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Kurzzusammenfassung

In der multivariaten Extremwerttheorie kann man Abhéangigkeitsstrukturen durch
Pickands—Abhingigkeitsfunktionen modellieren. Insbesondere sind Extremwertvertei-
lungsfunktionen (EVDs) mit standard invers exponentiellen Randverteilungen und die
zugehorigen verallgemeinerten Pareto—Verteilungsfunktionen (GPDs) direkt mit Hilfe
ihrer Pickands—-Abhédngigkeitsfunktion D darstellbar. Neben GPDs umfasst das unter-
suchte statistische Modell auch Verteilungsfunktionen in der Nachbarschaft von GPDs.
Sie werden durch zwei Gruppen von Dichteentwicklungen charakterisiert, welche die
Abhiangigkeitsstruktur der zu Grunde liegenden Zufallsvektoren beschreiben und die
Basis fiir das Testen auf Flankenabhdngigkeit bilden.

Da Flankenunabhéngigkeit in wichtigen Spezialfdllen mit einer sehr geringen Rate
angenommen wird, ist die residuale Abhingigkeitsstruktur bedeutsam. Um diese zu
analysieren leiten wir Grenzverteilungen von Maxima unter Dreiecksschemata von Zu-
fallsvektoren her. Solch ein Resultat wurde von Hiisler und Reiss bzw. Hashorva fiir
normal- bzw. elliptisch verteilte Zufallsvektoren untersucht. Unser Ziel ist es, dieses
Problem auf einem abstrakten Niveau zu behandeln. Dazu befassen wir uns mit tech-
nischen Bedingungen an die obigen Dichteentwicklungen und Verallgemeinerungen
davon. Unsere Resultate erweitern wir zudem auf Modelle mit unterschiedlichen uni-
variaten Randverteilungen.

Schliefslich préasentieren wir mehrere MafSe fiir bivariate und multivariate asympto-
tische Abhédngigkeit. Analysen dieser Abhédngigkeitsmafie innerhalb des statistischen
Modells zeigen, dass sie in Beziehung stehen zu gewissen Dichteentwicklungen und
insbesondere zur Pickands—-Abhangigkeitsfunktion.
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Abstract

In multivariate extreme value theory dependence structures can be modeled by us-
ing Pickands dependence functions. Extreme value distribution functions (EVDs) with
standard reversely exponential margins and the pertaining generalized Pareto distri-
bution functions (GPDs) can be directly represented in terms of their Pickands depen-
dence function D. Besides GPDs our statistical model comprises multivariate distribu-
tion functions belonging to the neighborhood of GPDs. They are characterized by two
groups of density expansions which describe the dependence structure of the underly-
ing random vectors and are the basis for the establishment of a test on tail dependence.

Because in important cases tail independence is attained at a very slow rate, the resi-
dual dependence structure plays a significant role. To analyze the residual dependence
structure we deduce limiting distributions of maxima under triangular schemes of ran-
dom vectors. Such a result has been investigated by Hiisler and Reiss and Hashorva in
the special cases of normally and elliptically distributed random vectors respectively.
Our aim is to treat the problem on an abstract level. For this purpose we study technical
conditions imposed on the above mentioned density expansions and generalizations of
the same conditions. We also extend our results to models with different univariate
margins.

Finally, we present various measures of asymptotic dependence in the bivariate and
multivariate framework. Analyses of these dependence measures within our statistical
model show that they are related to certain density expansions and, in particular, to the
Pickands dependence function.
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1 Introduction

The modeling of asymptotic dependence structures has attracted attention more and
more and gained in importance during the last years. Various models have been devel-
oped and applied in fields such as insurance, finance and hydrology. Recent develop-
ments in the financial market, for example, have shown once more that dependencies
of extreme events in fact have to be taken seriously.

In models based on normal distributions, dependence structures are commonly de-
scribed by the correlation coefficient or the covariance matrix. The latter is particularly
used to estimate the Portfolio—VaR with the Variance—Covariance Method, cf. Reiss and
Thomas [41], p. 387. Yet as soon as heavy tails occur, the assumption of normality has
to be given up and the correlation is no longer an appropriate dependence measure.
Schmidt [48], p. 6, also states that the dependence structure of extreme events should
not be described by the covariance matrix.

To overcome these restrictions different dependence measures have been introduced
in literature: the tail dependence parameter, cf., e.g., Falk et al. [10], p. 163, the coeffi-
cient of tail dependence, cf. Ledford and Tawn [33], the residual dependence index, cf.
Hashorva [26], and Spearman’s Rho, cf. Schmid and Schmidt [46], to name just a few.

Yet all these parameters give only one—-dimensional information about the underly-
ing asymptotic dependence structures. One possible approach for a more extensive
modeling is given by the theory of copulas. Those multivariate distribution functions
may be used to analyze the dependence structures of multivariate random vectors sepa-
rately from the marginal distributions, cf., e.g., [41], p. 275. Copulas have enjoyed great
popularity and have been applied for the modeling of dependencies in many contexts.
In mathematical finance, for one field of application, they may be used to study de-
pendence structures of asset returns, see [48], p. 6, with reference to several articles
introducing copulas in mathematical finance.

Now in order to use copulas specifically for the modeling of dependencies in tail
regions one defines so—called tail copulas or tail dependence copulas which provide a
distributional description of tail dependence, cf. Juri and Wiithrich [31], Section 2.1,
and [48], Section 2.2.4.

Nevertheless, in spite of successful applications of copulas, doubts about their use-
fulness have been expressed and discussed, cf. [41], p. 275, where the authors refer to
Mikosch [37] and the attached discussions.

In this thesis we again choose a different way of modeling asymptotic dependence
structures, which, however, is related to the above mentioned approaches. Our statis-
tical model will enable us to look at these dependence structures from a distributional
point of view but also includes the possibility to determine one—dimensional measures
of asymptotic dependence.



1 Introduction

The basis for the present work is given by the multivariate extreme value theory. Note
that multivariate extreme value distribution functions (EVDs) with standard reversely
exponential margins can be represented in terms of a Pickands dependence function
D. The form of D determines the dependence structure: D = 1 stands for tail inde-
pendence, D # 1 for tail dependence. Therefore we call random variables Xj, ..., X,
tail independent if their joint distribution function belongs to the max—domain of at-
traction of an EVD with Pickands dependence function D = 1. Besides EVDs our
model also comprises the pertaining multivariate generalized Pareto distribution func-
tions (GPDs) and certain multivariate distribution functions which deviate from these
GPDs and, thus, belong to their neighborhood. To characterize distribution functions
in the neighborhood of a GPD we present two groups of extremal density expansions,
cf. Frick [16], Chapter 3, Frick et al. [17], and Frick and Reiss [18]. The first one is made
up of spectral expansions. The leading term is always a Pickands dependence function
D followed by factorized terms containing regularly varying functions. If D = 1, the
terms of lower order and in particular the exponents of variation determine the resid-
ual dependence structure. The second group of density expansions concerns Pickands
densities, i.e. densities of the Pickands transform, with Pickands densities under GPDs
as leading terms. The Pickands transform is the transformation of a random vector
(X1,...,X,) onto its Pickands coordinates, i.e. the angular and the radial component,
cf. Falk et al. [10], p. 150.

On the one hand, these density expansions are of interest on their own and shed
light on the dependence structure of the underlying distribution function as indicated
above. On the other hand, they are used to formulate technical conditions imposed
on the upper tails of multivariate distributions. They thereby again serve to deduce
information about asymptotic dependence structures in various ways. In the present
text we especially focus on the deduction and analysis of asymptotic distributions of
sample maxima under triangular schemes. Besides, we also show how a test on tail
dependence can be established based on expansions of Pickands densities and we point
out the relationship between spectral expansions and dependence measures. These
topics briefly describe some of the main aims of this thesis.

In Chapter 2 we provide a basis for further understanding by introducing theore-
tical concepts from multivariate extreme value theory, namely EVD, max—domain of
attraction, Pickands dependence function, GPD, Pickands coordinates, spectral decom-
position, spectral distribution function and Pickands transform, tail independence and
tail dependence.

The above mentioned multivariate density expansions are presented in Chapter 3.
Spectral expansions are defined as expansions of densities of spectral distribution func-
tions in the sense of Falk et al. [10]. Pickands densities as densities of the Pickands
transform are first analyzed under a GP random vector. They are called GPD-Pickands
densities in this case. Relationships between the multivariate and pairwise Pickands
dependence functions are established which are of interest in their own right. Equiva-
lences concerning the GPD-Pickands density and Pickands dependence functions are
of particular interest for the testing problem of the subsequent chapter. In a second
step we define expansions of Pickands densities with GPD-Pickands densities as lead-
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ing terms. Afterwards we show how they can be deduced from the pertaining spectral
expansions in the bivariate case. In the last part of Chapter 3 we provide examples
of multivariate distributions for which one can calculate density expansions, e.g. the
Crowder distribution, the bivariate standard normal distribution and Kotz type distri-
butions which belong to the class of elliptically symmetric distributions.

Chapter 4 starts with a limit theorem for the radial component which is based on
expansions of Pickands densities. The resulting limiting distribution functions enable a
distinction to be made between tail dependence and marginal tail independence which
leads to the formulation of the test on tail dependence generalizing a result in Falk et
al. [10], Section 6.5, and Falk and Michel [11]. We present a uniformly most powerful
test procedure and provide the pertaining power function and the p—value.

In Chapter 5 we consider limiting distributions and residual dependence structures
of maxima under triangular schemes, i.e. in schemes of random vectors where the
n—th line contains n random vectors. For triangular schemes of normally and ellipti-
cally distributed random vectors Hiisler and Reiss [29] and Hashorva [23], [22], [24],
respectively, have already computed limiting distribution functions, which are called
Hiisler—Reiss distribution functions in the Gaussian case.

Now the present work deals with this topic on an abstract level. Our aim is to de-
duce limiting distributions of maxima under triangular schemes while certain technical
conditions are satisfied. For this purpose we extend our density expansions in such a
way that they depend on the sample size n. In particular, we replace the exponent of
variation B by a sequence (B(n)),en which implies a varying dependence structure
in the previous random vectors. We thereby receive sequences of density expansions
on which we then impose convergence conditions. We compute limiting distribution
functions based on these conditions imposed on both sequences of spectral expansions
and sequences of Pickands density expansions. In the bivariate case it is shown that the
resulting limiting distribution functions can be identified with each other. For further
investigations we concentrate on spectral densities.

By establishing expansions for the distribution functions of maxima under triangular
schemes we gain additional insight into the residual dependence structure which is
essentially determined by the shape of the underlying spectral densities.

While presenting several examples in this context we also pay attention to the stan-
dard Gaussian case. It is stated that the spectral expansion pertaining to the bivariate
normal distribution cannot be applied within the triangular scheme approach. Thus
the asymptotic distribution of the sample maxima, i.e. the Hiisler—Reiss distribution,
cannot be derived. However, this becomes possible in a more general framework.

We formulate a generalized condition to be imposed on sequences of spectral densi-
ties. Again, we compute and analyze limiting distribution functions of maxima under
triangular schemes fulfilling this generalized technical condition. Besides the deduc-
tion of the Hiisler—Reiss distribution function an additional example is given by the
bivariate Crowder distribution.

We finish Chapter 5 by showing how the test on tail dependence is affected by vary-
ing dependence structures in the underlying densities.

Chapter 6 deals with the extension of previous results to different univariate margins.
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We consider precisely distribution functions with margins equal to or belonging to the
max—domain of attraction of arbitrary univariate EVDs. Based on and as an extension
of Chapter 2 we first present some important definitions and results, for example, we
introduce modified Pickands coordinates and the modified Pickands transform. Using
these modified concepts the spectral expansions and the expansions of Pickands densi-
ties coincide for different types of marginal distributions. This gives us the possibility to
reformulate our results of Chapter 5, i.e. to deduce limiting distributions and residual
dependence structures of maxima under triangular schemes whose univariate margins
belong to the max—domain of attraction of any univariate EVD.

Chapter 7 is devoted to measures of asymptotic dependence. We first present some
measures of bivariate dependence that can be found in literature, e.g. the above men-
tioned tail dependence parameter and dependence measures introduced by Coles et al.
[6], Section 3.3. These parameters can also be computed within our statistical model
comprising spectral expansions. They take a specific shape in this case and are related
to the Pickands dependence function and the exponent of variation of the underlying
density expansion.

Multivariate extensions are rare in relevant literature. Most considerations are re-
stricted to the bivariate case. Yet there are still some multivariate approaches, cf. Falk
et al. [10], Section 6.4, Schmidt [47], Definition 7.1, Schmid and Schmidt [46], and Weiss-
man [52], Section 2. Taking into account these proposals we define different measures
of multivariate asymptotic dependence which are extensions of the previously consid-
ered measures of bivariate asymptotic dependence. As before, we also analyze these
measures within our statistical model. Additional modifications for the bivariate as
well as for the multivariate case are enclosed at the end.

In Chapter 8 we conclude the thesis with some final remarks and an outlook concern-
ing further research work.



2 Mathematical basics from multivariate
extreme value theory

In this chapter some central terms as tail dependence, Pickands dependence function
and Pickands coordinates are formally defined in the framework of the multivariate
extreme value theory.

We start Section 2.1 with the characterization of certain max—stable multivariate dis-
tribution functions and introduce the notion of the Pickands dependence function.
Multivariate extreme value distribution functions (EVDs) as well as multivariate gen-
eralized Pareto distribution functions (GPDs), which are also defined in this part, can
be represented in terms of a Pickands dependence function D. These representations
motivate the introduction of Pickands coordinates and of a spectral decomposition of
multivariate distribution functions in Section 2.2. The transformation of a vector into
its Pickands coordinates is also of importance in this context. Finally, in Section 2.3 we
provide the formal definition of tail independence and tail dependence in this frame-
work.

The outline of this chapter follows that of Falk et al. [10], Chapters 4 and 5, including
Reiss and Thomas [41], Chapter 12.1, cf. also Frick [16], Chapter 2.

2.1 Extreme value and generalized Pareto distribution
functions

In the univariate case, EVDs are defined as limiting distribution functions of maxima
of random variables. Multivariate EVDs can be introduced in the same way. Let there-
fore X; = (Xi1,...,Xiq), i < n, be independent, identically distributed (iid) d-variate
random vectors with common distribution function H, d > 2. The maximum of these
random vectors is taken componentwise, namely

max X; := | max Xj1,...,max Xy |,
i<n i<n i<n
and we have

p {maxXi < x} = H"(x). (2.1)

i<n

The limiting distribution functions of such maxima of random vectors are again called
EVDs.
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Definition 2.1.1
If d—dimensional vectors ¢,, > 0 and d,, exist such that

H"(dy + ) — G(x), x €RY, 2.2)

as n — oo, we call G a d—variate extreme value distribution function (EVD). In addition, we
say H belongs to the max—domain of attraction of G, in short H € D(G).

As in the univariate case, multivariate EVDs can be characterized by the property of
being max—stable.
A distribution function G is max-stable if we have

G"(dy + ¢nx) = G(x), x€ RY, (2.3)

for every n € IN and for certain d-dimensional vectors ¢, > 0 and d,.

In what follows we primarily consider d—variate max-stable distribution functions
with reversely exponential margins Gy1(x) = exp(x), x < 0. The function G, is the
standard Weibull distribution function with shape parameter « = —1. Now, if a distri-
bution function G is max—stable with margins G;,j = 1, ..., d, it can be standardized by
the following simple transformation:

G(Gy ' (Go1(%1)),---, G (Goa(x4))), x <0, (2.4)

is a max-stable distribution function with reversely exponential margins, where Gj’1
denotes the quantile function of G;.

The family of max-stable distribution functions with univariate margins G, can be
characterized by the following theorem, cf. [10], Theorem 4.3.1.

Theorem 2.1.2
A d—variate function G is a max—stable distribution function with reversely exponential mar-
gins if, and only if, the equation

G(x) = exp < s rir;ig\(uixi) dy(u)) , x<0, (2.5)

is valid, where y is a finite measure on the d—variate unit simplex
S:{u:Zui:LuiEO} (2.6)
i<d
with the property
/ui du(u) =1, i<d. (2.7)
S

From this theorem we can deduce the representation of an EVD in terms of a Pickands
dependence function. By further transformation of expression (2.5) we obtain

G(x) = Gp(x) := exp ((gJCi) D <Z‘2 Pl Z%i;}q)) , (2.8)




2.1 Extreme value and generalized Pareto distribution functions

for x = (x1,...,x4) € (—09,0]%, x # 0, where D : R — [0, ) is the Pickands depen-
dence function

D(tlr---/td—l) = /Smax <M1t1,...,ud_1td_1,ud <1— Z tl‘)) dy(u) (29)

i<d—1

The domain R of D is given by

R:= {(tl,...,td_l) e Y 1< 1}. (2.10)

i<d—1

We also call (2.8) the Pickands representation of G.

In [10], p. 162, it is shown that the measure u on the simplex S in R? can be replaced
by a measure v on [0,1]. Therewith one is able to reformulate Theorem 2.1.2 in the
bivariate case, cf. [10], Lemma 6.1.1.

Lemma 2.1.3
A bivariate function G is a max—stable distribution function with univariate reversely exponen-
tial margins if, and only if, the representation

Glx) =ew (40D (), %y <0 (x) £ 0,0,

x+y

is valid, where D : [0,1] — [0, 1] is the Pickands dependence function

D(z) = /01 max((1 — )z, u(1 — z)) dv(u)

and v is an arbitrary measure on [0, 1] with the properties
1
v([0,1]) =2 and / udv(u) = 1. (2.11)
0

Now let M(z) := v([0,z]), z € [0, 1], be the measure generating function correspond-
ing to v. Then one can verify the representation

D(z)=1—z2+ /0 “M(x)dx, ze0,1], (2.12)

which again implies that D is absolutely continuous with derivative
D'(z) :=M(z)—1, z€][0,1],
cf. [10], Lemma 6.2.1 with subsequent investigations.

In general the shape of the Pickands dependence function D determines the depen-
dence structure of a d—dimensional random vector X = (X3, ..., X;) following the max-
stable distribution function Gp represented by (2.8). In particular, the dependence func-
tions D(t) = 1and D(t) = max(ty,...,t5_1,1 — Y;<4 1 ti), t € R, characterize the cases
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of independence and complete dependence of the random variables Xj, ..., X;. They
can be regarded as the extremal points of the set of all dependence functions, cf. [10],
p.- 123.

Pickands dependence functions have some important properties listed below, cf. [10],
pp. 122-123.

Lemma 2.1.4
Let D : R — [0, c0) be some Pickands dependence function.

(i) The i~th unit vector e; = (0,...,0,1,0,...,0) in R%"! satisfies D(e;) = 1,i < d — 1.
Moreover, we have D(0) = 1.

(ii) D is continuous and convex.

(iii) For any t € R we have

1
Egmax (tlr---/td—lrl_ Z tz‘) SD(t)Sl

i<d-1
(iv) If the function D satisfies the symmetry condition
D(tl,...,td,l) = D(Sl,...,Sd,l) (213)

for any subset {si,...,55_1} of {t1,..., ta} with tg := 1 =Y,y 1t; it attains its
minimum at (1/d,...,1/d) € R, ie.

D(1/d,...,1/d) < D(t) forallt € R.

Note that the symmetry condition (2.13) is satisfied if, and only if, the random variables
X1,..., X4 are exchangeable, i.e. if (X;,, ..., X;,) again follows the distribution function
Gp for any permutation (iy, ...,iz) of (1,...,d).

(v) The convex combination D(t) = (1 — A)D1(t) + ADx(t), A € [0, 1], of two dependence
functions Dy and D, is also a dependence function.

For later purposes we mention a relationship between the d—variate and the pairwise
Pickands dependence functions. Let (X, ..., X;) be a d-variate random vector whose
distribution function belongs to the max—domain of attraction of a d-variate EVD Gp
with Pickands dependence function D. Then the bivariate marginal distribution func-
tion of the random vector (X,, X;) with r,s € {1,...,d}, r # s, belongs to the max—
domain of attraction of the bivariate EVD Gp,, with Pickands dependence function

Dys(z) :== D(ze;+ (1 —2)eg), z € [0,1], (2.14)

where e, and e are the r—th and s—th unit vectors in R9~1 and eq:=0¢ R4-1.



2.2 Pickands coordinates, spectral decomposition, and Pickands transform

Now we introduce the so—called generalized Pareto (GP) function, pertaining to the
max-stable distribution function Gp in R?, and write it in terms of the Pickands depen-
dence function D:

Wp(x) :=1+1og (Gp(x)) (2.15)

- ' X1 Xd-1 -
- (ZXZ> P <2i<d X' Yica xi> , log(Gp(x)) > —1.

i<d

In the univariate and bivariate case, the GP function is a distribution function. This is
not necessarily the case for d > 3. For a counter example see [10], p. 133.

In arbitrary dimensions d > 2, a distribution function is called a GPD — again de-
noted by Wp — if it has a representation as in (2.15) in a neighborhood of 0, cf. [10], pp.
132-136.

If we choose the function Gp as an EVD with reversely exponential margins in the
bivariate case, then the margins of the pertaining bivariate GPD are uniform on [—1, 0],
thus following a specific univariate GPD.

2.2 Pickands coordinates, spectral decomposition, and
Pickands transform

Looking at the functions Gp and Wp one recognizes that they both depend on the vector
x = (x1,...,%4) and the Pickands dependence function D in a certain manner. In order
to capture this structure we now introduce the so—called Pickands coordinates, cf. [10],
p- 136.

Definition 2.2.1
In the unique representation

X X4_ ied_1 X
o () (s 1 By
= Yi<d Xi Yi<d Xi Yi<d Xi

:ZC<Zl,...,Zd_1,1— Z Zi)

i<d-1

of an arbitrary vector x = (x1,...,%3) € (—00,0]% with x # 0 we call ¢ < 0 and z =
(z1,...,24-1) € R the Pickands coordinates of x. In particular, z is said to be the angular
component and c is called the radial component.

This denomination indeed makes sense as z represents the angle and ¢ the distance
of the vector x from the origin. The radial component will gain a certain importance in
what follows.

Now one can define spectral decompositions based on these Pickands coordinates.
Let therefore H be an arbitrary distribution function with support in (—oo,0]?. For
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z € Rand ¢ <0 put

H,(c):=H (c (zl,...,zdl,l — Z zi>> . (2.16)

This function H, is a univariate distribution function on (—oo,0] for any fixed z. The
distribution function H is uniquely determined by the family

P(H):={H,:z € R} (2.17)

of the univariate spectral distribution functions H,. The family P (H) is called spectral
decomposition of H, cf. [10], p. 137.
For a max-stable distribution function Gp with reversely exponential margins we
have, e.g.,
Gp.(c) =exp(cD(z)), ¢<0,z€R, (2.18)

and for a GPD Wp = 1+ log(Gp) we obtain
Wp,(c) =14¢D(z), c9<c<0,z€R, (2.19)

for a ¢y near 0.
It is also possible to represent any random vector X = (Xj,..., X;) on (—c0,0}4 in
terms of Pickands coordinates. For this purpose we define the transformation

T - (—oo,O]d \ {0} — R x (—o0,0)
by
T(x) = (Ti(x), T2(x))

X1 Xd—1
- Yox . (2.20)
(Zigd X Yi<d Xi g, l)

This is the transformation of the vector x = (x1,...,x;) onto its Pickands coordinates
z:=T1(x) € Rand ¢ := T(x) € (—o0,0). It is one-to—one with the inverse function

i<d—1

T Yz,c)=c (zl,...,zdl,l - Y zz-) ) (2.21)

The random vector
(Z,C) :=T(X)

is called the Pickands transform of the random vector X onto its Pickands coordinates,
cf. [10], p. 150.

If the distribution function of the random vector X = (Xj, ..., X;) has continuous
partial derivatives of the order d in a neighborhood of 0 € R?, there exists a density of
the Pickands transform on R x (co,0) for a ¢y < 0. The specific form of this density will
play a central role in the following chapter.

10



2.3 Tail independence and tail dependence

2.3 Tail independence and tail dependence

As already mentioned, the dependence structure of a random vector X = (Xy, ..., Xy)
following an EVD Gp is determined by the form of the pertaining Pickands dependence
function D. In particular, the random variables Xj, ..., X; are independent if, and only
if, we have D = 1, i.e., if X has the distribution function

Gp(x) = [ [exp(xi).

i<d

For random vectors whose distribution functions belong to the max—domain of attrac-
tion of the EVD Gp these statements are valid in an asymptotic way. This leads to the
definition of tail independence and tail dependence.

Definition 2.3.1

Assume that the distribution function H of a d—variate random vector X = (Xy,...,Xy) be-
longs to the max—domain of attraction of an EVD Gp with Pickands dependence function D. In
the case D = 1, the random variables X1, . .., X are called tail independent. In the case D # 1,
X1,..., X are said to be tail dependent.

To interpret the property of tail independence let X; = (Xj1, ..., Xjy), i < n, again be
independent, identically distributed d—variate random vectors with common distribu-
tion function H. Let H; be the j~th marginal distribution function of H, j < d. With (2.2)
it follows that

i<

P {max X,’j < dn]' + cn]-x]} = H]n(dn] -+ anx]') — GD,]‘(XJ'), n — oo,

where Gp; is the j~th marginal distribution function of the EVD Gp. According to
Definition 2.3.1, tail independence implies

P {rlngqxxi <d,+ Cnx} = H"(dy + ¢yx) — KHdGD'j(xj)/ n — oo,

Thus we can interpret tail independence as a property of a multivariate distribution
function meaning that the componentwise maxima are asymptotically independent.

11






3 Multivariate density expansions of finite
length

We have seen that multivariate EVDs with standard reversely exponential margins and
the pertaining multivariate GPDs can be parameterized in terms of their Pickands de-
pendence function D with D = 1 representing tail independence. According to the
definition of tail independence the Pickands dependence function also determines the
asymptotic dependence structure of functions belonging to the max—domain of attrac-
tion of EVDs.

In the following text we will consider different multivariate density expansions re-
lated to Pickands dependence functions. They characterize a certain group of distribu-
tion functions which are in the max—domain of attraction of an EVD and deviate from
the GPDs whereby EVDs serve as special cases. The outline of this chapter basically
follows that of Frick [16], Chapter 3, cf. also Frick et al. [17], and Frick and Reiss [18].

Section 3.1 starts with the concept of the spectral é—neighborhood of a GPD and
strengthens it by introducing spectral expansions of finite length. These expansions
contain regularly varying functions.

In Section 3.2 we introduce Pickands densities as densities of the Pickands transform,
i.e. of the joint distribution of the angular and radial component. In the first part (Sub-
section 3.2.1) we study Pickands densities belonging to a GP random vector. They are
denoted by ¢p. In this context we establish several relationships between the d-variate
and pairwise Pickands dependence functions as well as between multivariate Pickands
dependence functions D and the pertaining GPD-Pickands densities ¢p. These densi-
ties ¢p then provide the leading terms in the expansions of Pickands densities which
are presented in Subsection 3.2.2. These density expansions also contain regularly vary-
ing functions. Subsection 3.2.3 shows how the expansion of a Pickands density can be
deduced from the spectral expansion in the bivariate case.

Examples for spectral expansions and expansions of Pickands densities are given in
Section 3.3. Several of them will be the basis for studies in the subsequent chapters.
Because one of the presented density expansions belongs to an elliptical distribution,
we give a short introduction to spherically and elliptically symmetric distributions.

3.1 Spectral expansions
Starting with the spectral decomposition of a distribution function H, i.e. the family

P(H) of the univariate spectral distribution functions H, in (2.17), we introduce so-
called spectral expansions . First of all, consider the condition for a distribution function

13



3 Multivariate density expansions of finite length

H(x), x < 0, to belong to the differentiable spectral neighborhood or the differentiable
spectral 6-neighborhood of a GPD. It is provided in the following definition.

Definition 3.1.1
Let H be a distribution function on (—oo,0]% and assume that H,(c) possesses a positive deriva-
tive 3
hz(c) = 5 Hz(c) 3.1)

for ¢ < 0 next to 0 and any z € R. If hy satisfies the expansion

h,(c) =D(z)(1+0(1)), ¢10,z€R, (3.2)
or

hy(c) = D(z) (1 +0 (|c|5)), c10,z€R, (3.3)

respectively, for some 6 € (0,1], we say that H belongs to the differentiable spectral neighbor-
hood or the differentiable spectral 6—neighborhood, respectively, of the GPD Wp with Pickands
dependence function D. Briefly, we call h,(c) the spectral density of H.

