenous un-
certainty, but take the actions of others as given and do not react to deviations from
announced (equilibrium) play; in this sense, one might term such an equilibrium as one
in precommitment strategies. In our general setting, allowing for more explicit feedback
strategies – and therefore considering equilibria in closed-loop strategies – would make
the analysis of our game much harder from a technical and conceptual point of view (see
Section 2 of [11] or Chapter 3 of [150] for a discussion on open-loop and closed-loop
equilibria in related irreversible investment games). A main issue is that, when looking
for existence of Nash equilibria in closed-loop strategies, it is not clear whether our sub-
modular condition on the cost functions (see Assumption 3.1.2 below) allows or not to
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prove the monotonicity of the best-reply-maps, a property of fundamental importance for
our existence result to work (cf. Theorem 3.1.4 below). However, in specific Markovian
settings, a construction of Nash equilibria with feedback strategies can be possible as it
is shown in [89], [118], and [119], among others.

We now specify the structural hypothesis on the costs.

Assumption 3.1.2. For each i = 1, ..., N and for φi ∈ {hi, gi} assume that:

1. for each (l, a−i) ∈ Rk×R(N−1)d, the function φi(l, ·, a−i) is lower semi-continuous,
and strictly convex;

2. for each l ∈ Rk the function φi(l, ·, ·) has decreasing differences in (ai, a−i), i.e.,

φi(l, āi, a−i)− φi(l, ai, a−i)  φi(l, āi, ā−i)− φi(l, ai, ā−i),

for each a, ā ∈ RNd such that ā  a;

3. for each (l, a−i) ∈ Rk × R(N−1)d, the function φi(l, ·, a−i) is submodular, i.e.,

φi(l, āi, a−i) + φi(l, ai, a−i)  φi(l, āi ∧ ai, a−i) + φi(l, āi ∨ ai, a−i),

for each a, ā ∈ RNd.

In light of Conditions (2) and (3) of Assumption 3.1.2, in the following we refer to the
game introduced above as to the submodular monotone-follower game (on submodular
games see, e.g., [137], [157], [159], or the books [158] and [160] and the references
therein). The submodular structure of our game will play a fundamental role in our
subsequent analysis.

Remark 3.1.3. Observe that, if φi ∈ {hi, gi} is twice-differentiable, then it fulfills
Condition 2 of Assumption 3.1.2 if and only if

∂2φi

∂a`,i∂ar,j
¬ 0, for each i, j = 1, ..., N with i 6= j and `, r = 1, ..., d.

Notice that Condition (3) in Assumption 3.1.2 is always satisfied in the case d = 1.
If d  2, it is verified if and only if, for each fixed (l, a−i) ∈ Rk × R(N−1)d and
` = 1, ..., d, hi(l, ·, a−i) and gi(l, ·, a−i) have decreasing differences in (a`,i, a−`,i), where
a−`,i = (ar,i)r 6=` (see Theorem 2.6.1 and Corollary 2.6.1 at p. 44 in [158]). Hence, in
the case of twice-differentiable cost functions φi ∈ {hi, gi}, this condition corresponds
to having

∂2φi

∂a`,i∂ar,i
¬ 0 for each i = 1, ..., N and `, r = 1, ..., d, with ` 6= r.

Example 5. For N = 2 and d = 1, Assumption 2.2 is satisfied in the following
examples:
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1. quadratic cost functions of type φ(l, a1, a2) = F (l)(a1 − a2)2, for any nonnegative
F ; more in general, for a cost function of the form φ(l, a1, a2) = F (l, a1 − a2),
whenever F (l, ·) is nonnegative, lower semi-continuous, and strictly convex for
each l ∈ Rk;

2. multiplicative cost functions of type φ(l, a1, a2) = F 1(l, a1)F 2(l, a2), whenever,
for each l ∈ Rk, F 1(l, ·) is nonnegative, lower semi-continuous, decreasing, and
strictly convex, and F 2(l, ·) is nonnegative and increasing.

Example 6. In order to provide some intuition on Assumption 3.1.2, it is somehow
easier to consider games in which players face maximization problems. To this end, we
illustrate the following model.

For N  2 and d = 1, consider N firms competing on a market. Firm i produces
and sells a certain good i, by choosing an irreversible investment strategy ξi ∈ A in
order to increase the production capacity of the good. Firm i aims at maximizing an
expected net profit functional of type

Πi(ξi, ξ−i) = E
[ ∫ T

0
hi(Lt, ξit, ξ

−i
t ) dt−

∫
[0,T ]

f it dξ
i
t

]
,

where hi is a continuous running operating profit function. Notice that the instantaneous
return of firm i depends on the investments of the other firms, thus creating a strategic
interaction in the market. The processes L and f i can be thought of as exogenous random
factors affecting the prices of the goods and the costs of the investments, respectively.

Since players maximize, we “reverse the signs” in Assumption 3.1.2 and we now
take strictly concave hi such that, for each a, ā ∈ RN with ā  a, we have

hi(l, āi, a−i)− hi(l, ai, a−i) ¬ hi(l, āi, ā−i)− hi(l, ai, ā−i). (3.1.4)

This condition describes a situation in which whenever a firm increases its investment
level, it creates an incentive for the other firms to increase their investment levels as
well. This property is satisfied if firms produce so-called complementary goods (see [158],
among others) like, e.g., different construction materials (bricks, cement, steel, etc.).
The case d > 1 would describe firms producing more than one good, again under the
assumption that all goods are complementary.

Condition (3.1.4) is satisfied, for example, by an operating profit function of power
type

hi(l, ai, a−i) = H i(l)
(
ai +

∑
j 6=i

λjia
j

)γi
, γi ∈ (0, 1), λji  0, i, j = 1, ..., N,

for nonnegative H i such that H i(L) is sufficiently integrable. Requiring furthermore
that the firms’ total investment do not exceed a given and fixed amount wi > 0 (that
is, imposing the constraint ξiT ¬ wi, P-a.s.; see also [80]), (after the needed change of
signs) Theorem 3.1.4 below, combined with Remark 3.1.7, ensures the existence of Nash
equilibria for the model described in this example.
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3.1.2 Existence of Nash equilibria in the submodular monotone-
follower game

Define the space of extended admissible strategies

A∞ :=
{
ξ : Ω× [0, T ]→ [0,∞]d

∣∣∣∣∣ ξ is an F-adapted càdlàg process,
with nondecreasing components

}
, (3.1.5)

and, on it, we define the order relation 4 such that, for ξ, ζ ∈ A∞, one has

ξ 4 ζ ⇐⇒ ξt ¬ ζt ∀ t ∈ [0, T ], P-a.s.

Moreover, we can endow the space A∞ with a lattice structure, defining the processes
ξ ∧ ζ and ξ ∨ ζ as

(ξ ∧ ζ)t := ξt ∧ ζt and (ξ ∨ ζ)t := ξt ∨ ζt ∀t ∈ [0, T ], P-a.s.

In the same way, on the set of extended profile strategies AN∞ :=
⊗N

i=1A∞, define, for
ξ, ζ ∈ AN∞, an order relation 4N by

ξ 4N ζ ⇐⇒ ξi 4 ζ i ∀ i ∈ {1, ..., N},

together with the lattice structure

ξ ∧ ζ := (ξ1 ∧ ζ1, ..., ξN ∧ ζN) and ξ ∨ ζ := (ξ1 ∨ ζ1, ..., ξN ∨ ζN).

We now provide an existence result for the equilibria of the submodular monotone-
follower game.

Theorem 3.1.4. Let Assumption 3.1.2 hold and assume that the following uniform
coercivity condition is satisfied: there exist two constants K,κ > 0 such that, for each
i = 1, ..., N ,

J i(ξi, ξ−i)  κE[|ξiT |] for all ξ ∈ AN with E[|ξiT |]  K. (3.1.6)

Suppose, moreover, that there exists a constant M > 0 such that, for each i = 1, ..., N ,

for all ξ ∈ AN there exists ri(ξ) ∈ A such that J i(ri(ξ), ξ−i) ¬M. (3.1.7)

Then the set of Nash equilibria F ⊂ AN is nonempty, and the partially ordered set
(F,4N) is a complete lattice.

Proof. Our aim is to prove existence of a Nash equilibrium by applying Tarski’s fixed
point theorem (see Theorem 1 in [155]) to the map R (cf. (3.1.3)). For this, the as-
sumption on the submodularity of hi and gi will play a crucial role.

First of all, recalling κ, K and M from (3.1.6) and (3.1.7), define the constant
w := 2M

κ
∨K, and introduce the set of restricted admissible strategies

A(w) := {ξ ∈ A |E[ξlT ] ¬ w, ∀ l = 1, ..., d }, (3.1.8)

and the set of restricted profile strategies as A(w)N :=
⊗N
i=1A(w). In the following

steps we will identify the proper framework allowing us to apply Tarski’s fixed point
theorem.
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(Step 1) The best-reply maps Ri : AN → A(w) are well defined.

Fix i and take ξ ∈ AN . We have to prove that there exists a unique ν ∈ A such that

J i(ν, ξ−i) = min
ζ∈A

J i(ζ, ξ−i),

and, moreover, that ν ∈ A(w). Clearly, by (3.1.2), we have ν = (Ri(ξ)t)t∈[0,T ].
Let (ζj)j∈N ⊂ A be a minimizing sequence for the functional J i(·, ξ−i). Thanks to

the coercivity conditions (3.1.6) on the costs, we deduce that

sup
j∈N

E[|ζjT |] <∞.

We can then use (a minimal adjustment of) Lemma 3.5 in [104], to find a càdlàg
nondecreasing nonnegative F-adapted process ν, and a subsequence of {ζj}j∈N (not
relabeled) such that, P-a.s.,

lim
m

∫
[0,T ]

ϕt dν
m
t =

∫
[0,T ]

ϕt dνt ∀ϕ ∈ Cb([0, T ];Rd) and lim
m
νmT = νT , (3.1.9)

where we set, P-a.s.

νmt :=
1
m

m∑
j=1

ζjt , ∀t ∈ [0, T ]. (3.1.10)

Moreover, from the limit in (3.1.9) we have that there exists a P-null set N such that,
for each ω ∈ Ω \ N there exists a subset I(ω) ⊂ [0, T ) of null Lebesgue measure, such
that

lim
m
νmt (ω) = νt(ω) for each ω ∈ Ω \ N and t ∈ [0, T ] \ I(ω).

The latter convergence allows us to invoke Fatou’s lemma which, together with the limit
in (3.1.9) and thanks to the lower semi-continuity of the costs, allows us to conclude
that

J i(ν, ξ−i) ¬ lim inf
m

J i(νm, ξ−i) ¬ lim inf
m

1
m

m∑
j=1

J i(ζj, ξ−i) = min
ζ∈A

J i(ζ, ξ−i),

where we have used the convexity of hi and gi and the minimizing property of ζj. Hence
ν is a minimizer for J i(·, ξ−i); in fact, ν is the unique minimizer of J i(·, ξ−i) by strict
convexity of the costs.

It remains to prove that ν ∈ A(w), and to accomplish that we argue by contra-
diction. If there exists l ∈ {1, ..., d} such that E[νlT ]  w = 2M

κ
∨ K, then we have

E[|νT |]  2M
κ
∨K and hence, by the coercivity condition (3.1.6) together with (3.1.7),

we deduce that
J i(ν, ξ−i)  κE[|νT |]  2M > J i(ri(ξ), ξ−i),

which contradicts the optimality of ν.
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(Step 2) The best-reply maps Ri are increasing, i.e., if ξ, ξ̄ ∈ AN are such that ξ 4N ξ̄,
then Ri(ξ) 4 Ri(ξ̄).

First of all, observe that, by an integration by parts (see, e.g., Corollary 2 at p. 68 in
[145]), the cost functional rewrites as

J i(ξi, ξ−i) = E
[ ∫ T

0
hi(Lt, ξt) dt+ gi (LT , ξT )−

∫ T

0
ξit− df

i
t + f iT ξ

i
T

]
, (3.1.11)

where ξit− denotes the left-limit of ξit. Thanks to the optimality of Ri(ξ) we have the
inequality

J i(Ri(ξ̄) ∧Ri(ξ), ξ−i)− J i(Ri(ξ), ξ−i)  0, (3.1.12)

which by (3.1.11) and setting Ri := Ri(ξ) and R̄i := Ri(ξ̄), can be rewritten as

E
[∫ T

0

(
hi(Lt, Ri

t ∧ R̄i
t, ξ
−i
t )− hi(Lt, Ri

t, ξ
−i
t )
)
dt

]
− E

[∫ T

0
(Ri

t− ∧ R̄i
t− −Ri

t−) df it

]
+E

[
gi(LT , Ri

T ∧ R̄i
T , ξ

−i
T )− gi(LT , Ri

T , ξ
−i
T )
]

+ E
[
f iT (Ri

T ∧ R̄i
T −Ri

T )
]
 0,

By the submodularity Condition 3 in Assumption 3.1.2, we have

E
[∫ T

0

(
hi(Lt, Ri

t ∧ R̄i
t, ξ
−i
t )− hi(Lt, Ri

t, ξ
−i
t )
)
dt

]
(3.1.13)

¬ E
[∫ T

0

(
hi(Lt, R̄i

t, ξ
−i
t )− hi(Lt, Ri

t ∨ R̄i
t, ξ
−i
t )
)
dt

]
,

and

E
[
gi(LT , Ri

T ∧ R̄i
T , ξ

−i
T )− gi(LT , Ri

T , ξ
−i
T )
]

(3.1.14)

¬ E
[
gi(LT , R̄i

T , ξ
−i
T )− gi(LT , Ri

T ∨ R̄i
T , ξ

−i
T )
]
.

Moreover, one can easily verify that

E
[∫ T

0
(Ri

t− ∧ R̄i
t− −Ri

t−) df it

]
= E

[∫ T

0
(R̄i

t− −Ri
t− ∨ R̄i

t−) df it

]
(3.1.15)

and
E
[
f iT (Ri

T ∧ R̄i
T −Ri

T )
]

= E
[
f iT (R̄i

T −Ri
T ∨ R̄i

T )
]
. (3.1.16)

Using (3.1.13)-(3.1.16) we obtain

J i(Ri(ξ̄) ∧Ri(ξ), ξ−i)− J i(Ri(ξ), ξ−i)

¬ J i(Ri(ξ̄), ξ−i)− J i(Ri(ξ) ∨Ri(ξ̄), ξ−i),

so that, by (3.1.12), we deduce that

J i(Ri(ξ̄), ξ−i)− J i(Ri(ξ) ∨Ri(ξ̄), ξ−i)  0. (3.1.17)
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Now, by Condition 2 in Assumption 3.1.2, we have

J i(Ri(ξ̄), ξ̄−i)− J i(Ri(ξ) ∨Ri(ξ̄), ξ̄−i)

 J i(Ri(ξ̄), ξ−i)− J i(Ri(ξ) ∨Ri(ξ̄), ξ−i),

and finally, by (3.1.17), we conclude that

J i(Ri(ξ̄), ξ̄−i)− J i(Ri(ξ) ∨Ri(ξ̄), ξ̄−i)  0.

Hence Ri(ξ)∨Ri(ξ̄) minimizes J i(·, ξ̄−i) as well as Ri(ξ̄) and, by uniqueness, it must be
Ri(ξ) ∨Ri(ξ̄) = Ri(ξ̄). That is Ri(ξ̄) 4 Ri(ξ), which shows the claimed monotonicity.

(Step 3) The lattices (AN∞,4N) and (A∞,4) are complete.

We prove the claim only for the lattice (AN∞,4N), since an analogous rationale applies
to show that the lattice (A∞,4) is complete.

To prove that the lattice (AN∞,4N) is complete we have to show that each subset
of AN∞ has a least upper bound and a greatest lower bound. We now prove only the
existence of a least upper bound, since the existence of a greatest lower bound follows
by similar arguments.

Consider a subset (ξj)j∈I of AN∞, where I is a set of indexes. Define Q := ([0, T ] ∩
Q) ∪ {T}. For each q ∈ Q we set

ν̃q := ess sup
j∈I
ξjq, (3.1.18)

and we recall that there exists a countable subset Iq of I such that

ν̃q = sup
j∈Iq
ξjq. (3.1.19)

Define next the right-continuous process ν : Ω× [0, T ]→ [0,∞]Nd by

νT := ν̃T , and νt := inf{ ν̃q | q > t, q ∈ Q}, for t < T. (3.1.20)

Observe that ν is F-adapted by right-continuity of the filtration. Hence, ν lies in AN∞,
and clearly ξj 4N ν for each j ∈ I.

Consider next an element ζ of AN∞ such that ξj 4N ζ for each j ∈ I. For q ∈ Q
and j ∈ Iq there exists a P-null set Mj

q such that ξjq(ω) ¬ ζq(ω) for all ω ∈ Ω \Mj
q.

Defining then Mq :=
⋃
j∈IqMj

q, we have ξjq(ω) ¬ ζq(ω) for all ω ∈ Ω \Mq and j ∈ Iq,
which, by (3.1.19), implies that ν̃q(ω) ¬ ζq(ω) for all ω ∈ Ω \Mq. Finally, introducing
the P-null set M :=

⋃
q∈QMq, we have ν̃q(ω) ¬ ζq(ω) for all ω ∈ Ω \M and q ∈ Q,

and, by right-continuity, we deduce that ν 4N ζ. Thus, ν is the least upper bound of
(ξj)j∈I .

(Step 4) There exist increasing maps R̄i : AN∞ → A(w) such that R̄i(ξ) = Ri(ξ) for
each ξ ∈ AN .
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For each ξ ∈ AN∞, define R̄i(ξ) as the least upper bound of the set {Ri(η) |η ∈ AN ,η 4N

ξ} in the complete lattice (A∞,4). If ξ ∈ AN , then Ri(ξ) ∈ {Ri(η) |η ∈ AN ,η 4N ξ}
and, since Ri is increasing, Ri(η) 4 Ri(ξ) for each η ∈ AN such that η 4N ξ, which
implies that R̄i(ξ) = Ri(ξ). Moreover, if ξ, ζ ∈ AN∞ are such that ξ 4N ζ, then we
have {η ∈ AN |η 4N ξ} ⊂ {η ∈ AN |η 4N ζ} and hence that R̄i(ξ) 4 R̄i(ζ). We
only remain to prove that R̄i(ξ) ∈ A(w). In order to accomplish that, we observe that,
for each η, η′ ∈ AN such that η, η′ 4N ξ we have that η ∨ η′ 4N ξ and, since Ri

is increasing, Ri(η) ∨ Ri(η′) 4 Ri(η ∨ η′). This implies that there exists a sequence
(ηj)j∈N ⊂ {η ∈ AN |η 4N ξ} such that the sequence (Ri(ηj)T )j∈N is increasing and,
moreover,

R̄i(ξ)T = lim
j
Ri(ηj)T , P-a.s., and E[R̄i(ξ)T ] = lim

j
E[Ri(ηj)T ], (3.1.21)

where the latter equality follows from the monotone convergence theorem. Finally, by
Step 1 we have that Ri(ηj) ∈ A(w) for each j ∈ N, which by (3.1.21) implies that
E[R̄i(ξ)T ] ¬ w and hence that R̄i(ξ)T <∞ P-a.s. By the completeness of the filtration
– unless to consider an indistinguishable version of R̄i(ξ) – with no loss of generality we
can assume that R̄i(ξ)(ω) is finite for any ω ∈ Ω; that is, R̄i(ξ) ∈ A(w). This completes
the proof of Step 4.

(Step 5) Existence of Nash equilibria.

By the previous steps the lattice (AN∞,4N) is complete and the map R̄ := (R̄1, ..., R̄N)
from the set of extended profile strategies AN∞ into itself is monotone increasing. Then,
by Tarski’s fixed point theorem (see [155], Theorem 1), the set of fixed point of the map
R̄ is a nonempty complete lattice. Now, by Step 4, the image of the map R̄ is contained
in A(w)N , and the map R̄ coincides with the map R on A(w)N . This implies that the
set of fixed points of R is equal to the set of fixed point of R̄, and since such a set
coincides with the set of Nash equilibria, the proof is completed.

3.1.3 Some remarks

In this subsection we collect some remarks concerning assumptions and extensions
of the previous theorem.

Remark 3.1.5 (Comments on the Conditions of Theorem 3.1.4). A few comments are
worth being done.

1. Condition (3.1.6) is satisfied if, for example, there exists a constant c > 0 such
that

P
[
f it  c, ∀i = 1, ..., N, ∀ t ∈ [0, T ]

]
= 1,

or if gi are such that gi(l, ai, a−i)  κ |ai|.

2. The role of Condition (3.1.7) is to force Nash equilibria, whenever they exist, to
live in the bounded subset AN(w) of AN . If there exist measurable functions H,G :
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Rk → [0,∞) such that, for each i = 1, ..., N and for each (l, a−i) ∈ Rk ×R(N−1)d,
we have hi(l, 0, a−i) ¬ H(l) and gi(l, 0, a−i) ¬ G(l), with

E
[∫ T

0
H(Ls) ds+G(LT )

]
<∞,

then Condition (3.1.7) is satisfies with ri(ξ) = 0.

Remark 3.1.6. Consider the case N = 2, d = 1. The costs relative to Player 1 are
f 1 = h1 = 0, g1(l, a1, a2) = e−a

1
(2 − e−a2

), while the costs of Player 2 can be generic
functions satisfying our requirements. Then, all the assumptions of Theorem 3.1.4 are
satisfied, with the exception of the coercivity condition (3.1.6), which is not satisfied by
J1. If now (ξ̂1, ξ̂2) were a Nash equilibrium, then for the first player we could write

0 < E[e−ξ̂
1
T (2− e−ξ̂2

T )] ¬ inf
n∈N

E[e−n(2− e−ξ̂2
T )] = 0,

which is clearly a contradiction. This example shows that, at least in the Nash equilibria,
the coercivity condition (3.1.6) is necessarily satisfied.

Remark 3.1.7 (Finite-Fuel Constraint). Many models in the literature on monotone-
follower problems enjoy a so-called finite fuel constraint (see e.g. [108] for a seminal
chapter, and the more recent [12] and [54]). This can be realized by requiring that the
admissible control strategies stay bounded either P-a.s. In our game, if we suppose that,
for each i = 1, ..., N , the strategies of player i belongs to the set A(wi) := {ξ ∈ A | ξ`T ¬
wi, ∀ ` = 1, ..., d }, a proof similar to that of Theorem 3.1.4 still shows existence of Nash
equilibria without need of Conditions 3.1.6 and 3.1.7.

Remark 3.1.8 (An Extension of Theorem 3.1.4 with Regular-Singular Controls). We
here discuss how to extend Theorem 3.1.4 to a game in which players can choose both
a regular and a singular control.

Fix a square integrable random variable Θ and define the space of regular controls
U as the set of Rd-valued F-progressively measurable processes u such that |ut| ¬ Θ P⊗
dt − a.e. We consider the game of regular-singular controls, in which each player i ∈
{1, ..., N} is allowed to choose an admissible strategy Zi = (ui, ξi) ∈ U ×A in order to
minimize the cost functional

J i(Zi, Z−i) := E
[ ∫ T

0
hi(Lt, Z1

t , ..., Z
N
t ) dt+ gi(LT , ξT ) +

∫
[0,T ]

f it dξ
i
t

]
.

Define on U the order relation 4 by setting, for u, v ∈ U , u 4 v if and only if ut ¬
vt P⊗dt-a.e. Next, consider on the lattice (U ,4) the topology I of intervals (see, e.g., p.
250 in [26]); that is, the topology for which the topology of closed sets is generated by the
family of sets Iz := {u ∈ U : u 4 z} and Iz := {u ∈ U : z 4 u} for z ∈ U . Since the
topology I is included in the weak topology of L2(Ω× [0, T ];Rd) and U is bounded, then
U is compact in the topology I. Therefore, by a characterization of complete lattices
(see Theorem 20 at p. 250 in [26]), it follows that the lattice (U ,4) is complete. Then,
existence of Nash equilibria follows proceding as in the proof of Theorem 3.1.4.
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Remark 3.1.9 (Infinite Time-Horizon Case: T = ∞). Theorem 3.1.4 can be proved
also in the case T =∞, which typically arises in applications. Indeed, we can consider
the problem in which each player chooses a strategy in the set

A[0,∞) =
{
ξ : [0,∞)× Ω→ Rd

∣∣∣∣∣ ξ is an F-adapted càdlàg process, with
nondecreasing and nonnegative components

}
,

in order to minimize the cost functional

J i∞(ξi, ξ−i) = E
[ ∫ ∞

0
e−ρthi(Lt, ξt) dt+

∫
[0,∞)

e−ρtf it dξ
i
t

]
,

for a suitable intertemporal discount factor ρ > 0. The arguments developed in the proof
of Theorem 3.1.4 carry on upon replacing ξT with ξ∞ := supt∈[0,∞) ξt. Indeed, assuming
the Condition (3.1.6) in terms of ξ∞ (or simply working with finite-fuel constraints,
cf. Remark 3.1.7), a suitable application of Komlós’ theorem still allows to prove the
well-posedness of the best-reply maps (cf. Step 1 of the proof of Theorem 3.1.4), while
the completeness of the lattice A[0,∞) and the submodularity of the costs still enable
the application of Tarski’s fixed point theorem.

Remark 3.1.10 (On the Uniqueness of Nash Equilibrium). In general, very little can
be said about uniqueness of Nash equilibria. Although conditions ensuring uniqueness of
equilibria for submodular games are available in the literature (see, e.g., [134] and ref-
erences therein), it does not seem straightforward to us how to employ these techniques
in our continuous-time stochastic setting. We leave this interesting question for future
research.

3.2 The n-Lipschitz game

In the notation of Section 3.1, for each n ∈ N, define the space of n-Lipschitz
strategies

Un = {ξ ∈ A | ξ is Lipschitz with Lipschitz constant smaller than n, ξ0 = 0} ,

and the space of n-Lipschitz profile strategies as UNn :=
⊗N

i=1 Un. The set Un (resp. UNn )
inherits from A (resp. AN) the order relation 4 (resp. 4N) together with the associated
lattice structure.

For each n ∈ N, the set of n-Lipschitz profile strategies UNn , together with the cost
functionals J i, define a game to which we will refer to as the n-Lipschitz game. We say
that an n-Lipschitz profile strategy ξ ∈ UNn is a Nash equilibrium of the n-Lipschitz
game if, for each i = 1, ..., N , we have J i(ξ) <∞ and

J i(ξi, ξ−i) ¬ J i(ζ i, ξ−i), for every ζ i ∈ Un.

Theorem 3.2.1 (Existence of Nash Equilibria for the Submodular n-Lip. Game). Let
Assumption 3.1.2 hold. Then, for each n ∈ N, the set of Nash equilibria of the n-
Lipschitz game F ⊂ UNn is nonempty, and the partially ordered set (F,4N) is a complete
lattice.
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Proof. As in the proof of Theorem 3.1.4, we identify the proper framework in order to
apply Tarski’s fixed point theorem. The completeness of the lattice (UNn ,4N) follows by
observing that the least upper bound (as well as the greatest lower bound) of any subset
is still Lipschitz with Lipschitz constant bounded by n. Moreover, as in the proof of
Proposition 26 at p. 109 in [123], we deduce that, for each i = 1, ..., N and each ξ ∈ UNn ,
there exists a unique (by strict convexity of the costs) Ri(ξ) ∈ Un such that

J i(Ri(ξ), ξ−i) = min
ζi∈Un

J i(ζ i, ξ−i).

By employing arguments as those in the Step 2 of the proof of Theorem 3.1.4 we
conclude that the map R = (R1, ..., RN) : UNn → UNn is monotone increasing in the
complete lattice (UNn ,4N). Then, the thesis of the theorem follows from Tarski’s fixed
point theorem.

3.3 Existence and approximation of weak Nash equi-
libria in the submodular monotone-follower game

In this section we will investigate connections between the monotone-follower game
and the n-Lipschitz games.

3.3.1 Weak formulation of the monotone-follower game.

For T ∈ (0,∞) and an arbitrary m ∈ N, we introduce the following measurable
spaces:

• Cm+ denotes the set of Rm-valued continuous function on [0, T ] with nonnegative
components, endowed with the Borel σ-algebra generated by the uniform conver-
gence norm;

• Dm denotes the Skorokhod space of Rm-valued càdlàg functions, defined on [0, T ],
endowed with the Borel σ-algebra generated by the Skorokhod topology;

• Dm↑ denotes the Skorokhod space of Rm-valued nondecreasing, nonnegative càdlàg
functions, defined on [0, T ], endowed with the Borel σ-algebra generated by the
Skorokhod topology.

Also, let P(Cm+ ), P(Dm) and P(Dm↑ ) denote the set of probability measures on the Borel
σ-algebras of Cm+ , Dm and Dm↑ , respectively. Finally, denote by P(Cm+ ×Dm ×Dm↑ ) the
set of probability measures on the product σ-algebra.

Moreover, denote by (πf , πL) : CNd+ ×Dk× [0, T ]→ RNd+k the canonical projection,
i.e., set (πf , πL)t(f, L) = (ft, Lt) for each (f, L) ∈ CNd+ × Dk and t ∈ [0, T ]. Also, for a
probability measure P ∈ P(CNd+ ×Dk), denote by F̄πf ,πL+ the right-continuous extension of
the filtration on CNd+ ×Dk generated by the canonical projections πf and πL, augmented
by the P-null sets.

We now give a weak formulation of the monotone-follower game. Assume given a
distribution P0 ∈ P(CNd+ ×Dk) such that the projection process πf : CNd+ ×Dk× [0, T ]→
RNd is a semimartingale with respect to the filtration F̄πf ,πL+ .
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Definition 3. We call a basis a 5-tuple β = (Ω,F ,P, f, L) such that (Ω,F ,P) is a
complete probability space, L is an Rk-valued càdlàg process, f = (f 1, ..., fN) is an
RNd-valued continuous, nonnegative semimartingale with respect to the filtration F̄f,L+ ,
and P ◦ (f, L)−1 = P0.

For each basis β, we then give the relative notion of admissible strategy.

Definition 4. Given a basis β = (Ω,F ,P, f, L), an admissible strategy associated to
β is an Rd-valued càdlàg, nondecreasing, nonnegative process on the probability space
(Ω,F ,P) such that, for each t ∈ [0, T ], the σ-algebras FAt and F (f,L)

T are P-independent,
conditionally on Ff,Lt+ .

We denote by Aβ the set of admissible strategies associated to the basis β. Moreover,
we define the space of admissible profile strategies associated to the basis β as ANβ :=⊗N
i=1Aβ.

Given a basis β = (Ω,F ,P, f, L), for each i ∈ {1, ..., N} and each admissible strategy
ξi ∈ Aβ we define the cost functionals

J iβ(ξi, ξ−i) := EP[Ci(f, L, ξ)]

= EP
[ ∫ T

0
hi(Lt, ξt) dt+ gi(LT , ξT ) +

∫
[0,T ]

f it dξ
i
t

]
,

where ξ−i := (ξj)j 6=i, ξ := (ξi, ξ−i) and EP denotes the expectation under the probability
measure P.

We finally introduce a notion of equilibrium that we will refer to as weak Nash
equilibrium.

Definition 5 (Weak Nash Equilibrium). We say that (β̄, ξ̄) is a weak Nash equilibrium
if β̄ is a basis and ξ̄ ∈ ANβ̄ is an admissible profile strategy such that, for every i =
1, ..., N ,

J iβ̄(ξ̄i, ξ̄−i) ¬ J iβ̄(ζ i, ξ̄−i), for every ζ i ∈ Aβ̄.

3.3.2 Assumptions and a preliminary lemma

In this subsection we specify the main assumptions of this section, we introduce
some notation, and we provide a preliminary lemma.

Assumption 3.3.1. Let Assumption 3.1.2 hold and, for each i = 1, ..., N , assume that:

1. gi and hi are continuous and continuously differentiable in the variable ai ∈ Rd.

2. There exist γ1, γ2 > 1 such that the d-dimensional gradients ∇ih
i and ∇ig

i of the
functions hi and gi with respect to the (d-dimensional) variable ai satisfy

|∇ih
i(l, a)|+ |∇ig

i(l, a)| ¬ C(1 + |l|γ1 + |a|γ2), (3.3.1)
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for each l ∈ Rk and a = (a1, ..., aN) ∈ RNd.
Moreover, there exist measurable functions H i, Gi : Rk → R such that
hi(l, 0, a−i) ¬ H i(l) and gi(l, 0, a−i) ¬ Gi(l), with

EP0

[∫ T

0
|H i((πL)s)|q ds+ |Gi((πL)T )|q

]
<∞ (3.3.2)

and

EP0

[
sup
s∈[0,T ]

(|(πL)s|αγ1p + |(πf )s|αp )
]
<∞, (3.3.3)

where q := αmax{γ2 p, p/(p− 1)} for some p, α > 1.

3. There exists a constant c > 0 such that

P0

[
(πf )it  c, ∀ t ∈ [0, T ], ∀ i = 1, ..., N

]
= 1, (3.3.4)

and the total conditional variation (see definition (A.2) in Appendix A) of πL over
the interval [0, T ) is finite; that is, V P0

T (πL) <∞ .

