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Abstract

—dd
T dudx
on a bounded interval with an irregular recursive structure, which include self-similar

We study the eigenvalues of the Laplacian A, Here, p is a singular measure
measures as a special case. The structure can also be randomly build. For this
operator we determine the asymptotic growth behaviour of the eigenvalue counting
function.

Furthermore, in the case where p is self-similar, we give a representation of the
eigenvalues of A, as zero points of generalized sine functions allowing, in particu-
lar, an explicit computation. Moreover, we use these functions to describe certain

properties of the eigenfunctions.

Zusammenfassung

Wir untersuchen die Eigenwerte des Laplaceoperators A, = %%. Hierbei ist p ein
singuldres Mafs auf einem beschriankten Intervall mit einer irreguldren rekursiven
Struktur, was selbstdhnliche Mafe als Spezialfall enthélt. Diese Struktur kann auch
zuféllig sein. Fiir diesen Operator bestimmen wir das asymptotische Wachstumsver-
halten der Eigenwertzahlfunktion.

Weiterhin, im Fall eines selbstéhnlichen Mafes, stellen wir die Eigenwerte von A,
als Nullstellen von verallgemeinerten Sinusfunktionen dar, was insbesondere eine
explizite Berechnung erlaubt. Aufserdem benutzen wir diese Funktionen um Eigen-

schaften der Eigenfunktionen zu beschreiben.
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1. Introduction

1.1. Statement of the problem

Assume that u is a Borel measure on the interval [a, b] which is singular in the sense,
that it has no Radon-Nikodym density with respect to the Lebesgue measure. For
example, i is a measure whose support is the Cantor set. We will define a Laplacian

A, on [a,b] for the measure p and study the eigenvalue problem
Auf = —Af

with either homogeneous Dirichlet boundary conditions

The definition of A, involves the derivative with respect to the measure p. If a

function g: [a,b] — R possesses the representation

9(z) = gla) + /[ ]j—idu (L1)

for all z € [a, b], then j—z is the p-derivative of g. In Freiberg [17] an analytic calculus
of the concept of u derivatives is developed.

The operator A, is then given by
d
Af=—Ff

for all f from a suitable domain.



It is well known that if 4 is a non-atomic Borel measure, A, has a pure point
spectrum consisting only of eigenvalues with multiplicity one, that accumulate at
infinity, see Freiberg [17, Lem. 5.1 and Cor. 6.9] or Bird, Ngai and Teplyaev |5, Th.
2.5].

This operator and the resulting eigenvalue problem has been studied in numerous
papers, for example in Feller [15], McKean and Ray [40], Kac and Krein [32], Fujita
[24], Naimark and Solomyak [41], Freiberg and Zihle [23|, Bird, Ngai and Teplyaev
[5], Freiberg [17-20], Freiberg and Lobus [22], Hu, Lau and Ngai [29], and Chen and
Ngai [8].

A treatment of the classical theory of boundary problems on the real line can be

found for example in Atkinson [2].

1.2. Physical motivation for the Laplacian A,

Consider a flexible string (e.g. a guitar string) clamped between two points a and
b such that, if we deflect it, a tension force drives it back towards its state of
equilibrium.

The string shall have a mass distribution given by a function p: [a,b] — [0, 00).
We denote the deviation of the string at the point x € [a,b] at time ¢t € [0, 00) by
u(z,t) and the tangentially acting tension force by F', where we assume that F' does
not depend on x and ¢.

Then the motion of the string, the function u(zx,t), is determined by the wave
equation ) )

%(:p,t) = @%(m,t) (1.2)
with Dirichlet boundary conditions u(a,t) = u(b,t) = 0 for all t. To model Neumann
boundary conditions we need a slightly modified set-up. For that, suppose that the
string ends are attached to carriages (without mass) at a and b, freely movable in the
direction orthogonal to the string. Since this is a technically difficult construction,
we can also think of a narrow (and thus assumed one-dimensional) rectangular basin
filled with water with u(z,t) being the water level at the point = at time ¢. Then
%u(a,t) = 9“(b,t) = 0 for all .

In the following, we give a physical derivation of the one-dimensional wave equa-
tion based on Strauss [50, p. 13].

Look at an infinitesimal small interval [z, x + dz] and decompose the force F into



a longitudinal component Fi,,e and a transversal component Fi,apns in the ratio given

in the following diagram.

+ dxi+du’ du

dx
Then
Flong = ——0%__
Vdr? + du?
and
o= Fdu

According to Newton’s law F' = m-a, a force gives rise to an acceleration a of a mass

m. We assume that there is no motion in longitudinal direction, but the transversal
2

u
part of the force works on the mass element p(z)dz and creates an acceleration —

ot?
of the string. Newton’s law then gives
du 2
Fdu s 0°u
= L =p(x)de - —.
Vdr? + du? 14 (de)2 ot
dx
The term (%)2 is neglectable, because we assume the deviation of the string to be

small. Thus, by “dividing by dx”, we get the one-dimensional wave equation

Pu(x,t)  p(x) 82u(x,t).

0x? F ot?

To solve this equation, we use the technique of separation of variables. For that, we

make an ansatz u(z,t) = f(z) g(t) leading to

It follows that
f'x) 14"
pla) f(z)  F g(t)
for all x and t. Therefore, both sides of the equation have to be constant, say —A.
Thus,

f'(x) = =Ao(z) f(x)

10



and
g"(t) = =AF g(1).

The first one of these equations is relevant for our considerations. We integrate it

to get

f@) - o) =-x [ " 1) plt)de
~ ) / "R dut),

where g is the measure with density p. Now we apply the p-derivative defined in
(1.1) and get ;
/
@ = —\f.
This equation no longer involves the density of u, meaning that we can use it to
formulate the problem for singular (fractal) measures.

A solution f of this eigenvalue equation can be regarded as the shape of the string
at a certain fixed time. Then u(z,t) = g(t)f(x) describes a so-called standing wave.
The square root of the eigenvalues are up to a constant the natural frequencies of
the string, that is, the vibrating string generates a sound which is a superposition
of overtones with frequencies cyv/\,.

The same equation arises when considering the heat equation

QPu(x,t) 1 Ou(x,t)

Ox? a ot

after the separation of variables. Here u(x,t) describes the temperature of some,
say, metallic bar at x at the time ¢ and « denotes the thermal diffusivity of the

material.

1.3. The Cantor set and generalizations

What we call Cantor set was introduced in 1883 as an example for a perfect set by
Cantor |7] on page 590 in footnote 11 in the context of investigations on integrability.

There, Cantor considers the set of all real numbers that can be expressed as

11



where ¢, can take the values 0 or 2.

However, there is an earlier record of a similar construction made in 1875 by Smith
[47, p. 147]. There, the interval [0, 1] is divided into m equal parts and the last one
is removed. Then this process is repeated on each of the remaining segments and so
on. Smith observes that the resulting set is nowhere dense in [0, 1]. Subsequently,
he varies this construction process to receive a nowhere dense set of positive length.
For further information on the history of the Cantor set see also Fleron [16].

In 1919, Hausdorff [28] introduces the dimension and measure concepts that are
named after him. Also in this paper, a rather general construction is made, where
an interval of varying length is removed step by step from the middle of the previous

intervals. Then, investigations are made on the Hausdorff measure and dimension

log 2

log3 of the classical Cantor set is

of the resulting set. In particular, the dimension
given on page 172.

Salem [46| gives a geometric construction of a function f whose slope is zero almost
everywhere on [0, 1] with f(0) = 0 and f(1) = 1 which is strictly monotonically
increasing. This construction starts with a straight line from zero to one that is
in the first step replaced by two lines meeting in the middle. Then, each line is
transformed in the same fashion. This process is repeated while in each step different
transformations are chosen. The resulting function defines a singular measure on
[0, 1] where the support is the whole interval [0, 1].

More general constructions and the Hausdorff dimension of the resulting sets are
considered for example in Beardon [4] and Falconer [14, p. 61ff.].

There are also numerous different models for random (Cantor) fractals. In Fal-
coner [14, Ch. 15|, a random Cantor set is constructed and its Hausdorff dimension
determined by an expectation equation. Further papers treating this topic are e.g.
Mandelbrot [38], Zahle [54], Falconer [13], Mauldin and Williams [39], Graf [26], and
Hutchinson and Riischendorf [31].

In the present thesis we are not concerned with the Hausdorff dimension of such
sets but with the eigenvalues of the corresponding Laplacian and their growth be-

haviour.

1.4. Outline of the thesis

The thesis consists of two parts more or less independent of each other being formed

by Chapters 3 and 4. Before that, in Chapter 2 we give some preliminary consider-

12



ations which we will need later.

In Chapter 3 we are interested in the asymptotic behaviour of the eigenvalue

counting functions Nye, and Np;, given by
Neu() := #{X < 2: X is a Neumann eigenvalue of A}

and
Npir(z) := #{X < x: X is a Dirichlet eigenvalue of A,}

for x > 0. The case where p is a self-similar measure on [a, b] has been investigated
by Fujita [24] and, for a more general operator, Freiberg [19]. For the definition of
self-similarity of measures, see Section B.2. In this case, the eigenvalue counting
functions grow asymptotically like x7, that is, there are constants c¢;,co > 0 such
that

c12” < Npip(2) < Nyeu(x) < co2”

for all x greater than some xy. The spectral exponent  is given as the solution of

N

Z(Tz‘mi)7 =1, (1.3)

i=1
and the number ds = 2 is often called spectral dimension of supp u.

In the present work we will consider fractals that are not strictly self-similar,
but have an irregular recursive structure. The construction of such sets is done in
Section 3.1 but we briefly outline it here. As is very well known, the classical Cantor
set can be constructed by iteratively wiping out the middle third of intervals. We
do a similar construction as follows. Suppose we are given a collection of iterated
function systems (SU));c; (for the definition of an iterated function system (IFS),
see Section B.2) and start with the interval [a,b]. In the first step, we choose an
arbitrary IFS S from our collection and wipe out intervals such that only those
intervals remain which are determined by S¢). For the second step we choose again
an IFS S¢2) and treat every remaining interval accordingly. In this way we proceed
to receive the fractal K¢, where ¢ denotes the sequence (&, &, ...). Moreover, we
construct a measure u& on [a,b] with 1€ ([a,b]) = 1. For that we first assign a
mass of one to the interval [a, b]. Then, in the first wiping step, we divide this mass
according to certain weight coefficients at the remaining sub-intervals. This division

process is then repeated, where in each step, dependent on &, different weights are

13



chosen. In our considerations we assume a given fixed sequence £ which determines
K© and p® completely. This concept is adopted from Barlow and Hambly [3],
where it is used for a construction of scale irregular Sierpinski gaskets. Following
Hambly [27], we call these measures and sets homogeneous, because all “first-level”
cells have the same structure.

In Section 3.2 we establish a scaling property that is essential for the proof of our
main result. In that we follow Kigami and Lapidus [35, Lem. 2.3].

The main theorem about the asymptotic growth of the eigenvalue counting func-
tion is proved in Section 3.3. It states that there are constants ¢y, co, C7, Cy > 0 and

xo > 0 such that
Cy a7 e g(log x) < N](){z(x) < ngli)u(x) < Cyz7 e g(log )

for all x > xy, where the function g is determined by the sequence £ and ~ is the
solution of an equation similar to (1.3).

In Section 3.4 we go through several examples for (SV)) jes and €.

Subsequently, in Section 3.5 we take for £ a sequence of i.i.d. random variables

and apply our results for almost every realization.

In the second part of the thesis, that is Chapter 4, we consider fractal measures on
[0, 1] that have a strict self-similar structure. For these we give a new technique of
determining the eigenvalues and eigenfunctions of A, that involves a generalization
of the sine and cosine functions.

In this we follow the classical case, where p is the Lebesgue measure. There, the

Dirichlet eigenvalue problem reads

£ ==
£(0)=F(1) =0,

Then, for every non-negative \, f(x) = sin(v/Az) satisfies the equation as well as
the boundary condition on the left-hand side. On the right-hand side, the boundary
condition is only met if v\ is a zero point of the sine function, which are, indeed,
very well known.

If we impose Neumann boundary conditions f'(0) = f'(1) = 0, we take f(x) =
cos(v/Az), because this complies automatically with the left-hand side condition.

The right-hand side condition again is satisfied if v\ is a zero point of the sine

14



function, which leads to the same eigenvalues as in the Dirichlet case (supplemented
by zero). But here sine appears as the derivative of cosine, which will make a
difference when we take more general measures.

Now let p be an arbitrary Borel probability measure on [0,1]. For every z € R
we construct functions sq, and cp, depending on p as a replacement for sin(z -) and

cos(zzx). We do that by generalizing the series

sin(zzx) = ;(—1)”%
and . (2)?
cos(zx) = 2(—1)” (Z;m‘ ,

replacing % by appropriate functions p,(z) or ¢,(z), depending on whether we im-
pose Neumann or Dirichlet boundary conditions. These functions fulfill the eigen-
value equation and meet the left-hand side Dirichlet and Neumann boundary con-
dition, respectively.

Putting p, := p,(1) and ¢, := ¢,(1), we define

sing(z) = Z<_1)nQ2n+122n+1
n=0
and .
sinp(z) := Z(_l)npanZQnH-
n=0

For sq, and cp, to also match the right-hand side conditions, 2 has to be chosen as
a zero point of sinq in the Dirichlet case and sinp in the Neumann case. All this is
described in Section 4.1.

In Section 4.2 we show how to compute the norms in Ls(u) of the eigenfunctions
by using the sequences p,, and g,.

The functions cp, and sq, satisfy an identity that generalizes the classical trigono-
metric identity. This is established in Section 4.3.

In Section 4.4 we consider symmetric measures and get some symmetry results.

The main results are established in Section 4.5. We outline these briefly here.
Since the functions p,(z) and g,(x) are determined in a process of iterative integra-
tion alternately with respect to u and the Lebesgue measure, the coefficients p,, and

qn are difficult to compute in general. But if u is a self-similar measure with respect

15



to the mappings
Si(z) =rmax and  Sy(x)=ro(z —1)+1

as well as the weight factors m; and msy, we develop a recursion formula for p,, and

¢n involving 71,15, my, and ms.

To illustrate the structure of this recursion formula, we consider again the classical

Lebesgue case. There we have
1
n!

1

=7 can be viewed as

which leads to sinp(z) = sinq(z) = sin(z). The sequence p,, =

the solution of the problem

2'pn = > DiPni;
i=0

plzla

(1.4)

which is derived from the equation 2" = 3 (7). Our recursion formula for self-

i=0
similar 1 looks more complicated, as it distinguishes between the two different kinds
of boundary conditions. Additionally it is different for even and odd values of n,
and it involves the parameters rq, 79, m1, my of the measure. However, it has the

same basic structure as (1.4).

Moreover, we establish functional equations involving sinp and sinq that can be

viewed as generalizations of the classical addition theorems.

In Section 4.6 we consider the especially interesting case where rym; = roms.

Then the Neumann eigenvalues fulfill a renormalization formula
>\2n =R >\n7

where 1/R = rymy. This property has been established in a special case by Volkmer
[52] and in our setting by Freiberg [20]. This formula allows us to investigate the

growth of subsequences
(H.fk2”||oo) , for odd k,
neN

where fn denotes an eigenfunction to the nth Neumann eigenvalue that is normalized

16



to one in Lo(p).

We show in Section 4.7 that, if we assume r; +ro = 1 in addition to riym; = roms,
the Dirichlet and Neumann eigenvalues coincide.

Finally, by using the formulas we developed in the course of our investigations,
we compute approximations of eigenvalues for certain examples in Section 4.8.

Several remarks about possible further investigations are made in Section 4.9.

In Appendix A we give graphs of eigenfunctions that were plotted by using for-
mulas from Section 4.5.

For reference, Appendix B contains some mathematical foundations.

17



2. Preliminaries

We consider the interval [a,b], where —o0 < a < b < oo. The one-dimensional
Lebesgue measure is denoted by A, the o-algebra of Borel sets in [a,b] by B. By

measurable we will always mean Borel-measurable.

2.1. Derivatives and the Laplacian with respect to a
measure
As in Freiberg [17,19], we define a derivative of a function with respect to a measure.

Definition 2.1.1. Let x4 be a non-atomic finite Borel measure on [a,b] and let
f:la,b] = R. A function h € Ly([a, b], p) is called the u-derivative of f, if

f(aj):f(a)—i—/xhd,u for all = € [a, b].

The following lemma gives some technical statements which we will need to prove

the uniqueness of the p-derivative.
Lemma 2.1.2. Let p be a finite Borel-measure on [a,b]. Then the following holds.

(i) For every A € B and every € > 0 there is an open set V C [a,b] such that
ACV and p(V \ A) < e.

(ii) Let f € Lo([a,b], ) and A € B. Then, for each ¢ > 0, we can find a 6 > 0
such that [,|f|dp < e, provided that j(A) < 6.

(iii) Every open set U C [a,b] can be written as a countable union of disjoint open

mtervals.

Proof. A proof of (i) can be found in Rudin [43, Th. 2.18] and of (iii) in [43, p. 50].
We prove (ii). Let f € Lo(u), f # 0 and € > 0. By the Cauchy-Schwarz inequality

18



follows

1

Jistan= [ wairians ([ vade) ([ 15 dn) = n(03 0o
A [a,b] [a,b] [a,b]

2

712, 0y
Proposition 2.1.3. The p-derivative in Definition 2.1.1 is unique in Lo().

Thus, if pu(A) < , then /\f| du < e. O

Proof. Let pn and f be as in Definition 2.1.1. Let hy; and hy be p-derivatives of f.
It follows from the definition that [ (hy — he) du = 0 for all z € [a,b] and therefore
f;(hl — hg)dp = 0 for all z,y € [a,b] with 2 < y. By Lemma 2.1.2 (iii) we get
Ji;(hy — ha) dp = 0 for any open set U C [a, b].

As hy and hy are measurable, the set {z € [a,b]: hi(x) —ha(x) # 0} is a Borel-set.
We will show that its measure is zero by contradiction. Assume without loss of
generality that M := {z € [a,b]: hi(x) — ha(x) > 0} has positive measure and let
e > 0. Because of Lemma 2.1.2 (i) and (ii), we can find an open set V' C [a, b] such
that [, ,[h1 — ha|dp < e . Hence

/V(hl—hﬂdll:/v\M(hl—h2)du+/M(h1—h2)d,u>—5+/ (hy1 — ho) dp,

M

and thus, since p(M) > 0 and hy — hy > 0 on M, we get [,(hy — hy)dp > 0 by

choosing ¢ sufficiently small. This is a contradiction. O]

Thus we showed that, if it exists, the u- derivative of a function f is well defined

and so we denote it by 7 df . The \- derlvatlve 4 we denote by f.

Lemma 2.1.4. Let fl,fgz [a,b] = R functions with fi = fo p-almost everywhere

and whose p-deriwatives exist. Then
i _dp
du  dup
u-almost everywhere.

Proof. Let N € B with u(N) = 0 such that fi(x) = fo(x) for all x € [a,b]\ N. Then
the proof works as that of Proposition 2.1.3 if we replace the set M by M\ N. O

Definition 2.1.5. Let p be a non-atomic, finite Borel-measure on [a,b]. We de-
fine H'([a,b], ) = H'(p) to be the space of all elements of Ly(u) that possess a

representative whose p-derivative exists.

19



Note that, according to our definition, the p-derivative is always in Lo(u). In case
p = A is the Lebesgue measure, the definition of H'(\) is equivalent to the usual

definiton of this Sobolev space.

Proposition 2.1.6. Let pu be a non-atomic, finite Borel-measure on |a,b]. All func-
tions in H'(p) are continuous in the sense that each equivalence class in H*(u) has

a representative that is continuous on [a,bl.

Proof. Let f € H' (). We take f to be the representative whose py-derivative exists.
Let x € [a,b]. For all y € [a,b] we have by the Cauchy-Schwarz inequality,

v df Y df 1| df
= < < 2
@ =rwl={] 5 u\_ gl @ < wlle)? | ]|, = 0
as y | x, because p({x}) = 0. Therefore, f is continuous in x. O

Definition 2.1.7. Let p and v be atomless, finite Borel-measures on [a,b]. The

space H?([a, b], v, 1) is the collection of all functions in H'([a, b], v) whose v-derivative

belongs to H([a,b], u1).

As with Ly(p) we will denote the spaces with H'(u) and H?(v, i), respectively, if

we use the interval I = [a, b].

Remark 2.1.8. According to Proposition 2.1.6 it is clear that, if f € H?(v, u), &

possesses a continuous representative.

’du

In the following, we take v to be the Lebesgue measure denoted by A. Now we

define the operator A, on which our investigations are focused.

Definition 2.1.9. For all f € H*(\, ) we define
d
A, f=—Ff.

Remark 2.1.10. In Freiberg [17, Cor. 6.4] is shown that H?(\, u1) is dense in Ly (f1).

Similar to the classical derivative, there are several derivation and integration

rules. Some are presented in the following.

Proposition 2.1.11. (i) Let f,g € H'(n). Then fg € H'(n) and

df

(fg) g+ f

20



(ii) Let f € H*(\, ) and g € H'(X). Then

(iii) Let g: [a,b] — R be invertible and f € H'([g(a),g(b)],gu). Then fog €
H' (0, 8], 1) and

L(rog=-7

Og.
1 d(gp)

(iv) Let f € Li(\) and g € H'(u) increasing. Then,
9(b)

[ 160) Lo = [ st an

g(a)

(v) Suppose that f € H*(\,p) and g € H*(N\). Then, with E(f,g) = ff f'(t)g'(t)dt,
g(fv g) = _<Aufag>L2(u) + f,(b)g(b) - f/(a)g(a)

Proof. (i) is proved in Freiberg [17, Lem. 2.3 (i)] and (ii) in [17, Prop. 3.1]. We first
prove (iii). To this end, take f € H'([g(a), g(b)], gu) and write for z € [a, b]

g(x)
fl9@) = flgla) + / ) @f d(gn)

Y od
=reow+ [ g evin

Then the assertion follows by the uniqueness of the p-derivative.

Next, we show (iv). Let ¢,d € [a,b] with ¢ < d. We denote i = Z—!‘i -t Then, by
the definition of the u-derivative,

plled) = [ 52 du = gla) = 9(6) = Mlo(c) 9(d)).

Since this holds for all intervals in [a, b] it follows by Carathéodory’s extension the-

orem that

g = A.
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Then,

b g9(b) g9(b)
[ eyt = [ p@)atgm@ = [ sia)ds,
a g(a) g(a)
which proves the assertion.
(v) follows directly from (ii). O

2.2. Dirichlet forms related to the Laplacian

Throughout this section, we denote by u a finite atomless Borel measure on [a, b]
and by A the Lebesgue measure.