An EVD Gp with reversely exponential margins, for example, belongs to the spectral
d-neighborhood of Wp = 1+ log(Gp) with é = 1, cf. [10], Section 5.3.

This conception of a spectral neighborhood of a GPD is due to the fact that GPDs
satisfy expansions (3.2) and (3.3) precisely, i.e. without remainder term.

Lemma 3.1.2
Fora GPD Wp = 1 +log(Gp) with Pickands dependence function D we get
d
wy(c) :== $WD,Z(C) = D(z)

for ¢ < 0 next to0and any z € R.

PROOF. The assertion follows directly from the spectral decomposition (2.19) of a GPD
Wh. O

Therefore the densities in the expansions (3.2) and (3.3) coincide with w, asympto-
tically, as ¢ T 0. To strengthen these expansions we introduce modified representations
with additional terms. Thus we obtain spectral expansions of length k 4 1 where k € IN.

Definition 3.1.3
Let H be a distribution function on (—co,0]% and assume that H,(c) possesses a positive con-
tinuous derivative 3

hy(c) == aHz(C)

for ¢ < 0 next to 0 and any z € R. Assume that

k
h,(c) = D(z) + Y _ Bj(c)Aj(z) +0(Bi(c)), c10,keN, (3.4)
j=1

14



3.1 Spectral expansions

uniformly for z € R, where D is a Pickands dependence function and the A; : R — R,
j=1,...,k, are integrable functions. In addition, assume that the functions B; : (—00,0) —
(0,00),7=1,...,k, satisfy
limBi(c) =0 3.5
C%\ i(c) (3.5)
and
‘m Bj(Ct)
cf0 Bj(c)
Without loss of generality, let B1 < B2 < --- < Bg. Then we say that the distribution function
H satisfies a spectral expansion of length k + 1.

=thi, t>0,p;>0. (3.6)

Property (3.6) means that the functions B, are regularly varying in 0 with the para-
meters 3 jr j =1,...,k, being the exponents of variation. According to Resnick [42], p.
13, it is always possible to write a f-varying function as |c|fL(c), where L is slowly
varying in 0, i.e., L has an exponent of variation equal to zero. As such functions play a
decisive role in what follows, we list some important properties, cf. [42], pp. 12-25.

Remark 3.1.4
Let B, B, and B be reqularly varying functions in O with positive exponents of variation B, B,

and Bs, Br > PBs.

(i) For B we have
1

/COB(u)du ~ —mB(c)c, c10,

cf. [42],p. 17.

(ii) Additionally, assume that the function B is absolutely continuous and possesses a mono-
tone derivative b. Then we have

cb(c)
M5 =P

cf. [42], p. 21.

(iii) For B, and Bs we have
B,(c)
Bs(c)

i.e. B;(c) = 0(Bs(c)), c 10, cf. Frick and Reiss [18], Section 1.

lim
cT0

- 4

From part (iii) of the preceding remark we deduce that it is possible to write &, as

ia(e) = D(x) + L B(0)A4(2) +0(B(0), €10,
=

for any natural number x between 1 and k.
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3 Multivariate density expansions of finite length

Remark 3.1.5

The function D(z) in expansion (3.4) can be replaced by some function g(z) which satisfies
g(e;)) =1 =g(0),i <d—1. Because of h,(c) = g(z)(1+ 0(1)) we know that H is in the
max—domain of attraction of some EVD with reversely exponential margins and ¢(z) = D(z)
is the pertaining Pickands dependence function. We have

Hy (%) = H" <; (Zlf---fzdlll _ig;12i>) —exp(cD(z)), ¢<0, (3.7)

as n — oo, cf. [10], Theorem 5.3.2.

Therefore, if the distribution function of some random vector X = (X, ..., Xy) satisfies a
spectral expansion of length k + 1 with some Pickands dependence function as the leading term,
the random variables are tail independent if, and only if, D = 1.

3.2 Expansions of Pickands densities

In the following text let T be the transform of a vector x = (x1, ..., x4) onto its Pickands
coordinates z = (z1,...,z4_1) and ¢ defined in (2.20) having the inverse

T_l(z,c) =c (zl,...,zdl,l — Z zz-) ,
i<d—1

cf. (2.21). Consider an arbitrary random vector X = (X3, ..., X;) which takes values in
(—o0,0]%. Suppose that its distribution function H possesses continuous partial deriva-
tives of the order d in a neighborhood of 0. Then

ad
h(.X‘l,...,Xd) = mH(xll...,x{j) (3.8)

is a density of H in a neighborhood of 0, cf. [41], p. 268. As a consequence we can
specify the density of the Pickands transform.

Lemma 3.2.1

If the distribution function H of X = (Xy,...,X,) possesses continuous partial derivatives
of the order d in a neighborhood of 0, there exists a ¢co < O such that the Pickands transform
(Z,C) = T(X) has the density

f(z,) = e h (T (z,0))
on R x (¢, 0).
PROOEF. See Falk and Reiss [13], Lemma 5.1. O

We call the density f in Lemma 3.2.1 the Pickands density.
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3.2 Expansions of Pickands densities

3.2.1 The Pickands density of a GP random vector

The Pickands density of a GP random vector is of a particular form as noted in the
subsequent lemma.

Lemma 3.2.2

Let Wp = 1+ 1log(Gp) be a GPD with pertaining Pickands dependence function D having
continuous partial derivatives of the order d. Further, let U = (Uy,...,Uy) be a random
vector with distribution function Wp in a neighborhood of 0. Then the Pickands transform
(Z,C) = T(U) has a density fp(z,c) on R x (co,0) for some ¢y < 0 near 0 independent of c,
namely

o4
fo(z,¢) = || (MWD) (T7(z,0))
=¢p(z), z€R,ce(c,0). (3.9)

PROOEF. See [13], Lemma 5.2. O

Remark 3.2.3

The constraint that the number cq has to be close to 0 is due to the fact that a GPD Wp coincides
with a distribution function only in its upper tail and can be represented as Wp = 1+ 1og(Gp)
with an EVD Gp there, cf. Lemma 5.1.3 and 5.4.1 in [10].

To distinguish ¢p from other Pickands densities one may call it the GPD-Pickands
density, cf. Michel [36], Section 2.2.

Definition 3.2.4
For a differentiable GPD Wp with continuous partial derivatives of the order d we call the
function
| nld-1 i -1
op(z) = |c| (MWD> (T (z,c))

from Lemma 3.2.2 the GPD—-Pickands density.

In view of the analysis of the asymptotic dependence structure it will be of impor-
tance whether ¢p = 0 or, equivalently, [, ¢p(z)dz = 0. In the bivariate case, if D is
twice continuously differentiable, we have

¢p(z) = D"(2)z(1 - 2)

as well as

/R%(Z) dz =2 <1 - /01 D(z) dz) , (3.10)

cf. Falk and Reiss [14], Section 2, which implies the equivalence

D=1 & /01 ¢p(z)dz = 0. (3.11)

17



3 Multivariate density expansions of finite length

In the multivariate case such an equivalence does not hold true in general. However,
it can easily be deduced by differentiation that the d-variate GPD-Pickands density ¢p
satisfies ¢p(z) = 0,z € R, if D = 1, cf. [16], Lemma 3.2.8. The converse implication
does not hold true in general. Yet by reducing the problem to the bivariate case one
gets further insight in the relationship between a multivariate Pickands dependence
function D and the pertaining GPD-Pickands density ¢p.

In [16], Section 3.5, an important relationship between D and the pairwise Pickands
dependence functions Dy, 1,5 € {1,...,d}, r # s, in (2.14) is established, which is
presented in the following lemma.

Lemma 3.2.5
For a Pickands dependence function D : R — [0, c0) we have the equivalence

D(z) =1,z €R,
< Dys(z) =D(zer+ (1 —2z)es) =1,z € [0,1], forallr,s € {1,...,d}, r #s.

PROOF. See [18], Lemma 1.3, and [16], Corollary 3.5.2. ]

With the help of this result it can further be shown that [, ¢p(z)dz=0 is equivalent
to tail independence in at least one bivariate marginal distribution.

Lemma 3.2.6
The Pickands density of a d—variate GPD Wp with pertaining Pickands dependence function D
satisfies

dz =0,

[ oo(@)dz

if, and only if, D,s = 1 for at least one pair r,s € {1,...,d},r #s.

PROOF. See [18], Lemma 1.2. ]

Note that in every case D must have continuous partial derivatives of the order 4 to
secure the existence of a density wp of Wp.

For a symmetric dependence function equivalence (3.11) still holds in the multivari-
ate case.

Corollary 3.2.7

Let Wp be a d—dimensional GPD with pertaining Pickands dependence function D having
continuous partial derivatives of the order d. If the function D is symmetric, it satisfies the
equivalence

D(z)=1,z€R, <& / ¢p(z)dz = 0.
R

To get an overview of the different relationships we list them up in a short form. We
have

(@) D =1< D;s =1 for every pair r, s, cf. Lemma 3.2.5;

(b) fR ¢p(z)dz = 0 < D,; = 1 for at least one pair 7, s , cf. Lemma 3.2.6,
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3.2 Expansions of Pickands densities

and, consequently,
() D=1= [, ¢p(z)dz=0,

(d) D=1<% [; ¢p(z)dz = 0 in the bivariate case and for a symmetric dependence
function.

According to the equivalence in (b) the property of tail independence in at least one
bivariate margin can be completely characterized by the integral [ ¢(z)dz. That the
converse implication in (c) does not hold true in general can, for example, be seen by
considering Example 1 in [18].

3.2.2 Expansions of finite length

Now we consider densities of Pickands transforms coinciding with ¢p(z) asympto-
tically, as ¢ T 0. A first general representation of such densities can be found in the
framework of Pickands é—neighborhoods of GPDs.

Definition 3.2.8
Let X = (Xy,...,X,) be a random vector such that the pertaining Pickands transform has a
density fp(z,c) on R x (co,0) for a co < 0. If this density satisfies the expansion

fp(z,c) = ¢p(z)+ O (\c\5> , ¢10, (3.12)

uniformly for z € R, for some 6 > 0, we say that the distribution function H of X belongs to
the Pickands d—neighborhood of the GPD Wp with dependence function D.

A max-stable distribution function Gp, for example, belongs to the Pickands /-
neighborhood of Wp = 1 +log(Gp) with é = 1, cf. [13], Section 5.

We again extend the representation of the density fp(z,c) by adding further terms
which contain regularly varying functions. Therewith we refine the first order condi-
tion (3.12) to a higher order condition by using an expansion of fp(z,c) with a GPD-
Pickands density ¢p(z) as a leading term.

Definition 3.2.9
Let X = (Xy, ..., Xy) be a random vector whose Pickands transform has a density fp(z,c) on
R X (co,0) for co < 0O close to 0. Assume that

k

fo(z,¢) = ¢p(z) + Y _ Bj(c)Aj(z) + 0(Bk(c)), c10,keN, (3.13)
j=1

uniformly for z € R, where ¢p is a GPD—-Pickands density and the Aj R—=R,j=1,...,k
are integrable functions. In addition, assume that the functions B; : (—00,0) — (0,00),
j=1,...,k satisfy

limBj(c) =0 3.14
ClTr(r)l i(c) (3.14)
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3 Multivariate density expansions of finite length

and
lim 2D 6 p 0,85 0 (3.15)
CTO B](c) 7 7 ] . .
Without loss of generality, let B1 < B2 < --- < Pk. Then we say that the density fp(z,c)
satisfies an expansion of length k + 1.

Notice that this expansion can also be shortened by applying Remark 3.1.4 (iii). In
particular, we have

Fo(z,0) = gp(2) + Y. Bi(Q)Ai(z) + o(Be(c)), 10, (3.16)

j=1

for any natural number x between 1 and k. We can also write
fo(z,¢) = go(2) +0 (Ic), asc10, (3.17)

for 0 < 6 < py if the functions A jin (3.13) are bounded. This entails that the distribution
function of X is in the Pickands é—-neighborhood of the GPD Wp with Pickands density

¢D- 3
There is another condition imposed on the functions A; which will be of importance

later, namely the existence of a positive integer

K::min{je{1,...,k}:/RAj(z)dz750}. (3.18)

Integrating with respect to z one gets an expansion of the marginal density in c.

Remark 3.2.10
If the Pickands density fp(z,c) of a random vector X satisfies an expansion of length k + 1 as
given in (3.13), then the radial component C = T»(X) has the density fp(c) satisfying

k ~
fole) = [ pole)dzt 1iB(e) [ Ay(a)dz+o(Bi(o)

- /(pD )dz + By( /A Ydz +o(Be(c)), ¢10, (3.19)
n (co,0) with x as in (3.18). The first expansion is immediate by integrating fp(z,c) with

respect to the variable z.
If, in addition, [, ¢p(z)dz = 0, then we have, apparently,

/A )dz +o(Bx(c)), c10,

n (co,0).

The expansion of fp(z,c) can be reduced likewise as shown in the subsequent re-
mark.
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3.2 Expansions of Pickands densities

Remark 3.2.11
If [ 9p(z) dz = 0, then the expansion of fp(z,c) in (3.13) can be written in the reduced form

fo(z,¢) = Be(c)Ax(z) +0(Be(c)), 10,

almost everywhere, cf. representation (33) in [18] and Theorem 3.2.10 in [16].
This implies in particular that an integer x as in (3.18) exists if fp(z, c) satisfies an expansion
with ¢p(z) = 0.

By analogy with (3.17) one obtains

fo(z.e)=o(lef'), <10,

for0 < 6 < Bx. Thus every distribution with the same pair (x, B« ) in its expansion of the
pertaining Pickands density is in the same Pickands d—neighborhood of the GPD Wp
with ¢p = 0. If B — oo, then f(z,¢) — 0 and, hence, the Pickands density approaches
the GPD-Pickands density.

Remark 3.2.12

According to [16], Lemma 3.3.3, the distribution function of the random vector X having the
above Pickands density with a remainder term fulfilling some further assumptions belongs to
the max—domain of attraction of an EVD Gp with reversely exponential margins and Pickands
dependence function D.

3.2.3 The relationship to a bivariate spectral expansion

In the bivariate case it is possible to establish a relationship of the considered expan-
sions of Pickands densities to the differentiable spectral expansions introduced in Frick
et al. [17], Section 2.

By analogy with the multivariate case any distribution function H on (—o0,0]> may
be written in the form H(c(z,1 — z)). Putting

H.(c) = H(c(z,1—2z2)), z€]0,1], c <0,

one gets the spectral decomposition of H by means of the univariate distribution func-
tions H;, cf. (2.16) and [10], p. 137. We assume that H satisfies a spectral expansion of
length k + 1 according to Definition 3.1.3 (for d = 2)

k
h:(c) = D(z) + )_ Bj(c)Aj(z) +0(Bk(c)), ¢10,keN, (3.20)
j=1

uniformly for z € [0, 1].

By analogy with the multivariate case one can shorten this expansion to an expansion
of length « + 1 for any natural number x between 1 and k. The function D(z) in expan-
sion (3.20) can again be replaced by some function g(z) with ¢(1) = 1 = g(0). Because
h.(c) = g(z)(140(1)), c T 0, we know that H belongs to the max—domain of attraction
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3 Multivariate density expansions of finite length

of some EVD and g(z) = D(z) is the pertaining Pickands dependence function, cf. [10],
Theorem 5.3.2.

The following lemma shows that the existence of a spectral expansion of length k + 1
for a distribution function H implies that the pertaining Pickands density also satisfies
an expansion of finite length.

Lemma 3.2.13
Let H be the distribution function of a bivariate random vector X = (X, Xo) with values in
(—o0,0]? satisfying the spectral expansion

k

hz(c) = D(z) + Y _ Bj(c)Aj(z) + o(B(c)), ¢10, (3.21)
j=1

uniformly for z € [0,1], where the Pickands dependence function D and the A;, j = 1,...,k,

are twice continuously differentiable.

(i) Putting

Aj(z) = —BjAj(z) — ] _’[ij‘BjA;(z)(l —2z)+ 1 _:ﬁjA;-’(z)z(l —z), (3.22)

where B; is the exponent of variation of the function Bj, one gets

forj=1,...,k

(ii) If the remainder term

k
R(z,¢c) := h,(c) — D(z) — Z; Bi(c)Aj(z)
j=

is positive and differentiable in c, then the density of the Pickands transform (Z,C) =
T(X) satisfies the expansion

k

fp(z,c) =D"(z)z(1—z) + 21 Bi(c)Aj(z) +o(Bi(c)), ¢10, (3.23)
i=

uniformly for z € [0,1] with A; as in (3.22). The regularly varying functions B; are the
same as in expansion (3.21).

(iii) The parameter x in (3.18) exists for the expansion (3.23), if and only if,

1
2+8)) /0 Ai(z)dz — Ai(1) — A;(0) £ 0 (3.24)
forsome j € {1,...,k}, that is, if condition (10) in [17] is fulfilled for some j.
PROOF. See Chapter 3.4 in [16] and Lemma 2.1 in [18]. O

Concerning a generalization to higher dimensions we refer to [16], Section 3.3.
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3.3 Examples

3.3 Examples

In [17], Section 3 and Section 8, several bivariate distribution functions are presented
which satisfy spectral expansions of finite length as pointed out in Section 3.2.3. For
later purposes we present some of them again, namely certain mixtures of bivariate
distribution functions as well as the lower tail of the bivariate Crowder distribution and
the bivariate standard normal distribution. In the first cases we consider univariate beta
margins whereas the margins of the latter two distributions are transformed in such a
way that they follow the uniform distribution on the interval [—1, 0], which belongs to
the max—domain of attraction of the reversely exponential distribution.

Example 3.3.1

Let Wp be a bivariate GPD and let Wy, (x) =1 — (—x)™%, =1 < x < 0, be a univariate beta
distribution function with shape parameter « < —1. Define a mixture distribution function H
with weights p and 1 — p, where p € (0, 1) also serves as a scale parameter, i.e.

H(x,y) := pWp <; ;yy) + (1 p)Was (;) W, (zyv) . (3.25)
The distribution function H fulfills a spectral expansion of length 3
h;(c) = D(z) + Bi(c)A1(z) + Ba(c) Az (z) (3.26)
with
Bi(c) =[], Ba(c) = [c[ >
and

Ai(z) = —a(1=p)p" (" + (1 =2)7"), Az(z) =2a(1 - p)p*(z(1 - 2))™"
From [17], Section 8, we know that (3.24) is satisfied by the function A,.

Example 3.3.2
Let F be Joe's distribution function, cf. Heffernan [28] for its copula form, transformed to beta
W, margins, i.e.

Fx,y) =1—{(=2)™7 + (=y) ™" = (=)™ (=y) 7}/
with parameters x > —1 and v > 1. By analogy with Example 3.3.1 let
H(x,y) = pWp (", y) (1 p)F <x, y) . (3:27)
pr p
The partial derivatives of its spectral decomposition exist and are continuous. One obtains an
expansion of length 2 with B(c) = |c|™*Yand A(z) = —a(1—p)p*(z7*7 + (1 — z) =)/,

Excluding the case v = 1 which represents exact independence of the margins of Joe’s distribu-
tion function it can be shown that the function A fulfills condition (3.24), cf. [17], Example 3.
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3 Multivariate density expansions of finite length

Example 3.3.3
Let H be the joint distribution function in the lower tail of the Crowder distribution, cf. [28] for
its copula form, with [—1, 0]—uniform margins, i.e.

H(x,y):=14+x+y

+ exp [— {((x —log(—x))? 4 (a —log(—y))? — a9}1/9

+ (x]
with « > 0and 6 > 1. This distribution function satisfies the spectral expansion of length 2

hz(c) =1+ B(c)A(z) +0(B(c)), ¢ 10,

with »
B(c) = [e[*""'L(c)
where 61 /01
1 w’240~
L(C) = exp <lx (1 —28) -+ 9(10g|c|)9_1> ’
and

A(z) =219(z(1 — 2))2"".

Because L is slowly varying, we know that B is reqularly varying with the exponent of variation
B =20 —1¢ (0,1) for 8 > 1. In [17], Example 4, it is also shown that condition (3.24) is
satisfied.

Example 3.3.4
Consider the bivariate standard normal distribution with correlation p € (0,1). Let H be the
pertaining distribution function after transformations to [—1, 0]-uniform margins, i.e.

O (1+u) o 1(140) 2 _ 2
Hu0) = [ / 1exp(_xzf”fy+y) dx dy

—0c0 —oo 274/1 —p2 2(1 _pZ)

for u, v € [—1,0]. According to [17], Example 5, we can derive a spectral expansion of length
2 for this distribution function. It is given by

h.(c) =1+ B(c)A(z) +0(B(c)), ¢10,

with ,
B(c) = |c|™ ' L(c)
where \ : , ,
L(c)=(1+p)2(1—p) 2(4m) ™ (—log]c|) ™,
and

A(z) = —1 ip(z(l —z))ﬁ.

The function L is slowly varying again. Therefore the function B is reqularly varying with the

exponent of variation B = -2~ —1 € (0,1) for o € (0,1). Similarly as in Example 3.3.3 one
P T+p P Y p

can show that condition (3.24) is satisfied.
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3.3 Examples

According to Lemma 3.2.13 it is possible to deduce expansions of length 2 for the
Pickands density in each of the examples in [17]. Several of them have been computed
and then extended to the multivariate case in [16], Section 3.7, and [18], Section 2, where
some further examples can also be found. In the sequel, we take the example of the
multivariate standard normal distribution function up again and present an expansion
for its Pickands density.

Example 3.3.5
The d—variate standard normal distribution N (0,X) has the density

1 I r¢1
px(y) = (270)72(det )1/ exp <—2y z y) )

Let the correlation matrix

ri= (Pij)i,jzl d

.....

be positive definite and let p;; € (0,1) foralli,j € {1,...,d},i # j.
After a transformation to reversely exponential margins we get the following density by ap-
plying the transformation theorem for densities:

where 1; is the d—dimensional unit matrix and

F(x) := (q)_l(exp(xl)),...,q)_l(exp(xd))> .

According to Lemma 3.2.1, the pertaining Pickands density on R x (co,0) for cg < 0 near 0
is given by

fr(z,¢) = exp(c)|c|* (detZ) "2 exp <;F(CZ)T (Id - Z’1> P(cz))

cz = (czl,...,czdl,c (1 — Z zi>> .
i<d-1

Asymptotic considerations and computations show that it satisfies the following expansion of
length 2:

with

fe(z,c) = B(c)A(z) +0(B(c)), cT0,
with

B(c) = \c\zg/ﬂ%—luc),
L(c) = (—log |c|)2§i,j:1 0ij/2-d/2
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3 Multivariate density expansions of finite length

and

d
A(Z) — (detz)—1/2(4n)ﬂgj:1a,'/'/Z—d/Z H(Zizj)(mj—éij)/zl
ij=1

where I = (0;)j—1,..q and 1= (0if)ij=1,...a- The function L is slowly varying in 0, hence
the function B is reqularly varying with the exponent of variation f = 2%:1 oj—1>0.
Obviously we have [, A(z) > 0 because of A(z) > 0 forall z € R and A(z) > 0 for
ze {(t,...,ta1) €[0,1)7 1 i y_1 t; < 1}. (The definition of R in (2.10) shows that the
later set is the inner part if R which is no Lebesgue—null set.) This implies the existence of the
parameter x in (3.18). Detailed calculations can be found in [16], Example 3.7.10.

Multivariate normal distributions constitute a special case in the class of spherically
and elliptically symmetric distributions. In the sequel we will shortly characterize these
distributions by means of Fang et al. [15], Chapter 2, and Schmidt [47], Sections 2, 3 and
5, in order to present another example in the enlarged framework afterwards.

Definition 3.3.6
A d—dimensional random vector Y is called spherically (symmetrically) distributed if the equa-
lity in distribution

4

oY=Y

is fulfilled for every orthogonal matrix O € R4,

Definition 3.3.7
A d—dimensional random vector X is called elliptically (symmetrically) distributed with para-
meters y € R and & € R4 if it satisfies the equality in distribution

XL+ ATY,

where Y is an m~dimensional spherically distributed random vector and A € R"*% is a matrix
fulfilling AT A = ¥ with rank(%) = d.

A spherically or elliptically distributed random vector does not necessarily have a
density. But in case a density exists it can be shown, cf. [15], Chapter 2, that it has to be
of the form g(xTx).

Definition 3.3.8

Suppose a d—dimensional random vector X which is elliptically distributed with parameters u
and ¥. has a density function ¢(xTx). Then we call g the density generator of X. It is also
written X € E4(u, %, g).

A special subclass of elliptically symmetric distributions is represented by the sym-
metric Kotz type distributions, which also include the multivariate normal distribu-
tions.
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3.3 Examples

Definition 3.3.9
Let X € E4(p, %, g) and suppose that the density generator is of the form

g(u) = CauNexp(—ru®), 7,5>0,2N+d >?2, (3.28)
with a normalizing constant Cy. Then we say that X possesses a Kotz type distribution.

The density of a Kotz type distribution is given by

N-1

h(x) = Ca(det=) V2 [(x— )= x— )| exp (—r [(x— ) = x— )] )

and the normalizing constant C; is

C, = sT(d/2) H(2N+d—2)/(25) (3.29)

/2T (2N +d — 2)/(2s)) ’

cf. [15], p. 76. For N = 1,5 = 1and r = 1/2 we get the multivariate normal distribution.

In the subsequent example we provide an expansion for the Pickands density of this
subclass of elliptical distributions.

Example 3.3.10
Suppose the random vector X possesses a Kotz type distribution with density generator g as in
(3.28) and correlation matrix X.. We assume that

L 2N-1
T2

—-1<0,

which includes the case of the multivariate normal distribution. (The cases where a > 0 can be
dealt with similarly.) Then after a transformation to reversely exponential margins the pertain-
ing Pickands density satisfies an expansion of length 2 where the leading term ¢p is equal to
zero, namely

fersn(z€) = B(e)A(z) +0(B(c)), ¢10,
with
B(e) = le| &) UL(e),
L(c) = (—log|c)~ "5 N1 (5 ) ((Ffjma o) )

and
- C N-1_d , 2N-1 (s . ) s ) o
A(Z) = %(detz)_lﬂr_T_z*‘ % (Ei,j:1 m’j) (25)(2,-,]-:1 a,.j) —d Z .
Cl(zi/jzl Uij) ¢
x [T (aizg) (Eh) et
ij=1
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3 Multivariate density expansions of finite length

where Iy = (6jj)ij=1,..a and 1= (03j)ij=1,...a- The function L is slowly varying in 0,
S
hence the function B is reqularly varying with the exponent of variation p = (Zgjzl Ui]-) -1

By similar arguments as in Example 3.3.5 it follows that [, A(z)dz > 0 which implies the
existence of the parameter x in (3.18).

Before we prove the assertion of Example 3.3.10, we need an auxiliary result concern-
ing the distribution function of X and its inverse.

Lemma 3.3.11
Suppose the random vector X possesses a Kotz type distribution with density generator g as
given in (3.28), where
_2N-1
T s T
Then each marginal distribution function of X is given by

Ci _(on— 2N -1
=1 (ZN 1)/(25)1" 2s R
G(x) = s’ 5 ), XER

1<0.

where

I'(b,z):= /Oo t'~Lexp(—t) dt (3.30)

is the incomplete gamma function. The inverse of G can be approximated by

G Hu) ~ [i]a! (—log la| — <log (és(l — u)r(ZNl)/(ZS)) — 1) /\a\)
1

X exp (log <_ o517l (IOg <%j(1 _ u)r(ZNil)/QS)) B 1) /|a|> ) - 1] N

log |a| + (log (é—i(l — u)r(ZN—l)/(zs)) — 1) /\al r

r

if uis close to 1.

PROOF. According to [15], Section 2.2, each univariate margin of X possesses a one—
dimensional Kotz type distribution with density generator

g1(u) = Cuu*N"2exp (—ru®),

where the normalizing constant C; is given by (3.29) for d = 1. Then we get the per-
taining distribution function by integration, i.e.