4. P0 is Feller; i.e., for any t ∈ [0, T ) we have:

(a) The σ-algebras Fπf ,πLt+ and Fπf ,πLt on CNd
+ ×Dk coincide P0-a.s.;

(b) For each ψ ∈ C∞c (RNd+k), there exists ψ∗ ∈ Cb(RNd+k) such that

EP0 [ψ((πf , πL)T )|Fπf ,πLt+ ] = ψ∗((πf , πL)t), P0-a.s.

Moreover, the projection process (πf , πL) is a quasi-martingale under P0.

For a basis β = (Ω,F ,P, f, L), a profile strategy ξ = (ξ1, ..., ξN) ∈ ANβ and an index
i ∈ {1, ..., N}, we define the continuous (non adapted) subgradient process ∂Ci(f, L, ξ) :
Ω× [0, T ]→ Rd by setting

∂Ci(f, L, ξ)t :=
∫ T

t
∇ih

i(Lt, ξt) dt+∇ig
i(LT , ξT ) + f it , ∀ t ∈ [0, T ], P-a.s. (3.3.5)

Furthermore, if ξ is such that J iβ(ξ) < ∞ for a certain i ∈ {1, ..., N}, then, exploiting
the convexity of hi and gi and integrating by parts, we obtain the following subgradient
inequality

J iβ(ζ i, ξ−i)− J iβ(ξi, ξ−i)  EP
[ ∫

[0,T ]
∂Ci

t(dζ
i
t − dAit)

]
, for each ζ i ∈ Aβ. (3.3.6)

Fix a basis β = (Ω,F ,P, f, L) and denote by F̄f,L+ = {F̄f,Lt+ }t∈[0,T ] the right-continuous
extension of the filtration generated by f and L, augmented by the P-null sets. For each
n ∈ N, consider a Nash equilibrium ξn = (ξ1,n, ..., ξN,n) of the n-Lipschitz game as in
Theorem 3.2.1. The next lemma shows that any Nash equilibria of the n-Lipschtz game
satisfy certain first order conditions. The proof of this claim follows arguments analogus
to those used in the proof of Proposition 27 in [123].

Lemma 3.3.2. For every n ∈ N and every i = 1, ..., N , set ∂Ci,n := ∂Ci(f, L, ξn).
Then, under Assumption 3.3.1, defining 1 := (1, ..., 1) ∈ Rd, we have

EP
[∫ T

0
∂Ci,n

t dξi,nt

]
= −nEP

[∫ T

0
(∂Ci,n

t )− 1 dt
]
, lim

n
EP
[∫ T

0
(∂Ci,n

t )− dt
]

= 0. (3.3.7)
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3.3.3 Existence and approximation of weak Nash equilibria

We now state and prove the main result of this section, which can be thought of as
a game-theoretic version of Theorem 21 in [123].

For an arbitrary m ∈ N, consider on the space Cm+ the topology given by the con-
vergence in the uniform norm. Furthermore, on the space Dm consider the pseudopath
topology τTpp; that is, the topology on Dm induced by the convergence in the measure
dt + δT on the interval [0, T ], where dt denotes the Lebesgue measure, and δT denotes
the Dirac measure at the terminal time T . The space Dm↑ is a closed subset of the topo-
logical space (Dm, τTpp), and the Borel σ-algebra induced by the topology τTpp, coincides
with the σ-algebra induced by the Skorokhod topology (see also the appendix in [123]).
Notice that the topological spaces (Dm, τTpp) and (Dm↑ , τTpp) are separable, but not Polish
(see, e.g., [136]). Finally, on the product space CNd+ × Dk × DNd↑ , consider the product
topology, and on P(CNd+ × Dk × DNd↑ ) consider the topology of weak convergence of
probability measures.

Fix a basis β = (Ω,F ,P, f, L) and consider, for each n ∈ N, a Nash equilibrium
ξn = (ξ1,n, ..., ξN,n) of the n-Lipschitz game as in Theorem 3.2.1, with F = F̄f,L+ (the
right-continuous extension of the filtration generated by f and L, augmented by the
P-null sets). Observe that the processes ξn are F̄f,L+ -adapted. Define, for n ∈ N, the law
Pn := P◦ (f, L, ξn)−1 in P(CNd+ ×Dk×DNd↑ ); with a slight abuse of terminology, we will
refer to the law Pn as the law of the Nash equilibrium ξn. We then have the following
theorem.

Theorem 3.3.3. Under Assumption 3.3.1 the following statements hold.

1. The sequence {Pn}n∈N of the laws of the Nash equilibria of the n-Lipschitz games
is weakly relatively compact in P(CNd+ ×Dk ×DNd↑ ).

2. Any accumulation point P̄ is the law of a weak Nash equilibrium of the monotone-
follower game; that is, there exist a basis β̄ = (Ω̄, F̄ , Q̄, f̄ , L̄) and an admissi-
ble profile strategy ξ̄ ∈ ANβ̄ , such that (β̄, ξ̄) is a weak Nash equilibrium of the
monotone-follower game and P̄ = Q̄ ◦ (f̄ , L̄, ξ̄)−1.

Proof. We prove the two claims of the theorem separately.

Proof of Claim 1. By assumption we have V P
T (L) < ∞. Moreover, by employing argu-

ments similar to those in the proof of Proposition 28 at p. 110 in [123], we find

sup
n

EP [|ξnT |q] <∞, (3.3.8)

where q > 1 is as in Assumption 3.3.1. Therefore, from Lemma A.1, we can deduce that
the sequence {ξn}n∈N is tight in P(DNd↑ ), and that L in tight in P(Dk). Furthermore,
since the space CNd+ is Polish, P ◦ f−1 is regular, and hence f is tight in P(CNd+ ) (see,
e.g., Remark 13.27 at p. 260 in [112]). This implies that the sequence {(f, L, ξn)}n∈N is
tight in P(CNd+ ×Dk ×DNd↑ ).

By Prokhorov’s theorem (see, e.g., Theorem 13.29 at p. 261 in [112]), there exists
a subsequence of indexes (still denoted by n) and a probability measure P̄ ∈ P(CNd+ ×
Dk × DNd↑ ) such that the sequence Pn converges weakly to P̄. The first claim of the
theorem is thus proved.
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Proof of Claim 2. Thanks to an extension of Skorokhod’s theorem for separable spaces
(see Theorem 3 in [72]), there exists a probability space (Ω̄, F̄ , Q̄), and, on it, a sequence
{(f̄n, L̄n, ξ̄n)}n∈N of CNd+ ×Dk ×DNd↑ -valued random variables, and a CNd+ ×Dk ×DNd↑ -
valued random variable (f̄ , L̄, ξ̄), such that Q̄◦(f̄n, L̄n, ξ̄n)−1 = Pn and Q̄◦(f̄ , L̄, ξ̄)−1 =
P̄. Furthermore, this representation is such that, for almost all ω ∈ Ω̄, we have

f̄n(ω)→ f̄(ω) uniformly on the interval [0, T ], (3.3.9)

as well as

(L̄n(ω), ξ̄n(ω))→ (L̄(ω), ξ̄(ω)) in the measure dt+ δT on [0, T ]. (3.3.10)

Define then β̄ := (Ω̄, F̄ , Q̄, f̄ , L̄). Since P◦(f, L)−1 is constantly P0, then the same holds
for its limit; that is, Q̄ ◦ (f̄ , L̄)−1 = P0, and this implies that β̄ is a basis.

Moreover, the fact that ξ̄ ∈ ANβ̄ can be proved following the same lines as in the

proof of Proposition 29 in [123], using that the strategies ξn are F̄f,L+ -adapted, and
exploiting Condition 4 in Assumption 3.3.1.

Next, for every i = 1, ...., N and n ∈ N, recalling (3.3.5), we define on the proba-
bility space (Ω̄, F̄ , Q̄) the subgradient processes ∂C̄i,n := ∂Ci(f̄n, L̄n, ξ̄n) and ∂C̄i :=
∂Ci(f̄ , L̄, ξ̄). By the convergence at the terminal time (3.3.10) together with Fatou’s
lemma and the estimate (3.3.8) we have

EQ̄[|ξ̄T |q] ¬ sup
n

EQ̄[|ξ̄nT |q] = sup
n

EP[|ξnT |q] <∞. (3.3.11)

Let Q := ([0, T ) ∩Q) ∪ {T} and define the measurable function Φ : Dk → R by

Φ(X) := sup
t∈Q
|Xt|.

Being constantly equal to P◦Φ(L)−1, the sequence {Q̄◦Φ(L̄n)−1}n∈N is tight in P(Rk).
This allows to assume without loss of generality (modulo a further subsequence, a new
Skorokhod representation of the sequence {(f̄n,Φ(L̄n), L̄n, ξ̄n)}n∈N, and exploiting the
measurability of Φ), that Φ(L̄n) converges to Φ(L̄), Q-a.s. Furthermore, by (3.3.3) in
Assumption 3.3.1, we have EQ̄[Φ(L̄)] = EP0 [Φ(πL)] <∞. The latter, together with the
Q̄-a.s. convergence of Φ(L̄n), the convergence in (3.3.10), and the integrability proved
in (3.3.11), implies that, for Q̄-almost all ω ∈ Ω̄, there exists a constant M(ω) < ∞
such that

sup
n

sup
t∈[0,T ]

(|L̄nt (ω)|+ |ξ̄nt (ω)|+ |L̄t(ω)|+ |ξ̄t(ω)|) ¬M(ω).

Thus, for Q̄-almost all ω ∈ Ω, we can find, by continuity of hi, another constant K(ω) <
∞ such that

sup
n

sup
t∈[0,T ]

[
hi(L̄nt (ω), ξ̄nt (ω), ξ̄−i,nt (ω)) + hi(L̄t(ω), ξ̄t(ω), ξ̄−it (ω))

]
¬ K(ω).

Hence, for Q̄-almost all ω ∈ Ω, the bounded continuous function ∇ih
i(l, a) ∧ K(ω)

coincides with the function ∇ih
i(l, a) when evaluated along the sequence (L̄ns (ω), ξ̄ns (ω))

and at the limit point (L̄s(ω), ξ̄s(ω)).
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Considering ω fixed and ∇ih
i bounded by K(ω), this allows to use equation (A.1),

together with standard arguments exploiting the compactness of [0, T ], in order to
deduce that, Q̄-a.s.

lim
n

sup
t∈[0,T ]

∣∣∣∣∣
∫ T

t

(
∇ih

i(L̄ns , ξ̄
n
s )−∇ih

i(L̄s, ξ̄s)
)
ds

∣∣∣∣∣ = 0. (3.3.12)

The latter, thanks to (3.3.9) and (3.3.10) and to the continuity of ∇ig
i, implies that,

∂C̄i,n → ∂C̄i uniformly on the interval [0, T ], for every i = 1, ..., N, Q̄-a.s.
(3.3.13)

The following claims summarize two key properties of the processes ∂C̄i and ξ̄ that will
guarantee that (β̄, ξ̄) is a weak Nash equilibrium as in Definition 5.

For every i = 1, ..., N , we now prove that the following hold Q̄-a.s.:

(2.a) ∂C̄i
t  0 for every t ∈ [0, T ];

(2.b)
∫

[0,T ]
∂C̄i

t dξ̄
i
t = 0.

Proof of 2.a. We begin by proving that ∂C̄n → ∂C̄ in L1(Q̄⊗dt). For i = 1, ..., N , from
the convergence proved in (3.3.13) we have that Q̄ ⊗ dt-a.e. ∂C̄i,n converges to ∂C̄i.
Moreover, for p > 1 as in Assumption 3.3.1, by the growth condition (3.3.1) we easily
find that

EQ̄
[

sup
t∈[0,T ]

|∂C̄i,n
t |p

]
¬ C̃

(
1 + EP[|ξnT |γ2p] + EP0

[
sup
t∈[0,T ]

(
|(πL)t|

γ1p + |(πf )it|
p
) ])

,

(3.3.14)

for a suitable constant C̃. Using then the integrability condition (3.3.3) in Assumption
3.3.1 and the estimates (3.3.8) (recall that by assumption γ2p < q), we have

sup
n

EQ̄
[

sup
t∈[0,T ]

|∂C̄i,n
t |p

]
<∞, (3.3.15)

which implies that the sequence ∂C̄i,n is uniformly integrable. From Theorem 6.25 at p.
in [112], we deduce then that ∂C̄n → ∂C̄ in L1(Q̄⊗dt). Now, from the second equation
in (3.3.7) in Lemma 3.3.2, we find

0 = lim
n

EP
[∫ T

0
(∂Ci,n

t )− dt
]

= lim
n

EQ̄
[∫ T

0
(∂C̄i,n

t )− dt
]

= EQ̄
[∫ T

0
(∂C̄i

t)
− dt

]
,

and by continuity of ∂C̄i we conclude that Q̄-a.s.

∂C̄i
t  0 , ∀ t ∈ [0, T ], ∀ i = 1, ..., N. (3.3.16)

Proof of 2.b. Computations analogous to those employed in (3.3.14) yield
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EQ̄
[

sup
t∈[0,T ]

|∂C̄i,n
t |αp

]
¬ C̃

(
1 + EP[|ξnT |αγ2p] + EP0

[
sup
t∈[0,T ]

(
|(πL)t|

αγ1p + |(πf )it|
αp
) ])

,

(3.3.17)
as well as,

EQ̄
[

sup
t∈[0,T ]

|∂C̄i
t |αp

]
¬ C̃

(
1 + EQ̄[|ξ̄T |αγ2p] + EP0

[
sup
t∈[0,T ]

(
|(πL)t|

αγ1p + |(πf )it|
αp
) ])

.

(3.3.18)
Now, the estimates (3.3.8), (3.3.11), (3.3.17) and (3.3.18) imply that

sup
n

EQ̄
[

sup
t∈[0,T ]

|∂C̄i,n
t |αp + sup

t∈[0,T ]
|∂C̄i

t |αp + |ξ̄nT |
αp
p−1 + |ξ̄T |

αp
p−1

]
<∞,

which, together with the convergence established in (3.3.13), allows us to use Lemma
A.2 in Appendix A in order to deduce that

EQ̄
[ ∫

[0,T ]
∂C̄i

t dξ̄
i
t

]
= lim

n
EQ̄
[ ∫

[0,T ]
∂C̄i,n

t dξ̄i,nt

]
= lim

n
EP
[ ∫ T

0
∂Ci,n

t dξi,nt

]
¬ 0,

(3.3.19)
where we have used the first equality of (3.3.7) in Lemma 3.3.2 and that, for each n ∈ N,
ξ̄i,n0 = 0 Q̄-a.s. This implies, thanks to the non negativity of ∂C̄i established in (3.3.16),
that Q̄-a.s. ∫

[0,T ]
∂C̄i

tdξ̄
i
t = 0;

i.e. (2.b) is proved.

It does remain to conclude that the couple (β̄, ξ̄) is a weak Nash equilibrium of the
game. Fix i ∈ {1, ..., N}, and consider an admissible strategy ζ i ∈ Aβ̄. By (3.3.6) and
Claims (2.a) and (2.b) we have

J iβ̄(ζ i, ξ̄−i)− J iβ̄(ξ̄i, ξ̄−i)  EQ̄
[ ∫

[0,T ]
∂C̄i

t(dζ
i
t − dξ̄it)

]
= EQ̄

[ ∫
[0,T ]

∂C̄i
tdζ

i
t

]
 0,

which in fact completes the proof.

3.3.4 On Lipschitz ε-Nash equilibria for the monotone-follower
game

In this subsection we prove another connection between the Lipschitz games and
the monotone-follower game by showing that ε-Nash equilibria of the monotone-follower
game can be realized as Nash equilibria of the n-Lipschitz game, for n sufficiently large.
The proof of this result exploits Theorem 3.3.3, combined with a contradiction scheme.

As in Subsection 3.3.3, in the following we consider fixed a basis β = (Ω,F ,P, f, L),
and, for each n ∈ N, let ξn = (ξ1,n, ..., ξN,n) be a Nash equilibrium of the n-Lipschitz
game as in Theorem 3.2.1, with F = F̄f,L+ . Observe that the processes ξn are F̄f,L+ -
adapted.
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Theorem 3.3.4. Suppose that Assumption 3.3.1 holds and that there exists a constant
C > 0 such that

|hi(l, a)|+ |gi(l, a)| ¬ C(1 + |l|γ1 + |a−i|γ2), (3.3.20)

for each l ∈ Rk and a = (a1, ..., aN) ∈ RNd.
Then, for each ε > 0, there exists nε such that the Nash equilibrium ξnε of the

nε-Lipschitz game is an ε-Nash equilibrium of the monotone-follower game; that is, for
each i = 1, ..., N

J iβ(ξi,nε , ξ−i,nε) ¬ J iβ(ζ i, ξ−i,nε) + ε for each ζ i ∈ Aβ.

Proof. We argue by contraddiction and we suppose that the thesis is false. Then, there
exists ε > 0 such that, for each n ∈ N, there exist in ∈ {1, ..., N} and an admissible
strategy ζn ∈ A (i.e., adapted to F̄f,L+ ) with

J inβ (ξn) > J inβ (ζn, ξ−in,n) + ε.

Since the number of indexes of the players is finite, we can suppose that there exists
i ∈ {1, ..., N} such that, for each n ∈ N,

J iβ(ξn) > J iβ(ζn, ξ−i,n) + ε. (3.3.21)

Recall now that, for each n ∈ N, ξn is a Nash equilibrium for the n-Lipschitz game
and notice that the process constantly equal to zero is admissible. Hence, from (3.3.21),
and using the coercivity condition (3.3.4) and the integrability condition (3.3.2) in
Assumption 3.3.1, we find

cEP[|ζnT |] ¬ J iβ(ζn, ξ−i,n) < J iβ(ξn)− ε ¬ J iβ(0, ξ−i,n)

¬ EP0

[∫ T

0
H i((πL)t) dt+Gi((πL)T )

]
<∞,

which implies that
sup
n

EP[|ζnT |] <∞. (3.3.22)

With arguments analogous to those employed in the proof of Claim 1 of Theorem
3.3.3, from the tightness condition (3.3.22) we deduce that there exists a subsequence
of indexes (still denoted by n) and a probability measure P̃ ∈ P(CNd+ × Dk × D(1+N)d

↑ )
such that the sequence P ◦ (f, L, ζn, ξn)−1 converges weakly to P̃.

Then, thanks to an extension of Skorokhod’s theorem (see Theorem 3 in [72]),
there exists a probability space (Ω̄, F̄ , Q̄), and, on it, a sequence {(f̄n, L̄n, ζ̄n, ξ̄n)}n∈N
of CNd+ ×Dk×D

(1+N)d
↑ -valued random variables, and a CNd+ ×Dk×D

(1+N)d
↑ -valued random

variable (f̄ , L̄, ζ̄, ξ̄), such that

P̃n = Q̄ ◦ (f̄n, L̄n, ζ̄n, ξ̄n)−1 and P̃ = Q̄ ◦ (f̄ , L̄, ζ̄, ξ̄)−1.

Furthermore, this representation is such that, for Q̄-almost all ω ∈ Ω̄, we have

f̄n(ω)→ f̄(ω) uniformly on the interval [0, T ], (3.3.23)
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as well as

(L̄n(ω), ζ̄n(ω), ξ̄n(ω))→ (L̄(ω), ζ̄(ω), ξ̄(ω)) in the measure dt+ δT on [0, T ].
(3.3.24)

A rationale similar to that yelding (3.3.12) can be employed to show that, Q̄-a.s.,

lim
n

∫ T

0
hi(L̄nt , ζ̄

n
t , ξ̄

−i,n
t ) dt+ gi(L̄nT , ζ̄

n
T , ξ̄

−i,n
T ) (3.3.25)

=
∫ T

0
hi(L̄t, ζ̄t, , ξ̄−it ) dt+ gi(L̄T , ζ̄T , ξ̄−iT ),

where we have also used that hi and gi are continuous. Furthermore, thanks to the
growth condition (3.3.20), for p > 1 as in Assumption 3.3.1, we can find a suitable
constant C̃ > 0 such that

sup
n

EQ̄
[∣∣∣∣∣
∫ T

0
hi(L̄nt , ζ̄

n
t , ξ̄

−i,n
t ) dt+ gi(L̄nT , ζ̄

n
T , ξ̄

−i,n
T )

∣∣∣∣∣
p ]

(3.3.26)

¬ C̃ sup
n

(
1 + EP0

[
sup
t∈[0,T ]

|(πL)t|γ1p

]
+ EP [|ξnT |γ2p]

)
<∞,

where the integrability of the right-hand side follows from Condition (3.3.3) and the
estimate (3.3.8). Finally, the limit in (3.3.25), together with the uniform integrability
in (3.3.26), allows us to conclude that

lim
n

EQ̄
[∫ T

0
hi(L̄nt , ζ̄

n
t , ξ̄

−i,n
t ) dt+ gi(L̄nT , ζ̄

n
T , ξ̄

−i,n
T )

]
(3.3.27)

= EQ̄
[∫ T

0
hi(L̄t, ζ̄t, ξ̄−it ) dt+ gi(L̄T , ζ̄T , ξ̄−iT )

]
.

With a similar reasoning we also find

lim
n

EQ̄
[∫ T

0
hi(L̄nt , ξ̄

i,n
t , ξ̄−i,nt ) dt+ gi(L̄nT , ξ̄

i,n
T , ξ̄−i,nT )

]
(3.3.28)

= EQ̄
[∫ T

0
hi(L̄t, ξ̄it, ξ̄

−i
t ) dt+ gi(L̄T , ξ̄iT , ξ̄

−i
T )

]
.

Moreover, Condition (3.3.3) yields

sup
n

EQ̄
[

sup
t∈[0,T ]

|f̄nt |αp + sup
t∈[0,T ]

|f̄t|αp
]

= 2EP0

[
sup
t∈[0,T ]

|(πf )t|
αp

]
<∞. (3.3.29)

The latter, together with (3.3.8) and (3.3.11), allows to use Lemma A.2 in Appendix A
in order to deduce that

lim
n

EQ̄
[∫ T

0
f̄ i,nt dξ̄i,nt

]
= EQ̄

[ ∫
[0,T ]

f̄ it dξ̄
i
t

]
,
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which, together with (3.3.28), gives

lim
n
J iβ(ξn) = J iβ̄(ξ̄i, ξ̄−i). (3.3.30)

Fix now M ∈ N and define the sequence of processes {ζ̄n,M}n∈N by ζ̄n,Mt := ζ̄nt ∧M
as well as the process ζ̄Mt := ζ̄t ∧M . Observe that, for each n ∈ N, from (3.3.21) and
the definition of B̄n,M we have

J iβ̄(ξ̄n) > EQ̄
[ ∫ T

0
hi(L̄nt , ζ̄

n
t , ξ̄

−i,n
t ) dt+ gi(L̄nT , ζ̄

n
T , ξ̄

−i,n
T )

]
(3.3.31)

+ EQ̄
[ ∫

[0,T ]
f̄ i,nt dζ̄n,Mt

]
+ ε.

Moreover, notice that the convergence established in (3.3.24) implies that, Q̄-a.s., the
sequence {ζ̄n,M}n∈N converges to ζ̄M in the measure dt+ δT on [0, T ].

Now, since the sequence {ζ̄n,M}n∈N is bounded by the constant M , we can use again
Lemma A.2 in Appendix A to deduce that

lim
n

EQ̄
[ ∫

[0,T ]
f̄ i,nt dζ̄n,Mt

]
= EQ̄

[ ∫
[0,T ]

f̄ it dζ̄
M
t

]
. (3.3.32)

Hence, thanks to (3.3.30), (3.3.27) and (3.3.32), for each fixed M we can pass to the
limit in the inequality (3.3.31), in order to obtain that

J iβ̄(ξ̄)  EQ̄
[∫ T

0
hi(L̄t, ζ̄t, ξ̄−it ) dt+ gi(L̄T , ζ̄T , ξ̄−iT )

]
+ EQ̄

[ ∫
[0,T ]

f̄ it dζ̄
M
t

]
+ ε.

Finally, by the monotone convergence theorem, we can take the limit as M → ∞ in
the latter inequality to deduce that

J iβ̄(ξ̄i, ξ̄−i)  J iβ̄(ζ̄ , ξ̄−i) + ε. (3.3.33)

On the other hand, the probability measure Q̄◦ (f̄ , L̄, ξ̄)−1 is an accumulation point
of the sequence P◦(f, L, ξn)−1, and hence, by Theorem 3.3.3, the couple (β̄, ξ̄) is a weak
Nash equilibrium of the monotone-follower game, with β̄ := (Ω̄, F̄ , Q̄, f̄ , L̄). Moreover,
ζ̄ is an admissible strategy associated to the basis β̄ (this can be proved following the
same lines as in the proof of Proposition 29 in [123], using that the strategies ζ̄n are
F̄f,L+ -adapted, and exploiting Condition 4 in Assumption 3.3.1). Therefore, we also have

J iβ̄(ξ̄i, ξ̄−i) ¬ J iβ̄(ζ̄ , ξ̄−i),

which, together with (3.3.33), leads to a contradiction, and thus completes the proof.

3.3.5 Some remarks

In this subsection we collect some remarks concerning extensions and comments of
the previous theorems.
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Remark 3.3.5. Theorem 3.3.3 and Theorem 3.3.4 can be thought of as the game-
theoretic counterpart of Theorem 21 and Corollary 24 in [123], respectively. In com-
parison to Theorem 21 in [123], the existence result for the n-Lipschitz game contained
in Theorem 3.2.1 – on which Theorem 3.3.3 is based – requires the study of a fixed
point problem (cf. Sections 3.1 and 3.2). The convergence result of Theorem 3.3.3 is
only slightly more involved than that in [123], even if some extra care is needed when
performing the necessary limits. On the other hand, while Corollary 24 in [123] directly
follows from Theorem 21 in [123], the proof of Theorem 3.3.4 needs a new argument,
which relies on the estimates and limits previously obtained in the proof of Theorem
3.3.3. Finally, differently to [123], we can also allow for a stochastic cost of control f .

Remark 3.3.6 (Infinite Time-Horizon Case: T =∞). The techniques and the method-
ologies used in the proof of Theorems 3.3.3 and 3.3.4 can be extended so to handle also
the infinite time-horizon case (cf. the setup discussed in Remark 3.1.9). With respect
to the case T < ∞, the main technical difference is that one now needs to introduce
a different pseudopath topology in order to be able to work on the Skorokhod space of
Rk+Nd-valued càdlàg functions defined on the half line [0,∞). To this end, one can use
the pseudopath topology τ ρpp induced by the convergence in the measure λρ on the half
line [0,∞), where λρ is defined by dλρ := e−ρtdt and ρ > 0 denotes a suitable intertem-
poral discount factor. The tightness of the sequence of Nash equilibria of the n-Lipschitz
games can then be deduced whenever the standard Meyer-Zheng tightness criteria are
satisfied (see Theorem 4 in [136]). These conditions are automatically fulfilled in the
finite-fuel case (see Remark 3.1.7). Moreover, with such a choice of the topology, the
convergence of the subgradient processes (cf. the limit obtained in (3.3.13)) can be proved
by exploiting the characterization of the convergence in τ ρpp given in the proof of Lemma
1 in [136].

Remark 3.3.7. Theorem 3.3.4 can also be understood in a different way. Fix a weak
Nash equilibrium (β̄, ξ̄), which is an accumulation point of a sequence of Nash equilibria
of the n-Lipschitz game on a fixed basis β, and define

V = (V 1, ..., V N) := (J1
β̄(ξ̄), ..., JNβ̄ (ξ̄)).

Then, V is a Nash equilibrium value of the monotone-follower game (see, e.g., Defini-
tion 2.7 in [33], or [124]), in the sense that, for each ε > 0, there exists ξε ∈ ANβ such
that, for each i = 1, ..., N , we have:

1. J iβ(ξi,ε, ξ−i,ε) ¬ J iβ(ζ i, ξ−i,ε) + ε, for each ζ i ∈ Aβ;

2. |J iβ(ξε)− V i| ¬ ε.

Moreover, Theorem 3.3.4 shows that the Nash equilibrium value V is such that, for each
ε > 0, the profile strategy ξε, which satisfies the conditions of the definition above, can
be chosen as a Nash equilibrium of the n-Lipschitz game, for n large enough.

Remark 3.3.8. Notice that the submodularity conditions (2) and (3) in Assumption
3.1.2 are not necessarily needed in the proof of Theorems 3.3.3 and 3.3.4. Indeed,
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only the requirement that, for each n ∈ N, there exists a Nash equilibrium for the n-
Lipschitz game is needed. The latter games can be seen as stochastic differential games,
where the set of strategies is the set of progressively measurable stochastic processes
ui : Ω × [0, T ] → [0, n]d, with degenerate dynamics ξit =

∫ t
0 u

i
sds. This fact suggests

that, whenever the submodularity requirement does not hold, one might exploit, on a
case by case basis, existence results on equilibria for stochastic differential games (see
[92, 131, 132] for related results on stochastic differential games).

3.4 Applications and examples

3.4.1 Existence of equilibria in a class of stochastic differential
games

This subsection is devoted to show that Theorem 3.1.4 applies to deduce existence
of open-loop Nash equilibria in stochastic differential games with singular controls,
whenever a certain structure is preserved by the dynamics. For the sake of illustration,
we propose the following model.

Fix a filtered probability space (Ω,F ,F,P) satisfying the usual conditions and con-
sider on it N standard F-Brownian motions W i. Suppose given, for i = 1, ..., N , mea-
surable functions gi, hi : Rk × RN → R, as well as constants µi, σi ∈ R and continuous
F-adapted stochastic processes f i : Ω × [0, T ] → [0,∞). Moreover, assume given an
F-adapted process L : [0, T ]× Ω→ Rk with càdlàg components. The set of admissible
strategies A is defined as the set of nondecreasing, nonnegative, càdlàg, F-adapted, R-
valued stochastic processes, whereas AN :=

⊗N
i=1A denotes the set of asmissible profile

strategies.
We consider the N -player stochastic differential game of singular controls in which,

for i = 1, ..., N , player i chooses an admissible strategy ξi ∈ A to control her private
state, which evolves according to the stochastic differential equation

dX i
t = µiX i

t dt+ σiX i
t dW

i
t + dξit, t ∈ [0, T ], X i

0− = xi0 > 0, (3.4.1)

in order to minimize her expected cost

J i(ξi, ξ−i) := E
[ ∫ T

0
hi(Lt, X i

t , X
−i
t )dt+ gi(LT , X i

T , X
−i
T ) +

∫
[0,T ]

f itdξ
i
t

]
.

Observe that, for i = 1, ..., N , the solution to equation (3.4.1) is given by

X i
t = Ei

t

[
xi0 +

∫
[0,t]

1
Ei
s

dξis

]
= Ei

t

[
xi0 + ξ̄it

]
, (3.4.2)

where the processes (Ei
t)t∈[0,T ] and (ξ̄it)t∈[0,T ] are defined by

Ei
t := exp

[(
µi − (σi)2

2

)
t+ σiW i

t

]
and ξ̄it :=

∫
[0,t]

1
Ei
s

dξis. (3.4.3)

Assumption 3.4.1. Let hi and gi satisfy Assumption 3.1.2. Suppose moreover that:
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1. for each i = 1, ..., N , there exist functions H̃ i, G̃i : Rk × R → [0,∞) such that
hi(l, xi, x−i) ¬ H̃ i(l, xi) and gi(l, xi, x−i) ¬ G̃i(l, xi), for each (l, x) ∈ Rk × RN ,
with

E
[∫ T

0
H̃ i(Lt, x0E

i
t) dt+ G̃i(LT , x0E

i
T )
]
<∞;

2. there exists a constant k1 such that, for each i = 1, ..., N , we have gi(l, x)  k1x
i

for each (l, x) ∈ Rk × RN .

Theorem 3.4.2. Under Assumption 3.4.1, there exists an open-loop Nash equilibrium
of the previously introduced stochastic differential game.

Proof. Thanks to (3.4.2), the cost functional of player i can be rewritten in terms of ξ̄i

(cf. (3.4.3)), that is

J i(ξi, ξ−i) = E
[ ∫ T

0
hi
(
Lt, E

i
t

[
xi0 + ξ̄it

]
,
{
Ej
t

[
xj0 + ξ̄jt

]}
j 6=i

)
dt (3.4.4)

+ gi
(
LT , E

i
T

[
xi0 + ξ̄iT

]
,
{
Ej
T

[
xj0 + ξ̄jT

]}
j 6=i

)
+
∫

[0,T ]
f itE

i
t dξ̄

i
t

]
.

This leads to define the new functions h̄i, ḡi : Rk × (0,∞)N × RN → [0,∞) by

h̄i(l, e, zi, z−i) := hi(l, ei[xi0 + zi], {ej[xj0 + zj]}j 6=i)
ḡi(l, e, zi, z−i) := gi(l, ei[xi0 + zi], {ej[xj0 + zj]}j 6=i),

as well as the continuous processes f̄ i : Ω× [0, T ]→ R by f̄ it := f it E
i
t . These definitions

allows us to introduce new cost functionals in terms of new profile strategies ζ =
(ζ1, ..., ζN) ∈ AN setting

J̄ i(ζ i, ζ−i) := E
[ ∫ T

0
h̄i(Lt, Et, ζ it , ζ

−i
t )dt+ ḡi(LT , ET , ζ iT , ζ

−i
T ) +

∫
[0,T ]

f̄ itdζ
i
t

]
.