We define two Dirichlet forms (€, F) and (€, Fy) on Lo(i) and show that they have
the same eigenvalues as A, with homogeneous Neumann and Dirichlet boundary
conditions, respectively. To prove the desired asymptotic properties of the eigenvalue
counting functions later, we will work rather with the Dirichlet forms than with the
operator A, itself. The statements and proofs are similar to those given in Kigami
and Lapidus [35] and, apart from the compactness of the embeddings that occur,
have already been established in Freiberg [18].

In the following we denote by £ the bilinear form given by

E(f.g) = / F(6) (8) dt

for f,g € H'(N).
The domain H'()\) we will denote by F.

Remark 2.2.1. The domain of the operator A, is contained in F, that is, H*(\, u) C
F. Therefore, since H?(\, ) is dense in Ly(p), so is F.

Note, that F C Ly(\) in the sense that if f € F, then there is an equivalence
class f € Lo(A) such that f € f. But furthermore, F C Lo(p) in the sense that if
f € F, then there is an equivalence class f € Ly(u) such that f € f.

That means we have to distinguish whether we regard a function f € F as an
element of Ly(A) or La(p). For example, if we modify f on a p-null set, then it does

not change in the Lo(u) sense, but may change in the Lo()) sense.

Proposition 2.2.2. (£, F) is a Dirichlet form on Lo(p) and the embedding

(‘F? 81) — LQ(:U)a
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is compact, where (F, &) denotes the Hilbert space F with the inner product & given
by
gl(fa g) = g(f7 g) + <f7 g)Lg(u)-

Proof. 1t follows as a special case of Theorem 4.1 of Freiberg [18| that (£, F) is a
Dirichlet form on Ly(p). It remains to show that the embedding is compact. The
proof is similar to that of Lemma 5.4 of Kigami and Lapidus [35].

An operator T: X — Y, where X and Y are Banach spaces, is compact, if for
every bounded set A in X the image T'(A) is precompact in Y.

Let U C F be bounded with respect to &, that is, there is a ¢ > 0 such that for
all f € U holds

/ F(0)? dpu(t) + / Ft2dt < (2.1)

or, equivalently, there are constants ¢y, co > 0 such that for all f € U,

1 llzagn <

and

S(f,f)SCQ.

We have to show that U is precompact in Ls(p). To do that, we show that U is
bounded in C([a, b]) (with respect to ||.||«) and equicontinuous. Then it follows from
Theorem B.4.3 (Arzela-Ascoli) that U is precompact in C([a,b]). Since C([a,b]) is
continuously embedded in Ly(p), U is precompact in Lo(u).

For z € [a, b] we define the function ¢* by

g9°(t) = (2.2)
Then, ¢* € F, and for every f € F and z € [a, b] holds

E(f.0°) = / F(6)g7(t) dt = / "y dt = f(x) - fa).
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First we show that U is bounded in C([a, b]). For every f € U and z € [a, b] holds

@)~ sl < [ 170 0] de
< VEw, ) VEUD
= Vg*(2) —g"(a) VE(. [)
=VvIr—a Vg(faf)

and therefore

1f = f@)]s £ Vb—a-c.

Furthermore, for f € U,

[flloo < 11f = F(@)lle + £ (a)]

1
< b—a02+m“ﬂa)HLz(u)
1
<Vb—ace —Jla 2M+ 2(p
< Vh= e+ e (I = F@lat + 1 220)
1
<+Vb—ace — f(a)|loo + — La(u
17 = Sl + el Sl
<2vVb—acy + ! cq,
([a, 0]

and hence, U is bounded in C([a, b]).

It remains to show that U is equicontinuous. For f € U and x,y € [a, b] holds

Thus,

1f(@) = f()] < VE(G" — g, 9" — ¢¥) VE(F. f)
=]z —y|VEL [)
</l -yl

2
Let € > 0 and ¢ := (i) . Then, for |t —y| < d and f € U,

C2

[f(@) = fW) <2z -yl <e.
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Lemma 2.2.3. If f is an eigenfunction of (€, F) with eigenvalue X\, then
f(x) = f(a) +/ / —Af(t)du(t)dz  for all x € [a,b]. (2.3)
Proof. Let f be an eigenfunction of (£, F) with eigenvalue A, that is,

E(L,9) = M/f29) Lo for all g € F. (2.4)

Let = € [a,b] and let g° € F be as defined in (2.2). Since

it follows that

]

In the following proposition we show that the Neumann eigenvalues of A, coincide

with those of (€, F).

Proposition 2.2.4. For A € R and f € F holds

g(fa g) = )‘<fa g>L2(M)

for all g € F if and only if f € H*(\, 1) and

Aﬂf = _/\f7
f'(a) = f'(b) =0.
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Proof. Assume f € F satisfies

g(fu g) = >\<f7 g)Lz(M)

for all ¢ € F. Then, according to Lemma 2.2.3,
f(z) = f(a)+ / / =A\f(t)du(t)dz for all x € [a, b].

Therefore f € H'(\) and

() _/ N f(B)du(t),  forall 3 € [a, 1],
Thus f € H*(\, i), f'(a) =0 and A, f = —Af. From Lemma 2.1.11 (v) it follows
that

_<Aufag>L2(#) + f/<b)g<b> - f/(a)g(a) = )‘<f> g>L2(H) for all g€ F

which implies that f’(b)g(b) = 0 for all g and consequently f’(b) = 0.

Conversely, suppose that f € H?(u) and A,f = —\f with boundary condi-
tion f'(a) = f'(b) = 0. Then, as seen in Remark 2.2.1, f € F and furthermore,
(AL, i)y = =AM, @) poqu) for all g € F. By Lemma 2.1.11 (v) it follows that

g(f7g) :)\<f7g>L2(/L)- O
Example 2.2.5. The eigenvalues of the Dirichlet form (€, H'(X)) on Ly(\) are

n’n?

)\n = )
(b — a)?

nENO

Proof. This is the special case with ;1 = A. Then, A, f simply is f” such that we
have to solve the Neumann problem f” = —Af on [a,b] with boundary conditions
f'(a) = f'(b) = 0. The solutions are, as is easily verified, f,(z) = Acos (v, (z—a)),

where A € R is an arbitrary constant and )\, is as above. O]

Now, we treat the eigenvalue problem with homogeneous Dirichlet boundary con-
ditions by defining a Dirichlet form (€, Fp) as follows.
We set

Fo:={feH'N: f(a)= f(b) =0}

and denote by & again the restriction of £ to Fy.
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Proposition 2.2.6. (£, F) is a Dirichlet form on La(u) and the embedding
(Fo,&1) = La(p)

18 a compact operator.

Proof. (€,F) is a Dirichlet form according to Proposition 5.3 of Freiberg [18]. Since
every bounded set in (Fp, &) is also bounded in (F, &), it follows by Proposition
2.2.2 that the embedding is compact. O

Lemma 2.2.7. Let f be an eigenfunction with eigenvalue X of the Dirichlet form
(€, Fo). Then there is a number n such that

f@%=wx—®+/m/<%ﬂﬂwﬁwz

for all x € [a,b).

Proof. Let f € Fy and A € R such that for all g € Fy,

g(f? g) = )‘<f7 g>L2(.“)'

Let = € (a,b]. For each n € N we define a function ¢y by

— t—a), iftela,y,),
yn_a( a), ift € a,yn)
gn(t) ==t -z, if t € [yn, ),

0, if t € [x,0],

where the y,, are chosen such that a < y, < z, and lim y, = a. Then g € F, and

n—oo
thus,

ECSf,9n) = MS Gn) Lo (2.5)

for all n € N.

Further, ¢g* converges in Lo(i) to the function g* defined in (2.2), since

Yn
9% = 97 0 = |

y7L
< |$—a|2/ du(t) =0 (n — ).

T = Yn
Yn — a

(t—a)— (t— )| du(t)

Thus, (f, g2) L,(u) converges to (f, g%) r,(u) as n — oo.
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Now we compute E(f, g%). We observe that

_x_yn, ifte[a,yn),
YUn — @
HOERSE if t € [y, ),
07 lf t € [I, b],
and hence,
f,gn—/f y”d+/f
= () = S@) + @) = fn)
f(yn)
(x —a). ==, + f(@).
Since f ( ) converges to some 7 as n — oo, it follows that

E(f,9,) = f(x) —n(z — a)

as n — 0.

Consequently, it follows from (2.5) that
f@) =l —a) = Mf, 9%) Loy
As shown in the proof of Lemma 2.2.3, (f, ¢%) 1,(u) = — f f f(t)du(t) dz and thus,
fa) =na—a)+ [ / NF() dp(t) d, (2.6

which finishes the proof.

Proposition 2.2.8. The following two statements are equivalent:

(i) f € Fo is an eigenfunction with eigenvalue \ of the Dirichlet form (€, Fo),
that s, for all g € Fy holds

g(fa g) = )‘<fa g>L2(M)

(ii) f € H*(\,p) and f is an eigenfunction with eigenvalue \ of A, with homoge-
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neous Dirichlet boundary conditions, that is,
Auf - _/\f
and f(a) = f(b) = 0.

Proof. Assume f € F, and A € R are given such that

5<f7 g) = >\<f7 g>L2(M)

for all g € F,. According to Lemma 2.2.7, f then has the representation

s = [ o+ [-xrwano)a:

a

for all = € [a,b]. Hence, f is differentiable and

F@ =n+ [ =7 dute)

a

Consequently, [ is p-differentiable, f'(a) =7, and

Auf ==\

Since f € Fy it satisfies homogeneous Dirichlet boundary conditions.

Conversely, assume that f € H?(\,u) and X € R satisfy
Auf = =Af
and f(a) = f(b) = 0. Then, for any g € Fo,

g(f? g) = _<A,U«f7g>L2(,LL) = )\<f7 g)Lg(,u)

by Proposition 2.1.11 (ii).

2.3. A Poincaré inequality

We will need the following Poincaré inequality to estimate the smallest positive

eigenvalue.
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Lemma 2.3.1. Let pu be a finite Borel measure on [a,b] and let f: [a,b] — R with
f€HYN) and f € Ly(u). We set f = mf:fdu Then

171 200 (2.7)

r V(b —a)u([a, b))
Hf - f”Lz(M) < 2

Proof. The idea of the proof was found in chapter 6 “Poincaré-type inequalities in

dimension one” of Chen [9]. We compute

[ [ 0~ 1) ante) )
= [ [ 1w+ 0 = 250] ) iy
= (i) [ 10 aut0) + ) [ 52 a2 [ o) [ s
=2yl [ 7~ o))
Furthermore,
I~ Pl = [ $2a=21 [ ot i)
= [ P 200 0D o)
= [ P o

SO

/ / (F@) — (@) dpe) duty) = 2(a b)) | f = FI2, 0.

On the other hand, by the Cauchy-Schwarz inequality,
b b )
/ / (f(y) = f(2))" dp(z) du(y)

:Q/ab/ay </xyf’(t) dt)Qdu(a:) dp(y)

<2 b [ [ ez - duta) dut.
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then, by interchanging the order of the integrals,

=2 [ [ o) 1070 = ) ) )
b b b

9 / / / 10y (@) Ly (9) /()2 (y — ) dp() dp(y)
b b t

=2 [ er [ [ o) dute) duty)

and finally, since p([a,t]) + u([t,b]) = p([a, b]),

<20-a) [ FOF ulle.) u(leH) de
gz(b—a)/ ()7 (M) dt
STy

Altogether we showed

- b—a a,b
15 = i < S0 e

O

Note that, if we take = 8, + 8, and f(t) = ;% (¢ — a) — 1, then u([a,b]) = 2,
F=0,1fl3,, = 2 and [[f]I7,n = 5= and therefore (2.7) holds with equality.

This suggests that the constant in Lemma 2.3.1 is optimal.
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3. Spectral Asymptotics for General

Homogeneous Cantor Measures

3.1. Construction of general homogeneous Cantor

measures

We follow Barlow and Hambly [3] and use their concept of an environment sequence.

Let J be a finite or countably infinite index set. For every j € J we define an IFS
S, To this end, let N; € N, N; > 2. Fori = 1,...,N; let 7 [a,b] — [a,b] be
defined by

S-(j)(:):) = rPg 4 9

where 7Y € (0,1) and ¢/ € R are chosen such that
_ c () () () o D (p) —
a=57"(a) <S(b) < 55" (a) <S5 (b) < < Sy/(b) =b. (3.1)

Then we set
SV = (s, ). (3.2)

Let £ = (&,&s,...) with & € J for every k € N. Then £ is called environment
sequence. Bach &, stands for an IFS S,

For each sequence & we construct a fractal K€ as follows. We put K, = [a, b].
Then, we move on to K fg) by replacing K, by the union of the images of K, under
the functions in S©€). The next level, Kég), is constructed by first mapping K
through ng), el S](\%) and then taking the images under SE&), c S](éll).

To describe the nth level set K% we introduce a word space W, of words of length
n by
Wn = {1,...,N§1} X {1,...,N§2} X X {L?an}
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For n € Nand w = (wy,...,w,) € W, we set

§&) .— g) 5 g&) 5. . . 5 gn)
w w1 wo °

Wn

Now, for n € N, we put
K= | s9(a b)),

weWy,

It follows that K&, C K\ for all n € N. We define K© by

K© .— m K,(f)-
n=1

Proposition 3.1.1. The set K€ is compact and contains at least countably in-
finitely many elements, namely Sl(f)(a) and Sl(f)(b) for all w € W, and all n € N.

Proof. Let n € N and let w = (wy,...,w,) € W,. Then, by the definition of Ky(f),
we have S (a), S (b) € K&. For any m € N we put

’LU/ — (Wl,w2,---7wn717---71) € Wn+m

and

n o,
w = (w17w27 cee 7wn7N£n+17 s 7N£n+m> € Wn+m-

Because of (3.1) it is clear that Sff,)(a) = Sﬁf)(a) and 51(05/2(()) _ Sz(f)(b). Therefore
Sff)(a) and Sz(f)(b) belong to K&

nim- oince this holds for all m the assertion is

proved. O

The complement [a,b] \ K€ is an open set and therefore consists of countably
many disjoint open intervals. These intervals we will call gap intervals or gaps of
K©

K® is not exactly invariant with respect to some IFS as defined in Section B.2,
but we have a suitable replacement for that property. As in Barlow and Hambly [3],
we denote a left-shift of £ by 0¢ = (&,,&3,...). Then we have

Ne,

K© — U Si(ﬁl)(K((’é)) (33)
=1

which follows immediately from the construction of K.
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It is readily seen that, if the sequence € is periodic, K© is self-similar. In partic-
ular, if we take J = {1} and a constant environment sequence { = (1,1,...), then
K® is invariant with respect to S™).

Next, for any environment sequence &, we construct a measure & on [a, b] with
support K. For each j € J let mgj), . ,m%j € (0,1) with

Furthermore, for w = (wy,...,w,) € W,, and n € N we set
m® = ml) . ),

Let 0 := ;=X on [a,b]. For A € B([a,b]) we put

N€1

1
i (A) =D m e (S (4))
=1

and for n € N
-1
HOA) = 3 mOpa(S ().

weWn,

Then we define u(€) by
M(é)(A) — lim M(E)(A)

n
n—oo

for all A € B([a,b]).

Lemma 3.1.2. For any environment sequence &, 1) is a probability measure and
for alln € N and w € W, it holds that

u(© (Sff)([a, b])) — m©

w

Proof. We fix an environment sequence £ and omit the superscript (£). By Corol-
lary B.3.2 (Vitali-Hahn-Saks) follows that u is a measure on B.
Let n € N and w € W,,. We denote K,, = S,([a,b]). For all m € N holds

,Un-i-m(Kw) = Z mw’NO(S&l(Kw)) = Z mwvﬂO(Sz;}(Kw))

W EWn4m VEW,

because K, N K,, = K, if w' = wv for some v € W,, and else K, N K,, = 0. Note
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that
S (Kuw) = 871 0 Sy (Kyw) = 57 ([a,b]) = [a, b]

wv

for all v € W,,. Consequently, for all m € N,

Nn+m(Kw> = Z Myy = Z MMy = My

’UGWm 'UEWm

and thus, letting m — oo,
(K ) = My

In particular, choosing n = 1 it follows that

Ne, Ney

plla b)) = > (K = Y mi =1

Remark 3.1.3. For the case where

T i=Ssup sup rgj) <1
jeJ i=1,..,N;

we want to give an alternative way of proving the existence of the measure ;&) by
using the Monge-Kantorovich metric that we define in the following. This metric
is also called Kantorovich-Rubinstein metric or Wasserstein metric. It arises in the
theory of optimal transportation, for a detailed survey see Bogachev and Kolesnikov
[6].

Let a < b and M ([a, b]) be the set of all Borel probability measures on [a, b]. For
w,v € M we set

dyr(p,v) :sup{/[ b]fdu—/[b]fdl/: fe Lipl([a,b]), sup | f(z)| < 1},

z€[a,b]

where Lip, ([a, b]) denotes the set of all Lipschitz-continuous functions f: [a,b] — R
with Lipschitz constant 1.

Then, (Ml, dMK) is a complete metric space, see e.g. |6, Theorem 1.1.3].

We show that the sequence (/L,(f))n defined above is a Cauchy sequence and there-

fore converges to a measure 1€, We take a fixed environment sequence ¢ and omit
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the superscript (£). Let f € Lip, ([a, b}) and n € N. Observe that, since m,, > 0,

b S (b)
/ fdp, = Z mw/ fd<SwlL0)
a weWy, w(a)
N€n+l
Then, since Y. My, = My,
v=1
b b Sw(b)
[t~ [ gam = > mw/ FdSum =3 ma [ dSumg
a a w' eWn 41 weWy, w(a)
én+1 S (b
= mwv/ dewv,uO - Z mw/ dewMO
weW v=1 weW,,
Nepia »(b) Sw(b)
=Y { / fdSum — [ fdswuo]
weW, v=1 Swv(a) w(a)
§n+1 Suw(b)
= Z Z mwv/ [fOSv_f] dSwMO'
weW, v=1 Sw(a)
Thus,
£n+1
[ i~ [ ram| < >3 mm/ 705, £ dSuti
weW, v=1
§n+1
<Y / Sult) — t] dSurio(r)
weW,, v=1
N£n+1
< Z Z Moy (b — a)r
weW, v=1
< (b—a)r"

Since this holds for every f € Lip,, it follows that dy;x (fini1, tn) — 0 as n — oo.

Proposition 3.1.4. Analogously to (3.3) it holds

N§1

_ Z m&) g€ 09, (3.4)
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Proof. Let n € N, B € Band A = SZ.(&)(B). By definition, we have

= "m0 (5997 (B)).

’u)EWn

Since ml(-&)mg 0= ml(fu) it follows that

Ne, Ne,
-1 )
> mi ) =3 Z miilo(Sy(5(B)
—1
w EWn 41
= /Lg-i)-l(A)'

By letting n tend to infinity we get

Ne,

-1
D (S (A)) = 9 (4)

proving the assertion. O

Lemma 3.1.5. Leti e {1,...,Neg,} and Ae B, AC S ([a, b]). Then
pA) = mi (S5 9) ()

Proof. The proof is immediate by Proposition 3.1.4. m

Remark 3.1.6. Later, we will use derivatives with respect to the measure y(®.
Since (€ is zero on the gap intervals of K©) every function in H'(u(®) is constant

on each gap interval, respectively.

3.2. Scaling of the eigenvalue counting functions

The argumentation in this section relies on Section 6 of Kigami and Lapidus [35].
We fix an environment sequence & = (£1,&s, ... ), take a corresponding sequence
of non-overlapping IFSs (S¢9); as in Section 3.1 and consider the measure u(®).
Furthermore, as in Section 2.2, let F = H*(\) and

_ / F(6) g () dt
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for f,g € F. To distinguish between different measures, we will denote a Dirichlet
form (£, F) on Lo(u) by (€, F, 1) in the following.

3.2.1. Scaling of the energy and the scalar product

We will establish a scaling property of £ similar to Kigami and Lapidus [35, Lemma 6.1].

Proposition 3.2.1. Let f,g € F. Then fo Sfl),g o Si(&) e F and

Ne, Nep =1 gl€n)

&0 =3 el oo s+ X0 [ rg

SV )

i=1 "1 =

Proof. We compute

ZT E(foS(fl)gosgl) Z 151)/ oS (goS )()dt
:i (51)/ (S(&()) dt

N§1 S0 (b)

:Z/ F (g (t)dt

Next, we establish a similar scaling property for the Ly(u(®)) scalar product.

Proposition 3.2.2. Let f,g € Ly(u®). Then

N51

(f, ) Loqueoy = Zm& (f oS, g0 8) e

Proof. We denote I = [a,b]. Using supp pu®) = K© and Lemma 3.1.5, we work out
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that

(f, 9>L2(H(s)) = /fgd,u(g)
I

3.2.2. Neumann boundary conditions

We consider the Dirichlet form (£, F) on Lo(u'®)), whose eigenvalues coincide with
those of A ) with homogeneous Neumann boundary conditions according to Propo-
sition 2.2.4. For shortness and to emphasize the dependence on the measure ;(),
we denote the eigenvalue counting function by N© instead of N, 7).

We define a new Dirichlet form (€, F) where F is the set of all functions f: [a, b] —
R with fo SZ»(&) € H'(\) for all i = 1,..., N, and the restrictions of f to the first
level gap intervals (Si(él)(b), Sﬁll)(a)) are contained in H' (), (Si(&)(b), Sﬁll)(a))) for
alli=1,... Ne — 1.

Then F C F, but F is not contained in H'(\) because functions in F need not
be continuous in the points S\ (a), ngl)(b), . ,Sj(vg;)(a), S](\f;)(b).

For functions f and ¢ in F, we define the form & by

N€1 1 ( ) ( ) N§1_1 S(ill)(u‘)
G _ - & & ! ' '
0=t osges)+ 3 [ s

Then, Proposition 3.2.1 implies that for f,g € F we have £(f, g) = E(f, g).
From Proposition 2.2.2 follows that the embedding F < Ly(p®) is a compact

operator and thus we can refer to the eigenvalue counting function of the Dirichlet
form (F©, ).
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Proposition 3.2.3. For all x > 0,

Ng,

(E)g ZNeg) 51 &1) )

Proof. Let f be an eigenfunction of (€, F, u®) with eigenvalue A. That is, for all
g € F holds

g(f? g) = /\<f7 g>L2(,u(5>)'

Since f and g are in Lo(u'®)) we can apply Proposition 3.2.2. From this and the
definition of £ we get

]\]51 1 Nglfl Sz(-gl—ll)( )
> e gos@) Y [ p i
i—1 i =1 /S0
- (3.5)
. (&1) (&1) (&1)
- /\Zmi (foSi, gos; >Lz(u<0§>)'
i—1

Next we show that the summands of the first sum above coincide with those on the
right hand side, respectively. Take h € H*(\). For j = 1,..., N¢,, we define l~1j by

(&)t : (é1)
P hoS; (z), ifzeS;pV(),

0, otherwise.