X
G(x) :/ C1u*N"Zexp (—ru®) du

=1- /Oo C1u*N 2 exp (—ru*) du
X

1 G oN-1)/@9)-1 B

=1 25t exp(—ru)du

_ 1 G onayseep (N1 o

=1 s r T s ,rx |, (3.31)
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3.3 Examples

where I' denotes the incomplete gamma function defined in (3.30). To derive the inverse
function of G we need approximations of I' and of its inverse function. According to
Amore [1], formula (9), we have

I'(b,z) =~ exp(—z)(1+z)" L

Thence we obtain

r <2st_ 1,1’x25> ~ exp (—rx®) (1 +rx®) (@N-1)/(25)-1

=exp (—rx%) (1+rx®)".
Now, if we put rx? = z and solve
exp(—z)(1+2z)"=9¢q

for z, we obtain

z = exp <—w (—iexp (log<q) - 1)) + log(? - 1> ~1 (3.32)

a

where W is the principal branch of the Lambert W function, which can be approximated
by
log(log(y))

W(y) = log(y) — log(log(y)) + log(y)

if y is sufficiently large, cf. de Bruijn [3], Section 2.4, and Corless et al. [7], Section 4.
Inserting this expansion into equation (3.32) leads to

o (- (2] 2 o (1) 202

lo; -1
+10g (log (—2) + %) n log(q) —1) 1
log( 1) + log(g)—1 a

Ta

a

lo -1
log(q)—1> +1°g(_1°g|”‘ gw)) i

|al log(g)—1

= exp | log |a| + log (—log la] —
log |El| + Tl

=: h,(q).

Resubstituting z by rx* now gives us the possibility to solve equation (3.31) for x. We
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3 Multivariate density expansions of finite length

obtain

VNS 2s (2N—1)/(2s) 11/(25)
G (u) =~ [h <C1<1 u)r .

= !1 exp (log la| + log (—log la] — <log ((2js(l - u)r(ZNl)/(ZS)> - 1) /\a!)
1
s B 1/(2s)
+log (— log |a| — (log ((2:—1(1 — u)r@N 1)/(25)> - 1) /|a\> ) 1]

log la| + (log (% (1~ u)r@N-1/@)) —1) /|a] r

"
- lla (~toglal - (105 (& 1w/} —1) /jal
r C]
1/(2s)
log (—1log|a| — (log ( Z (1 — u)r@GN-1/(2)) —1) /|a|
oot -y "

log la| + (log (2 (1 - u)r2N-1/29) ~1) /|a] r

r

We will now prove the assertion of Example 3.3.10.

PROOF. Let X be the random vector with density generator g as in (3.28). Then, accor-
ding to [15], Section 3.2, it has the density

h(x) = C4|z|"1/2¢ <XTZ_1X> ,
where Y. is the correlation matrix. After a transformation to reversely exponential mar-

gins we obtain the following density by applying the transformation theorem for den-
sities:

=160
= Cd|Z]_1/2Hexp (x;)
i<d
8 (G (exp(x))"=Z7'G (exp(x)))

O (TTisa (6 (exp(x)))?) " exp (—rEica (G (exp(xi)))?)

Hgl ( xl)) -

exp(x;)

where g1 and G are the density and the distribution function, respectively, of any uni-
variate margin and G~!(x) is defined by

G l(x) = (G’l(xl),. : .,G’l(xd)> .
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3.3 Examples

The pertaining Pickands density on R x (cp,0) for ¢y < 0 near 0 is given by

(105G (exp(ezi) G (exple))

1Ca o -
fersn(z,€) = exp(e)le]" ! Z] 71/

& (IMic (G H(explez)?)
S d s
X exp (—r [( 21 0iiG Yexp(cz; ))Gl(exp(czj))> — Zl (Gfl(exp(Czi)))z ] ) .
1,] 1=

(3.33)

By using Lemma 3.3.11 we can deduce representations for G~ 1(exp(cz;)), i < d. We
obtain

G (exp(cz))

[ () et 25

(mg(loga (1og (& )+log<\c\z+o<| D)+ ngsllogml)/a))
"\ toglal + (log (2) + log(lelz+ o(lcl)) + 2L og(r) —1) /i

1 1/(2s)
d

r

1+log( log|a| - 4 1og () — 2L log(r) + 1 — A log(lelz +o(|e])) )
X
log |a| + |%log (G) — ﬁZZ\éS Llog(r) + ﬁ — ‘}zjlog(]c]z+o(|c|))

( ~logla] — }log (%) - ;”ésllog<r>+;1log<cz+o<c>>)>2
1

_|_la 1 25\ 12N -1 1.1
—[ rlog]a| rlog c s log(r)+r rlog(]c\z+0(|c|))

log [a] + o g(%) Nllog<>+,a\ L 1og(lelz + o([e]))

log —log |c |
- —logle|

1
tog(lelz + o(|e])) ~ 2 tog Ja| - 1og(

+
- |- LN L iog(r)
_la| B 2s 12N-1 11
TIOg log |a| — 2 |log o) T s log(r) + 7] ’a|log(|c|z+o(|c|))
g 10g (—logla| — }1og () — 422 log(r) + 4 — flog(Jclz +o(|c)))
2r —logla| - & 1og( 2) - 4B log(r) + = iy log(|elz +o(|c))

o (LoBlSlogle?)

% _12N—1
G
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3 Multivariate density expansions of finite length

b
|a]

4]

:[—110g(|c]z+0(\c|))+b—rlog( +,1, llylog(!c\z+o(lcl))>

(s (fr+ 3 iz + o))" <log(—log|C|)2)]l/(ZS)
20t los(lelz +o(leD) —log|c]

la

=1/ (2) [— log(|c|z +o(|c])) + b+ |a|log |a| — |a|log(b + 1 —log(|c|z + o(]c])))

_ |a|?>(—log |a] +log(b+ 1 —log(|c|z + o(|c|))))? Y <log(—10g|c|)2> 1/(2s)
2(b+1—1log(|c|z+o(|cl))) —log|c]

— p1/(29) [_ log |¢| —log(z +0(1)) + b + |a|log |a|

— |a|log(b+1 —log|c| —log(z+0(1)))
_|a*(—log |a| +log(b 41 —log |c| —log(z +0(1))))?
2(b+1—1log|c| —log(z+o(1 )))

1/(2s)
_ 2
+O(log( log |c] )] 1o,
~logl]

where

2s 2N -1
—lallog |a| — log (C ) —— log(7).

By using the approximation

log(b+ 1 —log|e| —log(z +0(1)))

= log ((—log lc]) (1 Ll +_1‘13(;5;~TCJ|F 0(1))>>

log() ~b—1
log |c|

~ log(—log |c|) + , asc10O,

we can continue the above chain of equations by

G (exp(cz))

~ r V() (—log|c|)V/ () [ +
log(b+ 1 —log |c| —log(z + 0(1)))
log |c|

1/(2s)
jaf? (log(b +1 —log c| —log(z +0(1)))* , <1Og(—10g !C!)2>
2loglc|(b+1 —1log|c| —log(z+0(1))) —log|c|

log(z +0(1) _ ~lallogal ~b
log |c| log |c|

+ |a]
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log(z)  —|a|logl|a] —b
~ —1/(2s 1/(2s) & &
r ) (—log |c[)/*) |1+ log |c| T log |c|
log(—log|c|) log(z) —b—1

+ |a a

g log|c| al (log |c|)?

_ c Z)—0— 2
|a|? (log(— log |c|)* +2(log(z — b — 1))log(logk|)§‘ 2t (log(l(o;\cl\});) )

—2(log |c[)*(1 + (log(z) —b — 1)/ log|c])

log(~log[c)\2\ ]
(( —log|c| ))]

— VG (Zog |e])/ ) 1+‘a,log(l—IOg\CI) , log(z) —b—|a|loga|
og el log |c|
1/(2
o log(_og e 1 o (B gl *
2(log|c|)> 1+ (log(z) —b—1)/log|c| —log |c|
o —1/(25 1/(2s) \a!log(—logH 1 1 o
r /@) (~loge)V/ ) 1+ - og | Tog o] 25 108(2) — b~ lal log]a])

_|af? (log(—log|c|))? 1 ‘o <1Og(—108!'3!)>2
4s (log|c])> 1+ (log(z) —b—1)/log|c]| —log]|c| ’

as ¢ T 0. Therewith we obtain

N-1
<Z§%]':1 0;;G~(exp(cz;)) G (exp(cz]-))>
2 N-1
(Mi<a (G (exp(cz)))?)
N-1 - AN
(o) (15 (~log ey (14 0 (Tt loslel )

—d/s s\N-1 log(—1lo N-1
(r—4/s(—log |c|)4/s) <1+O( g(logﬁlc\)))

d N—-1 N1
= ( Z Uijr(dl)/s> (—log ]c\)(Nfl)(lfd)/S (1 +0 (log(—log\c|)>>

i log |c|

~
~

d N-1
— (2 O_ijr(d—l)/5> ( 10g’C‘) (N-1)(1— d)/s+0((_10g| |) Y(1—d)/s >, (3.34)

ij=1

as ¢ T 0. Furthermore, we have

) d 2s
exp (—r [( Y~ ;G (exp(czi)) G (exp(cz)) ) Z( (exp(cz; ))) ])

ij=1 i=
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3 Multivariate density expansions of finite length

A exp (logc {(E 03
i,j=1

_la? (10g(—IOg!CD)2 1 ‘o (IOg(—IOg\CD)Z
4s log |c| 1+ (log(zi) —b—1)/log|c| log |c|

|a| log(— log |c|) 1
1+ - 25 IOg |C| + IOg |C| 25 (log(zl) - |{Jl| log |1/'l|)

|a|log(—log|c|) 1 1

8 [1 + 2s log |c| + log |c| 25 (log(zj) — b — [a|log |a])
e (105;(—10g|6|)>2 1
4s log [c| + (log(zj) —b—1)/log|c]

o( (i) )] )

1 —1 1 1
- (Z [H““ og(~loglel) | 1 1oy b laflogal)
i<d

2s  log]|c| log|c| 2s

_ |a* (log(~log|c|) 1
4s log |c| 1+ (log(z;) —b—1)/ log |c|

e

! lallog(—logle])  zz  —|a|log|al —b
exp (08\0\ [(i,]gajl + . log [c| + Tog [c[2s + stog c|

_ la]? (log(~logc))\?
4s log |c|

1 1
. [1+ (log(z:) —b—1)/log|c| 1+ (log(z)) —b—1>/10g|c|}

log(—log |c]) )2 log(—log )2\ ]
log ¢ )*(( log ¢ ))D

(y {H\a!log(—logICD | log(z}) | —la|log|al — b

s log |c]| 2slog|c| slog|c|

DY? 1 jaf? (log(~log|e])*
log |c| 1+ (log(z)) —b—1)/loglc| = 4s2 log |c|

)

d S
+ Jallog(~log c]) [(2 ai]) —d]

log(—log [c])\*

( )]
d S

p | log|c| [(E (Tz‘j) —d
i,j=1

/—\/—\
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d s=1 /4
+% (Z %‘) (Z 0ij 10g(zizj)> — (la[log |a| +b)

i,j=1 i,j=1

3.3 Examples
1 log(—log |c|)?
—= log(z? <1+o<
(5 o5 e

(£)

s d s—1
— Jo| (Elim ) =4 (_10g || ) o (i 03) =) H(Zizj)%((iﬁjzl M)
ij=1

w15 o) —al Clalogal - log(— log |c|)?
p([(?”’) d]("k’g" b)><”o< )

s s d s—1
= |¢](Zhi= )~ (_10g |¢])~ (B D (Zljm o) ) H(zizj)%((ifle 7)o

ij=1
o) —d
25 (2N-1)/(2s) (%ij=14) 140 log(—log|c])? , (3.35)
G log |c|

as ¢ T 0. Inserting the representations (3.34) and (3.35) into (3.33) we deduce that the
Pickands density satisfies (approximately)

fersn(z,c) = B(C)A(Z) +0(B(c)), ¢T0,
with

B(c) = |e| ) 1L (c),
L(c) = (—log [c|)~ T W-D-(F ) ((Zljmrey) ),

and
N-1

- Cd -1/2 _N-1_d 21\171(2‘?.7 g._)s (Zd; U_')sid d
A(Z) ) ﬁ(detz) roos B x i,j=1 Cij (25) i,j=1Yij 2 o

Cl(zw:l Uij) l/]:l

d -

8 H (Ziz]')(zg'f:l %) 1”1‘]'*51']'/
ij=1

where Iy = (dj);-1,..4 and ¥l = (0ij)ij=1,..,4- This proves the assertion of Example
3.3.10. ]
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4 Testing the tail dependence based on
Pickands densities

The aim of this chapter is to test the tail dependence against rates of tail independence
based on the radial component.

In Section 4.1 we use expansions of Pickands densities to prove a limit theorem for the
radial component. Within the statistical model of the limiting distribution functions we
establish a uniformly most powerful test for testing the tail dependence, particularly,
for testing the null hypothesis [, ¢p(z)dz > 0 against the alternative [, ¢p(z)dz = 0.
The function ¢p is again the Pickands density of a GP random vector. The Neyman-—
Pearson test is provided in Section 4.2 as well as the pertaining power function and the
p—value. The presentation runs along the lines of that in Frick and Reiss [18], Section 3,
cf. also Frick [16], Section 4.1.

4.1 Limiting conditional distributions of the radial component

For a bivariate random vector (X, Y) it was proved in [17], Section 4, that under a spec-
tral expansion of length 2 as in (3.20) the conditional limiting distribution function of
(X+Y)/c, given X +Y > ¢ is Fo(t) =t or Fg(t) = 7P if D # 1 or D = 1 respec-

tively. In the bivariate context these conditions are equivalent to fol ¢p(z)dz > 0 and

fol ¢p(z)dz = 0 respectively. This result has been generalized to higher dimensions
in [18], Section 3, where again limiting distribution functions of the radial component
have been proved in a conditional set-up, namely that ) ;; X; exceeds a threshold c.
The special case of EVDs in higher dimensions has already been studied in [10], pp.
199-202, and Falk and Michel [11].

Theorem 4.1.1

Assume that the random vector X = (Xy,...,Xy) which takes values in (—o0,0]% has a
Pickands density satisfying conditions (3.13)—(3.15), where ¢p is the GPD-Pickands density
with pertaining Pickands dependence function D.

]d
(i) (Tail Dependence) If [, ¢p(z)dz > 0, then

P(ZXi>ct

i<d

ZX1'>C>—>t, c10,

i<d

uniformly for t € [0,1].
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4 Testing the tail dependence based on Pickands densities

(ii) (Marginal Tail Independence) If [, ¢p(z)dz = 0 and condition (3.15) holds with the
inequalities 0 < By < Bp < -+ < Py, then

P(ZXl‘>Ct

i<d

Y X > c> — 1t 10,

i<d

uniformly for t € [0,1], with « as in (3.18), i.e.
K:min{je{1,...,k}:/Aj(z)dz;éO}. (4.1)
R

PROOF. See Theorem 3.1 in [17] or Theorem 3.6.1 in [16] respectively. U

Recall that the integer « in (4.1) exists according to Remark 3.2.11.

The parameter B, may be regarded as a measure of tail dependence and of the de-
gree of tail independence in at least one bivariate margin. If . — 0, then Fg_(t) = t'Fx
converges to the distribution function Fy(#) = t which represents tail dependence. In
the bivariate case there is a relationship of B, to a dependence measure ¥ introduced
by Coles et al. [6], Section 3.2, and to the coefficient of tail dependence in Ledford and
Tawn [33], Section 5, cf. [17], Section 8.2. In Chapter 7 we will investigate measures
of asymptotic dependence more closely. In particular, we will present the mentioned
relationship between the exponent of variation of a spectral expansion and the resid-
ual dependence index jx, cf. equation (7.9), and extend it to the multivariate case, see
equation (7.21).

4.2 Testing the tail dependence

We want to detect — in other words, we want to prove — that there is a certain degree
of tail independence in the bivariate marginal distribution functions of a random vector
X = (Xi,...,X4). Therefore tail dependence is tested against tail independence.

The first step consists in testing the pairwise tail dependence of the random variables
Xi,...,X4. We assume that the random vector (Xj,...,X;) has a Pickands density
satisfying the conditions (3.13)—(3.15). (Recall that in the bivariate setup this is the case
if its distribution function fulfills a spectral expansion of length 2, c¢f. Lemma 3.2.13.)
Because of Theorem 4.1.1 this is possible by testing the functions Fy(t) = ¢, t € [0,1],
and Fg(t) = t'7F,t € [0,1], B > 0, against one another. A simple null hypothesis is thus
tested against a compound alternative, i.e.

Ho: Fo(t) =t against Hj:Fs(t) =t'1F, g >0. (4.2)

The structure of this test problem is the same as presented in [17], Section 5, where tail
dependence is tested against tail independence in the bivariate case. In the present con-
text the alternative has to be interpreted slightly differently unless D is assumed to be
symmetric. A rejection of the null hypothesis implies tail independence in at least one
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4.2 Testing the tail dependence

bivariate margin. Hence multivariate tail independence is included in the alternative.
The parameter  in the alternative stands for the degree of tail independence. If the
null hypothesis is accepted, we can assume multivariate tail dependence — even tail
dependence in each bivariate margin.

As stated in [17], Section 5, it is possible to deduce a uniformly most powerful test
for the test problem (4.2). In fact, the Neyman—Pearson test at the level « is given by

Cona = {ilog(Yi) > H,'(1- Dé)}/
i=1

where Y7, ..., Y}, are iid random variables with common distribution function Fy and

Ho() = exp(t) )

is the gamma distribution function on the negative half-line with parameter m.
The pertaining power function

Yual(B) =1- Hu((1+p)H, 1 —w)), =0,
can be approximated by

Yma(B) #1—D((1+p)® (1 —a) — pm'/?), B >0, (4.3)

with ® denoting the standard normal distribution function. The p—value of the optimal
test is given by

ply) =1—exp (Zlog i ) Z — L 110g(yz))
mp( Lty log(yi +m>

ml/2

Now suppose that the null hypothesis of the testing problem (4.2) is rejected, mean-
ing that there is significance for tail independence in at least one bivariate marginal dis-
tribution of the random vector (Xj, ..., X;). The question arises whether this applies to
each of the marginal distributions. It can be answered by using an intersection—union
test. Tests of this type are treated by Casella and Berger [4], p. 357, and have been used,
e.g., as goodness of fit tests, cf. Villasefior et al. [51], Section 3. In the present context
one can construct an intersection—-union test by testing each bivariate marginal distri-
bution on tail dependence by means of Neyman-Pearson tests. A detailed presentation
of this test can be found in [16], Section 4.2.
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5 Limiting distributions of maxima under
triangular schemes

Until now we have only considered sequences of iid random vectors and have im-
plicitly assumed that sample maxima are based on the first n random vectors. In the
present chapter we intend to analyze triangular schemes of random vectors where the
n—th line contains n random vectors. Therefore we give up the above assumption and
consider limiting distributions of maxima under representations of spectral densities
or Pickands densities that depend on the sample size n. This implies a varying depen-
dence structure in the previous random vectors.

This procedure has been motivated particularly by Hiisler and Reiss [29] and by
Hashorva [23]. They consider arrays of normally and elliptically distributed random
vectors, respectively, whose marginal maxima are tail independent but can be forced to
be tail dependent by letting certain parameters vary with the sample size.

If we take maxima of n independent bivariate normal random vectors with corre-
lation coefficient p < 1, for example, we know according to Example 3.3.5 that the
marginal maxima are tail independent, i.e., the limiting distribution of the maxima, as
n — oo, is that of two independent random variables. Now Hiisler and Reiss [29],
Section 2, show that the marginal maxima are no longer tail independent but tail de-
pendent if p = p(n) varies with the sample size n and (1 — p(n)) log(n) converges to
a positive constant, as n — co. They also compute the limiting distribution function
which is called the Hiisler-Reiss distribution function by Joe [30], Hashorva [22], [24]
and other authors.

Hashorva [23], [22], [24] extends these considerations to certain bivariate and multi-
variate elliptically distributed random vectors.

Against this background our aim is to generalize those results by treating the prob-
lem on an abstract level. Strictly speaking, we will no longer start with various dis-
tributional assumptions — thereby considering confined classes of distributions — but
with a technical condition.

In Section 5.1 this technical condition concerns density expansions, i.e. spectral ex-
pansions and expansions of Pickands densities. The exponents of variation in the ex-
pansions (3.4) and (3.13) are no longer assumed to be constant but we let them vary as
the sample size increases. The Hiisler-Reiss example in connection with the previous
Example 3.3.4 shows that a certain convergence condition has to be imposed on the
exponent of variation in the pertaining spectral density because it directly depends on
p. Such convergence conditions will also form part of our "technical condition". With
this condition as our basis we consider limiting distributions and residual dependence
structures of maxima under triangular schemes.
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5 Limiting distributions of maxima under triangular schemes

Section 5.2 generalizes the condition imposed on the spectral density. Limiting distri-
bution functions of maxima under triangular schemes are computed under the estab-
lished more general convergence conditions and the structure of the limiting distribu-
tion function is analyzed. As in Section 5.1 we explicitly provide the limit theorem for
the bivariate case. We finish Section 5.2 by presenting previously considered examples
within the more general context, thereby extending and unifying them.

In Section 5.3 we show in which way the power of the test on tail dependence is
affected if the exponents of variation in the underlying density expansions fulfill the
convergence conditions of Section 5.1.

5.1 Limiting distributions and residual dependence structures
under density expansions

The first part of this section, i.e. Subsection 5.1.1, presents limiting distributions of
maxima under triangular schemes fulfilling the convergence conditions imposed on
sequences of spectral expansions. The same is done in Subsection 5.1.2 — this time
based on expansions of Pickands densities. It is also shown that the limiting distribu-
tion functions can be identified with each other in the bivariate case. Subsection 5.1.3
extends the results of Section 5.1.1 by investigating the convergence rate for maxima in
the multivariate framework. This also leads to representations of residual dependence
structures and — in certain cases — to rates for the asymptotic independence of these
maxima. Our considerations can be seen against the background of [41], pp. 293-294,
and Reiss [40], Section 7.2. In Subsection 5.1.4 we consider the residual dependence
structure of maxima of different bivariate random vectors.

5.1.1 Limiting distributions under spectral expansions

First we compute limiting distributions of maxima under triangular schemes requiring
that the underlying distribution functions satisfy spectral expansions of finite length,
where the exponents of variation depend on the sample size and certain convergence
conditions are fulfilled. The leading term of the expansion D(z) is supposed to equal 1
as we are dealing with the case of tail independence.

Theorem 5.1.1
Let Hg(n), B(n) = (B1(n),...,Bx(n)), n € N, be d-dimensional distribution functions with
support on (—o0,0]? and assume that the pertaining spectral densities satisfy expansions of

length k +1
k
hp()2(€) =14 Bju(c)Ajn(2z) + Ru(z,c), k€N, (5.1)

j=1

with Ry(z,c¢) = 0 (By,(c)) uniformly for z € R, as ¢ T 0, according to (3.4), such that

R, (z,c/n) — 0, n— oo, (5.2)
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5.1 Limiting distributions and residual dependence structures under density expansions

for every ¢ < 0. Assume

Bj(n) =0, n— oo, (5.3)
B]‘,n (C/Tl) — )\j, n — oo, (54)

forany c <0, where A; € R, j=1,..., k. Further, suppose
Ajn(z) — Aj(z), n— oo, (5.5)

uniformly for z € R, where the A j=1,..., k, are continuous, bounded and satisfy

/\]A](Z) > -1, zeR (56)

~.
Hl" >
—

Then we have

k
Hyy (220 — exp <Tz(y) (1 + Z;)\jAj(Tl(y))>> (5.7)
]:
= G(yl,...,yd), (58)
as n — oo, with Ty and T as in (2.20), and G is a distribution function.
PROOF. Starting with Hg(n) (Z,...,%), we can write
n Y1 Ya Y1 Ya
Hﬁ()<n,..., >—exp<nlog<Hﬁ(H)( n)>>

o (-0 (1 o (21 2))) 2ot n s
—op (0 (1 o (° <y>)>) ), e 69

using representation (2.16) as well as T; and T, defined in (2.20). Next we present the
argument of (5.9) in terms of the partial derivative hig,) ,(c) and its spectral expansion
given in (5.1) which leads to

Tx(y) 0
—n <1 — Hg)1i(y) < » =-n /L(y) () my(y) () de

n

k
=—h /Tj(y) <1 + ; Bj,n (C)A]',H(Tl <Y)) + O(Bk,n(c)>> de, ¢10,

= Tr(y) —;A]n(Tl(y))n/TZn(y) B]n(c) dc n/T,(l > 0(Bgn(c))de, ¢10,
_ - Ty(y)
= Ta) + L Ain (P01 B (2Y)
oy (X)), 1o 610
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5 Limiting distributions of maxima under triangular schemes

where the last step is due to Remark 3.1.4 (i) and an application of 'Hopital’s theorem
to the remainder term, cf. the proof of Theorem 3.4.5 in [16]. From the assumptions
(5.2)—(5.5) it follows that the expression (5.10) converges to

k
T(y) (1 + Z/\jAj(Tl(Y))> ,
j=1
as n — oo. From (5.9) and the continuity of the exponential function we can finally
deduce the convergence (5.7). According to [10], Section 4.1, G is a distribution function.
The continuity follows from the continuity of the exponential function, of T; and T, and
of the functions A;, j = 1,..., k. To see that G is normed notice that

k
Y (1 + ZAjAj(Tl(yn))> —0, r=1,...,d,
j=1

due to the boundedness of the Aj, which implies G(y,) — 1, as n — oo, for any se-
quence (yu)nen With y,, 10,7 = 1,...,d. Ify,, | —oco for somer € {1,...,d}, it
follows from (5.6) that

k
Ynr (1 + ZA]'Aj(Tl(Yn») — =
=1
and, thus, G(Yn) — 0, as n — oo. Note that we can assume strict inequality in (5.6) in
this case. Otherwise G would be degenerate. The A—-monotony holds because G is the
pointwise limit of a sequence of distribution functions. OJ

Remark 5.1.2
The limiting distribution function G in (5.8) is again max—stable according to (2.3) with nor-
malizing vectors ¢y = (1/n,...,1/n) and dy = 0.

There is a supplementary result concerning the univariate margins which we will

need in the next section.

Lemma 5.1.3
Let Hg(,y, n € N, be d—variate distribution functions as in Theorem 5.1.1. If the limiting
functions A j=1,... ,k, in (5.5) additionally satisfy

k
Y AjAj(e)) =0, i=1,...,d-1, (5.11)
j=1

k

Y AjA;(0) =0, (5.12)
j=1

where e; is the i~th unit vector in R, i = 1,...,d — 1, then the margins of the limiting
distribution with distribution function G in (5.8) follow the reversely exponential distribution.

If, conversely, the univariate marginal distribution functions of Hg,) belong to the max—
domain of attraction of exp(x), x < 0, then the limiting functions Aj, j = 1,...,k, satisfy the
properties (5.11) and (5.12).
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5.1 Limiting distributions and residual dependence structures under density expansions

PROOF. The assertion can directly be deduced by setting y = y;e;, i = 1,...,d, in
(5.7). O

Corollary 5.1.4

Let Hﬁ(n), n € IN, again be d—variate distribution functions as in Theorem 5.1.1 and assume
that the limiting functions A;j, j = 1,...,k, in (5.5) satisfy the conditions (5.11) and (5.12).
Then the representation (5.7) of the limiting distribution function G is a Pickands representation
with Pickands dependence function

D(z) =1+ ) AjAj(z), z€R (5.13)

The Pickands dependence function D in (5.13) describes the residual dependence
structure of the limiting distribution in Theorem 5.1.1.

In the proof of Theorem 5.1.1 the A-monotony of G has been established by using the
fact that G is the pointwise limit of a sequence of distribution functions. However, one
may raise the question whether it is possible to identify functions of the form

k
exp (Tz(Y) <1 + Z A AT, (Y))))

j=1

as distribution functions by regarding them separately. This question is answered to
some extent in the following lemma.

Lemma 5.1.5
Let

k
G(y1,---,¥a) = exp (TZ(Y) (1 + z/\jAj(Tl(Y))>>

j=1

be a function on (—oo, 0] with Aj € Rand functions Aj defined on R, j = 1,...,k. If the A;
satisfy the conditions (5.11) and (5.12) and if there exists a finite measure y on the d—variate
unit simplex S given in (2.6) such that

1+ ZAjAj(zl,...,zd_l) = /Smax (ulzl,...,ud_lzd_l,ud (1 — Z zi>> du(u)

i<d—1
(5.14)
foreveryz = (z1,...,2z4-1) € R, then G is a max—stable distribution function with reversely
exponential margins and Pickands dependence function
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5 Limiting distributions of maxima under triangular schemes

PROOF. The assertion follows directly from Theorem 2.1.2 together with the represen-
tation (2.9). The property (2.7) is fulfilled because

14+Y% ANA(e)) =1, i=1,...,d—1,
/ujdﬂ(u):{ + Xy Ay (ei) !