Notice that, by (3.4.4) and the definition of ξ̄i in (3.4.3) as a function of ξi, we have
that

J̄ i(ξ̄i, ξ̄−i) = J i(ξi, ξ−i), ∀ ξ ∈ AN , ∀ i ∈ {1, ..., N}.

Furthermore, for each ζ ∈ AN there exists a unique ξ ∈ AN such that ζ i = ξ̄i for
each i ∈ {1, ..., N}. This means that solving the stochastic differential game in the
class of profile strategies ξ ∈ A and with cost functionals J i is equivalent to solve the
monotone-follower game for ζ ∈ A and cost functionals J̄ i. The rest of the proof is then
mainly devoted to show that the costs h̄i and ḡi, together with the processes f̄ i, satisfy
the conditions of Theorem 3.1.4.

Since the functions hi and gi satisfy Assumption 3.1.2, for each (l, e, z−i) ∈ Rk ×
(0,∞)N ×RN−1 the functions h̄i(l, e, ·, z−i) and ḡi(l, e, ·, z−i) are clearly continuous and
strictly convex. Moreover, for (l, e) ∈ Rk × (0,∞)N and z, z̄ ∈ RN such that z ¬ z̄,
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we have ej[xj0 + zj] ¬ ej[xj0 + z̄j] for each j = 1, ..., N , since the components of e are
positive. Therefore, because hi has decreasing differences, we deduce that

h̄i(l, e, z̄i, z−i)− h̄i(l, e, zi, z−i)
= hi(l, ei[xi0 + z̄i], {ej[xj0 + zj]}j 6=i)− hil, (ei[xi0 + zi], {ej[xj0 + zj]}j 6=i)
 hi(l, ei[xi0 + z̄i], {ej[xj0 + z̄j]}j 6=i)− hi(l, ei[xi0 + zi], {ej[xj0 + z̄j]}j 6=i)
= h̄i(l, e, z̄i, z̄−i)− h̄i(l, e, zi, z̄−i),

which means that h̄i has decreasing difference as well. In the same way it is possible to
show that ḡi has decreasing differences, and this allows to conclude that the functions h̄i

and ḡi satisfy Assumption 3.1.2. Moreover, thanks to (1) in Assumption 3.4.1, Condition
3.1.7 is clearly satisfied with ri(ζ) = 0 for each ζ ∈ AN .

We prove now that the functionals J̄ i satisfy a slightly different version of Condition
3.1.6. The superlinear condition (2) in Assumption 3.4.1 implies that

J̄ i(ζ i, ζ−i) E
[
ḡi(LT , ζ iT , ζ

−i
T )
]

= E
[
gi
(
LT , E

i
T

[
xi0 + ζ iT

]
,
{
Ej
T

[
xj0 + ζjT

]}
j 6=i

)]
 k1E

[
Ei
T

[
xi0 + ζ iT

]]
 k1E

[
Ei
T ζ

i
T

]
= k1 E[Ei

T ]EP̃i
[
ζ iT
]
,

where P̃i is the probability measure on (Ω,F) given by

dP̃i :=
Ei
T

E[Ei
T ]
dP,

and equivalent to P.
We can therefore apply Theorem 3.1.4 (in fact a slightly different version of it, in

which the expectation in Condition 3.1.6 is replaced by the expectation under an equiv-
alent probability measure) to deduce existence of a Nash equilibrium ζ̂ = (ζ̂1, ..., ζ̂N) of
the monotone-follower game with cost functionals J̄ i. Hence the process ξ̂ = (ξ̂1, ..., ξ̂N)
defined by

ξ̂it :=
∫

[0,t]
Ei
s dζ̂

i
s

is an open-loop Nash equilibrium of the stochastic differential game.

Remark 3.4.3. The same arguments employed in the proof of Theorem 3.4.2 apply if
we replace the dynamics of the controlled geometric Brownian motion in (3.4.1) by the
dynamics of a controlled Ornstein–Uhlenbeck process

dX i
t = θi(µi −X i

t) dt+ σi dW i
t + dξit, t ∈ [0, T ], X i

0− = xi0 > 0, (3.4.5)

for some parameters θi, σi > 0 and µi ∈ R. Mean-reverting dynamics (as the Orn-
stein–Uhlenbeck one) find important application in the energy and commodity markets
(see, e.g., [23] or Chapter 2 in [129]).
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3.4.2 An algorithm to approximate the least Nash equilibrium

In this subsection we prove that, also in our setting, the algorithm introduced by
Topkis (see Algorithm II in [157]) for submodular games converges to the least Nash
equilibrium of the game.

According to the notation of Section 2, define the sequence of processes {ξn}n∈N ⊂
AN in the following way:

• ξ0 = 0 ∈ AN ;

• for each n  1, set ξn+1 := R(ξn).

Theorem 3.4.4. Suppose that the assumptions of Theorem 3.1.4 hold. Assume, more-
over, that there exists a constant C > 0 such that, for each i = 1, ..., N ,

hi(l, a) + gi(l, a) ¬ C(1 + |a|), ∀ (l, a) ∈ Rk × RNd and |f it | ¬ C, ∀ t ∈ [0, T ], P-a.s.
(3.4.6)

Then the sequence (ξn)n∈N is monotone increasing in the lattice (AN ,4N) and it con-
verges to the least Nash equilibrium of the game.

Proof. Since the map R : AN → AN is increasing (cf. Step 2 in the proof of Theorem
3.1.4), the sequence (ξn)n∈N is clearly monotone increasing with respect to the order
relation in AN .

Define now the process ν := (ν1, ..., νN) ∈ AN∞ as the least upper bound of the
sequence (ξn)n∈N in the lattice (AN∞,4N). Recall the construction of ν and ν̃ (cf. (3.1.19)
and (3.1.20) in Step 3 in the proof of Theorem 3.1.4). Notice that, since the sequence
(ξn)n∈N is increasing in the lattice (AN ,4N), there exists a P-null set N such that

ν̃q(ω) = lim
n
ξnq (ω) = sup

n
ξnq (ω), ∀ q ∈ Q := ([0, T ] ∩Q) ∪ {T}, ∀ω ∈ Ω \ N .

Take now t̄ ∈ (0, T ) and ω ∈ Ω \ N . If ξnt̄ (ω) does not converge to νt̄(ω), then we find
ε > 0 such that,

ν̃q(ω) + ε = sup
n
ξnq (ω) + ε ¬ sup

n
ξnt̄ (ω) + ε ¬ νt̄(ω).

for each q ∈ Q such that q < t̄. This implies that νt̄−(ω) + ε ¬ νt̄(ω), which means that
t̄ is in the set I(ω) of discontinuity points of ν(ω). Thus, we conclude that there exists
a P-null set N such that,

νt(ω) = lim
n
ξnt (ω) ∀ t ∈ [0, T ] \ I(ω), ∀ω ∈ Ω \ N , (3.4.7)

since, for each ω ∈ Ω\N , the latter convergence is verified in T by the definition of νT .
We next show that the limit point ν is a Nash equilibrium. By Step 1 in the proof

of Theorem 3.1.4, we know that there exists a suitable constant C̃ such that, for each
n ∈ N, E[|ξnT |] ¬ C̃. Hence, by the monotone convergence theorem, we deduce that

E[|νT |] ¬ C̃, (3.4.8)
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which in turn implies that ν ∈ AN . Fix then i ∈ {1, ..., N} and ζ i ∈ A. If E[|ζ iT |] =∞,
then, by the coercivity condition (3.1.6), we would automatically have J i(νi, ν−i) ¬
J i(ζ i, ν−i) =∞. Hence, without loss of generality, we can assume that

E[|ζ iT |] <∞. (3.4.9)

Now, since ξi,n+1 minimizes J i(·, ξ−i,n), for each n ∈ N we can write

E
[ ∫ T

0
hi(Lt, ξ

i,n+1
t , ξ−i,nt ) dt+ gi(LT , ξ

i,n+1
T , ξ−i,nT ) +

∫
[0,T ]

f it dξ
i,n+1
t

]

¬ E
[ ∫ T

0
hi(Lt, ζ it , ξ

−i,n
t ) dt+ gi(LT , ζ iT , ξ

−i,n
T ) +

∫
[0,T ]

f it dζ
i
t

]
.

Moreover, the limit in (3.4.7), together with conditions (3.4.6) and the estimates (3.4.8)
and (3.4.9), allows us to invoke the dominated convergence theorem and to take the
limit as n goes to infinity in the last inequality in order to deduce that J i(νi, ν−i) ¬
J i(ζ i, ν−i). Hence ν is a Nash equilibrium.

Finally, we prove that ν is the least Nash equilibrium. Suppose that ν̄ is another
Nash equilibrium. By definition we have ξ0 = 0 4N ν̄. If, for an arbitrary n ∈ N, we
have ξn 4N ν̄, then, since the map ξ is increasing and ν̄ is a fixed point of R, we have
ξn+1 = R(ξn) 4N R(ν̄) = ν̄. Hence, by induction, we deduce that ξn 4N ν̄ for each
n ∈ N, which in turn implies that ν 4N ν̄, since ν is the least upper bound of the
sequence {ξn}n∈N.





Chapter 4

Submodular mean field games with
regular and singular controls

We study mean field games with scalar Itô-type dynamics and costs that are sub-
modular with respect to a suitable order relation on the state and measure space. The
submodularity assumption has a number of remarkable consequences. Firstly, it allows
us to prove existence of solutions via an application of Tarski’s fixed point theorem, cov-
ering cases with discontinuous dependence on the measure variable. Secondly, it ensures
that the set of solutions enjoys a lattice structure: in particular, there exist minimal
and maximal solutions. Thirdly, it guarantees that those two solutions can be obtained
through a simple learning procedure based on the iterations of the best-response-map.
The mean field game is first defined over ordinary stochastic controls, then extended
to relaxed controls, and finally to singular controls. Our approach also allows to prove
existence of a strong solution for a class of submodular mean field games with common
noise, where the representative player at equilibrium interacts with the (conditional)
mean of its state’s distribution.

4.1 The submodular mean field game

In this section we develop our setup for submodular mean field games. This setup
allows us to prove existence of MFG solutions without using a weak formulation or the
notion of relaxed controls. Instead, we combine probabilistic arguments together with
a lattice-theoretical approach in order to prove existence and approximation of MFG
solutions.

4.1.1 The mean field game problem

Let T > 0 be a fixed time horizon and W be a Brownian Motion on a complete
filtered probability space (Ω,F ,F,P). Let x0 ∈ L2(Ω,F0,P) and σ be a nonnegative
progressively measurable square integrable stochastic process. Notice that we allow the
volatility process to be zero on a progressively measurable set E ⊂ [0, T ] × Ω with
positive measure, thus leading to a degenerate dynamics. For a closed and convex set

87
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U ⊂ R, define the the set of admissible controls U as the set of all square integrable
progressively measurable processes u : Ω× [0, T ]→ U . For a measurable function b : Ω×
[0, T ]×R×U → R and an admissible process u, we consider the controlled SDE (SDE(u),
in short)

dXt = b(t,Xt, ut)dt+ σtdWt, t ∈ [0, T ], X0 = x0. (4.1.1)

With no further reference, throughout this chapter we will assume that for each (x, u) ∈
R × U the process b(·, ·, x, u) is progressively measurable and that the usual Lipschitz
continuity and growth conditions are satisfied; that is, there exists a constant C1 > 0
such that for each (ω, t, u) ∈ Ω× [0, T ]× U we have

|b(ω, t, x, u)− b(ω, t, y, u)| ¬ C1|x− y|, ∀x, y ∈ R, (4.1.2)
|b(ω, t, x, u)| ¬ C1(1 + |x|+ |u|), ∀x ∈ R.

Under the standing assumption, by standard SDE theory, for each u ∈ U there exists a
unique strong solution Xu := (Xu

t )t∈[0,T ] to the controlled SDE(u) (4.1.1).
Let P(R) denote the space of all probability measures on the Borel σ-algebra B(R),

endowed with the classical (Cb-)weak topology, i.e. the topology induced by the weak
convergence of probability measures. The costs of the problem are given by three mea-
surable functions

f : Ω× [0, T ]× R× P(R)→ R,
l : Ω× [0, T ]× R× U → R, (4.1.3)
g : Ω× R× P(R)→ R,

such that, for each (x, µ, u) ∈ R × P(R) × U , the processes f(·, ·, x, µ), l(·, ·, x, u)
are progressively measurable and the random variable g(·, x, µ) is FT -measurable. We
underline that the cost processes f, l and g are not necessarily Markovian.

For any given and fixed measurable flow µ = (µt)t∈[0,T ] of probability measures on
B(R), we introduce the cost functional

J(u, µ) := E
[∫ T

0

[
f(t,Xu

t , µt) + l(t,Xu
t , ut)

]
dt+ g(Xu

T , µT )
]
, u ∈ U , (4.1.4)

and consider the optimal control problem infu∈U J(u, µ).
We say that (Xµ, uµ) is an optimal pair for the flow µ if −∞ < J(uµ, µ) ¬ J(u, µ)

for each admissible u ∈ U and Xµ = Xuµ .

Remark 4.1.1. The subsequent results of this section remain valid if we consider a
geometric dynamics for X (cf. Subsection 4.4.3 below). Moreover, for suitable choices
of the costs, we can also allow for geometric or mean-reverting state processes with
dependence on the measure in the dynamics (see Subsection 4.4.4 for more details).

We make the following standing assumption.

Assumption 4.1.2.

1. For each measurable flow µ of probability measures on B(R), there exists a unique
(up to indistinguishability) optimal pair (Xµ, uµ).
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2. There exists a continuous and strictly increasing function ψ : [0,∞)→ [0,∞) with
lims→∞ ψ(s) =∞ and a constant M > ψ(0) such that

E
[
ψ
(
|Xµ

t |
)]
¬M for all measurable flows of probabilities µ and t ∈ [0, T ].

(4.1.5)

Remark 4.1.3. To underline the flexibility of our setup, Condition (1) in Assumption
4.1.2 is stated at an informal level. Condition (1) holds, for example, in the case of a
linear-convex setting in which b(t, x, u) = ct + ptx + qtu, for suitable processes ct, pt,
qt, l(t, ·, ·) is strictly convex and lower semi-continuous, f(t, ·, µ) and g(·, µ) are lower
semi-continuous, and U is convex and compact (see e.g. Theorem 5.2 at p. 68 in [168]).
More general conditions ensuring existence and uniqueness of an optimal pair in the
strong formulation of the control problem can be found in [84] and in Chapter II of [45],
among others.

Remark 4.1.4. Notice that Condition (2) in Assumption 4.1.2 is equivalent to the
tightness of the family of laws

{
P◦ (Xµ

t )−1|µ is a measurable flow, t ∈ [0, T ]
}

(cf. [52],
[122] or [139]). The latter is satisfied, for example, if U is compact or if b is bounded
in u. Alternatively, one can assume that U is closed and convex and that there exist

exponents p′ > p  1 and constants κ, K > 0 such that E
[
|x0|p

′
+
( ∫ T

0 |σt|2dt
)p′/2]

<∞
and

|f(t, x, µ)|+ |g(x, µ)| ¬ K(1 + |x|p), (4.1.6)

κ|u|p′ −K(1 + |x|p) ¬ l(t, x, u) ¬ K(1 + |x|p + |u|p′),

for all (t, x, µ, u) ∈ [0, T ] × R × P(R) × U . Indeed, following the proof of Lemma 5.1
in [120], these conditions allow to have an a priori bound on the p′-moments of the
minimizers independent of the measure µ; that is, there exists a constant M > 0 such
that

E[|Xµ
t |p
′
] ¬M for all measurable flows of probabilities µ and t ∈ [0, T ]. (4.1.7)

Remark 4.1.5 (On the topology on R × P(R) and the non-continuity of the costs).
We point out that the space R is endowed with the usual Euclidean distance, while the
set P(R) is endowed with the classical (Cb-)weak topology, i.e. the topology induced by
the weak convergence of probability measures. Also, we say that sequence of probability
measures converges weakly if it converges in the (Cb-)weak topology. Unless otherwise
stated, the set R × P(R) will always be endowed with the product topology, and the
continuity of f, g will mean continuity with respect to this topology.

Alternatively, for p  1, one could work on the space

Pp(R) := {µ ∈ P(R) |
∫
R
|y|pdµ(y) <∞},

endowed with the p-Wasserstein distance

Wp(µ, ν) :=
(

inf
γ∈Γ(µ,ν)

∫
R2
|x− y|pdγ(x, y)

)1/p

, µ, ν ∈ Pp(R),
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where Γ(µ, ν) denotes the set of probability measures γ on the Borel sets of R2, such
that γ(E ×R) = µ(E) and γ(R×E) = ν(E) for each E ∈ B(R). The latter distance is
usually used in the literature to address the continuity of the costs (see e.g. [120]).

Differently from the standard conditions in the literature on mean field games, our
existence result (Theorem 4.1.14) does not require any continuity of the costs f and g
with respect to the measure µ. In fact, f and g can be discontinuous with respect to the
weak topology or with respect to any Wasserstein distance.

For each measurable flow µ of probability measures on B(R), we now define the best-
response by R(µ) := P ◦ (Xµ)−1. The map µ 7→ R(µ) is called the best-response-map.

Definition 6 (MFG Solution). A measurable flow µ∗ of probability measures on B(R)
is a mean field game solution if it is a fixed point of the best-response-map R; that is,
if R(µ∗) = µ∗.

4.1.2 The lattice structure

In this section, we endow the space of measurable flows with a suitable lattice
structure, which is fundamental for the subsequent analysis. We start by identifying the
set of probability measures P(R) with the set of distribution functions on R, setting
µ(s) := µ(−∞, s] for each s ∈ R and µ ∈ P(R). On P(R) we then consider the order
relation ¬st given by the first order stochastic dominance, i.e. we write

µ ¬st ν for µ, ν ∈ P(R) if and only if µ(s)  ν(s) for each s ∈ R. (4.1.8)

The partially ordered set (P(R),¬st) is then endowed with a lattice structure by defining

(µ ∧st ν)(s) := µ(s) ∨ ν(s) and (µ ∨st ν)(s) := µ(s) ∧ ν(s) for each s ∈ R. (4.1.9)

Observe that (see e.g. [148]), for µ, ν ∈ P(R), we have

µ ¬st ν if and only if 〈ϕ, µ〉 ¬ 〈ϕ, ν〉 (4.1.10)

for any increasing function ϕ : R → R such that 〈ϕ, µ〉 and 〈ϕ, ν〉 are finite, where
〈ϕ, µ〉 :=

∫
R ϕ(y)dµ(y).

Recall that by (4.1.5),

E
[
ψ
(
|Xµ

t |
)]
¬M for all measurable flows µ and t ∈ [0, T ].

Then, following the arguments in the proof of Lemma B.2, we can define µMin, µMax ∈
P(R) with

µMin ¬st P ◦ (Xµ
t )−1 ¬st µMax for all measurable flows µ and t ∈ [0, T ],

where, extending ψ to (−∞, 0) by ψ(s) := ψ(0) for s < 0, µMin and µMax are given by

µMin(s) :=
M

ψ(−s)
∧ 1 and µMax(s) :=

(
1− M

ψ(s)

)
∨ 0, for all s ∈ R. (4.1.11)
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This observation suggests to consider the interval

[µMin, µMax] =
{
µ ∈ P(R)

∣∣∣µMin ¬st µ ¬st µMax
}

endowed with the Borel σ-algebra induced by the weak topology, i.e. the topology
related to the weak convergence of probability measures. We consider the finite measure
π := δ0 +dt+ δT on the Borel σ-algebra B([0, T ]) of the interval [0, T ], where δt denotes
the Dirac measure at time t ∈ [0, T ]. Notice that we include δ0 into the definition of
the measure π in order to prescribe the initial law P ◦ ξ−1. We then define the set L of
feasible flows of measures as the set of all equivalence classes (w.r.t. π) of measurable
flows (µt)t∈[0,T ] with µt ∈ [µMin, µMax] for π-almost all t ∈ (0, T ] and µ0 = P ◦ ξ−1. On
L we consider the order relation ¬L given by µ ¬L ν if and only if µt ¬st νt for π-a.a.
t ∈ [0, T ]. This order relation implies that L can be endowed with the lattice structure
given by

(µ ∧L ν)t := µt ∧st νt and (µ ∨L ν)t := µt ∨st νt for π-a.a. t ∈ [0, T ].

Notice that P ◦ (Xµ)−1 ∈ L for every µ ∈ L. In particular, the best-response-map
R : L→ L is well defined.

Remark 4.1.6. We point out that if ψ(x) = x2, then each element of [µMin, µMax]
has finite first-order moment, i.e.

∫
R |y|dµ(y) < ∞ for each [µMin, µMax]. This follows

directly from Lemma B.3. Notice also that a higher integrability requirement in (4.1.5)
implies the existence and uniform boundedness of higher moments for the elements of
[µMin, µMax]. More precisely, if ψ(x) = xp

′
for some p′ ∈ (1,∞), then

sup
µ∈[µMin,µMax]

∫
R
|y|pdµ(y) <∞ for all p ∈ (1, p′).

We now turn our focus on the main result of this subsection, which is the following
lemma. Its proof follows from the more general Proposition B.4, which is relegated to
the Appendix B.

Lemma 4.1.7. The lattice (L,¬L) is complete. That is, each subset of L has a least
upper bound and a greatest lower bound.

Remark 4.1.8. We underline that, in general, inf L and supL are given by

(inf L)t := 1{0}(t)P ◦ ξ−1 + 1(0,T ](t)µMin, (supL)t := 1{0}(t)P ◦ ξ−1 + 1(0,T ](t)µMax,

with µMin, µMax defined in (4.1.11) in terms of ψ and M . In particular, according to
Remark 4.1.4, if U is compact, if b is bounded or if Condition (4.1.6) is satisfied, then
Condition (2) in Assumption 4.1.2 is satisfied with ψ(s) = sp for s  0 and some p  1.
In this case, inf L and supL are explicitly given by

(inf L)t(s) := 1{0}(t)P ◦ ξ−1(s) + 1(0,T ](t)
[
1{s<0}

(
M

(−s)p
∧ 1

)
+ 1{s0}

]
, (4.1.12)

for a.a. t ∈ [0, T ] and for each s ∈ R, and

(supL)t(s) := 1{0}(t)P ◦ ξ−1(s) + 1(0,T ](t)
[
1{s¬0} + 1{s>0}

(
1− M

(s)p

)
∨ 0

]
, (4.1.13)

for a.a. t ∈ [0, T ] and for each s ∈ R.
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4.1.3 The submodularity condition

Our subsequent results rely on the following key assumption.

Assumption 4.1.9 (Submodularity condition). For P ⊗ dt a.a. (ω, t) ∈ Ω × [0, T ],
the functions f(t, ·, ·) and g have decreasing differences in (x, µ); that is, for φ ∈
{f(t, ·, ·), g},

φ(x̄, µ̄)− φ(x, µ̄) ¬ φ(x̄, µ)− φ(x, µ),

for all x̄, x ∈ R and µ̄, µ ∈ P(R) s.t. x̄  x and µ̄ st µ.

We list here two examples in which Assumption 4.1.9 is satisfied.

Example 7 (mean field interaction of scalar type). Consider a mean field interaction
of scalar type; that is, φ(x, µ) = γ(x, 〈ϕ, µ〉) for given measurable maps γ : R2 → R
and ϕ : R → R. If the map ϕ is increasing and the map γ : R2 → R has decreasing
differences in (x, y) ∈ R2, then Assumption 4.1.9 is satisfied. Observe that a function
γ ∈ C2(R2) has decreasing differences in (x, y) if and only if

∂2γ

∂x∂y
(x, y) ¬ 0 for each (x, y) ∈ R2.

Example 8 (mean field interactions of order-1). Another example is provided by the
interactions of order-1, i.e. when φ is of the form

φ(x, µ) =
∫
R
γ(x, y)dµ(y).

It is easy to check that, thanks to (4.1.10), Assumption 4.1.9 holds when γ has decreasing
differences in (x, y).

A natural and relevant question related to Assumption 4.1.9 concerns its link to the
so-called Lasry-Lions monotonicity condition, i.e. the condition∫

R
(φ(x, µ̄)− φ(x, µ))d(µ̄− µ)(x)  0, ∀ µ̄, µ ∈ P(R). (4.1.14)

In general, there is no relation between the submodularity condition and (4.1.14). How-
ever, since Assumption 4.1.9 is equivalent to the fact that the map φ(·, µ̄) − φ(·, µ) is
decreasing for µ, µ̄ ∈ P(R) with µ̄ st µ, Assumption 4.1.9 and (4.1.10) imply that∫

R
(φ(x, µ̄)− φ(x, µ))d(µ̄− µ)(x) ¬ 0, ∀ µ̄, µ ∈ P(R) with µ̄ st µ;

the latter, roughly speaking, being sort of an opposite version of the Lasry-Lions mono-
tonicity condition (4.1.14).

Remark 4.1.10. Specific cost functions satisfying Assumption 4.1.9 are, for example,

f(t, x, µ) ≡ 0, l(t, x, u) =
u2

2
, g(x, µ) =

(
x− 1[0,∞)(〈id, µ〉)

)2
,

where id(y) = y. Notice that the function µ 7→ g(x, µ) is discontinuous, in contrast to
the typical continuity requirement assumed in the literature (see, e.g., [120]).
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4.1.4 The best-response-map

In the following lemma, we show that the set of admissible trajectories is a lattice.

Lemma 4.1.11. If u and ū are admissible controls, then there exists an admissible
control u∨ such that Xu ∨X ū = Xu∨. Moreover, there exists an admissible control u∧

such that Xu ∧X ū = Xu∧.

Proof. Let u and ū be admissible controls and define the process u∨ by

u∨s :=

us on {Xu
s > X ū

s } ∪ {Xu
s = X ū

s , b(s,X
u
s , us)  b(s,X ū

s , ūs)},
ūs on {Xu

s < X ū
s } ∪ {Xu

s = X ū
s , b(s,X

u
s , us) < b(s,X ū

s , ūs)}.

The process u∨ is clearly progressively measurable and square integrable, hence admis-
sible.

We want to show that Xu ∨X ū = Xu∨ ; that is,

Xu
t ∨X ū

t = x0 +
∫ t

0
b(s,Xu

s ∨X ū
s , u

∨
s )ds+

∫ t

0
σsdWs, ∀t ∈ [0, T ], P-a.s. (4.1.15)

In order to do so, observe that the process Xu ∨X ū satisfies, P-a.s. for each t ∈ [0, T ],
the following integral equation

Xu
t ∨X ū

t = x0 +
∫ t

0
σsdWs +

(∫ t

0
b(s,Xu

s , us)ds
)
∨
(∫ t

0
b(s,X ū

s , ūs)ds
)
. (4.1.16)

Furthermore, defining the two processes A and Ā by

At :=
∫ t

0
b(s,Xu

s , us)ds and Āt :=
∫ t

0
b(s,X ū

s , ūs)ds,

we see that the process S, defined by St := At ∨ Āt, is P-a.s. absolutely continuous.
Hence the time derivative of S exists a.e. in [0, T ] and, in view of (4.1.16), in order
to prove (4.1.15) it suffices to show that dSt/dt = b(t,Xu

t ∨ X ū
t , u

∨
t ) for P ⊗ dt a.a.

(ω, t) ∈ Ω× [0, T ].
Since the processes A, Ā and S are P-a.s. absolutely continuous, for each ω in a set

of full probability, the paths A(ω), Ā(ω) and S(ω) admit time derivatives in a subset
E(ω) ⊂ [0, T ] with full Lebesgue measure. We now use a pathwise argument, without
stressing the dependence on ω ∈ Ω. Take t ∈ E such that Xu

t > X ū
t . By continuity, there

exists a (random) neighborhood It of t in R such that Xu
s > X ū

s for each s ∈ It ∩ [0, T ],
which, by (4.1.16), is true if and only if As > Ās for each s ∈ It ∩ [0, T ]. Hence, by
definition of S, we have

dSs
ds

=
dAs
ds

= b(s,Xu
s , us), ∀ s ∈ It ∩ [0, T ],

and, in particular, dSs/ds = b(s,Xu
s ∨X ū

s , u
∨
s ) for each s ∈ It ∩ [0, T ].

Take now t ∈ E such that Xu
t = X ū

t and b(t,Xu
t , ut)  b(t,X ū

t , ūt). From (4.1.16) it
follows that At = Āt, which in turn implies that

dSt
dt

= lim
h→0

At+h ∨ Āt+h − At ∨ Āt
h

 dAt
dt
∨ dĀt

dt
.
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By construction,
dAt
dt

= b(t,Xu
t , ut)  b(t,X ū

t , ūt) =
dĀt
dt

. (4.1.17)

If there exists a sequence {hj}j∈N converging to 0 such that At+hj  Āt+hj for each
j ∈ N, then clearly dSt/dt = dAt/dt = b(t,Xu

t , ut) = b(t,Xu
t ∨X ū

t , u
∨
t ), as desired. On

the other hand, if such a sequence does not exist, then there exists some δ > 0 such
that At+h ¬ Āt+h for each h ∈ (−δ, δ). Recalling (4.1.17), this implies that dAt/dt ¬
dSt/dt = dĀt/dt ¬ dAt/dt, hence we obtain again that dSt/dt = dAt/dt.

Altogether, we have proved that for a.a. t ∈ [0, T ] with Xu
t > X ū

t or Xu
t = X ū

t

and b(t,Xu
t , ut)  b(t,X ū

t , ūt), we have dSt/dt = b(t,Xu
t , ut) = b(t,Xu

t ∨ X ū
t , u

∨
t ).

Analogously, one can prove that dSt/dt = b(t,X ū
t , ūt) = b(t,Xu

t ∨ X ū
t , u

∨
t ) for a.a.

t ∈ [0, T ] with Xu
t < X ū

t or Xu
t = X ū

t and b(t,Xu
t , ut) < b(t,X ū

t , ūt). Therefore
dSt/dt = b(t,Xu

t ∨X ū
t , u

∨
t ) for P⊗ dt a.a. (ω, t) ∈ Ω× [0, T ], which proves (4.1.15).

The arguments employed above allow to prove that the process Xu ∧ X ū satisfies
the SDE controlled by u∧; i.e.

Xu
t ∧X ū

t = x0 +
∫ t

0
b(s,Xu

s ∧X ū
s , u

∧
s )ds+

∫ t

0
σsdWs, ∀t ∈ [0, T ], P-a.s.,

where u∧ is defined by

u∧s :=

ūs on {Xu
s > X ū

s } ∪ {Xu
s = X ū

s , b(s,X
u
s , us)  b(s,X ū

s , ūs)},
us on {Xu

s < X ū
s } ∪ {Xu

s = X ū
s , b(s,X

u
s , us) < b(s,X ū

s , ūs)}.

The proof of the lemma is therefore completed.

We now prove the fundamental property of the best-response-map.

Lemma 4.1.12. The best-response-map R is increasing in (L,¬L).

Proof. Take µ̄, µ ∈ L such that µ ¬L µ̄ and let (X µ̄, uµ̄) and (Xµ, uµ) be the optimal
pairs related to µ̄ and µ, respectively. For t ∈ [0, T ], we define the event

Bt := {Xµ
t > X µ̄

t } ∪ {Xµ
t = X µ̄

t , b(t,X
µ
t , u

µ
t )  b(t,X µ̄

t , ut
µ̄)}. (4.1.18)

As it is shown in Lemma 4.1.11, the process Xµ ∨X µ̄ is the solution to the dynamics
(4.1.1) controlled by u∨t := uµt 1Bt + uµ̄t 1Bct , and the process Xµ ∧X µ̄ is the solution to
the dynamics controlled by u∧t := uµt 1Bct + uµ̄t 1Bt .

By the admissibility of u∨ and the optimality of uµ̄ we can write

0 ¬ J(u∨, µ̄)− J(uµ̄, µ̄) = E
[ ∫ T

0

[
f(t,Xµ

t ∨X µ̄
t , µ̄t)− f(t,X µ̄

t , µ̄t)
]
dt

]
(4.1.19)

+ E
[ ∫ T

0

[
l(t,Xµ

t ∨X µ̄
t , u

∨
t )− l(t,X µ̄

t , u
µ̄
t )
]
dt

]
+ E

[
g(Xµ

T ∨X
µ̄
T , µ̄T )− g(X µ̄

T , µ̄T )
]
.



4.1 The submodular mean field game 95

Next, from the definition of Bt in (4.1.18) and the trivial identity 1 = 1Bt + 1Bct , we
find

E
[ ∫ T

0

[
f(t,Xµ

t ∨X µ̄
t , µ̄t)− f(t,X µ̄

t , µ̄t)
]
dt

]

= E
[ ∫ T

0
1Bt

[
f(t,Xµ

t , µ̄t)− f(t,X µ̄
t , µ̄t)

]
dt

]

= E
[ ∫ T

0

[
f(t,Xµ

t , µ̄t)− f(t,Xµ
t ∧X µ̄

t , µ̄t)
]
dt

]
,

as well as

E
[
g(Xµ

T ∨X
µ̄
T , µ̄T )− g(X µ̄

T , µ̄T )
]

= E
[
g(Xµ

T , µ̄T )− g(Xµ
T ∧X

µ̄
T , µ̄T )

]
.

