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should be attributed to.
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The results on ergodicity in Section are joint work with T. Spindeler and have been
published in [GS20]. Here, I provide a slightly different perspective, introducing the
ergodic measures as orbit averages of invariant measures, but the core of the arguments
remains the same.

The results on topological entropy in Section are taken from the single-authored
paper |Goh20], with a slightly polished presentation.

The results on measure-theoretic entropy in Sectionare joint work with A. Mitchell,
D. Rust and T. Samuel [GMRS21|. Here, I use a slightly different formalism via condi-
tional entropies.

The results on diffraction in Section are original. However, they are meant to be
part of an upcoming joint publication with N. Manibo and D. Rust [GMR].

The results on almost minimal substitutions in Section are based on joint work with
B. Eichinger [EG21|. I have taken the liberty to discuss a smaller family of substitutions
to avoid technicalities.

The results on mixed potentials in Sectionare joint work with J. Chaika, D. Damanik
and J. Fillman and will appear in [CDFG].

The results on super-polynomial scaling of g-measures in Section and parts of the
material in Section are essentially taken from joint work with M. Baake, M. Coons
and J. Evans [BCEG21]. This includes a result (Proposition [6.1.24)) that was announced
in [BCEG21] but is derived for the first time in this work. The main result of Section[6.2]
(Theorem is a variant of [BCEG21, Thm. 1.4] that holds for a larger family of
examples, but offers a slightly different conclusion.

The results on the multifractal analysis of the Thue-Morse measure in Section are
joint work with M. Baake, M. Kessebohmer and T. Schindler [BGKS19|. The material
in Section is meant to be complementary to [BGKS19|, filling in some details, while
leaving out others.
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Introduction

A central motive of this thesis is the study of configurations with aperiodic order. Here, a
configuration may refer to a bi-infinite sequence of symbols, a tiling of the plane or a countable
subset of Euclidean space, modelling, for example, the positions of atoms in a material.
Although higher-dimensional examples might be visually more appealing (and physically more
relevant), we stick to the one-dimensional case. This is because the one-dimensional theory
is better understood and generalizations to the higher-dimensional situation are often more
involved or simply not available. A configuration x is periodic if it coincides with a translated
version of itself. That is, x = x + ¢, for some translation vector ¢t # 0. In this case, every
finite pattern repeats at regular distances, given by multiples of ¢t. In the aperiodic case, we
can get an intuition for the amount of (dis)order in a configuration by asking how close we
are to the periodic situation. Does a finite pattern repeat at all? If so, how much does the
distance vary between two consecutive appearances of the same pattern? Does the pattern
appear with a well-defined frequency? How many different patterns of a predetermined size
can we find? How does this number change as we vary the size of the pattern?

All of these questions require the observer to “scan” the configuration, that is, to obtain
information from arbitrary positions. A myopic observer may instead prefer to shift the
configuration itself. This naturally places us into the mathematical framework of dynamical
systems, requiring a small change of perspective. Now, the (symbolic) configuration z is
regarded as a “point”, and the shift .S by a unit length maps x to a new point Sz. Iterating
this procedure gives rise to a sequence of points x, Sz, S?z, ... (the forward orbit of x), which
are naturally embedded into a larger space of configurations X that is invariant under S. We
call the pair (X, S) a dynamical system, which can be equipped with additional mathematical
structure like a topology, a metric, or a measure. With this, we have a full-fledged and well-
developed theory at our disposal. Not only can the questions formulated in the last paragraph
be rephrased in the language of dynamical systems; we also obtain a variety of more refined
measurements of disorder.

In fact, these measurements of disorder reflect different ways to look at dynamical sys-
tems. Some are purely combinatorial in nature, others draw on the topological structure or
refer to an associated measure. Of particular importance is ergodicity, a measure-theoretic
mixing property of a dynamical system. A more information-theoretic perspective yields the
concept of entropy. This measures to what degree it is possible to predict the next step
of a point by measurements that were performed in the past. Yet another approach deals
with a unitary operator, introduced by Koopman [Koo31], which maps a function f on X
to the function f o S. The spectrum of this operator is known as the dynamical spectrum of
(X,S). Curiously, the dynamical spectrum is, under appropriate assumptions, accessible by
scattering experiments on the individual configurations, which yields the so-called diffraction

ix



Introduction

spectrum [BLO4|. Indeed, diffraction spectra have played an important role in stimulating the
interest in aperiodic order. This is due to the discovery of quasicrystals by Dan Shechtman via
electron diffraction experiments on an alloy [SBGC84]. The outcome of these experiments, a
diffraction image of sharp (Bragg) peaks and a tenfold rotation symmetry, stirred some com-
motion in the crystallographic community, ranging from skepticism to upright denial. This
is because a tenfold rotation symmetry is known to be irreconcilable with periodic structures
in 3-dimensional space, challenging the at that time widely accepted belief that Bragg peaks
indicate a periodic structure. The existence of quasicrystals was eventually confirmed, earn-
ing Shechtman the Nobel Prize in Chemistry in 2011. For more on the intriguing history of
quasicrystals, compare [BG13].

Another phenomenological way to access the degree of (dis)order of a material is to measure
its electronic transport properties. In the framework of quantum mechanics, a valence electron
in a material is described by a wave function that reflects the probability of observing it in
certain regions if a measurement is performed. The time evolution of this wave function is
driven by the self-adjoint Schrodinger operator, modelling the influence of the underlying
material. If the material is sufficiently disordered, electrons are “trapped” and electronic
transport is inhibited—a phenomenon that became widely known as Anderson localization.
On the other hand, periodic materials allow for a free transport of valence electrons, provided
their energy matches a set of allowed values, known as the electronic band structure. In
the mathematical model, this band structure is given by the spectrum of the corresponding
Schrodinger operator. Configurations with an intermediate degree of disorder have been
shown to exhibit interesting and anomalous behaviour, like giving rise to a spectrum that
forms a Cantor set of Lebesgue measure 0 [DFb].

As a set, the spectrum of an operator does not offer sufficient insight into its dynamical
properties. It is therefore customary to consider spectral measures, which carry more refined
spectral information. Such a measure is singular if it gives full weight to a set of vanishing
Lebesgue measure. In the most extreme case, it is supported on a single point. If single points
carry no weight, we speak of a (singular) continuous measure. The implications of singularity
vary, depending on the context. If the spectral measure is related to the dynamical spectrum,
it points towards an ordered system. If the spectral measure is related to a Schrodinger
operator, singularity points towards disorder.

The zoo of the different concepts of disorder is not consistent, in the sense that the same
configuration might be classified as ordered if viewed from one angle and as disordered if
viewed from another angle. There are some deep and interesting connections between the no-
tions of disorder, but in general, their interdependencies remain obscure and call for the study
of specific (families of) examples. It is a non-trivial task to obtain meaningful mathematical
models of configurations with aperiodic order that, at the same time, offer some control over
its properties. An important tool to generate many such examples in a constructive manner
is the concept of a substitution. Starting from a finite pattern, it brakes down the pattern into
smaller constituents, each of which is replaced by a larger pattern, according to a fixed set of
replacement rules. Iterating this procedure eventually leads to an infinite configuration that
inherits some hierarchical structure from the production process. Despite being aperiodic in



non-trivial cases, the configurations that arise from a substitution can be deemed to be quite
ordered, according to several characterizations. One way to increase the disorder in the con-
struction is to apply the local replacement rules randomly; we speak of a random substitution
in this case. The interest in random substitutions (in different disciplines) has been sporadic
over the last decades, and they have gained renewed attention only recently.

Outline of the thesis

After collecting some of the mathematical prerequisites in Chapter [I] we devote Chapter
to a short and biased exposition of the theory of dynamical systems, with an emphasis on
symbolic dynamics.

Since substitutions provide the foundation for many of the models discussed in this thesis,
we take our time discussing their basic properties in Chapter Random substitutions are
introduced as natural extensions. The recent literature features random substitutions in
two common disguises. Only one of them makes reference to the probabilities assigned to a
specific production rule, whereas the other is more combinatorial in nature. We explore the
connections and differences in some detail.

Chapter (4] contains the main results on random substitutions. First, we show that iterating
a random substitution naturally leads to an invariant distribution, generalizing observations
from [BSS18| and [MT-JU1§|. Under the classic assumption of primitivity, the orbit average
of this distribution is shown to define an ergodic measure on the substitution dynamical
system. We prove that both the topological and the measure-theoretic entropy of this system
can be computed (with explicit bounds on the precision) by following the production process
of the random substitution. In many cases, this leads to an explicit formula for the entropy.
Regarding diffraction, we take up a key splitting into expectation and variance, that was
introduced by Godreche and Luck to study the random Fibonacci substitution [GL89]. We
show for a large class of random substitution that this produces a splitting of the diffraction
measure into a pure point part (consisting of Bragg peaks) and an absolutely continuous part
(observable as a diffuse background). While the result on the variance part is rather general,
the result on the expectation part is formulated under more restrictive (and not yet optimal)
conditions. Given the evasive nature of the Pisot substitution conjecture—an analogue of this
result in the realm of substitutions—this does not come as a surprise.

Schrodinger operators that are associated to dynamical systems are the main objects of
interest in Chapter [5| In the first part of this chapter, we consider dynamical systems arising
from substitutions. We show that dropping a standard assumption on the nature of the sub-
stitution (primitivity) allows for new spectral features to arise that have not been observed
for primitive substitutions. Inter alia, we show that, in an appropriately chosen situation, the
corresponding Schrodinger operator admits an eigenvalue that is an accumulation point of
the spectrum. The corresponding eigenfunction represents a localized electronic state. In the
second part of the chapter, we are concerned with an important property of a symbolic dy-
namical system, called Boshernitzan’s condition, which is known to lead to a Cantor spectrum
of Lebesgue measure 0. We prove that this property is stable under periodic perturbations.
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Introduction

In Chapter [6], we focus on the Thue-Morse measure, the diffraction measure associated
to a classic configuration of aperiodic order [Mah27]|. This paradigmatic example of a sin-
gular continuous measure has been studied extensively, including a multifractal analysis of
its scaling behaviour in the mathematical physics literature [GL90|. We revisit this analysis
and put it in the context of the modern thermodynamic formalism. In this framework, the
Thue—Morse measure exhibits a pathology that requires one to extend the existing methods.
This technical advancement could be of independent interest.

We close with an outlook on progress and open questions.

xii



1. Preliminaries

It is the aim of this chapter to collect some of the basic mathematical tools and concepts that
will find applications as we progress towards our main results. At first, to avoid ambiguities,
we fix some notational conventions in Section [Tl

In Section we present Lebesgue’s decomposition theorem, an important device to cate-
gorize the singularity of a measure and associated objects. In particular, this provides a key
splitting for the spectrum of Schrédinger operators in Chapter Then, we discuss Radon
measures as complex-valued functionals and their Fourier transformability—a problem that
will naturally occur in the context of diffraction.

The classic Perron—Frobenius theorem on the spectral properties of irreducible non-negative
matrices is recalled in Section [1.3] This will be an invaluable tool to analyze how certain
characteristics of a pattern change under the substitutions that we introduce in Chapter

A random version of substitutions is the main object of interest in Chapter[d This naturally
requires some background on Markov chains, which is provided in Section In the form of
a random walk on the torus, we will also encounter Markov chains as we discuss g-measures

in Chapter [6]

1.1. Basic conventions

Let us agree to call a real number x (strictly) positive if x > 0 and non-negative if x > 0. The
natural numbers N = {1,2,3,...} are assumed to be positive, and we write No = NU {0} for
the non-negative integers. Likewise, weset Ry = {z € R: 2z >0} and Ryg ={z € R: z > 0}.
The set inclusion C is understood to include equality, and we write & for the empty set. We
write A LI B for the disjoint union of sets A, B with AN B = @&. If the set X is understood
and A C X, we denote the complement of A by A® = X \ A. Manipulations of sets are to be
understood elementwise. For example, given A, B C R, we use the Minkowski sum

A+B ={a+b:a€ A bec B}.

A singleton set {x} is often identified with = notationally. We refer to countable subsets of
R? as point sets.

The cardinality of a finite set S is denoted by #.S. We also adopt the notations #S5 = 0 if
S = @ and #S = oo if S is an infinite set. A set A C R? is called locally finite if, for every
compact subset K C R?, we have #(A N K) < oo.

In several places, we will use the intuitive bra-ket notation on the vector space R%. In
this case, we denote x € R? by |z) if it is understood as a column vector and by (z| for
the corresponding row vector. Both can be understood as elements of R? reflecting the
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self-duality of this vector space. Concatenation of these objects is understood as matrix
multiplication. In this formalism, the scalar product of 2,y € R? is denoted by (z,y) = (z|y),
where one of the vertical bars is dropped, in line with standard conventions. Likewise, the
expression |y) (x| naturally defines a (projection) matrix on R?,

For x € C, we write the complex conjugate of z as T. We equip C¢ with the scalar product
(x,y) = 2?21 7;y;, which induces the standard metric on C?. Likewise, we equip R% with
the Euclidean metric and regard it as a topological space.

Given a topological space X, we write C'(X) for the vector space of continuous functions
f: X — C. We also set C.(R?%) for the functions in C'(R%) with compact support. Every
topological space X is tacitly equipped with the corresponding Borel o-algebra B, and we
write M(X) for the set of Borel measures on X, as well as M!(X) for the simplex of proba-
bility measures in M(X). We denote by LP(X, u) the Banach space of equivalence classes of
measurable functions f: X — C, such that |f|P is integrable. For every u-integrable function
f: X = C, weset u(f) = [y fdu. For p=2, the scalar product

0. f) = /X @)/ (2) dpu(z),

for all f,g € L*(X,p), turns L?(X,u) into a Hilbert space. If X = Z, with the discrete
topology, and i is the counting measure on Z, we write ¢?(Z) instead of L?(Z, ).

For a measurable function g: X — R and a regular Borel measure p € M(X), we let gu
be the measure defined by

@A) = [ La@g(o) duto).
for every Borel set A, where 14(x) = 1 if x € A and 14(x) = 0 otherwise. If X is R? (or a
compact subset of R?), we denote by A;, the standard Lebesgue measure on X. In this case,
we sometimes identify g and g); .

In many places, we will be concerned with iterations of a map f: S — S on a set S. Let
us write f™ for the n-fold concatenation fo...o fifn € N, and f° := Id: 2 +— z. If f is
invertible, we also write f~" for (f~1)", for all n € N.

Finally, we introduce some probabilistic notation. Given a probability space (2, F,P), we
call a measurable map Y: Q — R a random variable. If (X,B) is a general Borel space,
we call a measurable map Y: 2 — X an X-valued random variable. We adopt the usual
convention to write {Y € C} for the set Y™1(C) = {w € Q: Y(w) € C}, provided C € B.
The expectation value of a random variable, Y with respect to P, is generically denoted by
E[Y], and we write V[Y] = E[Y?] — E[Y]? for the corresponding variance.

1.2. Measures and functionals

1.2.1. Lebesgue decomposition

Two measures p, v on a measurable space (X, F) are called (mutually) singular, denoted by
p L v, if there exists an A € F such that u(A) = 0 and v(X \ A) = 0. We say that y is



1.2. Measures and functionals

absolutely continuous with respect to v, denoted by p < v, if u(A) = 0 whenever v(A) =0
for A € F. The measures p and v are called equivalent, denoted p ~ v, if 4 < v and v < p.
For the following general decomposition theorem, compare for example [Hal74} Sec. 32].

Fact 1.2.1. Let u,v be o-finite measures on some measurable space (X, F). Then, there is
a unique pair of o-finite measures 1, e such that p = puy + pe, 1 L v and ps < v. ]

A more refined statement is possible if we restrict to regular Borel measures on R%. Here,
we will take the standard Lebesgue measure ); as a reference measure and say that a measure
W is absolutely continuous or singular if the corresponding attribute holds relative to Lebesgue
measure.

Let p € M(R?) be a regular Borel measure. We call P, = {z € R?: u({z}) > 0} the set
of pure points of p. We say that p is continuous if P, = @, and we say that p is pure point
if w(A) = ZzeAmPH wu({x}) for every Borel set A. We call a measure singular continuous
if it is both singular and continuous. The following classic result is known as the Lebesgue
decomposition theorem; compare [BG13, Thm. 8.3].

Fact 1.2.2. Every regular Borel measure i on R has a unique (Lebesgue) decomposition

W = ppp + psc t tac,

where ppp 15 a pure point measure, fis 15 singular continuous, and .. is absolutely continuous
(with respect to Lebesque measure). [

If only one of the components is present in the Lebesgue decomposition of u, we say that u
is of pure type. In this case, we refer to the attribute e € {pp,sc,ac} such that p = pe as the
spectral type of 1. We also write pie = fisc + ptac for the continuous part of p and s = pipp + fisc
for the singular part of p.

1.2.2. Radon measures

Every (positive) locally finite measure 4 € M(RY) defines a linear functional on the vector
space C.(R%) by

uo) = [ alw)ano) (11)

for all g € C.(R%). This functional is positive in the sense that pu(g) > 0, whenever g > 0. In
fact, the positive linear functional on C, (Rd) are in one-to-one correspondence, via , to the
locally finite, regular Borel measures on R%. This is due to the Riesz—Markov representation
theorem [Rud87, Ch. 2].

Example 1.2.3. Given 2 € R%, we define the Dirac measure 8, via §,(A) = 1, precisely if
x € A, and 9, (A) = 0 otherwise, for every Borel set A. As a linear functional, this takes the
form 0, (g) = g(z), for all g € C.(RY). O

We push the correspondence between measures and linear functionals one step further by
defining measures as linear functionals, even if they are not positive.
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Definition 1.2.4. A Radon measure on R? is a (complex) linear functional z on C.(R?) such
that, for every compact K C R?, there is some constant cx with |1(g)] < cxl|gl|oo, for all
g€ C(K).

We call a Radon measure u real, if u(f) € R for every real-valued f € C.(R%). It is called
positive if u(g) > 0 for all g > 0. Recall that every positive Radon measure may be regarded
simply as a measure. For a complex-valued, continuous function f on R? we define fu via
(fu)(g9) = u(fg), for all g € C.(RY). In particular, if ¢ € C, we obtain (cu)(g) = cu(g), for all
g € C.(R%). Given a Radon measure u, we further define,

f:g—p(g), g:x— g(—ax),

for all g € C.(R%). This will be important in the context of autocorrelation measures.

Example 1.2.5. The main motivation for the introduction of Radon measures is to obtain
a framework for weighted Dirac combs. For a locally finite point set D C R, the Dirac comb

Sp =Y 0
xzeD
forms a locally finite measure. Given a family of complex weights (w,)zep, we obtain a Radon
measure via
w = waéx, w: f— waf(a:)
xzeD zeD

It is straightforward to verify that w = > _p Wz0_s. O

For every Radon measure p, there exists a smallest positive Radon measure |u| such that
l(9)| < |pl(g) for all g € C.(RY) with g > 0. The Radon measure y is said to be finite if |y
defines a finite measure on RY. We call u translation bounded if sup,cpa |u|(z + K) < oo for
every compact K C R?

Definition 1.2.6. The convolution of two finite Radon measures ; and v on R? is defined as
(nxv)(g) = / 9(x +y) dp(z) dv(y).
Rd xRd

We call a Radon measure p on R positive definite if (g * g) > 0 for all g € C.(RY). If p
is finite, it is straightforward to verify that u x i is always positive definite.

1.2.3. Fourier transform

We are interested in the Fourier transform of Radon measures. Naively, we would like to define
7i(g9) = u(g). Unfortunately, the space C.(R?) is not invariant under the Fourier transform
and hence, the expression p(g) is generally not well-defined. We therefore resort to a different
space of functions as an intermediate step.

Let S(R?) be the Schwartz space on RY. The Fourier transform of a function ¢ € S(R?) is
defined as

o) = | o) da.



1.3. Non-negative matrices

for all k& € R?, using kx as a shorthand for (k,z). The Fourier transform is a homeomorphism
on S(RY). In particular, ¢ € S(R?) for all ¢ € S(R?). The corresponding dual space S'(R%)
is the space of continuous linear functionals on S(R?). An element T' € S’(R%) is called a
tempered distribution. The Fourier transform T of T € &'(R%), is defined as

o~

T(¢) = T(9),

for all ¢ € S(R?). We call a linear functional T,: S(R?) U C.(R?) — C a tempered measure,
if the restriction 1" of T, to S (R?) is a tempered distribution, and the restriction p of T, to
C.(R%) defines a Radon measure. The Fourier transform T may or may not have an extension
to a tempered measure T - If it exists, such an extension is unique because S (Rd) N CC(Rd)
lies dense in C.(R?). In this case, we write fi for the restriction of fu to C.(RY), and we
call & the Fourier transform of u. The following criterion for the Fourier transformability of
measures, based on a theorem by Bochner—Schwartz, will be of great avail in the context of
diffraction; compare [BG13, Prop. 8.6].

Proposition 1.2.7. If a Radon measure 1 on R? is positive definite, its Fourier transform
[i exists, and is a translation bounded (positive) measure on RY. [

The Fourier transform can be made more explicit if p is a finite Radon measure. In this
case, [i exists and takes the form 11 = f3;, with

k) = [ (o),

defining a bounded, uniformly continuous function on R?, see [BG13, Ch. 8.6]. With some
abuse of notation, we write fi(k) for f;(k). If p is supported on the unit interval, we call
u(k), with k € Z, the Fourier—Stieltjes coefficients of u, see [BG13, Ch. 8.7], and [Rud62] for
general background.

1.3. Non-negative matrices

We write Mat(d, R) for the ring of d x d-matrices with entries in R. This notation extends
to the matrix rings Mat(d,Z) and Mat(d, C) with obvious meaning. The 1-norm of v € R? is
given by ||v||1 = Zgzl |vi|. It will sometimes be convenient to index a (square) matrix by a
finite set A instead of a subset of the natural numbers. In this case, we write Mat(.A, R) for
the ring of matrices (Mgp)apea, With My, € R, for all a,b € A.

A matrix M € Mat(d,R) is called positive, written M > 0, if M;; > 0 for all 1 < 4,5 < d.
Likewise, a non-negative matrix M > 0 is such that all entries of M are non-negative. Given
two matrices M, N € Mat(d,R), weset M > Nif M — N >0and M >N if M — N > 0.

Definition 1.3.1. A non-negative matrix M € Mat(d, R) is called irreducible if for each pair
of indices (i, j) there exists a power ¢ € N such that (M?);; > 0. The matrix M > 0 is called
primitive if there exists a ¢ € N such that M? > 0.
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Remark 1.3.2. If a matrix M is irreducible, there exists a number p € N such that MP
decays into a direct sum of primitive matrices (possibly after a permutation of indices). We
call the smallest such number p the period of M. Hence an irreducible matrix is primitive if
and only if it is aperiodic, that is, if its period is p = 1. O

Arguably the most important tool for the study of non-negative matrices is the Perron—
Frobenius (PF) theorem. It goes back to work of Perron, who studied positive matrices, and
subsequent generalizations to non-negative matrices by Frobenius. The PF theorem is rather
a family of results than a single assertion; for the formulation below compare [BG13, Thm. 2.2,
Thm. 2.3]. A more exhaustive treatment, including infinite-dimensional generalizations, can
be found in [Sen81] and [Scha99]. Recall that we call a non-zero vector L a left eigenvector
of M with respect to an eigenvalue A if (L|M = \(L|.

Theorem 1.3.3 (Perron—Frobenius). Let M € Mat(d,R) be a non-negative irreducible ma-
triz. Then, the spectral radius X = p(M) is a simple eigenvalue of M, and there exist
corresponding left and right eigenvectors L and R with strictly positive entries and normal-
ized as (L|R) = ||R||1 = 1. If M is also primitive, X is strictly larger in modulus than every
other eigenvalue of M, and

1
lim —M" = |R)(L|,

n—oo \"

with geometric rate of convergence. ]

In the situation of Theorem [I.3.3] we call A the PF eigenvalue of M, whereas L and R are
called the (properly normalized) left and right PF eigenvectors of M, respectively.

1.4. Markov chains

We approach the subject of Markov chains in several steps, dealing first with finite, then
countable and finally uncountable state spaces. Our focus will shift as we pass through these
cases, motivated by the different applications that they find throughout this thesis.

1.4.1. Finite state space

Let S be a finite set, comprising the states of the system. A Markov matriz is a non-negative
matrix M € Mat(S,R) with oM, = 1 for all » € S. It follows that A = 1 is an
eigenvalue of maximal modulus for M. We call a probability vector m on S an equilibrium
vector if (w| = (7| M.

We interpret M, as the probability of passing from 7 to s in one time step. We say that
s is accessible from r, denoted by r ~- s, if there is some k € Ny such that (MF¥),s > 0. If
r ~ s and s ~ 1, we say that r and s communicate, denoted by r <+ s. Communication is an
equivalence relation, the corresponding equivalence classes are called communication classes;
compare [Bre20, Ch. 2] for background.

Recall that a state s is said to be recurrent if the probability of a finite return time to itself
is equal to 1. Instead of making this precise, we give an equivalent definition. We emphasize
that this works only because S is assumed to be finite.
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Definition 1.4.1. We call a state s € S recurrent if s ~ r implies r ~» s for all r € S. It is
called transient otherwise.

Let R C S be the set of recurrent states. Since recurrence is a class property, R decays
into a finite collection of communication classes R1,..., R, called recurrence classes. By
construction, the restriction M; of M to a recurrence class R; is irreducible. Let p; € N
denote the period of the irreducible matrix M;. The least common multiple p of all the
integers {p;}1<j<m is called the period of M. The restriction of M? to R; decays into p;
primitive components, for all 1 < j < m.

Remark 1.4.2. The sets of recurrent and transient states remain the same for every power
of the Markov matrix M, however the recurrence classes may become smaller. Hence, what
we have gained by passing from M to MP? is that we can assume that the restriction of MP
to each of its recurrence classes is primitive. O

Up to replacing M by some of its powers, we can assume that it has period p = 1. In this
case, we say that M is aperiodic. For each recurrence class R, there is a unique equilibrium
vector 7/ of M that is supported on Rj. The long term behaviour of M is captured by the
following result; compare [Bre20, Ch. 6]. Here, we denote by es; the unit vector given by
(es)s =1 and (es), =0 if r # s.

Fact 1.4.3. Let M be an aperiodic Markov matrixz on the state space S with recurrence classes
Ri,...,Rm and corresponding equilibrium vectors w, ..., 7. For every s € S, there exists
a unique probability vector cs = (s j)1<j<m such that

n—oo

m
lim (es|M" = chyj(wj\,
j=1

holds for all s € S. [ ]

We call ¢, j the absorption probability of s by the class R;. The vector ¢, is a unit vector
whenever s is itself a recurrent state.

1.4.2. Countable state space

Assume now that S is a countable set. A Markov matrix M = (M,s),scs on S is a non-
negative matrix on the infinite index set S with the property that ) ..o M,s = 1forallr € S.
A homogeneous Markov chain on S with Markov matrix M is a sequence of S-valued random
variables (X, )nen, on some probability space (€2, F,P) such that

PXpi1 = spg1|Xn = 5n, ..., Xo = 50| = P Xpy1 = snq1|Xn = s0] = Ms,5,.,4, (1.2)

for all n € N and sg,...,Sp+1 € S. The initial distribution P o Xo_l, together with M,
uniquely determines the distribution of the sequence-valued random variable (Xp)nen, on
SNo_ Conversely, given an initial distribution vector 7y on S and a Markov matrix M, a
corresponding Markov process with the required properties always exists. This is due to
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Kolmogorov’s extension theorem; compare for example [Kle1l4, Thm. 14.36]. The probability
vector 7, corresponding to the measure Po X! on S, can be calculated from

(mn| = (mo|M",

for all n € N. We will mostly be concerned with the case that every row of M has only finitely
many non-zero entries. In this case, every component of (m,| can be calculated from a finite
sum.

1.4.3. General state space

Let X be a complete metric space with Borel g-algebra B. In this case, we replace the concept
of a Markov matrix by that of a Markov kernel.

Definition 1.4.4. A Markov kernel on (X, B) is a map x: (X, B) — [0, 1] such that

(1) =+ k(z,A) is a measurable function, for all A € B.

(2) A k(x,A) is a probability measure, for every xz € X.

For a general state space, events like {X,, = z} typically form a null set. We therefore
have to be careful in generalizing the Markov property from (1.2]). For an appropriate notion
of conditional probabilities, see Appendix [A] and [Klel4, Ch. 8]. In the following, we use
the notation o(Xy,...,X,) for the smallest o-algebra generated by the random variables
X0y, X

Given a Markov kernel x on (X, B) and an initial probability distribution g, there exists
an X-valued, homogeneous Markov chain (X,)nen, on some probability space (€2, F,P) such
that Po XO_1 = g, and

P[Xn i1 € Alo(Xo, ..., Xn)] = #(Xn, A), (1.3)

holds P-almost surely, for all A € B and n € Ny. This follows from a famous result due to
Ionescu-Tulcea; see for example [Klel4, Thm. 14.32].

Together with the initial distribution pg, the relation fixes the finite-dimensional
distributions P o (Xo, ..., X,)"! unambiguously. In fact, the distribution of the random
sequence (Xp)nen, is uniquely determined by pp and the transition kernel x. A relation
between the distributions y, = P o X, ! can be found by integrating . Indeed, we have
Pnt1 = K"y, for all n € Ny, where

(k1) (4) = / ) dp ),

for all A € B and Borel probability measures g on X. The Markov operator *: p +— x*pu is
called the dual of the transition kernel k.
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Throughout substantial parts of this thesis, the structures that we investigate can be modelled
by bi-infinite sequences. Equipping the space of sequences with an index-shift places us into
the realm of symbolic dynamical systems, which we introduce in Section [2.1]as our key players.
The field of dynamical systems offers an impressive variety of concepts that assess the
degree of (dis)order of the system, most of them invariant under appropriate isomorphisms.
For the exposition in this chapter, we cluster them into three different groups.
The mixing properties presented in Section characterize how well the underlying space is
exhausted by following the orbit of single points (or small neighbourhoods). Some of these
notions make reference to an associated measure while others only rely on the topological
structure.
In Section we adopt a point of view inspired by information theory and introduce the
notions of topological and metric entropy. The connection between the two concept emerges
via a variational principle.
An operator-theoretic approach yields a spectral characterization of the underlying dynamical
system. In Section we develop the formalism for both unitary and self-adjoint operators.
The unitary Koopman operator gives rise to the dynamical spectrum which is closely related
to the (sometimes more easily computable) diffraction spectrum. The self-adjoint Schrodinger
operator will be the main object of interest in Chapter

2.1. Symbolic dynamics

2.1.1. From dynamical systems to symbolic sequences

For the sake of this thesis, a (topological) dynamical systems (X,7T) consists of a compact
space X, equipped with a continuous map 7: X — X. The map T may or may not be
invertible, but for most of the examples that we will encounter, T is surjective. The dynamics
on the base space X is induced by iterating the map 7. That is, given x € X, we should
think of T™x as the position of x at time n € Ny. If T is invertible, we even take n € Z and
interpret negative integers as pertaining to the past. Following this idea, the orbit of x € X
under T is defined as,
orbr(z) = {T"z : n € 1},

where, here and in the following, I = Z if T is invertible and I = Ny otherwise. We simply
write orb(z) if the map T is understood. In many situations (X,7') is equipped with a
measure pu, which we tacitly assume to be defined on the Borel o-algebra that is induced by
the topology on X. We say that u is T-invariant, if u = poT~. We denote by Mr(X) the
space of T-invariant (Borel) measures on X, and by ML (X) the convex subset of probability
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measures in Mr(X). Given u € MA(X), we call (X, T, i) a measure-preserving dynamical
system.

From a general dynamical system, we obtain a symbolic coding by coarse-graining the
space X. This procedure is justified by the fact that, in practical situations, only a finite
resolution is available. More precisely, we consider a partition of X into Borel sets, given by
a = {Xs}aea, where the alphabet A constitutes a finite index set. Being a partition means
that X = UgeaX, and that, for a,b € A with a # b, the sets X, and X, are disjoint. We
follow the dynamics of a point x € X by recording in a string of symbols the succession of
sets that are visited by the orbit of x. That is, we obtain a coding map

Tt X (an)neﬂa

where a,, is the uniquely determined letter such that 7"z € X, , for all n € I. If the partition
« is chosen wisely and if the map T is chaotic enough, we can recover the point x from the
sequence m,(x) and narrow down the position of x to a small region by just considering a
finite number of symbols from the sequence 7, (x). Questions about the dynamics on X are
hence naturally translated to questions about the obtainable successions of symbols. This
point of view is particularly relevant for the discussion of metric entropy in Section

2.1.2. Symbolic notation

In what follows, we set up the basic notation for combinatorics on words. This is mostly in line
with the conventions in [BG13| Ch. 4] to which we refer for further details; see also [LM95].
We start with a finite set A, called alphabet. Elements of A are called letters. To exclude
trivial cases, we assume that #.A4 > 2. A word is an element of A" = J, .y A". If u € A",
we say that w is of length n, and write |u| = n in this case. Given 1 < j < n and u € A",
we denote by u; the j-th entry of the n-tuple w. In line with standard conventions, we write
uiug - - - Uy instead of (up,usg,...,u,) for a word u in A™. The concatenation of two words
u=1uj---up, € A%and v = vy --- v, € A™, is given by uv = uq - - - upv1 - - - vy, € AT, Thus,
the set of words A™ forms a (free) semigroup under concatenation. It can be extended to a
monoid A* = AT U {e} by adding the empty word ¢, satisfying ev = ve = v for all v € AT.

We call a word v a prefiz of another word w if there is a word v/ € A* such that u = vv'.
Similarly, v is a suffiz of w, if there is v € A* such that v = v'v. Given u € A" and
1<j<k<n, wecall

Uik = U U

a subword of u. By convention, u(;; = u; for all 1 < j < [u|. For two words u,v with
lv| < |ul, we set
[ulo = #{1 < < Jul = ol + 1 g1 = 0}

to be the number of times that v occurs in u as a subword. Note that different occurrences
of v in w may overlap. We write v <wu if v occurs as a subword of u. In the special case that
v=a € Ais a letter, we obtain |u|, = #{1 < j < |u| : u; = a}. The Abelianisation of a word
u is given by

P(u) = (|ula)aca-

10
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Intuitively, the Abelianisation erases the specific order of letters in a word as it amounts to
counting their absolute numbers.

For n € N and u € A", we write u = u---u for the n-fold concatenation of the word u
with itself. Formally, we set u® = . In Chapter |5, we will also be concerned with rational

k/m

powers of a word u. For u = uq---up, and 1 < k < m, we write u = uq - - - ug, for the

prefix of u of length k. Accordingly, given s =n + k/m, for n € N and 1 < k < m, we set

uw® = uuy - uy,

for all uw € A™.

2.1.3. From symbolic sequences to dynamics

In order to get back to dynamical systems, we consider the spaces of (bi-)infinite sequences of
symbols, AN and AZ. Let I stand for N or Z in the following. We equip A" with the product
topology inherited from the discrete topology on A. Thus, A is a compact space due to
Tychonoff’s theorem |[Cec37,Tyc30]. It is noteworthy that the topology on A" is metrizable.
Somewhat arbitrarily, we fix a metric on Al by

Oz
d(z,y) = Y ==,

nel

that is, two sequences x,y € Al are close precisely if they agree on a large window around
the origin. For 2 = (z,,)ner € Al, and 7,k € I satisfying j < k we set Tiigg = Ty T The
topology on Al is generated by cylinder sets of the form

[U]] = {l' S A]I : w[j7j+|v|_1] = U},

with v € AT and j € I. We write [v] for the cylinder set starting at the origin, that is, we
set [v] = [v]; if I =N and [v] = [v]p if I = Z. These sets are both closed and open and hence
termed clopen. In the bilateral case, we also make use of the notation

[uv] = {z € A T(_ ) jv]-1] = UV},

for u,v € AT. We define the (left) shift action S: A" — A', via the prescription (Sz), = z,,,
for all n € I. We call the compact dynamical system (A', S) the full shift on A. The map
S is invertible on A precisely if I = Z. A bi-infinite sequence x = (z,,)nez € A is often
represented in the form

T = T_oT_1.Togl Ty " ,

where the lower dot indicates the position between the entries of index —1 and 0. If x is
S-periodic, it can be written in the form

z == vovovv---
for some v € AT. We say that z is eventually periodic to the right if there is some k € Z such

that

(S*2)p.00) = V",

11
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for some v € AT, with obvious meaning. Likewise, x is called eventually periodic to the left
if (Sk’x)(_oq_l} = v N for some k € Z and v € AT. If v € A is a letter, we use the term
eventually constant instead of eventually periodic.

Definition 2.1.1. A subshift of (A, S) is a dynamical system (X, S), given by an S-invariant
closed subset X of A, equipped with the restriction of S to X. The language of X is defined
as

LX) = {ve At : [ NX # 2},

words in £(X) are called legal, and we set £,,(X) = L(X) N A", for all n € N. We call (X, 5)
a one-sided (two-sided) subshift if [ = N (I = Z).

Remark 2.1.2. In Definition [2.1.1] we identify the restriction of S to X with S, by slight
abuse of notation. Also, the term subshift sometimes refers to just X instead of (X, .S). If the
subshift is understood, we frequently write [v]; in place of [v];NX, for v € AT and j € I. Since
X is S-invariant by definition, the legal words are precisely those that appear as a subword
of some element in X. O

Let us present some particularly prominent examples of subshifts [LM95]. In Chapter
we will focus on another paradigmatic family of subshifts, arising from substitutions.

Example 2.1.3. Given v € A*, the periodic orbit X = orbg(v?) is a finite set, hence closed,
and clearly S-invariant. That is, (X, S) is a subshift. The cardinality of X is bounded by |v]|
but might be smaller if v is itself an integer power of a shorter word. O

Example 2.1.4. Let #A4 = n and A € Mat(n,R) a matrix with entries in {0, 1}, indexed by
the alphabet A. We call

Xy ={recA:A =1 for all i € T}

TiTir1

a Markov subshift with transition matriz A (unless X4 = @). By construction, (X4, ) is a

subshift. O
Example 2.1.5. Let F C A" be a finite collection of forbidden words. The subshift given
by

Xr = {zeA: Tk ¢ F for all j,k €I, with j < k}
is called a subshift of finite type (SFT), provided it is non-empty. O

Every Markov subshift X, is an SFT, with F = {ab € A% : Ay, = 0}. Conversely, every
SFT is conjugate to a Markov subshift [LM95] in the following sense.

Definition 2.1.6. Let (X1,71) and (X2,7%) be compact dynamical systems. We say that
(X2,T3) is a (topological) factor of (X1,T1) if there exists a continuous, surjective map
m: X1 — Xo such that m o T7 = T5 o w. In this case, we call m a factor map. If 7 is even a
homeomorphism, we say that (X1,71) and (X9, T%) are (topologically) conjugate and call 7
a topological conjugation.

12
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T_g T_o T_y X, ’ r, Xy Ty Ty | Ty  Xg
[g
Y3 Y2 Y1 Yo Yo Y3 Yy Ys Yo

Figure 2.1.: Sliding block code ¢4 acting on z, yielding the sequence y = ¢4(z).

Topological conjugacy is an important concept in the study of dynamical system because it
preserves the dynamical properties, due to the defining commutation relation. In particular,
all of the topological characteristics of dynamical systems that we encounter in the following
sections are invariant under conjugacy. If (X;,71) and (Xo,7T%) are both subshifts, factor
maps and conjugations take a particular form. For simplicity, we assume that both subshifts
are defined over the same alphabet (possibly by taking the union of the original alphabets).

Definition 2.1.7. Let (X1, S) and (X, S) be subshifts of (A, S). Given n € N and a function
g: L,(X1) = L1(Xg), we define the (basic) sliding block code ¢g4: X1 — Xy via

Pg: T Pg(x), (Pg(x)); = 9($[j7j+n—1])7
for all j € I. A general sliding block code is of the form ¢, o Sk for some k € 1.

An illustration of a basic sliding block code for some function g: £4(X;) — £1(Xy) is
shown in Figure It is easy to verify that every sliding block code is continuous and
commutes with the shift action and is hence a factor map. On the other hand, given a
factor map 7: X; — Xy between subshifts, we can deduce that m is a sliding block code
from the requirement that 7—1([a]) is clopen for all @ € £1(X3) and w0 S = S o 7. Hence,
sliding block codes are precisely the factor maps between subshifts. This is the content of the
Curtis—Lyndon—Hedlund theorem; compare [LM95, Thm. 6.2.9].