Then ﬁj e F, iLjOSJ(-&) =hforj=1,..., Ng, and fzj oSi(&) = 0 for i # j. Moreover,
}NL; = 0 on all gap intervals. Therefore, if we put g = ﬁj in (3.5), we get

1

3 3 3
—7E(f o S k) = Am™ (fo S hY ey

J
This equation now holds for all h € H'(\) meaning that r(gl)

of the form (&, F, u®) to the eigenfunction f o Sjgl) forall j =1,..., Ng.

(1) y : ;
m; "' A is an eigenvalue

To prove the converse, assume that A is a non-negative number such that for
every i = 1,..., N, the number r(&) 2(-51) A is an eigenvalue of (€, F, u#)) to some

eigenfunction f;. Thus,

E(firg) = MmN i, 9) (oo (3.6)
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for all g € H'()\). Let f be defined by

f(x) = fio Sz-(&)_l(x), ifz e S,L»(gl)([a, b]) for some i = 1,..., N,

0, otherwise.

Then f € F and fo Si(fl) = f; for every i = 1,..., Ng,. From (3.6) follows that

Ney 1 Nar 3
2@t (o 8a) =A% m (£ 50,

holds for all g € H'()). Take § € F. Since jo SZ-(&) € H'(\) by definition of F for
every ¢ = 1,..., N¢,, we get

N§1 Nf]_
1 €) = ol&)y _ ) €) = al&)
;mg(fosi ,g o5, )_)‘;mi <foSi ,g o5, >L2(u95)'

Because f is chosen so that f’ = 0 on the gap intervals (ngl)(b), Sz-(fl)(a)), the left
hand side of the above equation equals the definition of £. Hence, by Proposition
3.2.2 we have

g(fv g) = >\<f7 §>L2(,u(5>)

for all g € F. So A is an eigenvalue of (c‘:’ F, 19)) with the eigenfunction f.

We thus showed that for each z > 0 the following statements are equivalent:
(i) A < z is an eigenvalue of (£, F, u©) with eigenfunction f,

(ii) T](.El)m;&))\ < r](-&)m;.&)x is an eigenvalue of (&, F,u%)) with eigenfunction
fo S]@l) for each j =1,..., Ng,.
Thus, A is of multiplicity N¢, and therefore,

Ne,

Nepa) =Y NO@m ).
=1
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Corollary 3.2.4. Since (£, F) is an extension of (€, F) on Ly(u®), it follows from
Theorem B.7.4 that

Ne,

z) < ZN(%) (rggl)mg&)x) (3.7)
i—1

for all x > 0.

3.2.3. Dirichlet boundary conditions

Now we prove a similar proposition for Dirichlet boundary conditions. For that we
use the Dirichlet form (€, Fy) on Ly(u'®)) because according to Proposition 2.2.8,
it’s eigenvalues coincide with the eigenvalues of A ) with homogeneous Dirichlet
boundary conditions. We denote the eigenvalue counting function of (&, Fy) on
La(p®) by N

We define a Dirichlet form (€, Fy) where the domain F; is defined as the set of
all f € Fy that vanish on all first-level’ gap intervals, that is

Fo = {feFo: flx)y=0forz € (S (b) Sz(ftll)( ), i=1,...,Ng — 1}.

We use the notation & for the restriction of the previously used form &€ to Fj as well.

Proposition 3.2.5. For all x > 0,

Ne,

(6¢)
N(Efou(f)) ZN 5 51) 51) )

Proof. The proof of Proposition 3.2.3 can be adapted here as follows.
Let f be an eigenfunction of (€, Fy, u©) with eigenvalue X. That is, for all g € F
holds

E(f.g) = M/, 9>L2(M(5))-

From Propositions 3.2.1 and 3.2.2 we get

Ne Mol s
> me(rosige s« 3 [ p ga
i=1 T =1 S Y (b)
. (3.8)
(1) (61) (61)
= )\Zmi ! <fo S5 go S >Lz(u(95>)'
=1
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Let h € Fy. For j =1,..., N¢,, we define fzj by

) hoSS (2), ifze SE(D),
hj(x) = ! !

0, otherwise.

Then, because h is zero at the boundary, ﬁj € Fy. Furthermore, Bj o S](El) = h for
j=1,...,Ng, and Bj o Si(&) = 0 for 7 # j. Therefore,

1 1 1 1
—7E(f o S h) = Am™ (o S b

J i >L2(u(95))
J
for every j = 1,..., Ng. Thus r§§1)m§§l)A is an eigenvalue of (&, Fo, u\%)) with
eigenfunction f o Sj(.&) forall j =1,..., N¢
(fl)m(fl)

Conversely, assume that r;

.
A is an eigenvalue of (€, Fo, p®) with some

eigenfunction f; for every ¢ = 1,..., N¢,. Then,

E(fir9) = 1 mEIN iy 9) 1y (o)) (3.9)

for all g € Fy. We define f by

f2) = fio SZ.(fl)*l(:E), if x € Si(&)([a’ b)) for some i = 1,..., Ng,

0, otherwise.

Then, since f; is zero at the boundary, f € Fy and by (3.9),

Ne, Ng,

1
Z mg(f ° Si(gl)ag) = )‘Zlmggl)<f © 52(51)’g>L2(u95)

=1 "1

holds for all g € F.
Take § € Fy. Since §o SZ-(&) € Fou, we get as in the proof of Proposition 3.2.3 that

6(f7 ) - )\<f7 >L2 (u®)-

So, A is an eigenvalue of (&, Fo, p®)) with eigenfunction f which proves the propo-

sition. O
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Corollary 3.2.6. Since (£, F) is an extension of (€, Fo) and (€, F) is an extension
of (€,Fv), we finally have by Theorem B.7.4 and Corollary 3.2.4 that

Ne, Ney

>N Imi) < NP (@) < NO@) < 3N i) @10

for all x > 0.

3.3. Spectral asymptotics

In this section we prove the main result of the first part of the thesis. Our intention is
to show that the eigenvalue counting functions N (x) and N grow asymptotically

like 27 for some vy = (&), that is, there are constants C;, Cy > 0 such that
Ci2" < N (x) < Coa? (3.11)

for all x greater than some xy > 0. It turns out, that this is in general not possible.

For this section we will use the following setup and notation. We will refer to
Conditions (C1) to (C7) later. Let J be an at most countable set and suppose we

are given for each j € J a non-overlapping IFS SV = (S1W),.; with scaling factors

() () : () ()
ri’,...,ry, and a weight vector (my”, ..., my;) such that
a = inf mln 7“( )m( >0, (C1)
j€J i=1,...,N;
[ :=sup max 7’( )m( D <1, (C2)
jE] 1=1,..., Nj
and
sup N; < oo. (C3)
jeJ

Next, let & = (&,&,...) with & € J, i = 1,2,... be an environment sequence
such that for each j € J there is a limit

= lim AY),  with p; > 0 for at least one j, (C4)

n—oo

where hY) = #{i < n:& = j}. Further, let g be a monotonically non-decreasing
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function such that for all j € J and all n € N
n|h —p;| < g(n). (C5)

This condition is also imposed by Barlow and Hambly [3] in Section 6.

Let v € [0, 1] be defined as solution of the equation

N

11 (Z(r?’m?‘)w)pj =1, (3.12)

which is equivalent to

N;

> pjlog (Z(T?)m?))”) =0.
=1

jeJ i=

Lemma 3.3.1. 7 is uniquely determined by (3.12) and furthermore, v € (0,1/2].

If 1 is the Lebesgue measure on [a,b] normalized to 1, then vy = %

Proof. At first we have to show that the possibly infinite product in (3.12) exists.
To this end, we show that

Nj

ij log (Z(ngj)ngj)y)
=1

jed

converges absolutely for every s € [0,1]. Noting that rgj )mgj ) e (0,1), we see that
for s € [0, 1],

=1 i=1 JjeJ
and
Nj ' ' N '
Z(Tl(])mgj))s Z rgj)ml(]) 2 OZNJ Z a>0
i=1 i=1

and therefore there is a constant C' such that for all j € J,

<C.

Nj
log Z (Tz(])mz(])) S
=1
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With that, we get

Nj

log (Z(rgj)mgj))s)‘ < Cij <C.
i=1

jedJ

>

jed

With the continuity of the logarithm, it follows that, for s € [0, 1], the product

N\
6t = [T (L 0mty)
jeJ N i=1
exists.
Since 0 < rgj)mz(»j) < 1 for all j and 7, G is strictly monotonically decreasing.

Moreover, GG is continuous and

GO) =[N > 1.

Jj€J

As in Freiberg [21, Rem. 2.1] we show that G(1/2) < 1. By the Cauchy-Schwarz
inequality, we have for all j € J,

N;

, , pj i\ Pi/2 N\ Pi/2 O\ Pi/2
(r9 mgy))1/2> < ( TZ(J)) ( nga)) _ ( TZ(J))

N
and thus, since ) rl(]) <1,
i=1

N;

. ) pj
G(1/2) = H (Z(n{])ml@))lm)
jeJ Ni=1
<II(%)
jes Ni=1

<1

Therefore, G — 1 must have exactly one zero point and this must be in the interval
(0,1/2]. In the case where rgj) = mgj) for all j and ¢ and thus, p is the Lebesgue

measure, we have G(1/2) = 1 and hence, v = 3. O
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Finally, we impose that

11 (Z<r§”m£”>7)<oo (c6)
jeJ =1
S m)r>1
and
Nj
11 (Zwmgﬁ)v)m. (1)

N j.EJ .
Ziil (ng)mgj))”d

Remark 3.3.2. Note that (C1)-(C3) are conditions only on the parameters of the
collection of IFS’s and (C4)-(C5) are conditions only on the environment sequence
§. So avand § depend only on the IFS’s and the p; and g only on £, while v depends
on both. Conditions (C6) and (C7) are only relevant if J contains infinitely many
elements. Then these demand a certain relationship between the IFS’s and the

environment sequence.

Remark 3.3.3. To prove an asymptotic law of the form (3.11), we have to assume
that ¢ is bounded. If g is not bounded, we prove a growth law similar to (3.11)
but with additional correction terms. We get a similar result to that obtained by

Barlow and Hambly [3] for the Laplacian on scale irregular Sierpinski gaskets.

Remark 3.3.4. It is possible to weaken condition (C4) by including the case p; =0
for all j € J. This can only occur if J is infinite, so assume that J = N. Then
(3.12) is true for any +, but (C6) and (C7) demand a certain convergence of the
()

1 Y

parameters NV;, r;”’, and mgj ) as 7 tends to infinity which determines a value of 7,

see Example 3.4.7.

3.3.1. Neumann boundary conditions

Consider the Dirichlet form (€, F) on Lo (u(®) for an arbitrary environment sequence
€. Let A\; be the smallest positive eigenvalue (spectral gap) of (£, F) and let f; be

a corresponding eigenfunction with [/ f1[|,.©) = 1. Then

b
n [ e =£(n) =0
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and therefore f; satisfies fab fidu = 0. Since ' ([a,b]) =1 and

b
A= S(flafl) = / f{(t)z dt,

Lemma 2.3.1 implies that

(3.13)
Consequently, if = € [0, ﬁ), then
NO(z)=1 (3.14)

for all environment sequences £ because A\g = 0 is always an eigenvalue.

Theorem 3.3.5. Let conditions (C1)-(C7) be satisfied and v be defined by (3.12).

Then there are constants ¢y > 1 and co,c3 > 0 such that

NO@) (b_ “)W (3.15)

cologesx) —
x'yc‘i(Q g3) 4@

for all x > ﬁ. The constants are computed explicitly in the proof.

Proof. We take an environment sequence £ and a family (S(j))je g of IFS’s that
satisfy conditions (C1) to (C7) and let v be defined by (3.12). Let z > ;% be fixed.
An n-fold left-shift is denoted by 0"¢ = ({41, Enaas - - - )-

We define a sequence (iq,42,...) with i, € {1,..., N, } as follows: let i; be a

number between 1 and Ng, so that

N (68) (Tz(fl)mz(‘fl)x> N (Tz(&)mz(&)l,)

(rimiay N

)

let i5 be a number between 1 and Ng, such that

N (626 (r§§2)m(§2)r(€1)m(&)x) N (626 (r(§2)m(§2)r(£1)m(£1)x)

12 11 i1 i % 11 i1

T O TR e SR I R IR
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and so on. Then, by (3.10),

ZN(G&( (é1) (51)x>

N(f)(x)
<!
xY - x
Ne (€1), (1)
R N OO (80 80 ) (rE) )y
— (rl(fl)ml(fl)x)»y g ¢

N(6§)<T(€1) (51) )Nél

<
= Ty

Applying the same argument n times we get

N(§)<x> N(enf)( (5n)m(5n)__ r(fl) (51) n

in (&) 1 60y
N 3 I S B H(Z )). (3.16)

(r," mg" - 'mfs k=1 " i=

7fn in 21 11

Now we choose n such that r;, m;, ---r;,m;,z < ﬁ and ;M T M, T > b%
Then, 7, m;, -+ 15, ms @ € [ Due to (C1), it then follows from (3.16) and

(3.14) that

—a’ b— a)

N(i)v(x) < (b4—aa>7ﬁ (%(rl({’“)mfk))”>- (3.17)

k=1 =1

For reasons of clarity, we introduce the abbreviation £; = ZN (m( T ) forj e J.
To estimate the product [[,_, X, , we first assort the factors depending on the values
of &,. Note that the number of factors in the product with & = 7 is nh$. Thus,

(J) n(h9) _op.
HE& = [y =T JE) ).
jeJ jeJ
Here we used the fact, that [] E?j = 1 by the definition of 7. Note, that only

jeg
finitely many of the factors in the product are different from 1. Then, using (C5),
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that is, n|hg) —p;l < g(n), we get

O (D —p, (b9 —p,
[T emrad = T ()= e) T ()¢ »)

jeJ JjeJ jeJ
2j>1 Ej<1
(7) (9)
Anlhn” —pjl N—nlhy” —pjl
< Ty =wl I (55
jeJ jeJ
¥;>1 ¥;<1
)9(n) \—9(n)
< [T @)@ I &)
jeJ jeJ
5>1 $;<1

By (C6) and (C7),

and

With that we get from (3.17)

N©(z) < (b - a>v<H1>g(n)‘

— 3.18
x7 4o H2 ( )

. 4 . _ 4
Since we chose n such that r;,_ m;,_, -7, m; @ > ;= it follows that /"~ 'z > ;2.

n . . log =24
Therefore, (%) < l‘—ﬁax and consequently, in view of (C2), n < i;i . Because ¢
B
is monotonically non-decreasing, it follows that
b—a
) _ 18 45 *
NOw (o= ayr My Eas) 819
7 T\ 4o 11,
This proves the theorem with ¢; = g—;, Cy = ﬁgﬂ and ¢c3 = ZZ—;. O

Since the values of the constants in Theorem 3.3.5 do not matter for the asymptotic
behaviour, we can simplify the statement for large = by assuming g to be regularly

varying, see Section B.6. This is no significant restriction.

Corollary 3.3.6. If the function g in Theorem 3.3.5 is reqularly varying, there are

numbers ¢ > 0 and xo > 0 such that

N®(@) _ (b - a)7 (3.20)

rVecyg(logz) — dov

20



for all x > xy.

Proof. Let c¢1, ¢, c3 be the constants from Theorem 3.3.5. If g is regularly varying,

g(log c3x) is regularly varying, too. Then

g(cologesz) < é1g(log csr) < érg(log x)
for some constants ¢;, ¢, > 0 and all z sufficiently large. Then

1 cag(l
c_cly(c2 og c3x) < 0529( 0g ) — ecg(log:c)

where ¢ = ¢y log ¢;. Now the corollary follows by the theorem. O

3.3.2. Dirichlet boundary conditions

In the previous section we needed a lower estimate for the smallest positive Neumann
eigenvalue to make sure that the eigenvalue counting function is equal to one in a
certain interval. To use the appropriate counterpart argument in the Dirichlet case,
we need an upper estimate for the smallest Dirichlet eigenvalue. Because of this we
know then that the eigenvalue counting function is at least one in a certain interval.

To prove that estimate we will need the following representation of the smallest
eigenvalue \; of a Dirichlet form (€, F) on La(u) (see e.g. Theorem 1.3 in Edmunds
and Evans [11, p. 491]). It holds that

M= inf S (3.21)

2 9
J}% Il

where f # 0 means that f is not the zero element in Ly(p). It can be seen that
if we impose homogeneous Dirichlet boundary conditions and take measures p that
are more and more concentrated near the boundary, A; can grow arbitrarily large.
This suggests that, for the upper estimate, we need a restriction on p ensuring that
it cannot be concentrated near the boundary. This is accomplished by conditions

(C1) and (C2) imposed at the beginning of this section.

Lemma 3.3.7. Let & be an environment sequence and let Ay be the smallest eigen-
value of the Dirichlet form (£, Fy) on Ly(u'®)). Then
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Because of this, the eigenvalue counting function satisfies

Néf) () >1

for all x Z W)(b—a)'

Proof. Let p® be the measure corresponding to the given environment sequence
€. Let oy = Sfﬁl)(Sj(\?g(a)) and x5 = S©)(b) be the left and right endpoints of
the second-level cell that lies on the right end of the leftmost first-level cell. Then
T =a-+ 7’551)(1 - r§§§3)(b —a)and xy = a+ r%gl)(b —a). We define a function f by

r—a

, ifx € [a,z]
1 —a
flx) =41, if z € (21, 22)]
b—uw _
T if z € (x2,0].

Then f € Fy because it is in H'()\) and f(a) = f(b) = 0. The energy of f can be

calculated as

e = [ Fora= (Y e o+ () 0-w)
1 1

T —a b— o
= + = ! +
v—a b-wm 1 -rP)o—a) (1) -a)
1-— ri&) + 7‘§§1)(1 — 7"](52) 1

A=Y= —a) =) —a)
Furthermore we need an estimate of the Lo-norm of f. It holds
11, = / P2 dp® = pl (jag, 22)) = mfm ).

z1

For the smallest eigenvalue \; we get by (3.21)

E(f, 1) 1 1
A < — < < :
! 1l Loy — rE0mE0 (1 — r§1>)m§§§j(b —q) ~ 2(1-8)(b—a)

O

Theorem 3.3.8. Let conditions (C1)-(C7) be satisfied and v be defined by (3.12).
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Then there are constants ¢c; > 1 and co,cqy > 0 such that

€3]
N0 s w31 - B)b - ) (3:22)
7 c g(calogeax)

for all x > m The constants ¢ and co are the same as in Theorem 3.3.5.

Proof. Let x > - Using (3.10) we get

I
2(1-B)(b—a

N,
3 N(()ef) (rz(ﬁl)mgﬁl)x)

= (rggl)mggl)xﬁ

S ) Néef) (ngl)mggl)x)
= min
i=1,...,Ng, (T,(El)m(gl)x)ry

% 7

Ng? (@)

x7

(T(ﬁl)m(§1)>'y

Ne,

N,
_ NSGE) (rz(lfl)ml(fl)m) €1

(ri mi )

i=1

where 7; denotes the index where the minimum is attained. The same argument
NOO (¢ E0m(E0

applied to W gives
1 1
13 (62€) , (&2), (&2),.(€1), (&) Ne Ne
N (@) _ Ng” Vg mi?rii mite) (A @) ey ~ (), (6
2 T &), @) (&), (&) Do mE (Do ),
z (Tz‘; mi; 7}'11 mz‘ll x) i=1 i=1

where 75 denotes the index for which the appearing minimum is attained. Repeating
this n times and denoting Zfijl (rl(j )mgj Y by ¥; for j € J as in the proof of Theorem
3.3.5, we get

N(g)(fb) N(‘9"§)<Tl(§n)ml(§n)Tl(fl)mz(fl)x> n
Lo > 0 n L T S (3.23)

z (rfl”)mgi”) . .rz(fl)mgfl):cﬁ Pl
Now we choose n such that
1 (&), (&) (&), (&)
Q1= F)p—a) = e
and .
(ént1), (En+1) (&1), (&1)
Al <
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Consequently,

1 1

P T S (BT B) (b~ a) 03(1 - B)(b — a)

and therefore, by Lemma 3.3.7 and (3.23),

(©) (5 n
N0 - 9o )P [ 2

As in the proof of Theorem 3.3.5 we assort the factors in the product [[,_, X

as follows:

HZ& 1 e - T hil—p;)

jeJ jed

where we use the definition of v, namely that ]g] Z?j = 1.
j

Then, by n|h£Lj) —pil < g(n),

n(h D . n(h) —p, n(h) —p,
H(Zj) (hni”=pj) H(Zj) (hr” —p;) H(Zj) (hei’ —pj)

jeJ jeJ jeJ

3;>1 ¥;<1

> H n\hm—m H n|h
jeJ jeJ
3;>1 3;<1

> H ()79 H (2,)9)
jeJ jeJ
¥i>1 ¥;<1

By using the notation

m=][% ad IL=]]%

Jj€J Jje€J
Ej>1 E]'<1

which was defined in the proof of Theorem 3.3.5, we get

N ()

x"

II; \ —9(n)
> [o*1-p)b-a]'(F) -
2
Since we chose n such that

1
< T(En)m(Sn) . T(fl)m(fl)x

a?(l _ /8) (b . a) — Yin in 1 1

o4

(3.24)



it follows that

1 n
- -a ="
dh
e e log (a2(1 —B)(b— a)x)
- log (%)
With that, (3.24) gives
N(&) T~ — log(aQQTOixb—a)z)
ny(x) > [a(1 - B)(b— a)}”(H—D o ? ). (3.25)

Then, with ¢; = g—;, cy = and ¢; = a?(1 — B)(b — a) the assertion follows. [

1
—logp
As in the case of Neumann boundary conditions, we will now assume that ¢ is

regularly varying for a more comprehensible formulation.

Corollary 3.3.9. If the function g in Theorem 3.3.8 is reqularly varying, there are

numbers ¢ > 0 and xo > 0 such that

©
N0 s - 96—

1Y e—cg(logz
for all x > x.

Proof. We use the same argumentation as in the proof of Corollary 3.3.6. O

3.3.3. Main theorem

We connect Theorems 3.3.5 and 3.3.8 to state the main result of the first chapter of
the thesis. To this end, note that from Theorem B.7.4 follows for every environment
sequence £ that

N (z) < NO(2)

for all z > 0.