In the same way, by the definition of u∨ and u∧, we see that

E
[ ∫ T

0

[
l(t,Xµ

t ∨X µ̄
t , u

∨
t )− l(t,X µ̄

t , u
µ̄
t )
]
dt

]

= E
[ ∫ T

0
1Bt

[
l(t,Xµ

t , u
µ
t )− l(t,X µ̄

t , u
∧
t )
]
dt

]

= E
[ ∫ T

0

[
l(t,Xµ

t , u
µ
t )− l(t,Xµ

t ∧X µ̄
t , u

∧
t )
]
dt

]
.

Now, the latter three equalities allow to rewrite (4.1.19) as

0 ¬ J(u∨, µ̄)− J(uµ̄, µ̄) = E
[ ∫ T

0

[
f(t,Xµ

t , µ̄t)− f(t,Xµ
t ∧X µ̄

t , µ̄t)
]
dt

]
(4.1.20)

+ E
[ ∫ T

0

[
l(t,Xµ

t , u
µ
t )− l(t,Xµ

t ∧X µ̄
t , u

∧
t )
]
dt

]
+ E

[
g(Xµ

T , µ̄T )− g(Xµ
T ∧X

µ̄
T , µ̄T )

]
,

which reads as
J(u∨, µ̄)− J(uµ̄, µ̄) = J(uµ, µ̄)− J(u∧, µ̄) (4.1.21)

Finally, exploiting Assumption 4.1.9 in the expectations in (4.1.20), we deduce that

0 ¬ J(u∨, µ̄)− J(uµ̄, µ̄) ¬ E
[ ∫ T

0

[
f(t,Xµ

t , µt)− f(t,Xµ
t ∧X µ̄

t , µt)
]
dt

]
(4.1.22)

+ E
[ ∫ T

0

[
l(t,Xµ

t , u
µ
t )− l(t,Xµ

t ∧X µ̄
t , u

∧
t )
]
dt

]
+ E

[
g(Xµ

T , µT )− g(Xµ
T ∧X

µ̄
T , µT )

]
= J(uµ, µ)− J(u∧, µ).

Hence the control u∧ is a minimizer for J(·, µ), and, by uniqueness of the minimizer,
we conclude that Xµ ∧ X µ̄ = Xµ; that is, Xµ

t ¬ X µ̄
t for each t ∈ [0, T ] P-a.s., which

implies that R(µ) ¬L R(µ̄).

Remark 4.1.13. For later use, we point out that we have actually proved that for
µ̄, µ ∈ L such that µ ¬L µ̄ we have that Xµ

t ¬ X µ̄
t for each t ∈ [0, T ], P-a.s.
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4.1.5 Existence and approximation of MFG solutions

We finally obtain an existence result for the mean field game solutions.

Theorem 4.1.14. Under the assumptions 4.1.2 and 4.1.9, the set of MFG solutions
(M,¬L) is a nonempty complete lattice: in particular there exist a minimal and a
maximal MFG solution.

Proof. Combining Lemma 4.1.7 together with Lemma 4.1.12, we have that the best-
response-map R is an increasing map from the complete lattice (L,¬L) into itself. The
statement then follows from Tarski’s fixed point theorem (see Theorem 1 in [155]).

Following [157], we introduce learning procedures {µn}n∈N, {µn}n∈N ⊂ L for the
mean field game problem as follows:

• µ0 := inf L, µ0 := supL;

• µn+1 = R(µn), µn+1 = R(µn) for each n  1.

For simplicity, we make the following assumption. A discussion on the role of these
conditions is postponed to Remark 4.1.19 below.

Assumption 4.1.15.

1. The control set U ⊂ R is compact and there exists some p > 1 such that E[|x0|p] <
∞.

2. The dynamics of the system given by b(t, x, u) = ct + ptx + qtu, where ct, pt and
qt are deterministic and continuous in t. The volatility σ is constant.

3. For P ⊗ dt-a.a. (ω, t) in Ω × [0, T ], the cost functions f(t, ·, ·), g are continuous
in (x, µ), and the cost function l(t, ·, ·) is convex and lower semi-continuous in
(x, u).

4. f, l and g have subpolynomial growth; that is, there exists a constant C > 0 such
that for all (ω, t, x, u, µ) ∈ Ω× [0, T ]× R× U × [µMin, µMax],

|f(t, x, µ)|+ |l(t, x, u)|+ |g(x, µ)| ¬ C(1 + |x|p).

Remark 4.1.16. Under Assumption 4.1.15 it can be easily verified that for each ad-
missible control u the map t 7→ P ◦ (Xu

t )−1 is continuous in the weak topology.

We then have the following convergence result.

Theorem 4.1.17. Under Assumptions 4.1.2, 4.1.9 and 4.1.15 we have:

(i) The sequence {µn}n∈N is increasing in (L,¬L) and it converges weakly to the
minimal MFG solution, π-a.e.

(ii) The sequence {µn}n∈N is decreasing in (L,¬L) and it converges weakly to the
maximal MFG solution, π-a.e.



4.1 The submodular mean field game 97

Proof. We only prove the first claim, since the second follows by analogous arguments.
By Lemma 4.1.12 the sequence {µn}n∈N is clearly increasing. Moreover, the com-

pleteness of the lattice L allows to define µ∗ as the least upper bound in the lattice
(L,¬L) of {µn}n∈N, and, by Remark B.5 in Appendix B, the sequence µn converges
weakly to µ∗ π-a.e.

Define now, for each n  1, the optimal pairs (Xn, un) := (Xµn−1
, uµ

n−1
). Since the

controls un take values in the compact set U , the processes Xn are pathwise equicontinu-
ous and equibounded. Moreover, by Remark 4.1.13, the sequence {Xn}n∈N is increasing.
Therefore, by Arzelà-Ascoli’s theorem, we can find an adapted process X such that Xn

converges uniformly on [0, T ] to X, P-a.s.

We now prove that µ∗ is a MFG solution. Since µn
t

= R(µn−1)t = P ◦ (X
µn−1

t )−1 =
P ◦ (Xn

t )−1 and since Xn converges uniformly to X P-a.s. and µn
t

converges weakly to
µ∗
t

for π-a.a. t ∈ [0, T ], we deduce that µ∗
t

= P ◦X−1
t for π-a.a t ∈ [0, T ]. Hence, by the

continuity of the map t 7→ P ◦X−1
t in the weak topology (see Remark 4.1.16), we can

take P ◦ X−1 as a continuous version of µ∗; that is, µ∗
t

= P ◦ X−1
t for each t ∈ [0, T ].

It remains to find an admissible control u such that X = Xu and (X, u) is the optimal
pair for µ∗.

In order to do so, thanks to the compactness of U , we invoke the Banach-Saks the-
orem to find a subsequence of indexes {nj}j∈N such that the Cesàro means of {unj}j∈N
converge in L2 to a process u. Up to a subsequence, we can assume that the convergence
of the Cesàro means to the process u is pointwise; that is,

βmt :=
1
m

m∑
j=1

u
nj
t → ut, as m→∞, P⊗ dt-a.e. (4.1.23)

Moreover, observe that, by Assumption 4.1.15-(2), we have Xβm = 1
m

∑m
j=1X

nj . Hence,
because we already know that Xnj converges to X uniformly in [0, T ], P-a.s. as nj →∞,
we deduce that Xβm converges uniformly to X P-a.s. as m→∞, and that

Xt = x0 +
∫ t

0
(cs + psXs + qsus)ds+ σWt, ∀ t ∈ [0, T ], P-a.s.;

that is, the process X is the solution to the dynamics controlled by u. Furthermore, by
the subpolynomial growth of the costs, we have −∞ < J(u, µ∗).

We now prove that the pair (X, u) is optimal for the flow µ∗. Observe that, for each
admissible w and each nj  1, by the optimality of the pair (Xnj , unj) for the flow
µnj−1, we have

J(unj , µnj−1) ¬ J(w, µnj−1).

Summing over j ¬ m, we write

1
m

m∑
j=1

E
[∫ T

0

[
f(t,Xnj

t , µ
nj−1
t

) + l(t,Xnj
t , u

nj
t )
]
dt+ g(Xnj

T , µ
nj−1
T

)
]
¬ 1
m

m∑
j=1

J(w, µnj−1),
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which, by convexity of l, in turn implies that

E
[ ∫ T

0
l(t,Xβm

t , βmt )dt
]

+
1
m

m∑
j=1

E
[ ∫ T

0
f(t,Xnj

t , µ
nj−1
t

)dt+g(Xnj
T , µ

nj−1
T

)
]

(4.1.24)

¬ 1
m

m∑
j=1

J(w, µnj−1).

By the compactness of U and the subpolynomial growth of l, the sequence l(t,Xβm

t , βmt )
is clearly uniformly integrable with respect to the measure P ⊗ dt. Moreover, by the
convergence of Xβm and βm, thanks to the lower semi-continuity of l, we obtain the
pointwise limit

l(t,Xt, ut) ¬ lim inf
m

l(t,Xβm

t , βmt ), P⊗ dt-a.e.

Therefore, we can take limits as m→∞ in the first expectation in (4.1.24) to find that

E
[ ∫ T

0
l(t,Xt, ut)dt

]
¬ lim inf

m
E
[ ∫ T

0
l(t,Xβm

t , βmt )dt
]
. (4.1.25)

Furthermore, by the convergence of Xn and of µn and the continuity of the costs f
and g, we can use the subpolynomial growth of f and g and the boundedness of the
sequence µn (cf. Remark 4.1.6) to deduce that

E
[ ∫ T

0
f(t,Xt, µ

∗
t
)dt+ g(XT , µ

∗
T

)
]

(4.1.26)

= lim
m

1
m

m∑
j=1

E
[ ∫ T

0
f(t,Xnj

t , µ
nj−1
t

)dt+ g(Xnj
T , µ

nj−1
T

)
]

and that

J(w, µ∗) = lim
m

1
m

m∑
j=1

J(w, µnj−1). (4.1.27)

Finally, using (4.1.25), (4.1.26) and (4.1.27) in (4.1.24), we conclude that J(u, µ∗) ¬
J(w, µ∗), which, in turn, proves the optimality of (X, u) for µ∗, by arbitrariness of w.
Hence, µ∗ is a MFG solution.

It only remains to prove the minimality of µ∗. Suppose that ν∗ ∈ L is another MFG
solution. By definition, inf L = µ0 ¬L ν∗. Since R is increasing, we have µ1 = R(µ0) ¬L

R(ν∗) = ν∗ and, by induction, we conclude that µn ¬L ν∗ for each n ∈ N. This implies
that the same inequality holds for the least upper bound of {µn}n∈N; that is, µ∗ ¬L ν∗,
which completes the proof of the claim.

4.1.6 Remarks and examples

In this subsection we collect some remarks and some examples concerning the pre-
vious theorems.
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Remark 4.1.18. In light of Theorem 4.1.17, a natural question is whether the minimal
(resp. maximal) MFG solution is associated to the minimal expected cost. In fact, this
relation does not hold in general (see Example 9 below). Nevertheless, it is easy to
see that whenever f(t, x, ·) and g(x, ·) are increasing (resp. decreasing) in µ for each
(t, x) ∈ [0, T ]× R, the minimal (resp. maximal) solution leads to the minimal expected
cost and can be approximated via the learning procedure above.

We also mention that the study of possible relations between our minimal and max-
imal solutions and the equilibria obtained via the “zero-noise limit” and the “N-player
game limit” approaches (see, e.g., [17, 18, 50, 67]) represents a challenging open ques-
tion (see also Example 9 below).

Remark 4.1.19 (On Assumption 4.1.15). We point out that the linear-convex structure
required in conditions (2) and (3) of Assumption 4.1.15 is crucial for our proof of The-
orem 4.1.17. Indeed, the linear-convex structure is employed, together with a Banach-
Sacks compactification argument, in order to characterize the limit points of the learning
procedure as MFG solutions. In the next section, we extend Theorem 4.1.17 to a non-
convex setting, by employing a weak formulation of the problem (see also Remark 4.2.7).
Clearly, also the continuity of the costs f and g in the measure µ plays an essential role
in the proof of Theorem 4.1.17. Alternatively, one could require the continuity of f and
g with respect to a Wasserstein distance (see Remark 4.1.5).

On the other hand, conditions (1) and (4) can be replaced by the growth condition
(4.1.6) (when p′  2), unless to slightly extend some of the arguments. Also, if the a
priori estimate (4.1.7) is satisfied, one can see that the continuity of f and g in the
weak topology can be replaced by the continuity in the p-Wasserstein distance, where
p′ > p  1 are as in Remark 4.1.4.

Remark 4.1.20 (On the initialization of the learning procedure). Theorem 4.1.17
assumes a more concrete meaning observing that, according to Remark 4.1.8, the initial
conditions of the learning procedure can be written in terms of the data of the problem.
In particular, if U is compact, if b is bounded or if the growth condition (4.1.6) is
satisfied (see also Remark 4.1.19), (4.1.12) and (4.1.13) provides an explicit expression
for inf L and supL, respectively.

Moreover, let µ be a generic flow of probabilities, which is not necessarily an element
of L. Define the sequence µ0 := µ and µn+1 := R(µn) for n ∈ N. Following the proof of
Theorem 4.1.17 we see that, if µ0 ¬L R(µ0) = µ1 (resp. µ0 L R(µ0) = µ1), then the
sequence {µn}n∈N is increasing (resp. decreasing) in (L,¬L) and it converges to a MFG
equilibrium. In other words, if the learning procedure of Theorem 4.1.17 starts from an
arbitrary element, then it converges to a MFG equilibrium whenever the first and the
second element of the sequence are comparable. In particular, in order to approximate
the minimal (resp. the maximal) MFG equilibrium, it is sufficient to start the learning
procedure from a generic flow of measures µ0 such that µ0 ¬L inf L (resp. L supL).

Example 9. We discuss here the setting studied in [67] in order to draw a connection
between the solutions selected therein and our maximal and minimal solutions. Consider
the case U = R, x0 = 0, b(t, x, u) = cx + u, c ∈ R, σ constant, f(t, x, µ) = 0,
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l(t, x, u) = (x2 + u2)/2 and g(x, µ) = (x+ ϕ(〈id, µ〉)2/2. Here ϕ is defined as

ϕ(y) := − y
rδ
1{|y|¬rδ} − sign(y)1{|y|>rδ}, y ∈ R, δ ∈ (0, T ), rδ :=

∫ T

δ
w−2
s ds,

with wt := exp
[ ∫ T

t (−c+ ηs)ds
]
, η solution to the Riccati equation dηt

dt
= η2

t − 2cηt − 1,
ηT = 1.

By the monotonicity of ϕ (see also Example 7), we can easily verify that g satisfies
the Submodularity Assumption 4.1.9, while existence and uniqueness of optimal pairs is
a consequence of the strict convexity of the costs, and of the linearity of b (we refer to
[67] for more datails). Moreover, by the boundedness of ϕ, we have that g(x, µ) ¬ x2 +1.
Hence, for any flow of measures µ we see that the optimal control uµ must satisfy

E
[ ∫ T

0

(uµt )2

2
dt

]
¬ J(uµ, µ) ¬ J(0, µ) ¬ 1 + E

[ ∫ T

0

(X0
t )2

2
dt+ (X0

T )2

]
<∞,

where 0 denotes the control constantly equal to zero. From the latter estimate, and
a standard use of Grönwall’s inequality, we deduce that (4.1.7) is satisfied with p′ =
2. All the requirements of Theorem 4.1.14 are then fulfilled. Moreover, the proof of
Theorem 4.1.17 can be easily modified to fit the example under consideration (see also
Remark 4.1.19). Therefore, the set of MFG solution is a nonempty complete lattice,
and the minimal and maximal MFG solutions can be selected by the learning procedure
introduced in the previous subsection.

It is shown in [67] that the set of MFG solutions M has exactly three elements,
namely M = {µ−1, µ0, µ1}, satisfying

〈id, µAt 〉 := Awt

∫ t

0
w−2
s ds, for each t ∈ [0, T ], A ∈ {−1, 0, 1}. (4.1.28)

Since w > 0, we immediately see that 〈id, µ−1
t 〉 < 〈id, µ0

t 〉 < 〈id, µ1
t 〉 for each t ∈ [0, T ],

which can happen only if µ−1 ¬L µ0 ¬L µ1. We finally draw a connection between the
solutions selected in [67] and our maximal and minimal solutions, recalling from [67]
the following facts:

• The equilibrium with minimal cost is µ0.

• The “zero-noise limit” and the “N-player game limit” select a randomized equi-
librium, given by a combination of the maximal and the minimal MFG solution,
both with probability 1/2; that is, with law 1

2δµ−1 + 1
2δµ1.

4.2 Relaxed submodular mean field games

In this section we aim at allowing for multiple solutions of the individual optimiza-
tion problem, and at overcoming the linear-convex setting in the convergence result.
This comes with the price of pushing the analysis to a more technical level, by working
with a weak formulation of the problem and with the so-called relaxed controls. The
use of relaxed controls in mean field games (and in control problems) allows to gain
compactness on the set of admissible controls and, for this reason, this technique has
been widely used in this field (see [83, 120], among many others).
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4.2.1 The relaxed mean field game

Let b, σ, f, l, g, U be given as in Section 4.1 (see (4.1.2) and (4.1.3)), with the addi-
tional assumption that b, f, l, g are deterministic and, for simplicity, that σ is constant.
Let C denote the set of continuous functions on [0, T ]. In view of a weak formulation of
the problem, the initial value of the dynamics will be described through an initial fixed
probability distribution ν0 ∈ P(R).

Let Λ denote the set of deterministic relaxed controls on [0, T ]× U ; that is, the set
of positive measures λ on [0, T ] × U such that λ([s, t] × U) = t − s for all s, t ∈ [0, T ]
with s < t.

Definition 7. A tuple ρ = (Ω,F ,F,P, x0,W, λ) is said to be an admissible relaxed
control if

1. (Ω,F ,F,P) is a filtered probability space satisfying the usual conditions;

2. x0 is an F0-measurable R-valued random variable (r.v.) such that P ◦ x−1
0 = ν0;

3. W is a standard (Ω,F ,F,P)-Brownian motion;

4. λ is a Λ-valued r.v. defined on Ω such that σ{λ([0, t]×E) |E ∈ B(U)} ⊂ Ft, ∀t ∈
[0, T ].

We denote by Ũ the set of admissible relaxed controls.

The set of admissible ordinary controls is naturally included in the set of relaxed
controls via the map u 7→ λu(dt, du) := δut(du)dt. Any admissible relaxed control
ρ = (Ω,F ,F,P, x0,W, λ) ∈ Ũ , on the other hand, can be factorized in that one can
find an adapted process λ : Ω× [0, T ]→ P(U) such that λ(dt, du) = λt(du)dt P-almost
surely.

Furthermore, since b is assumed to satisfy the usual Lipschitz continuity and growth
conditions, there exists a unique process Xρ : Ω × [0, T ] → R, solving the system’s
dynamics equation that now reads as

Xρ
t = x0 +

∫ t

0

∫
U
b(t,Xρ

t , u)λt(du)dt+ σWt, t ∈ [0, T ]. (4.2.1)

Then, for a measurable flow of probability measures µ, we define the cost functional

J(ρ, µ) := EP
[ ∫ T

0

∫
U

[
f(t,Xρ

t , µt) + l(t,Xρ
t , u)

]
λt(du)dt+ g(Xρ

T , µT )
]
, ρ ∈ Ũ ,

and we say that ρ ∈ Ũ is an optimal relaxed control for the flow of measures µ if it
solves the optimal control problem related to µ; that is, if −∞ < J(ρ, µ) = inf J(·, µ).

We now make the following assumptions, which will be employed in the existence
result of Theorem 4.2.6.

Assumption 4.2.1.

1. The control space U is compact.
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2. The costs f(t, ·, µ), l(t, ·, ·) and g(·, µ) are lower semi-continuous in (x, u) for each
(t, µ) ∈ [0, T ]× P(R).

3. There exist exponents p′ > p  1 and a constant K > 0 such that

|ν0|p
′
:=
∫
R
|y|p′dν0(y) <∞

and such that, for all (t, x, µ, u) ∈ [0, T ]× R× P(R)× U ,

|g(x, µ)| ¬ K(1 + |x|p + |µ|p),
|f(t, x, µ)|+ |l(t, x, u)| ¬ K(1 + |x|p + |µ|p),

where |µ|p =
∫
R |y|pdµ(y).

4. f and g satisfy the Submodularity Assumption 4.1.9.

Remark 4.2.2. Alternatively, as discussed also in Remark 4.1.4, we can replace (1)
in Assumption 4.2.1 by requiring U to be closed and the growth condition (4.1.6) to be
satisfied.

Remark 4.2.3. Under Assumption 4.2.1, it is well-known that for each measurable flow
µ, arg min J(·, µ) is nonempty. This can be proved using the so-called “compactification-
method” (see e.g. [140] and [95], among others). For later use, we now sketch the main
argument. Let {ρn}n∈N be a minimizing sequence for J(·, µ), with

ρn = (Ωn,Fn,Fn,Pn, xn0 ,W n, λn).

Then, since U is compact, thanks to the growth conditions on b, the sequence Pn ◦
(xn0 ,W

n, λn, Xρn)−1 is tight in P(R × C × Λ × C), so that, up to a subsequence, Pn ◦
(xn0 ,W

n, λn, Xρn)−1 converges weakly to a probability measure P̄ ∈ P(R × C × Λ × C).
Moreover, through a Skorokhod representation argument, we can find an admissible
relaxed control

ρ∗ = (Ω∗,F∗,F∗,P∗, x∗0,W∗, λ∗)

such that P̄ = P∗ ◦ (x∗0,W∗, λ∗, X
ρ∗)−1. Finally, the continuity assumptions on the costs

together with their polynomial growth, allows to conclude that

J(ρ∗, µ) ¬ lim inf
n

J(ρn, µ) = inf J(·, µ);

i.e., ρ∗ ∈ arg min J(·, µ). In particular, this argument shows that for any sequence
{ρn}n∈N ⊂ arg min J(·, µ) we can find an admissible relaxed control

ρ∗ = (Ω∗,F∗,F∗,P∗, x∗0,W∗, λ∗) ∈ arg min J(·, µ)

such that, up to a subsequence, Pn ◦ (Xρn)−1 converges weakly to P∗ ◦ (Xρ∗)−1 in P(C).
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The compactness of U and (4.1.2) immediately imply that there exists a constant
M > 0 such that

EP[|Xρ
t |p
′
] ¬M, for any t ∈ [0, T ], and ρ ∈ Ũ .

Hence, Lemma B.2 in the Appendix B allows to find µMin, µMax ∈ P(R) with

µMin ¬st P ◦ (Xρ
t )−1 ¬st µMax, for any t ∈ [0, T ], and ρ ∈ Ũ .

Moreover, as it is shown in Remark 4.1.6, we have uniform boundedness of the moments

sup
µ∈[µMin,µMax]

|µ|q <∞, q < p′. (4.2.2)

Next, define the set of feasible flows of measures L as the set of all equivalence
classes (w.r.t. π := δ0 + dt + δT ) of measurable flows (µt)t∈[0,T ] with µt ∈ [µMin, µMax]
for π-almost all t ∈ (0, T ] and µ0 = ν0. Let 2L be the set of all subsets of L, and define
the best-response-correspondence R : L→ 2L by

R(µ) :=
{
P ◦ (Xρ)−1

∣∣∣ ρ ∈ arg min J(·, µ)
}
⊂ L, µ ∈ L. (4.2.3)

We can then give the following definition.

Definition 8. The flow of measures µ∗ is a relaxed mean field game solution if µ∗ ∈
R(µ∗).

4.2.2 Existence and approximation of relaxed MFG solutions

We now move on to proving the existence and approximation of relaxed mean field
game solutions. In order to keep a self-contained but concise analysis, the proofs of
the subsequent results will be only sketched whenever their arguments follow along the
same lines of those employed in the proofs of Section 4.1.

We begin by proving some monotonicity properties for the sets of best-responses.

Lemma 4.2.4. Under Assumption 4.2.1, the best-response-correspondence satisfies the
following:

(i) For all µ ∈ L, we have that infR(µ), supR(µ) ∈ R(µ).

(ii) infR(µ) ¬L infR(µ) and supR(µ) ¬L supR(µ) for all µ, µ ∈ L with µ ¬L µ.

Proof. We prove the two claims separately.
Proof of (i). Take µ ∈ L. In order to show that infR(µ) ∈ R(µ), we recall that, as

it is shown in the proof of Lemma B.4 in the Appendix B, we can select a sequence of
relaxed controls {ρn}n∈N ⊂ arg min J(·, µ) such that inf{Pn ◦Xρn|n ∈ N} = infR(µ).

Without loss of generality, we can assume that the relaxed controls ρn are defined
on the same stochastic basis; that is, ρn = (Ω,F ,F,P, x0,W, λ

n) for each n ∈ N. Indeed,
we can choose

Ω := R× C × ΛN



104 CHAPTER 4. SUBMODULAR MEAN FIELD GAMES

as sample space and take x0, W , λn, n ∈ N, as the canonical projections. Let F̂ be the
Borel σ-algebra on Ω (w.r.t. the product topology), and let F̂ be the natural filtration
induced by x0, W , λn, n ∈ N; that is, F̂t := σ(x0,W (s), λn(C) : s ∈ [0, t], C ∈ B([0, t]×
U), n ∈ N), t ∈ [0, T ]. Thus, W corresponds to a continuous real-valued F̂-adapted
process, while λn can be identified with a P(U)-valued F̂-predictable process (see, for
instance, Lemma 3.2 in [120]). Recall that ν0 denotes the common initial distribution.
Let γ denote standard Wiener measure on B(C). If ρ̄n = (Ωn,Fn,Fn,Pn, xn0 ,W n, λ̄n),
n ∈ N, are stochastic relaxed controls with Pn ◦ (xn0 )−1 = ν0, hence Pn ◦ (xn0 ,W

n)−1 =
ν0 ⊗ γ, then let Qn denote the Markov kernel from R × C to Λ that corresponds to
(a version of) the regular conditional distribution of λ̄n given (xn0 ,W

n). Let P be the
probability measure on F̂ determined by

P
(
{x0 ∈ B0} ∩ {W ∈ B} ∩

⋂
i∈I
{λi ∈ Ci}

)
:=
∫
B0×B

(∏
i∈I
Qi(x,w;Ci)

)
ν0 ⊗ γ(dx, dw)

for any choice of B0 ∈ B(R), B ∈ B(C), I ⊂ N a finite subset, and Ci ∈ B(Λ), i ∈ I.
Then P ◦ (x0,W, λ

n)−1 = Pn ◦ (xn0 ,W
n, λ̄n)−1 for all n ∈ N. As last step, define F to be

the P-completion of F̂ , and let F be the right-continuous P-augmentation of F̂.
We will now employ an inductive scheme. Let ρ1, ρ2 be the first two elements

of the sequence {ρn}n∈N. As in Lemma 4.1.11, we can define two Λ-valued r.v.’s λ∨

and λ∧ and two admissible relaxed controls ρ∨ = (Ω,F ,F,P, x0,W, λ
∨) and ρ∧ =

(Ω,F ,F,P, x0,W, λ
∧) such that Xρ1 ∨ Xρ2 = Xρ∨ and Xρ1 ∧ Xρ2 = Xρ∧ . In fact,

defining the (random) intervalsB1
s := {Xρ1

s < Xρ2
s } ∪ {Xρ1

s = Xρ2
s ,

∫
U b(s,X

ρ1
s , u)λ1

s(du) <
∫
U b(s,X

ρ2
s , u)λ2

s(du)},
B2
s := {Xρ1

s > Xρ2
s } ∪ {Xρ1

s = Xρ2
s ,

∫
U b(s,X

ρ1
s , u)λ1

s(du) 
∫
U b(s,X

ρ2
s , u)λ2

s(du)},

we have

λ∧s :=

λ1
s on B1

s ,

λ2
s on B2

s ,

where λ1(ds, du) = λ1
s(du)ds, λ2(ds, du) = λ2

s(du)ds, and λ∧(ds, du) := λ∧s (du)ds. The
definition of λ∨ is analogous. Repeating the same arguments which lead to (4.1.21) in
the proof of Lemma 4.1.12, we see that

0 ¬ J(ρ∨, µ)− J(ρ1, µ) = J(ρ2, µ)− J(ρ∧, µ) = 0,

which implies that P ◦ (Xρ∧)−1 = P ◦ (Xρ1 ∧ Xρ2)−1 ∈ R(µ). Moreover, since Xρ1 ∧
Xρ2 = Xρ∧ , we obviously have P ◦ (Xρ∧)−1 ¬L P ◦ (Xρ1

)−1 ∧L P ◦ (Xρ2
)−1. Repeating

this construction inductively, for each n ∈ N we find an admissible relaxed control
ρ∧n = (Ω,F ,F,P, x0,W, λ

∧n) such that P ◦ (Xρ∧n)−1 ∈ R(µ) and P ◦ (Xρ∧n)−1 ¬L

P ◦ (Xρ1 ∧L ... ∧L P ◦Xρn)−1. Furthermore, the sequence P ◦ (Xρ∧n)−1 is decreasing in
L, since for each n we have Xρ∧n

t = X1
t ∧ ... ∧Xn

t ¬ X1
t ∧ ... ∧Xn−1

t for each t ∈ [0, T ]
P-a.s. Hence,

infR(µ) = inf
{
P ◦ (Xρn)−1

∣∣∣n ∈ N
}

= inf
{
P ◦ (Xρ∧n)−1

∣∣∣n ∈ N
}
,
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which implies that the sequence P◦ (Xρ∧n)−1 converges weakly to infR(µ), π-a.e. Since{
P ◦ (Xρ∧n)−1

}
n∈N
⊂ R(µ), by the closure property of R(µ) (see Remark 4.2.3), we

conclude that infR(µ) ∈ R(µ).
Analogously, it can be shown that supR(µ) ∈ R(µ).

Proof of (ii). Let µ, µ̄ ∈ L with µ ¬L µ̄ and ρ, ρ̄ ∈ Ũ with ρ ∈ arg min J(·, µ)
and ρ̄ ∈ arg min J(·, µ̄). As in the proof of claim (i), we may assume that ρ and ρ̄
are defined on the same stochastic basis; that is, ρ = (Ω,F ,F,P, x0,W, λ) and ρ =
(Ω,F ,F,P, x0,W, λ̄). As above, we can then define two Λ-valued r.v.’s λ∨ and λ∧ and two
admissible relaxed controls ρ∨ = (Ω,F ,F,P, x0,W, λ

∨) and ρ∧ = (Ω,F ,F,P, x0,W, λ
∧)

such that Xρ ∨X ρ̄ = Xρ∨ and Xρ ∧X ρ̄ = Xρ∧ .
Repeating the arguments which lead to (4.1.22) in the proof of Lemma 4.1.12, we

exploit the submodularity of the costs and the definitions of λ∨ and λ∧ to find

0 ¬ J(ρ∨, µ̄)− J(ρ̄, µ̄) ¬ J(ρ∨, µ)− J(ρ̄, µ) = J(ρ, µ)− J(ρ∧, µ) ¬ 0, (4.2.4)

where the first and the last inequality hold because of the optimality of ρ and ρ̄.
By claim (i), we have that supR(µ) ∈ R(µ) and supR(µ̄) ∈ R(µ̄), therefore, we

can choose ρ and ρ̄ such that P ◦ (X ρ̄)−1 = supR(µ̄) and P ◦ (Xρ)−1 = supR(µ). From
(4.2.4) we see that ρ∨ ∈ arg min J(·, µ̄), which implies that P ◦ (Xρ∨)−1 ¬L supR(µ̄).
This, by construction of ρ∨, in turn implies that

supR(µ) = P ◦ (Xρ)−1 ¬L P ◦ (Xρ)−1 ∨L P ◦ (Xρ)−1 ¬L P ◦ (Xρ∨)−1 ¬L supR(µ̄);

that is, supR(µ) ¬L supR(µ̄). In the same way, choosing ρ and ρ̄ such that P◦(X ρ̄)−1 =
infR(µ̄) and P ◦ (Xρ)−1 = infR(µ) we conclude that infR(µ) ¬L infR(µ̄).

Remark 4.2.5. For later use, we point out that that the crucial point in the proof the
previous lemma is in showing the following statement: For

ρi = (Ωi,F i,Fi,Pi, xi0,W i, λi) ∈ Ũ , i = 1, 2,

there exist admissible relaxed controls ρ∧ = (Ω∧,F∧,F∧,P∧, x∧0 ,W∧, λ∧) and ρ∨ =
(Ω∨,F∨,F∨,P∨, x∨0 ,W∨, λ∨) such that:

1. P∧ ◦ (Xρ∧)−1 ¬L P1 ◦ (Xρ1)−1 ∧L P2 ◦ (Xρ2)−1;

2. P1 ◦ (Xρ1)−1 ∨L P2 ◦ (Xρ2)−1 ¬L P∨ ◦ (Xρ∨)−1;

3. J(ρ∧, µ) + J(ρ∨, µ) = J(ρ1, µ) + J(ρ2, µ), for any µ ∈ L.

This, together with the submodularity of the costs, in turn implies that, for µ1, µ2 ∈ L
such that µ1 ¬L µ2, one has

J(ρ∨, µ2)− J(ρ2, µ
2) ¬ J(ρ1, µ

1)− J(ρ∧, µ1),

from which the monotonicity of infR and supR can be derived.