There is a natural analogue of topological factor maps and topological conjugations to
measure-preserving dynamical systems, which again offers a natural tool for their classifica-
tion.

Definition 2.1.8. Let (X1, T4, 1) and (Xo, b, u2) be measure-preserving dynamical systems.
We call (X2, T5, u2) a (measure-theoretic) factor of (Xy,Th, 1) if there is a measurable map
m: X7 — Xg such that puo = 1 o 7 Y and mo T}, = T o w holds almost surely. In this case,
we call 7w a factor map. If 7 is a bijection (up to null sets), we say that (Xi,71,p1) and
(Xa,To, u2) are metrically ismorphic and call m a metric isomorphism.

Every topological conjugation 7 between (X1,71) and (X2,7>) also constitutes a metric
isomorphism between (X7, 71, i) and (Xo,Th, pom 1), for every u € MA(X;). However, not
every metric ismorphism arises in this manner; in general, it corresponds to a more coarse-
grained perspective on the underlying spaces.

All of the measure-theoretic characteristics that we present in the following are invariant
under metric isomorphisms. Within a class of dynamical systems, we call a characteristic a

13
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complete invariant if it is the same for two dynamical systems precisely if these systems are
isomorphic. We invite the reader to think of a complete invariant as a fingerprint of dynamical
systems.

2.2. Mixing properties

2.2.1. Topological characteristics

Definition 2.2.1. A dynamical system (X, T) is said to be topologically transitive if for every
pair of non-empty open sets U,V € X, there exists an integer n € N such that

T"(U)NV # @. (2.1)

In this situation, (X, T') is topologically mixing if there exists an ny € N, depending on U and
V, such that (2.1)) holds for all n > ny.

Remark 2.2.2. If (X, T) = (X, 5) is a subshift, both topological transitivity and topological
mixing can be expressed as a combinatorial condition. Indeed, (X, .S) is topologically transitive
if and only if, for all u,v € £(X), there is a word w such that vwv € L£(X). If |w| can take
any integer value greater than some ng, the system (X, .S) is even topologically mixing. We
refer to [LM95, Ch. 6] for details. O

Example 2.2.3. Let (X4,S5) be a Markov subshift with transition matrix A. Let A be
the restriction of A to the index set given by L(Xj4), that is, we set /Tab = Ay for all
a,b € L(X4). Then, (X4,S) is topologically transitive if and only if A is irreducible and
(X4, S) is topologically mixing if and only if Ais primitive. This is straightforward to verify
from Remark 2.2.2 O

For compact and metrizable dynamical systems, there is a useful characterization of topolog-
ical transitivity that follows from a more general result by Silverman [Sil92]; see also [AC12|.

Fact 2.2.4. Let X be a compact metrizable space. If (X,T') is topologically transitive, there
exists a point x € X such that orbp(z) is dense in X. The converse holds if X has no
isolated points. [

Points with a dense orbit in X are sometimes called hypercyclic. In particularly convenient
situations, all points in X are hypercyclic.

Definition 2.2.5. A dynamical system (X,7) on a compact metrizable space X is called
minimal if, for every x € X, the orbit orbp(x) is dense in X.

Another equivalent definition of minimality often found in the literature is that X, & are
the only T-invariant subsets of X. Periodic orbits are particularly simple examples of minimal
systems; we will encounter more interesting examples in Chapter

14
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2.2.2. Measure-theoretic characteristics

For the remainder of this section, we assume that a dynamical system (X,T') is equipped
with a T-invariant Borel measure u. A useful property of such a measure with far-reaching
consequences is ergodicity.

Definition 2.2.6. Given a dynamical system (X,7T) and p € Mp(X), we say that the
measure p is ergodic if, for every measurable set A with A = T-'A, we have u(A) = 0 or
u(A%) = 0.

We will encounter dynamical systems with an infinite (but o-finite) ergodic measure in
Chapter For background on infinite ergodic theory, we refer to the book by Aaronson
[Aar97]. In the following, we stick to the more common case that p is a probability measure.
Under this assumption, there are many useful characterizations of ergodicity in the literature;
compare for example [Pet83,[Wal82]. A particularly useful property of ergodic probability
measures is that they allow us to replace orbit averages for typical points by integration
over the underlying space. This is the content of Birkhoff’s ergodic theorem [Bir31|. In the
following form, it is taken from [Pet83, Thm. 4.4].

Theorem 2.2.7 (Birkhoff). Let (X,T,u) be a measure-preserving dynamical system. The
measure i is ergodic if and only if, for all f € LY(X, u),

n—1
1
lim — TFz) = d
Jim =% f(TFa) /Xf p
k=0
holds for p-almost every x € X. ]

The ergodic probability measures on a dynamical system (X, T) are precisely the extremal
points of the convex set of T-invariant Borel probability measures M1.(X). In particular,
there always exists at least one ergodic measure.

Definition 2.2.8. We call a dynamical system (X, T') uniquely ergodic if there exists precisely
one ergodic probability measure on (X, 7). If, in addition, (X, T") is minimal, we call it strictly

ergodic.

Although we may think of unique ergodicity as the analogue of minimality in the measure-
theoretic category, the two notions are independent in general. A condition by Boshernitzan
establishes a connection between the two properties for subshifts.

Definition 2.2.9. Let (X,S) be a subshift. For an invariant measure p on (X,S), we set
p(n) = min{ufv] : v € L,(X)}. We say that (X, S) satisfies Boshernitzan’s condition if there
exists an invariant measure u such that

limsup nu(n) > 0.

n—oo

If, in addition, (X, .S) is minimal, we call it a Boshernitzan subshift.

15
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If (X S) is minimal, Boshernitzan’s condition implies that it is also uniquely ergodic [Bos92].
It has also become an invaluable condition in the analysis of Schrodinger operators defined
on symbolic dynamical systems; we will come back to this in Chapter

There is yet another formulation of ergodicity, which underlines its interpretation as a
mixing property. A measure u € ML (X) is ergodic on (X, T) precisely if

lim ~ 3" (T AN B) = u(A)u(B).
k=0

for all measurable A, B € X. That is, ergodicity means convergence of u(T*A N B) to
u(A)pu(B) in a Cesaro sense. Stronger notions of convergence can be related to stronger
versions of mixing.

Definition 2.2.10. Let p € M4 (X). We say that p is weakly mizing on (X, T) if

n—oo N

n—1
tim © 3" u(T AN B) — w(A)u(B)| = 0,
k=0

for all measurable A, B € X. We say that p is strongly mizing on (X, T) if

lim u(T""ANB) = u(A)u(B), (2.2)

n—oo

for all measurable A, B € X.

From these definitions, it is immediate that strong mixing implies weak mixing, which in
turn implies ergodicity. Hence, within this hierarchy, ergodicity is in fact the weakest notion
of mixing.

Example 2.2.11. Consider the full shift (A%, S), equipped with the Bernoulli measure f,
defined via

pllor---on]) = FA)T,

for all v1---v, € A" and n € N. It is easy to verify the defining relation for strong mixing
in if A, B are cylinder sets. This is in fact enough to conclude strong mixing because
the cylinder sets (determining the first position) form a semi-algebra of sets that generate the
Borel o-algebra; compare the discussion in [Pet83, Ch. 2.5]. ¢

2.3. Entropy and complexity

2.3.1. Measure-theoretic entropy

Picture a situation where the orbit of a point is observed with finite resolution, modelled by
some coarse-graining of the underlying space. The entropy of the dynamical system measures
the average amount of information about the initial point that we can gain per step, provided
we have a complete understanding of the underlying dynamics.
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2.3. Entropy and complexity

We start from a measure-preserving dynamical system (X, 7T, u). As in Section we
model the coarse-graining by some finite measurable partition o = {X,}4e4. To avoid tech-
nicalities, we further assume that p(X,) > 0 for all a € A. A small value of u(X,) corresponds
to a small a-priori probability of finding a point z in X, and hence to a larger gain of informa-
tion if x € X, is revealed to hold true. More formally, we define the information function as
I, (z) = —log(u(X,)), whenever x € X,. We obtain the corresponding entropy by averaging
over all z € X.

Definition 2.3.1. Let & = { X, }4e 4 be a finite, measurable partition of X and u a probability
measure on X. The entropy of the partition « is defined as

H,(a) :/Xlad,u— Z,u ) log 1(X4).
acA

Let us denote by P the collection of all finite measurable partitions of X such that every
element of the partition has positive y-measure. Given a, 5 € P, we call

aVp={ANB:AcaBEepj}

the common refinement of a and 5. More generally, we say that 8 is a refinement of «,
denoted by o < g if, for every B € (3, there is some A € « such that B C A. We say that
a and [ are independent if u(AN B) = u(A)u(B) for all A € a and B € . The definition
of entropy is chosen in such a way that H,(«aV ) = H,(«a) + H,(8), whenever o and 3 are
independent.

In several applications, we are interested in the additional gain of information that we
obtain from a partition a € P, provided that the chosen element of a second partition 5 € P
is already known. Given B € 3, we define the conditional measure ppy via

n(AN B)

uB)
for all measurable A C X. The conditional information function is defined as the function
I, satisfying I,5(x) = —log(up(A)), whenever z € AN B, for A € a and B € . Likewise,
the conditional entropy is defined as

H,(a]8) = / Lysdu = 37 u(B)

Bep

np(A) = p(A[B) =

Let us state a few properties of (conditional) entropy that will become useful in Chapter
The proofs are textbook material, compare for example [Kel98, Pet83].
Fact 2.3.2. The (conditional) entropy satisfies the following properties.

(1) H,(o) < Hy(aV B) for all o, B € P, with equality if and only if f < a up to null sets.
(2) H,(aV B)=H,(B) + Hy(a|B) for all o, € P.
(3) H,(o|B) < Hu(a) for all o, 5 € P, with equality if and only if o and 8 are independent.
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2. Dynamical systems

Remark 2.3.3. We can also associate a partition a to a random variable V' on (X, i) that
can take values in a finite set S. More precisely, we set a(V) = {V"1(s) : s € S}. In this
case, we define H, (V) = H,(a(V)) with slight abuse of notation. Given two such random
variables V' and W on (X, i), we similarly define H,(V|W) = H,(a(V)|a(W)). This point
of view will become relevant in Section O

Let us introduce some reference to the dynamics to our discussion of entropy. Given a € P,
we collect the information that we obtain from observing the succession of sets in « that are
visited by the orbit of some unknown point z € X. For n € N, the condition T"x € A can
alternatively be formulated as x € T~™A. That is, observing the orbit at time n corresponds
to choosing one of the sets in T "«. Hence, the accumulated (average) information that we
have obtained after n steps is given by the entropy of the partition

an = aVT lav...vT~ " Ng,

In general, H, (o) will diverge as n — oo. However, the entropy per step is often a useful
characteristic. This is well-defined due to a result by Fekete [Fek23] because (H,(a))nen is
a subadditive sequence by virtue of Fact

Definition 2.3.4. Given a measure-preserving dynamical system (X, 7T, ) and a partition
o € P, we define

1
hy(T,a) = lim —H, (o).

n—oo n

The (measure-theoretic) entropy of p on (X, T) is given by
hu(T) = sup hy(T, «).
a€cP
Measure-theoretic entropy also appears under the terms metric entropy and Kolmogorov—

Sinai entropy in the literature. Let I = Z if T is invertible and I = Ny otherwise. We say that «
is a u-generator with respect to T', if the smallest o-algebra containing all of the sets in T "«
for all n € I, is the Borel g-algebra on X, up to p-null sets. The following result goes back to
Kolmogorov [Kol59] and Sinai [Sinab9|, in this form it is taken from [Kel98, Thm. 3.2.18].

Theorem 2.3.5 (Kolmogorov—Sinai). Let « be a p-generator with respect to T. Then,
hu(T) = hy (T, o). [

Example 2.3.6. Let (X, S) be a subshift over some alphabet A. We note that the partition
a = {[a] : a € A}, together with the shift action S, generates the collection of cylinder sets
and hence the complete Borel o-algebra. That is, the entropy of u € M}g(X) is given by
.1
ha(S) = = lim — >~ pu([v]) log(u([v]))-

n—oo n
vELR (X)

A trivial upper bound for h,(S) is given by log(#.A). O
If the measure p is not only T-invariant but even ergodic, it is possible to obtain the entropy
hu(T) from individual points almost surely. This became known as the Shannon-MacMillan—

Breiman theorem. We formulate it here in the special case that (X,T') is a subshift which is
most relevant for us; compare [Kel98, Thm. 3.2.7] for the more general result.
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2.3. Entropy and complexity

Theorem 2.3.7 (Shannon-MacMillan—Breiman). Let (X,S) be a subshift, equipped with an
ergodic measure 1 € M%(X). Then,
. 1
hu(S) = lim ——log(u([z; - - z,])),

n—oo  n

holds for p-almost every x € X. [ ]

2.3.2. Topological entropy

Topological entropy was introduced by Adler, Konheim and McAndrew as an analogue of
measure-theoretic entropy [AKM65|. Indeed, the construction closely follows the ideas pre-
sented in the last section; we refer to [Wal82, Ch. 7] for background. Instead of a measurable
partition, we start from a finite open cover U of the compact space X. We define N (i) as the
cardinality of the smallest open subcover of . The entropy of U is given by H(U) = log N (U).
The common refinement of two finite open covers U,V is given by

UVY = {ANB:AcU,BEV,AND + o}

Since T is continuous, each of the collections T~ (U) is a finite open cover of X, and the

same holds for
U, =UNT UV - vT Dy,

for all n € N. Again, H (U, )nen is a subadditive sequence and hence, the limit in the following
definition is well-defined.

Definition 2.3.8. Given a dynamical system (X, T') and a finite open cover U of X, we define

1
hiop(T,U) = lim —H(U,).

n—oo N
The topological entropy on (X,T) is given by hiop(T') = supy, hiop(T,U).

The concept of topological entropy can be extended to non-compact metric spaces X using
the concept of (n, e)-separated sets (or alternatively (n, €)-spanning sets), going back to ideas
of Bowen [Bow73|. For compact metric spaces, all three definitions coincide. A relation be-
tween topological entropy and measure-theoretic entropy was established by Dinaburg [Din70],
Goodman |Goo71] and Goodwyn [Goo72|. This takes the form of a wariational princi-
ple [Wal82, Thm. 8.6].

Theorem 2.3.9. Let (X,T) be a dynamical system on a compact metric space X. Then,
hiop(T) = sup{h,(T) : p € ML(X)}. [

We call i1 a measure of mazimal entropy if hop(T) = hy(T). In Chapter [6, we will encounter
a related, but slightly more general variational principle.

Example 2.3.10. Let (X4,.5) be a Markov subshift with irreducible transition matrix A.
Let A be the PF eigenvalue of A and L, R the left and right PF eigenvectors, respectively.
The Parry measure p1 on (Xy4,5) is defined via

L, R

T, T,

plley ) =~
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2. Dynamical systems

for all z;-- -z, € L£,(X4) and n > 2. It can be shown that p is the unique measure of
maximal entropy on (X4, S) [Par64], see also [Man87]. O

For a subshift (X, .5), the topological entropy can in fact be calculated as a combinatorial
quantity. Let us define the complexity function corresponding to X by

c: N= N, ¢(n) = #L£,(X).

Then, the topological entropy of (X,.5) is given by

hiop(S) = lim 28(€)),

n—00 n

compare [Pet83, Ex. 3.6]. If the topological entropy of (X, S) is equal to 0, it is customary to
study the growth behaviour of the complexity function instead.

2.4. Spectral properties

2.4.1. Spectral theory for normal operators

In this section, we give a brief exposition of the spectral theorem; see for example [Con90| for
a more thorough introduction to the topic. Let N be a normal, bounded linear operator on
a separable Hilbert space H. The spectrum of N is defined as

o(N) = {z € C: (N — z) is not invertible}.

The spectral theorem asserts that N can be represented by a multiplication operator on
an appropriate function space; compare [Pet83, Ch. 1.4], [Con90, Thm. 10.1] and [EFHN15,
Thm. 18.2].

Theorem 2.4.1 (Spectral theorem). There is a sequence of finite Borel measures (Vn)ner
on C, with I finite or countable, such that vy > vo > ---, and such that N is unitarily
equivalent to the operator M = @©ner M, on ®nerL?(C,vy,), where

M,: L*(C,v,) — L*(C,v,), (Mnf)(2) = z2f(2),
for allm € I. Each of the measures vy, with n € I, is unique up to equivalence. [

The spectrum of each of the operators M, is given by the topological support of v, |[Con90,
Ex. 2.5]. Since the measures v, are nested by absolute continuity (and since unitary equiva-
lence preserves the spectrum), we observe

o(N) = supp(n).

We call vy a measure of mazimal spectral type. Identifying the complex plane C with R?, we
can apply the Lebesgue decomposition to v}, yielding

V= Vl,pp + Vl,sc + Vl,ac'
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2.4. Spectral properties

This provides refined spectral information about N. For example, a number A € C is an
eigenvalue of N if and only if v ,,({\}) > 0. This motivates us to define, for @ € {pp, sc, ac},

0e(N) = supp(vie).

Note that o(N) = opp(N) U 0sc(IN) U 0ac(V), but in general this union is not disjoint.

In some cases, we are interested in the iterates of IV on a single element h € H. Assume
that the unitary equivalence between N and M relates h to (fn)ner. Then, for all n € N, we
obtain

0 N"hw = 3 [ @R () = [ 2" o)
mel c c
where v, = Y, ;| fm|*Vm. We call v, the spectral measure of h, and note vy, < vy.

The Schrodinger operators that we shall consider in Chapter 5| are bounded, self-adjoint
operators on a separable Hilbert space and are hence covered by the results in this section.
In this case, the spectrum is a subset of the real line. For a discussion of spectral theory with

a view towards Schrodinger operators, see [DFaj, Ch. 1].

2.4.2. The dynamical spectrum

Of particular importance in the study of a measure-preserving dynamical system (X, 7T, i) is
the Koopman operator

Ur: L*(X,p) = L*(X,p), frfoT.

Let us further assume that X is a compact metric space. In this case, the Hilbert space
L?(X, ) is separable, as follows from [Bil95, Thm. 19.2]. The operator Uy is unitary, hence
both normal and bounded, and the results of the preceding section are applicable. We call
o(Ur) the dynamical spectrum of (X, T). This set is contained in the complex unit circle S!
because Ur is an isometry. Given a measure of maximal spectral type v of Up, we relate
attributes of the equivalence class of v to the dynamical spectrum. For example, we say that
the dynamical spectrum is pure point if v = vpp,.

The measure-theoretic mixing properties of the system (X, 7, ) discussed earlier can in
fact be rephrased as spectral properties of the Koopman operator; compare [Quel0, Prop. 3.1]
and [QuelO Prop. 3.10] for the proof of the following result. Recall that we assume X to be
a compact topological space and p € M%(X ) a T-invariant probability measure on X.

Fact 2.4.2. The measure-preserving dynamical system (X,T,p) is ergodic if and only if
A =1 is a simple eigenvalue of Ur, that is, the constant functions in L*(X,u) are the only
functions with f = foT. The system (X,T,p) is weakly mizing if and only if A =1 is a
simple eigenvalue of Ur and Ur has no further eigenvalues. ]

It is also possible to rephrase strong mixing in terms of properties of the measure of maximal
spectral type v |[QuelO, Prop. 3.9]. Further, it is worth pointing out that, due to a theorem
by von Neumann, every ergodic and invertible dynamical system (X, 7, ) with pure point
dynamical spectrum is isomorphic to a rotation on some compact abelian group, equipped
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2. Dynamical systems

with the Haar measure [PF02, Thm. 1.5.4]. For this class of systems, the dynamical spectrum
is a complete invariant. As a rough guiding principle, the more ordered a system (X, T, ),
the more singular is the dynamical spectrum. We refer to |[Quel0O, Ch. 3] for a more detailed
discussion.

2.4.3. Diffraction as a spectral measure

If the dynamical system is a subshift (X, S, u), a useful family of spectral characteristics are
diffraction measures. These can be constructed as particular spectral measures. We start
by choosing an arbitrary weight vector 7 € CA. This induces a function m, € L*(X, ) via
7 (z) = 7z, for all z € X. The corresponding spectral measure v, = v, _satisfies by definition

y(n) = <7TT,U§L7TT>L2(X7H) = /Sl 2" dv(2), (2.3)

for all n € Z. We call v: Z — C the autocorrelation sequence of (X, S, ). We remark that
there is a unique finite Borel measure v, satisfying for all n € Z; see [BG13|, Prop. 8.7]
and [PF02, Thm. 1.5.7]. Hence, the spectral measure v, is in fact independent of the choice
of the measures v > v > --- from the spectral theorem. Identifying S' with the torus T

2mit

via the map t — e“™, we may regard v, as a measure on T, yielding

v(n) = /Te%i”t dv,(t).

That is, the sequence (7y(n))nez arises from the (inverse) Fourier transform of the finite
measure vy on T. We call the measure v, the diffraction of (X, S, u) with respect to 7. Since
the diffraction v, is absolutely continuous with respect to the measure of maximal spectral
type v, every component that is present in the Lebesgue decomposition of v, is also present in
the Lebesgue decomposition of v. Often, it is even possible to obtain the measure of maximal
spectral type from (generalized) diffraction measures |[BLvE15).

Let us further assume that u is ergodic on (X, S). In this case, we obtain by Birkhoff’s
ergodic theorem

m—1
— n . 1 _
1) = [ F (5" duy) = Jim S T (2.4
]:

for p-almost every x € X. This gives a justification to call v the autocorrelation sequence.

2.4.4. Diffraction for point sets and measures

In line with [BG13, Ch. 9], we discuss a slightly different notion of diffraction, related to point
sets and associated measures. Thinking of a sequence z € A% as a way to store a succession
of symbols, it is natural to define the symbolic point sets

A(x) ={neZ:xz,=a}, (2.5)

for all a € A. By construction, Z = |J,c 4 A%(z) holds for all x € AZ. This corresponds to
placing the symbols in x on the real line with equal spacing. More generally, we choose a
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2.4. Spectral properties

length vector L € ]Rf and leave a gap of length L, after a letter a before placing the next
symbol. Thus, we obtain a sequence of positions (¢,,(z))nez, defined recursively via £y(x) = 0
and £,y 1(7) = lp(x) + Ly, for all n € Z. In this case, we obtain

Ao(z) = {ln(2) 1 2, = a},

which implicitly depends on L. We recover the symbolic point sets in if we set L, =1
for all a € A.

Regarding the letters in A as place holders for different types of atoms, we assign distinct
scattering amplitudes according to some 7 € CA. The atomic structure is then modelled by

W) =Y Tl ) Onai@) = D O
acA r€lq(z)
The weighted Dirac comb w(z) naturally defines a translation bounded (complex) Radon
measure on R. If z € AY is a one-sided sequence, the above quantities are defined analogously,
and w(z) is a Radon measure on Ry. In the following, we fix an averaging sequence (By,)neN
by B, = [-n,n] if x € AZ and B,, = [0,n] if z € AY. Further, we denote by w, = w|p, the
restriction of the Radon measure w to B,,.

Definition 2.4.3. Given w = w(x), an autocorrelation measure of x (with respect to the
averaging sequence (By)nen) is a vague accumulation point 7(z) of the sequence (7, )nen,

where —
Wy, * Wn

|Bn|

Since all the measures v, () are positive-definite, so is y(z). Hence, by the theorem of
Bochner—Schwartz [ReS80, Thm. IX.10], the Radon measure y(x) has a well-defined Fourier
transform y(z) = v(x), as a positive tempered measure; see Proposition We call 7(x)

Vo =

a diffraction of x.

Remark 2.4.4. Assume that p is an ergodic probability measure on a subshift (X, .S). Then,
there exists an almost sure autocorrelation +y, that is, for y-almost every = € X and w = w(z),
the limit —
. Wn * Wp,

V(e) = =
exists and equals . This follows by Birkhoff’s ergodic theorem; we provide a proof of a slightly
more general result in Lemma Hence, there is also an almost sure diffraction measure
~. In the symbolic setting, that is, if L, = 1 for all a € A, a straightforward calculation yields

Y= Z'Y(n)(sn,
neEL
with v(n) as in (2.4); compare [BG13, Ex. 9.1]. Interpreting v, as a measure on [0,1), we
obtain
3/\ = 5Z * Vr,

which establishes a link between the two notions of diffraction measures. This correspondence
can be pushed further to more general choices of L by considering the dynamical system
that arises from a suspension of (X, S, u); compare [BLvE15] for the details of this relation,
and |CFS82, Ch. 11] for background on suspension flows. O
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2.4.5. D-function of minimal systems

The D-function of a minimal dynamical system (X,7T') was advertised as a new topological
invariant of dynamical systems in [Ye92|. It was also implicitly used in the work of Dekking
[Dek78] and Kamae [Kam72]. As we discuss in this section, the D-function is just a different
perspective on some part of the dynamical spectrum.

Throughout this section, assume that (X, 7") is a minimal and invertible dynamical system
on a compact metric space X. We call A € S! a topological eigenvalue of (X, T) if there exists
a continuous function f € C(X) such that

f(Tz) = Af(x),

for all x € X. We say that A\ = e*™9 with ¢ € [0,1) is rational if ¢ € Q. Note that )\ is an
eigenvalue of Ur, for every invariant measure p on (X, 7") with full topological support. Con-
versely, a rational eigenvalue of Up: L?(X, ) — L?(X, ) is indeed a topological eigenvalue
if (X,T') is a Boshernitzan subshift. The proof of this statement will appear in [CDFG].

We are interested in the mixing behaviour of powers of T on X . Unfortunately, (X, T™) need
not be minimal for general n € N. But it decays into minimal components in a satisfactory
manner, as was shown in [Ye92, Thm. 3.1]; see also |[GH55, Thm. 2.24].

Fact 2.4.5. For every n € N, there exists a unique number s(n) € N that divides n and
a finite partition {Xo, -, Xgpn)—1} of X such that each X; is T"-minimal, and we have
TXj = Xji1 mod s(n), for all 1 < j < s(n). |

We call the assignment n +— s(n) the D-function of (X,T). Using some basic proper-
ties of the D-function stated in [Ye92], the following relation to topological eigenvalues is
straightforward to show; we provide a proof in [CDFG].

Fact 2.4.6. For every n, the number s(n) is the largest divisor k of n with the property that

e2™/k s q topological eigenvalue of (X,T). [ ]

In particular, it follows from Fact that (X,7T™) is minimal for all n € N if (X, T)
admits a weakly mixing probability measure of full support. In fact, it suffices to show the
absence of rational topological eigenvalues other than 1 to reach the same conclusion.
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It is the aim of this chapter to introduce substitutions as a device to produce self-similar and
non-periodic sequences, using just a finite number of symbols. A stochastic generalization
of the substitution concept permits one to produce sequences with positive entropy, while
keeping the long-range correlations of substitution sequences that are responsible for the
sharp peaks in the diffraction image.

3.1. Substitutions

The material in the first part of this section is standard and we largely follow [BG13| in our
notation. As we wish to set the stage for the introduction of random substitutions, we focus
on concepts that readily generalize to the random setting. We will make extensive use of the
symbolic notation introduced in Section [2.1.2

Definition 3.1.1. Let A be a finite alphabet. A substitution on A is a map o: A — AT. It
extends to an endomorphism AT — AT. That is, for u = uy - - - u,, € A" we define

to be understood as a concatenation of words.

We call a word of the form p"(a) for some n € N and a € A a (level-n) inflation word. A
substitution is said to be of constant length ¢ € N if |o(a)| = ¢ for all a € A.

Example 3.1.2. The period doubling substitution ¢: a — ab,b — aa is a substitution of
constant length 2 on the binary alphabet A = {a,b}. The substitution can be iterated on a
letter as follows:

a — ab — p(ab) = p(a)o(b) = abaa — abaaabab — - --

It is remarkable that ¢"(a) is a prefix of ¢"(a) for all m > n. We will come back to this
observation later. O

The self-similar structure associated to a substitution is best understood in an infinite
setting. On a sequence x = (x,,)necz, We define the action of a substitution o as

o(z) = -~ o(z_g)o(x_y).0(xg)e(z1)o(xs) - -,

thus extending o to a (continuous) map A% — A%. We are interested in structures that can
be generated by repeated application of the substitution p. For finite words, this leads to the
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concept of admissible and legal words and gives rise to the concept of a substitution subshift
in the setting of bi-infinite sequences. We call a word u € AT admissible (under ) if there
exists a letter a € A and a power n € N such that u < ¢"(a). It is straightforward to verify
that the substitution subshift

X, = {z e AL () is admissible for all j, k € Z with j < k}

is indeed closed and S-invariant, as well as g-invariant (provided that it is non-empty). In
line with Definition the language of a substitution is given by

L(X,) = {ay:w € Xpand j, k € Z, with j <k},

We often write £ for £(X,) if the substitution is understood, and £,, = £LNA". A word u € A"
is called legal if u € L. We note that every legal word is admissible, but not necessarily vice
versa. For a more detailed account of this distinction, we refer to [MR1§|. The following
result shows that, for most substitutions o, the substitution subshift and the language are in
fact meaningful objects.

Lemma 3.1.3. Both X, and L(X,) are non-empty precisely if there exists a letter a € A
such that |o"(a)| — oo as n — 0.

Proof. If |0"(a)| remains bounded for all n € N and a € A, there is a maximal length of
admissible words, implying that X, = @. Conversely, assume that lim,_,~ [0"(a)| = co. Let
2™ be the sequence

o = ()" () 0" ()" (a)

and set y( = Sle"(@I/2]3(")  which amounts to shifting the origin approximately to the
middle of the word ¢"(a). Since A” is compact, the sequence (y™),cn has an accumulation
point y € A%. By construction, all subwords of y appear in ¢"(a) for some n € N and hence
y € X,. [

A similar compactness argument shows that every point x € X, can be de-substituted
in the sense that there are y € X, and 0 < j < |o(y,)| such that z = S7(o(y)), see for
example [EG21, Lemma 2.2]. If the choice for y and j are unique for every z € X,, the
substitution o is called recognizable. It was shown only recently (in this generality) that
a substitution g is recognizable precisely if (X,, S) is not periodic [BSTY19, Thm. 5.3]. A
classic analogue of this result was shown by Mossé under the additional assumption that the
substitution p is primitive [Mos92]. Primitivity is in fact a central property that is satisfied
by many of the classic examples [BG13]. We devote the next section to the definition of
primitivity and the exploration of some of its consequences.

3.1.1. Primitive substitutions

The structure of the substitution subshift (X,, S) becomes somewhat simpler if we can guar-
antee that all letters indeed occur in all level-n inflation words for large enough n. Since
this property depends only on the Abelianisation of the inflation words, it is convenient to
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introduce a device that determines how the Abelianisation of a word u changes as we let o
act on u. The matrix M € Mat(A,Z) with entries My, = |o(b)|s for a,b € A, is called the
substitution matriz associated to o. Indeed, we have

B(o(w)) = (Z ru\b|@<b>|a) = Mjo)

be A
for every u € AT.

Definition 3.1.4. A substitution g is called primitive precisely if its substitution matrix M
is primitive.

Hence, g is primitive iff there exists a power m € N such that all entries of M are positive.
This amounts to requiring that ¢™(a) contains every letter of the alphabet for all a € A. In
particular, we have |p"(a)| — co as m — oo for all @ € A and hence the subshift X, is non-
empty. Given a primitive substitution matrix M, we write X for its PF eigenvalue and L, R for
the corresponding left and right PF eigenvectors, normalized as (L|R) = ||R||; = 1; compare
Theorem [1.3.3] Primitivity is a central property of substitutions and will be assumed for the
bulk of this thesis. In Chapter [5] however, we will be concerned with a family of non-primitive
substitutions.

Example 3.1.5. Let o5 : a — ab,b — a, which constitutes the famous Fibonacci substitution.
The name reflects the property that the length of inflation words (|0%(b)|)nen is precisely the
Fibonacci sequence. This is derived in a straightforward manner from the observation that
the substitution matrix takes the form

M:G ;).

Since M? > 0, the Fibonacci substitution is primitive. Indeed, both a and b appear in every
level-2 inflation word. The eigenvalues of M are the golden ratio 7 = (1 + v/5)/2 and its
algebraic conjugate, 7/ = —1/7. O

Example 3.1.6. The substitution ¢: a — a,b — bba is a non-primitive substitution. As we

iterate o, we obtain
b — bba — bbabbaa — bbabbaabbabbaaa

and observe that the word a™ occurs at the end of p"(b) for all n € N. This is easily proved
by induction and implies that there can be arbitrarily large gaps between two occurrences of
b in legal words. O

Remark 3.1.7. If the substitution g is primitive, there is an alternative route to the definition
of the subshift X,. We first construct an explicit element of X, that is invariant under (some
power of) o and then obtain the whole subshift as an orbit closure under the shift action.
This is the approach adopted in [BG13, Ch. 4]. Take an admitted word ujus of length 2 and
iterate it under the substitution o. By the pigeon hole principle, there are letters a,b € A
and powers m < n such that b is the last letter of the words ¢ (u1) and ¢"(u1) and a is the
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3. Substitutions and their generalizations

first letter of both 0™ (uz) and o"(uz2). Hence, both o™ (u1).0™(u2) and 0" (u1).0"(uz) have
the word a.b around the origin. With » = n — m, we get that b is the last letter of o"(b) and
a is the first letter of ¢"(a). By induction, we obtain that ¢'/(a) is a prefix of ¢"*(a) for all
4,k € N with j < k. Similarly, 0"/ (b) is a suffix ¢"*(b) for j < k. The sequence
25 = lim --- Qnr(b)gnr(b)'Qnr(a)gnr(a) .
n—oo

is therefore a well-defined element of X,. Note that the periodic continuation of the words
0" (a) and 0" (b) is immaterial for the limiting sequence z*, since all but the central copies
get “shifted out to infinity” in both directions. With this in mind, we also write

z* = (0")>(b).(¢")>*(a) = lim o""(b).0""(a),

n—oo

with slight abuse of notation. It is straightforward to verify that z* is invariant under o".
Every power of a primitive substitution in fact gives rise to the same subshift, hence there is
no loss of generality in assuming that r = 1. %

This is an instance of the self-similarity alluded to earlier: If we replace every letter a in
x* by its level-n inflation word ¢"(a) for an arbitrary n € N, we recover the same sequence.
This property is at the heart of powerful renormalisation techniques [BG13,BGM19,Man19|
and has strong consequences. For instance, it guarantees that every legal word occurs with
bounded gaps and with a well-defined frequency in every sequence =z € X,. In the language
of dynamical systems, these observations take the following form; compare [BG13, Thm. 4.3].

Fact 3.1.8. If p is a primitive substitution, the dynamical system (X,,S) is strictly ergodic,
that is, minimal and uniquely ergodic. ]

Recall that minimality means that every point in the space has a dense orbit. In particular,
we can choose the explicit point * and obtain

X, = {Siz*:jeZ}.

Similarly, there is a natural way to construct the unique shift-invariant (and hence ergodic)
measure as an orbit average of the Dirac measure §,«, supported on the point z*. Indeed, the

weak limit

1= :

Lo = nh—{%oﬁzdx* 0S5,
j=0

exists and is shift-invariant by construction. The convergence follows because every weak

accumulation point of this sequence is necessarily shift-invariant and the existence of more

than one accumulation point would contradict the unique ergodicity of (X,, S).

By the Morse-Hedlund theorem [MH38§|, the subshift (X,,S) has a bounded complexity
function precisely if it is periodic. If it is non-periodic and p is primitive, its complex-
ity function c¢: N — N satisfies ¢(n) € O(n), where O(f(n)) denotes the class of functions
g: N — N such that f(n)/g(n) is bounded from above and below by positive constants, for
all n € N. For arbitrary substitutions, the complexity function falls into one of the classes
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3.1. Substitutions

0(1),0(n),O(nloglogn),O(nlogn) or O(n?). Compare [Pan84] for a proof of this statement

in the context of one-sided sequences, as well as a neat characterization of the different cases.

A presentation of this result in English may be found in [DLR13|. In any case, the entropy

is trivial.

Fact 3.1.9. For every substitution subshift (X,,S), the topological entropy is 0. ]
Finally, let us expand a bit on the interpretation of the right and left PF eigenvectors of

a primitive substitution. Although the following is well-known [Quel0, Ch. 5], we provide a

short proof, as it illustrates how PF theory translates to properties of primitive substitutions.
Furthermore, the general idea of this proof readily generalizes to random substitutions.

Lemma 3.1.10. Let o be a primitive substitution, with PF eigenvalue A\ and R, L the right
and left PF eigenvectors, respectively, normalized as (L|R) = |R|[1 = 1. Then,

L 1im 1@

n—oo AT

)

o 10Ol
Ro = Jim (20 = (),

for all a,b e A.

Proof. Since ®(0"(u)) = M"®(u) for all n € N and u € A", the substitution matrix of o™ is
given by M™ for all n € N. By a straightforward application of the PF theorem, we get

(@) _ 1
™ AT

Z(Mn)ba TL—>OO> ZRbLa = La»
be A be A

for all @ € A. Due to the unique ergodicity of (X,, S, 11,), the letter frequencies exist uniformly
in sequences z € X, and are given by 11,([a]) for all @ € A. In particular, they can be calculated
from large inflation words as

pollal) = tim €00 _ o ATOMw Ry
4 n—oo |0"(b)| n—00 ZceA A= (M™) g ZceA RoLy

R,
for an arbitrary b € A. O

3.1.2. The geometric picture

By Lemma[3.1.10] R, is the frequency of the letter a in large legal words, whereas L, controls
the relative size of large inflation words. More precisely, we have 0" (a)| = Lo A" + o(A"),
where o(A") denotes an error term that, divided by A", converges to 0 as n — co. We can
make this relation exact, removing the error term o(\"™), by changing to the geometric setting.
Here, we replace every letter a € A by an interval I, of length L,. A word u; - - - u, is replaced
by a string of intervals I, - - - I, that are positioned next to each other. Accordingly, the
geometric length of the word u = uy ---u, € A" is given by

L(u) = Lu, + 4 Lu, = »_ Laluls = (L|®(w)).
acA
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o
| a | — | a [ b
T T 1
2
Op
b — a
—_— ~
1 T

Figure 3.1.: Geometric analogue of the Fibonacci substitution g5 : a — ab,b — a. All lengths
have been scaled by a factor 1 + 772 relative to the entries of L.

Instead of replacing a letter by a word, the substitution now acts by replacing an interval by
a string of adjacent intervals, called a patch; see Figure for an illustration. Since

L(e(u)) = (L|®(o(w))) = (LIM[®(u)) = AL(u),

the geometric length of a word changes ezxactly by the factor A under the substitution—this
is a consequence of choosing the lengths of the intervals according to the entries of the left
PF eigenvector L. The action of p therefore amounts to an inflation rule: We stretch every
interval by a factor A and cut up the resulting interval into smaller intervals according to the
substitution. A sequence z € X, is replaced by a bi-infinite string of intervals (tiling) in the
geometric picture. Placing a point at the left endpoint of each interval of type I, we thus
obtain a point set A, (x) for all a € A and we set A(x) = Uze4Aq(2) for the set of all endpoints
of intervals. For a more formal definition of these sets, recall Section By convention, we
always have 0 € A(z) and A(x) is a Delone set for all x € X, that is, the distance between two
adjacent points is bounded from above and from below by two universal, positive constants;
compare [BG13| Ch. 2] for background. The normalization (L|R) = 1 ensures that the density
of the point set A(z) is given by 1 for all z € X,.

Example 3.1.11. Recall the Fibonacci substitution o5 : a — ab, b — a from Example
with PF eigenvalue 7 = (1++/5)/2. The right and left PF eigenvectors are R = 72(r,1) and
L = (14 772)71(7,1), respectively. There are precisely two fixed points under g% in X, ,
one of them is given by

z* = ... ababa.abaab- - - .

In the geometric setting, this gives rise to a self-similar tiling, compare Figure [3.2 O

This procedure can be formalized further and extended to work in higher dimensions, we
refer to [BG13, Ch. 5] for more details. An alternative way to produce aperiodic Delone
sets is the powerful notion of a cut and project scheme; see [BG13, Ch. 7] for a detailed
account of this method, including its relation to substitutions. In one dimension, a geometric
analogue of (X,,S5) is most elegantly formalized as a suspension. We refer the interested
reader to [CFS82, Ch. 11] for general background on suspension flows and to [Moll3] for its
application in the context of substitutions. Since we will mostly work in the symbolic setting,
we will be content with the more informal description given in this section.
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2

Figure 3.2.: Inflation rule, performed on a fixed point z* of o = QZF, with A = 7°. Using

o(a) = aba and p(b) = ab we obtain the same tiling under inflation.