.....

and (&;)jes an environment sequence that satisfy the conditions (C1) to (C7) with
a reqularly varying function g. Let v = (&) be defined by

N;

I (Z(rz(j)mgj))v)pj 1

jeJ N i=1
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Then there are constants cy1,co, C1,Co > 0 and xq > 0 such that
Oy 27 e—c19og) < Nés)(x) < N® (z) < Cya? e g(log z)

for all x > xy.

Proof. The theorem follows immediately from Corollaries 3.3.6 and 3.3.9 and The-

orem B.7.4 as pointed out above. O

Remark 3.3.11. In Barlow and Hambly [3], heat kernel estimates for a Laplacian
on “scale irregular” Sierpinski gaskets are established. In the end they lead to certain
growth results for the eigenvalue counting function. Although their operator is quite

different from the one we use, the results resemble each other.

3.4. Deterministic examples
Example 3.4.1. Suppose J = {a, b, c} and, for each j € J, take SU) with

) _ () @)

=L =Ty =T
and let the weights be
G _ 0 1
ml T e e e T mN] — NJ .

Consider an environment sequence with asymptotic relative frequencies p,, py, and

pe different from zero. Then ~ is determined by

[Na(r%)q [W)Nibyr*’ [Nc(ﬂc)Niﬂ 1,

which leads to

Pa

_ —log(Npe Np* NIv)

v =
l & Pa & Pbv ﬁ Pc
08\ N, N N.

_ palog N, + pylog Ny + p. log N,

palog 2% + pylog % + pelog 35

In addition to =, the asymptotic growths of the eigenvalue counting function
depends on the function g in Theorem 3.3.10. This is being discussed in the following

two examples, where we have the same v but different functions g.
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Example 3.4.2. Take J = {a,b} where a and b denote indices, let S and S
be corresponding IFS’s and (mga), . ,m%)) and ( ® . ,mg\l;i) weight vectors. We

consider the environment sequence
¢ =(a,b,a,b,ab,...).

Then, for all n € N,

n’hgza)_l‘:n‘hgb)_llz 0 vlfnlSeVen_l
i 2 I lifnisodd 2
which means that p, = p, = 3 and we can take g(n) = % in Theorem 3.3.10.

Therefore,
Ciz" < Nég)(x) < N©® (x) < Cya”.

This is not surprising, because ¢ is periodic and therefore, K© and p(® are self-

similar with respect to the IFS

(8@ o8 i=1,... Ny k=1,...,N;}
and vector of weights (m(a)m,(gb))z7k.

The equation (3.12) defining v then becomes

(i(n@“)mﬁ“))”) (i( ®, ) Zi PO 0@ OV

i=1 =1 i=1 k=1

Example 3.4.3. Let J, the IFS’s and the weight vectors as in Example 3.4.2 but

take the environment sequence
¢=(a,b,a,a,bb,a,a,a,b,b,b,a,a,a,a,b,b,b,b,...).

We count the numbers n h{" in the following table:

n{1l 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
¢l a ba a b b oa a a b b a a a a
nh 11 12 3 3345 6 6 6 7 8 9 10
n(?=H 3ot Mo 31 40 b 2
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We highlighted the values for square numbers with a box. We see that

1 k
@_ YN F 2o 2
n(hn 2)_2, if i <n<(k+1)% for ke N,

and therefore, for all n € N,

n (h(a) — 1) < \/7%

Moreover, since

1
n(hg@——):\/—ﬁ it n =k for k €N,

2 2
and .
n<h§f> . 5) =0 ifn=k(k+1)forkeN,
we have
n hq(za) — % 1
li —_ =
ma =y
and
n h%a) — %
lim inf = 0.

n—00 \/ﬁ

Therefore, p, = pp = %, and the optimal choice of g in Theorem 3.3.101is g(n) = %\/ﬁ,

n € N. Thus, we get
Cy x” e—c1Viogz < Néf)(x) < N(§)<x) < Cy 7 e \/@7

where 7y is the same as in Example 3.4.2.

In the following we consider examples with an countably infinite set J. We will

see that in this case the family of IFS’s and the environment sequence can not be

chosen independently. This is because conditions (C6) and (C7) require a certain

interaction of these.

Example 3.4.4. Let J = N. To keep it simple, we take a collection of (non-

overlapping) IFS’s with the same number of mappings N > 2, and for all j € N,

) = o=@ = 1,

Consider the environment sequence

¢€=(1,2,1,3,1,4,1,5,1,6,...).

o8

and r&j) == r%) =10 € [a, 1) for some a > 0.



7(11) - %) < % and nhgj) <1 for

Then p; = %, whereas p; = 0 for all j > 2. Since n(h

Jj > 2, we take g(n) = 1.
To determine ~ only ™) plays a role because (3.12) reduces to

log N

r1) "

and therefore
log =

’)/ =
But to satisfy conditions (C6) and (C7) we get conditions on 7(7), j > 2, that demand
them to be “asymptotically indistinguishable”. We must check

Z log XJ; < oo

JEN
log 3;>0

and
Z log>; > —o0.

JEN
log ;<0

For every j € N we have ¥; = N (%)7 and therefore,

logN . r0)
N
log& —lo rtd)
=log N N 5 N
10 N
log N ()
= —r(l) Og W
log & r

So (C6) and (C7) are satisfied if and only if

(1)

Z‘logm‘ < 00
j=1

and that means that in order for Theorem 3.3.10 to be applicable, r¥) must converge

to (1) sufficiently fast. Assuming that this is the case, the theorem gives

Cra” < Nég)(:c) < NO(z) < Cya”.

29



The exponent 7 is the same as in the case of a strictly self-similar measure that is

constructed only with the IFS SM| but u® is not exactly self-similar because is is
slightly “disturbed” by the IFS’s SU), j > 2. However, this disturbance vanishes
asymptotically as r@) — (1),

Example 3.4.5. We would like to give an example of an environment sequence
where J = N and p; > 0 for all j € N. Consider ¢ defined by &, = va(n) + 1,

where vy(n) denotes the exponent of 2 in the prime decomposition of n. For better

comprehensibility we make the following table.

n| 1 2
&l 1 2
n(hgl)—%) % 0
(i =)~ 3
w9 -4 -}

We have for all j € N

which means that p;

3 4 5 678 9 10 11
1 3 1 214 1 2 1
1 1 1 1 1
; 05 050 5 0 3
Lo} 3ot}
3 1 3 1 1 g _1 _1 _3
8 2 8 4 8 8 4 8

9i=1 _ 1 o 1

(€)W

2 g”(“ W)SQ

1

5 and g(n) = 3.

= O O W

13

N[—= =

N

o|w

14 15 16
2 1 5
0 L 0
Ll
P

Example 3.4.6. Let J = N and let £ be such that p; > 0 for all j € N and

2;11 pj =1

As in Example 3.4.4, let for all j € Nbe N; = N > 2, m

and r%j) =...

which is equivalent to

and therefore,

Because ) > o, we have > pjlog

60

_ 7’%) —r ¢ [, %) for some o > 0.
Then ~ is defined by

fil ()7 -

Jj=1

o 0)

j=1
> pjlog N
=1

=

log N

V=t

r(3)
lej log 5
J:

o0 oo

0]
: N

Jj=1

Jj=1

= %)
> pjlog 5
i=1

G) _

1

> > pjlog & =log & > —o0.



Finally we have to check conditions (C6) and (C7), that is, ) |log ¥;| < co. Since
j=1

r@)
log>; = logN—i-vlogW

1 N(l 1 1 r(j))
= log - 0g —
S pplogny TN

log N r(k) r(3)>
log — — 1o
TS prlog Y (Zpk i °'N

log N .
o8 B (Zpk logr®) —log T(J)),

Zk 1 P log 5~

this condition is equivalent to

>

Jj=1

log r¥ Z pi log r* (3.26)

That means that Theorem 3.3.10 can only be applied, if the sequence of the contrac-

tion ratios 7U) converges sufficiently fast to H(r(k))pk. We give such an example
k=1
for the %) supposing that N = 2. Let

- -1
,,,,(1) — (3 2171 Zk 2?5)

and

Then

QD| —
m"“
N—

= 1
> pilogr® =pilog o 2 10g2+2pk 1og<
= k=

1
= log —
Og3

and therefore, for all 7 > 2,

log ) — Zpk logr®| = —
k=1

61



which implies (3.26).

Example 3.4.7. We give an example for the case we considered in Remark 3.3.4,
namely that p; = 0 for all j € J. Take J = N and the parameters of the IFSs as
in the previous examples. Then Equation (3.12) does not define a value for v but
(C6) and (C7) demand that

Thus, in order for our theorem to be applicable, 79) must tend to N -5 sufficiently

fast, so that v can be computed if N and rU) are given.

3.5. Application to random homogeneous measures

In this section we consider fractal measures that result when we take for the environ-
ment sequence £ a sequence of i.i.d. random variables with values in the index set
J. That means in every step of the construction of the measure, it is independently
chosen which IFS is taken. At that, for each cell the same IFS is used. Such a
construction based on the Sierpinski gasket is for example studied in Hambly [27].

Let (2, A, P) be a probability space, let J be an at most countable index set, and
()

suppose we are given an IFS SU) on [a, b] for each j € J and weight factors m;

Let (pj)jes be a distribution on J with 0 < p; < 1 for all j € J and let { =
(&1,&2, ... ) be asequence of i.i.d J-valued random variables on €2 with P(§; = j) = p;
for j € J.

For each w € Q let K¢«) be the set and p¢“) the measure constructed in
Section 3.1. Then N¢“) and Néé(w)) denote the eigenvalue counting functions of

the Neumann and Dirichlet Laplacian, respectively.

Corollary 3.5.1. Let J, SY) and mgj) be such that (C1), (C2) and (C3) are satisfied,
and let v be defined by

11 (Dr?)mﬁ»”)v)m = 1.

jeJ N i=1

Suppose, if J is infinite, that (C6) and (C7) are satisfied.
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Then there ezist Cy,Cy > 0, 9 > 0, and ¢;(w), ca(w) > 0 such that

Craeer(@VIETToRToEToEs < N(EW) (1) < NEW) () < Chpesr)VoETToETE g
(3.27)

for x > xy and almost every w € €.

Proof. Let &;,&, ... be iid J-valued random variables with P(§; = j) = p; for
JjedJ.
For each j € J and k € N we set

1

X,gj) = —
pi(1—p;)

[1{§i:j} - pj}

and
n

S0 =3 X0,

k=1

Since E X ,E,j )= 0 and Var X ,E,j ) = 1 we can apply the law of the iterated logarithm
stated in Theorem B.5.1, and thus there is a set A € A with P(A) = 1 such that for
all w € A there is a number ¢(w) > 1 with

155 ()]

— < for all n € N.
2nloglogn — ew) orann

Because

it follows that

n(hg) —p;) < c(w)y/p;(1 —p;j)yv/2nloglogn < c(w)y/nloglogn

and thus conditions (C4) and (C5) are satisfied with g(w)(n) = ¢(w)y/n loglogn.
Therefore, for each w € A the conditions (C1)- (C7) are satisfied and we can apply
Theorem 3.3.10. This gives (3.27). O

)

In the case where rgj =7 and mgj ) = Ni foralli =1,..., N;, we will reformulate
J

the equation defining vy to give it a more stochastic interpretation. For this, suppose
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we have random variables N and r with values in {N;: j € J} and {r¥): j € J},

respectively, and
P(N = Nj,r =r9) =P(N = N;) =P(r =) = p,.

Then (3.12) leads to

log N;
]%:Jp] 8 Elog N
’y: .: .
> pjlog % Elog
jeJ

Remark 3.5.2. As mentioned in Section 1.3 there are many other random models
of fractals. For example, in contrast to our construction the one made in Falconer

[14, Ch. 15] allows a continuous distribution of the parameters (7).
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4. Eigenvalues of the Laplacian as
Zeros of Generalized Sine

Functions

As outlined in Section 1.4, we now want to approach the eigenvalue problem for A,
by following the basic lines of the classical case.

In Section 4.1 we introduce functions that can be viewed as generalizations of
trigonometric functions. We investigate these in the succeeding sections, imposing

more conditions on the measure p in each section.

4.1. Generalized trigonometric functions

Let 1 be an atomless Borel probability measure on [0, 1]. We construct sequences of

functions p,(z) and g,(x) depending on p.
Definition 4.1.1. For z € [0, 1] we set po(x) = qo(z) = 1 and, for n € N,

Jo Pa—1(t) du(t) , if nis odd,

pu(x) == .
Jo Pn-s(t) dt , if n is even,

and
[T qua(t)dt | if nis odd,

qn(x) == .
fo Gn-1(t) du(t) , if n is even.

Then, for n € N, we have by definition pa,, g2ni1 € HY(N), pant1, G2n € H' (1) and

d
@p2n+1 = DP2n, q;nﬂ = Q2n, plzn = p2p—1 and @921@ = {2n—1-
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Remark 4.1.2. If we take p to be the Lebesgue measure, then

l.n

Pn(7) = gn(z) = —.

In the following, we will transfer classical concepts and techniques to a general
n

x
measure p by replacing — by pn(z) or ¢,(z). In this sense, we can look at p,(z) or

¢n(z) as a kind of generalized monomials.
To prove convergence of the series defined below, we will need the following lemma.

Lemma 4.1.3. For all z € [0,1], z € R and n € Ny holds

1 1

Pant1(z) < sz(x)"a Gont1(z) < mpz(@n;
1 n 1 "
p2n(x) S EPQ(-%) ) QZn(x) S EQQ(-%) .

Proof. The proof is taken from [22, Lemma 2.3| and works with complete induction.
First we show the inequality involving ps,.;. For n = 0 the inequality reduces to

p1(z) < 1, which is true. Assume the assertion holds for some n € Ny, then

p2n+3(x):/ /p2n+1 ) ds dpu(t <—/ /qz " ds dp(t)
e [ asaute = % [ty ) duce

Since %qg = ¢, we can apply Proposition 2.1.11 (iv) to transform the last integral,

IA

so that we get

1 [e@ 1 .
prusa() < 2 [ w0t =
0 .

Next we show the inequality for the odd-numbered ¢. For n = 0 we have ¢;(x) < 1
which is true for « € [0,1]. Let n € Ny and suppose the assertion holds for n, then

Do) = / [ i< [ / pals)" du(s) di
/p2 /dM :—/ p2(t)" p1(t) dt

)n—s—l.

| /\

- ww:

n' 0 (n+1>!p2(x
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The proof for the even-numbered ¢ is the same as for the odd-numbered p and for

the even p as for the odd gq. O

Definition 4.1.4. Using the functions p,(z) and g,(x) we now define for x € [0, 1]
and z € R:

sp. () = S (=) 22" pa i (@), st (@) = (=) 22 g (),
p.(2) = 3 (1) 22 (), cq.(2) = 3 (= 1)" 22 gou(a).

Example 4.1.5. If p is the Lebesgue measure, then
sp.(2) = sq,(z) = sin(zz),  cp,(x) = cq,(z) = cos(z2).

Lemma 4.1.6. For every z € R the series in Definition 4.1.4 converge uniformly

absolutely on [0,1] and the following differentiation rules hold:

d_ Sp, = 2CD,, Sq;' = 2 Cq,,
V)
d

/
cp, = —zsp,, ——Cq, = —Z25q, .

dp

Proof. Let z € R. By Lemma 4.1.3 we get for all N € N

00 0 2n+1 n > 2n+1
z g2(x z
sup E |2[*"* pops1(z) < sup §:| | | ) < Z| | u
2] e, oy =y

Hence, for every z € R the series Y |2|*" ™ pa,i1(7) converges uniformly in z. The
n=0
proof for the other series works analogously with the estimates in Lemma 4.1.3.

Thus, we can differentiate term by term and get the above rules. O]

Now we show the relation between cp, and sq, to the eigenvalue problem for A,,.

Consider the Neumann problem

d .,
@f——kf

F0) = £(1)=o0.
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It is well known that the eigenvalues can be sorted according to size such that
ANo < Ang <Ay <o
where Ay = 0 and nll_rgo ANm = 00.
Proposition 4.1.7. The Neumann eigenvalues Ay, m € Ny, are the squares of
the non-negative zeros of the function sinp given by

o0

Sll’lp(Z) = sz(l) - Z(_l)np2n+lzzn+17 fO'I" KAS R?

n=0

where we write p,, instead of p, (1) for simplicity. The corresponding eigenfunctions

fnm are given by

Frm(®) = ey (2) = S (1) N pal). € [0,1]
’ n=0

Proof. Using the differentiation rules from Lemma 4.1.6 it is easy to see that cp,
satisfies the eigenvalue equation if A = 22, while it also fulfills the left boundary
condition ¢p’,(0) = —zsp,(0) = 0. In order that cp, satisfies the right boundary
condition, too, z has to be zero itself or it must be chosen such that sp,(1) = 0. It
is known (see Freiberg [17] p.40) that the solution of the above problem is unique

up to a multiplicative constant. So z is a zero point of sinp if and only if 22 is a

d d

dp da*

Thus, for m € No, fnm = cp,12 (z) is an eigenfunction to the mth Neumann
N,m

Neumann eigenvalue of —

eigenvalue Ay . O

We treat the Dirichlet eigenvalue problem

similarly. We denote the Dirichlet eigenvalues such that
)\D,l < /\D,Q < )\D,3 < .-

where Ap; >0 and lim Ap, = oc.
n—oo
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Proposition 4.1.8. The Dirichlet eigenvalues Ap ,,,, m € N, are the squares of the

positive zeros of the function sinq given by

o0

sing(2) = sa,(1) = S (=1 "gon1 227, forz € R
n=0

where, as above, g, stands for q,(1). The corresponding eigenfunctions fp,, are

given by
om(x) = say2 () = Apm Y (~1)" Xp  dona (@), z € [0,1].
,m =0

Proof. The function sq, satisfies the equation if A = 2z? and also the left boundary
condition sq,(0) = 0 . The right boundary condition gives sq,(1) = 0. So 2? is a

Dirichlet eigenvalue of —%% if and only if 2 is a zero point of sinq and z # 0.

Thus, for m € N, the function fp,, = sq,1/2 (z) is an eigenfunction to the mth
D,m

Dirichlet eigenvalue Ap,,. This construction has also been used in Freiberg and

Lobus [22]. O

Remark 4.1.9. An eigenfunction is only unique up to a multiplicative constant.
Throughout the chapter we will use the notations fx,, and fp,, for the eigenfunc-

tions as constructed above. One would also get these by imposing the additional

conditions fn,(0) =1 and f},,,(0) = \/Apm.

So if we only know the sequences (p,(1)), and (g,(1)) , we can determine the

n

Neumann and Dirichlet eigenvalues by means of the functions sinp and sinqg.

Analogously to sinp and sinq we define

oo

cosp(2) = ep (1) = 3 (~1)"p "

and
o0

cosq(2) = cq (1) = > (=1)"g2n2""

n=0
for z € R.

These functions are linked with the eigenvalue problems with mixed boundary
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conditions

and

(DN) dp
f(0)=0, f(1)=0.

We treat these problems as the problems in the above Propositions 4.1.7 and 4.1.8.
If cosp(\/X) = 0, the solutions to (ND) are multiples of cp, /5, because

cp! 5(0) = =V Asp /5(0) = 0

and
cpx(l) = cosp(\/X).

Similarly, if cosq(\/X) = 0, the solutions to (DN) are multiples of sq, /5, because
Sq\&(O) =0

and

s 5(1) = \/chﬁ(l) = \/Xcosq(\/X).

Therefore, the (ND) eigenvalues are the squares of the zeros of cosp and the (DN)

eigenvalues are the squares of the zeros of cosq.

4.2. Calculation of Ls-norms

In the course of the following sections we will often use some of the following easy to

prove multiplication formulas which we state here for easy reference. For absolutely
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summable sequences (a,), and (b,), holds

j=0 n=0 k=0

( Z a/2j> . ( Z b2k+1) = Z Z Ak an+1f2k7 (42)
j=0 k=0 n=0 k=0

< Z a2j+1> : ( Z b2k+1) = Z Z A2k+1 b2n+1—2k- (43)
j=0 k=0 n=0 k=0

In this section we consider again an arbitrary atomless Borel probability measure
won [0,1]. The following useful lemma is an analogue to integration by parts and

can be found in Freiberg [17] as Proposition 3.1.

Lemma 4.2.1. For ¢,d € [0, 1] with ¢ < d and functions f € H'(n) and g € H'(\)

we have

d d d
[ Loswan =1 - [ 1050 a

We will develop some properties of p,(z) and g, (z) and therefore of the eigenfunc-
tions in the Neumann and Dirichlet case. In this section, y is an arbitrary atomless
Borel probability measure on [0, 1].

It turns out that by knowing the sequences (p,), and (g,), we can not only
determine the Neumann and Dirichlet eigenvalues, but also the Ly(u)-norms of the

eigenfunctions fy,, and fp,,. We will need the following lemma to achieve that.

Lemma 4.2.2. For k,n € Ny with k <n and for all x € [0, 1] we have

2k

/0 a0 pan a0 (1) = 3 (1Y) pansa 5 (2) (4.4)
and
" 2k+1 ‘
| mn® g du) = 3 0 0@ dsaso) 45)

Proof. We prove (4.4) by induction on k. If £ =0 and n > 0, we have

/0 " 0(8) pon(t) du(t) = pan ()

and so the assertion holds. Now, take k € Ny and assume that the assertion holds

71



for k and all n > k. Then, for alln > k41,

T

/ Dok+2(t) Pon—2k—2(t) dp(t) = pokto() pan—ok—1(x) — Pok+1(t) Pan—2k—1(t) dt
0

0

= p2k+2(9€) Pon—2k—1 (35) — D2k+1 (JU) p2n72k($) + /0”” p2k(t) Pzank(t) d,u(t),

by Lemma 4.2.1. Thus, by the induction hypothesis, we have for all n > k + 1

2k+2

/Oz Pak+2(t) Pan—ok—2(t) du(t) = Z(—l)jpj(x)p%ﬂ—j (),

J=0

which proves (4.4).

The proof of (4.5) works the same way, first, let & = 0 and n > 0. Then, by

Lemma 4.2.1,

/0 " 01 (0) o () dit) = 1 () qansale) — qonss ()

which is the induction basis. Now, let £ € Ny and assume that the assertion holds

for k and all n > k. Then, for alln > k41,

/Ox Q2r+3(t) Gan—or—1(t) dpe(t) = qors3(T) Gon—2n(x) — /Om Qokt2(t) Gon—2k(t) dt

= Qo+3(T) Qen—2k () — Qor12(T) Gr—2m41(T) + / Qork+1(t) Gon—ok+1(t) du(t),
0

again by Lemma 4.2.1. Thus, by the induction hypothesis, we have for alln > k+1

2k+3

/OI Goi3(t) Gan—2n—1 () dpu(t) = Y (=1)"q5(2) qangs—j ().