We can finally state the main results of this section.
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Theorem 4.2.6. Under Assumption 4.2.1, we have that

(i) The set of mean field game solutions M is nonempty and admits a minimal and
a maximal element.

Assume moreover that the costs f(t, ·, ·) and g(·, ·) are continuous in (x, µ). Then

(ii) For µ0 := inf L and µn := infR(µn−1) for n ∈ N, we have that the learning
procedure {µn}n∈N is increasing and it converges weakly to infM, π-a.e.

(iii) For µ0 := supL and µn := supR(µn−1) for n ∈ N, we have that the learning
procedure {µn}n∈N is decreasing and it converges weakly to supM, π-a.e.

Proof. Claim (i) follows from Lemma 4.2.4 and Theorem 4.1 in [159].
We only prove (ii), since the proof of (iii) is similar. By Lemma 4.2.4 the se-

quence {µn}n∈N is increasing, hence it converges weakly to its least upper bound
µ∗, π-a.e. For each n ∈ N, let ρn = (Ωn,Fn,Fn,Pn, xn0 ,W n, λn) be an admissible
relaxed control such that Pn ◦ (Xρn)−1 = infR(µn−1). As in Remark 4.2.3, the se-
quence {P ◦ (xn0 ,W

n, λn, Xρn)−1}n∈N is tight, so that, up to a subsequence, we can
assume that the sequence Pn ◦ (x0,W, λ

n, Xρn)−1 converges weakly to a probability
measure P̄ ∈ P(R × C × Λ × C). Moreover, we can find an admissible relaxed control
ρ∗ = (Ω∗,F∗,F∗,P∗, x∗0,W∗, λ∗) such that P̄ = P∗ ◦ (x∗0,W∗, λ∗, X

ρ∗)−1, and this implies
that µ∗ = P∗ ◦ (Xρ∗)−1.

By the optimality of ρn for the flow of measures µn−1, we have

J(ρn, µn−1) ¬ J(ρ, µn−1), ∀ρ ∈ Ũ . (4.2.5)

Now, the continuity of the costs f, l and g, together with their polynomial growth and
the uniform integrability condition (4.2.2), allow to show the continuity of the functional
J along the sequences {ρn, µn−1}n∈N and {ρ, µn−1}n∈N. This in turn enables us to take
limits as n → ∞ in (4.2.5) and to deduce that J(ρ∗, µ∗) ¬ J(ρ, µ∗) for each ρ ∈ Ũ .
Hence, Xρ∗ is an optimal trajectory for the flow µ∗ and, since µ∗ = P∗ ◦ (Xρ∗)−1, we
have µ∗ ∈ R(µ∗); that is, µ∗ is a mean field game solution.

It remains to show that µ∗ = infM. Let ν ∈ M. By definition, we have µ0 =
inf L ¬L ν. Since infR is increasing by (ii) in Lemma 4.2.4, µ1 = infR(µ0) ¬L

infR(ν) ¬L ν, where the last inequality follows from ν ∈ R(ν). By induction, we
deduce that µn ¬L ν for each n ∈ N. Recalling that µ∗ = sup{µn|n ∈ N}, we conclude
that µ∗ ¬

L ν, which completes the proof.

Remark 4.2.7. Notice that the role of the compactification through the problem’s weak
formulation and the use of relaxed controls is twofold. On the one hand, it ensures that
the sets of best-responses R(·) admit minimal and maximal elements, which is essential
for our arguments in the case in which R(·) are not singletons. On the other hand,
regarding the convergence of the learning procedure, it replaces the compactification via
Banach-Saks’ theorem used in the proof of Theorem 4.1.17, for which the additional
linear-convex structure (enforced in Assumption 4.1.15) is necessary (see also Remark
4.1.19).
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4.3 Submodular mean field games with singular con-
trols

We now present some results on existence and approximation of solutions for mean
field games with singular controls. While many of the techniques developed in the
Sections 4.1 and 4.2 work unchanged also in this new setting, some of the arguments
need to be adapted exploiting the density of Lipschitz processes in the set of singular
controls.

The results in this section will be presented under the weak formulation of the
problem (in the spirit of Section 4.2), similar statements will be discussed for the strong
formulation (i.e., in the spirit of Section 4.1) in Remark 4.3.6 and in Subsection 4.4.2.

4.3.1 Model formulation

Let b, σ, f, g be given as in Section 4.1 (see (4.1.2) and (4.1.3)), with b independent
from u. Assume, in addition, that b, f, g are deterministic and, for simplicity, that σ is
constant. Consider, moreover, a deterministic measurable function c : [0, T ] → R. In
view of a weak formulation of the problem, the initial value of the dynamics will be
described through an initial fixed probability distribution ν0 ∈ P(R).

Definition 9. A tuple ρ = (Ω,F ,F,P, x0,W, ξ) is said to be an admissible singular
control if

1. (Ω,F ,F,P) is a filtered probability space satisfying the usual conditions;

2. x0 is an F0-measurable R-valued random variable such that P ◦ x−1
0 = ν0;

3. W is a standard (Ω,F ,F,P)-Brownian motion;

4. ξ : Ω× [0, T ]→ [0,∞) is an F-adapted nondecreasing càdlàg process.

We denote by A the set of admissible singular controls.

Again, since b is assumed to satisfy the usual Lipschitz continuity and growth con-
ditions, for any ρ ∈ A there exists a unique process Xρ : Ω × [0, T ] → R, solving the
system’s dynamics equation, that now reads as

Xρ
t = x0 +

∫ t

0
b(t,Xρ

t )dt+ σWt + ξt, t ∈ [0, T ]. (4.3.1)

Then, for a measurable flow of probability measures µ, we define the cost functional

J(ρ, µ) := EP
[ ∫ T

0
f(t,Xρ

t , µt)dt+ g(Xρ
T , µT ) +

∫
[0,T ]

ctdξt

]
, ρ ∈ A,

and we say that ρ ∈ A is an optimal singular control for the flow of measures µ if it
solves the optimal control problem related to µ; that is, if −∞ < J(ρ, µ) = infA J(·, µ).

The data of the problem are subject to the following requirements.
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Assumption 4.3.1.

1. c is nonincreasing and continuously differentiable, with c  0.

2. The costs f(t, ·, µ) and g(·, µ) are lower semi-continuous in x for each (t, µ) ∈
[0, T ]× P(R).

3. There exist an exponent p > 1 and constants K,κ > 0 such that

|ν0|p :=
∫
R
|y|pdν0(y) <∞

and such that, for all (t, x, µ) ∈ [0, T ]× R× P(R),

κ(|x|p − 1) ¬ g(x, µ) ¬ K(1 + |x|p),
κ(|x|p − 1) ¬ f(t, x, µ) ¬ K(1 + |x|p).

4. f and g satisfy the Submodularity Assumption 4.1.9.

Remark 4.3.2 (A priori estimates). Let ρ̄0 = (Ω̄, F̄ , F̄, P̄, x̄0, W̄ , ξ̄) be an admissible
singular control such that ξ̄t = 0 for any t ∈ [0, T ], P̄-a.s. Under Assumption 4.3.1, it
can be shown that there exists a constant M > 0 such that, for any measurable flow
of probabilities µ and each singular control ρ = (Ω,F ,F,P, x0,W, ξ) ∈ A such that
J(ρ, µ) ¬ J(ρ̄0, µ), one has

EP[|Xρ
t |p] < M, for each t ∈ [0, T ]. (4.3.2)

Indeed, using the growth conditions of f and g in Assumption 4.3.1 and arguing as
in the proof of Lemma 2.2.6 in Chapter 2, we find a constant M1 > 0 such that, if
ρ ∈ A is such that J(ρ, µ) ¬ J(ρ̄0, µ), then

EP
[ ∫ T

0
|Xρ

t |pdt+ |Xρ
T |p
]
< M1.

Therefore, using the SDE (4.3.1), we obtain EP[|ξT |p] < M2, for a suitable constant
M2 > 0 which does not depend on µ. Finally, using Grönwall’s inequality, we obtain
the estimate as in (4.3.2), for a constant M > 0 not depending on µ.

Remark 4.3.3 (Existence of optimal controls). Under the standing assumptions, it is
shown in [96] that, for each measurable flow of probabilities µ, the set arg minA J(·, µ) ⊂
A is nonempty. Also, as in Remark 4.2.3, one can show that, for each sequence of
singular controls {ρn}n∈N ⊂ arg minA J(·, µ) we can find an admissible singular control
ρ = (Ω,F ,F,P, x0,W, ξ) ∈ arg minA J(·, µ) such that, up to a subsequence, Pn ◦(Xρn)−1

converges to P◦ (Xρ)−1 in the Meyer-Zheng topology (see again [96], or Appendix A for
further details on this topology).

Combining the previous remarks, we deduce that there exists a constant M > 0
such that, for any flow of measures µ, one has

EP[|Xρ
t |p] ¬M, for any t ∈ [0, T ], ρ ∈ arg min J(·, µ).
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Hence, Lemma B.2 in the Appendix B allows to find µMin, µMax ∈ P(R) such that, for
any flow of measures µ, one has

µMin ¬st P ◦ (Xρ
t )−1 ¬st µMax, for any t ∈ [0, T ], ρ ∈ arg min J(·, µ). (4.3.3)

Next, we define the set Lext as the set of all equivalence classes (w.r.t. the measure
dt + δT on the interval (−∞, T ]) of measurable flows of probabilities µ : (−∞, T ] →
P(R), which are constant for negative times. To simplify the subsequent notation (avoid-
ing to re-define flows of probability measures for negative times), we say that two el-
ements of Lext coincide δ0− + dt + δT -a.e. in [0, T ] if they coincide dt + δT -a.e. on the
interval (−∞, T ]. In this spirit, define the set of feasible flows of measures L as the set
of all elements of Lext with µt ∈ [µMin, µMax] for π-almost all t ∈ [0, T ] and µ0− = ν0.
On L we consider the order relation ¬L given by µ ¬L ν if and only if µt ¬st νt for
π-a.a. t ∈ [0, T ], with the lattice structure given by

(µ ∧L ν)t := µt ∧st νt and (µ ∨L ν)t := µt ∨st νt for π-a.a. t ∈ [0, T ].

As in Lemma 4.1.7, the lattice L is complete. Finally, letting 2L be the set of all subsets
of L, thanks to (4.3.3) the best-response-correspondence R : L→ 2L given by

R(µ) :=
{
P ◦ (Xρ)−1

∣∣∣ ρ ∈ arg min J(·, µ)
}
, µ ∈ L, (4.3.4)

is well defined.
We can then give the following definition.

Definition 10. The flow of measures µ∗ ∈ L is a solution to the mean field game with
singular controls if µ∗ ∈ R(µ∗).

4.3.2 Existence and approximation of solutions

In order to recover the results of the previous sections, we prove the following tech-
nical lemma.

Lemma 4.3.4. Given ρi = (Ωi,F i,Fi,Pi, xi0,W i, ξi) ∈ A, i = 1, 2, such that

EPi [|ξiT |p] <∞, i = 1, 2,

there exist admissible singular controls

ρ∧ = (Ω∧,F∧,F∧,P∧, x∧0 ,W∧, ξ∧) and ρ∨ = (Ω∨,F∨,F∨,P∨, x∨0 ,W∨, ξ∨)

such that:

1. P∧ ◦ (Xρ∧)−1 ¬L P1 ◦ (Xρ1)−1 ∧L P2 ◦ (Xρ2)−1;

2. P1 ◦ (Xρ1)−1 ∨L P2 ◦ (Xρ2)−1 ¬L P∨ ◦ (Xρ∨)−1;

3. J(ρ∧, µ) + J(ρ∨, µ) = J(ρ1, µ) + J(ρ2, µ), for any µ ∈ L.
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Proof. The argument exploits an approximation scheme of the singular controls through
regular controls and the results from the Subsection 4.1.4. We divide the proof in four
steps.
Step 1. Take ρi = (Ωi,F i,Fi,Pi, xi0,W i, ξi) ∈ A, i = 1, 2. Without loss of general-
ity, we can assume that the controls ρ1, ρ2 are defined on a same stochastic basis
(Ω,F ,F,P, x0,W ); that is, (Ωi,F i,Fi,Pi, xi0,W i) = (Ω,F ,F,P, x0,W ), i = 1, 2. In-
deed, this can be deduced employing the same rationales as in the proof of Lemma
4.2.4 and by observing that the singular controls ξ1, ξ2 can be see as r.v.’s in a Polish
space (the space of right-continuous, nondecreasing, nonnegative functions on [0, T ],
together with the strong Skorokhod M1 topology, we refer to [83] for more details).

Introduce a Wong-Zakai-type approximation of ξi by defining the sequences of pro-
cesses {ξi,n}n∈N setting, for each n ∈ N,

ξi,nt :=

n
∫ t
t−1/n ξ

i
sds t ∈ [0, T ),

ξiT t = T.
(4.3.5)

Recall that processes are always (implicitly) assumed to be equal to 0 for negative times.
Notice also that, since EP[|ξiT |p] < ∞ by assumption, the processes ξi,n are Lipschitz
continuous on the time interval [0, T ). However, they may have discontinuities at time
T . Moreover, for each i = 1, 2, n ∈ N, denote by X i,n the solution to the controlled
SDE

X i,n
t = x0 +

∫ t

0
b(s,X i,n

s )ds+ σWt + ξi,nt , t ∈ [0, T ].

Next, since the processes ξi,n have Lipschitz paths and are nondecreasing, we can
find F-adapted processes ui,n : Ω× [0, T ]→ [0,∞) such that

ξi,nt =
∫ t

0
ui,ns ds, t ∈ [0, T ).

Observing that the processes ui,n can be regarded as regular controls (see Section 4.1),
we wish to employ the results from Section 4.1 in order to construct ρ∧, ρ∨. However,
we need to take care of possible discontinuities at time T .

As in Lemma 4.1.11, for each n ∈ N we find two F-adapted [0,∞)-valued processes
u∧,n, u∨,n such that, defining

ξ∧,nt :=
∫ t

0
u∧,ns ds and ξ∨,nt :=

∫ t

0
u∨,ns ds, for each t ∈ [0, T ), P-a.s., (4.3.6)

we have, for each t ∈ [0, T ), P-a.s.,

X1,n
t ∧X2,n

t = x0 +
∫ t

0
b(s,X1,n

s ∧X2,n
s )ds+ σWt + ξ∧,nt , (4.3.7)

X1,n
t ∨X2,n

t = x0 +
∫ t

0
b(s,X1,n

s ∨X2,n
s )ds+ σWt + ξ∨,nt .

This suggest to define the processes ξ∧,n and ξ∨,n at time T by setting, P-a.s.,

ξ∧,nT := X1,n
T ∧X

2,n
T − x0 −

∫ T

0
b(s,X1,n

s ∧X2,n
s )ds− σWT ,

ξ∨,nT := X1,n
T ∨X

2,n
T − x0 −

∫ T

0
b(s,X1,n

s ∨X2,n
s )ds− σWT .
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In this way, by setting

ρ∧,n := (Ω,F ,F,P, x0,W, ξ
∧,n),

ρ∨,n := (Ω,F ,F,P, x0,W, ξ
∨,n),

ρi,n := (Ω,F ,F,P, x0,W, ξ
i,n), i = 1, 2,

by (4.3.7) and the definition of ξ∧,nT and ξ∨,nT , we have, P-a.s.,

X1,n
t ∧X2,n

t = Xρ∧,n

t , and X1,n
t ∨X2,n

t = Xρ∨,n

t , for any t ∈ [0, T ]. (4.3.8)

Moreover, we observe that the processes ξ∧,n and ξ∨,n are nondecreasing.
Step 2. In this step we prove that

J(ρ∧,n, µ) + J(ρ∨,n, µ) = J(ρ1,n, µ) + J(ρ2,n, µ). (4.3.9)

This is done again by adapting arguments from Subsection 4.1.4, taking care of possible
discontinuities of the processes ξi,n, ξ∧,n, ξ∨,n at time T .

For a generic admissible control ρ = (Ω,F ,F,P, x0,W, ξ) ∈ A, using integration by
parts and the controlled SDE (4.3.1), we rewrite the cost functional as

J(ξ, µ) = EP
[ ∫ T

0
f(t,Xρ

t , µt)dt+ g(Xρ
T , µT ) + cT ξT −

∫ T

0
ξtc
′
tdt

]
(4.3.10)

= EP
[ ∫ T

0

(
f(t,Xρ

t , µt)− cT b(t,Xρ
t )− ξtc′t

)
dt+ g(Xρ

T , µT ) + cTX
ρ
T

]
− cTEP[x0]

= G1(ρ, µ)−G2(ρ, µ) +H(ρ, µ)− cTEP[x0],

where we have set

G1(ρ, µ) := EP
[ ∫ T

0

(
f(t,Xρ

t , µt)− cT b(t,Xρ
t )
)
dt

]
,

G2(ρ, µ) := EP
[ ∫ T

0
ξtc
′
tdt

]
,

H(ρ, µ) := EP[g(Xρ
T , µT ) + cTX

ρ
T ].

Observing that the functional G1 depends on the control only on the interval [0, T ),
thanks to the construction of u∧,n, u∨,n provided in the Step 1, we can repeat the
arguments in Lemma 4.1.12 obtaining,

G1(ρ∧,n, µ) +G1(ρ∨,n, µ) = G1(ρ1,n, µ) +G1(ρ2,n, µ). (4.3.11)

Moreover, from the definition of u∧,n, u∨,n in Step 1, as in the proof of Lemma 4.1.12,
we see that

ξ∧,nt + ξ∨,nt =
∫ t

0
(u∧,ns + u∨,ns )ds =

∫ t

0
(u1,n

s + u2,n
s )ds = ξ1,n

t + ξ2,n
t , for each t ∈ [0, T ),

so that
G2(ρ∧,n, µ) +G2(ρ∨,n, µ) = G2(ρ1,n, µ) +G2(ρ2,n, µ). (4.3.12)
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Finally, we easily find

H(Xρ∧,n

T , µ) +H(Xρ∨,n

T , µ) = H(Xρ1,n

T , µ) +H(Xρ2,n

T , µ). (4.3.13)

Therefore, adding (4.3.11), (4.3.12) and (4.3.13), and using the representation in (4.3.10),
we obtain (4.3.9).
Step 3. Set X i := Xρi , i = 1, 2, and define the right-continuous processes ξ∧, ξ∨ by
setting

ξ∧t := X1
t ∧X2

t − x0 −
∫ t

0
b(s,X1

s ∧X2
s )ds− σWt, (4.3.14)

ξ∨t := X1
t ∨X2

t − x0 −
∫ t

0
b(s,X1

s ∨X2
s )ds− σWt.

In this step, we want to prove that the controls ρ∧ := (Ω,F ,F,P, x0,W, ξ
∧) and ρ∨ :=

(Ω,F ,F,P, x0,W, ξ
∨) are admissible, and satisfy Claims 1, 2.

From (4.3.5), we immediately see that, P-a.s.,ξ
i,n
t → ξit as n→∞ for all continuity points t ∈ [0, T ) of ξi,
ξi,nT → ξiT as n→∞.

(4.3.15)

Therefore, using (4.3.15) and Grönwall’s inequality, we deduce that, P-a.s.,X
i,n
t → X i

t as n→∞ for all continuity points t ∈ [0, T ) of X i,

X i,n
T → X i

T as n→∞.
(4.3.16)

This allows to take limits in (4.3.8) in order to conclude that, P-a.s., for dt + δT -a.a.
t ∈ [0, T ] we have

X1,n
t ∧X2,n

t → X1
t ∧X2

t , X1,n
t ∨X2,n

t → X1
t ∨X2

t , ξ∧,nt → ξ∧t , ξ∨,nt → ξ∨t . (4.3.17)

Since the processes ξ∧,n and ξ∨,n are nonnegative and nondecreasing, from the latter
limit we deduce that the processes ξ∧ and ξ∨ are nonnegative and nondecreasing, hence
ρ∧ and ρ∨ are admissible. Moreover, by definition of ξ∧ and ξ∨, we have

Xρ∧

t = X1
t ∧X2

t ¬ X1
t ∨X2

t ¬ Xρ∨

t , for each t ∈ [0, T ], P-a.s.,

which proves Claims 1 and 2.
Step 4. We finally prove Claim 3. We begin by observing that, for a generic constant
C > 0, by Grönwall’s inequality we have

|X i,n
t |p ¬ C

(
1 + |x0|p + σp sup

s∈[0,T ]
|Ws|p + |ξi,nT |p

)
,

so that, by definition of ξi,n, we obtain

sup
n

sup
t∈[0,T ]

|X i,n
t |p ¬ C

(
1 + |x0|p + σp sup

s∈[0,T ]
|Ws|p + |ξiT |p

)
∈ L1(Ω;P), (4.3.18)
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where the integrability condition of the right hand side follows from our assumptions.
Therefore, thanks to the limits in (4.3.15) and (4.3.16) and the estimate (4.3.18), the
growth conditions on f and g allows employ the dominated convergence theorem in
order to obtain

J(ρi, µ) = EP
[ ∫ T

0
f(t,Xρi

t , µt)dt+ g(Xρi
T , µT ) +

∫
[0,T ]

ctdξ
i
t

]
(4.3.19)

= lim
n

EP
[ ∫ T

0
f(t,Xρi,n

t , µt)dt+ g(Xρi,n

T , µT ) +
∫

[0,T ]
ctdξ

i,n
t

]
= lim

n
J(ρi,n, µ).

Next, with an integration by parts, we can use the limits in (4.3.17) and Fatou’s lemma
obtaining

J(ρ∧, µ) = EP
[ ∫ T

0
f(t,Xρ∧

t , µt)dt+ g(Xρ∧

T , µT ) + cT ξ
∧
T −

∫ T

0
ξ∧t c
′
tdt

]
(4.3.20)

¬ lim inf
n

EP
[ ∫ T

0
f(t,Xρ∧,n

t , µt)dt+ g(Xρ∧,n

T , µT ) + cT ξ
∧,n
T −

∫ T

0
ξ∧,nt c′tdt

]
= lim inf

n
J(ρ∧,n, µ).

Similarly, we obtain

J(ρ∨, µ) ¬ lim inf
n

J(ρ∨,n, µ). (4.3.21)

Finally, exploiting (4.3.19), (4.3.20) and (4.3.21), we can take limits in (4.3.9) in order
to obtain Claim 3. This completes the proof of the lemma.

As pointed out in Remark 4.2.5, Lemma 4.3.4 together with Remark 4.3.3 allows
to adapt the the proof of Lemma 4.2.4 in order to deduce analogous monotonicity
properties of the best-response-correspondence for MFGs with singular controls. This
allows, together with the completeness of the lattice L, to repeat the proof of Theorem
4.2.6 in order to obtain the following result.

Theorem 4.3.5. Under Assumption 4.3.1, we have that

(i) The set of solutionsM to the mean field game with singular controls is nonempty
and admits a minimal and a maximal element.

Assume moreover that the costs f(t, ·, ·) and g(·, ·) are continuous in (x, µ). Then

(ii) For µ0 := inf L and µn := infR(µn−1) for n ∈ N, we have that the learning
procedure {µn}n∈N is increasing and it converges weakly to infM, π-a.e.

(iii) For µ0 := supL and µn := supR(µn−1) for n ∈ N, we have that the learning
procedure {µn}n∈N is decreasing and it converges weakly to supM, π-a.e.
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4.3.3 Remarks and extensions

We discuss here how the previous arguments can be adapted in order to fit some
settings which are typical in the literature on stochastic singular control.

Remark 4.3.6 (On the strong formulation of the problem). The techniques presented
in this section can also be used to treat MFGs with singular controls under the strong
formulation. In this case, one can fix a stochastic basis β = (Ω̄, F̄ , F̄, P̄, x̄0, W̄ ) satisfying
the requirements of Definition 9, and define the set of admissible controls Aβ as set of
singular controls ρ = (Ω,F ,F,P, x0,W, ξ) ∈ A with (Ω,F ,F,P, x0,W ) = β. For any
measurable flow of probabilities µ, the representative agent’s minimization problem is
then given by

inf
ρ∈Aβ

J(ρ, µ).

In the strong formulation, existence and uniqueness of optimal controls can be shown in
linear-convex settings, in which the drift b is affine in the state, and in which the costs
f, g are strictly convex in the state. Alternatively, existence of optimal controls can be
investigated through the DPP approach, by trying to adapt the results in [64, 79, 102,
130, 162] to running costs f(t, x, µt) which are discontinuous in time.

Remark 4.3.7 (Bounded-variation control problem). We point point out that MFGs
with controls of bounded variation (see, e.g., Chapter 2) can also be treated with the ap-
proach presented in this section. In this case, the set of admissible controls is given by the
set V of tuples ρ = (Ω,F ,F,P, x0,W, ξ) in which the stochastic basis (Ω,F ,F,P, x0,W )
satisfies the requirements in Definition 9 and in which v is an R-valued F-adapted càdlàg
processes of bounded variation. For a flow of probabilities µ, the representative agent’s
minimization problem is given byinfρ∈V E

[ ∫ T
0 f(t,Xρ

t , µt)dt+
∫

[0,T ] ctd|v|t
]

dXρ
t = b(t,Xρ

t )dt+ σdWt + +dvt, t  0, Xρ
0− = x0.

Here, as in Chapter 2, the process |v| denotes the total variation of v.

4.4 Concluding remarks and further extensions

In the following, we provide some comments on our assumptions and further exten-
sions of the techniques elaborated in the previous sections. For simplicity, we discuss
only the case of mean field games with regular controls, although analogous conclusions
can be derived also for mean field games with singular controls.

4.4.1 On the multidimensional case

Our approach can be extended only to some particular multidimensional cases.
Indeed, although the first order stochastic dominance induces a lattice structure on
P(R), it does not induce a lattice order on P(Rd) for d > 1 (cf. [105] and [138]). Also,
Lemma 4.1.11 does not hold, in general, for multidimensional settings, as the following
counterexample shows.
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Example 10. Consider a 2-dimensional Brownian motion W = (W 1,W 2). For any
R-valued integrable progressively measurable process u, let Xu = (X1,u, X2,u) be the
solution to

X1,u
t =

∫ t

0
usds+W 1

t , X2,u
t = −

∫ t

0
usds+W 2

t .

Taking a positive u, we see that X1,u ∨X1,−u = X1,u, while X2,u ∨X2,−u = X2,−u. This
means that the first component of Xu ∨X−u should be controlled by u, while the second
component should be controlled by −u. Therefore, Xβ 6= Xu ∨X−u for any control β.

Nevertheless, the results in this chapter can be extended to suitable multidimen-
sional settings where the actual dependence on the measure is only through one of its
one-dimensional marginals, and Lemma 4.1.11 and Proposition 4.1.12 hold.

For example, take d > 1 and a d-dimensional Brownian motion W = (W 1, . . . ,W d),
on a complete filtered probability space (Ω,F ,F,P). Consider closed sets U i ⊂ R,
i = 1, . . . , d. Admissible controls are d-dimensional square integrable progressively mea-
surable processes u = (u1, . . . , ud) taking values in U1 × ... × Ud. Take measurable
functions

bi, li : Ω× [0, T ]× R× U i → R, i = 1, ..., d,

f : Ω× [0, T ]× Rd × P(R)→ R, g : Ω× Rd × P(R)→ R,

and a d-dimensional F0-measurable square integrable random variable x0 = (x1
0, ..., x

d
0).

For each admissible control u, let the process Xu = (X1,u, ..., Xd,u) denote the solution
to the system

dX i,u
t = bi(t,X i,u

t , uit)dt+ dW i
t , t ∈ [0, T ], X i,u

0 = xi0, i = 1, ..., d.

Next, for any given measurable flow µ = (µt)t∈[0,T ] of probability measures on B(R), we
consider the cost functional

J(u, µ) := E
[ ∫ T

0

[
f(t,Xu

t , µt) +
d∑
i=1

li(t,X i,u
t , uit)

]
dt+ g(Xu

T , µT )
]
.

We enforce an analogous of Assumption 4.1.2; that is, we assume that for each flow µ
the exists a unique optimal pair (Xµ, uµ) with Xµ satisfying some tightness condition
uniformly in µ.

Notice that we assume that the minimization problem depends on a measure on R,
not on Rd. For example, the problem can depend only on one fixed marginal, say the
first. In this spirit, a MFG solution is a measurable flow µ∗ = (µ∗t )t∈[0,T ] of probabilities
such that

µ∗t = P ◦ (X1,µ∗
t )−1 for each t ∈ [0, T ].

Now, since the components of Xu are decoupled, we easily see that Lemma 4.1.11
can be recovered. However, in order to deal with the multidimensional setting, we need
to enforce a stronger version of Assumption 4.1.9.
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Assumption 4.4.1. For P⊗ dt a.a. (ω, t) ∈ Ω× [0, T ], for φ ∈ {f(t, ·, ·), g}, we have

φ(x̄ ∨ x, µ)− φ(x̄, µ) ¬ φ(x, µ)− φ(x̄ ∧ x, µ),

for all x̄, x ∈ Rd and µ ∈ P(R), and

φ(x̄, µ̄)− φ(x, µ̄) ¬ φ(x̄, µ)− φ(x, µ),

for all x̄, x ∈ Rd and µ̄, µ ∈ P(R) s.t. x̄  x and µ̄ st µ.

By the additive structure of the running cost involving the controls, using Assump-
tion 4.4.1 we can adapt the proof of Proposition 4.1.12 to prove that the best-reply-map
is increasing. Therefore, for this particular setup, the arguments of Section 4.1 can be
recovered, and Theorems 4.1.14 and (by making an analogous of Assumption 4.1.15)
4.1.17 can be extended.

4.4.2 On linear-quadratic MFG

Assumption 4.1.9 is fulfilled in the linear-quadratic case

b(t, x, u) = ct + ptx+ qtu,

f(t, x, µ) + l(t, x, u) =
1
2
ntu

2 +
1
2

(mtx+ m̂t〈id, µ〉)2,

g(x, µ) =
1
2

(htx+ ĥt〈id, µ〉)2,

where id(y) = y, and for deterministic continuous functions ct, pt, qt, nt, mt, m̂t, ht, and
ĥt such that inft∈[0,T ] qt > 0, inft∈[0,T ] nt > 0, ntm̂t ¬ 0 and htĥt ¬ 0 for each t ∈ [0, T ].

However, the tightness condition (2) in Assumption 4.1.2 is not satisfied unless we
consider a compact control set U . In fact, when U is not compact, there is a coun-
terexample in Section 7 of [120], which shows that a mean field game solution may not
exist.

Nevertheless, our approach allows to treat non-standard linear-quadratic mean field
games, as for example the one considered in Subsection 2.2 in [67].

4.4.3 On a geometric dynamics

Our results still hold true if we replace (4.1.1) with a dynamics of the geometric
form

dXt = b(t,Xt, ut)Xtdt+ σtXtdWt, t ∈ [0, T ], X0 = x0, (4.4.1)

for some square-integrable positive r.v. x0, a bounded drift b and a bounded stochastic
process σ. Indeed, for each square-integrable process u there exists a unique strong
solution Xu to the latter SDE, and classical estimates show that there exists a constant
M > 0 such that

sup
t∈[0,T ]

E[|Xu
t |2] ¬M ;
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hence, the tightness condition in Assumption 4.1.2 is satisfied. Moreover, the solution
to (4.4.1) can be represented as

Xu
t = x0 exp

( ∫ t

0

(
b(s,Xu

s , us)−
1
2
σ2
s

)
ds+

∫ t

0
σsdWs

)
, t ∈ [0, T ],

and the mapping x 7→ exp(x) is monotone. Hence, since x0 is positive, for any couple
of admissible controls u, ū, we have that for each t ∈ [0, T ] P-a.s.

X ū
t  Xu

t if and only if
∫ t

0
b(s,X ū

s , ūs)ds 
∫ t

0
b(s,Xu

s , us)ds.

The latter property allows to repeat all the arguments employed in the proof of Lemma
4.1.11 and (mutatis mutandis) to carry on the analysis that lead to the existence results
of Theorems 4.1.14 and 4.2.6.

4.4.4 On mean field dependent dynamics

For a suitable choice of the costs f , g and l, Theorem 4.1.14 still holds if we have
a “sufficiently simple” mean field dependence in the dynamics of the system. For the
sake of illustration, we discuss here two examples.

Let U be a compact subset of R. For any admissible process u and any measurable
flow of probability measures µ, consider a state process given by

dXt = Xt(ut +m(µt))dt+ σXtdWt, t ∈ [0, T ], X0 = x0, (4.4.2)

where x0 is a positive square-integrable r.v. and m : P(R) → R is a bounded function
which is measurable with respect to the Borel σ-algebra associated to the topology of
weak convergence of probability measures. Assume moreover that m is increasing with
respect to the first order stochastic dominance.