3.1.3. Almost minimal substitutions

Almost minimal substitutions were introduced by Yuasa in [Yua07] and later generalized to
the class of substitutions of some primitive components in [HY11]. The main outcome of
Yuasa’s study is a characterization of the set of (not necessarily finite) ergodic measures on
the substitution subshift for such substitutions. In this section, we highlight some of the
key differences and similarities between almost minimal and primitive substitutions. For
simplicity, we mostly stick to the case of a binary alphabet.

Recall the non-primitive substitution ¢: a + a,b — bba from Example Like for
primitive substitutions, this substitution admits a fixed point, of the form

x* = ---aaaaaaaaaa.bbabbaabbabbaaa - - - = li_>m 0" (b).0"(b),

and we again find X, = {S7z* : j € Z}. In this sense, g is close to a primitive substitution.
However, the point a? € X, clearly does not have a dense orbit and hence the subshift (X,, .S)
is not minimal. A closer inspection yields that it is almost minimal in the following sense.

Definition 3.1.12. A subshift (X,.S) is almost minimal if it contains precisely one fixed
point y = Sy under the shift map and all points in X\ {y} have a dense S-orbit in X. We
call a substitution ¢ almost minimal if (X,,.S) is almost minimal.

Remark 3.1.13. In general, non-primitive substitutions need not be almost minimal. We
refer to [MR18] for an overview of some of the topological phenomena that can occur in the
absence of primitivity. However, in the special case of a binary alphabet A = {a, b}, every
(non-empty) substitution subshift (X,, S) is either minimal or almost-minimal [EG21|. If the
subshift (X,,S) is minimal, it is in fact conjugate to a subshift that arises from a primitive
substitution [MR18]. O

For the remainder of this section, let us fix A = {a,b}. We will not be interested in
the trivial cases, when X, is either empty or finite. Up to a renaming of the letters, every
non-primitive substitution on A is either trivial or of the form

0:a—dl; b u, (3.1)

for some p € N and u € AT. We distinguish several cases, depending on p and r = |ul,. First,
note that non-triviality requires that » > 0 and |u|, > 0.

31



3. Substitutions and their generalizations

e If r = 1, we either have X, = {aZ} or X, is the orbit closure of z = a*.ba>. We add
this to the list of trivial cases.

e If r > 2 and u = bvd for some v € AT, then (X,,S) is minimal precisely if p = 1 and
almost minimal otherwise.

e If r > 2 and u = av or u = va for some v € AT, the subshift (X,, S) is almost minimal.

The minimal case in the second item was investigated in |[dOL02|, so we will focus on the cases
where o is almost minimal in the following. Returning to our initial example of an almost
minimal substitution ¢: a — a, b — bba, we observe that the letter frequencies of both a and b
are not well-defined in the fixed point 2*. Hence, its orbit closure (X,,.S) cannot be uniquely
ergodic. This turns out to be a general feature of almost minimal substitutions of the form
in , as long as p < r. If p > r, the occurrences of b in points x € X, become so rare
that b has a vanishing frequency. A more detailed analysis reveals that, apart from the trivial
ergodic measure ¢z, the subshift (X,, S) always supports an additional ergodic measure that
is finite precisely if p < r. This is a special case of [Yua07, Prop. 5.4 and Thm. 5.6]. The
precise statement is as follows.

Proposition 3.1.14 ([Yua07]). Let o be a non-trivial almost minimal substitution on A =
{a,b} of the form in . Up to a scaling factor, there exists a unique non-atomic ergodic
measure j on (X,,.S) which is finite on every clopen set disjoint from a®. With an appropriate
scaling, this measure satisfies

0" (0)[u
ul) = lim ————,
p([u]) = lim 0
for all w e AT. The measure p is finite if and only if |o(a)la < |0(b)]p- [

Remark 3.1.15. The question whether p is a finite measure depends on the growth behaviour
of |0"(b)|, compared to |¢"(b)|, = r™ as n — oco. Taking powers of the substitution matrix,
we find that |o"(b)| ~ r™ if p <, |0"(b)| ~ nr™ if p=r, and |o"(b)| ~ p" if p > r. Here, we
use the notation f(n) ~ g(n) to denote that f(n)/g(n) — 1 as n — oco. The variety of this
behaviour is rich enough to provide examples of almost minimal substitutions on A = {a, b}
with complexity functions in each of the classes ©(n),O(nloglogn),O(nlogn) and O(n?),
compare [EG21] and |[Pan84] for details. More refined estimates of the complexity function
for such examples can be found in [Cas97]. O

For the sake of brevity and transparency of the exposition, we restrict to an even smaller
class of almost minimal substitutions that already exhibits many of the decisive features
that can occur for a binary alphabet. A more exhaustive treatment of all almost minimal
substitutions on A = {a, b} can be found in [EG21].

Definition 3.1.16. A simple almost minimal substitution on A = {a, b} is a substitution of
the form
Oprj:a—al, b bab™I,

for some p,r > 2 and 1 < j < r — 1. We denote by Sams = {g,,; : p,7 > 2,1 < j < r} the
collection of all simple almost minimal substitutions.

32



3.1. Substitutions

We readily verify that for a simple almost minimal substitution all admitted words are in
fact legal. Hence we drop this distinction in the following. Like with the introductory example,
we can construct X, from an eventually constant fixed point of g for all ¢ € Sams. Let X{*
be the set of all eventually constant sequences in X,. These sequences are still exceptional in
the sense that X{F is a countable subset of the uncountable set X,. More precisely, we have
the following.

Lemma 3.1.17. For every o € Sams, there are exactly 4 fized points of o in A%, given by

w5y = lim 0"(c).0"(d),

n—o0

or ¢,d € A. We have x*, € X, precisely if cd is a legal word. Every eventually constant
cd o Y g ) Y
sequence y € X, is an element of the S-orbit of one of these fized points.

Proof. Let x* € A% be a fixed point under g and set c =x_; and d = x,. Since p(b) has b as
its first and its last letter, the limit lim,, o 0™(b) is well-defined, both as a left-sided and a
right-sided sequence. The same holds for lim,,_,~ 0"(a) = a®. Hence,

¥ = lim o"(2*) = lim o"(---w_32_5)0"(x_1).0"(%g)0" (x125---) = lim 0" (c).0"(d),

n—0o0 n—oo n—o0

since both [¢"(c)| — oo and |0"(d)| — 00 as n — oco. As soon as cd is a legal word, all
subwords of z* are legal and therefore 2* € X,.

Z = x*,. Hence, assume that y # o and y € X, is

The last claim is obvious for y = a
eventually constant to the left. Up to a finite shift, y is of the form y = a*.y™ for some
yt e AV with yar = b. We can decompose y into level-n inflation words for arbitrary n.
Since p"(a) = aP™ and " (b) always starts with the letter b, this decomposition is of the form
0™(a).0™(b) around the origin. Performing the limit n — oo, we find that y = z%,. If y € X,

is eventually constant to the right, we argue analogously. O

Note that aa, ab, ba are always legal for o = g, ; € Sams and bb is legal precisely if r > 3.
The fixed point xj; is the only fixed point that is not eventually constant. However, since the
measure / is non-atomic and X7° is countable, p-almost every sequence x € X, has infinitely
many occurrences of b to both sides of the origin.

3.1.4. Substitutions on a compact alphabet

In our setting, substitutions on a compact alphabet arise as a book-keeping device in the
context of random substitutions. More precisely, we will see in Chapter [4] that taking expec-
tation values naturally semi-conjugates random substitutions to substitutions on a compact
alphabet in an appropriate sense. Another application of substitutions on a compact alphabet
arises if the fixed point of an almost-minimal substitution is decomposed into so-called return
words; we refer to [EG21| for details.

Apparently, substitutions on compact alphabets have not received much attention in the
literature, a notable exception being [DOP18]. A systematic study of their properties has
been initiated recently [MRW21MRW]|, and we largely follow their notational conventions in
this short exhibition.
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In this section, let A be a compact topological Hausdorff space, called a compact alphabet.
We can again concatenate letters to words and carry over much of the symbolic notation
introduced in Section Naturally, we equip A" with the product topology for n € N,
and AT = U,enA" with the corresponding disjoint union topology.

Definition 3.1.18. A substitution on the compact alphabet A is defined as a continuous
map o: A — AT.

In contrast to the case of a finite alphabet, the continuity of g is not automatic because
small neighbourhoods of letters are no longer singleton sets in general. In particular, if A
is connected, this implies that g is of constant length; see [MRW]|. Just as we have seen for
substitutions, the action of p naturally extends to a map on A" and on A%. An adequate
definition of primitivity needs a slightly more careful approach; compare [DOP18, MRW]|.

Definition 3.1.19. A substitution p on a compact alphabet A is called primitive if for every
non-empty open subset U C A, there exists a number m € N such that for all a € A, the
word 0" (a) contains some letter in U.

With this definition, many of the properties of primitive substitutions on a compact alpha-
bet resemble those in the finite alphabet case. We will not use these properties and therefore
refer to [MRW21, MRW] for further details.

3.2. Random substitutions

As we discussed in Section substitutions give rise to self-similar structures of relatively
low complexity. In particular, every substitution subshift has vanishing topological entropy,
compare Fact On the other hand, many classical examples of subshifts in the positive
entropy regime like subshifts of finite type or sofic subshifts lack any reasonable notion of
long-range order [LM95|. Random substitutions provide examples of structures that combine
long-range correlations with a positive topological and measure-theoretic entropy. This was
illustrated by Godreche and Luck in their pioneering work |GL89| at the example of the
random Fibonacci substitution. Over the decades, random substitutions have reappeared in
several disguises and across multiple disciplines. They made their possibly first appearance as
DOL-systems in the context of formal language theory [RoS76|, were introduced as M -systems
in a seminal paper by Peyriere [Pey80] and have served as models for structures in DNA
sequences under the name expansion-modification systems |Li89]. In the context of random
percolation, they were taken up by Dekking, Meester and van der Wal to investigate the
occurrence of phase transitions [DM90,DvdWO01]. Another application of random substitution
deals with the undecidability of the domino problem on certain surface groups [ABM19].
Besides these somewhat scattered appearances in the literature, random substitutions have
been the object of renewed interest in recent years. Koslicki and Denker took up ideas
of Peyriere and formalized random substitutions as substitution Markov chains in [Kos12,
KD16|. This was later extended to the setting of sequence spaces in [MT-JU1§|. Building
on [GL89|, the diffraction measure was analyzed for more families of random substitutions
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by Moll [Mol14] and by Baake, Spindeler and Strungaru [BSS18|, while entropy calculations
for several random substitutions were performed by Nilsson [Nil12,Nil13]. A systematic
study of topological properties of random substitution subshifts was initiated by Rust and
Spindeler [RS18] and complemented over the last few years in a series of papers [EMM21),
GRS19,[MMRT?20, MRST21,|Rus20]. In Chapter [4] we will outline results on the ergodicity
of random substitution subshifts [GS20] and provide general tools to calculate (or at least
approximate) the topological and measure-theoretic entropy associated with these subshifts
[Goh20, GMRS21].

3.2.1. Set-valued substitutions

Recall that a substitution is determined by its action on letters of the alphabet A. The basic
idea behind a random substitution 9 is to introduce some freedom which word in A" a letter
gets mapped to, under the application of ¥. We will stick with the standard convention that
there is only a finite number of choices for each letter. Depending on the context and research
interest, these choices are either considered as a set of words, or equipped with a probability
assignment. For the sake of definiteness, we introduce both concepts under different names,
but will later refer to both as random substitutions if the context is clear. Sometimes, we will
refer to substitutions in the sense of Definition B.1.1] as deterministic substitutions when we
wish to emphasize on the difference to random substitutions.

Let A be a finite alphabet and F(A") denote the collection of finite subsets of AT. In
analogy to the concatenation of words, we define a concatenation of sets A, B € F(A") as

AB = {w e AT :u € A,v € B},

which naturally turns F(A") into a semigroup. The concatenation of sets satisfies the dis-
tributive laws A(BUC) = ABU AC and (BUC)A = BAUCA for all A,B,C € F(A").
Hence, F(AT) forms a semiring with U as addition and concatenation as multiplication.
Given a function f on words and A C A", we set f(A) = {f(u) : u € A}. In particular, for
A€ F(AM), |A|,|A|, and ®(A) are finite sets of integers or vectors, respectively. If B is a
singleton set, we identify it with its unique element.

Definition 3.2.1. A set-valued substitution is a map 9: A — F(A™). It extends uniquely to
amap ¥: F(AT) = F(AT) via

O(u) = Our) - Iun),

for all w =1wu;---u, € AT and

9(A) = | o).

ucA
for all A € F(AT).

In this setting, we call every u € ¥"(a) for some n € N and a € A a (level-n) inflation word.
Just like a substitution preserves the semigroup structure on AT, a set-valued substitution
preserves the semiring structure on F(AT).
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Lemma 3.2.2. The map 9: F(A") — F(A") is a semiring endomorphism on F(AY).

Proof. The relation 9(A U B) = 9(A) UJ(B) for all A,B € F(A") is immediate from the
definition of ). Similarly, it is easy to verify that 9¥(uv) = 9(u)d(v) for all u,v € A*. This
implies for all A, B € F(A"),

oam) = U o = U i) = (U ow) (U o) = s,

wEAB ucAVEB ucA veEB

where we have used of the distributive law in the penultimate step. O

The extension to F(A™) allows us to concatenate set-valued substitutions and in particular
to take powers of a single set-valued substitution 1.

Example 3.2.3. The set-valued Fibonacci substitution is given by ¢: a — {ab,ba}, b — {a}.
On the word ab € AT, the set-valued Fibonacci substitution acts as

Y(ab) = I(a)¥(b) = {ab,ba}{a} = {aba,baa}.
The square of 9 is given by

J2(b) = 9(0(b)) = D(a) = {ab,ba},
¥%(a) = 9(¥(a)) = d({ab,ba}) = {aba,baa} U {aab,aba} = {aab,aba,baa}.

We note that 9"(b) = 9"~ !(a) for all n € N. O

The substitution subshift and the language of a set-valued substitution ¢ are defined in
a similar manner as for deterministic substitutions, compare Section [3.1] We call a word
u € A1 admissible (for ¥) if there exists some n € N,a € A and v € 9"(a) such that u is a
subword of v. The subshift Xy comprises all sequences = € A% such that every subword of
is admissible, and the language £ = £(Xy) is the set of all subwords that appear in sequences
of Xy. In general, we cannot expect (Xy,S) to be minimal. That is because it contains a lot
of substitution subshifts that we get by restricting each set 9¥(a) to one of its elements.

Definition 3.2.4. Let 9 be a set-valued substitution on A. We call a substitution ¢ on A a
marginal of ¥ if p(a) € ¥(a) for all a € A.

Whenever p is a marginal of 9" for some n € N, we clearly have X, C Xy. In fact, it is
not hard to show that the union of these substitution subshifts lies dense in Xy [RS1§]. It is
therefore intuitive that the behaviour of ¥ depends on the properties of these marginals.

Definition 3.2.5. We call a set-valued substitution 9 primitive if there exists a power n € N

such that some marginal of ¢ is primitive.

Suppose that p is a primitive marginal of ¥" for some n € N. Then, @ # X, C Xy
and hence, the subshift of a primitive set-valued substitution is always non-empty. Also,
Xy = Xyn for all n € N if ¢ is primitive [RS18]. Unfortunately, unlike in the deterministic
setting, primitivity is not yet enough for the powerful machinery of PF theory to be applicable
to set-valued substitutions. However, the analysis becomes easier if there are some properties
that are shared by all marginals of 9.
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Definition 3.2.6. A set-valued substitution ¢ is said to be of constant length £, with £ € N,
if all marginals of ¥ are of constant length /. We call ¥ compatible if every marginal of ¥} has
the same substitution matrix M. In this case, we call My = M the substitution matrix of ¥J.

Both of these properties are stable under taking powers of the set-valued substitution
. This also shows that a compatible set-valued substitution is primitive if and only if its
substitution matrix is primitive. Compatibility can alternatively be expressed by demanding
that ®(1¥(a)) is a singleton for all a € A. In that case, My, = |[9(b)|, for all a,b € A. Similarly,
¥ is of constant length ¢ € N precisely if |J(a)| = ¢ for all a € A.

Example 3.2.7. We call ¥: a — {ab,ba},b — {aa} the set-valued period doubling substi-
tution. Its marginals are given by o0,: @ — ab, b — aa and g,: a — ba, b — aa. The first
marginal p; is the standard period doubling substitution from Example 3.1.2] In fact, both
marginals give rise to the same subshift X,. The set-valued substitution ¢ is clearly of con-
stant length 2 since |¢#(a)| = |¥(b)| = 2. Also, 9 is compatible, with uniform Abelianisation
vectors ®(J(a)) = (1,1) and ®(I(b)) = (2,0). Its substitution matrix

vty

is primitive and hence the same applies to 9. Somewhat surprisingly, the subshift Xy contains
a dense set of S-periodic sequences [Rus20]. O

It is readily verified that the set-valued Fibonacci substitution from Example is also
both compatible and primitive. Combining compatibility and primitivity has strong conse-
quences. Some of them will be explored in Chapter [d] Here, we give a result on uniform letter
frequencies as a foretaste. The proof is basically the same as for the corresponding result on
deterministic substitutions [Quel0, Prop. 5.9]. We give a sketch for the sake of completeness.

Lemma 3.2.8. Let ¥ be a primitive, compatible set-valued substitution with substitution
matriz M and corresponding right PF eigenvector R. For every € > 0, there exists a number
no € N such that for all uw € L(Xy) with |u| = ng, we have

|ulq

Jul

— R,| < &,

foralla € A.

Proof. Suppose u € L,, for some large n € N. Let m € N be the maximal level of an inflation
word that is completely contained in u. We can write u as

/

i
U = Yovg - ’Um_lvmvmil st 7}11}07

where for all j, we have v; € ¥ (w;) U {e} for some w; € £ and v} € ﬂj(wg) U {e} for some
w’; € L. By the maximality of m, we have |wy,| < £ := maxae 4 [J(a)|. We can further assume
that |w;|, |wi| < £ for all 0 < j < m — 1. Let A be the PF eigenvalue of M. By the PF
theorem, for every b € A and j € N, we have

197 (0)la = |97 (b)| Ra| < e,
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3. Substitutions and their generalizations

b ] —

Figure 3.3.: The geometrically compatible set-valued substitution ¢: a — {abb},b — {a, bb}.

for some ¢ > 0 and 0 < r < A. This implies that

m
llula — [ulRa| < 2c0> 19 < Cr™,
j=0
for some C' > 0. Since |u] > dN™ for some ¢/ > 0, the claim follows. O

It is a natural question to ask, under which conditions we can interpret a set-valued sub-
stitution ¥ as a (set-valued) inflation rule, compare the discussion in Section For this,
we require that both the inflation factor and the lengths of the intervals are fixed and there
is only freedom in which way to cut up the interval corresponding to ¥(a) (for some a € A)
into smaller intervals. Set-valued substitutions that are both primitive and compatible meet
these requirements. In this case, the inflation factor is given by the PF eigenvalue A\ and the
interval lengths are encoded in the left PF eigenvector L. Likewise, if 9 is of constant length
£, we can choose £ as the inflation factor and take the unit length for each of the intervals I,
with a € A. If ¥ meets the minimal requirements to be interpreted as an inflation rule, we
call it geometrically compatible.

Definition 3.2.9. A set-valued substitution ¥ is called geometrically compatible if there exists
a real value A > 1 and a vector L € RA with strictly positive entries such that, for every
marginal o of 9, X is an eigenvalue of M, with left eigenvector L. In this situation, we call A
the inflation factor of 1.

If ¥ is geometrically compatible, then so are all of its powers ¥", for n € N. The class of
geometrically compatible set-valued substitutions is larger than just the union of the primitive
compatible class and the constant-length class. We illustrate this with a couple of examples.

Example 3.2.10. The set-valued substitution 9: a — {abb}, b — {a, bb} is neither compati-
ble nor of constant length. But it is geometrically compatible, since both marginals share the
same left eigenvector L = (2,1) with eigenvalue A = 2; compare Figure

An example with a non-integer inflation factor is given by ¥: a +— {ab, ca}, b, ¢ — {a}. This is
yet another version of the Fibonacci substitution. We have A = 7 and can choose L = (7,1, 1).
Both set-valued substitutions in this example are primitive. O
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3.2. Random substitutions

Unlike for primitive deterministic substitutions, the letter frequencies need not be well-
defined for geometrically compatible set-valued substitutions. Hence, there is no obvious
choice for the normalization of the left eigenvector L and there remains a scaling factor as a
free parameter. At least if 1} is primitive, the letter frequencies exist in an almost sure sense,
if we assign probability vectors to the set ¥(a), with a € A. This naturally leads us to the
definition of a substitution Markov matrix in the next section.

3.2.2. Substitution Markov matrices

We obtain a random substitution from a set-valued substitution ¢ by choosing a probability
vector

P,:9(a) — (0,1], wu~— Pyy

with Zueﬂ(a) P,. =1, for all a € A. The value P, , is to be interpreted as the probability of
mapping a to u under the application of 9.

Definition 3.2.11. A substitution Markov matriz is a Markov matrix P, that is indexed by
A x AT and contains only finitely many non-zero entries. We write P, = (Pyy)yca+ for the
probability vector corresponding to a € A. The set-valued substitution associated to P is
given by

9: ars supp(P,) = {u € A" : Py, > 0},

for all a € A. The pair 9p = (¥, P) is called a random substitution.

Remark 3.2.12. Since ¢ is uniquely determined by P, we might as well call P a random
substitution. We have chosen to include ¥ in the definition because it is customary to put
emphasis on the set of words that can be reached under a random substitution. O

Example 3.2.13. The random Fibonacci substitution ¢, on A = {a,b} is determined by
Pyab =D, Popa =1 —p and Py, = 1. It has one free parameter p € (0,1). We represent ¥p
in a visually more appealing form as

ab, with probability p,
ar>
Ip ba  with probability 1 — p,
b— a.

This will be the standard format to represent explicit examples of random substitutions in
the following. The marginals of ¥, are recovered in the limiting cases p -+ 0andp — 1. ¢

We extend the action of a random substitution from letters to words by requiring that each
letter is mapped independently. Hence, the tuple (v1,--- ,vy,) of letters is mapped to the tuple
of words (u1,- - ,u,) with probability P, 4, - - Py, 4, under 9. At first sight, it might seem
tempting to take this as the probability for mapping v = vy - v, to u = uy - - - u,,. However,
the word u € A" does not necessarily determine such a decomposition into inflation words
(u1,-+- ,uy,) uniquely. We therefore need to proceed with more caution. Given u,v € AT,
with v = vy -+ - v, € L,, we define

Dy(u) = {(u1, -+ ,up) : u=1u1- - up, and u; € ¥(v;) for all 1 <j < n}
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3. Substitutions and their generalizations

to be the set of all inflation word decompositions of u induced by v. Note that D, (u) is empty
unless u € ¥(v). Finally, we extend P to a Markov matrix, indexed by A™", via

n
Pv,u = Z Hpvj,uja

(w1, un)€Dy(u) J=1

for all u,v € A" with |v| = n. By convention, P,, = 0 if D,(u) = & and hence P,, > 0 if
and only if u € ¥(v).

Remark 3.2.14. If |¥(a)| is a singleton set for all a € A, the set D, (u) is either empty or
a singleton set for all u,v € A" because v uniquely determines the “cutting points” in the
inflation word decomposition of u. This holds in particular if ¢ is compatible or of constant
length, and thus for many cases of interest. Changing to the geometric picture, we easily
verify that the same is true if ¥ is geometrically compatible. On the other hand, consider
V: a+— {a,ab}, b — {ba,a}. Here, Dyy(aba) = {(a,ba), (ab,a)} has cardinality 2. O

Starting from an initial word u € A", we would like to describe the stochastic process of
words that we obtain by iterated applications of the random substitutions. This was formal-
ized by Peyriere [Pey80| and later by Denker and Koslicki [KD16|; compare also [GMRS21].

Definition 3.2.15. Let ¥, a random substitution on A and v € A*. A corresponding
substitution Markov chain is a word-valued homogeneous Markov chain (¥ (u))nen, on some
probability space (€, Fu, P,,) that satisfies 9% (u) = u and

P, [75‘71‘;+1(u) = w|¥p(u) = v] = Py,
for all v, w € AT and n € Ny.

Remark 3.2.16. Instead of starting from u € AT, we could start from an arbitrary distribu-
tion of words. The Markov matrix P uniquely determines all the (finite) joint distributions
of random words in (9% (u))nen. This will suffice for most of this work. There is still some
freedom in the choice of the probability space (€2, Fy,Py). There is an explicit construction
following ideas from the theory of Galton—Watson processes, compare [GS20]. This has the
advantage of an additional structure that ensures the measurability of certain induced substi-
tutions, constructed from ¥p. If the context is clear, we mostly write P instead of P,. It is
important to note that the construction of P ensures that ¥ (a)9¥'s(b) (as a random variable
on (Qq x Qp, Fo X Fp, Py @Pp)) defines the same distribution as 9% (ab) on (Qap, Fap, Pap), for
all n € N and a,b € A. We refer to |GS20] for details. O

The distribution of ¥ (u) is given by P[¢¥}(u) = v] = P}}, and hence coincides with the
distribution of ¥pn(u) for all n € N. Since 9" is the set-valued substitution associated to P™,
we consistently define 9% = (9", P™) to be the nth power of Jp for all n € N.

We carry over some of the characterizations of set-valued substitutions introduced in Sec-
tion [3:2.1] mutatis mutandis, to random substitutions. That is, we say that a random sub-
stitution ¥p = (1, P) is primitive/compatible/geometrically compatible/of constant length if
the corresponding attribute holds for 9. Likewise, the substitution subshift and the language
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3.2. Random substitutions

of 9p = (¥, P) are given by the corresponding objects for . The advantage of the random
setting is that, even if ®(¥(a)) is a set (and hence ®(¥(a)) a random vector), we can average
over all possibilities to get a unique value.

Definition 3.2.17. The substitution matriz M = My, € Mat(#A,R) of a random substi-
tution ¥p is defined by My, = E|dp(b)|, for all a,b € A.

This should not be confused with the substitution Markov matrix P. Again, M is related
to the Abelianisation of 9p. More precisely,

E[[2(05" (W) [2(Whw)] = M|@ (9B (w)),

for all n € Ny, as follows from a straightforward calculation |GS20, Prop. 3.3]. As a direct
consequence, we observe that

E[1030))] = E[{eal @(03(1)] = (ea M [9(1) = (M)

for all a,b € A. Hence, M" is the substitution matrix for ¥% for all n € N. The substitution
matrix provides an alternative characterization of primitivity, even if 1 is not compatible.

Lemma 3.2.18. A random substitution ¥p is primitive if and only if its substitution matrix
M is primitive with PF eigenvalue A > 1.

Proof. First, assume that 9p = (¢, P) is primitive. Let g be a primitive marginal of ¥".
Then, M;" is strictly positive for some m € N. Since ¢ is a marginal of ", this implies
that (Mg?)ab = E[[9"™"(b)[a] > O for all a,b € A. Hence, My, is primitive. By a similar
argument, E[|9%5™(a)|] > 1 for all a € A, implying that A > 1.

Conversely, assume that M is primitive with PF eigenvalue A > 1 and PF eigenvectors L, R.
Since M™ = X"|R)(L|+o0(A"), we can choose n € N large enough to ensure that E[|9%(a)]p] > 1
for all a,b € A. This also implies E[|9%(a)|] > #.A for all a € A. For a fixed a € A, choose
u® € ¥"(a) with |[u®| > #A. For each b € A, choose a letter uj and v; € 9" (uj) such that
lvjlp = 1. Since |u®| > #.A, we can choose a different j for each b. Due to this construction,
the word

v = vy Ve € 0" (ug) C 9*"(a)

contains every letter b € A. We repeat this procedure for every a € A. Setting 0: a — v, we
obtain a marginal of ¢®" with strictly positive substitution matrix M o- We conclude that ¥p
is primitive. [

Unlike for deterministic substitutions, having a primitive substitution matrix M for a ran-
dom substitution does not imply that its PF eigenvalue A is larger than 1. This can be seen
from the example 9p = (¢, P) with ¥: a,b — {a,b}. Demanding A > 1 excludes such trivial
cases. Primitivity also has the following convenient consequence.

Lemma 3.2.19. Let Yp be a primitive random substitution. Then, lim, . [9%(a)| = oo
holds Pq-almost surely for all a € A.
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3. Substitutions and their generalizations

Proof. Let a € A. The limit always exists because (|9'5(a)|)nen is a non-decreasing sequence
of random variables. Possibly replacing Jp by one of its powers, we can assume E[|9p(b)|] > 1
and hence P[|Yp(b)| = 2] > 0 for all b € A, due to primitivity. Given N € N, the probability
that [0 (a)] < N therefore decays exponentially with n. By an application of the Borel-
Cantelli lemma, this implies that lim, .o [¥5(a)| > N holds almost surely. Since N was
arbitrary, the claim follows. O

As a last step, let us extend the action of a random substitution to sequence spaces. This is
the point of view adopted in [MT-JU18|. Since we leave the realm of countable state spaces,
the substitution Markov matrix P is replaced by a Markov kernel P: AN x B — [0,1] on the
Borel space (AN, B); compare Section Given z € AN and u € A", it is defined on the
corresponding cylinder set via

P(z,[u]) = P[I(xy - a)p=ul = Y. Py, o
'U,U[l,n]:u

Since the cylinder sets generate the clopen topology, this uniquely determines P. Measura-
bility in the first argument follows from the observation that the above expression is locally
constant in x. Given u,v € A", it is natural to define P([v], [u]) as the common value P(z, [u])
for all x € [v]. More specifically,

P([v], [u]) = P[I(0)nn = u]-
The dual operator P* on the space M!(AY) satisfies
PuB) = [ PlB)dute)
for every Borel set B C AN and p € M(AY). For u € A", this yields
(Pu)([u]) = D p(lv) P([v), [u]).
vEA™
The extension to A% works similarly. To be precise, for v € A™,v € A" and z € A%, we set
P(z,[uv]) = P[0z _p - @ 1.0 Ty ) 1] = U]

For I € {Z,N}, the transition kernel P induces a substitution Markov chain on A!, just like
in Definition Given an initial distribution p on A", ¥p(p) has therefore a well-defined
distribution P*u. With some abuse of notation, we also write ¥p(u) for its distribution P*p.
We summarize this as follows.

Definition 3.2.20. Let 9p be a random substitution on A and p € M*(AY). We denote by
Up(p) the Borel measure defined by

Wp()([w)) = Y w() P[Op(0)pn = u],

v,[v|=[ul
for all u € A*. Similarly, for u € M'(A%), and u € A™,u' € A",
O () = S (o) P[0pw0 )y = ]
veA™ v/ AN

defines a Borel measure 9p(u) € M1(A%).
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4. Random substitutions

A random substitution ¥p = (¢, P) and its associated set-valued substitution 9 are intimately
related. For notational simplicity, we will mostly refer to both concepts as the “random
substitution ¢ in the following. Hence, the expression ¥(a) stands for both a random word
Yp(a) and for the set of words supp ¥p(a). The actual meaning will be clear from the context.
Some operations on ¥(a) pertain unequivocally to either a random setting (like probabilities
or expectations) or to a set notation (like cardinalities or elements). On the other hand,
operations on words can be applied to ¥(a) in both interpretations, and the outcome is
consistent. To be more precise, let f be a function on A™. Then, f(9p(a)) = fodp(a)is a
concatenation of a function with a random variable and hence a random variable. Likewise,
f(supp9p(a)) = supp f(dp(a)) is a well-defined set. Hence, this notational ambiguity should
hopefully not lead to confusion.

Let us give a short outline of the main results of this chapter. Generalising the idea of a
fixed point, we show in Proposition that every non-trivial random substitution ¥ admits
an invariant distribution (under some power of the random substitution). If the random
substitution is primitive, the orbit average of this invariant distribution produces a measure
g on the subshift (Xy,S) that reflects the frequencies of words in large random inflation
words. We prove in Theorem that the measure p, is ergodic on (Xy, ).

The entropy of random substitution subshifts is considered in Section If the random
substitution is primitive and compatible, we show that both the topological and the measure-
theoretic entropy can be obtained from the substitution Markov chain. For v € A" and
n € N, recall the notation Hp(9"(v)) for the entropy of the finite partition generated by the
word-valued random variable 9" (v); see Remark

Theorem 4.0.1. Let (Xy,S) be the subshift of a primitive compatible random substitution.
The topological entropy sy = hiop(S) of (Xy,S) satisfies

_ gy 08" (V)

S b
R ]

for all v € A*. The entropy hy = hy, (S) of the ergodic measure iy on (Xy,S) is given by

L H0"W)
hy = Jim =S

for all ve AT,

The statement of this result is refined in Theorem and Proposition There, we
show that an appropriate averaging procedure provides explicit upper and lower bounds in
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terms of the family {9"(a)}q4en, for every n € N. We also provide sharp conditions for these
bounds to be attained.

The last part of this chapter, Section deals with the diffraction of (Xy,.S), where ¢
is a primitive compatible random substitution. Due to the ergodicity of s, the diffraction
measure 7 = 7(x) is the same for p,-almost every x € Xy. We show that this diffraction
measure can be recovered from the substitution Markov chain via

7 = lim 5(9"(a)),

n—oo

for all a € A, where 7(9"(a)) is the expected value of the (renormalized) diffraction measure
of the random word ¥"(a). Using an idea of Godreche and Luck [GL89], the approximants
can be decomposed into a sum, corresponding to first and second moments, as

Y(0"(a)) = (0" (a)) + 7™ (9" (a)).
See Definition for details. The following will be proved in Theorem [4.3.4

Theorem 4.0.2. Let ¥ be a primitive, geometrically compatible random substitution. For

every a € A, the vague limits
A = lim y*(9"(a)) and F* = lim 7Y (9"(a))

T

both exist, and are independent of a € A. The measure 3V is absolutely continuous with

respect to Lebesgue measure.

An expression for the density of 4%?" in terms of an infinite series is provided in Proposi-
tion [4.3.9] The spectral type of 7°* is more difficult to determine. If ¥ is of constant length
£, we call it scrambling if, for all a,b € A, there exists a position 1 < j < £ such that the
random letters ¥(a); and ¥(b); coincide with positive probability.

Theorem 4.0.3. Let 9 be a primitive compatible random substitution of constant length.
Assume further that some power of ¥ is scrambling. Then, ¥ is a pure point measure.

Both 7% and 7"?' can also be obtained from the ¥-invariant distribution; we refer to
Theorem [4.3.27] for the details. In Section [£.3.3] we show that the assumption of constant
length can be relaxed to that of an integer inflation factor A, provided ¥ is geometrically

compatible.

4.1. Invariant and ergodic measures

The subshift Xy of a random substitution ¢ is a purely combinatorial object as it can be
constructed from the corresponding set-valued substitution. It therefore lacks a probabilistic
interpretation. Another apparent deficit of Xy is that many properties like the frequencies of
letters are in general not well-defined. Even in the compatible case, where letter frequencies
do exist uniformly, the frequencies of larger words still fail to exist. As a result, there is no
natural autocorrelation or diffraction measure associated to (Xy, S) as a topological dynamical
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system. We address both points by choosing an appropriate measure on Xy that reflects the
substitution probabilities encoded in the substitution Markov matrix P. With respect to
this measure, the word frequencies will be defined almost surely. It is possible to choose this
measure to be either invariant under (some power of) ¢ or under S (but not both). We start
with the discussion of substitution invariant measures on Xy.

Recall from Remark that a primitive substitution ¢ admits a fixed point x* under
o" for some r € N. By the strict ergodicity of (X,,5), the autocorrelation and diffraction
measure are the same for every x € X and can hence be calculated from z*. The point x* is
convenient because it is constructive and allows us to use renormalisation techniques. For a
random substitution 14, the concept of a fixed point x* is naturally replaced by that of a fixed
measure v*. Just like 2* emerges as a limit of iterating o on A%, we obtain v* as a limit of
iterating 9 on M*'(A%). In principle, there might be several such limiting measures, but we
will we see that they are all convex combinations of measures from a finite set.

For ease of notation, we first work on AN. The arguments readily generalize to A%. Con-
vergence is understood in the weak topology. On sequence spaces, this is equivalent to con-
vergence on every cylinder set [Bil99, Thm. 2.2]. That is, we say that lim, o, 9" (u) — v* if
for all u € AT,

lim 9" (p)([u]) = v*([u]).

n—o0

Recall that for u € A™,

I () = D p([) POW)[m) = ul.

vEA™

This has the structure of a product between a vector and a matrix.

Definition 4.1.1. Let ¥ be a random substitution on A and m € N. The m-prefiz matrix
M (™) is a Markov matrix on A™ with entries

M = PY(w)m = v],

for all u,v € A™. The m-prefir vector p™ of a measure u € M (AY), is a A™-indexed
probability vector, with ,uf)m) = u([v]), for all v € A™.

With this notation, lim,,_, . 9" () = v is equivalent to

lim (™| (MY = (1,0

n—oo

)

for all m € N. Recall the basic notions of Markov chains on a finite state space from Sec-

tion [T.41

Definition 4.1.2. Let ¢ be a random substitution with 1-prefix matrix M) and let » be
the period of M), Then, we call r the period of V.

Possibly replacing ¢ by 9", we assume that ¢ is of period 1 in the following. Hence, the
restriction of M) to each of its recurrence classes R; is primitive. Let us denote by X:g c AN

the image of Xy under the projection x +— (1 o0
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Proposition 4.1.3. Let ¥ be a random substitution of period 1 such that |9"(a)| — oo as
n — oo holds almost surely for all a € A. Assume that R1,...,Rs C A are the recurrence
classes of MYV and let Caj be the absorption probability from a € A to class R;. Then, for
each 1 < j < s, there is a probability measure v; on AN with the following properties.

(1) 9(vj) = vj.
(2) If € MHAY), with ZaeRj pla] =1, we have limy, o0 9™ (1) = vj.
(8) The topological support of vj is contained in X} and ZaeRj vjla] = 1.

In general, limy, 00 9" (1) = > e 4 pla] D25y cajvj, for all p € M(AN).

Proof. Let j € {1,...,s} be fixed and assume that ZaeRj pla] = 1. In words, the 1-prefix

vector u() is supported on Rj. Since the restriction of M M to R; is primitive, with some
equilibrium vector 7/, we find

lim (pM (M) = (7).

n—oo

Now, let m > 1 and
Lin(j) = {u € Ly : P[I"(a)[1,m) = u] > 0 for some n € N, a € R;}.

We prove that £,,(j) is a recurrence class of M (M) with period 1. As a first step, we show
that the restriction of M ™ to £,,(j) is primitive. For each u € £,,,(j), choose a pair (a,, ny)
in R; x N such that P[J"«(ay)(; m = u] > 0. Since M is primitive on R, there exists a ko
such that P[¥*(a); = a,] > 0 for all k > ko. Hence, there exists a number n € N such that

P["™(a)(1,m) =u] > 0,

for all w € L,,(j) and a € R;. Since every word in L,,(j) starts with a letter in R;, this
implies that
(M), = PL™(0)1 ) = u] > 0,

for all u,v € L,,(5), that is, M (™ restricts to a primitive matrix on L,,(j).

Note that the vector (™ is supported on the set A™(j) = {u € A™ : u; € Rj} D Lin(j).
We claim that all words in A™(5) \ L,(j) are transient under M ™). Let u € A™(j) \ Lm(4)
with u; = a. There exists an n € N and w € 9" (a) such that |w| > m. That is, wp ) € L (j)
is a prefix of some word in ¥"(u). That means that u is absorbed with positive probability
by the recurrence class £,,(j) and hence it is transient. Since £,,(j) is the only recurrence
class in A™(j), the absorption probability is in fact 1.