1+ Y4400 =1, i=d

according to (5.11) and (5.12). O

As we intend to investigate the bivariate case more closely, we provide the result
of Theorem 5.1.1 for d = 2 in the following corollary. Without loss of generality we
assume k = 1.

Corollary 5.1.6
Let Hg(,), n € IN, be bivariate distribution functions with support on (—oo, 0]2 and assume
that the pertaining spectral densities satisfy expansions of length 2

hg(n),z(c) = 14 Bu(c)An(z) + Ru(z,¢) (5.15)

with R, (z,¢) = o(By(c)) uniformly for z € [0,1], as ¢ T 0, according to (3.20), such that

Ry(z,c/n) — 0, n— oo, (5.16)

for every ¢ < 0. Assume
B(n) —0, n— oo, (5.17)
B,(c/n) — A, n— oo, (5.18)

for any ¢ < 0, where A € R. Further, suppose

Ap(z) = A(z), n— oo, (5.19)
uniformly for z € [0, 1], where A is continuous, bounded and satisfies

AA(z) > -1, z€][0,1].

Then we have

n Xy X
Hg ) (;';) — exp ((X+y) <1 + 1A (x+y>)> , N — o, (5.20)

and the limiting function is a bivariate distribution function.

For the special case of a limiting function as in (5.20) the condition (5.21) in Lemma
5.1.5 can be verified by simpler conditions given in the following lemma.

G(x,y) = exp ((x+y) (1 +A4 (xjcr]/>>>

Lemma 5.1.7
Let
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5.1 Limiting distributions and residual dependence structures under density expansions

be a function on (—o0,0]? with A € R and a function A on the interval [0,1]. If A satisfies the
condition A(1) = A(0) = 0 and if there exists a finite measure v on [0, 1] such that

1
1+ AA(z) = /0 max((1—u)z,u(1—z))dv(u) (5.21)

for every z € [0,1], then G is a max—stable distribution function with reversely exponential
margins and Pickands dependence function
D(z) =14+ AA(z), z€]01].

In particular, condition (5.21) is fulfilled if A is differentiable and its derivative A’ (z) multiplied
with A is right—continuous, non—decreasing and satisfies AA'(1) = 1.

PROOF. The first part of the assertion follows directly from Lemma 2.1.3. The proper-
ties (2.7) are fulfilled because of the condition A(1) = A(0) = 0 implying

/Oludv(u) —14+AA(0) =1
and
v([0,1]) = /01 wdv(u) + /01(1 — 1) dv(u)
=14+ AA(0) +1+AA(1) =2.

Now, if A is differentiable with AA’(z) being right-continuous and non-decreasing,
then
M(z) =1+ 1A (2)

is a measure generating function on [0, 1]. Using A(0) = 0 leads to the representation

1+ AA(z) = 1—2+ /OZM(x) dx, ze[0,1], (5.22)

cf. representation (2.12). The measure v generated by M is given by v([0,z]) = M(z)
and satisfies, cf. [10], p. 166,

1 1
/udv(u):M(l)—/ M(x) dx
0 0

1
=1+2AA(1) —/ 1+ AA'(x)dx
0

=14+ AA(1) — (1+AA(1) — AA(0))
~1, (5.23)

where the last step is due to the assumption AA’(1) = 1 and the condition A(1) =
A(0) = 0. The equality AA’(1) = 1 also implies v([0,1]) = 2. Finally, equation (5.23) is
used to form representation (5.22) to

1
14 AA(®2) :/0 max((1 — u)z,u(1 — z)) dv(u)

which is condition (5.21). U
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5 Limiting distributions of maxima under triangular schemes

5.1.2 Limiting distributions under expansions of Pickands densities

By analogy with Section 5.1.1 we now compute limiting distributions of maxima under
triangular schemes requiring that the Pickands densities of the underlying distribution
functions satisfy expansions of finite length which depend on the sample size and fulfill
certain convergence conditions. For reasons of simplicity we restrict ourselves to the
bivariate case. As we are still dealing with tail independence, the leading term of the
expansion ¢p(z) has to be equal to 0 (which is equivalent to D(z) = 1 in the bivariate
framework according to (3.11)). Because of Remark 3.2.11 we can further restrict our
considerations to expansions of length 2.

Lemma 5.1.8

For each n € IN let Hg () be the distribution function of a bivariate random vector (X, Yy)
whose univariate margins belong to the max—domain of attraction of G(x) = exp(x), x <0,
and which has the density hg,). Further, assume that the Pickands density fg of Hp)
satisfies a spectral expansion of length 2

fom)(z,¢) = B, (c)An(z) +1u(z,0), (5.24)
with r,(z,¢) = 0o(By(c)) uniformly for z € [0,1], as ¢ T 0, such that
tu(z,c/n) — 0, n— oo, (5.25)
uniformly in z for every c < 0. Let
Bu(c) = [c[" Ly(c), (5.26)
Ly, being slowly varying, and assume
B(n) =0, n— oo, (5.27)
n ML, (c/n) = A, n— o, (5.28)

for any ¢ < 0, where A € R. Further, suppose
Au(z) = A(z), n— oo, (5.29)
uniformly for z € [0,1]. Then we have

Ho (53)

— exp (x—ky—x)x/ m
ﬁ

1 1
1A(u) du — yA /L %A(l —u) du) , n—oco. (5.30)
xX+y

PROOF. Because the univariate margins belong to the max—domain of attraction of the
reversely exponential distribution function, we can write

W (XY

o ()
:exp<—nP{Xn>%}—nP{Yn>%}+nP{Xn>%,Yn>%})+o(1), 1 — o0,
:exp<x+y+nP{Xn>%,Yn>%}>+o(1), 1 — co. (5.31)
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5.1 Limiting distributions and residual dependence structures under density expansions

The probability P {Xn > 0 Y > %} can be written in terms of the density h B(n)- From
the transformation theorem for integrals and Lemma 3.2.1 it follows that

0 0
nP{X > Y >y}:n/ / hg () (4, 0) do du

_n/wy/fﬁ z,c dzdc—n/xﬂ/i% (z,¢ dzdc—n/xﬂ/fﬁ (z,c)dzdc.

Replacing fg,(z, ¢) by its expansion (5.24) and then using the substitution u := £ and

u := -, respectively, we get

nP{Xn > %,Yn > %}

:n/jy B, (c) (/1 An(z)d > dc—n/n B,(c) (/01_’“ An(z)dz> dc
—n/; </ An( )dc+5n(z,c)
= [, Bulc dc(/ Ay )+y/ Bn( >1</01uAn(z)dz) du

1 1 1 1
+x/L B, <Z u) o </u An(z)dz> du+ S,(z,¢), (5.32)

x+y

+ 3=

+

where the remainder term S, (z, ¢) is given by

ﬂﬂ/rnzc dzdc—n/ /_FC z,¢)dzdc
—n/m /i ru(z,¢)dzdc
1,1 1-u
_(x+y)/ / n (z,x: )dzdu+y/ / < > dz du
x+y
+x/ /r< > dz du (5.33)
x+y

and converges to zero, as n — oo, according to the subsequent considerations. Because
the convergences r,,(z,¢) — 0, as ¢ T 0, and (5.25) are uniform in z, it follows that

b
Ry(a,b,c) ::/ tu(z,c)dz — 0, c10,

and c
R, (a, b, E) —0, n— oo, (5.34)

forany a,b € R and ¢ < 0. Now we will consider the three terms of (5.33) separately
and show that each of them goes to zero, as n — oo.
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5 Limiting distributions of maxima under triangular schemes

Let € > 0. Because of (5.34) we can choose a number N € IN such that

R, <0,1,x:y u)’ <e (5.35)
if n > Nu. By taking n > N we achieve that (5.35) is true for every u € [0,1] which
implies

SES 1
/ / T (z,x+y-u> dz du g/ R, <0,1,x+y-u> du < e.
0 Jo n 0 n
Therefore -
/ / n (z,x;:y-u> dzdu — 0, n — oo. (5.36)
0o Jo

For the second term of (5.33) we obtain

1 1—u
/ / Tn (z,y-l>12dzdu
v 0 n u u

x+y

§/1 (1—u) sup

¥ty 2€(0,1]

n <z,y-1>‘-12du.
nou u

Now, the factor (1 —u) % is bounded on the interval [xyTy' 1} and the remaining integral

1 vy 1 ..
| 4 SUP-c o] |7u (z,% - )| du converges to zero by similar arguments as above because

the factor 1/u in the supremum is also bounded. This leads to

1 1—u
/ / Tn <z,y . 1> % dzdu — 0, n — oo. (5.37)
Y _Jo n u/u

x+y

1
/ /rn <z,x-l>12dzdu—>0, n — oo, (5.38)
> Jy n ouj)u

X+y

Likewise, we obtain

From (5.36)—(5.38) it follows that the remainder term S, (z, c) in (5.32) converges to zero,
asn — oo.

Now we consider the leading terms of (5.32). For the first term of (5.32) we compute

n/oy Bn(c>dc/01An(z)dz~ —(x+y)1+}3(n)Bn (x:y) /OlAn(z)dz,

n

as n — oo, due to Remark 3.1.4 (i). From the assumptions (5.26)—(5.29) it follows that

n /iy By (c)dc /01 Au(z)dz — —(x —l—y)}\/ol A(z)dz, n — oo. (5.39)

n

In particular, we have

/()1A(z)dz - /01 Ay (z) dz
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5.1 Limiting distributions and residual dependence structures under density expansions

because the convergence of A, to A is uniform.
Writing the function B, in the second term of (5.32) by means of representation (5.26)

we get
B, <y . 1) _ (y>ﬁ<"> . (y . 1)
n u u n u

~ (E)ﬁ ™ nPWL,(1/n) (5.40)
— A, n— oo,

according to (5.27) and (5.28). The approximation in (5.40) follows from the fact that L,
is slowly varying in 0. Hence we conclude

y/w ( );2(/01 ! Az )dz> du—>y/\/y ) </OluA(z)dz> du, (5.41)

as n — oo. Similarly,

1 1 1 1 1 1 1
x/L B, <z u) " </u An(z)dz> du — xA /Yiy " (/u Au(z) dz) du, (5.42)

x+y

as n — 0. The integrals in the expressions (5.41) and (5.42) can be further transformed.

We have
1 1 1-u _
/ — (/ A(z) dz) du
Y ou 0
x+y
1 l-u _ 1 1
= ——/ A(z)dz —/ fA(l—u)du
y Yy u
m x+y
X 1 ~
- ”y A / Lia—wau (5.43)
% u
and

/ el / dzdu
+y

X

1 1 . 1 1 1 .
= —;/u A(z)dz ) —/L aA(u)du
o xH
1 1
- xl_y/ A(z) dz—/x %A(u)du. (5.44)

x+y x+y

Inserting (5.43) and (5.44) into (5.41) and (5.42), respectively, and combining (5.39),
(5.41), and (5.42) we receive

nP{X> Y> — x}\/ % du—y)\/ % (1—u)du.

Together with (5.31) this proves the assertion. O
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5 Limiting distributions of maxima under triangular schemes

Without any further information about the limiting function A in (5.29) the integrals
in (5.30) cannot be dissolved.

However, assuming the existence of both a spectral expansion and an expansion
of the Pickands density pertaining to a bivariate distribution function as presented
in Lemma 3.2.13, we can show that the limiting distributions in Corollary 5.1.6 and
Lemma 5.1.8 are identical. In this case we can also dissolve the integrals in (5.30).

Lemma 5.1.9

Let Hg,), n € IN, be bivariate distribution functions whose univariate marginal distribution
functions belong to the max—domain of attraction of G(x) = exp(x), x < 0. Assume that they
satisfy spectral expansions as given in Corollary 5.1.6, i.e.

hg(n),z(c) =1+ Bu(c)An(z) +0(Bu(c)), ¢T0. (5.45)

Let A, be twice continuously differentiable and assume that the convergence (5.19) also holds
for its derivatives. Moreover, assume that the remainder term

Ro(2,¢) = Iy () = 1 = By(€)An(2)

satisfies the convergence property (5.16) uniformly in z, that it is positive and differentiable in
c and its derivative is bounded in z. Then Lemma 5.1.8 can be applied to the Pickands density
which exists according to Lemma 3.2.13 (ii) and the resulting limiting distribution function in
(5.30) is the same as in (5.20).

PROOF. According to Corollary 5.1.6 we have

n (XY X
Hg ) <n’n> — exp ((x+y) (1+AA <x+y>>> , N — oo

Due to the conditions imposed on A, and because the remainder term R, (z, ¢) is posi-
tive and differentiable, it follows from Lemma 3.2.13 that the Pickands density pertain-
ing to Hp/, satisfies the expansion

fom) (z,¢) = Bu(c)Au(z) +0(Bu(c)), ¢10,

with

Ae) = ~BDALE) — RS A1~ 20) 4 s ALz -2

and the same function By, as in (5.45). The remainder term
ra(z,c) = fﬂ(n) (z,¢) - Bn(c)An (2)

also satisfies the convergence property (5.25) because R, (z,¢) fulfills (5.16) uniformly
and its derivative is bounded, cf. again the proof of Theorem 3.4.5 in [16]. Thus the
preconditions of Lemma 5.1.8 are fulfilled. In particular, because of the convergence
(5.19) for A, and its derivatives we know

Au(z) = A" (2)(1 —z) =: A(z), n — co.
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5.1 Limiting distributions and residual dependence structures under density expansions

It follows that

oy (53)

—>exp<x+y—x)t/ )du—y)\/ iA(l—u)du), n — oo.
x+y

x+y

It remains for us to demonstrate that

—x/\/ du—y/ A1 —u) du—(x+y)AA< iy) (5.46)
x+y
For the integrals in (5.46) we compute
11 .
—A(u)du
[
Lo
= —A"(u)(1—u)du
&5 U
1
= A" (u) du — uA"(u) du
x«xky A«xky
— A (1)—A’< ad ) —uA'(w)|', + 1 A'(u) du
x4y w0 )

and

v
pamy
1 1
_/ A" du—/ uA"(1—u)du
e
1
— A(0)+A’< >—|—uA(1—u)1y—/ A'(1— ) du
+y Tty i
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5 Limiting distributions of maxima under triangular schemes
Inserting these results into the left side of equation (5.46) we get

1
—x/\/ u)du —yA 1A(l—u)alu

x+y X+y

-4 <nyA/ (xiy> ~xAl) +x4 (xiy>
_x?—/yA/ (xiy> —yAQ )+yA< iy))

= (x+y)AA (xiy) — XAA(1) — yAA(0).

which is the right side of equation (5.46) because we have either A = 0 or both A(0) =0
and A(1) = 0 according to Lemma 5.1.3. Thus the assertion follows. U

5.1.3 Convergence rates under spectral expansions

We now consider convergence rates and residual dependence structures for multivari-
ate maxima under triangular schemes. We no longer assume that (1) necessarily con-
verges to zero, as n — oo, but we consider arbitrary sequences ((n)),en which may
have any limit 8 > 0. To get an overview of the different assumptions imposed on the
exponent of variation we list them up in the following lines — together with their area
of application.

e B > 0 fixed: tail dependence structures

e p varying with f(n) — 0, as n — oo: limiting distributions of maxima under
triangular schemes

e [ varying with (n) — B > 0, as n — oo: convergence rates and residual depen-
dence structures

The main result within the framework of the third case is captured in the following
theorem in which we establish an expansion for the distribution function Hg of the

multivariate maxima.

Theorem 5.1.10
Let Hg(n), B(n) = (B1(n),...,Bx(n)), n € N, be d-dimensional distribution functions with

support on (—o0,0]% and assume that the pertaining spectral densities satisfy expansions of

length k +1
k

), (€) =14 Y Bin(c)Ajn(z) + Ru(z,c), k€N, (5.47)
j=1

with Ry(z,c¢) = o(By,(c)) uniformly forz € R, as ¢ T 0, according to (3.4), such that

Ry(z,c/n) —0, n— oo,
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5.1 Limiting distributions and residual dependence structures under density expansions

for every c < 0. Let
Bin(c) = c|fi™Liu(c), j=1,....k (5.48)
where the L;, are slowly varying functions. Then we have
i Ya
Hn()(il...li)

B \ y n

= exp(Ta(y)) exp ( Z | Ta(y) [0 1+;(74)Aj,n(T1 (y)n FL,, (TZ(Y)>)

n

X <1 +o0 (nf‘kWLk,n (TZTEY)») . — oo, (5.49)

with Ty and T, defined in (2.20).

PROOF. From the proof of Theorem 5.1.1 and equation (5.48) we know that Hg(n) can
be represented by

HY (%ynl)

k
= exp(Ta(y)) exp (z B9y AT DB (W)))

(s (52). e

= exf()(Tl(Y)g exp <— ]i;(Tziyz ;;@;M%Am(n (y)nBL,, <T2,(ZY)>>
x (140 (nPL, Tzny , 1 — oo,

Remark 5.1.11

Representation (5.47) in Theorem 5.1.10 is meant to hold for a particular sequence (B(n)),en.
This condition can be strengthened by assuming that Hg satisfies a spectral expansion for every
sequence p = (B(n))nen. We will show later that there are distribution functions which fulfill
condition (5.47) only for special sequences (B(1))nen, ¢f. Examples 5.1.17 and 5.1.18.

Representation (5.49) shows that the convergence rate of the multivariate maxima is
essentially determined by the convergences rates of the terms

n L, (Ta(y)/n) (5.50)

for j = 1,...,k, cf. also [40], p. 234. As (5.50) constitutes a set of convergences, we
speak of a field of convergence.
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5 Limiting distributions of maxima under triangular schemes

In the asymptotic expansion (5.49) the factor

1 —pi(n T(y)
exp< Z|T2 |1+/5, WA]}n(Tl(Y))” Bi( )L],,n< 2n ))

represents the residual dependence structure of the distribution functions Hg(n) of the

maxima.
We have, obviously,

Hi (. 1) — exp (m) " e

i<d
if
n‘fBi(”)L]-,,1 (To(y)/n) -0, n— oo, foreveryje {1,...,k}. (5.51)
Therefore the marginal maxima are independent if condition (5.51) is fulfilled and the
rate at which this independence is attained is essentially determined by the terms
n=FiWL;, (Tx(y)/n), cf. also [40], p. 236.

By dividing the field of convergence (5.50) into two subfields where the limits are
either equal to zero or not we can modify expansion (5.49). Note that the convergence
condition in (5.51) is particularly true for every j with g;(n) = B, i.e., B;(n) does not
depend on n.

Corollary 5.1.12
Let H B(n) M € IN, be d—variate distribution functions as given in Theorem 5.1.10 with

Bi(n) — B ER, n— oo,
n_ﬁj(")L].,n (C/Tl) — /\] €ER, n— oo,
forj=1,...,kand define
Ji={je{1,....k}: |Aj] > 0}.

Further, suppose
Ain(z) — Aj(z), n— oo,

uniformly for z € R. Then we have

W (V1 Ya\ _ )1+ Aj
Hﬁ()< ,...,n> exp(Ta(y exp( ]62]|T2 y)| 11‘|‘,Bj

x(1+ Y O <n—ﬁf<">L]-,n (TZ(Y) )) , n—oo, (5.52)
: n
jE{L kN
if |J| < k, and otherwise

n Ya\ 1+ )‘ )
Hg(n) (—,,?) =exp(Ta(y)) exp ( Z | T2 (y)| ﬁ]—*—ﬁjA](Tl(Y))>

n

Aj(Th (y))>

X (1+0(1)), n— oo.
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5.1 Limiting distributions and residual dependence structures under density expansions

If we impose an additional assumption on the slowly varying functions L, the ex-
pansion (5.52) can be further simplified.

Corollary 5.1.13
Let H B(n), 1 € IN, be d—variate distribution functions as given in Theorem 5.1.10 with

Bj(n) — B €R, n— oo,
n_ﬁj(”)L].,n (C/Tl) — /\] €ER, n— oo,

forj=1,...,kand assume
|Lrn(c)| < |Lsu(c)| foralln € N,c <0, (5.53)
ifr > s. Then the set ] in Corollary 5.1.12 is given by | = {1,...,x} with
x :=max{j € {1,...,k} : [A;| > 0}
if | #@. In case ] = @ define x := 0. Further, suppose
Aju(z) = Aj(z), 1 — oo,

uniformly for z € R. Then we have

Hp ) <ﬂ,...,yn—d> = exp(Ta(y)) exp ( Z | T2 (y |1+ﬁf

n

A
= 5J,Aj<T1<y>>>

X <1 +0 <n—ﬁx+l<">LK+Ln <T21§Y)>)> , n—oo, (5.54)

if k < k, and otherwise

2! Ya\ _ )[1+B; Aj
Hg()(n,...,n>—exp(T2 exp( 2|2 Y[R 155,

A]’(Tl(}’))>
X (1+0(1)), n— oo.

PROOF. Recall that B,(n) > Bs(n), n € N, if r > s, according to Definition 3.1.3.
Together with inequality (5.53) this implies

‘n—ﬁr(n)Lm(c/n) ‘ < ‘n—ﬁs<”)Ls,n(c/n) ’ (5.55)
and, thus,

’/\r’ = nhn;}o ‘ﬂf‘B’(n)Lr,n(C/n)) < lim ‘Hfﬁs(n)Ls,n(C/nw = ’/\5‘

n—0o0

57



5 Limiting distributions of maxima under triangular schemes

From this inequality we can deduce the asserted structure of the set | and the represen-
tation

n

Tz(y)?»jAj(Tl(y))>
J

k
XG+ZOOW%(M»>n%%
j=r+1 n

if x < k. Inequality (5.55) further implies
0 <n_/5j(”)L].n (TZ(Y)>> _0 (n—ﬁm(mLKHn <Tz(y>>> skt
’ n ’ n

which, finally, leads to expansion (5.54).
As the representation in the case ¥ = k does not differ from (5.54), the proof is com-
plete. O

Hg (ﬂ,...,%) =exp(Ta(y)) exp (

K

1

Remark 5.1.14
If we consider a spectral expansion of length 2, i.e. k = 1 in (5.47), Corollary 5.1.12 and
Corollary 5.1.13 are the same and we obtain

Hg ) (ﬂ,. . .,yn—d> =exp(T2(y)) (1 +0 <nﬁ(”)Ln <TZ(Y)>)> , N — o,

n n

if A = 0, and otherwise

Hy (20 22) = exp(Ta(y)) exp (Ta(y)AA (Ta(y))) (1 +0(1), 11— oo.

5.1.4 Examples

In this section we will present different examples of bivariate distribution functions
which satisfy spectral expansions as given in (5.47) and compute expansions for the
distribution functions of the maxima, thereby considering their residual dependence
structure.

First we present examples of distribution functions which do not belong to the class
of elliptical distributions.

Example 5.1.15

Let H, be the mixture distribution function of Example 3.3.1 and let the parameter a of the
univariate beta distribution functions vary in n, i.e. « = a(n) < —1. The spectral expansion
(3.26) is fulfilled for every sequence (x(n))yen. Thus we get

htx(n),z(c) =1+ Bl,n(C)Al,n (Z) + BZ,n(C)AZ,n (Z)

with
Bi,(c) = |c|—a(n)—1’ Byn(c) = |C|—21x(n)—1
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5.1 Limiting distributions and residual dependence structures under density expansions

and
A(z) = —a(n)(1 = p)p (27 4 (1 —2) ),
Azp(2) = 2a(n) (1 = p)p* " (2(1 - z)) =™
for every member a(n) of any sequence (a(n)),en. The exponents of variation are given by

Pi(n) = —a(n) -1

and

B2(n) = —2a(n) — 1.
From Theorem 5.1.10 it follows that

Hey (f, g) = exp(x +y)

nn

—u\n x(n X _a(n) _D‘(n) w(n
X exp (—|x+y| ()(1—p)p(>(<x+y> +<xzy> p(m+1

—Dll’l]' x\n X _a(n) x(n
t x+y RO (1 - p)pt) ((xfy)z> n2( >+1>.

Now let «(n) — —1, n — oo, such that
(a(n) +1)log(n) — & € [-00,0], 1 — co.
This implies B1(n) — 0 and By(n) — 1 as well as
n*MH _ exp(&) =: A € [0,1]

and

2u(n)+1

n — 0,

as n — oo. Therewith we obtain the representation

He (%r %) = exp(x +y)

—uln o(n X 70‘(}/1) 70‘(71) o(n
X exp <—|x+y| ”(1—p)p“<<x+y> +<x_{y) p(m+1

% (1—|—O <n2a(n)+1)) 1= oo,

which, according to Remark 5.1.14, can be written as

1 (52) =t (140 (#)) 0o
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5 Limiting distributions of maxima under triangular schemes
if A = 0, and otherwise

Hi (5 2) = explx+y) expl(x+y)(1 = p)/pA) (1 +0(1), 1 — oo,

Obviously, the limiting distribution function G of H;l(n) (x/n,y/n), as n — oo, is given by
the EVD
G(x,y) =exp(x+y), xy<0,

with scale parameter 1 if A = 0 or with scale parameter

p
(1-p)A

if A € (0,1]. Thus in each case we have independence in the limit.

Example 5.1.16

Let H, now be the mixture distribution function of Example 3.3.2 with varying parameter
a = a(n) < —1. The asymptotic calculations leading to the spectral expansion of length 2
given in Example 3.3.2 are valid for any sequence («(n)),cN and we obtain

1/
gy 2(€) = 1+ [e] 0T (=a(m)) (1 = p)p*®) (27500 4 (1 = 2)507) 7 4 Ry (2, )

with R, (z,¢) =0 (|c|*”‘(”)*1>, asc 10, and
Ry(z,¢/n) — 0, n— oo,
for every ¢ < 0and «y > 1. The exponent of variation is given by
B(n) =—a(n) —1.
From Theorem 5.1.10 it follows that

1 (52) ~owta

—a(n)y —a(m)y\ V7
—ux(n xn X oan
X exp (X+y ()(1—p)p”<<x+y) +<x_yw> > nU“)

X (l +o0 (n“(”)ﬂ)) , N — .

Now let a(n) — —1, n — oo, such that
(a(n) +1)log(n) — & € [~00,0], 1 — oo.
This implies B(n) — 0 and

n*MW+l s exp(8) =: A € [0,1],
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5.1 Limiting distributions and residual dependence structures under density expansions

as n — oo. According to Remark 5.1.14 we can write

Hym (E, Z) =exp(x+y) (1 +0 <n“(”)+1>> ,

nn

as n — oo, if A = 0, and otherwise
n Xy
By (i)

— explx+y) exp <<x+y><1—p>/p(( L) ( ))/A> (1+0(1),

xX+y x+y

as n — oo,
IfA =0orif A > 0and v =1, we have the same situation as in Example 5.1.15. Therefore
assume A > 0 and v > 1. Then the limiting function is given by

G(x,y) = exp (<x+y) <1+)‘A (xiy)))

Alz) = 1;” @+ 1-2MT, ze 1]

with

We have, obviously, A(0) = A(1) = (1 — p)/p which means that we cannot directly imply
Lemma 5.1.7. Nevertheless, we are able to prove the assertion in a different way. Firstly we
introduce a scale parameter

(7::)\1_719-1-1
p

such that the limiting distribution function has standard reversely exponential margins. We
have

n X Yy

By (2 o) )

con et (00852 (25) 4 () wo
e (23)

=: Go(x,y), (5.56)

ST

where D, is the convex combination of the Pickands dependence function D1 = 1 and the
Gumbel dependence function

Da(z) = (7 +(1-2)")"7,
cf. [101, p. 167, namely
Dy = 1D, + <1 - 1) D,.
o o
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5 Limiting distributions of maxima under triangular schemes

Hence, according to Lemma 2.1.4 (v), D, is also a Pickands dependence function. Now equation
(5.56) shows that G, has a Pickands representation and it follows from Lemma 2.1.3 that G, is
a max—stable distribution function with reversely exponential margins.

The pertaining measure generating function M is given by

M(z) =1+ D'(z)

B 1\ 2771 —(1-2z)r!
—1+4 <1 - 0) o 2o,

M(1) =2.

The corresponding measure v has mass 1/ at each of the points 0 and 1 and mass 2 — 2/ on
the interval (0,1).

Example 5.1.17

Consider again the joint distribution function Hy in the lower tail of the Crowder distribution
with [—1,0]—-uniform margins as in Example 3.3.3. This time let the parameter 6 vary in n, i.e.
6 = 6(n) > 1. The parameter « remains fixed and non—negative. Thus we have to deal with
sequences of spectral expansions

Ho(n)2(c) =1+ Bu(c)Au(z) +0(Bu(c)), ¢c10,

with
Bu(c) = [c[*"" T Lu(c),
where
aG(n)zl/G(n)—l
La(c) = exp | a (1 —2Y000) 4
<( ) 6(n)(log |c|)8(m -1
and

An(z) = 21/6(11)(2(1 . Z))zl/e(n),l.