Notice that, for each measurable flow µ and for each admissible u, the SDE (4.4.2)
admits the explicit solution

Xu,µ
t = Et(u)Mt(µ), (4.4.3)

where

Et(u) := x0 exp
(∫ t

0

(
us −

σ2

2

)
ds+ σWt

)
and Mt(µ) := exp

(∫ t

0
m(µs)ds

)
.

Since U is compact and m is bounded, we can find a constant K > 0 which is indepen-
dent of µ, such that

sup
t∈[0,T ]

E[|Xu,µ
t |2] ¬ K.

The latter implies the tightness condition in Assumption 4.1.2. As in Subsection 4.1.2,
this allows us to define a set L of feasible flows of measures, and to show that (L,¬L)
is a complete lattice.

Given µ ∈ L and two admissible controls u and ū, as in Lemma 4.1.11 we can
construct u∨ and u∧ such that Xu,µ

t ∨X ū,µ
t = Xu∨,µ

t and Xu,µ
t ∧X ū,µ

t = Xu∧,µ
t . Moreover,
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due to the particular structure of (4.4.2), the construction of u∨ and u∧ does not depend
on µ.

Consider now cost functions l(t, x, u) = u2/2 and f(t, x, µ) = xψ(µ), for a mea-
surable function ψ : P(R) → R− which is decreasing w.r.t. the first order stochastic
dominance. With such a choice of the costs, the functional J is strictly convex w.r.t. u.
Hence, for each µ ∈ L, there exists a unique minimizer u of J(·, µ) (see, e.g., Theorem
5.2 in [168]). We then have the following result.

Lemma 4.4.2. The best-response-map R : L→ L is increasing.

Proof. Take µ, µ̄ ∈ L with µ ¬L µ̄. Let u ∈ arg min J(·, µ) and ū ∈ arg min J(·, µ̄).
Similarly to Lemma 4.1.12, we first see that

0  J(u, µ)− J(u∧, µ) = J(u∨, µ)− J(ū, µ). (4.4.4)

We also observe that, exploiting (4.4.3), the monotonicity of m and the fact that ψ is
negative and decreasing, one has

(Xu∨,µ
t −X ū,µ

t )ψ(µt) = (Et(u∨)− Et(ū))Mt(µ)ψ(µt) (4.4.5)

 (Et(u∨)− Et(ū))Mt(µ̄)ψ(µ̄t) = (Xu∨,µ̄
t −X ū,µ̄

t )ψ(µ̄t).

Thus, combining (4.4.4) and (4.4.5), we obtain

0  J(u∨, µ)− J(ū, µ) = E
[ ∫ T

0

(
(u∨t )2

2
− ū2

t

2
+ (Xu∨,µ

t −X ū,µ
t )ψ(µt)

)
dt

]

 E
[ ∫ T

0

(
(u∨t )2

2
− ū2

t

2
+ (Xu∨,µ̄

t −X ū,µ̄
t )ψ(µ̄t)

)
dt

]
= J(u∨, µ̄)− J(ū, µ̄).

Hence u∨ ∈ arg min J(·, µ̄), which, by uniqueness, implies that u∨ = ū. This in turn im-
plies that Et(u∨) = Et(u)∨Et(ū) = Et(ū). Hence, Et(u) ¬ Et(ū) and, by monotonicity
of m, we find Xu,µ

t = Et(u)Mt(µ) ¬ Et(ū)Mt(µ̄) = X ū,µ̄
t and R(µ) = P ◦ (Xu,µ

t )−1 ¬L

P ◦ (X ū,µ̄
t )−1 = R(µ̄), which completes the proof.

Thanks to Lemma 4.4.2, we can invoke Tarski’s fixed point theorem in order to
deduce that the set of mean field game equilibria is a nonempty and complete lattice.

Remark 4.4.3. Statements analogous to the previous ones still hold if we consider a
controlled Ornstein-Uhlenbeck process with mean field term in the dynamics; that is, if
the state process is given by

dXt =
(
κXt + ut +m(µt)

)
dt+ σdWt, t ∈ [0, T ], X0 = x0, κ ∈ R, σ  0, (4.4.6)

for a measurable bounded increasing function m : P(R)→ R.
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4.5 On mean field games with common noise

Our approach allows also to treat submodular mean field games with common noise.
We refer to the recent works [48], [67] and [156] for a related setup. In the following
we discuss two examples of mean field games with regular or singular controls, and in
which the representative player interacts with the population through the conditional
mean of its state given the common noise.

We fix the probabilistic setup for this section. Let W and B be two independent
Brownian motions on a complete filtered probability space (Ω,F ,F,P). Here, the Brow-
nian motion B stands for the common noise, while W represents the idiosyncratic noises
affecting the state processes in the pre-limit N -player game. Let FB be the natural fil-
tration generated by B augmented by all P-null sets, and define MB to be the set of
all real-valued FB-progressively measurable processes. Finally, let x0 ∈ L2(Ω,F0,P),
σ  0, and σ0 > 0.

4.5.1 Regular controls and common noise

For each u ∈ U (see the beginning of Subsection 4.1.1), consider a dynamics of the
system given by

dXt = b(t,Xt, ut)dt+ σdWt + σ0dBt, t ∈ [0, T ], X0 = x0, (4.5.1)

for some measurable function b satisfying the requirements in (4.1.2).
For any given process m ∈MB, consider the optimization problem inf J(·,m), with

J defined by

J(u,m) := E
[∫ T

0

[
f(t,Xu

t ,mt) + l(t,Xu
t , ut)

]
dt+ g(Xu

T ,mT )
]
, u ∈ U ,

for appropriately measurable functions f : Ω×[0, T ]×R2 → R, l : Ω×[0, T ]×R×U → R
and g : Ω × R2 → R. Notice that f and g are now functions of the process m, which
represents the conditional mean of the population given the common noise B.

We enforce the following conditions.

Assumption 4.5.1.

1. The control space U is compact.

2. For each process m ∈ LB, there exists a unique optimal pair (Xm, um).

3. For P ⊗ dt a.a. (ω, t) ∈ Ω × [0, T ], the functions f(t, ·, ·) and g have decreasing
differences in (x, y); that is, for φ ∈ {f(t, ·, ·), g},

φ(x̄, ȳ)− φ(x, ȳ) ¬ φ(x̄, y)− φ(x, y),

for all x̄, x, ȳ, y ∈ R s.t. x̄  x and ȳ  y.
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Notice that, since we assume the control set U to be compact, then, by a standard
use of Grönwall inequality, we can find a constant C > 0 such that the solution Xu to
the SDE (4.5.1) satisfies (P-a.s.) the estimate

|Xu
t | ¬ C

(
1 + |x0|+ σ sup

s∈[0,t]
|Ws|+ σ0 sup

s∈[0,t]
|Bs|

)
=: Yt for all t ∈ [0, T ] and u ∈ U .

Moreover, notice that the process Y := (Yt)t∈[0,T ] belongs to L2(Ω × [0, T ]), and that
the process Z defined by

Zt := E[Yt|FB

T ], P-a.s., t ∈ [0, T ],

is FB-progressively measurable.
Therefore, define LB to be the set of all real-valued FB-progressively measurable

processes m = (mt)t∈[0,T ] such that |mt| ¬ Yt P-a.s., for each t ∈ [0, T ]. Next, introduce
the map R : LB → LB defined by

R(m)t := E[Xm
t |FB

T ] P-a.s., t ∈ [0, T ].

Notice that R(m) is FB-adapted (see Remark 1 in [156]) and continuous in t, and
therefore FB-progressively measurable.

Definition 11. A process m∗ ∈ LB is a strong MFG solution to the MFG with common
noise if

m∗t = E[Xm∗

t |FBT ], P-a.s., t ∈ [0, T ].

Consider on LB the order relation given by m ¬ m if and only if mt ¬ mt P⊗dt-a.e.
Since LB is a bounded subset of the Dedekind complete lattice L2(Ω × [0, T ]), it is a
complete lattice. Moreover, as in Remark 4.1.13, for m,m ∈ LB with m ¬ m we have
that Xm

t ¬ Xm
t for each t ∈ [0, T ], P-a.s., and hence

R(m)t = E[Xm
t |FB

T ] ¬ E[Xm
t |FB

T ] = R(m)t, P-a.s., for every t ∈ [0, T ],

which implies that R : LB → LB is increasing. Once more, using Tarski’s fixed point
theorem, we have proved the following result.

Theorem 4.5.2. Under Assumption 4.5.1, the set of strong solutions of the MFG with
common noise is a nonempty complete lattice.

Remark 4.5.3. We point out that Theorem 4.5.6 guarantees existence of a strong
solution to the MFG; that is, a solution which is adapted to the common noise. As
a matter of fact, results on the existence of strong solutions are still relatively limited
in the literature on MFGs with common noise, and they are usually proved through
uniqueness results (see e.g. Section 6 in [48]), in the spirit of the Yamada-Watanabe
theory for weak and strong solutions to standard SDEs.

Remark 4.5.4. Notice that the crucial step in order to obtain Theorem 4.5.6 is the
inequality Xm

t ¬ Xm
t , for each t ∈ [0, T ], whenever m ¬ m. Following the arguments

developed in Subsection 4.4.4 for MFG without common noise, a similar relation can be
established also in the case of mean field dependent dynamics as in (4.4.2) or (4.4.6) with
an additional common noise term σ0dBt. Note that the latter mean-reverting dynamics
is exactly the one considered in [67] and [156].
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4.5.2 Singular controls and common noise

For simplicity, we will work under the finite fuel assumption. Indeed, for a constant
Ψ > 0, define the set of admissible singular controls as the set A(Ψ) of all F-adapted
càdlàg, nondecreasing and nonnegative processes ξ satisfying ξT ¬ Ψ, P-a.s. For each
ξ ∈ A(Ψ), let Xξ denote a linearly controlled Ornstein–Uhlenbeck process; that is, the
solution of the SDE

dXξ
t = θ(λ−Xξ

t )dt+ σdWt + σ0dBt + dξt, t ∈ [0, T ], Xξ
0− = x0. (4.5.2)

For any given process m ∈ MB, consider the optimization problem inf J(·,m), with J
defined by

J(ξ,m) := E
[ ∫ T

0
f(t,Xξ

t ,mt)dt+ g(Xξ
T ,mT ) +

∫
[0,T ]

ctdξt

]
, ξ ∈ A(Ψ),

for appropriately measurable functions f : Ω× [0, T ]× R2 → R, c : Ω× [0, T ]→ [0,∞)
and g : Ω× R2 → R.

We enforce the following requirements.

Assumption 4.5.5.

1. P⊗dt a.a. (ω, t) ∈ Ω× [0, T ], the functions f(t, ·, y) and g(·, y) are strictly convex
and lower semi-continuous, satisfying, for all (ω, t, x, y) ∈ Ω× [0, T ]×R×R and
some K > 0, the growth conditions

|f(t, x, y)|+ |g(x, y)| ¬ K(1 + |x|2);

2. For P ⊗ dt a.a. (ω, t) ∈ Ω × [0, T ], the functions f(t, ·, ·) and g have decreasing
differences in (x, y); that is, for φ ∈ {f(t, ·, ·), g},

φ(x̄, ȳ)− φ(x, ȳ) ¬ φ(x̄, y)− φ(x, y),

for all x̄, x, ȳ, y ∈ R s.t. x̄  x and ȳ  y.

3. The function c is continuous.

Notice that the controlled state processes can be explicitly written as

Xξ
t = e−θt

(
x0 + λ(eθt − 1) +

∫ t

0
eθs(σdWs + σ0dBs) +

∫
[0,t]

eθsdξs

)
. (4.5.3)

Also, by the finite fuel assumption, we have

0 ¬
∫

[0,t]
eθsdξs ¬ 2Ψe|θ|T , for all t ∈ [0, T ], P-a.s.

Hence, defining the square integrable stochastic process Y Ψ by

Y Ψ
t := e−θt

(
|x0 + λ(eθt − 1)|+

∣∣∣∣∣σ
∫ t

0
eθsσdWs

∣∣∣∣∣+ σ0

∣∣∣∣∣
∫ t

0
eθsdBs

∣∣∣∣∣+ 2Ψe|θ|T
)
,
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we have that the solution Xξ to the SDE (4.5.2) satisfies (P-a.s.) the estimate

|Xξ
t | ¬ Y Ψ

t for all t ∈ [0, T ] and ξ ∈ A(Ψ). (4.5.4)

Therefore, defining the FB-progressively measurable process ZΨ by ZΨ
t := E[Y Ψ

t |FB
T ],

introduce the set LB as the set of all real-valued FB-progressively measurable processes
m such that |mt| ¬ ZΨ

t P-a.s., for each t ∈ [0, T ]. As in Subsection 4.5.1, LB is a
complete lattice.

Under Assumption 4.5.5, for any process m there exists a unique optimal pair
(Xm, ξm). This can be shown adapting arguments from the proof of Lemma 2.2.7 in
Chapter 2, or following the proof of Theorem 8 in [135]. Therefore, we can introduce
the map R : LB → LB defined by

R(m)t := E[Xm
t |FBT ], P-a.s., t ∈ [0, T ].

Via an approximation of singular controls through Lipschitz controls (see the Step 1
in the proof of Lemma 4.3.4), using Remark 1 in [156] one can show that R(m) is FB-
progressively measurable. Therefore, we can define the notion of strong solution to the
MFG with singular controls and common noise analogously to Definition 11.

Next, thanks to the explicit expression (4.5.3), one can easily check that, for ξ, ξ̄ ∈
A(Ψ), we have Xξ ∧X ξ̄ = Xξ∧ and Xξ ∨X ξ̄ = Xξ∨ by setting

ξ∧t :=
∫

[0,t]
e−θsd(ζ ∧ ζ̄)s, ξ∨t :=

∫
[0,t]

e−θsd(ζ ∨ ζ̄)s, ζ :=
∫

[0,t]
eθsdξs, ζ̄ :=

∫
[0,t]

eθsdξ̄s.

Furthermore, we have ξ∧, ξ∨ ∈ A(Ψ) and the construction of ξ∧, ξ∨ allows to repeat the
arguments of Lemma 3.1.2 in order to deduce that the best-reply-map R is increasing.
This allows to prove the following result.

Theorem 4.5.6. Under Assumption 4.5.5, the set of strong solutions of the MFG with
singular controls and common noise is a nonempty complete lattice.



Chapter 5

Stationary mean field games with
singular controls

We study stationary mean field games with singular controls in which the represen-
tative player interacts with a long-time weighted average of the population through a
discounted and an ergodic performance criterion. This class of games finds natural ap-
plications in the context of optimal productivity expansion in dynamic oligopolies. We
prove existence and uniqueness of the mean field equilibria, which are completely char-
acterized through nonlinear equations. Furthermore, we relate the mean field equilibria
for the discounted and the ergodic games by showing the validity of an Abelian limit.
The latter allows also to approximate Nash equilibria of symmetric N -player ergodic
singular control games through the mean field equilibrium of the discounted game.

5.1 The probabilistic setting

We introduce here the probabilistic setting for our model. On a given complete
filtered probability space (Ω,F ,F,P) satisfying the usual conditions, consider an F-
Brownian motion W . Set R+ := (0,∞), and for any x ∈ R+, let the process Xx denote
the unique strong solution to the uncontrolled SDE

dXx
t = b(Xx

t )dt+ σ(Xx
t )dWt, t  0, Xx

0 = x. (5.1.1)

Existence and uniqueness of such a solution is ensured by the following assumption (cf.
Theorem 7 in Chapter V of [145]).

Assumption 5.1.1. The coefficients b : R+ → R and σ : R+ → R+ are continuously
differentiable. Furthermore, b and σ are (globally) Lipschitz continuous, and σσ′ is
locally Lipschitz.

The locally Lipschitz property of σσ′, as well as the Lipschitz continuity of b, will be
needed in our subsequent analysis (cf. (5.1.3) and Proof of Lemma 5.4.1, respectively).

Furthermore, under Assumption 5.1.1, the process Xx is nondegenerate, and for any
xo ∈ R+ there exists ε > 0 (depending on xo) such that∫ xo+ε

xo−ε

1 + |b(z)|
σ2(z)

dz < +∞. (5.1.2)

123
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The latter guarantees that Xx is a regular diffusion. That is, starting from x ∈ R+, Xx

reaches any other y ∈ R+ in finite time with positive probability.
In our subsequent analysis, an important role will be also played by the one-

dimensional Itô-diffusion X̂x evolving as

dX̂x
t =

[
b(X̂x

t ) + (σσ′)(X̂x
t )
]
dt+ σ(X̂x

t )dŴt, X̂x
0 = x ∈ R+, (5.1.3)

for some one-dimensional F-Brownian motion Ŵ .
Notice that, under Assumption 5.1.1, there exists a unique strong solution to (5.1.3),

up to a possible explosion time. Moreover, one has that for any xo ∈ R+ there exists
ε > 0 such that ∫ xo+ε

xo−ε

1 + |b(z)|+ |σσ′(z)|
σ2(z)

dz < +∞, (5.1.4)

ensuring that X̂x is a regular diffusion as well.

5.1.1 Characteristics and requirements on the diffusion pro-
cess

In this subsection we recall useful basic characteristics of the diffusion processes Xx

and X̂x. We refer to Chapter II in [29] for further details.
The infinitesimal generator related to the uncontrolled SDE (5.1.1) is denoted by

LX and is defined as the second-order differential operator

(LXf) (x) :=
1
2
σ2(x)f ′′(x) + b(x)f ′(x), f ∈ C2(R+), x ∈ R+. (5.1.5)

On the other hand, the infinitesimal generator of (5.1.3) is denoted by L
X̂

and is such
that

(L
X̂
f) (x) :=

1
2
σ2(x)f ′′(x) + (b(x) + σ(x)σ′(x))f ′(x), f ∈ C2(R+), x ∈ R+.

(5.1.6)

For r > 0, we introduce ψr and φr as the fundamental solutions to the ordinary
differential equation (ODE),

LXu(x)− ru(x) = 0, x ∈ R+, (5.1.7)

and we recall that they are strictly increasing and decreasing, respectively. For an
arbitrary xo ∈ R+ we also denote by

S ′(x) := exp
(
−
∫ x

xo

2b(z)
σ2(z)

dz

)
, x ∈ R+,

the derivative of the scale function of X, and we observe that the derivative of the speed
measure of X is given by

m′(x) :=
2

σ2(x)S ′(x)
.



5.1 The probabilistic setting 125

Together with the killing measure, scale function and speed measure represent the basic
characteristics of any diffusion process. In particular, S is related to the drift of the
diffusion and, more specifically, to the probability of the diffusion leaving an interval
either from its left or right endpoint. On the other hand, it can be shown that the
transition probability of a regular diffusion is absolutely continuous with respect to the
speed measure.

Throughout this chapter we assume that∫ ∞
a

m′(y)dy <∞, for any a > 0.

Moreover, when r − b′(x)  ro > 0 for x ∈ R+, any solution to the ODE

L
X̂
u(x)− (r − b′(x))u(x) = 0, x ∈ R+, (5.1.8)

can be written as a linear combination of the fundamental solutions ψ̂r and φ̂r, which are
strictly increasing and decreasing, respectively. Finally, letting xo ∈ R+ to be arbitrary,
we denote by

Ŝ ′(x) := exp
(
−
∫ x

xo

2b(z) + 2σ(z)σ′(z)
σ2(z)

dz

)
, x ∈ R+,

the derivative of the scale function of X̂, and by

m̂′(x) :=
2

σ2(x) Ŝ ′(x)

the density of its speed measure. One can easily check that the scale functions and speed
measures of X and X̂ are related through Ŝ ′(x) = S ′(x)/σ2(x) and m̂′(x) = 2/S ′(x),
for x ∈ R+.

Concerning the boundary behavior of the real-valued Itô-diffusions X and X̂, in the
rest of this chapter we assume that 0 and +∞ are natural boundaries for those two
processes. In particular, this means that 0 and ∞ are unattainable in finite time and
that, for each r > 0, we have

lim
x↓0

ψr(x) = 0, lim
x↓0

φr(x) = +∞, lim
x↑∞

ψr(x) = +∞, lim
x↑∞

φr(x) = 0, (5.1.9)

lim
x↓0

ψ′r(x)
S ′(x)

= 0, lim
x↓0

φ′r(x)
S ′(x)

= −∞, lim
x↑∞

ψ′r(x)
S ′(x)

= +∞, lim
x↑∞

φ′r(x)
S ′(x)

= 0. (5.1.10)

Also, when r − b′(x)  ro > 0 for each x ∈ R+, we have

lim
x↓0

ψ̂r(x) = 0, lim
x↓0

φ̂r(x) = +∞, lim
x↑∞

ψ̂r(x) = +∞, lim
x↑∞

φ̂r(x) = 0, (5.1.11)

lim
x↓0

ψ̂′r(x)
Ŝ ′(x)

= 0, lim
x↓0

φ̂′r(x)
Ŝ ′(x)

= −∞, lim
x↑∞

ψ̂′r(x)
Ŝ ′(x)

= +∞, lim
x↑∞

φ̂′r(x)
Ŝ ′(x)

= 0. (5.1.12)

Furthermore, we require that

lim
x↓0

φ′r(x) = −∞ and lim
x↑∞

ψ′r(x) =∞.
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Then, by arguing as in the second part of the proof of Lemma 4.3 in [7], one can show
that, under our conditions on X and X̂, one has φ̂r = −φ′r and ψ̂r = ψ′r.

Finally, the following useful equations hold for any 0 < a < b <∞:

ψ̂′r(b)
Ŝ ′(b)

− ψ̂′r(a)
Ŝ ′(a)

=
∫ b

a
ψ̂r(y)(r − b′(y))m̂′(y)dy,

φ̂′r(b)
Ŝ ′(b)

− φ̂′r(a)
Ŝ ′(a)

=
∫ b

a
φ̂r(y)(r − b′(y))m̂′(y)dy.

(5.1.13)

We summarize the requirements made in this subsection in the following assumptions.

Assumption 5.1.2.

1.
∫∞
a m′(y)dy <∞, for any a > 0;

2. The points 0 and +∞ are natural boundaries for the processes X and X̂;

3. limx↓0 φ
′
r(x) = −∞ and limx↑∞ ψ

′
r(x) =∞.

We conclude this discussion by noticing that all the requirements on X (and, conse-
quently, on X̂) assumed so far are satisfied, for example, by the relevant cases in which
X is a geometric Brownian motion with drift b(x) = −δx, δ > 0, or an affine mean-
reverting dynamics with drift b(x) = κ(λ − x) and volatility σ(x) = σx, for positive
κ, λ, σ.

5.2 The stationary mean field games

In this section we introduce the stationary mean field games (MFGs) that will be
the object of our study.

Introduce the set of singular controls as

A := {nonnegative nondecreasing F-adapted càdlàg processes} ,

and, for x ∈ R+ and ξ ∈ A, let Xx;ξ denote the unique strong solution to the controlled
SDE

dXx;ξ
t = b(Xx;ξ

t )dt+ σ(Xx;ξ
t )dWt + dξt, Xx;ξ

0− = x ∈ R+. (5.2.1)

Next, for any ξ ∈ A, x ∈ R+, and θ ∈ R+ we consider the discounted expected profit

J(x, ξ, θ; r) := E
[ ∫ ∞

0
e−rsh(Xx;ξ

s , θ)ds−
∫

[0,∞)
e−rsdξs

]
, r > 0, (5.2.2)

as well as the ergodic expected profit

G(x, ξ, θ) := lim sup
T↑∞

1
T
E
[ ∫ T

0
h(Xx;ξ

s , θ)ds− ξT
]
. (5.2.3)
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In (5.2.2) and (5.2.3), h : R2 → [0,∞) is an instantaneous profit function and the
control processes are picked from the following two classes of admissible controls

Ad :=
{
ξ ∈ A

∣∣∣∣E[∫[0,∞) e
−rsdξs

]
<∞

}
, (5.2.4)

Ae :=
{
ξ ∈ A

∣∣∣E[ξT ] <∞, for all T > 0
}
,

respectively. In order to simplify notation, in the sequel we shall omit the dependency
on r of the set Ad, which in fact will be clear from the context. Furthermore, as in (2.1.5)
in Chapter 2, the integral

∫
[0,∞) e

−rsdξs in (5.2.2) is intended in the Lebesgue-Stieltjes
sense and it includes the cost of a possible initial jump of ξ of amplitude ξ0.

For a probability measure µ on R+ such that
∫
R+
f(x)µ(dx) <∞, we define

θ(µ) := F

(∫
R+

f(x)µ(dx)
)
, (5.2.5)

where F and f are strictly increasing nonnegative functions. In the mean field games de-
fined through the next Definitions 12 and 13, the term θ = θ(µ) appearing in (5.2.2) and
(5.2.3) describes a suitable mean with respect to the stationary distribution µ = PXx;ξ

∞

of the optimally controlled state process Xx;ξ (provided that one exists). For example,
if Xx;ξ describes the productivity of the representative company, then µ provides the
distribution of the asymptotic productivity, and its weighted average – with weight
function f – defines a price index through the function F (cf. Remark 5.2.2 below).

In the sequel, we focus on the following definition of MFG equilibria.

Definition 12 (Equilibrium of the discounted MFG). For r > 0 and x ∈ R+, a couple
(ξ̄r, θ̄r) ∈ Ad × R+ is said to be an equilibrium of the discounted MFG for the initial
condition x if

1. J(x, ξ̄r, θ̄r; r)  J(x, ξ, θ̄r; r), for any ξ ∈ Ad;

2. The optimally controlled process X̄x := X̄x;ξ̄r admits a limiting distribution PX̄x
∞

satisfying θ̄r = θ(PX̄x
∞

).

Definition 13 (Equilibrium of the ergodic MFG). For x ∈ R+, a couple (ξ̄e, θ̄e) ∈
Ae × R+ is said to be an equilibrium of the ergodic MFG for the initial condition x if

1. G(x, ξ̄e, θ̄e)  G(x, ξ, θ̄e), for any ξ ∈ Ae;

2. The optimally controlled process X̄x := X̄x;ξ̄e admits a limiting distribution PX̄x
∞

satisfying θ̄e = θ(PX̄x
∞

).

We enforce the following structural conditions on the running profit and weight
function.

Assumption 5.2.1.

1. The running profit h : R2
+ → [0,+∞) belongs to C2(R2

+). Furthermore,
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(a) h(·, θ) is concave and nondecreasing for any θ ∈ R+;

(b) h has strictly decreasing differences; that is, hxθ(x, θ) < 0 for any (x, θ) ∈ R2
+;

(c) For any x ∈ R+,

lim
θ↓0

hx(x, θ) = +∞ and lim
θ↑∞

hx(x, θ) = 0;

(d) For any 0 < a < b <∞ there exists a function ha,b : R+ → R+ such that

|hxθ(x, θ)| m̂′(x) ¬ ha,b(x), for any x ∈ R+, θ ∈ (a, b),

with ha,b ∈ L1(κ,∞) for any κ ∈ R+.

2. The weight functions F and f appearing in (5.2.5) satisfies:

(a) The functions F, f : [0,∞) → [0,∞) are continuously differentiable with
F ′, f ′ > 0 and, for β ∈ (0, 1) and a constant C > 0, they satisfy the growth
conditions:

f(x) ¬ C(1 + |x|β),

F (x) ¬ C(1 + |x|
1
β ),

|F (y)− F (x)| ¬ C(1 + |x|+ |y|)
1
β
−1|y − x|,

for any y, x ∈ R+;

(b) limy↑∞ F (y) = +∞ and limy↑∞ f(y) = +∞.

Remark 5.2.2. With regard to the formulation of a game of productivity expansion
as a stationary mean field game, a benchmark example of running profit function and
average satisfying Assumption 5.2.1 are

h(x, θ) := xβ θ−(1+β), θ := θ(µ) =
(∫

R+

xβµ(dx)
) 1
β

, β ∈ (0, 1).

Such a form of interaction can be obtained from the so-called isoelastic demand obtained
from Spence-Dixit-Stiglitz preferences (see, e.g., footnote 5 in [1] for such a derivation).

5.3 Existence, uniqueness, and characterization of
the mean field equilibria

In this section, the discounted MFG problem and the ergodic MFG problem are
solved. In particular, existence and uniqueness of equilibria is shown by charaterizing
the equilibria in terms of the unique solution to systems of nonlinear equations.
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5.3.1 On the discounted stationary MFG

In order to deal with the discounted MFG problem for a fixed discount factor r > 0,
we make the following additional requirement (see also [102], [118], among others).

Assumption 5.3.1.

1. For each x ∈ R+ we have r − b′(x)  2c > 0, for a constant c > 0;

2. For any θ ∈ R+, there exists x̂r(θ) ∈ R+ such that

hx(x, θ)− r + b′(x)


< 0, x > x̂r(θ),
= 0, x = x̂r(θ),
> 0, x < x̂r(θ).

Condition 1 above guarantees that the discount rate is (uniformly) larger than the
marginal growth rate of the diffusion X. It is automatically satisfied in the particular
cases in which X is a geometric Brownian motion with drift b(x) = −δx, δ > 0, or it
is an affine mean-reverting process with drift b(x) = κ(λ− x), κ, λ > 0 (and volatility
σ(x) = σx, σ > 0). Moreover, bearing in mind the mean field game of productivity
expansion discussed in the introduction, Condition 2 in Assumption 5.3.1 ensures the
following: The marginal running profit hx, net of the “user cost of capital” r−b′, changes
sign at most once. Such a requirement guarantees that the mean field equilibrium is
of threshold type, as in fact, for any given θ, it should not be profitable to increase
productivity via costly investment when hx(x, θ)− r + b′(x) < 0. This is formalized in
the following theorem.

Theorem 5.3.2. Let r > 0, and let Assumptions 5.1.1, 5.1.2, 5.2.1, and 5.3.1 hold.
For any x ∈ R+, there exists a unique equilibrium (ξ̄r, θ̄r) of the discounted MFG.

Moreover, ξ̄r makes the state process reflected upward at the barrier x̄r < x̂r(θ̄r),
and the couple (x̄r, θ̄r) is determined as the unique solution to the system∫ ∞
x̄r

φ̂r(y)
(
hx(y, θ̄r)− r + b′(y)

)
m̂′(y)dy = 0 and

∫ ∞
x̄r

(f(y)− F−1(θ̄r))m′(y)dy = 0.

(5.3.1)

Proof. The proof is organized in two steps.

Step 1. For any fixed θ ∈ R+, here we solve the problem

V (x, θ; r) := sup
ξ∈Ad

E
[ ∫ ∞

0
e−rsh(Xx;ξ

s , θ)ds−
∫

[0,∞)
e−rsdξs

]
. (5.3.2)

We shall see that an optimal control for (5.3.2) is such that to keep (with minimal effort)
the state process above a trigger x̄(θ). Although the arguments of this step are somehow
classical (see, e.g., [102]) we sketch here their main ideas for the sake of completeness.
In the following, in order to simplify the exposition, we do not explicitly stress the
dependency on r, unless strictly necessary.
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Motivated by the intuition that a costly investment should be made only when the
productivity is sufficiently low, for any x ∈ R+ we define the candidate value

v(x, θ) :=

Aφr(x) + v(x, θ), x > x̄(θ),
(x− x̄(θ)) + v(x̄(θ), θ), x ¬ x̄(θ),

(5.3.3)

for constants A and x̄(θ) to be found, and with

v(x, θ) := E
[ ∫ ∞

0
e−rsh(Xx

s , θ)ds
]
,

which is finite due to Conditions 1 and 2 in Assumption 5.3.1.
In order to determine A and x̄(θ) we impose that v(·, θ) belongs to C2(R+), from

which we obtain that

A = −vxx(x̄(θ), θ)
φ′′r(x̄(θ))

(5.3.4)

and
vx(x̄(θ), θ)φ′′r(x̄(θ))− vxx(x̄(θ), θ)φ′r(x̄(θ)) = φ′′r(x̄(θ)).

Now, using that φ′r(x) = −φ̂r(x) and dividing both members of the latter by Ŝ ′(x̄(θ))
we obtain

vxx(x̄(θ), θ)φ̂r(x̄(θ))− vx(x̄(θ), θ)φ̂′r(x̄(θ))
Ŝ ′(x̄(θ))

= − φ̂
′
r(x̄(θ))
Ŝ ′(x̄(θ))

. (5.3.5)

Notice now that for any function w ∈ C2(R+), standard differentiation, and the fact
that L

X̂
Ŝ = 0 and (L

X̂
− (r − b′))g = 0 for g ∈ {ψ̂, φ̂}, yield

d

dx

[
w′(x)
Ŝ ′(x)

φ̂r(x)− φ̂′r(x)
Ŝ ′(x)

w(x)
]

= φ̂r(x)m̂′(x)
(
L
X̂
− (r − b′(x))

)
w(x). (5.3.6)

This last relation applied to the left-hand side of (5.3.5) with w = vx, and to the
right-hand side of (5.3.5) with w = 1 gives

−
∫ ∞
x̄(θ)

φ̂r(y)m̂′(y)(L
X̂
− (r − b′(y)))vx(y, θ)dy =

∫ ∞
x̄(θ)

φ̂r(y)(r − b′(y))m̂′(y)dy. (5.3.7)

Using now that (L
X̂
−(r−b′(y)))vx(y, θ) = −hx(y, θ) we obtain from (5.3.7) a nonlinear

equation for x̄(θ):

K(x̄(θ), θ) = 0, where K(x, θ) :=
∫ ∞
x

φ̂r(y)
(
hx(y, θ)− r + b′(y)

)
m̂′(y)dy. (5.3.8)

Due to Assumption 5.2.1 it is easy to see that K(x̂r(θ), θ) < 0. Moreover,

Kx(x, θ) = −φ̂r(x)
(
hx(x, θ)− r + b′(x)

)
m̂′(x)

{
 0, x  x̂r(θ)
< 0, x < x̂r(θ).