Let 7™ be the equilibrium vector of M) on £,, (7). By Fact we obtain

nh—>nolo <M(m)|<M(m))n — <7TJ7m|’
for all m € N. Defining v;([v]) = ™ for all v € A™,m € N, we get limy, o0 9" (1) = vj. By
construction, ¢ is a continuous operator on MI(AN ) in the weak topology and hence

I(vj) = 9( lim ¢¥"(p)) = lim 9" () = vy,

n—oo n—o0
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with p as above. Since £,,(j) C £ for all m € N, it follows immediately that the support of
vj is contained in X:{. For the general case, note that a word u € A™ with u; = a is absorbed
with probability c¢,; by A™(j) and hence by L,,(j). Another application of Fact yields

lim (™ [(M™)" =3 " pla] D eqi(n?™|,

n—oo
acA j=1
and the last claim follows. ]

Remark 4.1.4. As an immediate consequence of Proposition we obtain that M) has
a unique recurrence class in A if and only if there is a unique ¥-invariant measure v € M! (.AN)
such that lim,, o, 9" () = v for all up € M'(AY). We note that the arguments in the proof
of Proposition do not rely on ¥ acting independently on neighboring letters. This yields
an improvement of [MT-JU18, Thm. 1], where independence was not required, but it was
implicitly assumed that M (™ is a primitive matrix on A™ for all m € N. %

Remark 4.1.5. The discussion of ¢-invariant distributions on the two-sided subshift (Xy,.S)
can be done in an analogous fashion. Here, instead of just considering prefixes, we consider
prefixes and suffixes simultaneously. The analogue of M () is a matrix M, indexed by L2(Xy),
where the entry My, y, 010, is the probability that the last letter of ¥(u;) is vy and the first
letter of ¥(ug) is va. That is, we think of £o(Xy) as legal seeds, placed symmetrically around
the origin; compare the discussion in Remark If M has period 1 (otherwise we take
powers of 1), the recurrence classes of M are in 1-to-1 correspondence with the ¥-invariant
distributions on (Xy, S). O

We can find a more explicit form for the invariant measures v; if ¥ satisfies some uniform

growth assumption.

Definition 4.1.6. We say that a random substitution grows uniformly if
lim min{|u| : u € ¥"(a)} = oo,
n—oo

for all a € A.

Lemma 4.1.7. Let ¥ be a random substitution satisfying the assumptions in Proposition [4.1.3
and assume that 9 grows uniformly. For m € N, let n,, € N be the minimal number such
that 9™ (a)| = m for all a € A. Then, given v € A™, we have

vi([]) = Y m P (b)) = v),

bER]‘
for all n > ny,, where ™ denotes the equilibrium vector of MW restricted to the class R;.

Proof. Let m € N be fixed. Comparing with the proof of Proposition we see that it
suffices to show that the probability vector ¢ on A™ with

@ = ™ P (O)1m =]
bER]‘
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for all v € A™, is supported on L,,(j) and invariant under M), The first claim is obvious.
For the second, we first observe that, for n > n,,,

Z 7l P (b) 1) = 0] = Z ) Z]P )1 = P[0 (¢)1,m) = V]

bER; bER; ceA
= Z WZ Pwn(b)[l,m} = U]>
CE'R]‘

(1)

where we have used that 77 is invariant under MY with entries M, =P[J(b)1 = c|. Hence,
the expression for ¢ is indeed independent of the choice of n. Finally,

(@M™) = > @PP@)pm=0l= > > @ PO"(b)m = w]PLH(w)qu =]

WELm (5) wELm(j) bER;
= ZWPﬁn—H [lm}:v]zch
bER;
and the claim follows. O

In the following, we make the additional assumption that 9 is primitive. Our next aim
is to show that, given a ¥-invariant measure v on ng, the word frequencies are well-defined
v-almost surely. For v € £ and = € X:{, we define

provided the limit exists. Similarly, we set fy(v) = |v],/|v| for v € AT. Tt is a classic result
that the word frequencies exist almost surely for the stochastic process (¢¥"(a)). This is a
corollary of [Pey80, Thm. 1], compare also [GS20, Prop. 4.3].

Fact 4.1.8. Let ¥ be a primitive random substitution. Then, for every u € L(Xy), there
exists a word frequency f, € (0,1) such that for all a € A,

nlbngofu(ﬂ (CL)) = fw
holds P-almost surely. ]

Due to the assumed J-invariance of v, we can decompose sequences x in the support of v
into level-n inflation words for arbitrary levels. Combining this idea with the Borel-Cantelli
lemma, we can translate the P-almost sure existence of letter frequencies to a v-almost sure
existence. A first step into this direction is the following |GS20, Lemma 4.2].

Lemma 4.1.9. Let 9 be a primitive random substitution, u € L(Xy) and € > 0. Then, there
exist k € N, ¢ > 0 and ng € N with the following property. If v € A™ for some n = ng, then

P[|fu (9 () — fu| > €] < e
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Sketch of proof. For the full, somewhat technical proof, we refer to [GS20]. To convey some
basic ideas, we sketch a proof for the special case that ¥ is of constant length ¢. For large
enough k, an occurrence of u in ¥*(v) is either contained in ¥*(v;) for some 1 < j < n
or appears at the boundary of two such inflation words. For the latter, there are at most
(n — 1)(Ju| — 1) possibilities. Hence, for & < |f,(9%(v)) — fu|, we require

ent® < |[9%()|u — ¥ fu| < Juln+ ) |[0F(0;)u — 4 ful- (4.1)
j=1
For large enough k, |uln < enf®/2, and (4.1)) implies
c n
0 < IR w) ~ (1.2
j=1

For each a € A, let P, C {1,...,n} be the set of positions j with u; = a and n, = #P,. By
(4.2), there exists a constant C' > 0 and a letter a € A with n, > Cn such that

D<o ) - 4l (43)
JE€P
For large enough k, the expected value of f,(9%(v;)) differs from f, by less than £/8 due to
Fact Hence, the probability for decays exponentially with n € N by Cramér’s
theorem on large deviations [dHo00, Thm. I.4]. As soon as we drop the assumption that ¢ is
of constant length, we additionally need some control on the relative sizes of level-k inflation
words. Once again, we can use large deviation results to find an exponentially decaying bound
for the probability of ‘exceptional behaviour’. O

Theorem 4.1.10. Let ¥ be a primitive random substitution and v € M*(X}), 9" -invariant
for some r € N. Then, for v-almost every x € Xi,r, we have fy(x) = fu, for all u € L(Xy).

Proof. Without loss of generality, we assume that » = 1. By the Borel-Cantelli lemma, it
suffices to show that, for every e > 0 and u € AT,

> v({ s [fulap ) = ful > 26}) < oo

meN

=:Am

Let k,ng € N and ¢ > 0 as in Lemma Since v is Y*-invariant, we have

v(An) = W) (An) = Z V([U])P[!fu(ﬂk(v)[l,m]) — fu‘ > 2¢].

vEA™

Note that ¥*(v)[1 ) only depends on the smallest prefix v’ of v such that [9¥(v/)| > m. The
length of this prefix is a random variable. In any case, with p = max{|u| : u € ¥(a),a € A},
we have [v/| > m/u¥. By the minimality of v/, m < [9%(v')| < m + uF. For large enough m,
the term p* becomes negligible and hence,

| Fu (95 (0) 1 m)) = fu| > 26 = |fu(9*(")) = fu] > e
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4. Random substitutions

For m > ngu”, the probability for this event is bounded by e~/ “k, due to Lemma
Finally, this implies

v(Ap) < Y wlfu]) et < emem/t
veEA™

and the assertion follows. O

Proposition 4.1.11. Let ¥ be a primitive random substitution, r € N and v a Borel proba-
bility measure on Xy that restricts to a V" -invariant measure on X:{. Then, the weak limit

_ Z i,
= Z ve s
exists and defines an S-invariant measure j, € M (Xy) with py([u]) = fu for all u € L(Xy).

In particular, py has full support on Xy.

Proof. Since M!(Xy) is compact in the weak topology, the sequence (4, )nen, defined by
1 n—1
1w
ni

has an accumulation point p € M?!(Xy). By construction, this accumulation point is S-
invariant. It therefore suffices to show that lim, o v, ([u]) = f, for all u € L. For u € L,,
and j € Ng, we have

V(7)) = vl pm = W) = By (2505 m ),

for a v-distributed random variable x on Xy. Hence,

n—o00 n—oo n n

n—1 |:L' ’
X . 1,n+m—1]%
lim v,([u]) = lim —ZE 21 jpmla] = lim B, ![]]

=E, [hm fu( 1n])} fus

where the penultimate step follows by dominated convergence and the last step is due to
Theorem [4.1.10} Since f, > 0 for all w € £ by Fact it follows that the topological
support of y, equals Xy. ]

Remark 4.1.12. It should be stressed that the measure 1, depends neither on the choice of
the ¥ -invariant measure v on X1, nor on its extension to Xy. Due to the existence of word
frequencies, we also obtain p, from v-almost every z’ € Xi,r and an arbitrary extension to
x € Xy, by

_ _ J
—J;H;onD o5

An alternative approach is to define py([u]) = f, for all u € £ and to verify that this
extends consistently and uniquely to a shift-invariant probability measure; see |[GS20,|Mol13|
for details. O
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4.2. Entropy

For a certain family of primitive random substitutions, it was announced in [Moll3] that
the corresponding measures ji,, are not only S-invariant but in fact ergodic. However, the
original proof contains a small gap. In |GS20], ergodicity of 11, was shown for all primitive
random substitutions. At this point, we get the same result, basically for free.

Theorem 4.1.13. Let ¢ be a primitive random substitution. Then, the dynamical system
(Xy, S, pg) is ergodic.

Proof. This is a corollary of Proposition and the proof of Theorem To establish
S-ergodicity of p,, it suffices to show that, for py-almost every x € Xy, the word frequencies
fu(z) exist and are equal to pylu], for all u € £; compare [Moll3, Prop. 4.21] and [GS20].
Again, this statement on the word frequencies follows by the Borel-Cantelli lemma if, for
every € >0 and u € AT,

meN

Z l‘ﬁ({x : |fu(x[1,m ) = ful > 25}) < 0.
— A

By construction,
n—1

1 .
— Tm — —j
ty(Am) = nh_{gon EOV(S Ap).
]:

A slight modification of the proof of Theorem [4.1.10] shows that there are k,ng € N and
¢, > 0 such that v(S™7A,,) < e=em/t* for all j € Ny and large enough m > nou*. This
implies f1(A) < e~em/i" for large enough m € N, and the claim follows. O

Remark 4.1.14. For a primitive random substitution ¢ and m € N, we can compute f, for all
u € Ly, using a finite algorithm. This employs the concept of an induced random substitution
U, defined on L, as the corresponding alphabet. There is a primitive substitution matrix
M, associated to ¥, with (normalized) PF eigenvector R,,. The values f, are precisely the
entries of R,,. We refer to |GS20, Mol13| Kos12| for details. For deterministic substitutions,
this construction is classic [BG13}/Quel0]. O

Ergodicity is in fact the strongest measure-theoretic mixing result that we can expect
to hold in such generality for primitive random substitutions. This is because there are
primitive random substitutions with a non-trivial pure point part in the diffraction measure,
which excludes weak mixing [Mol13,Goh17,BSS18|. We will explore the diffraction measures
associated to primitive random substitutions in Section

4.2. Entropy

4.2.1. Topological entropy

To obtain general, yet useful, estimates of the entropy associated with a random substitu-
tion system requires some control over the random substitution at hand. The task becomes
considerably easier if letter frequencies are well-defined and if the powerful machinery of PF
theory is available. To avoid being overly repetitive, we fix some notation for the remainder
of this section.
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4. Random substitutions

Assumption 4.2.1. Let 9 be a primitive, compatible random substitution. We write M for
its substitution matrix and A for the corresponding PF eigenvalue. The left and right PF
eigenvectors of M are denoted by L and R, with (L|R) = ||R||; = 1.

Since topological entropy makes no reference to a measure on (Xy,.S), we regard ¥ as a
set-valued substitution throughout this section. Recall from Section 2.3.2] that the topological
entropy of (Xy,S) can be calculated by

1 n
Sy = hiop(S) = lim %.

n—00 n

That is, we are looking for the exponential growth rate of the set of legal words, as their
length increases. On the set of legal words, we unfortunately lack an immediate recursive
structure. This is different for the set of inflation words. Indeed, we obtain

9" (a) = 0¥ (a) = ) 0"(v), (4.4)
vedk(a)

for all k,n € N and a € A. For the cardinality of these sets, it is important to assess whether
the union in (4.4)) is disjoint or contains overlaps. We give a name to the two extremal cases.

Definition 4.2.2. For k,n € N, we say that 1 satisfies the identical set condition of type
(k,n), denoted by (k,ISC,n), if

u,v € 9(a) = 9 (u) = 9"(v),

for all @ € A. We say that 9 satisfies the disjoint set condition of type (k,n), denoted by
(k,DSC,n), if

u,v € 9¥(a) and u £ v = 9" (u) NI (v) = 2,
for all @ € A. Finally, we say that (ISC) [or (DSC)] holds for ¥, if (1,ISC,n) [or (1,DSC,n)]
holds for all n € N, respectively.

The conditions (ISC) and (DSC) are important because they will enable us to give an
explicit formula for the topological entropy s.

Example 4.2.3. If ¢ is of constant length, a sufficient condition for (DSC) is ¥(a)NY(b) = &,
for all a,b € A with a # b |[Goh20, Cor. 20]. This applies in particular to the set-valued period
doubling substitution ¥: a + {ab,ba}, b — {aa} from Example 8.2.7] That disjointness of
the inflation sets ¥(a) and J(b) is not necessary for (DSC) can be seen from the example

¥ a,b {cac,cca}, ¢ — {abb}.

Here, 9™(a) = 9™ (b), but 9" (a) N 9™ (c) = 0, for all n € N. The latter observation also suffices
to conclude that ¥"(cac) and 9"(cca) are disjoint for all n € N, and hence, (DSC) holds.

Example 4.2.4. The set-valued Fibonacci substitution 9: a +— {ab,ba}, b — {a} from Ex-
ample satisfies neither (DSC) nor (ISC). This is because the sets ¥(ab) = {aba, baa} and
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4.2. Entropy

Y(ba) = {aab,aba} have a non-trivial intersection. Therefore, both (1,DSC,1) and (1,ISC,1)
fail to hold. A slight adaptation, given by

v a,c— {ab,ba}, b {c},
satisfies (1,DSC,1) but not (1,DSC,2).

Remark 4.2.5. The different types of conditions, listed in Definition are in fact not
independent. For instance, it is a straightforward exercise to show that (1,ISC,1) implies
(k,ISC,n) for all k,n € N. Hence, (ISC) is particularly easy to check. Another consequence
is that, if ¥ satisfies (ISC), so does 9" for all n € N.

For (DSC), the situation is in some sense reversed: For all k,n € N, (k,DSC,n) also implies
(1,DSC,1). The converse is not true in general, as we can see from Example With
some tedious, yet straightforward work, we can show that (DSC) holds for either all or none

of {1971 }nGN . <>

Definition 4.2.6. Given n € N, let 6" denote the logarithmic cardinality vector on A, with
entries

0y = log #9"(a),
for all a € A.

The logarithmic cardinality of ¥"(v) for general words v € AT can be obtained from 6™ in
a straightforward manner. Indeed, using compatibility, we verify that

|v] |v]

log #0™(v) = log [ [ #9"(v)) Zen = (0" (v)), (4.5)

7j=1
foralln e Nand v € AT.
Lemma 4.2.7. Let k,n € N. Then,
<9n|Mk < <9n+k‘ < <9n‘Mk + <0k’7

to be understood elementwise. The lower bound is an equality if and only if ¥ satisfies
(k,ISC,n). The upper bound is an equality if and only if ¥ satisfies (k,DSC,n).

Proof. For a € A and v € ¥*(a), we have by (4.5),
log #0" (v) = (6"[@(v)) = (6" M"|ea).

In particular, all of the sets ¥"(v) with v € ¥¥(a) have the same cardinality. Hence, taking
cardinalities in (4.4)), we find

(0" |ea) = log#0" ™ (a) > log#9"(v) = (0"|M"|ea),
with equality precisely if all of the sets 9" (v) with v € ¥¥(a) coincide. Similarly,
(07 lea) = log#9"*(a) < log(#0"(a)#0™(v)) = (0"|M*|eq) + (0 ]ea),

with equality precisely if all of the sets ¥"(v) with v € ¥¥(a) are disjoint. O
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4. Random substitutions

Proposition 4.2.8. There is a well-defined limit vector

b= klggo AF 6%,
which satisfies
LT o)
for all n € N. The lower bound is non-decreasing in n.
Proof. We first note that, for all n € N,
0] = timint L > vming L) s = C )

due to Lemma The last expression is non-decreasing in n, since

(O HR) _ (6" MIR) _ (6"|R)
A1 = A1 A

for all n € N. By the upper bound in Lemma we obtain

RN i (0" 1 1 (" _ (0"IR) 1 5
0 =1 < i — i L+ —(0
(0] imsup “o < lim sup S5 Py oo 1 SUp “ R4
and hence,
7 (0"R)
0 < L.
An—1
Since the upper and the lower bound in (4.6 converge to the same (positive) vector as n — oo,
we conclude that § = 6, and the limit is well-defined. O
Corollary 4.2.9. We have 0 = sL, with
(0" R)

s := lim
n—oo A"

For all ve A", we have
#U"(v)
s = lim .
n—oo [J"(v)]

Proof. The first claim is an immediate consequence of Proposition For the second claim,
let v € AT and recall from (4.5) that #9™(v) = (§"|®(v)). By the PF theorem,

WO S Ll = (i),

acA

n—>c>o

Combined with Proposition this yields

g FO@) AT Rw) _ (0](0)

:37

and the claim follows. O
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4.2. Entropy

We show that this value s is indeed the topological entropy of the dynamical system (Xy, S),
providing an improvement of the first part of Theorem stated in the introduction of
this chapter.

Theorem 4.2.10. Let 9 be a primitive compatible random substitution. The topological
entropy of (Xy,S) is given by

on 1
sy = lim <)\LR> = lim ’ E Ry #9"(a).
n—o0 n—oQ aeA
For oll n € N, it satisfies
(0"|R) (0"|R)

The lower bound is an equality if and only if V" satisfies (DSC), while the upper bound is an
equality if and only if 9" satisfies (ISC).

Proof. By Corollary the first claim follows from the second. Since ¥ is primitive, we
have s, = sy, for all n € N, and hence it suffices to show the second claim for n = 1. For an
arbitrary a € A and m € N, the legal words of length |9 (a)| contain 9" (a) and hence

_ #0™(a) _ (0YR)
> 1 > ,
02 e [0 (a)] A

again by Corollary [£.2.9] and Proposition [£.2.8] For the upper bound, we use that large words
can be decomposed into inflation words. Let € > 0. In Lemma [3.2.8] we have seen that letter
frequencies exist uniformly in £. Hence, there is a number nyg € N such that for all n > ng
and u € Ly, we have |f,(u) — Ry| < € for all a € A. By a similar argument, we can assume
that [9(u)| = n(A —¢) for all u € L£,,. Let m,, = [n(A —¢)] — ¢, where ¢ = maxqea |V(a)|.
Then, for every w € L,,, thereis av =wvy---v, € L, such that w is a subword of some word
in ¥(v), overlapping the first inflation word ¥(vy). This implies

HLom, < UH#I(Ln) < L #0(u).

u€ELy,

By (4.5) and the assumption on letter frequencies, we have for u € L,, that

log #09(u) = (0'|®(u)) < n(0'|R) +ne > #9(a) = n((0'|R) +ec),
acA

for some constant ¢ that is independent of € and n. We obtain,
log #L,,, < log (Ee”(wl'RHSC)#En) = log(¢) + n((0'|R) + ec) + log(#L).
Finally, this yields

- log #Lm, _ (0Y|R) +ec+sy «—0 (0 R) L 50

== 1 X N 0
Sﬁ nlﬂm s A——e A A
and hence <01| >
R
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If 9 satisfies (DSC), we have, due to Lemma

(0™|R) = (0*|R) + AN YR)=... = MY R) =
0

3

AT —1

1

e
Il

for all m € N, and thereby,

. (0™|R)  (0'[R)
LN v S w o

If ¥ does not satisfy (DSC), there is m € N with

(0™|R)  (0'|R)
< .
S90S m_1 S a-1

The claim on the lower bound being an equality precisely if (ISC) holds for ¥, follows in a
similar manner. O

Remark 4.2.11. As we discussed in Remark (DSC) holds either for all or for none
of the powers of Y. Hence, either s, is equal to the upper bound in for all n € N, or
it is strictly smaller than the upper bound for all n € N. For the lower bound, we do not
have a similar dichotomy. It is possible to construct an example such that ¥ does not satisfy
(ISC), but 92 does. Comparing with Remark we observe that (DSC) is in general more
difficult to check, but is better behaved under taking powers. %

In general, it is not easy to determine whether the subshift (Xy,S) contains S-periodic
sequences; some criteria were established in [Rus20]. If periodic sequences exist, they are
necessarily dense in the subshift [RS18|. In that case, we will show that they can also be
used to recover the topological entropy. This is similar to the situation for SFTs [LM95]. In
fact, every topologically transitive SFT can be written as a primitive random substitution
subshift [GRS19]. Given a length n € N, we write

P(n) = {v e L, |v" € Xp},
for the set of periodic seeds of length n.

Proposition 4.2.12. Assume that (Xy,S) contains an S-periodic sequence. Then,

. log #P(n)
limsup ———+ = s,.
n—00 n

Proof. If Xy contains an S-periodic sequence, there are ¢ € N and v € P(q) # @. By
construction, we have ¥ (v) C P(|9™(v)|) for all m € N. Hence,
log #P (|9 (v)|) log #U™ (v)

lim sup > lim ———~ = 5 = sg4,
m—00 [0 (v)] m—o0 [ (v)] !

by Corollary and Theorem 4.2.10, The opposite inequality is immediate since P(n) C L,
for all n € N. O
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4.2. Entropy

Example 4.2.13. As we have seen in Example the condition (DSC) is fulfilled by
the set-valued period doubling substitution J: a — {ab,ba}, b — {aa}. The right PF eigen-
vector is easily determined as R = (2/3,1/3), and we obtain #' = (log(2),0). Hence, by
Theorem the topological entropy is given by

59 = (0'1R) = - log(2).

This was already obtained in [BSS1§|, using different methods. O

For more examples and a useful sufficient condition for (DSC) that builds on previous work
of Rust [Rus20], we refer to [Goh20].

4.2.2. Measure-theoretic entropy

We still adopt the notation from Assumption [4.2.1] In particular, ¢ denotes a primitive
compatible random substitution throughout this section. However, we now regard 1 as a
genuinely random object as introduced in Sectionand equip the subshift (Xy, S) with the
ergodic measure (4 from Proposition The measure-theoretic entropy of the dynamical
system (Xy, S, pg) is given by

hy = hy, (S) = JLHQO‘% > pg((u]) log pry([u]) = nliggo% > elug([ul),
WEL, u€Lly

where we have used the notation ¢(x) = —xlogz, which defines a non-negative, concave
function on [0,1]. Unfortunately, the exact calculation of py([u]) = f, for long words u is
computationally very expensive, even with the algorithm presented in Remark It is
therefore of practical use to find an algorithm for the computation of hy that works with the
Markov process (9"(a))nen, with a € A, instead. The construction in this section is inspired
by our approach on topological entropy via inflation words, and many of our previous results
find their complement in the measurable setting. Instead of taking log-cardinalities of the
inflation sets ¥"(a), we consider the entropy of the probability distribution, defined by the
random variable 9" (a). More precisely, we consider

H(9"(a)) = Hp(9"(a)) = Y _o(B[9"(a) = v]),

veL

which is the entropy of the measurable partition (9" (a))~1AT of the probability space (24, Py);
compare the discussion in Remark Note that this is identical to the entropy of the fi-
nite probability vector Py = (F;',)yegn(a)- We have H(9"(a)) < log#19"(a), with equality
precisely if P} is a uniform distribution on the set 9" (a).

Definition 4.2.14. For n € N, we write H" for the vector on A, with H} = H(9"(a)), for
all a € A.

By compatibility, the random variables ¥"(v; - - - v},|) and (9" (v1),...,9"(v)|)) induce the
same probability vector, up to a renaming of indices. Since neighbouring letters are mapped
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4. Random substitutions

independently, we obtain that the entropy functional acts additively, due to Fact that

is,
|v]

H(9"(v)) = > H(9"(v)) = (H"|(v)),
j=1
for all n € N and v € AT. Instead of the inflation set recursion (4.4), we get, for all n,k € N,

H(0"H(@)|9"(2) = Y P[0*(a) =v] H(9"(v)) = E[(H"|9(5"(a)))]
ved* (a) (4.8)
= (H"|M¥|e,),

where we have used the homogeneity of the Markov process (9" (a))nen in the first step.

Lemma 4.2.15. For all n,k € N, we have

The upper bound is an equality if and only if (k,DSC,n) holds. The lower bound is an equality
if and only if (k,JSC,n) holds and P is the same vector for all v € 9*(a).

(2

Proof. By the general properties of (conditional) entropies in Fact
H (0" (a)[9%(a)) < HW" () < H(0"™(a)|9*(a)) + H(9*(a)),

for all n,k € N and a € A. The lower bound is an equality if and only if ¥*(a) and ¥"+*(a)
are independent. That is only possible if P? is the same vector for all v € ¥¥(a). The upper
bound is an equality if and only if 9¥*(a) is completely determined by ¥"**(a). This is a
reformulation of (k,DSC,n). The claim now follows from . O

The result in Lemma [4.2.15] motivates the following modification of the identical set con-
dition.

Definition 4.2.16. We say that 9 satisfies (ISC) with identical production probabilities if for
alla € Aand n € N,
u,v € ¥a) = P) = PJ.

The last expression is equivalent to P[9"(u) = w] = P[¥"*(v) = w], for all w € A™.

The following is a slightly more detailed version of our results in [GMRS21|. The last claim
motivates the name measure-theoretic inflation word entropy for the quantity h.

Proposition 4.2.17. There is a well-defined limit vector

H = lim —H™ = hL,

m—oo A\

where h = lim, oo A~ (H™|R) satisfies

(H\R) _, _ (HYR)
A An—1
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4.2. Entropy

for all n € N. The lower bound is an equality if and only if V" satisfies (ISC) with identical
production probabilities. The upper bound is an equality if and only if 9™ satisfies (DSC).
Further, for all ve AT,

Proof. Note that the recursion for the sequence (H™),ecn in Lemma and the recursion
for the sequence (0"),en in Lemma are precisely the same. The proofs of Proposi-
tion and Corollary (and the last part of the proof of Theorem therefore
carry over mutatis mutandis. O

Theorem 4.2.18 (|[GMRS21|). Let ¥ be a primitive compatible random substitution. The
entropy of the measure-theoretic dynamical system (Xy, S, py) satsifies hy = h, with h as in

Proposition [£.2.17].

Sketch of proof. The full details of the proof can be found in [GMRS21]. We try to convey the
basic ideas here. For n € N, let (™ denote the probability vector on £, with ,u,( " = pg([v]).
It can be shown that p(M)) has a similar distribution to 9(x(™), up to modifications that
are negligible for the entropy calculation in the limit of large n. Hence,

Also, we can assume that for u € £,, and a € A, we have |u|, =~ nR, by the uniform existence
of letter frequencies. We obtain, regarding u as a ,u(")—distributed random word,

H@(u™)|u™) = E,w[H©O(W)] = E,w[(H'|®w)] ~ n(H'|R).

For the lower bound, this yields

1 1
m (M)y] () —(H!
hg 2 lim - H (0(u™)|p™) = S (H[R).
For the upper bound, we obtain
hy < lim iH( 9 (™) ut™) + LH(;M) l<HI|R> + <hy
n—oo \N An A A
and it follows that ) .
Ry _ R

A A—=1

The corresponding identities for arbitrary n € N are found by replacing 9 with 9. O

Example 4.2.19. As a random substitution, the set-valued period doubling substitution
from Example takes the form

b with prob.
19:an—>{a WITH PIOB- 4, b+ aa,

ba with prob. 1 —gq,
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with ¢ € (0,1). The entropy of the random values ¥(a) and ¥(b) is given by

H(¥(a)) = —qlogq — (1 —q)log(1 —q),

and H(U(b)) = 0, respectively. As we already discussed in Example [4.2.13] ¥ satisfies (DSC).
Hence, we obtain from Theorem that

—%(qlogq+ (1—q)log(1 - CI))’

which has a unique maximum for ¢ = 1/2, in which case hy = s,. That is, py is a measure

hy =

of maximal entropy on (Xy, S) if and only if ¢ = 1/2. O

4.3. Diffraction

In this section, we still assume that 1 is a primitive random substitution, but we slightly
weaken the compatibility assumption to that of geometric compatibility; compare Defini-
tion Hence, for every sequence z € Xy and a € A, we have a corresponding (typed)
point set Aq(z), as defined in Section and Section [2.4.4]

Let 7 € CA denote an arbitrary vector of complex weights. Recall the definition of the
weighted Dirac comb w(x) = ) ,c 4 Tada,(z) from Section M This naturally defines a
translation bounded (complex) Radon measure on R. If z € A" is a one-sided sequence, the
above quantities are defined analogously and w(z) is a Radon measure on R™. Similarly, for
u € AT, the left endpoints of the corresponding interval-pattern are given by ¢1(u) = 0 and
lny1(u) = lp(u) + Ly, , for all 1 <n < |u| — 1, and we define

Ao(u) = {lp(u) : up = a},

for all a € A, in obvious analogy to the infinite case. Note that w(u) = > c 4 TadA,(u) 18
a finite measure on R and therefore has a well-defined Fourier transform that is absolutely
continuous relative to Lebesgue measure, represented by the density

w)(k) = D Y e

acA  reAq(u)

—

For notational convenience, we also set @(u) := w(u) and suppress the explicit dependence
on k notationally.

Lemma 4.3.1. If (vy)nen 1S a sequence of words such that lim, . [vn| — o0, and if, for
every u € AT, there is a word frequency f,, such that

. |vn‘u

e o
we obtain that the vague limit
L , _ w(vp) *w(vy)
v o= lim y(on),  with (o) = L(on)

exists and depends only on (fu)uca+-
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4.3. Diffraction

Proof. Let A} = Ay(vy) for all n € N and a € A. Note that the set of obtainable patch sizes
Ly ={L(u):u € L} is locally finite and that the distance of any two points in A(v,) is in L,
by construction. The approximation of the autocorrelation takes the form

’Y('Un) = Z TaTh Z 7721;(2)5z,

a,be A z€L,
where )
Nap(2) = m#((AZ —z)NAY).

Note that r € (A} —2z)NA} precisely if there is a patch in the geometric image of v, that has an
interval of type b positioned at r and an interval of type a positioned at r+z. Word frequencies
in v, translate to patch frequencies in its geometric image. Therefore, lim,, oo 1}, (2) exists
for every a,b € A and z € L, and depends only on the word frequencies. Since £, is locally
finite, this entails vague convergence of ~y(vy,). O

In the following, all limits of measures are understood in the vague topology if not explicitly
stated otherwise. The observation that the autocorrelation measure depends only on the word
frequencies shows that there is a y1,,-almost sure autocorrelation measure associated to (Xy, .S).
It also provides us with several ways to obtain this measure as a vague limit. For the following,
recall the notation

wn () *m

for the normalized autocorrelation measure corresponding to wy, (), the restriction of w(x) to
the ball B,,, compare Definition [2.4.3

Corollary 4.3.2. Let ¥ be a primitive, geometrically compatible random substitution and
(Xy, S, pg) the associated ergodic dynamical system. Further, assume that v is a YP-invariant
measure on Xy. Then, there is a positive definite measure v, = vy, called the autocorrelation
of ¥, such that

v = lim ~,(z),

n—o0

for pg-almost every x € Xy and v-almost every x € X:{. It also satisfies

v = lim 4("(a)),

n—oo

P,-almost surely, for all a € A. ]

We call the Fourier transform 7 of this measure the diffraction measure of . By dominated
convergence, we have in particular,

v = lim B, [y(z )],

n—oo
and

v = lim E,[y(0"(a))].

n—o0
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4. Random substitutions

Note that, although defined on different probability spaces, both relations take a very similar
form. The key insight of Godreche and Luck was that there is an appropriate splitting of
the approximants that gives rise to different spectral components of the diffraction measure.
This was made rigorous for several examples of primitive, compatible random substitutions
in [BSS18||Goh17,|Mol14]. The idea of splitting the influence of a randomization on the
diffraction measure into its contributions corresponding to first and second moments is not
only useful for random substitutions; it has also found applications in the context of point
processes and Bernoullization procedures, see for example [BBM10,DV-J05].

Definition 4.3.3. Let v be a random word on some probability space (£2,P). We define,

and

() = 77 (Blit) + )] ~ Blu(e))  EL))

satisfying E[y(v)] = v**(v) + v¥*"(v). The Fourier transformed measures are denoted by

770) = 70y BR@IP, 70) = 775 (BRI - [EREIF)

respectively, and satisfy E[Y(v)] =5 (v) + 7" (v).

We will use this definition for a sequence of random words (vy,)nen, given by either the
random inflation words (9"(a))nen, for some a € A, or by (x[lm])neN on (X1,5,v). Our
ultimate goal is to study the diffraction measure 7 associated with 9. Since the Fourier
transform is vaguely continuous on positive definite measures [MS17, Lemma 4.11.10], we
find that

5 = lim Ef(on)] = lim (7 (1) + 3" (va). (4.9)

n—oo

~var

in both cases. For v, =z | we will write instead 7*(vy,) and 772", when we wish to specify

1
the dependence on the distribution v.
4.3.1. Absolutely continuous part of the diffraction

Heuristically, 7V*"(v,,) contains the “fluctuations” introduced by the random substitution, and
we therefore expect this part to give an absolutely continuous component in the limit n — oo.
Our next aim is to make this precise for v, = 9¥"(a).

Theorem 4.3.4. Let ¥ be a primitive, geometrically compatible random substitution. Then,
for every a € A, the vague limit

;yvar — lim ;y\var (19n(a))

n—o0

exists, is independent of a € A, and is absolutely continuous with respect to Lebesgue measure.
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4.3. Diffraction

Before we prove this result, we need some preparation. Note that for a random word v,

A3 (v) is in fact a rescaled version of the variance

V[a()] = E[|o®))?] - |[E[EO)]]*.
Definition 4.3.5. For every n € Ny, let V" = (V") ,c4 denote the vector with

V= V@ (a))],
for all a € A.
Lemma 4.3.6. We have V[©(9"(v))] = (V"|®(v)), for all v e A" and n € Ny.

Proof. For a,b € A, we have that w(ab) = w(a) + dr, * w(b). Since there is a well-defined
inflation factor A, the action of the random substitution 9" yields

w(¥"(ab)) = w(¥"(a)) + danr, * w(I™(D)).

Note that the convolution with dyny, just gives a multiplicative phase under the Fourier
transform. Since the summands are independent random measures, applying first the Fourier
transform and then the variance, we obtain

V[@("(ab))] = V[&(9"(a)] + V[@(" ()]
For general v € AT, it follows in a similar manner that

V@ w)] = > V[B(0"(a)] [vla = (V"®(v)),

acA

for arbitrary n € N, and the claim follows. O

This can be used to derive a recursion for the (function-valued) vectors (V"),en.
Proposition 4.3.7. For every n € Ny, we have (V| = (A" + (V| M, where
1 N ~
AP =53 Pubu |ER( )] - BB ()] [
u,ved(a)

for all a € A. In particular, for all n € N,

(vn| = zn:(AﬂM"‘j . (4.10)

j=1

Proof. Let a € A. By the Markov property, we obtain that

E@(W" ()] = > PuE@E@"(w)], E[@@O" ()P = Y PuE[o0"w)?].
u€d(a) u€d(a)

From this, a straightforward calculation gives

V@@ (@) = AT+ Y PauVE(0" (u)))-
ued(a)
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4. Random substitutions

Invoking Lemma we find

Z PouVE@" ()] = Y Pau(V"@(u)) = (V| M]eq),

ued(a u€d(a)

which completes the proof of the first claim. Note that V0 = 0, for all a € A. Iterating the
relation (V™| = (A"| + (V" 1| M yields the second claim. O

A key observation is that each component A™ defines a non-negative density function. As
an intermediate step, we consider pointwise convergence of the densities defining V.

Lemma 4.3.8. For every k € R, we have

n _ - 1 m
Jim (V7 (k)] = (Z A <k>\> R)(L.

m=1

Proof. This follows from (4.10f), in conjunction with the PF theorem. If the series on the
right hand side converges, it follows by dominated convergence that

tim Ly = S TR (Z <Am<k)’> )L

n—oo A\ n—00 | A An—m L
m=

m=1

If Y0 A(AT (k)| diverges as n — oo for some a € A, then

- Ln/2]
k)| M= o (A™(k)| ) IR)Ly
lmfz (S S ), = it | 2 S5 R <

holds for every b € A. Here, we have used that all entries of A™"M" are positive for all
reN. O

Finally, Theorem [4.3.4] is an immediate consequence of the following result, which also
provides an expression for the density function corresponding to 72"

Proposition 4.3.9. The function g: R — [0, o], with
o0 1 -
g(k) = ( D (A" (k)| R)
m=1

1s locally integrable with respect to Lebesgue measure, and we have

lim ’yvar(ﬂ"( )) = g\,

n—o0

in the vague topology, for all a € A.

Proof. Let a € A and g,: R — R,

(k) = 3 (@) ) = LoV ().
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4.3. Diffraction

Similarly, we set hyp(k) = 7*(9¥"(a))(k). We have established in Lemma that the
pointwise convergence g,(k) — g(k) as n — oo holds for all £ € R. Let f € C.(R). Recall

from (4.9)) that

n—oo

i [ 1£0)l(9n(8) + o () dk = 3(11)) < o
R

and that h,(k) > 0 for all k£ € R by construction. Hence, by Fatou’s lemma,

/ F(R)g(k) dk = / limin | £(k)|ga(k) dk < liminf / (8 gn () dk < oo,
R R Moo n—oo  Jp

This implies that g is locally integrable with respect to Lebesgue measure. Additionally, we
have for every n € N and k € R that

n

S (AT e} < € Y (AT (IRIL, < Colk)

m=1

1

gn<k) = Ln

holds for some C' > 0 that is independent of n and k. The vague convergence g,A\;, — g); as
n — oo follows by Lebesgue’s dominated convergence theorem. O

4.3.2. Singular part of the diffraction
As a result of (4.9) and Theorem we immediately obtain the following.

Corollary 4.3.10. The measure

77 = lim 39" (a))
is well-defined as a vague limit and independent of a € A. [ |

We hence have found a splitting

fy\ — ,/y\ex _1_;)\/var’
where the last term is an absolutely continuous measure. In this section, we want to investigate
the spectral type of the measure ¥°*. More specifically, we will establish criteria that ensure
that 7% is a pure point measure. This will be done for a more restricted class of random
substitutions.

Assumption 4.3.11. We denote by 9 a primitive random substitution of constant length
£ > 2 throughout this section.

In particular, ¢ is geometrically compatible with L = (1,...,1) and A = ¢. Hence, w(v) is
supported on N for all v € AT. For each a € A, the same holds for

l
Elw@(@)] = Y 7 > Pa) =uldy,@y = > D wPW(a), = b,
beA  ued(a) n=1bcA
l

= 3 (x8]7)6n,

n=1

(4.11)
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4. Random substitutions

which again acquires the form of a weighted Dirac comb, where the weights are determined
by the vectors 7%, with
(rolep) = P[Y(a), = b], (4.12)

for all b € A and 1 < n < £. More generally, if v is a random word with well-defined length
|v|, we define the positional marginal of v at n as the probability vector 7, (v), with

(mn(v)|eqa) = Plo, = al, (4.13)

for all a € A and 1 < n < |v|. With this notation, we easily generalize (4.11)) to

]

Ew(®)] = > (m(0)[) . (4.14)

n=1

Before we continue, let us put this observation into a proper framework.

Definition 4.3.12. We denote by A the probability simplex indexed by A, that is,

AA = {71' e 0,14 : Z(ﬂea> = 1}.

acA

The weighted Dirac comb corresponding to a word 7 = - - - 7, € (A*)™ is given by

n

(@) = 3 (Flm)om.

m=1

Definition 4.3.13. Let v be a random variable on some probability space (€2, P) such that
lv| = m is well defined. The marginalization of v maps v to an element 7(v) € (A*)™, given
by the word

w(v) = m(v) - mTm(v),

where 7, (v) is the positional marginal of v at n, defined in (4.13]), for all 1 < n < m.

We will also write m(u),, for m,(u), emphasizing the point of view that m(u) should be
regarded as a word and 7(u),, as one of its letters.
With the new notation, we can rewrite (4.14]) in the compact form

In the next step, we try to understand how the marginalization of a random word v changes
if the random substitution 9 is applied. First, assume v = a € A is a (deterministic) letter.
Then, m(a) = e, and 7(J(a)) = 7§ 7§, with 7% = 7,(J(a)), as defined in ([.12). This
motivates us to define a map

J:eq > )l

for all @ € A. Extending this to a linear map in each component leads to the following
concept.
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4.3. Diffraction

Definition 4.3.14. Let ¥ be a primitive random substitution of constant length ¢. The
average substituton ¥ is a substitution of constant length ¢ on the compact alphabet A4,
which is defined for 7 € A# by

where, for all 1 < n </,

with

My =Y lea)(mi] = (B[9(a)n = b)), 4e 4
acA

We refer to J,,: AN — A4 7 9(7),, as the n-th column of the substitution ¥.

