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To this day, only the influence of the forcing scheme on the continuity
and momentum equation was analysed but not its impact on the

advection-diffusion equation in multicomponent systems.
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Diffusion

𝐷He = 𝑐𝑠
2 𝜏 −

1

2
𝐺 𝑐1𝜓1

′𝜓2 + 𝑐2𝜓2
′𝜓1 − 1

𝐷Shan = 𝑐𝑠
2 𝐺𝜏 𝑐1𝜓1

′𝜓2 + 𝑐2𝜓2
′𝜓1 − 𝜏 −

1

2

 The diffusion coefficient 𝐷 changes with the forcing scheme!

Performing a Chapman-Enskog analysis for the pseudopotential-based
multicomponent model for both the standard „Shan-Forcing“[1] and the
improved „He-Forcing“[2] leads to the following diffusion coefficients

[1] Shan, X.; Doolen, G. D.:  J. Stat. Phys. 81 (1), 379-393 (1995)

[2] He, X.; Shan, X.; Doolen, G. D.: Phys. Rev. E 57 (R), R13 (1998)
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How to get the critical value of 𝑮?

𝐷Shan = 𝑐𝑠
2 𝐺𝜏 𝑐1𝜓1

′𝜓2 + 𝑐2𝜓2
′𝜓1 − 𝜏 −

1

2

Phase separation occurs when 𝐷 becomes negative

 Set the diffusivity to zero, solve for 𝐺
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 Set the diffusivity to zero, solve for 𝐺
 Evaluate expression in the interface, where 𝐹𝛼

𝑘 is the largest

𝜌Int =
𝜌1
bulk + 𝜌1

dis

2
=
𝜌2
bulk + 𝜌2

dis

2



» 11

How to get the critical value of 𝑮?

𝐺crit
Shan =

𝜏 −
1
2

𝜏 𝜓′ 𝜌Int 𝜓 𝜌Int

𝐺crit
He =

1

𝜓′ 𝜌Int 𝜓 𝜌Int

𝐺crit
Shan =

1

2 𝜓′ 𝜌Int 𝜓 𝜌Int

𝐺crit
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𝜏 = 1

 The critical value of 𝐺 is shifted by a factor 2 for τ = 1

 Additionally, if 𝜓 = 𝜌, 𝐺crit
Shan reduces to the well-known expression[1]

𝐺crit
Shan =

1

𝜌1
bulk + 𝜌1

dis

[1] Huang, H; Thorne, D. T.; Schaap, M. G.; Sukop, M. C.: Phys. Rev. E 76, 066701 (2007)

τ = 1
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Factor 2

[1] Porter, M. L.; Coon, E. T.; Kang, Q.; Moulton, J. D.; Carey, J. W.: Phys. Rev. E 86, 036701 (2012)

 Factor two was already visible in initial publication[1]
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Critical Point

𝜓𝑘 = 1 − 𝑒
−𝜌𝑘

Measure 𝜌1
bulk and 𝜌1

dis in static droplet simulation for various 𝐺
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𝜓𝑘 =
2

𝜋
tan−1 𝜌𝑘

Critical Point

Measure 𝜌1
bulk and 𝜌1

dis in static droplet simulation for various 𝐺
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𝜓𝑘 =
2

𝜋
tan−1 𝜌𝑘

Critical Point

Measure 𝜌1
bulk and 𝜌1

dis in static droplet simulation for various 𝐺

Simulation results agree well with the generalized
expression for the critical value of 𝐺!
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Diffusion

𝜌1 = 𝜌mean 1 + 𝛿 sin 𝑘𝑥

𝜌2 = 𝜌mean 1 − 𝛿 sin 𝑘𝑥

Amplitude decayInitial density distribution

Measure diffusion in a 1𝐷 decaying sinusoidal concentration wave
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Analytical Diffusion Coefficient

 𝜌1 = 𝜌mean 1 + 𝛿 sin 𝑘𝑥

 𝜌2 = 𝜌mean 1 − 𝛿 sin 𝑘𝑥

𝐷Shan = 𝑐𝑠
2 𝐺𝜏 𝑐1𝜓1

′𝜓2 + 𝑐2𝜓2
′𝜓1 − 𝜏 −

1

2

 𝜏 = 1

 𝜓 = 𝜌

 𝛿 → small

𝐷Shan = 𝑐𝑠
2 𝐺𝜌mean −

1

2
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Diffusion (Shan vs. He)

𝐷 =
𝜌𝑘 𝑢𝑘,𝑥

𝑐 − 𝑢𝑚,𝑥
𝜕𝑥𝜌𝑘

Solve Fick‘s Law to obtain the numerical diffusion:
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Diffusion (Shan vs. He)

𝐷 =
𝜌𝑘 𝑢𝑘,𝑥

𝑐 − 𝑢𝑚,𝑥
𝜕𝑥𝜌𝑘

Solve Fick‘s Law to obtain the numerical diffusion:

Simulation results agree well with the analytical
diffusion coefficient provided for each forcing scheme
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Comparing 𝒖𝒔

[1] Porter, M. L.; Coon, E. T.; Kang, Q.; Moulton, J. D.; Carey, J. W.: Phys. Rev. E 86, 036701 (2012)

Spurious velocities should be
compared for equal

𝐺red =
𝐺

𝐺crit

If the comparison was done for
the same value of 𝐺, the
surface tension and the
interface thickness would be
different for different forcing
schemes!
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Summary

 It was shown that forcing schemes change the diffusion properties in 
pseudopotential-based lattice Boltzmann models for multicomponent flows

 Since 𝐺 is part of e.g. formulas for a priori estimation of contact angle 
estimation, they have to be adjusted if the forcing scheme changes. The 
same holds for previously determined estimates for the surface tension.

 Due to the change in diffusion as well as surface tension, proper 
comparisons of e.g. spurious velocities should be done for equal 𝐺red but 
not for equal 𝐺

 Using a different forcing scheme in multicomponent simulations not only
eliminates error terms in the Navier-Stokes Equations, but also changes
fundamental physics in the macroscopic advection-diffusion equation.
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