(5.3.9)
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Also, for any x < x̂r(θ) − ε := x̂ε(θ), for suitable ε > 0, and for z ∈ (x, x̂ε(θ)), by the
integral mean-value theorem we find

K(x, θ) =
∫ x̂ε(θ)

x
φ̂r(y)

(
hx(y, θ)− r + b′(y)

)
m̂′(y)dy +K(x̂ε(θ), θ)

=
hx(z, θ)− r + b′(z)

r − b′(z)

(
φ̂′r(x̂ε(θ))
Ŝ ′(x̂ε(θ))

− φ̂′r(x)
Ŝ ′(x)

)
+K(x̂ε(θ), θ),

where (5.1.13) have been used in the last step. Using now that hx(z, θ)− r + b′(z) > 0
by Assumption 5.2.1, that r− b′(z)  2c > 0, and the equations in (5.1.12) we see that
that limx↓0K(x, θ) = ∞. The previous considerations thus lead to the existence of a
unique x̄(θ) ∈ (0, x̂r(θ)) solving (5.3.8). For later use, we stress that

Kx(x̄(θ), θ) < 0. (5.3.10)

It can then be checked that v(x, θ) as in (5.3.3) is a C2-solution to the HJB equation

min
{

(LX − r)u(x, θ) + h(x, θ), 1− ux(x, θ)
}

= 0. (5.3.11)

In turn, this allows to show, via a classical verification theorem (see, e.g., Theorem 4.1
at p. 300 in [81]), that v(x, θ) = V (x, θ) and that the control ξ̄(θ) such that

X
x;ξ̄(θ)
t  x̄(θ) and ξ̄t(θ) =

∫ t

0
1{Xx;ξ̄(θ)

s ¬x̄(θ)}dξ̄s(θ), ∀t  0 P-a.s., (5.3.12)

belongs to Ad and is optimal. As a matter of fact, since the free boundary x̄(θ) is a
constant, the latter control rule exists by classical results on the Skorokhod reflection
problem (cf. Chapter 6 in [93] and Chapter 3.6 in [109]).

Step 2. Since the control ξ̄(θ) reflects upward the process Xx;ξ̄(θ) at x̄(θ), thanks to
Assumption 5.1.2 the optimally controlled process Xx;ξ̄(θ) is positively recurrent and its
stationary distribution is such that (cf. Section 12 of Chapter II in [29])

P
X
x;ξ̄(θ)
∞

(dx) =
m′(x)1[x̄(θ),∞)(x)∫∞

x̄(θ) m
′(y)dy

dx.

It thus follows that the consistency equation (i.e., (2) in Definition 12) reads

θ = F

(∫ ∞
x̄(θ)

f(y)P
X
x,ξ̄(θ)
∞

(dy)
)

= F

(∫∞
x̄(θ) f(y)m′(y)dy∫∞

x̄(θ) m
′(y)dy

)
;

that is,

Q(θ) :=
∫ ∞
x̄(θ)

(f(y)− F−1(θ))m′(y)dy = 0. (5.3.13)

We now show that (5.3.13) admits a unique solution θ̄ so that (ξ̄, θ̄) := (ξ̄(θ̄), θ̄) is
the mean field equilibrium for the discounted stationary MFG.
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Recall the definition of x̄(θ) and K in (5.3.8). Since K ∈ C1(R2
+) due to Condition

1 in Assumption 5.2.1, by the implicit function theorem we find that θ 7→ x̄(θ) is
continuously differentiable and has derivative

d

dθ
x̄(θ) = −Kθ(x̄(θ), θ)

Kx(x̄(θ), θ)
< 0, (5.3.14)

where the last inequality follows from (5.3.10) and from the fact that θ 7→ hx(x, θ) is
strictly decreasing, by Assumption 5.2.1.

We thus have that Q as in (5.3.13) is continuously differentiable with derivative

d

dθ
Q(θ) = −(f(x̄(θ))− F−1(θ))m′(x̄(θ))

d

dθ
x̄(θ)− 1

F ′(F−1(θ))

∫ ∞
x̄(θ)

m′(y)dy. (5.3.15)

Let now θ̂ be the unique solution to f(x̄(θ)) − F−1(θ) = 0. Such a value indeed
exists. To see this notice that f ◦ x̄ is strictly decreasing and continuous. Moreover, by
using Condition 1c in Assumption 5.2.1, it can be shown that x̄(θ)→ +∞ as θ ↓ 0 and
x̄(θ)→ 0 as θ ↑ ∞, which, Condition 1b in Assumption 5.2.1, in turn gives

lim
θ↓0

f(x̄(θ))− F−1(θ) =∞ and lim
θ↑∞

f(x̄(θ))− F−1(θ) = −∞.

Then Q(θ̂) > 0 and d
dθ
Q(θ) < 0 for any θ  θ̂. Moreover, for any θ < θ̂,

Q(θ)  (f(x̄(θ))− F−1(θ))
∫ ∞
x̄(θ)

m′(y)dy > (f(x̄(θ̂))− F−1(θ̂))
∫ ∞
x̄(θ̂)

m′(y)dy = 0,

where the strictly decreasing property of f ◦ x̄ has been used. Finally, for θ > θo > θ̂
we see that

d

dθ
Q(θ) < − 1

F ′(F−1(θ))

∫ ∞
x̄(θo)

m′(y)dy,

where we have used that x̄(·) is decreasing. Hence,

Q(θ)−Q(θo) < −
(∫ θ

θo

1
F ′(F−1(z))

dz

)∫ ∞
x̄(θo)

m′(y)dy

= −(F−1(θ)− F−1(θ0))
∫ ∞
x̄(θo)

m′(y)dy,

and, taking limits as θ ↑ ∞ in the latter, and using that F−1(θ) → ∞, we obtain
Q(θ)→ −∞.

All the previous properties of Q imply that there exists a unique θ̄ > θ̂ solving the
consistency equation (5.3.13). Therefore, stressing now the dependency of the involved
quantities with respect to r, and setting (x̄r, θ̄r) := (x̄(θ̄), θ̄) and ξ̄r := ξ̄(θ̄r), we conclude
that (ξ̄r, θ̄r) is the unique equilibrium of the discounted stationary MFG, and that it
is characterized by the couple (x̄r, θ̄r) solving the system of equations (5.3.1). This
completes the proof of the theorem.



5.3 Existence, uniqueness, and characterization of the mean field equilibria 133

5.3.2 On the ergodic stationary MFG

Our analysis of the ergodic MFG problem is subject to the following requirements,
which are consistent to those in Assumption 5.3.1 when r = 0.

Assumption 5.3.3.

1. For each x ∈ R+ we have b′(x) < −2c < 0, for a constant c > 0;

2. For any θ ∈ R+, there exists x̂0(θ) ∈ R+ such that

hx(x, θ) + b′(x)


< 0, x > x̂0(θ),
= 0, x = x̂0(θ),
> 0, x < x̂0(θ).

Notice that the condition b′(x) < −2c < 0 is easily seen to be verified in the relevant
cases of X being a geometric Brownian motion and a mean-reverting affine process with
drift b(x) = κ(λ− x), κ, λ > 0, (and volatility σ(x) = σx, σ > 0).

Recall now the mean field game problem with ergodic net profit given by (5.2.3),
together with its notion of solution given in Definition 13. For each θ > 0, set

λ(θ) := sup
ξ∈Ae

lim sup
T↑∞

1
T
E
[ ∫ T

0
h(Xx;ξ

s , θ)ds− ξT
]

(5.3.16)

The next result provides a complete characterization of the ergodic mean field equi-
librium.

Theorem 5.3.4. Let Assumptions 5.1.1, 5.1.2, 5.2.1, and 5.3.3 hold. For any x ∈ R+,
there exists a unique equilibrium (ξ̄e, θ̄e) of the ergodic MFG.

Moreover, the process ξ̄e reflects the state process at the barrier x̄e < x̂0(θ̄e), and the
couple (x̄e, θ̄e) is determined as the unique solution to the system∫ ∞

x̄e
φ̂0(y)

(
hx(y, θ̄e) + b′(y)

)
m̂′(y)dy = 0 and

∫ ∞
x̄e

(f(y)− F−1(θ̄e))m′(y)dy = 0.

(5.3.17)
Finally, the value of the ergodic MFG at equilibrium is given by

λ(θ̄e) = b(x̄e) + h(x̄e, θ̄e). (5.3.18)

Proof. We divide the proof into two steps.

Step 1. We fix θ > 0 and we solve the control problem with ergodic profit (5.3.16). To
this aim, define T as the set of F-stopping times, and, recalling that b′(x) < −2c by
Condition 1 in Assumption 5.3.3, consider the auxiliary optimal stopping problem

u(x, θ) := inf
τ∈T

Ex
[ ∫ τ

0
e
∫ t

0
b′(X̂s)dshx(X̂t, θ)dt+ e

∫ τ
0
b′(X̂s)ds

]
. (5.3.19)
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By employing methods as in [4] (see in particular Theorem 5 therein), one can prove
that the value function u(·, θ) is C1(R+) with uxx(·, θ) ∈ L∞loc(R+), and that the optimal
stopping time is given by τ̄(x, θ) := inf{t  0 | X̂x

t ¬ x̄(θ)}, where x̄(θ) uniquely solves∫ ∞
x̄(θ)

φ̂0(y)
(
hx(y, θ) + b′(y)

)
m̂′(y)dy = 0. (5.3.20)

Existence of a unique solution x̄(θ) to the equation (5.3.20) can be deduced from As-
sumption 5.3.3 as in Step 1 of the proof of Theorem 5.3.2. Also, we have x̄(θ) < x̂0(θ)
(cf. Assumption 5.3.3). Moreover, it can be shown thatLX̂u(x, θ) + b′(x)u(x, θ) + hx(x, θ) = 0, x > x̄(θ),

u(x, θ) = 1, x ¬ x̄(θ),
(5.3.21)

as well as LX̂u(x, θ) + b′(x)u(x, θ) + hx(x, θ)  0, x < x̄(θ),
u(x, θ) ¬ 1, x  x̄(θ).

(5.3.22)

Next, define the function U(·, θ) such that Ux(x, θ) = u(z, θ). By the regularity of
u(·, θ), the function U(·, θ) is C2(R+) and we observe that Ux(x, θ) = u(x, θ) ¬ 1 for
each x ∈ R+. Furthermore, setting Λ := b(x̄(θ)) + h(x̄(θ), θ), we find

σ2(x)
2

Uxx(x, θ) + b(x)Ux(x, θ) + h(x, θ) (5.3.23)

=
σ2(x)

2
ux(x, θ) + b(x)u(x, θ) + h(x, θ)

=
∫ x

x̄(θ)

(
σ2(z)

2
ux(z, θ) + b(z)u(z, θ) + h(z, θ)

)
z
dz

+
σ2(x̄(θ))

2
ux(x̄(θ), θ) + b(x̄(θ))u(x̄(θ), θ) + h(x, θ)

=
∫ x

x̄(θ)

(
L
X̂
u(z, θ) + b′(z)u(z, θ) + hx(z, θ)

)
dz + Λ,

where we have used (5.3.21) and (5.3.22) in the last equality. Now, if x < x̄(θ), the
integral in the right-hand side of (5.3.23) is nonpositive, so that

σ2(x)
2

Uxx(x, θ) + b(x)Ux(x, θ) + h(x, θ) ¬ Λ.

On the other hand, if x > x̄(θ), from (5.3.23) and (5.3.21) we deduce that

σ2(x)
2

Uxx(x, θ) + b(x)Ux(x, θ) + h(x, θ) = Λ.

Overall, we have shown that U(·, θ) is a C2(R+) function satisfying

LU(x, θ) + h(x, θ) ¬ Λ and Ux(x, θ) ¬ 1.
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Let now ξ(x̄(θ)) ∈ Ae be the control that keeps the state process above the threshold
x̄(θ). Since U is bounded from below as Ux(x, θ)  0 on R+, and because ξ(x̄(θ))
increases only when Xx;ξ(x̄(θ))  x̄(θ), a verification theorem (similar to Theorem 4.1 at
p. 300 in [81]) shows that λ(θ) = Λ = b(x̄(θ))+h

(
x̄(θ), θ

)
, and that the process ξ(x̄(θ))

is optimal.
Step 2. Given x̄(θ) as in Step 1, we impose the consistency condition on θ; that is, we
look for θ̄ such that ∫ ∞

x̄(θ̄)
(f(y)− F−1(θ̄))m′(y)dy = 0.

As in Step 2 in the proof of Theorem 5.3.2, we can show that such a θ̄ exists and it
is in fact unique. Therefore, setting (x̄e, θ̄e) := (x̄(θ̄), θ̄) and ξ̄e := ξ(x̄e) we conclude
that (ξ̄e, θ̄e) is the unique equilibrium of the ergodic MFG problem. Moreover, such
equilibrium is characterized by the couple (x̄e, θ̄e) uniquely solving (5.3.17), and the
value at equilibrium is given by b(x̄e)+h(x̄e, θ̄e). This completes the proof of the theorem.

5.4 Connecting discounted and ergodic MFGs: The
Abelian limit

A natural question is whether the mean field equilibrium and the relative equilibrium
value of the discounted game can be related to those of the ergodic game in the limit r ↓
0. In this section we provide a positive answer to the previous question by showing the
validity of the so-called Abelian limit for the equilibrium value of the discounted game.
Moreover, we also prove convergence of the equilibrium boundary of the discounted
game towards that of the ergodic game. Although similar results are known in the
literature on stochastic singular control problems (cf. [6], [107], [163]), to our knowledge
they appear here for the first time within this literature in the mean field context.

The main idea of the subsequent analysis is to show suitable regularity, with respect
to the discount factor r in a neighborhood of 0, of the solutions to the systems of
equations provided in Theorems 5.3.2 and 5.3.4, which in fact completely characterize
the MFG equilibria.

Throughout this section, we let Assumptions 5.1.1, 5.1.2, 5.2.1, and 5.3.3 hold, and
we require that Assumption 5.3.1 is also satisfied for any r > 0.

Let then c > 0 be as in Assumption 5.3.3, and define the functions

Π(y, θ; r) := m̂′(y)
(
hx(y, θ)− (r − b′(y))

)
, x, θ > 0, r ∈ [−c, 1],

K(x, θ; r) :=
∫ ∞
x

φ̂r(y)Π(y, θ, r)dy, x, θ > 0, r ∈ [−c, 1],

K̂(x, θ; r) := K(x, θ; r)/φ̂r(x), x, θ > 0, r ∈ [−c, 1],

Ĝ(x, θ) :=
∫ ∞
x

(f(y)− F−1(θ))m′(y)dy, x, θ > 0.

Define next Φ : R2
+ × (−c, 1)→ R2 by setting

Φ(x, θ; r) := (K̂(x, θ; r), Ĝ(x, θ)). (5.4.1)
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The function Φ describes the system of equations determining the MFG equilibria of the
discounted problem and of the ergodic problem. Indeed, for each r > 0, since φ̂r > 0,
we have K(x, θ; r) = 0 if and only if K̂(x, θ; r) = 0; hence, according to Theorem 5.3.2,
for each r > 0, there exists a unique (x̄r, θ̄r) such that Φ(x̄r, θ̄r; r) = 0. Analogously,
according to Theorem 5.3.4, there exists a unique (x̄e, θ̄e) such that Φ(x̄e, θ̄e; 0) = 0.

Clearly, continuity of Φ is a necessary ingredient for the previously discussed con-
vergence of the equilibrium of the discounted MFG towards that of the ergodic MFG.

Lemma 5.4.1. The function Φ : R2
+ × (−c, 1)→ R2 is continuous.

Proof. We prove only the continuity of K̂, the continuity of Ĝ being obvious. Fix
(x, θ, r) ∈ R2

+× (−c, 1), and a sequence {xn, θn, rn}n∈N converging to (x, θ, r). Without
loss of generality, we can assume that a := x/2 < xn < 2x and that θ/2 < θn < 2θ
for each n ∈ N. Also, since the functions φ̂r are defined up to a positive multiplicative
factor, we can assume that φ̂r(a) = 1 for each r ∈ (−c, 1). Hence, for 0 < a < y, defining
τ ya := inf{t  0 | X̂y

t ¬ a}, we have (cf. Chapter II in [29])

φ̂r(y) =
φ̂r(y)

φ̂r(a)
= E

[
exp

(∫ τya

0
(b′(X̂y

s )− r)ds
)]
. (5.4.2)

Therefore, for each 0 < a < y and −c ¬ r < r̄ ¬ 1, one has

φ̂r̄(y) = E
[

exp
(∫ τya

0
(b′(X̂y

s )− r̄)ds
)]
¬ E

[
exp

(∫ τya

0
(b′(X̂y

s )− r)ds
)]

= φ̂r(y),

so that
φ̂1(y) ¬ φ̂r(y) ¬ φ̂−c(y), y > a, r ∈ (−c, 1). (5.4.3)

We next prove that φ̂rn(xn)→ φ̂r(x) as n→∞. In order to do so, set

αn :=
∫ τx

n
a

0
(b′(X̂xn

s )− rn)ds and α :=
∫ τxa

0
(b′(X̂x

s )− r)ds,

and observe that Xxn

s → Xx
s P⊗ ds-a.e. and that τx

n

a → τxa P-a.s., as n→∞. Hence,

1(0,τxna )(s)(b
′(X̂xn

s )− rn)→ 1(0,τxa )(s)(b′(X̂x
s )− r), P⊗ ds-a.s., as n→∞.

This, thanks to the Liptschitz continuity of b, allows to invoke the dominated conver-
gence theorem in order to deduce that

αn → α, P-a.s., as n→∞. (5.4.4)

From (5.4.4) and (5.4.2), using that b′(Xxn

s )− rn < −c for each n ∈ N, we can employ
the dominated convergence theorem once more in order to conclude that

φ̂rn(xn) = E[exp(αn)]→ φ̂r(x) = E[exp(α)], as n→∞. (5.4.5)

In the same way, we can prove that

φ̂rn(y)→ φ̂r(y), for each y > a, as n→∞. (5.4.6)
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Next, from (5.4.5) and (5.4.6), we have, for a.a. y > a,

1(xn,∞)(y)
φ̂rn(y)

φ̂rn(xn)
Π(y, θn, rn)→ 1(x,∞)(y)

φ̂r(y)

φ̂r(x)
Π(y, θ, r), as n→∞. (5.4.7)

Moreover, thanks to (5.4.3), we have the estimate∣∣∣∣∣1(xn,∞)(y)
φ̂rn(y)

φ̂rn(xn)
Π(y, θn, rn)

∣∣∣∣∣ ¬ 1(a,∞)(y)
φ̂−c(y)

φ̂1(2x)
Π(y, θ/2,−c) ∈ L1(R), n ∈ N.

This, together with (5.4.7), allows to invoke the dominated convergence theorem and
obtain that

K̂(xn, θn; rn) =
∫ ∞
xn

φ̂rn(y)

φ̂rn(xn)
Π(y, θn, rn)dy → K̂(x, θ; r) =

∫ ∞
x

φ̂r(y)

φ̂r(x)
Π(y, θ, r)dy,

as n→∞, thus providing the claimed continuity of K̂.

For each r ∈ (0, 1], denote now by V (x, r; θ̄r) the equilibrium value of the MFG
with discount factor r. We are then in the condition of stating the main result of this
section.

Theorem 5.4.2. For any x ∈ R+, one has

lim
r↓0

(x̄r, θ̄r) = (x̄e, θ̄e) and lim
r↓0

rV (x, θ̄r; r) = λ(θ̄e).

Proof. We divide the proof in two steps.
Step 1. In this step we prove the first of the two claimed limits. This is done via a
suitable application of the implicit function theorem on the function Φ (cf. (5.4.1)),
that defines the system of equations characterizing the MFG equilibria.

For convenience of notation, set (x̄0, θ̄0) := (x̄e, θ̄e). Thanks to Lemma 5.4.1, the
map Φ is continuous and, by Theorem 5.3.4, we have Φ(x̄0, θ̄0; 0) = 0. By invoking
Theorem 1.1 in [117], the function r 7→ (x̄r, θ̄r) is continuous in a neighborhood (−δ, δ)
of 0 if and only if there exists neighborhoods (−ε, ε) ⊂ (−c, 1) and B ⊂ R2

+ of 0 and of
(x̄0, θ̄0) respectively, such that the map Φ(·, ·; r) : B → R2 is locally injective for each
r ∈ (−ε, ε). Therefore, we only need to prove local injectivity of the map Φ(·, ·; r), and,
in order to accomplish that, we will employ the local inversion theorem. In particular,
by observing that, for each r ∈ (−c, 1), we have Φ(·, ·; r) ∈ C1(R2

+), it is enough to
show that detJΦ(x̄0, θ̄0; 0) 6= 0 and that detJΦ is continuous in a neighborhood of
(x̄0, θ̄0; 0), where detJΦ denotes the determinant of the Jacobian matrix of Φ in the
variable (x, θ).

We begin by computing the partial derivatives of K̂:

∂xK̂(x, θ; r) = −Π(x, θ; r)− K̂(x, θ; r)
φ̂′r(x)

φ̂r(x)

= −Π(x, θ; r) + K̂(x, θ; r)Ŝ ′(x)
∫ ∞
x

φ̂r(y)

φ̂r(x)
(r − b′(y))m̂′(y)dy,
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where, in the second equality, we have used (5.1.13). In particular, by repeating argu-
ments similar to those in the proof of Lemma 5.4.1, one can show that ∂xK̂(x, θ; r) is
continuous in (x, θ, r). Also, by Theorem 5.3.4, we have K(x̄0, θ̄0; 0) = 0, so that

∂xK̂(x̄0, θ̄0; 0) = −Π(x̄0, θ̄0; 0) < 0, (5.4.8)

where the latter inequality follows from the fact that, arguing as in the proof of Theorem
5.3.2, one has

hx(x̄0, θ̄0) + b′(x̄0) > 0 and f(x̄0)− F−1(θ̄0) < 0. (5.4.9)

Next, thanks to Condition 1d in Assumption 5.2.1, we find

∂θK̂(x, θ; r) =
∫ ∞
x

φ̂r(y)

φ̂r(x)

(
hxθ(y, θ)− (r − b′(y)

)
m̂′(y)dy,

which, through arguments similar to those in the proof of Lemma 5.4.1, can be shown
to be continuous in (x, θ, r). Moreover, since hxθ ¬ 0 and b′ − r < 0, we have

∂θK̂(x̄0, θ̄0; 0) < 0. (5.4.10)

Finally, the function Ĝ clearly belongs to C1(R2
+). Moreover,

∂θĜ(x̄0, θ̄0) = − 1
F ′(F−1(θ̄0))

∫ ∞
x̄0

m′(y)dy < 0, (5.4.11)

and by (5.4.9) we have

∂xĜ(x̄0, θ̄0) = −(f(x̄0)− F−1(θ̄0))m′(x̄0) > 0. (5.4.12)

Therefore, by employing (5.4.8), (5.4.10), (5.4.11) and (5.4.12), and using the con-
tinuity of detJΦ, we find neighborhoods (−ε, ε) and B of 0 and (x̄0, θ̄0) such that

detJΦ(x, θ; r) =
[
∂xK̂ ∂θĜ− ∂θK̂ ∂xĜ

]
(x, θ; r) > 0, (x, θ) ∈ B, r ∈ (−ε, ε).

By the latter inequality we can then invoke the local inversion theorem in order to
deduce that, for each r ∈ (−ε, ε), the function Φ(·, ·; r) : B → R2 is locally invertible.
Therefore, by Theorem 1.1 in [117], the map r → (x̄r, θ̄r) is continuous in (−ε, ε).
Step 2. With regard to Theorem 5.3.2 and its proof, we have that

rV (x, θ̄r; r) = rV (x̄r, θ̄r; r) + r(x− x̄r), x ¬ x̄r.

Since V (·, θ; r) ∈ C2(R+), by using the fact that (LX − r)V (x, θ̄r; r) + h(x, θ̄r) = 0 for
x  x̄r, we find that

rV (x̄r, θ̄r; r) = b(x̄r) + h(x̄r, θ̄r).

Therefore, for x ∈ R+ we can write

rV (x, θ̄r; r) = r
∫ x

x̄r
Vx(z, θ̄r; r)dz + rV (x̄r, θ̄r; r) (5.4.13)

= r
∫ x

x̄r
Vx(z, θ̄r; r)dz + b(x̄r) + h(x̄r, θ̄r).
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Moreover, we have Vx(·, θ̄r; r)  0 for each r > 0. Indeed, for z ¬ z̄ and any control
ξ ∈ Ad, by a comparison theorem (see, e.g., Theorem 54 at p. 324 in [145]) we have
Xz;ξ
t ¬ X z̄;ξ

t for each t  0, P-a.s. This, together with the monotonicity of h(·, θ̄r),
implies that

V (z, θ̄r; r) = sup
ξ∈Ad

J(z, ξ, θ̄r; r) ¬ sup
ξ∈Ad

J(z̄, ξ, θ̄r; r) = V (z̄, θ̄r; r),

so that Vx(·, θ̄r; r)  0 for each r > 0. Also, since V (·, θ̄r; r) solves the equation (5.3.11)
in the proof of Theorem 5.3.2, we have Vx(·, θ̄r; r) ¬ 1 for each r > 0, which allows to
conclude that

0 ¬ Vx(·, θ̄r; r) ¬ 1, for each r > 0.

The latter, together with the limits proved in Step 1, allows to use the dominated
convergence theorem to take limits as r ↓ 0 in (5.4.13), and to conclude that

lim
r↓0

rV (x, θ̄r; r) = lim
r↓0

(b(x̄r) + h(x̄r, θ̄r)) = b(x̄e) + h(x̄e, θ̄e) = λ(θ̄e),

where the last equality follows from Theorem 5.3.4. This completes the proof of the
theorem.

5.5 MFG vs. N -player games: approximation re-
sults

In the previous sections, we have established existence and uniqueness of the solu-
tions to both the discounted and ergodic MFGs with singular controls. Here we provide
the connection of these mean field solutions to symmetric N -player games. In particu-
lar, we show that each mean field game solution approximates the Nash equilibrium of
a suitable N -player game. Furthermore, by exploiting the Abelian limit, we find that
the mean field equilibrium of the discounted game realizes an ε-Nash equilibrium for
the N -player ergodic game, when N is large and r is small. These results have the two
following implications: on the one hand, they shed light on the “closeness” of N -player
discounted games with the N -player ergodic games, when N is large and r is small; on
the other hand, they provide an operative way of constructing approximate equilibria.

Throughout this section, we let Assumptions 5.1.1, 5.1.2, 5.2.1, and 5.3.3 hold, and
we require that Assumption 5.3.1 is also satisfied for any r > 0.

5.5.1 N -player games and the MFGs with random initial con-
ditions

The N -player games are described as follows. Let the filtered probability space
(Ω,F ,F,P) support a standard Brownian motion W , and a sequence (W i)i∈N of in-
dependent F-Brownian motions, independent from W . Suppose also that the filtered
probability space is rich enough to allow for a sequence (zi0)i∈N of i.i.d. square-integrable



140 CHAPTER 5. STATIONARY MEAN FIELD GAMES

R+-valued F0-random variables, independent from W and (W i)i∈N, and with distribu-
tion µ0. For each i ∈ {1, . . . , N}, player i chooses an (open-loop) strategy ξi ∈ A in
order to control its state process X i,ξi , which evolves according to

dX i,ξi

t = b(X i,ξi

t )dt+ σ(X i,ξi

t )dW i
t + dξit, X i,ξi

0− = zi0. (5.5.1)

We point out that, in this section, we will not stress anymore the dependence of the
processes X i,ξi on the initial conditions zi0.

For strategies ξi ∈ A, we denote by ξ−i = (ξ1, . . . , ξi−1, ξi+1, . . . , ξN) the vector of
strategies picked by player i’s opponents, and we define profile strategies by (ξi, ξ−i) :=
(ξ1, . . . , ξN). We set

θNξ−i := lim
t→∞

1
t

∫ t

0
F
( 1
N − 1

∑
j 6=i

f(Xj,ξj

s )
)
ds, (5.5.2)

and, for q ∈ {d, e} and Aq as in (5.2.4), introduce the sets:

ÂN−1
q :=

{
ξ−i ∈ AN−1

q : θNξ−i exists finite a.s.
}
.

Then, for any ξ−i ∈ ÂN−1
e or ξ−i ∈ ÂN−1

d , the ergodic and the discounted payoffs of
player i, reacting to her opponent’s strategies ξ−i, are respectively given by

Gi(ξi, ξ−i) := lim sup
T→∞

1
T
E
[∫ T

0
h
(
X i,ξi

t , θNξ−i
)
dt− ξiT

]
, ξi ∈ Ae, (5.5.3)

and

J i(ξi, ξ−i; r) := E
[∫ ∞

0
e−rth

(
X i,ξi

t , θNξ−i
)
dt−

∫
[0,∞)

e−rtdξit

]
, ξi ∈ Ad. (5.5.4)

Definition 14 (ε-Nash Equilibrium). For ε > 0,

1. ξ̄ = (ξ̄1, . . . , ξ̄N) ∈ ANe is called ε-Nash equilibrium (ε-NE) of the ergodic N-player
game if for any i = 1, . . . , N we have ξ̄−i ∈ ÂN−1

e and

Gi(ξ̄i, ξ̄−i)  Gi(ξi; ξ̄−i)− ε, ξi ∈ Ae;

2. ξ̄ = (ξ̄1, . . . , ξ̄N) ∈ ANd is called ε-Nash equilibrium (ε-NE) of the discounted
N-player game if for any i = 1, . . . , N we have ξ̄−i ∈ ÂN−1

d and

J i(ξ̄i, ξ̄−i; r)  J i(ξi; ξ̄−i; r)− ε, ξi ∈ Ad.

In order to approximate Nash equilibria, for any θ > 0 we define (with slight abuse
of notation) the profit functionals for the mean field game problems when the initial
conditions for the SDEs (5.5.1) are random variables:

G(ξ, θ) :=
∫
R+

G(x, ξ, θ)µ0(dx), ξ ∈ Ae, (5.5.5)

J(ξ, θ; r) :=
∫
R+

J(x, ξ, θ; r)µ0(dx) ξ ∈ Ad, r > 0,

where G(x, ξ, θ) and J(x, ξ, θ; r) are defined in (5.2.3) and (5.2.2), respectively.
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Remark 5.5.1 (On the initial distribution). We point out that all the results in the
previous sections hold true also for profit functionals as in (5.5.5); that is, if the deter-
ministic initial condition X0− = x ∈ R+ is replaced by X0− = z0, for a positive square-
integrable F0-random variable z0, with distribution µ0. In particular, by the Markov
property of the solution to the reflected Skorokhod problem (cf. Theorem 1.2.2 and Ex-
ercise 1.2.2 in [144]), the MFG equilibria (ξ̄r, θ̄r) and (ξ̄e, θ̄e) are still characterized by
couples (x̄r, θ̄r) and (x̄e, θ̄e) solving the systems of equations provided in Theorems 5.3.2
and 5.3.4, respectively.

5.5.2 Strategies and preliminary estimates

For any i = 1, . . . , N , consider the policy ξ̄i,e ∈ Ae according to which the state is
reflected upward at the boundary x̄e. Similarly, for r > 0, the policy ξ̄i,r ∈ Ad makes
the state upward reflected at x̄r. We observe that, for i = 1, ..., N and q ∈ {d, e}, the
profile strategies (ξ̄1,q, . . . , ξ̄i−1,q, ξ̄i+1,q, . . . , ξ̄N,q) ∈ ÂN−1

q . Then, define accordingly:

ξ̄e := (ξ̄1,e, . . . , ξ̄N,e), ξ̄r := (ξ̄1,r, . . . , ξ̄N,r), θi,Ne := θNξ̄−i,e , θi,Nr := θNξ̄−i,r . (5.5.6)

To facilitate our discussion, we enforce some additional requirements on the dynam-
ics of the state processes and on the profit function.

Assumption 5.5.2.

1. There exists xb,σ > 0 such that 2x b(x) + σ2(x) ¬ 0 for any x  xb,σ;

2. For any a > 0, there exists a constant C > 0 such that

|h(x, θ1)− h(x, θ2)| ¬ C(1 + |x|)|θ1 − θ2|, ∀θ1, θ2  a,

for all x ∈ R.