Note that M, is a Markov matrix for all 1 < n < ¢, which ensures that 9: A4 — (AA)+ is
a well-defined map. It is extended to an endomorphism on (A“)* by concatenation, as usual.
It is straightforward to verify that the consistency equation 9" = 9" holds for all n € N.

Example 4.3.15. Recall the random period doubling substitution

ab with prob. p,
Y:a> b+ aa,
ba with prob. 1 — p,
from Example with
My = (PETP My = l=p p}
1 0 1 0
The average substitution takes the form J(m) = ((x| M) ((7|M>), for all 7 € A O

Lemma 4.3.16. Let u be a random word on (Q,P) such that |u| € N is well-defined. Then,
the map 7: u > (u) semi-conjugates the actions of ¥ and 9, that is,

m(9(u)) = I(m(u)).
Proof. Let |u| = 1. Then, for all 1 <n < ¢ and a € A, we have

(mn(@(u)]ea) = P[Un(u) =a] = > Plu=>bP[I(b)n =a] = (m(u)|Myea),
be A

implying that 7, (¢(u)) = ¥, (7(u)), for all 1 < n < L. If [u| = m € N, we obtain

m(0(w) = 7(@(w)) - 7(I(um)) = I(w(ur)) - I(m(un)) = 0 (m(w)),

and the claim follows. O
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4. Random substitutions

All of the definitions and arguments presented in this section naturally extend to the infinite
setting. In particular, if x is a random sequence, distributed according to some probability
measure p on AN, we set 7(z) = (7,(2))nen, where 7, () is the positional marginal satisfying,

(mn(2)]ea) = plz, = al,

for all n € N and a € A. For easier reference, we collect in the following result the analogue
of the previous observations in the setting of infinite sequences.

Lemma 4.3.17. Let x be a AN-valued random sequence, with distribution u. Then,

and

where ¥(x) has distribution (). [

Corollary 4.3.18. Let v be a Y-invariant measure on Xg and let x denote a v-distributed
random sequence. Then, the sequence m(z) € (AN with

(mn(z)lea) = vz, = dl,
for all n € N and a € A, is invariant under 9. That is,
(T(2)mgse] = <§(7T(w))m+s€‘ = (m(2)s41| M,
forall 1<m < ¢, and s € Np.
Proof. By Lemma [4.3.17, we have
I(m(z)) = 7(d(z)).
Since v is ¥-invariant, the distributions of x and ¥(z) coincide, implying 7(J(z)) = 7(z). O

Remark 4.3.19. The sequence 7(z) is f-automatic as defined in [QuelO]. There, it was
shown that, if ¥ is primitive, the orbit closure of 7(x) is strictly ergodic [Quel0, Cor. 12.2].
Unfortunately, primitivity of 9 does not necessarily entail that 9 is also primitive, even if

we restrict it to £y(m(z)) = {m(x), : n € N}. For a counterexample, consider the random
substitution
bb, with prob. 1/2,

Y:av+>ab, b
ba, with prob. 1/2,

and v the ¥-invariant measure with v[z; = a] = 1. Here, M; is the identity and the stable dis-
tribution of M is given by m = (1/3,2/3). Since J(r) = w7 and (1,0) € Ly, this substitution
is not primitive. Of course, we can also choose a ¥-invariant measure v with (v[a],v[b]) = =,
to obtain 7(x) = 7" and hence a primitive substitution 9 on the alphabet £1(w(z)) = {r}.
Whether such a construction is possible in general is open at this point and remains to be
determined. O
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4.3. Diffraction

Up to replacing 9 by one of its powers, we can always assume that a J-invariant measure
exists on Xf,ﬁ. This provides us with a way to approach the diffraction of the expected Dirac
comb. Since

W, * W,
’YﬁX(”C[l,n]) = nn =, wp =By [w(x[l,n])]’
the vague accumulation points of
(%X(l’p,n]))neN

are precisely the diffraction measures of
E,(w(z)) = w(r(z)),

along B,, = [0,n], as n — oo. The weighted Dirac comb

wr(@)) = Y (w(@)alm)00 =D a30n,
n=1 n=1

is the Dirac comb of the bounded, complex valued sequence ¢* € CN, where ¢ = ((z),|7)
for all n € N. As such, it is a translation bounded measure, and pure point diffraction can be
characterized in terms of mean-almost periodicity of the sequence ¢*.

Definition 4.3.20. Let (A, d) be a metric space and (n,,)men a non-decreasing sequence of
natural numbers. A sequence ¢ € A" is called mean-almost periodic (m.a.p.) with respect to
(N )men, if, for every e > 0, there is a relatively dense set E. C Z such that, for all k € E.,

) 1
lim sup — Z d(qn; Gnrk) < €,

m—oo m
NN,

where the assignment of ¢_, is arbitrary for n € Ny. A sequence ¢ is m.a.p. if it is m.a.p.
with respect to (n),en and hence with respect to every non-decreasing sequence.

We easily observe that ¢* is m.a.p. for all choices of 7 if and only if 7(x) is m.a.p. in the
variation distance d,, given by

dy(71,m2) = max |[{m — maleq)|,
acA

for all 71, mp € A, Due to the constant-length property, a natural candidate for the collection
of mean-almost periods is the sequence of sets (E,)nen, with E,, = ("Z. It is a classic result
that a (bounded) complex valued sequence ¢ gives rise to a pure point diffraction measure
if and only if ¢ is mean-almost periodic. In the uniquely ergodic setting, this can be found
in [QuelO, Lemma 6.6]. We refer to |LSS20] for a generalization to arbitrary translation
bounded measures. The following is an immediate corollary of [LSS20, Thm. 2.13].

Fact 4.3.21. Let w =Y -2 | gnon, for some bounded q € CN. Let 7 be a diffraction measure
of w with respect to the averaging sequence ([0, nm])men. Then, 7 is a pure point measure if
and only if q is m.a.p. with respect to (N )men- |

69



4. Random substitutions

Our next aim is to give a criterion that ensures that ¢* is m.a.p.. For deterministic substi-
tutions of constant length, this was solved by Dekking in terms of the coincidence condition;
we refer to [Dek78| for details. Before we formulate an analogue of this result, we introduce a
concept that quantifies how far a Markov matrix is from a projection to its equilibrium state.

Definition 4.3.22. For a Markov matrix M on the state space A, Dobrushin’s coefficient

0(M) is defined as

1
5(M) = 9 H;%XCZQ:A |Mac - Mbc|'

We call a matrix M scrambling if (M) < 1.

In the following, we assume that every Markov matrix is defined on the state space A. The
notion of scrambling Markov matrices was originally introduced by Hajnal [Haj58] for the
study of weak ergodicity of non-homogeneous Markov chains. There, an equivalent formulation
was used, without reference to Dobrushin’s coefficient. We state it as a lemma for easier
reference and omit the straightforward proof; compare [Sen81, Thm. 2.10].

Lemma 4.3.23. The Markov matrix M is scrambling if and only if, for all a,b € A, there
exists a letter ¢ € A such that My. > 0 and My, > 0. [

Some elementary but useful facts about Dobrushin’s coefficient are listed below. They
can be found in [Bre20, Ch. 12], to which we also refer for a general introduction to non-
homogeneous Markov chains. In fact, restricting the action of a Markov matrix to an appro-
priate subspace of R, § can be interpreted as an operator norm [NS99], so the following does
not come as a surprise.

(1) 0<0(M) <1 for every Markov matrix M.

(2) 6(M) = 0 precisely if M has identical rows.

(3) 6(MN) < §(M)§(N) for all Markov matrices M, N.

(4) do({m1|M, (ma| M) < dy (71, 72)5(M) for every Markov matrix M and 71,79 € AA.

The last property implies that every scrambling matrix acts as a contraction on (A%, d,).
It should be noted that for a product Nj--- N, of Markov matrices to be scrambling it is
sufficient but not necessary, that one of the matrices Ny,..., N, is scrambling.

Definition 4.3.24. Let ¥ be a primitive random substitution of constant length ¢, with
average substitution 9. We call ¥ scrambling if one of the Markov matrices M,,, defined by
M, = (P[Y(a)n = b])apeca is scrambling.

Proposition 4.3.25. Let n(z) € (AN be a 9-invariant sequence. If 9 is scrambling, the
sequence m(x) is mean-almost periodic and every diffraction measure of w(mw(x)) is pure point.

Proof. Let m € N be a fixed power of the substitution 9 and let M,me} with 1 < n < /™ be
the transition matrices, satisfying

(0" (m)nl = (m|MY,
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4.3. Diffraction

for 7 € AA. For every such n, there is a multi-index i = i(n) = (i1,...,im) in the set

= {1,...,¢}" such that

MM = M@G) = M, - M,
and the assignment n — i(n) is a bijection between {1,...,¢™} and I"™. This construction

is classic for automatic sequences; we refer to |Quel0, Ch. 12] for details. Since m(x) is
J"'-invariant, we have for all j € {1,...,0™} and k € Ny that

(m(x)jnen| = <7r(:c)k+1|M][m}

and hence, for all k1, ko € Ny,
do (7 (@) by o, (@) jbyon) < do(T(@)hy 11, (@) iy 1) S(MJ™) < S(MI™).

Hence, we need to show that o(M ][m]) is small as we average over j. Assume that M, is

scrambling with § = 6(M,) < 1, and let
I" = {ieI™: i, =r for precisely k numbers n}.

By the submuliplicativity of Dobrushin’s coefficient, we obtain 6(M (7)) < 6 for every i € I}
This yields

om m m m
STo™y = 3TN ) < YN 6t = Z( ) — )RR = (0= 14 5)™
j=1

k=04l k=04l k=0

and hence, for all k € Z,

n m
hmﬁsup Zd )]+kgm) hrnsup g sz g+s£m ()j+(s+k)£m)
n—00 s=1 j=1
n £m
_ (—149)m
hﬂi‘ipn;;‘S STTm S8

for large enough m € N. This implies that 7(x) is mean-almost periodic. The same holds
for the sequence ¢*, with ¢ = (7(x),|7), for all n € N. Hence, every diffraction measure of
w(7(z)) is a pure point measure by Fact 4.3.21 O

At this point, we have a criterion that ensures that every vague accumulation point of
(ﬁex(x[lm]))neN is a pure point measure. It remains to relate this to the spectral type of the
measure 7 = lim,_,o0 7*(9"(a)), for a € A. Since the distribution of 9" (a) converges weakly
to a ¥-invariant measure v, it seems intuitive that both problems are related. However, weak
convergence is not the right notion to ensure convergence of the corresponding diffraction
measures.
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4. Random substitutions

Proposition 4.3.26. Assume that 0" (e,) converges in mean to w(z), that is,

hm—Zd Enea], (z);) = 0.

n—oo M

Then, the diffraction of w(w(x)) exists, with respect to the averaging sequence ([0,0"])nen,
and is given by

~ex __ 1 ~ /g

7% = lim 3(0"(ea)),
where the limit is well-defined due to Corollary [4.3.10], ]

This is implicitly a condition on the mean convergence of equi-translation bounded mea-
sures; compare [BSS1§| for background and a more detailed discussion. The proof is imme-
diate from [BSS18, Thm. 8.6] and therefore omitted. Conveniently, the mean convergence of
-n . . .
¥ (eq) also follows if 1 is scrambling.

Theorem 4.3.27. Let ¥ be a primitive random substitution of constant length ¢, with diffrac-
tion measure 5, and assume that some power of ¥ is scrambling. Then, the spectral compo-
nents of 7 are given by the vague limits

Yop = 77 = lim ¥(9"(a)) = lim 37" (w( o))

n—oo n—oo

and

:Y\ac _ ;y\var — lim ,yvar(ﬁm( )) = lim ~ 'yl/ (x[l,fn])’

n—oo n—o0

for all a € A, and every measure v on X:{ that is invariant under some power of 9. Addi-
tionally, ¥ has no singular continuous component.

Proof. Possibly replacing 9 by one of its powers, we can assume that 9 itself is scrambling.
Also, without loss of generality assume that v is ¥-invariant. By Proposition and
Corollary the vague limits

9 = lm 3("(a), 3% = lim 3%(0"(a),

n—oo n—o0

both exist and are independent of a € A, where 4¥* comprises an absolutely continuous
measure. Since 7(z) is invariant under ¥, we have

m(@)p e = 0 (m(2)1),
for all n € N and hence, for all 1 < j < n,

dy (0" (ea)j, m(2);) = do({ealMI, (m(2)1 M) < §(M),

with M ]M as in the proof of Proposition [4.3.25, Following the same calculations, we find that
for some 0 < < 1,

1 n
hmsup—Zd "(eq) jsm(x); ) hmsupe 25 lim u

n
n—00 n—00 n—00 14

= 0.
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4.3. Diffraction

By Fact we obtain that

. ~exX . 1 ~ ~ex
lim 7, (95[1,@]) = lim fn‘“’(77(95)[1%”])‘2 =7

n—o0 n— o0
which is a pure point measure due to Proposition 4.3.25 It follows that 7 = 5 + 72" and

lim 5 (@) = 7 = M 55 (2 ) = 7

n—oo n—0o0

which concludes the proof. O

Remark 4.3.28. In [BSS18|, an analogue of Theorem was shown for the random
period doubling substitution, inter alia. There, the proof relied on the observation that the
sequence 7(x) is in fact strongly almost periodic. This has the advantage of providing a
nice interpretation in terms of a weighted model set and paves the way to find an explicit
formula for the diffraction intensities via Fourier-Bohr coefficients. On the other hand, as
the name suggests, strong almost periodicity is a much stronger condition than mean almost
periodicity. If the almost periods are assumed to be E, = ("Z, with n € N, it requires that
every sequence (Np)nen with N, € {My, ..., My} is weakly ergodic, that is, §(Ny - -+ Ny) — 0
as n — 0o. On the other hand, for the proof of Theorem we only require that the set
of matrices S = {My, ..., My} is mean-weakly ergodic in the sense that

1
Jim 2 Y (N N,) = 0.
Ny---Np,eS™

We also stress that the result in Theorem is mot a uniform result for all z € Xy but
rather for almost every x, with respect to u. For example, it applies to the random Thue—
Morse substitution ¢: a — {ab,ba},b+— {ba}, while there are certainly points in Xy (arising
from the deterministic Thue-Morse substitution) with a singular continuous component in
the diffraction spectrum. %

As the next result shows, the conclusions of Theorem hold in particular for every
primitive, constant-length random substitution ¢ on a binary alphabet A, provided that ¢ is
non-deterministic.

Lemma 4.3.29. Let ¥ be a primitive random substitution of constant length on the alphabet
A ={a,b} and assume that max{#9(a), #9(b)} = 2. Then, 9 is scrambling.

Proof. Without loss of generality, assume that #J(a) > 2 and let u,v € ¥(a) with u # v.
Then, there is a position j such that u; # v;. This implies that (M;)aq > 0 and (M;)q > 0,
that is, M; has a row of strictly positive entries. It follows that M; is scrambling. O

In particular, for every primitive random substitution of constant length on a binary al-
phabet, the almost sure diffraction does not contain a singular continuous component. More
generally, if more marginals are added to a primitive, constant-length random substitution,
it may gain, but never loose, the scrambling property. Heuristically, it appears that singular
continuous diffraction components are not robust under fluctuations.
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4. Random substitutions

Remark 4.3.30. If M is a scrambling matrix, it is straightforward to verify that, for some
power n, M"™ has a strictly positive column. Hence, ¥ has a scrambling power 9" if and only
if there is a power 9", a letter a € A and a position j such that P[¢"(b); = a] > 0 for all
b € A. This is a natural generalization of Dekking’s coincidence condition for a deterministic
substitution p, requiring that for some power ¢", a € A and position j, we have ¢"(b); = a
for all b € A |[Dek78]. More precisely, there is a scrambling power of ¥ precisely if there exists
a marginal of some power of ¥ that satisfies the coincidence condition. O

Example 4.3.31. As soon as we leave the realm of binary alphabets, both scrambling and
the conclusion of Theorem [4.3.27] can fail. We illustrate this with an example that is inspired
by the classic Thue-Morse substitution. Let ¢ be a random substitution on A = {a, by, by}
with a — {abi,abs} and b; — {b;a} for each i € {1,2}. Choosing a weight vector 7 with
Tp := Ty, = Tp, makes the distinction between by and by invisible and hence “factors” naturally
to the original Thue-Morse sequence, which is known to have a purely singular continuous
diffraction measure if 7, = —7,. This measure will be studied in detail in Chapter @ O

4.3.3. Integer inflation factor

Using mean-almost periodicity to establish that 4°* is a pure point measure is a mechanism
that works also outside the constant-length setting. In fact, for deterministic substitutons,
there are several algorithms to establish mean-almost periodicity, if the characteristic polyno-
mial of the substitution matrix is irreducible, and if the inflation factor A is a Pisot number,
that is, if all the algebraic conjugates of A are smaller than 1 in modulus. This is related to the
famous Pisot substitution conjecture and hence there is a vast literature on this and related
problems; for an overview we refer to [ABB+15,[Sing06] and references therein. There is a
natural generalization of the overlap algorithm [SS02,S0l97] to the random setting. However,
this requires some additional technical preparation that is outside the scope of this thesis;
we refer to the forthcoming work [GMR]. Here, we illustrate how the results on primitive,
constant-length random substitutions can be extended beyond the constant-length case if the
PF eigenvalue A is an integer.

Given a geometrically compatible, primitive random substitution ¢ on A, with PF eigen-
value A € N, we associate a constant-length random substitution 9 on a new alphabet A’.
We call ¥ the pure core of ¥, in line with [BBJS12, Sec. 4], where this term was used in the
context of deterministic substitution. For this construction, we again rely on the geometric
picture; compare Section [3.1.2] First, identify the largest rational number r such that, for
every a € A, there is a natural number n, € N with L, = n,r. The main idea is to slice
the interval I, of length L, into n, smaller intervals of length r each. This replaces each
letter a € A by a concatenation of letters a, - - - a,, . Formally, we introduce the new alphabet
A ={ay,...,a, :a€ A} and a morphism p: AT — (A')*, defined via p(a) =a,---a

s ., for

Na
all @ € A. This construction ensures that the symbolic length of ¢(u) for some u € AT,

|ul Jul

el = Y le)l = =3 Lu, = L L(w),
n=1 n=1

r
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4.3. Diffraction

Figure 4.1.: Deriving ¥'(ay) = {aja4,b1a;} and ¥ (ay) = {b;by, ayb,} from ¥(a) = {abd, bab}
in Example Tiles of type a and b are coloured in orange and blue, respec-
tively. Dotted lines indicate the splitting a +— a;a,. Different types of decorations
correspond to a; and a, on the left hand sides and their respective images on the
right hand side.

is the same as the geometric length of u, up to a universal factor. By geometric compatibility,
each u € ¥(a) satisfies L(u) = AL, and hence |¢(u)| = An,. We can therefore consistently
define a random substitution ¥ on A’, via

ﬂl(am) = @(ﬁ(a))[(m—l))\—&-l,mk}’ (415)

for all a € A and 1 < m < ng, to be understood either as an equality of sets or equality of
distributions. We emphasize that the set ¢(¥(a)) is contained in 9¥'(p(a)), but it is in general
not equal. In that sense, the situation is more subtle than for deterministic substitutions.

Remark 4.3.32. Alternatively, we could define as an equality of random variables. In
that case, 9’ is modelled on the same probability space as 19, but it no longer acts independently
on neighbouring letters. Hence, 9 could no longer be regarded as a random substitution in
the sense defined here, but still fits in the framework provided by Peyriére [Pey80|. This
bears some resemblance to the induced random substitution [GS20]. For our discussion below,
depending only on marginal distributions, both approaches yield the same expressions. O

Example 4.3.33. Consider the random substitution

abb, p,
9:a > b— a,
bab, 1—p,

which is primitive and geometrically compatible, with A\ = 2 and L a multiple of (2,1). The
diffraction of ¥ was discussed in detail in [Gohl7]. Its pure core ¢ on A" = {ay,a4,b;} is
given by

a,aq, P b,b P
12 ’ a2'—>{ Ly ’ bl'—>a1a2.

19/: aq —> {
blala 1_p7

For an illustration, compare Figure Note that ¢ (¢(a)) = ¥'(aja,) contains the words
bya,byby and ajaqaqb,, which do not correspond to words in ¥(a). We observe that ()2 is

G‘lea 1 - D,

scrambling. O

The pure core 9 of ¥ can be used to model the action of 9 on expected Dirac combs. Since
a letter of length 1 in A’ corresponds to a subinterval of length r of some interval I, a € A,
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4. Random substitutions

we first need to apply a rescaling. Given a Radon measure w on R, we denote by r.w the
Radon measure with

WMU%=AﬂmNM@,

for all f € C.(R). With slight abuse of notation, we use the same symbols P and E in the
context of formally different probability spaces in the following.

Lemma 4.3.34. Let 7,7" be weight vectors on A, A’, respectively, such that 7, = 7, if
m =1, and Tcllm = 0 otherwise, for all a € A and 1 < m < ng. Then, the corresponding
weighted Dirac combs w,w’ satisfy, for every a € AT and n € N,

Elw(@™(a))] = rE' ()" (¢(a)))].

Sketch of proof. The pure core ¥ of ¥ is constructed in such a way that 9¥'(a,,) corresponds to
the restriction of the (typed) point set A(?(a)) to the interval (r(m — 1)\, rmA]. At the same
time, it determines the restriction of A(¢¥(¢(a))) to ((m — 1)\, mA] by the constant-length
property. The same holds for higher powers of the substitution 9. Although (¢¥™)" and (¢')"
do not coincide as random substitutions, they have the same marginal distributions, that is,

P(¥)*(a); = b] = P[(¥")'(a); = b,

for all a,b € A, n € N, and 1 < j < A\"n,. Note that the choice of 7' erases all control
points that do not correspond to the starting point of an interval I,, with a € A. From these

observations, the relation follows in a straightforward manner. The full details of the proof
will appear in [GMR]. O

Corollary 4.3.35. Let ¥ be a geometrically compatible primitive random substitution with
integer PF eigenvalue X. If some power of the pure core 0 is scrambling, then 5 = Ypp + Yac
and

Sop = lm 3(0M(a), Fae = lim 7 (9"(a)),

for all a € A.

Proof. This follows in principle from Lemmal[4.3.34 and Theorem[4.3.27] We want to apply the
reasoning of Theorem to the constant-length random substitution 19 to obtain that the
expected Dirac combs of large inflation words give rise to a pure point diffraction measure. The
only subtlety is that, in Lemma we start iterating from a word ¢(a) = a, - - - a,,, instead
of a single letter. However, we verify that the proof of Theorem readily generalizes to
that case. O
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5. Schrodinger operators

5.1. Schrodinger operators and symbolic dynamics

In this chapter, we consider discrete Schrodinger operators Hy : £2(Z) — (%(Z), defined by

(HVTZ})TL = 7pn+1 + Q,Z)nfl + Vn"?bm

for some bounded potential V = (V},),cz € RZ. The operator Hy is self-adjoint and bounded
by the assumption that V' is bounded. Its spectrum o(Hy ) is hence a compact subset of R.
The potential V' models the influence of a surrounding material. We will mostly be concerned
with the case that this material exhibits some kind of aperiodic order. More precisely, we
start with a symbolic subshift (X,.S), where each sequence x € X serves as a choice for
some configuration. To obtain the corresponding potential V' = V(x), we choose a bounded
continuous function f: X — R and set V,,(z) = f(S™(x)), for all n € Z. It is natural to assume
that Vp(z) = f(x) is most sensitive to changes in z that happen near the origin. Often, it
is even assumed that f(x) = g(x,), for some g: A — R, depends only on one coordinate. In
general, we make the somewhat weaker assumption that f depends only on a finite window
around the origin, that is, it is locally constant.

To summarize, we are concerned with a family of Schrodinger operators {Hv(x) }rex associated
to a symbolic subshift (X,.5), satisfying

(HV(z)TzZ))TL = Ynt1 + Yn-1 + Vn(l')wna

for all x € X and ¢ € (*(Z), where V,(z) = f(S™x) for some locally constant function
f: X — R. More generally, the subshift (X, .S) can be replaced by any (topological) dynamical
system. This puts us in the framework of Schrodinger operators with dynamically defined
potentials; compare [Dam17] for a review on this topic. With the exception of Section m
we will stick to the case that (X,S) is a subshift. For a comprehensive introduction to
the spectral theory of discrete Schrodinger operators, we refer the interested reader to the
upcoming monographs [DFa;, DFD].

The pivotal role of Schrédinger operators in quantum mechanics comes from the fact that
they drive the equation of motion for quantum states. In our current formulation, the sequence
Y € £2(Z) models the wave function of a valence electron at a given point in time (¢ = 0) if
the normalization condition |[|¢||2 = 1 is satisfied. This normalization reflects that, for n € N,
the value 1, is a probability amplitude, that is, [1,|? is the probability of finding the particle
at position n. We are interested in the time evolution {1(t)}ier, where t € R is a time
parameter, ¥(0) = ¢ and (t) € £2(Z) for all t € R satisfies the time-dependent Schrodinger
equation

10,0(t) = Hyip(t),
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5. Schrodinger operators

which implicitly depends on the potential V. The long-term behaviour of (¢) can be
characterized in terms of spectral properties of Hy. This is summarized in the celebrated
RAGE theorem, termed this way by Barry Simon due to the important contributions of Ru-
elle [Rue69a], Amrein—Georgescu [AG73] and Enss [Ens78|. In the following formulation, it
is taken from [Dam17, Thm. 2.1].

Theorem 5.1.1. Let (0) = o € (*(Z) and (t) a solution to the Schridinger equation
10pp(t) = Hy(t). If py is the spectral measure corresponding to the pair (Hy 1), we have

(1) iy = oy pp iffs for all € > 0, there is N € Ny such that, for all t € R,

S () < .

|n|=N

(2) 1y = pyp e iff, for all N € Ny,

(3) 1y = i ac implies that

for all N € Ny. ]

In words, eigenvalues lead to localized solutions, continuous spectral measures correspond
to solutions that flow out of every given box on time average, and if the spectral measure is
absolutely continuous, the corresponding solution eventually escapes to infinity.

This explains why we are not only interested in the spectrum as a set but also want to
understand which components are present in the Lebesgue decomposition of the measure of
maximal spectral type v. Arguably, the best quantitative understanding of the spectral data
has been achieved in the case that V' is a periodic sequence. In this case, v = v, and o(Hy )
is a finite union of closed intervals that can be calculated explicitly. On the other hand,
if (Vi)nen are iid random variables, drawn from a finite set, o(Hy ) still has finitely many
gaps but v = v, for almost-every choice of the potential. This nourishes the heuristic that
the spectral type becomes more singular the more disorder is introduced to the potential
(note that this is in stark contrast to diffraction). There is a long standing quest to make
this intuition more precise, relating structural properties of V' to spectral properties of the
associated Schrodinger operator Hy .

Coming back to the family {Hy (;)}zex, We can either start from structural information on
individual points x or from properties that pertain to the whole subshift (X, .S). In the latter
case, we would like to establish uniform spectral results on Hy (), either for all x € X or at
least for elements = € X that are in some sense typical for the subshift. Standard strong-
approximation arguments [ReS80, Thm. VIII.24] readily provide the following, well-known
tool for the comparison of the sets {o(Hy (y)) fzex-

Lemma 5.1.2. Assume that (X,S) is a symbolic subshift and that x,y € X are such that x
is contained in the orbit closure of y under the shift map. Then, o(Hy ) C o(Hy(y)). =
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5.1. Schrédinger operators and symbolic dynamics

In particular, we have o(Hy (5)) C o(Hy ) for all x € X if the orbit of y is dense in X
and o(Hy(;)) is uniformly constant if (X,S) is minimal. A similar relation exists for the
ac-part, with the inclusion in the opposite direction |[DFa, Ch. 2]. However, none of these
relation extends to the spectral components opp, (Hy (i) and osc(Hy (). Still, given an ergodic
probability measure p on (X, 5), it is a classic result that each of the spectral components is
constant for p-almost every x € X. This was generalized recently to infinite ergodic measures,
which will become important in the next section. The following is a corollary of a more general
theorem [BDFL21|, adapted to our setting.

Theorem 5.1.3. Let u be a o-finite, non-atomic ergodic measure on a subshift (X, S). Then,
there are compact sets 3, Yy, Xsc, 2ac C R such that for p-almost every x € X, we have
oe(Hy () = X6 for each e € {@,pp, sc, ac}. |

We call £ € R a generalized eigenvalue of Hy () if there exists a polynomially bounded
solution ¢ € CZ to the difference equation

On—1+ Ong1 + f(Snx>¢n = E¢n, (5'1)

for all n € Z. We call such a sequence ¢ a generalized eigensolution. The spectrum
o(Hy(y)) coincides with the closure of the set of generalized eigenvalues of Hy(,). The sets
opp(Hy (2)); Osc(Hy (1)), Tac(Hy () can be characterized in a similar manner, using more re-
fined control on the growth behaviour of the generalized eigensolutions [DFa]. With a slight
shift of perspective, we can rewrite as a matrix equation

out1\ _ 4 [ On oo [B—fis"a) <1
<¢>Zl> = As(S") (qbn_l)’ Ap(S"e) = ( 1 0)’

for all n € Z. Hence, in order to determine the growth behaviour of ¢, we can alternatively
study the product of matrices A% (z), where

Ap(S"1x) .- Ap(x), for n > 0,

E(r) = {1d, for n =0,

Ap(S™"x)t..  Ap(S~lz)~1, forn <O.
This observation is at the heart of many results that relate the structure of x to spectral
properties of Hy ;). The matrix product A% (z) can be obtained by sampling the single

SL(2,R)-valued matrix function Ag:  — Ag(x) along the orbit of x. This leads to the
following concept.

Definition 5.1.4. Let E € R. The corresponding (Schrédinger) cocycle is given by the skew
product
(S,Ap): X xR? 5 X xR?, (z,v) — (Sz, Ap(z)v).

We call (S, Ag) uniformly hyperbolic if there are ¢ > 0 and r > 1 such that [|A%(z)|| = crl?,
for all n € Z and x € X. Further, we set

UH = {E € R: (5, Ag) is uniformly hyperbolic}.
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Cocycles are a classic tool in the spectral theory of Schrédinger operators [DFa]. They have
also been shown to be useful in the context of diffraction theory recently [Manl9|.

It is easily verified that (S, Ag)™ = (S™, A%) holds for all n € Z and hence that uniform
hyperbolicity is genuinely a property of the cocycle (S, Ag). There are several useful equiva-
lent conditions for (S, Ag) to be uniformly hyperbolic; we refer to [DFa| for an overview. A
hyperbolic cocycle (S, Ag) corresponds to solutions to the difference equation that are
exponentially increasing in at least one direction, ruling out E as a Schrodinger eigenvalue.
In fact, we have the following useful characterization, going back to Johnson [Joh86[; compare
also [DEG15, Thm. 4.6].

Theorem 5.1.5. For every x € X with a dense orbit in X, we have o(Hy () = R\UH. =

In general, a particularly simple description is available for the absolutely continuous com-
ponent oac(Hy (5)) of the spectrum. First, let us assume that x, and hence V (), is a periodic
sequence. If p denotes the period of V' (z), we have by standard arguments [DFa, DFb| that

o(Hy () = dac(Hy () = {E € R:tr(A(2)) € [-2,2]}.

Due to a celebrated result by Remling [Rem11], oac(Hy (5)) is non-empty precisely if V(z) is
eventually periodic. If V(z) is eventually periodic to the right, there is an eventual period
p € N, such that V* = lim,,_,o, S™V is periodic. Similarly, V= = lim,, oo S~V exists and
is periodic for a unique g € N, if V' (z) is eventually periodic to the left. We have

o 0uc(Hy(y)) = o(Hy+), if V(x) is only eventually periodic to the right.
o 0ac(Hy () = o(Hy-), if V(z) is only eventually periodic to the left.
o 0uc(Hy () = o(Hy+) Ua(Hy-), if V(z) is eventually periodic to both sides.

Often, we consider V() that are not eventually periodic and hence oac(Hy () = & will be
the typical situation. This holds uniformly if (X, .S) is a non-periodic subshift that arises from
a primitive substitution ¢. Since (X, S) is minimal, we have ¥ = o(Hy/(;)) for all z € X in this
situation. A remarkable feature of this model for aperiodic order is that X is always a Cantor
set of Lebesgue measure 0. This was originally proved using trace maps [BG94, LTWWO02].
Later, it was shown by Damanik and Lenz |[DL06a, DL06c| that this phenomenon holds for
the more general class of Boshernitzan subshifts. Recall from Definition that (X, 9) is
said to satisfy Boshernitzan’s condition if there exists an invariant measure p on (X,.5) such
that

limsupnu(n) > 0, with  p(n) = min{u([v]) : v € L (X)}.

n—oo

and that (X, 9) is called a Boshernitzan subshift if, in addition, it is also minimal. Bosher-
nitzan’s condition has strong implications on the growth behaviour of A% (x) for every z € X
and E € o(Hy ;). This can be used to conclude the following.

Theorem 5.1.6 (|DL06a]). Let (X,S) be a Boshernitzan subshift. Then, for every x € X,
the spectrum ¥ = o(Hy (y) is a Cantor set of Lebesgue measure 0 for all v € X, unless V()
s periodic. ]
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Remark 5.1.7. Primitive subshifts satisfy the even stronger assumption lim, o, np(n) > 0.
This is consistent with the observation that the complexity function corresponding to such a
subshift grows at most linearly. In general, this need not hold for a Boshernitzan subshift,
since ngp(ny) needs to be bounded away from 0 only on a subsequence (ny)ren of natural
numbers. In fact, it was shown recently that there are Boshernitzan subshifts such that
the corresponding complexity function grows faster than any polynomial on an appropriate
subsequence [CK21|. Boshernitzan’s criterion covers the vast majority of subshifts for which
Cantor spectrum of Lebesgue measure 0 is known. Notable exceptions occur in the context
of Toeplitz sequences [LQ11,LQ12] and for the recently introduced class of leading sequences
[GLNS19]. O

For the Fibonacci substitution subshift, the trace map formalism [AP86, KKT83|, together
with tools from hyperbolic dynamics, offers a route to a more refined analysis of the spec-
trum. This includes estimates for the Hausdorff dimension of the spectrum ¥ [DG11], as well
as establishing the uniform absence of Schrodinger eigenvalues [DL99]. To the best of the au-
thor’s knowledge, there are no known examples of sequences x from a primitive substitution
subshift (X, S) such that Hy(,) admits an eigenvalue. Still, proving absence of eigenvalues for
general primitive substitution subshifts turns out to be notoriously difficult. It is customary
to resort to structural criteria that guarantee the absence of Schrodinger eigenvalues at least
for a subset of X. We present two particularly prominent conditions in the following. These
are most naturally formulated for the potential sequence V' = V(x) instead of x. Since f is
assumed to be locally constant, the set R = f(X) is finite and hence V (x) € R” is a sequence
over the finite alphabet R C R, for each x € X. In fact, the function V': z +— V(z) is a sliding
block code; compare Definition [2.1.

Given a finite alphabet A, and a word u = uy---u, € A", we define the reflected word
U=, - u; € AT by reversing the order of the letters in u. We call u a palindrome if u = .
If T = U for some sequence = and ¢, k € Z, we say that u is centered at (¢ + k)/2 in x.

Definition 5.1.8. Let B > 1. A sequence y € A” is called B-strongly palindromic if there
exists a sequence (P,)nen of palindromes, centered at ¢, > 0 in y, satisfying ¢, — oo as
n — oo, and
Ben
lim — =
n—o00 |Pn|

0.

We call y strongly palindromic if it is B-strongly palindromic for all B > 1.

Theorem 5.1.9 ([HKS95)). If V € R% is a strongly palindromic sequence, Hy has no
etgenvalues. ]

If V is B-strongly palindromic for some, but not all B > 1, it is sometimes still possible
to exclude eigenvalues on a subset of o(Hy); compare our discussion in [EG21] for details.
Another useful symmetry that helps to exclude eigenvalues is a local threefold repetition

property on arbitrary scales.

Definition 5.1.10. We call V € R% a Gordon potential, if there exists a sequence of words
(Un)nen € RT such that lim,, o |v,| = 0o and for all n € N,

V € [vp.vvp].
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The following statement, known as the Gordon lemma, goes back to a result by Gordon
[Gor76], and is textbook material [DFa] by now.

Lemma 5.1.11. For every Gordon potential V, the corresponding Schriodinger operator Hy

admits no eigenvalues. ]

Remark 5.1.12. Often, if Hy ;) has no eigenvalues for a single x € X, this property can be
extended to a relevant subset of X, especially if (X, .S) is strictly ergodic. To explain this, we
first note that the set of eigenvalues of Hy is invariant under a shift of the potential. Hence,
the set

& = {x € X, : Hy(4) has no eigenvalues}

is shift-invariant and therefore is either null or conull with respect to every ergodic measure
won (X,S). That is, p-almost everywhere absence of eigenvalues is equivalent to u(€) > 0,
which is sometimes easier to establish. On a different note, £ is a G5 set due to a classic result
by Simon [Sim95]. Hence, in order to show that £ is generic (a dense Gs set), it suffices to
show that Hy(,) has no eigenvalues for some x € X with a dense S-orbit. %

5.1.1. Main results of this chapter

Let us come back to the heuristic that eigenvalues of Hy (,) are indicative of structural dis-
order in z. The apparent absence of eigenvalues for primitive substitution subshifts (X, .S) is
then maybe not too surprising, given that (X, .5) is of low complexity in more than one direc-
tion: in a topological sense (minimal), a measure-theoretic sense (uniquely ergodic), as well
as in a combinatorial sense (at most linear growth of the complexity function). Almost min-
imal substitutions provide a class of subshifts that are slightly more complex in all of these
senses. They are therefore natural candidates to probe the details of the aforementioned
heuristic. In fact, somewhat surprisingly, it is possible to produce Schrodinger eigenvalues in
this framework.

Theorem 5.1.13. There is an almost minimal substitution o, with an associated ergodic
subshift (X,, S, ) and a sliding block potential function V' on X,, with the following properties.

(1) The almost sure spectral sets satisfy 3 = 3ge and Xpp = Yo = .

(2) There exists a point x € X, such that o(Hy () = X, and Hy () admits an eigenvalue
that is an accumulation point of the spectrum.

In Section |5.3], we investigate the influence of a periodic background, added to the potential
arising from a subshift (X, .S). This is modelled via a dynamical system of the form (XxZ,, T),
where Z, = Z/pZ is the cyclic group, equipped with addition modulo p, and T is defined
as T'(x,m) = (Sz,m + 1), for all (z,m) € X x Z,. At first, we show that if (X,5) is a
Boshernitzan subshift, the system (X x Z,,, T') inherits some of its essential properties, leading
to the following result.

Theorem 5.1.14. Let (X, 5) be a Boshernitzan subshift and f: XxZ, — R a locally constant
function, with corresponding potential V(y) = (f(T"y))nez, for all y € X x Z,,. Then, for
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5.2. Almost minimal substitutions

every y € X x Zy, the spectrum o(Hy () is a Cantor set of Lebesgue measure 0, unless V (y)
s a periodic sequence. Further,

#{o(Hy () 1y e Xx Zy} < s(p),
where s: N — N denotes the D-function of the minimal system (X, S).

In Lemma [5.3.6] we obtain a modification of Gordon’s criterion that covers the product
space (X x Zy,,T). This provides some examples, where eigenvalues can be excluded almost
surely.

If X = AZ is the full shift, we expect the Schrodinger operators on (A% x Z,, T) to give rise
to spectra with only a finite number of gaps, almost surely. In the case p = 2, we show the
stronger result that the almost sure spectrum can be obtained from finitely many periodic
points.

Theorem 5.1.15. Let A be a finite alphabet and (A%, S) the full shift on A. Assume that
f: AL x Z,, — R, satisfies f(x,m) = f(z',m) for all z,2" € AL with z, = z{, and m € Z,.
Let V(y) = (f(T"™y))nez for all y € AZ x Z,. Then, for every point y with a dense T-orbit
in X X Zyp,

o(Hyy) = |J o Hyayzo)-
a,beA

This uses a characterization of uniformly hyperbolic cocycles that was presented in [ABY10)].