§=0
Proposition 4.2.3. Let z € R. Then
HCPZH%Z(#) = Z(_l)n22n Z(” + 1 — 2k) pog pan-+1-2k,
n=0 k=0
and
o] n—+1
||quH%2(,u) = Z(‘UnZ%H Z(” + 1 —2k) Gar41 Gan+2-2k;
n=0 k=0
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where p; = p;(1) and ¢; = ¢;(1).
Proof. First we prove (4.6). Using (4.1) we get for all z € [0,1] and z € R

cpz<w>2:(§j< 1) 2 )(i )

j=0
:Z n 2" szk ) Pan—ok( )

Consequently, applying (4.4),

1

cp. (t)* dp(t)

S—

HCPZH%Q(;L) =

I
WE

1
0

(—1)r e S / poe(t) panmse(t) dpa(2)

Il
=)

n

I
NE

2k
(=" 2" Z(_l)jpjp2n+lfj~
k=0 j=0

3
Il
o

Note, that for any sequence a = (a;),en, holds

n 2k n k-1
I ZZ% D IPILE
k=0 5=0 k=0 5=0 k=1 5=0

n n n—1 n
=20 @it Y an
7=0 k=j 7=0 k=j+1

n

(n—j+1)ay+> (n—j+1)ay

j=0 Jj=1
and thus,
n 2k n n
Z Z(—l)]Pj Pan+1-5 = Z(” —k+ 1) par pany1-ox — Z(n —k+1) par—1 panta—2k
k=0 j=0 k=0 k=1
= Z(n —k + 1) par Pany1-2r — Z k par p2n+1-2k
k=0 k=1

n

= (n +1- Zk) D2k Pon+1—2k;
k=0

which proves (4.6).
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Now we show (4.7), which works similarly. We have

. (z =(i z2j+1q2j+1<x>)(i(—l)kz%“qm(x))

Z(— n Z2 2 ZCI%H T)qon+1— Qk(l')
=0

3

Therefore, by (4.5),
1
sl = | a0 duct)
0
() n 1
Z(—l)n 22t Z/ Gor+1(t) Qo121 (t) du(t)
k=00

n=0
00 n  2k+1
=D (DY N (1 g o
n=0 k=0 j=0
For any sequence a = (a;),en, holds
n 2k+1 n k n k
DD =2 D i+ ) ) ayn
k=0 ;=0 k=0 j—O k=0 j—(]
= ZZ% 5 9)
7j=0 k 7=0 k=j
=) (n—j+1)ay +Z(n—j+1)@2j+1
= =0
and thus,
n 2k+1 n n
Z Z (=17"¢; qanrs—y = — Z(n —k+1) qok Ganyz—2r + Z(n —k+1) @241 Q2nr2-2k
k=0 j=0 k=0 k=0
n+1
= — Z k qore1 Goni2—ok + Z (n—k+1) qory1 anr2-2k
k=1 k=0
n+1
= > (n+1-2k)qort1 Gansa—2k,
k=0
which proves (4.7). O
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Corollary 4.2.4. The Ly(p)-norm of the Neumann eigenfunction fn, is given by

”fN,m”ng(u) = Z(—l)”)\’&m Z(n + 1 — 2k) pog Pont1-2k
n=0 k=0

and of the Dirichlet eigenfunction fp.,, by

o] n+1
”fD,mH%Q(u) = Z(_l)n)\?fnl@ Z(” + 1= 2k) qor+1 Gonva—2-
n=0 k=0

4.3. A trigonometric identity

As in the previous section, we consider an atomless Borel probability measure p on
[0,1]. We prove a formula that links the functions cp,, cq,,sp,, and sq, generalizing

the trigonometric identity sin® + cos? = 1. For this we need the following lemma.
Lemma 4.3.1. For k,n € N with k <n and for all x € [0,1] we have
x 2k—1
/ Gor—1(t) Pan—ak(t) du(t) = Z<_1)]+1Qj(x)p2nfj($)-
0

Jj=0

Proof. We prove this by induction on k. For £ = 1 and n > 1, we get by Lemma
4.2.1

/0 " 1(8) pan_s(t) du(t) = 1 () pans () — /0 " pna(8) dt = 1 () pans () — pan(a),

and so the assertion holds. Now, take k € N, and assume that the assertion holds

for k and all n > k. Then, again by using Lemma 4.2.1, we get

[ amea® o dn) = qer(@ s ) = [ anlt)pane i)
= Qor+1(T) Pon—2k—1(T) — Qor(x) P2n—2k(x) + /Ox Q2k—1(t) Pon—2k(t) dpu(t).

Thus, by the induction hypothesis, for all n > k + 1,

/Ox Gor1(t) Ponan—2(t) dpa(t) = > (=1)"q;(x) pon—j(x),

=0

which finishes the proof. m
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Corollary 4.3.2. If we set n =k in Lemma 4.3.1, we get the formula

2n
> (=1 45(x) pon-j(x) = 0,
=0

which holds for alln € N and x € [0, 1].

With the above corollary we can prove the following theorem.

Theorem 4.3.3. For all v € [0,1] and z € R holds
cd.(z) cp.(x) +sq.(z) sp.(z) = 1.
Proof. Take z € [0,1] and z € R. Then, by Corollary 4.3.2,

cq,(x) cp,(x) +sq.(z) sp.(z)

:Z(— n 2”2@% T)Pon— 2k )+Z(— n 2n+QZQQk+1 T ) Poan+1— 2k(36)

n=0
= 1—1—2(— )" 2"[2(]% ) Pan—ak( ZQ%H ) Pan—(2k+1) (T )}
2n
= 1+Z )2 (= 1)* i) pan-i(a)
k=0
=1
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4.4. Symmetric measures

In this section we consider symmetric measures g on [0, 1], meaning that, addition-

ally to being an atomless Borel probability measure, p shall satisfy

/J,([O,:C]) = :u([l -, 1])

for all z € [0, 1].

Proposition 4.4.1. Let y be symmetric and let x € [0,1]. Then, for n € Ny holds

p2n+1(93) = ZP%H Q2n—2k(£f) - szk p2n—2k+1($) - p2n+1(1 - 53)7 (4-8)
k=0 k=1
and for n € N
n—1 n
Pan () = Zp2k+1 Qon—a2k—1(T) — szk Pon—2k(x) + pan (1 — ). (4.9)
k=0 k=1

Proof. For py(x) the formula reduces to p;(x) = p; — p1(1 — ). This holds since

pi(z) :u([O,x]) :M([l -, 1]) :/0 dﬂ—/o - du=p1 —pi(1 — ).

Assume py, 1 () satisfies the above formula for some n € Ny. Then
Pant2() :/ Pant1(t) dt
0

= Zp2k+1/ Qon—ax(t) dt — ZP%/ Dan—2k+1(t) dt — / Pan+1(1 —t)dt
k=0 0 k=1 0 0

1

n n
= ZP%H Qon—2k41(T) — Zp% Pon—2k+2(T) — / Pant1(t) dt
k=1 1

k=0 -z

= Zp2k+1 CJ2n72k+1(33') - ZP% p2n72k+2($) - p2n+2(1) +p2n+2(1 - fL‘)
k=1

k=0
n n+1
= Zp2k+1 Qon—2k41(T) — ZP% Pon—2k+2(T) + Pant2(l — ).
k=0 k=1

Now, let the assertion be true for some 2n, n € N. Since p is symmetric, we have
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that du(t) = du(1 —t). Thus,
prusa(@) = [ pan(®) e
= z_:p%ﬂ /x Gon—2k-1(t) dpu(t) — ZPQk /01" Pan—ak(t) dp(t) + /01’ pan(1l —t) du(t)

1
= ZP%—H Gon—2k(2 Zkaan 2k+1(T )+/ Pan(t) dp(t)

= ZP%—H Gon—ak(z ZP% Pon—2k+1(2) + Pont1(1) — p2psr (1 — )
= ZP%H Q2n—2k( szk Pon—2k11(T) = Pony1(1 — ).
]
Corollary 4.4.2. Let pu be symmetric. Then, forn € N,
szk Pon—2k+1 = ZP%H qon—2k- (4.10)
k=0 k=0
Proof. This follows from Proposition 4.4.1 by putting z = 1 in (4.8). O

Remark 4.4.3. In the special case where p is the Lebesgue measure, the above
formulas reduce to Y (—1)¥(}) = 0.

Corollary 4.4.4. Let i be symmetric. Then the following statements hold.
(1) pon = Gon for alln € N.
(ii) cosp(z) = cosq(z) for all z € R.
(iii) cosp?(z) + sinp(z) sinq(z) =1 for all z € R.

(iv) We have the recursion formula
> (=DM pr gonie (4.11)

Proof. We prove (i) by induction. By putting n = 1 in (4.10), we find that

P3 + p2p1 = P192 + D3,
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which implies ps = ¢o. Assume that po, = @9 for all £ smaller than some n € N,

n > 2. We reverse the order of the summands in the second sum of (4.10) to get

n—1 n—1
Zka Pon—2k+1 T P2nP1 = Z D2n—2k+1 G2k + D1 Gon-
k=0 k=0

Now it follows from the induction hypothesis that ps, = go,. Then, (ii) follows
immediately and by Proposition 4.3.3 also (iii).
Clearly, (iv) follows from (i) and Corollary 4.3.2. O

Proposition 4.4.5. Let u be symmetric. Then, for all z € R and z € [0, 1],
cp.(1 — z) = cosp(z) cp, (z) + sinp(2) sq. ().

Proof. Rearranging (4.9) gives

n n—1
pan(l — ) = ZP% Pan—2x(T) — ZP%H Gon—2k-1(T).
k=0 k=0

)n 2n

We multiply the equation with (—1)"z*" and sum from n = 0 to infinity to get

cp, (1 —x) ZZ iz) pzk ZZ kpzn—%(iﬂ)

n=0 k=0
co n—1
=) O (12 pag - (12) 7 qonana (2)
n=1 k=0
= (=1)"2"pan - > (—1)F 2 pa(2)
n=0 k=0
+ Z n 2n—|—1an+1 Z(_l)kz2k+1q2k+l(x)
n=1 k=0

= cosp(z) cp,(x) + sinp(z) sq,(x).

O

Corollary 4.4.6. Let ;1 be symmetric. Then the Neumann eigenfunctions fy ., are

either symmetric or antisymmetric, that is, either

fN,m<x> = fN,m(1 - :E) or fN,m(x) = _fN,m<1 - :E)
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for all z € [0, 1].

Proof. Let 2* be a Neumann eigenvalue. Then, by Proposition 4.1.7, sinp(z) = 0
and hence, by Corollary 4.4.4 (iii), |cosp(z)| = 1. Thus, by Proposition 4.4.5, we get

sz(l - l‘) = Il:CpZ(l')
Since cp, = fym for 22 = A, the corollary is proved. O

Analogous to (4.8) there is a formula relating ga,41(x) to gans1(1 — x), namely

C]2n+1(517) = Z q2k+1 p2n—2k(9€) - Z 42k QQn+2k+1(ﬂf) - Q2n+1(1 - ZE) (4-12)
k=0 k=1

The proof is exactly like the proof of Proposition 4.4.1. As in the proof of Proposition

nz2n+1

4.4.5, we rearrange, multiply with (—1) , and sum up to get

sq,(1 — x) = sinq(z) cp, () — cosq(2) sq. ().

2

If now z* is a Dirichlet eigenvalue, then sinq(z) = 0 and cosq(z) = cosp(z) = 1

and it follows that
sq,(1 —z) = Fsq,(z).

Thus, we have the following proposition.

Proposition 4.4.7. Let i1 be symmetric. Then the Dirichlet eigenfunctions fp

are either symmetric or antisymmetric, that is, either

fD,m(x) = fD,m(1 - iL‘) or fD,m(x) = _fD,m(1 - 3:)

for all z € ]0,1].

4.5. Self-similar measures

In this section we impose that the measure p has a self-similar structure. For def-
initions of the concept of iterated function systems and self-similar measures, see
Section B.2. For reasons of simplicity, we take an IF'S consisting only of two map-
pings, but it does not raise considerable problems to generalize this to an arbitrary

number.
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Let r1, 79, my and my be positive numbers satisfying r1 +7ro < 1 and m; +my = 1.
Let S = (51, 52) be the IFS given by

Si(z) =rmx  and  Sy(x) =rox 4+ 1 — 1y, z € [0,1].

By K we denote the invariant set of S and by p its invariant measure with vector
of weights (mq,ms).

In this case we are able to prove several properties of the functions p,(z) and
¢n(7) that resemble corresponding ones of %T,L These we will employ to examine the
Neumann and Dirichlet eigenfunctions and eigenvalues of —%%. In particular, we
will develop a recursion law for p, (1) and g,(1).

The self-similar structure of the measure can be used in integral transformations

to receive derivation rules like the following.

Lemma 4.5.1. Let F € H'(u) and f = %. Then

d
@F(Tlﬂf) = my f(riz)

and

d
@F(l — 1y +1ox) = mof(l — re + rox).

Proof. Since F' € H'(p), it can be written as
F(riz) = F(0) + /07“19«“ f(t) du(t).
The measure y is invariant with respect to S; and Sy which means that
po=mq(S1p) +ma(Sap).
Consequently, if restricted to [0,71], we have

n= ml(Sm),

and hence
F(riz) = F(0) + /Orlx myf(t)d(Sip)(t) = F(0) + /0z may f(rit) du(t).

Thus, the first assertion follows.
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Analogously, it follows that on [1 — 75, 1] we have

p=ma(S2p)

and thus,

1—ro+4rox

F(L = ry+ rox) = F(0) + / ) d(t) + / £(t) du(t)

—ro
1—ro+4rox

Cr s [ s

1—ro

= F(l — 7'2) + /I m2f<1 — o + Tgt) du(t),
0

which proves the second assertion. [

In the following proposition we present a formula that can be viewed as an ana-
logue of the binomial theorem, adapted to the self-similar measure . It relates the

left part, contained in [0, 1], to the right part, contained in [1 — rq, 1].

Proposition 4.5.2. For z € [0,1] and n € N,

Pont1(1 — 7o +1o1) = Zp2i+1(7'1)(:‘ﬁf)niiqgnfzi(rlx)
i=0

+ p2z’(7’1)(%)n_i(%)n_iﬂpzn—ml (r1x) 4.13
1 1
i=0
n—1
+[1 = (r1 +12)] ZP2i+1(7”1)(:—f)n_z_l(%)n_ZPQn—zi—1(7“1$),
i=0

where a sum from 0 to —1 is regarded as zero, and, for n € N,

pon(l — 12 +1o1) = Zp%(Tl)(:izi)n_ip2n—2i(7nl$)
i=0

n—1
+ ) o () ()" (22)" gy i (r1) (4.14)
i=0
n—1
+[1=(r1+72)] Zp2z‘+1(Tl>(%)n_l_lp%—%—ﬂrlf)-
i=0

82



Remark 4.5.3. If 1 = my; and 75 = my and r + 75 = 1 (and hence, p is the

Lebesgue measure), the above formulas reduce to

<r1 + r2x>n = Zn: (ZL) ri (rgx)”_i, n € N.

=0

Proof. We prove the proposition by induction. As seen in the proof of Lemma 4.5.1

we have p = mq(Sip) on [0,71] and g = mg(Sau) on [1 — ro, 1]. Therefore,

1—ro+trox r1 1—ro+4rox
p1(1—r2+r2x)=/ duz/ du+/ dpu
0 0 1—rg

1—ro+rox x
= pl(rl) + mg/ d(SQ,M) = p1<7“1> + MQ/ d,u
1—ro 0
rx mo rix
)+ [ (S =)+ 2 [
0 m1 Jo

_ ma
=pi(r1) + mlpl(ﬁl’)y

which proves the assertion for p;.

Assume that the formula for p,,,; holds for some n € Ny. Then

r1 1—ro 1—ro+4rox
Pant2(1 —re +1ox) = / Pant1(t) dt + / Pant1(t) dt + / Pant1(t) dt
0

r1 1—ro
= panta(r1) + [1 — (r1 + 72)|ponia(r1) + 7”2/ Dant1(1 — ro + 1rot) dt.
0

Applying the induction hypothesis, we get

Dant2(1 — ro +192) = papia(r1) + [1 — (r1 + 72)|p2nt1(r1)

£ Pt () [ st e
=0 0

n T
+ 3 palr) (B | gt d
i=0 0
n—1

+[1 = (r1 4+ ro)] Zp2i+1(Tl)(:—f)n_i_l(z—f)n_iﬁ/ Pan—2i—1(rit) dt
0

=0
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= panta(r1) + [1 = (11 + 12)|p2nt1(r1)

+ZP21+1 ) ()" Z+1<m1)n_i92n72i+1(7”1$)

r m n i+1
+ E pai(r ,,fmf Pon—2i42(717)

n—1
+ 1= (r+72)] Y paiea (1) (222)" oy _oi(r12)

=0

n+1

= me (2™ M pon_sira(riz) +Zp2z+1 r) ()" Z+1(ml) “'qan—2i41(r17)
=0
+[1 = (11 +72)] Zp2i+1(rl)(:i$f)niip2n—2i(rlx>a
i=0

which is the formula for po, 2.
Furthermore, suppose that the assertion is true for p,, for some n € N. Then,
transforming p as in the proof of the initial step and applying the induction hypoth-

esis in the same way as above,

Panin(1 = 1+ o) = / " panlt) dia(t) + / o) du() + / T ) d(t)

1 1—7ro

— Do (re) + ma / pon(1 — o + rat) du(t)
0

n—1
= pant1(r1) + ZPzi(ﬁ)(:—f)"_i(fnl—f)n_iﬂp%—ziﬂ(7"133) + sziﬂ(?"l)(:ffﬁ )" qon—2i(r1)
i=0 1=0
n—1
+[1 = (r1 +712)] Zp2i+1(Tl)(%)n_z_l(%)n_lp%t—%—l(rlx)
i=0
= ZPQZH Tlml) "Gon—ni(r1T) + Zmz 1) (52 )n_i(%—f)n_iﬂp%—%ﬂ(7‘196)
=0
n—1
+[1 = (r1 +12)] ZP21+1(7“1)(:—f)n_z_l(z—f)n_lpzn—2z’—1(7“1$)a
i=0
which is the formula for po, 1. O

Analogous formulas hold for the functions g,.
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Proposition 4.5.4. For z € [0,1] and n € Ny,

r2ma

Goni1(1 — 1o +197) = Z Qi1 (11) (222 )" poy 94 (117)
i=0

) i) () () g g (1)
=0
+[1 = (r1 +72)] ZQQi(rl)(%)n_ip%z—%(rlx);
=0

and, forn € N,

Gon(1 = o+ 72) =Y @ai(r1) (222)" 7 g3y i(r1)

+ Z G2i+1(T1) (:—f)n_i_l (Z—f)n_ipzn—2i—1(7”1$)

n—1

+ 1= (r1+72)] Z Goi(r1) (B2)" T (22) " oy gi 1 (112).

(4.15)

(4.16)

Proof. The proof works by induction analogously to that of Proposition 4.5.2. [

We translate the formulas about the functions p,(x) and ¢, (x) into formulas about

cp,(x) and sq,(x). In the Lebesgue case, these are the usual addition theorems for

cos(ri1z + roxz) and sin(riz + rexz).

rima

Corollary 4.5.5. Let z € R and x € [0,1]. With the abbreviation z := | /"2222 we

get
cp,(1 —ry + rx) = cp,(r1) cps(riz) — P sp,(r1) sqs(rix)
— [1 = (r1 + 72)]zsp.(r1) cpz(r12)
and

8, (1 — 1o + rex) = 8q,(r1) cpz(r1@) + /2t eq, (r1) sqz(r12)

+ [1 — (r1 + r9)]z cq,(r1) cps(rz).

(4.17)

(4.18)

Proof. We prove (4.18). We multiply (4.15) with (—1)"z"*! = 2(iz)?*"*! sum from
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n = 0 to infinity and get

1 o ) ) 2n—2k
s, (1 — 7o + 1) = i Z (i2) gopya (11) (l :ﬁfz) Pan—2k(117)

n=0 k=0
2n—2k+1
A/ fj”,;; i ZZ(@Z) Gar(71) <Z\/ :i%f ) Gan—2k+1(r1T)
n=0 k=
2n—2k
+[1 = (r1 +172)] ZZ i2)* qor(r1 <\/2sz> Pon—ak(r17)
n=0 k=0

— %<§:(iz)2n+16]2n+1(7’1)> (g (Z\/%Z> 2kp2k(rlx))

=0

e (e ) (X (yame) ™ )
= (1 472 ( f:(iz)%q%(rl)) (f: (1/222) Qkpgk(rlx))

n=0 =

=5q,(r1) epz(rz) + (/22 cq.(r1) sqz(rmz) + [1 — (r1 + 72)]z cq.(r1) epz(r12).

By multiplying (4.14) with (—1)"2?" and summing up, (4.17) is proved in the same
way. ]

The following scaling properties hold that are a replacement of the property

(%x)” = znac for p, and g,.

Proposition 4.5.6. For z € [0,1] and n € Ny we have

Pan+1 (7"195) = T?m?ﬂ Pant1(T), d2n+1 (7“137) = 7"711Jr my Gani1(T),
and, forn € N,
pon (r12) = (rimq)” pan(z), Gon (r12) = (r1m1)" gon ().

Proof. We prove the asserted property for p,, by induction on n € N. Since p satisfies
wu(B) = my(Sip)(B) for all Borel sets B C [0, 7], we have

P1(7’1$) = / dp = ml/ d(Slu) = ml/ dp = mlpl(ﬂf)-
0 0 0
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Suppose the assertion is true for ps, ;1 for some n € Ny. Then

rT T
Pani2(riz) = / Pant1(t) dt = 7‘1/ Pan1(rit) dt = (7’1m1)n+1p2n+2($)-
0 0

If we assume that the formula holds for ps, for some n € N, then, transforming pu

as above,

T T
poms1 (r1z) — / pon(t) du(t) = ma / pon(r1t) dp(t) = rm o ().
0 0

The formula for ¢, is proved analogously. O]

Next, we deduce formulas corresponding to those in Proposition 4.5.6 that relate

values of c¢p, and sq, at Si(x) = riz to values of cp iz and Sq s, ab @

rm

Proposition 4.5.7. For all z € [0,1] and z € R we have

and
0. (51(0) = [ 50 . o), (4.20)

Furthermore, we have

ma

sp, (S1(z)) = SP = (2)

o
and

cq, (Sl(:v)) = Cpmz(ff)-
Proof. With Proposition 4.5.6 we get

o0 [e.9]

cp.(riz) = Y (=1)"z"pan(riz) = Y (= 1)"(Vrim12) " pan () = €D iy (7)
and
s, (r1a) = ) (=1)"2"" g1 (r17) = \/7;:11Z(—1)”(v7“1m12)2”“qzn+1(w)

=\ 84 = ()
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The other two equations are obtained by deriving. m

The counterparts of (4.19) and (4.20) are the following formulas for cp, (Ss(z))
and sq, (92()).