Detailed calculations in the derivation of expansion (5.1.14) in [17], Example 4, show that the
remainder term of hy.(c/n) converges to 0, as n — oo, only if 0(n) = 0, i.e., (0(n))neN is
a constant sequence. Otherwise, one has to deal with a different representation of hy . (c), cf.
Example 5.2.18. Therefore we first restrict ourselves to the case that (6(n)),eN is constant.
The exponent of variation B(n) is given by

B(n) =21/001) 1,
Because the term

“9(11)21/9(71)—1
0(n)(log |c[)?tm 1
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5.1 Limiting distributions and residual dependence structures under density expansions
converges to zero, we can write, according to Theorem 5.1.10,

no (X K)
Hi (o

=exp(x +y)exp <—]x + ylzwm) ( atl ) p—2/4 exp (ac (1 — 21/9(”)))>

(x+y)?
X (1 +o (n’zl/g(n)ﬂ)) , 1 — oo.

Because of 6(n) = 6 the factor n=2"""""+1 goes to zero, as n — oo, and we get

i (52) =omte) (140 (57) e

The limiting function G of Hg ) (x/n,y/n), as n — oo, is given by
G(x,y) =exp(x+y), xy<0,

which represents the case of independence.

The next example concerns the bivariate standard normal distribution with [—1,0]-
uniform margins and correlation coefficient p which varies with the sample size. We
will see that Theorem 5.1.10 is applicable only for special series (p(#))nen. In other
cases, in particular, if

(1 - p(n)) log(n) — A2 € [0,00), 1 — o,

we will use a different approach in Section 5.2 that leads to the Hiisler-Reiss distribu-
tion function, cf. [29].

Example 5.1.18

Let H,, be the bivariate standard normal distribution function with [—1,0]-uniform margins as
given in Example 3.3.4, but let the correlation coefficient vary in n, i.e. p = p(n) € (0,1). In
this example, we only consider sequences (p(n))neN which lead to spectral expansions

hp(n)lz(c) =1+ By(c)Au(z) + Ru(z,¢) (5.57)
with R, (z,¢) = o(By(c)) uniformly for z € [0,1], as ¢ T 0, such that
Ry(z,¢/n) — 0, n— oo, (5.58)

for every ¢ < 0 and
Bu(c) = [c[¥/(+et)=1p, (¢),

where

Lu(e) = (14 p(m))*/2(1 — p(n)) /2 (d7r) #10/(149(0) ( Jog [e[) /(1)
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5 Limiting distributions of maxima under triangular schemes

and 5
- _ — 7))/ (+p(n))
An(z) = =3 o) (z(1-2)) :
The exponent of variation is given by
2 1—p(n)
= — — 1 = —
B = Ty T+ po(n)
According to Theorem 5.1.10, we can write
n (XY
Hi (Gr3)
1/ (1+p(n))
n X —(1—=pn n
— exp(x + y) exp <_|x oy o) ((J{fyy) —(=p(m)/ (1+p(m))

X (1 p ()21 = p(n)) 12 (4r) =P/ (log () — log|x +y|)‘ﬂ(”>/<”ﬂ<””>
% (1 +o (n*(lfp(n))/(lw(n))(1Og(n))*p(n)/(1+p(n)))) . 1 — oo

Following [29], condition (2.8), let p(n) — 1, as n — oo, such that
(1—p(n))log(n) — A% € [0,00], 1 — oo. (5.59)

We will show later that hy, . (c/n) satisfies the expansion (5.57) with condition (5.58) if A = co.
This is particularly the case if p(n) = p, i.e., (0(1))neN is a constant sequence. It follows that
the factor

n—(=p(n))/(1+p(n)) (1Og(n))—p(n)/(1+p(n))

goes to zero, as n — oo. Thus we obtain
n X —(1—p(n n —p(n n
Hp(n) (E%> = exp(x+) (1+O (n (1=p(m))/ (1+p( ))(log(n)) p(n)/ (14p( )))) . n— oo,

cf. [40], Example 7.2.7. As in the case of the Crowder distribution we get independence in the
limit.

5.2 Limiting distributions under a generalized condition

In Example 5.1.18 we have seen that we cannot generally deduce a spectral expansion
Ry(n),-(c/n) for the bivariate standard normal distribution with varying correlation co-
efficients p(n), n € IN, as n goes to infinity. However, as we will see later, there is still
some structure in the representation of the spectral density. This causes us to establish
a more general representation of the spectral density and, thus, a generalized condition
for the convergence of distribution functions of maxima under triangular schemes.
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5.2 Limiting distributions under a generalized condition

Before we introduce the mentioned condition, we first set up some notations: For a
vector z = (z1,...,z4_1) € R with R as defined in (2.10) we set
Zq = 1-— Z Zi,
i<d—1
Z(l) = (21,22, .. .,Zd_1) € R,
Z(i) = (Zi,Zl, ceesZi 1,211, - .,Zd_l) € R, i= 2,.. .,d -2,
d-1)

Z( = (Zd,l,Zl,. ..,Zd,z) €R

and

Z(d) = (Zd,Zl,. . .,Zd,z) € R.

Another preliminary step shall be the deduction of an exact representation of a spec-
tral density. Let therefore (Xj, ..., X;) be a d—variate random vector with distribution
function H and density / and let H; be the univariate marginal distribution functions
with densities h;, i = 1,...,d. After a transformation to [—1, 0]-uniform margins we
obtain the spectral distribution function

Hg(c) =H <c <z1,...,zd1,1 — Z Zi))
i<d—1

H'(1+cz1) H;'(14czy)
:/ / h(x1,...,x3)dxg---dxq

—o0

whose derivative with respect to ¢, which is the spectral density, can be obtained by
applying the multidimensional chain rule, cf. Theorem 41 in Erwe [8]. We have

HyY(14czp) H;'(14czy)
hz(C):Zl/ 2 2 / d d h<H1_1(1+C21),x2,...,xd) dxg - - - dx;

[oe] —00

1
I (H;l(l +czl)>

H71(1+cz ) Hi! (14cz4_1)
+Zd/ ' 1 / o " h(xll...,xd,th_l(l—FCZd)) dxg_q1---dxq

—00 —00

1
" e (H, (14 cz)

Hy ' (14c2,) Hi'(14czy)
:Zl/ 2 2 / d 4 h(xz,...,xd|H1—1(1+czl)) dxy - - dxy

X

o (5.60)
H*l(l-i—cz ) H! (14cz4_1)
+Zd/ 1 1 / d-1 d-1 h(X1r---zxd71|H[;1(1+CZd)> dxg_q---dx;
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5 Limiting distributions of maxima under triangular schemes

= z/P (X2 < Hy'(14cz),..., Xg < Hy'(1+czg)| X, = H1(1 +czl))
4 2,P (X1 <HY(14cz1),..., Xgo1 < HyY (14 czg_1)| Xy = Hy '(1+ czd)> . (5.61)

In what follows we assume that the random variables Xj, . . ., X; are exchangeable, cf.
Lemma 2.1.4 (iv), which implies that all univariate margins and all conditional distribu-
tion functions are identical. Moreover, we assume that the (d — 1)-variate conditional
distribution functions are again unconditional (univariate) distribution functions, cf.
[40], Example 7.2.7. In particular, we suppose that representation (5.61) can be rewrit-
ten in the following way.

Because the conditional distribution functions are identical we can write

h,(c) =z, F (Hz’l(l +cz5),..., Hy (1 +czg), Hy Y (1 + czl))
+ z4F (Hl_l(l +cz1), ..., Hy (1 +ezgq), H (1 + czd)> , (5.62)

where F is a distribution function in the first d — 1 components. Because we assume
that F is again an unconditional univariate distribution function, there exists a function
¢ : R? — R and a univariate distribution function F such that

F=Fog (5.63)
Inserting (5.63) into (5.62) we get
hy(c) =z, F (g (Hz‘l(l +cz2),..., HyY (1 +czg), Hy Y1+ czl))>
4.
+z4F (g (Hl’l(l +cz1),..., Hy (T4 czqq), H (1 + czd))) :
Finally, we set

Q(z1,...,24.1,¢) =8 (Hz’l(l +czp),.. .,H;l(l + czd),Hfl(l + czl)) (5.64)

for a function g : [0,1]9"1 x (—o0,0] — R, where again z; = 1 — Y41 z;. Thus we
obtain the representation

hy(c) = z21F(§(z1,22, ..., 2a-1,0)) + - + 24F(§(za, 21, - . ., Za—2,C))

for the spectral density, which is picked up in the following condition.

Condition 5.2.1
Let H be a d—variate distribution function and assume that its spectral density satisfies
hy(c) = z1F(g(z1,22,...,24-1,€)) + -+ - +24F(¢(z4,21, ..., 24-2,C)), (5.65)

where F is a univariate distribution function and g : [0,1]47! x (—00,0) — R any measurable
function.
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5.2 Limiting distributions under a generalized condition

In the bivariate case, representation (5.65) can be expressed as
h;(c) = zF(g(z,c))+ (1 —2z)F(g(1—z,c)) (5.66)

with ¢ mapping from [0,1] x (—o0,0) to R.
Under some additional assumptions for the functions F and ¢ we again obtain an
expansion for /1, (c) in (5.65). If F is the uniform distribution function on [—1,0], i.e.

Fluy=1+u, uecl-10],

and g satisfies the expansion
. k .
g (29,¢) = L Bi(0)4; (27) +o(Bi(c)), (5.67)
j=1

asc T 0, where the B; are regularly varying functions fulfilling conditions (3.5) and (3.6),
then (5.65) becomes a spectral expansion of length k 4 1 in the sense of Definition 3.1.3,

i.e.
k

ha(c) =1+ ) Bj(c)Aj(z) +0o(Bi(c)), ¢10, (5.68)
j=1
where A]-,j =1,...,k, is defined by

~

Aj(z) = 214 (z(l)> + - zgA; (z(d)> .

The leading term of the expansion, D(z), is equal to 1 because we are dealing with the
case of tail independence.
In the bivariate case, i.e. 4 = 2, and for k = 1 in (5.67) we get, in particular,

h.(c) =14 B(c)A(z) +0(B(c)), cT0,

with
A(z) =zA(z) + (1 —2)A(1—2z2), z€[0,1]. (5.69)

We can now reformulate Theorem 5.1.1 on the basis of Condition 5.2.1 and, thus,
generalize our previous result.

Theorem 5.2.2
Let H, be a d—dimensional distribution function satisfying Condition 5.2.1, i.e., its spectral
density can be represented by

huz(c) = z21F(gn(z1,22, ..., 24-1,¢)) + - - - + 24F(gn (24,21, - ., 24-2,€)), (5.70)

where F is a continuous univariate distribution function and g, : [0,1]7! x (—o0,0) — R is
a measurable function for each n € IN. Suppose that

n(z,c/n) — g(z), n— oo, (5.71)
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5 Limiting distributions of maxima under triangular schemes

for every z € R with g : [0,1]971 — R := RU {—o00, 00} being a continuous measurable
function. Then we have

Hy (%le) — exp (ylF (g (Tl(Y)(l))> +otyaF (g (Tl(y)("”))) (5.72)
=:G(y1,---,Y4), (5.73)
as n — oo, with Ty (y) as in (2.20), and G is a distribution function.

PROOF. We again start as in the proof of Theorem 5.1.1 and get

n (Y1 Yd 0
H!! (;,...,;) = exp <—n /LM o1y () (€) dc)
0
= exp (— /Tz(y) 1y (y) (€/7) dc) , (5.74)

where T is given by Ti(z) = (zl/ YicdZise-rZd—1/ Li<d zi) as in (2.20). Inserting rep-
resentation (5.70) for h,, 1, () and substituting c by ¢ - To(y) leads to

0 ! Tr(y)
- hn de = / F n T (1)’C : >) a
/My) Ty(y)(c/n)dec =y ; <8 < 1(y) . c

+Ya /OlF (gn <T1(Y)(d)rCT2<y>>> dc,

n

which converges to

nF (g (T D))+ +waf (g (i) @)),

as n — oo, because of (5.71). (Note that F is continuous and bounded.) From (5.74)
and the continuity of the exponential function we can deduce the convergence (5.72).
The assertion that G is a distribution function can be proved similarly to the proof of
Theorem 5.1.1 by using the continuity of ¢ and the boundedness of F. O]

Remark 5.2.3
The limit of the spectral density hy, , of Theorem 5.2.2 with the arqument c/n is given by

‘ = O e (@)
lim s (c/n) = =1 F (g (z )) 4ot zgF (g (z )) (5.75)
due to condition (5.71) and the continuity of F.

One can interpret the representation (5.75) as a scalar product. The limit of the spectral
density, as c T 0, is projected on the "direction vector” z — the angular component — and the

resulting coefficients are given by F (g (z(i)) >, i=1,...,4d

68



5.2 Limiting distributions under a generalized condition

Remark 5.2.4
Even under the generalized Condition 5.2.1 the limiting distribution function in (5.73) is again
max—stable according to (2.3) with normalizing vectors ¢y = (1/n,...,1/n) and dy = 0, cf.
Remark 5.1.2.

Concerning the univariate margins of G we present the following result which corre-
sponds to Lemma 5.1.3.

Lemma 5.2.5
Let Hy, be a d—variate distribution function as in Theorem 5.2.2. If the limiting function g in
(5.72) additionally satisfies

g(er) > w(F), (5.76)

where w(F) is the right endpoint of F and ey is the first unit vector in R4, then the margins of
the limiting distribution with distribution function G in (5.73) follow the reversely exponential
distribution.

If, conversely, the univariate marginal distribution functions of H,, belong to the max—domain
of attraction of exp(x), x < 0, then the limiting function g satisfies the property (5.76).

PROOF. The assertion can directly be deduced by settingy = y;e;,i =1,...,d,in (5.72).
For we have

Tl(ei)(i) = €1, 1§Z§d—1,
T1<0)(d) = €1.
U

Corollary 5.2.6

Let H,, n € IN, again be d—variate distribution functions as in Theorem 5.2.2 and assume that
the limiting function g in (5.72) satisfies the condition (5.76). Then the limiting distribution
function G in (5.73) can be written as

G(y) = exp (T2(y) D(Ta(y)))

with Pickands dependence function

D(z) = z,F (g (ﬂ”)) 4ot zyF (g (z<d>)> , zeR (5.77)

Note that the Pickands dependence function D in (5.77) coincides with the limit of
the spectral density h,, , in (5.75). It again describes the residual dependence structure
of the limiting distribution in Theorem 5.2.2.

By analogy with Lemma 5.1.5 we present an additional condition under which func-
tions of the form

op (1 (5 (117)) =~ s 5 (501)))

can be identified as distribution functions.
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5 Limiting distributions of maxima under triangular schemes

Lemma 5.2.7

Let
G(y1,---,Yq) = exp (ylF <g (T1<y)(1)>) 4 y,F <g (T1(y)(d)>>)

be a function on (—oo,0]% with F being a continuous univariate distribution function and g
being a continuous measurable function. If the condition (5.76) is satisfied by g and if there
exists a finite measure y on the d—variate unit simplex S given in (2.6) such that

o () 5 (44)
= /Smax (ulzl,...,ud_lzd_l,ud <1 - ) Zi)) du(u) (5.78)

i<d-1

foreveryz = (z1,...,2z4-1) € Rwithzg = 1—Y ;.4 1 zi, then G is a max—stable distribution
function with reversely exponential margins and Pickands dependence function

D(z) = ziF (g (2V)) + -+ +2F (3 (29)).

PROOF. The assertion follows directly from Theorem 2.1.2 together with representation
(2.9). Property (2.7) is fulfilled because

/Suidy(u) —F(g(e) =1, i=1,...,d,
according to (5.76). O

We provide the result of Theorem 5.2.2 for the bivariate case in the following corol-
lary.

Corollary 5.2.8
Let H, be a bivariate distribution function satisfying Condition 5.2.1, i.e., its spectral density
can be represented by

hy-(c) = zF(gu(z,¢)) + (1 —z)F(gu(1 —z,¢)), (5.79)

where F is a continuous univariate distribution function and g, : [0,1] x (—00,0) — Risa
measurable function for each n € IN. Suppose that

gn(z,c/n) —g(z), n— oo, (5.80)

for every z € [0,1] with ¢ : [0,1] — R := RU {—o0, 00} being a continuous measurable
function. Then we have

Hl”l

) e e(y)) () o

as n — oo, and the limiting function is a bivariate distribution function.
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5.2 Limiting distributions under a generalized condition

For the special case of a limiting function as in (5.81) the condition (5.78) in Lemma
5.2.7 can be verified by simpler conditions such as (5.84) in the following lemma.

= ( (5 (55) )+ (3 (53))

be a function on (—oo,0]? with F being a continuous univariate distribution function and g
being a continuous measurable function. If g satisfies ¢(1) > w(F) and if there exists a finite
measure v on [0,1] such that

Lemma 5.2.9
Let

zF(g(z))+ (1 —2)F(g(1—2)) = /01 max((1 —u)z,u(l —z))dv(u) (5.82)

for every z € [0,1], then G is a max—stable distribution function with reversely exponential
margins and Pickands dependence function

D(z) =zF(g(z)) + (1 —2)F(g(1—=z)), z€[0,1]. (5.83)
In particular, condition (5.82) is fulfilled if F and g and, thus, D defined by (5.83) are differen-
tiable, if D' is right—continuous, non—decreasing and the condition
f(8(1))8'(1) = F(g(0)) (5.84)
with f = F' is satisfied.

Condition (5.84) can be identified with the previous condition in Lemma 5.1.7 if we
choose F(u) =14 u, u € [—1,0], and

gn(z,¢) = By(c)A(z) + 0(By(c)), c10,
cf. (5.67), where
Bu(c/n) — A, n— oo,
as in (5.18) and
A(z) =zA(z) + (1 —2)A(1-2z2), z€[0,1],
cf. (5.69). Then condition (5.84) becomes AA’(1) = 1.

PROOF. The first part of the assertion of Lemma 5.2.9 follows directly from Lemma
2.1.3. The properties in (2.7) are fulfilled because of the condition g(1) > w(F) implying

/Oludv(u) — F(g(1)) = 1

and
1 1

v([0,1]) = udv(u)+/ (1= u) dv(n)

0 0
F(g(1)) + F(g(1)) = 2.
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5 Limiting distributions of maxima under triangular schemes

Now, if F and g are differentiable, we can calculate the derivative D’ of D
D'(z) = F(3(2) + 2£(3(2))g' () — F(g(1 — 2)) — (1 = 2)f(3(1 — 2))g'(1 — 2.
As D’ is assumed to be right-continuous and non-decreasing,
M(z) =1+ D'(z2)

is a measure generating function on [0, 1]. Using F(g(1)) = 1 leads to the representa-
tion )
D(z)=1-z +/ M(x)dx, ze€]0,1], (5.85)
0

cf. representation (2.12). The measure v generated by M is given by v([0,z]) = M(z)
and satisfies, cf. [10], p. 166,

/01 udv(u) = M(1) — /01 M(x)dx

:1—|—D’(1)—/011+D’(x)dx
=1+4+D'(1)— (14 D(1) — D(0))

=1+ F(g(1)) + f(g(1))g'(1) — F(g(0)) —1 — F(g(1)) + F(g(1))
=1, (5.86)

where the last step is due to the assumption (5.84) and the condition F(g(1)) = 1.
The equality (5.84) also implies v([0,1]) = 2. Finally, equation (5.86) is used to form
representation (5.85) to

D(z) = /01 max((1 —u)z,u(1l—z))dv(u)
which is condition (5.82). 0

If the limiting function g in Theorem 5.2.2 and Corollary 5.2.8, respectively, is larger
or equal to the right endpoint of the distribution function F for every y R4, we again
obtain the case of tail independence.

Remark 5.2.10
Let H,, n € IN, be multivariate distribution functions satisfying the assumptions of Theorem
5.2.2, where the function g in (5.71) satisfies

g(z) > w(F) foreveryz € R, (5.87)

with w(F) being the right endpoint of the distribtion function F. Then F(g(z)) = 1 for every

z € Rand we get
n Ya
HZ(n,...,n)—)eXp(Zyi>, n — o0,

i<d
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5.2 Limiting distributions under a generalized condition

In the bivariate case of Corollary 5.2.8 we get, analogously,

H;}! (%,%) —exp(x+y), n-— oo

if the function g in (5.80) satisfies
g(z) > w(F) foreveryz € [0,1]. (5.88)

If condition (5.87) or condition (5.88), respectively, is not fulfilled, then the limiting
distribution functions in (5.72) and (5.81) are dominated by terms — composed of the
distribution function F and the limiting function ¢ — which determine the residual
dependence structure.

Now, if the argument of F in the limiting distribution function in Theorem 5.2.2 is
less or equal to the left endpoint of F for some y € R? and/ori € {1,...,d}, we have
the case of absolute dependence.

Remark 5.2.11
Let Hy, n € IN, be multivariate distribution functions satisfying the assumptions of Theorem
5.2.2, where the function g in (5.71) satisfies

g(z) <wa(F) forsomez € R,
with «(F) being the left endpoint of the distribtion function F. Then

Fs(n0)) =0

for some y € RY andjor i € {1,...,d}. Thus the shape of the limiting distribution function
depends on the structure of the function g.

An analogous assertion is true for the limiting distribution function in Corollary 5.2.8.

In the following lines we pick up the examples of the normal and the Crowder dis-
tribution again and put them in this more general context. Concerning the normal
distribution we are now able to deduce limiting distribution functions of maxima of
normal random vectors with varying correlation coefficients which satisfy condition
(5.59) for any A2 € [0, o]. In order to establish this result, we first need some additional
statements. In the following lemma we provide a general representation of the density
of the spectral distribution function in the standard normal case.

Lemma 5.2.12

Let H, be the bivariate standard normal distribution function with [—1,0]-uniform margins
and correlation coefficient p € (0,1) and let ® be the univariate standard normal distribution
function. Then the density of the spectral distribution function H, . has the form

iy (c) = zb (@1(1+c(1 ?/zl))_i—!ﬂpcpl(l—f—cz)) (5.89)
O 1(1+cz) — p@ (14 c(1-2))
+(1-2)® ( \/q_ipz > (5.90)

for ¢ < 0and any fixed z € [0, 1].
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5 Limiting distributions of maxima under triangular schemes

PROOF. The spectral distribution function is given by

H,.(c) = Hy(cz,c(1—z))

o(1tez) o l(be(1-z) ] x? = 20xy + ¥
) R N A et T 5 A W
/. /. znﬂe"F’( 2(1—p?) ) "

for ¢ < 0 and any fixed z € [0, 1]. Differentiation with respect to ¢ leads to

0
hpz(c) = ng,z(C)
e (e(1-2)) 1 (@ 11+ cz))2 — 20071 (1 +cz)y + 12
—F /_oo 212 F <_ 21— p?) ay
(5.91)
%1/ ((p (cp’l(l + cz))) (5.92)
O (1+cz) 1
ca-a 2
_ _ 2
s oxp <_x2 —20x®d (14 c(lz—(lz)_);;)(cp L1 +c(1—-2))) ) o
(5.94)
x1/ (¢ (@7 (1 +c1-2)))), (5.95)

where ¢ is the standard normal density. The term in (5.91) and (5.92) can be written as

/<I>1(1+c(1z)) 1 (@11 +cz))” = 200 1(1 + cz)y + 12 p
z —eX —
- 2T P 21— ¢?) g
o (00 e9))
O (1+c(1-2)) 1
2 (p-1 2 -1 2
PP (@ (1+e2)" =20 (14 cz)y +y
xexp( 2(1—()2) dy
/q>—1(1+c(1—z)) 1 y—pd (1 +cz) p
=z
= N AN T
-1 o o -1
o O 1(1+c¢(1-2))—p® 11+ cz) '
1—p?

An analogous result holds for the term in (5.93), (5.94) and (5.95). This proves the
assertion. 0
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5.2 Limiting distributions under a generalized condition

If we consider a correlation coefficient varying in n, i.e. p(n) € (0,1), n € N, and
replace ¢ by c¢/n, the representation in (5.89) and (5.90) becomes

hp(n),z(c/ﬂ) o (CID—l(l +c(1— z\)//%)cp—l(l + cz/n)) (5.96)
-z (@‘%1 tez/n) - q(i)i;; (1+c1- z>/n>> 597

In the following lemma we deduce an expansion for the argument of ® in (5.96).

Lemma 5.2.13
Let p(n) € (0,1), n € IN, be correlation coefficients which vary with the sample size n and
assume that the convergence (5.59) holds, i.e.

(1 p(n)) log(n) — A2 € [0,00], 1 — co.

If A = 0, we assume that the convergence p(n) — 1, n — oo, is not too fast such that we still
have

(1= p(n))(log(n))* — eo, 1 — co. (5.98)

Then we obtain the expansion

O 1+c(1—2z)/n)—pn)® (1 +cz/n)

1—p(n)?
_ V21— p(n)(log(n) —log |c[)'>  v/24/1 — p(n)log(log(n) — log |c|)
1+p(n) 4\/1 + p(n)(log(n) — log |c|)1/2

log(z) — 10g(1—2) +0<10g(10g(n))>
f\/1+P )v/1 = p(n)(log(n) —log [c[)1/2 (log(n))/2 ) *

asn — oo, forc < 0and z € [0,1].

PROOF. Using the asymptotic expansion (A.2) in Ledford and Tawn [34], Appendix A,
we obtain

O 1+c(1—2)/n)—p(n)@ (1 +cz/n)
~ (2log(n) —2log|c| — log(1 — 2))"/2 — p(n)(2log(n) — 2log |c| — 2log(z))"/>
- %(ZIOg(n) —2log|c| —2log(1 —z))~1/2
x (log(log(n) —log |c| —log(1 — z)) + log(47))
p(n)

+ T(Zlog(n) —2log |c| — 2log(z)) /2

x (log(log(n) —log [c| —log(z)) + log(47))

° s 1/2
= Valog(n) ~loge)"* (14 1o B2 )
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1/2
ot ()

V2 o o 1/2 log(1—z) \ '
(log(n) —loglel) /2 (1+ BT I )
x (log(log(n) —log|c| —log(1 — z)) + log(4))

z —-1/2
() ogn) — log ) /7 (14 B}
« (log(log(n) — log|c| — log(z)) + log(47))

B 1/2
~ \/ﬁ(log( ) log‘c‘)1/2< + IOgl(’)cg’(i 10?(1/1))

og(z 172
)V 2log(on) ~togle)"* 1+ B )

V2 o o 1/2 log(1—z) \ '

(log(n) —logle) /2 (1+ BT I
log(1—z)

log |c| — log(n

-1/2
+P<”)\f(log( n) —log c|)~ 1/2< +10g’i<‘3g_(2g(n)>
log(z)

X <log(log(n) —log|c|) + fog || - log () +10g(47r)> ,

asn — oo, cf. also [16], pp. 56-57. Inserting this expansion into the argument of ® in
(5.96) we can write

O l1+c(1—2)/n)—p(n)® 1 (1+cz/n)

X <log(log(n) —log |c|) + ] +10g(47r)>

1—p(n)?
. V2/1—p(n)(log(n) —log|c|)!* log(l—Z)
1+p(n) V2y/1+p(n)y/1—p(n)(log(n) —logc|)!/2
L p(n) log(z)
V2 /1+p(n)y/1 - p(n)(log(n) —log |c|)/2
1 log(1 —z)?
4f¢1+P )v/1 = p(n)(log(n) — log |c[)3/2
0 log(1 -~ 2)° o < 1 )
4V2/1+p(n)\/1— p(n)(log(n) — log |c)3/2 1—p(n)(log(n))*>
V2 log(log(n) —log |c|)
4 \/1+p(n)/1—p(n)(log(n) —log|c|)!/2
V2 47

4 /T+p(n)y/1—p(n)(log(n) — log|c|)'/2
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V2 log(log(n) log |c|)
PO AT R /I~ p(n) (log(m) — Ioge]) 2
+p(n) Y2 i
P T o) T () (log(n) —log]c]) /2
1 log(1 —z) log(log( ) —log|c|)
4\f\/1+p )1 —p(n)(log(n) —log|c|)3/2
p(n) log(z )IOg(IOg( ) —log|c|) ‘o log(log(n))
4\f¢1+P )v/1 = p(n)(log(n) — log |c|)3/2 1—p(n)(log(n))3/
(5.99)
_ V21— p(n)log(n) ~log|e)"> log(z) — log(1 - 2)
1+ p(n) V2y/1+p(n)y/1— p(n)(log(n) —log |c|)!/2
log(z) /1 —p(n) ~ V2y/1—p(n)log(log(n) —log |c|)

VZy/T+ p(m)(log(n) —log|c|)' 2 4y/T+ p(n) (log(n) — log c])/2
V2T p(n) log(4n) +0<1og<1og<n>>)
4/T+ p(n)(log(n) — log |c))/2 " * \ (log(n))1/2
_ V2T~ p(n)(log(n) ~ log|e[)"/*  v2\/T— p(n)log(log(n) — log|c|)
T+ p(n) 4/T+ p(n)(log(n) — log|c|)/2
log(z) - 1og<1 —2) o <1og<1og<n>>>
V2Tt p(m)/1—p(n)(log(n) — log ey 12+ \ (log(m) 172 )

as n — oo. Note that it is possible to shorten the expansion (5.99) because of the con-
vergence (5.98). 0

Of course, an analogous expansion is satisfied by the argument of ® in (5.97).
Now we are able to present our result concerning the limiting distribution functions
of normal random vectors under triangular schemes.