5.2. Almost minimal substitutions

In this section, we are interested in Schrédinger operators associated with almost minimal
substitutions. More precisely, we consider the collection Sams of simple almost minimal
substitutions, as defined in Definition [3.1.16] For the following, let p,r > 2and 1 < j <r—1
be arbitrary but fixed and let ¢ = g, j, with

Oprj: @ al b ab" ™’

be the corresponding substitution in Sams. Iterating ¢ on a yields ¢"(a) = a?" for all n € Ny.
Starting from b, the substitution rule satisfies the recursion

0" (b) = (2" (0)Y " (0" (b)),

for all n € Ny. Let p be the unique non-atomic ergodic measure on (X,,S). Given z € X,
recall that V(z) € R? satisfies Vj,(z) = f(S™x), for all n € N and some locally constant
f: X = R. To avoid trivialities, we assume the following throughout.

Assumption 5.2.1. The function f: X — R is non-constant, that is, R = f(X) consists of
more than one point.

Lemma 5.2.2. The subshift (V(X,),S) is almost minimal and infinite. Further, the eventu-
ally periodic sequences in V(X,) are in fact eventually constant and precisely the images of
the eventually constant sequences in X,.
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5. Schrodinger operators

Proof. Since V' is a topological factor map from (X,S5) to (V(X),S), almost minimality is
clearly preserved. As f is non-constant, we have #V (X,) > 1. For a moment, suppose that
#V(X,) = n > 1 is finite. Then, almost minimality implies that V(X,) consists of a single
n-periodic orbit under the shift map, contradicting the fact that V(aZ) is a fixed point under
S. By the same argument, all eventually periodic sequences in V(X,) are in fact eventually
constant. Finally, if x € X, is not eventually constant, it contains every allowed word infinitely
often to both sides of the origin. This forbids V(x) to be eventually constant. O

Corollary 5.2.3. There are compact sets 3, Ypp, Xse, Lac C R such that, for p-almost every
v € X, we have oo(Hy () = X for cach e € {@,pp,sc,ac}. Further, we have the following.

(1) The almost sure spectrum is in fact almost uniform, in the sense that 3 = O’(H\/(x)) for
all z € X, \ {a”}.

(2) We have oac(Hy(y)) = @, unless © € orb(z},) Uorb(a},) U {a”}. In particular, the
almost sure ac-part of the spectrum X,. is empty.

(8) The spectrum of the point a” is given by o(Hy (q2)) = 0ac(Hy (q2)) = f(a?) +[-2,2].
This set is strictly contained in X.

(4) If x € orb(z},) Uorb(x},) is an eventually constant point, the ac-part of its spectrum
is given by oac(Hy (z)) = f(a®) +[-2,2].

Proof. The first claim is immediate from Theorem By almost minimality, every point
z € X, \ {a?} has a dense orbit in X, and since V: X — R? is continuous, the same holds for
V(z) in V(X,). Together with Lemma this implies the first item. From Lemma
we know that the eventually periodic points in X, are precisely the orbits of x7,, x;, and a”.
Again, this is preserved as we apply V, due to Lemma [5.2.2l The discussion in Section [5.1
therefore yields the remaining three items, except for the strict inclusion f(a”)+[-2,2] C X.
The inequality holds because o(Hy) = r + [—2,2] is only possible for the constant potential
V with V,, = r for all n € Z [KP03, Thm. 8§]. O

5.2.1. Generic absence of eigenvalues

The aim of this section is to establish criteria for the generic absence of eigenvalues via strongly
palindromic potentials. Although the main conclusion of this section will be superseded by a
stronger result later on, we believe that this approach is still instructive because it extends
to more general almost minimal substitutions. First, we need a criterion that ensures that
V(z) is strongly palindromic as soon as z is strongly palindromic. Without loss of generality,
assume that f(z) = g(x[o,d})? for some g: L4471 — R, depends only on the first d+1 coordinates
for some d € Ny.

Definition 5.2.4. We say that g: L4117 — R is reflection invariant if g(u) = g(u) for all
u € Ed+1.

If d = 0, the function g is automatically reflection invariant. If g is reflection invariant, it is
straightforward to verify that the corresponding sliding block code maps palindromic words
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5.2. Almost minimal substitutions

of length m + d to palindromic words of length m for all m € Ny. In particular, the image
V(x) of a strongly palindromic sequence x is again strongly palindromic in this case.

Clearly, a” € X, is strongly palindromic. However, to obtain generic absence of Schrodinger
eigenvalues we need a strongly palindromic sequence that has a dense orbit in X,. Thus, we
are led to ask about strongly palindromic sequences in X, \ {a’}.

Lemma 5.2.5. If there exists a strongly palindromic sequence x € X, \ {a”}, it follows that
o(b) is a palindrome.

Proof. Let z € X, \ {aZ} be strongly palindromic and let u be a finite subword of z. Strong
palindromicity implies that every part of x is eventually covered by some palindrome. Hence,
there exists a palindrome P <z such that v < P and we obtain u < P=Paz. Decomposing
x into inflation words, we can write it as a bi-infinite concatenation of words of the form
o(a) = a? and o(b) = b ab" 7. From this structure it follows that every occurrence of the
word baPb in = can be extended to the word ab”/aPbia. Since x has a dense orbit, it indeed
contains u = ab” 7 aPb’a. We have seen above that this implies that ab/aPb"Ja = @ <z. This
is only possible if j = r — j and hence o(b) = b/ab’ is a palindrome. O

Conversely, if p(b) is a palindrome, it follows by induction that ¢"(b) is a palindrome for all
n € N. Hence, we obtain a sequence of palindromes that eventually contains every legal word
and we might be inclined to think that strongly palindromic sequences exist in X, \ {a?}.

However, the situation is a bit more subtle.

Lemma 5.2.6. If o0 = gp,; with r = 2 and j = 1, there are no B-strongly palindromic
sequences in X, \ {a’} for all B > 1.

Proof. In this situation, we have ¢: a — a?,b — bab. Let B > 1 and for the sake of
establishing a contradiction assume that € X, \ {a’} is B-strongly palindromic. Since B-
strong palindromicity is preserved under the shift map, we can assume that x;, = b without
loss of generality. Let P<xz be a palindrome centered at ¢ > 0 in x and let n € N be maximal
with the property that v = ba?"b< P. Note that ¢"*!(b) contains precisely one occurrence of
u, positioned at its center. Decomposing = into words of the form ¢"*!(b) and ¢"'(a) = a?" !
we conclude that P is contained in a?" Q"H(b)apk, for some k > n + 1, with u at its center.
Since " (b) can be extended to the word ¢"2(b) = "1 (b)a?" " o"T1(b) either to its right
or its left, we have in fact k = n + 1. We get an upper bound for |P| by

|P‘ < |Qn+1(b)‘+2pn+1 < CM™

for some M,C > 0. On the other hand, since z; = b and P has the word baP" b at its center,
it follows that

n

c= -p.

N =

In particular, there is a monomial function g such that |P| < g(c). This contradicts the
assumption that there exists a sequence of palindromes P,, centered at ¢, such that |P,|
grows exponentially faster than c,. O
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y®) 0" (b) \

Figure 5.1.: Illustration of the nesting property of the predetermined parts of the sequences
yW . y@ and y®). The undetermined parts of the sequences are displayed as
dotted regions.

Within the class of simple almost minimal substitutions, the substitution in Lemma [5.2.6
is in fact the only such counterexample.

Proposition 5.2.7. Let o = gp,,; € Sams, and assume that o(b) is a palindrome and that
j = 2. Then, there is a strongly palindromic sequence in X, \ {aZ}.

Proof. The decisive difference to the example in Lemma is that we are now in a situation
where the word bb is legal because bb< o(b) = biab’ if j > 2. This enables us to find a nested
inclusion of palindromes such that the length of the palindromes grows arbitrarily faster than
the shift in their center. A strongly palindromic sequence y € X, emerges as an appropriate
limit of this construction. The details follow.

First recall that ¢"(b) is a palindrome for all n € N and note that for nj,ns € N with n; < no,
we have that ¢ (b)o™ (b) is a suffix of ¢"2(b). Let (nm)men, be a strictly increasing sequence
of natural numbers, to be specified later. For each m € N, let z("™) € X, be a sequence that
is of the form

2m — .. 0" (b).0" (b) - -

around the origin. Since o"m (b)o"m (b) is a suffix of o"m+1(b), we obtain that §~I¢"™ ®)lz(m+1)
takes the same form as z("™) around the origin but specifies a larger patch. Inductively, we
define ¢1 = 0 and {1 = €, + |0 (b)|, for all m € N. By construction, the sequence, defined
by (™) = §—tmg(m) for all m € N, converges to some y € X, C {a?} as m — oo; compare
Figure For each m € N the sequence y contains the palindrome P, 11 = o™+ (b)o"™+1(b),
with its center shifted away from the origin by 7", 0" (b)|. Choosing the sequence (1 )men
appropriately, we can ensure that
B2t 12" (b)]

e g

for all B > 1, and hence that y is strongly palindromic. O
Remark 5.2.8. The ideas presented in the proofs of Lemma [5.2.6| and Proposition [5.2.7 can
be generalized to obtain a characterization of strong palindromicity for all almost minimal

substitutions on A = {a,b} |[EG21, Thm. 4.36]. There, an additional phenomenon can occur
that is not covered by the results in this section. More specifically, recall the substitution
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0: a > a,b— bba from Section [3.1.3] There are uncountably many B-strongly palindromic
sequences in X, \ {aZ} precisely if B < 4 and no B-strongly palindromic sequences in X, \ {a”}
if B > 4. The existence of such a critical value for the parameter B seems to be a novel
phenomenon. In the cases where strongly palindromic sequences exist, a little bit of extra
effort shows that they form an uncountable set of measure 0 with respect to the non-atomic
S-ergodic measure p on X, [EG21]. O

Corollary 5.2.9. Assume that g is reflection invariant, ¢ = opr; € Sams, with j > 2 and
that o(b) is a palindrome. Then, for all x in a generic subset of X, Hy ;) has no eigenvalues

Proof. This follows by combining Proposition [5.2.7] with Theorem and Remark
U

5.2.2. Almost sure absence of eigenvalues

In order to show p-almost everywhere absence of Schrodinger eigenvalues, it suffices that
w(G) > 0 holds for
G = {z €X,:V(x)is a Gordon potential};

compare Remark Again, there is no loss of generality in assuming that f(z) = g(x[o’ d])
depends only on the first d 4+ 1 coordinates. Given n > d, the sliding block structure implies
that V() € [w.ww] for some w € R", provided that x € [v.vvvy 4] for some v € L, (with the
convention that v g = € is the empty word). The classic approach to show that p(G) > 0
goes as follows; compare [DLO6b, Thm. 3| for the special case d = 0. First,

g> MU 5.

k>dn>k
where
G, = U [U.vvv[w]],
vELy
for all n € N with n > d. This is just a reformulation of the observation that V' (x) is a Gordon
potential if x € G,, for infinitely many values of n € N. If i is a finite measure, we have

1(G) = p(limsupG,) > limsup u(Gy),

n—o0 n—0o0

and it suffices to show that ©(G,) remains bounded away from 0 on a subsequence. If
is infinite, the relation p(limsup,,_,., An) = limsup,,_, . 1(A,) no longer holds for arbi-

n a2n+d]

trary sequences of measurable sets (A, )nen. Indeed, for A, = [a™. , we obtain that

limsup,, ., A, = {a”}, and hence

0 = u({a?}) = p(limsup A,) < limsup u(A,) = oo.

n—oo n—oo

This also shows that the observation A, C G, is not particularly useful for our purposes.
Since u([b]) = 1, a natural workaround is to restrict everything to the set [b]. We obtain

w(Gn[p]) = plimsup(Gy, N [b])) > limsup pu(Gy N [0]),

n—oo
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5. Schrodinger operators

which also holds if i is an infinite measure. This can be used to show the following adaptation
of [DLO6b, Thm. 3] to the almost minimal setting.

Lemma 5.2.10. Assume that there is a word u € L := {v € L : v; = b} such that wuub € L.
Then, Hy () has no eigenvalues for p-almost every z € X,.

Proof. By the discussion above, we have

w(E) = limsup p(G, N [b]),

n—oo
and it thus suffices to show that the p-measure of the sets

G, N[b = U [v.vvv) g)]

velb

is bounded away from 0 on a subsequence. Recall the definition of p on cylinder sets from
Proposition [3.1.14. Setting ny = |o*(u)|, we obtain

|Qm(b)‘v3vld
WG ) = Y plitog] = T Y (52)

vecgk ve[:’;lk

for all k € N. Let j € N be such that uuub < ¢/(b). Then, for every k € N, we have
wy, := 0" (uuub) < ¢?+*(b). Note that wy, starts and ends with the word o(b). It therefore
contains at least |0*(b)|, — d = r¥ — d words vy g € LY with |v| = ny (counted with
multiplicities). That is,

Z |Qj+k(b)|v3v[1yd] > Tk —d,

vEU}Lk

for all £ € N. On the other hand, we have, provided m > j + k,
10" (D) = 1™ O)s 1T B)|w = ™7 (D),

for all w € L. Together with (5.2)), this yields

. 1 ik ik 1 d
,u(gnk N [b]) > W%gnoo T‘im T J |Q7 (b)|’037)[1,d] > 77 - W’
vEU,’Lk
for all £ € N, and the claim follows. O

The index of a subshift is the largest (not necessarily integer) power of a word that can
appear in its language. In Lemma [5.2.10} it was further assumed that u starts with the letter
b. This motivates us to define the index for the subset £ as follows.

Definition 5.2.11. The index of £* = {v € £ : v; = b} is given by
Ind(£%) = sup{s € Q: v® € £ for some v € L°}.

With this notation, the requirement in Lemma [5.2.10| can be stated as Ind(£%) > 3. In
[EG21, Prop. 4.46], we give an algorithm to determine Ind(L®) for arbitrary almost minimal
substitutions on A = {a, b}. For the class Sams, this takes a particularly simple form.
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Proposition 5.2.12. If o = g, ,; € Sams, we have Ind(L£%) = r.

Proof. We first show that Ind(L?) > r. For r = 2, this follows from o: b + bab > babaPbab
and hence baba € L°. If 7 > 3, we have that bb is legal and so is o(bb) = bab"ab”" 7, implying
that b € L°.

Now, assume conversely that u® € £P for some s > r. Let k € N be maximal with the property
that a® <u®. Since u starts with the letter b, this implies that ba* < u and ba*b € £. Hence,
k = p" for some n € N. We can find u* as a subword of , for all x € X, \ {a?}. We write z as
a concatenation of the words ¢"*1(b) and 0"*!(a), with at most r copies of " *1(b) next to
each other. Note that ¢""!(a) = a?""" and 0"*1(b) contains a single occurrence of a?”. Hence,
each occurrence of u overlaps a word ¢"*1(b) in this decomposition and u® cannot contain
0"*1(a) by the maximality of k& = p". We distinguish two cases. If r = 2, o"*1(b) = vaP" v,
for some v € £° and it follows that s = 2 and v = va?". If r > 3, having r — 1 occurrences
of ba?"b in u" enforces that u is a cyclic permutation of the word ¢"*1(b). In fact, it follows
that u = o"*1(b) and r = s. O

Remark 5.2.13. The proof of Proposition |5.2.12| also allows us to determine the words u in
L% such that u” is legal. For » = 2, these are precisely the words of the form u = o"(b)a”",
with n € Ny. For r > 3, these are the words of the form u = ¢"(b), with n € N. O

Corollary 5.2.14. Let 0 = 0p,; € Sams with v > 4. Then, for p-almost every x € X,,
Hy () admits no eigenvalues.

Proof. This follows by combining Proposition [5.2.12] with Lemma [5.2.10) O

5.2.3. Eigenvalues for eventually constant sequences

Consider the substitution ¢ = g, 51, with p > 5, that is,
0:arsaP, b bab*.

Since p > r, the ergodic measure p is infinite by Proposition Also, r = 5 implies that
the spectrum of Hy () is singular continuous for p-almost every x € X,, by Corollary
In this section, we show that this result is sharp in the sense that there exists a sequence
z* € X, and a choice of the potential function f such that Hy (,+) admits an eigenvalue. More
precisely, recalling the notation from Lemma [3.1.17] we set

¥ =z, = a®.0™(b).
We proved the following in [EG21, Prop. 5.13].

Proposition 5.2.15. Let ¢ = 0,51, with p > 5 and x* = x},,. There exists a choice of the
potential function f and E € R such that E is an eigenvalue of the operator Hy . The
corresponding eigenstate 1 is exponentially decaying to both sides.
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5. Schrodinger operators

Sketch of proof. We provide here an outline of the essential arguments. The full details can
be found in [EG21]. We can decompose ¢*°(b) as

0>(b) = o(b)a™ o(b)a™ o(b)a™ - - -,

for some sequence (my)nen. For notational convenience, we write A" for A%(z*) in the
following. We will construct an exponentially decaying solution ¢ € £2(Z) of the equation
Hy (y+)¢ = Ev explicitly. Setting v = (109, %-1), this requires that both A™"|v) and A"|v)
decay exponentially as n — oco. Assuming that the function f(z) = g(z,) depends only on
the first coordinate, we obtain A~ = T (a)™™ and Ale®)| = T (b)* T (a)Tx(b), where

Ti(c) = (E R ‘01>,

for ¢ € {a,b}. A straightforward calculation shows that there are parameters g(a), g(b), F € R
with the property that Tg(a) is hyperbolic and

Tg(a)™ Ale®Ol = gle®)l 75 (q)=m (5.3)

for all m € N [EG21, Lemma 5.15]. Intuitively, (5.3) means that Al?®) acts as a ‘switch’
between the stable and unstable eigenspace of T (a). Choosing v in the unstable eigendirec-
tion of Tg(a), we immediately obtain that A~"|v) decays exponentially. It remains to show
that A™|v) also decays exponentially as n — 0o. As a first step, we consider the subsequence
ni € N, defined by
xTO,nk*ﬂ = Q(b)aml e Q(b)amka

for all k € N. By (j5.3)),

A" = Tp(a)™ AleOl . Ty (a)™ Ale® = (4le®Nk 7y (g)=hk), (5.4)
where h(k) = 3% (—1)7T'm;. Hence, we need to show that h(k) — oo as k — oo, sufficiently

j=1
fast. By induction, it follows that «* starts with the word

0"l (b) = 2" (b)a™ 1 (" (b)),

for all n € N, where m,n-1 = p" denotes the largest power of a in @"*1(b). Since r"~! is
odd, this shows that the first occurrence of a new largest number in the sequence (my)nen
always happens at an odd position. A more careful analysis yields that h(k) > p”, whenever
" < k < " [EG21, Lemma 5.16]. This bound on k also implies that m’["o’nk_l] is a prefix
of 0"*1(b) and hence that n, < Cp", for some constant C' > 0. That is, h(k) ~ ny, and
since p > r, the number k& becomes negligible in comparison. It follows that A™*v decays
exponentially fast in ng, due to .

Finally, assume that n € N with ny < n < ngy1. That is H’TOJL—H = xro’nk_l]u, for some
prefix u of p(b)a™+1. First, if u is a prefix of o(b), we have A™ = M, A" for some matrix
M,, whose norm is uniformly bounded and the asymptotic behaviour is unaltered. Otherwise,
u = p(b)a® for some 0 < s < ng4q and

A" = (Ale(b)l)k+1 Tg(a) "
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for some h,, between h(k) and h(k + 1). We can therefore bound A"|v) by interpolating
between A" |v) and A™k+1|v). It follows that A™|v) decays exponentially in n. O

Remark 5.2.16. The point z* = a®.0*°(b) in Proposition represents a fusion of a
non-trivial structure to the right with a constant potential to the left. The eigenfunction
that was constructed in the proof of Proposition [5.2.15|is localized around the origin, which
constitutes the boundary point of ¢>°(b). It is therefore reminiscent of a surface state, a
common phenomenon that appears at the boundary of a solid; compare [KP97| for background
and the history of this concept.

Remark 5.2.17. The results in Section [5.2.1] and Section [5.2.2] are persistent in the sense
that they hold irrespective of a linear scaling of the function f. This is not the case for
Proposition [5.2.15] as the method of proof singles out distinct values of the coupling constant
g(b)—g(a). It remains an open question whether a Schrédinger eigenvalue occurs for arbitrary
(or at least an infinite set of) coupling constants. The solutions of the equations of the form

Tg(a)Al" O = Ale" Oy (g)~1 (5.5)

are nested, in the sense that all parameters (g(b) — g(a), E) solving for a fixed n = ny,
also form a solution for all n > ng. A natural next step would be to investigate if the number
of solutions diverges as n — co. The proof of Proposition [5.2.15| can be adapted to show that
for each such solution, there is an exponentially decaying eigensolution i to the equation

Hy (o)) = B, 0

Corollary 5.2.18. Let ¢ be an almost minimal substitution as defined in Proposition [5.2.15]
There exists a potential function f such that the operator Hy ()
(1) has purely singular continuous spectrum, for p-almost every x € X,,
(2) admits an eigenvalue that is not an isolated point of the spectrum, for a dense set of
points x € X,,

(3) has purely absolutely continuous spectrum if x = a” € Xo.

Proof. The first item follows from Corollary @ By Proposition @l, Hy (;+) admits an
eigenvalue F for an appropriate choice of f. The same holds for all z in the shift-orbit of x*,
which lies dense in X,. This also implies that £ € 0(Hy (5+)) = ¥ = ¥ and hence E cannot
be isolated because a singular continuous measure supports no isolated points. O

This, together with the general observations in Corollary proves Theorem [5.1.1

Remark 5.2.19. The precise spectral nature of the operator Hy (,+) from Proposition
remains open. Since r* is eventually constant, we know that oac(Hy(,+)) = g(a) + [-2,2].
There are two possibilities. Either X\ oac(Hy (5+)) consists entirely of (infinitely many) eigen-
values, or USC(HV(:C*)) # @, in which case all spectral components appear for Hy(,«). Both
cases would be interesting and somewhat surprising. %

An analogue of Proposition holds for some, but not all, almost minimal substitutions
on A = {a,b}. For example, a similar construction works for g: a + a”, b > bab?, with p > 3.
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In contrast, for o: a — aP,b — bba, with p > 2, one can show explicitly that there are no
eigenvalues for Hy (,+), with 2% = a*.0>(b), at least as long as f(z) = g(z,) depends only on
the first coordinate [EG21, Prop. 5.18]. Hence, the fact that z* is eventually constant to the

left certainly does not suffice alone to guarantee the occurrence of Schrédinger eigenvalues.

5.3. Mixed potentials

So far, we were concerned with Schrodinger operators with potentials that reflect the struc-
tural properties of a single sequence. As a next step, we wish to investigate the case that there
are two sources for the potential with different structural properties. This models situations
such as an aperiodically ordered material (mathematical quasicrystal) that is combined with
a periodic background potential. Regarding the spectrum of the corresponding Schrédinger
operator, we thus create a test for the stability of certain properties (like Cantor spectra of
Lebesgue measure 0 or absence of eigenvalues) under periodic perturbations. This will be
our main focus in Section In fact, rather than testing directly the stability of spectral
properties, we instead analyze the stability of certain structural properties that ensure the
spectral property in question. Heuristically, our finding is that periodic backgrounds do not
seem to alter much of the qualitative behaviour of the spectrum for many of the well-studied
models of aperiodic order. In Section we turn to the combination of a random and
a periodic potential. If the periodic potential has period 2, we show how to calculate the
corresponding spectrum explicitly.

5.3.1. Minimal subshifts and periodic potentials

Assume that z is an element of a minimal subshift (X, S) over the alphabet A and that 2’ is an
element of a periodic subshift (X', S) with period p. We model the combined influence of x and
x’ via a potential V(z, z") that acts as a sliding block code on both  and z’. Since (X', S) is p-
periodic, it is in fact topologically conjugate to the cyclic rotation (Z,, +1), where Z, = Z/pZ
and addition is understood modulo p. As V depends only on the dynamical properties of
z', there is no loss of generality in assuming that V is a function on (X x Z,,T), where
T: (z,m) — (Sx,m+ 1), for all (x,m) € X x Z,. More precisely, V(z,m) = (V,(x,m))nez,
where

Va(z,m) = f(T"(x,m)) = f(S"z,m+n),

for all n € Z and some locally constant function f. Recall that, due to the minimality of
(X, S), the spectrum o(Hy (,)) does not depend on z € X. Can we expect the same behaviour
for (X x Zy,,T)? In general, the answer is no, but we can give a bound on the number of
different spectral sets that can occur.

The space X x Z, consists of p disjoint copies of X that are visited in a cyclical order
under the action of T. Let us fix one of these copies, say X x {0}. The first return of a point
(x,0) € Xx {0} in the corresponding T-orbit to the set X x {0} is given by T?(z,0) = (SPz,0).
Similar reasoning applies to X x {m} for all m € Z,. Hence, the first return map induced
by T on X x {m} is naturally identified with S? on X for all m € Z,. This allows us to
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5.3. Mixed potentials

: | e — X x {5}

% i % i — X x {4}

% i : | —_— X x {3}

% i — X x {2}

% i % i e X' x {1}

— i — X x {0}
Xo X1 Xo

Figure 5.2.: Schematic for the decomposition of X x Z,, for p = 6 and s(p) = 3. The set
XT' is highlighted in red. The dots indicate the action of 7' on some element in
Xl X {0}

infer the orbit structure of (X x Z,,T') from corresponding results on (X, S?). Recall that
(X, SP) decays into a disjoint cycle of SP-minimal sets Xo, - -+ , X1, where s(p) denotes the
D-function corresponding to the minimal subshift (X, .5).

Lemma 5.3.1. (X x Z,) can be written as a union of s(p) disjoint, T-minimal subsets

X7, ’XST(p)_l, where, for all 0 < j < s(p) —1,
p—1
XTI = U TF(X; x {0}).
k=0

Proof. First, the sets X;‘-F indeed cover the whole space since

s(p)—1 p—1
U x7 = YT x{0}) = XxZ,.
§=0 k=0

Note that T%(X; x {0}) = (Xj4x x {k}). From this, disjointness is straightforward to verify.
We refer to Figure for an illustration. It remains to show that XJT is minimal for all
0 < j < s(p)—1. The elements in X]T are precisely those of the form (S¥z, k) for some x € X;
and k € Z,. Let (S*z,k) and (S™y,m) be two such elements. Since z and y belong to the
same SP-minimal component of X, there is a sequence (n,)men such that lim,, ., S""Px = y.

Consequently,
lim 77tk (Sky k) = lim (S™S"Px,m) = (S™y,m).
m—oQ m—0o0
This shows that every point in XJT has a dense orbit in X?. O

Corollary 5.3.2. For all p € N, we have

#{U(HV(z,m)) : (‘Tvm) € X x Zp)} < 5(p)7

where s: N — N is the D-function on (X,5). [
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5. Schrodinger operators

In general, this only gives an upper bound for the number of different spectra o(Hy (5,m)),
with (x,m) € X x Z,. Showing that the spectra arising from different 7-minimal components
are indeed different is a difficult problem, in general. This has been achieved for a specific
example, with X the Thue-Morse substitution subshift and p = 4 [CDFG21], thanks to a
construction by Fillman.

Remark 5.3.3. If (X,S) admits no root of unity as a topological eigenvalue, we obtain
that s(p) = 1 for all p € N. In this case, all elements in X x Zp give rise to the same
Schrodinger spectrum. This applies for instance to the subshift (Xp,S) arising from the
Fibonacci substitution gp; compare Example and [BG13]. We discuss the D-function
for some more examples in [CDFG21]. O

In the following, we specialize to the case that (X, S) is a Boshernitzan subshift. Since
Boshernitzan’s condition is formulated for symbolic subshifts, it will be convenient to regard
(X x Z,) as a symbolic subshift over the alphabet A’ = A x Z,. More precisely, we define
a function h: X x Z, — (A% with h(z,m), = (z,,m +n) € A’ for all n € Z and we set
Y = h(X X Z,). This corresponds to “merging” x coordinatewise with the periodic sequence
in Z, that describes the orbit of m. Then, h defines a topological conjugation between
(X x Zp,T) and (Y, S). In particular, (Y,S) also decays into a disjoint union of minimal
subsets Yo, -+ Y(,)—1, where Y; = h(X]T) for all 0 < j < s(p) — 1.

Proposition 5.3.4. The subshift (Y;,S) is a Boshernitzan subshift for each 0 < j < s(p)—1.

Proof. Let p be the unique ergodic probability measure on (X, .S) and y' the uniform proba-
bility measure on Z,. Then, u x y is a T-invariant probability measure on X x Z,, and its
pushforward v = (u x ') oh~1 is an S-invariant measure on (Y, S). This measure assigns the
same value to each of the S-minimal subsets. Indeed,

p—1

V(Y5) = (ux HEXD) = S (K ({0}) = ——

prd s(p)’
where we have used that p(X;) = u(Xo) = s(p)~1, for all 0 < j < s(p) — 1. We claim that,
for each j, the conditional probability measure
vj = s(p)vly,

satisfies Boshernitzan’s condition on (Y, S). Since the sets Yo, -+ ,Y,y_; are disjoint and
compact, there is a positive distance between pairwise different sets Y; and Yj. Hence, there
is a number ng such that for each n > ng and u € £,,(Y), the set [u] is completely contained
in precisely one of the sets Yo, ..., Yy,)—1. In other words, £,,(Y) decays into a disjoint union

s(p)—1
Lo(Y) = || £a(Yy),
j=0

for all n > ng. The set £,,(Y;) consists precisely of the words u = (a;,m) - - - (a,, m +n) with
a;---a, € L,(X;) and m € Z,. For such a word u, we have

v([u)) = (ux p) (W ([u]) = p(lay - a )/ ({m}) = ;u([al"'an])-

94



5.3. Mixed potentials

From n > nyg, it follows that [u] C Y;. This yields v;([u]) = s(p)v([u]) and hence,

. s\pP) . S\p
vj(n) = inf{v;([u]) 1 u € Lp(Y;)} = (p)mf{u([v]) veLp(Xj)} = ;),u(n)
Since (X, S) is a Boshernitzan subshift with unique S-invariant measure p, this yields that

limsup,, o nvj(n) > 0 and the claim follows. O
From this, the main result of this Section follows as a Corollary.

Theorem 5.3.5. Let (X,S) be a Boshernitzan subshift and p € N. Then, for every point
(x,m) € X X Zp, the spectrum o(Hy (y.m)) is a Cantor set of Lebesgue measure 0, unless
V(xz,m) is a periodic sequence.

Proof. The idea of proof is to use that (X x Z,, T is topologically conjugate to the subshift
(Y, S), which decays into a disjoint union of Boshernitzan subshifts due to Proposition m
More specifically, the function

f=fohl:YSR,
inherits the property of being locally constant from the function f. The corresponding sliding
block code (potential)

Viyge (f(Sny))nGZ
satisfies V(h(x,m)) = V(z,m), for all (x,m) € X x Z,. By Poposition , h(z,m) per-

tains to a Boshernitzan subshift and the claim follows from the general criterion, given in
Theorem [5.1.6] O

Together with Corollary this proves Theorem Next, we turn to the question
of whether the absence of Schrodinger eigenvalues carries over from (X, .S) to the system
(X % Zp,T). Often, a slight modification of the conditions or methods that are used to rule
out Schrodinger eigenvalues for (X, S) can be adapted to cover (X x Z,,T) as well. We
illustrate this at the example of Gordon’s criterion; compare the discussion in Section [5.2.2

Lemma 5.3.6. Assume that f(xz,m) = g(ac[o d},m) and let Gn = U,er, [v-vvvp g C X, for
all n € N. If limsup,,_,, 1t(Gnp) > 0, then

E = {(xz,m) € XX Zy: Hy(ym) has no eigenvalues }
is a set of full measure for every T-invariant probability measure on X X Zj,.

Proof. First, we characterize the T-ergodic measures on X x Z,. By Proposition each of
the subshifts (Y}, S) is strictly ergodic and hence, the same holds for the conjugate subshifts
(X?,T), for each 0 < j < s(p) — 1. It follows that the ergodic measures on (X x Z,,T) are
precisely those of the form

i = s(p)(ux p)lxr,

with 0 < j < s(p) — 1. Hence, it suffices to show that ;;(£) =1 in order to obtain the same
conclusion for each T-invariant probability measure on X x Z,,. In fact, due to the ergodicity
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5. Schrodinger operators

of pj, we only need to show p;(£) > 0. Let j be fixed in the following. The additional
factor p in the sequence (Gyp)nen harmonizes the 3-block structure of elements in G,, C X
with the p-periodicity of the factor (Z,,+1). Indeed, the assumption on f ensures that, for
(x,m) € Gnp X Zp, we have V(z,m) € [u.uu|, for some u € R"™. Hence, by Gordon’s lemma
& contains the set

G = limsup(Gyp X Zp).

n—oo

The intersection with X]T yields

p—1
(Gnp X Zp) 0 X? = U (Xjtk N Gnp) x {k}
k=0

and hence

p—1
15 (Gnp X Zp) = S(;)) Z/’L(Xj+k N Gnp) = (Gnp),
k=0

where the last step follows from the fact that the sets Xo, ..., X,()_; form a partition of X.
We get the desired relation via ;(£) > p;(G) > limsup,,_,, 1t(Gnp) which is larger than 0 by
assumption. ]

If (X, S) is a substitution subshift, the condition lim sup,, . 1(Gnp) > 0 can be established
using the self-similar structure. The following result is similar to Lemma [5.2.10] in spirit.

Proposition 5.3.7. Let ¢ be a primitive substitution with corresponding subshift (X,S) and
p € N. Assume that there exists a word u € L(X) with vuuuy € L(X) and the property that
|o™(u)]| is divisible by p for infinitely many n € N. Then, given any T-invariant probability
measure v on X X Z,, for v-almost every (x,m) € X x Z,, the operator Hy (zm) has no
ergenvalues.

Sketch of proof. Without loss of generality, f(z,m) = g(xjgq4,m) for some d € Ny. By
Lemma it suffices to show that limsup,,_, . 1t(Grp) > 0. The proof for this statement
follows similar lines as for Lemma and is essentially provided in [DLO6b]. We also refer
to [CDFG21]| for details. O

Example 5.3.8. Proposition [5.3.7] applies in particular if ¢ is a primitive substitution of
constant length ¢, p = ¢* for some k € Ny, and Ind(X) > 3. This holds for example for
the period doubling substitution g: a — ab, b — aa if p = 2%, with k € Ny. In fact, if
f(z,m) = g(xy, m) depends only on one coordinate, it is possible, for this particular example,
to show that Hy(; ) has no eigenvalues for any (v, m) € X x Z, [CDFG21|. The proof of
this result generalizes the methods in [Bel90, BBG91, Dam01], by modifying the trace map
formalism to incorporate periodic decorations. O

Example 5.3.9. Consider the Fibonacci substitution ¢: a — ab, b — a from Example [3.1.5
with subshift (Xz,.S), and let p € N be arbitrary. It is classic that o™ (a)o"(a)0"(a)a € L(XF)
for all large enough n € N |Ber99, Prop. 4]. The substitution matrix M has determinant —1
and is hence invertible over the integers. By the pigeon hole principle, there are j,k € N
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5.3. Mixed potentials

with j # k such that M7|®(a)) = M*|®(a)) mod p. Since equality modulo p is preserved
under applications of M and M~! (both integer matrices), this shows that (M "|<I>(a)>)n -
is periodic modulo p. This periodic cycle of vectors includes M ~2|®(a)) = (1, —1). Hence,
there is a lattice of integers n with

9" (a)] = (1, 1)[M"|®(a)) = ((1,1)[(1,-1)) = 0 mod p.

We can thus apply Proposition and obtain almost sure absence of Schrodinger eigenvalues
with respect to every T-invariant measure on Xp X Zj,. O

Remark 5.3.10. The Fibonacci subshift (X, S) is an instance of a Sturmian subshift. These
are precisely the minimal subshifts on a binary alphabet that have minimal word complexity
(p(n) = n+1 for all n € N). They also arise from codings of the translation action by an
irrational number « € (0, 1) on the one-dimensional torus. We were able to show in [CDFG21]
that Proposition applies to Sturmian subshifts for Lebesgue-almost every a € (0,1),
uniformly for all p € N. More precisely, the result holds for all a € (0,1) with an unbounded
continued fraction expansion. This is only a sufficient condition and does mot cover the
Fibonacci subshift, for which different arguments are available; compare our discussion in
Example [5.3.9 O

5.3.2. Random and periodic potentials

Here, we take A to be a finite alphabet of arbitrary cardinality and (X, S), with X = A%
the full shift. A natural choice for an ergodic probability measure on (X,.5) is the Bernoulli
measure p = o”, where ¢ denotes the uniform distribution on A. If f(z) = g(x,) depends only
on the first coordinate, this constitutes an instance of the famous Anderson model. In this
case, the spectral type is pure point with exponentially decaying eigensolutions for p-almost
every x € X; compare [BDF+19| and references therein. The spectrum is easy to determine.

Fact 5.3.11. For the Bernoulli shift (A%, S, n), with f(x) = g(x,), the almost sure spectrum
s given by
S =g(A)+1-2,2 = | o(Hypn).
acA

This result is well-known and there are several ways to prove it. We present here a line
of thought that will also be fruitful for the analysis of mixed potentials later on. First,
¥ = o(Hy(,) for every z € A% with a dense orbit and hence, o(Hy(qz)) C X follows
from Lemma [5.1.2] for all a € A. On the other hand, invoking Theorem we know
that R\ ¥ = UH is the set of energies E € R such that the associated cocycle (S, Ag) is
uniformly hyperbolic. It then remains to show that (S, Ag) is uniformly hyperbolic for E in
the complement of g(A) + [—2,2].

In the context of SL(2,R)-valued cocycles, it is often convenient to view a matrix A as a
map on the real projective space RPy. That is, identifying a point v € R? with its equivalence
class in RIPq, we view A as a function

A: RP; — RP;, v+ Av,
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5. Schrodinger operators

and, by linearity of A, this map is well-defined. The advantage of this point of view is that
the application of a hyperbolic A € SL(2,R) contracts the complement of the contracting
eigendirection towards the expanding eigendirection in RP;. More precisely, for every con-
nected open set I C RP; that contains the expanding eigendirection and does not contain the
contracting eigendirection, we have Al € I, meaning that the closure of Al is contained in
the interior of I. From now on, with a slight change of perspective, we also regard (S, Ag) as
a map
(S,Ap): X x RP; — X x RP;.

For the full shift, there is a useful characterization of uniformly hyperbolic cocycles; in the
following form, it is taken from [ABY10, Thm. 2.2].

Theorem 5.3.12. Let (S, A) be an SL(2,R)-valued cocycle over the full shift A%, where
A(x) = T(xg) for all x € AZ. Then, (S, A) is uniformly hyperbolic if and only if there is a
non-empty open subset M C RPy with M # RPy such that T(a)M & M holds for all a € A.
It is possible to take M with finitely many connected components, and these components with
disjoint closures. ]

Proof of Fact [5.3.11] We apply Theorem to (S, Ag), with E ¢ g(A) 4+ [-2,2] and
Ap(z) = Tp(zy). In this case, E' ¢ o(Hy (42)), which is equivalent to T (a) being hyperbolic
with eigenvalue \,, with |\,| > 1, for all @ € A. The corresponding expanding and contracting
eigendirections are given by (A4, 1) and (\;!,1), respectively. In particular, all contracting
eigendirections are of the form (z,1), with |z| < 1, and all expanding eigendirections are of
the form (z, 1), with |z| > 1. In other words, the connected open set

M = {(z,1): |z| > 1} C RP,

contains all of the expanding and none of the contracting eigendirections. Thus, T'(a)M € M
for all a € A, and we conclude with the help of Theorem [5.3.12| that (S, Ag) is uniformly
hyperbolic. O

Again, we modify this model via a p-periodic background for some p € N. Hence, we
consider (X x Zy,T) with T'(x,m) = (Sz,m + 1), where addition is taken modulo p, and
denote by 1/ the Haar measure on Z,. It is a straightforward exercise to verify that p x g is
ergodic on (X x Z,,T). We maintain that f depends only on the first coordinate of z, that
is, f(z,m) = g(zy, m), for some g: A x Z,, — R. The corresponding sliding block code gives
the potential

Viz,m) = (9(z, m+ n))nez,

for all (x,m) € X x Z,,.
Remark 5.3.13. The space (X x Z,,T) is topologically conjugate to an SFT. In fact, if g
is injective on A x Zj, the space (V(X x Z,), S) is itself an SFT. It is conceivable that this

model still exhibits Anderson localization (pure point spectrum with exponentially decaying
eigensolutions). Substantial steps into this direction have been made recently [ADZ20]. ¢
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In what follows, we show how to calculate the pu x p’-almost sure spectrum X explicitly,
if p = 2. Here, we will build on our discussion of the corresponding result for the Anderson
model, given in Fact [5.3.11} As a first step, we relate (T, Ag) to a cocycle on a full shift.