Proposition 4.5.8. For all z € [0,1] and z € R we have

T2mn

cp, (Sg(x)) = cosp(y/r1m12) cpmz(x) — : sinp(y/r1m12) Squ(x)

r1mes

= (1 1t ]y s ) (o)

(4.21)
and
sq, (S2(z)) = ;—11 sing(v/71m12) P rzmg. () + \/;:Zcosq(mz) 84 rzmzs (T)
+ [1 = (r1 + 72z cosq(y/111m12) CP_ gy (2).
(4.22)
Furthermore, we have
. (Sae)) = [ sinp 1) () + 2 cosp (T 2) 5, 0
—[1 = (r1 +r9)] n;i:? 28inp(y/r11m12) SP_ g2z (2)

and

r1ms

cq, (Sz(x)) = cosq(y/T1m12) cqu(x) — sinq(y/r1mi2) sp\/%z(x)

r2my

—[1—(r + 7)) z\/:'j:;cosq(mz) SD rging= (T)-
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Proof. By (4.17) and Proposition 4.5.7 we get

cp.(1 =12+ 1ox) = cp(r1) ep jmms (11x) — \/ 2ot sp.(r1) 8q_jrmy (112)

T1mi rimi

—[1 = (ry +79)]zsp.(r1) cp\/@Z(rlx)

rimi

Trommy

= cosp(\/T11M12) €D gz (T) — sinp(/111M12) 8q_ g5 (T)

r1mso

— 1= (r+ Tg)]\/T::llz Sinp(/111M12) CP gz (T)-

Analogously, (4.22) is proved using (4.18).

The other two equations are obtained by deriving. O

If the functions cosp, sinp and sinq are assumed to be known, then equations
(4.19) and (4.21) allow to compute basically all relevant values of the function cp,.
If, namely, z is a point in the invariant set K, then there is a sequence (z,), that

converges to x and takes only values of the form

where n € N and wy, ... w, € {1,2}. For each of these values, (4.19) and (4.21) can
be applied n times to get a formula containing only values of cosp, sinp and sing.

For example

Cp, (52(51(1))) = cosp(y/T11m12) cosp(y/ramarim, z)
2 sinp(y/r1my2) sinq(y/romarim; z)

r1mso

[my .
—[1 — (ry +17)] T—lz sinp(/r1myz) cosp(y/ramaerim; z).
1

The same holds for sq, and formulas (4.20) and (4.22). This procedure we will use
to compute numerically the maximum value of eigenfunctions in Section 4.8 as well
as to produce images of eigenfunctions shown in the appendix.

Therefore we are interested in the functions sinq, sinp, cosp, and cosq. These have
power series representations with coefficients p, = p,(1) and ¢, = ¢,(1). For these

numerical sequences we prove a recursion formula in the following.
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Proposition 4.5.9. (i) Forn € Ny,

Pon+1 = E r 1m 7’ 2m2 P2i+1 q2n—2i

+Z rima )y ml Dy pan i (4.23)
n—1
+[1—=(r "’7"2)]27“17”11“7”3 Tl it Pan—2i-1-
i=0
(ii) Forn €N,
n
Dan = Z(hmﬁz(?“zmQ)n_zpzi Don—2i
i=0
+Z7"1 T my T ot Gennica (4.24)
n—1
+[1 = (r1 +72) ZT mit (roma)" ™" Pai1 Pan—2ia.
=0

(iii) For n € Ny,
+1
Qon+1 = (8] m1 7”27”2 Q2i+1 Don—2i

+Z rimn) 'y M T goi qon—2i11 (4.25)

n

+ [1 = (r1 +72)] Z(Tlml)i(r2m2)n_iq}i D2n—2i-
i=0
(iv) Forn € N,

n

Qon = Z(T1m1)i(r2m2)n_ifhi Q2n—2i
=0

+Z Pty T T M a1 pan—2i1 (4.26)

—_

n—
znzl

+ 1= (ri+7m2)] Y (rima)r; i Pan—2i1-

i

Il
=)
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Remark 4.5.10. If we take 1y = m; and 7o = msy (and thus r; + 7, = 1 and pu is

the Lebesgue measure), the above formulas reduce to ) ( )rlr;‘ f=1.

Proof. We put x = 1 in Propositions 4.5.2, 4.5.4 and 4.5.6. Then we eliminate
all terms of the form p,(r1) and ¢,(r1) to obtain formulas that contain only the

members of the sequences (p,), and (g,), (as well as 1, 79, m; and ms). O

To get the desired recursion formulas, we solve the above formulas for the highest
order terms.

Corollary 4.5.11. (i) Forn € N,

1 n—1

_ 7. i+1 n—1

Pon+t1 —1_ " ol rnmnﬂ( rimy (rema)" Pait1 Gon—2i
1 21102 i=0

n

+ Z('r’lml)ir’ﬁ "My Pai Pan—2ip1 (4.27)
i=1

—i—[l— 7”1+7”2 27“1 Ty n “tm P21+1p2n 2i— 1)-

(ii) Forn €N,

n—1
1
D2n _1 _ (Tlml) (7“27712 (; r1ma (7”27712) p21 P2n—2i
+Zrlml+l 5 mly T  pait qan—2i—1 (4.28)
n—1
+[1—(r1i+72) Zrlmlﬂ (rama)™ ™" ' paiga p2n—2i—2>~
=0
(iii) Forn €N,
QPnt+1 = ! Zﬂﬂm (rama)" ™" qait1 Pan—2i
n+ 1 T1n+1m1 1 i+1 Pan—2i
+ Z(ﬁml)z?“; s g qan—sis (4.29)
i=1
+[1=(r1 +r2)] Z(Tlml)i(r2m2)n_i%i pzn—%)-
i=0
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(iv) Forn €N,

n—1
1 A n—i
2n = 1— (rlml)n _ (TQTTLQ)” (;<T1m1) (7"2?712) q2i 9an—2i
+ Z rH_lmirg "~ 1 q27,+1 Pon—2i—1 (430)
n—1
L= (1 +) Z ruma)'ry T S_ZQZiPZn—Qi—l)-
=0

Remark 4.5.12. Consider two self-similar measures p and p* on [0, 1], where p* is
the reflection of p with respect to the point % Thus, p* is described as invariant
measure by interchanging the parameters r;, m; and ry, mo in the IFS defining
(. Then the above recursive formulas show that the associated p- and ¢-sequences
satisfy p3, = Gon, G, = P2n, Paps1 = P2nt1 and g3, 1 = Gony1 for all n € N. Hence,
cosp* = cosq, cosq* = cosp, sinp® = sinp and sinq* = sinq. This is consistent with
the physical intuition that the Neumann as well as the Dirichlet eigenfrequencies do

not change when the vibrating string producing them is reversed.
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Example 4.5.13. We take r, = ry = % and mp; = my = % Then, K is the

middle third Cantor set and p is the normalized 1282

log 3

-dimensional Hausdorff measure
restricted to K. We calculate the first members of the sequences (p,), and (¢n)n
using formulas (4.27) and (4.29) for pe,41 and go,41, which simplify to

2n n—1
1
Pon+1 = 5. 6" 9 ( ; Di P2n+1—i + ;P%H p2n72i71>

2n n
1
Qon+1 = 36" 2 ( ; 4 Q2n+1—i + ; qo; QanQi) .

Since p is symmetric, we can use for po, and ¢y, the simpler formula (4.11)

2n—1

1

_ _ 1+1
P2n = Q2n = 5 Zl (—1) Di q2n—i
from Corollary 4.4.4. Then,
1

p1 =1, ¢ =1, p2:§7

1 1 3
p3_57 q3_87 p4_807

7 2 311

P5 = 53800 = o0 P6 = 596800

6383 33253 4716349
PT = 519060007 97 = 383465600 P8 = 359780416 000

and therefore

sinp(z) = z — 92—3 + gz—g) — —5744717 +
P = 2 51 T 7051 T 56975 7!
3.3 63 25 20927747

sinq(2) =2 = 2 or 0651 " esaeo T

and

22 9zt 279920 42447141 28

— = ]_ _ — Ty T T o~ —a r11 7NN ol
cosp(z) = cosq(z) 21 T 704 T 37106 | 73611700 81

The functions sinp, sing, cosp and cosq can be characterized by the following

system of functional equations.
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Theorem 4.5.14. For z € R we have

sinp(z) = /2 sinp( 77 2) cosal y Taa)
+ /™2 cosp(y/Fimyz) sinp(y/rams2) (4.31)
(1= (ra 4 o)), /5 2 sinp (/=) sinp(/raz)
sing(z) = /7 sina(y/Fmiz) cosp(y/F2mmz)
+ /2 cosq(y/rrm ) sing(y/ryig2) (4.32)
+ [1 = (11 + 72)] 2 cosq(y/rima z) cosp(y/ramaz)
cosp(z) = cosp(y/T17r2) cosp(y/raiina )
R Ginp (y/F1ma ) sing(y/ramaz) (4.33)
(1= (ry + r))y [z sinp(y/Famn2) cosp(y/ramnzz)
cosq(z) = cosq(y/rimyz) cosq(y/T2mgz)
e sing(y/r1ma z) sinp(y/ramsz) (4.34)
L= (r+ TQ)]\/ZI;Z cosq(y/Fimyz) sinp(y/Famzz).

Furthermore, the functions sinp, sinq, cosp and cosq are the only analytic functions
that solve the above system of functional equations and satisfy the conditions that

sinp and sinq are odd, cosp and cosq are even, and

and
cosp(0) = cosq(0) = 1.

Remark 4.5.15. If we would know all the values of all four functions on a given
interval, say, [0, a], then, using the formulas above, we could calculate all values of
all four functions on [0, (max; \/r;m;) 'a]. Then, iteratively, we get the values on
[0, (max; \/r;m;)~2a] and so on. So, the functions are determined on [0, c0) by their
values on an arbitrary small interval [0, a].

Furthermore, the theorem describes a kind of “self-similarity” of our four functions.

Proof. To show that sinp, sinq, cosp and cosq satisfy the equations, put x = 1 in

Proposition 4.5.8.
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Suppose that fi, fo, g1 and go are real analytic functions that satisfy the above

equations, and that f;, fo are odd, ¢, g2 are even, llr% i = 11H(1) fQEZ) =1, and
z—

91(0) = g2(0) = 1. Then, power series representations exist, that is, there are real
sequences (ay), (by), (¢,) and (d,) such that for all z € R holds

= ianzszrla f2<2) = ibn22n+la gl(z) = icnz2na 92(2) = idn'an
n=0 n=0 n=0 n=0

where ag = by = ¢o = dy = 1. Since these functions satisfy (4.31), we get for all
zeR

2n+1 _ / 2n+1 2n—2k
an " E " E ApA/T1TN —k\/ T2y
0
/ 2 1-2k
E 22t g Cr/T1TN 1 a'n kv T2 i
2n+3 2n+1—2k
—[1 = (ry + 7o) g ak\/rl an_k\/rgmg )
172

If we derive this equation 2j + 1 times and put z = 0, we receive formula (4.23)

n=

for a;. Analogously, one can show that b; satisfies (4.25), ¢; satisfies (4.24) and d;
satisfies (4.26). Together with the initial condition ag = by = ¢y = dy = 1 it follows
that a; = pojy1, bj = qj+1, ¢; = p2j and dj = qo; for all j € N. Thus, f; = sinp,
fo =sinq, g1 = cosp and ¢gs = cosq. O

Example 4.5.16. (i) If we take , = my and 7o = my and r; + 75 = 1, then
K is the unit interval and p the Lebesgue measure. The functions sinp, sinq,
cosp and cosq equal the usual sine and cosine functions, and the formulas in

Theorem 4.5.14 simplify to

sin(z) = sin(ryz 4 roz) = sin(r12) cos(rez) + cos(ri2) sin(rez),

cos(z) = cos(r1z + rez) = cos(ry2) cos(rez) — sin(ryz) sin(re2).

(ii) Let ry = ry = % and m; = mg = % Then p is the Cantor measure and the
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formulas in Theorem 4.5.14 can be rewritten as

V6

sinp(V62) = > sinp(z) <2 cosp(z) — zsinp(z)) (4.35)
sinq(v/6z) = \/?6 cosp(z) (2 sinq(z) + z cosp(z)) (4.36)
cosp(V62) = cosp(z)? — sinp(z) sing(z) — z cosp(z) sinp(z). (4.37)

Since K is symmetric, cosp = cosq.

Observe that Theorem 4.5.14 in combination with the recursive rules in Corollary
4.5.11 supply a technique for investigation of further properties of the eigenvalues, for
example for numerical computation. On a given interval [0, a] we can approximate
the functions sinp, sinq, cosp and cosq arbitrarily exact by polynomials consisting
of sufficiently many members of the corresponding power series. Then, by Theorem

4.5.14, we can extend all four functions successively to larger intervals.

4.6. Self-similar measures with rym; = roms

In this section we suppose p is a self-similar measure as in the last section but with
parameters additionally satisfying r;m, = royms. This case is particularly interesting

because there we have the following property.

d d

Theorem 4.6.1. Let rymy = roms. If X is the mth Neumann eigenvalue of —dpds

then ﬁ)\ is the 2mth Neumann eigenvalue, that is, for all m € N,
rimg )\N,zm = )\N,m-

This Theorem has been proved with the method of Priifer angles by Volkmer [52]
for the case ry = ry = %, mi = me = % and by Freiberg [20] in a more general setting.
It delivers the foundation for the statements in this section. An analogous property
for Dirichlet eigenvalues does not seem to hold. However, in the symmetric case there
is a similar relation between Dirichlet eigenvalues and eigenvalues of the problems
(DN) or (ND) posed in Section 4.1. Remember, (DN) has boundary conditions
f(0) = f'(1) =0 and (ND) has f'(0) = f(1) = 0.

Proposition 4.6.2. Let pu be symmetric, that is r :==ry =1y and my; = mq = % and

let A be an eigenvalue of (DN) or (ND). Then 2\ is a Dirichlet eigenvalue and if f
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s a %)\—Dim’chlet eigenfunction, then f o Sy is a A-(DN) eigenfunction, and f o Sy
is a \-(ND) eigenfunction.
Proof. In Corollary 4.4.4 we showed that since p is symmetric, we have cosp = cosq.

Then we can factorize (4.32) and get
sinq(\/gz) = cosp(z) - [2v/2rsinq(z) + (1 — 2r) zcosp(z)].

Since A is an eigenvalue of the (DN) and the (ND) problem, cosp(v/A) = 0. Then,
sinq( / %/\) = 0 and thus, %/\ is a Dirichlet eigenvalue. From Propositions 4.5.7 and
4.5.8 we get

sqmosl = V2rsqux

and
8q. /5=y 052 = V2r Sinq(\/X) CPyxs
which proves the proposition. O

In the following we treat only the Neumann eigenvalue problem using Theorem
4.6.1. With the formula

cosq(z) cosp(z) + sinq(z) sinp(z) = 1, (4.38)

which follows from Theorem 4.3.3 by setting z = 1, we rearrange the functional

equations from Theorem 4.5.14. With the abbreviation

h(z) := 11 cosp(z) + racosq(z) — [1 — (r1 + r2)] 2 sinp(z) (4.39)
we can write
sinp(z) = nm sinp(mz) h(mz), (4.40)

o

1
cosp(z) = —:—j + 7”_1 cosp(\/rlmlz) h(\/rlmlz), (4.41)

and
sing(z) = [1 = (ry + o))z + ——— sina(yrm2) h(yimm),  (442)
cosq(z) = —; + Tlcosq(\/rlmlz) h(\/rlmlz). (4.43)
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Employing the above formulas we can calculate the values of cosp, cosq and sinq

at the zero points of sinp.

Lemma 4.6.3. Let m € N and let v(m) be the multiplicity of the prime factor 2 in
m. Let zp, = \/Anm be the square root of the mth Neumann eigenvalue, that is,

the mth zero point of sinp. Then

’ gv(m)
cosp(zm) = (—r—j> (4.44)
gv(m)
cosq(zm) = (—:—;) (4.45)
sing(zm) = @y * Zm (4.46)

where (a )y is determined by
ag = 1-— (7’1—|—T2)

and, for k € N,

ok—1

rl 2]971
+ T2 (-—) .
T2

Proof. Suppose m is odd. Then sinp(z,,) = 0 and sinp(w/rlmlzm) # 0. To see this,

suppose sinp(\/rlmlzm) = 0. Then 7ym;22 would be a Neumann eigenvalue, say

r
ap = 1-— (Tl + TQ) + ap_q (7’1 <_7“_2)
1

rimy 22 = Ay, for some [ € N, and because of Theorem 4.6.1, zfn would be the
eigenvalue Ay g;. Thus, m = 2[, which is a contradiction.

Hence, it follows by (4.40) that h(y/rimiz,) = 0. Then, by (4.41), we see that
cosp(zm) = —:—2.

1
By (4.33) follows that, for all z € R, if

sinp(\/rlmlz) =0,

then
_ 2
cosp(z) = cosp®(y/rimy 2).

Thus, if m = 2l for some odd [, then \/r1m;iz, = z and hence,

T

cosp(2z,,) = cosp?(z) = (—E)Z.
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Iteratively, we get that, if m = 2*{ for some odd I,

)

cosp(em) = (~22)"

1

which proves (4.44).
Since sinp(z,,) = 0 for all m € N we get by (4.38) that

cosq(zm) = Wl(?«’m) = <_E)2v

which is (4.45).
Now we show (4.46). At first, suppose v(m) = 0, that is, m is odd. Then, as
above, h(,/rlmlzm) = 0 and thus, by (4.42),

sinq(z,) = [1 —(r1 + T2>:|Zm.

Observe that we have for all m

h(zm) = 11 (_9>2U(m> + r2<_r_1)2v(m>. (4.47)

r T2

Suppose v(m) > 1. Then /7M1 2, = 2y and thus,

sing(zp,) sinq(, /rlmlzm)
- (r1 +1re) + e (vrimizpy)
sinq(zm
:1—(T1+7“2)+ Z( 2)h(2%)
%
sinq(2m roy 2001 roy 2001
_ 1_(7“1“2”#(“(__2) NS
Z’LnZ T T2
sing(zm) | sing(z)
Hence, ———— depends only on v(m) and so, with @@, = —————, we get
r gv(m)—1 r ou(m)—1
Ao(m)y = 1 = (1 + 72) + Qy(m)—1 (7"1 (——2) + 79 (——1> ) ,
T T2
which proves the assertion. O

We use the above computed values of cosp(z,,) and Propositions 4.5.7 and 4.5.8

to get a relation between the mth and the 2mth Neumann eigenfunction as defined
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in Proposition 4.1.7.

Proposition 4.6.4. Let m € N and v(m) be the 2-multiplicity of m. We denote the
mth Neumann eigenfunction by fu, := cp . Then, for all v € [0,1],

Jom (S1(2)) = fr(x) (4.48)

and
my

Fom (Sa(2)) = (——)wm} Fnl(). (4.49)

ma

Proof. Because of Theorem 4.6.1 we have \,, = r1ymi\a, and thus,

sinp(\/ rlml)\Qm) =0.

Since f,, = cp /x5, Propositions 4.5.7 and 4.5.8 give for x € [0, 1]

fom (S1(z)) = fin(2)

and
Fam (S2(2)) = cosp(v/Am) fn(2).

Noting that 2 _ m, we get with (4.44) that
T )

fun(82@)) = (- fu(o)
O

The above proposition can be employed to work out the relationship between the

suprema and the Ly(u) norms of f,, and fo,.

Proposition 4.6.5. Let m € N and v(m) the 2-multiplicity of m. Then

my gv(m)+1
el = (1 ma (1) Yl (4.50)

and

v(m)

ol = mac{1, (22)° i (1.51)
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Proof. At first we prove (4.50). For m € N we have

52(1

Sl(l) )
ol = [ Fan @)+ [ e dutr

51(0) 52(0)
Sa(1

S1(1) )
—my / Fom(£)? A(S1)(8) + s / Fom(£)? () (8)

1(0) S2(0)

— my /O Fom (S1())? dpa(t) + ms /0 Fom (Sa(t))? du(t).

By (4.48) and (4.49) we get

1 u(m)+1 1
HmeH%Q(M) = ml/o fm () dpu(t) + mo (—Z—;) /0 Fn () dpu(t)

ml 21}(7n)+1
= |my+mg|—
ma

Now we show (4.51). With (4.48) and (4.49) we have

|1l

sup |f2m(x)| = Ssup |f2m<81<x))‘ = Ssup |fm<m)| = Hmeoo
2€[51(0),51 (1)] 2€[0,1] 2€0,1]

and
v(m)

wp | fon(@)] = sup | B (Sa(@)] = (7)) [l

2€[S2(0),82(1)] z€[0,1]

Therefore, since fo, is linear on [Si(1), S2(0)] and continuous,
v(m)

sup |fom(z)| = maX{l, (%)

z€[0,1]

H s

Now we consider the normalized Neumann eigenfunctions. For m € Ny we set

Frn = fnll 1y Frm-

We are interested in the asymptotic behaviour of the sequence (||fimloc)m. With
Proposition 4.6.5 we get some information about certain subsequences stated in the

following theorem.
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Theorem 4.6.6. Let p be a self-similar measure with rymy = romsy. Then, for all

m € Ny,

v(m)
max{l, (%)2 } _
2 | fonllo-

| fomlloo = — (4.52)
\/m1 + mo (%)
Suppose my < mg and let | be an odd number. Then, for all k € N,
k i 1
. _k maN2 -1\ -3
ol =TT (14 (52) ) 7 il (4:53)
j=1

Proof. (4.52) follows directly from (4.50) and (4.51). Suppose m; < ms and [ € N
is odd. Then iterative application of (4.52) gives

1 1
vy 14
\/ ma

| Failloo = 1 filloos

| alloe = e |
22[|{c0 = llloos
I Gy i
ma
and so on, and therefore (4.53) holds. O

Corollary 4.6.7. Let | € N be odd. Then the following statements hold.
(1) If my = mq, then for all k € N,
1 Fatilloo = [l filloo-

1
(ii) If my < mg, then C' = > 1, and we have for all k € N,

1 F2tlloe = CHl| filoo

Additionally, for all k € N,

bk
~ _k/fm 2 ~
ol < * (22) il
my
Proof. (i) follows directly from (4.53) by putting m; = my = 2

5.
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If m; < meg, then, for all j € N,

Then,

~ _k ml 7% ~
[ Fartlloo = my* (14 22) [ flle,
mgy

and since m; < mo implies m; < %7 we have m1(1 + %) <L

For the upper estimate, we write

21 ok 1\ * k(2% 1)
()= () ) =
me mgy ma

which proves (ii). O

k
Jj=

1

4.7. Self-similar measures with rym; = rom- and
r+ro=1

As in the previous section we have the condition r1m,; = romsy. We treat the special
case where r1 +7ry = 1 from which follows that r; = ms and r9 = m. Such measures
have been investigated e.g. by Sabot [44] and [45].