Example 5.2.14
Let Hp ) be the bivariate standard normal distribution function with with [—1, O]-uniform
margins and correlation coefficient p(n) which varies with the sample size n and assume that
the convergences (5.59) and (5.98) hold.

From Lemma 5.2.12 and Lemma 5.2.13 we can deduce that the spectral density of H,(,,) has
a representation of the form (5.79) with F = ® and

V2y/1—p(n)(log(n) —log |c[)'*  v/2y/1 — p(n) log(log(n) —log |c|)
1+p(n) 4y/1+ p(n)(log(n) — log |c|)!/2
log(z) — log(l —2) o <10g(10g(n)>> 4o
\f\/lﬂ? )v/1—p(n)(log(n) —log |c[)1/2 (log(n))t/2 )’ '
3

=Y Bju(c/n)Aj(z) + 0 (Bau(c/m)), n— oo,

j=1

n(z,c/n) =
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where
- — 1/2
By (c/m) = Y2V p(n)ﬁg;% log |e])!”*
1
B>, /
an(c/n) = \f\/1+p \/1— n)(log(n) — log |c|)1/2
By (c/n) = Y2V p(n)log(log(n) ~ log|c])
' 4y/1+ p(n)(log(n) —log |c|)1/2
and

Therefore we have some sort of expansion of length 3 in the arqument of the standard normal
distribution function ® in (5.79). Obviously, the functions B; , are slowly varying and we have

lim By ,(c/n) = A € [0,)],

n—oo

1
7}gl(}oBZH(c/n) 57 € [0, 0]

for every c < 0 and
lim Bj,(c/n) =0
n—oo

for every sequence (p(n))nen and ¢ < 0. According to the convergence (5.59) we know that
¢n(z,¢/n) converges to
g(z) = A + 08(2) —zlig(l —z)

asn — oo, if A > 0, which is a continuous measurable function. Now an application of
Corollary 5.2.8 leads to

Howm) (%%)
S exp ((x@ (A 4 loglxl —logy| ) o log ly| —log x|

plx 0 +y® | A+ 7 (5.100)
=: H)(x,y),

asn — oo, if A > 0. If A = oo, we obtain that

n(z,c/n) — g(z) =0 =w(P), n— o
and from Remark 5.2.10 it follows that

- x
Hon) (;f %) — exp(x+y) = Holx,y), 17— co.
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5.2 Limiting distributions under a generalized condition

Finally, Remark 5.2.11 implies that

n (XY : _.
Hy (E' E) — exp (min(x,y)) =: Ho(x,y), n — oo,

if A = 0. In particular, we have

3
,}EIJOZBJ'/W(““W;)AJ'( : >:1
j=1

x+y

and

oy c y o\ _
J%;B],n ((x‘l‘y)z) A] <x+y> —0/

if x <y, and vice versa, if y < x.

Remark 5.2.15
In Example 5.2.14 we have, obviously,

Hy =lim H d He =limH,,
o =lmH, an tim H)
where Hy(x,y) is the Hiisler—Reiss distribution function with reversely exponential margins,
cf. [29], Section 2.

Remark 5.2.16
In the bivariate case the general form (5.61) of a spectral density becomes

ha(c) =zP (Y < Hy'(1+c(1-2))|X = H'(1 +cz))
+(1-2)P (X <HY(1+e2)Y = Hy ' (1+¢(1-2))),

where (X,Y) is a bivariate random vector with marginal distribution functions Hy and Hp.
Now let Hy = Hy = ® and let h, = hy, be the spectral density pertaining to the bivariate
standard normal distribution function with [—1,0]—uniform margins and correlation coefficient
p € (0,1). Then X and Y are standard normal random variables and the conditional distribu-
tion of X given Y =y is the normal distribution N,, |_ 2y with mean value py and variance

1 — p?. Thus we can identify the function F in (5.62) by

Flry) =@ (;fi)

and the functions F and § in (5.63) are given by
F=®, and G(x,y)= i
1—p?
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5 Limiting distributions of maxima under triangular schemes

Finally, the function g in (5.64) can be defined as
g(z,c) =3¢ (<I>_1(1 +c(1—2)), 1+ cz)>
O (14c(1-2) —pd (14 cz)

Ve |

Therewith we obtain

o (€) — 20 (CD_l(l +c(1 ?/71))_7—()25)(1)‘1(1 + cz)) (5.101)
+(1-2)® <®_1<1+62) —qqi‘;lﬂ(l —Z>)>, (5.102)

which is again the result of Lemma 5.2.12.

In the following remark we show that the spectral density in (5.96)—(5.97) fulfills the
spectral expansion presented in Example 5.1.18 if the correlation coefficient satisfies the
condition (1 — p(n))log(n) — oo, as n — oo. Thereby we relate the previous results to
earlier findings.

Remark 5.2.17
From Mill’s ratio, cf. Ruben [44], expansion (2.6), it follows that

1 1 1
DY) ~1—-——— —Zy?), . 5.103
(y) ymeXp( Zy) y— oo (5.103)

This asymptotic equivalence leads to the spectral expansion of the standard normal distribution
function if the arguments of ® in (5.96) and (5.97) converge to oo, as n — oo. According to
Lemma 5.2.13, this is the case if (1 — p(n))log(n) — oo, as n — oo, which is, of course,
always true if p is constant.

Assume now that the before named condition is fulfilled. Then we can write the spectral
density given in (5.96) and (5.97) in the form

! 1—p(n)?
Z\/Ziﬂqfl(l +c(1—2z)/n)—p(n)®1(1+cz/n)
X exp (_1 (@71 +c(1—2)/n))’ P (14 e(1—2)/m)@ (1 + cz/n)

hp(n),z(c/n> =1-

2 1—p(n)? 1—p(n)?
2
_;15(;()”)2 <<1>71(1 + cz/n))2>
VI P

1
V2 @1 (1+cz/n) —p(n)®1(1+c(1—2)/n)
X exp (_1 (@*1(1 + CZ/?’Z))2 N p(l’l)q)fl(l —|—C(1 _ Z)/H)q)fl(l —|—CZ/7’1)

-(1-2)

2 1—p(n)? 1—p(n)?
_;% (o111 —z)/n))2> . (5.104)
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5.2 Limiting distributions under a generalized condition

Using an asymptotic result from [16], p. 58, we get

exp ( (@1 +c(1 —z>/n>>2>

2 1—p(n)?
= (|e|/n)Y (=p(0) (1og(n) — log |c|)/ @A=P0)) (47)1/ =p(m))) (1 — 7)1/ (1=p(n)?)
1 1 (log(log(n) —log|c|))® (log(log(n)))?
g (1 161 —p(n)? log(n) —log|c| to log(n) ;o M09,
p(m)® (1 +c(1—2)/n)® (14 cz/n)
o T p(n)?
= (|| /n)2™/ (=02 (1og (1) — log |c]) =P/ (1=p(1)?) (47)~p(m)/ A=p(n)?)
x (z(1 — z)) P/ A=p()?)

x <1 1 _p() 108<log(n>—10g’c’>2+o((bg(bg(n)>)2)>’ H

~81—p(n)?2  log(n) —log|c| log(n)
and
1(@1(1+ cz/n))2
TP\ T

= (Je|/n)Y A=) (1og (1) — log |c|)1/ @1-P(1*) (477)1/ Q(1=p(n)%) 71/ (A=p(n)*)

(41 1 (log(log(n) ~loglel)}  ((logllog(m)?\) . _
(1 161—p(m)?  log(n) —log|d *( log(n) )) /

which implies

2 1-p(np 1= p(n)

—%71 f(;:():l)z ((D_l(l +cz/n)>2>

= ([e|/n) =)/ (+e() (1og (1) — log |c|) (1 Pm)/ 20+pm)) (477)(1=p(m)/2(1+p(m)))

exp( 1 (@ 1(1+c(1- z)/n))2 p(n)® (1 +c(1—2z2)/n)d (1 +cz/n)

X (1= )/ W+pn) z=p(m)/ (1 p(n)

, N — 00,

+o (n—<1—p<n>>/<1+p<n>> (log(n))<1—p<n>>/<z<1+p<n>>>)

Together with Lemma 5.2.13 this leads to

! 1—p(n)?
V2@ 1 (1+c(1—2z)/n) —p(n)®1(1+cz/n)
X exp (_1 (@ '(1+c(1—2)/n)*  p(m)® (1 +c(1—2)/n)® (1 +cz/n)

z

2 1= p(n)? - 1= p(n)?
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5 Limiting distributions of maxima under triangular schemes

Ao (52;)2 (o7 + cz/n)>2>

= (‘c‘/n>(17P(n))/(1+P(n))(10g(n) —log ‘C|)fp(n)/(1+p(n))(47_[)7p(n)/(1+p(n))
1

@ prm)

40 (n_(l—ﬂ(n))/(l-i-ﬂ(n))(log(n))—p(n)/(l-i-p(n))) = o

x (1= p(n))"2(1 + p(m))*? _ 7))/ (tp(n)

Analogous considerations for the third term of representation (5.104) finally give us the spectral
expansion

Ron),z(€) = 1+ Bu(c)An(z) + Ru(z,c)

with R, (z,¢) = o(By(c)) uniformly for z € [0,1], as ¢ T 0, such that
Ry(z,c/n) — 0, n— oo,

for every ¢ < 0 and

B, (C) _ ‘C|2/(1+p(n))—1Ln (C),

where
() = (1 p(m)*/2(1 = p(n))™V/2(d7r) )/ (L+0(0) ( Log ]+l e

and

2

L2 L ()
5o @ e

An(z) =

Let us now come back to the Crowder distribution. In Example 5.1.17 it has been
said that one has to modify the representation of the spectral density of Hy,), the joint
distribution function of the lower tail of the Crowder distribution, in order to deduce
the limiting distribution of the maxima for a non—constant sequence (0(1)),en. Such
a modified representation will be computed in the subsequent lines, thereby giving
another example of Corollary 5.2.8.

Example 5.2.18

Let Hy(y) be the joint distribution function of the lower tail of the Crowder distribution with
[—1, O]-uniform margins and parameters « > 0 and 6(n) > 1, n € N, c¢f. Example 3.3.3. Let
us now compute its spectral density for each n € IN by differentiating the spectral distribution
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5.2 Limiting distributions under a generalized condition
unction H with respect to c. We have
0(n),z P

d

h”rz(c) = &He(n),z(c)
J
= 3 <l +c
6(n) 0 0(n) 1/6(n)
+exp —{(zx—log(—cz)) + (v —log(—c(1—2)))" —a } +a
1/6(n
=1+exp [— { (&~ log(—c2))"™ + (& — log(—c(1 — 2)))*® — a" } ™ a]
1/6(n)—1

X ((9(171)) {(oc — log(—cz))e(n) + (a —log(—c(1— Z)))G(n) B oce(”)}

y ( (2 — log(— ))G(n)—l (;zZ) +0(n) (e —log(—c(1 — Z)))e(n)_l(;((ll__zz)))>

=z (1 + exp {_ {(lx - 108(—CZ))9(11) + (a —log(—c(1 — Z)))e(”) _ txe(")}l/e(n) N “}

< { (0~ og(~c2))") + (a — log(—e(1 — 2)))°" — a2t}

et

cz

+(1-2)

X (1 +exp [— { (&~ log(=€2))"™) + (& — Tog(~c(1 ~2)))"™) — ,Xe<n>}”9<”>

+al

X {(0( — log(—Cz))G(n) + (oc _ log(—c(l _ Z)))e(”) _ ae(n)}l/f)(n),
| (= log(—c(1- z>>>9(")1>

c(1—2z2)
=z (1 + exp

ogz) & \'®
1/0(n g -
i log"{ <+logrcr logrcr>

+1<1+1°g<1 ) _ ¢ > +(‘")} i

2 loglc[  logc| 2(— log |c])°™
1 lo (Z) o (n) 1 1o (1 . Z) Q 0(n)
1/6(n) J L glz) 1 g -
*2 {2 <1+ log |c| 10g|C|> T\ Tloglel ogld]

+ L 1/0(71)711 (1+ log(z)  « >9(n)—11
2(—log|cl)f(m) 2 loglc| ~ logc| =
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5 Limiting distributions of maxima under triangular schemes

log(z) x "
- 1/6(n &\z)
+(1-2) (1 +exp [7- Nlog { (1 T loglel ~ log |C!)

1/6(n)
1 log(1 — z) o )9('7) af0)
- (1 _
3 < * log |c| log |c| + 2(—log |c|)60n) e

0(n) _ 0(n)
« 21/6(n) 1 1+ log(z) o +1 14 log(l—2z) &
log|c|  log]c| 2 log |c| log |c|

9 —

. L(”) 1/6(n)—1 1 (1 . log(1 — z) o« >9(n)1 #

—log [c])? 2 loglc|  loglc| c(1-2)

1 log(z) a "
1/6(n 1 8\z)
(1+exp 2 108| |{2 ( +10g|c| log|C|>
6(n) 0(n) 1o

1 - log(l—2)  « ) L +
2 logle|  loglc 2(~log|c])?™

log(l-z) & 6(n) )
X l 1+ 1+ “logle]  loglc] n DCG( )
cz sz« - - e

1+ Togl ~ Togl (—log|c| —log(z) — a)

log|c| loglc

1/6(n)
1 log(1 —z) w >9(n) af)
~ (1 — -
w3 (1 e e TaCloglelyr [ T°

log(z) 0(n)
# 1+ 1+ 122‘ | 10g|c\
c(l1—z) 14 o8-z  «

logld  log[c]

o(n log(z) w00
+(1—z) | 14exp |29 log|c| ( + - ’>

1/6(n)—1
0(n)

N (—log|c| —log(1 —z) — a)0(n)

Hence the spectral density hy, - (c) possesses a representation of the form (5.79) with

F(u) =1—exp(—u), uel0,0),
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5.2 Limiting distributions under a generalized condition

which is the distribution function of the exponential distribution on [0, 00), and

(z,¢) = 217600 (_ log | 1 1_*_log(z)_ x \fm
Eni2 €)= & 2 log|c| log|c|

1/6(n)
1 log(1 — z) o )9(”) af0m)
- (1 v a4l
t5 < + + 2 IET) a +log(|c|z)

loglc|]  log]c] —log|c
log(1-2) o\ O
1 1+ logle[ ~ Tog]c] af)
+ (1 — > log ¢ 1+ 8 & +
o) T C— (~log c| — log(z) — )"

To compute the limiting function g of gn(z,c/n), as n — oo, cf. (5.80), we have to do some
preliminary considerations.
Let us assume that the sequence (6(n)),enN satisfies the convergences

6(n) — oo
and
(21/e(n) _ 1) log(n) — & € (0,00),
asn — oo,
First of all, it follows that
20 Q 0(n)
- O/ v
(log(1))?(") (1og<n>> T e
which implies
L 0 5.105
2(log(n) — log )™ (6109
and
) 0 5.106
2(log(n) —log |c| — log(z) — a)?(m) Y (5:106)
asn — oo,

Moreover, we have

which implies
0(n) _ log(2) . (5.107)
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5 Limiting distributions of maxima under triangular schemes

From (5.107) we can again deduce

6(n)
X x/€
<1+10g|c|_10g<n>) s e

for any x € R, because of

00108 {1+ o oo ) =0 (e~ g+ (o))

X
= iog 1]~ Tog(m) T

log(n) 0(n)
~ “logc[ — log(n) log(n)
Llos(2)

;o

+o(1)

as n — oo. This leads to

1+ log(1—z) a 0(n)
( log [c[—log(n) 10gclog(n)) _, pllog(1-2)-log(2))/§ ;1 _, o (5.108)

log(z)
1+ GogTel loglm ~ Togle-Tog()

and

1 log(z) "
p(n) =3 (1+10g|c|_1og(n) ~ log [ — log >

1 <1 log(1—2) i )9
2 log |c| —log(n) log|c| —log(n) " 2(log(n) — log [e)7"
_, plog(z)—a—1 _i_zlog(lfz)fvcfl, n— o,

+

where the latter convergence is also due to (5.105). Next we have

z“"<"><log< ) —log [el) (9 ()" ~log(n) +log(|clz)
=210 log el ((n)) /) + log(n) ((2(m))/**") 1) +log e| + log(2)
— ¢ +log(z), n— oo, (5.109)

because of

log(n) ((2p(m)"/*") —1)

~tog(n) (exp ( 5 los2w(m) ) 1)
— log(n) (9(114) log(2) + 9(171) log((n)) + o <9(n))>

— ¢, n— oo,
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5.3 Effects on the power of the test on tail dependence

The convergences (5.106), (5.108) and (5.109) finally lead to
Qn(z,c/n) —log(z) + ¢ —a +log (1 + 2(1"%(1’2)’10%(2))/5) =:¢(z),

as n — oo. Obviously, the function g is continuous and measurable. Applying Corollary 5.2.8
we obtain

— exp <x <1 —exp (— log (x j_ y) —¢+a—log (1 + ZIOg(V)_IOg(x))>>

+y(1—exp (— log (xf—y) —¢+a—log (1 +21°g(x)_1°g(y))>>>

—(x+y)exp(a — ) <{1 -+ 210%(”*1"%(")}_1 + {1 + 210%("“0%(1/)}_1))
=exp((x+y)(1 —exp(a —7))),

as n — co. Obviously, ¢ = « is a degenerate case. For ¢ # « we have independence in the limit
again because the limiting function is the product distribution function — this time with scale

parameter
1

1—exp(a—¢)

5.3 Effects on the power of the test on tail dependence

As spectral expansions or expansions of Pickands densities, respectively, are the basis of
the test on tail dependence, our next aim is to analyze what effect it has on the power of
the test if the exponent of variation in the underlying expansion varies with the sample
size.

Consider again the approximate power function

YnalB) ~ 1= @ (14 PO (1 —0) — pm'/?), B0,

in (4.3) where m is the sample size. If 8 is fixed, i.e. under condition (3.13) or (3.20) in
the bivariate case, we obtain

Yua(B) = Yal(B) = {i‘j o (5.110)

as m — oo, meaning that the type I error rate converges to « whereas the type II error
rate converges to 0.
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5 Limiting distributions of maxima under triangular schemes

Now let the parameter § vary as the sample size increases, i.e. = p(m) > 0, and
assume
B(m) —0, m— oo,

cf. the conditions (5.24) and (5.27) or (5.15) and (5.17) in the bivariate case. Obviously,
(1+B(m)@ '(1—a) - @ ' (1—a), m— oo,

so we have to deal only with the convergence of the term B(m)m'/2. Because B(m) > 0,
we get
Bmym!? = e 0,0, m — oo,

Let us consider three cases:

=0 = Pua(B(m)) —-a m— oo, (5.111)
ne (0,00 = Puulf(m) —>1-a (@*1(1 —a) - y) € (a,1), m— oo, (5.112)
=00 = Puu(p(m)) —1, m— co. (5.113)

The first and the third case contain the convergence in (5.110) if the sequence (B(1))men
is constant, i.e. B(m) = 0 or f(m) = B > 0 respectively. In the sequel we assume that
B(m) > 0 for every m € IN so that we are considering the alternative of the test on tail
dependence. In the case (5.111) the type II error rate converges to 1 — a, meaning that
the power of the test becomes as bad as possible as the sample size tends to infinity. In
case (5.112) the type II error rate tends to a value between 0 and 1 — « in the limit and
the limiting power of the test depends on . Finally, the best possible performance of
the test is achieved in case (5.112) where the type II error rate converges to 0.

An example for the last case is given by the bivariate standard normal distribution
with a sequence of correlation coefficients (p(m))en satisfying

(1—p(m))log(m) — A* € (0,00], m — oo, (5.114)
cf. condition (5.59) in Example 5.1.18. Because B(m) is given by

m)

1 p(m)
B = T oy

the convergence (5.114) implies

B(m)m'/? — co, m — co.
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6 Results for other univariate marginal
distributions

Till now we have mainly considered d-variate max-stable distribution functions with
reversely exponential margins as stated in Chapter 2. Distribution functions with other
margins have been standardized by the transformation given in (2.4) or have at least
been transformed to margins belonging to the max—domain of attraction of the re-
versely exponential distribution function. In this chapter we deal with distribution
functions having margins that belong to the max—domain of attraction of arbitrary uni-
variate EVDs. Section 6.1 gives an overview of basic definitions from Chapter 2 trans-
ferred to this more general situation. The modified Pickands transform for general
EVDs constitutes an important part thereof. We also add some basic results which are
taken from Falk et al. [10], pp. 156-157. Most of the content and notation in this section
follows [10], p. 144, pp. 156-159, and pp. 201-202. In Section 6.2 we show that spectral
densities and Pickands densities and, thus, their expansions are the same for different
types of marginal distributions provided that the modified Pickands transform is used.
Therefore, in Section 6.3 we are able to reformulate results of Chapter 5 for univariate
margins belonging to the max—domain of attraction of any univariate EVD.

6.1 Basic definitions and results

In the following part we consider d-dimensional EVDs G with margins following an
arbitrary univariate EVD. Let the i—th marginal distribution function of G be given by

Gi(x) = exp(y (x)), 1<i<d, 6.1)

where
—(—x)™%, x<0, ifa;<0
Po,(x) =< —x74, x>0, ifa;>0 (6.2)
—exp(—x), x€R, ifa;=0.

We thereby get the family of (reverse) Weibull, Fréchet and Gumbel distribution func-
tions. In each case 1, is a strictly monotone and continuous function whose range is
given by (—o0,0). Note that G; with a; = —1is again the reversely exponential marginal
distribution function.

In the sequel we denote a d-dimensional max—stable distribution function with uni-
variate marginal distribution functions G;, i < d, by G, with « = (ay,...,a4) € RY.
The distribution function G with reversely exponential margins is now denoted by
G(-1,.,—1)- The subsequent lemma shows that the max-stability of G, is preserved if
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6 Results for other univariate marginal distributions

the margins are transformed to follow the reversely exponential distribution function,
cf. Lemma 5.4.7 in [10].

Lemma 6.1.1
Suppose that the random vector X = (X, ..., X,) has the distribution function G,. Let

Ui = l/)uci(Xi)/ 1 S i S d.
Then the random vector U = (Uj, ..., Uy) has the distribution function G(-1,..,—1)-
PROOF. See [10], Lemma 5.4.7. O

According to [10], p. 157, we can reformulate Lemma 6.1.1 as

Gy (l,Ua_ll(xl), ce ,%‘dl(xd)) = G(—l ,,,,, _1)(X1,. . .,xd), x < 0. (6.3)

This result together with representation (2.8) of G(_1, 1) = Gp leads to the represen-
tation

Gu(x1,...,x4)

= Gty (0 (31), - Yy (3)

— ex . 1,0“1(3(1) Yy (xdfl)
= exp ((; lPa,»(xz)> D (Zigd (5 Toe %(xi)>> (6-4)

of an arbitrary max—stable distribution function G,, where D is a Pickands dependence
function as defined in (2.9).

From Chapter 2 we know that the random variables U; = ¢, (X;), 1 < i < d, from
Lemma 6.1.1 with joint distribution function G(_;, ) are independent if, and only if,
D = 1. According to representation (6.4) this is the case if, and only if, the random
variables Xj, ..., X; are independent. The same is true asymptotically for distribution
functions belonging to the max—domain of attraction of an EVD. To see this we first
repeat the assertion of Lemma 6.1.1 for arbitrary distribution functions and apply a
result from [10], p. 144, concerning max—domains of attractions: Consider an arbitrary
d—dimensional random vector X = (X3, ..., X;;) with distribution function H, and let
Ui = ¥y, (X;),1 <i < d. ThenU = (Uy, ..., Uy) has the distribution function H_; ).
In other words, we have

Then, according to [10], p. 144, it follows that
HeD (G(,L___,,l)) & H, € D(Ga), (6.6)

cf. Definition 2.1.1.
Now we can formulate our result concerning tail independence.
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Lemma 6.1.2

Let H,, be the distribution function of a d—variate random vector X = (X1, ..., Xy) and assume
that H, belongs to the max—domain of attraction of an EVD Gy. Then the random variables
X1, ..., X, are tail independent if, and only if, the random variables U; = ,,(X;), 1 <i <d,
are tail independent.

PROOF. The assertion follows directly from Definition 2.3.1, equivalence (6.6), and rep-
resentation (6.4). O

From Lemma 6.1.2 we deduce that it is possible to test the tail dependence of the ran-
dom variables Xj, ..., X;, whose joint distribution function coincides in its upper tail
with G,, by testing the tail dependence of the random variables 1., (X1), ..., Pa,(Xys),
see also [10], p. 202.

The GPD corresponding to an EVD G, is again given by any distribution function W,
that has the representation

Wa(x) = 1+ log(Gu(x), log(Ga(x)) > ~1,

in a neighborhood of 0. The upper tails of the univariate margins W; of W, coincide
with those of univariate GPDs, i.e.

Woe (x) =1—(—x)7%, —1<x<0, ifa; <O,
Wig (x) =1—x"%, x>1, ifa; >0, (6.7)
Wo(x) =1 —exp(—x), x>0, ifw; = 0.

The distribution functions in (6.7) constitute the family of beta, Pareto and exponential
distribution functions, cf. [41], p. 24. The GPD pertaining to the EVD G(_; 1) with
reversely exponential margins is now denoted by W_; ).

For GPDs we obtain a result that is analogue to Lemma 6.1.1 for EVDs, cf. Corollary
5.4.81in [10].

Corollary 6.1.3
Suppose that the random vector X = (X1, ..., Xy) has the distribution function W,. Let

LIZ- = lpzx,'(Xi)/ 1 S l S d
Then the random vector U = (Uy, ..., Uy) has the distribution function W_q ).
PROOF. See [10], Corollary 5.4.8. O

According to [10], pp. 157-158, we can again reformulate Corollary 6.1.3 as
W, (1,[]0‘_11(X1), . /l/"a_dl(xd)) = W(_Lm,_l)(xh e ,xd), o <x<0,1<i<d,

for co next to 0. If )", ; s, (x;) is close enough to 0, we have

Wa(xlz .- -/xd) = W(—l,...,—l) (%1 (xl)/ .. "lljad(xd))

TNED) Yoy (Xa-1) )
=1 o \ X D [ ) 6.8
" (E‘” o >> (Bt tane)
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6 Results for other univariate marginal distributions

Motivated by the representations (6.4) and (6.8) we introduce the modified Pickands
coordinates

Co = leai(xi) <0 (6.9)
i<d
and
7, = (lpalc(xl), o 1sza1c(xd1)> cR (6.10)

of an arbitrary vector x = (x1,...,x;) with x; in the domain of ¢, 1 <i <d, cf. (6.2).
Fora; = —1,1 < i < d, these modified Pickands coordinates coincide with the Pickands
coordinates given in Definition 2.2.1. As in Chapter 2 we can now define spectral de-
compositions based on these modified Pickands coordinates. For a d—dimensional dis-
tribution function H, whose i-th margin has a support belonging to the domain of ,,,
1<i<d, put

(Ha)a(c) = Ha (waf(czl), e (i) g (c (1 - x zi> )) (6.11)

for c < 0and z € R. The function (H,), is again a univariate distribution function on
(—o0,0] for any fixed z.
Obviously, we obtain

(Ha)z(c) = Hy (woal(czl), oo P, (czan) Yy (c (1 - X zl-) ))

=H (czl,. .., CZ4_1,C <1 - Z zi>> (6.12)
i<d—1

= Hy(c). (6.13)
For an EVD G, and the corresponding GPD W, we put
GY(x1,..., %) := Ga (l/]ajll(xﬂ,...,l/)a;l(xd)) , x<0,

and
W (x1,...,x4) := Wi (lpo;l(xl),...,lp;;(xd)) , x<0.
Thus, from Lemma 6.1.1 and Corollary 6.1.3 together with (2.18) and (2.19), we obtain

(G;IJ)Z (c) =exp(cD(z)), ¢<0,z€R,

and
(W:f) (¢c)=1+cD(z), c9<c<0,z€R,
z

cf. [10], p. 158.
Let us now have a look at one special example of a bivariate EVD, namely the Hiisler—
Reiss EVD, cf. Example 5.4.9 in [10].
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6.1 Basic definitions and results

Example 6.1.4
Usually the bivariate Hiisler—-Reiss EVD is given with Gumbel margins, i.e.