Lemma 5.3.14. Let E € R. The cocycle (T, Ag) is uniformly hyperbolic precisely if the
cocycle (S?, Ag) is uniformly hyperbolic on the full shift (X, S?) over the alphabet A2, where
Ag(x) = Tp(zy, x,), with

Tl 2 — CE_Q@%?Ki%%ghD)_I Mafg—E>, (56)

defines a locally constant SL(2,R)-valued map on X.

Proof. Since the norm of A (and its inverse) is bounded on X, it follows that (7, Ag) is
uniformly hyperbolic, precisely if (72, A%) is uniformly hyperbolic. Under the action of T2,
X x Zgy decays into the invariant components X x {m}, with m € Zj. Since T'(X x {0}) =
X x {1}, it suffices to consider the cocycle restricted to (X x {0},7?) = (X, S?), where the
map (z,0) — = conjugates T2 and S?. On this subspace,

E—M%J)-4)<E—g@m®
0

z%wmz( 1 1 ;ﬁzmmmx

with Tg(z(, ;) as defined in (.6)). O
We obtain the following reformulation of Theorem [5.1.15)

Proposition 5.3.15. The p x u'-almost sure Schrédinger spectrum on (X X Zg,T') is

= | o(Hyazo):
a,be A
Proof. Again, ¥ = R\ UH = o(Hy (y,m)) for those points (z,m) that have a dense T-orbit
in X x Zg, and the inclusion o(Hy ((4p)z0)) C ¥ follows by strong approximation, for all
a,b € A. Conversely, assume that E ¢ o(Hy ((q)2,0)), for all a,b € A. In this case, T(a,b) as
defined in , is hyperbolic for all a, b € A, and we employ similar methods as in the proof of
Fact @ to obtain that (52, A g) is uniformly hyperbolic. More precisely, we show that there

is an open connected subset M C RIP; which contains all of the expanding eigendirections
and none of the contracting eigendirections, and conclude using Theorem

Let 2z, = E — g(a,0) and y, = E — g(b,1). The expanding and contracting eigendirections
of Tg(a,b) are given by (v*,1) and (v™, 1), respectively, where

—14
vt = v (@ m) = 5 (u T )
2 LalYb
and Tg(a,b) being hyperbolic is equivalent to x4y, ¢ [0,4]. For a moment, let us fix y, # 0.
A direct calculation yields that v~ is monotonically decreasing in x, and that

im0 (20 m) = 1/

Tq—t00
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v (x4, 2)

Lq

2

Figure 5.3.: Plot of v~ as a function of z,, for fixed y, = 2, in the region where z,y ¢ [0, 4].
The dashed line indicates the asymptotic value as |z,| — oo.

From the boundary cases v~ (24, yp) = Z4/2 = 2/yp for z,yp, = 4 and v~ (x4, yp) = 0 for z, = 0,
we infer that v™ (x4, yp) lies strictly between 0 and 2/y, for all x, with x,y, ¢ [0,4]. This is
illustrated in Figure [5.3] Let

y+ = inf{yy |[be A,yp >0} and y— = sup{yy | b€ A,y <0}

be the smallest positive and the largest negative value of y3, respectively. If y, = y4, then
Tg(a,b) being hyperbolic implies that z, < 0 or z, > 4/y for all a € A. Similarly, we obtain

that 2, > 0 or xz, < 4/y_. This is still valid for the degenerate cases y; = oo and y_ = —oc.
In summary, we have
4 4
Ty < — or Iy, > —,
Y- Y+
for all a € A. For a moment, assume that z,,y, > 0. Then,
2 2 2
v (e, ) > La > — and 0 < v (24, ) < — < —.
2 Y+ Yb Y+
Exhausting all possible cases in a similar manner, we obtain that
C
2 2 2 2
v (Za,yp) € <, ) and v (x4, ) € [, ] (5.7)
Y- Y+ Y- Y+

for all a,b € A. It follows that there is an open connected subset M C RP; such that
Tg(a,b)M € M, for all a,b € A. Theorem [5.3.12]in conjunction with Lemma |5.3.14] implies
that E e UH =R\ X. O

The result in Proposition |5.3.15| allows us to explicitly compute the p x p’-almost sure
spectrum ¥. This is because o(Hy ((4p)z,0y) coincides with the set of those £/ € R such that

tr(Tg(a,b)) = (E—g(a,0)) (E—g(b,1)) =2 € [-2,2],

which is the union of two closed intervals. The intervals for different choices of ab € A? may
or may not overlap, depending on the choice of the function g.
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Remark 5.3.16. Comparing the result in Proposition with Fact we observe
that, in both cases, the almost sure spectrum can be built from those sequences which are
constant under an associated full shift. In the situation of Proposition this full shift is
given by S?, the square of the original shift action. This is the reason for the more complicated
form of the corresponding cocycle, as detailed in , and thereby for the additional steps
required in the proof of Proposition More generally, the space (X x Zp,T) may be
regarded as a discrete suspension of the full shift (X, SP) over the alphabet AP, for all p € N,
and it seems natural to ask about a generalization of Proposition [5.3.15, However, already
for p = 3, the inclusion X C Ug p cc 40 (Hy ((abe)z,0)) does not hold in general, as can be shown
by numerical calculations. Hence, hyperbolicity of the matrices Tr(a,b,c) = A% ((abe)?,0)
no longer suffices to guarantee uniform hyperbolicity of the associated cocycle on the full
shift. It would be desirable to understand—at least on a heuristic level—why the mechanism
for showing uniform hyperbolicity breaks down for p = 3. However, the dependence of the
eigendirections of Tg(a,b,c) on the spectral parameter E is already quite involved, such
that an analysis similar to that in the proof of Proposition would become tedious. It
therefore seems that some additional insight is required in order to proceed. O
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6. The TM measure as a g-measure

The guiding theme of this chapter is an in-depth study of the classic Thue—Morse measure,

oo

prv = | J(1 = cos(2m2ka)), (6.1)

k=0
to be understood as a limit of absolutely continuous measures on R in the vague topology. The
Thue-Morse (TM) measure is a paradigmatic example of a singular continuous Riesz product,
for which the infinite product notation employed in (6.1]) is the usual convention [Zyg02,
Ch. V.7]. From the point of view of aperiodic order, the TM measure is important because it
arises as a diffraction measure from the extensively studied TM substitution ¢: a — ab, b — ba
[BG13, Ch. 10]. It is in fact a measure of maximal spectral type for the associated shift-
dynamical system in the orthocomplement of the pure point component [Quel0]. It is possibly
the easiest (and certainly the most famous) example of a singular continuous measure arising
from a substitution dynamical system; compare [Mah27] for the historic origins, and [Quel§|
for a recent review.

While the TM measure is certainly the main interest and the guiding example throughout
this chapter, we sometimes take a detour into more general (or related) classes of measures.
The reason for this are twofold. On the one hand, this offers new perspectives on the TM
measure and makes the link to other mathematical fields such as stochastic processes and the
thermodynamic formalism more transparent. On the other hand, it allows us to formulate
several results in proper generality and paves the way for an analogous treatment of a larger
class of singular continuous (diffraction) measures.

We start by collecting some of the characteristic features of the TM measure. As the
diffraction measure of a weighted Dirac comb on the lattice, it is 1-periodic and can hence be
decomposed as fipy; = 07 * MTM|[0,1)' In the following we therefore regard .y, as a probability
measure on the torus T, represented by the interval [0,1). This is the standard approach for
the diffraction of constant length substitutions; compare |Quel0]. The inflation factor A = 2
of the TM substitution also leaves an imprint on its diffraction measure jip;. More precisely,
the TM measure is strongly mixing for the doubling map

T5: x+— 2x mod 1,

on the torus T [Kea72]. The self-similar structure of iy, with respect to the doubling map
also manifests itself in the infinite product representation (6.1]). Indeed, denoting by A; the
Lebesgue measure on T, the TM measure is the weak limit of the probability measures 2" g, A ,

where
n—1

gula) = [Jo(The), o) = 51— cos(2na)) (6.2)
k=0
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for all n € N. It is an easy but crucial observation that

> o) =9(3) +e(4h) =1, (6.3)
yeT; ()
for all x € T. This allows us to interpret g as the transition probabilities of a stationary
random walk on T, where z is mapped to /2 with probability g(z/2) and to (z 4+ 1)/2 with
probability g((x+1)/2) for all z € T. The measure p; turns out to be the unique invariant
(Borel) probability measure under this process. More generally, given a measurable function g
that satisfies , the invariant probability measures under the corresponding random walk
became known as g-measures [Kea72]. In Section|6.1] we will give a more detailed introduction
to g-measures and discuss under which condition they are unique, singular continuous and
can be represented as an infinite product.
Since singular continuous measures assign full measure to certain sets of Lebesgue measure
0, but no measure to individual points, it is often difficult to assess or illustrate their mass
distribution. We approach this problem by analyzing the local scaling behaviour, quantifying
how much mass a measure p accumulates around a given point . This is done by determining
how fast the measure decays on shrinking neighbourhoods B,(x) as » — 0. More precisely,
we are interested in the upper and lower local dimension of a measure p at x, given by

d,(z) = liminf —log(u(Br(x)))’ d,(x) = limsup log(1(B,()))
=0 log(r) r—0 log(r)

respectively, and denote by d, () their common value if the limit exists. In this case, d,(x)
is called the local dimension of p at x, and u(B,(z)) scales roughly like 7% as r — 0.
Obviously, d,(x) = oo if B,(x) is eventually empty, that is, if 2 is not in the support of p.
However, even if € supp(u), it is possible that d,(x) = oo due to a decay of p(B,(z)) that is
faster than any polynomial function in 7. As we shall see in Section this is indeed the case
for ppy; and every dyadic point x € T. In fact, we show that this behaviour is universal for
g-measures, if the corresponding function g has a unique zero at x = 0, and is polynomially
bounded in a neighbourhood of 0. In these cases, we provide a more refined analysis of the
scaling behaviour at the dyadic points in Theorem [6.2.2

Although d,(x) reveals no useful information about p = pip; if = is a dyadic point, there
are still many points « € T such that d,(z) is a well-defined real number. In fact, we will see
that for all a larger than some minimal scaling exponent, the level sets

Fla) ={zeT:d,(zx) =a}
have positive Hausdorff dimension. Investigating the corresponding dimension
fla) = dimy F(a),

as a function of « is a typical exercise in multifractal analysis, which we pursue in Section [6.3
The corresponding theory is well-developed if p is a g-measure corresponding to a strictly
positive function g. However, many of the classical methods break down if ¢ is allowed to
have a 0, as is the case for the TM measure. We circumvent this problem by exhausting T
with Ts-invariant subsets of points that avoid a small neighbourhood of the critical point 0.
The chapter culminates with the following result; compare [BGKS19, Thm. 1].
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1 L L L L 1 L L L L 1 L L L L 1

0.0 0.5 1.0 1.5 2.0

Figure 6.1.: The graph of the dimension spectrum « +— f(«) (solid line). The dotted lines
indicate the position of the fixed point o* = f(a*).

Theorem 6.0.1. Let oy = 2 —log(3)/log(2) and o = 2. The level sets F(a) are empty for
a < o and they are dense for a > ay. The exceptional set

F={zeT: d,(z) is not defined}
has full Hausdorff dimension dimHj-: = 1. The function f is equal to 0 on (—oo, o), it is
concave on o, 00) and it is equal to 1 on [ay,00). On the interval (o, ), there is a fived

point o = f(a*), satisfying
1

h
log(2) "
where hy, = h,(T>) denotes the entropy of p on (T,T3).

*

Remark 6.0.2. The multifractal analysis of the TM measure was listed as an open problem in
Queffelec’s recent review [Quel8]|, despite its early appearance in the physics literature |GL90).
The entropy h,, can be calculated numerically with very high precision by interpreting p as
an equilibrium measure (compare Section [6.3.1)) and using ideas from [ZPK99]; see [BGKS19,
Rem. 9.4]. This answers affirmatively a conjecture stated by Queffelec in her review paper
[Quel8, Sec. 4.4.1]. O

6.1. Some background on g-measures

There are several ways to introduce the notion of a g-measure. Doing so via an associated
Markov chain is a matter of taste and can certainly be avoided—compare the classic expo-
sitions in [Kea72] and [Led74]. However, this perspective offers an additional interpretation
of g-measures as invariant distributions, and makes powerful tools from martingale theory
available. These have been used to great avail by Conze and Raugi in [CR90|, which is an
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6. The TM measure as a g-measure

1,,
9(Sox)
g(S17)
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9(Sow) *~ 7 g(Sia)
L .
T

Figure 6.2.: Illustration of the random walk induced by the g-function on (T,T%) that was
given in (6.2)).

invaluable resource for the classification of g-measures in terms of the zeros of the corre-
sponding g-function; we present some of their main results in Section We only mention
in passing that—after the original work by Keane, motivated by the analysis of diffraction
measures |[Kea72|—the study of g-measures has found applications in several fields, such as
multifractal analysis [BGKS19,|Fan97.|01i99], wavelet theory |[CDF92,CR90,FL98| and learn-
ing models [BK93].

Although we are ultimately interested in invariant measures under the doubling map (T, T%),
some useful methods implicitly require to consider powers of the map 75, given by T4 = Tyx.
We therefore take a step back and consider a more general expansive transformation on the
torus T, given by

T,: x — pxr mod 1,

for some p € N\ {1}.
The map T), is p-to-1 and hence certainly not invertible. In fact, there are p different (right)

inverse branches, given by

ot
Sjtx +J,
p

for 0 < j < p — 1, each satisfying 7' o S;j(x) = « on T. We construct a “stochastic inverse”
of T}, as follows. For each x € T, map x to a point in T, p_l(a:) according to some prescribed
probability vector on

Tpt(x) = {Soz, 1z, ,Sp_17}.
That is,  maps to S;x € Tp_l(a:) with probability ¢(S;z) for some g: T — [0, 1], satisfying
p—1
> g(Sz) = 1, (6.4)

J=0

for all z € T; compare Figure [6.2
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6.1. Some background on g-measures

Definition 6.1.1. A (Borel-)measurable function g: T — [0,1] is called a g-function on
(T, T,) if it satisfies (6.4]) for all = € T.

Every g-function (T, 7},) induces a random walk on T as described above. These processes
have been studied as chains with infinite connections [DoF37| or chains of infinite order
[Har55] in the early literature. The random walk can be described via a Markov kernel on T,

defined by
p—1

R(e) = 3 g(ia)dia (),

J=0

for all x € T. Given a probability measure p on T (initial distribution) and a function
f € C(T) (observable), the expected value of f is described by u(f). After one iteration of
the Markov process, the expected value of f changes to

/T/Tf(y) k(z, dy) dp(z).

It is a matter of perspective whether we think of the time evolution as acting on the observable
f or on the initial distribution p. The former point of view is reflected by the transfer (or
time evolution) operator ¢, on C(T), defined by

p—1

oot [ ) r(ady) = 3 gl o),

Jj=0

for all f € C(T). Alternatively, the time evolution of 4 is induced by the dual of ¢, (which
is also the dual operator of the transition kernel ), acting on u via

(oo A [ (e A)dno)

which satisfies ((¢g)«t)(f) = p(@gf) for all f € C(T) by construction. Functions and proba-
bility measures that are invariant under the random walk are of particular interest.

Definition 6.1.2. Let g be a g-function on (T, T},). A function f € C(T) is called g-harmonic
if it satisfies ¢, f = f. We call p € M (T) a g-measure if (pg)spt = p.

By the defining relation of g-functions , every constant function f is g-harmonic. This
also implies that (¢4)« maps probability measures to probability measures (as it should), due
to ((¢g)sp)(1) = plpgl) = pu(1).

The fact that the Markov process is a one-sided inverse of T}, finds its complement in
operator-theoretic terms. Indeed, the Koopman operator Ur,: f + f o T}, is a right inverse
of ¢g, that is,

(‘PQOUTp)(f) = Spg(fOTp) =

for all f € C(T). Similarly, ((¢g)sp) 0 T, = p for all p € MY(T). In particular, every
g-measure on (T,T),) is automatically 7T)-invariant.
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6. The TM measure as a g-measure

Remark 6.1.3. Conversely, every T)-invariant measure p is a g-measure for some appropriate
g-function, that is, T),-invariant measures and g-measures are in 1-to-1 correspondence. The
corresponding g-function is the Radon—Nikodym derivative of u with respect to the local lift
po T, [Kea72]. This is consistent with the idea that g describes how much of the mass at
Tpx is transported to z—instead of any of the other points in T, (T}, (x))—under the Markov
chain. O

For later applications, it will be convenient to have a closed form expression for the powers
of the operator ¢,.

Lemma 6.1.4. Let g be a g-function on (T,T},). For every n € N, we have g = g » where
gn 15 a g-function on (T, Tpn), given by

n: T H g(TJfaﬁ). (6.5)

Sketch of proof. First, note that Tn =T}}. Iterating the random walk n times, the point T;'x
follows the trajectory 1))z Tgilm — ... — ¢ with probability

gn(x) = g(T) '2)g(T)2a) - - g().

Hence, g, is the g-function corresponding to the n-th power of the original Markov chain. [

6.1.1. Lebesgue decomposition of g-measures

Given p € MY(T), we denote by p = pipp + fisc + pac the Lebesgue decomposition into the
spectral components of p. Conveniently, ¢, acts separately on each of the spectral compo-
nents.

Lemma 6.1.5. We have (¢g)«(tte) = ((¢g)«1t)e for ® € {pp,sc,ac}.

Proof. By the uniqueness of the Lebesgue decomposition, it suffices to show that ¢, leaves the
classes of pure point/continuous/absolutely continuous and singular measures invariant. This
follows readily from the identity ((yg)«p) © Tp*1 = u. First, if p is supported on a countable
set A, then (pg4)«p is supported on the countable set Tp_l(A). Conversely, if y is continuous,
s0 is (pg)«p since,

(pg)er)({z}) < ((pg)ep) o T ({Tp(2)}) = p({Tp(x)}) =0,

for all z € T. Assume that ;1 < A and let A\ (A) = 0. Then, A\ (T,A) < pA;(A) = 0 and
hence,

((pg)sr)(A) < (T A) = 0
implying that (¢g)«p < Ap. On the other hand, if p L A, there is a Borel-measurable
set B with pu(B) = 1 and A (B) = 0. It follows that ((¢g).u)(T,'B) = p(B) = 1 and
AT, H(B) = A

complete. O

L(B) = 0, since A is Tp-invariant. Hence, (pg)«p L A, and all cases are
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6.1. Some background on g-measures

Lemma [6.1.5] immediately implies the following classic result on g-measures; compare
[BDEGS88, Thm. 1.2] and [DuF66, Lemma 2.2].

Corollary 6.1.6. For every g-measure p, we have (¢q)«(ite) = [te, for each e € {pp,sc,ac}.
In particular, if the g-measure p is unique, it is of pure type. [

Given a g-function, both the absolutely continuous g-measures and the pure point g-
measures are easy to determine. We start by discussing the pure point case. Strong re-
strictions already follow from the requirement that every g-measure is also T)-invariant. Let
us denote by T(per) the set of T)-periodic points in T and by orb(z) = {T}}(z) : n € No} the
Ty,-orbit of x € T. The following result is probably standard, we give an elementary proof for
the reader’s convenience; compare also [BCEG21, Prop. 3.2] for the special case p = 2.

Lemma 6.1.7. Let p be a Ty-invariant, finite pure point measure on T. Then, p is a linear
combination of measures in {u, : x € T(per)}, where py is the uniform distribution on the

orbit of x, given by
z dy-
Z #Orb T2

yEorb (z)

Proof. Since z € T, ' (Tpx), we have

p{Tpa}) = po T, ({Tpe}) > p({x}),
for all x € T. Hence, if u({z}) > 0, then u({y}) > p({z}) for all y € orb(z). Because u
has finite mass, this requires that orb(x) is a finite set and that u is eventually constant on
orb(z). Hence, there are n,m € N with n > m such that T'e =T)z. If m >0, T];”_lac and
T;_lx are both contained in Tp_l(T;ZCE). Assuming T;n_lar % T;}_lx, would imply
n({T2 7)) + p(Tre)) < p{T(Tr))) = p({Tra)) = u({TE ")),
and hence p({T}"*z}) = 0, contradicting p({T;"a}) > p({z}) > 0. It follows that orb(z)

is in fact periodic and that the restriction of p to this orbit is a multiple of u,. O

Proposition 6.1.8. Given a g-function g, the pure point g-measures are precisely the convex
combinations of measures in

{pe : v € T(per) and orb(z) C g_l(l)}.

Proof. By Lemma every g-measure y is a linear combination of measures of the form g,
with « € T(per), and p being a probability measure requires that this combination is convez.
Since the Markov chain maps T,y with probability g(y) to v, it is straightforward to verify
that

((pg)s){y}) = 9(¥)n({Tpy}),

for all y € T. Given x € T(per), this implies

((pg)stz){y}) = 9 pa({Tpy}) = 9(W)u=({y}),

and hence p, is a g-measure precisely if g(y) = 1 for all y € orb(z). O
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6. The TM measure as a g-measure

This settles the classification of pure point g-measures. Within the class of absolutely
continuous probability measures on T, only the Lebesgue measure is T),-invariant.

Lemma 6.1.9. Let u € MY(T) be a T,-invariant measure with u < A;. Then, p = \p.

Proof. For n € Z, let f, € C(T) be the function f,: x — e*™"%. By the T,-invariance of y,
we obtain

p(n) = pu(fa) = p(faoTp) = p(fm) = nlpn),
for all n € Z. If n # 0, this yields

fitn) = Tim fi(phn) = 0,
k—o0

due to the Riemann-Lebesgue lemma. Further, 12(0) = u(1) = 1, since p is assumed to
be a probability measure. By the uniqueness of the Fourier—Stieltjes coefficients (1i(n))nez,
see [Rud62, Thm. 1.3.6], this implies that p = A, . O

Proposition 6.1.10. Given a g-function g, there exists a unique absolutely continuous g-
measure, given by A, precisely if g(z) = % for Ap-almost every x € T. Otherwise, there is
no absolutely continuous g-measure.

Proof. By Lemma A1, is the only candidate for an absolutely continuous g-measure. For
every f € C(T), we obtain

p—1
(9e)A)(F) = Aulpof) = Z/Smsmm—zéﬁg W dy = (pgA)(F),

and hence (¢g)«A; = A, precisely if pg(z) =1 for A -almost every = € T. O

Example 6.1.11. Let p = 2. Consider the g-function given by ¢(0) = 1, g(%) = 0 and
g(z) = %, otherwise. Then, dp and A are both g-measures, according to Propisition and
Proposition[6.1.10] In particular, the g-measure is not unique and there are in fact g-measures
of different spectral types. O

Remark 6.1.12. The idea behind the construction in Example can easily be general-
ized. Recall from Propositionthat the uniform distribution p, on a periodic orbit orb(z)
is a g-measure precisely if g(y) = 1 for all y € orb(z). This is a condition on only finitely many
points. Hence, given any g-function g and a periodic point z, there is a g-function ¢’ that
differs from ¢ only on finitely many points such that u, is a g-measure for ¢’. On the other
hand, if p is a continuous g-measure for g, then it is also a g-measure for ¢/, since individual
points carry no weight. Hence, continuous g-measures can be combined with arbitrary pure
point g-measures for the same g-function, unless we restrict the class of g-functions by further
regularity assumptions. %

The singular continuous g-measures are much harder to assess. In general, the Lebesgue
measure of their topological support can be arbitrarily small and even 0.
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6.1. Some background on g-measures

Example 6.1.13. Consider the g-function on (T,T3), given by g(Soz) = g(Soz) = 3 and
g(S1z) =0, for all x € T. It is straightforward to verify that the uniform distribution on the
classical middle-third Cantor set is a g-measure for g. %

Conversely, it is a classic result that every g-measure has full support if g is strictly positive
[Wal75, Lemma 2.1]. If the g-measure is assumed to be continuous, this conclusion also holds

under weaker assumptions.

Proposition 6.1.14. Let g be a g-function with at most countably many zeros and let p be
a continuous g-measure for g. Then, the topological support of p equals T.

Proof. For every n € N, the sets Sj, ---S; T, with 0 < j7; < p — 1, are half-open intervals
of length p~™ that form a disjoint partition of T. Due to their arbitrarily small diameter, it
suffices to show that p assigns positive measure to each such interval. For J = S5;, ---5; T,
we obtain by Lemma (and extending the action of ¢, to step functions),

(el )@) = Y W) = 9u(S), - Sja) =t fala),

yel, "z

for all 2 € T. Since p is assumed to be invariant under (y4)«, we obtain

p(J) = plegly) = p(fs).

Since g has at most countably many zeros, the same holds for g, and hence for f;. For every
keN, let Ay ={z €T: fs(x) > 1/k} and B = f;'(0). Then, Ucy Ak UB =T and since
p is continuous, it assigns no mass to B, yielding 1 = u(T) < >, oy #(Ax). That is, there is
some k with p(Ag) > 0. Since f; is non-negative, we obtain

pfs) > Ay > 0,

and the claim follows. O

6.1.2. Existence, uniqueness and product representation

The aim for this section is to determine conditions on a g-function such that there is a unique
corresponding g-measure that can be written as an infinite product, as is the case for the
Thue-Morse measure. Indeed, a product form naturally arises by iterating (¢4). on the
Lebesgue measure; compare [FLI8, Prop. 1].

Lemma 6.1.15. For every n € N, we have (pg)«A, = p"gnAy,, with g, as defined in (6.5).

Proof. By Lemma, we have o = ¢, . The identity (¢, )«Ar, = p"gnAy, follows just like
in the proof of Proposition [6.1.10 O

That is, (@3)*)\L is an absolutely continuous measure with probability density given by
HZ;& pg(TIﬁ‘:L‘). If the weak limit pu = limnﬁoo(gog)*AL exists, we denote this measure by

o0
[[r9(T@x),
k=0
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6. The TM measure as a g-measure

with slight abuse of notation. This is what we call the product representation of p. Such a
measure may or may not be a g-measure. It certainly is if we assume that g is continuous
and hence that (¢,). is a continuous operator on M!(T), endowed with the weak topology.

In fact, there are more reasons to restrict our attention to continuous g-functions. As
we discussed in Remark we cannot hope to obtain a unique g-measure for general g-
functions. In fact, there are even g-functions such that no associated g-measure exists [Kea72|.
Conversely, the existence of g-measures is automatic if g is continuous.

Fact 6.1.16 (|[Kea72|). If g is a continuous g-function, there is at least one associated g-
measure. [ ]

However, even in the much studied case that g is strictly positive, continuity of ¢ does not
suffice to obtain uniqueness of the associated g-measure [Kea72|. It is therefore common to
demand some control over the modulus of continuity of g.

Definition 6.1.17. For f € C(T) and § > 0, let

flol = sup [f(x) = fy)l-

lz—y|<S

We say that f is of bounded variation over (T, T;) if 3322, f [p~76] < oo for some (equivalently
all) 6 > 0.

It is easy to verify that every Holder continuous function is of bounded variation. If g > 0,
bounded variation of g suffices to conclude that there is a unique g-measure [Wal75|. Finding
weaker regularity assumptions on strictly positive g-functions that ensure uniqueness of the
corresponding g-measure is an active area of research; compare for example [FGP20,JOP12]
and references therein. If ¢ is allowed to have zeros, bounded variation does not suffice to
ensure uniqueness, as is obvious from Proposition [6.1.8, However, even in this case, bounded
variation is still a useful concept; compare our discussion in [BCEG21].

Remark 6.1.18. To appreciate the difference between the cases g > 0 and g > 0, we invite
the reader to recall the situation for finite state Markov chains. If the Markov matrix is
strictly positive, there is a unique, attractive invariant distribution. Conversely, for arbitrary
Markov matrices, every set of states that is invariant under the process supports an invariant
distribution. Even if the matrix is irreducible, it is possible to approach a limit-cycle of
distributions that are invariant under some power of the Markov matrix; compare for example
[Bre20] for background. Similar phenomena occur in the context of g-functions. O

Following the notation in [CR90|, we call a closed subset of T invariant, if it is invariant
under the Markov chain induced by ¢. In more formal terms, this takes the following form.

Definition 6.1.19. A closed subset A C T is called (g, T))-invariant, if, for all x € A and
y € T, (x) with g(y) > 0, it follows that y € A. A closed (g, T,)-invariant set is said to be
(9, Tp)-minimal if it contains no non-trivial closed (g, T))-invariant subsets. We say that ¢ is
prozimal on (T, T,) if there are no two disjoint and closed, (g, T})-invariant subsets of T.
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6.1. Some background on g-measures

We just speak of invariant and minimal subsets if the context is clear. Since invariant sets
can be nested, there can be non-trivial minimal subsets of T, even if g is proximal. However,
since two minimal subsets are either identical or disjoint, g being proximal is equivalent to
having precisely one minimal subset. Just like for finite state Markov chains, the extremal
invariant distributions are supported by disjoint invariant (even minimal) subsets of the state
space—under some regularity assumptions on g. The following is a slight adaptation of [CR90),
Thm. 5.4].

Theorem 6.1.20. Let g be a continuous g-function of bounded variation on (T,T,). Then,
every (g,T,)-minimal subset supports precisely one g-measure and these are exactly the ex-
tremal g-measures corresponding to g. In particular, there is a unique g-measure if and only
if g is proximal on (T, T)).

Sketch of proof. This is essentially [CR90, Thm. 5.4, with a few modifications. In |[CR90],
the authors consider the doubling map 75 instead of 7},. As they remark in the introduction,
this is only for the sake of an easier exposition. Also, they consider [0, 1] instead of T as the
state space, but an identification of the endpoints does not alter their arguments. Finally, the
authors do not use the term minimal but formulate the theorem for a maximal set of closed
invariant subsets. However, it becomes clear from their proof that the extremal measures are
indeed supported on minimal subsets. O

Remark 6.1.21. The difference between taking ([0, 1],7},) or (T, T}) as the base space merits
a closer inspection. From the defining relation of g-functions, it is apparent that g(0) = g(1),
even if 0 and 1 are considered to be separate points. Hence, we consider the same function
g on both spaces. The g-measures on ([0, 1],7},) that give no mass to {0,1} are in 1-to-1
correspondence to g-measures on (T,7),) without a point mass in 0. The same holds for
minimal subsets that do not contain the boundary points. Conversely, the following are all
equivalent to ¢(0) = 1,

e {0} is minimal on (T, T},),

e Jp is a g-measure on (T,T}),

e both ¢y and 0; are g-measures on ([0, 1],T),

e {0} and {1} are both minimal on ([0, 1],7}).
This provides an alternative way to verify that Theorem is valid for (T, T),) precisely if
it holds for ([0, 1], T}). O

Conveniently, there can be only finitely many minimal subsets of T if the g-function is
continuous [CR90, Prop. 3.1]. Even if there is a unique g-measure, this measure need not
be attractive. In general, it is possible that we approach a limit cycle of measures that are
gog—invariant for some d € N [CR90, Thm. 6.2]. If there is only one gog—invariant measure
for all d € N (coinciding with the unique g-measure), this cycle is necessarily contracted
to a single measure and we get convergence. More precisely, we get the following corollary
of [CR90, Thm. 6.2].

Theorem 6.1.22. Assume that g is a continuous g-function of bounded variation. Then,
the following statements are equivalent.
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6. The TM measure as a g-measure

(1) The function gn is proximal on (T, T}}) for all n € N.
(2) The sequence (@ f)nen converges uniformly to a constant function for all f € C(T).
(3) The sequence ((gog)*u)

In this case, the unique g-measure is strongly mizing on (T,Ty,). In particular, if g, is

nen Converges weakly to the unique g-measure for all v € MY(T).

proximal for all n € N, the unique g-measure has a product representation, given by
o0
p=[[ro@f).
k=0

Sketch of proof. By |[CR90, Thm. 6.2], the first point is equivalent to the weak convergence
of (g )0z to the unique g-measure y, for all z € T. Hence, (3) == (1).

Using that (o5 f)(z) = ((¢g)«02)(f), we get that (1) implies the pointwise convergence of
(g f) to u(f). From the fact that g is of bounded variation, it follows that the sequence
(¢ f)nen is uniformly equicontinuous; compare our discussion in [BCEG21]. Uniform con-
vergence then follows by the Arzela—Ascoli theorem, and we obtain (1) = (2).

Under this condition, for all v € M!(T) and f € C(T),

lim ((pg).v)(f) = lim v(pgf) = vies) = ¢f,

n—o0 n—oQ

for some constant ¢y that does not depend on v. It is straightforward to verify that the
functional p: f + cy is indeed a measure and that this measure is invariant under (pg)«.
That is, (2) = (3), completing the proof of the equivalent conditions.

The strong mixing property goes back to a simple, but elegant argument provided by Keane
[Kea72|. The final statement follows from Lemma and the discussion thereafter. [

To summarize, we obtain a unique g-measure if and only if ¢ is proximal, and this measure
is (globally) attractive if and only if the g-function remains proximal for all accelerations of
the underlying Markov chain. This is an analogue of aperiodicity in the context of irreducible,
finite state Markov chains.

We get one step closer to the TM measure by requiring that g has only finitely many zeros.
In this case, Conze and Raugi provide the following useful criterion [CR90, Cor. 3.4].

Lemma 6.1.23. Let g be a continuous g-function with finitely many zeros. The function g
is prozimal precisely if g~(1) contains at most one finite Ty-orbit. If g=1(1) contains more
than one finite Ty-orbit, these orbits are precisely the minimal subsets of T. ]

This criterion ensures uniqueness of the associated g-measure due to Theorem We
provide some sufficient conditions for g, being proximal for all n € N. For the sake of
definiteness, we restrict our attention to the doubling map (T,73). The following is a slight
improvement of a result by Keane [Kea72| that we announced in [BCEG21].

Proposition 6.1.24. Let g be a continuous g-function on (T,Ts) of bounded variation and
assume that one of the following conditions holds.

(1) g~ %(1) is finite and does not contain a complete Ty-orbit.
(2) All zeros of g are contained in (3, 2] U {0} orin [3,2)U{0}.
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whrot+

Figure 6.3.: Possible trajectories of the random walk, provided that condition (2) in Proposi-
tion [6.1.24]{ holds. At least one of the dotted lines is viable.

Then, there is a unique, globally attractive g-measure corresponding to g, given by the infinite
product

o0
p=J]29(T5x).
k=0
The measure  is strongly mizing on (T,T). It is singular continuous precisely if g(0) # 1
and g # %

Proof. By Theorem [6.1.22] all conclusions, apart from the spectral type of p, follow if g, is
proximal on (T,T3') for all n € N.

First, assume that g~!(1) is finite and does not contain a complete Th-orbit and let n € N.
Note that g,(x) = 1 requires that g(T¥z) = 1 for all 0 < k < n — 1. It follows that g, (1) is
also finite and cannot contain a complete 75'-orbit. Hence, g, is proximal by Lemma

Second, assume that all zeros of g are contained in (%, %] U {0}. Given n € N, we show
that every closed (gy, T%")-invariant subset A contains the point 0. Let z € A\ {0}. If z < },
it follows that S{z < § and hence g(S§z) > 0 for all k € N. Thereby, g,,(S§"z) > 0 for all
k € N. By the invariance of A, this shows inductively that S5z € A for all k € N and so is
the limit point 0, since A is assumed to be closed. If x > %, we observe that Sfa: > % for all
k € N. Since 1 and 0 are identified on the torus, the sequence (S*"z)en converges to 0 and a
similar argument as above yields 0 € A. Finally, if % <z < %, we have Spx < % and Six > %
Since g(Soz) > 0 or g(Six) > 0, we can repeat the argument above. Hence, 0 is contained in
every closed (g, T%')-invariant subset, implying that g, is proximal; compare Figure for
an illustration. The claim for the case that all zeros are in [%,2) U {0} follows in the same
manner, with obvious modifications.

Finally, we show that the unique g-measure p is singular continuous. Due to Proposi-
tion and the assumption that g is continuous with g # %, it follows that u is a singular
measure. On the other hand Proposition shows that yu is continuous, given that g=!(1)
does not support a finite Th-orbit. Indeed, condition (2) implies that g~1(1) is contained in

(3,21 or in [3,2)Y. If  # 0, its Ty-orbit contains at least one point in (3, 2] and at least
one point in [%, ). That is, g~*(1) cannot support a Th-orbit and the claim follows. O

Remark 6.1.25. The second condition in Proposition [6.1.24]is sharp in the following sense.
15
676
to choose g(3) = g(2) = 0 and hence g(3) = g(3) = 1. In this case, the conclusions of
Proposition fail. Indeed, for such a choice of g,

If we only assume that all zeros of g are contained in the compact interval [z, 2], it is possible
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6. The TM measure as a g-measure

is a g-measure that is neither singular continuous nor globally attractive. In fact, we easily
verify that the sequence (¢y).d1/3 oscillates between the measures ;3 and dy/3. %

Example 6.1.26. The continuous g-function g = §(1—cos(27z)) is clearly Holder continuous
and thereby of bounded variation. It satisfies g=!(1) = % and hence the assumptions of
Proposition [6.1.24] It follows that the infinite product

o0

p= ]~ cos(2n2rz))

k=0

is singular continuous, strongly mixing on (T,73), and that p is the unique, attractive g-
measure corresponding to g. This is precisely the TM measure, introduced in (6.1)). O

Example 6.1.27. Fan, Schmeling and Shen investigate in [FSS21] the scaling behaviour of

the L*-norm of
n—1

pn(z) = H(l + cos(2m (2% + ¢))),
k=0

for arbitrary ¢ € T as n — oo. These trigonometric polynomials arise from a family of
generalized TM sequences. Indeed, it is straightforward to verify that

o0

U= H(l + cos(2m(2z + ¢)))
k=0

is the unique diffraction measure associated to the substitution

0: 2+ z (M%),

on the compact alphabet {z € C: |z| = 1}. By Proposition [6.1.24] p is the unique, strongly
mixing and attractive g-measure associated to g(zr) = 1 + cos(2w(z + ¢)). It is singular
continuous unless ¢ = 0, and coincides with the TM measure if ¢ = % O

Example 6.1.28. Consider the g-function g(z) = 3(1 + cos(6mz)) on (T, T%), which is again
of bounded variation. In this case, g7!(1) = {0, 1,2} contains two finite Th-orbits and the
extremal g-measures are precisely &g and %(51 /3 + 02/3), due to Lemma |6.1.23) and Theo-

rem [6.1.20} Although we cannot apply Proposition we still get that lim,, o 2"gp A

exists and is given by

o0

H(l + cos(6m2Fx)) =

k=0

(50 +01 + 5§). (6.6)

Lo =

This is because each of the measures 2"g,A; is invariant under the rotation = — x 4+ %,
a symmetry that carries over to each of the weak accumulation points. In fact, the Riesz
product describes the Fourier transform of the Dirac comb 37, restricted to the 1-torus.
We therefore arrive at the same conclusion by Poisson’s summation formula; compare [BG13|
Ch. 9]. O
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6.2. Super-polynomial scaling

6.2. Super-polynomial scaling

As was discussed in the introduction of this chapter, the TM measure is particularly “thin” in
the neighbourhood of dyadic point. This was already noted by Godreche and Luck in [GL90].
Here, we discuss this phenomenon for a class of g-measures that includes the TM measure, and
give quantitative upper bounds. Super-polynomial scaling behaviour of diffraction measures
at the origin has received some attention recently [BCEG21,BG19], and is intimately con-
nected to strong assumptions on the balancedness of pattern distributions that were discussed
under the term hyperuniformity [OSST17,/OSST19,/TS03].

For convenience of notation, we restrict our attention to g-functions over the doubling map
(T, T%), but emphasize that the results in this section easily generalize to the covering map
(T, Tp), with p € N. As a first step, we bound the mass that a g-measure assigns to small
intervals by the product of rescaled copies of the g-function.