Theorem 4.7.1. Let p be a self-similar measure where 1y = my and ry = My
(and therefore r1 + 1o = 1). Then the positive eigenvalues of ——— with Neumann

x
boundary conditions coincide with those with Dirichlet boundary conditions.

Proof. Since the eigenvalues are the squares of the zeros of sinp and sing, respec-
tively, it is sufficient to show that sinp = sinq. To do that we show that for all
n € Ny

Pont1 = Q2nt1-
We do this by complete induction using the recursion formulas from Corollary 4.5.11.

By Definition 4.1.1 we have
1
b = / dp =1
0

1
0

and
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Now, let n € N and suppose that for i = 0,...,n — 1 holds ps;+1 = goi+1. By (4.27)

and rearrangement of the order of the terms in the sums we get

1

_ 7 H—l n—i
Pon+1 = 1 — il n+1 ( E myry ' (rima)"™ " Pait1 Gon—2i
272

+
+ g r2m2 my~ ‘ T P2 Pan— 2@+1>

1

_ n—i n+1 z 7
= T nﬂ( E my (11M1) " Pont1—2i Gai
272

n—

1
n—i__i i+l
+ (7"27”2) miry p2n—2ip2i+1>~
i=0

Then, by the induction hypothesis and (4.29),

o n—1 n+1 z 7
Pont1 = P P E my (r1m1)" Gant1-2i G
1 —miry™ —mir]

n—1
n—i_ i i+l
—i—Z(erg) myry P2n2¢Q2¢+1)
i=0
= Q2n+1-

]

With the above theorem we can reformulate Theorem 4.3.3 to get a property of
the Wronskian of fx,, and fp .

Corollary 4.7.2. Let i be as above, let A, be the mth eigenvalue, let fn ., = cp x-

and fp.m = sq,/x; be the corresponding Neumann and Dirichlet eigenfunctions con-
structed in Section 4.1. Then, for all x € [0,1],

vam('r) f/D,m(x) - fD,m(Q:) f]/\z’m(ilf) = 4/ )\m
Proof. We put z = v/, in Theorem 4.3.3 and observe that

f]/V,m( ) Cpr \/_Spr

and

f/D,m( ) Sqr \/—ch
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]

Since eigenfunctions can be multiplied with any non-zero number, the above equa-
tion states basically that the Wronskian is constant. A similar property of a slightly
different Wronskian has been established in Freiberg [17, p. 41].

4.8. Figures and numbers

In this section we give some explicit results and figures calculated by using formulas
we developed in the preceding sections for several examples of self-similar measures.

For the calculations we used Sagemath cloud [49].

Example 4.8.1. Tables 4.1, 4.2 and 4.3 collect the first few values of the sequences

(Pn)n and (g ), for the classical Cantor set with evenly distributed measure, that is,

1
3

formulas in Corollary 4.5.11 that we implemented for that purpose in Sagemath.

forry = ry = 2 and m; = my = % We computed these values with the recursion

Figures 4.1 and 4.2 show plots of the functions sinp and sinq for = € (0,50) and
for x € (0,120), respectively, where the first 100 terms of the series are taken into
account. In the figures, sinq is drawn in a dash-dot line and sinp in a solid line. The
zero points of these functions squared give the Dirichlet and Neumann eigenvalues,

respectively. Observe that the pictures suggest that the eigenvalues are in the order
/\N,O < >\N,1 < )\D,l < AD’Q < )\N’g < )\N,g < )\D,3 < >\D,4 < ....

Table 4.4 contains the first 32 positive Neumann eigenvalues correct to 15 decimal

places (rounded down). These values have been calculated as zero points of the

nf%(—l)”pznﬂ o (z %ﬂ)

using certain numerical methods. For that we used the command findroot from

polynomial

the mpmath library in Sagemath cloud (|49]) with a starting value that we took from
a plot in each case. This way, we computed each zero point of the above polynomial
with an accuracy of 100 digits, where we chose a in each case such that the first 15
decimals of the zero point remain fixed against any further increase of the number
of terms. Note that by Lemma 4.1.3 we have

< 1 (1) = 1
Dan+1 = n!QQ = olon’
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from which a more detailed error estimate can be obtained.

Observe that, as stated in Theorem 4.6.1, we have that Ay 2, = 6 Ay, for all m.
The distances between eigenvalues differ very much, there are several groups that

lie very close together while there are big gaps as well.

In Table 4.5 we give approximate values of the Ls(u) norms and the sup norms

of the eigenfunctions fn ,, = cp s

The L, norms have been calculated with the formula in Corollary 4.2.4 where we
put in the values for A from Table 4.4. The number of summands had to be chosen
higher with bigger eigenvalues, so that the limit value could be approximated with

sufficient accuracy.

For the supremum norms we calculated fy (Sw (O)) and fnm (Sw(l)) for all words
w € {1,2}" for a certain iteration level n and determined the biggest of these values.
We varied n between 5 and 8 to get the values. These calculations were made with
the formulas in Proposition 4.5.8. For that, the eigenvalue \,, and values of the
functions sinp, sinq and cosp were needed. Note that the sup norm values are rather

rough approximations.

Then we determined the sup norm of the normalized eigenfunctions

1SNm0

= :
T N s

Observe that, as stated in Equation (4.52), the values for even m are the same as

for 3, respectively.

In Table 4.6 we state the first 32 eigenvalues with Dirichlet boundary conditions
exact to 15 decimals. The procedure for the calculations is the same as with the
Neumann eigenvalues explained above. Note that two values at a time lie close
together, namely Ap op,—1 and Ap o,,. Especially close together are pairs of the form
Ap2n—1 and Apon. Therefore we had to increase the accuracy of A\p 31 and Ap 32 to

25 digits to make the difference visible.

Approximations of the Dirichlet eigenvalues have been calculated before by Eti-

enne [12| by approximating p by finitely many point masses.

As in the Neumann case, we calculated norms of Dirichlet eigenfunctions, see
Table 4.7.
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27
2800
6383
31906 000
928 046 087
427065 638 720 000
18312146 532 699
1290321173531 252800000
36 205 626 974 761 334 065 053
595390835517 679 574 442 022 016 000 000
4976934962986 304441117658 183
27444983 400 881 701 904 144 720 110 742 041 600 000
9554 109 968 352 546 557 662 907 330 504 773 561 465 623
24293779244 421 488 801 231 482 393 897 413 175652 507 508 121 600 000 000
146991 787616 583 137 720 984 325 054 111 289 057 094 244 281 881 523 497
228839 658 236 344 563 453 452 927 437095 017 291 959 177 590 164 358 527 465 655 296 000 000 000

© 00 I O Ot k= W NN = O3

Table 4.1.: The first ten odd members of (p,,) for 1y = ry = % and m; = my = %

don+1

=

21
4240

33253
383465 600

76 118 969
91537621184 000
20165083 798 890 939
4103 397 246 999 022 891 520 000
129726 498 389 261 896 497
6714982210971 717632658 867 200 000
2413673468 793 966 201 825 434 809 368 471
45210174990 342 427 454 327 995 801 851 920 608 256 000 000
1194 381655935 980 000 421 990 244 022 269 580 561 517
11036 319 046 998 816 108 771 342 849 627 021 590 229 476 137 440 051 200 000
126 866 175 828 333 349 955 887 526 100 988 154 691 317901 447037 378112773

762232235417 372510271600 164 875680211 782266 161 937 386 279 477 493 896 522 956 800 000 000

© 0 O Ul W N = O3

Table 4.2.: The first ten odd members of (g,) for r| =y = % and my; = my = %
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P2on; Qon

%lw NI =

311
296 800
4716 349
329780416 000
186 511983 201
1659577072065 920 000
7179455540679 158013
12761 565438 166 961 192 627 200 000
159 906 376 968 352 543 502 900 259
83334473684 067539 316 352053 491 456 000 000
60996 703 846 644 308 894 938 372 985 688 873
13022158 544 999 621 792 336 779 426 151 940 728 460 083 200 000
55173436475334110717731416972957128310218371 151677
6487 868 455 643 720 781 486 892 657 131 701 453 895 648 546 905 230 058 700 800 000 000

© 00 N O Ot s W Ny = O3

Table 4.3.: The first ten even members of (p,) and (g,) for 1 = ry = % and m; =
1
meo = 9-

20} ; Lo Lo

40}

Figure 4.1.: sinp (solid, Neumann) and sinq (dash-dot, Dirichlet) for r; = r =

and my = my = %

1
3
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Figure 4.2.: sinp (solid, Neumann) and sinq (dash-dot, Dirichlet) for 7, = ry = %

! s
20 40

1

and my; = my = 3.

)\N,m

a

@OO\]@OT%OJI\D}—‘S

10
11
12
13
14
15
16

Table 4.4.: Neumann eigenvalues of —%% for ri =7ry =

7.09743 10981 41122
42.58458 65888 46733
61.34420 39227 01662

255.50751 95330 80403
272.98357 08191 47205
368.06522 35362 09975
383.55288 31276 93176
1533.04511 71984 82423
1548.05582 42212 95240
1637.90142 49148 83235
1662.62743 34232 43043
2208.39134 12172 59852
2220.76944 99677 96401
2301.31729 87661 59059
2312.58212 07275 84404
9198.27070 31908 94542

12
19
19
28
28
30
31
47
47
48
48
33
93
93
93
85

L
60

L \ n
80 10

1
120

3

m ANm a

17 | 9211.73939 77562 51229 | 86
18 | 9288.33494 5327771442 | 85
19 | 9316.34702 2410075024 | 85
20 | 9827.40854 9489299413 | &7
21 | 9847.99008 31996 68501 | &7
22 | 9975.76460 05394 58261 | &7
23 | 9994.03735 25970 68208 | &7
24 | 13250.34804 7303559112 | 97
25 | 13260.71659 87844 44965 | 96
26 | 13324.61669 98067 78407 | 97
27 | 13342.22766 8891503102 | 97
28 | 13807.90379 25969 54355 | 97
29 | 13816.7272509206 34538 | 98
30 | 13875.49272 4365506427 | 98
31 | 13883.67238 03565 18424 | 97
32 | 55189.62421 9145367256 | 160

1
3

and m; = mo = 1

5.
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Table 4.5.: Norms of Neumann eigenfunctions for ry = ry = % and my = my = 1

m | [ fnmlla | [fnmlloo | 1fvmlloo m | [nmllz | [[fvmlloo | I1fxmlloo
1| 0801| 1.000| 1248 17| 0666 1001 | 1.503
2| 0801| 1.000| 1.248 18| 0687 1007 |  1.467
30 0966 | 1.261|  1.306 19 0829 1.307| 1.577
41 0801 | 1.000| 1.248 20| 0.746 | 1.049 |  1.405
5| 0746 | 1.049 | 1.405 21| 0.688| 1.093|  1.588
6| 0966| 1.261|  1.306 22| 0897 | 1.356|  1.512
7| 1145|  1.604 | 1401 23| 1057 | 1.703|  1.612
8 0801| 1.000| 1.248 24| 0966 | 1.261|  1.306
9| 0687 | 1.007| 1.467 25| 0.826| 1.262|  1.529

10| 0746 |  1.049 | 1405 2| 0886 | 1.306| 1.474

11| 0897| 135 | 1512 27| 1063 |  1.694 |  1.504

12| 0966 | 1.261| 1306 28 | 1145 |  1.604 |  1.401
13| 0886 | 1.306 | 1474 20| 1049 |  1.656 |  1.579
14| 1.145| 1.604 | 1401 30| 1346 |  2.029|  1.508
15| 1.346 | 2029 | 1508 31| 1579 | 2563 |  1.625
16| 0.801| 1.000| 1.248 32| 0.801| 1.000| 1.248

5.

m AD.m a m AD.m a
1 14.43524 0512053874 | 13 17 | 9233.86793 80086 63779 84
2 35.26023 80242 77225 | 16 18 | 9271.62879 2721274161 83
3| 140.78105 3384556059 | 24 19 | 9589.26839 6141598781 85
4 | 151.29061 6055019631 | 23 20 | 9598.24041 2584912727 85
51 326.057328357753770 | 29 21 | 9923.46445 25858 18608 85
6 | 353.416920767557756 | 29 22 | 9957.06520 21538 29857 87
7| 876.2744596020 73755 | 39 23 | 12190.28558 35702 41470 93
8 | 876.5053185096 60313 | 39 24 | 12190.29241 90995 34112 94
9 | 1581.1770242871 45662 | 46 25 | 13284.12682 4873170732 94

10 | 1619.4007291584 24238 | 46 26 | 13311.27448 40460 62950 95

11 | 2029.61356 3451019039 | 51 27 | 13668.53690 39463 19748 96

12 | 2033.85281 3057761437 | 51 28 | 13671.26816 68726 11762 96

13 | 2268.79163 36445 60767 | 53 29 | 13851.83951 26643 76419 96

14 | 2289.60406 94424 69130 | 52 30 | 13866.9378241331 73771 96

15 | 5258.339396921217309 | 71 31 | 31550.03640 02815 21874 64223 25788 | 139

16 | 5258.33940 3172623308 | 71 32 | 31550.03640 02815 21874 89689 65410 | 139

110

Table 4.6.: Dirichlet eigenvalues of —%% for riy =7r9 = % and my = mo = 1

5.




Ifpanllz | 1fpanllsc | I fDmlloc m | | fomlle | 1fpmllss | 1Fpmlloc

m
1 0.627 0.920 1.469 17 8.492 15.635 1.841
2 0.711 0.985 1.387 18 7.115 12.394 1.742
3 0.446 0.790 1.770 19 1.685 3.996 2.372
4 0.457 0.793 1.734 20 1.679 3.985 2.374
o 1.115 1.628 1.461 21 5.110 10.266 2.009
6 1.273 2.105 1.654 22 5.787 11.252 1.944
7 0.262 0.646 2.469 23 0.415 1.195 2.883
8 0.262 0.646 2.468 24 0.415 1.306 3.151
9 2.798 5.034 1.799 25 9.565 18.428 1.927

10 2.656 4.694 1.767 26 8.944 16.597 1.856
11 0.719 1.460 2.032 27 1.950 4.852 2.489

12 0.717 1.602 2.233 28 1.945 4.863 2.501
13 3.048 5.661 1.857 29 8.777 15.403 1.755
14 3.481 6.296 1.809 30 9.995 19.451 1.946
15 0.151 0.509 3.369 31 0.087 0.416 4.765
16 0.151 0.528 3.491 32 0.087 0.416 4.765

1

5 and my =my = 1.

Table 4.7.: Norms of Dirichlet eigenfunctions for r| = ry = 5

Example 4.8.2. For the next example, we take the asymmetric self-similar measure
1 1

with r1 = 1/3, 1o = 1/4, my = g and mo = Tan where dy is the Hausdorff

dimension of the invariant set. That is, dy is the solution of the equation

1 1
3dm + YT 1.
For the calculations we used 0.56049886522386387883902233 for dy. Variation of
this value led to no change in the first 15 digits of the eigenvalues. Plots of sinp and
sinq are shown in Figure 4.3 and the first eigenvalues exact to 15 decimal places are
displayed in Table 4.8. Note that here myr; # mary. There seem to be no fixed
order of Neumann and Dirichlet eigenvalues as in Example 4.8.1 and there are no

clear pairings of the values.

Example 4.8.3. Figure 4.4 shows plots of sinp and sinq for r, = %, ry = i and

me = %. The invariant set is geometrically the same as in Example 4.8.2,

1
7

Comparing with Example 4.8.1, we observe that the Neumann eigenvalues behave

3
77
but m; and msy are chosen such that rym; = rome =

my =

and thus, Ay om =7 Anm-
qualitatively similar, but the Dirichlet eigenvalues do not appear in such close pairs.

However, it seems to hold again, that two Neumann and two Dirichlet eigenvalues

appear in turns.
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Figure 4.3.: sinp (solid, Neumann) and sinq (dash-dot, Dirichlet) for r = 1/3, ry =
1

Table 4.8.: Neumann and Dirichlet eigenvalues for r; = 1/3, 1o = 1/4, my =

112

1

and mo = 4TH

1/4, my = 37}1 and mo = 4d_H
m ANm a m AD.m a
1 6.567037965687942 | 11 1 16.107849410419070 | 12
2 41.632795946820830 | 16 2 35.907601066462638 | 15
3 66.822767372091789 | 19 3| 128.330447556120622 | 21
4 | 233.355013145153884 | 24 4| 236.463676343561213 | 24
5| 365.584215801794021 | 27 5| 373.701929431216995 | 27
6 | 389.945618826510339 | 28 6 | 423.638157028808414 | 28
7| 582.138208794906725 | 30 7| 713.786986198043209 | 31
8 | 1295.888937033626505 | 37 8 | 2013.164883016581104 | 44

1

3
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Figure 4.4.: sinp (solid, Neumann) and sinq (dash-dot, Dirichlet) forr; = 1/3, ro =

1/4, my = % and my =

4
Z

m ANm a m AD.m a
1 6.752284245618646 | 10 1 16.452512161464721 | 12
2 47.265989719330522 | 16 2 36.904245287406090 | 15
3 62.066872795561511 | 18 3 154.577520453343494 | 21
4 330.861928035313659 | 26 4 212.376524344704458 | 23
5 345.194670941772007 | 27 5 395.526819249411977 | 27
6 434.468109568930577 | 28 6 417.532700806716224 | 27
7 446.407999438501248 | 28 7| 1083.253271255975735 | 34
8 | 2316.033496247195616 | 45 8 | 1485.470110503836517 | 37
9 | 2332.825185220436900 | 46 9| 2360.481274606702758 | 44

10 | 2416.362696592404055 | 46 10 | 2397.801276276128236 | 44

11 | 2434.484694248270572 | 46 11 | 2830.491432008378221 | 47

12 | 3041.276766982514042 | 50 12 | 2850.987710468049166 | 47

13 | 3051.736543145083444 | 50 13 | 3093.525406096403347 | 48

14 | 3124.855996069508739 | 50 14 | 3111.593713450879200 | 48

15 | 3133.914016082441210 | 49 15 | 7582.772906434721944 | 58

16 | 16212.234473730369315 | 82 16 | 10398.290767742394136 | 64

Table 4.9.: Neumann and Dirichlet eigenvalues for r = 1/3, ro = 1/4, my = % and

4
m2:7.
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Figure 4.5.: sinp (coincides with sinq) for r; = 0.6, ro = 0.4, m; = 0.4 and ms = 0.6.

m A a m A a
1] 11.113238313123921 | 13 9 | 1012.173153820335730 | 54
2 | 46.305159638016340 | 19 10 | 1194.689209582619744 | 57
3| 97.600761284513435 | 24 11 | 1396.721102656337624 | 60
4 1 192.938165158401419 | 29 12 | 1694.457661189469363 | 65
5 | 286.725410299828738 | 34 13 | 1910.161155469398890 | 67
6 | 406.669838685472647 | 38 14 | 2157.157626864968439 | 70
7 | 517.717830447592425 | 41 15 | 2316.668360848575284 | 73
8 | 803.909021493339246 | 48 16 | 3349.620922888913526 | 83

Table 4.10.: Neumann (and Dirichlet) eigenvalues for r; = 0.6, ro = 0.4, m; = 0.4
and my = 0.6.

Example 4.8.4. We choose the measure with ry = 0.6, ro = 0.4, m; = 0.4 and
mo = 0.6. This measure is supported on the whole interval [0, 1], yet is singular to
the Lebesgue measure. In Theorem 4.7.1 we showed that sinp and sinq and thus
the Dirichlet and Neumann eigenvalues coincide. In Figure 4.5 a plot of sinp is
displayed. It is comparable to the sine function, which we would get for ry = ry =
my1 = mg = 0.5. Table 4.10 contains the first 16 eigenvalues. Plots of the Neumann

and Dirichlet eigenfunctions can be found in Appendix A.

Example 4.8.5. We take 1y = 0.9, 1, = 0.1, m; = 0.1 and my = 0.9. The resulting
measure is supported on [0,1] as in Example 4.8.4, but in Figure 4.6 we see that

sinp looks very different from the sine function. Table 4.11 contains the first 16
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Figure 4.6.: sinp (coincides with sinq) for r; = 0.9, ro = 0.1, m; = 0.1 and m, = 0.9.

m Am a m Am a
1 111.021168159382246 | 9 9| 164619.744662988877161 | 44
2 1233.568535104247184 | 15 10 | 165477.638319057818349 | 43
3 1403.454381590697316 | 15 11 | 166543.871983977116823 | 43
4| 13706.317056713857601 | 24 12 | 173265.973035888557594 | 43
5| 14892.987448715203651 | 24 13 | 176376.608221577384951 | 43
6 | 15593.937573229970183 | 25 14 | 177512.483919664028463 | 44
71 15976.123552769762561 | 25 15 | 178137.700783469958606 | 44
8 | 152292.411741265084466 | 40 16 | 1692137.908236278716292 | 72

Table 4.11.: Neumann (and Dirichlet) eigenvalues for = 0.9, ro = 0.1, m; = 0.1

and my = 0.9.

eigenvalues up to 15 decimal places.
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4.9. Remarks and outlook

In this section we state several remarks and thoughts we could not pursue any further

in the scope of this thesis.

Conjecture 1. Due to the examination of several examples (see e.g. Examples
4.8.1, 4.8.3, 4.8.4 and 4.8.5) we conjecture that in case of a self-similar measure

with rym; = roms the Neumann and Dirichlet eigenvalues satisfy
)\N,O < /\N,l < /\D,l < )\D,Z < >\N,2 < )\N’g < )\D,3 < /\D,4 < ....

Remark 2. It would be very interesting to find out, if there was a relation between
our sequences (p,), and (¢,), to any known number sequences as e.g. Bernoulli
or Euler numbers. Indeed, the definition of p,(z) or ¢,(z) (Definition 4.1.1) is
reminiscent of the recursive definition of the Euler polynomials E, (z) by Ey(z) := 1

and .
Ey(x) = / nEy (1) dt.
where ¢ = % if n is odd and ¢ = 0 for even n. Then the nth Euler number is

E, =2"E,(1/2).