H)(x,y) = exp (—CD ()\ + yz—/\X> exp(—x) — & <A + xz_Ay> exp(—y)) , xYyER,

where @ is the standard normal distribution function, see also representation (2.7) in [29].
Thus, in the notation of this section, we have Hy = G(o,o)- According to (6.3) we obtain

Gr,n = Ha (95" (), 45" ()

oxp (s (14 BB OB g (ol og )Y o

which is again the Hiisler—Reiss distribution function with reversely exponential margins as in
(5.100).
For the spectral decomposition we obtain

(Huoo)_(e) = Ha (5" (c2), 45" (c1 - 2)

where

Dy(z) := z® (/\ + log(z/z(; - Z)>> +(1-2)® (/\ + 10g(<1212)/z>> , ze[o,1l.

By analogy with Chapter 2 the introduction of the modified Pickands coordinates
(6.9) and (6.10) motivates the definition of the corresponding modified Pickands trans-
form of a random vector X = (X3, ..., X;) with distribution function H,. Let ¥; be the
domain of ¥;, 1 <i < d, according to (6.2), i.e.

(0,00), ifa; >0 (6.14)

Then we define the transformation

Tu: é(d‘I’i — R x (—00,0)

To(x) = (Ta1 (%), Ta2(x))

- Pay (xl) ll)(xd_l (xd_l) ‘
B <2i<d Yo, (%) Lica 1Pa,-(xz')'i<2d1’b“i(x1)> ' (6.15)
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6 Results for other univariate marginal distributions

This is the transformation of x = (xy,...,x4) onto its modified Pickands coordinates

zy = To1(x) € Rand ¢y 1= Tpp(x) € (—o0,0). It is one-to—one with the inverse
function
T, Y(z,c) = (gball(czl),...,wwll(czd_l),gbadl (c (1 - ) zi> )) . (6.16)
i<d—1

We call the random vector
(Zy, Cy) := Tu(X)

the modified Pickands transform of the random vector X onto its modified Pickands
coordinates, cf. [10], p. 158.

6.2 Spectral densities and Pickands densities

After the definition of spectral decompositions for distribution functions H, and of
the modified Pickands transform we now analyze the pertaining spectral densities and
Pickands densities.

Let H, be a distribution function on X;<; ¥; as defined in (6.14) and assume that its
spectral decomposition (H,), possesses a positive derivative with respect to c. Then
we can define the spectral density of H, in the same way as in Definition 3.1.1, namely
by

d
(ha), (c) := a*(Htx)Z(C)

c
for c near 0 and z € R. As a consequence of (6.12) we get

(ha), (c) = hz(c), (6.17)

where /1, is the spectral density of H = H(_;  _1). These results lead to the following
lemma about the spectral densities of H, and H.

Lemma 6.2.1
Let H be a distribution function on (—oo,0]% and let H, be the distribution function given by

H,X(xl,. . .,Xd) = H(Ipa](xl),. . .,%d(xd)).

Then H satisfies a spectral expansion of length k + 1 in the sense of Definition 3.1.3 if, and only
if, Hy satisfies a spectral expansion of length k + 1. In this case the two of them coincide.

PROOF. The assertion is due to equation (6.17). O

Next we will deduce a similar result for the Pickands density pertaining to H,, i.e.
the density of the modified Pickands transform (Z,, C,) = Tx(X) of a random vector
X with distribution function H,. Therefore we first calculate the determinant of the
functional matrix of T,.
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6.2 Spectral densities and Pickands densities

Lemma 6.2.2
Let ], be the functional matrix of the transformation T, defined in (6.15). Then we have

[Ti<a ’Pfxi (xi)

det(Jx(x)) = 1 (6.18)
(Cica Ya; (x:))
PROOF. The functional matrix J, of Ty is given by
Ju(x) = My (x) Ng(x),
where M, and N, are defined by
e, (x1) 0
/
(X
Mu(x) i= bl
0 Wi, (xa)
and
Lica Yoy (xi) —ay (x1) —Puy (x2) . “Pug_q (x4-1) 1
(Tica ¥, (Xi))2 (Tica ¥ (xi))z (Tica e, (xi))2
747t¥1 (xl) Zigd 1P%i (xi)_qjaz (Xz) . 7¢"‘d71 (xdfl) 1
(Tica o, (x1))” (Sica Yo, (x1))” (Tica o, (1))
Nu(x) := :
*1/)041 (xl) _lpaz (x2) . Zigd ll)ai(xi)—ll’ad,l (xdfl)
(Tica ll’ai(xi))z (Liza %i(xi))z (Tiza %,»(xi))z
— Wy (%1) —Puy (x2) o —Pay_q (Xa-1)
(Tica ¥ (xi))2 (Tica ¥ (xi)>2 (Tica (xi))z

respectively. By elementary matrix manipulation we obtain
ENy (x) = Na(x)

with the elementary matrix

1 0 -1
1 -1
E =
1 -1
0 1
and .
T_—— 0 cee 0 0
’Zigd wﬂi(xi)‘ 1
0 | Zica $a; (x1)] o 0 0
Ny(x) = : 1 :
0 0 ’Zigd Pu; (x,-)‘ 0
— ey (x1) —uy (¥2) o Ty (xd-1) 1
(Tica o (xi))z (Tica ¥ (Xz‘))2 (Tica ¥ (xi))z
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6 Results for other univariate marginal distributions

The determinants of the diagonal or triangular matrices M, (x), E, and E (x) can easily
be computed, they are simply the product of the particular diagonal elements. Thus,
applying the Cauchy-Binet theorem for the calculation of the determinant of a product
of matrices, cf. Theorem 6.1 in Marcus and Minc [35], Section 2.6, we get

det(Ja(x)) = det(Mq(x))(det(E)) ! det (N;(x))

1
— "X )1 —,
(glp & )> (Lica lp“i(xi))d !

which proves the assertion. O

As another auxiliary result we establish a relationship between the Pickands density
and the density of H,. Provided that H, possesses continuous partial derivatives of the
order d next to its upper endpoint, a density of H, is given by

ad
ho(x1,..., %) := 5

X]"‘aJCd tx(xli /xd)

for x = (x1,...,x;) next to the upper endpoint of H,.

Lemma 6.2.3

If the distribution function H, of X = (X1, ..., Xy) possesses a density hy(x1,...,x ) next to
its upper endpoint, there exists a co < 0 such that the modified Pickands transform (Z,, Cy) =
Tw(X) has the density

‘C‘d—l

Tica 1 9%, (¥ (c20)) ) - i, (95 (¢ (1= Tica121))) "l

T, (z,c))

(6.19)

fu(z,c) =
(

on R x (co,0).

PROOF. The transformation theorem for densities implies that (Z,, C,) has the density

fulz,c) = |det (Ju (T (2.0))) \_1 he (T 1(2,0)), (6.20)

where J, is the functional matrix of T,. Substituting x in equation (6.18) of Lemma 6.2.2
by T, '(z,c¢) as given in (6.16) leads to

‘det (],X (Ta_l(z,c)» ‘_1
_ |Cica1 Yo (P (€20)) + ay () (€ (1= Lica12i))) ‘d_l
(Mizams [0, (9 (@20)]) - i, (9 (c (1 = Eicar 20))|

) et | .
(Higdfl W, (ngl(czi))) L (tp;dl (c(1—Yici Zi))) o2

Note that the derivatives ;. of i, 1 <i < d, are always positive. Inserting (6.21) into
(6.20) proves the assertion. O
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6.2 Spectral densities and Pickands densities

Our next auxiliary result concerns the relationship between the densities h, and h,
where the latter is given by

h(xl,...,xd):::

for x in a neighborhood of 0, cf. (3.8).

Lemma 6.2.4
Consider the distribution functions H, and H, where H is defined on (—oo,0]% and H, is given

by

axl---axd

Hy(x1,...,%3) = H($Yo, (x1), .., Pu, (x4)) - (6.22)
Assume that H possesses the density h in a neighborhood of 0. Then H, has a density h, next
to its upper endpoint, too, which satisfies

hy(xq,...,%4 <1_[1/)0é xl> (Pay (X1), -+ Py (x4)) - (6.23)

i<d

PROOF. The assertion is immediate from (6.22) and the application of the chain rule.
O

Now we are able to formulate our result concerning the Pickands densities belonging
to H, and H.
Lemma 6.2.5
Let X = (Xy,...,Xy4) be a random vector with distribution function H,. Assume that the
distribution function H of the random vector Y := (s, (X1), - .., Pa,(X4)) possesses a density
h such that the Pickands transform (Z,C) = T(Y) has the density

f(z,¢) = lel"'h (T7(z,0))
on R x (co,0) for a cg < 0. Then the modified Pickands transform (Zy, Cy) = To(X) has the

same density, i.e.
fu(z,c) = f(z,c).

PROOF. Because the distribution function H of Y has a density /, the distribution func-
tion H, possesses a density h, satisfying equation (6.23), according to Lemma 6.2.4.
Now from Lemma 6.2.3 it follows that the modified Pickands transform (Z,,C,) =
Tx(X) has the density f, given in (6.19). Thus, using equation (6.16) for T, 1 we get

]! ~1
falz,0) = he (T, (z,¢)

(M1t (95" (c20) ) - h, (9! (e (1= Eiza120)) ( )

= ]c\d’lh (cz1,...,czd1,c ( ))

i<d-1

= |c|*1h (T (z, c))

= f(z/¢),

which completes the proof. O
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6 Results for other univariate marginal distributions

6.3 Modified limiting distributions of maxima under triangular
schemes

Against the background of Section 6.2 we are able to deduce limiting distributions of
multivariate maxima under triangular schemes whose univariate margins belong to the
max—domain of attraction of any univariate EVD.

Let therefore X; = (Xj1,...,Xjs), i < n, be independent identically distributed d—
variate random vectors with common distribution function H,. From Chapter 2 we
know that the distribution function of the componentwise taken maximum of these
random vectors is given by Hj, cf. (2.1). Our aim is to find vectors d,, and ¢, and a
suitable function G, so that

HI(dy, + ¢ux) — Gy(x), n — oo,

provided that H, fulfills certain preliminarities. We will present our results by refor-
mulating some of the most important theorems of Chapter 5.

We choose the vectors d, = (dn1,...,d,4) and ¢, = (cpa,-..,Cnq) by using the
normalizing constants d,,; and c,; of the univariate marginal maxima. Assume that
the i—th margin of H, belongs to the max—domain of attraction of the univariate EVD
exp (Pq,; (x)) with ¢, (x) as defined in (6.2). This means that we have

Hy (dyi +cnixi) — exp(Py(x;)), n— oo,

for1 <i < d. We only consider univariate margins for which the normalizing constants
d,;and c, ; are given by

ni =0, Cui = n'/%, ifa; <0,
wi =0, Cni=nt%, ifa; >0, (6.24)
ni =log(n), cui=1, if a; =0,

QR

according to [41], p. 18. In other cases the univariate margins have to be transformed
appropriately first.
Because H,(d, + ¢,x) can be expressed in terms of H, i.e.

Ha(dn + Cnx) = H(¢a1 (dn,l + Cn,lxl)/ ceey ll)le (dn,d + Cn,dxd))/

cf. (6.5), we will now have a closer look at the terms ,,(d,,; + c,ixi), 1 < i < d, by
using the constants given in (6.24). For a; < 0 we have

Yo, (dpi + cnixi) = — (—nl/“ixi) o
= ()
1
= 71/)“1‘(3(1')'

n
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6.3 Modified limiting distributions of maxima under triangular schemes
If «; > 0, we obtain

ll)oci (dn,i + Cn,ixi)

I
|
S
—
~
RS
Ko
~——

Finally, a; = 0 implies

$u; (dni + cnixi) = — exp(—(log(n) + x;))
1

= exp(log(1/n))(—exp(—x;))
1
- Elpﬂéf(xi)‘
Thus, in each case, we have
ll]lxi(dn,i + Cn,ixi> = %lplxl‘(xi)/ 1 S Z S d/ (625)
which implies
H (d +c X) —H lp“l(xl) lplxd(xd) (6 26)
14 n n n 7y n . .

We can now reformulate our results of Chapter 5. The following theorem corresponds
to Theorem 5.1.1.

Theorem 6.3.1
Let Hy g(n), B(11) = (B1(n), ..., Br(n)), n € N, be d~dimensional distribution functions and
assume that the pertaining spectral densities satisfy expansions of length k + 1

k
(hm/i(n))z (€) =1+ Z; Biu(c)Ajn(z) + Ru(z,c), k€N, (6.27)
f=

with Ry (z,c) = o(Bky(c)) uniformly for z € R, as ¢ 1 0, according to (3.4), such that the
conditions (5.2) — (5.6) of Theorem 5.1.1 are fulfilled. Then we have

k
HZ,/S(H) (dn,l +CuiYi, .- /dn,d + Cn,dyd) — exp (Ta,Z(Y) (1 —+ Z A]‘Aj(TaJ (y))))
j=1

(6.28)
=: Gu(Y1,--.,Y4), (6.29)

as n — oo, with the normalizing constants d,, ; and ¢, ;, 1 < i < d, as given in (6.24) and T, 1
and Ty as defined in (6.15). Moreover, the limiting function G, is a distribution function.
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6 Results for other univariate marginal distributions

PROOF. In the sequel the convergence (6.28) is proved by referring the present situation
back to that given in Theorem 5.1.1.

Due to Lemma 6.2.1 the distribution function Hg, corresponding to H, 4, satisfies
the spectral expansion (6.27) as well. Therefore we can apply Theorem 5.1.1 to Hpg,,).
The normalizing constants are givenby d,,; = Oand ¢,; = 1/n,1 <i < d, in this case.
Now, for H, g(n), we use the normalizing constants d,,; and ¢, ;, 1 < i < d, as given in
(6.28). Then equation (6.26) and Theorem 5.1.1 directly imply the convergence (6.28).

The properties that characterize G, as a distribution function can again be proved
similarly to the proof of Theorem 5.1.1. The continuity of G, follows from the continuity
of the exponential function, of T, 1 and T, and of the functions A, j = 1,..., k. Now
let a(y;) and w(y;) be the left and right endpoint of ¥;, respectively, i.e.

—oo, ifwa; <0

w() = { 0, ifa;>0

and f
10, ifa; <O
wwy_{w’ﬁwza
cf. (6.14). For any sequence (yu)nen With v, T w(¢,), r = 1,...,d, it follows that
lPr(yn,r) — 0,r=1,...,d, which implies

k
r(Yn,r) <1 + ZAjAj(Ta,l(er))> -0, r=1,...,d,
i=1

]:
asn — o, due to the boundedness of the A;. Therefore we have G, (y,) — 1,asn — oo,

which means that G, is normed. Similarly, if y,, | a(¢,) for some r € {1,...,d}, it
follows that ¢, (y,,) — —oo and together with property (5.6) we obtain that

k
Pr(Ynr) (1 + gAjAj(Tull(yn))> SN

j=
and, thus, G,(y») — 0, as n — oo. We can again assume strict inequality in (5.6). Oth-
erwise G, would be degenerate. The A-monotony holds because G, is the pointwise
limit of a sequence of distribution functions. Thus, according to [10], Section 4.1, G, is
a distribution function. O]

We can again provide an additional result concerning the univariate margins of G,.

Lemma 6.3.2
Let Hy g(n), n € IN, be d—variate distribution functions as in Theorem 6.3.1. If the limiting
functions Aj, j =1,...,k, additionally satisfy

k
Z)\]A](el) :0, i= 1,...,d—1, (630)
j=1

k

Y AjAi(0) =0, (6.31)
j=1
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where e; is the i—th unit vector in R i =1,...,d—1, then the i—th marginal distribution
function belonging to G, is given by

Gi(x) = exp(¢u;(x)),
cf. (6.1).

If, conversely, the i—th univariate marginal distribution function of H, g(, belongs to the
max—domain of attraction of G;, i = 1,...,d, then the limiting functions A, j=1,... Uk
satisfy the properties (6.30) and (6.31).

PROOF. Fori =1,...,d considery = (y1,...,y4) and let y, — w(y,), r # i. From the
proof of Theorem 6.3.1 we know that this leads to ¢,(y,) — 0, r # i. It follows that
Tua(y) — ejifie {1,...,d —1},and T,1(y) — 0if i = d. Together with the continuity
of the A; this implies the assertion. O

The max-stability of the limiting distribution function still holds in the present con-
text.

Lemma 6.3.3
The limiting distribution function G, in (6.29) is max—stable according to (2.3) with the same
normalizing constants as used in (6.28).

PROOF. We have

Gy(dnt + cniyi, - dna + cnava)

= exp <n (Z P, (dni + Cn,z‘yi)>

i<d
Yo, (A1 + Cniyr) oy (Ang—1 + Cn,d—lyd—1)>
1+ /\ A ..,
( ]Z <Zz<d Pa, (dn,i +Cn lyl) Yi<d Pu (dni + cniyi)
oo (i)
i<d

11/J0¢1 (yl) llptxdfl(ydfl) )))
1+ /\ A ve., L
( ]Z (Zz<d nltbtxz (yz) Zigd %%,- (yi)

= Gvé(yl/ oo /yd)/
where the second equality follows from (6.25). ]

We now reformulate Theorem 5.1.10, which establishes an expansion for the distri-
bution function of the multivariate maximum.

Theorem 6.3.4
Let Hy g(n), B(11) = (B1(n), ..., Br(n)), n € N, be d~dimensional distribution functions and
assume that the pertaining spectml densities satisfy expansions of length k + 1

k
(hapn), () =1+ 21 Biu(c)Aju(z) + Rulz,c), k€N,
]:
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6 Results for other univariate marginal distributions

with R, (z,c) = o(By,(c)) uniformly for z € R, as ¢ T 0, according to (3.4), such that
Ry(z,c/n) —0, n— oo,

for every c < 0. Let
Bjn(c) = ‘C‘ﬁj(n)Lj,n(C)/ j=1,...,k
where the L;, are slowly varying functions. Then we have
H::,ﬁ(ﬂ) (dn,l + Ci’l,lyl/ sy dn,d + Cn,dyd)
= exp(T, (Y))

xexp( Z:|Ta2 )| 1A () ;

(). e

with the normalizing constants d,, ; and c,, ;,
defined in (6.15).

i <d,as given in (6.24) and T, 1 and Ty 5 as

PROOF. The proof runs along the lines of that belonging to Theorem 6.3.1. U

The pertaining Corollaries 5.1.12 and 5.1.13 can be modified in like manner.
Next we present a modified version of Theorem 5.2.2, which gives us a limiting dis-
tribution function based on a generalized condition for convergence.

Theorem 6.3.5
Let Hy , be a d—dimensional distribution function satisfying Condition 5.2.1, i.e., its spectral
density can be represented by

(han), (¢) = z1F(gn(z1,22, . .., Za—1,€)) + - - - + 24F (8n(2za, 21, - - -, Z4—2,C))

with zg 1= 1 — Y ;<41 zi, where F is a continuous univariate distribution function and the
gn 1 [0,1]971 x (—00,0) — R are any measurable functions for each n € IN. Suppose that

8n(z,c/n) —g(z), n— oo,

for every z € R with g : [0,1] — R := R U {—o0,00} being a continuous measurable
function. Then we have

Hy o (dug +cniyn, - dng + Cnaya) (6.32)
= exp (40, )F (8 (Ta ™))+ + 9o, ) F (2 (Ta @) (6:39)
=: Ga(Y1,---,Ya), (6.34)

as n — oo, with the normalizing constants d,, ; and ¢, ;, 1 < i < d, as given in (6.24) and T, 1
and Ty as defined in (6.15), and G, is a distribution function.
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6.3 Modified limiting distributions of maxima under triangular schemes

PROOF. The proof is again analogue to that of Theorem 6.3.1. O

In conformity with Section 5.2 we present the following result concerning the uni-
variate margins of G, which corresponds to Lemma 6.3.2.

Lemma 6.3.6
Let Hy , be a d—variate distribution function as in Theorem 6.3.5. If the limiting function g in
(6.33) additionally satisfies

g(e1) > w(F), (6.35)

where w(F) is the right endpoint of F and ey is the first unit vector in R~1, then the i~th
marginal distribution function belonging to G is given by

Gi(x) = exp(y(x)), i=1,...,4d,

cf. (6.1).

If, conversely, the i—th univariate marginal distribution function of Hy , belongs to the max—
domain of attraction of G;, i = 1,...,d, then the limiting functions A, j = 1,. ..k satisfy the
property (6.35).

PROOF. The assertion can be proved with the same argumentation as in the proof of
Lemma 6.3.2. OJ

We close this section with a remark about the max-stability of the limiting distribu-
tion function under the generalized condition for convergence.

Remark 6.3.7
Under the generalized Condition 5.2.1 the limiting distribution function G, in (6.34) is again
max—stable according to (2.3) with the normalizing vectors used in (6.32), cf. Lemma 6.3.3.
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7 Measures of asymptotic dependence

In the preceding chapters we have modeled asymptotic dependence structures of mul-
tivariate random vectors by expansions of densities and limiting distribution functions.
However, in some contexts one wishes to obtain information about the asymptotic de-
pendence structure by just one parameter — as in Chapter 4 where the exponent of
variation is used to distinguish between tail dependence and tail independence. In this
context we have already mentioned that there exists a relationship to certain depen-
dence measures in literature.

Our present aim is to show which measures of asymptotic dependence are available
and to extend them to more general cases. We also point out how they are related to
each other and how our model comprising spectral expansions can be embedded into
this framework.

We start Section 7.1 with the classical definition of tail independence in terms of a tail
dependence parameter and show that it coincides with our previously given definition.
Following [6], Section 3.3, we present two more dependence measures in the bivariate
case — the tail dependence parameter and the residual dependence index — and use
them to characterize asymptotic dependence structures. Under a spectral expansion of
length 2 they are related to the pertaining Pickands dependence function and the expo-
nent of variation. Taking into account several proposals in literature we extend these
dependence parameters to the multivariate case in Section 7.2. Again, we analyze their
structure under spectral expansions and establish relationships to the Pickands depen-
dence function and the exponent of variation. In Section 7.3 we present an additional
modification of one of the tail dependence measures, thereby defining the angular tail
dependence parameter. Section 7.4 again focusses on the residual dependence. We
compute the tail dependence parameter and the residual dependence parameter under
sequences of spectral expansions fulfilling the convergence conditions from Chapter 5.
It transpires that in this context the tail dependence parameter no longer measures the
tail dependence but the residual dependence.

7.1 Measures of bivariate dependence

The most common definition of tail dependence and tail independence, respectively, of
a bivariate random vector (X, Y) with distribution function H and continuous marginal
distribution functions Hx and Hy uses the so—called tail dependence parameter x de-
fined by

x = lim P (Y > Hy(q) |X > H);l(q)) , (7.1)
q—1
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7 Measures of asymptotic dependence

where Hgl and H;l are the quantile functions of Hx and Hy, cf., e.g., [10], p. 163,
[41], p. 75, Geffroy [20], [21] and Sibuya [49]. If x = 0, then X and Y are called tail
independent; otherwise, X and Y are tail dependent.

Tail independence may as well be expressed within the framework of copulas. With
U = Hx(X) and V = Hy(Y) we have

X = lin}P(V > u|lU > u),
u—
where U and V are uniformly distributed on the interval [0, 1], cf. [17], Section 1.
For random variables X and Y with support in (—oo, 0] the tail dependence parameter
is given by
X = li%lP(Y > c|X >c). (7.2)
[

It can easily be shown that the relationship
x=2(1-D(1/2)) (7.3)

holds if the joint distribution function of X and Y satisfies a spectral expansion with
Pickands dependence function D according to Definition 3.1.3. From the convexity of
D it follows that

x=0 <& D(z)=1 foreveryze [0,1]. (7.4)

Therefore X and Y are tail independent if, and only if, D(z) = 1, z € [0,1], which
coincides with the Definition 2.3.1 of tail independence.

Coles et al. [6], Section 3.3.1, call x a dependence measure. They show that x can be
received as the limit of another, asymptotically identical, function. For U and V in the
copula framework we have

logP{U <u,V <u}
logP{U<u} '

P(V>ull>u)~2

as u — 1. Therefore they define

~log P{U <u,V <u}

= <u<
x(u) =2 logP{U<u} ' O<u<i,

so that
x = lim x(u).
u—1

According to [41], p. 75 the dependence parameters x and x(u) possess the following
properties:

e x(u)and x are symmetricin U and V;

e x(u)and x range between 0 and 1;
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7.1 Measures of bivariate dependence
e if U and V are stochastically independent, then x = 0; hence independence im-
plies tail independence;
e if U =V,then y =1.
On the negative quadrant we define x(c) analogously by

_logP{X <Y <c}

= 7.
x(€) logP{X <c} c<9, 7.5)
which leads to
X = li%x(c). (7.6)
c

Coles et al. [6], Section 3.3.2, consider an additional dependence measure at level u

2log P{U > u}

Rlu) = logP{V >uU>u} '

where U and V are [0, 1]-uniformly distributed, and the pertaining limit
X = lim x(u).
u—1
According to [6], Section 3.3.2, and [41], p. 322, this second dependence parameter is
introduced to be able to distinguish between pairs of random variables that are both
tail independent, i.e.,, x = 0, but have different degrees of residual dependence at an
asymptotic level of higher order. Therefore we call x the residual dependence index.
Again, we list some properties of { and {(u), cf. [41], p. 323.

e x(u) and y are symmetric in U and V;

e x(u) and { range between —1 and 1;

o if U =V,theny =1.

For normal copula random vectors (U, V) = (®(X),®(Y)), where (X,Y) follows a
bivariate standard normal distribution with correlation coefficient p and & is the uni-
variate standard normal distribution function, we have

X =0

cf. [41], equation (13.21).
If X and Y are again random variables with support in (—oo, 0], we define

2log P{X > ¢}

() e _ 7
x(e) logP{Y >¢,X>c} c<0, @.7)
and
Y := lim ¥(c).
X ggx(C)
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7 Measures of asymptotic dependence

Now, if the distribution function H of (X, Y) satisfies a spectral expansion of length 2
with Pickands dependence function D and the exponent of variation , we obtain

x=1 (7.8)
if D#1,and
X=-— (7.9)

if D =1, cf. [17], Section 8.2.
Combining (7.8) and (7.9) with equivalence (7.4) we get

D#1 & x>0,x=1
and

D=1 & x=0x<1.

Therefore, following Coles et al. [6], Section 3.3.2, we can also use the pair (X, X)
instead of the dependence function D to characterize the asymptotic dependence struc-
ture of two random variables:

e x >0, x = 1: tail dependence with x determining the degree of dependence
e x =0, ¥ < 1: tail independence with x determining the residual dependence,

cf. also [41], p. 323.

7.2 Multivariate extensions

In literature, definitions and detailed considerations of dependence measures and tail
dependence parameters have usually been restricted to the bivariate case. However,
there are still a few multivariate approaches some of which we will present in the sub-
sequent lines.

Recall that tail independence in the d—variate context may be characterized by bivari-
ate considerations, cf. Galambos [19], p. 301, [42], Proposition 5.27, and [40], Theorem
7.2.5. Hence a first intuitive extension of the tail dependence parameter (7.2) can be
obtained by simultaneous pairwise bivariate considerations. Therefore we define

Xij = 1C1%1P(X] > C|Xi > C)

1 1

=2(1-D;(1/2))
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7.2 Multivariate extensions

fori,j=1,...,d,d > 2, with D;; as defined in (2.14). To obtain a multivariate depen-
dence measure we set

D) -1 d
Xizmz 2 Xij-

i=1 j=i+1
It follows that 0 < xy < 1 and

x=20

< xij = 0 for every pair i, j
& Djj =1 forevery pair i, j
& D=1,

where the last equivalence is due to Lemma 3.2.5.