Notice that the previous conditions are satisfied by the benchmark cases in which
b(x) = −δx or b(x) = δ(λ − x) and σ(x) = σx (that is, geometric or affine dynamics)
when 2δ  σ2, and for a profit function h(x, θ) = xβ θ−(1+β), for some elasticity β ∈
(0, 1).

For θ > 0 and r  0, let x̂r(θ) be as in Assumption 5.3.1 and 5.3.3. It is easy to show
that the function x̂r(θ) is continuous in (θ, r) so that, by the convergence in Theorem
5.4.2, we can set

B̂ := 2 max
{

sup
r∈(0,1]

x̂r(F (f(x̄r))), x̂0(F (f(x̄e))), sup
r∈(0,1]

x̄r, x̄e

}
<∞.

Next, for any i = 1, ..., N , by definition of ξ̄i,e, we have X i,ξ̄i,e

t  x̄e, P-a.s., for
any t > 0. This fact, for θi,Ne as in (5.5.6), by monotonicity of f and F implies that
θi,Ne  F (f(x̄e)), P-a.s. In the same way, θi,Nr  F (f(x̄r)), P-a.s. for each i = 1, ..., N and
r > 0. Therefore, since for r  0 the functions x̂r are nonincreasing in θ, by definition
of B̂ we have

x̂0(θi,Ne ) ¬ x̂0(F (f(x̄e))) ¬ B̂, x̂r(θi,Nr ) ¬ x̂r(F (f(x̄r))) ¬ B̂, r > 0. (5.5.7)
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Next, define the sets

Aq(B̂) := {ξ ∈ Aq | supp(dξ) ∩ {X i,ξ  B̂} = ∅,P-a.s.}, for q ∈ {d, e}.

Notice that, since x̄r, x̄e ¬ B̂/2, we have ξ̄i,r ∈ Ad(B̂) and ξ̄i,e ∈ Ae(B̂). Moreover, we
have the following a priori estimates.

Lemma 5.5.3. We have

sup
ξ∈Ae(B̂)

lim sup
T→∞

1
T
E
[ ∫ T

0
|X i,ξ

t |2dt
]
<∞

and

sup
ξ∈Ad(B̂)

E
[ ∫ T

0
e−rt|X i,ξ

t |2dt
]
<∞, for r > 0.

Proof. We prove only the first estimate, the proof of the second being analogous. Let
i ∈ {1, . . . , N} be given and fixed. Recall the definition of xb,σ, set L̂ := max{B̂, xb,σ},
and let ξ ∈ Ae(B̂). Let then (τ ik, τ̄

i
k)k1 be a sequence of stopping times such that

0 ¬ τ i1 ¬ τ̄ i1 ¬ τ i2 ¬ τ̄ i2 ¬ . . . , P-a.s., and such that {X i,ξ  L̂} =
⋃
k1[τ ik, τ̄

i
k].

By employing Itô’s rule on the process {|X i,ξ
t |2}t∈[τ i

k
,τ̄ i
k
], we obtain

|X i,ξ
t |2 = |X i,ξ

τ i
k
|2 +

∫ t

τ i
k

(
2X i,ξ

s b(X
i,ξ
s ) + σ2(X i,ξ

s )
)
ds+

∫ t

τ i
k

2X i,ξ
s σ(X i,ξ

s )dW i
s

¬ |X i,ξ
τ i
k
|2 +

∫ t

τ i
k

2X i,ξ
s σ(X i,ξ

s )dW i
s .

Therefore,∫ T

0
E[|X i,ξ

t |2]dt =
∫ T

0
E
[
|X i,ξ

t |21{Xi,ξ
t ¬L̂}

+ |X i,ξ
t |21{Xi,ξ

t L̂}

]
dt

¬ L̂2T +
∑
k1

∫ T

0
E
[
1(τ i

k
,τ̄ i
k
)(t)

(
|X i,ξ

τ i
k
|2 +

∫ t

τ i
k

2X i,ξ
s σ(X i,ξ

s )dW i
s

)]
dt

¬ (2L̂2 + E[|zi0|2])T. (5.5.8)

In the last inequality above we have used that the expectation of the stochastic integral
vanishes and that, because ξ ∈ Ae(B̂), one has either X i,ξ

τ i
k

= zi0 if τ ik = 0 or X i,ξ
τ i
k

= L̂ if

τ ik > 0.
Since the right-hand side of (5.5.8) does not depend on the choice of ξ ∈ Ae(B̂), the

claim is then easily obtained.

Lemma 5.5.4. We have

sup
ξ∈Ae

Gi(ξ, ξ̄−i,e) = sup
ξ∈Ae(B̂)

Gi(ξ, ξ̄−i,e),

and
sup
ξ∈Ad

J i(ξ, ξ̄−i,r; r) = sup
ξ∈Ad(B̂)

J i(ξ, ξ̄−i,r; r), for r > 0.
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Proof. For z > 0, set

m′z(x) := 1[z,∞)(x)
m′(x)∫∞

z m′(y)dy
.

Exploiting the estimates from Lemma 5.5.3 and using results from the ergodic theory
(see, e.g., p. 37 in [29]), for q ∈ {d, e} we find, P-a.s.,

θi,Nq = lim
t→∞

1
t

∫ t

0
F
( 1
N − 1

∑
j 6=i

f(Xj,ξ̄j,q

s )
)
ds (5.5.9)

=
∫
RN−1

F
( 1
N − 1

∑
j 6=i

f(xj)
)∏
j 6=i

m′x̄q(x
j)dxj,

so that θi,Nq is in fact deterministic. It is shown in the proofs of Theorems 5.3.2 and
5.3.4 that, for any θ > 0, the optimal control never acts when the optimally controlled
state process lies in the set {y |hx(y, θ) − (r − b′(y)) < 0} = {y | y > x̂r(θ)}. This, by
the definition (5.5.7), completes the proof of the lemma.

5.5.3 Approximation of Nash equilibria

We are finally ready to state the main result of this section. It states that mean field
game equilibria realize approximate Nash equilibria in the related symmetric N -player
games defined in Definition 14, when N is large and/or r is small.

Theorem 5.5.5. The following approximations hold true:

1. ξ̄e is an εN -NE for the ergodic N-player game with εN → 0 as N →∞;

2. ξ̄r is an εN,r-NE for the ergodic N-player game with εN,r → 0 as N → ∞ and
r → 0;

3. ξ̄r is an εN -NE for the discounted N-player game with εN → 0 as N →∞;

4. ξ̄e is an εN,r-NE for the discounted N-player game with εN,r → 0 as N →∞ and
r → 0.

Proof. We will prove only Claims 1 and 2, as the proof of Claims 3 and 4 follows similar
arguments.
Proof of Claim 1. For ξ ∈ Ae(B̂), set

RN(ξ) := Gi(ξ, ξ̄−i,e)−G(ξ, θ̄e).

By Theorem 5.3.4, the control policy ξ̄i,e is optimal for the MFG problem with ergodic
cost. Hence

Gi(ξ̄i,e, ξ̄−i,e)  Gi(ξ, ξ̄−i,e) +RN(ξ̄i,e)−RN(ξ), ξ ∈ Ae(B̂). (5.5.10)

Therefore, since ξ̄i,e ∈ Ae(B̂) by definition of B̂, we only need to show that |RN(ξ)| → 0
as N →∞, uniformly for ξ ∈ Ae(B̂). In order to do so, we first observe that

|RN(ξ)| ¬ lim sup
T→∞

∣∣∣∣∣ 1T E
[∫ T

0
h(X i,ξ

t , θ
i,N
e )dt

]
− 1
T
E
[∫ T

0
h(X i,ξ

t , θ̄e)dt
]∣∣∣∣∣ . (5.5.11)
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Next, using that θi,Ne are deterministic (see (5.5.9)) and that θi,Ne  F (f(x̄e)), by
Assumption 5.5.2 we have

sup
ξ∈Ae(B̂)

lim sup
T→∞

E
[∫ T

0

1
T

∣∣∣h(X i,ξ
t , θ

i,N
e )− h(X i,ξ

t , θ̄e)
∣∣∣ dt] (5.5.12)

¬ sup
ξ∈Ae(B̂)

lim sup
T→∞

E
[∫ T

0

1
T
C(1 + |X i,ξ

t |)
∣∣∣θi,Ne − θ̄e∣∣∣ dt

]

¬
∣∣∣θi,Ne − θ̄e∣∣∣ sup

ξ∈Ae(B̂)

lim sup
T→∞

1
T
E
[∫ T

0
C(1 + |X i,ξ

t |)dt
]

¬ C̄
∣∣∣θi,Ne − θ̄e∣∣∣ ,

for a constant C̄ <∞ (depending on the initial conditions, but not on ξ ∈ Ae(B̂)), and
where the last inequality follows from Lemma 5.5.3.

For z > 0, set

m′z(x) :=
m′(x)1[z,∞)(x)∫∞

z m′(y)dy
. (5.5.13)

Exploiting the estimates from Lemma 5.5.3 and using results from the ergodic theory
(see, e.g., p. 37 in [29]), we find

∣∣∣θi,Ne − θ̄e∣∣∣ =

∣∣∣∣∣ lim
t→∞

1
t

∫ t

0
F
( 1
N − 1

∑
j 6=i

f(Xj,ξ̄j,e

s )
)
ds− θ̄e

∣∣∣∣∣
=

∣∣∣∣∣
∫
RN−1

F
( 1
N − 1

∑
j 6=i

f(xj)
)∏
j 6=i

m′x̄e(x
j)dxj − θ̄e

∣∣∣∣∣.
Thanks to the assumption of local Lipschitz continuity of F , the growth conditions on
f and F (see Condition 2 in Assumption 5.2.1), and the estimates from Lemma 5.5.3,
we can then employ a suitable version of Hewitt and Savage’s theorem (see Corollary
5.13 in [42]), obtaining

lim
N→∞

∣∣∣θi,Ne − θ̄e∣∣∣ =

∣∣∣∣∣F
( ∫

R+

f(z)m′x̄e(z)dz
)
− θ̄e

∣∣∣∣∣ = 0.

The latter, together with (5.5.12) and (5.5.11), gives |RN(ξ)| → 0 as N →∞, uniformly
over ξ ∈ Ae(B̂). Hence, from (5.5.10) and Lemma 5.5.4, we conclude the proof of Claim
1.
Proof of Claim 2. Following an argument similar to the one adopted in the previous
step, we use Theorem 5.4.2 and the optimality of ξ̄i,e for the MFG problem with ergodic
cost in order to obtain, for any ξ ∈ Ad(B̂), the inequality

Gi(ξ̄i,r, ξ̄−i,r)  Gi(ξ, ξ̄−i,r) (5.5.14)

+G(ξ, θ̄e)−Gi(ξ, ξ̄−i,r) +Gi(ξ̄i,r, ξ̄−i,r)−G(ξ̄i,r, θ̄r)

+G(ξ̄i,r, θ̄r)−G(ξ̄i,e, θ̄r) +G(ξ̄i,e, θ̄r)−G(ξ̄i,e, θ̄e)

= Gi(ξ, ξ̄−i,r) +G(ξ̄i,r, θ̄r)−G(ξ̄i,e, θ̄r) + εN,r,
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with εN,r vanishing as N → ∞ and r → 0. Hence, it only remains to show that
G(ξ̄i,r, θ̄r) − G(ξ̄i,e, θ̄r) → 0 as r → 0. Let now m′z be as in (5.5.13). By the ergodic
theory (see, e.g., p. 37 in [29]) and estimates from Lemma 5.5.3 , for q ∈ {d, e}, we have

lim
T→∞

1
T
E
[∫ T

0
h(X i,ξ̄i,q

t , θ̄r)dt
]

=
∫ ∞
x̄q

h
(
x, θ̄r

)
m′x̄q(x)dx. (5.5.15)

Also, as in the proof of Lemma 5.5.3, one can prove that for any T > 0 one has
E[X i,ξ̄i,q

T ] ¬ 2L̂+ E[zi0]. This allows to deduce that

lim
T→∞

1
T
E[ξ̄i,qT ] = lim

T→∞

1
T
E
[
X i,ξ̄i,q

T − zi0 −
∫ T

0
b(X i,ξ̄i,q

s )ds
]

(5.5.16)

= −
∫ ∞
x̄q

b(x)m′x̄q(x)dx.

By the convergence in Theorem 5.4.2, using (5.5.15) and (5.5.16), we conclude that
G(ξ̄i,r, θ̄r)−G(ξ̄i,e, θ̄r)→ 0 as r → 0, thus completing the proof of Claim 2.

Remark 5.5.6. We point out that results analogous to Claims 1 and 2 in Theorem
5.5.5 can be obtained even if the mean field interaction term (5.5.2) in the N-player
game is replaced by a time-dependent interaction. As a matter of fact, one can consider

ΘN
ξ−i(t) := F

( 1
N − 1

∑
j 6=i

f(Xj,ξj

t )
)
,

and define accordingly, for ξ−i ∈ AN−1
e , player i’s ergodic profit functional

Gi(ξi, ξ−i) := lim sup
T→∞

1
T
E
[∫ T

0
h
(
X i,ξi

t ,ΘN
ξ−i(t)

)
dt− ξiT

]
, ξi ∈ Ae.





Appendices

147





Appendix A

On the Meyer-Zheng convergence

In this appendix we recall some fact about the so-called Meyer-Zheng topology (see
[136]) and we provide some results concerning the tightness of càdlàg processes in such
a topology.

Pseudopath topology. Recall that we have defined (cf. Subsection 3.3.3) the pseu-
dopath topology τTpp on the space Dm as the topology induced by the convergence in
the measure dt+ δT on the interval [0, T ], where dt denotes the Lebesgue measure and
δT denotes the Dirac measure at the terminal point T . Notice that we introduce the
pseudo-path topology through its characterization proved in Lemma 1 in [136]. Observe
that the topology τTpp is metrizable. If {xn}n∈N is a sequence of functions in Dm con-
verging to a function x ∈ Dm in the pseudopath topology τTpp, then we have that (see,
e.g., Appendix A.3. at p. 116 in [123])

lim
n

∫ T

0
φ(s, xns ) ds =

∫ T

0
φ(s, xs) ds, and lim

n
xnT = xT , (A.1)

for each bounded continuous function φ : [0, T ]× Rm → R.

Meyer-Zheng topology and tightness criteria. The Meyer-Zheng topology on P(Dm)
is the topology of weak convergence of probability measures on the topological space
(Dm, τTpp).

For a given filtered probability space (Ω,F ,F,P) consider a càdlàg process X :
Ω × [0, T ] → Rm, and consider the conditional variation of X over the interval [0, T ],
defined as

V P
T (X) := sup

n∑
i=1

E
[∣∣∣E[Xti −Xti−1|Fti−1 ]

∣∣∣]+ E[|Xtn|], (A.2)

where the supremum is taken over all the partitions 0 = t0 < ... < tn ¬ T , n ∈ N.
We finally prove, for the sake of completeness, a slightly different version of the

classical Meyer-Zheng tightness criterion (see Theorem 4 at p. 360 in [136]), that is
useful in many occasions during our study. Notice that, differently to Theorem 34 at p.
116 in [123], the next lemma allows us to handle a stochastic cost of control f .

Lemma A.1. The following tightness criteria hold true.
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1. Let {Xn}n∈N be a sequence of Rm-valued càdlàg processes defined on [0, T ] such
that

sup
n
V P
T (Xn) <∞.

Then {P ◦Xn}n∈N is tight in P(Dm).

2. Let {Xn}n∈N be a sequence of nondecreasing, nonnegative, Rm-valued càdlàg pro-
cesses defined on [0, T ] such that

sup
n

E[|Xn
T |] <∞.

Then {P ◦Xn}n∈N is tight in P(Dm↑ ).

Proof. We will prove only the claim (1), since the proof of claim (2) follows by an
analogous rationale.

Let Dm[0,∞) be the space of Rm-valued càdlàg functions on [0,∞), with the Borel
σ-algebra generated by the Skorokhod topology. On the half line [0,∞), consider the
measure λ given by dλ := e−tdt. On Dm[0,∞) consider the pseudopath topology τpp; that
is, the topology induced by the convergence in the measure λ on the interval [0,∞).
Define, moreover, the space D̃m[0,∞) as the set of elements of Dm[0,∞) which are
constant on [T,∞), and notice that D̃m[0,∞) is a closed subset of Dm[0,∞). Also,
observe that the extension map Ψ : Dm → D̃m[0,∞), defined by

Ψ(x)t :=

xt if t ∈ [0, T ]
xT if t ∈ (T,∞),

(A.3)

is an omeomorphism between the topological spaces (Dm, τTpp) and (D̃m[0,∞), τpp).
Now, using the uniform boundedness of V P

T (Xn), we notice that the sequence Ψ(Xn)
satisfies the requirement of Theorem 4 in [136], and, as shown in its proof, it follows that
the sequence {P◦Ψ(Xn)}n∈N is tight in P(Dm[0,∞)). Furthermore, since D̃m[0,∞) is a
closed subset ofDm[0,∞), we have that {P◦Ψ(Xn)}n∈N is tight in P(D̃m[0,∞)). Finally,
since the map Ψ is an omeomorphism, we conclude that the sequence {P ◦ Xn}n∈N is
tight in P(Dm) in the Meyer-Zheng topology.

We finally summarize in a lemma a result on the convergence of stochastic integrals.

Lemma A.2. Let {F n}n∈N be a sequence of Rm-valued continuous processes which
converges P-a.s. to an Rm-valued continuous process F uniformly on [0, T ]. Let {Xn}n∈N
be a sequence of nondecreasing, nonnegative, Rm-valued càdlàg processes defined on
[0, T ], which converges P-a.s. to nondecreasing, nonnegative, Rm-valued cadlag process
X in the pseudopath topology τTpp. Suppose, moreover, that there exists two constant
α, p > 1 such that

sup
n

E
[

sup
t∈[0,T ]

(|F n
t |αp + |Ft|αp) + |Xn

T |
αp
p−1 + |XT |

αp
p−1

]
<∞. (A.4)

Then

lim
n

E
[ ∫

[0,T ]
F n
t dX

n
t

]
= E

[ ∫
[0,T ]

Ft dXt

]
. (A.5)
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Proof. We will prove that for each subsequence of indexes there exists a further subse-
quence for which the limit in (A.5) holds true.

Consider then a subsequence of indexes (not relabeled). From Condition (A.4),
Hölder’s inequality with p as in the assumptions easily reveals that

sup
n

E
[∣∣∣∣∣
∫

[0,T ]
F n
t dX

n
t

∣∣∣∣∣
α ]

+ sup
n

E
[∣∣∣∣∣
∫

[0,T ]
FtdX

n
t

∣∣∣∣∣
α ]

<∞. (A.6)

Since α > 1, by the reflexivity of Lα(P), there exists a subsequence of indexes nj and a
random variable Z ∈ Lα(P), for which

lim
j

E
[ ∫

[0,T ]
F
nj
t dX

nj
t

]
= lim

j
E
[ ∫

[0,T ]
Ft dX

nj
t

]
= E[Z], (A.7)

where the equality of the two limits follows from the P-a.s. uniform convergence of F n

to F and from the integrability condition (A.4).
Next, since by Condition (A.4) the sequence {Xnj

T }j∈N is bounded in L1(P), by
Lemma 3.5 in [104] there exist a nondecreasing, nonnegative, Rm-valued càdlàg process
B defined on [0, T ] and a subsequence (not relabeled) of {Xnj}j∈N such that, P-a.s.,

lim
m

∫
[0,T ]

ϕtdB
m
t =

∫
[0,T ]

ϕtdBt ∀ϕ ∈ Cb([0, T ];Rd) and lim
m
Bm
T = BT , (A.8)

where we have set, P-a.s.

Bm
t :=

1
m

m∑
j=1

X
nj
t , ∀t ∈ [0, T ]. (A.9)

Moreover, for ϕ ∈ C∞c ([0, T );Rd), the limit in (A.8) and an integration by parts, together
with the limit in (A.1) (observing that the sequence {|Xn

T |}n∈N is P-a.s. bounded), imply
that, P-a.s.,

∫
[0,T ]

ϕtdBt = lim
m

1
m

m∑
j=1

∫
[0,T ]

ϕtdX
nj
t = − lim

m

1
m

m∑
j=1

∫ T

0
X
nj
t ϕ

′
tdt =

∫
[0,T ]

ϕtdXt.

Therefore, by the fundamental lemma of the Calculus of Variation (see Theorem 1.24
at p. 26 in [62]), the right-continuity of X and B, and the convergence of Xnj

T to XT ,
we have Bt = Xt for all t ∈ [0, T ], P-a.s. This identification allows to conclude, using
(A.7) and uniform integrability estimates as in (A.6), that

E[Z] = lim
m

1
m

m∑
j=1

E
[ ∫

[0,T ]
Ft dX

nj
t

]
= lim

m
E
[ ∫

[0,T ]
Ft dB

m
t

]
= E

[ ∫
[0,T ]

Ft dXt

]
.

The latter, combined with (A.7), completes the proof of the lemma.





Appendix B

Results on lattices of measures

In this section, we derive some technical results concerning the first order stochastic
dominance introduced in Subsection 4.1.2. As in Subsection 4.1.2, we identify the set of
probability measures P(R) with the set of distribution functions on R, setting µ(s) :=
µ(−∞, s] for each s ∈ R and µ ∈ P(R). On P(R) we then consider the lattice ordering
of first order stochastic dominance given by (4.1.8) and (4.1.9). In the following remark,
we collect some fundamental observations that are crucial for the analysis in this section.

Remark B.1.

a) Notice that by identifying µ by its distribution function, P(R) coincides with the
set of all nondecreasing right-continuous functions F : R→ [0, 1] with

lim
s→−∞

F (s) = 0 and lim
s→∞

F (s) = 1.

Moreover, we would like to recall that the weak topology is metrizable and that the
weak convergence coincides with the pointwise convergence of distribution func-
tions at every continuity point, i.e. µn → µ if and only if

µn(s)→ µ(s) as n→∞ for every continuity point s ∈ R of µ.

Therefore, the weak convergence behaves well with the pointwise lattice operations
∨st and ∧st. In particular, the maps (µ, ν) 7→ µ ∨st ν and (µ, ν) 7→ µ ∧st ν are
continuous P(R)× P(R)→ P(R).

b) Recall that a nondecreasing function R → R is right-continuous if and only if it
is upper semi-continuous (usc). Hence, for a sequence {µn}n∈N ∈ P(R) which is
bounded above, the supremum supn∈N µ

n is exactly the pointwise infimum of the
distribution functions {µn}n∈N.

c) For a nondecreasing function F : R → R, we define its usc-envelope F ∗ : R → R
by

F ∗(s) := inf
δ>0

F (s+ δ) for all s ∈ R.

Notice that

F (s) ¬ F ∗(s) ¬ F (s+ ε) for all s ∈ R and ε > 0. (B.1)
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Intuitively speaking, F ∗ is the right-continuous version of F . That is, F ∗ differs
from F only at discontinuity points of F . For a sequence {µn}n∈N ∈ P(R) which
is bounded below, the infimum infn∈N µn is then given by the usc-envelope of the
pointwise supremum of the distribution functions {µn}n∈N. That is, one has to
modify the pointwise supremum at all its discontinuity points in order to be right-
continuous. In fact, let µ = F ∗ denote the usc-envelope of the pointwise supremum
F of {µn}n∈N. By Equation (B.1), µ(s) ¬ F (s + ε) ¬ µ(s + ε) for all s ∈ R and
ε > 0, i.e., µ is nondecreasing and µ ¬st µn for all n ∈ N. Moreover, by definition,
µ is usc, and thus right-continuous. Since µ ¬st µ1, µ(s)  µ1(s)→ 1 as s→∞.
Let ν be a lower bound of {µn}n∈N. Then, µ(s) ¬ F (s + ε) ¬ ν(s + ε) for all
s ∈ R and ε > 0. Taking the limit ε → 0, we may conclude that µ(s) ¬ ν(s) for
all s ∈ R. In particular, µ(s) ¬ ν(s)→ 0 as s→ −∞. Altogether, we have shown
that µ is a distribution function with ν ¬st µ ¬st µn for all n ∈ N and every lower
bound ν of {µn}n∈N.

d) Combining the previous remarks, leads to the following insight: If {µn}n∈N ⊂
P(R) is a bounded and nondecreasing or non-increasing sequence, then {µn}n∈N
converges weakly to its supremum or infimum, respectively. In fact, we have seen
that the supremum µ̄ of {µn}n∈N exists, and that its distribution function is given
by the pointwise supremum of the sequence of distribution functions of {µn}n∈N.
In particular, µn(s) → µ̄(s) as n → ∞ for all s ∈ R. Moreover, it is shown
that infimum µ of {µn}n∈N exists, and its distribution function is given by the
usc-envelope of the pointwise supremum of the sequence of distribution functions
of {µn}n∈N. Therefore, the distribution function of µ coincides with the pointwise
supremum of the sequence of distribution functions of {µn}n∈N at every continuity
point of the distribution function of µ. In particular, µn(s) → µ(s) as n → ∞
for every continuity point s ∈ R of the distribution function of µ. Since the weak
convergence of probability measures is equivalent to the pointwise convergence of
the distribution functions at every continuity point of the distribution function of
the limit, we obtain that µn → µ̄ and µn → µ weakly as n→∞.

Lemma B.2. Let K ⊂ P(R) and ψ : [0,∞) → [0,∞) be continuous and strictly in-
creasing with ψ(s)→∞ as s→∞ and

sup
µ∈M

∫
R
ψ(|x|)dµ(x) <∞.

Then, there exist µMin, µMax ∈ P(R) with µMin ¬st µ ¬st µMax for all µ ∈ K.

Proof. We extend ψ to (−∞, 0) by ψ(s) := ψ(0) for s < 0. Moreover, let C  ψ(0)
with

sup
µ∈K

∫
R
ψ(|x|)dµ(x) ¬ C.

Then, we define µMin, µMax : R→ [0, 1] by

µMin(s) :=
C

ψ(−s)
∧ 1 and µMax(s) :=

(
1− C

ψ(s)

)
∨ 0 (B.2)
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for all s ∈ R. Since ψ is strictly increasing with ψ(s) → ∞ as s → ∞, µMin(s) = 1
for s  −ψ−1(C) and µMax = 0 for s ¬ ψ−1(C). In particular, lims→−∞ µ

Min(s) =
0 and lims→∞ µ

Max(s) = 1. Moreover, µMin and µMin are nondecreasing and (right)
continuous, which shows that µMin, µMax ∈ P(R). Now, let µ ∈ K. Then, recalling that
ψ is nondecreasing, one has

1− µ(s) ¬ 1
ψ(s)

∫ ∞
s

ψ(|x|)dµ(x) ¬ 1
ψ(s)

∫
R
ψ(|x|)dµ(x) ¬ C

ψ(s)
= 1− µMax(s)

for all s ∈ R with ψ(s) > C. Since µMax(s) = 0 for all s ∈ R with ψ(s) ¬ C, it follows
that µ ¬ µMax. On the other hand,

µ(s) ¬ 1
ψ(−s)

∫ s

−∞
ψ(|x|)dµ(x) ¬ 1

ψ(−s)

∫
R
ψ(|x|)dµ(x) ¬ C

ψ(−s)
= µMin(s)

for all s ∈ R with ψ(−s) > C. Since µMin(s) = 1 for all s ∈ R with ψ(−s) ¬ C, it
follows that µ  µMin.

Lemma B.3. Let K ⊂ P(R) and ψ : [0,∞) → [0,∞) be continuous and strictly in-
creasing with ψ(s)→∞ as s→∞ and

sup
µ∈M

∫
R
ψ(|x|)dµ(x) <∞.

Further, let µMin and µMax be given by (B.2) and 0 ¬ α < 1. Then, the map x 7→ ψ(|x|)α
is u.i for [µMin, µMax], i.e.

sup
µ∈[µMin,µMax]

∫
R

1(M,∞)(|x|) · ψ(|x|)αdµ(x)→ 0 as M →∞.

Proof. Let β ∈ (α, 1). Then, by (B.2),

ψ(s) =
C

1− µMax(s)
for s  ψ−1(C), (B.3)

ψ(−s) =
C

µMin(s)
for s ¬ −ψ−1(C).

Recall ψ−1(C) = max
{
s ∈ R

∣∣∣ (µMax
)
(s) = 0

}
and−ψ−1(C) = min

{
s ∈ R

∣∣∣ (µMin
)
(s) =

1
}

. This together with (B.3) implies that

∫ ∞
0

ψ(s)βdµMax(s) =
∫ ∞
ψ−1(C)

(
C

1− µMax(s)

)β
dµMax(s) =

∫ 1

0

(
C

1− u

)β
du <∞

and

∫ 0

−∞
ψ(−s)βdµMin(s) =

∫ −ψ−1(C)

−∞

(
C

µMin(s)

)β
dµMin(s) =

∫ 1

0

(
C

u

)β
du <∞,
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where, in both equalities, we used the transformation lemma. It follows that

sup
µ∈[µMin,µMax]

∫
R
ψ(|x|)βdµ(x) ¬

∫ ∞
0

ψ(s)βdµMax(s) +
∫ 0

−∞
ψ(−s)βdµMin(s).

By the De La Vallée-Poussin Lemma, it follows that |x| 7→ ψ(|x|)α is u.i. for [µMin, µMax].
In particular, if ψ(s)  sp for some p ∈ (0,∞), then, x 7→ |x|q is u.i. for [µMin, µMax] for
all q ∈ (0, p).

We now turn our focus on measurable flows of probability measures. The following
proposition is the starting point in order to apply Tarski’s fixed point theorem in the
proof of the existence of mean field game solutions. We start by building up the setup.
Let µ, µ ∈ P(R) with µ ¬st µ and (S,S, π) be a finite measure space. We denote by B
the Borel σ-algebra on P(R) generated by the weak topology. We denote the lattice of
all equivalence classes of S-B-measurable functions S → [µ, µ] by L = L0(S, π; [µ, µ]).
An arbitrary element µ of L will be denoted in the form µ = (µt)t∈S. On L we consider
the order relation ¬L given by µ ¬L ν if and only if µt ¬st νt for π-a.a. t ∈ S. The
following proposition can be found in a more general form in [139]. However, for the
sake of a self-contained exposition, we provide a short proof below.

Proposition B.4. The lattice L is complete.

Proof. Let M ⊂ L be a nonempty subset of L. Then, for every countable set Ψ ⊂ M ,
we denote by µΨ := supµ∈Ψ µ. Let Ψ be a countable subset of M , and {Ψn}n∈N be a
sequence of finite subsets of Ψ with Ψn ⊂ Ψn+1 for all n ∈ N and

⋃
n∈N Ψn = Ψ. As Ψn

is finite, by Remark B.1 b), µΨn ∈ L with µΨn ¬L µΨn+1
for all n ∈ N. By Remark B.1

d), if follows that {µΨn}n∈N converges weakly π-a.e. to µΨ. As a consequence, µΨ ∈ L
for every countable set Ψ ⊂M . Let

c := sup
{∫

S

∫
R

arctan(x)dµΨ
t (x)dπ(t)

∣∣∣∣∣Ψ ⊂M countable
}
.

Notice that the map t 7→
∫
R arctan(x) dµt is measurable for every µ ∈ L since arctan ∈

Cb(R) induces a continuous (w.r.t. to the weak topology) linear functional P(R)→ R.
By definition of the constant c, there exists a sequence {Ψn}n∈N of countable subsets of
M with ∫

S

∫
R

arctan(x)dµΨn
t (x)dπ(t)→ c as n→∞.

Let Ψ∗ :=
⋃
n∈N Ψn and µ∗ := µΨ∗ . We now show that µ ¬L µ∗ π-a.s. for all µ ∈M . In

order to see this, fix some µ ∈M and let Ψ′ := Ψ∗ ∪ {µ}. Then, it follows that

c =
∫
S

∫
R

arctan(x)dµ∗t (x)dπ(t) ¬
∫
S

∫
R

arctan(x)dµΨ′
t (x)dπ(t) ¬ c.

Since arctan is strictly increasing it follows that µΨ′ = µ∗, i.e. µ ¬L µ∗. Moreover, for
any upper bound µ ∈ L of M it is easily seen that µ∗ ¬L µ. Altogether, we have shown
that µ∗ = supM . In a similar way, one shows that M has an infimum.
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Remark B.5. Let M ⊂ L be nonempty. Then, we say that M is directed upwards or
directed downwards if for all µ, ν ∈ M there exists some η ∈ M with µ ∨ ν ¬L η or
η ¬L µ ∧ ν, respectively.

a) The proof of the previous theorem shows that if M is directed upwards, then there
exists a nondecreasing sequence {µn}n∈N ⊂M with µn → supM weakly π-a.e. as
n → ∞. The analogous statement holds for the infimum if M is directed down-
wards. In particular, if {µn}n∈N is a nondecreasing or non-increasing sequence in
L, then it converges weakly π-a.e. to its least upper bound or greatest lower bound,
respectively.

b) Assume that S is a singleton with π(S) > 0. Then, the previous remark implies the
following: For any nonempty set K ⊂ P(R) that is bounded above and directed
upwards, its supremum exists and can be weakly approximated by a monotone
sequence. An analogous statement holds for the infimum if the set K is bounded
below and directed downwards.
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