Furthermore, Equation (4.11) has a similar structure as the recursion rule

n—1
1
Oy = -— E Qj Qp—1—j
2TL ' J J
J=0

with oy = oy = 1. With that we have a,, = T%|E2n|

Remark 3. One could investigate the functional equations in Theorem 4.5.14 fur-
ther. In the simple case where r; = ry = % and m; = mo = %, for instance, we
can transform them (after eliminating terms containing sinq by using cosp?(z) +
sinp(z) sinq(z) = 1) with the abbreviations u(z) = z sinp(z) and v(z) = 2 cosp(z)

to

u(\/éz) =3u(2)v(z) — 3u(z)?
U(\/éz) = v(2)? —v(2)u(z) — 2.

From this one can derive recursion formulas for the sequence (p,,), that contain only

members of p, and not, as in Corollary 4.5.11, both p,, and g,.
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Furthermore, it could be possible to somehow solve these functional equations to

get a more direct representation of sinp and cosp.

Remark 4. We defined our functions sinp, sing, cosp and cosq only for real argu-
ments. However, one can just allow the argument to be complex. Then these power

series can be treated with methods of complex analysis.

Remark 5. Our recursion law for p, and ¢, works only for self-similar measures
with r1 + 7o < 1. It would be interesting to know if one could develop similar
formulas for measures with overlaps, i.e. if ry + r5 > 1. Such measures are treated
for example in [42] and [8], which contains, in particular, numerical solutions of the

eigenvalue problem by the finite elements method.

Remark 6. In this work, we examined the eigenvalues of —%% by following the
basic lines of the treatment of the classical second derivative operator on the interval.
In this classical case all eigenvalues are multiples of 72 and have therefore direct
representations in many forms, e.g. by using the series expansion of arctan. Maybe
one can find a series representation of eigenvalues of the generalized operator, too,

by using such functions as sinp, sinq, cosp and cosq.

Remark 7. In Corollary 4.6.7 we stated upper and lower estimates for subsequences
(H fzleoo) .» [ odd, of the suprema of the normed eigenfunctions. We have no infor-
mation about the growth of the sequence (| fngHoo)k, though.

Such estimates could be used to prove estimates of the heat kernel

K(t,z,y) =Y e ful) fm(y)

m=1
for the corresponding quasi-diffusion process. This process has been investigated for
example in [37], [33] and [34].

Remark 8. We used the functions p,(z) and g,(x), x € [0,1], defined in Defi-
nition 4.1.1 to replace monomials %x” in the classical case. One could use these
functions to build a kind of generalized polynomials that are adjusted to the measure

u. For instance, we take the sequence

Py(r) =1, Pi(r)=q(x), P(z)=pv), P()=qsz),

and orthogonalize it in Ly(p) by using the Gram-Schmidt process. We take odd

numbered ¢, (x) and even numbered p,(z), because they are the building blocks for
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the eigenfunctions sq, and cp, and they are continuously Lebesgue-differentiable,
namely

q(z) = gn_1(x) for odd n
and

pl(z) = p,_1(z) for even n.

Furthermore, we can p-integrate them and get

/Ox qn(t) dp(t) = qnya(z)  for odd n

and .
/ pn(t) du(t) = ppya(x)  for even n.
0

With that we can apply the generalized integration by parts rule from Lemma 4.2.1
to do the calculations in the Gram-Schmidt algorithm. Note again that we use the
notation p, := p,(1) and ¢, := ¢,(1) and assume that those numbers are given since

we have a recursion rule in the self-similar case. Then we get

Pi(2) = qi(a) - /0 () dult) = q1(2) — g

1 / (61(t) — 42) pa(t) du(1)
Py(a) := pol) — / pa(t) dpu(t) — Lo : (01(2) — o).
° (q1(t) — q2)” dp(t)

0

We calculate
/0 (01(t) = g2) pa(t) dpu(t) = /0 q1(t) p2(t) du(t) — /0 G2 pa(t) dp(t)
;—/0 p3(t) dt — qaps

= q1P3 — P4 — q2P3

= q:(t) p3(t)

118



and

[ @0 - ) auo) = [ a7 dutt) 200 [ a@anto) +a2 [ aute)

1
= qi1q2 — / g (t) dt — 245 + ¢5p1
0
= Q12 — g3 — 245 + @GP

To simplify these expressions a bit we utilize p; = ¢ = 1 which follows from the
definition and py +¢2 = 1 which follows from Corollary 4.3.2 by putting n = 1. Then

we get
P4 — P2P3 q2P1 — 43 P3
) - ————aq(zr) + —.

1
q3 — P2 G2 q3 — P2 42

In this fashion one can calculate a sequence of Ly(u)-orthogonal “polynomials”.

Py(z) = pa(x

As an example we take the Lebesgue measure for u and put p,(z) = ¢,(z) = %x”

Then

1 1 1 1
Po(z) =1, Pl(x):x_§7 Pz(x):§372_§37+ﬁ

which are the first Legendre polynomials on [0, 1] (not normed).
If p is the standard Cantor measure, then py = ¢ = %, p3 = % and g3 = £ and we

get
1 1 1

Po(z) =1, Pz)=aq() -5 P(e)=pae) - galz) + 5.

Maybe one can use these functions for further analytical studies.

Remark 9. With the presented methods one could investigate not only the equation
d

i+ /
generalized involving a self-similar measure pu.

= —\f, but maybe other differential equations on the interval [0, 1] that are

Remark 10 (Fourier series). It is well known that the normed eigenfunctions

(fvn)i2 and (fpr):2, form orthonormal bases in La(y) (see [17]).

We denote ¢y := ||Cp\/m”L2(u) and cpy = ||sq\/m||L2(u) so that

Fra(@) = ——cp_s—
r)=——=¢
N,k . p VR

and

f ( ) = !
T Sq .
D,k CDk \/AD,k

As an example, we decompose some functions f € Lo(u) into series of eigenfunctions
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(Fourier series), ignoring questions about convergence for the moment. Assume that
for z € [0, 1]

T) = Z aka,k(f)

a = / F() Fa(t) dia(t).

For reasons of simplicity, we take p to be a symmetric measure. Then cosp = cosq
and we have cosp?(z)+sinp(z) sinq(z) = 1. From that follows that cosp?(y/Anx) = 1
and it is heuristically clear that cosp(y/Anx) = (—1)*. Employing this fact and

Lemma 4.2.1, the computations can be made explicitly, following the lines of the

with

classical (Euclidean) case.
As a first example, take f(x) = x. Then, for k € N,
1 1

ar=— [ t-epx(t) du(t)
CNk Jo

:leTt pmmo—ﬁm/olspm@)dt]

- ),
N CN,k)\N,k \/>‘va 0
1
= —(cosp(\/)\N,k) — 1>.
CNEAN E
2
Thus, a = 0 for even k£ > 1 and a, = ———— for odd k. Furthermore, we have

CN kAN, k

ap = /Oltdﬂ(t) = q(1) = qo.

Therefore, we have the decomposition into Neumann eigenfunctions

x—qg—QZ

Note, that the required norms cyj can be computed with Corollary 4.2.4.

fN,2k+1(iU)-

CN 2k+1 )\N 2k+1

We apply Parseval’s identity to this series. This gives

1 00
4
/ t2dﬂ<t>:qg+ E , 2 2
0 =0 CN2k+1 \N 2k+1

Y

120



and with

1 1 1
| #aut) =tao)] - [ a®i-o-o
0 0

and 1 — go = py we get

o0

1

If we choose the Lebesgue measure for pu (then ps = ¢o = 1, g5 = é and C?V,2k+1 =3),

the above equation becomes the well known identity

4

Z;_W_
(2k +1)* 96

00
k=0

In the same fashion we compute the decomposition of some more examples (p sym-

metric):
> (_1)k+1 N
=) ————fpiz)
kz:; cp.k \/AD.k
00 9 ~
1= fD,2k;+1($)

i—o CD,2k+1 /\D,2k+1

2 > 1 _
n = ———— — 2\/Apom ;
I +1(a:) \/AD 2n41 Dt ; (>\N,2k - )\D,2n+1)CN,2k fN’zk(x)

for every n € Ny

which are plotted for the standard middle third Cantor measure in Figures 4.7 and
4.8. For the images we used the eigenfunctions as computed and shown in the

appendix and the norms ¢y and cpj shown in Tables 4.5 and 4.7.

Applying Parseval’s identity to these decompositions leads, as above, to

oo

1

5~ — ¢ —q3
— CD,k)‘D:k

k

> 1 1
2 =3

2
=0 CD,2k+1 AD 2k+1

Z 1 o C%,2n+1 B 1

o0
2 - 2 :

2
k=1 <)\N,2kz —>\D,2n+1) CN 2k 4AD 2n+1 >‘D,2n+1

121



0.8

0.6

0.4

0.2

12 .,

o8|’
06"
04

02f

Figure 4.7.:

[oX:}

0.6

0.4

0.2

1
0.4 0.6 0.8 1 0.2 0.4 0.6 0.8 1

Left side: approximation of f(z) = x by the first 5 terms of the Dirichlet
Fourier series for ry = ry = % and m; = my = %

Right side: approximation of f(z) = 1 by the first 5 terms of the Dirich-
let Fourier series for r; = ry = % and m; = my = 5

0.4 0.6

Figure 4.8.:

0.4 0.6 0.8 1

Left side: approximation of fp1 by the first 3 terms of the Neumann

Fourier series for ry = ry = = and my; = my =
Right side: approximation of fp,s by the first 3 terms of the Neumann
Fourier series for r{ = ry = 3 and my = my = %

If we again take the Lebesgue measure for u, we receive the well known identities

N
D

Sh-t
k=1
1

i 1 71
(462 — 2n+1)2)>  16@2n+1)2 2020+ 1)

d

Remark 11. The definition of the operator —-L-< can be extended to subsets of R?,

d,u dx

d € N, see, for example, [48], [41] and [29]. This case, however, is substantially more

difficult and the techniques presented here can probably not be readily extended to

it.
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A. Plots of Eigenfunctions

Figures A.1 to A.4 show plots of the first 32 Ly(p)-normalized Neumann eigenfunc-

tions for the measure p with ry =1y =

1
3

and m; = mg = %, that is, Example 4.8.1.

The eigenfunction corresponding to Ay is just a constant and is therefore not im-
aged. The pictures have been created by calculating fu ., (Sw(O)) and fym (Sw(l))

for all words w € {1,2}" by iterative application of the formulas in Proposition

4.5.8. Then, since the eigenfunctions are linear on all gap intervals, we connected

the points with straight lines. For the images we chose an iteration level of n = 8.
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Figures A.5 to A.7 show the first 32 normalized Dirichlet eigenfunctions for the
same measure as above. The images were created in the same way as the ones with

Neumann eigenfunctions above.
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We want to state some observations made at the above images. First, one can
see why the eigenvalues appear in pairs. Namely, we have that, roughly spoken,
eigenfunctions f ~N2m and f~N,2m+1 differ only by a twist of the second half. In the
Dirichlet case this is even more clearly visible, but with the difference that pairs are
formed by an odd and the following even numbered value. Pairs prior to a power
of two are hereby especially closely related, which means that the corresponding

eigenvalues lie very close together, as seen in Table 4.6.

Then one finds that the Dirichlet and Neumann eigenfunctions are qualitatively
very different. The Neumann eigenfunctions seem relatively regular while the Dirich-
let eigenfunctions appear more irregularly. This reflects the fact that, physically
speaking, Neumann boundary conditions are ‘natural” while Dirichlet conditions

are “forced”.

In Figures A.8 to A.11 we consider the self-similar measure from Example 4.8.4,
that is with 1 = 0.6, 79 = 0.4, m; = 0.4 and my = 0.6. In Theorem 4.7.1 we
showed that Neumann and Dirichlet eigenvalues coincide and the first eigenvalues
are displayed in Table 4.10. To get a plot of the eigenfunctions, we calculated
Inm (Sw(())) and fnm (Sw(l)) as in the previous example, but now, since the measure
is supported on the whole interval, we have no gaps where the functions are linear.

Therefore we just plotted the separate points for iteration level 8.

The functions are normed in Lo(p). Numerical plots of similar eigenfunctions

have been done in Bird, Ngai and Teplyaev [5].
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B. Mathematical Foundations

B.1. L, spaces

Suppose E = E(x) is a property which depends on = € [a,b] and p is a Borel-
measure on [a,b]. Then we say E holds p-almost everywhere on [a, b], if there is a
set N € B of measure zero such that {z € [a,b]: E(x) does not hold} C N.

We denote the image measure of a measure p through a map S by Su.
Definition B.1.1. Let p be a Borel-measure on [a, b].

(i) We define Ly([a,b], 1) to be the space of all real-valued, Borel-measurable

functions on [a, b with

1
HﬂMmmmz(KJﬂW@ < 0.

(ii) For f,g € Ly([a,b], 1) we set

(f,9) La(japlp) = [ ]fgdu-
a,b

(iii) For f,g € La([a,b], 1) let f be equivalent to g (f ~ g) if and only if f = ¢

p-almost everywhere.

(iv) La([a,b], 1) is defined as the set of all equivalence classes in Ls([a, b], 1) with

respect to ~.

In the following we will speak mostly of functions in Ly([a, b], 1) instead of equiva-
lence classes. By that, we mean either an arbitrary or a specific representative of the
corresponding equivalence class, depending on the context. This is justifiable since

the integrals of all functions of the same equivalence class coincide. Consequently,
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equalities or inequalities involving functions in Lo([a, b], ) should be interpreted to
hold p-almost everywhere.

Since we will mostly use the interval I = [a, b], we will in this case omit [a, b] and
call the space simply Lo (p).

Note, that if p is finite, that is, there is a number M such that u([a, b)) = M, then
the space C([a,b]) of all continuous functions on [a, b] is continuously embedded in
Lo(p), because for all f € C([a, b)),

11| 2oy = (/abJ"’(lf)2dﬂ(t)>l/2 < VM |f oo

Definition B.1.2. We say p is non-atomic or atomless, if p({z}) = 0 for every
x € [a,b].

If p is non-atomic, we will write [” f dy instead of f[x’y] fdpu, f(w} fdpu, f[x,y) fdu
or f(x,y) fdp.

B.2. Self-similar sets and measures

We give a short introduction to iterated function systems and self-similar sets based
on Falconer [14, Ch. 9|. The first systematic treatment of iterated function systems
is due to Hutchinson [30].

A mapping S: D — D for a closed subset D C R" is called a contraction on D if
there is a number r with 0 < r < 1 such that

1S(z) = S(y)| < rlz —yl

forall z,y € D. If
1S(x) = SW)| = rlz -y,

then we call S a contracting similarity.
An iterated function system (IFS) is a finite collection of contractions S = (51, ..., Sy)

on D. A non-empty compact set K C D with

is called an attractor for the IFS S or invariant with respect to S.
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The following theorem is Theorem 9.1 in Falconer [14].

Theorem B.2.1. Consider the iterated function system given by the contractions
Si,...,8y on D CR"™, so that

with r; < 1 for each i. Then there is a unique attractor K, i.e. a non-empty compact
set such that

Moreover, if we define a transformation F on the class D of non-empty compact

sets in D by

for E € D, and write F* for the kth iterate of F (so F'(F) = E and F*(E) =
F(F*Y(E)) fork>1), then

K =(F"E)
k=0
for every set E € D such that S;(E) C E for all i.

We say that an IFS § satisfies the open set condition if a non-empty bounded

open set V exists such that

with the union disjoint.
If the open set condition holds for an IFS S consisting of similarities with ratios
r; € (0,1) then the Hausdorff dimension of the attractor K is given as the solution

d of the equation
N

er: 1.

=1

Example B.2.2. Let § = {51, 52} where S1,55: [0,1] — [0, 1] given by

Si(x) = -z and Sy(z) = %:L‘ + g

log 2
log 3

Then the attractor K is the classical Cantor set and its Hausdorfl dimension is
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Furthermore, we need a self-similar measure p with support suppu = K. We

denote
My :={u: pis a Borel measure on R"™ with compact support and p(R™) = 1}.

The following definition is taken from Hutchinson [30, Sect. 4.2]. By Su we denote
the image measure of y through a map S given by Su(A) = p(S7'(A)) for all
A e B(R").

Definition B.2.3. Let § = (51, ...,Sy) be an IFS on R” and let m = (my, ..., mxy)
N

be a weight vector with 0 < m; < 1 and > m; = 1. A measure p € M is called
i=1
mwvaritant with respect to S and m if

n(A) = Zml : (Siﬂ) (A)
for all A € B(R").

In Theorem 4.4.1 of Hutchinson [30, Sect. 4.4] the existence and uniqueness of
an invariant measure for a given IFS and a weight vector is proved by using a fixed
point argument.

If the contractions .S; are similarities, we call the invariant measure self-similar
d

measure. In that case, the particular choice of the weights as m; = r{ is considered

natural, where d is the Hausdorff dimension of the attractor.

B.3. The Vitali-Hahn-Saks theorem

We briefly review the theorem of Vitali-Hahn-Saks, which we use for the construction
of the measure ;8. We state the theorem in a form that is sufficient for our case,
though it holds also true in a considerably more general setting. Further details can
be found e.g. in Alt [1, p. 279], Dunford and Schwartz [10, Sect. II1.7], or Yosida
[53, p. 70].

Theorem B.3.1. Let (2, A,v) be a finite measure space, and for every n € N let

iy be a finite measure on (Q, A) such that p, < v and lim p,(A) exists for every
n—oo

Ac A
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Then the v-absolute continuity of p, is uniform in n, that is, for every e > 0 there
is a 0 > 0 such that for every n € N and every A € A holds

v(A) <0 = p,(A) <e.

Proof. The proof, in which the Baire category theorem is used, can be found in each

of the citations mentioned above. O

The name of the theorem is also often associated with the following corollary.

Corollary B.3.2. Let (f1,)n be a sequence of finite measures on a measurable space
(Q, A) such that u(A) := lim p,(A) exists for all A € A.
n—oo

Then p is also a measure on (9, A).

Proof. In order to apply Theorem B.3.1 we construct a measure v that satisfies the

requirements.

For each A € A we set
- - ,un<A)
v(A) = 2N ——
( ; 1n (€2)

(assuming w.l.o.g. that p,(€2) > 0 for all n € N). Then v is a measure on (2, A).
Indeed, if Ay, As,... € A are pairwise disjoint, we can say that, since all summands

are positive,

(U A) = 22 Z Zf(m) -3 le Zf(m) =3 u(4y).

Furthermore, v is finite and u, < v for all n € N.
We show that g is continuous in (), which is equivalent to the o-additivity of u

because it is finite. Let (A4;); be a decreasing sequence in A with (| A; = (. Let
j=1
e > 0. By Theorem B.3.1 there is a 6 > 0 such that for all n € N and for every A;

holds that v(A4;) < § implies u,(A;) < €. Since v is (-continuous, we can take jy
such that v(A;) < ¢ for all j > jo. Then p,(A;) < € for all j > jy and all n € N.
Thus, p(A;) < € for all j > jy and hence lim p(A;) < e. Since this holds for all

J]—00

e > 0, we have lim p(A;) = 0 and therefore, p is o-additive.
Jj—o0

The other properties of a measure are very easy to check. O]
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B.4. The Arzela-Ascoli theorem

We need the Arzela-Ascoli theorem to prove the compactness of an embedding. Its

statement and proof can be found in Triebel [51, p. 32-33|.

Definition B.4.1. Let a < b. A set A C C(]a,b]) of continuous functions is called
equicontinuous if for any € > 0 there is a § = §(¢) > 0 such that for all x,y € [a, b]
and all f € A,

lz—yl <o = |[f(x)-fly)l<e

Definition B.4.2. Let (X, ||.||) be a Banach space. A set A C X is called precom-

pact in X if for every sequence in A there is a convergent subsequence.

Theorem B.4.3. Let a < b. A set A C C([a,b]) is precompact in (C([a,b]), ||.[|)

if and only if A is bounded and equicontinuous.

B.5. The law of the iterated logarithm

In Section 3.5 we need the law of the iterated logarithm to apply our results in the
random case, that is, where the measure is determined by a sequence of independent,
identically distributed random variables.

This theorem has been found by Khinchin in 1923 for certain special cases and
extended by Kolmogoroff in 1929. The general form stated below has first been
proved by Hartman and Wintner in 1941. Later, further generalizations and several
different proofs have been established by various authors. For further references and
the proof, see Klenke 36, p. 517ff.].

Theorem B.5.1. Let X, X5,... be independent, identically distributed random
variables with E X, = 0 and Var X; = 1. Forn € N let

Spi=X1+--X,.

Then g
li —" =1 .
lgl_il.}p 2nloglogn @s
Remark B.5.2. Analogously holds
lim inf - =—1 as.

n—oo +/2nloglogn
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Therefore, there is a random variable C' with IP’(O <C< oo) = 1 such that for all

n €N,
|S,| < Cy/nloglogn a.s.

B.6. Regularly varying functions

Definition B.6.1. A function g: (0,00) — R is reqularly varying if, for all ¢ > 0,

lim glct) € (0, 00).

t=oo g(t)

The notion of regular varying functions is due to Karamata, for further reading,

see, for example, Galambos and Seneta [25].

B.7. Dirichlet forms

Definition B.7.1. Let p be an atomless Borel measure on [a,b] and let F be a set
of functions on [a, b] that forms a dense subspace of Ly(u). Let € be a non-negative
symmetric bilinear form on F and let £,(f,9) = £(f,9) + af, 9),n). For f € F
let f be defined by

1, if f(z)>1
f(z) =<0, if f(z) <0

f(z), otherwise.

Then (€, F) is called a Dirichlet form on Lo(p) if (F,&,) is a Hilbert space for all
o > 0 and if for all f € F we have f € F and £(f, f) < E(, f).

In the following we define the concept of eigenvalues for a Dirichlet form.

Definition B.7.2. Let (£, F) be a Dirichlet form on Lo(u). We call A € R an
eigenvalue of (€, F) if there is a f € F, f # 0 such that for all g € F holds

g(f’ g) = )‘<f7 g>L2(M)'

As in Kigami and Lapidus [35] we will consider a Dirichlet form where the inclusion
map from the Hilbert space (F, &, ) into Lo(u) is a compact operator. Then it follows
that the eigenvalues have finite multiplicity and accumulate only at infinity. This can
be found in Triebel [51, Th. 4.5.1 and p. 258, see also Edmunds and Evans [11, Sect.
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IV.2]. We assort the eigenvalues by size taking in account their multiplicities and
denote this sequence by
A <A<

Definition B.7.3. Let (£, F) be a Dirichlet form on Lo(y). Then we define the

etgenvalue counting function N r) by
N r(x) = #{k < x: kis eigenvalue of (€, F)}.

The following theorem can be found in Kigami and Lapidus [35, Th. 4.5].

Theorem B.7.4. Let (F,E) and (F',&') Dirichlet forms on Lo(u) with F' C F
and 5|f./><]:/ =¢&'. Then

N my(x) < N p (), for all x > 0.
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