Lemma 6.2.1. Let p be a g-measure, associated to some g-function on (T,T3), n € N and
Jiy---5Jn € {0,1}. Then,

w(Sj, -+ S5, T) = Agn(sjl"‘sjnx) du(r) < fgg%gn(sjl'“sjnfﬂ)'

Sketch of proof. The first step is contained in the proof of Proposition and the inequal-
ity follows because p is a probability measure. O

If y € T is a dyadic point, it has exactly two binary representations. More precisely, there
are two sequences (Y, )nen and (7, )nen in {0, 1}, as well as ng € N with the property that
Y, = 0 and y,, = 1 for all n > ng, and

Yy = ZynQ_n = ZynQ_n
neN neN

For each n € N, y is the left endpoint of the interval S, ---S, T and the right endpoint of the
interval Sy, --- Sy T. The union of these two intervals coincides with the closed ball By-n (y).
For a moment, assume that y = 0. Then, the product

9n(Sy, -+ Sy,2) = [ ] 9(St2) (6.7)
k=1

consists of many factors that are close to 0 if ¢ is continuous at 0 and satisfies g(0) = 0. If y
is dyadic, we have 75"y = 0 for some m € N and a similar observation holds. In order to get
a quantitative bound on products of the form , we make additional assumptions on the
modulus of continuity of g at 0. In the following, we denote by d(z,y) the natural distance
of points z,y € T.

Theorem 6.2.2. Let p be a g-measure associated to some g-function on (T,T5), satisfying
9(0) = 0. Assume that there are C,0 > 0 such that

g(z) < Cd(,0)’,
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6. The TM measure as a g-measure

for all x in some neighbourhood of 0. Then, for every dyadic point y € T,

loga ((Br())) <~ loga(r)? + O(loga(r),
as v — 0T,

Proof. Let y € T be a dyadic point and let m € N such that Ty = 0. It suffices to prove
the claim for r = 27" and n € N, the more general statement follows by straightforward
interpolation arguments. In this case, logy(r) = —n and

By-n(y) = Sy1 w08y TUSy, -+ 5y T.
Recall from Lemma [6.2.1] that

Sy, - Sy, T) < maxgn(Sy, -5y Hfgg%g w5y, @) (6.8)

For k > m + 1, we have y, = 0, and hence S, ---S, x = Sg_kﬂzv. By assumption, there is
a number ng such that for all j > ng, we have

9(S9x) < Cd(Shx,0)? < €279

This gives a bound for the factors in , aslongask>m-+1and n—k+1 > ng. Using
the uniform bound 1 for the remaining factors, we obtain

n—m n—m
e J —j60
1(Sy, -8y, T) < H max g(5pz) < H o277
j=no j=no
By similar reasoning, we get the same bound for p(Sy, --- Sy T). Taking logarithms, we thus
obtain

0
logy (11(Bg-n ( —QZJ—I-O = —fn + O(n),
j=no

and the claim follows. O

Remark 6.2.3. The proof of Theorem [6.2.2| can be refined to obtain some quantitative
control on the constants that are hidden in the error term O(logy(r)). These depend both
on y and on the size of the neighbourhood of 0 where we have control over the modulus of
continuity of g. We leave the details to the interested reader. %

Remark 6.2.4. Theorem should be compared to a similar result that we provided
in [BCEG21, Thm. 1.4]. However, there are some differences. In [BCEG21, Thm. 1.4}, we
only consider a (one-sided) neighbourhood of y = 0 instead of general dyadic points and
obtain both upper and lower bound for the associated measure. This comes at the cost
of additional assumptions on g. We emphasize that a non-trivial lower bound is harder to
obtain and requires some global control over g. Indeed, consider a g-function with g(0) =0
and g(1) = g(3) = 1. Then, p = (6173 + d9/3)/2 is a g-measure that has a trivial scaling
around 0. This shows that controlling g only in a neighbourhood of 0 is insufficient to obtain
non-trivial lower bounds. For the special case of the TM measure, a more refined analysis of
the scaling at 0 is possible; compare [BG19]. O
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6.3. Multifractal analysis

The general philosophy of a multifractal analysis can be summarized as follows; compare
[Pes97, Ch. 6]. We start from a a set X and some characteristic h: X’ — R that is well-
defined on some X’ C X. The multifractal decomposition of X,

X =X\X'Ul]JX(@), X(a)={reX :h(x)=0a},
a€cR

splits X’ into the level sets with respect to h. Although the sets X («) might have a very
intricate structure, the “size” of the sets X (a) can often be made more explicit and accessible
to numerical approximations. More precisely, we analyze the spectrum f(a) = dim X («) for
some dimensional characteristic on X, often taken to be the Hausdorff dimension.

In this section, we establish such a “multifractal miracle” for the dimension spectrum

flo) = dimy F(oo), F(o) = {z €T :dim,(z) = a}, (6.9)

corresponding to the TM measure p = ppy. This is done in two steps. First, we re-
late the dimension of the measure at = to the scaling behaviour of g,(x), with the help of
Lemma Then, the multifractal analysis of the scaling exponents is related to a globally
defined quantity—the topological pressure function, which is one of the central quantities in
the thermodynamic formalism. This route is classic for g-measures corresponding to strictly
positive g-functions [PWO01|]. We therefore proceed cautiously and first restrict our attention
to Th-invariant subspaces of T that avoid some forbidden neighbourhood of 0. As we send
the size of this neighbourhood to 0, we recover the full dimension spectrum.

Such an approach is more easily formulated in a symbolic setup. Indeed, the system (T, T5)
is intimately related to the one-sided full shift (X, S), with X = {0, 1}". More precisely, there
is a natural projection

o0
7T (Z,))neN anQ_”,
k=1

that induces a topological factor map from (X, S) to (T,7%). This map is invertible on the
complement of dyadic points. Since the countable set of dyadic sets has vanishing Hausdorff
dimension, we identify (X,.S) and (T, 7%) in the following.

Remark 6.3.1. The identification of (T, 7%) and (X, S) also entails that we regard functions
and measures on T as being defined on X in the following. More specifically, given g: T — R,
we consider g = g o on X. The property of being a g-function is preserved, that is, for all
r € X,

yeS—1z

whenever g satisfies (6.3]). Conversely, whenever the set of dyadic points forms a null set for
p € M(T), there is a unique lift i € M(X) with g = i o 7~!. With some abuse of notation,
we will drop the distinction between g and g, as well as the distinction between p and . ¢
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6. The TM measure as a g-measure

Remark 6.3.2. There is still a subtlety that complicates the identification of (X,S) with
(T, T). That is because the spaces carry different metric structures, which are relevant for
both the definition of the pointwise dimension d,(x) and the Hausdorff dimension. Heuris-
tically, the relationship between these metrics becomes more distorted the closer we get to
dyadic points. However, for the SFTs avoiding the point 0 that we consider in the following,
both metrics are bi-Lipschitz equivalent. Hence, for these subspaces, both the pointwise di-
mension d,(z) and the Hausdorff dimension of subsets are invariant under the identification
due to a classic result [Pes97, Thm. 6.3]. For a more careful notational distinction of the
metric structures, we refer the reader to [BGKS19]. O

Given m € N\ {1}, we define (X,,,S) as the subshift of (X,S) that avoids both of the
cylinders [0™*1] and [1™F1], that is,

Xpn = {z € X:ap i, ¢ {07, 1™} for all j € N}. (6.10)

This is a SFT, with F = {0™F1 1m*1} as the set of forbidden words; compare Example
For m = 1, the definition in would yield a finite orbit, consisting of two points. The
restriction m > 2 is hence a non-triviality assumption, guaranteeing that X,,, is an uncountable
set. Conveniently, both the thermodynamic formalism and multifractal analysis are well-
developed for SFTs as the underlying dynamical system.

6.3.1. Thermodynamic formalism

Variational principles are ubiquitous in physics. Both the modern formulation of classical
mechanics and the description of elementary particles via quantum field theory are based
on variational principles. The basic idea underlying both theories is that the equations of
motion can be found by minimizing some action functional. A similar approach is taken in
thermodynamics to characterize those distributions in the space of configurations that are
stable and hence physically observable. Here, depending on the physical setup, the role of the
action is taken by some macroscopic quantity that depends on the microscopic distribution,
and a measure minimizing (or maximising) this macroscopic quantity is called an equilibrium
measure. More concretely, let us consider a thermodynamic system that is in exchange with
a heat bath regulating its temperature, and is subject to some potential (energy) function v
on the space of configurations X. In this so-called canonical ensemble, the role of the action
is taken by the free energy. If the configuration space is finite, the weight of the equilibrium
state at x € X is known to be proportional to exp(—f(x)), where 8 depends on the temper-
ature. These measures (and their generalizations to infinite systems) became known as Gibbs
measures, thanks to the pivotal contribution of Gibbs to this area of thermodynamics [Gib02].

In the mathematics literature, the contributions of Ruelle [Rue68, Rue69b| led to a revival
and further development of these ideas; we also refer to the monograph by Keller [Kel98] for
an insightful and readable introduction. Compared to the original context in physics, some
changes in notation and conventions took place—some quantities changed their sign, and
the free energy essentially changed its name to pressure—but the basic formalism remained
relatively unchanged.
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6.3. Multifractal analysis

Definition 6.3.3. Let (X,T) be a compact dynamical system and M (X) the set of T-
invariant probability measures on X. Further, let ¢: X — [—00,00) be an upper semi-
continuous function, called the (thermodynamic) potential. The (variational) pressure of
is given by

P = sw (m(D)+ [ d@)dv@). (6.11)

veMAL(X) X

A measure ;1 € M (X) that attains the supremum in (6.11)) is called an equilibrium measure
for the potential .

For ease of notation, we write (1)) for the integral of ¢ with respect to v, even if it evaluates
to —oo. In the following, we specialize to the case that (X,T') is in fact a subshift, denoted
by (X, S). Conveniently, it is possible to characterize g-measures on the full shift (X, .S) (over
a finite alphabet A) as equilibrium measures due to a result by Ledrappier [Led74, Thm. 1].
We restrict to the case that g is continuous although Ledrappier’s original result is formulated
in greater generality.

Theorem 6.3.4 (|[Led74]). Let g be a continuous g-function on the full shift (X,S). Then,
P(log(g)) =0 and p € ME(X) is a g-measure if and only if it is an equilibrium measure for
the potential 1 = log(g). |

Since g-measures need not be unique, we immediately see that equilibrium measures need
not be unique either. Since an equilibrium measure ¢ maximises the sum of the entropy and
the potential energy, it is reasonable to assume that it gives larger weight to regions, where
1 takes large values. Since p is also assumed to be invariant, it should in fact favour those
points, where the corresponding orbit remain in regions of high energy. Sampling ¢ along
finite parts of the orbit, leads to the quantity

n—1

Yn(z) = Z w(skm)7

k=0

for all n € N and z € X.

Definition 6.3.5. A measure p € M4(X) is called a Gibbs measure with respect to some
potential 1 on X if there are constants C7,Cy > 0 and P € R such that

S ) oy < G (612

for all z € X and n € N.

In fact, we have already encountered Gibbs measures in the last section, although the
defining relation (6.12)) was slightly hidden.

Lemma 6.3.6. Let (X, S) be the full shift and g a strictly positive and continuous g-function
on (X,S). Further, assume that g is of bounded variation. Then, its unique g-measure is a
Gibbs measure with respect to the potential b = log(g).
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6. The TM measure as a g-measure

Proof. Let us fix n € N and z;---z, € {0,1}". Translating Lemma to the symbolic
setting yields

w(lzy - z,]) = /X g -+ 2,) (). (6.13)

For ¢ = log(g), we easily verify exp(¢n,(z)) = HZ;& g(S*z) = gn(x), for all z € X. Hence, we
obtain from (6.13)),

inf exp(¢n(y)) < plley---z,]) < sup exp(ihn(y)).
YE[zy-x,] YE[zy-x,]

It remains to verify that the variation of exp(¢,,(y)) on [z, - - - x,,] is bounded by some uniform
multiplicative constant. Since the values of ¢ are contained in a compact interval that is
strictly bounded away from 0, it follows that ¢ = log(g) is also of bounded variation. For
Y,z € [y ---x,], we observe that |S*y — S¥z| < 27"** and hence

n—1 n 00
[Vn(y) — Yn(2)] < ZW(S]C?J) _¢(5k2)| < Z¢[2_j] < Z¢[2_j] =: ¢ < oo.
k=0 J=1 7=0

Hence, the maximal and the minimal value of exp(iy,(x)) on [z ---x,] differ by at most a

factor e, yielding
—c < ,u([xl xn]) < ec’
exp(¢n())

irrespective of the choice of x € [z, ---z,], and the claim follows with P = 0. O

Hence, we have seen that, for a strictly positive, continuous g-function of bounded variation,
the g-measure is both an equilibrium measure and a Gibbs measure to the same potential
1 =log(g). It is noteworthy that the parameter P, entering the defining relation of a Gibbs
measure, is given by P = 0 = P(¢). This is not a coincidence. Indeed, Bowen established
quite general results in this direction in his classic monograph [Bow75|. Combining [BowT75,
Thm. 1.4] and [Bow75, Thm. 1.22] yields the following result.

Theorem 6.3.7 (|[Bow75]). Let (X,S) be a topologically mizing SFT and v a Hélder contin-
uous function on X. Then, there exists a unique Gibbs measure ), € Mg(X) to the potential
Y, with parameter P = P (). This measure is also the unique equilibrium measure for the
potential vp. Further, P(v) is equal to the topological pressure, defined as

Piop(®¥) = lim llog Z sup exp(¢n(z)), (6.14)

n—oon z€[w]NX

and the limit is well-defined. ]

Remark 6.3.8. Just like g-measures are fixed points under the operator ¢4, the Gibbs
measure /iy in Theorem m is an eigenmeasure of the dual of the Ruelle-Perron—Frobenius
operator Ly, defined via

(Lyf)@) = D "Wr(y),

yeS— 1z
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for all f € C(X). In fact, there is a powerful convergence result under the assumptions in
Theorem [6.3.7] parallel to our discussion in Section More precisely, there are A > 0
and h € C(X), such that (Lyp)spby = My, Lyh = Ah and

N
lim L7 = 1) (.

n—oo \"

using the intuitive bra-ket notation for elements in C'(X) and its dual space. Convergence
is understood in the strong operator topology. Due to its similarity to the classic PF the-
orem, this result became known as the Ruelle—Perron—Frobenius theorem; for details com-
pare [Bow75,Rue6g|. The eigenvalue A is related to the pressure via P(¢)) = log(\) under the
assumptions in Theorem [Bow75]. O

6.3.2. Birkhoff spectrum and dimension spectrum
Regular potentials

If 11 is a Gibbs measure for the potential v, the defining relation (6.12]) yields

P(z) == lim ¥n(2)

n—00 n

= P —1log(2)d,(x), (6.15)

provided that any (equivalently both) of the limits exist. That is, the multifractal analysis
of the local dimensions of p is exchangeable with the multifractal analysis of the Birkhoff
averages 1. We set

b(B) = dimy B(B), B(B) = {z € X:¢(z) = B},

and call b(-) the Birkhoff spectrum of ¢¥. Due to (6.15)), this is related to the dimension
spectrum in via F(a) = B(P —log(2)a) and

f(a) = b(P —log(2)a), (6.16)

for all & € R. It is a folklore in the area of multifractal analysis that both the Birkhoff
spectrum and the dimension spectrum can be related to the (numerically better accessible)
pressure function

p:R=R, p(t) = Prop(ty)).

We denote the Legendre(—Fenchel) transform of p by

p*(q) = sup(qt — p(t)).
teER

The following result is classic. Most of it is stated in this form in [PWO01, Thm. 1], the explicit
formula for b in terms of p can be extracted from the proof; compare also [JK11,Schm99].

Fact 6.3.9. Let (X,S) be a topologically mizing, one-sided SFT, 1 a Hélder continuous
potential on X and p the corresponding equilibrium measure. Assume further that p is not

the measure of mazximal entropy on (X, S). Then, there is a non-empty interval (3, 57) C R
such that,

123



6. The TM measure as a g-measure

(1) b is a strictly concave, real analytic function on (87, 8%), given by

A
log(2)’
where p: t — Piop(t)) is a strictly convex, real analytic function on R.
(2) [B~,57] =dom(p*) :={B € R:p*(B) < oc} is the domain of p*.
(3) The level sets B(B) are dense in X if B € [87,8%] and B(B8) = @ otherwise.

(4) The exceptional set B = {x € X : 9(x) does not exist} has full Hausdorff dimension,
that is, dimy B = dimy X. ]

b(B) =

Remark 6.3.10. In the situation of Fact it is clear that b(5) = 0 as soon as 3 lies
outside of [31, f2]. A priori, it is possible that b(31) and b(/32) can be strictly positive, although
b(B1) = b(B2) = 0 is the typical situation (for a residual set of potentials) [Schm99). O

The corresponding relations for F(«) and the dimension spectrum f(«) are easily obtained
from (6.15) and (6.16]). Our main goal for the next section is to find an analogue of Fact
as well as a relation between the Birkhoff and dimension spectrum for the TM measure.

The TM potential

For the remainder of this chapter, we specialise to the TM measure, that is, we set

o0
b= i = [[20(8%2), g = L(1—cos(2rna))

k=0
and ¢ = log(g) for the TM potential. We emphasize that both Theorem and Fact
do not cover the TM measure because g has a zero and, consequently, the potential 1) has a
singularity at x = 0. In fact, although pipy, is an equilibrium measure, due to Theorem m
it cannot be a Gibbs measure. This is because the function exp(¢y(z) —nP) is 0 at one of
the boundary points of [z, - --z,,], irrespective of the choice of P. Nevertheless, we encounter

a Gibbs-like property if we follow the orbit of points x in one of the SFTs X,,, defined in
(16.10)).

Lemma 6.3.11. For every m € N, there exists a constant K = K(m) such that

PR

exp(@nz) S

for all x € X,,, and n € N.

Proof. The basic ideas for this proof are similar to those employed in the proof of Lemmal6.3.6
but some additional care is needed to deal with the singularities in ). We start by proving
the upper bound. Due to Lemma [6.2.T]

p(fzy - xy]) < E[SU.I.). ]exp(wn(y)), (6.17)

124



6.3. Multifractal analysis

for all z € X and n € N. Given m € N, denote by %™ the restriction of ¥ to the clopen
subset X[,,,) = X'\ {[0™F1], [1™*+1]}. This function is Hélder continuous, and we denote by

o0

C =C(m) =Y ¢M27" < o

k=0

its bounded variation constant. Since X, C X[;;,), we have 1 (y) = YIml(y) for y € X,,. Due to
the fact that v is increasing on [0] and decreasing on [1], finding the supremum of ) on some
cylinder set [w] that overlaps X, amounts to finding the supremum on [w] N X{,,. Hence, for
all k € N, w € {0,1}* and z € [w] N X,, # J, we obtain

sup ¥(y) —¥(z) < sup  PM(y) —M(z) < M2,

yEw] YE[W]NX [

Given z € X,;, and n € N, this yields

n
sup a(y) — va(@) < DO( s w(y) - w8 ) < €
Y€z, k=1  VEELT,]
and hence the upper bound follows, with K = exp(C).
For the lower bound, we need to be slightly more careful because the infimum of exp(iy,(y))

on [z, ---x,] yields only the trivial bound 0. However, due to the symmetry of g, we have
w([0]) = w([1]) = 0.5, which yields, for j € {0,1},

plly - 2,]) = / gnlzy - -any)du(y) = 5 inf - ga(y).
lj UISIEFRUE M)
Setting j = x, + 1 mod 2, and using = € X,,, we observe that [z, ---x,j] C Xy, for all
1 < k < n. Thus, by similar reasoning as above,

n

gnl@) = intdnfy) < (4840 - nfwly) < C

and the lower bound follows, with the modified constant K = exp(2C). O]
Corollary 6.3.12. Given m € N, we have

() = nl;r{:oT = —log(2) dim,,(z),
for all x € X,,,, provided the limit exists. ]

Another reason why it is useful to restrict our attention to the subshifts (X,,,S) is that
it allows us to refer to the powerful machinery presented in the last section. Indeed, Theo-
rem and Fact do apply to the subshifts of finite type (X,,,S), together with the

restricted potential
@ZJ(m) = ¢|Xm-

Indeed, it is a straightforward exercise to verify that (X,,,.5) is topologically mixing, ™) s
Holder continuous and the corresponding equilibrium measure i, is not equal to the measure
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6. The TM measure as a g-measure

of maximal entropy (the Parry measure) on (X,,,S). It should be noted that exp()(™(-))
does not define a g-function on (X, S) because the sum > g1, exp ()™ (y)) can be strictly
smaller than 1. Hence, p,, is not a g-measure, but it is a Gibbs measure by Theorem [6.3.
We denote the associated pressure function by

pm: R—=R, pm(t) = Ptop (ﬁ/}(m)),
with Prop as in (6.14)), being implicitly defined over (X,,,S). By Fact it follows that

bn(B3) = dimy Bn(8), Bm(B) := B(B) N Xpm

satisfies * ()
p
b = - ’
for all 8 € (8,,,5,,), where [3,,, 3;'] = dom(p},). Further, due to Corollary [6.3.12] it imme-
diately follows that

(6.18)

Fm(a) == Fla)NX,, = By(—log(2)a) (6.19)
and

fm(a) = dimy Fpp () = by (—log(2)a) (6.20)
hold for all m > 2.

Proposition 6.3.13. We have 8, = B+ = log(3/4) for all m > 2, and (B;,)m>2 s a
non-increasing sequence, with limy, o 3, = —00.

Proof. Due to a classic result by Gelfond [Gel6§|, the maximal Birkhoff average for 1) is given
by

supii(a) = w{(00") = tog(}),

zeX
compare also [BGKS19, Prop. 3.1] for an alternative proof of this relation. Hence, B,,(8) = @
for all B > log(3/4). On the other hand, since the alternating sequence (01)Y is contained in
Xy, for all m > 2, it follows that B,,(8) # @ for 8 = log(3/4). That is, 3;;, = log(3/4) is the
critical value for the onset of empty level sets B,,(3).

On the other hand, since (B,,(8))m>2 is an increasing sequence of sets for all 5 € R, so is
the sequence of intervals ([3;,, 3;])m>2 that encode the obtainable levels. Hence, (3;,)m>2 is
non-increasing. Given m > 2, we consider the periodic sequence y,, = 0"1 € X,,. For large
m € N, the S-orbit of y,, is close to the singularity of ¢ for a positive fraction of the orbit.
This suffices to conclude that

By definition, y,, € Bn (¢ (y,,)) # @ and hence S;, < ¥(y,,), and the last claim follows. [

Corollary 6.3.14. The level set B(f3) is dense in X for each B <log(3/4), and B(B) = @ if
B > log(3/4). Also, the exceptional set

B = {z € X :9(z) does not exist},

has full Hausdorff dimension dimpy B=1.
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6.3. Multifractal analysis

Proof. The fact that B(8) = @ for 8 > B+ = log(3/4) follows again by Gelfond’s result,
compare the proof of Proposition On the other hand, for 3 < BT, there exists a
mo € N such that 8 € [3,,, 3] for all m > mg, due to Proposition Hence B,,(5) is
dense in X,,, by Fact Since the union of all X,,, with m > myg is dense in X, so is the set

B(B) > |J Bu(B)

m>=mo

Finally, again by Fact it follows that
dimy (B N X)) = dimy X,

which yields
dimy B > dimy | J (BNX,,) = sup dimy X,
m>2 m>2
by standard properties of the Hausdorff dimension [Pes97, Thm. 6.1]. Hence, it suffices to show
that dimy X, converges to 1 as m — oo. There are certainly several ways to do so. We sketch
one version in the following. The SFT is topologically conjugate to a Markov subshift with
a primitive transition matrix A; compare Section and [LM95]. By [Pes97, Thm. A2.9],

we have

. log(pm)
Xm = )
dimg og(2)

where p,, is the PF eigenvalue of the transition matrix A. Using the methods provided

in [HA21|, we obtain that p,, is the largest root of the polynomial
gm(z) = 2™t — 2™ 4 1.

Note that ¢, (2) = 1 and that ¢},(2) — oo as m — oo. From this, it is straightforward to

show that p,, = 2 as m — co. We obtain dimy B > lim,,_,~ dimy X,;;, = 1, and the proof is
complete. n

The proof of Corollary [6.3.14| makes use of the idea that, in order to obtain certain relations
on (X, S), it is possible to first analyze the corresponding relations on (X,,,S), with m > 2,
and then to “exhaust” (X,S) by the spaces (X,,,S) in an appropriate sense. We build on

this idea in order to push the relation between by, fr, and py, in (6.18) and (6.20]) towards a

relation between b, f and the pressure function
p: R — (—O0,00], p(t) = Ptop(tw)-

By definition, it is straightforward to see that each of the sequences of functions (by,)m,
(fm)m and (pm)m are non-decrasing and bounded by b, f and p, respectively. In fact, we
will see that the sequences converge pointwise to b, f and p, respectively. This requires some
additional control, ensuring that the level sets of ¢(z) and dim,(z) in X take up a similar
“proportion” (in the sense of Hausdorff dimension) when restricted to X,,, for large enough m.
The main technical tool in this direction was provided by Schindler in [BGKS19, Lemma 5.2]
and [BGKS19, Lemma 5.3], relating the behaviour of 1,, on cylinders in X to the behaviour
of v, on appropriately chosen cylinders in X,,.
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Figure 6.4.: Illustration of the pressure function ¢ — p(t) (solid line) with the asymptotes
t— (1 —2t)log(2) and ¢ — log(3/4)t (dashed lines).

Lemma 6.3.15 ([BGKS19|). Let m > 2 and A = {0,1}. Then, there exists a function
hm: AT — AT with the following properties.
(1) Given n € N, we have hy,(A") C A" and #h;, (v) < 2™ for all v e A™.
(2) For every w € A", the word v = hy,(w) satisfies [v] N X, # &, and
sup ¢n(y) < sup - Pn(x) +4|n/m] + 2777,
y€(w] z€[v]NXom

for alln € N. ]

Remark 6.3.16. In fact, we considered a slightly different potential function in [BGKS19],
given by {/;(93) = ¢(x) + log(2), for all z € X. Since p is the unique equilibrium measure
to both 9 and 7;, this choice is somewhat arbitrary. It is straightforward to verify that the
corresponding pressure function is related to p via

ﬁ(t) = 7)‘cop(t{/;) = p(t) +t10g(2)7

for all £ € R, and that the corresponding Legendre transform is obtained from p* by a shift
in the argument of magnitude log(2). O

Proposition 6.3.17. For every t € R, we have limy,_yo0 pm(t) = p(t). The convergence is
uniform on every compact subset of Rso. In particular, p is conver and continuous on its
domain dom(p) = Rxp.

Proof. We start by showing pointwise convergence. Since (pm(t))m>2 is non-decrasing and
bounded by p(t) for all ¢t € R, it suffices to show that p(t) < limy,—c0 pm(t). Recall that

.1
Pm(t) = Prop(typ™) = lim = log Z sup  exp(tyy(z)).
we{0,1}n z€[w]NXm,
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6.3. Multifractal analysis

For t < 0, set y,, = 01 € X,, as in the proof of Proposition [6.3.13, and recall that
limyy, 00 ¥(y,,) = —00. Hence,

m—00

1 _
pm(t) = lim —logexp(ttn(ym)) = 14 (ym) —— oo

This also shows that p(t) = oo for all t < 0. For ¢ > 0, we group the words in {0, 1}" according
to their images under h,, and obtain, using Lemma [6.3.15
.1 4t + log(2)
p(t) = nlgxolo - log Z Z sup exp(ti,(z)) < — + pm(t),

v€hm (A™) wehm! (v) €]

for all m > 2. Performing the limit m — oo yields the desired convergence. Clearly, the
convergence is uniform on every compact subset of R>(. Hence, the property of being convex
and continuous on R>g is inherited from the functions py,. O

Corollary 6.3.18. The sequence of functions (p),)m>2 converges pointwise to p* on dom(p*).

Proof. This follows by standard arguments in convex analysis. Since p is convex and con-
tinuous with a closed domain, it is closed in the sense that p~1(—o0,] is a closed subset of
R, for all y € R. The same holds for each of the functions p,,, with m > 2. This is enough
to obtain pf, — p* from the pointwise convergence p,, — p |JK11, Prop. 4.1]; compare
also |[Roc70L[SWT77] for background on convex analysis and the convergence of epigraphs. [

Combining Corollary [6.3.18 with (6.18]), we observe that

DB _ i b(8) < b(B), (6.21)

B log 2 m—00

for all g € dom(p*). Hence, in order to get equality, it suffices to bound b(/3) from above
by —p*(5)/log(2). Similar reasoning applies to the sequence (fy,())m>2. The proof of the
remaining step is due to a construction by Kessebohmer in [BGKS19, Sec. 6], which we
reproduce in the following, with minor changes in the presentation.

Proposition 6.3.19. We have limy, o0 fr(a) = f(a) and limy, o0 b (8) = b(B) for all
a, B € R. Further, for all B < log(3/4),

_pr(B)
log(2)’

and b(B) = 0, otherwise. The function f satisfies f(a) = b(—log(2)a) for all a € R.

b(B) =

Proof. We focus on the relation for b, the corresponding result for f is obtained by similar
arguments. By Corollary b(B8) = 0 for B > log(3/4) is immediate. Hence, we assume
B < log(3/4) in the following. Our aim is to show that, given ¢ > 0 and s > —p*(5—¢)/log(2),
the s-dimensional Hausdorff measure m§;(B(f)) vanishes. We then obtain

o . RO R )
b(p) = dimy B() < limsup —=3 o= <~
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6. The TM measure as a g-measure

where the last step is due to the fact that p* is automatically lower semi-continuous, by
standard properties of the Legendre transform. In particular, (—oo,log(3/4)] C dom(p*). In
conjunction with , this yields the desired relations.
It remains to show that mf,(B(3)) = 0 in the situation above. As a first step, note that
(z) = B requires that 1, () > n(B — ¢) eventually, and hence,
B(B) C limsupG(n,a—¢), Gn,a—e) = {x € X:¢,(z) >n(f—e)},

implying that
mi(B(8) < lim 3 miy(G(n, 5 — ). (6.22)

k—o0
n>k

In the following, we cover G(n, S —¢) by cylinders of length n and obtain an upper bound for
the number of such cylinders. This will yield an upper bound for the s-dimensional Hausdorff
measure that decays exponentially with n. Let I';, = {w € {0,1}" : [w] N G(n,5 —¢) # T}.
Since f < log(3/4), the set I'y, is non-empty. We bound #I',, in terms of s. First note that
by the assumption on s, there exists a ¢ > 0 such that

slog(2) > p(t) —t(B —e).

Given ¢ > 0, we can find ng such that for all n > ny,

1 log(#I'n)
> - —_— = ———————— _—
p(t)+5 > 1log S exp(in(8—€)) = B g o).
wel'y
Choosing § > 0 small enough, we obtain
| r,
slog(2) > %, (6.23)

n
for all n > ng. Using G(n,a —¢) C Uyer, [w], we get for n > ny,
m§(G(n,a —¢€)) < Z m([w]) = #pne—nslog@) — o n(slog(2)—log(#I'n)/n)
wel'y

Because of (6.23)), there exists a number r > 0 such that slog(2) — log(#I'y)/n > r, for all
n = ng. Finally, due to (6.22)),

and the claim follows. O

In the proof of Proposition [6.3.19] we have already seen that (—oc,log(3/4)] C dom(p*). In
fact, with a bit more work, it is possible to show that (—oo,log(3/4)] = dom(p*) [BGKS19].
Hence, we can express b on R as

b(8) = max {—f:g((g)),O} . (6.24)

Analyzing the properties of p, it is possible to be more explicit about the form of the Birkhoff

spectrum b.
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6.3. Multifractal analysis

Proposition 6.3.20. The function b is concave on (—oo,log(3/4)], identical to 1 on the
interval (—oo,log(1/4)], and strictly smaller than 1 otherwise. Further, b(3) = 0 for all

B > log(3/4).

Sketch of proof. Using , all of the announced properties of b follow from properties of
the pressure function p, that were established by Kessebohmer and Schindler in [BGKS19,
Prop. 7.1]; compare also [BGKS19, Sec. 8]. Let us sketch an alternative proof for the fact that
b(B) =1 for all B < log(1/4) that sheds a different light on this probably most uncommon
feature of the Birkhoff spectrum. By an application of Birkhoff’s ergodic theorem, it follows
that for Lebesgue almost every x € T,

Px) = /T b(a) dAg(z) = log(1/4),

by direct calculation, compare [BGN14]. This implies that the points z € X with ¢(z) =
log(1/4) have full Hausdorff dimension, that is,

b(log(1/4)) = dimy B(log(1/4)) = 1.

On the other hand, b,,(log(1/4)) — 1 as m — oo due to Proposition [6.3.19, and b,,(5,,) = 0,
with 3., — —o0, as we have seen in Proposition |6.3.13] Since by, is concave, the graph of by,
lies above the line segment connecting the points (5,,, b, (5,,)) and (log(1/4), by, (log(1/4))).
For all 8 < log(1/4), this yields

1> 0(p) = lim by(B) =1,

m—r0o0

and the claim follows. O

Collecting the results and procedures above, we are now in a position to prove Theo-
rem Again, we gloss over the subtle differences between (T,7») and (X, S); compare
Remark and [BGKS19] for a more careful account.

Proof of Theorem [6.0.1] The statements on the form of the dimension spectrum follow from
Proposition together with the relation f(a) = b(—log(2)a), which was stated in
Proposition Using the relation between restricted level sets in , the proof of
Corollary is easily adapted to yield the corresponding results for the level sets F(a)
and the exceptional set F. Here, in order to obtain that F(a) = @ for a < ag, we use
Gelfond’s result in conjunction with the upper bound of the measure on cylinder sets given
in .

Finally, by the Shannon-MacMillan—Breiman theorem, stated in Theorem the local
dimension d,(z) is p-almost surely given by

hy
I = log(2)’

which is often called the information dimension |GL9I0]. This means just u(F(d,)) = 1. By
standard arguments in dimension theory, this implies that d, = f(d,) [Pes97, Ch. 5]. O
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6. The TM measure as a g-measure

Remark 6.3.21. The fact that the dimension spectrum f(«) is constant to 1 for all & > «;
can be traced back to the singularity of ¢(x) at x = 0; compare also the discussion in [GL90].
In fact, as we already discussed in Section (B (z)) decays faster than any polynomial at
dyadic points. Due to approximation ideas, it is therefore not surprising that arbitrarily fast
polynomial scaling is typical in the sense of full Hausdorff dimension. In a sense, the pointwise
dimension of u does not offer enough “resolution” to get a meaningful characterization of the
thin part of u from the corresponding spectrum. The fastest scaling of u(B,(z)) is to be
exprected at x = 0, where it satisfies

log p(By(x)) ~ —0log(r), (6.25)

with 0 = 1/log(2) and v = 2, see |[GLI0,BCEG21,BG19]. It might well be that we obtain a
meaningful spectrum if we regard the level sets of points x such that holds for v = 2
and some 0 € [0,1/log(2)] (alternatively for v € [1,2] and arbitrary ¢). This could lead to a
multifractal analysis that captures the behaviour of i at points where the scaling is super-
polynomial and seems to be a promising direction for future research. However, the subshifts
X, are clearly blind to the super-polynomial scaling, calling for new methods. %

Remark 6.3.22. It is a special feature of the potential i that the singularity is placed
at a fixed point under the doubling map. It seems natural to inquire what happens if the
singularity if shifted to a different point. A multifractal analysis for the more general family
of potentials

Up(x) = Yz +b),

with b € T, is performed in upcoming work of Fan, Schmeling and Shen [FSS|. It is also
worth noting that, for each b € T, the equilibrium measure that corresponds to i is the
diffraction measure of a generalized TM substitution on a compact alphabet, as defined in

Example O
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One of the striking features of random substitutions is the coexistence of positive entropy
and non-trivial Bragg peaks in the diffraction image. The latter also signify the existence
of non-trivial dynamical eigenvalues. In [BSS18]|, it was shown for several examples that the
corresponding eigenfunctions are discontinuous, but that the points of discontinuity form a
null set for the ergodic measure. In this situation, the maximal equicontinuous factor of the
dynamical system is trivial and the pure point part of the dynamical spectrum is captured
by its measure-theoretic analogue, the Kronecker factor. In fact, the Kronecker factor is
the same for all ergodic measures of interest in this case, and it coincides with the maximal
equicontinuous generic factor, which is a purely topological object, defined on the subset of
points with a dense orbit; compare [HY 12} Kel20] for background. It would be interesting to
see if these observations hold in general for compatible random substitutions (possibly under
mild extra assumptions), just like some of the other characteristics discussed in Chapter

A natural analogue of the classic Pisot substitution conjecture in the random setting is to
assume absence of a singular continuous component in the diffraction spectrum of (irreducible)
compatible Pisot random substitutions. In full generality, this is probably difficult to establish,
but it should be possible to construct effective algorithms that check this property for specific
examples. This is already work in progress [GMR].

Concerning the algorithms for computing the topological and measure-theoretic entropy of
random substitutions, a generalization to higher dimensions seems to be well within reach,
at least for particularly simple examples like random stone inflations (compare also the ran-
domization of the Penrose tiling, discussed in |[GL89|). This would already suffice to cover
the models of random percolation investigated by Dekking and Meester in [DM90]. There,
it was shown that varying the underlying probability parameter can lead to several phase
transitions. Maximising the entropy with respect to this parameter might be a way to single
out a physically reasonable phase.

A general motive, underlying the treatment of random substitutions in this thesis, is that
characteristics that are defined for the limiting objects (bi-infinite sequences) can be most
efficiently calculated or determined by following iterations of the random substitution on finite
words. A similar idea, in the form of so called trace maps, has proved to be fruitful for the
discussion of Schrodinger operators that are associated to deterministic substitutions [BG94].
Although a generalization to random substitutions is certainly desirable, it seems to come
with serious technical obstacles. This is partly due to the fact that spectral properties of
Schrodinger operators are much less robust to small changes in the base dynamics than
characteristics like entropy or diffraction.

The existence of periodic points in a subshift directly yields that the Schrodinger operator
associated to a point with dense orbit exhibits intervals in its spectrum. It is an open question
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whether the same property is implied by positive entropy of the underlying subshift. Many
classic examples in the positive entropy regime like Bernoulli subshifts or subshifts of finite
type also contain periodic points and hence do not help to settle this question. In this regard,
the random Fibonacci subshift, which combines positive entropy with the absence of periodic
points, provides a useful example. The same holds for (aperiodic) Boshernitzan subshifts with
a random background. Unfortunately, for both cases, the study of the Schrodinger spectrum
has remained inconclusive so far.

Regarding the multifractal analysis of the Thue-Morse measure, provided in Chapter [6]
several further research directions suggest themselves. First, the diffraction of more general
substitutions of constant length naturally leads us to consider Matrix-valued Riesz products
[Quel(]. In this context, we are dealing with non-commuting objects in general, and hence
the scaling analysis can be expected to become more involved. A non-additive version of the
thermodynamic formalism might be of help; compare [Pes97, Ch. 4] and [Bar96]. On a more
conceptual level, the study of potentials with singularities in the framework of thermodynamic
formalism certainly deserve further, and more systematic, attention. A first step is provided
in [F'SS]. Finally, revisiting the idea presented in Remark it would be desirable to find
a multifractal analysis of the TM measure that accounts for those points of the unit interval
where the measure decays faster than any polynomial.
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A. Conditional probabilities
Let (2, F7,P) be a probability space and assume that f is a random variable in L'(Q, F,P).

We fix some o-algebra Fy C F.

Definition A.0.1. A conditional expectation of f with respect to Fy is an Fy-measurable
/ fdP = / fo dP,
B B

A conditional expectation of f with respect to Fy always exists and it is unique up to P-null

random variable fy such that

for all B € Fy.

sets. We denote by E[f|Fp] the corresponding equivalence class of functions.

Definition A.0.2. Let A € F. The conditional probability of A with respect to Fy is given
by
P[A|Fo] = E[14|Fo].

We emphasize that a conditional probability is an equivalence class of functions that is well-
defined almost surely. To see the connection with the more elementary notion of conditional
probability, assume for a moment that Fy is the o-algebra generated by some finite partition
{B1,...,B,} of Q, composed of sets with positive P-measure. Then, we can choose a version
of the conditional probability by

PlA|Fo](w) = PA[Bj],

whenever w € Bj and 1 < j < n. Similarly, if Z is a random variable on (£2, F) that takes
only finitely many values with positive probability, we get, for w satisfying Z(w) = z,

P[A|o(Z)](w) = PA|Z = 2].

Even for more general random variables Z, P[A|o(Z)] can be written as a function that
depends only on the values of Z. This is due to the Doob-Dynkin lemma |[Bob05, Ch. 2.1].

The same observation holds for conditional expectations. If Y, Z are F-measurable random
variables, it is customary to employ the notation

EY[Z] := E[Y]o(2)];

which is implicitly a function on Z.
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