Another suggestion of a measure of multivariate tail dependence can be found in
[47], Definition 7.1. After a transformation to reversely exponential margins it takes the
following form.

Definition 7.2.1
Let X be a d—dimensional random vector with reversely exponential margins. Then X is said to
be multivariate tail dependent if for some sets IU | = {1,...,d} and I N ] = @ the limit

A= li%P(Xi > ViellX;>cVjie])
Cc

exists and is larger than zero. If A = 0, X is said to be tail independent. The parameter A is
called the (upper) multivariate tail dependence coefficient.

In an article by Schmid and Schmidt [46], a new measure of multivariate tail de-
pendence is introduced and its relationship to the upper and lower multivariate tail
dependence coefficients is shown.

Weissman [52], Section 2, defines a coefficient of tail dependence in terms of a Pick-
ands dependence function. Translating his definition into our context we obtain the
parameter

d(1-D(g,...,3))

= , 7.10

Xd i (7.10)

where D is a Pickands dependence function. We call x,; the multivariate tail depen-
dence parameter. According to the properties of D described in Chapter 2 we have

xi=0 <& D(z)=1 foreveryz € R, (7.11)

if D is symmetric, cf. Lemma 2.1.4 (iv). The case x; = 1 represents total dependence
whereas x; = 0 stands for tail independence. For d = 2 we again obtain the depen-
dence parameter given in (7.3).

Both in the bivariate and in the multivariate case, the tail dependence parameter x,
can be generalized to arbitrary D(z). Falk et al. [10] define the so—called canonical
dependence function or tail dependence function by

¥(z) := 1-D(z) , Z€R,
1 — max (Zl, ey Z4d-1, 1-— Zigdfl Zi)
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7 Measures of asymptotic dependence

where D is a Pickands dependence function, cf. [10], Section 6.4. We set

9(0) :=limd(z) and ¥(e;):= lim 9(z),

z|0 z—6

where e; is the i—th unit vector in R*!,i = 1,...,d — 1. From the properties of the
function D it follows that 0 < ¢¥(z) < 1. The dependence functions D(z) = 1 and
D(z) = max (zl, v Zd—1, 1 = Yicga zi), which characterize the cases of independence
and complete dependence, are mapped onto #(z) = 0 and ¢ (z) = 1 respectively. We
then have, obviously,

9 <11> _d(1-D(z---,3) o
d d d—1
which is also called the canonical parameter.
As in the bivariate case we now define a multivariate tail dependence parameter at
level ¢ and show that under a spectral expansion the limit, as ¢ T 0, will again be the
multivariate tail dependence parameter x,.

Definition 7.2.2
Let (X1,...,X,) be a random vector on (—oo,0]%. Then the parameter

o log P{X; <c,...,Xg<c}
xa(c) == <d — log P{X; < o} > /(d—1) (7.12)

is called the multivariate tail dependence parameter at level c.

Comparing the definition (7.12) to (7.5) we see that it actually is a multivariate exten-
sion of the bivariate case.
Let us now compute the limit of x;(c).

Lemma 7.2.3
Assume that the distribution function H of the random vector (X1, ..., Xy) on (—oo,0]% satis-
fies a spectral expansion of length 2 according to Definition 3.1.3. Then we have

Xa = lim xq(c)-
PROOF. Using the spectral decomposition of H we obtain
P{Xi <c,...,Xg<c}=H(c,...,c) = Huya, 1/a)(c)
Thus, together with the asymptotic representation

log(1—u) ~ —u,
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7.2 Multivariate extensions

as u — 0, we obtain

lim logP{X; <c,..., Xy <c}
c10 log P{X; < c}
. 1—Hqya,.1/a)(dc)
= lim
co 1— H(l,O,...,O)(C)
y dhq,.1/a)(dc)
= lim
c10 h(l,O,...,O) (c)
i 4(D(1/4d, .., 1/d) + B(de)A(1/d, .., 1/d) +o(B(dc))
0 1+ B(c)A(1,0,...,0) +0(B(c))
= dD(1/4,...,1/d),

which justifies the assertion. O

After having extended the tail dependence parameter x to the multivariate case the
next step consists in extending the dependence measure ¥(c) at level c in (7.7) and its
limit ¥ as well.

Definition 7.2.4
Let (X1,...,X,) be a random vector on (—oo,0]%. Then the parameter

B dlog P{X; > c}
~ logP{X; >c,..., X4 >c}

o) : —(d-1) (7.13)

is called the multivariate residual dependence index at level c. If the limit
X4 = lim Xd(C) (7.14)
c10

exists, we call it the multivariate residual dependence index.

Our next aim is to show which structure ¥ takes under a spectral expansion. There-
fore we first need an auxiliary result concerning the survivor functions of a d—dimen-
sional distribution function based on its spectral decomposition and its spectral expan-
sion.

Lemma 7.2.5
Let Hg be the distribution function of the d—dimensional random vector (X3, ..., X,) and as-
sume that it possesses a spectral density hg,. Then the pertaining survivor function is given

by

P{X1 >C,...,Xd>C}

=1+ Z (_1)d_):i§d MiHﬁf(d—ZiSd mi)_lz,n ((d B Z mi) C) ’ (7.15)

me{0,1}9\(1,...,1)
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7 Measures of asymptotic dependence

where
Zw=(1—my,...,1—my_q) € {01}, (7.16)

Its derivative with respect to c is

d
—P{X Lo, X
9 { 1>C d>C}

= (_1)11721»9,711,- (d — Wli> h 1 ((d — mi> C> .
me{O,l}Zdi(l,...,l) igi B(d=Tizam) "zn iSZc:i

(7.17)

PROOF. As a multivariate distribution function Hg is A-monotone. This implies, cf.
[10], pp. 107-108,

P{X1 >c..., Xy > C}
- P{(Xl,...,Xd) € (c,o]d}

= ; }d(—l)d—iw ™iHy <0m1cl—m1, . .,omdcl—md) (7.18)
me{0,1

— Hg(0,...,00+ Y (1) Tamipy (omlc1*"11,...,0"1dc1*"1d) (7.19)
me{0,1}4\(1,...,1)

=1+ Z (_1)d_2i§d miHﬁ/(d—Zigd m,‘)_lzm ((d B Z mi) C)

me{0,1}4\(1,...,1) i<d

with z,, as defined in (7.16). In (7.18) and (7.19) we set 0° := 1. Thus we have deduced
representation (7.15). The representation of the derivative (7.17) follows directly from
the definition (3.1) of a spectral density. ]

Lemma 7.2.6
Assume that the distribution function Hg of the d-dimensional random vector (Xy,..., Xy)
satisfies a spectral expansion of length 2

hg,(c) = D(z) 4+ B(c)A(z) +0(B(c)), ¢10, (7.20)

where B is a regularly varying function with the exponent of variation B. Additionally, assume
that B is absolutely continuous and possesses a monotone derivative b. Then we have

Xa=1,
if
-1
) (—1)3 Liami <d - Zm,) D <d - Zm,) Zm | #0
me{01}4\(1,...1) i<d i<d

and Lt d—d)

o141

R 3 (7.21)
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7.2 Multivariate extensions

Y (—1)#Zizam (d - Zm,-) D ((d - Zml) N zm) =0 (7.22)

me{0,119\(1,...1) i<d i<d
with z,, as defined in (7.16).

PROOF. Regarding the definitions (7.13) and (7.14) we first compute the limit

, log P{X; > c}
=1 . 7.23
T c%llogP{X1>c,...,Xd>c} (7.23)

Using the spectral decomposition of Hg we get
P{X1 >c} =1-Hgy,.0(c)

and the derivative of Hg (1 . )(c) with respect to c is given by hg (1 o . ¢)(c). Therefore,
by applying I'Hopital’s theorem and Lemma 7.2.5, we obtain

<P{X1 >, Xy >} —hﬁr<1/0/--~r0>(c)) (7.24)

BT T PR P (AR
me{01}9\(1,...1) i<d B(d-Kicami) “zn i<d
-1
5 cree(iegn) [o{(-ge) -
me {013\ (1,...,1) i<d i<d
-1
+ B ((d—Zml) c) A (d— mi> zm | | +0(B(c)),
i<d i<d

as c T 0, with z,, as defined in (7.16). We then have, obviously,

lggg(d # 0

-1
& Yoo (—1) s (d — Zmi) D (d — Zmi> zm | #0.
me{0,1}\(1,...,.1) i<d i<d

In this case it follows from I’'Hopital’s theorem and

h,B,(LO,---rO) (C) =1 + B(C)A(l,O, . ,0) + 0(B<C)>, C T 0,
—1 ¢cT10, (7.25)
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7 Measures of asymptotic dependence

that PIX x
li { 1>Ceey d>C}:hm&7§0
c10 P{X; > c} ct0 —hg (10,..0)
and, thus,

Let us now consider the case when

-1
Z <_1)d*21§dmi (d _ Zml> D (d — Zm1> zm | =0
me{0,1}4\(1,...,1) i<d i<d

which implies

ORI N (d - '<dmi>

me{0,1}4\(1,...1)

JUCRER(E

2
§(c) = Y, (mnfheem <d - Z%’)

me{0,1}4\(1,...1) i<d

(EDR(EDE

Now, starting with equation (7.24), we obtain

P{Xy>c¢,...,X;>c} . —hg,(10,..0)(¢)
1—-Hgnp,..0 (c) g(c)
. P{X1>C,...,Xd>C}
= lim ’
cio (1— H,s,(l,o,.,.,o)(C))(—g(c))

~
AN
N
3
v

+o(b(c)), c10.

7 = lim

(7.27)

where the last step is due to (7.25). By applying 1'Hopital’s theorem and Lemma 7.2.6

again we obtain

= lim g(c)
c10 g (10,.,0)(c)g(c) = (1 = Hg 10,.,0)(c))g (c)
= lim 1
N 1-H /
10 hg 10,.0)(C) + ( mlfg(?)((f))g ©
1

- ICI%I 1*Hﬁ,(1,o,“.,o)(c) ’ )
hg,10,..,0)(¢) + — 750 - ¢8'(¢)/B(c)
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7.2 Multivariate extensions

Let us now compute the limits of c¢g’(c) /B(c) and of %)O/B?C(;)

tation (7.27) and applying condition (3.6) and Remark 3.1.4 (ii) to the function B in the
spectral expansion (7.20), we deduce

cg'(c) _ Y (— 1) Tizami <d B Z"H) B ((d—Yi<ami)c)

B(c) me{0,1}4\(1,...1) i<d B(c)

o | 14— Ticam) b ((d = Kicami) ) B _12
MR

. First, using represen-

B(c)
1+8 -1
— B ) (—1)4-Licami (d -Y mi> A (d -y mz-) Zm
me{0,1}4\(1,...,1) i<d i<d
=: BM, (7.29)

as c | 0. Similarly, the second limit can be computed by using representation (7.26) and
by applying 1'Hopital’s theorem and condition (3.6).

1-H c h c
lim 500..0)(€) _ lim 8,(1,0,..,0)(€)

cfo —cg(c)/B(c) o N(co) 7

Nie)=— 3} ()= (d—}:m)

me{0,1}4\(1,...1) i<d

B ((d = Tiam) o) B
X ¢ B(c)d A ((dZm,) zm) +o(c), ¢10,

i<d

= —Yi<a Mi ) B((d_zlé mi) C)
oo (d_zml) Bo)

me{0,1}4\(1,...1) i<d

-1
x A <d — Zm,) Zm | + ) (—1)4-Lisami (d — Zml)
i<d me{0,1}4\(1,...,1) i<d

(d — Xoicami) cb ((d — Licgmi) ¢) B(c) — B ((d — Licami) ¢) b(c)
B(c)?

-1
x A ((dZm,) zm) +o(1), ¢7T0,
i<d

148 -1
— Y. (—1)3 Licami (d — Zml> A (d - Zmz) zm | = M,
me{0,1}4\(1,....1) i<d i<d

X
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asc T 0, because of

(d—Yicqmi) cb ((d — Licgmi) c) B(c) —cB ((d — Licymi) c) b(c)

B(c)?
_ (d=Yicami)cb ((d = Yicgmi) ) B((d—Yicami)c)
B((d—Yicgmi)c) B(c)
_ B((d—Yicami) c) _cb(c)
B(c) B(c)

Aege) g

i<d i<d
asc T 0. From (7.25) we can deduce that

I 1 — Hg (10,.0)(c) 1

im = —.

cto —cg(c)/B(c) M

Inserting this result as well as the limits (7.25) and (7.29) into (7.28) leads to
1

11 p

Thus, remembering the definition (7.23) of 77, we get
Xa = 161%517301(0)
— lim legP{Xl > C}
c10 IOgP{Xl >c,..., Xy > C}
=dn—(d-1)

_d—(d-1)(1+p)

1+p
_1+(1-d)p
S 1+8

—(@-1)

O

Obviously, we again obtain y with representation (7.9) if we put d = 2 in Lemma

7.2.6. In the bivariate case we have

Xx#1 if,andonlyif, D=1,

(7.30)

cf. [17], Section 8.2. In order to deduce a relationship between the Pickands dependence
function D and the form of the residual dependence index ¥, one has to consider con-
dition (7.22). We investigate only the if-part of the equivalence (7.30) in the multivariate

case, which is straightforward.
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7.3 The angular tail dependence parameter

Lemma 7.2.7
Let D be a Pickands dependence function on the (d — 1)-dimensional space R. If D = 1, it
follows that

-1
Z (—1)‘172{5‘1”1[ (d — ZWH) D (d - Zml> zm | =0
me{0,1}4\(1,...,1) i<d i<d

with z,, as defined in (7.16).

PROOF. For D =1 we get

-1
Y (—1)4-izami (d -Y mi> D (d -y mi> Zm
me{0,1}\(1,...,.1) i<d i<d

Il
<
Il W
—_
—~
|
—_
N—
T
=
= K
7 N
=
~_—

by using the calculation rules for binomial coefficients and the binomial theorem, cf.
Konigsberger [32], p. 4. O

7.3 The angular tail dependence parameter

The definition of the tail dependence parameter x in (7.1) and (7.6), respectively, may
be modified in such a way that it depends on the angular component z.

In order to obtain an appropriate definition of the angular tail dependence parameter
let us first consider the conditional probability P(Y > ¢(1 —z)|X > c¢z) for [—1,0]-
uniformly distributed random variables X and Y. In this copula framework on the
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negative quadrant we obtain

P(Y >c(1—2)|X >cz)
_ P{X>cz,Y>c(1-2)}

1-P{X <cz}
1-P{X<cz} -P{Y<c(1-2)} +P{X<cz,Y <c(l-2z2)}
N 1—P{X <cz}
:1+1—P{Y§c(1—z)} C1-P{X<cz,Y <c(1-2)}
1—P{X <cz} 1-P{X <cz}
14 1—z logP{X <czY <c(l-2)}
z log P{X < cz} ’

as c T 0. Therefore we choose the following definition.

Definition 7.3.1
Let (X,Y) be a bivariate random vector on (—oo,0]%. Then the parameter

l—z logP{X <cz,Y <c(l—-2)}

1
z log P{X < ¢z}  z€01),

Xz(c) =1+

is called the angular tail dependence parameter at level c. The limit
Xz :=limyx.(c), z€]0,1],
c10

is called the angular tail dependence parameter.
It can be easily shown that the relationship

1-D(z
Xz = 1-D@) (7.31)
z
holds for every z € [0, 1], if the joint distribution function of X and Y satisfies a spectral
expansion with Pickands dependence function D according to Definition 3.1.3. From
the convexity of D it follows that

for every z € [0, 1]. Comparing x- in (7.31) with x in (7.3) one obviously has x = x1,».
Combining the previous considerations we also obtain the convergence

zP(Y > c(1 —2)|X > cz) - 1—D(z),

asc 10, forevery z € [0,1].

Again, it is possible to extend the angular tail dependence parameter to the multi-
variate case. In fact, we define several multivariate versions of x;(c) and compute the
limits, as ¢ T 0, afterwards.
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7.4 Measures of residual dependence under sequences of spectral expansions

Definition 7.3.2
Let (X1,...,Xy) be a random vector on (—oo,0]%. Then the parameter

1 logP{X; <czy,...,X5 <cz
Xd,z,i(C) 12( 8P, ; : 2}

— - d—1), R,
z; log P{X; < cz;} ) /( ) z€

where zg 1= 1 — Y <41 2;, is called the i~th multivariate angular tail dependence parameter at
level c.

Similar to the proof of Lemma 7.2.3 it can be shown that the convergence

1-D(z)
Xdzi(c) — 2d—1) Xdzir €10, (7.32)

holds for everyi € {1,...,d} and z € R. We call x, ,; the i-th multivariate angular tail
dependence parameter. Setting z = (1/d,...,1/d) makes it clear that x,,,, i =1,...,d,
is a special case of the multivariate dependence parameter x,; defined in (7.10) because
one obtains

Xd = Xd,(1/d,.,1/d)i» foreveryi€ {1,..., d}.

Another interesting limiting behavior can be deduced by putting the previous depen-
dence parameters together, namely by considering the sum ) ;; z; Xdzi(c). From the
convergence (7.32) we deduce

d(1—-D(z
ZZiXd,z,i(C) - M = Xdz» ZER,
& d—1
i<d
as c T 0. The limit x, , may be called the multivariate angular tail dependence parame-
ter. As in the bivariate case we get the equivalence

Xiz=0 <& D(z)=1

for every z € R. In contrast to the relationship (7.11), this equivalence is true for every
Pickands dependence function D.

7.4 Measures of residual dependence under sequences of
spectral expansions

As we have seen in the preceding Sections 7.1 and 7.2 the residual dependence index x,;
can be used to quantify the degree of residual dependence in case two or more random
variables are tail independent, i.e., the tail dependence parameter satisfies x; = 0. If
the joint distribution function of these random variables satisfies a spectral expansion
of length 2, the value of x, is determined by the exponent of variation g, cf. (7.21).

Instead of using this dependence measure it is also possible to investigate the resid-
ual dependence structure by considering maxima of random vectors under triangular
schemes as in Chapter 5.
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7 Measures of asymptotic dependence

In this section we combine both approaches. In particular, we deduce the above de-
pendence measures under sequences of spectral expansions fulfilling the convergence
conditions from Section 5.1.3. Therefore we first define the multivariate dependence
parameter at level ¢ depending on 1, i.e.

Xan(C) = (d— log P{X1n <c,..., X4y <c}
n\C) =

log P{X1, < c}

) /(d—1), (7.33)

where (X1 ,,...,X4,) is a random vector on (—co,0]? for each n € IN.

Let us now compute the limit of x,,(c) under sequences of spectral expansions. We
set ¢ := —1/n, thereby letting the level and the dependence structure vary simultane-
ously. One may interpret this as a triangular scheme of tail dependence parameters.

Lemma 7.4.1
For each n € IN let Hg, be the distribution function of a d—dimensional random vector

(Xl,n/--:/Xd,n) on (—o0,0]% and assume that the pertaining spectral density hg,, , fulfills
the conditions of Theorem 5.1.1 and Lemma 5.1.3. Then we have

d(1-D(3--,3)))
d—1 '

where D is the Pickands dependence function of the limiting distribution function G of Hg(n),
asn — oo,

nh_lzgo?(d,n (=1/n) =

PROOF. Combining the arguments of the proofs of Theorem 5.1.1 and Lemma 7.2.3 we
obtain

lim logP{X1n < —1/n,..., X4, < —1/n}

10 log P{X1, < —1/n}

= lim
ct0 1= Hgm) a,,.0(=1/1)

N (1 B Hﬁ("),(l/d,...,l/d)(—d/n)>
= lim

1 (1 - Hﬁ(”),(l,o,..‘,o)(—l/n))

(1A (L))

— , N — o

~1 (1 +35 /\]-A]-(e1)>

“a(ve g (5o )
]:1 ] ] d/ /d 7

where the last step is due to condition (5.11) in Lemma 5.1.3. According to Corollary
5.1.4 the Pickands dependence function of G is given by

7

D(z) =1+ ) AjAj(z), z€R
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7.4 Measures of residual dependence under sequences of spectral expansions

Inserting these results into (7.33) leads to

Tim i (—1/n) = ol - :
which completes the proof. O]
For each fixed 7 the tail dependence parameter

Xdn = 161%1 Xan(C)

is equal to zero because the leading term of the spectral expansions is always given
by the constant Pickands dependence function 1, which stands for tail independence.
However, the limit in Lemma 7.4.1 no longer contains the Pickands dependence func-
tion pertaining to the underlying spectral expansions. Instead it contains the Pickands
dependence function of the limiting distribution function G of the maxima under tri-
angular schemes. Because the latter describes the residual dependence structure, the
tail dependence parameter becomes a measure for the residual dependence if it is com-
puted under triangular schemes.

Similarly, we consider the residual dependence index x,; under sequences of spectral
expansions. Let (Xq,,...,X;,) again be a random vector on (—oo,0]" for each n € N
and define

Tin (C) — ; leg P{Xl,n > C}
ogP{X1, >c,..., X4, >c}

—(d-1).

We call %, (c) the residual dependence index at level ¢ depending on 7.
As above, we compute the limit of ¥, ,(¢) under sequences of spectral expansions by
setting c := —1/n.

Lemma 7.4.2
For each n € IN let Hpg, be the distribution function of a d—dimensional random vector

(X1, - .‘-,‘Xd,n) on (—o0,0)% and assume that the pertaining spectral density hg(n) 2 fulfills
the conditions of Theorem 5.1.1 and Lemma 5.1.3. Then we have
lim X4, (=1/n)=1
provided that
r -1
Z (—1)01—21'31 m; (d — Z ml-) Z)\jAj <d — Zml> Zm | #0 (7.34)
me{0,119\(1,...1) i<d =1

with z,, as defined in (7.16).
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7 Measures of asymptotic dependence
PROOF. Using the spectral decomposition of Hg(,) and the result of Lemma 7.2.5 we

obtain

log P{X1,, > —1/n}
logP{X1, > —1/n,..., X4, > —1/n}

= (log (1 - H,B(n),(1,0/-~~ro)<_1/n)>) /

log Y. —(1—H -1 (— (d—Z) /n))
( <m€{0,1}d,d21<d m; even /S(n),(d—Z,-gd) zm i<d
me{0,1},d—Y;; m; odd p(n),(d-Tica) "2n i<d

= (1og (n (1= Hyu) 100 (—1/m)) ) — log(m)) / (735)
log —n (1 —H 1 (— <d - Z) /n)) (7.36)
( (me{O,l}d,dZZ,<d n; even BO),(4-Tiza) “2m i<d

- n|{1-H R d—Z) /n)) —log(n) | .
me{O,l}d,d%Kd m; odd ( mn)r(dﬁ&gd) " < ( i<d

(7.37)

As in the proof of Theorem 5.1.1 the argument of the first logarithmic expression in
(7.35) converges to 1 + Z;-;l AjAj(er) which is equal to 1 according to condition (5.11)
in Lemma 5.1.3. Similarly, the argument of the logarithm in (7.36) and (7.37) converges
to

Mi= ) (cp)fhem (d - mz‘) ]é AjAj ((d - mi) . Zm) ‘

me{0,1}19\(1,...1) i<d i<d
which is supposed to be different from zero, cf. (7.34). Therefore we have
. log P{Xy,, > —1/n}
lim
c10 log P{Xy,, > —1/m,..., X4, > —1/n}

i —log(n)  _
B lc%l log(M) —log(n) L

which justifies the assertion. O

The result of Lemma 7.4.2 suits the preceding considerations very well. Because the
Pickands dependence function in the underlying spectral expansions is equal to 1, one
obtains the residual dependence index

—d
Xin = 12%51Xd,n(c) - +1<1+/3(r>f<n) <1 (7.38)
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7.4 Measures of residual dependence under sequences of spectral expansions

for each fixed n according to Lemma 7.2.6 and Lemma 7.2.7. However, the limit in
Lemma 7.4.2 equals 1. Thus we again capture the dependence structure of the limiting
distribution function G. Nevertheless, as p(n) — 0, which forms part of the condi-
tions imposed on the spectral densities, cf. (5.3), the residual dependence index x;, in
(7.38) converges to 1. This convergence shows that the result of Lemma 7.4.2 is indeed
meaningful.
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8 Conclusion and outlook

In the preceding text we investigated the modeling of residual tail dependence struc-
tures within multivariate extreme value theory. Spectral densities and Pickands densi-
ties played a central role. In particular, technical conditions imposed on these densities
led to limiting distribution functions of maxima under triangular schemes. The shape
of the limiting distribution functions then gave information about the residual depen-
dence structure of the underlying random variables. Pickands densities were used to
deduce a test on tail dependence. Moreover, various measures of asymptotic depen-
dence were established on the basis of spectral density expansions.

For future investigations this work offers several starting points. On the one hand,
there is still room for advanced research within the presented model. On the other
hand, one can think of possible modifications and extensions to gain further insight
and to derive additional advantage from the previous results.

Some open questions concern the limiting distribution functions of the maxima un-
der triangular schemes. From Theorem 5.1.1 and Theorem 5.2.2 we know that the lim-
iting function G is actually a distribution function. Additional conditions imposed on
the functions A;, F and g, which determine G, imply that these functions G are distri-
bution functions even without being the pointwise limit of a sequence of distribution
functions, cf. condition (5.14) in Lemma 5.1.5 and condition (5.78) in Lemma 5.2.7. It
is worthwhile to investigate these conditions more closely. This may also shed further
light on the limiting distribution functions themselves. In addition, one may ask for
necessary properties of the functions A;, which are contained in the spectral expan-
sion of Hg(n) and converge to Aj, as n — oo. Properties of the A;,, are of particular
interest in view of the expansions (5.49). Since these expansions can be regarded as
signed measures represented in form of a measure generating function, one might look
for suitable penultimate distributions, cf. [40], pp. 172-173.

Another point that could be studied more closely concerns the limit of the spectral
density h; ;. In Remark 5.2.3 we have only given a hint that there is a geometric inter-
pretation of this limiting function, which is simultaneously the Pickands dependence
function of the limiting distribution function G, cf. (5.77) in Corollary 5.2.6. Therefore
future research work may comprise further investigations of this geometric aspect.

In the framework of maxima under triangular schemes and especially for the com-
putation of their limiting distribution functions, spectral densities have turned out to
be more adequate and easier to handle than Pickands densities. We have indeed es-
tablished limiting distributions under expansions of Pickands densities in Section 5.1.2,
where we have also seen that they coincide with the limiting distributions under spec-
tral expansions provided that some conditions are satisfied. However, we have re-
stricted ourselves to the bivariate case. Therefore, an extension of Lemma 5.1.8 and
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8 Conclusion and outlook

Lemma 5.1.9 to higher dimensions is still a task as yet untackled. Although for our
purpose of investigating residual dependence structures spectral densities have been
sufficient, additional results under Pickands densities might lead to a deeper insight
into this matter.

A separate chapter of this work has been dedicated to the derivation of results for uni-
variate margins belonging to the max-domain of any univariate EVD, not only to the
reversely exponential distribution function. Yet we have not investigated whether the
density expansion of a given multivariate distribution function and, thus, the limiting
distribution function of the maxima changes due to a transformation of the univariate
margins. One step further would consist in analyzing the effect of a transformation to
univariate margins which belong to the max-domain of attraction of an EVD.

The problem of marginal transformations is also of interest if one intends to compute
spectral densities or Pickands densities of specific distributions. In Section 3.3 we chose
transformations to either reversely exponential or [—1, 0]-uniform margins. One of the
examples in this section presented an expansion of the Pickands density of an elliptical
random vector following the Kotz type distribution. However, it is still an untack-
led problem to compute spectral expansions for elliptical distributions and to verify a
condition which leads to limiting distribution functions G of maxima under triangu-
lar schemes. Against the background of the work by Hashorva, cf. [22] and [23], we
expect G to be the Hiisler—Reiss distribution function if the distribution function F of
the radius of the elliptical random vector is in the max—domain of attraction of the unit
Gumbel distribution. If F belongs to the max—domain of attraction of the Weibull distri-
bution, G is supposed to be the max—infinitely divisible (max—id) distribution function
H, ) given in Theorem 2.1 of [23]. One may even extend Theorem 5.2.2 and Theorem
6.3.5, respectively, in such a way that the limiting distribution functions are no longer
max-stable in general but max—id.

In addition to elliptical distributions it might also be interesting to investigate other
classes of distributions, e.g. sum-stable distributions.

Throughout this thesis we have considered distributions and limiting distributions
of maxima. However, an alternative formulation of the preceding results in the frame-
work of multivariate generalized Pareto distributions as limiting distributions of ex-
ceedances over high thresholds instead of maxima should be possible.
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